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PerÐlhyh

Sthn paroÔsa diplwmatik  ergasÐa parousi�zontai teqnikèc kat�tmhshc eikìnwn
basismènec se mÐa diadikasÐa aposÔnjeshc di�mesou �xona. Xekin¸ntac apì mia gray-
scale eikìna akm¸n upologÐzoume èna stajmismèno metasqhmatismì apìstashc kai ton
antÐstoiqo di�meso �xona. Efarmìzontac, t¸ra, ton Ðdio metasqhmatismì apìstashc
apì to di�meso �xona an�poda, lamb�noume mia arqik  kat�tmhsh thc eikìnac kai èna
gr�fo pou anaparist� th dom  thc eikìnac. Anaparist¸ntac thn eikìna wc disjoint-set
forest dom , en¸noume geitonikèc perioqèc b�sei k�poiwn krithrÐwn. Di�fora krit ria
upolopoi jhkan kai axiolog jhkan. Kat� to pr¸to apì aut�, qrhsimopoioÔme to
Ôyoc twn shmeÐwn sèllac tou di�mesou �xona gia na ekfr�soume thn omoiomorfÐa
metaxÔ geitonik¸n perioq¸n. Mia deÔterh diaforetik  kateÔjunsh pou akoloujoÔme
einai h qr sh enìc mètrou kleistìthtac twn perioq¸n thc eikìnac gia na apofasÐsoume
e�n prèpei na en¸soume dÔo geitonikèc perioqèc. TrÐth kai teleutaia kateÔjunsh einai
h qr sh enìc mètrou anomoiomorfÐac metaxÔ perioq¸n pou ikanopoieÐ thn upermetrik 
idiìthta. Me autì ton tropo, ulopoioÔme thn kat�tmhsh ierarqik�. 'Olec oi parap�nw
teqnikèc axiologoÔntai me b�sh th sullog  dedomènwn tou panepisthmÐou Berkeley
kai sugkrÐnontai me gnwstèc teqnikèc thc bibliografÐac. QwrÐc m�jhsh, petuqaÐnoume
polÔ kal� apotelèsmata kont� sth st�jmh thc teqnik c kai me praktikoÔc qrìnouc
ektèleshc.

Lèxeic Kleidi�

'Orash upologist¸n, epexergasia eikìnac, kat�tmhsh, di�mesoc �xonac, skeletìc,
aposÔnjesh di�mesou �xona, gr�foi geitnÐashc perioq¸n, mèjodoi taqeÐac pìreushc,
stajmismènoc metasqhmatismìc apìstashc.
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Abstract

In the framework of this thesis, we present new image segmentation techniques
based on a weighted medial axis decomposition procedure. Starting from image
contour map, we compute a weighted distance map and its weighted medial axis.
Applying the same distance propagation from the medial axis backwards, we dually
obtain an initial image partition and a graph representing image structure. Using
a disjoint-set data structure, we then merge adjacent regions according to some
criteria. Several different criteria were examined and tested. First, we use medial
axis saddle point height to express similarity between adjacent regions and merge
correspondingly. A second distinct direction we follow is to merge adjacent regions
according to how fragmented they are. Last but not least, we use ultrametric contour
map representation to implement hierarchical segmentation. As inter-region ultra-
metric dissimilarities, we use mean boundary strength on the common boundary
between adjacent regions and inter-region fragmentation. All the above mentioned
techniques are evaluated using the Berkeley Segmentation Dataset and compared
with some state of the art algorithms. Without learning, we achieve performance
near the state of the art with very practical running times.

Keywords

Computer vision, image processing, segmentation, partition, grouping, medial axis,
skeleton, medial axis decomposition, weighted distance transform, region adjacency
graphs, exact group marching, fast marching methods, contour detection.
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Kef�laio 1

Eisagwg 

1.1 OrÐzontac thn kat�tmhsh eikìnwn

To prìblhma thc kat�tmhshc eikìnwn eÐnai èna apì ta pio jemeli¸dh probl mata
ston tomèa thc ìrashc upologist¸n. An kai èqei melethjeÐ apì ta pr¸ta qrìnia thc
ìrashc upologist¸n, h kat�tmhsh eikìnwn paramènei akìma mia meg�lh prìklhsh.
Apì thn epoq  tou Gestalt kin matoc sthn yuqologÐa,  tan gnwstì ìti h antilhptik 
omadopoÐhsh diadramatÐzei ènan isqurì rìlo sthn anjr¸pinh optik  antÐlhyh.

Pio sugkekrimèna, h kat�tmhsh perigr�fetai wc h diadikasÐa qwrismoÔ miac ei-
kìnac se diakritèc perioqèc, kajemÐa apì tic opoÐec eÐnai omoiogen c ìson afor� èna
  pollapl� qarakthristik� ìpwc h fwteinìthta, h uf , to qr¸ma, h kÐnhsh kai �lla.
O stìqoc thc kat�tmhshc eÐnai na sustadopoihjoÔn ta eikonostoiqeÐa (pixels) se
proexèqousec perioqèc eikìnac, dhl. perioqèc pou antistoiqoÔn se epif�neiec, anti-
keÐmena   fusik� mèrh antikeimènwn. Wc ek toÔtou, k�poioc mporeÐ eÔkola na dei ìti
den up�rqei monadikìc orismìc thc kat�tmhshc. Sthn pragmatikìthta, eÐnai adÔnato
na diatupwjoÔn genik� oi akribeÐc stìqoi thc kat�tmhshc, ìpwc o Marr [25] èqei u-
pogrammÐsei. Kat� sunèpeia, mporeÐ na sunaqjeÐ to sumpèrasma ìti h kat�tmhsh eÐnai
exarthmènh apì thn ek�stote efarmog  kai ìti h eÔresh miac monadik c lÔshc eÐnai,
genik�, diforoÔmenh.

'Enac pio tupikìc orismìc thc kat�tmhshc [16] parousi�zetai sth sunèqeia. 'Estw
X to qwrÐo pou katalamb�netai apì mia eikìna. Se aut n thn perÐptwsh, h diadikasÐa
kat�tmhshc eikìnac mporeÐ na jewrhjeÐ wc h diadikasÐa pou qwrÐzei to qwrÐo X se n
stic diakritèc perioqèc R1, R2., Rn me ènan tètoio trìpo ¸ste oi akìloujec idiìthtec
na ikanopoioÔntai:

(a) To sÔnolo Ri eÐnai sunektikì gia k�je i = 1, 2, 3, .., n

(b)
n⋃
i=1

Ri = X

(c) Ri ∩Rj = ∅ gia k�je i, j me i 6= j
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H sunj kh (a) dhl¸nei pwc ìla ta stoiqeÐa miac perioq c Ri prèpei na sundèontai
sÔmfwna me ènan prokajorismèno trìpo. H epìmenh sunj kh apaiteÐ h diadikasÐa thc
kat�tmhshc na eÐnai pl rhc, dhlad  k�je eikonostoiqeÐo prèpei na an kei se k�poia
perioq  Ri. SÔmfwna me thn trÐth sunj kh, ìlec oi perioqèc stic opoÐec qwrÐzetai
mia eikìna prèpei na eÐnai diakritèc   isodÔnama amoibaÐa apokleiìmenec.

Epiprosjètwc, gia ton termatismì thc diadikasÐac thc kat�tmhshc prèpei na i-
sqÔoun dÔo akìma sunj kec. Dojèntoc enìc kathgor matoc Q(Ri) orismènou gia
ìlec tic diakritèc perioqèc Ri, h diadikasÐa thc kat�tmhshc prèpei na termatÐzei
ìtan:

(d) Q(Ri) = alhjèc gia k�je i = 1, 2, 3, .., n

(e) Q(Ri ∩Rj) = yeudèc gia k�je zeÔgoc geitonik¸n perioq¸n Ri kai Rj

ìpou dÔo perioqèc Ri kai Rj eÐnai geitonikèc an kai mìno an h ènws  touc eÐnai sune-
ktikì sÔnolo. H sunj kh (d) dhl¸nei pwc to kathgìrhma Q prèpei na einai alhjèc
gia k�je perioq  Ri en¸ dÔo geitonikèc perioqèc Ri kai Rj prèpei na diaqwrÐzontai
sÔmfwna me to Q.

H kat�tmhsh eikìnwn eÐnai èna apì ta pio dhmofil  probl mata sthn ìrash upo-
logist¸n epeid  sundèetai me èna meg�lo eÔroc efarmog¸n. EÐnai sten� sundedemènh
me thn anÐqneush kai anagn¸rish antikeimènwn kaj¸c up�rqei ekten c bibliografÐa
pou sundu�zei ta dÔo aut� probl mata [14, 15, 21, 40]. 'Allec dhmofileÐc efarmogèc
thc kat�tmhshc eikìnwn eÐnai h sumpÐesh eikìnwn me b�sh antikeÐmena [39], an�kth-
sh eikìnwn me b�sh to perieqìmeno [6], an�lush bioðatrik¸n eikìnwn [33], anÐqneush
pros¸pou [22, 43] kai anagn¸rish daktulik¸n apotupwm�twn [28].

1.2 KÐnhtra

SÔmfwna me shmantik� episthmonik� eur mata thc yuqofusik c prokÔptei pwc
koit�zontac mia fusik  skhn  o egkèfaloc diaforopoieÐ th skhn  aut  se perioqèc
kai se perigr�mmata pou skiagrafoÔn ta pijan� shmantik� mèrh twn antikeimènwn.
Kat' arq�c, oi Kovacs kai Julesz [18] èdeixan ìti h anÐqneush kleist¸n perigramm�twn
se mia skhn  apì to anjr¸pino sÔsthma ìrashc eÐnai pio eÔkolh apì thn anÐqneush
anoiqt¸n kampul¸n. Epiplèon, katèlhxan sto ìti h anÐqneush twn kleist¸n perigram-
m�twn upobohjeÐtai apì thn anÐqneush qarakthristik¸n sto eswterikì twn perioq¸n
ta opoÐa sunèdesan me to di�meso �xona twn sqhm�twn kai antikeimènwn thc skhn c.
Parìmoia eur mata up�rqoun kai se �llec parìmoiec èreunec [19, 20]. Sumperasmati-
k�, up�rqei isqur  episthmonik  èndeixh ìti o anjr¸pinoc egkèfaloc qrhsimopoieÐ to
di�meso �xona gia na bohj sei sthn kat�tmhsh skhn c kai thn optik  omadopoÐhsh.
To kÐnhtro gia mÐa mèjodo kat�tmhshc basismènh sto di�meso �xona proèrqetai apì
aut� ta stoiqeÐa apì koinoÔ me to gegonìc ìti o di�mesoc �xonac den èqei melethjeÐ
ekten¸c wc mèso gia kat�tmhsh eikìnwn.

H mèjodoc kat�tmhshc eikìnwn pou parousi�zetai sta plaÐsia thc paroÔsac di-
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plwmatik c ergasÐac basÐzetai ston medial feature detector. Oi AbrÐjhc kai Rapan-
tzÐkoc [5] anèptuxan mÐa mèjodo anÐqneushc perioq¸n endiafèrontoc. Parìlo pou h
ergasÐa aut  èqei diaforetikì stìqo, par�gei mia arqik  kat�tmhsh (oversegmenta-
tion) thc ek�stote eikìnac. Eis gagan mÐa teqnik  aposÔnjeshc tou skeletoÔ se
sunist¸sec gia na l�boun thn arqik  kat�tmhsh. H anapar�stash aut  eÐnai pio
perigrafik  apì ton klasikì metasqhmatismì watershed [7]. Qrhsimopoi¸ntac thn
anapar�stash aut  mporoÔme na metr soume pìso katakermatismèna   sumpag  eÐnai
ta ìria twn perioq¸n kai oi aniqneujeÐsec kleistèc kampÔlec.

H suneisfor� thc paroÔsac ergasÐac eÐnai h ulopoÐhsh, h exètash kai h axiolìgh-
sh diafìrwn krithrÐwn kai teqnik¸n sunènwshc perioq¸n me stìqo na metatrèyoume
thn arqik  kat�tmhsh se mÐa pio “kal ” kat�tmhsh. Epeid  o ìroc “kal ” kat�tmh-
sh eÐnai asaf c, orÐzoume wc “kal ” kat�tmhsh sta plaisia aut c thc diplwmatik c
ergasÐac thn kat�tmhshc pou eÐnai ìso to dunatìn kontinìterh stic anjr¸pinec ka-
tatm seic ìpwc autèc dÐnontai apì to Berkeley Segmentation Dataset [3, 26].

Sunolik�, h proteinìmenh mèjodoc kat�tmhshc eikìnwn sunoyÐzetai sta akìlouja
b mata:

Eikìna grayscale akm¸n

Stajmismènoc metasqhmatsmìc apìstashc

Di�mesoc �xonac

AposÔnjesh di�mesou �xona

Arqik  kat�tmhsh

Sunènwsh geitonik¸n perioq¸n
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1.3 SÔnoyh

H paroÔsa ergasÐa èqei domhjeÐ b�sei twn diakrit¸n bhm�twn thc proteinìmenhc
mejìdou. ToKef�laio 2 perièqei mia bibliografik  anaskìphsh diafìrwn mejodo-
logi¸n kat�tmhshc eikìnwn. Ektenèsterh anafor� èqei ginei se mejìdouc sqetikèc me
thn proteinìmenh. Sto Kef�laio 3 perigr�fontai oi dÔo teqnikèc anÐqneushc gray-
scale akm¸n pou qrhsimopoi jhkan. StoKef�laio 4 perièqontai orismoÐ kai jewrÐa
sqetik� me metasqhmatismoÔc apìstashc kaj¸c kai basikoÐ algìrijmoi gia apodotikì
upologismì diaforetik¸n metasqhmatism¸n apìstashc. Sto Kef�laio 5 parousi-
�zetai h ènnoia tou di�mesou �xona   skeletoÔ kaj¸c kai o antÐstoiqoc algìrijmoc
upologismoÔ tou. H teqnik  aposÔnjeshc tou skeletoÔ kai h mèjodoc pou pros-
dÐdei mia arqik  kat�tmhsh thc eikìnac eisìdou mèsw enìc duðkoÔ metasqhmatismoÔ
apìstashc perigr�fontai analutik� sto Kef�laio 6. Sto Kef�laio 7 gÐnetai
h parousÐash twn diafìrwn teqnik¸n sunènwshc perioq¸n pou ulopoi jhkan. Ako-
loujeÐ h axiolìghsh twn prohgoÔmenwn teqnik¸n kai h sÔgkris  touc me gnwstèc
teqnikèc thc bibliografÐac qrhsimopoi¸ntac th sullog  dedomènwn tou panepisth-
mÐou Berkeley sto Kef�laio 8 kaj¸c kai h par�jesh k�poiwn antiproswpeutik¸n
apotelesm�twn. Sumper�smata kai pijanèc mellontikèc kateujÔnseic analÔontai sto
Kef�laio 9. To Par�rthma Aþ perièqei basikèc apodeÐxeic diafìrwn lhmm�twn
kai idiot twn pou anafèrjhkan sta prohgoÔmena kef�laia.
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Sq ma 1.1: P�nw, apì arister� proc ta dexi�: eikìna eisìdou, grayscale
eikìna akm¸n kai metasqhmatismìc apìstashc. K�tw, apì arister� proc ta
dexi�: di�mesoc �xonac (kìkkino qr¸ma), arqik  kai telik  kat�tmhsh.

23



24



Kef�laio 2

Bibliografik  anaskìphsh

2.1 Genikèc teqnikèc kat�tmhshc eikìnwn

H aploÔsterh teqnik  kat�tmhshc eikìnwn eÐnai h katwflÐwsh. OrÐzetai èna ka-
t¸fli arqik� kai en suneqeÐa k�je eikonostoiqeÐo sugkrÐnetai me to kat¸fli autì.
E�n h tim  thc fwteinìthtac tou ek�stote eikonostoiqeÐou eÐnai megalÔterh apì to
kat¸lfi tìte to eikonostoiqeÐo autì shmei¸netai wc foreground en¸ sthn antÐje-
th perÐptwsh wc background. To kat¸fli lamb�nei sun jwc timèc fwteinìthtac  
qr¸matoc. 'Allec po sÔnjetec teqnikèc katwflÐwshc epitrèpoun sto kat¸fli na
lamb�nei pollaplèc timèc gia thn Ðdia eikìna. To krÐsimo shmeÐo ìlwn twn teqnik¸n
katwflÐwshc eÐnai h epilog  thc tim c tou katwflÐou. Gia to skopì autì di�forec
teqnikèc èqoun anaptuqjeÐ ìpwc h mèjodoc thc mègisthc entropÐac kai h mèjodoc
tou Otsu [32] (maximum variance). H teqnik  thc katwflÐwshc jewreÐtai idiaÐtera
aploðk  kai mporeÐ na qrhsimopoihjeÐ mìno gia polÔ aplèc peript¸seic.

MÐa �llh kathgorÐa teqnik¸n kat�tmhshc eikìnwn apoteleÐtai apì autèc pou ba-
sÐzontai sth sumpÐesh dedomènwn. SÔmfwna me autèc tic teqnikèc, h bèltisth ka-
t�tmhsh eÐnai aut  pou elaqistopoieÐ to m koc kwdikopoÐhshc twn dedomènwn. Oi
Mobahi et al. [29] perigr�foun k�je perioq  thc eikìnac me b�sh thn uf  tou kai
to sq ma tou sunìrou tou. Gia k�je dojeisa kat�tmhsh miac eikìnac, h en lìgw
mèjodoc dÐnei ènan arijmì apì bits pou apaitoÔntai gia na kwdikopoihjeÐ h eikìna.
Me autìn ton trìpo, gia k�je pijan  kat�tmhsh thc eikìnac o stìqoc eÐnai h eÔresh
thc kat�tmhshc me ton el�qisto arijmì bits. Autì epitugq�netai me mia apl  susta-
dopoÐsh. H alloÐwsh (distortion) sth sumpÐesh me ap¸leiec orÐzei pìso qondroeid c
eÐnai kai h telik  kat�tmhsh. 'Eqei to arnhtikì pwc h bèltisth tim  gia thn alloÐwsh
mporeÐ na diafèrei apì eikìna se eikìna.

MÐa meg�lh kathgorÐa teqnik¸n kat�tmhshc perilamb�nei mejìdouc sustadopoÐh-
shc (clustering). MÐa kÔria antiproswpeutik  teqnik  eÐnai o algìrijmoc k-means,
mia epanalhptik  teqnik  pou qrhsimopoieÐtai gia ton qwrismì thc eikìnac se K kèn-
tra. Ta basik� b mata tou en lìgw algorÐjmou èqoun wc ex c:
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1. ArqikopoÐhsh twn K kèntrwn.

2. K�je eikonostoiqeÐo antistoiqÐzetai sto kontinìtero kèntro.

3. Epanupologismìc twn kèntrwn.

4. Epan�lhyh twn bhm�twn 2 kai 3 èwc na sugklÐnei o algìrijmoc.

Sthn perÐptwsh aut , h apìstash eÐnai h tetragwnismènh   apìluth diafor� metaxÔ
enìc eikonostoiqeÐou kai enìc kèntrou miac sust�dac. H diafor� sun jwc basÐzetai
sto qr¸ma, sthn èntash, sthn uf , sthn qwrik  apìstash   se èna stajmismèno
sunduasmì aut¸n. H mèjodoc ja sugklÐnei egguhmèna all� mporeÐ na mhn epistrèyei
th bèltisth lÔsh. 'Ena meionèkthma tou k-means algorÐjmou eÐnai ìti o arijmìc
twn sust�dwn eÐnai mia par�metroc eisìdou. Mia akat�llhlh epilog  tou K mporeÐ
na apofèrei peniqr� apotelèsmata. O algìrijmoc upojètei epÐshc ìti h diakÔmansh
apoteleÐ to kat�llhlo mètro thc diaspor�c twn sust�dwn.

Oi mèjodoi pou basÐzontai sta istogr�mmata miac eikìnac eÐnai idiaÐtera apodo-
tikèc sugkritik� me �llec teqnikèc kat�tmhshc eikìnwn epeid  praktik� qwrÐzoun
mia eikìna se perioqèc me èna monadikì pèrasma apì k�je eikonostoiqeÐo. Se aut n
thn oikogèneia teqnik¸n, èna istìgramma upologÐzetai apì ìla ta eikonostoiqeÐa thc
eikìnac kai oi korufèc kai oi koil�dec tou istogr�mmatoc qrhsimopoioÔntai gia thn
anÐqneush twn sust�dwn thc eikìnac [37]. Wc mètro gia ton upologismì tou istogr�m-
matoc qrhsimopoioÔntai sun jwc h fwteinìthta thc eikìnac kai to qr¸ma. Up�rqei to
emfanèc meionèkthma sthn kathgorÐa aut  pwc eÐnai dÔskolo na brejoÔn oi korufèc
kai oi koil�dec twn istogramm�twn.

Oi teqnikèc kat�tmhshc gr�fwn mporoÔn na qrhsimopoihjoÔn apotelesmatik� gia
thn kat�tmhsh eikìnwn. SÔmfwna me tic mejìdouc autèc, h eikìna anaparÐstatai wc
ènac mh kateujunìmenoc gr�foc me b�rh. Oi korufèc tou gr�fou anaparistoÔn eÐte
memonwmèna eikonostoiqeÐa eÐte om�dec aut¸n. Oi akmèc tou gr�fou sundèoun gei-
tonik� eikonostoiqeÐa   perioqèc thc eikonac kai ta b�rh twn akm¸n ekfr�zoun èna
mètro omoiomorfÐac   anomoiomorfÐac metaxÔ twn geitonik¸n eikonostoiqeÐwn   perio-
q¸n. DhmofileÐc algìrijmoi thc en lìgw kathgorÐac eÐnai o algìrijmoc normalized
cuts [36], o algìrijmoc minimum cut [41] kai o algìrijmoc apodotik c sunènwshc
me b�sh to el�qista sunektikì dèntro [13].

H fasmatik  jewrÐa gr�fwn [10] kai sugkekrimèna to krit rio normalized cuts
[36] parèqoun mÐa teqnik  pou sumperilamb�nei sunolik  plhroforÐa apì olìklhrh
thn eikìna sth diadiakasÐa thc kat�tmhshc. Ston algìrijmo normalized cuts , h eikìna
anaparÐstatai wc mh kateujunìmenoc gr�foc me b�rh. Oi korufèc anaparistoÔn ta
eikonostoiqeÐa kai akmèc up�rqoun metaxÔ ìlwn twn pijan¸n zeugari¸n. Ta b�rh
twn akm¸n apoteloÔn èna mètro omoiomorfÐac metaxÔ geitonik¸n koruf¸n. O gr�foc
mporeÐ na qwristeÐ se dÔo diakrit� sÔnola A,B apl� afair¸ntac tic metaxÔ touc
akmèc. O bajmìc omoiomorfÐac metaxÔ twn dÔo aut¸n sunìlwn upologÐzetai wc to
�jroisma twn bar¸n twn metaxÔ touc akm¸n. Aut  h posothta onom�zetai tom  (cut).
H bèltisth kat�tmhsh tou gr�fou se dÔo sÔnola eÐnai aut  pou elaqistopoieÐ thn tim 
thc tom c. Wstìso, qrhsimopoi¸ntac to krit rio elaqÐsthc tom c prokÔptoun mikr�
sÔnola apomonwmènwn koruf¸n tou gr�fou. Oi Wu kai Leahy [41] prìteinan mia
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mèjodo kat�tmhshc basismènh sto krit rio thc el�qisthc tom c kai parat rhsan to
prohgoÔmeno prìblhma sthn ergasÐa touc. Gia thn epÐlush tou probl matoc autoÔ,
oi Shi kai Malik [36] eis gagan èna kanonikopoihmèno mètro omoiomorfÐac metaxÔ dÔo
sunìlwn lamb�nontac upìyin ìlec tic akmèc tou gr�fou. To mètro auto onom�sthke
normalized cut (Ncut) kai orÐzetai wc ex c:

Ncut(A,B) =
cut(A,B)

assoc(A, V )
+

cut(A,B)

assoc(B, V )
(2.1)

ìpou assoc(A, V ) eÐnai h sunolik  sÔndesh twn koruf¸n tou A proc ìlec tic korufèc
tou gr�fou. Oi Shi kai Malik apèdeixan pwc h eÔresh thc bèltisthc kat�tmhshc
tou gr�fou se dÔo sÔnola elaqistopoi¸ntac thn posìthta Ncut an�getai se èna
prìblhma genikeumènwn idiotim¸n. O gr�foc (eikìna) katatmeÐtai se dÔo sÔnola b�sh
tou idiodianÔsmatoc me th deÔterh mikrìterh idiotim  kai sth sunèqeia k�je sÔnolo
mporeÐ na qwristeÐ epanalhptik� se perissìtera uposÔnola. Wstìso, h prosèggish
aut  mporeÐ na sp�sei omoiìmorfec perioqèc thc eikìnac se perissìterec upoperioqèc.
Prìsfata, mia poluklimakwt  par�llagh tou algorÐjmou normalized cuts Cour et al.
[12] beltÐwse to prìblhma autì kaj¸c kai katèsthse pio apodotikì upologistik� ton
arqikì algìrijmo.

Pollèc proseggÐseic tou probl matoc thc kat�tmhshc eikìnwn jètoun èna prìblh-
ma logismoÔ metabol¸n. 'Ena tètoio montèlo protajhke apì touc Mumford kai Shah
[30], ìpou h kat�tmhsh thc eikìnac eisìdou u0 dÐnetai apì thn elaqistopoÐhsh tou
sunarthsiakoÔ:

F(u,C) =

∫

Ω

(u− u0)2dx+ µ

∫

Ω\C
|∇u|2dx+ ν

∮

C

ds (2.2)

ìpou C eÐnai ta kleist� kai omal� perigr�mmata thc kat�tmhshc, u h tmhmatik� omal 
prosèggish tou u0 me asunèqeiec mìno kata m koc thc kampÔlhc C, Ω to qwrÐo thc
eikìnac kai µ, ν par�gontec st�jmishc. Di�foroi algìrijmoi èqoun anaptuqjeÐ gia
thn elaqistopoÐhsh tou (2.2) kaj¸c kai thc aplousteumènhc èkdos c tou ìpou h u
eÐnai tmhmatik� stajer  sto Ω\C.

2.2 Sqetikèc ergasÐec

2.2.1 Metasqhmatismìc Watershed

MÐa eurèwc diadedomènh mejodologÐa kat�tmhshc eikìnwn eÐnai o metasqhmati-
smìc watershed. Kaj¸c h mejodologÐa aut  eÐnai sqetik  me thn proteinìmenh te-
qnik  thc diplwmatik c aut c ergasÐac ja parousiasteÐ ekten¸c. H an�lush pou
akoloujeÐ basÐzetai sta [7, 16].

Prokeimènou na katano sei k�poioc th logik  tou metasqhmatismoÔ autoÔ ja
prèpei na sull�bei me to mualì tou mia eikìna orismènh sto q¸ro twn tri¸n dia-
st�sewn: dÔo qwrik¸n suntetagmènwn kai mÐac èntashc. Se mÐa tètoia topologÐa
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Sq ma 2.1: Eikìna eisìdou kai antÐstoiqh topografik  epif�neia.

jewroÔme treic kathgorÐec shmeÐwn: (a) shmeÐa topik¸n elaqÐstwn, (b) shmeÐa pou
e�n topojet soume mÐa stagìna neroÔ aut  ja kul sei proc èna monadikì topikì e-
l�qisto kai (g) shmeÐa pou e�n topojet soume mÐa stagona neroÔ, aut  diajètei Ðsec
pijanìthtec na kul sei proc perissìtera topik� el�qista. Gia k�je topikì el�qisto,
to sÔnolo twn shmeÐwn pou ikanopoioÔn th sunj kh (b) eÐnai gnwstì wc lek�nh apor-
r c Ôdatoc. Ta shmeÐa pou an koun sthn trÐth kathgorÐa eÐnai gnwst� wc grammèc
diaqwrismoÔ kai apoteloÔn ta ìria twn perioq¸n thc kat�tmhshc.

O basikìc stìqoc twn algorÐjmwn kat�tmhshc pou basÐzontai se autèc tic ènnoiec
eÐnai o prosdiorismìc twn gramm¸n diaqwrismoÔ. H basik  idèa eÐnai apl . Upojèste
pwc se k�je el�qisto perioq c anoÐgoume mia op  kai sth sunèqeia plhmmurÐzoume
thn topografÐa sto sÔnolì thc apì k�tw proc ta p�nw, af nontac to nerì na anèbei
me stajerì rujmì mèsa apì autèc tic opèc. 'Otan to nero pou anebaÐnei mèsa stic
diakritèc lek�nec aporro c eÐnai ètoimo na sunenwjeÐ, kataskeu�zetai èna fr�gma
prokeimènou na apotrapeÐ aut  h sunènwsh. Epomènwc, to plhmmÔrisma thc topolo-
gÐac ja ft�sei telik� se èna st�dio ìpou mìno ta fr�gmata ja eÐnai orat� p�nw apì
to nerì. Ta fr�gmata aut� eÐnai akrib¸c oi grammèc diaqwrismoÔ. Sunep¸c, autèc ja
apoteloÔn ta sundedemèna perigr�mmata pou ja èqoun exaqjeÐ apì to sugkekrimèno
algìrijmo kat�tmhshc.

MÐa apì tic kÔriec efarmogèc autoÔ tou tÔpou kat�tmhshc eÐnai h exagwg  sqedìn
omoiìmorfwn antikeimènwn apì to background thc eikìnac. Oi perioqèc pou qara-
kthrÐzontai apì mikrèc metabolèc sthn èntash èqoun kai mikrèc timèc klÐshc. Sthn
pr�xh, loipìn, autìc o tÔpoc kat�tmhshc efarmìzetai sthn klÐsh miac eikìnac kai ìqi
sthn Ðdia thn eikìna.

Pio analutik�, èstw M1, M2, . . . , MR ta topik� el�qista miac eikìnac g(x, y),
C(Mi) oi antÐstoiqec lek�nec aporro c kai minlevel kai maxlevel to el�qisto kai
to mègisto antÐstoiqa epÐpedo thc g(x, y). To sÔnolo T [n] orÐzetai wc:

T [n] = {(s, t) : g(s, t) < n} (2.3)

Ac upojèsoume t¸ra pwc h topografÐa plhmmurÐzei me nerì, me to Ôyoc thc plhmmÔrac
na aux�nei se akèraia b mata apì thn tim  n = minlevel + 1 èwc thn tim  n =
maxlevel+ 1. E�n sumbolÐsoume me Cn(Mi) tic lek�nec aporro c tou elaqÐstou Mi
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Sq ma 2.2: Arister�: dÔo merik¸c plhmmurismènec lek�nec aporro c sto b ma
n − 1. Kèntro: plhmmÔra sto b ma n pou mac deÐqnei pwc to nerì èqei xequjeÐ
an�mesa stic lek�nec. Dexi�: apotèlesma thc diastol c kai kataskeu  fr�gmatoc
(apì [16])

.

sto b ma n èqoume:
Cn(Mi) = C(Mi) ∩ T [n] (2.4)

Sth sunèqeia, ac sumbolÐsoume me C[n] thn ènwsh twn plhmmurismènwn lekan¸n

aporro c sto b ma n. Ja isqÔei pwc C[n] =
R⋃
i=1

Cn(Mi) kai profan¸c C[maxlevel+

1] =
R⋃
i=1

C(Mi). O algìrijmoc arqikopoieÐtai me C[minlevel + 1] = T [minlevel + 1].

O algìrijmoc se k�je b ma katskeu�zei to C[n] me dedomèno to C[n−1]. To sÔnolo
twn sunektik¸n sunistws¸n tou T [n] sumbolÐzetai me Q[n]. Gia k�je sunist¸sa
q ∈ Q[n] up�rqoun treic pijanìthtec:

1. To q ∩ C[n − 1] eÐnai kenì. Tìte èna kainoÔrgio el�qisto èqei sunanthjeÐ kai h
sunist¸sa q enswmat¸netai sto sÔnolo C[n− 1] gia na sqhmatisteÐ to C[n].

2. To q ∩ C[n − 1] perièqei mìno mÐa sunektik  sunist¸sa tou C[n − 1]. Tìte, h
sunist¸sa q enswmat¸netai sto sÔnolo C[n− 1] gia na sqhmatisteÐ to C[n].

3. To q ∩ C[n − 1] perièqei p�nw apì mÐa sunektikèc sunist¸sec tou C[n − 1].
Tìte, ja prèpei na kataskeu�soume èna   perissìtera fr�gmata prokeimènou na
apotrèyoume thn uperqeÐlish tou neroÔ.

H �nwji diadikasÐa epanalamb�netai èwc ìtou n = maxlevel + 1

H apeujeÐac efarmog  metasqhmatismoÔ watershed sto mètro thc klÐshc thc ei-
kìnac èqei wc apotèlesma mia uperkat�tmhsh thc eikìnac ìpwc aut  pou parousi�ze-
tai sto Sq. 2.3. Gia thn apofug  tou probl matoc autoÔ, èqei eisaqjeÐ h ènnoia twn
ergaleÐwn shmanshc. Ta ergaleÐa s manshc apoteloÔn sundedemènec sunist¸sec thc
eikìnac pou elègqoun th diadikasÐa plhmmurismoÔ me stìqo thn apofug  thc uper-
kat�tmhshc. 'Ena basikì par�deigma exagwg c tètoiwn ergaleÐwn s manshc eÐnai h
genikeumènh exagwg  megÐstwn-elaqÐstwn (maxima-minima extraction) [38]. Gia ta
mègista, afaireÐtai mia tuqaÐa stajer� h apì thn arqik  eikìna I kai pragmatopoie-
Ðtai èna morfologikì �noigma anakataskeu c thc I apì thn I − h. H anaskeuasmènh
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Sq ma 2.3: Eikìna eisìdou kai antÐstoiqh uperkat�tmhsh pou prokÔptei apì efar-
mog  metasqhmatismoÔ watershed apeujeÐac sto mètro thc klÐshc.

I

I-1
grayscale

reconstruction
⇒

Regional maxima

Figure 11: Extracting the regional maxima of I by reconstruction of I from I � 1.

De�nition 3.4 The h-dome image Dh(I) of the h-domes of a grayscale image I is given by:

Dh(I) = I � �I(I � h):

Geometrically speaking, an h-dome can be interpreted the same way maxima are: an h-dome D of
image I is a connected component of pixels such that:
� every pixel p neighbor of D satis�es: I(p) < minfI(q) j q 2 Dg,

� maxfI(q) j q 2 Dg �minfI(q) j q 2 Dg < h.
In addition, the value of pixel p of h-dome D in image Dh(I) is equal to I(p)-minfI(q) j q 2 Dg.

The h-dome transformation is illustrated on Fig. 12. Unlike classical top-hats, the h-dome
transformation extracts light structures without involving any size or shape criterion. The only
parameter (h) is related to the height of these structures. This characteristic is of interest for
complex segmentation problems.

I

I-h

Grayscale reconstruction

Subtraction

h

Figure 12: Determination of the h-domes of grayscale image I.

As an example, let us consider Fig. 13.a, which is an image of the corneal endothelial tissue
of the eye, obtained using a wide-�eld specular microscope. The analysis of images of this kind
is detailed in [29]. The �rst step of their segmentation consists in extracting a marker for each
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Sq ma 2.4: Prosdiorismìc shmadeut¸n mèsw thc exagwg c megÐstwn (apì [38]).

eikìna afaireÐtai sth sunèqeia apì thn arqik  prosdÐdontac mia grayscale eikìna J .
Apì thn eikìna J eÐnai eÔkolh h exagwg  twn pio shmantik¸n megÐstwn mèsw miac
apl c katwflÐwshc. Mia duðk  diadikasÐa mporeÐ na qrhsimopoihjeÐ gia thn exagwg 
twn elaqÐstwn thc eikìnac I.

2.2.2 Kateujuntikìc metasqhmatismìc watershed kai u-

permetrik  eikìna orÐwn

Mia prìsfath tropopoÐhsh tou klasikoÔ metasqhmatismoÔ watershed pou axoi-
poieÐ plhroforÐa gia thn isqÔ all� kai thn kateÔjunsh twn sunìrwn twn perioq¸n
thc kat�tmhshc eÐnai o kateujuntikìc metasqhmatismìc watershed (oriented water-
shed transform) [3]. Wc s ma eisìdou ston �nwji algìrijmo mporeÐ na qrhsimopoihjeÐ
opoiosd pote grayscale eikìna akm¸n E(x, y, θ) pou ekfr�zei thn pijanìthta Ôparxhc
akm c sto shmeÐo (x, y) me kateÔjunsh θ.
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Sq ma 2.5: Apì arister� proc ta dexi�: arqik  eikìna, morfologik  klÐsh,
ergaleÐa s manshc megÐstwn, telik  kat�tmhsh.

Arqik�, efarmìzetai o metasqhmatismìc watershed sthn eikìna:

E(x, y) = max
θ
E(x, y, θ) (2.5)

Oi lek�nec aporro c (P0) twn topik¸n elaqÐstwn thc E(x, y) apoteloÔn tic perioqèc
thc arqik c uperkat�tmhshc kai oi grammèc diaqwrismoÔ metaxÔ twn perioq¸n (K0)
ta pijan� sÔnora twn perioq¸n thc eikìnac.

Sth sunèqeia, orÐzetai èna mètro anomoiomorfÐac metaxÔ geitonik¸n perioq¸n ba-
sismèno sthn isqÔ twn metaxÔ touc orÐwn. H qr sh thc mèshc tim c thc E(x, y) wc
b�roc tou k�je orÐou mporeÐ na eis�gei jìrubo. Gia th diìrjwsh tou probl matoc au-
toÔ prot�jhke h akìloujh tropopoÐhsh: ta ìria twn perioq¸n proseggÐzontai arqik�
apì eujÔgramma tm mata. Sth sunèqeia, se k�je eikonostoiqeÐo (x, y) antistoiqÐzetai
h kateÔjunsh o(x, y) ∈ [0, π) tou eujugr�mmou tm matoc sto opoÐo an kei. H isqÔc
tou orÐou sto (x, y) gÐnetai E(x, y, o(x, y)) antÐ gia E(x, y).

Epiprosjètwc, to parap�nw metro anomoiomorfÐac metaxÔ geitonik¸n perioq¸n
ikanopoieÐ thn upermetrik  idiìthta [1]. To epìmeno b ma eÐnai h qr sh thc upermetri-
k c eikìnac orÐwn (ultrametric contour map (UCM)). Mia analutik  perigraf  twn
upermetrik¸n eikìnwn orÐwn gÐnetai sthn par�grafo 7.3. H ierarqÐa twn perioq¸n
kataskeu�zetai apì ènan �plhsto algìrijmo sunènwshc perioq¸n pou basÐzetai se
gr�fouc. OrÐzetai ènac arqikìc gr�foc G = (P0,K0) ìpou oi korufèc antistoiqo-
Ôn stic perioqèc P0, oi akmèc sta ìria K0 metaxÔ geitonik¸n perioq¸n kai ta b�rh
W : K0 → R+ apoteloÔn èna mètro anomoiomorfÐac metaxÔ perioq¸n. O algìrijmoc
arqik� taxinomeÐ tic akmèc tou gr�fou kat� aÔxousa seir� bar¸n kai epanalhptik 
sunen¸nei tic pio ìmoiec perioqèc:

1) Epilog  orÐou elaqÐstou b�rouc: C∗ = arg minC∈K0
W (C)

2) 'Estw R1, R2 ∈ P0 oi perioqèc pou qwrÐzontai apì to C∗

3) R = R1 ∪R2 kai anane¸sh tou gr�fou:
P0 ← P0\{R1, R2} ∪R and K0 ← K0\{C∗}

4) Tèloc e�n to sÔnolo K0 eÐnai kenì. Alli¸c, ananèwsh twn bar¸n W (K0) kai
epan�lhyh apì to b ma 1.
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2.2.3 Apodotik  kat�tmhsh eikìnac me qr sh gr�fwn

O algìrijmoc kat�tmhshc eikìnac pou proteÐnoun oi Felzenswalb kai Huttenlocher
[13] epiqeireÐ na qwrÐsei thn eikìna se perioqèc ètsi ¸ste h telik  kat�tmhsh na mhn
eÐnai oÔte polÔ leptomer c oÔte polÔ qondroeid c. Sta plaÐsia thc �nwji ergasÐac,
oi ìroi “polÔ leptomer c”, “swst� leptomerèsterh kat�tmhsh ” “polÔ qondroeid c”
èqoun wc ex c:

Orismìc 2.2.1 Mia kat�tmhsh S eÐnai polÔ leptomer c e�n up�rqei èna zeÔgoc
perioq¸n R1, R2 ∈ S gia tic opoÐec den up�rqei èndeixh gia Ôparxh sunìrou metaxÔ
touc.

Orismìc 2.2.2 Dojèntwn dÔo katatm sewn S kai T thc Ðdiac eikìnac, h T apoteleÐ
mia swst� leptomerèsterh kat�tmhsh thc S e�n k�je perioq  thc T perièqetai se
k�poia perioq  thc S. Epiprosjètwc, gia na apoteleÐ h kat�tmhsh T mia swst�
leptomerèsterh kat�tmhsh thc S prèpei T 6= S.

Orismìc 2.2.3 Mia kat�tmhsh S eÐnai polÔ qondroeid c e�n up�rqei swst� lepto-
merèsterh kat�tmhsh thc S pou den einai polÔ leptomer c.

Se aut n thn prosèggish, h eikìna anaparÐstatai wc ènac mh kateujunìmenoc grafoc
G = (V,E). Oi korufèc vi ∈ V antistoiqoÔn sta eikonostoiqeÐa kai oi akmèc (vi, vj) ∈
E antistoiqoÔn se zeÔgh geitonik¸n koruf¸n. K�je akm  (vi, vj) ∈ E èqei èna
baroc w(vi, vj), pou ekfr�zei èna mh arnhtikì mètro anomoiomorfÐac metaxÔ geitonik¸n
koruf¸n (p.q. diafor� fwteinìthtac   qr¸matoc).

H eswterik  diafor� miac perioq c (sunist¸sac) R ⊆ V orÐzetai wc to mègisto
b�roc sto el�qista sunektikì dèntro thc perioqhc aut c MST (R,E):

Int(R) = max
e∈MST (R,E)

w(e) (2.6)

H diafor� metaxÔ dÔo perioq¸n R1, R2 ⊆ V orÐzetai wc to el�qisto b�roc akm c
pou sundèei tic dÔo autèc perioqèc:

Dif(R1, R2) = min {w(vi, vj) : vi ∈ R1, vj ∈ R2, (vi, vj) ∈ E} (2.7)

Gia thn Ôparxh orÐou metaxÔ dÔo perioq¸n èqei eisaqjeÐ èna logikì kathgìrhma pou
elègqei e�n h diafor� twn dÔo en lìgw perioq¸n eÐnai meg�lh sugkrinìmenh me thn
eswterik  diafor� toul�qiston mÐac ek twn dÔo perioq¸n. Gia mikrèc perioqèc, h
eswterik  diafor� miac perioq c den apoteleÐ mia kal  ektÐmhsh. Gia to lìgo autìn,
gÐnetai qr sh miac sun�rthshc katwflÐou τ(R) h opoÐa eÐnai basismènh sto mègejoc
thc perioq c. Gia mikrèc perioqèc apaiteÐtai megalÔterh èndeixh gia Ôparxh sunìrou.
To kathgìrhma gia dÔo perioqèc orÐzetai wc ex c:

D(R1, R2) =

{
alhj´ec , e´an Dif(R1, R2) > MInt(R1, R2)

yeud´ec , alli´wc
(2.8)
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ìpou h el�qisth eswterik  diafor� MInt orÐzetai wc:

MInt(R1, R2) = min (Int(R1) + τ(R1), Int(R2) + τ(R2)) (2.9)

SÔmfwna me ton kÔrio algìrijmo, k�je koruf  antistoiqeÐ arqik� se mÐa xeqwri-
st  perioq . H epexergasÐa twn akm¸n gÐnetai kat� aÔxousa seir� bar¸n. Se k�je
b ma o algìrijmoc sunen¸nei tic dÔo perioqèc pou sundèei h ek�stote akm  e�n to
antÐstoiqo kathgìrhma eÐnai yeudèc. H poluplokìthta tou algorÐjmou autoÔ eÐnai
O(nlogn) , ìpou n eÐnai to pl joc twn eikonostoiqeÐwn. Ta b�rh twn akm¸n eÐnai
sun�rthsh thc apìluthc diafor�c fwteinìthtac metaxÔ eikonostoiqeÐwn. 'Ena shman-
tikì qarakthristikì thc teqnik c aut c eÐnai pwc diathreÐ leptomèreiec se perioqèc
mikr c metablhtìthtac en¸ agnoeÐ leptomèreiec se perioqèc meg�lhc metablhtìthtac.
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Kef�laio 3

AnÐqneush akm¸n

3.1 Canny anÐqneush akm¸n

Arqik�, prèpei na anafèroume pwc o ìroc grayscale akmèc anafèretai se mia ei-
kìna gkrÐzou tìnou (grayscale) pou ekfr�zei thn pijanìthta Ôparxhc orÐou perioq c
se k�je eikonostoiqeÐo. Wc basikì aniqneut  gkrÐzwn akm¸n qrhsimopoi jhke mia
grayscale èkdosh tou aniqneut  akm¸n Canny [9].

To pr¸to b ma thc anÐqneushc akm¸n me th mèjodo tou Canny eÐnai h sunèlixh
thc eikìnac eisìdou me èna gkaoussianì fÐltro gia apojorubopoÐhsh. Sth sunèqeia,
pr¸thc t�xhc gkaoussianèc par�gwgoi qrhsimopoioÔntai gia ton upologismì thc dis-
di�stathc klÐshc thc eikìnac. H diadikasÐa aut  dÐnei par�gwgo sthn orizontia die-
Ôjunsh (Gx) kai sthn k�jeth dieÔjunsh (Gy). Apì autèc upologÐzetai to mètro thc
klÐshc G kai h dieÔjunsh Θ wc ex c:

G =
√
G2
x +G2

y (3.1)

Θ = arctan

(
Gy

Gx

)
(3.2)

H dieÔjunsh thc klÐshc stroggulopoieÐtai se 4 kateujÔnseic (0, 45, 90 kai 135
moÐrec). Sth sunèqeia, akoloujeÐ h diadikasÐa thc katapÐeshc twn mh megÐstwn (non-
maximum suppression) kat� thn opoÐa diathroÔntai mìno ta eikonostoiqeÐa pou a-
poteloÔn topik� mègista sthn kateÔjunsh thc klÐshc en¸ sta upìloipa jètoume thn
tim  0.

To teleutaÐo b ma eÐnai h katwflÐwsh me ustèrhsh (hysteresis thresholding). H
leitourgÐa aut  qrhsimopoieÐ dÔo timèc katwflÐou: mÐa uyhl  kai mÐa qamhl  gia na
aniqneÔsei antistoiqa tic “isqurèc” kai tic “adÔnamec” akmèc. Oi adÔnamec akmèc
upologÐzontai wc akmèc mìno ìtan sundèontai me isqurèc akmèc. Opìte h mèjodoc
Canny eÐnai ligìtero pijanì, se sqèsh me �llec teqnikèc, na eÐnai euaÐsjhth sto
jìrubo. Sun jwc, h qamhl  tim  katwflÐou eÐnai èna stajerì kl�sma thc uyh-
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Sq ma 3.1: Eikìnec eisìdou kai oi antÐstoiqec grayscale eikìnec akm¸n pou pro-
kÔptoun apì ton tropopoihmèno algìrijmo Canny

l c tim c (p.q. 1/3). Qrhsimopoi¸ntac pollaplèc timèc gia thn uyhl  tim  katw-
flÐou prokÔptei h epijumht  eikìna akm¸n gkrÐzou tìnou. ParadeÐgmata parousi-
�zontai sto Sq. 3.1. H ulopoÐhsh pou qrhsimopoi jhke sta plaÐsia thc paroÔsac
diplwmatik c ergasÐac basÐzetai sthn ulopoÐhsh tou D.R. Martin h opoÐa eÐnai dia-
jèsimh ston sÔndesmo http://www.eecs.berkeley.edu/Research/Projects/CS/

vision/bsds/code/Detectors/.

3.2 Aniqneut c sunolik c pijanìthtac akm¸n

Sto shmeÐo auto ja gÐnei mia sÔntomh perigraf  tou deÔterou aniqneut  akm¸n
pou qrhsimopoi jhke wc eÐsodoc sthn proteinìmenh mejodologÐa kat�tmhshc eikìnwn.
Autìc eÐnai o aniqneut c sunolik c pijanìthtac akm¸n (globalized probability of
boundary (gPb)) [2]. H teqnik  aut  sundu�zei pollapl� topik� stoiqeÐa ìpwc fw-
teinìthta, qr¸ma, uf  se pollalèc klÐmakec kai ta sundu�zei me plhroforÐa pro-
erqìmenh apì to sÔnolo thc eikìnac. EÐnai o algìrijmoc sth st�jmh thc teqnik c
kai par�gei apotelèsmata plhsièstera sthn anjr¸pinh ìrash apì opoiod pote �llo
gnwstì s mera algorijmo.

Arqik�, o Martin et al. [27] orÐzoun th sun�rthsh Pb(x, y, θ) gia na perigr�youn
thn pijanìthta Ôparxhc akm c sto shmeÐo (x, y) me kateÔjunsh θ metr¸ntac topikèc
diaforèc sta kan�lia thc fwteinìthtac, twn qrwm�twn kai thc uf c. O Arbelaez
et al. [2] eis�goun ton aniqneut  sunolik c pijanìthtac akm¸n (globalized proba-
bility of boundary (gPb)). H teqnik  aut  perièqei mia poluklimakwt  èkdosh tou
prohgoÔmenou aniqneut  Pb kai èna epiprìsjeto st�dio fasmatik c sustadopoÐhshc
gia thn eisagwgh plhroforÐac apì to sÔnolo thc eikìnac.
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2.3.2 Rand Index
Originally, the Rand Index [62] was introduced for gen-
eral clustering evaluation. It operates by comparing the
compatibility of assignments between pairs of elements
in the clusters. The Rand Index between test and ground-
truth segmentations S and G is given by the sum of the
number of pairs of pixels that have the same label in
S and G and those that have different labels in both
segmentations, divided by the total number of pairs of
pixels. Variants of the Rand Index have been proposed
[5], [7] for dealing with the case of multiple ground-truth
segmentations. Given a set of ground-truth segmenta-
tions {Gk}, the Probabilistic Rand Index is defined as:

PRI(S, {Gk}) =
1

T

∑

i<j

[cijpij + (1− cij)(1− pij)] (6)

where cij is the event that pixels i and j have the same
label and pij its probability. T is the total number of
pixel pairs. Using the sample mean to estimate pij , (6)
amounts to averaging the Rand Index among different
ground-truth segmentations. The PRI has been reported
to suffer from a small dynamic range [5], [7], and its
values across images and algorithms are often similar.
In [5], this drawback is addressed by normalization with
an empirical estimation of its expected value.

2.3.3 Segmentation Covering
The overlap between two regions R and R′, defined as:

O(R,R′) =
|R ∩R′|
|R ∪R′| (7)

has been used for the evaluation of the pixel-wise clas-
sification task in recognition [8], [11]. We define the
covering of a segmentation S by a segmentation S′ as:

C(S′ → S) =
1

N

∑

R∈S
|R| · max

R′∈S′
O(R,R′) (8)

where N denotes the total number of pixels in the image.
Similarly, the covering of a machine segmentation S by

a family of ground-truth segmentations {Gi} is defined
by first covering S separately with each human segmen-
tation Gi, and then averaging over the different humans.
To achieve perfect covering the machine segmentation
must explain all of the human data. We can then define
two quality descriptors for regions: the covering of S by
{Gi} and the covering of {Gi} by S.

3 CONTOUR DETECTION

As a starting point for contour detection, we consider
the work of Martin et al. [2], who define a function
Pb(x, y, θ) that predicts the posterior probability of a
boundary with orientation θ at each image pixel (x, y)
by measuring the difference in local image brightness,
color, and texture channels. In this section, we review
these cues, introduce our own multiscale version of the
Pb detector, and describe the new globalization method
we run on top of this multiscale local detector.

0 0.5 1

Upper Half−Disc Histogram

0 0.5 1

Lower Half−Disc Histogram

Fig. 4. Oriented gradient of histograms. Given an
intensity image, consider a circular disc centered at each
pixel and split by a diameter at angle θ. We compute
histograms of intensity values in each half-disc and output
the χ2 distance between them as the gradient magnitude.
The blue and red distributions shown in the middle panel
are the histograms of the pixel brightness values in the
blue and red regions, respectively, in the left image. The
right panel shows an example result for a disc of radius
5 pixels at orientation θ = π

4 after applying a second-
order Savitzky-Golay smoothing filter to the raw histogram
difference output. Note that the left panel displays a larger
disc (radius 50 pixels) for illustrative purposes.

3.1 Brightness, Color, Texture Gradients
The basic building block of the Pb contour detector is
the computation of an oriented gradient signal G(x, y, θ)
from an intensity image I . This computation proceeds
by placing a circular disc at location (x, y) split into two
half-discs by a diameter at angle θ. For each half-disc, we
histogram the intensity values of the pixels of I covered
by it. The gradient magnitude G at location (x, y) is
defined by the χ2 distance between the two half-disc
histograms g and h:

χ2(g, h) =
1

2

∑

i

(g(i)− h(i))2

g(i) + h(i)
(9)

We then apply second-order Savitzky-Golay filtering
[63] to enhance local maxima and smooth out multiple
detection peaks in the direction orthogonal to θ. This is
equivalent to fitting a cylindrical parabola, whose axis
is orientated along direction θ, to a local 2D window
surrounding each pixel and replacing the response at the
pixel with that estimated by the fit.

Figure 4 shows an example. This computation is moti-
vated by the intuition that contours correspond to image
discontinuities and histograms provide a robust mech-
anism for modeling the content of an image region. A
strong oriented gradient response means a pixel is likely
to lie on the boundary between two distinct regions.

The Pb detector combines the oriented gradient sig-
nals obtained from transforming an input image into
four separate feature channels and processing each chan-
nel independently. The first three correspond to the
channels of the CIE Lab colorspace, which we refer to

Sq ma 3.2: Apì arister� proc ta dexi�: kan�li fwteinìthtac me kuklikì dÐsko
kateÔjunshc θ = π/4 me kèntro èna tuqaio eikonostoiqeÐo, istogr�mmata twn dÔo
hmikuklik¸n dÐskwn, telikì apotèlesma sto kan�li fwteinìthtac gia th dedomènh
kateÔjunsh.

To basikì st�dio tou Pb aniqneut  akm¸n eÐnai o upologismìc enìc s matoc
G(x, y, θ) apì mia eikìna èntashc I. Se k�je eikonostoiqeÐo (x, y) topojeteÐtai ènac
kuklikìc diskoc kai qwrÐzetai se dÔo Ðsa mèrh apì mia di�metro sth dieÔjunsh θ. To
mètro G sto ek�stote shmeÐo orÐzetai apì thn χ2 metaxÔ twn dÔo istogramm�twn g
kai h pou antistoiqoÔn stouc dÔo hmikuklikoÔc dÐskouc:

χ2 =
1

2

∑

i

(g(i)− h(i))2

g(i)− h(i)
(3.3)

'Ena par�deigma thc �nwji diadikasÐac parousi�zetai sto Sq. 3.2. Sunolik� tès-
sera kan�lia qrhsimopoihj kan, trÐa tou qrwmatikoÔ q¸rou CIELab (L, a, b) kai to
tètarto eÐnai to kan�li uf c. To pr¸to autì st�dio thc teqnik c gPb parousi�zetai
sto Sq. 3.2.

'Ola ta parap�nw apoteloÔn ton Pb aniqneut . Gia thn anÐqneush mikr¸n kai
meg�lwn dom¸n sthn eikìna oi upologismoÐ lamb�noun q¸ra se treic klÐmakac (aktÐnec
twn dÐskwn): [σ

2
, σ, 2σ]. To poluklimakwtì kateujuntikì s ma upologÐzetai t¸ra wc

ex c:

mPb(x, y, θ) =
∑

s

∑

i

ai,sGi,σ(i,s)(x, y, θ) (3.4)

ìpou h kateÔjunsh θ deigmatoleipteÐtai se 8 isapèqontec gwnÐec sto di�sthma [0, π)
kai ta b�rh ai,s upologÐzontai me teqnikèc m�jhshc me qr sh thc sullog c dedomènwn
tou panepisthmÐou Berkeley.

Epiprosjètwc, up�rqei kai èna st�dio eisagwg c sunolik c plhroforÐac sthn te-
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Fig. 5. Filters for creating textons. We use 8 oriented
even- and odd-symmetric Gaussian derivative filters and
a center-surround (difference of Gaussians) filter.

as the brightness, color a, and color b channels. For
grayscale images, the brightness channel is the image
itself and no color channels are used.

The fourth channel is a texture channel, which assigns
each pixel a texton id. These assignments are computed
by another filtering stage which occurs prior to the
computation of the oriented gradient of histograms.
This stage converts the input image to grayscale and
convolves it with the set of 17 Gaussian derivative and
center-surround filters shown in Figure 5. Each pixel is
associated with a (17-dimensional) vector of responses,
containing one entry for each filter. These vectors are
then clustered using K-means. The cluster centers define
a set of image-specific textons and each pixel is assigned
the integer id in [1,K] of the closest cluster center. Exper-
iments show choosing K = 32 textons to be sufficient.

We next form an image where each pixel has an
integer value in [1,K], as determined by its texton id.
An example can be seen in Figure 6 (left column, fourth
panel from top). On this image, we compute differences
of histograms in oriented half-discs in the same manner
as for the brightness and color channels.

Obtaining G(x, y, θ) for arbitrary input I is thus the
core operation on which our local cues depend. In the
appendix, we provide a novel approximation scheme for
reducing the complexity of this computation.

3.2 Multiscale Cue Combination

We now introduce our own multiscale extension of the
Pb detector reviewed above. Note that Ren [28] intro-
duces a different, more complicated, and similarly per-
forming multiscale extension in work contemporaneous
with our own [3], and also suggests possible reasons
Martin et al. [2] did not see performance improvements
in their original multiscale experiments, including their
use of smaller images and their choice of scales.

In order to detect fine as well as coarse structures,
we consider gradients at three scales: [σ2 , σ, 2σ] for each
of the brightness, color, and texture channels. Figure 6
shows an example of the oriented gradients obtained for
each channel. For the brightness channel, we use σ = 5
pixels, while for color and texture we use σ = 10 pixels.
We then linearly combine these local cues into a single
multiscale oriented signal:

mPb(x, y, θ) =
∑

s

∑

i

αi,sGi,σ(i,s)(x, y, θ) (10)

where s indexes scales, i indexes feature channels
(brightness, color a, color b, texture), and Gi,σ(i,s)(x, y, θ)
measures the histogram difference in channel i between

Channel θ = 0 θ = π
2 G(x, y)

mPb(x, y)

Fig. 6. Multiscale Pb. Left Column, Top to Bottom: The
brightness and color a and b channels of Lab color space,
and the texton channel computed using image-specific
textons, followed by the input image. Rows: Next to each
channel, we display the oriented gradient of histograms
(as outlined in Figure 4) for θ = 0 and θ = π

2 (horizontal
and vertical), and the maximum response over eight
orientations in [0, π) (right column). Beside the original
image, we display the combination of oriented gradients
across all four channels and across three scales. The
lower right panel (outlined in red) shows mPb, the final
output of the multiscale contour detector.

Sq ma 3.3: Arister�, apì p�nw proc ta k�tw: fwteinìthta, qrwmatik�
kan�lia a kai b tou qrwmatikoÔ q¸rou Lab kai kan�li uf c. Grammèc, apì a-
rister� proc ta dexi�: dÐpla se k�je kan�li eÐnai to antÐstoiqo s ma G gia
kateujÔnseic θ = 0 kai θ = π/2 kaj¸c kai h mègisth apìkrish wc proc tic 8 kateu-
jÔnseic sto di�sthma [0, π).
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Fig. 7. Spectral Pb. Left: Image. Middle Left: The thinned non-max suppressed multiscale Pb signal defines a sparse
affinity matrix connecting pixels within a fixed radius. Pixels i and j have a low affinity as a strong boundary separates
them, whereas i and k have high affinity. Middle: First four generalized eigenvectors resulting from spectral clustering.
Middle Right: Partitioning the image by running K-means clustering on the eigenvectors erroneously breaks smooth
regions. Right: Instead, we compute gradients of the eigenvectors, transforming them back into a contour signal.

Fig. 8. Eigenvectors carry contour information. Left: Image and maximum response of spectral Pb over
orientations, sPb(x, y) = maxθ{sPb(x, y, θ)}. Right Top: First four generalized eigenvectors, v1, ...,v4, used in
creating sPb. Right Bottom: Maximum gradient response over orientations, maxθ{∇θvk(x, y)}, for each eigenvector.

two halves of a disc of radius σ(i, s) centered at (x, y) and
divided by a diameter at angle θ. The parameters αi,s
weight the relative contribution of each gradient signal.
In our experiments, we sample θ at eight equally spaced
orientations in the interval [0, π). Taking the maximum
response over orientations yields a measure of boundary
strength at each pixel:

mPb(x, y) = max
θ
{mPb(x, y, θ)} (11)

An optional non-maximum suppression step [22] pro-
duces thinned, real-valued contours.

In contrast to [2] and [28] which use a logistic regres-
sion classifier to combine cues, we learn the weights αi,s
by gradient ascent on the F-measure using the training
images and corresponding ground-truth of the BSDS.

3.3 Globalization

Spectral clustering lies at the heart of our globalization
machinery. The key element differentiating the algorithm
described in this section from other approaches [45], [47]

is the “soft” manner in which we use the eigenvectors
obtained from spectral partitioning.

As input to the spectral clustering stage, we construct
a sparse symmetric affinity matrix W using the interven-
ing contour cue [49], [64], [65], the maximal value of mPb
along a line connecting two pixels. We connect all pixels
i and j within a fixed radius r with affinity:

Wij = exp

(
−max

p∈ij
{mPb(p)}/ρ

)
(12)

where ij is the line segment connecting i and j and ρ is
a constant. We set r = 5 pixels and ρ = 0.1.

In order to introduce global information, we define
Dii =

∑
jWij and solve for the generalized eigenvectors

{v0,v1, ...,vn} of the system (D − W )v = λDv (2),
corresponding to the n+1 smallest eigenvalues 0 = λ0 ≤
λ1 ≤ ... ≤ λn. Figure 7 displays an example with four
eigenvectors. In practice, we use n = 16.

At this point, the standard Normalized Cuts approach
associates with each pixel a length n descriptor formed
from entries of the n eigenvectors and uses a clustering

Sq ma 3.4: Arister�: eikìna eisìdou kai shma sPb(x, y) = maxθ{sPb(x, y, θ)}.
P�nw kai dexi�: tèssera pr¸ta genikeumèna idiodianÔsmata v1, . . . ,v4. K�tw
dexi�: mègisth apìkrish wc proc ìlec tic kateujÔnseic twn gkaoussian¸n para-
g¸gwn maxθ{∇θvk (x, y)} gia k�je idiodi�nusma.

qnik  aut . Wc eÐsodoc sto st�dio autì qrhsimooieÐtai ènac araiìc pÐnakac sun�feiac
W metaxÔ ìlwn twn eikonostoiqeÐwn thc eikìnac. O pÐnakac autìc kataskeu�ze-
tai qrhsimopoi¸ntac th mègisth tim  tou s matoc mPb p�nw sto eujÔgrammo tm ma
ij pou sundèei dÔo eikonostoiqeÐa i, j. 'Ola ta eikonostoiqeÐa i kai j pou apèqoun
ligìtero apì mia stajer� r sundèontai me to akìloujo mètro sun�feiac textbfWij:

Wij = exp(−max
p∈ij
{mPb(p)}/ρ) (3.5)

ìpou ρ mia stajer�. Gia thn eisagwg  plhroforÐac apì olìklhrh thn eikìna, efar-
mìzetai mÐa teqnik� parìmoia me aut n thc mejìdou Normalized Cuts[36]. OrÐzetai
ènac diag¸nioc pÐnakac Dii =

∑
j Wij kai epilÔetai to akìloujo prìblhma geinkeu-

mènwn idiotim¸n:
(D−W)v = λDv (3.6)

Ta idiodianÔsmata perièqoun plhroforÐa sqetik  me tic akmèc tic eikìnac ìpwc
mporeÐ na dei kaneÐc sto Sq. 3.4. Me b�sh thn parat rhsh aut , k�je idiodi�nusma
vk qeirÐzetai wc eikìna kai sunelÐssetai me gkaoussian� kateujuntik� fÐltra pa-
rag¸gou se pollaplèc kateujÔnseic θ. Me autìn ton trìpo lamb�nontai ta s mata
{∇θvk(x, y)} kai h fasmatik  sunist¸sa tou aniqneut  gPb prokÔptei wc akoloÔjwc:

sPb(x, y, θ) =
n∑

k=1

1√
λk

vk(x, y) (3.7)

Telik�, h sunolik  pijanìthta akm¸n (gPb) eÐnai ènac grammikìc sundusmìc twn
mPb kai sPb:

gPb(x, y, θ) =
∑

s

∑

i

βi,sGi,σ(i,s)(x, y, θ) + γ · sPb(x, y, θ) (3.8)

Ta b�rh βi,s and γ upologÐzontai me teqnikèc m�jhshc qrhsimopoi¸ntac th sullog 
dedomènwn tou panepisthmÐou Berkeley. ParadeÐgmata tou telikoÔ aniqneut  gkrÐzwn
akm¸n gPb parousi�zontai sto Sq. 3.5.
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Sq ma 3.5: Apì arister� proc ta dexi�: eikìna eisìdou, s ma gPb(x, y) =
maxθ{gPb(x, y, θ)}, gPb gia θ = π/2, θ = 0 kai θ = π/4 antÐstoiqa.
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Kef�laio 4

Metasqhmatismìc apìstashc

4.1 Jewrhtikì upìbajro

4.1.1 OrismoÐ

Prin thn an�lush twn metasqhmatism¸n apìstashc, ja epexhghjoÔn oi sumboli-
smoÐ pou qrhsimopoioÔntai sth sunèqeia thc ergasÐac aut c. Oi sumbolismoÐ autoÐ
eÐnai Ðdioi me touc sumbolismoÔc twn AbrÐjh kai RapantzÐkou [5] kaj¸c prèpei na u-
p�rqei sunèpeia me thn ergasÐa sthn opoÐa basÐzetai h paroÔsa diplwmatik . Arqik�,
oi disdi�statec eikìnec anaparist¸ntai apì sunart seic f : X → V. Wc eÔroc V
qrhsimopoieÐtai to sÔnolo R = R ∪ {−∞,∞} kai wc qwrÐo X to suneqèc (diakritì)
sÔnolo R2 (Z2). Sthn pr�xh qrhsimopoieÐtai èna peperasmèno uposÔnolo X ⊆ X.
Gia th sÔndesh geitonik¸n pixels thc eikìnac qrhsimopoioÔme sunektikìthta kat� 4
  kat� 8 kai gr�foume antÐstoiqa u � v   u+×v.

Mia sun�rthsh g apì to X× X→ R+ onom�zetai:

(a) Jetik� orismènh: e�n g(u, v) = 0 ⇔ u = v , ∀u, v ∈ V

(b) Summetrik : e�n g(u, v) = g(v, u) , ∀u, v ∈ V

(g) Trigwnik : e�n g(u,w) ≤ g(u, v) + g(v, w) , ∀u, v, w ∈ V

E�n mÐa sun�rthsh g ikanopoieÐ tic (a)-(g), onom�zetai sun�rthsh apìstashc   me-
trikì [34].

O metasqhmatismìc apìstashc eÐnai mia eidik  sun�rthsh apìstashc. Arqik�,
èstw mia duadik  eikìna pou apoteleÐtai apì foreground kai background eikonostoi-
qeÐa ta opoÐa mporeÐ na antistoiqoÔn se memonwmèna shmeÐa, se akmèc tic eikìnac  
kai se olìklhra antikeÐmena. O metasqhmatismìc apìstashc eÐnai mÐa diadikasÐa pou
metatrèpei mÐa duadik  eikìna se mÐa eikìna gkrÐzou tìnou ìpou ìla ta shmeÐa èqoun
mia tim  pou antistoiqeÐ sthn apìstash apì to kontinìtero shmeÐo tou foreground.
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Sq ma 4.1: Apì arister� proc ta dexi�: sÔnolo phg¸n (maÔro qr¸ma), exw-
terikìc metasqhmatismìc apìstashc me eukleÐdio metrikì.

To sÔnolo tou foreground thc eikìnac sumbolÐzetai me S ⊆ X kai to antÐstoiqo
background sumbolÐzetai wc Sc ⊆ X, ìpou to Sc dhl¸nei to sumpl rwma X\S tou
S. Dojèntoc enìc metrikoÔ d, o metasqhmatismìc apìstashc tou S orÐzetai wc ex c:

Dd(S)(x) ,
∧

y∈S

d(x− y) (4.1)

ìpou me
∧

sumbolÐzetai to infimum. Profan¸c, h sun�rthsh Dd(S)(x) lamb�nei
mhdenikèc timèc gia ìla ta x ∈ S.

4.1.2 Metasqhmatismìc apìstashc wc kumatik  di�do-

sh

Kaj' autìn ton trìpo, to sÔnolo S mporeÐ na jewrhjeÐ wc èna sÔnolo phg¸n
pou diadÐdei èna kÔma apìstashc proc to background thc eikìnac. Apì aut n thn
optik  gwnÐa, o orismìc (4.1) apoteleÐ ènan exwterikì metasqhmatismì apìstashc kai
eÐnai qr simoc ìtan mac endiafèrei h gewmetrÐa kai h topologÐa tou background Sc.
Se antÐjeth perÐptwsh, eÐnai protim¸terh h qr sh tou eswterikoÔ metasqhmatismo-
Ô apìstashc Dd(S

c). Sunolik�, h eukleÐdia sun�rthsh apìstashc D2(S) apoteleÐ
asjen  lÔsh thc akìloujhc mh grammik c merik c diaforik c exÐswshc:

‖∇u(x)‖ = 1 x ∈ Sc
u(x) = 0 x ∈ ∂S (4.2)

H �nwji exÐswsh apoteleÐ eidik  perÐptwsh thc eikonal MDE pou antistoiqeÐ se
kumatik  di�dosh se eterogen  mèsa kai h lÔsh thc u apoteleÐ èna stajmismèno meta-
sqhmatismì apìstashc, ìpou ta b�rh F (x) eÐnai antistrìfwc an�loga thc metablht c
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Sq ma 4.2: Apì arister� proc ta dexi�: sÔnolo phg¸n, exwterikìc kai e-
swterikìc metasqhmatismìc apìstashc me eukleÐdio metrikì kai optikopoihmènoc wc
kumatik  di�dosh.

taqÔthtac di�doshc:

‖∇u(x)‖2 = F (x) in Ω, F (x) > 0

u(x) = g(x) on Γ
(4.3)

ìpou Ω eÐnai tou R2   tou R3 kai h sun�rthsh g(x) eÐnai dedomènh p�nw se mia kampÔlh
  epif�neia Γ in Ω.

4.1.3 Metasqhmatismìc apìstashc wc infimal sunèlixh

H infimal sunèlixh f ? g dÔo disdi�statwn shm�twn f, g orÐzetai wc:

(f ? g)(x) ,
∧

y∈X

g(x− y) + f(y), x ∈ X (4.4)

O metasqhmatismìc apìstashc eÐnai sten� sundedemènoc me thn pr�xh thc infimal
sunèlixhc. MporeÐ eÔkola na parathrhjeÐ pwc ìtan g(x − y) = ‖x − y‖d gia èna
metrikì d, o metasqhmatismìc apìstashc miac sun�rthshc f eÐnai akrib¸c h infimal
sunèlixh thc f me thn g. Analutik� èqoume:

Dd(S)(x) =
∧

y∈S

d(x− y), x ∈ X ⇒

Dd(S)(x) =
∧

y∈X

d(x− y) + 1S(y), x ∈ X ⇒

Dd(S)(x) = (1S ? d)(x)
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ìpou 1S(x) h 0/∞ sun�rthsh deÐkth tou sunìlou S:

1S(x) =

{
0, x ∈ S
+∞, otherwise

4.2 Algìrijmoi apodotikoÔ upologismoÔ meta-

sqhmatism¸n apìstashc

4.2.1 LÔnontac thn eikonal MDE me teqnikèc taqeÐac

pìreushc

Oi teqnikèc taqeÐac pìreushc (fast marching methods) [35] eÐnai upologistikèc
teqnikèc pou proseggÐzoun th lÔsh mh grammik¸n merik¸n diaforik¸n exis¸sewn thc
morf c:

‖∇u(x)‖ = F (x) in Ω, F (x) > 0

u = g(x) on Γ
(4.5)

ìpou Ω eÐnai tou R2   tou R3 kai h sun�rthsh g(x) eÐnai dedomènh p�nw se mia kampÔlh
  epif�neia Γ in Ω.

H exÐswsh (4.5) eÐnai an kei sthn kathgorÐa twn exis¸sewn Hamilton-Jacobi pou
èqoun thn akìloujh morf :

H(ux, uy, uz, x, y, z) = 0 (4.6)

Sthn perÐptwsh thc eikonal MDE, h sun�rthsh H gÐnetai H = |∇u(x)| − F (x).

Arqika, prèpei na anafèroume thn prosèggish peperasmènwn diafor¸n pou o Se-
thian [35] qrhsimopoieÐ sthn prosèggis  tou:

u2
x ≈

(
max

(
D+x
i u, 0

)2
+ min

(
D−xi u, 0

)2
)

(4.7)

ìpou

D−xi u =
ui − ui−1

h
, D+x

i u =
ui+1 − ui

h
(4.8)

Ed¸, ui eÐnai h tim  thc u se èna plègma sto shmeÐo ih me stajer  apìstash h metaxÔ
twn shmeÐwn tou plègmatoc.

EpekteÐnontac tic prohgoÔmenec proseggÐseic gia thn klÐsh se pollaplèc dia-
st�seic prokÔptoun ta akìlouja sq mata:

|∇u| ≈
[

max
(
D−xij u, 0

)2
+ min

(
D+x
ij u, 0

)2

+ max
(
D−yij u, 0

)2
+ min

(
D+y
ij u, 0

)2

]1/2

= Fij (4.9)

44



Sq ma 4.3: Upwind kataskeu  apodekt¸n tim¸n thc lÔshc (apì [35])

  isodÔnama: [
max

(
D−xij u,−D+x

ij u, 0
)2

+ max
(
D−yij u,−D+y

ij u, 0
)2

]1/2

= Fij (4.10)

MÐa prìtash gia thn epÐlush thc exÐswshc (4.10) eÐnai h qr sh epanalhptik c
mejìdou. Jewr¸ntac plègma N × N shmeÐwn kai N epanal yeic mèqri th sÔgkli-
sh, h upologistik  poluplokìthta thc epanalhptik c mejìdou aut c prokÔptei thc
t�xhc O(N3). Oi teqnikèc taqeÐac pìreushc mei¸noun thn poluplokìthta auth se
O(N2logN).

H kentrik  idèa twn teqnik¸n taqeÐac pìreushc eÐnai h susthmatik  kataskeu 
thc lÔshc se mÐa kateÔjunsh gia thn paragwg  thc lÔshc u. H idèa aut  basÐzetai
sthn parat rhsh pwc h plhroforÐa diadÐdetai proc mÐa kateÔjunsh, dhlad  apì qa-
mhlèc timèc thc lÔshc u proc uyhlìterec. O algìrijmoc taqeÐac pìreushc lÔnei thn
exÐswsh (4.10) qtÐzontac th lÔsh proc ta èxw apì th mikrìterh tim  thc sun�rthshc
u. O algìrijmoc epitaqÔnetai periorÐzontac th “z¸nh qtisÐmatoc” se mia sten  z¸nh
(narrow band) p�nw sto mètwpo thc kumatik c di�doshc (blèpe Sq. 4.2.1).

O algìrijmoc arqikopoieÐtai wc ex c: arqik�, ìla ta shmeÐa twn arqik¸n sunjh-
k¸n shmei¸nontai wc Alive. Sth sunèqeia, ìla ta geitonik� shmeÐa twn prohgoumènwn
shmei¸nontai wc Close kai ìla ta upìloipa wc Far . To kÔrio komm�ti tou algorÐjmou
sunoyÐzetai sta k�twji b mata:

1. Arq  brìqou: èstw Trial to shmeÐo tou sunìlou Close me th mikrìterh tim  u.

2. 'Oloi oi geÐtonec tou Trial pou den eÐnai Alive shmei¸nontai wc Close.

3. Epanaôpologismìc ìlwn twn tim¸n thc lÔshc u se ìlouc touc geÐtonec tou Trial
pou eÐnai Close sÔmfwna me thn (4.10).

4. To shmeÐo Trial gÐnetai Alive.

5. Epan�lhyh tou brìqou e�n to sÔnolo Close den eÐnai �deio.

To kleidÐ gia mia apodotik  ulopoÐhsh thc parap�nw teqnik c basÐzetai se ènan
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gr goro trìpo eÔreshc ekeÐnou tou shmeÐou tou plègmatoc pou brÐsketai sth sten 
z¸nh kai èqei thn mikrìterh tim  tou u. Autì epitugq�netai me qr sh miac min-
heap dom c dedomènwn. To sunolikì upologistikì kìstoc gia thn allag  thc tim c
enìc stoiqeÐou thc dom c aut c kai pro¸jhsh thc tim c tou proc ta p�nw eÐnai thc
t�xhc O(logM), ìpou M eÐnai to sunolikì pl joc twn stoiqeÐwn thc dom c. 'Ara
sunolik�, giaM shmeÐa plègmatoc h poluplokìthta tou algorÐjmou taqeÐac pìreushc
prokÔptei O(M logM) afoÔ k�je shmeÐo epexerg�zetai mÐa kai mìno for�.

4.2.2 Stajmismènoc metasqhmatismìc apìstashc kai al-

gìrijmoc exact group marching

Sto shmeÐo autì, analÔetai o prosjetik� stajmismènoc metasqhmatismìc apìsta-
shc mazÐ me ènan apodotikì algìrijmo grammikoÔ qrìnou gia ton upologismì tou. O
prosjetik� stajmismènoc metasqhmatismìc apìstashc Dd(f) thc sun�rthshc f do-
jèntoc enìc metrikoÔ d orÐzetai wc:

Dd(f)(x) =
∧

y∈X

d(x, y) + f(y), x ∈ X, (4.11)

Pio suqn�, qrhsimopoioÔme èna metrikì pou orÐzetai apì mia nìrma ‖ · ‖, dhlad 
d(x, y) = ‖x − y‖ gia x, y ∈ X. Akìmh, mporoÔme na agno soume to d ston sum-
bolismì kai na gr�youme apl� D(f). Parìlo pou o prohgoÔmenoc orismìc eÐnai gia
tuqaÐa sun�rthsh f , e�n to prìblhma proc epÐlush eÐnai h kat�tmhsh eikìnac tìte
h sun�rthsh f prèpei na sqetÐzetai me ta ìria twn perioq¸n ìpwc p.q. h klÐsh thc
eikìnac   h eikìna akm¸n.

O algorijmoc exact group marching eÐnai mia parallag  tou algorÐjmou group
marching (GMM) [17], miac grammikoÔ qrìnou teqnik c taqeÐac pìreushc pou epilègei
ènan arijmì shmeÐwn sto mètwpo thc di�doshc kai ta kineÐ wc om�da glit¸nontac ètsi
to kìstoc thc taxinìmhshc. 'Ola ta shmeÐa metakinoÔntai apì to mètwpo wc om�da
me qr sh miac our�c proteraiìthtac kbantismènwn epipèdwn apìstashc. Autì eÐnai
parìmoio me to [42] kai sth perÐptwsh duadik¸n eikìnwn eÐnai isodÔnamo me to sq ma
dÔo our¸n tou [24]. Wstìso, o ìloc upologismìc eÐnai akrib c.

'Eqoume, loipìn, pwc dojeÐsac miac eikìnac f , to elaqistosÔnolo Ŝ(x) orÐzetai gia
k�je shmeÐo x ∈ X wc to sÔnolo twn shmeÐwn y ∈ X gia ta opoÐa elaqistopoieÐtai h
posìthta d(x, y) + f(y):

Ŝ(x) = {y ∈ X : d(x, y) + f(y) = D(f)(x)} (4.12)

gia x ∈ X. E�n y ∈ Ŝ(x) gr�foume isodÔnama y 3 x. To sÔnolo phg¸n S(x) tou x
orÐzetai wc to uposÔnolo tou elaqistosunìlou ètsi ¸ste den up�rqoun dÔo shmeÐa
y, z ∈ S(x) gia ta opoÐa y 3 z:

S(x) = {y ∈ Ŝ(x) : @z(y 3 z 3 x)}. (4.13)
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'Ena y eÐnai phg  tou x   isodÔnama y � x ann y ∈ S(x). Genikìtera, to shmeÐo
y ∈ X eÐnai phg  ann y � x gia k�poio x ∈ X, akìma kai gia to Ðdio. Sto diakritì
qwrÐo X, k�je shmeÐo x ∈ X èqei toul�qiston mÐa phg .

L mma 4.2.1 Dojèntoc y ∈ X, ta parak�tw eÐnai isodÔnama:

(a) y eÐnai phg .

(b) y 3 y.

(c) D(f)(y) = f(y).

(d) S(y) = {y}.

(e) y � y.

To sÔnolo phg¸n S(f) thc f orÐzetai wc to sÔnolo ìlwn twn phg¸n y ∈ X.
ProkÔptei pwc S(f) = {x ∈ X : x � x} kai me autìn ton trìpo kajÐstatai eÔkolh
h anÐqneush twn phg¸n. Me s(x) sumbolÐzetai h phg  tou x e�n eÐnai monadik ,
alli¸c k�poioc antiprìswpoc tou S(x). To sÔnolo phg¸n sundèetai �mesa me ta
ìria twn perioq¸n thc eikìnac. AntÐstoiqa, orÐzetai to eswterikì sÔnolo thc f wc
I(f) = X \ S(f).

L mma 4.2.2 O metasqhmatismìc apìstashc Dd(f) eÐnai monos manta orismènoc
apì ton periorismì f |S(f) thc f sto antÐstoiqo sÔnolo phg¸n.

Gia ton upologismì tou stajmismènou metasqhmatismoÔ apìstashc h = D(f)
sÔmfwna me thn (4.11) qrhsimopoieÐtai o algìrijmoc exact group marching (EGM)
opoÐoc parousi�zetai analutik� sth sunèqeia. H di�dosh xekin� apì to arqikì sÔnolo
phg¸n S+(f):

S+(f) = {x ∈ X : f(x) < min
y�x

f(y) + 1}. (4.14)

Epeid  d(x, y) = 1 gia y�x, mporeÐ eÔkola na deiqjeÐ pwc to S+(f) eÐnai upersÔnolo
tou S(f).

H di�dosh thc apìstashc basÐzetai se mia our� proteraiìthtac me diakrit� epÐpeda
proteraiìthtac, ulopoihmènh wc pÐnakac FIFO our¸n. Ta shmeÐa paÐrnoun etikètec
far, near, kai done . H our� proteraiìthtac krat�ei shmeÐa pou eÐnai near, dhlad 
shmeÐa pou an koun sto mètwpo thc di�doshc. Ta shmeÐa epexerg�zontai kat� om�dec:
k�je shmeÐo epexerg�zetai sÔmfwna me to epÐpedì tou bh(x)c kai shmeÐa me Ðdio epÐpedo
epexerg�zontai se tuqaÐa seir�. H di�dosh pragmatopoieÐtai se geÐtonec tou shmeÐou
pou epexergazìmaste. O upologismìc eÐnai akrib c parìlo pou shmeÐa tou Ðdiou
epipèdou epexerg�zontai kat� tuqaÐa seir�.
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Algorithm 1 Exact Group Marching

1: procedure EGM(image f)
2: initialize q, h, s; construct seed S+ as in (4.14)
3: for all x ∈ S+ do {s(x)← x; prop(x, x); }
4: for all x ∈ X \ S+ do { label x as far; }
5: while ¬ q.empty( ) do
6: x← q.pop( ); label x as done

7: for y�x, y near do update(y, x) . incoming
8: for y�x, y near do update(x, y) . outgoing
9: for y�x, y far do prop(x, y)

10: end while
11: return distance map h, source map s
12: end procedure
13:

14: procedure prop(point x, point y)
15: h(y)← d(y, s(x)) + f(s(x));
16: s(y)← s(x);
17: q.push(y, bh(y)c);
18: label y as near;
19: end procedure
20:

21: procedure update(point x, point y)
22: h0 ← d(y, s(x)) + f(s(x));
23: if h0 ≥ h(y) return
24: h(y)← h0;
25: s(y)← s(x);
26: end procedure
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Sq ma 4.4: Apì arister� proc ta dexi�: eikìnec eisìdou, antÐstoiqec graysca-
le eikìnec akm¸n, sÔnola phg¸n (maÔro qr¸ma) kai stajmismènoc metasqhmatismìc
apìstashc me eukleÐdia nìrma upologismènoc me ton algìrijmo exact group marching.

L mma 4.2.3 (a) O algorijmoc EGM upologÐzei thn akrib  apìstash D(f)(x) pou
orÐzetai sthn exÐswsh (4.11) kai th swst  phg  s(x) gia k�je x ∈ X. (b) O brìqoc
while epexerg�zetai k�je shmeÐo akrib¸c mÐa for�. (g) H upologistik  poluplokìth-
ta eÐnai O(n), ìpou n = |X|.

To mìno pou paramènei adieukrÐnisto eÐnai h sun�rthsh f . Sta plaÐsia thc erga-
sÐac aut c, qrhsimopoioÔme thn èxodo g enìc aniqneut  gkrizwn akm¸n kai orÐzoume
f(x) = σ/g(x) gia x ∈ X, ìpou σ eÐnai mia par�metroc klÐmakac. Aut  eÐnai mia ge-
nÐkeush thc 0/∞ sun�rthshc deÐkth pou qrhsimopoieÐtai ston aplì metasqhmatismì
apìstashc.
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Kef�laio 5

Metasqhmatismìc di�mesou
�xona

5.1 Eisagwg 

O metasqhmatismìc di�mesou �xona   skeletoÔ eÐnai mia teqnik  pou prot�jhke
apì ton Blum [8] wc mèso perigraf c kai anapar�stashc enìc sq matoc. O meta-
sqhmatismìc autìc orÐzetai epÐshma wc ex c: dojèntoc enìc antikeimènou, èstw enìc
aploÔ polug¸nou G, o di�mesoc �xonac   skeletìc A(G) eÐnai to sÔnolo twn shmeÐwn
q, eswterik¸n tou G, pou isapèqoun apì dÔo shmeÐa twn orÐwn tou antikeimènou. 'Ar-
rhkta sundedemènh me to di�meso �xona eÐnai mia sun�rthsh apìstashc R pou orÐzei
thn apìstash k�je shmeÐou tou di�mesou �xona apì ta ìria tou antikeimènou (blèpe
Sq. 5.1). Me dedomèna ton di�meso �xona kai th sun�rthsh apìstashc kajÐstatai
efikt  h akrib c anakataskeu  tou arqikoÔ sq matoc.

5.2 Upologismìc di�mesou �xona

Prìsfata, oi AbrÐjhc kai RapantzÐkoc [5] melèthsan to di�meso �xona enìc staj-
mismènou metasqhmatismoÔ apìstashc. AntÐ na doulèyoun me MDE, qrhsimopoÐhsan
èna krit rio upoloÐpou basismèno sthn eggÔthta twn phg¸n tou metasqhmatismoÔ
apìstashc. Epèkteinan to krit rio upoloÐpou apì duadik� sq mata se tuqaÐec su-
nart seic tou epipèdou. Aut  h prosèggish uiojeteÐtai sthn paroÔsa diplwmatik 
ergasÐa kai perigr�fetai analutik� sth suneqeÐa.

Dojèntwn twn orism¸n twn phg¸n tou stajmismènou metasqhmatismoÔ apìstashc
pou parousi�sthke sthn par�grafo 4.2.2, èqoume pwc èna shmeÐo x ∈ X an kei sto
di�meso �xona thc sun�rthshc (eikìnac) f e�n èqei toul�qiston dÔo diakritèc phgèc.
O di�mesoc �xonac A(f) orÐzetai wc to sÔnolo ìlwn aut¸n twn shmeÐwn:

A(f) = {x ∈ X : |Sf (x)| > 1} (5.1)
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Sq ma 5.1: Duadikì sq ma kai o antÐstoiqoc skeletìc. Oi aktÐnec twn kÔklwn
antistoiqoÔn sthn apìstash k�je shmeÐou tou di�mesou �xona apì to sÔnoro tou
sqhmatoc.

Sq ma 5.2: Duadik� sq mata (�spro qr¸ma) kai antÐstoiqoi di�mesoi �xonec (kìkkino
qr¸ma).
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L mma 5.2.1 To sÔnolo phg¸n kai o di�mesoc �xonac f amoibaÐwc apokleiìmena
sÔnola: S(f) ∩ A(f) = ∅. 'Ara o di�mesoc �xonac eÐnai uposÔnolo tou eswterikoÔ
sunìlou, dhlad  A(f) ⊆ I(f).

Sth diakrit  perÐptwsh èqoume tic akìloujec idiìthtec:

L mma 5.2.2 'Estw A o di�mesoc �xonac thc f se eukleÐdio q¸ro kai dÔo shmeÐa
x ∈ A kai y ∈ S(x).
(a) 'Estw èna eujÔgrammo tm ma apì to x sto y. K�je shmeÐo z tou eujugr�mmou
tm matoc èqei monadik  phg  s(z) = y.
(b) O di�mesoc �xonac einai mhdenikoÔ p�qouc A, dhlad  A ⊆ ∂A.

Dojèntwn dÔo geitonik¸n shmeÐwn x�y me s(x) 6= s(y), to l mma 5.2.2(b) proteÐnei
thn Ôparxh enìc shmeÐou m pou an kei sto di�meso �xona me S(m) = {s(x), s(y)}
sto eujÔgrammo tm ma metaxÔ x kai y. Gia to lìgo auto, to eÔgoc (x, y) jewreÐtai
pwc an kei sto di�meso �xona.

O algìrijmoc weighted medial axis (WMA) upologÐzei to di�meso �xona A(f) thc
eikìnac f dojèntoc tou metasqhmatismoÔ apìstashc h = D(f) kai thc antistoiqhc
sun�rthshc phg¸n s. H di�dosh xekin�ei apì èna upersÔnolo tou di�mesou �xona pou
orÐzetai wc:

A+(f) = {x ∈ X : h(x) ≥ max
y�x

h(y)}, (5.2)

kai suneqÐzei proc qamhlìterec timèc apìstashc p�nta p�nw sto di�meso �xona A(f).
Gia k�je shmeÐo x pou epexerg�zetai o algìrijmoc, elègqei touc geÐtonèc tou gia
na apofasÐsei e�n to zeÔgoc (x, y) an kei sto di�meso �xona. H apìfash gia to
e�n telik� an kei èan shmeÐo sto di�meso �xona basÐzetai sth sun�rthsh upoloÐpou
r(x) = maxy�x res(x, y) gia x ∈ X. H sun�rthsh upoloÐpou res suzhteÐtai sth
sunèqeia.

A(f) = {x ∈ X : r(x) > 0} (5.3)

To upìloipo qord c [31] orÐzetai, gia duadik� sq mata mìno, wc th diafor� metaxÔ
tou m kouc enìc tm matoc miac kampÔlhc kai tou antÐstoiqou m kouc thc qrod c enìc
kÔklou pou perièqetai sto sq ma kai ef�ptetai sthn kampÔlh sta dÔo �kra. Gia th
genÐkeush tou upoloÐpou qord c stic treic diast�seic gÐnetai qr sh tou metasqhmati-
smoÔ apìstashc kai h tim  thc apìstashc (Ôyouc) antimetwpÐzetai wc trÐth di�stash.
Ta disdi�stata tm mata kampul¸n antistoiqoÔn se trisdi�stata gewdaitik� monop�tia
kat� m koc thc epif�neiac twn phg¸n S(f). Gia th mètrhsh twn trisdi�statwn apo-
st�sewn qrhsimopoieÐtai to metrikì δ to opoÐo apoteleÐtai apì to eukleÐdio metrikì
d kai thn apìluth diafor�:

δ(u, v) = d(u, v) + |h(u)− h(v)|, u, v ∈ X. (5.4)

T¸ra, dojèntwn dÔo shmeÐwn x, y ∈ X me phgèc u = s(x), v = s(y), to upìloipo
qord c geikeÔetai wc ex c:

res(x, y) = `(u, v)− δ(u, v) (5.5)
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Sq ma 5.3: Apì arister� proc ta dexi�: di�mesoc �xonac upologismènoc me
ton algìrijmo WMA gia scale = 0, 1, 2, 5.

ìpou sun�rthsh m kouc ` orÐzetai wc to m koc tou suntomìterou gewdaitikoÔ mono-
patioÔ pou sundèei ta shmeÐa (u, f(u)) kai (v, f(v)) kat� m koc thc epif�neiac twn
phg¸n S(f).

L mma 5.2.3 (a) Dojèntwn zeug¸n shmeÐwn (x, y), (x′, y′) thc Ðdiac sunist¸sac
tou eswterikoÔ sunìlou I(f) me antÐstoiqa zeÔgh phg¸n (u, v), (u′, v′), orÐzontai
monop�tia π = (u, . . . , v), π′ = (u′, . . . , v′). E�n π ⊂ π′, tìte res(x, y) < res(x′, y′).
(b) O algìrijmoc WMA par�gei akrib¸c mÐa sunist¸sa tou di�mesou �xona A(f) gia
k�je sunist¸sa tou eswterikoÔ sunìlou I(f). (g) H poluplokìtht� tou eÐnai O(k),
ìpou k = |A(f)|.

ParathroÔme, dhlad , pwc h sun�rthsh upoloÐpou aux�nei ìso pio eswterik�
eÐmaste sto I(f) kai h aplopoÐhsh (pruning) tou di�mesou �xona an�getai se mÐa
apl  diadikasÐa katwflÐwshc me mÐa par�metro klÐmakac scale. Sun jwc, scale = 2
. Sto Sq. 5.3 anaparÐstatai o di�mesoc �xonac gia pollaplèc timèc thc paramètrou
scale. El�qistec metabolèc parathroÔntai gia timèc thc paramètrou megalÔterec  
Ðsec me thn tupik  tim  scale = 2.

Epiprosjètwc, orÐzoume gia k�je shmeÐo x ∈ X to skeletikì sÔnolo zeug¸n
P (x) wc to sÔnolo twn shmeÐwn pou megistopoi¸n th sun�rthsh upoloÐpou r (x).
IsodÔnama:

P (x) = {y�x : r(x) = res(x, y)} (5.6)

kai o upologismìc tou gÐnetai kat� th diadikasÐa scan tou algorÐjmou WMA.
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Algorithm 2 Weighted Medial Axis
1: procedure medial(distance map h, source map s)
2: initialize q, r; construct A+;
3: for x ∈ X do r(x)← ∅; label x as far;
4: for x ∈ X do if x � x then label x as done;
5: for x ∈ A+ do prop(x)
6: while ¬ q.empty( ) do
7: x← q.pop( );
8: label x as done;
9: for y�x, ¬y done do scan(x, y)

10: if r(x) 6= 0 then for y×+x, y far do prop(y);
11: end while
12: return residue r
13: end procedure
14:

15: procedure prop(point x)
16: q.push(x);
17: label x as near;
18: end procedure
19:

20: procedure scan(point x, point y)
21: ρ← res(x, y);
22: if s(x) = s(y) ∨ ρ < scale then return
23: if ρ > r(y) ∧ y far then prop(y);
24: r(x)← max(r(x), ρ);
25: r(y)← max(r(y), ρ);
26: end procedure

Sq ma 5.4: Apì arister� proc ta dexi�:eikìnec eisìdou, sÔnola phg¸n (maÔro
qr¸ma), stajmismènoi metasqhmatismoÐ apìstashc kai antÐstoiqoi di�mesoi �xonec
(kìkkino qr¸ma).
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Kef�laio 6

Arqik  kat�tmhsh me
aposÔnjesh tou di�mesou �xona

6.1 AposÔnjesh tou di�mesou �xona

Teqnikèc aposÔnjeshc di�mesou �xona qrhsimopoioÔntai suqn� se probl mata u-
pologistik c gewmetrÐac ìpwc h aposÔnjesh qwrÐou se duadikèc eikìnec [23]. H
prosèggish pou qrhsimopoieÐtai sta plaÐsia thc ergasÐac aut c gia thn aposÔnjesh
tou di�mesou �xona eÐnai h Ðdia pou qrhsimopoieÐtai kai apì touc AbrÐjh kai Rapan-
tzÐko [5].

En¸ oi perissìterec ergasÐec sth bibliografÐa qrhsimopoioÔn ton di�meso �xona
gia thn perigraf  enìc sq matoc, h qr sh tou ed¸ eÐnai gia thn perigraf  olìklhrhc
thc eikìnac. O di�mesoc �xonac aposuntÐjetai se sunist¸sec kai ènac mh kateuju-
nìmenoc gr�foc me b�rh G = {V , E} kataskeu�zetai wc ex c:

(a) Oi korufèc V antistoiqoÔn sta topik� mègista tou metasqhmatismoÔ apìstashc.

(b) Oi akmèc E antistoiqoÔn sta topik� el�qista kat� m koc tou skeletoÔ, dhlad ,
sta shmeÐa sèlac tou di�mesou �xona.

(g) Ta b�rh twn akm¸n w(G) : E → R apoteloÔn sun�rthsh tou Ôyouc sta shmeÐa
sèlac.

O algorijmoc medial axis decomposition (MAD) [4] kataskeu�zei ton �nwji
gr�fo G me dedomèna to metasqhmatismì apìstashc h = D(f) kai ton antÐstoiqo
di�meso �xona A(f). ShmeÐa ekkÐnhshc tou algorÐjmou eÐnai ta topik� mègista tou
di�mesou �xona:

Â+(f) = A+(f) ∩ A(f) (6.1)

kai h di�dosh pragmatopoieÐtai proc qamhlìterec timèc Ôyouc ìpwc anafèretai kai
ston algìrijmo 3. GÐnetai kai p�li qr sh miac our�c proteraiìthtac all� me antÐjeth
proteraiìthta se sqèsh me touc prohgoÔmenouc algorÐjmouc lìgw thc kateÔjunshc
di�doshc. K�je x ∈ X lamb�nei mÐa etikèta κ(x) pou antistoiqeÐ se mÐa koruf  tou
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gr�fou G. O gr�foc G kataskeu�zetai stadiak� me eis�gontac mia kainoÔrgia koruf 
ìpote exet�zetai èna topikì mègisto gia pr¸th for� kai mia akm  ìtan exet�zontai
dÔo geitonik� shmeÐa me diaforetikèc etikètec. H diadikasÐa auth eÐnai isodÔnamh me
efarmog  metasqhmatismoÔ waterhsed ston anestrammèno metasqhmatismì apìstashc
all� mìno p�nw ston di�meso �xona.

Algorithm 3 Medial Axis Decomposition
1: procedure mad(distance map h, medial axis A)
2: initialize q,G; construct Â+

3: for x ∈ A do κ(x)← ∅; label x as far

4: for x ∈ Â+ do prop(x)
5: while ¬ q.empty( ) do
6: x← q.pop( );
7: label x as done;
8: for y×+x, y ∈ A do scan(x, y)
9: if κ(x) = ∅ then κ(x)← G.vertex(x)

10: end while
11: return graph G
12: end procedure
13:

14: procedure prop(point x)
15: q.push(x, b−h(y)c);
16: label x as near;
17: end procedure
18:

19: procedure scan(point x, point y)
20: if y far then prop(y)
21: if κ(y) = ∅ return
22: if κ(x) = ∅ then κ(x)← κ(y); return
23: if κ(x) 6= κ(y) then G.edge(κ(x), κ(y), w(x))
24: end procedure

6.2 Duðkìc metasqhmatismìc apìstashc

Sth sunèqeia, pragmatopoieÐtai h kat�tmhsh thc eikìnac mèsw miac diadikasÐac
anakataskeu c. Mia idiìthta duðkìthtac epitrèpei thn efarmog  thc anakataskeu c
mèsw tou algorÐjmou EGM. Gia opoiad pote sun�rthsh f : U → V, o telest c
epèktashc orÐzetai wc f |X = f ∪ ((X \ U) × {−∞}). O epektamènoc telest c
di�mesou �xonaM orÐzetai wcM(f) = A(f)|X gia f ∈ F. AfoÔ o telest cM(f)
orÐzetai sto X èqoume:

Prìtash 6.2.1 'Estw sun�rthsh f kai g = M(f) se ènan eukleÐdio q¸ro. O-
rÐzoume f ′ = −M(−g), g′ = M(f ′). Tìte h sun�rthsh phg¸n S kai o di�mesoc
�xonac A eÐnai duðk�:
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Sq ma 6.1: Par�deigma duðkìthtac phg¸n kai di�mesou �xona sth mÐa di�stash. Oi
sunart seic twn (b),(d) eÐnai anestrammènec parallagèc twn (a), (g). (a) MaÔro
qr¸ma: f , mple qr¸ma: D(f), pr�sinec teleÐec: A(f). H f paÐrnei qamhlèc timèc
sta ìria twn perioq¸n kai uyhlèc sto eswterikì twn perioq¸n. (b) mple qr¸ma:
−D(f), pr�sinh gramm : −g for g =M(f), pr�sinec teleÐec: −A(f) = S(−g). (g)
Kìkkinec teleÐec: S(f ′) = −A(−g). (d) Kìkkinh gramm : D(−g), kìkkinec teleÐec:
A(−g).

(a) −S(−g) = A(f)

(b) S(f ′) = −A(−g) ⊆ S(f)

(c) g′ = g.

Sthn pr�xh, dedomènhc thc sun�rthshc apìstashc h = D(f) kai tou di�mesou
�xona A(f), o algìrijmoc EGM me eÐsodo g:

g(x) =

{
−h(x), x ∈ A(f)

+∞, alli¸c
(6.2)

Oi etikètec κ apì ton algìrijmo MAD qrhsimopoioÔntai gia thn kataskeu  e-
tiket¸n perioq¸n κ(x) gia ìla ta x ∈ X. H arqik  kat�tmhsh P0 lamb�netai wc
ex c:

κ(x) = κ(ŝ(x)), gia k�je x ∈ X (6.3)

ìpou me ŝ(x) sumbolÐzetai h phg  tou x ∈ X ìpwc proèkuye apì ton dôikì metasqh-
matismì apìstashc. Oi etikètec κ pou antistoiqoÔn sthn arqikh kat�tmhsh P0 ja tic
sumbolÐzoume wc κ0. H eikìna anaparÐstatai wc disjoint-set forest dom  ìpou k�je
pixel antistoiqeÐ se ènan kìmbo.
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Sq ma 6.2: Apì p�nw proc ta k�tw: eikìnec eisìdou kai di�mesoc �xonac
(kìkkino), duðkìc metasqhmatismìc apìstashc kai arqik  kat�tmhsh. Me pr�sino
qr¸ma eÐnai ta ìria perioq¸n thc arqik c kat�tmhshc

Sq ma 6.3: EpÐdrash thc paramètrou klÐmakac σ thc sun�rthshc f sthn arqik 
kat�tmhsh. Arqik  kat�tmhsh gia σ = 0.25, 0.5, 1.0 and 2.0 antÐstoiqa.
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Kef�laio 7

Teqnikèc sunènwshc geitonik¸n
perioq¸n

7.1 Apodotik  sunènwsh perioq¸n me b�sh thn

metaxÔ touc omoiomorfÐa

H pr¸th teqnik  pou proteÐnoume eÐnai mia teqnik  apodotik c sunènwshc perio-
q¸n me b�sh èna mètro omoiomorfÐac pou eis�goume. Epistrèfontac sthn gramm  23
tou algorÐjmou 3, orÐzoume to b�roc k�je akm c e ∈ E , gia thn teqnik  aut , wc
akoloÔjwc:

w(e) = h(x(e)) (7.1)

ìpou x(e) to antÐstoiqo shmeÐo sèlac.

To �nwji mègejoc ekfr�zei omoiomorfÐa metaxÔ dÔo geitonik¸n koruf¸n tou
gr�fou   isodÔnama metaxÔ dÔo perioq¸n thc eikìnac. To giatÐ exhgeÐtai sth su-
nèqeia. Arqik�, upenjumÐzoume ton orismì tou metasqhmatismoÔ apìstashc sto sh-
meÐo x:

h(x) = d(x, s(x)) + f(s(x)) (7.2)

Meg�lh tim  tou Ôyouc sto shmeÐo sèlac katadeiknÔei thn Ôparxh miac antÐstoiqa
meg�lhc asunèqeiac sto sÔnolo twn phg¸n. Aut  h asunèqeia ekfr�zetai apì ton
ìro d(x, s(x)). Epiprosjètwc, ja mporoÔse na katadeiknÔei Ôparxh asjenoÔc orÐou,
dhlad  mikr c tim c klÐshc, se perÐptwsh uyhl c tim c tou par�gonta f(s(x)). Kai
stic dÔo peript¸seic, to Ôyoc tou shmeÐou sèlac perigr�fei èna mètro omoiomorfÐac
metaxÔ geitonik¸n perioq¸n.

MetaxÔ dÔo perioq¸n eÐnai dunat  h Ôparxh pollapl¸n shmeÐwn sèlac   isodÔnama
na en¸nontai me pollaplèc akmèc. OrÐzoume wc telikì mètro omoiomorfÐac metaxÔ dÔo
perioqwn R,R′ ⊆ Xmègisto b�roc akm c pou tic sundèei, dhlad :

Sim(R,R′) = max {w(u, v) : u ∈ R, v ∈ R′, (u, v) ∈ E} (7.3)

E�n oi R and R′den sundèontai apì k�poia akm  tìte jewroÔme pwc Sim(R,R′) = 0 .
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Eis�goume èna kathgìrhma Q(R,R′)gia na elègqoume e�n up�rqei ìrio metaxÔ
dÔo perioqwn R,R′. E�n autì eÐnai alhjèc gia dÔo perioqèc tìte den ja prèpei na
sunen¸nontai. To en lìgw kathgìrhma elègqei e�n h omoiìthta metaxÔ dÔo perioq¸n,
Sim(R,R′), eÐnai mikrìterh   Ðsh apì mia sun�rthsh katwflÐou τ(R,R′):

Q(R,R′) =

{
alhj´ec , e´an Sim(R,R′) < τ(R,R′)

yeud´ec , alli´wc
(7.4)

O algìrijmoc efficient similarity merging (ESM) pou ulopoi same èqei ta Ðdia
basik� b mata me ton[13]. Arqik�, taxinomoÔme tic akmèc kat� fjÐnousa seir� bar¸n.
Sth sunèqeia, pern�me apì ìlec tic akmèc me aut  th seir�. Sunen¸noume geitoni-
kèc perioqèc e�n to antÐstoiqo kathgìrhma eÐnai yeudèc. O algìrijmoc sunoyÐzetai
parak�tw.

Algorithm 4 Efficient Similarity Merging
1: procedure ESM(graph G, initial partition P0)
2: Sort E = (e1, . . . , em) by non increasing edge weight.
3: for q = 1, . . . ,m do
4: Let eq = (u, v).
5: Ru ← find(u)
6: Rv ← find(v)
7: if ((¬Q(Ru, Rv)) ∧ (Ru 6= Rv)) then union(Ru, Rv)
8: end for
9: return final partition Pm

10: end procedure

Autì pou den èqoume akìma dieukrinÐsei eÐnai h sun�rthsh katwflÐou. OrÐzoume
th sun�rthsh me orÐsmata dÔo perioqèc R,R′wc:

τ(R,R′) = min (τ(R), τ(R′)) (7.5)

Gia th sun�rthsh katwflÐou mÐac perioq c dokim�same dÔo epilogèc. H pr¸th epilog 
apoteleÐ h qr sh mÐac apl c stajer�c:

τ(R) = τ (7.6)

ìpou τ mia stajer�. H deÔterh epilog  pou dokim�same exart�tai apì to embadì
|R| thc ek�stote perioq c R. Dhlad  gia mikrìterh perioq  apaiteÐtai kai an�loga
mikrìtero mètro omoiìthtac:

τ(R) = |R| /k (7.7)

ìpou k ènac par�gontac klÐmakac.
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7.2 Sunènwsh perioq¸n me b�sh ton par�gon-

ta katakermatismoÔ sq matoc

Sthn par�grafo aut  eis�goume mÐa enallaktik  teqnik  sunènwshc perioq¸n me
b�sh ton par�gonta katakermatismoÔ sq matoc. H teqnik  aposÔnjeshc tou di�me-
sou �xona pou èqoume qrhsimopoi sei epitrèpei thn akrib  mètrhsh tou katakermati-
smoÔ   thc kleistìthtac twn orÐwn miac perioq c. AntimetwpÐzontac thn kat�tmhsh
eikìnwn wc anaz thsh proc oloèna kai pio kleistèc perioqèc, eis�goume mia kaino-
Ôrgia teqnik  sunènwshc perioq¸n kai antÐstoiqa èna diaforetikì kathgìrhma pou
basÐzontai ston par�gonta katakermatismoÔ sq matoc pou ja analÔsoume sth su-
nèqeia.

H qrhsimopoihjeÐsa teqnik  aposÔnjeshc tou di�mesou �xona mac bohj� ìqi mìno
na uperboÔme ton katakermatismì tou sunìlou twn phg¸n all� kai na ton metr soume
diìti se k�je asunèqeia twn phg¸n antistoiqeÐ èna topikì el�qisto tou metasqhma-
tismoÔ apìstashc p�nw sto di�meso �xona, dhlad  èna shmeÐo sèlac. Epistrèfontac
p�li sth gramm  23 tou algorÐjmou 3, orÐzoume to b�roc w(e) k�je akm c e ∈ E wc
to pl�toc thc antÐstoiqhc asunèqeiac tou sunìlou twn phg¸n. To b�roc autì eÐnai
an�logo thc apìstashc d(x(e), s(x(e))), ìpou x(e) eÐnai to antÐstoiqo shmeÐo sèlac.

O par�gontac katakermatismoÔ sq matoc orÐzetai wc gia mÐa perioq  R embadoÔ
|R| kai antÐstoiqou sunìlou akm¸n E(R), orÐzetai wc [5]:

φ(R) =
1

|R|
∑

e∈E(R)

w2(e) (7.8)

ìpou φ(R) = 0 an E(R) = ∅. O par�gontac autìc eÐnai adi�statoc kai amet�blhtoc
se allagèc klÐmakac.

Sth sunèqeia, orÐzoume èna diaforetikì kathgìrhma gia dÔo perioqèc R,R′ :

Q(R,R′) = max (φ(R′), φ(R)) > τ (7.9)

ìpou τ mia stajer�. Sto shmeÐo autì prèpei na upogrammÐsoume pwc ìtan sunen¸non-
tai dÔo geitonikèc perioqèc (R,RÆ), o par�gontac katakermatismoÔ sq matoc thc
kainoÔrgiac perioqhc R ∪R′upologÐzetai wc ex c:

φ(R ∪R′) =

∑
e∈E(R) w

2(e) +
∑

e∈E(R′) w
2(e)− 2 ·∑e∈E(R)∩E(R′) w

2(e)

a(R) + a(R′)
(7.10)

O algìrijmoc sunènwshc shape fragmentation based merging (SFM) eÐnai se geni-
kèc grammèc paromoioc me ton algìrijmo thc prohgoÔmenhc paragr�fou ektìc apì
dÔo diaforèc: sunen¸noume geitonikèc perioqèc e�n to antÐstoiqo kathgìrhma eÐnai
alhjèc kai k�je for� pou prokÔptei mia sunènwsh geitonik¸n perioq¸n prèpei na
anane¸soume ton par�gonta katakermatismoÔ sq matoc.
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Algorithm 5 SFM
1: procedure Merging(graph G, initial label map κ0)
2: Sort E = (e1, . . . , em) by non increasing edge weight.
3: for q = 1, . . . ,m do
4: Let eq = (u, v), u ∈ R and v ∈ R′
5: κu ← find(u)
6: κv ← find(v)
7: if Q(R,R′) then
8: union(κu, κv)
9: update(φ(R ∪R′)) according to (7.10)

10: end if
11: end for
12: return label map κ
13: end procedure
14:

7.3 Ierarqik  kat�tmhsh eikìnwn kai uperme-

trik  eikìna orÐwn

O Arbelaez [1] orÐzei upermetrik  eikìna orÐwn (ultrametric contour map (U-
CM)) wc mèso gia epÐteuxh ierarqik c kat�tmhshc eikìnwn. H basik  idèa eÐnai h
anapar�stash olìklhrhc thc diadikasÐac kat�tmhshc eikìnwn, apì thn arqik  ka-
t�tmhsh mèqri thn telik  kat�tmhsh ìpou h eikìna apoteleÐtai apì èna tm ma, se mÐa
eikìna gkrÐzou tìnou. H eikìna auth onom�zetai upermetrik  eikìna orÐwn kai h l yh
miac kat�tmhshc apì thn eikìna aut  se opoiad pote klÐmaka an�getai se mia apl 
leitourgÐa katwflÐwshc. Oi orismoÐ kai h an�lush pou parajètoume sth sunèqeia
parousi�sthkan sto [1].

'Estw P0 mia arqik  kat�tmhsh tou q¸rou X kai λ ∈ R mÐa par�metroc klÐma-
kac. O telest c ierarqik c kat�tmhshc (hierarchical segmentation operator (HSO))
apoteleÐ mia antistoÐqish thc kat�tmhshc Pλ sto zeÔgoc (P0, λ) ètsi ¸ste:

Pλ = P0, ∀λ ≤ 0 (7.11)

∃λ1 ∈ R+ : Pλ = {X} , ∀λ ≥ λ1 (7.12)

λ ≤ λ
′ ⇒ Pλ v Pλ′ (7.13)

ìpou to sÔmbolo v dhl¸nei th seir� twn katatm sewn, ètsi ¸ste P v P ′
ann:

∀Ri ∈ P ,∃R
′

i ∈ P ′ : Ri ⊆ R
′

i (7.14)

SÔmfwna me thn (7.14), katatm seic se diaforetikèc klÐmakec eÐnai fwliasmènec
kai dhmiourgoÔn mia ierarqik  dom :

H = {R ⊆ X | ∃λ : R ∈ Pλ} (7.15)
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O deÐkthc diastrwm�twshc miac perioq c R orÐzetai wc h klÐmaka λ sthn opoÐa
emfanÐzetai mia perioq  sthn ierarqÐa H:

I(R) = inf {λ ∈ [0, λ1] : R ∈ Pλ} (7.16)

To zeÔgoc (H, I) onom�zetai deiktiodothmènh ierarqÐa twn katatm sewn tou X.
Aut  h ierarqÐa anaparÐstatai apì èna dendìgramma, ìpou to Ôyoc k�je perioq c an-
tistoiqeÐ sto deÐkth diastrwm�tws c thc I(R). H kataskeu  thc parap�nw ierarqÐac
eÐnai isodÔnamh me ton orismì enìc metrikoÔ   miac apìstashc metaxÔ dÔo stoiqeÐwn
x, y ∈ X:

Y(x, y) = inf{I(R) | x ∈ R ∧ y ∈ R ∧R ∈ H} (7.17)

H apìstash Y prèpei na an kei se mia eidik  kathgorÐa apost�sewn pou onom�zon-
tai upermetrikèc kai ektìc thc trigwnik c idiìthtac ikanopoioÔn kai thn parak�tw
idiìthta:

Y(x, y) ≤ max{Y(x, z),Y(y, z)}, x, y, z ∈ X (7.18)

Enallaktik�, h kat�tmhsh eikìnwn mporeÐ na oristeÐ b�sh twn orÐwn twn perioq¸n.
Mia kat�tmhsh K tou X mporeÐ na orisjeÐ wc èna sÔnolo kampul¸n Jordan, ta ìria
twn perioq¸n. Oi perioqèc Ri thc K eÐnai oi sunektikèc sunist¸sec tou X \K. To
ìrio metaxÔ twn perioq¸n Ri kai Rj sumbolÐzetai wc ∂ij.

H ierarqik  kat�tmhsh eikìnwn mporeÐ duðk� na ekfrasteÐ b�sh twn orÐwn twn
perioq¸n:

Kλ = K0, ∀λ ≤ 0 (7.19)

∃λ1 ∈ R+ : Kλ = ∂X, ∀λ ≥ λ1 (7.20)

λ ≤ λ
′ ⇒ Kλ ⊇ Kλ′ (7.21)

'Estw Y mia upermetrik  apìstash. H antÐstoiqh upermetrik  eikìna orÐwn (ul-
trametric contour map (UCM))orÐzetai wc:

C(Y)(∂) = inf{λ ∈ [0, λ1] | ∂ * Kλ}, ∀∂ ∈ K0 (7.22)

K�je ìrio dÔo perioq¸n sthn upermetrik  eikìna orÐwn lamb�nei wc tim  thn
klÐmaka sthn opoÐa exafanÐsthke apì thn ierarqÐa twn orÐwn. H upermetrik  eikìna
orÐwn apoteleÐ mia anaparastash mia ierarqik c kat�tmhshc se mÐa kai mìno eikìna
gkrÐzou tìnou. Ex orismoÔ, h katwflÐwsh thc upermetrik c eikìnac orÐwn se mÐa
klÐmaka λ mac parèqei èna sÔnolo kleist¸n kampul¸n, thn kat�tmhsh K.

MÐa anomoiomorfÐa δ metaxÔ dÔo perioqwn onom�zetai upermetrik  e�n to zeÔgoc
(H, I) eÐnai deiktiodothmènh ierarqÐa, ìpou o deÐkthc I orÐzetai wc:

I(Ri ∪Rj) = δ(Ri, Rj) (7.23)

gia ìlec tic geitonikèc perioqèc (Ri, Rj) ∈ H2.
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H anomoiomorfÐa δ apodeiknÔetai pwc eÐnai upermetrik  an kai mìno an:

δ(Ri, Rj) ≤ δ (Ri ∪Rj, Rk) (7.24)

ìpou (Ri, Rj) eÐnai zeÔgoc perioq¸n pou elaqistopoioÔn thn anomoiomorfÐa δ kai Rk

eÐnai mia geitonik  perioq  thc Ri ∪ Rj kai emfanÐzetai sthn kat�tmhsh kai met� th
sunènwsh twn (Ri, Rj).

O basikìc algìrijmoc kat�tmhshc orÐzei, arqik�, èna gr�fo G = (P0,K0) ìpou
oi korufèc antistoiqoÔn stic perioqèc P0, oi akmèc sta sÔnora K0 metaxÔ geitonik¸n
perioq¸n kai ta b�rh W : K0 → R+ apoteloÔn èna mètro upermetrik c anomoiomor-
fÐac metaxÔ perioq¸n. O algìrijmoc arqik� taxinomeÐ tic akmèc tou gr�fou kat�
aÔxousa seir� bar¸n kai epanalhptik� sunen¸nei tic pio ìmoiec perioqèc:

1) Epilog  orÐou elaqÐstou b�rouc: C∗ = arg minC∈K0
W (C)

2) 'Estw R1, R2 ∈ P0 oi perioqèc pou qwrÐzontai apì to C∗

3) R = R1 ∪R2 kai anane¸sh tou gr�fou:
P0 ← P0\{R1, R2} ∪R and K0 ← K0\{C∗}

4) Tèloc e�n to sÔnolo K0 eÐnai kenì. Alli¸c, ananèwsh twn bar¸n W (K0) kai
epan�lhyh apì to b ma 1.

Kaj¸c èqei upologisteÐ h upermetrikìc eikìna orÐwn, h telik  kat�tmhsh lamb�netai
me katwflÐws  thc sthn epijumht  klÐmaka.

7.3.1 Upermetrik  anomoiomorfÐa me b�sh twn par�gon-

ta katakermatismoÔ koinoÔ sunìrou

Sthn par�grafo aut , orÐzoume èna mètro anomoiomorfÐac metaxÔ geitonik¸n pe-
rioq¸n pou basÐzetai ston par�gonta katakermatismoÔ tou orÐou metaxÔ geitonik¸n
perioq¸n. O par�gontac katakermatismoÔ tou orÐou metaxÔ twn perioq¸n Ri kai Rj

orÐzetai wc to pl�toc twn asuneqei¸n tou sunìlou twn phg¸n pou sqetÐzontai me to
ìrio twn perioq¸n aut¸n dia to m koc tou orÐou:

Φ(Ri, Rj) =

∑
e∈E(Ri)∩E(Rj)

w(e)

L(∂ij)
(7.25)

Meg�lh tim  tou par�gonta katakermatismoÔ deÐqnei thn apousÐa isquroÔ orÐou me-
taxÔ twn en lìgw perioq¸n. Dhlad , apoteleÐ mètro omoiomorfÐac kai ìqi anomoio-
morfÐac. Gia to lìgo autì, orÐzoume thn upermetriklh anomoiomorfÐa δΦ wc ex c:

δΦ(Ri, Rj) = exp (−Φ(Ri, Rj)) (7.26)

L mma 7.3.1 H anomoiomorfÐa δΦ eÐnai upermetrik .
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7.3.2 Upermetrik  anomoiomorfÐa me b�sh thn isqÔ twn

orÐwn

H deÔterh upermetrik  anomoiomorfÐa pou ulopoi jhke sthn paroÔsa diplwmatik 
ergasÐa eÐnai h isqÔ tou orÐou dÔo geitonik¸n perioq¸n. H isqÔc aut  orÐzetai wc
h mèsh tim  thc eikìnac akm¸n gkrÐzou tìnou p�nw sto ìrio twn perioq¸n. Aut  h
anomoiomorfÐa èqei qrhsimopoihjeÐ arket� sth bibliografÐa [1, 3] kai orÐzetai wc:

δg(Ri, Rj) =

∑
g(∂ij)

L(∂ij)
(7.27)

ìpou
∑

g(∂ij) =
∫
∂ij
g(x(s))ds, dhlad  to �jroisma thc eikìnac akm¸n gkrÐzou tìnou

g p�nw sto ìrio twn dÔo perioq¸n.

L mma 7.3.2 H anoimoiomorfÐa δg thc exÐswshc (7.27) eÐnai upermetrik .
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Kef�laio 8

Axiolìghsh

8.1 Sullog  dedomènwn

Gia thn axiolìghsh twn proteinìmwn teqnik¸n kat�tmhshc qrhsimopoi jhke h
sullog  dedomènwn tou panepisthmÐou Berkeley h opoÐo apoteleÐ thn kÔria sullo-
g  dedomènwn me stìqo thn axiolìghsh teqnik¸n kat�tmhshc eikìnwn. H sullog 
dedomènwn tou panepisthmÐou Berkeley (BSDS500) apoteleÐtai apì 500 fusikèc kai
fwtografikèc eikìnec oi opoÐec èqoun katatmhjeÐ apì ènan arijmì pènte anjr¸pwn
kat� mèso ìro. H sullog  dedomènwn qwrÐzetai se 300 eikìnec gia ekpaÐdeush thc
mejìdou (training set) kai 200 eikìnec gia axiolìghsh thc mejìdou (test set).

8.2 Krit ria axiolìghshc

Sth sunèqeia, analÔontai k�poia krit ria axiolìghshc autom�twn katatm sewn
ìpwc parousi�zontai sthn tekmhrÐwsh thc sullog c dedomènwn BSDS500 [3].

8.2.1 Precision-recall

DÔo gnwst� mètra, daneismèna apì thn an�kthsh plhrofori¸n, efarmìsima se
probl mata ìpwc h kat�tmhsh eikìnwn, eÐnai to mètro akrÐbeiac (precision) kai to
mètro an�kthshc (recall). OrÐzontac san | · | to pl joc twn stoiqeÐwn enìc sunìlou,
ta mètra precision kai recall dÐnontai apì touc parak�tw tÔpouc:

Precision =
|{Relevant items} ∩ {Retrieved items}|

|{Retrieved items}| (8.1)

kai antÐstoiqa:

Recall =
|{Relevant itemc} ∩ {Retrieved itemc}|

|{Relevant itemc}| (8.2)
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Sq ma 8.1: Anjr¸pinec katatm seic eikìnwn tou Berkeley Segmentation Dataset
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Ta mètra precision kai recall qrhsimopoioÔntai gia thn axiolìghsh teqnik¸n a-
nÐqneushc akm¸n all� kai teqnik¸n kat�tmhshc eikìnwn me ton Ðdio trìpo kaj¸c kai
oi dÔo kathgorÐec teqnik¸n par�goun wc apotèlesma ìria perioq¸n. 'Oson afor�
autèc tic kathgorÐec problhm�twn, to mètro precision (P) ekfr�zei to posostì twn
pragmatik¸n orÐwn, dhlad  orÐwn twn anjr¸pinwn katatm sewn, pou aniqneÔthkan
epÐ tou sunìlou twn aniqneujèntwn en¸ to mètro recall (R) ekfr�zei to posostì
twn pragmatik¸n orÐwn pou aniqneÔthkan epÐ tou sunìlou twn pragmatik¸n orÐwn
thc eikìnac. Gia aniqneutèc akm¸n pou par�goun wc èxodo grayscale eikìnec akm¸n
prokÔptei mia parametropoihmènh kampÔlh precision kai recall diaforetikèc timèc ka-
twflÐou. 'Ena mègejoc pou sunoyÐzei thn parametropoihmènh aut  kampÔlh eÐnai to
mètro F pou orÐzetai wc o armonikìc mèso twn megej¸n precision kai recall:

F =
2PR

P +R
(8.3)

8.2.2 Variation of information

To mètro Variation of Information (VI) qrhsimopoieÐtai gia sÔgkrish metaxÔ
sustadopoi sewn (clusterings). Metr� thn apìstash metaxÔ dÔo sustadopoi sewn
C kai C ′ wc th mèsh upì sunj kh entropÐa touc:

V I(C, C ′) = H(C) +H(C ′)− 2I(C, C ′) (8.4)

ìpou me H kai I sumbolÐzontai h entropÐa kai h koin  plhroforÐa antÐstoiqa. Gia
to prìblhma thc kat�tmhshc eikìnwn,oi sustadopoi seic pou sugkrÐnontai eÐnai h
autìmath kat�tmhsh tou algorÐjmou proc axiolìghsh me tic anjr¸pinec katatm seic.

8.2.3 DeÐkthc Rand

O deÐkthc Rand leitourgeÐ elègqontac tic antistoiqÐec metaxÔ zeug¸n stoqeÐwn
se dÔo sust�dec. O deÐkthc Rand metaxÔ miac autìmathc kat�tmhshc S kai miac
anjr¸pinhc kat�tmhshc G orÐzetai wc to pl joc twn zeug¸n pixels pou an koun eÐte
sthn Ðdia perioq  kai stic katatm seic eÐte pou an koun se diaforetik  perioq  kai
stic dÔo katatm seic. O pijanwtikìc deÐkthc Rand (probabilistic Rand index (PRI))
apoteleÐ mia parallag  tou deÐkth Rand gia na mporoÔn na sugkrijoÔn pollaplèc
anjr¸pinec katatm seic me mÐa autìmath kai orÐzetai wc ex c:

PRI(S, {Gk}) =
1

T

∑

i<j

[cijpij + (1− cij)(1− pij)] (8.5)

ìpou T eÐnai to pl joc twn zeug¸n twn eikonostoiqeÐwn thc eikìnac, cij eÐnai h logik 
metablht  pou ekfr�zei to gegonìc ta eikonostoiqeÐa i kai j na an koun sthn Ðdia
perioq  kai pij h antÐstoiqh pijanìthta.
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8.2.4 Epik�luyh

H epik�luyh (covering) metaxÔ dÔo perioq¸n R1 kai R2 orÐzetai wc:

O(R1, R2) =
|R1 ∩R2|
|R1 ∪R2|

(8.6)

H epik�luyh miac kat�tmhshc S1 apì mia kat�tmhsh S2 orÐzetai wc:

C(S1 → S2) =
1

N

∑

R1∈S1

|R1| · max
R2∈S2

O(R1, R2) (8.7)

ìpou N to pl joc twn pixels thc eikìnac.

Me parìmoia logik , h epik�luyh miac autìmathc kat�tmhshc S apì mia om�da pol-
lapl¸n anjr¸pinwn katatm sewn {Gk} upologÐzetai apì th mèsh tim  thc epik�luyhc
thc autìmathc kat�tmhshc S xeqwrist� me k�je anjr¸pinh {Gk}.

8.3 Apotelèsmata

Sthn par�grafo aut  parajètoume k�poia antiproswpeutik� apotelèsmata twn
proteinìmenwn teqnik¸n me eÐsodo apì ton gPb aniqneut  akm¸n. 'Olec oi protei-
nìmenec teqnikèc basÐzontai se mÐa kai mìno tim  katwflÐou. H tim  kawflÐou pou
megistopoieÐ to mètro F gia olìklhrh th sullog  dedomènwn ja anafèretai wc opti-
mal dataset scale (ODS) en¸ h tim  katwflÐou pou megistopoieÐ to mètro F gia mÐa
sugkekrimènh eikìna ja anafèretai sth sunèqeia wc optimal image scale (OIS).
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Sq ma 8.2: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-esm
me stajero kat¸fli. Apì arister� proc ta dexi�: eikìna eisìdou kai
autìmatec katatm seic me ODS kai IDS antÐstoiqa.
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Sq ma 8.3: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-esm me
stajero kat¸fli. Apì p�nw proc ta k�tw: eikìna eisìdou kai autìmatec
katatm seic me ODS kai IDS antÐstoiqa.
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Sq ma 8.4: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-esm me
kat¸fli an�logo tou embadoÔ thc ek�stote perioq c. Apì ariste-
r� proc ta dexi�: eikìna eisìdou kai autìmatec katatm seic me ODS kai IDS
antÐstoiqa.
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Sq ma 8.5: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-sfm.
Apì p�nw proc ta k�tw: eikìna eisìdou kai autìmatec katatm seic me ODS kai
IDS antÐstoiqa.
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Sq ma 8.6: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-ucm me
mètro anomoiomorfÐac basismèno ston par�gonta katakermatismoÔ
koinoÔ sunìrou. Apì arister� proc ta dexi�: eikìna eisìdou kai autìmatec
katatm seic me ODS kai IDS antÐstoiqa.

77



Sq ma 8.7: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-ucm me
mètro anomoiomorfÐac basismèno ston isqÔ twn orÐwn twn perioq¸n.
Apì arister� proc ta dexi�: eikìna eisìdou, upermetrik  eikìna orÐwn kai
autìmatec katatm seic me ODS kai IDS antÐstoiqa.
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Sq ma 8.8: Apotelèsmata kat�tmhshc me thn teqnik  gPb-mad-ucm
me mètro anomoiomorfÐac basismèno ston isqÔ twn orÐwn twn perio-
q¸n. Apì p�nw proc ta k�tw: eikìna eisìdou, upermetrik  eikìna orÐwn kai
autìmatec katatm seic me ODS kai IDS antÐstoiqa.

8.4 Apotelèsmata axiolìghshc

Sthn par�grafo aut  parèjetoume ta apotelèsmata axiolìghshc twn diafìrwn
proteinìmenwn teqnik¸n kaj¸c kai sÔgkris  touc me gnwstoÔc algorijmouc thc bi-
bliografÐac. Oi algìrijmoi autoÐ eÐnai sugkekrimèna: o algorijmoc gPb-owt-ucm
[2]kai h aplousteumènh èkdos  tou Canny-owt-ucm,o algìrijmoc apodotik c ka-
t�tmhshc me qr sh gr�fwn [13] (Felz-Hutt), o algìrijmoc Mean Shift [11], h teqnik 
Multiscale Normalized Cuts [12].
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'Oson afor� tic proteinìmenec teqnikèc thc paroÔsac ergasÐac, sumbolÐzoume me
ucmg thn teqnik  ierarqikhc kat�tmhshc me b�sh thn isqÔ twn orÐwn en¸ me ucmφ

thn teqnik  ierarqik c kat�tmhshc me b�sh ton par�gonta katakermatismoÔ orÐou.
Me esmc kai esma sumbolÐzoume antÐstoiqa ton algìrijmo apodotik c me b�sh thn
omoiìthta me qr sh stajeroÔ katwflÐou kai katwflÐou an�logou tou embadoÔ twn
perioq¸n antÐstoiqa. Tèloc, sumbolÐzoume me gCanny thn parallag  tou gnwstoÔ
anisqneut  akm¸n Canny pou ulopoi jhke.

Ta sunolik� apotelèsmata axiolìghshc me b�sh ta ìria twn aniqneujèntwn pe-
rioq¸n parousi�zontai ston PÐnaka 8.4 pou akoloujeÐ:

BSDS500
ODS OIS

Human 0.80 0.80
gPb-owt-ucm [2] 0.73 0.76
gPb-mad-ucmg 0.72 0.75
gPb-mad-esmc 0.69 0.72
gPb-mad-ucmφ 0.69 0.71
gPb-mad-sfm 0.67 0.70
gPb-mad-esma 0.64 0.68
Mean Shift [11] 0.64 0.68
NCuts [12] 0.64 0.68
gCanny-mad-ucmg 0.61 0.65
Felz-Hutt [13] 0.61 0.64
Canny-owt-ucm [2] 0.60 0.64
gCanny-mad-esmc 0.58 0.61
gCanny-mad-esma 0.58 0.61
gCanny-mad-sfm 0.56 0.59
gCanny-mad-ucmφ 0.55 0.58
gPb [2] 0.71 0.74
gCanny 0.61 0.64
Canny [2] 0.60 0.63

PÐnakac 8.1: Sunolik� apotelèsmata axiolìghshc me b�sh ta ìria twn aniqneujèntwn
perioq¸n.

Ta sunolik� apotelèsmata axiolìghshc me b�sh tic aniqneujeÐsec perioqèc thc
autìmathc kat�tmhshc parousi�zontai ston PÐnaka 8.4 pou akoloujeÐ:

8.5 Sqoliasmìc

Apì to sÔnolo twn proteinìmenwn teqnik¸n thc paroÔsac diplwmatik c ergasÐac,
h teqnik  gPb-mad-ucmg emfanÐzei thn kalÔterh apìdosh sÔmfwna ìla ta krit ria
axiolìghshc. EmfanÐzei parapl sia   akìma kai kalÔterh apìdosh apì ton state of
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BSDS500
Covering PRI VI

ODS OIS Best ODS OIS ODS OIS
Human 0.72 0.72 � 0.88 0.88 1.17 1.17
gPb-owt-ucm[2] 0.59 0.65 0.74 0.83 0.86 1.69 1.48
gPb-mad-ucmg 0.58 0.64 0.74 0.83 0.86 1.62 1.39
gPb-mad-esmc 0.55 0.62 0.71 0.82 0.86 1.83 1.51
Mean Shift [11] 0.54 0.58 0.66 0.79 0.81 1.85 1.64
Felz-Hutt [13] 0.52 0.57 0.69 0.80 0.82 2.21 1.87
gPb-mad-sfm 0.52 0.56 0.62 0.79 0.82 1.83 1.70
gPb-mad-esma 0.51 0.54 0.60 0.79 0.80 1.86 1.82
Canny-owt-ucm [2] 0.49 0.55 0.66 0.79 0.83 2.19 1.89
myCanny-mad-ucmg 0.48 0.55 0.65 0.79 0.83 2.10 1.77
gPb-mad-ucmφ 0.46 0.54 0.63 0.77 0.80 2.07 1.81
NCuts [12] 0.45 0.53 0.67 0.78 0.80 2.23 1.89
gCanny-mad-esmc 0.45 0.53 0.63 0.78 0.83 2.31 1.91
gCanny-mad-sfm 0.42 0.49 0.58 0.77 0.80 2.18 1.95
gCanny-mad-esma 0.40 0.47 0.53 0.76 0.77 2.41 2.27
gCanny-mad-ucmφ 0.35 0.42 0.50 0.74 0.77 2.43 2.29

PÐnakac 8.2: Sunolik� apotelèsmata axiolìghshc me b�sh tic aniqneujeÐsec perioqèc.

art algìrijmo gPb-owt-ucm . H qr sh thc upermetrik c anoimoiomorfÐac me b�sh
ton par�gonta katekermatismoÔ tou orÐou geitonik¸n perioq¸n emfanÐzei qeirìterh
apìdosh kaj¸c apoteleÐ mia pio qondroeid  prosèggish thc isqÔoc enìc orÐou se
sqèsh me th mèsh tim  thc grayscale eikìnac akm¸n. EÐnai pijan  Ôparxhc asunèqeiac
sto sÔnolo twn phg¸n thc eikìnac en¸ up�rqei, èstw kai topik� asjenèc, ìrio pe-
rioq c.

H teqnik  apodotik c sunènwshc, molonìti emfanÐzoun qeirìterh apìdosh apì
thn teqnik  gPb-mad-ucmg, èqoun to pleonèkthma pwc eÐnai upologistik� pio apo-
dotikèc. Me èna kai mìno pèrasma apì k�je akm  tou gr�fou pou prokÔptei apì thn
arqik  kat�tmhsh kai qwrÐc kammÐa diadikasÐa ananèwshc tou gr�fou oloklhr¸netai
h diadikasÐa sunènwshc geitonik¸n perioq¸n.

Epiprosjètwc, h teqnik  sunènwshc geitonik¸n perioq¸n me b�sh twn par�gon-
ta katakermatismoÔ sq matoc èqei to pleonèkthma pwc lamb�nei upìyin plhroforÐa
apì to sÔnolo twn perioq¸n kai ìqi mìno apì to koinì touc sÔnoro. Apì th mÐa
pleur�, mporoÔn na sunenwjoÔn epituq¸c mikrèc mh sumpageÐc perioqèc pou den ja
sunen¸nontan apì �llec teqnikèc. Apì thn �llh, mporeÐ mÐa omoigen c perioq  na
parameÐnei diaspasmènh se perÐptwsh pou oi epimèrouc perioqèc èqoun meg�lo embadì.
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Kef�laio 9

Sumper�smata

9.1 Sumper�smata

Sta plaÐsia thc diplwmatik c aut c ergasÐac, parousi�same di�forec teqnikèc
kat�tmhshc fusik¸n kai fwtografik¸n eikìnwn me b�sh mia prìsfath teqnik  apo-
sÔnjeshc di�mesou �xona pou par�gei mia arqik  kat�tmhsh kai mia anapar�stash
thc ek�stote eikìnac. Ereun same pwc mporeÐ na axiopoihjeÐ h anapar�stash aut 
gia thn epÐlush tou prob matoc thc kat�tmhshc apì mình thc all� kai se sunduasmì
me krit ria sunènwshc perioq¸n thc bibliografÐac. 'Olec oi proteinìmenec teqnikèc
axiolog jhkan me b�sh th sullog  dedomènwn tou panepisthmÐou Berkeley kai sug-
krÐjhkan me gnwstèc teqnikèc thc bibliografÐac. Parìlo pou o metasqhmatismìc
di�mesou �xona jewreÐtai genik� astaj c, apodeÐqthke pwc mporeÐ na qrhsimopoihjeÐ
me epituqÐa gia to skopì thc kat�tmhshc fusik¸n eikìnwn pou apoteleÐ mèqri s mera
èna anoiktì prìblhma kai apì tic megalÔterec prokl seic thc ìrashc upologist¸n.

9.2 Mellontikèc kateujÔnseic

Oi teqnikèc aposÔnjeshc di�mesou �xona gia to stìqo thc kat�tmhshc fusik¸n
eikìnwn den èqoun pl rwc ereunhjeÐ sta sten� plaÐsia miac diplwmatik c ergasÐac.
K�poia paradeÐgmata mellontik¸n kateujÔnsewn eÐnai ta akìlouja:

• 'Enac tropopoihmènoc metasqhmatismìc apìstashc ¸ste ektìc apì to mètro thc
eikìnac akm¸n na perièqei kai ton prosanatolismì twn akm¸n.

• MÐa teqnik  kat�tmhshc pou ekmetalleuìmenh thn anapar�stash thc eikìnac
mèsw tou di�mesou �xona na perièqei plhroforÐa apì ìlh thn eikìna.

• Sundusmìc k�poiac apì tic proteinìmenec teqnikec kat�tmhshc eikìnwn mazÐ me
qr sh tou di�mesou �xona gia perigraf  sqhm�twn me stìqo thn anagn¸rish
antikeimènwn.
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• MÐa apodotikìterh teqnik  upologismoÔ tou metasqhmatismoÔ apìstashc ka-
j¸c apoteleÐ to pio qronobìro komm�ti twn teqnik¸n met� thn anÐqneush akm¸n.

• Sunduasmìc k�poiwn ek twn proteinìmenwn teqnik¸n gia beltÐwsh thc apìdo-
shc.
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Par�rthma Aþ

ApodeÐxeic

Apìdeixh tou l mmatoc 4.2.1 (Apì [4])
(a) → (b). Me b�sh touc orismoÔc (4.13), (4.12) kai (4.11), èqoume pwc èan to y
eÐnai phg  tìte:

d(x, y) + f(y) ≤ d(x, z) + f(z) ∀z ∈ X (Aþ.1)

gia k�poio x ∈ X,   isodÔnama:

f(y) ≤ d(x, z)− d(x, y) + f(z) ∀z ∈ X. (Aþ.2)

Qrhsimopoi¸ntac thn trigwnik  idiìthta èqoume pwc:

d(y, y) + f(y) ≤ d(y, z) + f(z) ∀z ∈ X, (Aþ.3)

h opoÐa sunep�getai pwc y 3 y.

(b) → (g). E�n y 3 y, tìte apì ton orismì (4.12), D(f)(y) = f(y).

(g) → (d). E�n D(f)(y) = f(y), tìte apì ton orismì (4.12) prokÔptei pwc y ∈ Ŝ(y)

  y 3 y. 'Estw pwc k�poio allo shmeÐo z ∈ S(y), tìte z ∈ Ŝ(y)   isodÔnama
z 3 y 3 y. Apì ton orismì (4.13) èqoume pwc z /∈ S(y), to opoÐo apoteleÐ antÐfash.
'Etsi Ŝ(y) = {y} katal gontac sto ìti S(y) = {y}.

�

Apìdeixh tou l mmatoc 5.2.1 (Apì [4])
'Estw y ∈ S(f). Apì to l mma 4.2.1 èqoume pwc S(y) = {y} kai sunep¸c |S(y)| = 1.
'Etsi, to y den dÔnatai na an kei sto di�meso �xona: y /∈ A(f). �

Apìdeixh tou l mmatoc 5.2.3 (Apì [4])
(a) Profan¸c:

`(u′, v′) = `(u′, u) + `(u, v) + `(v, v′), (Aþ.4)

Apì thn trigwnik  anisìthta:

δ(u′, v′) < `(u′, u) + δ(u, v) + `(v, v′). (Aþ.5)
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Antikajist¸ntac thn posìthta `(u′, u) + `(v, v′) apì thn posìthta `(u′, v′)− `(u, v)
prokÔptei:

δ(u′, v′) < δ(u, v) + `(u′, v′)− `(u, v), (Aþ.6)

kai apì ton orismì (??) katal goume sto zhtoÔmeno:

res(x, y) < res(x′, y′) (Aþ.7)

�

Apìdeixh tou l mmatoc 7.3.1 H apìdeixh pwc h anomoiomorfÐa δΦ eÐnai uper-
metrik  an�getai sto na apodeÐxoume pwc h δΦ ikanopoieÐ thn idiìthta (7.24). 'Estw
(Ri, Rj) to zeÔgoc perioq¸n pou elaqistopoioÔn thn δΦ kai Rk opoiad pote perio-
q  pou geitoneÔei me thn Ri ∪ Rj kai an kei sthn kat�tmhsh thc eikìnac met� thn
sunènwsh twn Ri, Rj. Akìmh, èstw Aij =

∑
e∈E(Ri)∩E(Rj) w(e). 'Eqoume:

δΦ(Ri, Rj) ≤ δΦ(Ri, Rk)⇒
exp(−Φ(Ri, Rj)) ≤ exp(−Φ(Ri, Rk))⇒

Φ(Ri, Rj) ≥ Φ(Ri, Rk)⇒
Aij
L(∂ij)

≥ Aik
L(∂ik)

⇒

L(∂ik) · Aij ≥ L(∂ij) · Aik (Aþ.8)

OmoÐwc,

L(∂jk) · Aij ≥ L(∂ij) · Ajk (Aþ.9)

Sundu�zontac tic exis¸seic (Aþ.8) kai (Aþ.9) èqoume:

L(∂jk) · Aij + L(∂ik) · Aij ≥ L(∂ij) · Ajk + L(∂ij) · Aik ⇒
(L(∂jk) + L(∂ik)) · Aij ≥ L(∂ij) · (Ajk +Aik)⇒

Aij
L(∂ij)

≥ Ajk +Aik
L(∂jk) + L(∂ik)

⇒
∑

e∈E(Ri)∩E(Rj) w(e)

L(∂ij)
≥
∑

e∈E(Rj)∩E(Rk) w(e) +
∑

e∈E(Ri)∩E(Rk) w(e)

L(∂jk) + L(∂ik)
⇒

∑
e∈E(Ri)∩E(Rj) w(e)

L(∂ij)
≥
∑

e∈E(Ri∪Rj)∩E(Rk) w(e)

L(∂i∪j,k)
⇒

Φ(Ri, Rj) ≥ Φ(Ri ∪Rj, Rk)⇒
exp(−Φ(Ri, Rj)) ≤ exp(−Φ(Ri ∪Rj, Rk))⇒

δΦ(Ri, Rj) ≤ δΦ(Ri ∪Rj, Rk)

(Aþ.10)

�
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Apìdeixh tou l mmatoc 7.3.2 Apìdeixh an�logh me thn apìdeixh tou l mma-
toc 7.3.1. 'Estw (Ri, Rj) to zeÔgoc perioq¸n pou elaqistopoioÔn thn δΦ kai Rk

opoiad pote perioq  pou geitoneÔei me thn Ri ∪ Rj kai an kei sthn kat�tmhsh thc
eikìnac met� thn sunènwsh twn Ri, Rj. 'Eqoume:

δg(Ri, Rj) ≤ δg(Ri, Rk)⇒∑
g(∂ij)

L(∂ij)
≤
∑

g(∂ik)

L(∂ik)
⇒

L(∂ik) ·
∑

g

(∂ij) = L(∂ij) ·
∑

g

(∂ik) (Aþ.11)

(Aþ.12)

OmoÐwc,

L(∂jk) ·
∑

g

(∂ij) ≤ L(∂ij) ·
∑

g

(∂jk) (Aþ.13)

Sundu�zontac tic exis¸seic (Aþ.11) kai (Aþ.13) èqoume:

(L(∂ik) + L(∂jk)) ·
∑

g

(∂ij) ≤ L(∂ij) · (
∑

g

(∂ik) +
∑

g

(∂jk))⇒
∑

g(∂ij)

L(∂ij)
≤

(
∑

g(∂ik) +
∑

g(∂jk))

L(∂ik) + L(∂jk))
⇒

δg(Ri, Rj) ≤ δg(Ri ∪Rj, Rk)

(Aþ.14)

�
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