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AmayopeldeTaln avTtypoen, amofKevoT Kot S10voun TG Tapovcas EpYsiag, €& 0AOKANPOL
N TUALLOTOG CLTNG, YO EUTOPIKO oKoTd. Emtpénetal ) ovatdmmon, amofinKeuoT Kot S1ovopn Yo,
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IHeptinyn

IoAvpaktopikd cueTiaTe EVTOTILOVTOL GE £VaL EVPV PACILO POIVOLEVOV TOV TTPAYHOTIKOD KOGLLOV,
pe TV OAAMAETIOPOAOT] TOV CQLTOVOU®V TPAKTOP®V Vo Yopoktnpiletor yevikd amd ototyeion 1060
ouvePYoiog 660 Kot ovTaymvicpov. O oyedlacudc tepBarldvIoV TOV TPOAYOLV TNV OTOTEAEGLOTIKN
ovvepyacio kot TN Peltiopévn cLAAOYIKN omddoon £xel avadeydel ®¢ Kevipikn TPOKANGN o
dwotavpmon ¢ Bswpiog maryviov, Tov oyedcHoD UNYUVICU®V Kol TG pNyovikng pabnong. H
Topovoo SIMAMUATIKY gpyacio e&gpeuvd T0 TAAIc0 Tov omokaAlovpevoy Kowvovikoh Zyediacpov
Iepiparroviog (SED) péow Ioivmpaxtopiknic Evioyvtikrig Mabnong (MARL), pe éuepoon oty
VAOTOINGT EVOG SLVAKOD GUOTHLOTOC YNPOPOPING TOV EMTPENEL GTOVG TPAKTOPES VO EKPPALOVV TIG
TPOTIUNGELG TOVG TPOS TOV GYEIOGTN TOV TTEPPAAAOVTOG, 0 0Toi10¢ amoteAel 0 1010¢ Evav pabnoiood
npaktopa, yvootd o¢ principal. To SED wpotdbnke apyikd and tovg Zhang et al. [2024], aAAd dev et
viomomBel otV TPAn.

H dumlopoatikny Eexwvdel pe po emokdnnon OepeMwddv evvoldv yio Tn Bempntikn avaivon
TOATIPU-KTOPIKOV GLOTNUATOV, TOL €KTeEiveTal amd TN WN-cuvepyatiky Beswpio moryviov kot Tig
TOMTPAKTOPIKEG eMekTATEL TV Mapkofiakdv Awadkaciov Andeaong (MDPs), émg ta cuotipata
YMEoOeopiog Kot To GYESOCUO UNYOVICUDV. XT1 GULVEXEW., EL0OYETAL 1) EVIGYVLTIKN pdOnon og to
KOplo TAaiclo unyavikng padnong yuo dwodoyikn Afym oaropdcemv vd afefatdmmra. Akolovdeitan
o Tpocéyylon mov Eexwvd pe TG Paoikcég vvoleg emidvong TV povompaktopikdv MDPs péco pol-
icy xon value iteration kot otadiokd Ktilel Tpog T HEAETN TpoYmPNUEVEOVY aAyopiBuwv PeATioTomoinong
TOMTIKNG, pe Kupldtepo Tov Proximal Policy Optimization (PPO), o omoiog amotedel kot Tov Pacikd
alyopiBpo tov mepapdtov ovtig ¢ epyaciog.  Emeita, ocvvdvalovtar avtég ot €vvoleg otnv
TToAvmpaxtopkni Evioyvtiky MéOnorn (MARL), Tov amotedel Kot TOV KOPLO TNG TEPAUOTIKAG OVIAVONG.
1 dimhopotikn topovctdlovtotl ta kopla mapadeiypoata MARL kot cuinteiton g o PPO pmopet va
TPOGUPLOCTEL 5€ KAOE éva amd avTd.

2t ovvéyela, o SED datummveTot oG 0 Suvapukds KaBopiopog KIVITPOV Kol GUAAOYIKAOV OTOQAGE-
@V pEcw gvOG Kevipikoy, pofdncilokod principal mov tpomonolel TapapETpovg Tov TEPIPAAAOVTOG OF
avta-ToKPLoT TG YNeoeopiag Tov mpaktopwv. H duvapikn avti Tpocéyyion GuykpiveTol TEPALATIKA
He oTaTIKoVS 6TdYOVG Yo Tov principal, pe oevapila ywpig principal kot pe oevapila mov Pacilovtal oe
BepnTikd BEATIOTEG TOMTKES, YpnolpoToldvTag To mayvidt Commons Harvest (Agapiou et al. [2022]),
70 omolo povtelomotel To diAnppo e tpaymdiog Tav kowvav (tragedy of the Commons) og o tepifdiiov
GTO 07010 OAANAETIOPOVY O1 TPAKTOPES, KOl 6TO O0moio dokipdloviol punyavicpol eopoAdynong Kot
yneogopiag.

To amoteléopatd oG avadetkviovy TG Ol TPOSUPLOCTIKEG TUPEUPACEIS LEGEH POPOAOYNONS, LLE
Wioitepn Epeoon oto duvapukd oynfuo yneogopiag mov amotelel ) Pacikn cupuBoln Tov TAMGIOL
SED, pmopovv vo. kafodnynoovy eymIGTIKOVS TPAKTOPES TPOG MO KOWVMOVIKG 0Tod0TIKd Kot dikoto
amoteAéopaTa, VO TapdAAnAa eTilovv Pacikég TPokANoES OnmMG N KMUOKOCOTNTO, 1 anddoon
gvBVuvNc (credit assignment) Kot 1 pn-ctacidTTe Tov TEPIPAAAOvTog. H epyacio avth cuvelceépet
OePNTIKA KoL EUTEPIKA 0T LEAETN TOL GYESLAGUOV TEPIBAAAOVTOG TTOL EVVOEL T1) GLUVEPYAGIO KOl TNV
avOEKTIKOTNTO G AMOKEVTPOUEVO TOAVTPAKTOPIKG GLGTALATA, KOl CKLOYPOQEL TN SUVOIKY LoG VENS
karevBuvong mov anokolovue wg learning-compatible mechanisms, mov otoygvel oty gvbvypdpion
TOV KIVATPOV ©G TPOG PEATIOTN HABNoN Kot )l LOVO G TPOG ACVUTTMOTIKEG 1OIOTNTEC.

AéEarc-khadna: Ioivmpaxtopikny Evieyvtiky Mdadnon, Oswpio oaryviov, Zyxedracpog Ieppditovroc,
Yyedraopog Mnyaviopudv, Pneoogopia, Proximal Policy Optimization, Tpaymdia tov Kowdv






Abstract

Multi-agent settings underpin a wide range of real-world phenomena, where the interaction
of autonomous agents generally engenders elements of both coordination and competition. De-
signing environments that foster effective cooperation and improved collective performance has
become a central challenge at the interface of game theory, mechanism design, and machine
learning. This thesis explores the Social Environment Design (SED) framework through Multi-
Agent Reinforcement Learning (MARL), with a focus on implementing a dynamic voting system
that enables agents to express preferences to a learning environment designer, or principal, a con-
cept originally proposed by Zhang et al. [2024] but not previously implemented in practice.

We begin with a review of foundational concepts for the theoretical analysis of multi-agent
systems, spanning non-cooperative game theory, multi-agent Markov Decision Processes, voting
systems, and mechanism design. Reinforcement learning is then introduced as the main learning
paradigm for sequential decision-making under uncertainty. We follow a constructive approach
that begins with the base solution concepts of single-agent MDPs of policy and value iteration
and gradually culminates in the study of advanced policy optimization algorithms, most notably
Proximal Policy Optimization (PPO), which will be the algorithm of choice for the experiments
that we run on this thesis. We then combine these notions in Multi-Agent Reinforcement Learn-
ing (MARL), which serves as the core of our experimental analysis. The thesis discusses the
main MARL paradigms and how PPO can be adapted for each.

Following that, the SED problem is formalized as the dynamic shaping of incentives and col-
lective decisions via a central, learning principal that adjusts environment parameters in response
to agent voting. We benchmark this dynamic framework against static principal objectives and
baselines without a principal, using the Commons Harvest (Agapiou et al. [2022]) game that
models the Tragedy of the Commons as the environment in which agents interact, where taxa-
tion and voting mechanisms are tested.

Our results highlight how adaptive interventions through taxation, focusing particularly on
the dynamic voting scheme that being the main contribution of the SED framework, can guide
self-interested agents toward more socially efficient and fair outcomes, while illuminating key
challenges such as scalability, credit assignment, and non-stationarity. The thesis contributes
theoretical and empirical insights into how principled environment design can foster cooperation
and robustness in decentralized multi-agent systems, and outlines the potential of a novel direc-
tion termed learning-compatible mechanisms that align incentives for optimal learning rather
than only post-convergence properties.

Keywords: Multi-Agent Reinforcement Learning, Game Theory, Environment Design, Mech-
anism Design, Voting, Proximal Policy Optimization, Tragedy of the Commons






Evyaprotieg

Ba Mela apylKd vo gvyaploTiom Tov emifAémovid pov, k. lodvvn Kopdovn, ya ™
BonBea ko v vroot)piEn tov. ‘Htav moAd yevvaio ek pépovg tov va gumiotevtel Evov
@OLTNTI OV TOV TPATEIVE EVOL OPKETA APTPTLEVO GYEDLO Y1a TN SITAOUATIKT, KOl TOGO LAAAOV
Vo ToV QN eEL Vo, To Tpoympnoet. 'Evag and toug wo é&umvoug avBpdmovg mov Exm cuvepyaoTel
LUEYPL TMPO, Kot 8o TpocmafNom Vo KPATHo® 0md KOVIA TIG CUUPOVAEC TOV OV E6MOE.

Agv umop® va cuveyicm av 0 dMCM TO UEYOADTEPO EVYAPLOTAO CTNV OWKOYEVELH LLOV Kol
Wwitepa otovg yoveig pov. Me ompiéav o kdOe Pripa, pe kébe tpoémo Kot og ke eninedo
(pe oporoyovpévmg oD vtopovn eriong). o awtovg katéfara Kabe dvvatn Tpoonddela va
KAV® TNV KOADTEPT] SIMAMUATIKY TOL UTOPOVGH GTO YPOvo mov SEfeTa, Kot vo TETOY® Eval
OTOTEAEGLOL TOV VO TOVG THd. Emetdn 6,11 Ao kou va e Oa givor Aiyo, Ba to aprnom £dm.
‘Eva 1810i{tepo €uy0p1oTd 6TOV GUYKATOKO LoV, TOV £ivol EVag amd TOLg KOAVTEPOLG TOL Oa
UTOPOVGO VoL EXW®.

Elyo v mpaypatikd amiotevtn toyn va €xo moAlovg avBpdmovg otn ({of pov mov
kaBopicave TNV mopeia TOV AKOAOVONGO HECH OTO TAVEMIGTNILO KO TNV TOPELN TOV GKOTEH®
Vo aKOAOVONG® GTN GUVEXELD, Lo TTOPELD TOV deV PavTALOHOLY KO OTL VINPYE OTOV EEKivaya.
O vo o €va 1010iTEPO EVYOPIOTO 6TO0 Mnva Enedkxmn, ot cuPoLAES TOV 0Toiov Kot Ot
EVKUIPIES TTOV OV £0M0E NTAV ATOANTMG KOBOPIGTIKES TOGO Y10 VL KOTOAAP® TOL0VG GTOXOVG
NnBeha va emdOEW, yopic va eofnbd and 10 T6co peyalenifoiot nTov, KaBMG Kot TEAMKE Yo
Vo TOVG TETLY®. Ba O AKOUO VL EVYAPIGTHC® TOVG KadnyNTES pov, K. Anuntpn [Noapodpn
kal K. [dpyo @paykovAOTOVAO, TOV TICTEYAVE TPDTOL GE ELEVO KOL TIG SLVATOTNTES OV KoL
oUTO UE £KOVE VO OPYIom VO TIOTEV® Kot £Y®. Tovg evyaploTd EMKPIVA Yio 0vTd. OEA® va
EVYOPLOTHOW EMIONG OAOVE OV TOVS PIAOVG KOl TOV adEPPO LoV, OAOL €K TV OmoiwV TTai&ave
£vav 1010itepo poOAO Y1 0,TL £XM KATAPEPEL PLEYPL CNEPA, O KOOEVAG LE TOV KO TOL EEYMPLOTO
TpOTO.

Téhog, Oa 0edha va evyoploTio® 6AoVg 6G0VG e forOnoav pe TOV OTOL0ONTOTE TPOTO GTNV
TOPELXL [LOV, ATO LUKPEG GUVEIGPOPES PEXPL LEYAAES, TOAD GLYVA YWPig Kav va to EEpouv. Eipon
TOAD EVYVAOUOV Y10 OAOVG GOG KOl £IVOL TPAYHATIKA TR LOV OV UTOPD Vo Ypaw® pio 1060
EKTEVT] EVYOPLOTIO KO VO GUUTEPIAGP® TOGO GTOLL.
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Exteviic EAnvikn Heptinyn

H onpoacio tov tpofinqparog

H peAiém tov evpudv Tpaktoépmv Kol TV GAANAETIOPACEDY TOVG VAL KEVIPIKNG ONUAciog
Yo TNV KoTavonon Kol ToV 6YeSGHO TOADTAOK®Y GUOGTNUATOV TOV TPAYHOTIKOD KOGLOV,
OO KOWOVIKEG OUAOES KOl OIKOVOUIKES OYOPEG €M KOTAVEUNUEVT TEXVNTN VOTUOCUHVI. ZE€
TOALG GEVAPL, OVTOVOLOL TPAKTOPES TPEMEL VAL OAANAETOPOVYV, va cuvepydlovtal Kal gviote
va aviayovilovtal o€ mepIBAAAOVTA OTOV Ol ATOPACELS TOVE EMNPEAlovY O)l LOVO To OIKE
TOVG amoTEAECUATO OAAG KOl oVTE TOV GAA®V. AVt 1 aAAnAenidpacn cuvepyaciog Kot
OVTOY®VIGLOV dNULIOVPYEL LOVASTKEC TPOKANGELS TOGO Y10l TOVG GYESNOTEG GCLGTNUATOV OGO Kot
Y10 TOLG EPEVVNTEG, EIOIKA OTAV 0 GTOYOG EIVOAL 1] EVIGYVON KOWVOVIKG OPEAIUMOV GUUTEPIPOPDV
LeTa&d TOV 1010TEADV TPUKTOPMYV.

M kpioun kot ovadvopevn mpokAnon ot dactavpmon g Bempiog maryviov, tov
GYEOCLOV UNYOVICUMV KOl TNG PUNYAVIKNG Lanong eivor o oxedlacpog TeptBaAlovieoy mov
TPOAYOVV (QUGIKA TN CLVEPYUGin, TN OIKOIOCHVN Kol OVOEKTIKA GUAAOYIKG OTOTEAEGLLOTO.
IMopadociakd, n éugacn €xet dobel ommv avaivon otabepdv TEPPUAAOVTOV KOl OTN|
BeltioTOonOINGN TOV TOMTIK®OV TOV TPAKTOP®OV EVTOG QLTOV. 6TOGO, 1 AVIIGTPOQN OMTIKN
- 0 OYEJGHOG TOL 1010V TOV TEPIPAAAOVTOG, DOTE OKOUN Kol IOI0TEAEIS TPAKTOPES VO EYOVV
KIVITPO VO GLUVEPYUGTOVV 1] VO EVEPYODV STKOLOL - TOPAUEVEL OVOLYTO KOl CTLLOVTIKO TPOPAN L.

H mapovca dwotpiPn €xet g kivntpo v avayKn Kotovonong Kot TUTOTOINoNS TV apydv
Tov «Zyedopov Kowvavikav [epifarirdvravy (Social Environment Design, SED) oto mAaicio
™mg Mabnong Evioyvoewg IMoAlamiov Ilpoaktopwv (Multi-Agent Reinforcement Learning,
MARL). EWwodtepa, 1 epyocio enSUOKEL VO, amavTi ol ot MG EPMTALOTOL:

* [Idbg pmopovpe GLOTNUATIKG VO SOUOPOMGOVUE TO KIVIITPO Kol TN OLVOLIKY €VOC
TOALTTPOKTOPIKOV TEPIPAALOVTOC DOTE 1) GUUTEPLPOPA TOV UELOVOLEVOV TPOKTOPMV VO
evBuypappiletar pe enBuUNTONG KOWMVIKOVG GTOYOVG;

* Mnropovv mpocappocTikoi, pabnctlokol unyavicpol - OT®G 1N SVVALIKT OPOAdYNIoN ) 1|
Yneoeopia - vo 001YGOVV OTOKEVIPOUEVOVS TPAKTOPES TPOG UMOTEAEGLOTO TTOV Eival
TAVTOYPOVO ATOSOTIKE Kot dikoto;

* Tloeg eivor ov mpoxtikég Kot OepnTikég TPOKANGES otV VAomoinorn TETO®V
UNYOVICU®V, €0WKd o HeYAANg KAIHOKOC, HN-OTOTIKA 1M HEPIKMG TOPUTNPTCLLO
nepipdriovta;

Mo v avTETOTIoN AVTOV TOV EpOTNUAT®V, 1| SaTpiPn] avTAel Epumvevon amd TpOGPATEG
npotdoelc ot Pphoypagia (cvykekpipéva 1o mAaicto SED tov Zhang et al. [2024)),
OAAG OTOYEVEL VO KATOGTOEL OVTEC TIC 10EEG GVYKEKPUEVEG HECH TNG TPDTNG TPOKTIKNG
VAOTOINGONG KoL TEPAPATIKAG HEAETNG EVOC TETOLOL SVVOUIKOD GYESINOTH TEPIPAALOVTOC -
LLOVTEAOTONLLEVOL MG «KVPLovy (principal) TpdkTopa - TOV UTOPEL TPOCSAPLOCTIKG va ennpedlet
T0 TEPPEALoV PACEL TOV EKQPAGUEVOV TPOTIUNGEDYV TOV TPUKTOPOV.
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Mo ovykekpyéva, o tpdémoc ko 1 pebodoroyio pe v omoia Oa emdidEovpe va
ATTOVTIGOVLE OTO TOPUKATO EPOTAIATO Etvat 1) ENG:

Ylomoinon tov Avvopikod Mnyoviopod ¥noeoeopiog: XZyediooudc kol viomoinom
GUGTNUATOG OMOV Ol WPAKTOPES UTOPOVV va eKQPAlovV TIG TPOTUNGELS 1| OTOYELS TOVG
péoo pog Swdwkaciog yneopopiag. O «KOPLOG» TPAKTOPAS CLYKEVIPOVEL OUTEG TIG
TPOTIUNGELS Y10 VO KABOON YN GEL TPOGUPLOCTIKES TOPEUPAGELS, KOBIoTOVTAG £TG1 TO TEPIPAALOV
OLVTOTOKPLVOLLEVO GTNV AVATPOPOSATNGOT) TOV TPAKTOP®V.

Yuykprrikl] A&woroynon tov SED pe Evolloxtikég Ilpocseyyicais:  Aelayoyn
GUGTNUATIKOV TEPUUATOV YPNCIHLOTOIdVTAS TO atyviot Commons Harvest - éva povtédo g
«Tpaywdiog tov Kotvavy - yuo va cuykpiBel to duvopikd miaicio SED pe:

1. Xtatikovg 6Tdyovg ToL KOPIOL TPAKTOPO (GLYKEKPIUEVA TOV AgttovpykdtTog (utilitar-
ian) kot tng ootipiog (egalitarian) ),

2. Zevapuo yopig kopio mapéppacn koptov Tpdktopo (avapyic),

3. OsopnTikd BEATIOTO TPOTLITO TOALTIKNG MG TTPOG TO. KPPl (avadiavoun).

A&wroynon g Emidpaong tov Avvopikedv Hapepfdoeov:  Amotipynon g
OTOTEAEGUOTIKOTNTOS  TPOCAPHOCTIKAOV — UNYOVIGU®OV  (O0T®G  Suvapkny  @opoAdynon N
moMTikéEG Tov Paciloviar 6 yneoeopia) oty TPomONOoT TG KOWMVIKNG OmTOd0TIKOTNTAGS,
G SKOOoLVNG KOl TNG oLVEPYAsiag HETAED TV TPUKTOP®Y. AVAADOT TOV TMOG ALTOL 0L
unyoavicpoi ennpedlovv 1060 T OTOUIKE OGO Kol TO GVAAOYIKG OTOTEAEGLLOTAL

Evromopdc kv Avaivon Kpiowpov Ipokinoswv: Awepedvnon Poaocwdv {ntnuatov
Om®g M KMpdKwon, mn anddoon mictwong (credit assignment) kot 1 UN-GTOCIUOTNTO TOL
TEPIPAAAOVTOG TOV TOANVILOVV TO TOAVTPAKTOPIKA GUGTHHATO EVIGYLTIKNG padnong. E&étaon
TOV TEPLOPICUDV KoL TNG OVOEKTIKOTNTOG TOV TPOTEWVOUEVOD TAOLGIOV.

E&epedivnon g ‘Evvolag tov Zopfoatov pe t MdOnon Mnyoviopov: Ewsayoyn kot
ocu{ToN ™G 1060C UNYAVICH®V OV £XOVV GYEOINOTEL E0IKA MoTe va gival cupuPatoi pe
™ ovveyn Habnon tev TPaKTOp®V, Kol OxL HE TNV LIOBECN OTOTIKNG 1 CLYKAIVOLGOG
ovumeppopds. Ilapovoiaom Twv GUVETELDV Yo LEALOVTIKT EPEVVA GTOV GYESUCHO LNYAVIGUAOV
xot T MARL.

Méca and avtodc Tovg 6TOYOVG, 1 STPLPY] EMIIDKEL VO YEPUPADGCEL TO YAoU LETAED
aPMPNUEVNG DE@PiOg Kol TPOKTIKNG EPAPUOYNG, TPOCPEPOVTUG TOCO Ui OEPEAIDON TPOOTTIKT
000 KOl EUTMEIPIKEG YVMDOELS Y10 TO TAOC O GYEIOOUOG TEPIBaALovTOC pmopel va a&lomoindel g
1oYLPO ePYOAEID Y0 TNV TPODONOT TNG CLVEPYAGING, TNG KOWMVIKNAG OMOS0TIKOTNTOG KOL TNG
AVOEKTIKOTNTOG GE OMOKEVTPMUEVO CLGTILATO TPAKTOPWV.

Avookonnon tov Xyedaopov Kowwvikov Hegpifairovrog (SED)

O Zyedwoudg Kowavikov Iepifariovtog (Social Environment Design, SED) amotelel
éva. VEO KOl OVOTTUGOOUEVO TPOTLTO 7OV EMIKEVIPMVETOL OTI OLVOIKE OSlOUOPO®ON
TOAVTPOUKTOPIKDOV  TEPPAAAOVTOV e OKOTO TNV  €mitevén KOW®VIKG  emBLUNTOV
amoTeEAECHATOV.  Xg avtifeon pe TIC TOPASOCIOKEG TPOGEYYIGES, OMOL Ol TOMTIKEG TMOV
TPOKTOpOV Bewpovvion otabepéc N to mepPdiriov avtipetoniletor oG otatikd, to SED
avtipetonilel to 1010 0 mePPdAiov g pio 0MANGTN OVTOTNTO - VTOKELTOL GE GXESIOCUO,
TPOGOPLOYN KOl KON Kot padnon.

2mv kapdid tov SED Bpioketat 1 vvolo Tov TPOCAPHOCTIKOD GYEJACTH TEPPAALOVTOC,
0 0Toi0g GLYVA HOVTEAOTOIEITOL G «KVLPLOCY TPAKTOPAS, Tov umopel va pubuiler Pacikég
TOPAUETPOVE 1| UNYOVICUOVE (O™ avTapolBEg, POpOoAdYNOoN 1| KAVOVEG KOTAVOUNG TOPMV)
OVTOTOKPIVOLEVOG OTI UETAROAAOUEVT] GUUTEPUPOPA KOl TIG TPOTUUNOES TOV TPOUKTOPOV.

19



Social Environment Design

1. Votin

POMG Player_> g

Game Preferences’ Votes Mechanism
State P f
New Round s .I... Aggregate
T4l Objective
Inner Stackelberg Game
3. N Player 2.
%’ﬁ% Environment Principal
(Induced Economy) ¢

Figure 0.1: To mpdtumo To0v Kowvwvikov Zyediacpov [epipadiiovrog (Zhang et al. [2024])

AVTOC 0 KEVTPIKOG GYEdOOTNG OV gival oTaTIKOS, aAAd pabaivel e v mhpodo tov xpovov,
0&l0TOIDVTOG OVOTPOPOSOTNO HECH WYNOPOPOPING TOV TPOKTOPOV Yo Vo KATeELOVLVEL TO
GUGTN A TPOG CLAAOYIKOVE GTOYOVG GTOVG OTOI0VE ALTOL ATOPAGICAVE, OTWE 1] ATOOOTIKOTNTA,
N dwawoovvn 1 N Proociwdémra. To tedevtaio eivar Kot 1 TO GMUOVTIKA KOWVOTOU{K TOV
TPOTEWOLEVOV TTPOTVLTOV, KABMG TaPOLGIALEL TOAD EVOLAPEPOVTEG TAPUAANAGLOVGS LLE TO TPOTO
7oV gival oYeSIOGUEVES O1 OVOPDOTIVEG KOVMVIEG.

Ymv mapovoa SwrpPr), to SED efetdleton péom Tng MPOKTIKNAG LAOTOINOMG €VOG
SuvapiKoh GLGTAUATOG YNEOPOPING GTO TANIGLO TOAVTPAKTOPIKNG HLdOnong evioyboewc. Ot
TPAKTOPES UTOPOVV TEPLOOIKA VO EKPPALOVY TIG TPOTIUNGES TOVG CYETIKO LE TOPAUETPOVG
OV TEPIPAAAOVTOG KOt £vag HOBNGLOKOG «KUPLOg» TPAKTOPUS GUYKEVIPMOVEL QUTE TO, GY|LLOTO,
Y0l VO, TPOTOTOMGEL TN OOUN TOV KIVATPOV HEG® €VOG GOPOAOYIKOD GUGTHUOTOC. AVTA 1
Suvapikn, 01ad0pacTiky dtodkacio cGLYKPIVETAL e GTATIKA TPATLTTA KOl GAAEG TPOCEYYIGELS,
®OoTE Vo avadelfoOV ToL TAEOVEKTAUATO KOL Ol TPOKANGELS TOV TPOCHUPLOCTIKOD GYESUGHOD
nePIPAAAOVTOG.

Eotidlovtag ot Suvopukn oAinAemidpacr petald tng panong tov mTpouKTOpmv Kot
™G Tpooapuroyng tov meptPdirovioc, to SED avoiyel évav véo Opopo yio ) dnpovpyia
O GUVEPYOTIKAV, OlKAIOV KOl OVOEKTIKOV TOATPOKTOPIKDY GUGTNUATOV, HE €V OLVOUEL
EQPOPUOYEG GTIV OIKOVOLIQ, TO KOWVOVIKO GUGTALOTO, TNV KOTOVEUNLEVT] TEXVNTH VOTLOGUVY
KoL TEPAV QVTAV.

OcopnTiko Yaofabdpo

H epyacia pog acyoreitorl katd KOpLo AOY0 pE TNV AVAAVOT] TOATPUKTOPIKMOV GLCTNUATOV
(Multi-agent systems, MAS). Avtd gival GLALOYEG AVTOVOU®OV TPOKTOP®Y TOL AAANAETLOPOHV
o€ €va, koo mepiBdalov. Kdbe mpdktopag givarl ikavdg vo ApPAVEL TIG OIKEC TOV OTOPAGELS
Kol EVOEYOLEVMG VAL TPOGOPLUOLEL TN GTPATIYIKT TOL [E PAon TV eumelpio Tov Kot vo pabaivet
He TV mapodo Tov ¥povov. Avtd mov dtakpivel to MAS amd o LOVOTPOKTOPIKE GLGTAHUATOL
glvar To yeyovog 0Tl 1 emtuyio N 1 OEEMUOTNTA EVOG TPAKTOPA. GLYVE OAANAEEQPTATOL [UE
TIG EVEPYELEG KOl TIC TOMTIKEG T®V GAA®V. AvTti 1 aAAnAemidpaor slodyel pio dwoitepn
LOPPT TOAVTAOKOTNTAG Kol SUVOUIGHOV, KAOMG To TtepPaAlov dev amotelel poOVO £va GUGIKO 1|
TANPOPOPLOKO VTTOPAOPO, AALY SIALOPPDVETAL GUVEXMG GO TOVS 1010VG TOVG TPAKTOPES.

To xivntpo Yo ™) UEAETN TOALTPOKTOPIKOV GUGTNUAT®V TPOKLITEL Omd TNV gvpeio
TOPOVCio TOVG TOGO GE QUOIKA 0G0 KOl G€ TeYVNTO TWAGiolo. — Xtn (UOT, TOPUTNPOVUE
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TOPASEYHOTO OTTOS TO KOWAOVIKG VTOpO TOV cLVTOVIOUV T GLAAOYN TPOPNS, T (MO OV
oynpatifovv cuppoyieg  Tovg avOpMOTOLS TOV CAANAETIOPOVY GE OUAOES, KOVMVIES KO 0LyOPEC.
e unyoavikd cvotiuata, To MAS amotelodv tn Baomn Yo cOyxpoves EQOPUOYEG OTTMG OUADEG
POUTOT TOL CLVEPYALOVTOL Yl TV EKTEAEOT E£PYACLOV, «E&umva dikTvoy Tov dtayelpilovan
KOTOVEUNLLEVOVG EVEPYELOKOVS TOPOVS, ALTOVOLN OXHATO TOV GuvTovilovTal 6Tovg dPOHOVG,
KaODG KoL AOYIGHIKA TPAKTOPEG TOV TPAYLATOTOLOVV CUVOAANYEG OE NAEKTPOVIKEG OyOPEG. X€
KGO pio amd aVTEG TIG TEPMTMOGCELG, 1| GUVOAIKT] GUUTEPLUPOPA Eival TOAD TLo GOVOETN Ao 0,Tt
Ba Tpodkunte 0md ATOUOVOUEVOVG TPAKTOPEG.

H evpung ovumepipopd ota MAS yoapaxtnpiletor amd @owvopeva avadvong - potifa
N amoTteAéoUATO TOV TPOKVTTOLV OO TN GLAAOYIKY SLVAUIKY TOV TPAKTOPOV KOl GUYVE
eueovifouv 1016tnTeg oV dev eivan gueaveic oe atopkd eminedo.  Tétown Qoawvoueva
TEPLAUPAVOVY TN GUVEPYOGIQ, TOV AVIAY®OVIGUO, TN OLOTPAYUATEDGY, TNV EUTIGTOGVVY, TNV
TOPATAAVI O™ KoL TNV TPocapLoyn. Ereidn kabe mpdxtopag mpénet va cuAloyileTan Oyl Lovo yio
70 TTEPPAALOV OAAG KO Y10l TIG OTPOTNYIKEG KO TIG TOOVEG EVEPYELES TOV AAAWDV, 1] GTPUTIYIKN
aAnAenidpaon kabiotatol kevIpikng onuocioc. Ot TpdkTopec opeilovy va TpofArémouvv, va
OVTOTOKPIVOVTOL KO EVIOTE VO GUVTOVILOVTOL LLE TI) GUUTEPLPOPA TV OUOTIL®OV TOVG, 0ONYDVTOG
o€ £vo TAoVGo10 pacpa Thavav exfdoemy.

Ocopio Moryviov

H Ul 00 BUs030%3 (Game Theory) mopéyst To padnpaticd vropadpo yio ty aviiven kat
™V TPOPAEYN TG CLUTEPLPOPES AAANAETIOPDOVTWOV TPOKTOP®V GE TOAVTPUAKTOPIKG GLGTH LT
210V TupNva TG, N Bewpia Taryviov Tumomolel T LEAETN TNG OTPAUTNYIKNG AYNE OTOPACEDY,
omov to amotélecpa yio kébe coppeTéyovta egaptdror Oyt LOVo amd TIC SIKEC TOV EVEPYELES
OaAAG Kol OO TIC EVEPYELEG TOV EMAEYOVV 01 AALOL. AvTtd To TANiGLo sivat Wiaitepa 1oyvpod Yo
TN GUAANYN TG ELPVTNG TOAVTAOKOTITOG TOV TOATPOUKTOPIK®OV GAANAETIOPACE®Y, €iTE QVTEG
€lvaL OVTAYOVIOTIKEG, GUVEPYUTIKES, €1T€ GLVIVAGIOC TV dVO.

¥t pn-cvvepyatikn Oswpio moryviov, ol TPAKTOPEG HOVTEAOTOOVVTIOL ®C aveSApTNnTOL
Mmrtec omopdcemv, KoBEVOC omd TOVG OMOIOVG EMOUDKEL VO LEYIOTOMOWOEL TN 01K TOL
oeeMpotnTa Yopis va vrdpyovv emPefinpéves coppoviec. H ovowaotikn mpdkinon eivon
otL 1 BérTioTn emAoyn KdBe TPAKTOPA LITopEl Vo EEQPTATAL OO TIG OVOUEVOUEVES EMAOYEC
TOV GAAOV, dMHovpYOVTOG Evov 10TO apotpaiog emppong Kot mpocdokidv. Min Kevipikn
avaropdotacn otn Bewpla moryviov sivor 1o mwoyvidol oe kovovikn poper] (normal-form
game), TO OTOI0 AMOTVIMVEL GTPATNYIKEC QAANAETIOPAGEL OOV Ol MPAKTOPES EMAEYOLV TIC
gvépyetég toug Tavutdypova. H amddoon kdbe mpdtopa eEaptdral amd To GUVOMKO TPOPIA TV
EMAOYDV OA®V TOV GUUUETEXOVTOV. MEGa Gg anTo TO TANIG10, UTOPOVV VO, LOVIELOTTOINO0HV
dupopot tHmol waryviev, and KAUCUKE Toyvidld GUVTOVIGHOD KOl UNOEVIKOD 0Opoicuatog
£€0C o AETTOUEPT KOWMVIKA SAfupate. To Kowovikd SIMUIATe - OT®MG TO ATANLLO TOV
dviakiopévov, to Kuviyt tov EAagiov (Stag Hunt) kot to Iauyvidl tov Kotdmoviov (Chicken
Game) - gival 100itepa GNUAVTIKE GTO TAAIGLO AVTHG TG OIMAMUOTIKNG, KOOMG avadetkvhou
v £évtaon peta&y atopikng ophoroykdTNTOG Kot GUALOYIKNG EVNUEPiNG. X€ OVTA TO oLy Vidla,
ol aTopKd BEATIOTEG EMAOYEG LTOPohV VA, 00N YNOOVY GE VIOPREATIOTO ATOTEAECUATO Yo TV
0Uad0, ATOKAADTTOVTOG TIG TPOKANGELS TNG TPoMONONG TG cuvePYOoiag UETOED 1010TEADY
mpaktdpv. H pedétn téroiwv Stinuudtov eivorl wioitepo oxetik pe  SwtpiPn emeldn
vroypappilel v avaykn yio topepPAcelg oTo TEPIPAAAOV TOL VO OVASIALOPPDOVOVY TO KIVITPOL
Kot VoL KaBodnyohv T GUUTEPLPOPE TV TPUAKTOP®V TPOG KOWMVIKA ETMPEAEIG ADGELC.

Mo va peretioet T1g 1010t TEG AVTOV TOV Toryviov, 1 Bewpia Toryviov glodyst évvoleg
Moegwv 0mwg N 1ooppomicc Nash - pio KotdoToon OTov KavEVaS TPAKTOPAG 0eV UTOPEL va
BeAtidoel LOVOUEPMG TO ATOTELEGLA TOL OAAALOVTOG T GTPAUTIYIKY TOL, VIO TV TPpolndOeon
OTL 01 oTPATNYIKEG TV GAA®V Topapévouv otafepés. H évvola g woppomiag Nash givar
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Table 1: Kowovikd Aqupata - Tevikp Mopon

OepueMmong, kobmg mapéyet o TpOPAEYT GTUOEPDV, AVTO-EVIGYVOUEV®Y CUUTEPLPOPDOV LEGH
610 ovotnua. Qotdco, dev eglvar Oheg ot wooppomieg e&icov emBountég, 10witepa omd
ocvAloyikny omtikn.  Ewsdyovtar évvoleg Onmwg n PéAtiotn Katdotoon kotd Pareto yuo va
a&loloynbei n Kowoviky gonuepia, evtomilovtog amoTEAEGHOTO OOV KOVEVOS TPAKTOPOS
dev umopel va Pedtimbel yopic va emdewvobel m Béon kdmoov AGAlov.  Ilepartépw
e&e1d1KenoElg, OTMG 01 GLOYETIGUEVEG 1ooppomieg (correlated equilibria) kot ot vromaryviccd
téheteg looppomieg (subgame-perfect equilibria), Aapfdavovv vdoyn cevdplo tov Teptlapupdvovy
ONHLOTO GLVTOVIGHOD 1 S10doYIKN AqYN amoPAcemV, avtiotorya. Avtd ta fempntikd epyaieio
glval amapaitnto Yo Ty Kotavonon tO60 TV SuVaToTHT®V OGO KOl TV TEPLOPICUDYV TOL
GUVTOVIGLOV KO TOL OVTAYOVIGHOD UETAED TPOKTOPWV.

[Tépa amd v TovTtdYXPOVY CAANAETIOPOGCT TOV LOVIEAOTOLEITOL GTNV KOVOVIKY] HOPQY,
TOALG GEVAPLO TOL TPAYHOTIKOD KOGHOV TeptAapPdvouy akolovbieg amopdcewmv, 6TOL oL
TPOKTOPES UTOPOVV VO TOPATIPOVY KOl VO OVTIOPOUV OTIS EVEPYELEG TOV OGAAOV HE TNV
podo Tov Ypdvov. AvTd TLTOTOLEITOL HEGM TNG OVOTAPACTUONC TOLYVIMV GE EKTETOUEVT
popon (extensive-form game), 6oV o1 AAANAETIOPAGELS OTEIKOVILOVTOL (O dEVTPO OTOPAGEMV.
Ot «éppotr avtiotoryovv o€ onpeion emAOYNG, To KAOOWL o OLVOTEC EVEPYELEG KOl TO
@OML0. og amotelécpoto pe oyxeTlOpeveg amoddoelg.  Ta moryvidiw oe ekteTOpéVI) HOPON
EMTPENMOVY T1| LOVTEAOTOIN OGN JLAO0YIKMV CTPATNYIKMDV, ATEIAMDV Kol SEGUEVCEWMV, KOl EIGAYOVV
e&e1dkevpéveg £Vvoleg 100PpPOTiOG OTTMG 1) VITOTALYVIOKA TéEAELN 1ooppomia (subgame-perfect
equilibrium), mov drtucearilel opBoroykd maryvidl o€ kdBe onpeio Tov dEVIPOL. e TEPIMTMOGELS
OTOL £VaG TPAKTOPOG EVEPYEL TPAOTOC KOl Ol AAAOL AVTOTOKPIVOVTAL, 1) £VVOL0 TNG LGOPPOTING
Stackelberg eivar Wwitepa oyetikn. Edm, évag «nyéme» (Stackelberg agent) deopeveton o€
pio oTPATNYIKN Kot 01 0KOAODOOL AVTIOPOVV LE TOV KAADTEPO TPOTO, ONLLLOVPYDVTAG LEPUPYLKN
otpatnywn dvvapkn. To mouyvidwe Stackelberg eivar onpoviikd ywo ) povielomoinon
cevapimv 6mov €vag principal 1 KEVIPIKOG 6YeS0OTNG SIUUOPPOVEL TO TEPPAALOV 1 TOL KiviTpaL,
TPOPAETOVTOG TIG TPOCUPHOCTIKEG UVTIOPACELG TMV OMOKEVIPOUEVMOV TPUKTOPOV - TAPUAANAL
pe to mhaioto SED mov diepevvatar o€ avth T dotpipi.

M Tp®TN ONUOVTIKY EMEKTACT TMOV TOPOUTOVEO EVVIOV TPOG TNV Koatevbuven tng
TOAVTPUKTOPIKNG EVIGYLTIKNG HdOnong kot tov SED evtomileton ota emovolapfavopeva
moyviow (repeated games), OMOL Ol TPOKTOPEG OCULUUETEYOLY OTINV (010 CTPATNYIKN
oAAnAenmidpacn v moAlamAoVg YOpovs. H emavainym emitpénel ™ paonon, t dnuovpyio
ONUNG KOl TNV EUGAVICT] CUVEPYATIKNG CLUTEPIPOPAS TOL B NTAV AVEPIKTN GE €va, ToLyVidt
plog eopdg. Ot TPAKTOPEG UTOPOVV VO YPTCUOTOIOVY GTPOTNYIKEG oV e€apTOVTOL OO TO
1GTOPIKO TV KIVICEWV, 00N YDVTAG GE TLO TAOVGLO KOl PEOAOTIKA LOVTELN O10PKODV KOVOVIKMV
KOl OIKOVOIK®V oAAnAemdpdoewv. ‘Evvoileg 6mwg 10 Aeyouevo Folk Theorem amoxoddmTovy
ot1, og emovoiapupavopeva miaiow, pmopel va dtatnpnbel éva gvpld @doua 1coppomIdY -
CUUTEPIAAUPOVOUEVOV KOL 1O10ATEPE GUVEPYOTIKAV - LECH KATAAANA®V GYNUATOV KIVATPOV
Kot amelhdv Tipopiag. ‘Etol yevviéton éva peydio imuo tov tog Ba mhonynodv ot moikteg
GE OVTOV TOV TEPACTIO YDPO EPIKTOV AVCEMV, DOTE VO, KATOANEOUV OE 160ppoTies Le KOAd
YOPOKTNPIOTIKAL.

TéNog, Ta mepPAALOVTO TOL TPOYUATIKOV KOGLOL YapakTnpiloviatl cuyvd amd afepfatdtnto
Kot pepikny mAnpoeopnon. Ta Mepikmg ITapatnpiowe Zroxootikd [Maiyvie (Partially Ob-
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servable Stochastic Games, POSGs) mopéyovv évo 1oyvpd HOVIEAOTOINTIKO TAGIGLO Yo
tétoteg ovvOnkes. Xta POSGs, kdOe mpdktopoc AapPdvel pHOvo HEPIKEG TOPATNPNOELS TNG
KOTAGTAONG TOV TEPIPAAAOVTOC Kol TPETEL VO SLOUOPPDGEL TETONGELG TOGO Y10 TOV KOGHO
000 KOl Y10 TIG KPLQEC TPoBESEIC 1 YVAGCES TV GAA®V TpaKTOp®V. AVTO T0 MPpdsbeto
eminedo afePfardTnTog SVOYEPAIVEL TEPUITEP® TOV GYESIOGHO OMOTELEGLOTIKOV TOATIKMOV KOl
UNYOVIGH®Y Y10 TOVS TPAKTOPES, OAAG KOB1oTA TO TAMIGIO EEQPETIKA YEVIKO KOl GYETIKO e
PEAMOTIKA TOADTPOKTOPIKA GUOTHLOTO, OTOL Ol TPAKTOPEG GTAVIO, EXYOLV TANPT YVOCN TG
TOYKOGHLOG KOTAGTACTG 1] TOV CTPATNYIKOV TOV GAAWDV.

[Tépa amd opydg otpatnykés ntvyéc, 1 Oewpio moryviov acyoleitor emiong pe tov
oxedoUO TEPIPAALOVIOV KOl KAVOVOV - YVOOTO MG «OYEIOOUOG UNyovIcHmv» (mechanism
design) - pe okomd TV TOPOYN KIVATPOV GTOVG TPAKTOPEG VL SPOVV pE TPOTOVG TTOL TPOAYOVV
GVALOYIKOVG GTOYOVS. O oYedGUOC PUNYOVICUOV gival Wdwitepa OYETIKOG Le TN dtoTpipn,
Kabmg YeQuPOVEL TO Ao LETOED TOV QUGTKMOV SUVOUKAOV OAANAETIOPAONC TOV TPAKTOPOV
KOLL TOV TEYVNTOV EXNPEAGHOD TOV KIVTP®OV OV SALULOPPDVOVY TO KOWVAOVIKA amoteléopato. H
Bewpia avt amevBiveTal oToV TLPMVE TOL TPOPALUTOS LG, MOTOGO SVGTLYMG dEV UTOPEL VO
AdPer vTOYNV TNV TOAVTAOKOTI T Kot AoTABELD GLGTNUAT®Y TToL YopakTnpilovTot amd pddnon.
I[No avtd to AdYo, €xel vomuo 1 mTpodTacn vEwv Led’ ' 0dwv mov Tpootabovv vo emekteivouy
aTéG TIG LeBOOOVG G€ cuoTHLaTe TOL YopakTnPpiloval amd dadoyikég aAANAETIOPAGELS, LEPIKN
TOPUTIPNOUOTNTO KO, KVPImS, Labnon - o€ avTo To TAAIo0 Kiveital kat To TpodTVTo ToL SED.

2UVoMKa, 1 Bewpia TOLyVIOV TPOCEEPEL L0 ALGTNPT YADCOO Y10, TV EKEPACT], avaivon
K0l GYESAUGLLO TOADTPOUKTOPIKMY AAANAETIOPACE®VY. AELOTOIDVTOG TIG £VVOIEG TNG, Ol EPEVVITEG
UTOPOVV VA KOTOVOT|COVY KAADTEPA TN SUVOLUKT TOATAOK®V GUGTNHATOV KOl VO GYEIIACOVY
napepPaoeic mov evbuypappilovy T GLUTEPLPOPAE TOL ATOUOL LE TOVS EMBLUNTOVG GTOYOVG
™G opddag. Avtn 1 moryviofewpntikni omtikn gival BepeMddng tco yia v avdAvcon 660 Kot
Y10l TIG KOWVOTOLEC TPOGEYYIoELS oyedocoD Tov eégtalovTal otn doTpipr av.

Mopxkofravéc  Awodwkacies Amopdoewv (MDPs) kov  ou
Holvmpoaktopikég Toug Emektdosig

IMapoéro mov m Bempio moryviov mapéyxel éva 1oxLPd TAMIGIO Yo TNV KOTAVONON TOV
GTPATNYIKOV OAANAETIOPACEDY HETOED TOAAUTADY TPAKTOP®V, GLYVA &ival amapaitnto va
MeBel vVIOY™N TO TAOC 0L AMOPACELS Kol To amoTteléopato eEgAiocoovtal dloypovikd péca og
duvapukd mepipaiiovta. Edd eivor mov o1 Maprofiavég Awadikacies Amopdoewv (Markov
Decision Processes, MDPs) kafictavtor ovoiddelc. Mia MDP tumomolel to mpoPAnua g
Stadoykng ANYTNGg amopdcemv VIO afefotdTnTo Yot VoV HEHOVOUEVO TTPAKTOpa. Xg pio
MDP, o mpdktopag aAAnAemidpd pe €va mepiBdilov mov yapoktnpiletor and éva cHVoOAo
KOTAOTAGE®V, €vo. GUVOLO evepyeEldv, mBavotTnTes petdfaong petald KoTaoTAcE®mY Kot pid
ouvdptnon avtapolpng.  Xtdyog Tov mpdKTopa €ivor va pdlet pio moATikn - dnAadr pio
AVTIOTOLYION OO KOTUOTAGELS GE EVEPYELEC - MOV UEYIGTOMOLEL TI TPOGOOKMUEVT AOPOLOTIKN
avTapoPn Tov pe TNV Tapodo tov xpoévov. H ddtnto Markov dtac@aiilel 6Tt n peAAOVTIKT
eEEMEN ¢ dradikaciog e€aptdTol LOVo 0md TNV TPEYOLGO KUTAGTACT KOl EVEPYELD, Kal OYL Old
TO IGTOPIKO TV TPOTYOVUEVOV KOTAGTAGEMV.

ot povtedomoinon cevapiov pe TOAAATAODG OAANAETOPOVTEG TPAKTOPES, 1 Evvold
g MDP enekreivetar otig [Todvmpaktopikég Mapkofraveg Aladikacieg Anopdoewv (Multi-
Agent Markov Decision Processes, MAMDPs). Xg avtd to miaiocia, ka0e mpaktopag emALyet
TavTdYpOVO eVEPYELEG € KABe ypovikd Prpa, Ko ot peTaPdoelg kKot ot avtapolBég Tov
nepPdAlovtoc eaptdvTan amd TIC GLAAOYIKEG EVEPYELEC OAMV TV TPpaKTOp®V. Kdbe TpdkTopag
EMOUDKEL VO LEYIOTOTOWGEL [i0 TPOGOOKMUEVT] AVTAUOPT TOL OAOL O TPAKTOPEG Aapfdvovy
amd Kowov, YeYovoc mov KobloTd avtd TO TAMICIO IKAVO VO LLOVTEAOTOGEL LOVO GLVOTKEG
TPpNG ovvepyaciog. e Pooikd emimedo, TO GULYKEKPWEVO LOVTEAO umopel vo BewpnBei
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1oodvvapo pe 1o MDPs povadikod mpdxtopa, Komdg emitpénel TV EKPOCT] TOV ETUEPOVS
mpatewv g pio, omd kowod mpaénc. I'a avtd opiletar 1o mo yevikd Dec-MDP, 610 omoio
KG0e TpaKTOPOG dpa ATOKAEIGTIKA pE BAOT TIG SIKEG TOV, EXUEPOVG TAPATHPTOELS KO TOALTKT].
H dmoapén moAAdvV pobnolokdv Kot Tpocaprolopevemy Tpaktopwv Kabiotd Ty avaAvon Kot
EMIAVON AVTOV TOV S100IKACIOV GNUAVTIKA 10 OVCKOAN GE GUYKPION WUE TNV TEPIMTM®GCT TOV
evog mpdxtopa, cLYVE amotdvtag eEEOIKELIEVOVS 0AyopiBovg Kot BempnTikd epyadeio.

Y& MOAAEG TIPOKTIKEG MEPUTTMOELS, O TPAKTOPUS OV £YEL TANPN TOPATNPNCILOTNTA TNG
vrokeipevng katdotaons. Avto odnyei 6to TAaicto g Mepikmg [apatnpioung Mopkofiovig
Awdwaciog Aropdosmv (Partially Observable Markov Decision Process, POMDP), 6mov o
TpaxTopag AauPaver povo atereis 1 0opuPddEls TAPATNPNOES CYETIKG HE TNV TPAYHOTIKN
Katdotaon tov mepPdriovtoc.  Xe pio POMDP, o mpdktopag mpémer va dwotnpel pio
«memoifnon» - niadn e Kotavoun ThavotnTog Tive oTig TvVEG KATAGTAGEL - BactOpevog
GTO 10TOPIKO TMV EVEPYELDV KOl TAPATIPNCEDV TOV, KL V. AUUPAVEL amOoPAcELS e BAcT avTiV
v nenoibnon. H eniivon tov POMDPs givat onpovTikd o amoitntikny ord T Ao TUTIK®Y
MDPs, kaBmdg 1 TOMTIKY] TOV TPAKTOPQ TPETEL v AApPAvEL vITOYN TV afefatdOTNTO GYETIKA
ue v Katdotoon tov mepiPdriovtog oe kdbe Ppa. Ilpogovdg, vrdpyovv ot avtioTotyeg
noAvmpaktopikés enektdoelc (MAPOMDPs kot Dec-POMDPs).

Ot molvmpaktopikég emektdoelg twv MDPs, kat edwé 1o Dec-POMDPs Adyw Tig
YEVIKOTNTAG TOVC, ATOTEAOVV TO LaONUATIKO LTOPABPO Yio TO LEYOADTEPO UEPOG TNG TVYYPOVIG
épevvag oty Ilolvmpoaktopiky Evieyvtiky Mdadnon (Multi-Agent Reinforcement Learning,
MARL) cg mepifdiiovta mApnG cuvePyaTIKOTNTA (0O KOO avTOUOBEC Yo OAOVG TOVG
TPAKTOPEG).

Evioyvtiky MaOnon

H evioyvtikn pébnon (Reinforcement Learning, RL) amoteAei pio and tig tpeig Oepelddeig
Katnyopieg otn pnyoviky pddnon (poli pe v emPrenodpevn Ko pn-emPrenodpevn pabnon).
Aocyoleiton e TO TOG 01 TPAKTOPEG Umopovv va, pibovv va AapPavouv S1000yIKEG amoPAcELS
pécm aueomng aAAnienidpoaong pe 1o mepipdAiov. Znv ovcio g, N RL wpaypateveton 10
TPOPANUE Tov va pabel Kovelg TL TPEMEL Vo KAvEL - DG Vo, avTioTowyilel KoTaoTAoEl o€
EVEPYELEG - DOTE VO LEYIOTOTOLEL Eva pakportpOBeco pétpo avtapolPne. Ze avtibeon pe m
EMOTTELOEVN UAONOT, OTOV TAPEYOVTOL ETIKETOMOMUEVE OeOOUEVA, N TN WU ETOTTEVOUEVN
uabnomn, 6mov ovalnrteitar Sopun ota dedopéva, 1 EVICYVLTIKY udbnon Paciletor oty eumeipio
dokymg kot opdipotoc. O mpdxtopag Aapupdvel avatpo@oddtnon He Tn HLopen aplOUNTIKGV
avTOUOPOV HETA amd KAOE EVEPYELN KO TTPEMEL VAL OVAKOADWEL L0l OTTOTELEGLLOTIKY TOALTIKY
pécm e&epevvnong Kot EKUETAAAEVOTG.

‘Evvola-kAedi omnv evioyvtikny pdadnorn eivar or pébodor emiivong Mapkofiavav
Awdikooidv Aropdcemv (MDPs) mov aveldcape Tponyovpéveg. Ao KAAGIKES TPOoEYYioELg
glvar n emovainyn twov (value iteration) xoi m emavainyn moAttikng (policy iteration).
H ermovédinyn tipov Poaociletor og dwadoykés evnuepdoelg g ektiunong g a&iog kdabe
KATAoTOONG, AApPAvovVTag LIOYN TV OVOUEVOLEVT adOd00T TNG KAADTEPNG dVVATNIG EVEPYELOG
Kot akolovBovtag Tig tpéyovoeg ektiunoelg afiag.  H emavidnyn moMrtikng, avtifeta,
evaALAooEL PETOED TG 0E0AOYNONG TG TOAMTIKYG - bIToAoyilovtag v a&io Kabe KatdoTaong
VIO TNV TPEYOVGO, TOALTIKT - KOt TG PEATIOONG TNG TOAMTIKNG - EVIUEPDVOVTOG TNV TOATIKN LE
Baon avtég Tig Twég. Kot ot dvo pébodor atnpilovrar Oepehmddg oty e&icwon Bellman, 1
omoia exk@pdlel T Stadoyikn oyxéon HeTaED TG a&log Hog KOTAoTaonG Kol TV OVOUEVOLEVMY
TILOV TOV dddywv Kataotdoewv. H eicwon Bellman amoteAel tov Kevipikd muAdVA TOV
TEYVIKOV SUVOALKOD TPOYPULUATICUOD GTNV EVIGYVTIKY LAONGON, EMTPETOVTOAG TOV OTOOOTIKO
VTOAOYIGHO PEATIOTOV TOMTIKGOV OTOV TO HOVTELD TOV TEPIPAAAOVTOG gival YVOOTO, 0AAG Kot
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YEVIKOTEPQ TV OAYOPIOU®V EVIGYLTIKNG PABNong, Tov apyilel va mailel poro 6TAV O TPAKTOPOG
dev d1uB€TeL TEAELO LOVTELO TOV TTEPIPAALOVTOC.

®o emikevipwbooue oe peBodovg RL ywpic poviédo (model-free), dmov o mpdxtopag
poBaivel amd aueon eumelpion avti i pntd oxedlacpd. Avo Poocikég Katnyopieg TETOlOV
pebodwv givon or péBodor Monte Carlo, mov ektipotdv T cuvaptioelg agiog pe fdon to péco
TOV EMOTPEPOUEVOV ATOOOGEMY OO OEIYUATOANTTIKA €MEICOdI, Kot 11 Mdabnon Xpovikng
Awgopdg (Temporal Difference, TD), mov evnuepdvel tig ektipunoelg oiog pe fdon t dtpopd
peta&d g mpoPAemOUEVC Kal TG TapoTnpovuevng avtopolpig oe kabe PAua. H TD
uéonon mepiiapPaver odyopibpovg 6mtmg SARSA kot Q-learning, Tov €govv gvpeia epaproy”n
AOY® ™G IKAVOTNTAS TOVG VO, LoBOiVOUV OTOTEAECUATIKEG TOMTIKEG O AYVOOTA 1] TOADTAOKOL
nepIPAAAOVTaL.

Me v éAhevon g Pabidg pabnong (deep learning), ) evioyvtikn pddnon yopic povtéro €xet
eMEKTOOEL TEPAUTEP® LLE TN YPT|ON VELPOVIKADV SIKTOMV Y10l TNV TPOGEYYICT) GLVAPTHGEMY aETI0G
K0l TOATIKOV, 0dNydvTag og pefddovg onwe 1o Deep Q-Network (DQN). Ta DQNs a&tomoiovv
TN HEYAAN EKQPACTIKT IKOVOTNTA TOV BadidV SIKTO®V Y10, VO YEIPIGTODY YDPOLE KATACTACEDY
VYNAMG dldotaong, Om®G o€ Prvieomaryvidlo 1 POUTOTIKY, Kol £yovv Ogi&el a&loonueimw
enmtvyio o€ dvokora mepifdriovta. Baoiko atoyyeio g emttuyiog Toug ftav To Aeyopevo replay
buffer, mov amodnkevel TAPATNPNGELS TOV ATOKTHONKOV OO TAALUIOTEPES EKOOGELS TOV SIKTVOV
Yl vaL ¥pNopomomBoiv 6Ty eKTaidevoT| Tov.

ITopd ) dvvaun Tovg, ot LEBodot Pacicuéveg oe atieg umopel vo avtipetmmilovy SUGKOAIEG
oe mepdAlovta pe cvveyeic 1 mOAD peydAovg xdpovg evepyeldv. o vo avTipet@mioTobv
QVTEG Ol TPOKANGELG, Exovv avamtuydel ot pébodot Babuidag moltikng (policy gradient meth-
ods). Avtég o1 uébodol TapapeTPOTOLOHY AUEGH TNV TOALTIKY - GLVAONOG MG VEVP®VIKO dIKTVLO
- Kol TN PEATIOTOMO0VUV EKTIUMVTAG TN Pobuida TG avapevopuevng avtapolpnig o¢ Tpog Tic
TOPOUETPOVG TNG TOMTIKNG. Ao Tig TAéov e&€yovoeg eivar ) [Ipootatevpévn Beltiotonoinon
Mot (Proximal Policy Optimization, PPO), mov e€icopponel tnv amodoTikotnTo Kot T
otafepdmta ¢ padnone. To PPO Bedtidver maradtepovg akyopifuovs Babdpidog moirtikng
YPNOLLOTOLOVTOG Evay PondnTikd otdyo mov AmOTPENEL VIEPPOAIKA LEYAAES EVNUEPMGELS
Mg moMTIKNG, Swopaiifovtag étol mo otabepn ko a&omiotn pabnon.  Avtd kobiotd
to PPO 1dwitepa amotelecuaTikd Y10, TOAOTAOKA, VYNANG SLACTOCNG KOl TOAVTPOKTOPIKE
nmepPdAlovta, Kot eivar o Pacikdg ahydplfog Tov ¥PNCIUOTOLEITAL OTA TEWPAUATO AVTAE TNG
Stppnge.

YuvoliKd, OVTEG Ol MPOoeyyicels omoteAovv TN peBodoroywn Pdon tng ovyypovng
EVIOYLTIKNG HAONONG, EMTPENMOVTAG OTOVG TPAKTOPEG VO HoBOiVOLV  OTOTEAEGLOTIKEG
GLUTEPLPOPESG OE TOIKIAM, duVapKA Kot cuyvda aféBoia mtepiBdirovta. [apéyovv Ta TpoKTiKd
gpyoleio ya T depevvnon TponyrEVEVY BEPdTOV OTTMG 1) TOAVTPOUKTOPIKY| EVIGYVTIKY] Labnon
Kol 0 SUVOIKOG GYed10oHOg TTEPIPAALOVTOG, Ta omoia Ppiokovial GTovV TLPNVE VTG TNG
€pevvac.

Holvmpaxtopikn) Evieyvtiki) Madnon

H Ewvioyotikn Mabnon IMolomidv ITlpoxtdépov (Multi-Agent Reinforcement Learn-
ing, MARL) enekteivelr v evioyutikn pabnc oe mepipdAiovia 6mov moAAiol avtdvopol
TPAKTOPES AAANAETIOPOVV, TAPOVSLALOVTOG GLYVA TOGO GUVEPYUTIKEG OGO KOl CVTAYMVIOTIKEG
ovumeprpopés. Ommg toviCeton ot dwatpipn, n MARL eivon amapaitnt yuo ) poviedomoinon
QOIVOUEVOV TOV TPAYUATIKOD KOGLOL, GTO OToio ol evépyeleg kdbe mpdxtopa emnpedlovv
Kot ennpealovial amd TIS EVEPYELES TOV GAA®Y. AvTA 1 aAANAeEapTNON E1GAYEL GNUOVTIKY
TOAVTAOKOTNTO, OT®G TO MPOPANUA TNG UN-CTOCIUOTNTOC - KOOMG To Tepfaiiov aAralet
duvopka ke popd o £vag TPAKTOPag TPOSaprolel Ty ToATikn Tov. Emopévmg, ot pébodot
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EVIOYLTIKNG UAOMNONG EVOG TPAKTOPA. EIVOL OVETOPKEIG Yo TV TANPT COAANYN TNG SUVOUIKNG
OVTOV TOV TOATPAKTOPIKDY GUCTNUATOV.

H dwrpip) mopovoidlel po Aemtopepn €MOKOTNON TOV POCIKAOV TOPASELYLATOV
exmaidevonc ot MARL. H Kevrpwcorompévn Exnaidevon kot Extéleon (Centralized Train-
ing and Execution, CTE) npotimobéter minpn mpdcPacn otnv Kabolikn KOTAGTOON Kol TIG
EVEPYELEC OA®MV TOV TPOKTOP®V TOGO KOTA TV €Kmoidevorn 000 Kol KOTO TNV EKTEAEON,
EMTPENOVTAG PEATIOTEC GVAAOYIKEG TOMTIKEG, OAAG o€ PAPOG TNC EMEKTUGILOTNTOS KOL TNG
TpokTiKOTNTOG. Avtifeta, n Anokevipopuévn Exnaioevon kot Extéleon (Decentralized Training
and Execution, DTE) avtyetonilel kdbe npdktopa mg TANpog aveEaptnto, o omoiog pabaivet
uévo omd Tig SikéG Tov Topatnpnoelg Kot avtapolPés. Eva n DTE khpoakdvetor gdkola,
GLY VA TOPOVGLALEL TPOPALOTO COCTNE KOTAVOUNG TIOTMONG Kot SUGKOAMO GTNV TPOGAPLOYN
OTIS SLPKAOG HETAPAAAOUEVEG GTPATNYIKEG TV VITOAoIT®@V. 'Evog evpémg ypnoiorolovpuevog
ovpuPipacpdc eivar n Kevrpwomompévn Exnaidevon pe Amokevipouévn Extédieon (Central-
ized Training with Decentralized Execution, CTDE), 6nov o1 npdéxtopeg a&ronotovv kaboiuég
TANPOPOPIEG KATA TNV EKTOIOEVOT, AAAL EVEPYOVV OTOKAEICTIK( PACEL TOTIKMY TAPOUTNPICEDY
katd v ektéheot). To CTDE dwotnpel moALd amd ta 0pEAN TG KEVTIPIKOTOINOoNG o1 Hddnon,
evd TowTOYpova VIooTnpilel emektdolun Ko avBekTikn avdmtuén, yeyovdg mov 10 kafiotd
10104TEPOL ATOTELECUATIKO Y10, GUVEPYOTIKA EPYOL.

Onwg tpoavaeépnie, o alyopduog Proximal Policy Optimization (PPO) amoteAei tn Bdon
Y10 TV TOAVTIPAKTOPIKT LABN oM G€ avTr| T d1oTpiPr], OOV YPNGLOTOLOVLE dVO KOPLEG EKDOYES:
10 Ave&apmnto PPO (Independent PPO, IPPO) kot to Amoxevipopévo IPPO (Decentralized
IPPO, Dec-IPPO). Xt0 mhaicio tov IPPO, 6Lot o1 mpdktopeg potpdloviotl £va Kovd vELpwvikd
diktvo Katd T ddpkela G eknaidgvong - kabotdvtag tov CTDE - ka1t mov emtpénst otovg
TPAKTOPES VO EMWPEAOVVTOL OO KOWEG OVOTOPUCTAGELS Kol LITOPEL Voo 001 YN OEL GE EUUECO
GUVTOVIOUO HECH TOV TOPAUETPOV TOL JkTOoV. Avtifeta, oto Dec-IPPO kdbe mpdktopag
€xel 10 01KO Tov EeYPLOTO VELPWVIKO SIKTVLO, YWPIG KOWN YPNON TUPAUETPOV 1 KEVIPIKES
TANPOPOPIES, 0ONYDOVTOG G TANPWOC ATOKEVIPOUEVT ekmaidevon Kot ektédeon (DTE). Avtn
N Baockn| dakpion emiTpénel 6t SoTplPr] va aEOAOYAGEL e aVGTNPOTNTO TOVS UNYXOVIGHOVE
Kowavikov Zyedtacpov Ilepifdiiovtog kot oto 000 TAMIGIO: OTOV Ol TPAKTOPEG UTOPOVV
va ovvrovifovtor éppeca pécom kowmv mapapétpov (IPPO) kot dtav givar vroypempévol va
pabaivovv o mAnpn amopoveoon (Dec-IPPO).

g OAN auth TNV gvOTNTa, 1 dtatpPn evtomilel kot cuiNTA APKETEG OLOPKEIG TPOKANGEL OTN
MARL. 'Eva Bacwéd imnua eivor n amddoon wiotmong (credit assignment): nd¢ amodidovton
TO. GLALOYIKG OTTOTEAECUOTO GTLS OTOUIKEG EVEPYELEG, KATL TTOL gival Wioitepo dSVGKOAO OF
oLVEPYATIKA 1] HIKTOV KiviTpov mtepiBdAlovta. H emextacipudnro emiong avadekviETol ¢
ONUAVTIKT TPOKANGCT), KOO o1 aAyoplOuol mPémel va TAPOUEVOVY OTOTELECUATIKOL KOOMDC
avéavetor o apBpog Tov apoktopev. H pn-otacipuotmta, oniadn mn ocvveyng e&EMéEn tov
TEPPAALOVTOC AOY® TOV SL0PKDY EVIUEPMCEMY TOATIKNG OA®V TOV TPOKTOP®V, TEPUTAEKEL
1660 TN cOYKAIGN 660 Kot TN otabepotnta. EmmAéov, n pepikn mopatnpnoildtnto amoteAel
TPOKTIKO TEPLOPIGUO, OMAITOVTOG OAYOPIOLOVE TOV AEITOLVPYOVV OTOTEAEGLOTIKG OKOLO KO
OTAV 01 TPAKTOPES £YOVV TEPLOPIGHEVT 1| BOopLPDIT TANPOPOPTON.

Téhog, 1 dwTpiPn tovilel ) onpacio avtdv TV TAociov MARL yo Tig melpopotikég
Kot BepnTikég TG ovvelspopéc. H mpocektikn avaivon TV TopudElyHIT®V EKTOIOEVLONG
K01 TOV 0AYOPIOUIKOV TPOGUPLOYDV VITOGTNPILEL TOV KOW®OVIKO GYESOCUO Kot TNV a&loAdynon
SVVAIK®V TEPIPAAAOVTOV, 10IMG 6TO TANIGLO TNG SLUUOPPOCNC KIVTP®Y KoL TNG GLAAOYIKNG
Myng omopdcemv. AVTIHETORILOVTOG TOGO TIG TEYVIKEG OGO KOl TIG EVVOIOAOYIKES TPOKANGELG
™™g MARL, 1 datpifn mapéyet po ioyvpn BAcn yia T depehvnon UNYOVIGH®Y TOL TPOdyouV
TN GLVEPYOTIQ, TN JIKOLOGVVN KOl TNV AVOEKTIKOTNTO GE TOAVTPOUKTOPIKG GUGTHLLOTA.
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Hewpoapatikn Avdtocn

INo ™ depedhvnon TG aMOTELECUATIKOTNTAG TOL OQUVOUIKOD GYESIOCUOD KOWMVIKOD
epPAALOVTOg OE eUNEPIKO eMimedo, 1 datpiPn viobetel Eva aLGTNPO TEWPANATIKO TAOIGLO,
Paciouévo og €va evpémg kabepopévo kovavikd diinupa: v Tpaywdia tov Kowvav. To
emeypévo medio dokiumv givor To Taryviot Commons Harvest, éva moAvpaktopikd mepifdiiov
OV LOVTEAOTOLEL [LE KOO TPOTO TNV £VTOOT LETOED ATOHKNG 0POOAOYIKOTNTAG KOl GUAAOYIKNG
eonuepiag. Xe avtd 10 TMEPPAALOV, Ol TPAKTOPEG Aettovpyodv o€ €va kowod gridworld,
GUALEYOVTOG TEPLOPIGUEVOVS TOPOVG (OTTMG UNAR), OL OTTOT0L OVOVEDVOVTOL GTOYXOGTIKA LLE TNV
Tapodo Tov ¥povov. Ot TPAKTOPEG KOAOVVTUL VO IGOPPOTHCOVY OVALEGH GTOV TEIPAGIO Y1d,
dpeomn avtopoPn kot tov kivouvo e£GvTAnong TV Topmv, KaOIeTOVTOS 0T TOV TOUEN, 1010ATEPO
KATOAANAO Y10 TN SOKLU UNYOVICL®Y TOV GTOXEVOLV GTNV EVIGYLON TNG CLVEPYACIAG KAl TNG
Biooung cupmeplpopds 6€ VTAYM®VIGTIKG TOAVTPAKTOPIKA TEPIPUALOVTA.

O mopnvag TG TEWPOUOTIKNG Olepedvnong eotTidlel o1 oOykplon OloPOPETIKOV
npoceyyicemv 610 SED, 1660 oTotiKdV 060 Kot duvapkdv. Kevipikd poro £xel 1 elocaymyn
Tov «KVpLov» (principal), Tov €101KOV TPAKTOPA OV UTOPEL v TPOGUPUOLEL TAPAUETPOVS
oV TEPPAAAOVTOC G amdvtnorn oty yhieo tov mpaktopov. O principal givor k1 o idtog
HaBNo1KOG TPAKTOPOS, VAOTOUEVOG LLE EVICYLTIKT LEON O, TOL 0TTO{oV 1| TOALTIKT] GTOYEVEL
ot Pertiotonoinomn evog GLALOYIKOD GTOXOL (OTMG 1 KOWMVIKY €unuepia 1 1 SIKOOGVHVT)
emMpealovtag To KivTpo TV TPAKTOPOV LEGHD UNYOVIGH®Y 0TS 1 POPOAOGYNON 1 O KAVOVES
avayEVvIonG Twv mOpmV.

I'o ™ dwwoedAion ovolaoTikdV onueiov avaeopds, Beomilovial d16popeg TEPAUATIKEG
ypappég Baong (baselines).

1. Principal pe ¥Ynoogopia: O principal npocoppdlel SuVOpIKA TIG TOPAUETPOVS TOL
TEPIPAAAOVTOG PACEL TOV YOOV TOV TPAKTOP®V, ETIOKOVTAG TN PEATIOTOTOINON EVOG
KOW®VIKOD 6TOY0V € TpayLLatiko xpovo. Eival to facikd mpodTumo mov exepdletto SED.

2. Principal pg otatikovg 6toéyovs: H cvvaptnon apopng tov principal sivon otabepn -
napapeTponotel o mepPariov pe éva otabepd cuvoro kivitpmv. Ot otdyot eivat dvo oe
kdé0e mepintmwon: Utilitarian ko1 Egalitarian.

3. Xaopic Principal (Avapyia): Aev happdvovtor mapesppdoelg - ot aAAnAenidpdoelg twv
TpoKTOpOV egliccovTal eevbepa ywpig eEmtepikn pvOuo.

4. Ocopnrikic/Béhtnioteg I'pappéc Baong: Omov eivar gpktd, ypnoiyomorodviot
OVOALTIKEG 1] YVOOTEG BEATIOTEG TOMTIKEG Yoo cUYKPLIoN. AVTH €ivol 1 oTpATNYIKY TG
Avakoartavopr|s, mov givol BEATIo ®g Tpog v ooTiia (egalitarian), aAld pmopei va
BewpnBel ko w¢ BéATIOT Yo TNV ¥ pNoTikdOTNTO EMiong (utilitarian).

O mepapotikdc oxedlocpuog divel 11aitepn EUEOOT] GTOV POLO TOL GYESLOGUOD UNYOVICU®DV
KOl TNG GLAAOYIKNG GLYKEVIp®ONG TpoTunoewy (preference aggregation). Zvykekpiuéva,
VAOTOLEITOL 1) KOWOTOUi TOL JUVOUIKOD GUGTHLOTOS YNEOPOPing, TO ONOi0 EMITPEMEL
OTOVG TPAKTOPEG VoL EKPPALOVV TIG TPOTIUNCELS TOVS Yo 0AAOYEG oTo mepPdAdov (OmmC
TPOTEWVOUEVOVS POPOLOYIKOVG GUVTEAEGTEG 1] KOVOVEG KaTavopng mopwv). O principal culdéyet
OUTEG TIG YNOOVG Kal, MG HOONGLOKOC TPAKTOPAS, TIG EVOOUUTMOVEL GTIS EVNUEPADOCELS TNG
TOMTIKNG TOV - OMILOVPYDVTOG OVGLUGTIKA £vay Bpoyo avatpo@odotnone 0mov 1o TeptBaiiov
OVTOTOKPIVETOL SUVOULKY GTIG TPOTIUNGELS TOV TTpakTopmy. O principal vionolel tnv amdpoon
TOV TPOKTOPOV LaBaivovTog To TOGOGTH POPOAIYNONG TPLDV EMMESOV: TOV 2 TAOVGLOTEPMV,
TOV 2 QTOYOTEPOV KoL TV 3 pesaimv.

To Bacikd pabnoiakd TAaiclo TOG0 Yo TOVG TPAKTOPES 0G0 Kat yio. Tov principal Paciletat
010 Proximal Policy Optimization (PPO). Kéavovue ypfion replay buffer yio va Avcovpe 1o
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TPOPANUO. TOV OTL Ol TOPOTNPNCELG TOV GVAAEYEL O principal oe kGOe update givar ToAD Alyeg
vy vo. péfet emtuydg Tig PEATIOTEG TOMTIKEG. Ol EMUEPOVG TPAKTOPEG EKTALOEHOVTOL UE
™ ypnion 1060 IPPO ka1 Dec-IPPO cg Egywpiotd runs yio vo cuykpivovpe tnv emidpacn
NG KEVIPOMOMUEVIG KOl TANPMG OTOKEVIPOTOMUEVIG TPOGEYYIONG OVTIGTOWYO KATA TNV
exmaidgvon.

XPNOILOTOLOVLLE VELPOVIKE STKTLO MG TPOCEYYIOTEG CLVAPTNGEDY TOGO Y10 TOVG TPAKTOPES
000 ka1 Yo Tov principal. Ot mpdxtopeg Aappdvovy Tomucés mapatnpioelg ond to mepPUrAiovV
toug (my. 0éon Ko Kotdotoon TOP®V Kol GAA®Y TPAKTOPMV) Kol TOPAYOVV KOTOVOWES
evepyeldv kot ektiunoelg aiag. O principal cuvnBmg Aapfdvel GUYKEVIPOTIKEG TANPOPOPIES,
OT®G TNV TPEYOLGH KATACTOOT TOL TEPPAAALOVTIOC, TO OMOTEAECUATO TG YNEOQOPIiag TMV
TPOKTOPOV KOl TOV 0ptOpd Tov unAmv mov £xovv cLAAEEEL o1 TpakTopeg. Ot mpakTopeg Exovv
TPOGPaomn 6To YDPO TOL TPOPANUATOG LOVO EVTOG TOL TTEPLOPICUEVOL 0pilovTd TOVC.

Ta amotedéopata mapovstdalovial 1060 TocoTIKA (e SYPAUUATO Kot TIVOKES) 0G0 Kol
TOLOTIKA (UE OVOAALGT TOPATPOVUEV®Y CUUTEPLPOPIKDOV HOTIP@V). AVTN 1 0OAOKANPOUEVT
nepapotikn pebodoroyio emtpénel ) SOTVTOGON OEOTIOTOV GUUTEPACUAT®OV GYETIKA LE
TNV OMOTEAECUATIKOTNTA TOV SUVAIKOD GYESIUGIOD KOWMOVIKOD TTEPPAALOVTOC GE TTAaioL
TOAVTIPOKTOPIKNG EVIGYVTIKNG LAONGOTNG, EVO AVOOEIKVIEL TPOKANGELG OTTMG 1) EXEKTAGIUOTNTA,
1 ardd00T TOTMOONG KoL 1) AVOEKTIKOTNTO TOV UNYAVICUOV GE OTOKEVIPOUEVO GUCTHUATO.

Amoteréopata

Ta mepdpoto, To omoid GUVEKPVOY OPOPO GEVAPLO TOAVTPAUKTOPIKNG EVIGYVTIKNG
uédnong (MARL), mapeiyov ONUOVTIKEG YVOGELS OYETIKO HE TNV OTOTEAECUOTIKOTNTO
tov Zyedwopov Kowavikod Iepipdiiovtoc (SED) 1660 vd kevipikomomuéva 0G0 Kot
OTOKEVTIPOUEVO GYNIATO EKTTOIOEVOTG.

>ta amoteléoparta Tov [IPPO (Kevrpwomompuévn Exnaidevon Amokevipopévn Extéleon),
1 GLALOYIKN OTAOOOT ATOKAAVYE GOQEIC TAGELS Yo SlopopeTIKOVG 6TOY0VG. To cevdpro “Util-
itarian” (QEEAMUGTIKO) KATEYPAWYE TEMKA TNV KOAVTEPT] amdI0CT| MG TPOS TO GLVOALKO TANOOG
UAA®V OV CLAAEXONKOV (OPEALUGTIKOC 6TOY0G), EVM TPOG TO TEAOG NG ekmaidevong £0e1&e
emiong wyvpn enidoon Kol 6t ddotacn g wotntog [Euoveg 4.5, 4.7]. Avtifeta, to “Egal-
itarian” (Icoxpatikd) cevdplo elye otabepd TIC YOUNAOTEPES WPEAMUGTIKEG am0d0oELg [Ewcova
4.5]. To “Redistribution” (Avadiavoun) mapovciase apyikd VYNAES O@QEAMUIOTIKEG EMOOCELS,
delyvovtog toyelo cLALOYIKY pdBnom, dAAG oI CLVEXELD VIECTN OMOTOUY TTMGYN KOOMDC
TPOY®POVCE 1| EKTOIOELON - Lo TAPATHPNOT oV oxeTileTan pe 1o TPOPANUA TG amdd0ong
niotmong (credit assignment) [Ewédva 4.5]. To “Anarchy” (Avapyia), yopic principal, emiong
epedvice apyikd 1oyvpn amddoor, oAAG TeEAKa Eemepdotnke amd to “Utilitarian” [Eucova 4.5].
Q¢ mpog tovg dgikteg dwcatoovvng, to “Redistribution” datiipnoe oxeddv Pndevikny Tumikng
OTOKALOT KO TOL VYNAOTEPO IOOKPATIKA GKOP, KOOMG elye oyedtaotel Yo téAeLn 1ooTn T [Etkdveg
4.6, 4.7]. 'Eva onuovtikd gdpnua ftov 6t 1o “Dynamic” SED cevipilo métvye embountn
ooppomio HETAED MEEAELNG KOl 1GOTNTOS, ¥OPig Vo vrolginetal onpavtikd tov “Utilitarian”
GTO GUVOAKO OQEAOC, JATNPOVTAG TOPAAAN A LETPLOL OVIGOHTNTO KOl GLYVA EEmepvmdvTag 1
e&lodvovtog to “Utilitarian” 610 100KpaATIKO KPITNPLo ot Televtaio enelcodto [Eudveg 4.5,
4.6, 4.7]. Avtd amodewkviel tn duvapkn Tov SED vo metuyaivel evepyetiky 1coppomia.

H avdivon tov oporoyIKOV GUVTEAEGT®MY VITOGTHPIEE AVTA TO EVPHHATO: O principal 6To
“Utilitarian” exéfaie vynAoTEPOVG POPOLS GTOVG YaunAduictovng (Bracket 1) kot yopunAdtepovg
otovg vynAouicBoug (Bracket 3) yio T peytotonoinon tov cuvoAlkod opélovg, evm o “Egal-
itarian” @opoloyovce mePLecOTEPO TOLG TAoVGlovg (Bracket 3) kot Aydtepo ToVE QTOYOVG
(Bracket 1) dote va dmoetl mpotepatdTNTA 01N dtkaoovvn [Ewkdveg 4.8, 4.10]. O “Dynamic”
principal diatnpovce otabepd pio To PETPLOTOON TPOGEYYIOT|, LE POPOAOYIKOVS GUVTEAECTEG
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gvoldpecovg avt@v tov “Utilitarian” kot “Egalitarian” ce 0Aeg TIg Kotnyopieg €1600MUATOG
[Ewoveg 4.8, 4.9, 4.10].

H g&étaon tov atopukdv amoddcewmy avédel&e 0t 1 emfetikn avadiavoun oto “Egalitarian”
00NyNoe 6€ AmocLVOEST LETOED OTOMIKNG EMIOOONC KOl AVTUUOPBNE, TIUOPADVTOS OVCIUGTIKA
TOVG 71O OMOTEAECLLOTIKOVG TPAKTOPES KO EMOEVAOVOVTAS TO TPOPAN LA TG amddoong ToTmONG,
HE TEMKO OmOTEALECLA TNV KOTAPPELST TNG AmOd0ons. AvTtd 10 TPOPANUA amoeevydnke 610
“Dynamic” 6evaplo, T0 OToi0 aVEKOUWE and OPYIKEG TTMGCELS KOl GUVEYICE Vo PEATIOVETAL.
To “Anarchy” epgdvice peydin avicdtnrta, Pe Alyoug mTpaKTopeg Vo KupLopyovy ot GLAAOYN
TOPOV, LETATPENOVTIOG TO TOLXVIOL 6€ oYedOV UNdeEVIKOD aBpOoiGUATOG Yo TOVG VITOAOUTOVG
[Ewova 4.14].

2to  omoteAéopoata Ttov  Dec-IPPO  (Amokevipopévn Ekmaidevon Extéleon)
mapatnpnOnkav oéloonueioteg avtiféoelc. X avTtd TO TANPOG OTOKEVIPOUEVO GYNUO,
To “Anarchy” métvye Tn UEYOADTEPT] CLAAOYIKT] MPEAUIOTIKY OQEAELN LE OAPOPA amd OAQ
ta vrorowta Dec-IPPO aAld ko IPPO oevaplo [Ewdva 4.15]. Avtd cvvadet pe to [pdto
Beperddec Oedpnpa g Owovopukng Evnuepioc, mov mpoPAénet Tog vod 10avikég cuvOnKec,
0 OVTAY®VIGHOG UTOPEL VoL 00N YNGEL GE ATOOOTIKT KOTOVOUT TOP®V XMPIG KEVIPIKO GLUVTOVIGUO.
Qotoco, ta oevipla “Egalitarian” ko “Redistribution” cvvéyicav vo mapovsidlovv TTmdon
am6O06MG AOY® TNG ATOGVVOESTG LETAED dPAOoNG Kot OVTAHOPNG KoL GE 0UTO TO OTOKEVIPOUEVO
mhaicro. To kpioo evpnua frav 611 1o “Dynamic” SED cevipio avadeiydnie to mo Bértioto
otav cuvekTipdvtal 6Aot ot otdyotl oto DTE, kataktdvtag t de0Tepn DYNAGTEPN GLALOYIKY
oeéielo kol teMka Eemepvavtag to “Egalitarian” otn 6g0tepn 6é0om ¢ mPOg TOV 160KPATIKG
otoyo [Ewodveg 4.15, 4.17]. Avtd mapéyel Umelpikn amodelén yio v vrocyeon tov SED va
100pPOoTElL OO0 KOl S1KALOGHVI] GE OMOKEVIPOUEVO TOAVTPOKTOPIKE cuothiuato. Onmg
kai oto IPPO, ot poporoyikég moMtikég oto Dec-IPPO gugdvicav otabepéc tdoeig, av Kot o
“Dynamic” principal éytve ehappdg mo moAwmpévog petaé&d Tmv brackets, dtatnpdvTog TOVI®G
T petpromaded Tov [Ewcoveg 4.18, 4.20].

Emmpocheteg mapatnproeig emPePaioncav 61t to “Anarchy”, evd odnyei oe vymiég
OQPEMUIOTIKEG OTOOOGELS, GUVETAYETOL TAVTOTE GNUOVTIKY OVIGOTNTA HETAED TOV TPAKTOP®V
[Ewovec 4.6, 4.16], avadeicvoovtog 1o Oepeliddeg didnupa peta&d cuvolkng gunpepiog kot
dikaing xatovopns. ‘Eva a&toonueimto avadvdpuevo Qatvopevo NTav 1 Katdppevon amddoong
ota “Redistribution” runs, Topd t Oe@pntikn BELTIOTN 1G0PPOTLA TOGO Y10, TOVG OPEAMUUGTIKOVG
000 KOl TOVG 160KPATIKOUG GTOYOVG. AVTO GULVEPN €meld] 0 UNYOVIGHOG TOPOUOPPOCE TOV
Gpeco decpd UeTad ATOUIKMY EVEPYEIDV KOl AOUPBAVOLEVOV avIOUOIP®Y, ETOEVOVOVTAG TO
TPOPANUO aTO006NG TOTOONG Kot Tapepmodifovtag T dwdikacio pudbnone. Avtd to gvpnua
AVOAOEIKVVEL TNV OVAYKT Y10 «UNYOVIGLOVS GLUPBATOVS e T ndnony - oyedtacpoc mov oyt
UOVO EMTUYYAVOLY KOWVOVIKODG GTOYOVG GE 100pPOTia, ALY Kol SIEVKOAVVOLV GTabepn] Kot
avOexTiKn naonon o TpocaplolOIEVH TOAVTPUKTOPIKE GUGTHUATO, YEQGUPMDVOVTAG TO YAGLLO
peta&y g KAUGIKNG Be@piog oxeS10GHOD UNYAVIGHOV KOl TOV TPAKTIKOV gpappoydv MARL.
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Chapter 1

Multi-Agent Systems

1.1 Introduction

Intelligent behavior in the real world rarely is observed in isolation. From social organisms to
digital economies, interaction is a major component that drives complexity. Agents adapt, com-
pete, cooperate, signal, deceive, negotiate, and align. Therefore, before we can begin to model
learning in such systems, or to design environments that steer them toward desirable outcomes,
we must study the substrate of interaction itself.

This chapter effectively focuses not on how agents learn, but on what it means for them to
act in shared spaces - strategically, often under uncertainty and perhaps adaptively. This is the
necessary first step toward the main contribution of this work: the investigation of a dynamic
framework for shaping multi-agent systems called Social Environment Design.

We begin with the mathematical underpinnings of game theory, which formalizes how agents
reason about each other in both simultaneous and sequential decision-making contexts. We then
shift our focus to cooperative settings, which are settings where the rewards are shared among
the agents. In that, we will introduce Markov Decision Processes (MDPs), which will form the
mathematical foundation for the learning setups explored later, and their subsequent multi-agent
generalizations. Finally, we discuss collective decision-making, in how individual preferences
can be aggregated through voting, and how incentives can be structured through a framework
called mechanism design, leading us toward the central question of this thesis: how to shape in-
teraction and engineer solutions that optimize a learning agent’s behavior in multi-agent settings.

1.2 Non-Cooperative Game Theory

Multi-agent interaction brings with it an inherent layer of strategic complexity. When the
outcome of an agent’s decision depends not just on the environment, but also on the choices made
by others, reasoning must account for more than the individual’s dynamics. In such settings, the
core problem is no longer just one of decision-making, but one of strategic interaction.

Game theory is the formal study of such interactions. It provides a mathematical framework
to describe settings in which multiple agents, or players, each with potentially conflicting goals,
select actions that jointly determine the outcome. These outcomes, in turn, determine the conse-
quences faced by each agent. In the context of game theory, these are either costs that the agents
would prefer to minimize or rewards/utilities that the agents strive to maximize (we will adopt
the latter, as it is in accordance with the Reinforcement Learning approach).

In this work, we adopt the perspective of non-cooperative game theory, where agents are
treated as autonomous entities acting independently, each aiming to optimize their own out-
come. No binding agreements or enforced coordination mechanisms are assumed; instead, be-
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havior emerges from the interplay of individual objectives and mutual influence. This setting
captures a broad class of real-world systems where collaboration is neither guaranteed nor cen-
trally enforced, and where agents must navigate strategic environments based solely on their own
reasoning.

Atthe heart of game-theoretic analysis lies the concept of self-interest. Each agent is assumed
to act in accordance with its own objectives, independent of any external prescription. This does
not necessarily imply selfishness in the moral sense, but rather that each agent’s behavior is
governed solely by what it perceives as beneficial, given its preferences and beliefs about the
world.

We also assume that our agents are strategic, meaning that each takes the optimal actions to
maximize their returns in the scope of the game. While that might appear as a rational hypothesis,
it is considered as the greatest weakness of game theory. In reality, people and other strategic
actors do not act totally rationally, but rather only approximate such behavior or even act based
on other factors like emotions. That also holds true for learning agents, as until they figure out
the optimal policy, they are acting in a suboptimal manner. This is where the notion of bounded
rationality comes in, which acknowledges these limitations, but we will refrain from discussing
this to a greater extent as it doesn’t offer any helpful insights other than that this problem is much
more complicated and any theoretical guarantees become rarer and weaker. Instead, we mention
this to give an early indication that notions of convergence and other theoretical aspects that we
will discuss in this chapter are difficult to demonstrate in practice, although they remain relevant
as desiderata and provide us with useful tools to understand and analyze practical implementa-
tions of such systems.

To reason about preferences and compare outcomes, game theory introduces the notion of
utility. Each agent is assumed to evaluate the desirability of outcomes through a utility function,
which assigns a numerical value to each possible result of the game. These values provide a
common language for describing incentives, trade-offs, and the alignment or misalignment of
the agents’ interests. It should be made clear at that point that utility corresponds to the rewards
in the Reinforcement Learning setting, and that the possible results of a game correspond to the
states (the latter will become more clear when discussing Markov games in section 1.4).

In the most standard formulation, utility is expressed as a single real number, enabling formal
comparison and optimization, so the utility function becomes a mapping from states to real num-
bers. However, it is not at all obvious why that would be the case; perhaps utility would be better
described with an n-dimensional vector which could store more complex information about the
agent preferences. In fact, there is a distinct field called utility theory that, among other direc-
tions, attempts to quantify the agents’ preferences across their available alternatives. Firstly, it
formulates the relations between different preferences, for which we refer to section 1.5. Then, it
states certain axioms upon which it is based, namely completeness, transitivity, substitutability,
decomposability, monotonicity and continuity (we will not discuss in detail what each expresses,
but they are rather common-sense hypotheses about how a rational individual would think about
its preferences). It was proven by von Neumann and Morgenstern [1944] that if all six of these
axioms hold true, then there is in fact a mapping from every possible alternative to a single real
number, which is our utility function. Therefore, this justifies the use of a single real number to
express the utilities of each agent.

We will now move forward with formalizing the notion of a game.

1.2.1 Normal Form

One of the most familiar representations of strategic interactions in game theory is the normal
form, also referred to as the strategic form. It corresponds to the tabular representation of every
player’s utility for every combination of actions for the individual players. Therefore, it assumes
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that the states of the game are solely the joint vector of the actions played by the players in an
instance of the game. It also assumes that the players are acting simultaneously, so no one plays
before another and therefore cannot observe other players’ actions before making their own.
More formally:

Definition 1.1 (Normal-form game (Shoham and Leyton-Brown [2009])). A (finite, N-person)
normal-form game is a tuple (N; A; u), where:

* N is a finite set of n players, indexed by i;

s A=A An, where A; is a finite set of actions available to player i. Each vector
a=(a1;:::;an) 2 Ais called an action profile;

* U = (Up;:::;Up), where uj : A A R is a real-valued utility (or payoff) function for
player i.

Definition 1.2 (Action Profile). Given a normal-form game (N; A; u), an action profile is a tuple

We will use a j to denote the actions of all players except player i, so that an action profile
can be written as (aj;a j).

The most common way to represent normal-form games is via payoff matrices, which define
the outcomes of simultaneous choices by players (see for instance Table 1.1). With this represen-
tation in place, the central challenge now becomes identifying how rational players will behave,
and consequently which outcomes can be expected to arise. The field of game theory approaches
this by introducing solution concepts, formal definitions that seek to characterize rational behav-
ior in strategic settings. So, before we examine specific classes of games, we will first present
some of these solution concepts.

We begin with the notion of Nash equilibrium (NE), which is one of the first and most funda-
mental and influential such concepts in game theory. Essentially, a Nash equilibrium is a strategy
profile where no player has an incentive to deviate unilaterally. That is, given the strategies of
all other players, each player’s strategy is a best response. In other words, each player assumes
the others are behaving optimally, and behaves optimally in response.

Definition 1.3 (Nash Equilibrium). A strategy profile = ( q;::5; p) in a game with n
players is a Nash equilibrium if for every player i, and for all alternative strategies i, we have:

uiC i ) uiCs )
where ; denotes the strategies of all players except I, and uj is the utility function of player i.

While a strategy profile is in general distinct from an action profile, as we will discuss shortly,
at this point the reader can assume that these notions are interchangeable. One natural way to
determine these action profiles is via examining which actions dominate another. This is also
closely related to the notion of Pareto Optimality, that we will discuss shortly.

Definition 1.4 (Strict Domination). An action a; Strictly dominates another action a‘} for player
i if for every profile of actions a j by the other players, the payoff of a; is strictly better:

ui(ai;a i) >ui(@;a i) 8a i

Definition 1.5 (Weak Domination). An action a; weakly dominates another action a for player
i if for every profile of actions a j by the other players, a; yields at least as much utility, and for
some a j it yields strictly more:

ui(aj;a i) ui(a?;a i) 8a ij; and 9a jsuchthatuj(aj;a i)>ui(a?;a i)
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In general, if a strategy is strictly dominated, it cannot be part of any Nash equilibrium since
rational players would never choose it. Hence, the process of iteratively eliminating strictly
dominated strategies (iterated strict dominance) often simplifies the analysis of games and can
lead directly to Nash equilibria in certain classes of games - it does not always result in a solution.

However, weak domination is subtler. While weakly dominated strategies are often subopti-
mal, they can appear in some Nash equilibria, particularly in mixed-strategy settings. Therefore,
elimination of weakly dominated strategies must be used cautiously, as it may exclude potential
equilibria.

Nonetheless, if many NE exist, it does not mean that they are all as desirable outcomes as
other. In fact, it might even be the case that they are not desirable at all. That brings us to the
concept of Pareto optimality and Pareto-dominant sets, which help evaluate the efficiency of
equilibria from a social welfare perspective.

that for all players i, uj(@")  uj(a) and for at least one player j, uj (") > uj(a). In other words,
a is Pareto optimal if no player can be made better off without making at least one other player
worse off.

This notion captures a form of collective rationality: while Nash equilibrium is based on
unilateral deviations and individual incentives, Pareto optimality evaluates outcomes in terms of
group welfare. Importantly, not all Nash equilibria are Pareto optimal. Some equilibria may be
stable yet inefficient, meaning that all players could simultaneously switch to a different strat-
egy profile that would strictly improve at least one player’s payoff without harming the others.
This discrepancy is famously illustrated by the Prisoner’s Dilemma in Figure 1.9, where mutual
defection is the unique Nash equilibrium but is strictly Pareto dominated by mutual cooperation.

The set of Pareto optimal profiles, often referred to as the Pareto frontier, represents all the
undominated outcomes in the game. This is a very important notion, including in the context of
this thesis, as in applications such as mechanism design or policy formulation, it is common to
seek equilibria that are not only stable (in the Nash sense), but also Pareto efficient - aligning
individual rationality with collective well-being.

Besides the points considered above, there are also cases where no single action is optimal to
play. Consider the game of Rock-Paper-Scissors: no pure strategy (i.e., deterministic choice of
action) guarantees a win regardless of the opponent’s choice. This motivates the introduction of
mixed strategies, where players randomize over their available actions to avoid being exploitable.

Rock Paper Scissors
Rock 0;0 1:1 1, 1
Paper 1; 1 0;:0 1:1
Scissors 1:1 1; 1 0:0

Table 1.1: Rock-Paper-Scissors game.

Definition 1.7 (Pure Strategy). A pure strategy for a player is a deterministic choice of an action

from their action set. That is, a pure strategy selects one specific action to play with probability
1.

Definition 1.8 (Mixed Strategy). A mixed strategy for a plig,;er i is a probability distribution j
over their action set Aj. Thatis, :A;j ¥ [0;1] such that a 2A i(aj) = 1. The player then
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selects an action randomly according to this distribution. Pure strategies are a special case of
mixed strategies where the distribution is concentrated on a single action.

Definition 1.9 (Strategy Profile). A strategy profile isa tuple = ( 1;:::; n) where each
is a (possibly mixed) strategy for player i. It describes a complete specification of how every
player in the game will act.

By extending the strategy space from pure to mixed strategies, a powerful result by Nash
[1950] can be established: every finite game admits at least one Nash equilibrium in mixed
strategies. This is a fundamental result in game theory, as it guarantees the existence of a stable
outcome even in games with no pure-strategy equilibrium. The formal statement is as follows:

Theorem (Nash [1950]). Every finite game (i.e., with a finite number of players and a finite
number of actions per player) admits at least one Nash equilibrium in mixed strategies.

This existence result is nontrivial and the proof relies on fixed-point theorems from topology
(notably Brouwer’s fixed-point theorem). It highlights the robustness of the equilibrium concept:
regardless of the structure of player preferences, as long as the game is finite, we are guaranteed
a strategy profile where no player can improve their payoff by deviating unilaterally.

There also exists a refinement of the Nash equilibrium concept that imposes stricter stability
requirements under the assumption that players may make small, unintended mistakes. This leads
to the notion of a trembling hand perfect equilibrium, which eliminates equilibria that rely on
weakly dominated strategies or non-credible threats (relates to concepts seen in extensive-form
games, seen in section 1.2.2.

Definition 1.10 (Trembling Hand Perfect Equilibrium). A trembling hand perfect equilibrium

is a strategy profile that is the limit of a sequence of completely mixed strategy profiles (i.e., ev-

ery action is played with positive probability) that are best responses to one another. Formally,

a strategy profile  is a trembling hand perfect equilibrium if there exists a sequence of per-

turbed strategy profiles ¥ ¢, where each player assigns positive probability to every action (i.e.,
i(@) > 0 forall a 2 Aj), such that:

Im = ;
10

and foreach >0, isa Nash equilibrium of the perturbed game.

This refinement captures the idea that players should only rely on strategies that remain op-
timal even when there is a small chance of every possible mistake occurring. A trembling hand
perfect equilibrium rules out those equilibria that depend on players assigning zero probability
to some actions, effectively strengthening the notion of rationality under uncertainty. Such equi-
libria are also particularly useful in extensive-form games, which we will discuss in the next
subsection.

However, calculating Nash equilibria turns out to be very hard computationally. In fact, it
has been shown by Daskalakis et al. [2009] that finding a Nash equilibrium in the general case
is PPAD-complete, which implies that even approximating a solution can be intractable for large
games. In many situations we have to consider relaxations to the notion of NE, which might be
more tractable in practice. There are many categories of games where the NE can be computed
very efficiently, as shown for zero-sum game by von Neumann [1928], and generally NE for
small games can be computed using methods like linear programming, while there has been focus
on approximation algorithms in specific game types, for instance Daskalakis and Papadimitriou
[2015]. However, we will not be delving deeper into these, as they are not of interest in this
thesis, as the settings we will be examining are very general and very computationally demanded.
Relaxing the notion of NE is therefore necessary even when discussing theoretical guarantees.
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Definition 1.11 ("-Nash Equilibrium). Let" > 0. A strategy profile = ( 1;:::; pn) is called
an "-Nash equilibrium if no player can improve their utility by more than " through a unilateral
deviation. Formally, for every player i and every alternative strategy ':

uiC i o uwldh oo

In an "-Nash equilibrium, each player’s strategy is approximately a best response to the oth-
ers. These approximate equilibria are useful in large games or settings where exact optimization
is computationally prohibitive. Clearly, as ™ ¥ 0, the "-Nash equilibrium converges to a true
Nash equilibrium.

Definition 1.12 (Local "-Nash Equilibrium). A strategy profile is a local ""-Nash equilibrium
if it satisfies the ""-Nash condition only with respect to local (i.e., small or restricted) deviations
in the strategy space. More formally, each player i cannot gain more than " by deviating to a
strategy ? that is in some local neighborhood N ( i) of their current strategy :

uiC i ) uwlh o) 812N ()

Local "-Nash equilibria are especially relevant in continuous strategy spaces or in algorith-
mic contexts like policy optimization, where only local improvements are feasible. Many prac-
tical reinforcement learning algorithms including the ones we will discuss in the next chapter
like policy gradient methods, can be shown to converge to such local equilibrium points under
appropriate conditions. While they may not be globally optimal, they often represent stable and
efficient operating points in multi-agent systems.

However, there are other notions of equilibrium that allow for broader notions of coordina-
tion among players. One particularly important refinement is the correlated equilibrium, which
generalizes the idea of Nash equilibrium by allowing players to condition their strategies on
signals from a common source.

Definition 1.13 (Correlated Equilibrium). A probability distribution over the set of joint action

profiles A = Az An is a correlated equilibrium if, for every player i and every pair of
actions a;; a? 2 A, the following incentive compatibility condition holds:
X

(ai;a i) ui(ai;a i) ui@;a i) O
a i2A

Intuitively, a correlated equilibrium allows a mediator to sample an action profile a =
(a1;:::;ap) from the distribution  and privately recommend action a; to each player i. The
equilibrium condition ensures that no player has an incentive to deviate from the recommenda-
tion, assuming the others follow theirs. This might be particularly common in practice in the
setting we examine in this thesis, as agents might coordinate there actions based on extrane-
ous environmental cues. It captures situations where players can coordinate through public or
private signals without explicit communication. Unlike Nash equilibrium, where players act in-
dependently, correlated equilibria allow for dependencies across strategies, which can lead to
outcomes that are more socially efficient. Such equilibria can also be computed efficiently via
linear programming - in contrast to the computational hardness of finding Nash equilibria. More-
over, every Nash equilibrium induces a correlated equilibrium, but the reverse is not generally
true.

Additional notions also arise from different assumptions about opponent behavior, adversar-
iality, and the role of uncertainty that serve as conservative alternatives grounded in worst-case
reasoning. One of the most fundamental concepts in this regard is the maxmin strategy, which
models the behavior of a cautious player aiming to maximize their guaranteed payoff. The idea
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is to assume that all other players may act in the most adversarial way possible, and to select
a strategy that performs best under this pessimistic assumption. Formally, player i’s maxmin
strategy is one that solves:

max min Ui (Si; S i); (1.1)
1 |

and the resulting value is called the maxmin value or security level of the game for player
i. This quantity represents the lowest payoff that i can ensure for themselves, regardless of the
others’ choices.

In contrast, the minmax strategy considers the inverse situation: how much player i can
restrict the utility of some opponent J. This concept is particularly useful in settings such as
repeated games, where one player’s ability to punish another can shape long-run incentives. In
the two-player case, the minmax strategy for player i against i is defined as:

minmaxu i(si;s i); (1.2)
i i

and the associated minmax value denotes the maximum payoff player i can be denied by
i’s choice.

In games involving more than two players, the definition generalizes by assuming that all
players except one may coordinate to minimize a given player’s utility. For example, the minmax
value for player j becomes:

minmax Uj(Sj; s j); (1.3)
] )

where S j denotes the joint strategy of all players other than j. This captures the worst-case
payoff that j might face if the rest of the group were fully aligned against them.

These two notions come together most elegantly in the context of two-player zero-sum
games. The celebrated minimax theorem by von Neumann [1928], one of the earliest results
in game theory, states that in such games, the maxmin and minmax values coincide, and every
Nash equilibrium achieves this common value (although this last result came to be later, as the
notion of Nash equilibrium didn’t exist at that time). That is, if (S;; S,) is a Nash equilibrium in
a two-player zero-sum game, then:

max min Uy (S1;S2) = U1(S1;Sp) = minmax U1(S1; S2); (1.4)
S1 S2 S2 S1

and analogously for player 2. This result implies that in such games, all Nash equilibria yield
the same payoff vector, and each player’s equilibrium strategy is simultaneously their maxmin
and minmax strategy.

Of course, while maxmin strategies offer guarantees under worst-case assumptions, they
can be overly conservative in settings where other agents are unpredictable but not malicious.
This isn’t the case in general when we have self-interested agents, as adopting such adverserial
strageties would usually come at the expense of maximizing their own utilities. A more nuanced
criterion in such situations is offered by the notion of regret, a notion that will come up many
times in the theoretical underpinnings of this thesis. Regret quantifies the opportunity loss in-
curred by playing a suboptimal action in hindsight. Specifically, player i’s regret for playing
action a; against a ; is defined as:

max uia;a ) ui(ai;a i);
J2A

i.e., the gap between the best utility i could have obtained and what they actually received.
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Taking this further, the maximum regret for action @; is the worst-case regret over all possible
actions of the other players:

0. .
max max uUj(a;;a j ui(aj, a i
a'BA | aloA i(@a i) i(ai;a i)
Minimizing this quantity leads to the concept of minimax regret, which identifies actions that
minimize the largest regret a player could suffer:

Definition 1.14 (Minimax Regret). Player i’s minimax regret strategy is

argariréigi arinzagf | ;i%lza,gi ui(a?;a i) ui(ai;a i)

This notion is particularly relevant in settings where the agent has no well-formed beliefs
about the others’ rationality and actions and instead seeks to hedge against the worst possible loss
of utility. Unlike the maxmin strategy, which focuses on securing a baseline payoff, the minimax
regret strategy focuses on minimizing the regret of having acted suboptimally in hindsight - a
criterion that aligns closely with robust decision-making under uncertainty and is therefore tighlty
related to reinforcement learning.

Having discussed all these notions, we can now move forward with discussing common
classes of games. We begin with the pure coordination games, also called team games or
common-payoff games. The latter describes them the best: they are the games where for each
action profile a the payoff of the agents is the same (for any pair of agents i; j, uj(a) = uj(a). A
common example is the game where two drivers must decide which side of the road they need to
drive on; if they drive on the same side (different actions) they both loose (0) as they crash, while
if they choose opposite sides (same action) they both win as they avoid crashing (1). This exam-
ples illustrates why these games are called pure coordination, as the agents have no conflicting
interests so they must coordinate their actions in order to achieve a solution that is maximally
beneficial for all of them.

A B
A 1:1 0:0
B 0:0 1:1

Table 1.2: Coordination Game.

That being said, coordination games are not necessarily restricted to a shared payoff. The
most famous example is the Battle of the Sexes, where a couple wants to decide which movie
they will watch. Each party wants the other movie, but they both want to agree to a movie in
order to watch it together. They must therefore reach a consensus that will be more beneficial to
one over the other but mutually beneficial nonetheless, allowing much room for communication
and negotiation.

On the opposing side of the pure coordination games, we have the pure competition games,
which are most commonly known as zero-sum games or more generally constant-sum games.
These are games where for any action profile a it holds that u; + up = ¢. Notice that in this
case the game is limited in the two-player setting. This is because one player’s gain is another
player’s loss, so from any other agents perspective it wouldn’t be a constant-sum game. That
is not true for the pure coordination games, as there can be any arbitrary amount of players that
need to coordinate their actions to achieve a mutually maximal utility. The primary example in

37



Movie A Movie B
Movie A 2:1 0:0
Movie B 0:0 1:2

Table 1.3: Battle of the Sexes game.

Heads Tails
Heads 1. 1 1:1
Tails 1;1 1. 1

Table 1.4: Matching Pennies game.

this case is the Matching Pennies game, where two players flip a coin each, and if the result is
the same for both coins, player 1 gets both of them, if not, player 2 gets them.

The more general class of games is the general-sum games, where the sum of the utilities
in each profile can take any arbitrary value. There is no limitation to represent competition,
coordination or anything in between (mixed). We will focus on a specific subclass of such games,
relevant to the work of this thesis, the social dilemma games. Following the formulation of Macy
and Flache [2002], in their fundamental form these games can be described as two-player games
with two actions each, to cooperate (C) or defect (D). If they both cooperate, they both get a
reward (R), if they both defect they each get a punishment (P ), and if they diverge, there will a
sucker outcome (S) to the player who cooperated and a temptation (T ) for the one who defected.

The corresponding matrix is presented in Figure 1.5. Such games are called symmetric, as
the payoft for each player depends only on the strategies chosen and not on who is playing them,
which results in a symmetric matrix as well. A game with such a setup qualifies to be classified
as a social dilemma if the following conditions are met:

* R = P - players prefer mutual cooperation over mutual defection,
* R > S - players prefer mutual cooperation over being exploited,

* 2R > T + S - players prefer mutual cooperation over a coin flip between unilateral
cooperation and defection,

* T >RorP >S -players are tempted to defect or fear being exploited.

C D
C R:R S:T
D T:S P:P

Table 1.5: Social Dilemma general form.

Depending on the ordering of the payoffs (T; R; P; S), the general matrix introduced above
gives rise to a number of canonical two-player games with distinct strategic structures. In the
case where R > T and S > P, the interaction is fully cooperative: mutual cooperation strictly
dominates all other outcomes. This game is often referred to as the Harmony Game. There
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exists no conflict between individual rationality and collective welfare, as cooperation is both
individually rational and socially optimal. As such, no genuine social dilemma is present.

A B
A 3:3 1:0
B 0:1 2:2

Table 1.6: Harmony Game.

When the ordering is R = T > P > S, the situation becomes more delicate. Although
mutual cooperation yields the highest joint payoff, the fear of unilateral defection deters agents
from cooperating. This configuration corresponds to the Stag Hunt. Here, both mutual cooper-
ation and mutual defection are Nash equilibria. The former is Pareto-optimal, while the latter is
risk-dominant. This structure represents a coordination game in which successful cooperation
depends on mutual trust or external coordination mechanisms.

Stag Hare
Stag 4: 4 0:3
Hare 3:0 3;3

Table 1.7: Stag Hunt Game.

Under the ordering T > R > S > P, the dominant tension arises from greed rather than
fear. Each player prefers to defect in hopes of obtaining the temptation payoft T, especially if the
opponent cooperates. However, mutual defection leads to the worst collective outcome P. This
structure defines the Chicken Game (also known as the Hawk-Dove Game). The game embodies
a contest of brinkmanship, where players rely on the expectation that the other will yield first.
Cooperation is again desirable but unstable.

Swerve Straight
Swerve 0:0 1:1
Straight 1, 1 10; 10

Table 1.8: Chicken Game.

The most stringent case arises when T = R > P > S. In this configuration, both fear
and greed are operative, and this defines the classic Prisoner(s Dilemma. Regardless of the
opponent’s action, defection yields a higher individual payoff. Yet both players would benefit
more from mutual cooperation than from mutual defection. This setting exemplifies the core
challenge of aligning individual incentives with collective welfare and is a central focus in the
study of social dilemmas and cooperation.

In all of these cases, cooperation is socially preferable but structurally fragile. Whether
it emerges depends on agents’ expectations, available coordination strategies, and might also
benefit from institutional or environmental design shaping the incentive landscape.

Of course, there are many other games, mostly defined by the way game parameters affect
the utility function. These are games with many practical applications (congestion games, with
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Cooperate Defect
Cooperate 1; 1 3;0
Defect 0;: 3 2; 2

Table 1.9: Prisoner’s Dilemma Game.

interesting mathematical properties (potential games), or even redefine how players are perceived
(non-atomic games. They are of no important interest however for our analysis, so we refrain
from discussing them.

We will discuss one more type of game at this time called Bayesian games, which model
games that are characterized with uncertainty over the rewards. More specifically, under each
strategy profile the corresponding reward per agent follows a probability distribution. There are
many ways to define these games, and we will consider 2 at this time that will come up later
in the discussion. One additional definition will be provided in the context of extensive-form
games.

For the first definition, consider the example of the general Social Dilemma formulation as
depicted in Figure 1.5. The uncertainty over the rewards can be assumed to be over the possible
setups of the game. So, perhaps there is a 10% chance that the game is actually Stag Hunt, 20%
chance that it unfolds as a Chicken game, 30% chance as a Harmony game and 40% chance as a
Prisoner’s Dilemma. Although that is a limited case, imagine that considering enough games, this
formulation can capture any uncertainty over the rewards. More formally, according to Shoham
and Leyton-Brown [2009]:

Definition 1.15 (Bayesian game: information sets). A Bayesian game is a tuple (N; G;P; 1)
where:

* N is a set of agents;

« G is a set of games with N agents each such that if g; g’ 2 G then for each agenti 2 N
the strategy space in g is identical to the strategy space in g';

* P 2 (G)isacommon prior over games, where (G) is the set of all probability distri-
butions over G; and

The other way to view this is that each agent, rather than facing uncertainty about which
game is being played, is directly assigned a private type that encapsulates their information and
payoff-relevant parameters. This alternative perspective leads to the following definition of a
Bayesian game, where uncertainty is modeled at the level of agent types, called epistemic types,
rather than over the space of possible games.

Definition 1.16 (Bayesian game: epistemic types). A Bayesian game is a tuple (N; A; ;p;u)
where:

* N is a set of agents;
c A=A An, where A is the set of actions available to player i;
= n, Where j is the type space of player i;

 p: A [0;1] is a common prior over types; and
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e u=(ug;:::;uUp), where uj : A A R is the utility function for player i.

While the definitions in terms of information sets and in terms of types may appear different,
they are in fact equivalent. In both cases, a player’s strategy can depend only on the information
available to them - whether that information is represented as an information set in a family of
possible games, or as a type in a type space. The common prior over games induces a prior over
types, and vice versa, ensuring that the strategic structure and analysis remain unchanged under
either formalization.

Clearly the notions of equilibria, as discussed previously, are not well-defined in this case,
as the player is uncertain of the rewards they will receive a priori. That means we must adapt
the solution concept to account for this uncertainty, by assuming that players act in order to
maximize their expected reward. That leads to the notion of a Bayesian Nash equilibrium, which
generalizes the NE in Bayesian Games.

Definition 1.17 (Bayesian Nash Equilibrium). A Bayesian Nash Equilibrium is a profile of
strategies = ( q;:i1; p), whereeach ; @ § ¥ A; maps types to actions, such that
for every player i and for every type 2 i,

E oo Ui G G s 0 Boppgn a0

for all a; 2 A;.
In other words, no player can improve their expected utility by unilaterally deviating from
their equilibrium strategy, given their type and beliefs about the types of the others.

1.2.2 Extensive Form

So far, the games we have discussed can be sufficiently represented in tabular form, through
the payoff matrices. Although this is a very fundamental and straightforward way of representing
games, it can be inefficient and even impractical in some cases. In particular, in many real world
cases assuming that the players are acting simultateously, like the normal-form assumes, is hardly
the case, and in fact in most “games” in the common sense have an element of sequentiality - for
example chess, Go, checkers and other games. We will therefore discuss a new formulation called
extensive-form, which does not necessarily assume that agents act simultaneously. Although it
can be reduced to normal form, in most cases it would be conceptually impractical to do so,
which justifies the need for this new definition. However this means that all the remarks we
have made so far about the normal-form apply in this case too, while allowing us to build upon
them and introduce solution concepts that are best suited for this formulation.

We begin with perfect information extensive-form games, which are represented with a tree.
Each node signifies that a player must make a decision for an action, with the edges representing
the corresponding actions. The leaves of that tree are the final outcomes of the game, and are
assigned with a utility to each player. More formally:

Definition 1.18 (Perfect-information game). A (finite) perfect-information game (in extensive
form) isatuple G = (N;A;H;Z; ; ; ;u), where:

* N is a set of n players;
* Ais a (single) set of actions;
* H is a set of nonterminal choice nodes;

» Z is a set of terminal nodes, disjoint from H;
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« :H @ 22 is the action function, which assigns to each choice node a set of possible
actions;

* :H ™ N is the player function, which assigns to each nonterminal node a playeri 2 N
who chooses an action at that node;

« H A® H [ Z is the successor function, which maps a choice node and an action
to a new choice node or terminal node such that for all hy;hy, 2 H and aj;a, 2 A, if
(hy;a1) = (hy;a2) then hy = hy and a; = ay; and

* U= (ug;:::;Un), where Uj : Z ¥ R is a real-valued utility function for player i on the
terminal nodes Z.

An example of a perfect information extensive-form game can be seen in Figure 1.1, which
is presented in Shoham and Leyton-Brown [2009]. As we discussed before, every such game can
be also represented in normal form (although the reverse is not necessarily true), by combining
the distinct actions each player can make in the extensive-form case and treating them as a single
action in the normal-form. The resulting payoff matrix can be seen in Table 1.10. Because of this
induction, as previously mentioned, every definition we made in the normal-form case, applies
in the extensive-form as well exactly as is, but by taking into account the subtleties of converting
the extensive-form to normal-form; for instance, a pure strategy is defined as a Cartesian product
of different actions in each level of the tree, so as an action in the corresponding normal-form
representation. It is also the case that both representations of the games have the same mixed and
pure Nash Equilibria. The cost of representing an extensive-form game to normal-form lies in
the redundancy that might characterize the normal-form and draws from the temporal structure of
extensive-form, might even be exponential, so extensive-form is, as promised, a more compact
representation in this case.

(3:8) (8;3)

(2100 (10
Figure 1.1: A game in extensive-form

We will focus on pure NE at first, and it is worth mentioning that due to the sequential nature
of the extensive-form (each player observes the actions the other player made before them) there
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(C,E) (C,F) (D,E) (D,F)

(A,G) 3;8 3;8 8;3 8;3
(A,H) 3;8 3;8 8;3 8;3
(B,G) 5;5 2;10 5;5 2;10
(B,H) 5;5 1;0 5,5 1;0

Table 1.10: The game from Figure 1.1 in normal form (NE in bold).

always exists a pure NE in these games. However, when analyzing the equilibria of the game,
we notice something troubling. The problem lies on the (B,H), (C,E) equilibrium, as, indeed,
if player 1 chose to play in the right subtree by playing B, player 2 would normally prefer to
play F, so that then player 1 had to choose between G and H, so (2; 10) and (1; 0). In that case,
player 1, being rational and self-interested would pick action G, as it maximizes their reward in
this point of the game. Playing H as represented in this action profile would harm their reward
(1 < 2), however it will also hurt player 2, by reducing their reward from the global maximum
of 10 to the global minimum of 0. This commitment of player 1 to choose hurting player 1 in
order to prevent player 2 from choosing this course of action is called a threat. However, since
in this case the utility of player 1 is also lower it they move forward with the threat, it becomes a
non-credible threat, as a rational player would never choose this outcome if it came down to that.
Therefore, if the game played out sequentially as it should, player 2 would choose action F over
E, confident in player 1°s rationality and self-interest, so that equilibrium would be infeasible in
practice.

Because of this observation, a refinement to the notion of NE is needed in the extensive form
setting. We first introduce the term subgame (of a node n), which corresponds to the subtree
defined when considering N as the root. This is also a game tree, defining a new game G'.
With this in mind, a subgame-perfect equilibrium (SPE) is a strategy profile so that for any
subgame G’ of G it is an NE. Because G is a subgame of itself, every SPE is also an NE, but the
reverse isn’t true, meaning that SPE is a stronger equilibrium notion than NE. It is also true that
every perfect-information game has at least one SPE (and in fact generic games have exactly
one, as will be illustrated in the end of this chapter). There is also a straight-forward way of
computing them called backward induction, essentially the same algorithm proposed in section
2.3 of the Reinforcement Learning chapter. In the case of zero-sum games, one can simplify
the algorithm to include only one utility and alternate between maximizing and maximizing it
between the different tree levels (this is why it is called the minimax algorithm in this context),
and also exploit dynamics specific to this case and use dynamic programming to further restrict
the search space when possible - this algorithm is called AB-pruning and has been fundamental
in Al for two-player games with game trees with relatively small branching factors. Notably, it
was a fundamental component of the search algorithm of Deep Blue, the first computer to beat
the world champion in chess (Campbell et al. [2002]).

All these make the notion of SPE a very powerful one, both in terms of expressive power as
well as computationally tractability. Yet, we haven’t yet discussed the sequentiality to its entire
extent. Take the game tree of Figure 1.1, but this time the rewards after playing action G are
reversed (10; 2). In this scenario, player 2 would really prefer to play in the left subtree, where
they would choose the reward of 8 for themselves, assigning the reward of 3 to player 1. But
because player 1 plays first, they would fancy the right subtree, as player 2 would have to settle
for getting a mutual reward of 5 through action E, instead of choosing action F and then ending up
in the unfavorable for them (10; 2) outcome. That gives player 1 a significant edge, specifically
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because they play first, therefore the order in which agents play affect the final outcome of the
game.
This leads to the notion of Stackelberg equilibirum (StE). According to Myerson [1991]:

Definition 1.19 (Stackelberg Equilibrium (StE)). Given any strategic-form game G, a Stackel-
berg solution of G is defined to be any subgame-perfect equilibrium of an extensive-form game
with perfect information that is derived from G by putting the players in some order and making
each player choose a move after observing the moves of all players who precede him in this
order.

The first player in the aforementioned order is called the Stackelberg leader, the other play-
ers are called the followers. All StE are SPE, so for a game in normal-form, there is at least
one StE per ordering of the players, since each ordering creates a new game in extensive-form.
Every normal-form game can induce an extensive-form representation in the way the definition
above dictates, by simply ordering the players and assigning each player and their actions to the
corresponding level in the game tree. That does not mean that the two games not equivalent
though. While StE are defined for every normal-form game, they are usually studied directly
in games in extensive-form where there is explicit sequentiality and consisting of a leader and
(perhaps several) followers, commonly referred to as Stackelberg games. It is also worth saying
that there isn’t always an advantage in being a Stackelberg leader, as following up on the action
of the previous player might have advantages, as choosing the action after the leader has already
committed can have its advantages.

So far we have discussed games with perfect information, that is games where the players
effectively know in which node of the tree they are in when deciding on an action and are therefore
aware of their past actions and their opponents past actions as well. However, in many scenarios
that is an unrealistic assumption, as the player might not be aware of (a part of) their opponents
past actions or even remember their own. For this, we have to define a different type of game,
called imperfect-information games. These are extensive-form games where actions for each
player are partitioned into sets and players can not distinguish actions that belong in the same
set - these sets are called information sets. These information sets can contain more than one
node, but the nodes must correspond to the same player and have the same actions available (as
otherwise the actions wouldn’t be indistinguishable). More formally, according to Shoham and
Leyton-Brown [2009]:

Definition 1.20 (Imperfect-information game). An imperfect-information game (in extensive

form) is a tuple (N; A;H; Z; ; ; ;u;l), where:
* (N;AH;Z; ; ; ;u)is a perfect-information extensive-form game; and
o | = (I1;::5; 1), where 1Ij = (li;1;:::; lisk ) s a set of equivalence classes on (i.e., a

partition of) fh 2 H : (h) = ig with the property that (h) = (h®)and (h) = (h%)
whenever there exists a j for which h 2 1;;j and h' 2 1;. j-

There isn’t universally established way to denote imperfect-information game trees, most
game theory books, like Bonanno [2024] and Osborne [2004] make a circle around the corre-
sponding nodes belonging to the same information set, probably for pedagogical reasons. We will
adopt the notation of Shoham and Leyton-Brown [2009] as most of the notation and definitions
of this chapter are based on that and because it is more common in research papers and real-life
applications, because it can connect nodes that are further apart more seamlessly, which is com-
mon in large games like poker for example. An example can be seen in Figure 1.2, depicting the
Prisoner’s Dilemma.
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(1 1) ( 3;0) ©; 3) (2 2

Figure 1.2: The Prisoner’s Dilemma game in extensive form.

In general, every normal-form game can trivially be converted to an imperfect-information
extensive-form equivalent, simply by assigning a different information set for each participat-
ing player. The reverse is also true, in the same way we did for the perfect information games.
Therefore, with this new paradigm, we can apply the notion of mixed strategies in a similar way
as we did in section 1.2.1 by defining them in the corresponding normal-form of the imperfect-
information game. We can also define a new kind of strategies, called behavioral strategies,
where players do not randomize in their entire action set but rather randomize only within an
information set, independently, so we do not have a single probability distribution over the ac-
tions, but rather a vector of distributions, each position of the vector corresponding to a specific
information set. Generally, these notions are independent of each other, as they might result in
different outcomes, with some outcomes in some games that are accessible via mixed strategies
not being accessible by any behavioral strategies and vice versa. However, their expressiveness
does coincide and they can therefore replace each other in the class of games of perfect recall,
where players remember all of their own moves they made before - so there is still missing in-
formation regarding the moves made by the other players. That means that the set of NE we
can access does not retract when we are only considering behavioral strategies in such games,
something that is not true in general. Clearly, by definition, every perfect-information game is
characterized by perfect recall.

Regarding equilibrium notions, the concept of SPE is no longer well-defined as the notion
of a subgame is obscured. For this reason, we must extend SPEs include collections of subtrees,
and not only individual ones. That leads us to the concept of sequential equilibrium (SE), which
generalizes the concept of SPE to imperfect-information games. Briefly, SE is based on the
concept of consistent beliefs and sequential rationality. The key idea is that players’ strategies
should not only constitute a Nash equilibrium but also remain optimal at every information set,
given their beliefs about how play has proceeded to that point.

Formally, a sequential equilibrium is defined as a pair ( ; ), where is a strategy profile
and is a system of beliefs assigning probabilities to histories at each information set. The equi-
librium requires that, given these beliefs, each player’s strategy maximizes their expected utility
at every information set (sequential rationality), and that beliefs are derived from the strategy
profile using Bayes’ rule wherever possible (consistency).

While this equilibrium notion is essential for analyzing dynamic games with imperfect infor-
mation, a full technical treatment is slightly complicated and beyond the scope of this thesis. For
our purposes, it suffices to note that sequential equilibrium ensures players’ strategies are robust
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not just globally, but also locally at every decision point, even when information is incomplete.

1.2.3 Repeated Games

So far we have discussed one-shot games, which are games that are played only once, with
all players making their decisions simultaneously or in a single round. Even in the extensive-
form, where an element of sequentiality was allowed, this was still considered part of the same
game. But what if the players played repeatedly the same game, over and over again, and aim to
maximize the rewards they accumulate through the course of their interactions? This brings us
to the class of repeated games. In that context, the game played repeatedly is called stage game.
There are two main categories: finitely repeated and infinitely repeated games. Regarding the
former, one can represent them as imperfect-information extensive-form games, so all the notions
presented in the corresponding section are directly applicable. What is of interest in that case
are the observations regarding the equilibria in this scenario, which will be discussed below.
The other category of infinitely repeated games refers to games where the horizon of the game
is either infinite or unknown to the agents. This time, if we attempted to formulate this using
imperfect-information games, it would result to an infinite game tree, so the leaf nodes wouldn’t
be well defined and therefore we wouldn’t be able to attach to them utilities.

The way we approach this problem is through the use of limits. We can define two corre-
sponding notions of utility: the average reward and the discounted reward, presented in equa-
tions 1.5 and 1.6 respectively. Their definition ensures convergence to real values when the
rounds reach infinity (unless is setto ).

P o)
lim =t (1.5)
k¥ k '
x
Jri(‘); 0 1 (1.6)
i=1

In the latter, is referred to as the discount factor. There two ways to interpret its meaning.
The most obvious is that the agent prioritizes more their near-term rewards. However, a less
intuitive and perhaps more interesting interpretation is that 1 is the probability that the game
ends in specific round of the game. Specifically, the probability of receiving a reward (the game
being played) in round k would be ( )X, so the summation of equation 1.6 represents the total
expected reward for the agent.

In general, any strategies that solve the stage game are applicable in this situation as well.
These are called stationary strategies, and correspond to behavioral strategies in the extensive-
form. However, the round-based structure of the repeated games allows for non-stationary strate-
gies, this is strategies that unfold over time, conditional to the history of the previous interactions.
Unfortunately, when considering such strategies, their space becomes infinite as there are infi-
nite many ways to describe different rules to choose an action at each round. In Axelrod [1980],
the researchers simulated several different strategies in the iterated Prisoner’s Dilemma (Figure
1.9), with random game horizon, in what came to be known as the Axelrod Tournament. Of'those,
the Tit-for-Tat strategy, or TfT, emerged victorious; in fact, it remained unbeatable for several
years. In this strategy, players begin by cooperating (C), and in the next round they mirror the
last action their opponent chose. In fact, it can be proven that both players playing TfT forms
an NE. Another notable variation is the trigger strategy, where the player always defects from
the point the other one defects and onwards; this forms an NE not only when the other player
plays trigger, but also when they play TfT. A strategy of particular interest in this thesis is the
Pavlov strategy, which simply switches from the previous action if the new return is less than
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the previous one. This strategy can be even more stable than TfT as it can avoid negative cycles
that TfT is capable of producing (Nowak and Sigmund [1993]).

The tournament has been repeated several times with new strategies and small variations in
its setup, like Bruno Beaufils [1997] and Stewart and Plotkin [2012], with T{T remaining among
the top strategies, despite its simplicity. There also exist other variations like Tit-for-Two-Tats
and Two-Tits-for-Tat, and of course many more complex like ZDGTFT-2 that won in Stewart and
Plotkin [2012]; that is indicatory of the large strategy space that this setting gives rise to. It is
noteworthy that the stationary strategy that is the NE in the one-shot game of always defecting
performed quite badly in this situation (Stewart and Plotkin [2012]). While it is true that it is the
maxmin strategy, as no other strategy can ever take advantage of it, it also fails to take advantage
of when the opponent is willing to cooperate. Generally, there is no optimal strategy in this case,
as each would have its strengths and weaknesses. The best approach would be to identify the
strategy the opponent employs and derive a strategy that can exploit it. We will delve deeper
into this concept when describing learning in games in Chapter 3. However, it is worth to briefly
mention that this is clearly fertile ground for Reinforcement Learning, and in fact there have
been several such algorithms proposed that outperform less intelligent strategies including TfT
(Marc Harper [2017]).

Before moving on from repeated games, we must address if there are any ways to navigate
this enormous strategy space theoretically. One such attempt would be to use the so-called folk
theorems. While each folk theorem applies to a different setting (e.g. for perfect-information
games, for finitely-repeated games, for infinitely-repeated games with discounted or average re-
ward), they all fundamentally express that the payoff profiles of the equilibria in repeated games
(i.e. the rewards the players receive in equilibrium) have to be feasible and enforceable. More
specifically, a payoff profile is feasible if there exist probabilities assigned to each possible out-
come of the stage game such that the weighted average (according to those probabilities) yields
the given profile, and it is enforceable if it ensures that each agent receives at least their minmax
values. Unfortunately, these theorems do not express an “if and only if” relationship, so a payoff
profile might be feasible and enforceable but it does not have to be a product of an equilibrium
state. However, it can be used to identify that equilibrium has not been achieved, by checking
whether either condition is not validated.

1.3 Cooperative Setting

In general, there is a discrepancy between coordination and cooperation in game theoretical
terms. Recall in the previous section that we defined a pure coordination game as a game where
under every strategy profile, each player received the same reward. The problem then was how
the agents can coordinate their actions to maximize this common reward. Unfortunately, in these
scenarios, non-cooperating strategy profile might form an NE, which creates a problem that game
theory fails to solve when excluding communication. A pure cooperation game on the other hand
would be the Harmony game, also introduced in the previous section. In that case, agents do not
receive the same rewards, but both cooperating results mutually in the best outcome. In that case,
there is no issue of coordination; both agents, being rational, understand that the optimal course
of action is cooperation (Slantchev [2003]).

This is where we will deviate from the game theoretic perspective we have maintained up
to this point. Instead, we will refer to a fully cooperative setting as a setting where agents strive
for a common goal, which actually corresponds to the pure coordination case in game theory
terms. While this definition is used in most MARL literature (Huh and Mohapatra [2023], Amato
[2024a]), it is worth remembering the discrepancy with game theory, because what that suggests
is that “cooperating” is not necessarily the only equilibrium outcome, although it might be the
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optimal. This will become more clear when we discuss the results of the simulations in section
44.

A foundational notion to decision-making under uncertainty are Markov Decision Processes,
or MDPs. While they are defined for the single-agent case, and in fact this framework will be
central when discussing Reinforcement Learning in the next chapter, the multi-agent extensions
of this framework are the main modeling tools of the cooperative settings we are discussing. In
this section therefore, we will define the related notions firstly to the single agent case and then
generalize them to the multi-agent case. This section is based on Kochenderfer [2015].

Markov Decision Processes (MDPS) provide a mathematical framework for modeling an
agent’s sequential decision-making under uncertainty, where the objective is to maximize the
cumulative reward over time (we can use either the definition of average reward or of discounted
rewards presented in Section 1.2.3, although the latter is more common). Crucially, MDPs satisfy
the Markov property, which assumes that the future evolution of the process depends only on the
current state and action, not on the full history. Essentially, what it means is that:

P (St+1)St;:::;So0;ag 01 a0) = P (St+1]St; at) (1.7)

This assumption can often be part of the problem’s definition (consider navigating in a 2D
grid), though in many cases it is only made as a reasonable simplification.
Formally, we define an MDP as follows:

Definition 1.21 (Markov Decision Process). A Markov Decision Process (MDP) is defined by
the tuple (S; A; T; R), where:

* S is a finite set of states,
e A is a finite set of actions,

«T:S A S ¥ [0;1] is the state transition probability function, where T (s; a; s")
denotes the probability of transitioning to state S’ given that action a is taken in state S,

* R:S A ¥ Risthe reward function, specifying the immediate reward received after
taking action a in state S,

At each time step, the agent observes the current state S 2 S, selects an action a 2 A, receives
a reward R(S; a), and the environment transitions to a new state S’ according to the probability
T(s;a;s).

When the transition dynamics and the reward model are known (both are referred to to as
the model of the environment) and can actually be written in the form of a matrix (that is, we are
in the tabular setting), MDPs can be solved using policy or value iteration, which are described
in the Reinforcement Learning chapter, in section 2.3. The discussion then continues to include
cases when these are considered unknown, which is essentially where reinforcement learning
begins.

MDPs can generalize to include more than one agent acting in the environment. Generally,
in the MDP framework, such agents are essentially reduced to a single entity, so the action that
hypothetical agent would take is the represented by the vector of the joint actions of the agents,
in order to maximize its cumulative reward. The last part is quite important, as it requires that
the reward is shared among the agents; this is why multi-agent extensions of MDPs are well-
suited for cooperative settings. Depending on how the state is perceived, we have two different
definitions. If each agent takes action based on entire state of the environment, so every agent
has access to the same information, this case is called multiagent MDP or MMDP, and it is
exactly the same as the single-agent MDP, except that the possible actions to choose from become
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exponentially larger, as they correspond to the combinations of the actions of the different agents
we model. The other scenario is when each agent observes only its local part (observation) of
the global state. This is being modeled by the decentralized MDP framework.

Now, reverting back to the single agent scenario, in many cases, perhaps due to noise or
sensor limitations, the agent might not have clear view of the environment’s states S, but can only
obtain an observation o of the current state. There is, in other words, a probability distribution,
matching states S to observations 0. Notice that the problem would not rise if we can have
multiple observations for a single state; we could still treat that as a large MDP, and the agent
would understand that the same action is optimal for all the observations corresponding to the
same state. It is actually when we might have the same observation for different states that the
MDP formulation fails to account for. This is another reason why we it would be preferable to
choose actions stochastically; we discussed another reason in section 1.2.1 that necessitated the
use of mixed strategies.

This, more general framework than the MDP, is called a Partially Observable Markov De-
cision Process or POMDP and is formulated as follows:

Definition 1.22 (Partially Observable Markov Decision Process). A Partially Observable
Markov Decision Process (POMDP) is defined by the tuple (S; A; ;T;0O;R), where:

S is a finite set of states,
» A is a finite set of actions,
e 1is a finite set of observations,

«T:S A S ¥ [0;1] is the state transition probability function, where T (s; a; s")
denotes the probability of transitioning to state S’ given that action a is taken in state S,

«O0O:S A ¥ [0;1] is the observation function, where O(SO; a; 0) denotes the
probability of observing 0 after taking action a and arriving in state s,

* R:S A S T Risthe reward function, specifying the immediate reward received
after taking action a in state S and transitioning to state s,

At each time step, the agent is in some (hidden) state S 2 S, selects an action a 2 A, receives an
observationo 2  according to O(s’; a; 0) (where s’ is the resulting state from the transition), and
areward R(S; a;s"). The environment transitions to a new state s’ according to the probability
T(s;a;sY).

In the case where the transition probabilities and reward function are known, the problem of
planning under uncertainty has been extensively studied. There exist many off-the-shelf solvers
for problems formulated as POMDPs, though computational complexity can become a limitation
as the state and action spaces grow large. The case where these model parameters are unknown
deserves some special mention. As discussed above, reinforcement learning algorithms are gen-
erally developed for the MDP framework, where full state observability is assumed. However,
some RL algorithms can still be applied to the POMDP setting, in particular algorithms that select
actions stochastically can learn to account for the ambiguity in observations, effectively integrat-
ing uncertainty into their decision-making. It also beneficial to remember the past observations
and possibly actions; perhaps through the use of recurrent neural networks. Note that this does
not bypass the Markov assumption, as this assumes that the states are independent; information
regarding past observations might help identify the state we are in, even though that might be
independent of the previous states.
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Figure 1.3: Venn diagram of the Markov Decision Process classes (Kochenderfer [2015])

Similarly to the MDPs, we can define MPOMD and Dec-POMDPs. Among the discussed
frameworks, the Dec-POMDP framework is the most general for cooperative settings, as it mod-
els multiple agents, each with potentially different and partial observations, cooperating to max-
imize a shared reward. For this reason, the majority of recent research in multi-agent reinforce-
ment learning (MARL) in cooperative settings is built upon the Dec-POMDP formulation. We
will delve deeper into this in Chapter 3.

1.4 Partially Observable Stochastic Games (POSGs)

Having established all the previous notions, we are in a position to move forward with the
model of Partially Observable Stochastic Games or POSGs, which foundational are in the Social
Environment Design framework and in MARL in general. This is the most general game for-
mulation, generalizing Bayesian games, sequential games, repeated games, as well as POMDPs
for multiple agents with divergent rewards. Firstly, we will define the simpler case of Stochastic
games, or Markov games, which essentially extend the classical framework of Markov Decision
Processes (MDPs) to the multi-agent setting, providing a principled model for the dynamics and
interactions among multiple agents whose interests may be cooperative, competitive, or some-
where in between.

A Markov game, in game theory terms, is a repeated game where the stage games change
with probabilistic transitions that depend on the outcome of the last game. Firstly introduced
by Shapley [1953], it can be viewed as several agents interact with a shared environment whose
dynamics depend on the joint actions of all agents. At each discrete time step, the environment is

selects an action aj from its available action set Aj. The environment then transitions to a new
state ' 2 S according to a probabilistic transition function, and each agent receives a reward
according to a possibly agent-specific reward function.

Formally:

Definition 1.23. An n-player Markov or Sochastic game is defined by the tuple G =
(S; FAIgIL,; P; FrigiL,) where:

S is a finite set of environment states,
« A\ is the finite set of actions available to agent i,

*P:S A An S T [0;1] is the state transition probability function, where
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*ri:S A An T Ris the reward function for agent i, determining the immediate

At each timestep t, the environment is in state St, and each agent i selects an action a{
according to its (possibly stochastic) policy (ajjs). The environment transitions to a new state
st+1 P (jsgaf;:::;ap), and each agent i receives reward ri(Sg;ag;:::;a}). The process
repeats, generating trajectories whose joint outcomes depend on the interaction of all agents’
policies. Similarly with the repeated games’ case, the objective of each agent is to maximize
its own expected cumulative reward. Again, we could use both definitions of either average
or discounted reward, but the discounted here is more common as it is more mathematically
convenient (many textbooks include in the definition of the Markov game):

x #
E Yri(se;ad; i al) (1.8)
t=0

where the expectation is over the trajectory distribution induced by the joint policies and the
transition dynamics.

To begin solving the Markov games, we will use a variation of behavioral strategies, seen in
section 1.2.2, that instead of basing the strategy over all past observations, they only use the last
one, thanks to the Markov assumption being applicable in this game setting. These strategies are
called Markov strategies. Analogous to the notion of subgame perfect equilibria, we can define
the Markov Perfect Equilibria (MPE) as the Markov strategy profiles that are NE regardless of
the starting state. For the case of discounted rewards, it can be proven that any Markov game
has at least one MPE. For average rewards, the discussion becomes more complicated, so we
will focus only on the other case. It is also important to note that the folk theorem still applies in
those games as well, considering that every stage game has a positive probability of occurring,
a condition referred to irreducibility.

Markov games generalize several familiar models as special cases. In fact, when n = 1, the
model reduces to the standard MDP and when the state space is trivial (i.e., jSj = 1), the model
reduces to a normal-form game. Then, when rewards are identical across agents, the Markov
game captures fully cooperative multi-agent scenarios; in fact, Markov games are a general-
ization of Dec-MDPs, as the reward need not be shared among the agents. The generality of
the Markov game framework enables it to model a wide range of real-world scenarios involving
multiple adaptive agents, from competitive games and economic markets to collaborative control
and decentralized resource allocation.

However, we can come up with an even more general framework when we combine it with
Bayesian games. Indeed, so far we considered that the rewards once a game was chosen were
known to all players, so by making the assumption of partial observability, we will have to make
decisions based on beliefs, like we did in Bayesian games. This results to Partially Observable
Sochastic Games, or POSGs. More formally:

Definition 1.24 (Partially Observable Stochastic Game (Spaan [2012])). A Partially Observable
Stochastic Game (POSG) is defined by the tuple (1;S; fh0g; FA;g; fOig; P; fRig), where:

* S is a finite set of states,
« b0 2 (S) represents the initial state distribution,

A\ is a finite set of actions available to agent i, and A = j2 Aj is the set of joint actions
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Figure 1.4: Venn diagram of the discussed modeling frameworks of multi-agent systems (Al-
brecht et al. [2024])

* O;j is a finite set of observations for agent i, and O = j2; O;j is the set of joint observa-

« P isaset of Markovian state transition and observation probabilities, where P (s"; 0 j S; &)
denotes the probability that taking joint action 4 in state S results in a transition to state s’
and joint observation 6,

* Rj:S A T Risareward function for agent i.

We can see that P combines the Markov transition function with the Bayesian prior function
of the first definition, so it effectively combines both game definitions. It has also be shown
by Kuhn [1953] that POSGs can be written as imperfect-information extensive-form games in
the finite horizon setting. This is the most general game framework of all, and all other games
(one-shot normal-form games, repeated, Markov, Bayesian) and decision process formulations
(MDP, POMDP, Dec-MDP, Dec-POMDP) can all be seen as special cases of this formulation
(see Figure 1.4). Any multi-agent interaction can be written and this form, including when the
reward isn’t shared among the agents, modeling cooperative, competitive and mixed settings.
Unsurprisingly, computing the equilibria of such games in the general case is hard (Hansen et al.
[2004]), and all notions of equilibria we have discussed make sense in this setting.

1.5 Voting Systems

At this point, it is essential to make a brief mention of voting systems, as these constitute
a fundamental notion for Social Environment Design, which will be further explored in a later
chapter. While most people are familiar with the concept of voting in the context of elections,
our focus shifts from the traditional game-theoretic viewpoint - where agents are assumed to act
strategically, potentially concealing their true preferences to manipulate outcomes in their favor.
If one indeed wishes to model such strategic behavior, they must turn to the field of Mechanism
Design, which will be introduced in the following section.

Before delving deeper, we must first formalize mathematically what we mean by preferences
and how agents represent and compare them. Let O be a finite set containing the alternatives
over which the agents have preferences. For 01;02 2 O, 01 j 02 means that alternative 01 is
strictly more preferred by an agent 1 that 0,, so we say that the agent strictly prefers 0; over 0y,
while 01 j 02 means that the agent i is indifferent between the two (the have the same value
for them). We also 07 j 02 means that the agent is indifferent or prefers 01 over 02, so we
say that the agent weakly prefers 01 over 0. It is worth mentioning that the weak preference is
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the fundamental relation as it is the only relation we need; the other relations can be defined as
logical functions of this relation. Notice also that there is a clear analogy between ; ; and
>, =, , and indeed we can define these relations in terms of the utility function by saying that
01 i02 O ui(01) Uui(02).

We assume that each agent has a weak ordering of all the alternatives in O, which is called
the agent’s preference ordering, with the set that contains all possible orderings being denoted
as L . The corresponding set allowing only for strict ordering is denoted with L, and in general
the notions and results we will discuss hold for both sets. Considering n players, we define a
preference profile as a tuple containing the preference ordering for each player, and we denote
the set that contains them with L" . Having defined all of these notions, we can think of a voting
system as a social choice function C, meaning a function that takes as input the preference or-
derings of the agents and returns a single alternative as the output (the outcome of the election).
Mathematically, we say that C : L™ ¥ O. We can also extend this notion by allowing the output
to return any subset of all the available alternatives, so now the function is called social choice
correspondence (C : L™ ¥ 2°. In general, any social choice correspondence can be reduced
to a social choice function by defining a tie-breaking rule. Finally, there are the social welfare
functions W, which produce an ordering in the set of alternatives instead of a single outcome
(W:L" ¥ L)

Now that we have defined what voting is, we will see how it should operate. We denote
#(0j  0j) as the number of players that prefer 0j over 0j under a preference profile. We can
define the Condorcet winner as the outcome that is preferred by the most agents when considering
all other outcomes (mathematically 0 2 O for which it holds that 80 2 O;#(0  0")  #(0’
0)). This is a notion of a winner alternative which is aligned with what people would reasonably
agree as fair as it dissatisfies the least number of players, and should therefore be the goal of
a voting system. This is expressed by the Condorcet condition, which dictates that a social
choice function must always select the Condorcet winner, when one exists. This last part presents
interest, as it is true that one can find examples with as little as 3 different alternatives where there
isn’t a single alternative that dominates all others in the Condorcet sense, and in fact it can be
proven under some reasonable assumption that the probability of there being a Condorcet winner
approaches zero as the number of alternatives goes to infinity. It is therefore a more realistic
approach to relax this condition, and focus on the notion of the Smith set, which is a set in which
every alternative it contains is preferred by at least half of the agents over the alternatives that are
not included in the set (mathematically, that means). This has the interesting property of always
existing under any preference profile, so it is indeed a more feasible notion to focus on. It is also
the case then when it has a single element, this would be the Condorcet winner.

We now proceed to present several well-known voting systems. The most basic class com-
prises non-ranking voting systems, which restrict each agent to selecting a single alternative;
that is, every agent may cast only one vote for their most preferred option. Perhaps the most
familiar example is plurality voting, where the alternative with the most votes wins. Plurality
voting is widely used due to its simplicity and intuitive nature, which makes it easy to implement
and understand in practice. However, it is also quite limited from an expressiveness standpoint,
as it disregards any information about voters’ preferences beyond their top choice. To address
some of these limitations, variants such as cumulative voting and approval voting have been pro-
posed. In cumulative voting, each agent is given a fixed number of votes that they can allocate
however they wish (potentially all to a single alternative or distributed among several alterna-
tives), while in approval voting each agent approves as many alternatives as they wish, with each
approved alternative receiving one vote, and the alternative with the most approvals wins.

While both methods allow agents to express support for more than one option, they still do
not take into account the full ranking of alternatives in an agent’s preference ordering. A natural
progression is to consider ranking-based voting systems, which allow agents to submit a ranked
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list of all alternatives. This broader class includes systems that are able to utilize more detailed
information about individual preferences, potentially leading to outcomes that better reflect col-
lective welfare. For instance, plurality with elimination and pairwise elimination methods both
utilize agents’ ranked preferences to successively eliminate the least-preferred candidates until
a winner is found. Among the more sophisticated ranking-based systems is the Borda voting, in
which each position in an agent’s ranking is assigned a certain number of points (typically, an
alternative ranked first receives the most points, the second receives fewer, and so on). The alter-
native with the highest total score is declared the winner. An interesting extension of the Borda
is the Nanson method, which repeatedly eliminates candidates whose Borda scores are below
the average, recalculating the scores after each elimination. Notably, the Nanson method pos-
sesses the property of always selecting the Condorcet winner if one exists; otherwise, it selects
an alternative belonging to the Smith set.

With the Nanson method, it seems like we approach some notion of optimality in social
choice, at least regarding the Condorcet criterion. However, a natural question arises: can
any voting method be truly optimal or “fair” in a broader sense? Unfortunately, the answer
is no, as established by one of the most fundamental results in social choice theory: Arrow’s
impossibility theorem (Arrow [1951]). This theorem, which led to a Nobel prize in eco-
nomics, formalizes the inherent limitations of collective decision-making. Arrow postulated
three conditions that any fair social welfare function ought to satisfy. The first property is
known as Pareto efficiency and it states that if every individual in the group agrees that one
alternative is better than another, then the collective decision should reflect that agreement
by ranking the preferred alternative above the other. In essence, the group’s choice should
respect any unanimous individual preferences. The second property is called non-dictatorship.
This requires that the social welfare function should not simply follow the preferences of a
single individual, regardless of the others. In other words, no one person should have the
power to always determine the group outcome, regardless of what everyone else prefers. The
third property is independence of irrelevant alternatives, or 11A. According to this axiom, the
collective preference between any two alternatives should depend only on how individuals
compare those two options, and not on their preferences regarding other, unrelated alternatives.
In other words, introducing or removing a third (irrelevant) option should not change the group’s
decision between the original two. By rigorously formalizing these conditions, Arrow proved
that no social choice function can simultaneously satisfy all three even if there are as little as
three alternatives to choose from. As stated more formally in Shoham and Leyton-Brown [2009]:

Theorem (Arrow, 1951). If jOj 3], any social welfare function W that is Pareto efficient
and 1A is dictatorial.

The impossibility theorem was later extended to the less general setting of social choice
functions by Muller and Satterthwaite [1977], by suitably translating Arrow’s axioms to that
domain and then reducing the problem to social welfare functions, therefore invoking the Arrow’s
theorem.

A common approach to circumvent the impasse of Arrow’s impossibility result is to restrict
the set of alternatives by considering only two of them. While this simplification may be viewed
as limiting, and one may reasonably argue that binary choices are inadequate to capture the
diversity of agents’ preferences in most real-world settings, it does allow us to effectively bypass
the impossibility theorem. Indeed, with more than two alternatives it can be proven that plurality
is not monotonic, which is the equivalent of the IIA condition for social choice functions, stating
that a winning alternative must remain the winner when the support for it increases. Why plurality
fails in this regard can be proved either with a counter-example or by invoking the impossibility
theorem as the other two conditions hold. That ceases to be the case when considering only
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two alternatives, as every new vote attributed to the winning alternative necessarily reduces the
votes for the losing one, thereby increasing the margin of victory. It is also trivial to show that
a Condorcet winner always exists in this setting and that by definition plurality voting always
selects it as the winner.

These properties and the tractability of binary voting will be important when discussing the
Social Environment Design framework in Chapter 4. More specifically, as illustrated above,
even the introduction of a single additional alternative in the corresponding voting process of
the framework would increase the complexity of the voting process significantly. This is the
reason fundamentally why in this thesis we chose to retain the two choices for social welfare
functions proposed by Zhang et al. [2024], allowing the use of the simple plurality voting method
to aggregate the preferences of the agents over these choices.

1.6 Mechanism Design

At this point, we will discuss the mechanism design problem, a problem that lies in the core
of this thesis. In a typical mechanism design problem, we consider n strategic agents, each of
whom possesses private information referred to as their type. The type of agent 1, denoted t;,
is drawn from a set of possible types Tj R™. The collection of all agents’ types forms the
is actually a Bayesian game, as discussed in section 1.2.1, where each agent is aware of their
own type but that is not general knowledge to the rest of the agents, including the mechanism
designer. The purpose of the latter is to design a rule or system (the mechanism) that selects
a collective outcome from a set S of possible outcomes of the game. The preferences of each
agent over outcomes are captured by a utility function u;(s; tj), which quantifies the satisfaction
of agent i for outcome s 2 S given their private type t;.

Since agents’ types are private and may be drawn from known or unknown distributions,
the design of the mechanism must account for strategic behavior: agents may choose actions
or reports based on their types in a way that maximizes their expected utility. This is a major
paradigm shift from the voting framework we discussed in the previous section. The overarching
objective in mechanism design is to construct rules that aggregate the agents’ preferences and
behaviors so as to optimize a prescribed social welfare function f : S ¥ R, also mentioned in
the previous section. This function encodes the designer’s notion of what constitutes a desirable
collective outcome - such as maximizing total welfare, minimizing cost, or achieving fairness.
The challenge lies in designing the mechanism so that, even in the face of private information
and strategic behavior, the equilibrium outcomes produced by the agents’ interactions align as
closely as possible with the optimal value of the social welfare function.

There are many possible social welfare functions that the mechanism designer may seek to
optimize. One of the most prevalent such functions is the utilitarian function, which simply sums
the utilities of all agents to capture overall social welfare:

X
fu(s;) = ui(s;ti) (1.9)
i=1
This objective seeks to maximize the total utility across all agents, treating every agent’s
welfare as equally important and additive.
Another important candidate is the egalitarian function, sometimes referred to as the max-
min or Rawlsian objective, as first introduced by Rawls [1971]. This function aims to improve
the welfare of the least advantaged agent by maximizing the minimum utility:

Fega(s; 1) = irg[ir?] ui(s; ti) (1.10)
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Here, the focus is on fairness, ensuring that the worst-off agent is as well off as possible
under the chosen outcome.

There are numerous other candidate social welfare functions, like the Nash Welfare objec-
tive but in the context of this thesis, we will primarily focus on the utilitarian and egalitarian
objectives.

At this point, the deeper goal of this paradigm should be within grasp. We discussed in sec-
tion 1.2.1 that not all possible equilibria states, like the Nash equilibria, are equally desirable.
So the idea is to use a centralized component, the mechanism, to lead the agents towards more
desirable equilibria, optimal with respect to the social welfare function. In general, we can com-
pare how the mechanism improves upon the value of the equilibria using a metric called price of
anarchy. Originally introduced by Koutsoupias and Papadimitriou [1999] in the context of net-
work routing, the price of anarchy has become a widely used measure of the inefficiency that can
arise when self-interested agents act independently, without any central coordination or imposed
mechanism.

Let S be the set of possible outcomes, and let ¥ : S ¥ R be a social welfare function
(notice that here we use a variation of the social welfare function as seen in section 1.5, where
an outcome receives a real value. This can then be used for all outcomes to get to an ordering,
in accordance with the other definition). In our case, these are the outcomes that the mechanism
allows for. Let E be the set of all Nash equilibria outcomes. Then the price of anarchy is defined

as f
max S
S2E ( )

PoA = 355
in F(s
Isnzlg()

(1.11)

if T is a cost function (to be minimized), or

BT

ERR

PoA = (1.12)

if T is a welfare function (to be maximized).

A price of anarchy closer to 1 indicates that uncoordinated, selfish behavior leads to outcomes
close to the social optimum, while a higher price of anarchy quantifies the inefficiency resulting
from the absence of a coordinating mechanism. In summary, the price of anarchy formalizes the
potential loss in social welfare that arises when no mechanism exists to coordinate agents’ actions
toward the collective optimum. This notion is what inspires the Anarchy run in our experiments
(see section 4.3).

1.6.1 VCG Mechanisms

At this point, we can begin to discuss potential solutions to the mechanism design prob-
lem. Perhaps the most fundamental family of mechanisms is the Vickrey-Clarke-Groves (VCG)
mechanism, which was the result of the seminal work by Vickrey [1961], Clarke [1971], Groves
[1973].

The Vickrey—Clarke—Groves (VCG) mechanism is one of the most significant achievements
in the field of mechanism design, providing a general method for eliciting truthful information
from rational agents and producing socially optimal outcomes in a wide variety of settings. We
will discuss this notion in detail, as it defines many desirable properties that a mechanism should
have and illustrates the limitations ofthe mechanism design paradigm. VCG mechanism is ap-
plicable whenever the designer’s goal is the utilitarian objective and agents have quasi-linear
utilities, meaning their utility can be expressed as their valuation for the chosen outcome minus
any payment they must make - this payment is what the mechanism imposes.
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In the VCG framework, each agent i is assumed to have a private type t; (often a valuation

designer asks each agent to report their type (possibly dishonestly), and then chooses an outcome
s 2 S that maximizes total reported welfare:

X
s =argmax  Vi(s;f}) (1.13)
s2S i=1

where vi(s; f}) is agent i’s reported valuation for outcome s. This direct-revelation mechanism is
very general: the set of outcomes S can represent allocations of goods, public project decisions,
or any other set of social choices.

The central innovation of the VCG mechanism is its payment rule. Each agent i is charged
an amount that reflects the negative externality their participation imposes on the other agents.
Specifically, agent i’s payment is given by:

X
pi = hi(f ) _Vj(S ) (1.14)

Jj&i

where h;(f ;) is any function that depends only on the reported types of the other agents. The

standard choice is: >

hi(f\ i)=max Vj(S;t\j) (1.15)
s2S jei

which is the maximum welfare the other agents could achieve if agent i did not participate. Under

this rule, each agent pays the loss in total welfare their presence causes to the other agents-this

is called the Clarke pivot rule.

The VCG mechanism possesses several important theoretical properties. First and foremost,
it is dominant-strategy incentive compatible (DSIC), or truthful, meaning that reporting one’s
true type is always the best strategy, regardless of what others do. Formally, for each agent
i, reporting t; maximizes their utility uj(s ;tj)  pi for any reports of the other agents. This
strong incentive compatibility greatly simplifies the analysis of strategic behavior and ensures
that the outcome chosen truly reflects the collective best interest as defined by the social welfare
function. Second, the VCG mechanism guarantees allocative efficiency: it always chooses an
outcome that maximizes the sum of agents’ true valuations. This property holds regardless of
the specific domain, whether it is auctions, public goods, task allocations, or any other collective
decision problem where outcomes and valuations can be defined. In other words, it is optimal
with respect to the utilitarian objective.

One of the primary and most influential applications of mechanism design in general and the
VCG mechanism in particular, is in the context of auctions. Auctions are structured procedures
for allocating goods or resources among competing agents, typically based on their private valu-
ations. In an auction, participants (often called bidders) submit bids that reflect their valuations
for the items or resources on offer. The central purpose of auctions is to determine an alloca-
tion of the available items that is both efficient - assigning each item to the agent who values it
most - and fair, while also potentially raising revenue for the seller in certain applications. Auc-
tions are widely used in diverse real-world settings, including the sale of artwork, government
contracts, spectrum licenses, and even online advertising slots (it is famously Google’s primary
revenue stream). They provide a structured environment in which competition and incentives
are harnessed to elicit truthful information about agents’ preferences, which would otherwise
remain hidden. By carefully designing the rules of the auction- specifically how winners are
determined, and how much is paid - the mechanism designer can address issues of efficiency,
incentive compatibility, and even collusion resistance. In this way, auctions serve not only as
practical tools for resource allocation but also as canonical examples and major testbeds for the
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theoretical ideas of mechanism design, with the VCG mechanism offering a particularly elegant
and powerful approach for achieving both efficiency and truthfulness in many auction formats.

The original Vickrey auction, which is a special case of the VCG mechanism, applies to
the setting of a single indivisible good being sold to multiple bidders. In this case, the mecha-
nism is simple: each bidder submits a sealed bid, the highest bidder wins the item, and pays the
second-highest bid. This is why these auctions are also known as fisecond price auctionso. This
mechanism is not only efficient but also dominant-strategy incentive compatible, as truthful bid-
ding is always the best strategy for every agent. The Vickrey auction is thus a direct application
of the VCG principle to the single-item auction domain.

However, when the environment becomes more complex-for example, when multiple hetero-
geneous items are to be allocated among bidders-the classic VCG mechanism must be extended.
This leads to what is often called the generalized VCG mechanism, or the VCG mechanism for
combinatorial auctions. In these settings, each agent can express a valuation for every possi-
ble bundle of items, and the mechanism selects the allocation of items that maximizes the total
reported value across all agents. The payments are determined so as to maintain incentive com-
patibility, typically using the Clarke pivot rule. This generalization preserves the core properties
of the VCG mechanism: truthfulness and efficiency.

Despite these appealing theoretical properties, the application of the generalized VCG mech-
anism in combinatorial auctions faces significant practical barriers. As described in Shoham
and Leyton-Brown [2009], computing the optimal allocation is NP-complete, and in the general
case, even approximating the optimal allocation is computationally intractable. Additionally,
the communication requirements are immense, since each bidder’s valuation is defined over an
exponential number of possible bundles. These challenges mean that, even in the context of
auctions-one of the most widely studied and practical applications of mechanism design-there
is still considerable ongoing research aimed at finding scalable, approximately efficient, and
incentive-compatible mechanisms that retain as many of the desirable properties of VCG as pos-
sible. These limitations naturally extend beyond the auction setting. As a result, the mechanism
may be impractical to implement for all but the simplest problems.

Importantly, regardin the aim of this thesis, while the VCG mechanism provides powerful
guarantees in static, one-shot environments, its assumptions do not carry over to many modern
multi-agent settings, specifically when the game seizes to be a Bayesian one but a Markov one,
and even worse a POSG one. For example, in multi-agent reinforcement learning (MARL),
agent preferences are typically implicit in their learned policies, and the environment is dynamic
and sequential. The assumptions of direct revelation and one-shot interaction break down in
these contexts, making the classical VCG mechanism largely inapplicable without significant
adaptation.

That asks for the need of more elaborate schemes in these settings. We will discuss this in
detail in the related work of the SED framework.
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Chapter 2

Reinforcement Learning

2.1 Introduction

We will now shift our focus from multi-agent settings, and focus on learning in a single-
agent setting, before going into the more nuanced field of Multi-Agent Reinforcement Learning
(MARL). Reinforcement Learning (RL) is a fundamental paradigm in the field of machine learn-
ing concerned with how agents ought to take actions in an environment in order to maximize their
cumulative reward. Inspired by behavioral psychology, RL formalizes the learning process of
decision-making under uncertainty. An RL agent learns through trial and error, guided by the
rewards it receives from the environment in response to its actions.

In order to understand Reinforcement Learning (RL), it is important to first examine the
broader field of Machine Learning (ML). ML is concerned with the design of systems and al-
gorithms that can learn from data and make predictions or decisions without being explicitly
programmed for specific tasks. At its core, ML aims to generalize from past observations to
unseen scenarios by identifying patterns in the data.

Let X be a set of input instances representing measurable quantities, and let Y denote a set
of associated outputs or labels. These are being exploited by the machine to learn about its task,
and are called the training data. In supervised learning, each instance in X comes paired with
a corresponding label from Y, and the goal is to learn a function ¥ : X ¥ Y that generalizes
well to new, unseen data. Here, a related paradigm is self-supervised learning, which derives
supervisory signals automatically from the data itself - typically by formulating pretext tasks that
do not require manual labeling. In contrast, unsupervised learning deals with situations where
labels are not provided. Here, the aim is often to uncover hidden structures, such as clusters or
latent representations, within the data. An intermediate paradigm is Semi-supervised learning,
where only a subset of the data in hand is labeled.

A common characteristic of the above settings is that the learning process assumes a passive
role: the model’s predictions or actions do not influence the data it observes. This assumption is
limiting in many real-world scenarios where decisions taken by the model actively affect future
observations, like a robot interacting with its environment to complete a task. This is where
reinforcement learning comes into play.

Reinforcement Learning addresses the problem of learning to act optimally in an environ-
ment where actions have long-term consequences. Instead of merely predicting labels, an RL
agent learns a decision rule, called its policy, for selecting actions that maximize cumulative
rewards over time, often under uncertainty and only partial observability of its environment.
This dynamic interaction with the environment distinguishes RL fundamentally from other ML
paradigms.

Reinforcement Learning (RL) can be intuitively understood through the process illustrated
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Figure 2.1: Illustration of the reinforcement learning loop between agent and environment.

in Figure 2.1. Here, at each timestep t, the agent perceives the current state of the environment,
denoted as S;. Based on this observation, the agent selects an action a; according to its internal
decision-making mechanism (often treated as a black box). This mechanism is formally known
as the agent’s policy at time t, denoted by ¢, which maps states (or observations) to actions.
Once the action a; is executed, the environment transitions into a new state St+1 accord-
ing to its internal dynamics. These are typically modeled by a transition probability function,
denoted by p(St+1jht; at). This ht is the accumulated history up to timestep t, so we have

nal re+1, which provides feedback to the agent about the desirability of the new state and action
taken. This reward is used by the agent to adjust its policy with the aim of maximizing cumulative
future rewards.

This loop - comprising observation, action, state transition, and reward - repeats iteratively,
thereby allowing the agent to learn optimal behavior through trial and error. The overarching goal
in RL is to discover an optimal policy, , that maximizes the expected sum of future rewards
over time. Usually, this sum of rewards is discounted by a factor , which controls the importance
of future rewards, referring to the discounted future reward we discusses in section 1.2.3.

Most of the underlying notions discussed in this chapter will be based on Sutton and Barto
[2018], which is widely considered to be the main RL textbook. Unless stated otherwise, this
will be the source of the rest of the material. Our overarching goal is to explain PPO with as
much depth as possible, as it is the main algorithm used in the context of the simulations of
this thesis. To do that, we will begin with the fundational concepts of RL, from the Bellman
equation and the Value and Policy Iteration algorithms, discuss the first attempts in Model-Free
learning, introduce the function approximation paradigm, making a special mention to the DQN
algorithm, and finally discuss the Policy Gradient approach. All notions slowly build up towards
PPO, so that we establish a complete understanding of the algorithm, as well as notions that are
foundational to understand RL as a field, along with some practical aspects.

2.2 The Bellman Equation

Now that we have established a first instance of the RL framework, we will move forward
with solving it. One of the first approaches were provided by Richard Bellman. Bellman had
introduced the algorithmic method of dynamic programming as a method to solve complex de-
cision problems. Getting involved in the problem of sequential decision making, he formulated
the problem as a Markov Decision Process (MDP) (see section 1.3). In particular, making the
Markov assumption is what enabled Bellman to express the long-term return of a policy re-
cursively - a central insight of his dynamic programming framework. In accordance with the
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principles of dynamic programming, the first step is to define a function that quantifies the qual-
ity/value of a solution and then express it recursively. In our case, we want to evaluate the policy,
therefore the process is called policy evaluation. Bellman formalized this through the value func-
tionV , defined as the expected discounted return an agent receives when starting in a state S
and acting according to a policy

' #
X
\ (S) =E tl’t+1 So =S
t=0
" ; @.1)
> >
=  (ajs) R(s;sa)  P@Ejs;a)Vv (s)
a2A s02S

We are concerned with obtaining the optimal value function, which assigns to each state
the maximum expected return achievable from that state. Using the principle of optimality, this
function satisfies the Bellman optimality equation:

" #

<
V (s)= max R(s;a)+ PE'js;a)V () (2.2)
a2A(s) 025

This recursive equation defines a fixed point that can be approached iteratively using methods
such as value iteration. It also provides a formal mechanism for determining the optimal policy

. #

>
(s) = arg max R(s;a) + PE'js;a)V () : (2.3)
a2A(s) 025

2.3 Value and Policy Iteration

Through this dynamic programming lens, Bellman’s contribution established the mathemat-
ical foundation for optimal control and sequential decision-making. Indeed, once the value func-
tion is defined recursively, solving for it becomes algorithmically tractable, particularly in finite
settings. In the case of finite-horizon MDPs, or more generally when the process terminates in
designated terminal states after a bounded number of steps, the solution can be obtained through
a procedure known as backward induction.

2.3.1 Backward Induction

Backward induction proceeds by first assigning values to the terminal states, typically known
or defined by the problem. Then, working backwards in time, the value function for each preced-
ing state is computed by applying the Bellman equation recursively. At each step, the value of
a state is determined by evaluating the expected return of all possible actions, given the already-
computed values of their successor states. This recursive update continues until the initial state
is reached, yielding a complete characterization of the optimal value function and, consequently,
the optimal policy. This method is both conceptually simple and computationally efficient in
settings where the horizon is finite and fully specified.

While backward induction is effective for finite-horizon problems, many real-world scenar-
10s require agents to plan over an indefinite or infinite time horizon. In such cases, where terminal
states may not be defined or reachable, a different approach is required. In order for Bellman’s
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recursive formulation to remain applicable, the ideas is instead of solving from a known endpoint
backward, one must search for a fixed point of the Bellman optimality operator.

This leads to a class of algorithms known as iterative dynamic programming methods, of
which the two most prominent examples are value iteration and policy iteration. Both are de-
signed to compute the optimal value function V and the corresponding optimal policy by
exploiting the structure of the Bellman equations.

2.3.2 Value Iteration

Since we do not have access to calculated values for the value function for any state, the core
idea behind value iteration is to compute the optimal value function by successively improving
approximations of it. This is achieved by leveraging the recursive structure of the Bellman equa-
tion. At the heart of this approach lies the Bellman backup, which provides a one-step lookahead
estimate of the value of a state.

The Bellman backup evaluates a state by considering all possible actions and the expected
future return from following those actions. For a fixed policy , the Bellman backup updates the
value of a state S as:

" #

X X
V (s) = (@js) R(s;a)+ P@Ejs;a)V, ((8) : (2.4)
a2A s0

This equation tells us how to update the value of a state by taking the expectation over actions
and transitions, using the rewards and the value of successor states from the previous iteration.
Of course, that assumes we have a starting estimate Vj .

When seeking the optimal value function in a deterministic policy, the backup becomes a
maximization over all actions:

" #

>
V, (s) = max R(s;a)+ P js;a)V, () : (2.5)
a2A <
This form is called the Bellman optimality backup and it guides the search for an optimal
policy by always choosing the best expected return at each step.
To formalize the update, we define the Bellman optimality operator B as a mapping from a
value function V to a new value function B[V ]:
1A} #
> _
(BIV])(s) = max R(s;a) + P js;a)V (s : (2.6)
a
s0

Now we have all we need to build up the value iteration iteration algorithm. More specifi-
cally, the idea is that it applies the Bellman operator repeatedly, starting from an arbitrary value
function Vg (often initialized to zero). Then, at each step k, it updates this estimate:

Vie1 = BIVi]: 2.7

This iterative process continues until the value function stabilizes, i.e., when the change
between successive iterations is smaller than a predefined threshold :

kKVik+1 Vikka < : (2.8)

Once convergence is achieved, the optimal policy ~ can be extracted by acting greedily
with respect to the final value function:
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' #
>
(s) = argmax R(s;a) + PE'js;a)V () : (2.9)

s0

Algorithm 1 Value Iteration

1: Initialize: Vo(s) Oforalls2S,k 0
2: while ka Vi 1k1 do

3: k k+1
4 foralls 2 S do
5 // Bellman update: Vi+1 = B[Vpd
6: Vi(s) maxaa[R(s;a)+  oP(s"js;a)Vi 1(s))]
7:
8: Output: Optimal value function V. = V| and optimal policy
L A #
X _
(s) = arg max R(s;a) + P(E"js;a)V (s
a.

s0

A critical underpinning in all of the discussed algorithms is whether they will ultimately
converge to an optimal policy. For value iteration, it turns out there is a guarantee, which is
anchored in the properties of the Bellman operator. Specifically, it can be proven that the Bellman
optimality operator is a contraction of V when < 1:

kBv BV%1 kv V%q forallV;V'’:S ¥ R; when < 1: (2.10)

What this means is that successive applications of the operator bring value functions closer
together by at least a factor of < 1. As a result, regardless of the initial value function, the
sequence FV\ g generated by value iteration is guaranteed to converge to a unique fixed point
-namely, the optimal value function V . Once this fixed point is reached within a specified
tolerance, an optimal policy can be obtained by acting greedily with respectto V .

2.3.3 Policy Iteration

While the value iteration algorithm makes a lot of sense mathematically and indeed was
historically among the first methods, it may appear counterintuitive in how it obtains the optimal
policy, as rather than directly optimizing for a policy, value iteration focuses on refining the value
function, with the optimal policy emerging only as a byproduct of convergence. This indirect
approach raises the question: can we instead formulate a method that more explicitly targets
policy optimization?

Revisiting the original Bellman backup, the value function is evaluated with respect to a
fixed policy. This perspective suggests a natural strategy: rather than refining value estimates to
indirectly obtain a policy, why not iteratively improve the policy itself? This leads to the idea of
alternating between evaluating a policy and improving it - a process known as policy iteration.

Policy iteration begins with an arbitrary policy and consists of two main steps: policy evalua-
tion, where the value function for the current policy is computed; and policy improvement, where
a new policy is derived based on the evaluated value function. This direct optimization of the
policy, grounded in the policy-specific Bellman equation, provides a conceptually transparent
and often computationally efficient alternative to value iteration.
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Before delving deeper into the steps of policy iteration, it is helpful to revisit the problem of
policy evaluation and expand our definition of the value function to incorporate actions explicitly.
So far, we have defined the state-value function V (S) as the expected return when starting from
state S and following policy . However, in order to make more informed decisions during policy
improvement, we require a function that also conditions on the choice of action.

This leads us to the definition of the action-value function or Q-function, denoted by
Q (s;a). It represents the expected return of taking action a in state S, and thereafter following
the policy

" #

X
Q (s;a)=E 'R(si;at) so=s;ag=a : (2.11)
t=0

Clearly, there is a relationship between the two functions, as denoted by the following equa-
tion:

X .
vV (s)= (@ajs)Q (s;a) (2.12)

a2A

This function satisfies the following recursive relation, analogous to the Bellman equation
forV :

> X
Q (s;a) = R(s;a) + PE'jssa)  (@)s)Q (sha) (2.13)
50 ¢ a0
1) p(sia) + P@E"js;a)V (s) (2.14)

s0

The action-value function proves particularly useful in the policy improvement step. While
V' (S) requires averaging over actions using the current policy, Q (S; &) allows us to compare the
expected returns of different actions directly. Thus, during policy improvement, we can simply
select the action with the highest Q (S;a) for each state, yielding a more intuitive and targeted
way to construct improved policies.

The pseudocode for policy iteration is presented below:
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Algorithm 2 Policy Iteration (deterministic policy)

1: Initialize: (S) randomly foralls2 S,1 0

2: repeat

3 // Policy Evaluation: compute V

4: Initialize Vo(S) arbitrarily foralls 2 S

5: k 0

6 repeat

7 k k+1

8 foralls 2 S do P

9: Vik(s) R i(8)+  oP(S'js; i(s))Vi 1(s)
10: end for

11: until KV, Vi 1kq

12: Vi Vi

13: /[ Policy Improvement: update ., greedily with respectto V
14: for alls 2 S do

15: i+1(S)  argmaxaoa [R(S;a) + PSOP(SOj s;a)V ()]
16: end for

17: i i+1

18: until k i i 1k1

19:

20: Output: Optimal policy = j and value functionV =V =0

We observe that this function also uses a process similar to value iteration to calculation the
value function for each state for a specific policy, but instead of calculating through all possible
actions, it only considers the action chosen by the policy. This results in a similar complexity to
value iteration.

What about its convergence? It turns out that it can be proved that in each policy improve-
ment step i, there will be monotonic improvement of the value function for each state s:

V i(s) V *1(s);8s 2 S;with strict inequality if j suboptimal. (2.15)

This means that the policy is going to constantly improve at each step, until it ultimately
converges to the optimal policy, which by definition cannot be improved upon.

These two algorithms are the backbone for the more complex settings, upon which virtually
all RL algorithms are based.

2.4 Model-Free Methods

Up to this point, we have assumed access to the transition probabilities and the reward func-
tion for each state-action pair. In other words, we have assumed a complete model of how the en-
vironment operates. This assumption reduces the reinforcement learning problem to a planning
or optimization problem, which can be addressed using dynamic programming or its iterative
variants. In such settings, there is no actual learning involved, since the agent has no uncertainty
about the environment’s dynamics.

By contrast, when we assume that the environment model is unknown, we shift our focus
from planning to include a learning component. This introduces the central challenge of re-
inforcement learning: learning optimal behavior solely from interaction with the environment,
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without explicit knowledge of its dynamics (of course there are cases where we can use prior
knowledge for the problem but we will not discuss this further).

One natural way to solve this problem is to interact with the environment and use sampled
experiences to estimate the relevant quantities of interest. This is inspired by the Monte Carlo
paradigm in probability theory, where repeated sampling is used to approximate expectations.

One approach would be to use these samples to estimate the transition probabilities and
reward function, and then apply planning methods using the estimated model. This is indeed
a possible idea belonging to a group of methods called model-based reinforcement learning, as
they are attempting to explicitly estimate a model of the environment. However, we will not
focus on this approach and focus instead on model-free methods. In model-free methods, we
directly estimate the value of a policy from sampled interactions with the environment, without
attempting to infer the underlying model directly. This procedure is known as Monte Carlo
Policy Evaluation.

2.4.1 Monte Carlo Policy Evaluation

Consider a policy and an episodic task. Let Gy denote the return following time t, defined
as the cumulative discounted reward:

T>K1
Gt = kRt+k+1; (2.16)
k=0
where T is the terminal time step of the episode. The state-value function for is estimated as
the sample mean of returns observed after visiting state S:

1 X
V() 5 Gi (2.17)
N .
i=1
where Gi;:::; Gy are returns collected from episodes in which state S was visited.

However, a key consideration arises when a state is visited multiple times within a single
episode. It is not clear how these visits be should be treated. There are two main distinct methods
for Monte Carlo policy evaluation that account for that. In the first, called First-Visit MC, only
the first occurrence of state S in each episode is used. If the state is visited again later in the same
trajectory, those visits are ignored. The return Gt from the first visit to the end of the episode
is recorded and included in the estimate. The other approach is called Every-Visit MC. In that
case, all occurrences of state S in each episode are used. For each time step t where Sy = S, a
separate return Gy is calculated and included in the average. Each of these returns is computed
independently, starting from the corresponding time step t.

To understand the implications of these two approaches, we must first introduce some fun-
damental notions of estimator evaluation. These will be very important for the rest of our dis-
cussion, as they will be characteristic of the quality of our estimators.

Let V¥ (S) be an estimator of the true value function V. (s) = E [G¢ j St = S]. The bias of
¥ (s) is defined as:

Bias[V (s)] = E[? (s)] V (s): (2.18)

An estimator is said to be unbiased if its expected value equals the true value, i.e.,
Bias[V (s)] = 0.
The variance of the estimator reflects how much it varies across different sample sets:

var[? ()] = E  V(s) E[(s)] e (2.19)
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Even an unbiased estimator can be undesirable if its variance is high, as it may produce
widely fluctuating estimates.
A metric that combines both of these notions is the mean squared error (MSE), defined as:

MSEV (s)]=E V() V (s) ? = Bias[V (s)]? + Var[V (s)]: (2.20)

The MSE reflects the overall expected discrepancy between the estimator and the true value,
making it a more holistic measure of estimator quality. In particular, it reveals the trade-off often
encountered in reinforcement learning between reducing bias (by using long-term returns) and
controlling variance (by using shorter-term estimates).

Beyond bias and variance, another desirable property is consistency. An estimator v (s) is
said to be consistent if it converges in probability to the true value as the number of samples
tends to infinity:

Vi)YV (s) as N ¥ A 2.21)

Understanding these notions allows us to evaluate the quality of policy evaluation algorithms.
Other variables that we will be taking in mind are computational complexity, memory efficiency
and empirical evidence. Notice that an unbiased estimator is not necessarily consistent; its vari-
ance must also converge to 0 in order to converge in the true value. Also, a consistent estimator
is not necessarily unbiased, as a biased estimator can still converge to the true value.

Turns out, both first-visit and every-visit Monte Carlo estimators are consistent under stan-
dard assumptions (i.e., sufficient exploration and stationarity of the environment). However,
of the two only first-step estimator is an unbiased estimator of V (S), assuming sufficient ex-
ploration and a stationary policy (immec}gte consequence of the Law of Big Numbers), while
its variance consistently decreases ( 1/  n, where n is the number of samples). In the case of
every-visit estimator, because returns from repeated visits within the same episode are dependent
that renders it biased and potentially of high variance. However, it is more sample efficient by
incorporating more sample per trajectory. Thus, there is a trade-off between statistical efficiency
and independence of samples. First-visit MC may be preferable when variance is a concern,
while every-visit MC might converge faster in practice due to using more data.

However, both of these methods, in their simplest form, require storing all returns observed
for each state (or state-action pair) and computing the mean only after collecting a complete
batch of data. In other words, neither is memory efficient. Therefore, while these approaches are
conceptually straightforward, they prove inefficient in practice, as storing all returns can become
memory-intensive in long-running or continuous tasks.

To address these limitations, we can adopt an incremental approach to Monte Carlo estima-

be updated recursively by:
1
Vn(s) =Vn 1(s) + n (Gn Vn 1(9)): (2.22)

This running average eliminates the need to store all past returns, as each new return updates
the estimate with a weight inversely proportional to the number of visits.
More generally, we may use a constant step-size parameter 2 (0; 1]:

V(i) VE)+ (G V(9); (2.23)

which defines an exponentially-weighted average. Although this does introduce a small bias, it
offers greater responsiveness to recent observations and is particularly useful in non-stationary
or ongoing tasks.

It is also worth mentioning at this point that the notions of first-visit and every-visit are
applicable in this case as well. Even when using incremental updates, we can still decide whether
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to update the value estimate based on only the first occurrence of a state in each episode, or based
on all occurrences.

The incremental MC estimator’s statistical properties actually depend on the value . In fact,
there exist convergence guarantees for its updates under suitable conditions. Specifically, if the
step-size sequence T (g satisfies the Robbins-Monro conditions (Robbins and Monro [1951]) :

X X
¢ =4; g (2.24)
t=1 t=1
then the estimates V (S) converge with high probability to the true expected return, assuming the
returns Gy are bounded and the underlying Markov process is ergodic.

When using a constant step-size ¢ = , these conditions are no longer satisfied, and the
algorithm does not converge to the true expected return. Instead, the estimates oscillate around
the true value with non-zero variance. However, it is worth mentioning that this is not always
a drawback. In fact, in non-stationary environments where the return distribution changes over
time, a fixed step-size allows the estimator to adapt continually, maintaining a relevant and up-
to-date estimate. Thus, the choice of step-size reflects a trade-off between convergence accuracy
and adaptability. For stationary problems, decaying step-sizes are typically preferred, while in
non-stationary or online settings, constant step-sizes may be more appropriate. This will become
very important in the multi-agent setting, as we will see in the corresponding chapter.

This incremental formulation makes Monte Carlo methods practical and scalable. Moreover,
it brings them closer in spirit to a broader class of learning algorithms that update estimates in-
crementally based on recent experiences. It also makes this paradigm suitable for online learning
settings.

However, incremental Monte Carlo methods are characterized by high variance, and that is
true for the incremental case as well, and in order to reduce this variance, a lot of data are needed.
That renders Monte Carlo methods impractical in many situations. They are also characterized
by the limitation that they require an episodic format, as they require the data collection to reach
a designated end in order to make an update.

2.4.2 Temporal Difference (TD) Learning

This is what brings us to the next notion of temporal-difference (TD) learning by Sutton
[1988]. It is a central component in reinforcement learning, with (Sutton and Barto [2018])
stating:

“If one had to identify one idea as central and novel to reinforcement learning, it
would undoubtedly be temporal-difference (TD) learning.”

Beyond its computational significance, TD learning also has intriguing biological relevance.
Research in neuroscience has shown that dopaminergic neurons in the mammalian brain exhibit
firing patterns that strongly resemble the TD error signal used in reinforcement learning algo-
rithms. This observation has led to compelling hypotheses that certain brain structures may im-
plement learning mechanisms akin to TD learning. In particular, the phasic activity of dopamine
neurons has been interpreted as encoding the temporal-difference error (the mismatch between
expected and received rewards) which is used to guide learning and behavior in both animals and
humans (Schultz et al. [1997], Montague et al. [1996]). Thus, TD learning not only provides a
powerful and flexible computational tool but also offers a biologically plausible model of learn-
ing in natural systems. In this section, we introduce the simplest TD method, known as TD(0),
and explore its mechanics and relationship to both Monte Carlo and dynamic programming ap-
proaches.
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Temporal-difference learning essentially is a combination of the aforementioned MC meth-
ods, and specifically incremental MC, with dynamic programming principles blending the ad-
vantages of the two. Like Monte Carlo, it learns directly from raw experience, without requiring
a model of the environment. Like dynamic programming, it updates estimates based on other
learned estimates - a technique known as bootstrapping, which we will discuss in detail below.
This allows TD methods to update value estimates after every step, without waiting for episode
termination. It essentially is a combination of the aforementioned MC methods, and specifically
incremental MC, with dynamic programming principles.

More specifically, let’s remember the Bellman Equation, in equation 2.2, which gives us an
recursive way to express the value function. This principle can also be used to estimate gain G,
by using the value function of the next observed state V (St+-1) as an estimate of the rewards for
the states to come, therefore redacting the need to explicitly count the rewards till the end of an
episode. Of course we do not know the value function and we are currently estimating it, so will
use our current best estimate for the value function, a method called bootstraping. Now, we can
revisit equation 2.23 and write:

V(S) V@) + (re+ V(St+1) V(Sy): (2.25)

This rule, known as the TD(0) update, adjusts the current estimate V (S¢) toward the target
ree1 +  V (St+1). The quantity in parentheses is referred to as the TD error:

t=re+ V(St+1) V(S); (2.26)

which captures the discrepancy between the estimated value of the current state and a boot-
strapped estimate of its return. The TD error serves as a real-time signal for learning - it is
non-zero whenever the current value estimate is inconsistent with observed outcomes.

Like we discussed, Monte Carlo estimators are unbiased, but can have high variance, partic-
ularly in long episodes. By contrast, the TD target is a biased estimator of the true return, as we
our target becomes an estimation of the correct value, but typically has much lower variance, as
it incorporates only immediate feedback and a single value prediction.

TD(0) is therefore more data-efficient and well-suited to online, incremental learning. It is
capable of operating in continuing tasks - where episodes do not naturally terminate - and is
widely used in practical reinforcement learning systems for this reason.

In the following sections, we explore the theoretical basis, convergence properties, and prac-
tical performance of TD(0), and relate it formally to both Monte Carlo and dynamic programming
updates.

Under appropriate conditions, TD(0) is guaranteed to converge to the correct value func-
tion v for a given policy , assuming that each state is visited infinitely often and the learning
rate ¢ is decayed appropriately, such as the Robbins-Monro conditions (Robbins and Monro
[1951], equation 2.24). This convergence was proven by showing that it performs a stochastic
approximation of the Bellman Operator in equation 2.6:

This means TD(0) converges to the fixed point of the Bellman expectation operator, even
when samples are drawn incrementally and independently, meaning that it is in fact a consistent
estimator.

Effectively, what this means is that we have sacrificed bias for low variance and an incre-
mental formulation, without missing on consistency. This elegant compromise positions TD(0)
as a foundational method in reinforcement learning, forming the basis for many extensions, such
as TD( ), Sarsa, and Q-learning, which will be briefly mentioned in the following sections.

One important observation to note is that we do not have to stop at the immediate next state
and its value estimate. Instead, we can extend the update to include the next successive states
and their value functions. This approach is known as TD(3) - a generalization of TD(0) which
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allows for a trade-off between bias and variance. In fact, TD(A) reduces variance by incorporating
more information from future states, though at the cost of increased bias. This method will
become important later, as we work our way to PPO.

2.4.3 From Policy Evaluation to Control

So far we have discussed policy evaluation in the case where we do not have access to the
model of environment, like its transition function and rewards. Now we will use these afore-
mentioned methods to also improve our policy. This is the essence of control in reinforcement
learning: using experience not only to assess the quality of a policy, but to refine it over time.

A central challenge in this process is the trade-off between exploration and exploitation.
Specifically, to maximize reward, an agent must “exploit” actions that it believes to yield high
returns based on past experience. However, in order to be able to discover such rewarding ac-
tions in the first place or to confirm that no better actions exist it must also explore alternatives,
even including those that may initially seem suboptimal. If the agent focuses solely on exploita-
tion, it risks converging prematurely to a suboptimal policy; if it only explores, it may never
accumulate enough reward. Therefore, effective reinforcement learning strategies must strike a
balance, gradually shifting preference toward actions that appear promising, while still occasion-
ally testing others to refine those estimates. This delicate balance is also unique to reinforcement
learning, as it does not arise in supervised or unsupervised learning paradigms where the correct
outputs or objective structures are typically given, and it is directly tied to the active learning
paradigm that is RL, as we discussed in the beginning of this chapter.

In order to proceed, we shift our attention from deterministic to stochastic policies. In a
stochastic policy, each action a 2 A is associated with a probability of being selected given a
state S, formally denoted by (@js). Thus, the policy becomes a probability distribution over
actions for each state, rather than a deterministic mapping (S) = a. This will also shift the
conversation from value functions V (S) to state-action (Q) function Q(S; a), as this is a more
meaningful estimate in this setting for estimating the optimal policy (remember that the value
function is actually the expectation of the Q-function over the available actions in a state).

One of the simplest and most widely used approaches to incorporating exploration into
stochastic policies is the -greedy strategy. This method modifies a deterministic greedy pol-
icy - which always selects the action with the highest estimated value - by occasionally selecting
a random action instead. More formally, under an -greedy policy, the action with the highest

estimated action-value ((S; a) is selected with probability 1~ , while each of the remaining
actions in the action space A is selected uniformly at random with probability /jAj.
(1 + if a (s;a"
— if a = argmax4oq(S;
(ais) = e e e @27)
Al otherwise

This simple adjustment allows the agent to maintain a predominantly greedy behavior, while
still ensuring that all actions are explored infinitely often in the limit. As a result, it avoids
the danger of prematurely settling on suboptimal actions due to incomplete information early
in learning. It also turns out that substituting the deterministic greedy policy in policy iteration
(in the case of given model dynamics) with an -greedy stochastic policy, one can still prove
monotonic improvement of the value function and by extent the policy in each full iteration.

The choice of controls the balance between exploration and exploitation. A higher pro-
motes more exploration, which is especially beneficial during the early phases of learning, while
alower focuses more on exploitation, refining performance once a good policy estimate is es-
tablished. In practice, may also be decayed over time to reflect this shift from exploration to
exploitation.
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With this simple idea for policy improvement, one can obtain a first algorithm for our setting,
utilizing the MC methods for policy evaluation and more specifically incremental MC, seen in
Algorithm 3

Algorithm 3 Monte Carlo Online Control / On Policy Improvement Algorithm
1: Initialize Q(s;a) = 0, N(s;a) = 0 for all (s; a)
2:Set =1, k=1
3: /[ Initialize a policy
4k -greedy(Q)

5: loop
6 /[ Policy Evaluation - Incremental MC
7: Sample k-th episode (Sk:1; @k:1; Mk:1; Sk:2; - : 5 SkeT) given g
8 Gk;t =Tt e + 2rk;t+2 + + T trk;Ti
9: fort=1to T do
10: if (first or every) visit to (S¢; a¢) in episode k then
11: N(sy;a)) N(sgap) +1
12: Q(ssa) QS ar) + jaay Gkt Qs @)
13: end if
14: end for
15: I/l Policy Improvement - -greedy
16k k+1, &
17: K -greedy(Q)
18: end loop

At first glance, although the individual components of the algorithm possess convergence
guarantees, it is not at all obvious that the algorithm as a whole will converge to the true Q-
function. However, convergence can be proven under a specific condition known as GLIE
(Greedy in the Limit with Infinite Exploration) by Singh et al. [2000]. This condition requires
that, as the number of episodes approaches infinity, every state-action pair is explored infinitely
often (infinite exploration) and the policy converges to a greedy policy with respect to the learned
Q-function (greedy in the limit):

lim Nj(s;a) ¥ 1;

e (2.28)
1=n:1L (ajs) ¥ arg max Q(s;a) with probability 1
12

When this criterion is satisfied, Monte Carlo control methods are guaranteed to converge to
the optimal Q-function. This is the reason why we reduce in each iteration, as demonstrated in
line 16 of Algorithm 3.

Now, using the TD(0) policy evaluation method instead of the incremental MC, we get
the State-Action-Reward-next State-next Action algorithm or SARSA (Rummery and Niran-
jan [1994]). This algorithm also requires both the GLIE and the Robbins-Monroe conditions to
converge to the optimal Q* function.

At this point, it is important to distinguish between on-policy and off-policy learning algo-
rithms. On-policy methods improve and evaluate a policy based solely on data collected by
following that same policy. In contrast, off-policy methods allow learning about one policy (the
target policy) while using data generated by another (the behavior policy).

In multi-agent settings, the on-policy constraint becomes particularly significant. This is
because agents are not learning in isolation - their actions may directly or indirectly influence
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the learning dynamics of other concurrently learning agents. In such environments, an agent’s
own behavior policy becomes part of the non-stationary environment as perceived by others.
Consequently, for learning to be stable and well-aligned with the actual dynamics, the behavior
policy must be consistent with the one being evaluated and improved. Off-policy methods, which
rely on data generated by a potentially different policy, can thus become unreliable or unstable or
might just be non-applicable in these scenarios, especially since agents cannot observe the true
policies of others in order to adjust their own policies accordingly.

However, on-policy methods come with a key limitation: they restrict the use of data to
that generated under the current policy. This hinders their data-efficiency, particularly in en-
vironments where data collection is costly or slow. In contrast, off-policy methods have the
advantage of being able to reuse old data, aggregate experience across policies, and even lever-
age data collected from external sources. This property is especially useful in sample-efficient
learning or in offline reinforcement learning settings. For this reason, despite our focus on on-
policy methods as we want to focus in the multi-agent context, we now make a brief detour to
examine an off-policy algorithm: Q-learning, by Watkins and Dayan [1992].

The central innovation in Q-learning lies in how it modifies the SARSA update rule
by replacing the next action value Q(St+1;at+1) with the maximum possible action value
maxa Q(St+1; @). This change reflects a fundamental shift in philosophy: instead of using the
action actually taken under the current (and possibly exploratory) policy, Q-learning directly ap-
proximates the optimal value function Q by assuming that the best possible action will always
be taken from the next state onward.

The reasoning behind this modification stems from the goal of learning the optimal policy
rather than just improving the current one. In SARSA, the value updates are tightly coupled with
the behavior policy: if the agent occasionally takes suboptimal actions for exploration, these
exploratory decisions are propagated into the value function. This might slow down or even
mislead the learning process when the goal is to converge directly to the optimal Q-function. By
contrast, Q-learning enforces a form of greedy bootstrapping - it always assumes the next action
will be the best one available, regardless of what the current behavior policy actually does. This
is what constitutes it an off-policy algorithm, as it can potentially follow a different, exploratory
policy during data collection. The use of the maximum over actions reflects this “optimistic”
assumption and allows Q-learning to make more aggressive progress toward Q , especially in
settings where many suboptimal actions are explored.

Q-learning properties become even more interesting when discussing convergence, as it turns
out that Q-learning with -greedy exploration does not require the GLIE conditions to converge
in the true Q-function. This lies in the fact that it uses the max, which essentially guarantees that
even if one acts completely randomly (infinitely exploration), the Q-function will eventually
converge to the optimal value Q*. However, GLIE conditions are additionally required in order
to guarantee convergence to the optimal policy

2.5 Function Approximation

It is important to note that up to this point, we have been discussing the tabular case, where
the state-action pairs can be explicitly enumerated and a distinct value can be assigned to each
entry in the Q-function and policy. While this assumption simplifies the learning problem and
provides a solid theoretical foundation, it quickly becomes impractical as the cardinality of the
state or action space grows. Consider, for instance, a game like chess: the number of possible
legal board configurations is estimated to be on the order of 10%3 (Allis [1994]), while the num-
ber of possible unique games may exceed 1012° (Shannon [1950]). Maintaining a table with a
distinct entry for every state-action pair in such an astronomical setting is clearly computation-
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ally infeasible. Moreover, the tabular assumption completely breaks down in environments with
continuous state or action spaces - a scenario that is common in real-world applications such as
robotics. These limitations motivate the need for function approximation techniques, which al-
low the generalization of value functions and policies across similar states and actions, enabling
reinforcement learning to scale to high-dimensional or continuous domains.

To overcome the limitations of the tabular setting, reinforcement learning adopts function
approximation techniques, wherein the action-value function Q(s;a) or the policy (a j s) is
approximated using a parameterized function, denoted as Q(s;a;w) or A(aj s; ), respectively.
Here,w 2 R9and 2 RY are vectors of parameters (e.g. weights of a neural network or coeffi-
cients of a linear model) that are updated during learning. This paradigm allows generalization
across similar states and actions and enables learning in environments with large or continuous
state and/or action spaces.

Formally, the approximated action-value function can be expressed as:

As;aw)  Q (s;a); (2.29)

where Q (s;a) is the true action-value function under policy . The learning objective is to
adjust w so that Q(S; a; W) becomes a good predictor of the expected return.

At first, we will begin our analysis assuming that there is an oracle that implements the
true Q-function. That relates to the machine learning notion of realisability, which assumes that
such a function actually exists (unfortunately, that might not always be the case in many real-life
problems, but it is a necessary assumption at this stage).

A fundamental approach to learning the parameters W is through gradient descent. This is a
fundamental iterative method used in optimization for minimizing a differentiable loss function.
Essentially, the goal is to minimize that function, whose value depends on the parameters we want
to optimize. This constitutes an optimization problem, where given a loss L (w) that depends on
parameters W 2 RY, the basic gradient descent algorithm updates the parameters in the direction
of steepest descent, meaning where the gradients are the highest (most negative since we want
to minimize):

Werr =We Py L(Wy); (2.30)

where > 0 is the learning rate or step size. When the full loss function L(wW) is computed as
an average over all training data, the method is referred to as batch gradient descent.

While this approach ensures convergence under certain conditions (e.g., smoothness and
convexity of the loss function), it becomes computationally expensive when applied to large
datasets or environments with continuous interactions. To alleviate this issue, stochastic gradient
descent (SGD) is employed, which has become the standard particularly in deep learning settings
including reinforcement learning and online learning. In SGD, updates are made based on noisy,
unbiased estimates of the gradient by sampling the data in our disposal instead of aggregating
through all of them. Specifically, if L(w) = E [*(w; )], where is a random variable (e.g., a
data sample or environment transition), then the SGD update becomes:

Wir1 =Wt e " (We 1); (2.31)

where ¢ is sampled at time t.FUnder standard ei§§umptions (e.g., bounded gradients, and step
sizes satisfying ¢ ¥ Owith , ¢ = XL and ? < 1), SGD is guaranteed to converge
with high probability to a local minimum for non-convex problems or the global minimum for
convex problems. In practice, it is often used in combination with mini-batch gradient descent,
where the gradient is estimated using an average over a small set of sampled data points rather

than the full dataset.
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In the RL setting specifically, if we assume access to the true value function Q (s;a) (an
oracle assumption), the loss function we aim to minimize becomes:

2
Jw)=E Q (ssa) Q(s;a;w) (2.32)
and its gradient is:

h i
rvJw)= 2E (Q (s;a) Q(siaw))ryQs;a;w) (2.33)

Now, in reality, the true Q is unknown, which brings us back to the algorithms discussed
in the tabular case. By substituting empirical or bootstrapped targets for Q (s;a), and using
stochastic gradient descent instead of incremental updates, we obtain function approximation
counterparts of the tabular update rules:

* Monte Carlo (MC): Use the sampled return G as the target:

w= G Qragw) ryQ(stasw): (2.34)

« SARSA (on-policy TD): Use the TD target r + (s’ a%;w):

w= r+ Q@aiw) Qsaw) ryQesaw): (2.35)
« Q-learning (off-policy TD): Use the TD target r + maxqo Q(s%; a’; w):

W= r+ n;%xé(so;ao;w) As;a;w) rywd(s;a;w): (2.36)

2.5.1 Deep Q-Networks (DQN)

The introduction of Deep Q-Networks (DQNs) by Mnih et al. [2013] marked a major break-
through in reinforcement learning, enabling agents to learn directly from high-dimensional sen-
sory inputs (such as raw pixels) while using powerful nonlinear function approximators like deep
neural networks. Prior to DQN, applying function approximation to Q-learning in complex en-
vironments was known to be highly unstable and often divergent. These issues were particularly
pronounced when combining off-policy learning, bootstrapping, and nonlinear approximators,
sometimes referred to as the “deadly triad” in reinforcement learning.

In particular, traditional Q-learning with function approximation suffered from three key
challenges. Firstly, it was highly unstable, due to correlated inputs of the sequential data (e.g.,
consecutive frames in a game) which lead to highly correlated updates that violated the 1.i.d.
assumptions of SGD. Secondly, the target in Q-learning depends on the same network being
updated, which causes the target to shift during learning (non-stationarity), eventually causing
divergence. Last but not least, the algorithms were very data inefficient, as learning from each
individual transition discards valuable information that could be reused to improve sample effi-
ciency. The use of neural networks only further exaggerated these issues.

To address these challenges, DQN introduced a couple of simple but crucial techniques. The
first was the experience replay, a buffer used to store transitions (s; a; ; s”) observed during in-
teraction (it is also called a replay buffer). During training, mini-batches are uniformly sampled
from this buffer, breaking temporal correlations and improving data efficiency. The other inno-
vation was a separate, periodically updated network Q(s; a;w ) called the target network. This
is used to compute the TD target, thereby stabilizing learning by keeping the target fixed for a
specified number of updates.
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The introduction of DQN marked a monumental advancement in the field of reinforcement
learning. Its performance on the Atari 2600 benchmark suite - where it achieved human-level
control on many games using only raw pixels as input - demonstrated for the first time that deep
reinforcement learning could scale to complex, high-dimensional environments. It established a
versatile and general-purpose algorithm that significantly influenced the development of modern
RL methods. DQN was one of the first algorithms to successfully employ deep neural networks
as function approximators for Q-values, highlighting the critical role of representation learning
in reinforcement learning systems, and solved many problems that arose with their application
like value oscillations. However, arguably the most profound contribution of DQN was its em-
pirical demonstration of the importance of data and data reuse in RL. This was quantitatively
validated through an ablation study, as illustrated in Table 2.1 presented in Mnih et al. [2015],
where the performance of the algorithm improved considerably with each enhancement (notice
that this table also mentions how the use of neural networks further hindered the performance of
Q-learning up to DQN). Among these, the introduction of the experience replay buffer stood out
as the most impactful. By storing and reusing past transitions, experience replay broke the tem-
poral correlations between sequential observations and enabled more sample-efficient learning,
fundamentally altering the performance landscape of off-policy methods.

Game Linear Deep DQN DQN DQN w/ replay
Approx. | Network | w/ fixed Q | w/ replay and fixed Q
Breakout 3.0 3.2 10.2 240.7 316.8
Enduro 62.0 29.1 141.9 831.4 1006.3
River Raid 2346.9 1453.0 2867.7 4102.8 7446.6
Seaquest 656.9 275.8 1003.0 822.6 2894.4
Space Invaders 301.3 302.0 373.2 826.3 1088.9

Table 2.1: Performance scores of five algorithmic variants of DQN evaluated on five Atari
games.

This paradigm of reusing data would later inspire and underpin many subsequent algorithms,
including Proximal Policy Optimization (PPO), which, although on-policy, still benefits from
structured data collection and stabilization strategies reminiscent of experience replay. The latter
will also become relevant when discussing the application of PPO in our simulations.

2.6 Policy Gradient Methods

A very successful, widely used paradigm in RL are the policy gradient methods. In the
previous sections, the idea was to use gradient descent to fit a function that approximates the
Q-function for a problem by minimizing the difference between our estimation and a target, and
then use this Q-function to derive a policy. This refers more to the value iteration paradigm,
which is why the previous methods are categorized as value based. Instead, this paradigm com-
putes directly the gradients for the policy, and therefore directly optimizes for it specifically, so
instead it uses gradient ascent to maximize this policy. This method belongs to a larger family of
methods called policy optimization methods, that attempt to calculate a policy that maximizes
its corresponding value function V , and reflect the RL versions of policy iteration.

To formalize this, let us denote the policy by , parameterized by 2 R". The goal is to
find parameters that maximize the expected return from the initial state So:
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>
V (S0) = (sp:a) (237)

(ajso) g
a
' #
X
=E 'rej so (2.38)
>¢ =0
= P(Cj)IRC) (2.39)

where represents a trajectory, meaning an observed sequence of states, while P () is the
probability of this trajectory and R( ) its cumulative reward (the observed gain). The depen-
dence of V. on is often made explicit as V (Sp; ).

Assuming an episodic Markov Decision Process (MDP), policy gradient methods perform
gradient ascent on V (Sp; ) with respect to the policy parameters:

= r V(so; ); (2.40)

where > 0 is the learning rate and r V (Sp; ) is the gradient of the expected return with
respectto . This quantity is known as the policy gradient. More specifically, the policy gradient
is a vector consisting of partial derivatives of the value function with respect to each policy
parameter:

O@V@gsm )l
r V(So; >=§ : §: (2.41)

@v (so; )

By ascending in the direction of this gradient, policy gradient algorithms seek a local max-
imum of the expected return. In the following sections, we will derive how this gradient can be
expressed in terms of the policy  and show practical algorithms that estimate it from sampled
trajectories.

Using equation 2.39, we can write the policy gradient as:

>
rv ()= P(; )RC)r logP(; ) (2.42)

This reformulation follows from applying ¥ P( ; )=P( ; )r logP( ; ),averycom-
mon method when calculating gradients in the machine learning literature often referred to as the
likelihood ratio trick. It allows us to express the gradient of an expectation as the expectation of
a gradient, which is critical for deriving sample-based estimators used in practice. Since comput-
ing the exact expectation over all trajectories is generally intractable, we approximate the policy
gradient using an empirical estimate from a finite number of sampled trajectories. Let T (i)g?;l
be m trajectories sampled under the current policy . Then, the gradient can be approximated
as:

b ¢ _ _
rv() g:% R( Mr logP( @; ) (2.43)
i=1
b= ¢ _ _
:% R( Dyr log (M) (2.44)
i=1

which is the MC estimate of the policy gradient. Also, this last expression 2.44 uses the score

function, r ., () where the trajectory probability P ( (); ) is written explicitly in terms of
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the policy , assuming the environment’s transition dynamics are independent of and thus do
not contribute to the gradient. This is a crucial insight that allows us to estimate the gradient using
only knowledge of the policy and sampled actions, without needing access to the environment
model. An important insight is also the fact that the reward function R isn’t ; it can therefore be
discontinuous, discrete or even unknown. The last one is particularly important for framework
of RL we have formulated, as the rewards are accumulated by sampling the environment.

While the score function formulation provides an elegant, model-free expression for the
policy gradient, it suffers from high variance as each trajectory () is treated as an atomic unit,
assigning the total return R( M) uniformly to every action taken, regardless of when it was
taken or how good it was locally. This uniform credit assignment ignores the temporal structure
of the decision process. To address this, we exploit the fact that a trajectory is a sequence of
state-action-reward transitions, and thus the log-probability of a trajectory can be decomposed
as (also using the Markov assumption following our MDP formulation):

X _
log ()= log (atjst) (2.45)
t=0
This leads to REINFORCE (Williams [1992]) (Algorithm 7), which attributes the return to
the actions that caused it, time step by time step. The resulting estimator is:

1 XK S
rv() ¢== r log (a"js")cd (2.46)
i=1 t=0
where G,Ei) is the return observed from time step t onward in trajectory i. This formulation
allows for a more fine-grained and causally aligned credit assignment.

Algorithm 4 REINFORCE

1: Initialize policy parameters

2: for each episode do

3 Generate a trajectory = (So; ao; I'o; . :; ST) using policy
4: for each step t in the episode do

5: + r log (at]s)Ge

6 end for
7: end for

At this point, it is worth discussing how the policy ~ is computed through . In practice, the
parameters define a function (S;a; ), which scores or parameterizes the agent’s preferences
for actions given a state. This function is often implemented using a neural network, but it can
be any differentiable function approximator, such as a linear model or a decision tree. The role
of the policy is to map these scores to probabilities over actions.

For discrete action spaces, this is commonly done using the softmax policy:

poxp( (S8 ) |
wexp( (s;8% )’
which defines a smooth distribution over actions that is differentiable with respect to . For
continuous action spaces, a common choice is to model the policy as a Gaussian distribution with
state-dependent mean and (often state-independent) standard deviation:

CHENO)S
2 2

(ajs) = (2.47)

; (2.48)
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where both the mean () and (optionally log of) the standard deviation are the outputs  of
a neural network parameterized by . These policy parameterizations are particularly popular
because they yield closed-form, easily computable gradients of (log) (ajs), Which are essential
for efficient policy optimization.

2.7 Proximal Policy Optimization (PPO)

One of the main drawbacks of REINFORCE lies in its use of Monte Carlo (MC) estimates,
which, as discussed earlier, are characterized by high variance. To mitigate this, the concept
of a baseline b is introduced - a quantity that is subtracted from the return used in the gradient
estimate. This baseline must be dependent only on the state S, so that the policy gradient remains
unbiased (because the expectation of its gradient with respect to  will be zero).

A common and intuitive choice for the baseline is the expected return from a state, i.e. the
value function V (St). The modified policy gradient then becomes:

..X "
rJ()=E r log (agst) (Gt b(sy)) ; (2.49)

t
b(st) =Ea (js)lGtisd =V (so): (2.50)

where b(st) =V (St). This preserves the unbiasedness of the gradient estimate while reducing
its variance.

Alternatively, one may replace G¢ with the action-value function Q (St; at) as the former
is an estimate of the latter. This also underlines a more fundamental result in reinforcement
learning known as the Policy Gradient Theorem, which expresses the policy gradient in terms of
Q (s;a). Equation 2.49 now becomes:

rJ()=E [r log (adsy) (Q (sta) V (s))l: (2.51)

This formulation motivates the definition of the advantage function, which measures how
much better (or worse) an action is compared to the expected value of the state:

A (sta) =Q (spa) V (so): (2.52)

The reasoning behind this subtraction of the baseline is that sampling alone makes it difficult
to assess the absolute quality of a reward. By subtracting a baseline, we shift the focus to whether
the action outperformed or underperformed relative to expectations. This yields lower-variance
gradient estimates resulting in more stable learning. Of course, the question becomes how the
value function V (S) can be estimated. An idea is to train a function approximator like a neural
network, which can be (but not necessarily) independent of the one that approximates the pol-
icy function. This give rise to the family of actor-critic models, which include many popular
algorithms like A2C by Mnih et al. [2016].

While this a step to the right direction, another big problem of policy gradient algorithms is
that they optimize the policy function by changing the , however even a minor change in the
latter can cause a great difference in the policy. The relationship between these two is not gener-
ally known - in fact what the gradient ascent algorithm attempts to do is navigate this unknown
function to find a (at least local) max. This is a common issue in gradient methods, however
because the policy is used to also get the data to perform policy improvement, this leads to great
instability in the RL case and can lead to performance collapse. That results to great sensitivity to
the hyperparamer setup, which is clearly unfavorable and can significantly hinder training times
and robustness.
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In order to solve this problem, we must firstly understand the relationship between two poli-
cies. It can be shown that:

" "
J(H I()=E o 'A (st ar) (2.53)
t=0
_ 1 "@ajs) , .
=1 E, 40 @is) A (s;a) (2.54)

a

P
whered ° = @ ) t:léo P (sy = sj ) is the discounted future state distribution of policy °,

1.e. the probability of visiting state S at time t, averaged over time with exponential discounting
by , when following policy °. Ideally, we would like the right side of this equation to be
dependent only by one of those policies; then, given the current policy, we would know what the
next policy’s expected value would be. While it is positive in that regard that the advantage is
written in respect to the first policy, there is still a dependence from the other one through d( ?).
Turns out we can approximate d( ')  d( ) if the policies are quite close. How close they must
be is defined by the relative policy performance bounds (Achiam et al. [2017]):

1Y) 30)+L (Y cPE S Dol %Ol (2.55)
where
L(D=Esq:.a oA (s3)] (2.56)
S R Y L (2.57)
1 s dia @js) ’ ‘

Essentially, the term L ( °) is known as the surrogate advantage or surrogate objective, and
serves as a first-order approximation of the difference in expected discounted returns J( °)
J( ). This surrogate objective is easier to optimize than the true objective J( ") because it
can be estimated using trajectories sampled from the current policy , without requiring fresh
samples from the new policy °, by using a technique called importance sampling (corresponds
to equation 2.59). Specifically, L ( °) measures the expected improvement of the new policy °
over the current policy , according to the advantage function A (S; a); intuitively, it estimates
how much better (or worse) the actions chosen by ! would perform compared to , under the
state distribution induced by . This is useful in policy optimization because it can be efficiently
estimated from data collected by following . Formally, it is defined as:

L(D=Esdg:.a oA (s;8)]; (2.58)

which can equivalently be rewritten as:

1 '(@js)
0 — . . :
or, more the more practical version:
LA} #
=E L N 2.60
(@ s) (st;at) (2.60)

t=0
Notice that the bound above uses KL-divergence (Kullback and Leibler [1951]) as a notion of

distance between policies, since policies are essentially probability distributions. This is defined
as:
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KL-divergence quantifies the expected difference in information content between two dis-
tributions. Specifically, it measures the extra information, or “surprise”, incurred when samples
from a true distribution P are encoded using a model or code optimized for a reference distribu-
tion Q. In this sense, the KL-divergence expresses how one distribution diverges from another
and provides an intuitive notion of “distance” in the space of probability distributions: the greater
the divergence, the more information is lost when substituting Q for P. A KL-divergence of zero
indicates that the distributions are identical, while higher values indicate greater discrepancy.
It is important to note, however, that KL-divergence is not a distance in the strict mathemati-
cal sense (it is not symmetric (Dk [PkQ] & Dk [QkP] in general) and does not satisfy the
triangle inequality, both of which are required properties for a true metric). Nevertheless, KL-
divergence possesses several practical properties that make it the premier choice for comparing
probability distributions in machine learning and statistics, as it is straightforward to compute,
it is differentiable with respect to its arguments and is rooted in information theory, providing
direct interpretability.

What equation 2.55 essentially dictates is that the improvement in expected return from
switching from policy ~to a new policy ° can be bounded and controlled by a tractable surro-
gate objective L (), along with a penalty term that depends on how different the two policies
are (typically measured by the KL divergence). This means that, as long as the new policy does
not deviate too much from the current policy, maximizing the surrogate objective leads to real
improvement in the true return. This is the basis for the wide class of policy optimization algo-
rithms, which use the surrogate advantage to guide policy updates while explicitly limiting the
divergence between successive policies. In practice, this approach ensures stable learning and
monotonic policy improvement by preventing drastic, destabilizing changes to the policy in a
single update step.

This idea has been central in many policy gradient algorithms. One can constraint the KL
divergence to remain within specific values called trust regions, and this is the idea behind Trust
Region Policy Optimization (TRPO) by Schulman et al. [2015]. This process, while it guarantees
monotonic improvement, is rather complex and slow in practice. A more practical approach
would be to relax the hard constraint on the KL divergence and instead directly limit large updates
by disallowing them. This way, we ensure that the policies remain within a sufficient margin
as dictated by equation 2.55, while avoiding any complex calculations. This is what brings
us to the most common algorithm of this class, known as the Proximal Policy Optimization
algorithm, or PPO. The most common approach is the one that uses clipping to restrict the policy
from changing too much and increasing the bound of equation 2.55. More specifically, the loss
function in the PPO objective can be written as:

(2.61)

LCMP () = E¢[min (re( )Ag clip(re( );1 1+ )AY] (2.62)

where 2 [0; 1] is a hyperparameter that determines how far the new policy is allowed to deviate
from the old policy in each update. A smaller value of enforces more conservative updates,
while a larger value allows for greater policy changes. Figure 2.2 illustrates how the clipping

mechanism in PPO constrains policy updates to ensure stable learning. The x-axis in each plot
(ajs)
o1 (@S)°
the new policy is to choose action a in state S compared to the old policy. The y-axis shows
the value of the clipped surrogate objective LP. The left plot corresponds to cases where the
advantage A > 0, indicating that action a is better than the policy’s average action. In this case,

increasing I improves the objective up to a threshold at 1+ | after which the objective is clipped

represents the probability ratio r = which quantifies how much more (or less) likely
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Figure 2.2: Illustration of the PPO clipped surrogate objective as a function of the probability
ratio r = (?52).
until it reachélé1 the threshold at 1+ , after which it is clipped and remains constant. Right: When
the advantage A < 0, the objective decreases linearly with r until the thresholdat1  , beyond
which it is clipped and remains constant. The red dot indicates a typical sample update. This
clipping mechanism ensures that policy updates do not become excessively large, stabilizing
training by preventing the policy from making overly aggressive changes in response to outlier
advantages.

Left: When the advantage A > 0, the objective increases linearly with r

and remains flat. This prevents the new policy from becoming excessively more likely to select
a particular action, thus avoiding large, destabilizing updates. The right plot shows the scenario
where A < 0, meaning action a is worse than average. Here, decreasing r improves the objective
until the threshold at 1 ; beyond this point, further reduction in r is not rewarded, again due
to clipping. The red dots in both plots represent typical sample updates: when these updates
are within the unclipped region, the objective responds linearly, but once they reach the clipping
boundary, the objective no longer increases or decreases. Overall, this mechanism ensures that
each policy update is kept within a trust region, limiting the risk of sudden, destructive changes
to the policy and promoting steady, reliable improvement.

In general, any method for calculating the advantage is permissible in the PPO framework.
However, the most common by far is the Generalized Advantage Estimator (GAE). Below is the
equation:

K
APMFC) =7 (2.63)
1=0

where ¢ = r¢+ V (s+1) V (Sp)isthe temporal difference (TD) residual attimetand 2 [0; 1]
is a hyperparameter, trading off bias and variance - lower values of make the estimator resemble
the one-step temporal difference (TD) advantage, resulting in lower variance but higher bias,
while higher values approach the unbiased Monte Carlo estimator, which has higher variance.
Delving deeper into this, the GAE formulation is closely related to the TD( ) algorithm from
section 2.4.2, as both use exponentially-weighted averages of multi-step temporal difference
errors. In particular, GAE computes a weighted sum of TD residuals across different time steps,
using powers of  as weights, just as TD( ) does for value estimation. This approach allows
GAE to capture longer-term dependencies in returns while controlling the amount of variance
introduced by the estimator, resulting in more stable and efficient policy updates. In other words,
it is a more sophisticated version of TD( ).

There is one last aspect of PPO we haven’t discussed yet that has to do with exploration.
Clearly, the use of -greedy policies are not in accordance with the highly sophisticated nature
of PPO. Instead, the idea is to use entropy regularization. Entropy regularization encourages
the policy to maintain a certain level of randomness in its action selection, which helps prevent
premature convergence to suboptimal deterministic policies and promotes sufficient exploration
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of the environment. In practice, this is achieved by adding an entropy bonus to the loss function,
typically in the form of the expected entropy of the policy’s action distribution at each state. The
entropy objective is defined as:

LEroryY( ) = B¢ [H( ( i s, (2.64)
X
=Et (@js)log (ajst) (2.65)

where H( (' j St)) denotes the entropy of the policy at state S¢. Specifically, the entropy of a
probability distribution can be measure of its randomness or unpredictability. In the context of
reinforcement learning, a policy with higher entropy selects actions more randomly, while a low-
entropy policy tends to be deterministic. By adding an entropy bonus to the PPO objective, we
explicitly reward the agent for maintaining uncertainty in its action choices. This discourages
the policy from collapsing too quickly to a single, potentially suboptimal action and instead
encourages it to keep exploring alternative actions.

Adding the critic’s objective (value function loss) to the PPO loss function we have the final
equation:

LPPO( ) — LCLIP( ) +C; LVF( ) o LEntropy (266)

where

2 2
LYF()=E¢ max V (sp) Vttarget ; clip(V (s V  (st) iV (s + ) Vttarget

(2.67)
is the value function loss, and €1 and C, are coefficients controlling the relative importance of
the value function and entropy terms, respectively. Notice that we use the clipping mechanism
in the critic’s objective as well; this is indeed the case for some practical PPO implementations,
however it is worth noting that this can be omitted, either by not implementing the clipping
or by setting a large enough value of . The negative sign in the entropy loss indicates that
higher entropy, i.e. randomness, increases the total objective and is therefore desirable. By
appropriately tuning €, we can encourage the policy to explore more or less, depending on
the needs of the environment. We normally decay this term, in order to eventually decrease
exploration as we collect more data, which also leans towards the GLIE conditions.

There are a few practical notions we must mention at this point. First of all, the main approach
to training PPO is through stochastic gradient descent (SGD), which uses a subset of the collected
data during the descent by sampling them, which improves speed. Thanks to PPO’s conservative
policy updates, we can repeat this process several times within an update, as the successive
policy changes do not deviate much and we can reuse the data gathered with the original policy,
significantly increasing sample efficiency in a manner resembling the replay buffer of DQN. It
is also very common to have a single neural network for both actor and critic (although with
different heads, i.e. the last (output) layer of the network), as it facilitates scaling - this is called
parameter sharing.

PPO has many advantages. The first and most important one is that is helps solve the issue
of sensitivity to hyperparameters that most RL algorithms suffer from. Because this algorithm
is so resilient by making small updates when needed, performance collapse has been drastically
limited and so virtually any (within limits) hyperparameter setup will yield satisfactory results.
This highlights its robustness, stability and generality. Another advantage is that it can be used
with both continuous and discrete action spaces, while other algorithms, like DQN for instance,
work only with discrete ones. Finally, it is an on-policy algorithm, making it generally suitable
for the MARL setting. We will see how PPO is applied there in the next chapter.
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PPO is arguably the most influential RL algorithm to this date. It was used in Ouyang et al.
[2022], together with inverse RL, to finetune ChatGPT 3, the revolutionary model that lead to the
recent explosion in Al, through a process called Reinforcement Learning from Human Feedback,
or RLHF . Although since then many alternatives have been employed that are often completely
independent of PPO, it actually remains relevant to this day through its variations, with the exam-
ple of GRPO (Shao et al. [2024]) being used through RLHF to finetune the Deepseek V3 models
that made the headlines most recently.
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Chapter 3

Multi-Agent Reinforcement Learning
(MARL)

3.1 Introduction

Having discussed both concepts of Multi-Agent systems and Reinforcement Learning in
the chapters before, we are now positioned to examine the field of Multi-Agent Reinforcement
Learning, or MARL. The premise is quite simple: it involves any setting where multiple agents
interact and through these interactions with the other agents and the environment they learn to
maximize their objectives. However, it should be evident that such systems are in general very
complex and therefore hard to analyze and design algorithms for. Indeed, while it is a field
that is increasingly getting traction, due to AI’s and more specifically single-agent RL’s recent
success in many areas (Mnih et al. [2015], Silver et al. [2016]) that have many natural multi-
agent extensions and applications, there exist many open problems and therefore a lot of ground
for research (Zhang et al. [2021]).

To examine the complications that arise with MARL we can first think that, in general, each
MARL setting can be reduced in many single-agent RL problems, since from one agent’s per-
spective the other agents are part of its environment. However this approach by itself introduces
a great deal of complexity, as now the environment becomes non-stationary, meaning that the
transition probabilities and perhaps the reward function as well change over time, as a result of
the learning process of the other agents. The agents continuously adapt in each others’ policies,
changing their behaviors, and since they are part of the environment, they constantly affect the
state transition probability distribution. This directly contradicts many foundational assumptions
made in the single-agent RL case, as seen in Chapter 2. But non-stationarity, while an impor-
tant complication, can still be present in the single-agent setting, so arguably methods could be
developed in that setting and then be extended in the MARL setting. However, the issue with
that now is that an agent’s learning process affects how the transition probabilities will change,
and the way this happens has to do with the analysis of multi-agent interactions. To understand
this in a deeper level, we can say that the agents do not only have a learning aspect, but also a
teaching one, as the policy changes in the other agent are also affecting the learning process of
the agent in question.

Another issue with MARL is that there is a disassociation between an agent’s reward func-
tion and their actions. This is because an agent might receive a good reward, not because of
an action they made, but because of an action other agents did. This is especially common in
the collaborative settings, where the reward is shared; an agent might be employing a very good
policy, but because their fellow agents underperform, they receive underwhelming rewards, and
vice versa, they might have adopted a suboptimal policy but achieve great rewards because of
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the other agents’ contributions. This is generally referred to as the credit assignment problem
(Huh and Mohapatra [2023]), which, while present in the single-agent case too, it is really ex-
acerbated in the multi-agent case. We will discuss this problem extensively when presenting the
experiments’ results.

A most troubling issue is also that the notion of convergence is obscured in these settings.
In the stationary, single-agent scenario, theoretical convergence guarantee to the optimal policy
is a very natural prerequisite to expect from RL algorithms. Of course, as seen in the previous
chapter, this might not really be necessary, as empirical evidence of convergence or outstanding
performance against benchmarks might be more significant in practice, nevertheless it remains
a viable goal that a good algorithm should aim at. However, the notion of an optimal policy
becomes complicated in MARL. To understand why, we need to recall the equilibrium notions
from multi-agent frameworks like game theory. First of all, such notions are usually existential
and there is no guarantee that the system will actually converge to them organically, through its
dynamics, while it would be computationally hard to find these, even in less complicated settings
(Daskalakis et al. [2009]). That means there is not only no guarantee that converging into an
equilibrium organically through learning by past interactions is possible, but rather that is quite
improbable. Additionally, in section 1.2.3 we discussed that even in repeated games, the number
of such equilibria is infinite, even when we only consider stationary strategies. Therefore, even
if the algorithms did converged to an equilibrium (likely a local -Nash equilibrium), it would
be very hard to determine if such an outcome is more favorable against other ones; let alone
optimal. Furthermore, we saw that a universally optimal strategy against all agent types might
be impossible; that means that the algorithms would be successful even if they managed to find
a best response to a stationary strategy that the other agents employ. In general, the notion of
optimality regarding the learning process is rendered not meaningful, as it not only depends on
the actions that the agent is taking, but also on the actions of the other agents as well. This makes
the theoretical study of MARL quite hard.

Last but not least, scalability becomes in important issue in MARL settings. Sample effi-
ciency and fast processing are already a problem in the single-agent setting. Now we are con-
sidering arbitrary amounts of (possibly independent) learning agents, in a noisy, non-stationary
environment. It shouldn’t be surprising therefore that scaling is an important and quite problem-
atic aspect of MARL.

In spite of these limitations, however, MARL has a broad range of applications. Shoham
et al. [2007] proposes three main areas of focus. The first one is the computational one: this
refers to scenarios where MARL is used to compute solution concepts for instances of games, in
the game theoretical sense. Indeed, MARL offers a very natural approach of calculating Nash
equilibria for example, since as agents learn to maximize their individual rewards, convergence
to a stationary strategy by all agents would in fact correspond to an NE. Another example would
be to compute a best response to a stationary strategy in repeated game. Often, these MARL
methods can be more efficient than traditional methods (Albrecht et al. [2024]). Of course, this
in direct contrast with the problem of convergence we discussed above, however this is rather
very limited and specific application, where usually full knowledge of the game is assumed, and
thus it is not the general case; it is an exception rather than the rule.

A second view would be the descriptive one, often encountered in social sciences, behavioral
economics or evolutionary biology. This asks how learning happens in real-life multi-agent sce-
narios, by experimentally showing that an observed behavior by the agents can naturally emerge
in such a system through learning from their interactions. Essentially, the researchers model the
learning dynamics of the participating agents and their environment (the closer the resemblance
to the real setting, the more trustworthy the results, a property referred to as realism) and ideally
the simulation converges to a strategy profile that matches the one observed in the real system
(or perhaps make predictions about where a system might end up into). The analysis in that case
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isn’t necessarily restricted to Nash equilibria, as their computational intractability renders them
rare to observe naturally, but might rather focus on correlated equilibria (usually the correlating
device is the past observations) or even convergence to a state with interesting properties.

The last case, and the one that is the closest to the approach we use in this thesis, is the
prescriptive one, (although we will also discuss certain aspects that refer more to the descrip-
tive narrative). This focuses on how agents should learn instead, so as to achieve an objective.
Examples of this would be designing self-driving algorithms, multi-robot collaboration, drone
navigation etc. In Shoham and Leyton-Brown [2009] they suggest to design algorithms that
ensure that the performance of the agents meets one or more of the following criteria: safety,
where the algorithms must guarantee to achieve a reward of at least their maxmin value, ratio-
nality, which means that the agents must be able to adopt a best-response when they encounter
stationary strategies, and no-regret, where essentially the agents must achieve a reward against
all possible strategies adopted by the other agents at least as good as playing any pure strategy.
These constraints can often be relaxed to be more practical; for instance, one could limit the
strategies the other agents can adopt in the no-regret case.

There are three main paradigms under which MARL algoritms are classified: Centralized
Training & Execution (CTE), Decentralized Training & Execution (DTE) and Centralized Train-
ing & Decentralized Execution (CTDE). In the following sections, we will explore what each
refers to and mention which settings each apply.

3.2 Centralized Training & Execution (CTE)

In Centralized Training & Execution, or CTE (Amato [2024a]), learning takes place in a
central manner, meaning that the observations collected by the agents are being processed by a
central controller that learns a single policy that encompasses all agents. In other words, infor-
mation is not private, but rather shared among all agents, and the agents’ actions are dictated
by a single, unified policy, which is improved based on the collective experience of the agents.
In this paradigm, therefore, the different agents can actually be replaced by a single entity, that
acts through them by selecting an action for each, so essentially that is a single-agent scenario.
More specifically, the framework that best describes this are the Multi-agent MDPs (MMDPs) or
more generally Multi-agent POMDPs (MPOMDPs), as seen in section 1.3. This means that al-
gorithms that are based on this paradigm find application on the cooperative settings only, where
the reward is shared among the agents.

Such methods have some important advantages in such settings. First and foremost, they
implicitly allow for coordination among the agents, to optimize their collective performance and
maximized their collective goal. That allows for a great boost in performance when the existence
of a centralized controller is applicable. Another key aspect of these algorithms is that they are
very sample efficient, as every bit of information collected by each agent is being used to train
a single policy. However there are also important drawbacks in such methods, the most impor-
tant being the curse of dimensionality. Where in the single-agent case an agent might have jA]
actions to choose from, here the action space becomes exponential, jAj", where n is the number
of agents, and the same holds true for the different states of the environment. That overly com-
plicates the search space of these algorithms, scalability and computational tractability become
a big issue there.

On the upside, in principle there are no differences between the multi-agent scenario and a
single-agent scenario where the search space is equally large. That means that any algorithms
developed to tackle problems of astronomically large search spaces can be applied in this setting;
using methods like Monte-Carlo Tree search. Although this has not been discussed in the RL
chapter, it was a central component in the AlphaGo breakthough by Silver etal. [2016]. Similarly,
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the issue there was that the action and state spaces were very large, significanlty larger than chess
and prior to this breakthrough there was doubt of whether this problem could even be tackled
in fact, it led to the AlphaStar model by Vinyals et al. [2019] that can loosely be seen as a CTE
extension of that algorithm in the game Starcraft 2. In general, any single agent RL algorithm,
like DQN and PPO, can easily be modified and applied to this setting, by setting the state and
action space to be the joint vector of the corresponding spaces of the individual agents.

In general, CTE methods are very efficient in the cooperative setting, when a central con-
troller is viable in the problem we are trying to solve, as the advantage of allowing the agents to
fully coordinate to achieve their common goal is a very important one. However, usually multi-
agent systems are decentralized, and transferring information between agents can be expensive
or even impossible. In that case, limiting the role of the central component (through CTDE) or
rejecting it entirely (DTE) is the more practical approach. Also, it is strictly restrained to cooper-
ative settings, so it does not cover as wide a range of applications as the other paradigms, as we
will see in the next sections. For these reasons, CTE will not be further explored in this thesis.

3.3 Decentralized Training & Execution (DTE)

Decentralized Training & Execution, or DTE (Amato [2024a]), is the direct opposite of the
CTE paradigm: all learning and information collection happens independently for each agent,
in a completely decentralized manner. This is the most flexible paradigm of the three, naturally
applied to many situations, as it can address either cooperative (where they are usually described
through Dec-POMDPs), competitive (usually in the form of repeated zero-sum games), or mixed
(in this case, they are formulated using the most general class of POSGs) settings.

The most dominant way to use DTE is through interdependent learning, where each agent
has their own function approximator (i.e. neural network), their own observations/ actions/ re-
wards and optimizes their approximator based on that. In that sense, any single-agent Rl al-
gorithm (like PPO) can be utilized as a DTE MARL algorithm, by deploying one instance per
agent. This corresponds to the assumption described in the first section of this chapter, where
each agent treats the others as part of their environment. We already discussed why this is prob-
lematic, however in practice many of these algorithms perform quite well; in fact, there are cases
where they outperform more sophisticated methods (Yu et al. [2022]), a rather counter-intuitive
result, as the latter use more data to train their policies. DTE also emerges naturally when indi-
vidual RL agents are deployed in the same environment; imagine a transportation network full
of autonomous vehicles, operated by different companies. A problem in this situation would be
to design robust DTE algorithms that can operate in an environment shared by multiple entities,
or, closer to the topic of this thesis, designing a traffic mechanism (red lights, traffic rules, trans-
portation infrastructure, even an intelligent, centralized software that chooses the routes for each
individual entity) that ensures safety and order in such a volatile system and perhaps maximizing
traveling efficiency by reducing driving times, fuel consumption etc. In that case, treating each
agent as an environment variable can even be seen as an advantage, as it can naturally model
even human-controlled vehicles that way. In any case, the main takeaway is that DTE is often
the only applicable paradigm.

The convergence properties of DTE algorithms are of particular interest. More specifically,
value-based methods (like Independent Q-learning (IQL) by Tan [1993] and Independent DQN
(IDQN) by Lee et al. [2022] (which are precisely the Q-learning and (usually recurrent, to account
for partial observability) DQN algorithms seen in Chapter 2 applied across multiple agents) have
weak convergence properties, due to the non-stationarity of the environment, and they can be
shown not to converge in certain scenarios (Tan [1993]), while their convergence properties are
still not well understood (Hussain et al. [2023]). In fact, even if they converge to the optimal

87



value function, they might still perform suboptimal actions (Claus and Boutilier [1998]). That is
in contrast to the policy gradient methods (like Independent Actor-Critic (IAC) or Independent
PPO (IPPO), where there exist local convergence guarantees (Amato [2024a]). In fact, [PPO in
particular has been empirically shown in Yu et al. [2022] to outperform many more sophisticated
algorithms tailored specifically for the MARL case, including its CTDE equivalent in certain
benchmarks.

3.4 Centralized Training & Decentralized Execution
(CTDE)

Undoubtedly the most common MARL paradigm, Centralized Training & Decentralized
Execution, or CTDE (Amato [2024b]), refers to the setting where there is a central component
during training, exploiting the data collected by all agents to optimize the learning process, but
the deployment happens in a decentralized manner. In other words, each agent has their own
observations and based on those and those alone they make decisions regarding their actions,
in contrast to CTE, but their policies are actually being optimized using the joint data from all
agents, which in turn contrasts DTE. Essentially, it attempts to combine the advantages of CTE,
namely its sample efficiency, with the generality of the DTE framework. Indeed, CTDE can
extend beside the cooperative/Dec-POMDP setting, to even mixed settings, described by POSGs.
A point that requires attention in the latter is that, when CTDE is applied to mixed settings,
one must carefully consider how centralized training interacts with the presence of competing
interests, as this can introduce unique challenges like bias in favor of the interests of specific
agents, leading to suboptimal results.

Here, the extension from single-agent RL algorithms is not as obvious as in the other cases. In
fact, many of these algorithms are uniquely defined in the CTDE setting. We will briefly mention
some of the most prominent, before examining the algorithm of interest in this thesis, which is
PPO. Beginning with value-based methods, a foundational example is the Value Decomposition
Network (VDN) by Sunehag et al. [2018], which tackles the scalability challenge in cooperative
multi-agent tasks by decomposing the joint action-value function into a simple sum of individual
agent value functions. In other words, each agent learns its own value function independently,
and these are aggregated during training to approximate the team’s total value. This is a linear
decomposition, however, and it can be limiting in environments where agent interactions are
highly non-linear. To address this, QMIX by Rashid et al. [2018] introduces a more flexible
factorization. In QMIX, individual agent value functions are combined through a neural network,
called the mixing network, with learned, state-dependent weights. The network is constrained to
preserve monotonicity, ensuring that increasing an agent’s value cannot decrease the total value,
which guarantees consistency between decentralized policies and centralized training objectives.
This approach enables QMIX to capture more complex interdependencies between agents while
still allowing for decentralized execution.

Regarding policy gradient methods, the policy gradient theorem was extended by Zhang
et al. [2018] to the multi-agent case, forming the theoretical backbone for a variety of actor-critic
approaches. A representative example is COMA (Counterfactual Multi-Agent Policy Gradients)
by Foerster et al. [2018], which directly addresses the credit assignment problem by using a cen-
tralized critic to compute a counterfactual baseline for each agent. This baseline is constructed
by marginalizing over the actions of the selected agent, allowing the policy gradient to accurately
reflect each agent’s contribution to the overall reward and thereby improving learning in coop-
erative tasks. In general, a centralized critic is very common in actor-critic MARL algorithms,
as it allows compounding the experience across all agent to improve sample-efficiency, while
allowing the actor to be independent so as to allow for decentralized execution.
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A general theme can be observed that most of these algorithms refer to the cooperative set-
ting. It is true that most of the research in MARL is focused more on the Dec-POMDP formula-
tion, as this is the most natural extension from the single-agent MDP in the RL literature. That
being said, most of those algorithms can be used in mixed settings as well, and they have even
been employed in fully competitive settings. There are however specialized algorithms for the
competitive cases, using this time ideas from game theory. Notable examples include extensions
of value-based methods, such as Minimax-Q learning, which adapts Q-learning to adversarial
scenarios by updating action values according to the minimax principle. Similarly, policy gradi-
ent and actor-critic methods have been extended to competitive domains; algorithms like Nash
DQON and multi-agent actor-critic approaches have been proposed to explicitly account for op-
ponent strategies and equilibrium computation. However, for the strict competitive setting in
the sense of zero-sum game, the usual approach is to train a single-agent RL algorithm, through
a process called self-play, where the agent plays against its copy. This has been used in many
groundbreaking approaches, including AlphaGo (Silver et al. [2016]), and has many advantages.
Think of training against an opponent that is superior. Then, the vast majority of games would
end in loss for our algorithm, so it wouldn’t be able to learn what works and what doesn’t, as
every strategy essentially wouldn’t work, leading to the algorithm’s performance being stuck.
Conversely, if the algorithm was better than its opponent, it would constantly win and therefore
wouldn’t know how to improve; it wouldn’t even realize that it must improve. Only against an
equally matched opponent the win/loss ratio becomes roughly 1 to 1, so this is where it can draw
more information on how to improve; and as it improves, its opponent (which is itself) becomes
even better and this process continues to build up towards a better algorithm. This is one of the
main reasons why self-play has become the standard for training in adversarial settings. How-
ever, this departs from the MARL framework we are discussing, so it should act as merely a
sidenote.

With this overview in place, we now proceed to discuss how Proximal Policy Optimization
(PPO), originally introduced for single-agent RL, can be adapted for use in multi-agent envi-
ronments under the CTDE paradigm. This adaptation is known as Multi-Agent Proximal Policy
Optimization(MAPPO), by Yu et al. [2022]. MAPPO leverages a centralized value function
(critic) during training, which has access to the observations and actions of all agents. This cen-
tralized training allows the critic to provide more informative and stable value estimates, even in
the presence of non-stationarity arising from simultaneously learning agents. During execution,
however, each agent acts independently, using only its own local observations. What makes
MAPPO stand out is that instead of computing the gradients for each agent independently, it
computes the joint gradients, as seen in the equations below:

LYAPPO( ) = E¢ min r{( )Ag clip(ri( i);1 1+ )Aq 3.1)
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where the variables in bold correspond to vertices containing the joint quantities of all agents.
Essentially, the centralized component of the MAPPO algorithms attempts to improve the policy
across all agents in an update, maximally. In that, observations collected from all agents is used
to update the actor and critic parameters of each agent. Naturally, during execution each agent
acts according to their own observations, being a CTDE approach.

In contrast to MAPPO, Independent Proximal Policy Optimization (IPPQO) adopts a purely
decentralized approach. In IPPO, each agent independently learns its own policy and value func-
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tion using only its own local observations and rewards, without any access to global state infor-
mation or centralized training signals. The learning objective for each agent retains the same
form as in standard PPO:

LIPPO( ) = Ey min ri( DAL clip(ri( i);1 1+ )AL ; (3.3)
h . 2
: . old /i . old f4i target;i 2 1
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where r{( i) = is the probability ratio and A{ is the advantage estimate, both

ola (atjoy)
based solely on agent i’s data. While IPPO is straightforward to implement and highly scalable,
it may suffer in environments where coordination or awareness of other agents is beneficial, as
it does not address the non-stationarity caused by simultaneously learning agents.

Notice that IPPO does not necessarily restrict us from using the same neural network for
all agents; the gradients are computed independently, but they could effectively share the same
network. MAPPO, in contrast, would produce gradients based on the joint advantages and value
function estimations, which are generally different. This would correspond to the CTDE version
of IPPO, as there is a centralized component during training. In general, this distinction is not
made clear in the literature, and so we will refer to the CTDE IPPO as IPPO and the DTE IPPO
as Dec-IPPO. This distinction is crucial, as it will form the basis of the simulations.

It turns out that PPO’s multi-agent extensions perform quite well in MARL as well. In Yu
et al. [2022], they show that they overperform most MARL algorithms, and they even discuss
how each hyperparameter affects its performance. One very desirable property of PPO, espe-
cially in the turbulent multi-agent setting, is its insensitivity to the hyperparameter setup and
its out-of-the-box usage. As they highlight in that paper, setting up the hyperparameters in the
ranges they describe seems to generally work for a vast variety of benchmarks. These are essen-
tially the reasons why we use PPO in this thesis (this was also the algorithm chosen by the initial
Social Environment Design paper by Zhang et al. [2024], although they likely also chose PPO
following the same rational).
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Chapter 4

Dynamic Social Environment Design

4.1 Introduction

Despite significant progress in the theory and practice of multi-agent reinforcement learning
(MARL), as discussed in the previous chapter, the challenge of reliably achieving desirable col-
lective outcomes remains profoundly unsolved. In practice, this means that even highly capable
learning algorithms may converge to inefficient, unfair, or otherwise undesirable equilibria if
the underlying rules, incentives, or information structure of the environment are poorly aligned
with collective goals. Even in human societies, with thousands of years of history and experi-
ence in governance and social organization, there is a persistent struggle to establish social rules,
institutions, and incentives that consistently deliver an optimal social organization scheme, one
that ensures social welfare, fairness, or stability. This serves to illustrate just how complex and
persistent this problem is.

This fundamental difficulty becomes evident even in the single-agent reinforcement learning
(RL) scenario. Defining an appropriate reward function in many cases is far from trivial; while
methods such as inverse RL, preference-based optimization, or learning from human feedback
have been developed to help align agent behavior with designer intent, they often fail to capture
the true objectives or values underlying a task. As a result, RL agents frequently discover and
exploit loopholes in the specified reward function, converging to policies that maximize reward
according to the formal definition but fail to achieve the actual goals envisioned by the designer.
This phenomenon, known as reward hacking (Krakovna et al. [2020]), is widely recognized in the
RL literature and represents a critical failure point, with significant implications for the safety and
trustworthiness of the training and deployment of RL systems. The broader issue here is one of
Al alignment: the question of how to design learning algorithms that reliably act in accordance
with human values and intentions, even when those values are difficult to specify formally or
are embedded within complex, dynamic environments (Wiener [1960]). Reward hacking is, in
effect, a misalignment between the formal objective and the underlying intent, and as Al systems
become more autonomous and widely deployed - especially in mixed human-AlI settings - the
risk and consequences of misalignment grow accordingly.

These challenges are only further exacerbated in the multi-agent setting. Here, the environ-
ment is inherently non-stationary, as each agent must adapt not only to a changing environment
but also to the learning and adaptation of other agents. Coordination, cooperation, competition,
and the emergence of complex social dynamics make the design of effective and robust envi-
ronments vastly more difficult than in the single-agent case. One natural approach in addressing
these challenges is to tend to game theory, and in particular, mechanism design, as outlined in
section 1.6. For reference, mechanism design seeks to construct rules or incentive structures such
that rational, self-interested agents are motivated to act in ways that produce desirable collective
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outcomes. However, classical mechanism design faces several significant limitations. First, its
mathematical formulations and computational methods often become intractable even in static,
one-shot settings with relatively small numbers of agents. Second, mechanism design general-
izes poorly to dynamic environments, such as those modeled by Partially Observable Stochastic
Games (POSGs), where agents interact repeatedly, adapt strategies over time, and must contend
with uncertainty and incomplete information. Another aspect is that mechanism design is funda-
mentally detached from the learning process itself. Its primary focus is on ensuring that agents
have no incentive to deviate from prescribed strategies (i.e., incentive compatibility), rather than
supporting agents in the discovery or learning of optimal policies through exploration. This focus
might effectively restrict agents’ search and limit the ability of the system to find genuinely op-
timal or adaptive solutions, especially during the learning process. In dynamic, learning-driven
environments, this detachment from learning can become a critical bottleneck, and is a point that
will be explored further in this thesis.

These shortcomings highlight the need for a multi-agent framework that is both general and
robust, as well as adaptable to the complexities of real-world systems. This is precisely where
the framework of Social Environment Design (SED) by Zhang et al. [2024] becomes relevant.
Specifically, focusing on the environment design (Zhang and Basar [2018]) aspect, this can be
viewed as a broad generalization of classical mechanism design: rather than restricting attention
to a narrow class of mechanisms or incentive structures, environment design considers a much
wider range of modifiable environment parameters. The central question then becomes how to
systematically design or adapt these environmental variables so that populations of interacting,
learning agents will reliably converge to outcomes that are optimal according to well-defined
objectives. But what distinguishes SED from this is its explicit focus on the social aspect of en-
vironment design. In this framework, agents are not merely passive “recipients” of the produced
environment; instead, they actively participate in determining the high-level objective that the
environment should pursue. Concretely, SED operates as an iterative process: agents interact
within a parameterized, partially observable stochastic game (POSG), and after a given period
or number of episodes, agents are given the opportunity to express their preferences by voting
over a set of possible social welfare objectives. Based on the aggregated preferences, the envi-
ronment designer, which will be referred to as the principal, updates the environment parameters
to better align with the chosen objective. The agents then continue to interact and adapt within
the newly designed environment, and this cycle of voting, environment adaptation, and learning
repeats over time.

This social feedback loop not only allows the environment to adapt dynamically to the evolv-
ing preferences and behaviors of the agent population, but also provides a principled approach
for aligning environment design with the collective values and goals of the system participants.
In this way, SED offers a scalable and flexible framework for robust multi-agent coordination
and governance, bridging the gap between mechanism design, MARL, and the broader chal-
lenges of alignment and adaptation in complex socio-technical systems. It also acts as model
for many real-life economies, and therefore it can be potentially highly practical. An even more
interesting approach that this framework allows (and in fact promotes) is that the principal can
be a learning agent too. This means that the mechanism can learn what the agents truly need and
be very adaptable in such dynamic settings.

The SED framework will be presented in detail in the next section. In general, this framework
is very general, highly adaptable and relevant in many situations; after all, the aim of Zhang et al.
[2024] that introduced this framework, was to justify why this framework is worth investigating.
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4.1.1 Thesis Contributions

The main contribution of this thesis is precisely to provide empirical evidence that supports
the authors claim. More specifically, while an experimental setup is proposed in the paper, no
results where included, as the authors deemed that this lied outside of the scope of that arti-
cle. Another issue was that the voting scheme they proposed in these simulations removed the
dynamic component of the framework, as voting essentially took place only in the beginning,
with the following voting reproducing the same outcome. The principal objective therefore is
stationary and the setup reduces to an environment design framework where the principal is a
learning agent. Although still an interesting approach, it isn’t a novel one (Zheng et al. [2020]),
and more sophisticated methods exist for specific applications, like Zheng et al. [2022], while it
also devalues the main contribution of the framework, which is precisely the dynamic preference
elicitation from the agents. Therefore, in this thesis, we design and run simulations incorporat-
ing this dynamic voting scheme that is central in SED. To accomplish that, we propose several
engineering solutions in order to address complications of the framework’s application. We then
analyze the results and attempt to both draw conclusions regarding the framework’s empirical
relevance as well as making remarks about the the behavior of MARL algorithms in general.

The specifics of the simulations will be additionally analyzed in this chapter, along with the
presentation of the results.

4.2 Formulation

Social Environment Design (SED) is a general framework for automated policy-making
through Al, based on ideas from game theory, economics and social choice theory, first intro-
duced in Zhang et al. [2024] and presented in ICML 2024. It was designed with generality in
mind, and uses voting to aggregate preferences of individual, learning agents that interact within
an economic environment. The authors envisioned it as a step towards Al-powered economic
policy and decision-making analysis through simulation, as well as an automated multi-agent
system design paradigm.

An overview of their proposed framework can be seen in Figure 4.1. The process it describes
repeats iteratively and starts with the participating strategic agents (human or Al) voting on a set
of social welfare objectives through a voting mechanism T, based on their preferences denoted
by a vector . After an objective O is determined through this process, another agent, acting
outside the scope of the system that includes the others, referred to as the Principal designs
an N -player, Partially Observable Stochastic Game (POSG) with horizon H, referred to as the
induced economy. This POSG, parameterised by a vector that the principal controls, is repeated
several times before the next voting period, when the entire process repeats itself.

More formally, we can define the Social Environment Design Game as follows:

Definition 4.1 (Social Environment Design Game (Zhang et al. [2024])). A Social Environment
Design Game

S=(;P; ¢sD;; ;0:f) (4.1)
is a one-leader-n-follower online (repeatedly played) Stackelberg-Markov Game, where
. RX is the principal action space;
« P: @™ M isapolicy implementation map that maps from a principal action 2
to a parameterized POMG M = (S;A ;T ;r; ;0 ; o)

e o2 1issome initial action;

*D: A R g is adivergence measure on the leader action space;
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Social Environment Design
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Figure 4.1: The Social Environment Design Framework (Zhang et al. [2024])

* > 0is the divergence constraint;
. R(M+1 M s the type space;

* W = fwjgip[- is some set of predefined social welfare functions, where each w maps
A R. here refers to the set of all possible policy profiles in the parameterized
POMG;

« f: ™ W isasocial choice function representing the voting mechanism.

This is a rather complex game, but it can be broken down to distinct parts. First of all, the
Social Environment Design game can be decomposed into two main components: the Voting
Mechanism and the Stackelberg-Markov Game, with each part playing a crucial role in the
iterative policy-making process.

4.2.1 Voting Mechanism

The game begins with a voting process, where the agents (which may represent humans or
artificial agents) express their preferences over a set of possible social welfare objectives. This
is formalized as a social choice function f that maps the type space  (encoding the agents’
preferences) to one of the predefined welfare functions in W'.

The outcome of this mechanism is a welfare objective w = F( 1; 1) that will be pursued
by the principal in the next stage. The inclusion of both the preferences of the participants (1)
and the principal ( 1), this voting step allows the incorporation of some form of biases that may
be desirable in certain settings, weighing in on the generality of the SED framework. How-
ever, in the following analysis we will ignore that and consider that the voting concerns only the
participating agents and not the principal (w = F( 1). We refer to section 1.5 for any details
concerning the implementation and the theory behind the Voting Mechanism.

4.2.2 Stackelberg-Markov Game (Principal Policy Design)

After the social objective has been determined, the Principal (or environment designer) en-
gages in a Stackelberg game with the agents. The Principal, acting as the leader, selects an action
from the principal action space . This action induces a parameterized Partially Observable
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Markov Game (POMG) M , which defines the rules and dynamics of the economic environ-
ment in which the agents will act. In general, the framework allows for any subset of parameters
that construct the POMG to be altered by the principal, including its entirety. However, in most
practical applications, as we will see in the next section, we will mostly want to target specific
parameters that fit the narrative of the application, reflecting practical limitations and the fact
that changing many parameters could completely change the game setting, which would be an
unrealistic assumption.

In this stage, the Principal’s objective is to maximize the chosen welfare function w( ; )
over possible environment configurations, subject to constraints such as a divergence limit
D( o; ) that bounds how much the environment can change between rounds. This con-
straint can generally be ignored (setting to a very large constant), although it would significantly
improve the stability of the environment in which the agents interact when the principal’s effect
is extensive.

The framework allows for the principal to make many alterations in the environment every
voting round, and these alterations are take effect at the end of each episode of the POSG. In
other words, a voting round, meaning the intermittent steps from one voting decision to the next,
is NH steps, where H is the horizon of the POSG, so the principal makes alterations between
N voting periods, one every H steps. In order to ensure continuity, another important constraint
must imposed by the framework to prevent the game from restarting every time the environment
changes, as otherwise the principal’s actions wouldn’t have any lasting effects. The starting state
of the new induced POSG every time the principal acts, therefore, is the last state of the previous
POSG. The rewards and observations of the agents can also be retained in this new instantiation,
providing an offset to the new POSG. The episode length of the SED game, therefore, is different
from the episode length of the POSG.

The agents, as followers, play the induced POSG, as specified by the chosen of the prin-
cipal, by choosing their policies in response to the environment designed by the Principal, each
seeking to maximize their own utility. This is referred to as the Induced Economy. Each agent
acts according to their policy, based on their partial observations, in order to maximize their ex-
pected cumulative reward as defined by the new environment. The collective behavior of the
agents could then provide feedback for the next round of voting and environment design.

This process is repeated across multiple rounds: after the agents have interacted in the in-
duced environment for a designated time horizon, the game state (and potentially the agents’
types) is updated. A new round of voting occurs, possibly with updated preferences, and the
cycle begins anew. This iterative nature allows the framework to model dynamic policy adjust-
ment and learning, making it suitable for studying both the theoretical and practical aspects of
Al-based policy-making.

The best convergence point we could hope for, from a theoretical standpoint is encapsulated
by the notion of an (*'; )-strong Stackelberg-Markov-Nash equilibrium (SSMINE). This combines
many of the equilibrium notions we have discussed in 1, and extends them to a learning-oriented
setting.

Definition 4.2 ((*'; )-strong Stackelberg-Markov-Nash equilibrium (SSMNE)). Given a
Stackelberg-Markov game S = (n; ; ;u), an action profile ( ; ) 2 is called an
(""; )-strong Stackelberg-Markov-Nash equilibrium (SSVINE) if it satisfies:

u( ; ) mzaxrélgxuo(;) " 4.2)
ui( 5 ) max Ui yCis ) ; 812[n]; (4.3)

where Ug denotes the utility of the leader (principal), u; denotes the utility of agent i, and
[n] = f1;2;:::;ng. Here, BR denotes the set of all joint agent strategies such that each agent
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i’s policy jisa -bestresponse to the leader’s policy and the other agents’ strategies; that is,
foreachi,uj( ; ) max op ; Ui CHE))

In practice, this equilibrium concept combines three fundamental aspects, each of which
plays a crucial role in modeling multi-agent interactions under sequential and strategic uncer-
tainty. First, the Stackelberg component of the equilibrium reflects the leader-follower structure
inherent in the SED framework: the principal acts as the leader, selecting a policy  first, with
the agents, i.e. the followers, subsequently observe this policy and choose their strategies accord-
ingly. This leader-committed move induces a hierarchical game where the agents’ best responses
are conditioned on the leader’s decision. Second, the Markov property asserts that all strategies
and equilibrium concepts are defined in a Markovian fashion, reflecting the POSG part of the
framework. Third, the Nash aspect requires that the joint response of the followers, denoted by

, constitutes a -Nash equilibrium for the Markov game induced by the leader’s policy. In
other words, given , no agent can unilaterally deviate and improve their expected utility by
more than , reflecting strategic stability among the agents.

The parameters " and are essential for translating these idealized equilibrium concepts into
practical learning objectives. Specifically, the leader’s utility ug( ; ) is required to be within
" of the maximum achievable value, given that the agents respond with -best responses. Si-
multaneously, each agent’s utility uj( ; ) must be within of their best possible outcome,
conditioned on the policies of the other agents and the leader. These relaxations are not merely
technical artifacts; they are necessitated by the inherent limitations of computation and statistical
learning in large-scale, stochastic, and partially observable environments. In practical terms, ex-
act computation of Stackelberg or Nash equilibria is intractable for most general-form games, as
discussed, and even the best available algorithms can only guarantee convergence to approximate
solutions in certain cases.

Finally, the definition of SSMNE is closely related to the framework of Probably Approxi-
mately Correct (PAC) learning, a notion that underpins practically all of function-approximation
based ML methods. In PAC learning, proposed by Valiant [1984], the goal is to find, with high
probability, a hypothesis (in our case that translates to a policy) whose performance is within "
of optimality, with a large probability determined by . That directly adresses the issue that it
is generally infeasible to compute or even approach the exact theoretical optimum, if one even
exists. Instead, one aims to design learning algorithms that converge, with high probability, to
policy profiles that are approximately optimal - that is, they achieve equilibrium conditions up
to ("; ) slack. Thus, the SSMNE successfully expresses this underpinning principle and serves
as a theoretically sound and practically meaningful target for learning and optimization in multi-
agent, sequential, and strategic environments. This framework provides a rigorous bridge be-
tween game-theoretic solution concepts and the statistical guarantees offered by learning theory,
enabling the analysis and design of algorithms that are robust to the inevitable approximation
errors encountered in real-world applications.

4.3 Experimental Setup
4.3.1 Original Setup by Zhang et al. [2024]

The authors of Zhang et al. [2024] accompany the Social Environment Design framework
with a proposed simulation example. In that, n = 7 RL agents act on a simulated environment
that is called the Harvest Game, which is a mixed setting played in a grid map where agents
compete for common resources (represented by collecting apples) relating to the tragedy of the
commons (Hardin [1968]). The environment will be discussed in detail in the next subsection.
The agents’ algorithm is an IPPO (the CTDE version - they all share the same critic network).
Each agent has a reward which is the convex combination of the apples they have collected and
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the apples their neighbors have collected, parameterized by a value ; 2 [0; 1], different for each
agent, which represents their selfishness.

o 1

>
@ )= ifei@+ QD@ rugila )A (4.4)
ji2n
The principal is also a PPO agent with their own network. Their goal is to maximize the
social function objective the agents vote on. We define two such objectives: the utilitarian and
the egalitarian objective. More specifically, the principal’s objective is a convex combination of
the two objectives, as denoted by:
> x<
W = Uit +(1  )min  u(i;t); O 1 4.5)
it : t
Here, represents the outcome of the social choice function of the Votlng process, T( ) =

and can be defined as the average selfishness of the agents, = 'n

Since isbeing initialized in the beginning of the Social Env1r0nment Design Game, the vot-
ing results remains the same and the principal’s objective is therefore fixed. That corresponds to
a static voting scheme. Amending the simulation to make it more dynamic isn’t straight-forward,
as re-initializing  every voting periods changes also the type of the agents, so their learning tar-
gets (their rewards) become non-stationary and essentially they are trying to learn a policy for
constantly, randomly changing reward functions. Proposing a dynamic voting setup, which is
the original intention and the main contribution of the SED paradigm, is the main contribution
of this thesis and will be explained in detail in the following subsections.

The principal affects the POSG of the agents by setting its tax rates. Essentially, a tax is ap-
plied as a percentage of the apples belonging to each of three brackets: [1; 10];[11; 20];[21; 1),
where the values refer to limits of the amount of apples collected by agent i within each horizon
of the POSG, i.e. their wealth a;. More specifically, the principal chooses each time they act the
continuous tax percentage |, to be cast in each bracket b, [ty; ty+1]. Then, for each agent, if their
wealth a; exceeds t, (aj > ty), they pay a tax of a; if their wealth is within the bracket’s upper
limit (&j  tp+1), or a tax of ptp+q if their wealth exceeds this limit (8j = ty+1). The linear
combination for all three brackets is the imposed tax for agent i. Then, the taxes are collected
and they are redistributed equally among the agents. This can be condensed mathematically in
the following set of equations:

1 X
raxi(@, ) =@ T(a; ))+ﬁ T(@j; ) (4.6)
ji2n
where tax T(a; ) = b ((b+1  bp)1[a> p+i]
b=0
+@ pllp<a p+1]): 4.7)

where rx:i(a; ) is the reward of an agent with wealth a after the application of taxes, as param-
eterized by ,and T (a; ) is the total tax applied to that agent. B is the number of tax brackets,
so B = 3 in the described simulation. The SED game episode length was set at 1000 steps, with
the tax period taking place every 50 steps and the voting occurring every 200. In figure 4.2 there
is an example of a plot for the proposed taxation system.

This concludes the description of the original simulation setup. As mentioned before, Zhang
et al. [2024] did not include any results, as they deemed them to be outside the scope of the paper.
Furthermore, the voting scheme they propose is a static one, as explained, reducing the setting to
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Figure 4.2: A plot of the taxation system proposed by Zhang et al. [2024]. The tax rates for each
bracket are set to 0:1; 0:3 and 0:6 respectively.

an automated environment design one. In the next sections, we will provide an extension to that
setup that allows the voting to be more dynamic, changing the the principal’s objective according
to the agents’ consensus. We will give solutions to many practical issues that rise, and compare
how CTDE and DTE versions of IPPO (referred to as IPPO and Dec-IPPO respectively in the
context of this thesis) performs under this framework. Through this setup, we will attempt to give
an answer whether Social Environment Design has in fact practical value, beyond its theoretical
underpinnings.

4.3.2 The Commons Harvest Game

Before going in depth regarding this thesis’ experimental setup, we must first discuss the
simulation environment. The Commons Harvest Game was first proposed in Perolat et al. [2017],
as a MARL environment to model a tragedy of the commons situation.

Tragedy of the commons is an economic concept that describes situations where self-
interested agents share a finite common resource with unrestricted access. In that, it predicts
that this system would tend towards the agents overharvesting the resource, essentially deplet-
ing it. Even if some agents do exhibit restraint, the others’ greed would overbear it, hence the
“tragedy”. This was first popularized by Hardin [1968], where he described a pasture of cows,
shared by several shepherds. He explains that it is in the best interest of each shepherd to add
more of his cows to the meadow, as the costs of the cow (the grass it consumes) is divided among
all shepherds, but the profits are attributed only to themselves. Since each shepherd follows the
same rational, over-harvesting follows naturally as a result. Understandingly, this is a scenario
that refers to many real-life issues, from fishing and mining to even carbon emissions and the
climate crisis (O’Gorman [2010]).

Hardin provided initially argumentative support for this thesis, and while it became famous,
it has since received considerable criticism (Dasgupta [1982]). A direction to a more formal ap-
proach would later come by framing this as the Commonized Costs - Privatized Profits (CC-PP)
game, also referred to as the commons game (Hardin [1993]). However, a game theoretical anal-
ysis still wasn’t proposed at this point. In general, the literature is divided, as many model it as a
Prisoner’s Dilemma game (Carrozzo Magli et al. [2021]), a modeling that concurs with Hardin’s
remarks, while others model it as a coordination game, appearing more similar to the Battle of the
Sexes scenario (Diekert [2012]). The proposed payoff matrices are included in the figures above.
Notice that in the latter figure, depending on the value of , this can also be categorized as a social
dilemma instance, leading towards a Stag-Hunt ordering of the rewards. Therefore, while it is
debatable whether the tragedy of the commons is a social dilemma in the strict sense (see section
1.2.1), it is generally referred to as such, because the participating parties must choose between
their selfish incentives and the sustainability of their actions (social incentives). Another caveat
is that this is actually a repeated game (and even more specifically a Markov game, as the way
players act at each timestep affect the state of the game - if a shepherd added another cow to
the pasture, it would change the game setup globally, for all shepherds). Therefore, Hardin’s
remarks become even more obscured, as possibilities of cooperation emerge, and the Folk The-
orem applies. In general, the tragedy of the commons problem, while simple in its premise, is
not as straight-forward to analyze, and in fact there are many situations where Hardin’s and the
corresponding game-theoretical results aren’t observed in practice (Diekert [2012]).

This is why Perolat et al. [2017] proposed the Commons Harvest game, as a setup that allows
for simulating a tragedy of the commons scenario, thereby providing a framework for empirical
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C 1:1 1 : 2
D 2 1 0;0

Table 4.1: Tragedy of the Commons general form Diekert [2012]

evidence to compensate for the theory’s lack of predictive power. The specific setup is as fol-
lows: The environment is represented as a grid populated by agents and apple trees, with apples
serving as a shared, renewable resource. The agents have only a limited view of the environment
(9 blocks forwards, 5 to the right and left, and 1 behind, centered around their position in the
grid). At each timestep, agents can move around the grid and collect apples from the trees by
stepping into squares that contain them. The apples regenerate at a fixed rate, but if agents collec-
tively harvest too many apples too quickly, the regeneration slows down or even stops, leading
to resource depletion. Essentially, the regeneration rate of a “tree” (a square containing an ap-
ple) is dependent through a probability distribution on the amount of nearby apples. Each agent
receives a reward proportional to the number of apples collected, creating an inherent conflict
between individual and collective interests. If all agents harvest sustainably, the apples continue
to regenerate, allowing for long-term benefits. However, if agents act greedily and deplete the
apples faster than they can regrow, the entire group suffers as the resource disappears.

This simulation framework acts as a manifestation of the tragedy of the commons, but in
a very complicated setting, rendering any effort at a theoretical analysis obsolete, as it would
require tremendous simplifications thereby casting doubt to any result. It also acts as a more
realistic depiction of the scenario, representing a simplistic but rather accurate model of real-
world economies, while also allowing for dynamic behaviors and complex strategies that unfold
over time. Another interesting component that this game introduces, relatively under the radar, is
that through the renewable nature of the common resources it converts the commons game from
a finite horizon to an infinite one. More specifically, since in the original problem description
the resources are finite, and they are being consumed at each timestep of the repeated game
(the agents essentially only affect the rate in which they are consumed), the repeated commons
game has effectively a finite horizon. In that sense, the regeneration of resources (which one
could assume that it is actually implied in the original problem definition and is in fact true in
the vast majority of its real-life counterparts) transforms the setting into an infinite horizon one.
In fact, the probability of the game ending is now controlled by the harvesting behavior of the
participating agents. This is key in introducing more complex strategies that include cooperation
and restraint, as we saw in the repeated game analysis. All these exhibit the design’s potential to
act as a useful tool for analyzing complex settings, especially from a descriptive point-of-view,
as discussed in section 3.1, as well as to demonstrate the effectiveness of MARL algorithms in
mixed settings, especially with regard to social objectives, which can be very well defined in this
setup.

The Commons Harvest game has been revisited many times since its inception. Nowadays,
the game has become a part of the Melting Pot 2.0 library (Agapiou et al. [2022]), which is a
very well-known open-source library developed by Deepmind containing off-the-self MARL en-
vironments. Besides subtle graphic improvements, the new setup contains some predetermined
inequality. In the original version, the agents’ starting point in the grid was quite similar, in
a corner of the matrix away from the resources, so in a sense the access to the resources was
equally distributed. In the Melting Pot version, the developers included a built-in inequality in
opportunity, by spawning some agents closer to the apples. This further complicates the setting,
introducing additional concepts of fairness, while also improving its connection to real applica-
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Figure 4.3: Initial state of the Commons Harvest game

tions, as it is true that access to opportunity is not uniform in most real-life situations. Notably,
this couldn’t have been modeled by simply randomly spawning the agents in the matrix (which
would inevitably introduce some opportunity inequality upon initialization), as it is important
that specific agents are more fortunate than others, so that they can develop their policies corre-
spondingly - it would introduce a notion of fairness essentially.

The default setup corresponds to a matrix with 64 apples upon initialization, gathered in
groups as seen in Figure 4.3. There are 7 agents, two of which spawn in the predefined positions
seen in the figure closer to the apples, while the rest spawn randomly in the bottom of the grid.
The apple respawn probabilities are as follows:

No. of neighboring apples 3 2 1 0
Respawn probability 0:025 | 0:005 | 0:0025 | O

Table 4.2: Respawn probabilities of the apples in the Common Harvest game based on the number
of neighboring apples.

The description above corresponds to the simplest setup of the Commons Harvest game,
referred to as Commons Harvest Open. The library also includes other variations of that game,
targeting additional aspects of learning dynamics and of the problem. These include navigating
a maze, defending territory, responding to specific types of agents etc. Here, we will focus on
the very simple setting discussed above.

4.3.3 MARL Algorithms

As mentioned in the overview of the experiment before, in the original version by Zhang
et al. [2024] the authors utilize CTDE IPPO as the agents’ RL algorithm, using a shared neu-
ral network. The network consists firstly with a Convolutional Neural Network (CNN) encoder
(LeCun et al. [1998]), processing the agent’s restricted view of the game environment. The de-
tailed layers can be seen in Figure 4.4. After encoding the image into a latent representation
that through the training it learns to extract the helpful information contained in the image, we
add three additional fully-connected layers, that transform this representation into a denser rep-
resentation. In the original work, the authors used only one such layer, upon which we added
more for reasons stated below. Finally, we include two distinct classification heads, which con-
vert this last representation into the output of the network. The first classification head is the
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actor, with an output of 4 different classes representing the 4 actions an agent can take (move
up, left, right, or down). Essentially, each output produces a continuous value called the logit,
and then a softmax function is applied to redeem the values corresponding to the probabilities
of taking each action. The final action is then chosen by sampling the different actions, based
on the calculated probabilities. The other head corresponds to the critic, so the output is a single
continuous value, that represents the value function for the state in the input. Notice that we did
not include any recurrent layers (LSTM, GRU or other types of RNNs), which as explained in
section 1.3 is usually expected when acting in partially observable environments. We justify this
as it would introduce a great amount of additional computational complexity, while the benefits
would be expected to be limited since the environment is small and has a relatively simple lay-
out. Specifically, recurrency would contribute in two areas: firstly, the agent would have a better
idea of their whereabouts, as they would have some kind of memory of where they have been
and therefore create some sort of map. Secondly, it would allow for more complex strategies
that unfold over time and, importantly, taking into account the past behaviors of the other agents
(behavioral strategies). While we make the assumption that due to the relative simplicity of the
environment and the sufficient size of our neural networks recurrency would have incremental
benefits that wouldn’t justify the increased complexity, it would actually be worth investigating
in future versions of these experiments whether that is truly the case (we will discuss more on
that in the next chapter).

In the original work, the authors used the CTDE verion of IPPO. In fact, they also used
parameter sharing among the critic and actor networks, which means essentially that for the
entire ensemble of the agents was one network. It was implicitly assumed that the network can
contain different policies for different agents, that could be identified by the network by the color
of the central pixel, which corresponds to the agent’s relative position in the grid (each agent has
a unique color, so the network can distinguish between their observations and essentially apply
different policies). However, in order for that to hold true, the network must be large enough
to have the capacity to store all these distinct and complex policies within its connections; that,
alongside to compensate for the lack of recurrency, was the reason we decided to add additional
computational power to the IPPO network by adding two additional fully-connected layers.

In the shared network for all agents there are additional complications, however. First and
foremost, there is implicit, built-in coordination among the agents, which in a mixed setting like
the Commons Harvest game might not always be beneficial. Specifically, the policy network
might be biased towards the highest earners, as they wield higher rewards which correspond to
greater gradients and therefore bigger changes to the network’s parameters. Of course, IPPO’s
use of independent loss functions per agent and the use of normalization help in this regard,
however they don’t necessarily resolve the issue completely. That is also particularly important
for the prescriptive approach we want to follow. More specifically, an overarching central goal of
this thesis is to examine whether Social Environment Design as a framework can apply in settings
where we impose some order in an environment where independent RL agents interact. We would
wish to show that through a central mechanism, optimized through the SED proposed framework,
the agents can improve upon their individual performance as well as their performance with
regard to a collective social objective, by engineering the appropriate incentives for the agents
to learn in this environment. A common network by definition acts against this approach as the
agents are not segregated, and in a sense they can already communicate and coordinate implicitly
through the network’s synapses, so there exists another central entity apart from our mechanism.
More correctly, the policies are not independent but are actually intertwined as part of the same
network.

For this reason, apart from the CTDE IPPO we will also use its DTE version. We will refer
to those as IPPO and DecIPPO respectively. In the DecIPPO setup, each agent has a network
of their own, and we use the exact same architecture, shown in Figure 4.4. With this, we hope
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Figure 4.4: The detailed architectures of the neural networks for the agents (a) and the principal
264 3, as shown in the
figure. For the convolutional layers we use kernel sizes of 8x8, 4x4 and 3x3 and strides of 4,2
and 1 for each layer respectively. In the critic’s final layer we do not use ReLU. In the IPPO
runs, all agents share the same network, while in the Dec-IPPO runs each agent has their own
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network, the same as shown in the figure.
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to provide more accurate results as to how completely independent, learning agents that aim to
maximize their goal through PPO would interact in this setting. It also gives us the opportunity
to compare how well Social Environment Design applies in each setting and what implications
occur when agents are allowed implicit communication.

In regards with the principal network, it follows the same loss function (PPO) and precisely
the same architecture as the agents’ networks with the exception of the head. Specifically, this
time the principal has three distinct actions that they act on simultaneously: to choose the con-
tinuous tax percentage value to be attributed in each of the three tax brackets, as explained in the
previous section. In practice, we could use continuous action spaces, and this would be another
reason why PPO is a great option for this setting, as it allows not only for the discrete action
spaces of the agents, but also for the continuous actions of the principal, so we can use the same
algorithm for each type of agent. However, the original authors adopted another approach, that
we retained. Specifically, they use discrete action spaces, assuming 12 actions per bracket, corre-
sponding to 12 output dimensions in the network (instead of 4 like the agents’ case). From 0-11,
these actions correspond to a tax rate, rounded in the first digit (0, 0.1, 0.2 ... 1), and the 12th
acts as a special do nothing placeholder, so the rate remains unchanged if this action is chosen.

However, an important issue arises when considering the principal’s RL algorithm: the prin-
cipal takes actions more sparsely than the agents (every 50 steps instead of every step). That
leads to a significant data imbalance between the principal and the agents, and in fact the princi-
pal only takes 4 action in between a policy update. That is clearly a significantly lower number
relative to the 200 of the agents, which we then sample to get a batch size of 64 to use per update
in the SGD, but also in absolute terms as well, with the variance of the observations being so
high that significantly diminishes learning performance. This data deficiency is a very impor-
tant weak point of the entire framework, which rises due to the fact that we require the learning
to be concurrent, i.e. taking place simultaneously among all agents, which is a very common
MARL setting. A simple fix would be to violate the aforementioned assumption, and update
the principal’s policy when enough data has been accumulated. It might even be beneficial for
convergence (Ivanov et al. [2024]). However, we wish to maintain the learning assumption, as
it is more close to the intended use for the framework and is an assumption that cannot be bro-
ken in certain settings, like the online ones. It also aligns more with the dynamic voting scheme
we want to implement. Specifically, if the principal’s policy isn’t updated every voting period,
this could lead the reward function of the principal to change (in accordance with the agents’
preferences) in between policy improvement steps, causing a major non-stationarity issue.

We solve the issue of data deficiency while upholding concurrent learning by using a replay
buffer, as seen in the DQN algorithm. Recalling from chapter 2, we saw that in general the replay
buffer can not be used in on-policy algorithms, like PPO algorithm, as the datapoints used during
policy improvement are assumed to be gathered by following the current policy. This is however
where the use of PPO is validated once more, as it can justify the use of a replay buffer, since the
policies are restricted from changing too much. Essentially, we can assume that the sequential
polices are approximately the same, and therefore re-use data obtained by slightly older policies.
We used a replay buffer of 16 observations, replacing the older ones with the new ones each time,
corresponding to a batch size of 16 for the SGD. We also reduce the number of policy updates per
policy improvement step, as due to the nature of the replay buffer, observations will be used to
update the policy network multiple times in different policy improvement steps (refer to section
2.7 for a better understanding of this). While the final batch size is still smaller than the agents’,
it constitutes a significant improvement, and was in fact crucial in achieving the performance
that the principal exhibited.

Lastly, we need to discuss the hyperparameter setup of the algorithms, which includes the
hyperparameters introduced in section 2.6. Generally, PPO is quite resilient as discussed so it has
more limited dependencies from its hyperparameters than other RL algorithms. That being said,

103



Yu et al. [2022] investigate hyperparameters setups for PPO in MARL settings (and specifically
MAPPO, although the differences aren’t expected to vastly different when compared to IPPO).
They conclude in specific ranges for the different hyperparameters, and in general we chose val-
ues within these suggestions. Of course, different setups where tried before the final version, as
it is the case in most Deep learning tasks. One important point to highlight is that we chose not to
anneal the learning rate of the gradient descent, which is a rather unusual approach. However, as
mentioned in section 2.4.1, when the environment is non-stationary we have to retain a constant
learning. A major reason for that is that we can falsely claim convergence of the system after a
certain number of episodes, which has to to do with minor updates taking place because of the
annealed learning rate. However, a more common problem that we encountered was that perfor-
mance collapsed accross all simulations after a certain number of epochs when we incorporated
learning rate annealing. We hypothesize that this happened because the environment changed
more quickly than the agents could adapt to it; think that even slight changes in the policies of
all 7 agents can accumulate in a significant change in the environment dynamics, so each agent
needs to individually adapt to this change that is greater than their capabilities, so performance
slowly degrades. We must note, however, that we use the Adam optimizer (Kingma and Ba
[2014]), which adaptively changes the learning rate for each parameter in the neural network; a
standard practice in most deep learning tasks. That does not invalidate our previous arguments
because Adam will not gradually decrease our learning rate, effectively stopping learning after
a point onwards, but rather continuously refine it to optimize the learning process.
Below is a table containing all the values for the hyperparameters used.

Parameter Symbol/Name in Paper | Your Value
Learning Rate 2.5¢e-4
Learning Rate Annealing False
Discount Factor 0.99
GAE Lambda 0.95
Minibatch Size 128
Update Epochs K 4
Advantage Normalization True
Clipping Coefficient 0.2
Clipped Value Loss True
Entropy Coefficient C2 0.01
Value Loss Coefficient C1 0.5

Table 4.3: PPO hyperparameters used in our experiments.

4.3.4 Tax brackets

Another point we reconsidered when planning the experiment was the taxing system the
authors proposed. Recall that there were three brackets, [1; 10]; [11; 20]; [21; 1), which were
applied cumulatively to each agent as described in section 4.3.1. However, when running the
experiments, we noticed that this setup constrained the principal’s influence. Consider a scenario
where all agents collect more than 20 apples between two sequential taxing periods, which can be
the case during the final training episodes. Then, the tax corresponding to the first two brackets
will be identical for each agent, and after the redistribution it will be as if this tax didn’t even
take place. Therefore, in this case the principal can make an impact through only one of their
three available actions, choosing the tax rate for the last bracket. This is clearly a suboptimal
arrangement, as it limits the principal’s expressivity. This phenomenon is also observed when
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all agents collect more than 10 apples between tax periods, which is much more common, making
the first tax bracket obsolete.

To mitigate this issue, we propose a different taxation system. We divide the agents each time
into three groups, the two highest earners, the two lowest earners and the rest. These correspond
to the new brackets, and the tax the principal chooses is relevant only for the agents belonging in
each bracket. Using this more dynamic approach, no brackets can become obsolete, as they refer
each time to an ordering of the collected apples of each agent. There are also some additional
benefits to this approach, as we can now interpret the meaning the principal taxation policies, as
we can see how the principal tries to tax the “poorest” agents, how they tax the “middle class” of
agents and how the tax the “wealthiest” agents. In the previous setup, this was more obscured,
as the tax rate applied in the first bracket for instance could be applicable in all agents.

4.3.5 Dynamic Voting Scheme

Having discussed all the aforementioned details, we are now in position to discuss the pri-
mary focus of these experiments, which is the introduction of a voting method that takes into
account the agents preferences dynamically, as they evolve through their interactions. Through
this, we will see empirically whether the SED setting can have any benefits in regards to improv-
ing the collective performance of the agents, with respect to having a principal that optimizes
for a single, unchangeable objective, or having a principal following a static, predefined taxation
policy, or even the absence of the principal.

Before that, we have to mention that the principal objectives we consider, which the agents
must vote for, remain the egalitarian and the utilitarian proposed by the original paper, as de-
fined in equations 1.9 and 1.10 respectively in section 1.6. While we considered adding more
objectives, which would improve the expressivity of the agents’ true preferences, it would sig-
nificantly complicate the voting method, as explained in detail in section 4.3.1. In that, we are
using a simple plurality voting approach, where the objective with the most votes wins. Because
the number of the agents is odd (7), there is no need to establish a tie breaking rule. Adding more
objectives would also make the analysis of the results more complicated, and could even have an
impact in the training of the agents, especially the principal’s, due to this increased complexity.

In principle, this corresponds to a multi-armed bandit (MAB) problem. We have refrained
from discussing this paradigm, but it can essentially seen as a single-state RL problem. In this
particular case, it is actually as two-armed bandit problem, as the agent has to choose between
two actions: to change or not to change their vote. The agent has to essentially determine which
action is the optimal, in the sense of maximizing their expected reward, through the history
of their collected rewards. There exist extensive literature in that problem, although in our non-
stationary case, so there isn’t one constant optimal action, the problem is quite hard, and methods
that work in the stationary case can perform poorly here. That said, this problem has also been
tackled, with methods like Sliding Window UCB (Garivier and Moulines [2008]), an extension
of the very influential UCB algorithm for the non-stationary setting. However, we will adopt
a more simple approach, that fits better with the descriptive narrative the authors of the SED
paper want to enforce: the win-stay lose-shift (WSLS) strategy (Robbins [1952]). This is the
Pavlov strategy we explored in the repeated games setting in section 1.2.3, but used to solve
non-stationary MAB problems. Essentially, the agent chooses initially an action at random, and
if the reward improves or stays the same in the next instance, they retain the action, otherwise
they switch to the other one. While it is a very simple strategy, empirical evidence suggests
that , although it might not match the performance of more sophisticated algorithms like SW-
UCB. However, this strategy has been observed to be adopted by animals when they face non-
stationary MAB problems (Swanson et al. [2022]), and it is a good fundamental model of the
human behavior as well (Estes [1950], Otto et al. [2013], Wang et al. [2014]), which is why we
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say that it fits the descriptive narrative of the SED framework. Furthermore, it offers transparency
in the way the agents make decisions when voting, which would not be the case if we used more
complex MAB methods, which allows room for interpretability.

We will assume that agents follow the WSLS strategy when voting. This effectively realizes
the dynamic voting scheme we had in mind, while being in line with the descriptive approach
of the SED framework and upholding interpretability. That said, we do note that better, more
complex models have been proposed (Zhang and Yu [2013]), which could potentially lead to
more accurate simulations depicting human behavior; that is left for future work.

4.3.6 Experiments

We have now discussed everything regarding dynamic Social Environment Design simula-
tion setup, and we are now ready to employ it. Here, we will explain

Firstly, we will divide the experiments into two main categories, depending on the algorithms
employed by the algorithms: IPPO or DeclPPO. We will examine these two settings indepen-
dently, to explore what an effect a centralized component in the agents’ algorithms can have, and
explore the more realistic setting where the agents are completely independent entities.

For each algorithmic setup, we will run 5 experiments. The first is going to represent the
Dynamic SED framework, using the dynamic voting scheme proposed in section 4.3.5. In order
to be able to make a point regarding the framework’s effectiveness, we will have to compare it
with other approaches. In that, we will run two more experiments with the principal optimizing
specifically the egalitarian and the utilitarian objective respectively. This corresponds to the ini-
tial experimental setup that Zhang et al. [2024] proposed, where the result of the voting process
remains constant throughout the rollout of the experiments, although we will retain the modifi-
cations we proposed, like the new taxation system. Then, we will compare the dynamic SED
framework with a fixed-policy principal. While in the utilitarian objective it is not clear what an
optimal policy would look like theoretically, as it is not clear what actions the principal can take
to improve upon the total generated wealth, we can make an argument that for the egalitarian
objective, the optimal policy would be a complete redistribution of the accumulated wealth. A
simple exchange argument suffices to show that, since otherwise we could show there will always
exist an ordering for the individual wealth of the agents like Rmax > Regal > Rmin = Regal,
with Rmax; Rmin the max and min cumulative rewards of the agents respectively that rise from a
taxation policy different from redistribution, Regq the egalitarian objective and Regal the optimal
egalitarian objective. Finally, We will consider a setup where we remove the principal entirely;
this corresponds to a fiprice of anarchyo type of setup, where the agents interact in a completely
decentralized and individualistic manner.

A table containing the experiments’ parameters is shown below:

Ideally, we would like to run the experiments in a number of seeds (random number gen-
erator that ensures the reproducibility of experiments), so that we can draw conclusions more
accurately. We would also like to run the experiments until the agents’ policies converge, mak-
ing an argument that they converged to a local ; equilibrium. Unfortunately, due to the limited
computational resources we had access to for this thesis, we will have to restrain ourselves to a
maximum of 1,000,000 steps per experiment (1,000 episodes) and a single seed per experiment.
We acknowledge the restrictions of this approach in terms of the validity of the results. However,
we do note that this is common in the RL literature, precisely because the computational costs
often prohibit more nuanced approaches. We also want to show that the dynamic SED frawe-
work can potentially have benefits justifying its use in MARL environments. That means that
we merely need to show one example that the framework exhibits promise for the goal of this
thesis to be successful, being an investigation.
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Parameter Value

Seed 1

Number of Agents 7

Initial Number of Apples 64

Apple Respawn Probabilities [0.025, 0.005, 0.0025, 0.0]

Agent Reward
Agent Observability (units are grid tiles)

Agent Algorithms
Principal Tax Brackets

Principal Algorithm
Principal Objectives

Tax Period

Voting Period

Update Period
Episode Length

Total Training Length

1 on apple collection

(Forward: 9, Right: 5, Backward: 1,
Left: 5)

IPPO, Dec-1IPPO

[(2 top earners), (3 middle earners),
(2 bottom earners)]

PPO w/ replay buffer

Utilitarian, Egalitarian, Dynamic,
Redistribution, Anarchy

50

200

200

1000

1.000.000 (IPPO)

600.000 (Dec-1PPO)

Table 4.4: Parameter values for the Experiments.

4.4 Results

4.4.1 IPPO

We begin by running the CTDE version of the PPO algorithm, which was the approach orig-
inally proposed by Zhang et al. [2024]. We execute 5 different runs: Dynamic, Redistribution,
Anarchy, Utilitarian, Egalitarian, all explained in the previous subsection. We begin by demon-
strating the plots corresponding to the collective results of the agents’ performance. Specifically,
we will plot the utilitarian and egalitarian objective over the course of the episodes, as well as the
standard deviation between the cumulative rewards of the agents. Utilitarian (Figure 4.5) corre-
sponds to the wealth they collectively accumulated so it is a metric of how well the agents learn
to perform in the Commons Harvest game. The other two metrics have to do with equality. The
standard deviation (Figure 4.6) shows how much agents deviate from the mean rewards - higher
values correspond to higher inequality - while the egalitarian (Figure 4.7) refers to the reward
of the poorest agent each time - here, higher is better. Because there exists great variance in the
curves, which is common in RL tasks and even more so when the environment is so complex
and multivariate, we smooth the curves using rolling average with a window of 100. This uses
the average of the values within a margin of the datapoint in question to calculate its smoothed
value.

Based on these metric, we can see that overall the use of principal the focuses solely on the
utilitarian objective makes a good case for the optimal solution, as it achieves the best perfor-
mance in the egalitarian (besides Redistribution which is designed to be optimal in that regard)
and, by the end, on the utilitarian fronts. Surprisingly, the Egalitarian run appears to have un-
derperformed even in the egalitarian objective which it was supposed to optimize for, although
it is the best among the principal methods in terms of std. However, the Dynamic run seems to
make a case for its usefulness, as it appears to be the more modest between the two, offering a
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Figure 4.5: Utilitarian objective per episode for each run (Redistribution, Anarchy, Dynamic,
Utilitarian, Egalitarian) using the IPPO algorithm. The plot shows the average utilitarian re-
ward (y-axis) achieved as training progresses (x-axis: episodes), with shaded regions indicating
variance across runs. The Utilitarian and Anarchy objectives achieve the highest long-term utili-
tarian rewards, followed by Dynamic. Redistribution initially achieves a high score but declines
after episode 400, eventually stabilizing below Anarchy and Utilitarian. Egalitarian consistently
achieves the lowest utilitarian reward. The results illustrate that optimizing directly for the utili-
tarian objective, as well as the Anarchy objective, results in higher aggregate rewards compared
to the other objectives, while Egalitarian and Redistribution sacrifice utilitarian performance for
their respective fairness goals.

middle ground between equality and performance. Specifically, it does not fall behind Utilitarian
that much on the utilitarian objective front, yet it achieves an std consistently between Utilitarian
and Egalitarian and it is generally matched with the Utilitarian on the egalitarian objective front,
even surpassing it for a a few hundred episodes in the end. This makes the case that the dynamic
voting scheme proposed by the SED framework can indeed strike a desirable balance between
utility and equality.

This notion is being reinforced when examining the tax ratios the different principals de-
cided on during training. First, it is noteworthy that we can see the principals making correcting
actions, adjusting their taxes considerably over large periods of time to shift the system towards
more desirable outcomes (or at least trying to do so). The most prevalent example is that of
the Utilitarian, that reduced the taxes of the lowest bracket when performance in the utilitarian
objective appeared to be falling around the 600th episode. Now, in terms of policy comparison,
we can see that the principals leaned towards the intuitively expected policies: the Egalitarian
taxed the rich more and the Utilitarian taxed the poor more. Again, the Dynamic chose the more
moderate approach, landing consistently in between the tax rates imposed by the other principals.

Finally, we present the individual rewards curves of the agents for each run (Redistribution
is omitted as it is the same as its counterpart in the utilitarian graph, divided by the number
of the agents). This paints a richer picture and allows us to see some new details regarding the
performance of each run. Before delving deeper into the graphs, it is worth remembering that two
of the agents (Agents 1 & 2 specifically) spawn closer to the apples, so we should expect them to
yield greater rewards. We can see that in the Utilitarian run, the principal does allow for an agent
(namely Agent 3) to be consistently below the rest, while Agent 1 and 2 often stand out as the
highest earners. We say that the principal allows this, because in the Egalitarian run this is not
the case. No agent remains the lowest earner for more than a few tens of episode, as the principal
redistributes tax from the highest earners to the lowest. However, that results in a disassociation
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Figure 4.6: Standard deviation of rewards per episode for each run (Redistribution, Anarchy,
Dynamic, Utilitarian, Egalitarian) using the IPPO algorithm. The y-axis shows the standard de-
viation of agent rewards, indicating the level of inequality at each episode. The Anarchy objective
results in a significantly higher and increasing standard deviation, indicating substantial inequal-
ity among agents over time. In contrast, Redistribution maintains a near-zero standard deviation,
demonstrating almost perfect equality as expected. The Egalitarian objective also achieves low
inequality, with slightly higher values than Redistribution. Dynamic and Utilitarian objectives
lead to moderate inequality, with Utilitarian consistently higher than Egalitarian and Dynamic.
These results highlight the trade-off between maximizing total rewards and ensuring equality,
with objectives like Redistribution and Egalitarian prioritizing low variance at the expense of
utilitarian performance.
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Figure 4.7: Egalitarian objective per episode for each run (Redistribution, Anarchy, Dynamic,
Utilitarian, Egalitarian) using the IPPO algorithm. The y-axis shows the average number of ap-
ples collected, representing the minimum reward among all agents at each episode - i.e. the worst-
off agent. Redistribution achieves the highest egalitarian scores throughout training, closely fol-
lowed by the Egalitarian objective itself. Dynamic and Utilitarian objectives maintain moderate
egalitarian performance, with Utilitarian showing a slight disadvantage. The Anarchy objective
results in the lowest minimum rewards, indicating the greatest disparity for the least advantaged
agent. Overall, these results highlight that objectives explicitly focused on equality (Redistribu-
tion and Egalitarian) are most effective at improving outcomes for the worst-off agent, whereas
Anarchy significantly reduces egalitarian performance.

109



Tax ratio - Bracket 1 (IPPO)

— Dynamic = Utilitarian = Egalitarian

0.8
0.6
0.4

0.2

Episode
200 400 600 800 1k

Figure 4.8: Tax ratio for Bracket 1 (the bottom two earners) per episode for each run (Dynamic,
Utilitarian, Egalitarian) using the IPPO algorithm. The y-axis shows the tax rate applied to the
lowest income bracket as training progresses. The Utilitarian objective consistently sets the high-
est tax rate for Bracket 1 throughout training, while the Egalitarian objective applies the lowest
tax rate to the bottom earners. The Dynamic objective yields an intermediate and relatively stable
tax rate. All objectives stabilize after an initial period of adjustment. These results suggest that
the Utilitarian approach relies on higher taxes from the lowest earners to maximize total rewards,
while the Egalitarian objective minimizes the tax burden for the least advantaged agents.
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Figure 4.9: Tax ratio for Bracket 2 (middle earners) per episode for each run (Dynamic, Utili-
tarian, Egalitarian) using the IPPO algorithm. The y-axis represents the tax rate applied to the
middle income bracket throughout training. All objectives converge to a relatively stable tax rate
after an initial adjustment phase. The Egalitarian objective applies a slightly higher tax rate to
Bracket 2 compared to Utilitarian and Dynamic, especially in later episodes. The Utilitarian and
Dynamic objectives exhibit similar trends, with Dynamic occasionally surpassing Ultilitarian in
the middle of training. These results indicate that, while there are modest differences in tax treat-
ment for middle earners across objectives, the gap between them is smaller than for the lowest
bracket, with Egalitarian favoring more redistribution from the middle group.
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Figure 4.10: Tax ratio for Bracket 3 (the top two earners) per episode for each run (Dynamic,
Utilitarian, Egalitarian) using the IPPO algorithm. The y-axis indicates the tax rate imposed on
the highest income bracket as training progresses. The Egalitarian objective consistently applies
the highest tax rate to the top earners throughout training, with rates stabilizing above 0.6 after
the initial adjustment. The Dynamic objective maintains an intermediate tax rate, while the Util-
itarian objective imposes the lowest tax burden on the top bracket, with rates remaining slightly
below 0.5 for most episodes. These results show that the Egalitarian objective emphasizes redis-
tribution from the top earners, while the Utilitarian and Dynamic objectives apply more moderate
or reduced tax rates to the wealthiest agents.

between individual performance and reward, resulting after the first couple hundred episodes in
the average reward to decline steadily. This is because agents with good policies (i.e. collecting
many apples individually, for instance Agents 1 & 2) get diminishing rewards, while agents with
bad policies (like Agent 3) get increasing returns. This approach of punishing fruitful behavior
and rewarding inefficiency is what results in the Egalitarian’s performance collapse, ultimately
failing even in the egalitarian objective because the population as a whole has failed to learn.
We can clearly see how Dynamic avoided this trap, when around episode 200 the performance
began to decline, the agents recovered quickly. Eventually, Dynamic’s performance continued
to increase, however it never managed to match Ultilitarians.

So far we have avoided discussing the Redistribution and Anarchy runs, as we intended to
focus more on analyzing the runs employing a principal. Both of these runs began as the most
promising, yielding the highest returns as seen in Figure 4.5. This is to be expected, as the use a
principal will complicate the experiment, and before they converge to a satisfactory policy they
will introduce a great deal of noise to the system. However, the effect of the shared reward
exhibits some interesting properties in this case. We already discussed how the shared reward
leads to dissasociation between action and reward, exacerbating the credit assignment problem.
However, in this case we can clearly see that up to a point, Redistribution seems to be optimal.
However, when apples become more scarce due to excessive harvesting, the reward disassocia-
tion finally caught up with the Redistribution run, leading to a sharp performance decline. That
shouldn’t be that surprising: in the early episodes, where all agents are not good apple collectors,
any improvement in collecting apples leads to improved individual as well as collective wealth.
It is when apples become more sparse, so that more complex strategies, requiring some sort of
coordination and planning to improve upon apple harvesting, that the impact of the credit as-
signment problem becomes a very important issue that eventually leads to performance collapse.
Anarchy, on the other hand, appears to have converged in a suboptimal state, disallowing effi-
cient cooperation between the agents, which is evident because Utilitarian steadily manages to
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