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Hepiinyn-Evyaprotieg

Ymv mopoboo OSWAMUOTIKY epyacio  peretdvior ot mpotor  apibuoi. ITo
OLYKEKPIUEVO, OTO TPMOTO KEQPAAOLO YIVETOL M0 HIKPY 1OTOPIKN OVOOPOLT, OTNV omoia
QOiVETOL O OPICUOC TOV TPAOTOV oplp®dV, ®G Toug 0plBHodS Tov £YoVV HOVOSIKOVS
JPETES TNV HOVAS KOl TOV €0VTO TOVG, Ol KLUPLOTEPEG YPNOEIS TOVG KAOMDS KOl TO TOTE
Eexivnoe 1 evaoyOANon TOV HOONUOTIKOV HE ovTOVE Kol YTl mopovstalovv 1060
EVOLOQPEPOV.

210 0e0TEPO KEPAAOO TOPOVGIALOVTOL AVOAVLTIKO Ol peYOAOl pabnuotikoi mov
HeAéTNoAV TOVG TPOTOVS 0pBpovs 0ntmg: EvkAeiong, EpatocOévng, Pierre de Fermat, Marin
Mersenne. TopatiBevtol Ta onpavTIKOTEPO BEMPNUOTE, Ol CNUOVTIKOTEPES ATOdEIEES Kot
Ol OTLLOVTIKOTEPEG TAPUTNPTOELS TOV EYOLV YIVEL WG TPOG TOVG TPAOTOLS OPLOUOVS Ao TNV
apyondTNTO HEXPL TO VEOTEPO YPOVIL. ZVYKEKPIUEVA, ATOOEIKVOETOL OTL Ol TPOTOL aptfpol
etvan dmepot (6 amodeiEelg), SLOTLTAMOVETOL KOl OTOOEKVVETAL TO Ogpelmdoeg Oedpnpa g
ApBuntikng, opilovion kot pelet@vtor ot mwpdTor apbpoi tov Fermat kot ov apiBuoi
Mersenne.

210 Tpito KePAAOIO peAeTdTON 1| TPOooTADELD 0peONG EVOG TOTOL TTOL VO UTOPEL VL
napdyel OAOVG TOLG TPAOTOVG apBpovs. Méoa omd v mpoomdbeio. avthy vanpéov
ONUAVTIKES OVOKOADYELS KOl COUTEPAGILATO TO OTTO10L KOl KOTOy PAPOVTaL.

270 TETOPTO KEQPAAOLO OVOPEPOVTOL KATOL TPOPANLUOTO GYETIKA LE TOVG TPDOTOVG
ap1Bpovg, To omoia eivar dAvta g TIg HEPES pag. [dwitepn upaon divetal og dVO aTd AVTA
OV £YOVV OTOCYOAGEL TEPLOGOTEPO TOVG padnpotikovg, oty Ewaocia tov Goldbach ot
70 B€pa TG amelpiog TV HdVUGV TPAOTOV oPLOU®V.

TéAog, 010 TEUTTO KEPAAOLO, TEPLYPAPETOL GUVTOLO 1) OLOPPLYL TOV S€mEL TNV Oewpia
Ap1Buov, n omoia etvar Kot 0 Adyoc TOv 01 EMOTHHOVEG eEvacyoAOnKav Kot Ba cuveyicovv
VoL 00OAOVVTOL LE TNV HEAETN TNG.

Kieivovtag 6o Mbela voa evyopiotiow witepa v emPAémovca avTig NG
mMA®UOTIKNG epyaciag K. Zogio Aapmpomovrov, Avaminpatpro Kadnyrrpia tov E.MLIL,
v TV Kafodnynon, Tig CLUPOVAEC, TNV LITOUOVY| Kl TO ¥POVO TOV OV TPOGEPEPE KoLl VOl
Tovicw g yopic v cvuPfoin g dev Ba NTav SV 1 EPTIL OAOKANPMOT QLTS TNG
epyacioc. Emiong 0éhm va evyoplotiom kot to GAA0 UEAN NG TPUEAODS €EETOCTIKNG
empomng: tov K. Kovtoyedpyn Apioteion, Avominpot Kabnynm tov Tunupatog
MoOnuatikov E.K.ILA. kot tov k. Apayempyn Apioteidn, Enikovpo Kabnynt tov Topéa
AKEA m¢ 2. E.M.®.E. tov E.M.IL






Abstract

The subject of this diploma thesis is the prime numbers. Specifically, in the first
chapter we present a brief history, in which appears the definition of prime numbers, their
main uses, when they started to concern the mathematicians, and why they are so
interesting.

In the second chapter we present all the great mathematicians who studied the prime
numbers, such as: Euclid, Eratosthenes, Pierre de Fermat and Marin Mersenne. We then
refer to the most important theorems, the most important proofs and the most important
observations made, from antiquity to modern times. More precisely, it is shown that the
prime numbers are infinite (6 proofs), the Fundamental Theorem of Arithmetics is stated
and proved and the Fermat numbers and Mersenne numbers are defined and studied.

In the third chapter we study the attempt of the mathematicians to find a formula that
produces all prime numbers. Through this effort there have been significant discoveries and
conclusions which are recorded.

In the fourth chapter some problems about prime numbers, which are unsolved until
today, are presented. Particular emphasis is given to two of them which have occupied many
mathematicians: the Goldbach conjecture and the infinity of twin prime numbers.

Finally, in the fifth chapter we briefly describe the beauty of number theory which is
why mathematicians have studied it in the past and will continue to study forever.
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Ecaywyn

1.1 O1 mpartor apiBuoi uéoa atnyv Ietopio

Yndpyovv moArol avOpwmor mov agiépmcav OAN Tovg TV {on UEAETOVTOC
MobOnuatikd. e kdmorovg avtd @aivetar mepiepyo Opm®G avtoi ot avOpwmor dev
SPEPOVY GE TIMOTA aMd KATO0VE GALOVG IOV APEP®GAV OAN Tovg TV {®N GTO VO
ovvBétovv povoikr.. Ta Mabnpatikd kpoPovv pia paysion peyddn, mov Opw®G dev
yivetal a1oOnT) otovg meptocotepovs. Evag pabnuotikdc mpoomadel va Avoel Eva
TpOPANUa Ko pEca amd avT| TNV dlepyacio TPOKOHMTOVY Kol GAAL TPpoPANpaTO Kot
epOTALOTA TOV TPETEL VoL AvBovV Kot var amavtnBobv. Avtd 10 aldvio oy vidl ivot
nov mpokoiel To poord Tov Madnpatikov. Eivor 1 diyo v va fpovv v Avon
kaBmg kol M olya Yoo v d0&a mov Ba AmOKTNGOoLY, UG KOl TO OVOUA Tovg Ba
Yopaytel otV 10TOpiot OV KATOPEPOLV VO OTAVINGOLV GE £vo om0 TA TOAAQ

OVOTTAVTINTO TPOPANULATO TTOL VITAPYOVY LEGH GTOVS OLMVEG.

Mia peydin Mabnpatikn evotnta mov anacyoAel Toug Mabnuatikovg kot wov £xet
ONUIOVPYNoEL TOAAA epMTNUATIKE oYeddv amd tv amopyq ¢ lotoplag TV

MoOnpatikdv gtvot out Tov TpOTOV oplopudy.




... 0 HOVAOIKOG GKOTOG TG EMGTHUNG €lvar 1 S0 Tov avBpwmivov TVEDUATOG, Kat,
Kat’ ot TV évvold, éva TpofAnua g Oswpiag ApBumv Exet v idw a&ia pe Eva
EPMOTNUO CYETIKA LE TO GVUGTNLLO TOL KOGLOV.”’

Jacobi
Emotol) mpog tov Legendre, 2 TovAiov 1830
Collected Works of Jacobi, top. 1, ceh. 454

(epmvevopévo amd 1o “‘H yomteio tov Mabnpoatikov’’, Serge Lang, mavemiotipo

Yale, exdooeic Kdtomtpo)

Opiouog 1: 'Evag aképorog aptBudg LeyaAdTePOG TOL £va AEYETOL TPWTOS aplOudg, av
ot povot Betikol dapéteg Tov (mapdyovteg) givarl to €va kat o id1og o apdudg. o
TapAdELY LA, Ol TPAOTOL TPpdTOL aptBpot etvar 01 2, 3, 5, 7, 11, 13...

To Oeuehddec Osopnpa g ApBuntikng deiyvel 61t ot TpdTol apBpoi eivan ot
dopukoi AiBot Tov Betikdv axepainv: KaOe BeTiKOg aképatlog pumopel va avaivBel katd
HOVOOIKO TPOTO MG YVOUEVO TpOT®V Tapayoviwv. O oapBuog 1 elvor pio €101kn
nepintoon yati dev Bewpeiton ovte mpmdTOg ovTe cvvBetog [Wells 1986, p. 31].
[Maporo mov o apBudc 1 cuvnbilldtav vo Bewpeitoan Tpmtog [Goldbach 1742; Lehmer
1909, 1914; Hardy and Wright 1979, p. 11; Gardner 1984, pp. 86-87; Sloane and
Plouffe 1995, p. 33; Hardy 1999, p. 46], ypeidletol €101kn petayeipton 6€ T10G0VG
TOALOVG OPIGLOVG KOl EQOPLOYES TTOV QUPOPOVV TOLG TPMTOLS APlOUOVG HEYOADTEPOVG
1N ioovg and 10 2, mov cLVNBWG TomobeTeiTan oe pia kaTnyopio and povog tov. ‘Evag
KaAOg AOYOS Yo va unv kadovpe to 1 mpdto apBuod gival yoti av o 1 tav mpmdtog
161e T0 Oguemoeg Pedpnua g AplOuntikng Ba émpene va tpomomoindel yloti 1
epbon ‘Katd povadikd tpomo’ Oa tav Adbog apod yuo kKabe apBud: n = 1n. 'Evag
GAAOG AOYOG EAOPPDOC ALYOTEPO OUPMTIOTIKOG GAAG pabnuotikd opBOg onueudveTOL
amod tov Tietze [Tietze, 1965, p. 2], o omoioc dnimvet: «I'ati o apOudg 1 va omotelel
e€aipeon; Avto eivar éva epmdTNUA TO 0moio GLYVA BETovy Ta GYOAPOTALdD, QPO
Oumg givarl Bépa optopod dev givar apeiopnmioyo.» Onmg o ankd emionuaivel o
Derbyshire [Derbyshire, 2004, p. 33], «To 2 minpsei 11 Tpotinobioeic Tov (mg TPMTOC)
pe woppomia. To 1 Oy»

O mpdTol apBuol €yovv mOANAMAEG ypNoels. MehetnOnkav yio mpdT QOPA
eMEON MOAAEG amd TG 1W010TNTEG TV aplBUdV €ivol OTEVO GUVOEOEUEVEG HE TNV

avaALGN TOVG GE YIVOUEVO TPAOTWOV TopayOovTV. EXTOC amd TV omAn E6OTEPIKT TOVG




onopld, ot TpdTol aplfpol eitvar mAéov kAewdi yo v emavdctacn tov Internet,
EMELON YPNOULOTOOVVTOL YO [ HEYAAN TOKIAMa HeBOO®V KPLTTTOYPAPNONG TTOV
elvar ¥pNoLUES Y100 TV ACPAAELN TOV GLUVOALAY®V HEC® aTOV. Ol EMGTHUOVES TNG
NASA pdiicto amo@dacioov Tog gival éva KaAd onuadt Tng vonuoohvng Hog Kot
&youv ovumepAdfel o cuvroun AMoto ToV TPOTOV aplOpdV oTIC ‘TAGKES TOL
éotethav oto o1dotnpa e To dtactnuoémioto Voyager.

To evduwpépov Yo toug mpdTOVG aptdos dpmg Eekvaet amd v apyordtnta. Ipv
névo ond 200 ypdvia.

O1 apyaiot EAAnveg anédei&av (nepimov to 300 . X. ) 61t vdpyovv ‘dmeipa morrol’
TPOTOL Kol OTL EYOLV OKAVOVIGTO OlaoTthuate (Umopovv va vrdpEovv avbaipeta
peydla keva peta&d tmv Sadoyikdv TpdTov optudv). Ao Ty GAAN pepid, tov 19°

, ’ r r . r , 3 n
alova delynke 0TL 0 apOUdS TOV TPAOTOV WKPOTEPOV 1) I0WV LE N TEIVEL GTO Togn

(kabidg 0 n yiveton TOAD peydAo). ‘Etot pia mpodyeipn extipnon yo. Tov n-06td Tpmdto
etvon nlogn.

To k6éoKwvo tov Epatocshévn etvar akdun Kot onpepa vog amd Toug mo amodoTikovg
TPOTOVG OA@V TOV UIKPOV TPpOTOV aplBpudv (Yoo Topddstypa, outdv mov eivor
pikpotepot Tov 1.000.000.000.000). Qotd6c0 01 TEPIGSHTEPOL OO TOVS LEYUADTEPOVS
TPMOTOVS  PpioKoviar YPNOUOTOLOVTOS EWKEG TEPIMTMCES TOL  BOewpnUatog
Lagrange amo tv fswpio opddmv.

"Evag and toug peyolvtepoug padnpatikovc OAwv tav emoymv, o Carl Friedrich Gauss
Eypoye:

«To mpoPAnuo Tov va daywpicelg Toug TPAOTOVS aplovg amd Tovg GvVOETOVG,
KaOdC Kol va. avoADGEIS TOVG TEAEVTOIOVG OE YIVOUEVO TTIPOTOV TOPUYOVTI®V Eivorl
YVOGTO MG TO O CNUOVTIKO Kot xprotpo oty Ocwpia ApBudv. ‘Exet amacyoincet
NV ONovpYyia Kot TNV coeio. TOAAGV opyaimV Kol GUYXPOVOV YEMUETPOV GE TETOL0
Babud mov Bo Mrav mepirtd va ocv{ntmom to Bépa g Pabog... Emumiéov n
aglonpéneta g 1010¢ TG EMOTHUNG QaiveTon va amottel va egpeuvnbel kdbe Thavo
HEGO Yo TNV €mAVGN €VOG TPOPANLATOG TOGO KOPWOL Kot TOG0 enucuévov.» [Carl
Friedrich Gauss, Disquisitiones Arithmeticae, 1801]

To 1984 o Samuel Yates 6pioe w¢ nitaviko mpwto kéBe TpdTO pe TOLAGY IGTOV 1000
ynota. Otav eonyoye awtdv 0V 0po vaInpyav yvootoi poévo 110 térotolr mpwrot.

nuepa vrapyovv whve and 1000 popéc mepiocdtepotl. Kat kabmg o1 vmoroyiotég Kot




N kpuvrtoypopio divouv ovveydg véa Eueacmn oty avolfitnon Yy oKopo
LEYOADTEPOVG TPMTOVS, AVTOG 0 apBudg Ba cuveyicel va peyoldvel. Xe Alyo ypdvo

AVOUEVETOL VO, SOVLLE TOV TPAOTO TPMOTO aplOUO pe OEKO EKOTOUUOPLL YN Pio.




Avaivtikny letopikny Avaopoun

210 kePAloto avtd Oo HEAETCOVUE OVOALTIKG TTOTE EEKIVNOE 1 EVOGYOANGN TOL

avOpOTOL e TOVG TPMOTOVG OPLOLOVS Kot MG EEEATYTNKE LEGH GTOVG OLADVEC.




2.1 Halowoirbkny Emoyn

Agv glvanl cagéc ToTte akpPdg o1 AvOpmTol TPMTOEEKIVIGOV VO LEAETAVE TO. LVGTIPLOL
TV TpoOtev opuonv. To ooté Ishango, to omoio Ppébnke 6to opmd@VLLO Y®PLO GTO
ovvopa Ovykavtag kot Zaip to 1960, puidcoetal 610 Baciiikd Ivetitovto duoikadv
Emompav otig BpuEéhieg ko ypovoroyeitar oty [HorkaorBwn Eroyn, ntpv amd 1o
10000 ©.X., deiyver 611 o1 avBpwmol icmg yvapilav Toug TpdTOVS apPtBUOVS YIAAOES
xpovia mpv. Efvor éva 0otd mov @épel yopoyuévovg otnv pio tov mAgvpd pUdvo
npmtovg apBpovg (11, 13, 17, 19), (BA. Ewodva 1). Aev givarl yvoot) n xpnopodtnto
aVTOV OAAG KO TAPOUOLOV 0GTMV oL Exovv avakaAvetel. [ToAlol to Bewpovv amid
g cvpmtowon Kabog avtol ot apBuoi Bo propovcav va givar ot aképailol teptrTol

pocBeTéot Tov GuvOAoVL 60.

RERTYTET
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Row (c) 11 21 19

Ewkova 1: Ooto Ishango

2.2 Awyvmrior-Bafvidvion

Ta otoyeio elval mo meGTIKA Yy TOVS apyaiovg AryOmTIONG LE TNV Wloitepn
éupaon tovg oto povadwaio KAdopota (| aAMac Aiyvrtioxd  kidouota). O
pobnuatikog warvpog rov Rhynd, mov ypovoroyeitar 4000 ypdvio mtpiv, aoyoleiton pe
T0 VO eKQPAcel Tov aplBud n (6mov n meprrtdg axépoog kot 4 < n < 102) g
dBpotopa povadiaiov kKhacpdtov. Eivar moAd mo 60ckolo vo @TiaEovpe ovtd TO
dBpotopa av o n givor TPAOTOG.

Eve etvar ot Aryvmtior avtol mov maipvouv 1o €0GMUO TOV TPMOTOL GUOTILOTOS
apluodv (1o omoio ypPNOLOTOMONKE Kol NTOV AEITOLPYIKO) Kol T®V PACIKOV
pHaOnuaTIK®VY, olyovpa &va HEYOAO TOGOGTO Yo Ta GUYYPOVO, LAONUATIKA TPETEL Vi
amodobel otovg apyaiovg Aoovg ™ meployng ™ Mecsomotapiog (mov PpiokeTon

nepimov Omov 10 onuepwo Ipdi, dnAadn tovg Bapuidviovg). Eexvovtag fon and




™V mePiodo TV Lovpuéptov (3000-2400 n.X.) , n onoia eaiveTat va givor mapdAAnin
pe v mepiodo ewwaymyns tov podnuotikeov oto moid Poacikelo g Atvyvmrtov,
vdpyovv evOEiEEIS OTL anTOl 01 TPMOIOL apyaiol ToATIGHol TN Mecomotapiag eiyov
avamtoéet éva cuotnua 60-01K6 (dniadn éva cvotua apibunong pe faon to 60, Tov
OKOLOL YPNCIUOTOLEITOL OTNV UETPNON TOL YPOVOL OAAL KOl GTNV YEOUETPiOL TOV
KOKAoV). Evd ta amodeiktikd ototyeia yio mpoypotikd podnpatikd épya oty opyoio
Atyvmto elvon omdvio, elvor a&loonuelwto To yeYovog OTL TO TOPAOEIYHOTO TOV
Bopvrdvieov padnuotikdv eivor mapa moArd. Ymapyovv ekatoviddeg Tniva diokia,
€K amd Vv moiod mepiodo (2100-1600 w.X.), 6mov ot apyarordyor Exovv Ppet
nopadelypate KAmTowwv apKeTd Tponypéveoy podnuotikav. Atokio amd autiv v
nepiodo meplhapPavouy mopadeiypoto TVAK®OV TOAAATAAGIAGUOD, GUOTNUAT®V
HETPNONG, TPAOTOV aPOU®V, TETPAYOVIKOV TOT®V, YEMUETPIOC, TPIYOVOUETPIOC Kot
TOAAGV GAA@V. Eiyav axoun kot mivaxeg pe TTvBayopeteg tpiddeg oniadn tpidoeg
apluodv mov wovomrolovy 1o [TuBaydpeio Bewpnua. To cvopa TOV pHadUATIKOV
mov avantvydnke and tovg BafvAidviovg Nrav kot S10popeTikd Kot TOAD KOVTa 6TV
TPOYUATIKOTNTO, Kot NTOV PoCIGHEVO GYEOOV OMOKAEIGTIKA o€ £€va GUOTNUO

KAoopdTov.

2.3 Apyaior 'Elinveg

Eivar ov apyaior 'EAAnveg Odpmg mov maipvovv tor guonpa 0Tl €keivol TPAOTOL
acyoMbnkov pe TOVG TPAOTOLG aplBpoVg O6mwc ovtol mpaypoTkd eivat. Ot
pofnuatikol g oyxoAng tov IMuBaydpa (500-300 m.X.) evdapépbnkav yio Tig
HLOTIKIOTIKEG Kot apluntikég 1010t 1eg v opfumv. KoataddBawvay v 10éa tov
TPAOTOV KOl EVOLOQEPOVTIOV YO TOVG TEAEIONDG KOl TOVG @iAikovg  opiBuoig.
Opiouoc 2:Télerog apiBuos ovopdletor o aplOuds Tov 10 AOPOIGHA TOV JPETAOV
TOV 160VTOL e TOV 1010 Tov apBud. o mapddetypa o apBudg 6 £xel dapéTec Tov
toug 1,2,3 xon 1+2+3=6. Opota to 28 €yel dwpéteg 1,2,4,7,14 ko 1+2+4+7+14=28.
Opiouog 3: 'Eva. (evyog priikaov opiBuav givar éva (edyoc aplBumy mov ot dtonpéteg
TOV €vOG €yovv ¢ Gbpoicpa tov GAAo Kot oviiotpoea (6mwg ot 220 kot 284).
‘Ewg 6tov ypagoldv ta «Xtoyeio» tov Evkdeion ota 300 m.X, apketd onpovtikd

OTOTEAECLATA Y10 TOVG TPMOTOVG ETYAV NO1) ATOOELYTEL.




2.3.1 Evkiciong

To mo onuovtikd €pyo oty 16Topio TOV EAAMVIKGOV podnpatikov ivol avaueifoia
to «Ztotyeio» Tov EvkAeidn. [apd t peydin tov equn, eAdyiota ivol yvootd yuo
mv Cof Tov Evkleidn, ovte kav o toémog yévvnong tov. Ta Xtoyeio amotehovvral
a6 13 Biia ko kaAdmTovy TV ZTorKelddn Emmedopetpia, v Oswpio. ApOuav,
mv Ogopio Tov AcOupetpov kot v Ztepeopetpia. Xt1o PipAio IX twv Xtoyeiwv
Bpiokovpe v mepipnun anddeén, n omoia, pe ovyxpovn opoloyio. dnAmvel Oti
VIapYovV Aamelpol mpmdTol oplfpol. Xtnv mpaypotikoédtnta, o Evkdelong oxomipa
AmOPEVYEL TNV OovoQEOpPd oTo dmelpo. Anhodver 0Tl «ot mpotol oplfuol eivon
TEPLGGOTEPOL A0 OMOLOONTOTE  dedOUEVO TAN00G TPOTO®V apBUdV» Kot TPOYmpPEt
oV amodelln ovtod Tov Bewpruatog yioo uoévo tpelg dedopévoug mpwrtove. H
OOPOITNTN EMEKTOCTN OTOLG VIOAOITOLG TPAOTOLS aplBoVc Bewpeitar ovtovont.
210 1510 PipArio o EviAeidng @tdvel ToAD kovtd kol oty omddelEn Tov OgueAiddovg
Oewpnuaroc g ApBuntikne. Ta Xtoryelo vapéov T0 MO GNUOVTIKO £yyepidlo
OA®V TOV ENMOYOV. AVIYpAQTNKE KoL EOVOVILYPAPTNKE HE OYOMA TAV® GCE
TPOTYOVUEVO GYOAD, HETOPPACTNKE KOl TPOCUPUOGTNKE OTIC OVAYKES KOl GTNV
KOVATOUpA d1bpopmv ToMTIGU®V. Elvar oyeddv addvatov va avacueTioel Kovelg 1o
apyko £pyo Tov Evkheidn, kabbdg ohokinpouéva avtiypoaga £xovpue povo petd tov 9°

awva p.X.

Ewkova 2: EUKAELdNG

Ocapnua 1 (Eviheidng 400 .X.): To abvoro twv mpotwv opiBuv sivar dreipo.

1" Amédeiln (Bukdeidng): Tho ke memepocpévo cbvoro {py, ..., 0} mpdToV

apluov Bewpodpe tov aplBpud n = pip, ...pr + 1. Avtdc o aplBudg n €xel évav
TPp®TO Otupétn p. AAAG 0 p dgv elvan Kavévog omd TOvg p;, 0AMGMS o p Ba NTav

SlPETNG TOV N KOl TOV YIWVOUEVOL P1P3 ... Py, KO £TCL EMIONG NG O10POPAS N —




pip2 - Pr=1, 10 omoio givar adbvartov. ‘Etot, 10 nenepacpévo cOvoro {py, ..., pr} dev
pmopet va givot 1 cLALOYN AWV TOV TPAOTOV aplOU®V. O

Méypt ofjuepa éxovv Bpebel kol dAdeg mévte amodeitelg yuo to Oedpnua 1, ot onoieg
givon o1 mapakdtw. [Martin Aigner, Giunter M. Ziegler: Proofs from the book.
Exddoeic: Springer, Third Edition, p. 3, 2000.] Zto 3° kepdroio mapabétovue pio
akopn omddeiEn tov Osmppatog avtod amd tov Euler (rapdpoto pe v 3" amddeién
€0 omd tov 1010) ko m omola pog Ponbdel va mpoywpnoovpe og  KAmOo
GUUTEPAGLATOL.

Opioudg 4: O opBuoi g popong F, = 22" +1 6mov n=0,1,2, ... ovoudlovtot
ap18uoi tov Fermat.

2" An6deiEn (Christian Goldbach, 1730, e ypdupo tov mpog tov Leonhard Euler):

Oa deiovpe 611 omooNTOTE dVO apBpoi Tov Fermat givarl TpdTOl TPOg AAANAOVG,
®¢ €k ToVTOL B Tpémel va vdpyovv dmelpotl Tpwtot apduoi. I'a tov oKomd avTd

enaAnfedovpe Tov avadpPoUKO TOTO

n-1
an=Fn—2 (n=>1),
k=0

amd Tov 0moio 0 1YVPIGUOG Hag TPOKLTTEL Auesa. [Ipdypatt, av o M ivar dopétng
tov F kat E, (yia kamoto k < n), tdte 0 m droupei 1o 2, kot yU' owté m=1 1 2. AL
elvar advvatov m=2 aeov OAot ot apBpoi tov Fermat eivar mepirroi. o va
amodeifovpe TOV avadpPOoUIKd TOTO ¥PNOYLOTOoVUE enay®y 6to n. ['a n = 1 épovpe

Fy = 3 xou F; — 2 = 3. Mg gnaymyr KOTOAYOLLE

n n—-1
[ [7= (ﬂﬂ«) Fo= (Fo— 2F, = (22~ 1)(2" +1) = 27" 1 = Fyyy - 2
k=0 k=0

a

Opicuéc 5: OpiCovue v cvvaptmon m: R - N o¢: w(x) == #{p < x:p € P} 10V
aplOpd TV TPOTOV aplBL®V oL givol HkpOTEPOL 1] {001 amd TOV TPayUATIKO aplOpod

X.

3" An6deiém  (Leonhard  Euler): ApiBuodpe tovg mpdTovg  apiOpong

P = {p, 02,03 ...} o€ adovoa oepd. Osopodue TOV ELOKO Aoyaplduo

1
logxzf —dt.
1 t




Todpa cvykpivovue v meployn Katm and v ypoeikn topdotacn g f(t) = % ue

pio avotepn ocvvaptnon Poduidag (upper step function). 'Etol, yao n<x<n+1

Exoovue

logx €14 =+ = oo b — +1<Z1
08X = 2 3 n—-1 n~ m

6mov t0 Abpolcpo emekteivetor oe 6Aovg tovg m € Nmov €yovv poévo mpmtovg
dwpétec p < x. Apov kdBe té€t0o106 aplnodg m pmopel vo ypagel e uovaodiko pomo
®G YWWOUEVO TNG LOPPNG l_[prka, BAémovpe Tmg To TElevTaio dBpolcpa eivan ico pe
1

[12.5

peEP k>0
p<x

).

r o ; , , . 1 ;
To eowtepikd aBpocpa eivor yewpeTpikn mpdodog pe AdOYO o ©G &K TOLTOV

(x)
1
=[5 =T ]2 [
pE]P’l - pE]P’p k=1 Pk
p<x p<x
Ipopavas py = k + 1 kot £tot
1 1 k+1
Pk _ 14 <14+-=—-
Pk_l Pk_l k k
Ko pa
(%)
k+1
logx < = w(x) + 1.
k=1

H log x dev givar @payuévn, dpa katornyovue oto 6Tt ovte | (x) givar epoyuévn,
Kot £T61 cupmepaivovpe 0Tt VLapPyovV dmelpol TPpdTOL apBpotl. o

4" Am6deiEn (Harry Furstenberg, 1955): Ocopodue v akdrovdn tomoloyio oto

cbvoho Z tov  okepaiov  apbpov. T a, b €Z b>0, 0Oétovue
Ngp ={a+nb:n€Z}

Ka0e chvoro Ngp, eivon o dmeipn opOuntiky tpdodog mov exteiveTon Kol GTOVG

BetiKovg Kot oTovg apvnTikovg oplfpovs. Kaiodue éva ocbvoro O € Z avoiktod av

glte 10 Oeglvon kevo, M av Yy kabe a € O vmépyel kémowo b > 0pe Ny, € 0.

[Ipoeavdg n évoon Tov avolKTdV GLVOA®V gival avolktd cuvoro. Av 04, 0, givon

avolkta Kot a € 01 N Oy pe Ny p, € 01 kou Ny pp, © 04, 1018 @ € Ny pp p, S 01 N O,

‘Etol xatadyovpe O0TL KGAOE TEMEPAGUEVN TOUN OVOIKTMOV GLVOA®V E€IVOL OVOIKTY.
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"E1ot vt 1 01Koy£VELD OVOIKTAOV GUVOA®V EMAYEL Lo KOAMS OPIoUEVN TOTOAOYIO GTO
Z.

Ed® onueidvovpe dvo dedopéva:

(A)’Eva pn kevé avoiktd chvoro gival dmeipo.

(B) Ké&Oe covoro N, eivon kAe1T0.

[Ipdypatt, 1o (A) éneton amd tov opiopd. I'a to (B) mapatnpodpe ot

b-1
Nop = 2\ Nasi
i=1

70 0m0i0 OTOJEIKVVEL OTL TO Ng j EIvOL GUUTATPOUO EVOG OVOIKTOD GLVOLOL Ko GipaL
KAELOTO.

AoV topa, kabe apBuog n # 1, —1 €yet évav mpdTo dropétn p Kot dpo mepLE Tl
010 Np 5, KoTaM|yOVpE OTL

-1 = | N
p€EP

Topa ov to P Nrav wenepocuévo, 10te N Upep Nop 0o NTov pio nemepacuévn évoon
KA1tV cLVOA®Y (amd to (B)) kot dpa krelotd. Zvvendc, to ovvoro {1,-1} Oa nTav

avolKTO K0Td Tapdfacn tov (A). o

5% An6deiEn (Paul Erdos, ~1950): Avti 1 anddeien dev deiyver povo 0tL vadpyovv

dmepol TpdTot opBpot, aAdd eniong 0TI M cepd ZPEH»; amokAivel. H mpdtn anddeén
aVToH TOL CNUAVTIKOD amoTeEAESaTOg 000NKe amd Tov Euler, aldd avty 1 amddelén
a6 tov Erdos givon mpaypotikd modd opopen.

OewpodUE Pq, P2, P3, --- TNV 0KOAOLOIO TOV TPOTOV apOU®V 6€ adEOVGO GEPA Kol
vrofétovpe 6T N Zpe[p;; ovykAivel. Tote Ba mpémetl vo vtdpyet Evag puotKdg aplduog

. , 1 1 , , ,
k tétolog mote Ziz,ﬁl; <z KaAovpe toug py, ..., Px ‘HIKPOVG TPAOTOLS KO TOVG
L

Pk+1 Ptz - HEYOAOVG mpdTOLS. [l évav awbaipeto guotkd apBud N emopévmg
Bpiokovpue

N N
—<5 @
. i 2
i2k+1
Oewpovpe Ny tov aplBud tov Oetikov akepaiov n < N ot omoiot dtoupodvtor amod

TOVAGIOTOV éva ‘peydAo’ mpmTto, kot Ny tov aplfud tov Betikdv akepaiov n < N ot
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omoiot £yovv HoOVo ‘Ukpovg’ mpwtovg doupétes. EE opopod N, + Ng 6o mpémer va
etvan ioo pe N. Tlpoxerton vo dei&ovpe g yuo KatdAinio N

Np + Ny <N,
to omoio Oa elvar M emBount) pog avtipaon. Mo vo exktyunoovpe to Np
GNUELOVOLUE OTL TO OKEPALO HEPOG I%J petpdetl toug Betkovs akepaiovg n < N mov
etvan moAhamAdoia tov p;. Apa and v (1) Bpickovpe

SLEL

ik+1
Ac dovpe topa 10 Ng. I'papovpe kébe n < N mov €xel povo ‘UiKpovg TPAOTOVG
SlpETES GTNV HOPPN N = anbnz, Omov a,, €ivol 10 eAgVLOEPO Ao TETPAY®VA HEPOG.
Kd&be a, civor €tor éva ywopevo omd diopopetikods HKPOLS TPMTOVS, KOt
KOTOAYOVLE GTO OTL LIEAPYOLVY aKpIPdS 2K Srapopetikd pép eredBepa TETPAYHOVOV.
Emum\éov, kaddg b, < vn < VN, Bpickovpe 611 vdpyovy 10 moAd VN Stopopeticd
KOUUATIO GTO TETPAYOVO, Kol €101

N < 2%N.
Agov M (2) wydet yia k6Be N, péver va Ppovue évav apdud N pe 2K/N S% n
2Kt < /N, xon y1’ awtd o N = 2242 givon kordAnhog. o

INa v 6" omddeién  ypeoldpacte 1o Osdpnuo Lagrange wkar yU' avtd 1o

SLITLTOVOVUE EOD.

Ocapnua 2 (Ocwpnua_lagrange): Av G eivor uio memepoouévy oudoa kor U uia

vroouada. tov, e 1o |U| droupei o |G,

6" Am6dgiEn (Ayvidotov): Yrmobétovue 011 10 P givan menepacuévo kot o p givar o

ueyaAbtepog mpmtoc. Oempovue Tovg opdpovg 2P —1 (Mersenne oapOpoi, PA.
§2.5.2) kau Oa dei&ovpe 0TL KAOe TpdTOG Sropétng g Tov 2P — 1 givor peyaddtepog
T0V p , T0 omoio Topdyel to emBuuntd pog amotéAecpa. Apo Egovue Ot 2P =
1(mod q). Agod o p cseivor @pOTOG, TO OTOlKElD 2 &ivaw TAENG p oV
molomhactacTikny opddo Zg \ {0} t0v cduatog Zg. Avth m opdda éxet q — 1
otoyeio. Ao 1o Osopnua Lagrange €yovpe ot n 16&N Kabe otoryeiov dapet v

TaEN ¢ opddag Ko étoredd p | g — 1 dpap < q.
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Ocopnua 3 (To Osusiiiddes Oswpnua tns Apruntixiic): Kabe pvoixos apiQuog

n %= 0 exppdletor povoonuavio ¢ yIvVOUEVO TPOTOV oplBudv, Oyi KotT’ avaykn
o1apopwv uetald tovg. H aeipd twv mapayoviwy oev Aopfovetor vmoyn.

Ano6oeiEn: o n = 1 n mpdtaon eivan mpopovds aAndng, av opisbei cav ywvouevo 0
TapaydvTOv o eLGIKOS apdpog 1.

‘Eotow n > 1. YroBétovpe 611 M mpdtaon sivar aAndng yio OAOVS TOVG PLGIKOVG
aplOOVG TOVG HKPATEPOVG TOV N KoL S1dpopovs Tov 0 kot Oa amodeifovpe 6Tt 1oY0EL
ka1 Yo Tov n. ‘Eotw, mpog 10010, p; 0 eldyioros mpmdTOG OapETNG TOV N Kol £0TM
n = pym. Eneidn etvan m < n, and vndBeon enaymyng o m ek@pdaletol LOVOSHLAVTOL

¢ Yvopuevo Tpmtov apliudy. Eotom

m = pzp3 .. Pr-

Aapupavoope Aoumdv o avaivon:

n=pms=pipz..Pr
TOV N GE YIVOUEVO TPAOTOV plOumV.
Amodeikviovpe Tdpa OTL 1 avdAvon n = pym = P1P; ... Py ELVOL LOVOGTILLOVTY.
‘Ecto

n=4q19z..-9s
o GAAM avaAvon Tov N SPOPETIKY| amd TNV TPONyovUevr. Metald TV
1,92, Qs OV WEPEXETAL O Pq, OWOTL 1OYVEL M = p;m Kot 1 AVAALGN TOL
m = p,pz ... Py €lvarl povoorjuovtn. Eredn o p; etvar o eELdy1ot0¢ Tp®dTOG dtopETng

TOL N, TPOKLATEL Py < 1. OETOVYE:!

9293 - qs =1
Ko Oewpovpe Tov aplouo

w=nmnt= {0

[Ipopavag ot apBuol ng, m — 1, q; — p1, ! elvar puowoi apBuoi didpopot tov 0 kot
HIKPOTEPOL TOV M. Apo 1OYVEL YL OLTOVG 1 HLOVOCGHUOVTY OVAALCY GE YIVOUEVO
TPpOTOV oplBudv. ATd Vv oyéon ny = p(m — l) npokdmtel 611 oIV OVdAVOT TOV
ny mopovctaletol o p1. And v oyéon p;(m — 1) = (q1 — p1)! mpoxdntel 611 0 Py
B mopovcidletar otnv avaivon tov [ M| tov qq — p;. Emedn opog p; # q;, i =

2,3, ..., s, IpOKOTTEL OTL 0 P4 dgv mapovsialetol otnv aviivon tov L. Apa Oa wpémet
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va wybvel py | ¢ — p1. Zovenwg ko p1 | g4 — p1 + p1, 0pa pq | g1, T0 omoio eivon

atormo.

Apa 1 0vAALGY] TOV N GE YIVOUEVO TTPATOV TOPAYOVTIOV EIVOL LOVOGT|LLOVTY. O

2.3.2 EpatocOivyg

To 200 n.X. mepimov o 'EAAnvag EpatocHévng, yevvmuévog otnv Aon, emvonce
évay aAyoplOpo yio Tov VTOAOYICUO TV TPOTOV aPOU®OY TOov ovopdleTol ‘“KOGKIVO
tov EpatocBévn’. To ‘kookivo tov EpatocBévr’, oe tpomomomuévn popen|, sivot
YPNOWo oKOpo kot onuepa oty épevva g Oswpiog ApBuodv. To koécKvo

epnpavifeton oto Pipiio tov Nwounom (280-210 n.X.) ‘Ewcaymyn otnv ApiBuntikn’.

Ewoéva 3: EpatocBévng

2Oppmva pe Tov aAyoplOuo avtd, YPAPOLUE d1000)IKAE TOVG aKEPOLOVS aplOIOVS amd
10 2 ®¢ Tov peYaAdTEPO aplfud n mov embopovpe va cuumepAdfove oTov Tivaka.
Awypdpovpe GA0VE TOVG 0plBOVS TOVE UEYOADTEPOVG OO 2 TOV SLOPOVVTOL LE TO 2
(OnAaon kdbe devTepo apBud). Bpiokovpe tov piKpOTEPO gvamoueivavta aplOpo
peyoAvtepo tov 2, dniadn tov 3. Awypdoovpe OA0OVS TOLG OPOUOVG TOVLG
HEYOADTEPOVG 0O 3 oL dtopovvtan pe To 3 (dnAadn kabe tpito ap1Buo). Bpiokovue
TOV UIKPOTEPO evamopeivovta aplud peyolvtepo tov 3, dnAadn tov 5. Awypdeovpe
OA0VG TOVG aPOLOVG TOVG HEYOADTEPOVG OO 5 OV dlapovvTaL Le To 5 (dnAadn ke
nEUTTO appd)... Zoveyilovpe péypt va Exoovpe daypdyet OAovS Tovg aplBpote mov
dtupovvtal pe [\/HJ Ot apBuoi mov améuetvav givor mpdtol. Avti 1 dadiKacio
TOPOVGIALETAL GTOV TOPOKAT® TIVOKO TOV TEPLEXEL TOVS PLGIKOVG WG TO S0, Kot M
€K TOVTOL dLoypAPEL TOLG GLVOETOVS APIOIOVG TOV S1OPOVVTAL WG TO [\/S_OJ =7.Av
N dwdwkacio cvveylotel g Tov N, TOTE 0 UPOUOS TOV daypaeEvIV divel Tov aptBpd

TOV SLOKPITOV TPAOTOV TUPUYOVI®V TOV KAOE aptOpov.
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2.4 Powuaior- Apafes

Me ™ popoikn kotdktnon tov EAMvov, éva peydho PEPOG TG YPOTTNG EAMANVIKNG
YVOONG LETAPPACTNKE 0T AATIVIKA, 1) TOVAGYIGTOV SratnpnOnke. Kabmg ot EAAnveg
didaokav otovg Popaiovg Tig yvdoelg Toug, O1€cmGOV TNV EAANVIKY] HOOMUOTIKY
YVOOT, OAG Oev €kavav kapio meEpaTEP® MPO0dO OTN HEAETN TV KoBopdV
pafnuoTiK®v, 0twg etvar o1 TpdTol apldpoi.

Ot Apafeg podnupatikoi tov Meoaimva perétnoov 1o £pyo v apyoiov EAMvov
HoONUOTIK®OV, OAAG He TO emMTPOCSHETO TAEOVEKTNUA EVOG apOUNTIKOD GLGTHUOTOG
70 deKTIKOV o€ VToAoyloTikn epyacio. O Thabit ibn Qurra, yio mapdderypa, anédeiée
tov 10° aucbva T oyéon avapeso otoug dradoykode tpdtovg Thabit ap1Buovg (6mme
opilovton TapakdTm) Kot TOVG PIAKOVS aptOUovC.

Opiouoc 6: Illpwror Thabit apifuoi ovopdlovtor ot apiBuol ™G HOPENG Pp =
3 x 2™ — 1 kot ovopdotnkav £tol and tov Thabit ibn Qurra mov Ntav o Tp®TOC TOL
TOVG LEAETNOE.

(Apydtepa peremnOnkov kon and tov Fermat to 1636, and tov Descartes to 1638 wan

TéL0g yevikevtnke and tov Euler [Borho 1972])

Ocsidpyuo 4 (Thabit): INan > 1, Oswpodue p, =3 X 2" — 1 ka1 q, = 9 X 22" 4y

DPn—1, Pn KQL @y €lvar mpwtor opiBuol, 1ot o1 a = 2"p,_1p, kou b = 2"q, eivou
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pihikoi ap1Buol. (Equeiowon: To GOpoloua TV SLOUPETOV TOV @ gival HEYOAVTEPO TOV

a evd 10 ABpoLIGHa TV SLapeT®V Tov b givar pikpdtepo tov b.)

Ewova 4: Thabit ibn Qurra

Yrapyet Enerta peydAo Kevo otny 16topio TV Tpatomv apldudy wiaitepa ota xpovia

Tov Meocoimva.

2.5 Neotepa ypovia

2.5.1 Pierre de Fermat

O1 endueveg onpovtikég eEerilelc Eywvov and tov Fermat (1601-1665) otig apyéc tov
1700 cuwva. Amédeiée pio ewkacio tov Albert Girard 6t kabe mpdTog aptduds g
popons 4n + 1 umopet va. ypagtel pe évav povodikd tpoémo g to dafpoicpa 600
TETPAYOVOV Kol pumopovoe vo deiEel modg kdbe aplBudg pmopel va ypagtel o¢
dBpoopa dvo teTpaydvev. Emvonce o véa puébodo mapayovtomoinong peydimv
aplOpaov mv omoia amédelte TOPOYOVTOTOLDVTOG OV apOpo
2027651281 = 44021 x 46061. Amédeite avtd mov egivor yvwotd ¢ TO UIKPO
Oewpnua Tov Fermat’ (v va Egxywpilel amd avtd mov elval Yvomotd wg 10 ‘peydro

Oempnpa Tov Fermat’).
Opiouoc 7: 'Eoto évag euoikdc aptuog m. Opilovpe 6t0 6OVOAO Z TV aKEPUL®V
aplOumv T oyxéon
a=bmodme mla-—>b

H oyxéon avty v omoia dSwPdlovpe a 1oomuo tov b mnpel TIC TPEIS
YOPOUKTNPLOTIKES 1O10TNTEG LG GYECNG IGOSVVALLNG.

i. a=amodmVa€Z

ii. a=bmodm=b=amodm

iii.a=bmodmb=cmodm = a=cmodm
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Ocipnua 5 (uikpé Osdpnua tov Fermat ): Eorw p apdrog opifuog. Tote yio kabe

axépaio a Eyovue aP = a mod p.

Avto amodekviel pévo ) pon ‘Kiwvélikn Ewacia’ (n omoia ypovoroyeital mepimov
2000 ypévia vopitepa), Onradn 1o 0Tt Evag axépatog n ival TPATOG oV Kot LOVo oV O
apBuog 2™ — 2 dwopeitor amd tov n. H dAn  on ewkooio givor Aabog, agov yia
napdderypa o 23*1 — 2 Swoupeiton omd 1o 341 maporo mov o 341=31x11 sivon
ovvBetog. To ‘pkpd Oedpnuo tov Fermat’ eivar n Pdon yw moALL GAlo
amoteléopato oty Oswpion AplOudv kor givor emiong n Pdaon pebddwv yoo vo
eléyyovpe av €vog aplBudg elval TpMOTOC, TOL YPNCUYLOTOLEITOL AKOUO KOl CHUEPQ

GTOVG NAEKTPOVIKOVG VTOAOYIGTEG.

Ewkova 5: Pierre de Fermat

Ilp®tor ApOnoi Tov Fermat

Meketdpe tdpo Tovg apBpovs g popeng 2™ + 1, m € N. ' va etvor o apBpog
2™ + 1 apd10G, TPEMEL 0 M VoL givar dvvoun Tov 2, dSoTL av eElvau m =rs per > 1
nepurtd, 101 amd TV oxéon 2™ + 1 = (25 + 1)(207Vs — 202 4 ... 25 4 1)
npokvmtel 0Tt 0 2™ + 1 dev eivon mpmTog apBpdc. Ot TpdTol apdpol ™e popeng
22" +1,n € N xalodvta zpwtor opiBuoi tov Fermat, 016t £xovv pehetndel mpdTa
a6 avtoév. o n = 0,1,2,3,4 Aappdvovpe avtictoryo tovg mpdTovg opduovg 3, 5,

17, 257, 65.537.

Eixaocio_tov Fermat: o 6lovg tovg pvoikovs opiBuovg n, ot opiBuol 22" + 1 eivau

TPWTOL.
H ewooio avt tov Fermat dev etvar aindrg, 6nwg dwamctdvovpe eEgtdloviag v

nepintoon n = 5.
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Anooe1én KoTd TN sikocioc Tov Fermat:

‘Eyovpe:
641 =5%x2"+41&5%x27=641-1>5*%x228=(641—-1)*=tx641+1,

yla k&moto t € Z.

Eniong
641 = 2* + 5* © 5% = 641 — 2%,
Apa Aappdvovpe
(641 —2")x 28 =t x 641+ 1
22 =(t-2%)x641+1=s5%X641+1
232 41 =(—s) x 641
Apa

641122 +1

O

Tnv mapandve onédei&e o Euler (1707-1783) kotappintoviog v Oewpio tov
Fermat.

Eniong o1dpopot cuyypageig damictwoav 0Tt ot apfpoi 22" + 1 8ev eivan TPAOTOL Y10
n=26,7,8911,12,15,18,23,36,38,73. Axoun dev elvar yvooTd 0oV LIAPYOLV
amepot apBpoi Fermat. EmmAéov, ovte évag xatvovplog Tpmtog aplfuog tov Fermat
SLPOPETIKOG OO OVTOVG OV £YOLV TEPLYPOUPEL Tapamdve oev £xel Ppedel axoun.
[Mopado&we, ot tpwtot apBuoi tov Fermat oyetilovran pe v yeopetpia. O didonpog
Ieppavog podnpaticog Carl Friedrich Gauss anédeiée ot

Ocapnyua_6 (Gauss): Eva kovoviko v-ymvo, OTov V TpmdTos opliuds, UTopel va

KOTOOKEDOOTEL e KAVOVa. Kol O10NTH OV Kol LOVO oV 0 V gival TpaTog opifuog tov

Fermat!

"Eva yevikdtepo e€aydpevo elvat 1o Tapakato:

Ocopnua 7: Evo. kovoviko M-ywvo UTOPEL Vo KOTOOKEVAOTEL LUE KOVOVO KOl O10L1Th
av kai puovo av m = 25 X p1p, ...p;, Omov Pq,Dy, ..., P1 Evar mpwrtor apifuoi tov
Fermat oiopopetiroi ustalo rovg.

‘Eva Ao Oedpnuo mov datdnwoe o Fermat, aAld dev amédeiEe kat mpoPfAnudtics

ToVug petémerta podnuatikovg etvor avtd méveo oto dfpoicpa dvo teTpaydvev. O
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G.H.Hardy ypdoet 611 avtd 1o Osdpnua tov Fermat dikowo €xel yopoktnplotel mg

éva amd To KaAvtepa oty Oewpio ApOumv.

Ocipnua 8 (Fermat, 1640):Evog mepittog mpdrtog aplOuos p umopel va ypoptel wg

p=x*+y’
OToV X, Y 0Képaiol av kKol uovo av p = 1 mod 4.
"Exovv dnpoocievbet mve and 50 amodeilelg yU avtd 1o Ocdpnpa amwd ToAd HeydAovS
nodnuatikovg omwg: Euler, Lagrange, Dedekind, Heath-Brown, xot d&Alovg.

[Mopabétovton TapakdT® o1 o GNUAVTIKEG.

1" An6d€ién (Euler, 1747-1749):

Avt 1 an6oeldn anoteheitan amd 5 Prjpata. To 4 TpdTa Teptlappdvovior € ypapio
tov Euler mpog tov Goldbach to 1747 evé to 5° ¢ éva dAho ypdpupo to 1749 yati
GTO TPOTO YPALLUO NTAV ACOPES.
1. To ywobpevo dvo aplBumv kKabévog amd tovg omoiovg eivar dBpowopo 500
TETPAYOVOV, €lval Kol ovtog emione dbpotopa d00 TETpAyDOV®Y. AvTO €ivol amhn
avadtoTvTmon thg Towtdttag Brahmagupta-Fibonacci:

(a® + b?)(x% + y?) = (ax + by)? + (ay — bx)?
2. Av évag apBpdg o omoiog ivor dBpoilcpa dvo TeTpaydVEVY dtoupeitonr omd Evav
TPAOTO aplBud mov eivan dBpoicpa dVvo teETpay®VOV, TOTE TO TNAIKO givor AOpolGua
VO TETPAYDOVOV.
[péyport, vroditovpe Yo mapdderypo 6t a? + b? Swupeiton and p? + g2 mov eivon
npdtog opdpdc. Tote o p? + g2 Swupet Tov

(pb — aq)(pb + aq) = p*b* —a’q* = p*(a® + b*) — *(p* + ¢*)

A@ov o p? + g? givon mpdToc, Sranpet Evav amd tovg dVo mapdyovies. Yrnodétovpe 6Tt
dwpei tov pb — aq. Epdoov

(a® +b*)(p? + q*) = (ap + bq)* + (aq — bp)*
(tawtétnro. Brahmagupta-Fibonacci) éneton 611 o p? + ¢? mpéner va Swupel tov
(ap + bq). Méhota, cpdcov p? + g% mpdroc, émetar OTL M TOPOTAVED 16OTNTO,
umopei vo, Stonpebet amd 1o TeTphrymvo Tov p? + g2. Aapdviog TNV EKQPGCT LE TOV

(»? + q*)? npoxdmret:

a’+b* (ap + ba)2 N (aq — bp)2
p2+q?  \p?+¢q? p? +q?
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Kot €tol eK@paletal To mAiko ¢ dfpotspa 600 TETPAYDOVOV OTWS 1GYVPICTNKOLLLE.
Av p?+ g? Suupel tov pb + ag xotalfyovue o€ £va TOPOUOI0 GUUTEPUGHOL
xpnoonotdvog v towtdtnta Brahmagupta-Fibonacci:

(a® +b*)(q¢* + p*) = (aq + bp)* + (ap — bq)*
3. Av évag apBudg o omoiog pmopel va ypaptel g dOpoioua 600 TETPAYDVOV,
Swupeiton amd Evav aplOpd mov dev givor dBpoicpa 600 TeETpAYDOV®Y, TOTE TO THAIKO
&xel €vov Tapayovo 0 omoiog dgv elval dBpoispa 600 TETPAYDVOV.
[péyportt, vrodétovpe 6t 0 x Srpet Tov a? + b? kon 611 10 TIMAiKo avaAvpévo o
YIVOLEVO TPOTMV TOPAYOVIOV EVOL Py Py ... Py TOTE a% + b2 = xp Py ... Pn. AV OMOL
Ol TOPAYOVIES p; UTOPOVV VO YPAPTOUV MG obpoicpota dV0 TETPAYyOV®OV, TOTE
UTOopoVLE VoL Stoupécovpe TEAEW ToV a® + b% pe TouG Py, Py, ... KoL QapROLOVTOG TO
TPOMYOVUEVO  PrHo  SOOYIKA YL  TOVG  XP1P2 - Pny XP1P2 - Pn_1, - XP1
ovumepaivovpe Ot kGBe mnAiko eivanr dBpotoua 6vo TETpayOVOV. Avtd UEXPL VO
@TOCOVLUE OTOV X, KatoAnyoviag Ott o x Oa mpémer va eivon dBpoiopa 600
teTpaydvev, dromo. Etol, av o x dev elvar dBpoiopo 600 TETpOYOVE®V, TOTE
TOVAGYIGTOV £vag amd TOLG TPMTOVG P; OeV etvarl ABpotsa dH0 TETPAYDOVAV.
4. Av a xo1 b eivar mpdTol petald tovg tote KAdE TApdyovtag Tov a? + b? eivan
dfpotopa 6v0 TETPAYOVAV.
[péypatt, Oswpovue x évav mapdyovie tov a® + b%. Mmopodue vo ypiyoope
a=mxztcb=nxtd omov c,d givar To TOAD T0 HIGH TOL X KATO ATOAVTN TULY.
Avtd diver: a? + b2 = m?x? 4+ 2mxc + ¢? + n?x? £+ 2nxd + d? = Ax + (c? + d?).
Apa o ¢? + d? mpémer va Swupeiton and Tov x, éoto ¢? + d? = yx. Av ¢ xau d dev
etvar TpoTotl peta&H tovg, T0te 0 MKA toug dev draupet tov x (av 1o ékave, 10TE Oal
dwapovoe Toug a kat b mwov €yovue vobésetl 6Tt ival TpmTot petald tovg). Ondte, 0
MKA 10 tetplymvo doipel tov y (xobbg Swoapel tov ¢? + d?), divovtdg pog o
éxppacn g popen e + f2 = zx Y e xou f TpdTovg PeTaED Tovg, Kot pe Z Oy

HEYOADTEPO OO TO UIGO TOV X, EPOCOV
x X 1
zx=e?+ f2<c?+d?<(2)%+ ()2 ==x?
2 2 2
Av ¢ xor d elvor TpdOTOL peTald TOVG, TOTE UTOPOVUE VO, TOLG XPNCULOTON|GOVLE

katevbeiov avti va toug petatpéyovue oe e kar f. Av o x dev givar dBpoioua dvo

TETPAYOVOV TOTE, amd 10 3° Prua, TPEmEL VoL VITAPYEL VUGS TAPAYOVTAS TOV Z O OTOI0G
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dev glval dBpowcpa ovo teETpay®dVOV, £0T® W. Avtd pag olver dmepn Kabodo,
myoaivovtog amd Tov X o€ éva KpOTEPO aplBpud w, mov kol ot dvo dev &ivor
abpoicpata dVo TETPAYDOVEV OALA dtopovv Eva dBpotcua dvo teTpaydvmy. Aeod n
Gmepn kabodog eivar advvarn, KataAyovpe OTL 0 x pmopel vo ek@pactel ®G
GOpotcpa 000 TETPUYDOV®OV, OTMG IGYVPICTHKOLLE.
5.KdéBe mpdtoc g popong 4n + 1 etvan dBpotspa dVo TETpaydVEmV.
Av p=4n+1 161 (p,x) =1 yw kabe x =1,2,3,...,x, kai, and 10 Mikpd
Qsdpnua tov Fermat, kadévog amd tovg apdupodg 1,247,347, .., (4n)*" sivan
wotipog pe 1mod p. Ov dogopég 24 — 1,3 — 240 | (4n)*" — (4n — 1)
dwapovvtal g ek TovTov amd Tov p. Kabe pio amd avtéc t1g dapopég umopei va
Tapoyovtomoin el ¢

a*™ — hAn = (@2 + b2 (a?" — b2M)
Epdoov o p eivan mpdTog, mpénet va dtoupel Evav amd Tovg dVo Tapdyovteg. Av ce
omoladNmote omd 11§ 4n — 1 TEPWTAOGELS O P SPEL TOV TPDOTO TAPAYOVTA, TOTE OO
10 TPONYoLUEVO Prpa kaTaAyovpe 6Tt 0 p givar o 1010¢ dBpotopa 6vo TETPAYDVOV
(epocov or a ka1 b dweépovy kotd 1, Oo eivon mpdtor peta&d tovg). ‘Etor givar
apketd va ogi&ovpe 011 0 p dgv pmopel mhvTa va dtoupetl Tov dg0TEPO TTaPdyovTa. Av
Srupel Oheg Tig 4n — 1 Swapopéc, 22" — 1,32 — 22" ., (4n)?" — (4n — 1)?", 161¢
Ba Swapel OAeg TIg 4n — 2 S10POPES TOV SOOYIKOV Op®V, OAEG TIC 4n — 3 d10POpPES
TV dleopdv Kot ovte kobeEng. Epocov ot k-0otég dtapopés g axolovbdiog
1%, 2k 3k, . sivon ddeg ioec pe k!, o1 2n-00Tég Srapopéc Oa eivar dreg oTadepéc Kot
ioeg pe 2n!, o omoieg ciyovpa dev dwapodvral and Tov p. Q¢ €K TOLTOV O p dgv

pmopel va dtapecel OAoVG Tovg deHTEPOVS TAPAYOVTES, TO 0MOi0 OmOdEKVOEL OTL O P
elvar dvtwg 1o dOpotspa 6vo aplBu®V 6To TETPAYWVO .

AM pio evolopépovca amddeln yia 1o 1010 Oedpnua tov Fermat givar vt tov
Don Bernard Zagier (1951) mov ovopdleton ‘amddeién pog npotaons’ yuoti givor
pikpn po Ko ototyeldons. H amddeién avt eivar n amdovotevon pog taioidtepng
a6 tov Heath-Brown, n omoia pe v ce1pd g NTov Umveucuévn omd pio amddeén

tov Liouville.

2" An6deiEm (Zagier, mepimov to 1990):
Av p =4k + 1 sivon mpdrog 16te 10 cvvoro S = {(x,y,z) € N3:x2 + 4yz = p}

eivan memepaocpévo ko Eyel dbo evedifeig (involution), pio mpoeovy (x,y,z) —
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(x,y,2) g omoiag ta otabepd oNUEiR AVTIGTOYOVV OTIG AVATUPUCTAGELS TOV P (O
dBpotopa 600 apPOU®VY GTO TETPAY®VO Kot pia o TePimAokn:
(x+2z,z,y—x—2z), av x<y-—z

(x,y,2) =Ry —x,y,x—y+2), avy—z<x<2y
(x—2y,x—y+2Yy), av x> 2y

n omoio €yl axpPadg éva otabepd onueio, to (1,1, k). Qotdéco o aplBudg twv
otafepmv onuelowv g evéEMENG evOg MEMEPAGUEVOL GLVOAOL S €xel TNV 1dw
mnOwdTTo pe tov TANOKS apBud tov cuvorov S, £tol avtdg o apBudg ival
TEPLTTOC KOL Y10 TNV TPATY EVEAMEN €miomng, amodsikvoovtog Ot 0 p givan aBpoicpa

Vo aplBpdY GTO TETPAY®VO .

2.5.2 Marin Mersenne

O Fermat aAAnAoypapovoe pe GALOVS LoBNUaTKoVS TG ETOYXNS TOV Kot WOLOHTEPQ [LE
TovV kaAOYepo Marin Mersenne (1588-1648). O Mersenne, o omoiog poAig to 1647 giye
oTidel po AMota pe GAOVS TOVG AKEPOLOVS TTPAOTOVG OPLOLOVS N LUKPOTEPOLG 1) 1G0VG
T0V 257, Tioteve TS 0 TOTOG p = 2™ — 1 mapdyel TP®TOLG apldpovs. QoTdGo dev
€0moe Kapio amdoelln Kot apyotepa 1 £1KAGI0 TOV AMOOElYTNKE EV LEPEL ECOUALEVT).
[Ipog Tyunv Tov dp®S ot apBpol awtov Tov THoV ovopdalovtol apibuoi Mersenne Kot
ovpPorilovion M, yioti mpdTtog ekeivog Toug HeAETnoE.

[Ipopavdg o Thmog tov Mersenne dgv divel TAVTO MG OMOTEAEG LD TPAOTOLS OPLOLLOVG.
INo mapddeypa, av o n givor ovvhetog 10t n = ki, 6mov k > 1 ko l > 1, téte o p
Sraupeiton and tovg 28 — 1 ko 28 — 1. AAAG oxdpa kot ov 0 n sivar TPdOTOG aplOpoC
pmopel var éyovpe g amotéleocua ocdvleto apBud, yoo mapdostypo yuoo n = 11:

211 — 1 =2047 = 23 x 89.

Ewoéva 6: Marin Mersenne

Av1o BéPara dev mapatnpnOnke wapd 1o 1536. o moALE xpdvia ap1Buol avtov Tov
TOMOL €£0VOV TOVG TO HEYOAOVS TPAOTOVS apBpovg mov yvopilovpe. O apOuog
Mo = 21% — 1 = 524287 oanodeiymre 61 eivar mpdtog omd tov Pietro Cataldi
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(1548-1626) kot avtdg NTaV 0 7O UEYHAOG YVOGTOS TPMTOG 0ptBpdg yio 200 ypdvia
domov o Euler anédei&e 611 0 M3, givarl tpdTog. Avtd £0ece évo Kavovplo pekop yio
GAlov évav ardva domov o Edouard Lucas (1842-1891) £8eiée 611 0 My, (TOV givan
évag apBuog pe 39 ymoia) eivor TpmdTOG Kot KPATNOE TO PEKOP MG TU YPOVIQ TOV
NAEKTPOVIKAOV vroAoylot®v. To 1952 ot apiBpol Mersenne Msyq, Mgo7, M1379, M3203
Kot My, amodeiyOnkoav o1t eivan mpmrtotr and tnv Raphael Mitchel Robinson (1911-
1995) pe v ygpnomn evog TPAOLOV VITOAOYICTN Kol 1| NAEKTPOVIKY emoyn eiye apyioet.
Méypt to 2005 eiyov PBpebei 42 mpdrtor apBuoi Mersenne. O peyoldtepog NTOV O
M;5064951 0 omoiog €xel 7816230 ynoeia. O peyadvtepog mpdTog apBuodg g tig 15
YemtepuPpiov 2008, ftav 0 My3112609 O Omoiog £xer 12978189 ymoia. (Mersenne
Organization 2008)

Ewodva 7: Pietro Cataldi Ewoéva 8: Edouard Lucas Ewkova9: Mitchel Robinson

Ot apBpoi Mersenne €xovv evolapépov €€’ attiog TG oxEoNG TOVS LLE TOVS TEAELOVG
apBpovg (BA. Opopod 2). O idog o Evkieiong, oto Pifrio tov ta «Ztoryeio» mov
OVOQPEPALE TPONYOVUEVMG, OMESEIEE TO YEYOVOS OTL av €vag TPMTOG apliuog p eival

, ’ , p(pt+1 ’ / ’
To0v TOmov p = 2" — 1, 1618 0 apPBudC % etvan téherog. o mapdderypo ot

appoi:
3=22-1, 7=23-1
elvol TPMTOL KOl GUVETMG Ot aptOpol

3 % 4
6=——=1+2+3,

7 %8
8=——=1+2+4+7+14

givar téletol. Apketovc aimveg apyodtepa, o Leonhard Euler (1707-1783) 6t 6Aot ot
aptiot TéAetol ap1Bpoi eivar Tov TOmOL oV glonyaye o Evkieionc. 'Etot to {mua tov

OV VITAPYOVV TETEPAGUEVOL APTIOL TEAELOL AKEPOLOL UTOPEL VO TEPLOPIOTEL 6TO {NTNHL
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TOV OV VIAPYOLVV TEMEPACHEVOL GpTiol aptBpoi Mersenne. Akoun dev €xel Ppedel

Abon o€ avtd 10 TPOPAN UL

[Mopaxdto mapatiBevtal Kamo1ot 6yeTKol TivaKes Kot S1ory paLLOTAL.

Pexop npatov aprlOpd@v Tpv TNy €70 TOV NAEKTPOVIKOV VTOAOYLGTAV

ApOuog noia Xpovia MoOnpoTtikog M£0060¢

217 -1 6 1588 Cataldi SOKILOOTIKEG
dwpécelg

219 -1 6 1588 Cataldi SOKIHAGTIKEG
JlpEcelg

231 —1 10 1772 Euler SOKILOOTIKEG
Jlpécelg

(259 —1)/179951 13 1867 Landry SOKILOOTIKEG

dwupéoelg

2127 1 39 1876 Lucas axohovdieg
Lucas

218 +1)/17 44 1951 Ferrier Osdpnua  TOL

Proth (1878)

Nivakag 2

Pexop mp@TOV aprtOp@v TNV ET0YN TOV NAEKTPOVIKAV VITOLOYLGTAOV

ApOuog Yneioc | Xpovid H/Y MoOnpotikog
180(M,,;)? 79 1951 | EDSAC1 Miller&Wheeler
+1

Msq 157 1952 | SWAC Robinson(Jan30)
Mo 183 1952 | SWAC Robinson(Jan30)
M;379 386 1952 | SWAC Robinson(June25)
M;503 664 1952 | SWAC Robinson (Oct 7)
M5 687 1952 | SWAC Robinson (Oct 9)
Mayis 969 1957 | BESK Riesel
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M,453 1332 1961 | IBM7090 Hurwitz
Mogggo 2917 1963 | ILLIAC 2 Gillies
Moygsq 2993 1963 | ILLIAC 2 Gillies
My1013 3376 1963 | ILLIAC 2 Gillies
M;9937 6002 1971 | IBM360/91 Tuckerman
My1701 6533 1978 | CDC Cyber 174 Noll & Nickel
M33500 6987 1979 | CDC Cyber 174 Noll
My4a97 13395 1979 | Cray 1l Nelson&Slowinski
Mggoas 25962 1982 | Cray1l Slowinski
Mi32049 39751 1983 | Cray X-MP Slowinski
M316001 65050 1985 | Cray X-MP/24 Slowinski
391581 65087 1989 | Amdahl 1200 Amdahl Six
X 2216193 -1
M7 ces39 227832 1992 | Cray-2 Slowinski & Gage
Mgso433 258716 1994 | Cray C90 Slowinski & Gage
My57757 378632 1996 | Cray T94 Slowinski & Gage
M;395269 420921 1996 | Pentium(90Mhz) Armengaud,Woltman
M;976221 895932 1997 | Pentium(100Mhz) Spence, Woltman
M3021377 909526 1998 | Pentium(200Mhz) Clarkson,Woltman,
Kurowski
Mg972593 2098960 1999 | Pentium(350Mhz) Hajratwala,Woltman,
Kurowski
Mi3466917 4053946 2001 | AMDT-BIird(800 Cameron,Woltman,
Mhz) Kurowski
M50996011 6320430 2003 | Pentium (2 GHz) Shafer,Woltman,
Kurowski
M;4036583 7235733 2004 | Pentium4(2.4GHz) | Findley,Woltman,
Kurowski
Myc964951 7816230 2005 | Pentium4(2.4GHz) | Nowak,Woltman,
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Kurowski
M;30402457 9152052 2005 | Pentium  4(2GHz | Cooper,Boone,
upgraded to3GHz) Woltman, Kurowski
M3,552657 9808358 2006 | Pentium 4 (3 GHz) | Cooper,Boone,
Woltman, Kurowski
M,3111609 12978189 | 2008 |Intel Core 2Duo | E_Smith,Woltman,
E6600CPU(2.4GHz) | Kurowski
Nivakog 3

Digits in Largest Known Prime by Year
(computer age)

100000000
10000000 | .'/
L)
1000000 1
ell
100000 1
&
.
10000 1 s
/o/ o
@
1000 |
-}./
y
100
1945 1955 1965 1975 1985 1995 2005 2015

Awdypappa 1: ol aptBpoi twv Pndiwv yvwotwv npwtwv aptBpwv METd tThv avakdAvdn tou RAEKTPOVIKOU

umtoAoyLoth
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Toror mapaywyns Hpotwv ApiBuav

O Euler &yel dniooet: «Ot padnuatikoi £xovv Tpoomabnoel udtoia péypt GHUEPa. VoL
AVOKOADYOLV KATTOL TAEN 6TV 0KoAoLOia TV TPOTOV aplBudyV, Kot £(ovpre AOYOUS
VO TIOTELOVUE TG OLTO €ivol €va PVOTNPLO GTO OTOi0 0 AVOPOTIVOG VOUG Oev
npokertan va detedvoet moté.» [Havil 2003, p. 163]. Xe pia diéAieén tov to 1975 o D.
Zagier oyohooe: «YTApyovv d0V0 ded0UEVOL VIO TNV KOTOVOUT TV TPOTOV apldudv
v to. omoio eEAmilo va cag meicw t6G0 ToAD mov Ba petvouv Yo Thvto yopaypévo
ot1g kapdiég cag. To mpdTo €lvar OTL TAPOAO TOV amAO OpIGHO Kot POAO TOVG MG
dopukoi AiBot Tov puok®dv aplBumv, ot Tpmtotl apdpol peyoldvovy cav ta {ildvia
peTalld TV ELGIKAOV aplBu®V, delyvovtag va NV LTAKOVOLV GE KAVEVOY GALO VOO
amd ekelvov TG TOYNG, Ko Kavévag oev pmopel va mpoPriéyetl mov Oa PAactioel o
emopevog. To devtepo eivar okdpo mo ekTANKTIKO, YTl dnidvelr akpPog To
avtifeto: 0Tl o1 mpdTOl OpBpol TAPoLVSLALoVY EKTANKTIKY Kavovikdtnta, OTl
VIdpyovVY VOUOL ToL KaBopilovv TNV GUUTEPLPOPE TOVE KOt OTL LITOKOVOLV GE AVTOVG
TOVG VOLOVG GYEAOV pe oTpatiowTikn akpifeto.» [Havil 2003, p. 171].

O tpmTot ap1fpol Aomdv givor dS1ACTOPTOL ATOKTO AVALEGO GTOVG OKEPAUIOVS Kol £TOL
dev elvar Tpog EKTANEN oL HEGH 0md TOVG OUMVEG 01 Lo uoTKol £xovv Tpoomadncet
oKANpa va Ppouvv pia ‘@oppovAn TpoOTOV apliumv’, dniadn pio pébodo mov OHa
napdyel OAOVG TOLg TPMOTOLG aplBpove. Kdmolog pmopel v emvorioet o t€toto
QOPUOVAN LE TOAAOVG OLAPOPETIKOVG TPOTOLS. ¢ €K TOVTOL, £ivOl TOAD CMUAVTIIKO

va O1EVKPIVICOVE TL EIVOIL TPAYHOTIKE ETOLUNTO.

[Ipogavdg, o ToAD amAn GOPLOVAN TPOTMOV AplOUGV Vol TG LOPPNG
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p=pn(1)

OTOL P, ONA®VEL TOV N-00TO TPOTO aplOud. [Marti dev pog tkavomotel Opmg pua tétoto
@OpurovAa; H dvokoAia tov {ntiuatog eivat 61t 0 VTOAOYIGUAC TOV deE100 LEAOVG TNG
(1) etvon, ev yéver, moAd dVOKOAOG, Yio Tapddetypa av mpocmadncovpe vo Ppodpe
UOVOL HaG TOV Pig7s! AAAG Ba BéAape va PBpovue pio Tapopolo eOpUOVAL TOVL Vo
yopoktnpileton amd v mo oamkny péBodo vmoAoyopoh Tov deflov PEAOVG TNG
(Topdra avtd, OTWS B SMGTMOGOVLE KOl TOPUKAT®, 1| ATAOTNTO VTOAOYIGUOD OEV
elvan kaBOAov TpoPavIg Evvola).

Kot apydg pmopovpe vo amodhoyodpue amd tnv aviykn e pnmmg e€dptmong tov
0e&o0 péAovg amd To N Kol vo Tpoomwabcovue va Bpovpe @OPUOVAES OV divouv
TPMOTOVS aplBuovs Oyt amopaitnto pe avéovoa oepd peyébovc. Mmopovue vo
TEPLOPICTOVUE EMMAEOV GE pio QOPHOVAC TOL OmOdidEl Amepo aplBpd TPAOTOV
aplBumdv Ko oyt 6AoVG Tovg TPMTOLS. TEAOG, umopel va dEXTOVUE TMOG Lo TETO0
@OpUOVAN 10MG amodmoel Kot peptkovg ocvuvBetoug apBpovg emione. Emonuaivoope
OTL QOVOUEVIKA amAEG POPLHOVAEG UTopEl VoL amoderyBovv 6Tt dev gival KaADTEPES OO
mv (1).

Ot mpdTot apBpoi pmopovv va mapayBohv pe TV S1ad1KaGio TOL KOGKIVIGUATOG OTmG
eldape pe 1o kookwvo tov EpatocBévn. To kodokivo tov EpatocBévn pmopei va

ypnopomomBel otnv dnuovpyios GLVAPTNONG VITOAOYIGHOV TOV TPOT®V OPOUOV:
1 1 1 X X X
700 =m(Vx) + 1+ x - lExJ B lng B IEXJ — gl + sl + 5

TS I S

N omoio. €lvol OLGLOCTIKA [0 EQOPUOYN NG ‘apyNg EVINENG-OTOKAEIGHOD .

[Havil 2003, pp. 171-172].

[Moporo mov vrapyovv TOAAES Kol OOVHACIEG QOPLOVAES LTOAOYIGHOD TPMOTOV
apluodv (T.y. @OPUOVAES TOVL gite Tapdyovv TPM®TOVS aPBUODS Yoo KA TN Hog
uetaPAntg 1 divovv tov n’ mpdto apldud wg cuvaptnon Tov n), xovv avarvbdei oe

1010 Pabpd mov £xovv eAdylotn mpakTikn aia.
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3.1 H ovvaptyon 1t(x)

H cvuvépton mov divel 10 TAN00¢ TV TpdTOV aplBpdy TOV HIKPOTEP®V N WV £VOG
apduod x cvpforiletar m(x). Exovpe Aowmdv v cvvaptnon R 3 x - m(x) € N,
omov R* mapiotdvel 10 cOvoro twv Betikdv mpaypotikdv apldpdv. Etol my.
(1) =0,n(2) = 1,7(3) = 2,7(20) = 8,n(p,) =n, énov p, napioTtdvel TOV N-
00td mpdTo 0pBud. Eyovpe Mon det €51 dopopetikéc amodeielg OTL VIAPYOLV
amepotr Tpwtor apfpoi (Osopnua 1) dniadn 6Tt wyvet lim, o m(x) = +00. Oa
napadécovpe €00 GAAN pio amodelén tov Bempnuatog avtod amd tov Euler amd v
oMol TPOKVLATOVY OUME CTUOVTIKA GUUTEPACHLATO Y10, TOVS TPMOTOVS APBUOVS Kot

v cvvaptnon m(x).

7" Anddeitn Oswpiuatoc 1 (Leonhard Euler):

YnobBétovpe 611 10 oOvoro P twv mpdTOV 0oplfudv eivar memepacpévo kot Bo

oonynbovpue og dromo. Eotm

P ={py,p2 ... 0s}

INoa ké0e TpdTo 0p1OUd p 1oyYvEL:

1 =1
SR S

=

"Eyovpe cvvenmc:

1 1 1 (
X X ... X =
11 1L

P1 P2 Ps

= ). e
B pitip"2 L psTs Bl n

ny,Ny,...,Ns=0

210 1eAevTaio ABpolopHa TO N daTpEXEL OAOVE TOVG PLGIKOVE aPlBUovS, o1 omoiot
eKQPALOVTOL OOV YIVOUEVO TOV TPOTOV OPOU®V Py, Pa, -, Ps, KoL KaBEVA aKkpBdC
pia eopd. Emedn oe kdbe @uoikoc apBuog, diapopog tov 0, €xel pio. povoonuovtn

avélvon oe  ywopevo TpOTOV  opldumdv, mpokvmtel Ott  ©oTo  ABpolcua
Z :
n
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10 n dwrpéxet OAovS Tovg dapopovg amd to 0 @uowovs aplBuove, NTol

N
[T~
i=1 Pi

10 omoio  eivor  dtomo,  dedopévovr  OTL 0 WPAYHOTIKOG  aplBuog

1
_:+Oo’
n

1

n=

S

1
i=1 Pi
gtvoi 916¢popog Tov +00.

Amo v anddeién tov Euler mpoximtet

Eniong 1oyvetl 011

Me v Ponfeia TV oYEGEDV QVTAOV ATOJEIKVIETOL TO TOPAKAT® OedpPMuaL.

Ocopnua 9.  Ioyoer:
m(x)

lim —=0.
x—-+o0o X

An6oelln: 'Eotw pq,p3, ..., Ps OL S TPp®TOL TPAOTOL apdpol. Oewpovpe Evav BeTikd

Tpoypoatikd aplud x kot to cHVoro

A=1{12,..,[x]}.
omov [x] mapiotdvel 1o axépato uEPoOg Tov X, dNAAdN TOv uEyloto aképato apldud, o
omoiog gtvor pkpoOTEPOG 1 160G TOL X. £TO GUVOAO A JYPAPOLUE TO TOAAATAAGLOL

TOV Pq, P2, - Ps, OTOTE Ba peivoov o 1, ot mpdTol apOUOl Pgyq, Psiz, - KO TO

I ’ . ’ ’ )3 X
ywoépevo dvvdpewnv avtdv. To mAnboc twv moAlamAdciov tov p; 6to A gival [p—],
i
OL0TL amd TV oyxéon

x=py+r,0=r<p;
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TPOKVTTEL [pi] = y. Eziong 10 mAn0og tov molanrdciwv tov p;p; 610 A givan ﬁ],
i LEj

0V ppjpr Elvan [ ] K.0.K. Metd 1 Ooypagn TOV TOAAATAAGI®OV T®V

PiPjPk
P1, D2, -+, Ps 00 pévouv 6to chivoro A:

X

- Y [+ I S

ISiss Pi ISi<j<s Ipipil P1DP2 ---Ps]

apfpol. Luvenmg TpoKHTTEL

&2 i P1p2 ---ps]'

To = e€nyeitan and 10 yeyovog 0Tl 670 A €KTOC TOV TPAOTOV APOUDY Pgiq, Pss2, -
VILAPYOVY KOl TO YIVOUEVO SUVAUEDY OVTOV.

Av otV TOPATAV® GYECT OMUAEIWYOVUE TIC TETPAYMOVIKES AYKVUAES, dNAadN av To
aKépalo LEPN TOV oplUOV TA OVTIKOTAGTNGOVUE HE TOVG 1010V TOVg aptfuove, To

oLVOAKO GQAApa Oa gival pkpdTEPO 1} TO TOAD 160 e Tov apBud

s s
= s _ 9s
1+(1)+ +(S) (1+1)° = 25,
Apa AopBdvovpe
X X
T(x)<s+25+x— ~ 4+ e (-1 ————
2P =T PP P1 P2 Ps

Emedn woydet

TPOKLITEL OTL Y10 KABe € > 0 VIAPYEL PLOIKOS aAPOUOS Sg = S (€), TETOOC MOTE YU
KGPe s = s, Vo 1o)0EL
m(x) < s+ 25+ xe.
ExAéyovpue éva xq, Y10 T0 0moio va 1oybel
S + 2% = ex,,
omoTE Y10 KAOE X > x5 Oa Eyovpe

m(x) < 5o+ 2% + xe < 2x¢,
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oniodn

Apa TPOKVTTEL

O

Topa propovpe va amodeiEOVLE Kot TO TOPAKAT® Bedpna.

Ocopnua 10: H mibovotnta vo. eival €vag puaikos opliuog mpwtos DIOpyEL Kol EIval
ion e To Unoév.
Am6oeln: Apkel va amodeiEovpe 0Tt

Amo Vv oyéon

TPOKLRLTEL OTL 1oL X = 1

< * L
N RERATT

KoL 0t TNV GYECT AT QOIVETOL APEGMG OTL

X

— =1,
x100 [x]
Ao TIC GYECELS
(x
lim on, Iim —=1
x—+00 X x—+0o [X]
Aoppdvovope
m(x
lim Q =0
oo [a]
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[MopatiBeton mopakdTm £vag GLVOTTIKOG TVaKaAG TNG CLVAPTNONG TT(X) €V CLYKPICEL

pe v @, omov log(x) o pvoiKdc AoydpBuog Tov x.
x X X
) log () " fog )
10 4 43 0,93
102 25 21,7 1,15
103 168 144,8 1,16
104 1229 1086 1,13
10° 9592 8686 1,10
10° 78498 72382 1,08
107 664579 620420 1,07
108 5761455 5428681 1,06
10° 50847534 48254942 1,05
1010 455052511 434294482 1,048
Mivakog 4

3.2 To Oswpnua Ilpotwv Ap1Bumv

O Adrien-Marie Legendre (1752-1833) aALa ko o Carl Friedrich Gauss (1777-1855)
NTOV Ol TPMTOL OV EKAVOAV EKTEVEIS VTOAOYIGUOVS TNG TUKVOTNTOG TOV TPATOV
apBumv. O Gauss (0 omoiog NTav o ‘povidong apBpopnyoavn’) eixe mel oe Evav
@iAo tov 0Tl Omote &iyxe 15 Aemtd elevBepov ypdvov Oa ta omataAovoE GTO Vv
vroloyilel TpdTOVg 0p1BovS avd yAdda. Méypt to téhog ™G {oNg TOV EKTYLATOL OTL

elye vmoloyicel GAOVG TOVG TPDOTOVG aptBpovg ¢ to 3.000.000!

Ewova 10: Carl Friedrich Gauss
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Kot o Legendre kot o Gauss PeEAET®VTOG TVOKEG GOV TOV TAPOTAVE KOTEANEQY GTO

CLUTEPAG L. OTL Y10 LEYAAD X, 1] TUKVOTNTA TOV TPMOTOV aplOUdV KOVTE 6T X givat
X
log(x)’

nepimov O Legendre £dmoe ko por extipnomn yio to w(x):

x
(log(x) — 1,08366)’

n(x) =
eva M extipnon tov Gauss givol amd v Aoy Tov AoYupPlOUIKOD OAOKANPOUOTOC:

m(x) = fx(l — log(t)) dt.
2

H mpdtaon 6t n mokvoétnto tov Tpdtov apldpuov eivol glvar yvoot) og

X
log(x)
Osopnpo Tov TpATOV apOpov. Ipv 6pwng 10 dtutvndcovpe e Bdon ta onueptva
OEA0UEVOL OVAPEPOVLE TOV TTOPAKAT® OPIoUO.

Opioudc _8: Avo ovvoptioelg f(x), g(x) xarodviar ooLUTTOTIKG ioeg Kot
ovuPoriletar avtd f(x)~g(x) av woydet
x
lim & = 1.
x=>+00 g (x)

Ocapnua 11(Ocipnua twv xpdtwy aptbudyv): loyder oti:

X
log(x)

w(x)~

To Bedpnpa TpOTOV aPOU®V iVl IGOSVVOLO LE TO TOPUKAT® Bedpnua
Ocwpnua 12: Ioyoder oti:
pn~nlog(n),
OTOV Py, TOPLOTOVEL TOV N-0GTO TPDOTO OPLOUO.
[IpoondBeteg o va amoderyBel avtd t0 Bedpnua Eyvov ko’ OAn TV SdpKeELo TOL
19% adva pe a&loonueint mpdéodo avtn twv Pafnuty Chebyshev (1821-1894) kou

Bernhard Riemann (1826-1866). O Chebyshev to 1851 éxave éva onuoviikd prua
(x)

OTOJELKVOOVTAG OTL OV 1| avaAoyid x €18V o€ Oplo, TOTE AVTO TO OPlo
log(x)

mpénel va NTav 10 1. Qotdco dev Katdeepe va amodei&el 6Tt n avoroyio teivel og
opro. O tehevtaiog cuvédese 10 Bedpnua Pe KATL TOL glval Yoot o¢ ‘M Yrobeon

tov Riemann’: éva amotéleopa yuo to undevikd 6to pryadikd eminedo g ‘Riemann-
Mra-cuvaptmong’: {(s) = Z;‘{;l% omov s > 1 kau s € R, kot mov givan o¢ TG HEPEG
pog avamddeyto. O Riemann Bedpnoe pryadikn v LETOPANTA S Kot TEPIEYPAYE Lo
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€€umvn PEBOSO Y10 VO GUVOEGEL TV KOTOVOUN TOV TPOTOV aPOU®V UE TIG WOOTNTES
m¢ ovvapmong {(s). To pabnuatikd mov ypewaldviovoav Opmg dev  eiyav
avantuyfel axopo kot €16t 0 Riemann dgv kotdpepe va devbethost tedeing T0

TPOPANpa Tpv omd Tov Bdvatod Tov.

Ewoéva 11:Pafnuty Chebyshev Ewéva 12: Bernhard Riemann

Tehkd 10 BeOpnuo TOV TPOTOV APOUOV OTOdelyTNKE Amd TOVS UAOMUATIKOVG
J.Hadamard (1865-1963) xor De Vallee Poussin (1866-1962) mov 10 amédei&av
avegapmta o évag amd Tov  GAAOV, OAAG oyxeddv tavtdypova T0 1896
YPNOUOTOIOVTOG HEGO TNG UIYAOIKNG aviivong (to omoio €onyaye o Riemann).
Apyotepa, o 1948, ot podnuatikoi P.Erdos (1913-1996) ko A.Selberg (1917-2007)
Katopbwoav va amodeiEovv to Bedpnuo ovTd HE GTOLKELDON HECH, OMNAMON Ywpig

LEGO TNG UYOIKNG AVAALGNC.

Ewkdva 13: J.Hadamard Ewdva 14: De Vallee Poussin Ewkdva 15: P.Erdos Ewkova 16: A.Selberg

3.3 Ocwpyua Bertrand

"Exovpe det 611 1 axoAovBio Tov TpdTOV aplBudv sivor drepn. ['a va dovdpe 6Tt 10
péyebog tov kevov petafh ovo mpdTv oplfumdv dev glvar epaypévo, Bétovue
N :=2X3X5X..Xp 10 yWWOUEVO OOV T®OV TPOTOV apludv Tov eivar pikpdTeEPOL

evog k + 2 ko onpeidvovpe 0Tt Kaveévog amd Toug apdpong k,
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N+2,N+3N+4, ... N+kN+(k+1)
dev eglvar mpwtog, epocov yw 2 <i<k+ 1 yvopilovpe nwg o i &xel TPAOTO
napdyovta o omoiog eivar pukpdtepog amd k + 2, Ko owtdg o mopdyovioag emiong
dwupet tov N, apa emiong owpet tov N + i. Mg avt) v cvvtayn, Bpiokovue yo
nopaderypa, 0t yiok =10 (N =2 X3 x5X 7 x 11 = 2310), kavévag omd Tovg
déka apBpong

2312,2313,2314, ...,2321

dev elvar mpdTog,.
Ynrdpyovv OU®G Kot HEYOADTEPO PPAYUOTO OTA KEVO LETOED TOV TPOTOV aploudv.
Aldonun etvar n dNAwon Ot «To Kevo péypt Tov EMOUEVO TPAOTO aplOud dev pmopel
va gtvar peyoddtepo omd tov aplfud pe tov omoio Eexwvape v €pguvd pag.» Avto
gtvol yvootd og Osmpnpo Bertrand, agov eikdotnke kot etaindedtnke UmEpKd yio
n < 3000000 and tov ['dAro pobnpotikd Joseph Bertrand (1822-1900). To Bedpnpo
avtd amodeiytnke yo kKabe n, tpdtn eopd and tov Pafnuty Chebyshev to 1850 ko
étol kaAgiton emiong kou Osdpnuo  Bertrand-Chebyshev. O dwo@ung Ivédg
pnobnuatikdég Ramanujan (1887-1920) ypnowonoince 1810tteg g 1 -oovdptnong
I'n) = (n—1)!, nOetikds axépaiog yio vo, ddoet pio o omhn amodeln. Télog o
P.Erdos to 1932, 6tav frav poag 19 ypovodv, dnuocicvoe pio akdpo mo OmAx
omodelEn ypnopomoldvtag v cvvaptnon-6-Chebyshev 6(x) = X7_, In(p) , 6mov
p < x, IpAOTOG aptOrdS Kot O1WVUUIKOVS GUVTEAECTEC.

Ocaopnyua_13 (Ocohpyuo_Bertrand): o kdbe n =1, vmdpyer kamoiog mpadTog

ap1Buosp uen < p < 2n.

Ewkova 17: Joseph Bertrand
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3.4 Oczaopnua Wilson

Exeivn v enoyn (tov 18° audva) avakovddnke éva GALo mold onuovtikd Osdpnua
mov eglval yvootd o¢ ‘Osopnua Wilson’. Ovoudotnke étor omd tov Ayyho
pobnuatikd John Wilson, o omoiog ftav o mpdtog mov 10 dnpocievoe pali pe tov
koOnynm tov Edward Waring to 1770 oAld dev pmopovoe kat vo 10 amodeifel. O
npdTo¢ TOVv TO amédelEe Mrav o Joseph Louis Lagrange (1736-1813) 1o 1771.
Yndpyovv evdei&elg 6t 10 Bedpnua avtd frav yvootd ko otov Gottfried Wilhelm
Leibniz (1646-1716) évav aidva vopitepa, aAld moté dev o dnpocievoe. Avtibeta
Le o ‘pikpo Gempnuo tov Fermat’, to ‘@smpnpo Wilson’ givar avaykaio kot tkovo
v va dgiEet 6t évag aplBuog ivor TpmdTOoC.

Ocapnua_ 14 (Ocipnua Wilson) (John Wilson,1770): Evac pvoikoc apiBuos p > 1

eival mpwTo¢ apiduog av kai Hovo av
(p—1D!'=—-1mod p.

1" Am6deién ywo 1o _£v0n: To amotélecpa eivol TeTpupévo yuo p = 2, omdte

vroBétovpe 0Tl 0 p elvarl eEPTTOC TPMOTOC. Agdouévov 0Tl 01 KAAGEIS LIOAOITWV
(mod p) amotehobv évo oopa, kabe pn pndevikn KAGCT a EYEl  HOVOSIKO
TOAMATAOGIAGTIKO ovTioTpogo a L. And to Oedpnuo Lagrange cvverdyetol 6Tt ot
HOvVeS TIHEC TOV a Yo TIC omoieg a = a”tmod p eivan o1 a = +1mod p (eneldf o p
elvar mpdrog kou 1 e&lcmon a? = 1 unopel va £ygl To moAd dVo pileg mod p). Qg ex
10010V pe v e€aipeon tov +1 o1 mapdyovieg tov (p — 1)! umopodv va opyavmbody
o€ avioa (gvyapia, Tov o yvopevo kabe Levyapod eivar = 1mod p. o
Mo mapddetypo yoop = 11:

10! =1(10)(2%x 6)(3x4)(5x9)(7 x8) = —1mod 11

2" Am6dién ywo 1o _£v0n: To amotélecpa eivol TeTpupévo yuo p = 2, omdte

vroBétovpe 0Tl 0 p glvar mePLTTOG TPDOTOG. AE®POVILE TO TOAVDOVLLLO
g = -Dx-2)..(x—(p-1D).
6mov 0 Badpog Tov givar p — 1, 0 TpdTOC TOL OpOg givar 0 x P~ kot 0 oTEEPHS TOV
6poco (p —1). Ovp — 1 pileg tov givar o1 1,2, ..., p — 1.
Topa Bewpovpe T0 TOAVOVLHO

h(x) = x®™D -1
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6mov o h £xet emiong Padud p —1 ko mpdro dpo x®P~V. Emione 1o ‘Mikpd
Oehpnua tov Fermat’ , pac Aéer 6t 10 h(x) €xer emiong tig idieg p — 1 pileg
1,2,...,p—1.
Téhog Bempovpe

f(x) = g(x) — h(x).
Omov 10 f éyet faBuod 10 TOAD p — 2, a@ov o1 TpdTOL Opot dlaypdpovral, Kot mod p
éxel emiomng Tig 1deg p — 1 pileg 1,2, ..., p — 1. AAAG to Oedpnuo Lagrange Aéet mag
dev umopel vo €xel meplocdTepeg amd p — 2 pilec. ‘Etor 10 f mpémer va givan
Towtoonuo pe 0mod p, 1o 1610 ko 0 oTtadepdg Tov 6pog: (p — 1)+ 1 = Omod p. o

An6o£1EN TOL OVTIETPOYOV: 'EGT® OTL Yo TOV UOIKO apBud p > 1 1oyvet

(p—1!'=—-1modp
Ko 6t 0 p dgv glval Tp®TOG apBRdS. YTapyel £vag TpadTog dapetng g Tov p. Emedn

q <p,0aiopoerq | (p — 1)L Apa Oa mpémet va. woydet g | 1, To onoio ivar dromo. o

To Gempnua Wilson givar dypnoto g leyyog mpdtov aptBudv, dedopévov 0Tt 0
voAoyiopds tov  (p — 1)!'mod p Yo peydho p eivor dvokolog kat ivorl yvootoi
TOAD Mo €OKOAOL EAEYYOl TPOTO®V aplBpdY. AKOHO KOl 0VTOG TOV OOKLUAGTIKOV

dwpécemv Bewpeitar o amodoTKos.
Xpnoyonowdvtog to Osdpnua Wilson yua évav nepirtd mpdto apud p = 2m + 1,
UTOPOVLE VA VOOIATAEOVUE TO OPIOTEPO LEAOG TNG 16OTNTOG
1xX2X..X(p—1)=—-1modp
KOl VO TAPOVLE TNV 160TNTO
1p—1D2(p—2)..m(p—-—m) =1(—-1)2(-2) ..m(—m) = —1mod p.

Avtn) yiveton
m
njz = (—1)™*"1mod p.
j=1

Mmropobpe vo ¥pNGILOTOMCGOVUE TNV TEAELTOUN 1GOTNTO Yo Vo amodeifovue €va
HEPOG VOGS dLaoM oL Bempr|HaTog:
Ocaopnua 15: o kabe mparro opiBuo p roio wote p = 1 mod 4 o api6uog -1 eivau

EVOL TETPAYWVIKO DTOAOITTO
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[Ipdypatt vroBétovrog 6t p = 4k + 1 yw kdmowo aképaro k, maipvoope 6Tt m = 2k

KOl KOTOATYOULE GTO GUUTEPOGHLOL OTL

2k 2k
(ﬂj)z = 1_[]'2 = (-1)%*1 = —1mod p.
j=1 j=1

To Oedpnpa Wilson €yet ypnoonombei kot yio TV KoTaoKeL] TOTOV TAPOYOYNS
TPAOTOV aplOudV, OAALL NTOV TOAD apyol Yia Vo £(0VV TPAKTIKY aéia.
To onuavtikdtepo oto Oedpnua Wilson givar 6Tt 1oy0€L Kot T0 avTicTPOPO TOL.
‘Eva nopiopo tov Oeopripatog Wilson Aéer ot évag mpdtog apBuog p eivor g
popoeng 4k + 1 av Ko povo av
[(2K)']? = —1 mod p.

Mepwol and TOVG TPAOTOVS TP®OTOVG OpBpovS TG popers 4k + 1 etvon
p = 5,13,17,29,37,41 ... TOL AVTIGTOL{OVV GTO

k =1,3,4,79,10,13,15,18,22,24,25,27,28,34,37, ...
H yevikevon tov Gauss tov ‘@swpripatog Wilson’ Oswpei P(n) 10 yvouevo twv
akepaiov mov givon pkpdtepol M icot kot Tpmtot pe vav aképawo n. ' n = 1,2, ...

ol mpoteg petaPintég eivon 1,1,2,3,24,5,720,105,2240,189,... 'Emerta opilovtag

P(n) = ﬁ k
k=1

(km)=1
dtvel v avtiototyio

0 mod1l, yian =1
—1 modn, yian = 4,p% 2p®
KalL p TEPLITTO TPWTO

1 modn, SlaPopeETIKQ

P(n) =
Otav n =2 ovtf petatpéneton o P(2) = 1mod2 mov eivar 16080vaun pe tnv

P = —1 mod2. Mgpikéc npdteg Tipnég g P(n) modn siva:
0,-1-1,-1,-1,-1,-1,1,-1,-1,-1,....
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3.5 Hoivwvoua ka1 mpwtot apiBuoi

O Legendre €0e1&e Ot1 0gv vapyeL pntn OAYERPIKN GuvapTNoN TOL Vo divel ThvTa
npdtovg apibuovg. To 1752, o Christian Goldbach (1690-1764) anédeiée to
TOPUKATO:

Ocaopnua 16 (Christian Goldbach,1752): Asv vmdpyet un otabepd moivavouo ue

OKEPALODS TVVTEAETTES TTOD VO. UTTOPEL V. ODTEL TPDTOVS OP1OUODS VLo OAES TIC OKEPALES
TIUES TG UETOPANTHG.

Anodelln: 'Eoto un otabepd moivdvopo P(x) pe aképaiovg GUVIEAEGTEG OV divel
TPOTOVS apBpovg Yoo kdbe axépom Tl ¢ petofAntg x. Ipémer va 1oydet
P(1) =0modp
6mov p 7wporog apbudc. ‘Etor yuo kdbe  oképaro  apbud  k  oydel
P(1+ kp) =0modp
nov avtd Ba onuave 61t o P(1 + kp) dev givor mpadTog yoti dwpeiton amd Tov p
eKTOC €av Yo amepeg Twég tov k, P(1) = P(1 + kp) npdypo mov Ba onpotve mog to

ToAvV®VLUO pog elvan otabepd. Atono. o

To mo yvwotd moALOVLHO TOV Tapdyel (evOEXOUEVMG KaTd omdALTN TIUN) HOVO
npdToNg apduovg eivar o n? + n + 41 kar 1o Ppixe o Euler. Avtd 10 molvdvopo
dtvel daxpltovg TpdTovg apBuovg yuo 40 cuveyopevovg akepaiovs, omd n = 0 €wg
n =39 (to toAvdvopo n? — n + 41 mov Bprike o Legendre to 1798, Stvel toug id100g
40 TpdTovg apBpovg and n = 1 émg n =40, kot ot apBpoi avtoi ovopdotnkov Euler
aptBuoi [Flannery S. and Flannery D. 2000, p47]). Metotpénovtag t0 TOADOVULO

avtd o€

n? —79n 4 1601 = (n — 40)? + (n — 40) + 41
Aappavovtar mpdTor appoi v 80 cuvexOUEVOLS 0KEPOIOVS, OV AVTIGTOLXOVV
otovg 40 mpmdTovg apBpode mov AouPdvovue amd TO TOALVGOVVLUO TOoL Euler
noipvovtag dvo @opéc tov kabéva [Hardy and Wright 1979, p. 18]. Av n p(x)

nopdyel IpOTOVS apBpovs Yo 0 < x < n, 10t€ kou M p(n — x) kdvet To id10.

O Le Lionnais (1901-1984) to 1983 Bagtice tov¢ apOpodS p TETOOVG MGTE TO

nolvdvopo Euler:

nf+n+p
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vo. divel mpwtovg apdpodg yuo n = 0,1,...,p — 2 ©¢ twyepovs apibuovg Euler. O
Rabinowitz to 1913 £deiée 6Tt yia évav TpdTO p TO0 TOALVGVLEO Tov Euler mapdyet
npdTovg Yo n € [0,p — 2] (amokAgiovtac TNV acnuavIn Tepintwon tov p = 3) av
Kot LOVO oV TO GO0 Q(\/l—iélp) &xet apOuo khaoewv h = 1 [Rabinowitz 1913, Le
Lionnais 1983, Conway and Guy 1996]. Onwg damictdbnke amd tov Stark to 1967
vapyovv puévo 9 apiBuoi -d térolon mote h(— d) =1 kot and owtovg povo ot
7,11,19,43,67 wor 163 elvanr g amoutodpevng popens. ¢ ek todtov ot puovol
‘Toxepoi apiBuoi Euler’ givon ot 2,3,5,11,17 o 41 [Le Lionnais 1983, Sloane's
A014556] kar dev vdpyel KOADTEPO TOAVOVLUO TOL VO, TOPAYEL TPMTOVG APlOUOVS
amd ovtd tov Euler. H oOvdeon petaéd tov apibudv 163 kot 43 kol to koplo

ToAVOVLIL IOV €xovv avapepBel mapamdve pmopel va mopatnpndel ypdpovrag:

24+ x+41=( +1)2+jL63
X X = (X > 4,

1 43
x2+x+11=(x+5)2+z.

O Euler eniong Bemdpnoe TeTpay®@VIKG TOAVOVOLO TG LOPPTG

2x%+p
Kot £8e1Ee 611 divouv TpdToug yuo x € [0, p — 1] yia mpdTO 0p1OpUd P av Ko pdvo av
10 oONO Q(\/——Zp) &xel oplOud KAdoewv 2, MOV EMTPEMEL HOVO TOVG P =
3,5,11 kat 29.

Ot Baker ka1 Stark to 1971 édei&av 611 dev vapyovV TETol GOUATO Yo, p > 29.
[Mopopown amotedéopata  €xovv  Ppebel Koty TOALOVLUO NG  HOPONG
px?+px+n

[Hendy 1974].
To mapokdteo Oodypoppo amewkoviCet tov aplBpud TV TPOTOV aplBudv 7OV

TapéyovTol amd TETPAYOVIKE ToAvdVLLLA TS Hopeng X2 + ax + b and 1o -200 og t0

200.
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—20n

Awaypappa 2

: ] 200

== | —200

O mapaxdre mivaxog [Weisstein, Eric W. "Prime-Generating Polynomial."] divet

Kdmota YounAov Babpod ToOAVOVLLO TOV TAPAYOLY HOVO TPAOTOVG OPLOLOVG Yol TIG

TPpOTEG Ayeg un oapvntikég Tipég g petaPintig [Mollin and Williams 1990].

IToAvmvopa mov €govv mapaydel amd dAlo e AVTIKATAGTAGELS, OTMS Y10 TOPADELY LLOL

avtd Tov Legendre kot Hardy & Wright 6ev cuumepthapfdvovrar.

TOAVAVONO TPOTOL owopeTikoi | Prprroypagikég
apBpoi | petald Tovg | avapopig
amo 0 | TpoOTOL
éogn apldpoi
%(ns —133n* + 672913 — 56 57 Dress and Landreau
158379n2 + 1720294n — (2002), Gupta
(2006)
6823316)
%(nﬁ —126n° — 15306603 + |54 55 Wroblewski and
1987786n? — 13055316n + Meyrignac (2006)
34747236)
n* — 97n3 + 3294n? — 49 49 Beyleveld (2006)
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45458n + 213589

n® —99n* + 3588n3 — 46 47 Wroblewski  and
56822n% + 348272n — Meyrignac (2006)
286397
—66n3 + 3845n% — 60897n | 45 46 Kazmenko and
+ 251831 Trofimov (2006)
36n% — 810n + 2753 44 45 Fung and
Ruby(A050268)
3n® — 183n% + 3318n 46 43 S.M.Ruiz  (pers.
— 18757 comm., Nov. 20,
2005)
47n*> —1701n + 10181 42 43 Fung and
Ruby(A050267)
103n% — 4707n + 50383 42 43 Speiser (pers.
comm., Jun. 14,
2005)
n?—-n+41 40 40 Euler(A005846)
42n3 + 270n? — 26436n 39 40 Wroblewski  and
+ 250703 Meyrignac
43n%? - 537n+ 2971 34 35 J. Brox (pers.
comm., Mar. 27,
2006)
8n? — 488n + 7243 61 31 F.Gobbo  (pers.
comm., Dec. 27,
2005)
6n% — 342n + 4903 57 29 J. Brox (pers.
comm., Mar. 27,
2006)
2n% + 29 28 29 Legendre  (1798)

( A007641)

43



http://oeis.org/A050268
http://oeis.org/A050267
http://oeis.org/A005846

7n% — 371n + 4871 23 24 F. Gobbo (pers.
comm., Dec. 26,
2005)
n* + 29n? + 101 19 20 E. Pegg, Jr. (pers.
comm., Jun. 14,
2005)
3n% + 39n + 37 17 18 A. Bruno (pers.
comm., Jun. 12,
2009)
n’>+n+17 15 16 Legendre(A007635)
4n? + 4n + 59 13 14 Honaker(A048988)
2n? + 11 10 11 (A050265)
nd +n%+17 10 11 (A050266)

Nivakag 5: moAvwvUpwv npwtwv aptbpwv [http://mathworld.wolfram.com/Prime-

GeneratingPolynomial.html]

‘Evo. 18waitepa ¢toyd moivdvopo sivar to n® + 1091 1o omoio dev divel mpdrovg
apBuovg yio n=1,...,3095 oAAd olver yio n = 3906,4620,5166,5376,5460, ...
[Sloane's A066386; Shanks 1971, 1993; Wells 1997, p. 151]. AlAa moAvdvoua
tétol0v  TOmov  cvumepilopBdvooy to n® + 29450922310244534, 10 omoio
avakaAvetke amd tov Phil Carmody to 2006 [Rivera] kot diver mpmtovg yio
n = 63693,64785,70455,90993,100107, ... ko1 T0 x'% + 488669, t0 omoio divet
TPpAOTOVG Yoo x = 616980,764400,933660, ....

3.6 Leonhard Euler

H dovleid tov Leonhard Euler (1707-1783) &iye peydAn emidpoocn yevikd otnv
Oewplo oplOUdV Kot GLYKEKPIUEVO GTOVG TTPMTOVS 0p1Buovs. Emékteve 10 ‘Mikpd
Oempnpa tov Fermat’ kan ewonyaye v ‘@-cvvaptnon Euler’ ¢ (n) (ywo kdbe Oetico
aképato n n @(n) pag divel to TAN0og TV ELOIKGV aplBu®V ot omoiol Elval
LKPOTEPOL 1] 1001 e TO N Kot TPOTOL He T0 n). Omme £0VUE AVOPEPEL TOPUTAVED O
Euler mapoyovionoince tov 5° apidud tov Fermat, 232 + 1, Bpike 60 Cevydpia

oKV aplBudv (BA. Optoud 3) Ko dtotdnwoe (0ALL 0ev KATAPEPE VO amodei&et)
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avtd mov ovoudletar Nopog Terpaywvikng Avtiotpoeng (‘Law of Quadratic
Reciprocity’: Av p meprrtog npadrog kou (a, p) = 1 tote (%) = apz;1 mod p.). Htav o
TPAOTOC TOL Katdrafe 6t 1 Ocwpio ApOumv pumopet vo pehetnbel xpnoILOTOIOVTOG
ta gpyadreion g Avdivong kot epopudlovidg ta idpvoe v Avoivtiky Osmpia
ApBupov. Amédeile 0Tt Ogv ivar LOVO 1 APLOVIKT CEPA Z% amokAivovoa, aAAG Ko M
oelpa

! + ! + ! + ! +
2 3 7 11
ov oynuatilovior amd T0 AOPOICUO TOV AVIIGTPOP®V TOV TPAOTOV aplBumdv givat

otoKAlvovoa.

Ewodva 18: Leonhard Euler

Q¢ 1o 1772 o Euler &iye ypnopomomoset £&umveg emeEnynoelg Kot SOKIUACTIKEG
Stpéoelc Yoo va omodeifer o0t o 231 —1 = 2147483647 civar mpotog. H
TPOYUATIKT Mpepounvia mpémel vo Nrav petasd e 28ng OxtwPpiov 1752, dtav o
Euler éotetle éva ypappa otov Goldbach Aéyovtag tov mmg NTav aféPfarog yu avtd 1o
voouepo (Tapdro mov To &ixe vopitepa cLUTEPIAGPEL GtV AloTA TOL MG TPDTO
appod), ko tov 1772, 6tav dnuoctevtnke éva ypauua omd tov Euler otov Bernoulli
mov éleye 6TL anédeite mwg o 231 — 1 givon mpdTog Setyvovtag mmg dAot oL TpAOTOL
dwupéteg Tov mpémel va givan gite g popeng 248n + 1 1 g popeng 248n + 63 ko
OTNV GUVEYEWD SPAOVTOS LE OAOVG ALTOVS TOVS TPADTOLG TOV EIvVaL HKPOTEPOL TOV

46339 [Dickson19 pp18-19].

3.7 Johann Lejeune Dirichlet kar apiBuntixéc mpoodor

Onwc eidape, pepikd TOALOVLUA TOPAYOLV ATMEPOVSG TPAOTOVS apBpove. Ta
TapAdEypa, KaODG T0 X datpéyel Toug BeTIKOVS aKeEPUIOVS TO YPUUUIKO TOAVDOVOLLO

2x + 1 dlver 6hovg TOVG TEPLTTOVG aPBROVG Apa divel dmelpovg mpdTovg. Emiong
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KkaBéva and to moAvovoua 4x + 1 kot 4x + 3 moapdyst Anelpovg TPOTOVG oPLOOVG.
Yg éva o1aonpo PipAio pe kamotlo omopvnpovedpoTo mov ekddOnke to 1837, o Johann
Peter Gustav Lejeune Dirichlet (1805-1859) anédei&e o6t1 av a ko b givor Oeticoi
aKképatol Tov gtvol TP®TOL PETAED TOVG, TO MOALMVLMO ax + b divel dnelpovg
TPOTOVS apBovS KabdS to X datpéyxel OAovg Tovg BeTcog akepaiovs. Avtd To
ocvoumépacpa gtvor TAéov Yvootd og 10 Ocpnua tov Dirichlet oty dmopén tov
TPOTOV aplipdV o€ pa dedopévn aptduntikny tpdodo.

Mo va amodeiler avtd to Bedpnuo o Dirichlet mye é€o amd v caipa TV
axepoimV aplOp®V Kot E0Tyoye EpYOAEiD TG OVAAVONG OTTMG TO OPLO KoL 1| GUVEYELD.
Kévovtag 10 avtd épale tic Bdoeic, 6mwg kot o Euler, yia éva kawvodplo kAGdo twv
pofnuotikov mov ovopdaletor Avolvtikny Oewpia ApBudv, oty omoio 10€6eC Kot
péEBodOL TG TPOYUOTIKAG KOl TNG MYOOIKNG OVOALGNG YPNOLUOTO0VVTAL Y10l V.
OVTILETOMTIGTOVV TPOPANUATO LE OKEPAIOVE.

Aev Ntov Yvootd av vdpyet 2% Badpod tolvdvouo ax? + bx + ¢ pe a # 0 10 onoio
TapAyel Amelpovs TpOToug oplfnovs. Qotdco o Dirichlet ypnoponoince T1g duvatéc
AVOALTIKES TOV HEBOSOVE Yo va amodei&el 0Tl av ot a, 2b kat ¢ gival TPOTOL peTagd
tovg 10 molvdvopo 2% Pobuod, dVvo upetofntdv ax? + 2bxy + cy? mopdyet

AmEPOVG TPAOTOVG APOLOVG KAODG TaL X, Y STPEYOVV TOVS BeTIKOVG aKkepaions.

Ewkova 19: Dirichlet

Inuewdvetor T€Aog 0Tt To Ocdpnpo tov Dirichlet dev amattet o1 mpdTotl apBuol ce po
aplOunTikn mpoodo va eivar ovveyouevol. Eivon emiong yvootd oOt1 vmapyovv
avOaipeta peydieg memepoacpéves aplOuNTIKéG TPOOSOL TOV OMOTEAOVVTOL HOVO OO
TPMOTOVS apBpovs, kATl T0 omoio amodeiytnke 1o 2004 amd tovg Ben Green xou

Terence Tao kot etvat yvootd og Osopnua Green-Tao. Me dhlo Aoyia:

Oczaopnua 17 (Green-Tao, 2004): Yrapyovv apiBuntixés mpoodor mpatwv apiBuav ue

k opovg, omov k umopei va eivar omoroconmote mpayuatiog aprGuog.

46



http://en.wikipedia.org/wiki/Ben_J._Green
http://en.wikipedia.org/wiki/Terence_Tao

To Bedpnua avtd dpmg Mrav Bedpnuo Vmapéng kot dev €detyve g Ppickovpe
tét01eg apliunTikéc mpoodovs. Xtig 17 Moiov 2008, ov Wroblewski kot Raanan
Chermoni Bpikav v mpodt yveot aptduntikn 7pdodo 25 tpdtmv aptdumy.
6.171.054.912.382.631 + 366.384 x 223.092.870 X n

omovn = 0,1, ...,24.

>11g 12 Ampidiov 2010, o Benoat Perichon pe Aoyiopikd tov Wroblewski kot Geoff
Reynolds, o€ éva epevvnTikd TPOYPOLLLE KOTOVOUNG TOV TPOTOV aplOpcdv Bpnike v
PO YVOOTN apunTiKn TPO0d0 26 TPOTOV aplOUdV.

43.142.746.595.714.191 + 23.681.770 X 223.092.870 X n

omovn = 0,1,...,25.

3.8 Tomol mapaymwyns Tp@TWY TOL YPHCILOTOIOVY THY

ovvaptnon ‘axéiparo uépog’ (floor function)
To 1947 o William H. Mills dnpocigvoe 10 mopokdtom anotéleoua:
Ocwpnyua 18: Yrdpyer mpoyuoatikos apibuog A téroios wote yia olo oo n = 1,2, ... o
ap10uog

a(n) = [Ag'nj

elvar mparog, omov | x| to axépaio uépog tov x.
O A ovoudletar otabepd Mills. H ypnowdttd g eivon dyvootn, aAld av oydel 1
vobeon Riemann, to A sivar mepimov 1=1,3063778838630806904686144926... Ot
TpOTOL ap1Bpol mov mapdyovror and ovty TV otabepd ovopdlovron Tpwror apibuoi
Mills kot av n vedbeon Riemann givor oAnbng n axorovBia Eexwvael: 2, 11, 1361,
2521008887...
O i-oot6g mpdTOog a(i) pumopel vo LTOAOYIGTEL OC O UIKPOTEPOS TPDTOS optOUdS
ueyoAvtepog and tov a(i — 1)3. T vo eacparicovpe 6TL | 6TPOYyLVAOTOINGT TOV
23", yw n = 1,2, .. tapdyst v akolovdia TV TpOTOV, TPETEL VO IGYVEL 1| VITOBEST
a(i) < (a(i—1) + 1)3. Ta anoteréopata tov Hoheisel-Ingham (padnuotikoi mov
HEAETNGOV TO KEVA TOV TPOTOV oplOudv yopm oto 1930) eyyvdvion 0Tt vdpyet Evog
TP®TOG aplOpdc petalhd S0 OMOIWVONTOTE APKETA peydAmV aplBudv otov KOPo, 1o
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omoio etvar emopkég Yo vo amodeifovpe avt TV 166TNTO 0V EEKIVIGOVE Omtd Eva
apKeT peydro mpmto apbud a(l). EmmAiéov n Ynobeon Riemann cvverndyston Oti
VILAPYEL VOGS TPAOTOS APLOUOC OVAIEGH GE OTOLOVGONTOTE dVO S1AOOYIKOVS OPLOLOVGS
oTOV KUP0, EMTPEMOVTAG LOG VO APAULPECOVIE OVTH TNV OPKETE PEYEAN TpoiTdBeon
Ko 1 axohovbio tov mpdTwy aptbudv Mills vo. Egxvae pe a(1) = 2.

Méypt topa 0 peyordtepoc tpdtog apBuoc Mills (vd v Yro0eon Riemann) givon

(¢}
(22 +3)* +30)° + 6)* + 80)° + 12)* + 450)3 + 894)3 + 3636)°
+ 70756)3 + 97220
mov £xel 20562 ymoio.

Me 10ov voAoyopd g axorovBiog tov mphtwv apBumdv Mills pmopel kovelg va
npooceyyicel v otofepd Mills mg:

1
A=~ a(n)3™

Ot Caldwell & Cheng [Caldwell & Cheng 2005] ypnoipomoincav ovty mv pébodo
vy va vrohoyicovv oyxeddv 7000 ymoeia ™c otabepdg Mills pe v mapadoyn Ot
oyveL n vedbeon Riemann.

O mopomdve TOTOg TOPdyEL TPDOTOLS OPLOUOVS AALAL dEV TOVG TaPAYEL OAOVS KL £TGL
dev €yel kapio mpoktikn oio, yotl yvopilovpue mold Alyo mpdypoto yU' ovthy thv
otafepd (dev yvmpilovpe ovte av eivon pntog apdpog [Finch 2003]) ko dev vrdpyet
YVOGTOG TPOTOG VTOAOYIGHOV NG YWPIS Va Exovpe Bpel TpOTA TPMOTOLS 0plBLovC.
21 ovvéyxeln akohovdnoe o Gelpd amd TOTOVG TETOVL £idovs. Ouwe O ot To
OOTEAEGULATO KATEL OV [0 TOpOUOLa 1010TNTO: O OPIGUOS TOVG NTAV KAAOG, AL M

amdOEEN TOVS oYONTEVTIKN. AN Eva TETO0 YVOGTO Bedpnua eivorl 1o TapaKdTo:

Ozapnua 19 (E. M. Wright 1951, Ribenboim 1996): Yzdpyer mpayuotioc aprOuog

w = 19287800 g wote yia  olo o0 n=12,... o opiBuog

-

eival mpwto¢ apiduog, owov n o apiduog v 2.

Téco 0 aptOpuoc [A3nJ 0G0 Ko 0 apOpog

Z(U
2% ‘ yio n =4 peyoldvovv tOc0 paydaion wov ypetdleton va yvopilovpe pe
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eCapeTikn axpifeta v Ty T@V otabepdv A Kul w dote vo emtevydel To cmOTO

OTOTEALEG 0L, KOL TO, OTOTEAEGLLOTA Y10 N = 5 €lval OVGLOGTIKG L] VTOAOYIGLAL.

To Bacikd HEOVEKTNHO QVTOV TOV TOT®V €ival OTL ATOTVLYYEVOLY VA ATOdMGOVY Uia
péBodo Yo va maipvou e Kovovplovg TpAOTOLS optOLovGS, aPov Y10 VO, VITOAOYIGOVLE
évav mpdto apliud wpénel va yvopilovpe T1g otabepéc A ko w pe emapkn akpifeta.
E&dAhov avtol ot tOmol dev pixvouv kaBOAOL QMG OTIS WOTNTEG TOV TPOTOV
aplOpOV.

AMAOG €vOg oNUOVTIKOG TOTOG 7oL €miong ypNolonotel TV cuvdptnon ‘aképato
uépog’ dnpoactentnke to 1964 and tov Willans kot £xet og e&ng:

"Eyovpe p,, t0v n-0610 Tpdto apifuod kai [x| tnv cuvaptnon aképaio uépog. And 1o

(x—1)'+1
x

Oesopnuo Wilson éyovpue: aképato ywo. x = 1 mpwroc aptbuds, olld

KAGGUa Yoo X = oUVvBeTog. Oempolue TV GuVApPTHON

F(x) = ICOSZ nw| — {LVWX = 1, TpwTog

X 0, ywxx = aVvOetog

‘Eneton 6t av w(m) dnhavel tov aplfud tov tpotov < m, tote

m(m) = -1 + Z F(x).
x=1

Oewpodue A, (a) = ln/ﬁj ywn =12, ..k a =012, ... Avtqn covaptnon et
T1¢ 1010tN1eg A (@) = Lyta a <n xou A, (@) = 0,yte a = n (yti av @ < n 101¢

n , n n , n ,
l1<—<nxumétorl < /—Sn\/n<2Ka1ava2nrorso<—<1K(x18t01
1+a 1+a 1+«

0<”/i<1).
1+a

()G €K TOVTOL TOIPVOVLLE TOV TUTO:

N
pa=1+4 ) Ay(m(m))
m=1

6mov N kdBe apkovvtog ueydrog oképatog (N = 2™ apkel apod p, < 2™ ya 6Aa o
n).

O tomog TANPp®S Ypoppévog givat:
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n ” 1
Pn=1+2 W(Z [coszn¢|>
m=1 x=1

IMa mopdoerypa

ps = 1+ As(n(1)) + As(m(2)) + - + As(w(10)) + As(m(11)) + - + As5(m(32))
=1+14+1+--+14+0+--+0=11

[Willans 1964; Havil 2003, pp. 168-169].

Me 10 mépacpa TV xpovev moArol covdaiot padnpatikoi fprikay apkeTovs THTOVG
OV TOPAyoVV TPOTOVE aplBuovg. Evdewtikd avagépovpe tovg: Ernvall (1975),
Regimbal (1975), IMomadnuntpiov (1975), Ruiz (2004), Rowland (2008) mov
dnpocigvcay mo mTpdSPATO HEPIKOVS OO TOVS TO CNUOVTIKOVS THovS. Qotdc0o, Ha
TPEMEL Kot TIAL v, TOVIoTEL 6Tl avTOoi o1 TOTOL givart eENPETIKA OVATOTEAEGLOTIKOL KO
o€ MOAMEG (av Oyl OAEC) TIC MEPMTMOELS, EKTEAMVTOC OMAMG €vo KooKiviouo Oo

TaipvapEe TPOTOVG 0PlOOVS TOAD O YPIYOPO KO OTTOTEAEG LLOTIKAL.
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Mepixa axoun divta mpofiijuara TpaTWV

ap1Buav

Yndpyovov oaxdépo mOAAG avamdvinta  epotiuato  (Lepkd omd To.  omoio

YPOVOLOYOUVTOL EKATOVTAOEG YPOVIOL TPV) GYETIKA WE TOVS TPADTOLS OPLOLOVG.

Mepucd divta TpoPfAnuata mopotifevion mopoKaTom:

1.

Ynrdpyet Cuyog apBpdc >2 mov va unv ekepaletor g dfpotsa dV0 TEPITTMOV
npotov aplBuov; (Ewaoia tov Goldbach)

Ynrdpyovv dmepot didvpor mpmdtol opduoi; (dvo mpdTol apuol p,q
Kolovvtat didvpol TpdTotav g = p + 2)

Ynrdpyer Cuyog apOudg >2 mov va unv ekepdletor ®g dopopd dVO TPMOTMV
apoumv;

Ynrdpyovv drepotl mpdrot ‘apiBuoi Mersenne’;

Ynrdpyovv drepot ‘mpadrot apdpoi tov Fermat’;

Yrépyovv dmepot mpdTor apduoi g popehg x2 + 1, émov x axépoiog;
(efvon Yvoo16 OTL LILAPYOVV GTEPOL TPMOTOL TS MopPHC X2 + y2 + 1 kot Tng
popeng x? + y* + z% + 1)

Yrépyovv dneipor tpdrotl T popeng x2 + k (k yvootd);

Yrépyet mévra Tovddyiotov évag tpdTog aptduoc petald Tov n? ko (n + 1)2
v KaBe axépato n = 1; (to yeyovdg OTL vIApYEL TAVTA TPAOTOS OoPOUdS
peta&d Tov n kot 2n givor n Ewaoia tov Bertrand mov €yet amodetytel and tov

Chebyshev).
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10.

11.

12.
13.

14.

15.

16.

Yrépyet méva tovAdyiotov évag mpdTog aptdudc petald tov n? ko n? +n
v KGO axépato n > 1,

Yrhpyovv amelpot mpdTOl TOV OMoimV OAa T ymoio va sivor 1; (yo
TapadEy Lo dvo TETO101 TPAOTOL etvan ol 11 Ko
11.111.111.111.111.111.111.1112).

Yndpyovv dmepor mpdTOl ™G Hopeng n#H + 1 ko n# — 1; (6mov n# 1o
YWOLEVO OAOV TOV TPOT®V oplOpmv < n).

Yndpyovv drepor tpdrot apBpoi g popeng n! + 1 ko n! — 1;

[Mepiéyer m axorovBia Fibonacci (tng omoiog kdbe Opog mpokvmTEL amd TO
dBpowopa Tov dvo mponyovuevev: 1,1,2,3,5,8,13,...) damepovg mpmTOUG
ap1Opovg;

Yrdpyer apOuntiky] mpoodog pe d1doyIkovs mTpmdTovg aptfuovs yioo Kabe
TEMEPACUEVO UNKOG aTNG; (Yoo Tapdostypa 1 akolovBio: 251,257,263,269
€xel uNKoG 4 Kol To PHEYAADTEPO YVMOGTO Topadetypo &yt prxog 10).

Yrhpyovv dmelpo GOVOAL TPLOV SOO0YIKOV TPOTOV OPOUdV GE oplOunTIKY
TPG0d0; (1oyHEL Yo U 010 00Y1KOVG TPAOTOVS 0plOong).

To molvdvopo n? —n+ 41 Sivet mpodtovg Yo 0 <n < 40. Ymépyovv
dnepotl tétolot mpmror apuoi; To S0 epdnua 1oyvel Kat Yo 10 n? —

791 + 1601 mov diver tpodtovg yio 0 < n < 79.

21 ovvéyeta o cuintioovpe ta 600 TPMTA OO T TAPATAVEO TPOPAT LT

4.1 H Eixacia tov Goldbach

‘Eva, and ta. molowodtepa oAAd Kot Onpo@iléotepa GAvTo TpoPAnuata g Bewpiog

apBudv givar owtd mov givar yvootrd og n ‘Ewacia tov Goldbach’. O Christian

Goldbach (1690-1764) nMtav évog peydhog Ieppovog pobnuatikdg mov cuyva

OAANAOYPOPOVCE PE GAAOVG LOOMUATIKOVG TNG ETOYNG TOV Y10 TIG HOONUATIKES TOV

avnovyies. Xtig 7 lovviov 1742, éypaye éva ypaupa otov Leonhard Euler oto onoio

dwtdnwaoe TV e€Ng ewkocio:

«K a0 axéparog mov pmopet va ypaptel g to Gfpoicpa 600 TpdT®V apumy, propel

va ypaTtel emiong og dBpoioua 6wV TpaTev aplfumy 0ELel Kavelg, Ewg dtov OAot o1

Opot va etvar Lovadec.»

[Ipdteve Emetta pa devTEPT €1KAGI0 6TO TEPOMDPLO TNG EMGTOANG TOV:
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«Kdabe axépatog peyardtepog tov 2 pmopel va ypaptel g dOpoicua TPV TPAOTOV
aplOpodv.»

Oeopnoe PéPoare 10 1 ¢ mpodTo 0plBud, Mo wopadoyn mov  apydTEP
eykatoreipOnie. Ot V0 avtég ewacieg TAEov Bempodviat 1IGodVVANES, OAAG aVTO dev
eoaivetan va rav (mua tote. O Euler andvinoe pe ypaupo tov otig 30 Iovviov 1742
ko OOpoe otov Goldbach pa molodtepn ocvlntnon tovg oty omoioe o Goldbach

elye Béoel v apykn ewacio Tov.

Y10 id0 ypauua o Euler dniwoe ot «Kabe aptiog axépaiog eivar dBpotopa 500
npOtwv. To Bewpd éva amdivta ciyovpo kot oAokAnpopévo Bedpnua av Kot dgv

LITOP® VoL TO amodeim.»
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Ewkova 20: To ypapupa and tov Goldbach npog tov Euler
H onpepvn dwotvmoon g ‘ewaciog tov Goldbach’ sivar n eéng:

Eixacia tov Goldbach: Kafe dptioc axépaiog ueyoarvtepog tov 2 umopei va exppootei

¢ 10 abpoiaia 000 TPWOTWY apIBUMV.
Kou oe avoivtin popon:
vn € N, ((n >2)A(n é(pﬂog)) = Ap,q EP:n=p+q).

Mo pikpodeg dptovg apBpodc emaAnBedetor e0KoAa 1M 1GY0C NG EKAGIOG TOL

Goldbach, ywr mopaderypo 6=3+3, 8=5+3, 10=7+3=5+5, 12=7+5, 14=11+3=7+7, ...
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Agv givar OpOC YvmoTo

LEYOADTEPOVG TOL 4.

23

17
19

11
13

 §

5

3406 3

60

8 o

l0c 0o

12 o

140 o

16 o o
13 o ©

20 o o
220 o o
24 o o o

[52=5 447,52 =11 +41,
54=7+47, 54 =1
(56 =3 +33, 536 =13 +43,
{58 =5 +53, 58 =11 +47,

(60 =7 +53, 60 =13 +47, 60 =17 + 43, 60 =19 +

52=23 +29]

L 54 =13 +41, 54=17 +37,

36 =19 +37)
SE=1T +4l, 58 =20 +29)

av M ewaocio 1oydEL Yoo OAOVG TOVG APTIOVG 0PLBLOVS TOVG

34 =23 431}

41, 60 =23 + 37,

distribution of the number of representations

2600 o o
28 o el

TE F 10 M4 16 1820 2234 26 2330 32 2436 35 40 82 44 46 48 50 52 54 56 39 60

Awaypappa 3: Nwg ypadovrat ot apiBpoi 4-28 Awaypoppa 4: O aplBpog TWV TPOTWV IOV £VaG APTLOG
WG GBPOLOHA 5U0 TPGTWY APLOUGDV. Wropei va tapaotaBei wg to 4Bpolopa 2 MPRTwWV.

2y Bewpia aptOpmv Spmg axope Kot 1 ETaAN0guon HEPIKOVY YIMAd®V TEPUTTOCEDY
dev gtvar apket amddeEn v va meicel Tovg pobnpoTikods Tmg Katt mbavov gival
aAnbwo. Ta mopddetypo, OAor ot mepirtol mpmtor apBuol ywpilovror o dvo
Katnyopieg, awtovg TG pHopeng 4n + 1 kot avtovg g popeng 4n + 3. Otovue
1 (x) 6lovg tovg mpdtoug < x g popeng 4n + 1 kan 5 (x) g popeng 4n + 3.
Eivor yvootd 61t vmdpyovv dmepotr mpwrtor opbuoi kot tewv dvo tHmwv. And
VIOAOYIGHOVG Ppébnke OtL 1 (x) < m3(x) Y 6Aa ta x < 26861. Ouwg 10 1957 o
Bpetavog poOnupaticog J.Leech (1926-1992) Bprke otL yioo x = 26861 £yovue
m(x) = 1473 xon 5(x) = 1472, dpa £dd N avicwon woydel ovtictpoga. To 1914 o
emiong Bpetavog pabnuotikog J.Littlewood (1885-1977) eixe omodeifer mwg M
avicowon oty ovietpéeetor de€ld-oplotepd aneipwg cvyvd. Avtd onuoaivel Ot
VIaPYOLV GmEpo. x Yo Ta omoia mq(x) < m3(x) xabhg emiong Ko dmepa x Yo T
onoia 3(x) < 71 (x). Ot ekooieg o Tovg TPOTOVG APBUOVG Aowdv pumopel va givat
E0QUALEVEG OKOLOL KO 0V ETAANOEVOVTOL VTTOAOYIGTIKA Y10 YIALAOES TEPUTTAOGELS!

Me vrmoloyiopovc mn ewacio tov Goldbach éyet emaAinbevtel yio émg ko wOAD
ueydiovg apibuovg. To 1938 o Nils Pipping enaAnfevoe v sikoaocio pe ko6mo yia
n < 10% Mg v élevon TV LIOAOYIGTOV TOM) TEPIoGOTEPOL apduol Exovv

eheyybel. O T. Oliveira e Silva extelel o katoaveunuévn épguva Tov  EYEl

emoAn0gvoel Ty ekacia yion < 1609 x 1018,

Ot vroloyiopol Qaivovtol avoALTIKOTEPO GTOV TOPOKAT® TIVOKO KOl TO TOPUKATO

SwypdppoTo:
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Eheyyogyon < - myn
1x 10* Desboves 1885
1x10° Pipping 1938
1x108 Stein and Stein 1965
2 x 1010 Granville et al. 1989
4 x 1011 Sinisalo 1993
1x 101 Deshouillers et al. 1998
4 x 1014 Richstein 1999, 2001
2 x 10%° Oliveira e Silva (Mar. 24, 2003)
6 x 10'° Oliveira e Silva (Oct. 3, 2003)
2 x 10%7 Oliveira e Silva (Feb. 5, 2005)
3 x 107 Oliveira e Silva (Dec. 30, 2005)
12 x 10%7 Oliveira e Silva (Jul. 14, 2008)

Nivakag 6: AKEpatot MEXPL TOUG oTtoioug £XeL eAeyxBei n elkacia tou Goldbach.
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w0 A &4 0 M WO BN W WA Gypappa5:4 <n < 1000

o]

[-]

] fmaley  Feedd  Jeald  deald  Soeld  deeld Tawll Eredd  Bauld ""“AldvpauudG.‘lSnS 1000000

Eneidn Aowmdv ot vmoloyispoi dev  amotedovv  amddelln, ot poabnpotikoi
YPNGLOTO0VV KoL Evav GALO TPOTO Yo va. GLAAEEOVY GTotKEla Yo TNV aAnBela piog
ewaciag. Avtd yivetor amodeikvbovtag dAlo Bempnuota TapOUolo [LE TNV EKOGIO.
INo mapdderypo to 1930 o Pdooc pabnpotikoc Schnirelmann (1905-1938) £deiée ot
vrapyel apBpog M tétolog dote kdbe apBudg n and kdmoo onueio ko Emeita
eovtot pe to dfpotopo M 1 Mydtepmv mpdtwv oplumy.
n=p+p;+-+pu

(Yo apkoOVImG peydio n).

Av yvopilape mog M = 2 yia 6A0vg Tou¢ dpTiovg n, avtd Bo amodeikvue TV eKocio
tov Goldbach ya 6lovg tovg peydrovg n. To 1956 o Kiwvélog pabnuatikog Yin Wen-
Lin anédei&e 01t M < 18. Avtd onuaivel tmg Kabe aptOpog n and kdmolo onueio Kot
émeiro woovtal e to dBpowopa 18 N Myotepwv mpodtwv apudv. To mo yvootd kot
o TPOcPaTo amotélecpo, Paciopévo oto Bedpnua tov Schnirelmann ogeileton
otov Ramaré Olivier, o omoiog 10 1995 é6e1&e 0T1 K4Be {uydc apBudc n = 4 givan

GOpoiopa o moAD 6 mpdtev apBudv. H anddeién tov Schnirelmann Oswpeiton éva
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yuyévtio Prpae mpog v anddeln g ewaciog tov Goldbach. 'Hrav n povadwn
TPOYUATIKT) TPO0OOG oL £yve Yo 200 ypdvia.
Mia moAd kovtvotepn TpocEyyion Tpog Ty Abon g ekaciog tov Goldbach éywe to
1937 and évav dGAro Pdco pabnuatiko I. M. Vinogradoff (1891-1983) mov anédeiée
O0TL amd kdmowo onueio ko €merto Kébe mep1ttOg 0plOUOC 1GoVTUL e TO AOPOIGHA
POV TPOTOV OPOUDV:

n=p; +p, + p;, (nmepLrTds, ApkolvTwe ueydlog)
Méypt kot onpepa owtd givat To mo dvvatd ototyeio vVEp ¢ kaciog Tov Goldbach.
Eivar gdkolo va amodei&ovpe 011 10 Osdpnuo tov Vinogradoff eivor cvvénelo g
ewaoctog tov Goldbach. Aniadn av n ewacio tov Goldbach eivoar aAnOng eivon
€0KoAo va cvunepdvouvpe to Bedpnua tov Vinogradoff. To peydrio katdopbwua tov
Vinogradoff Mrav 6t katdeepe va omodeier 1o Bedpnud TOL YOPIG VO
ypnoonomoel Ty ekacio tov Goldbach. Avetuymg kavévag dev éxel Katapépet vo
T0 JOVAEYEL 0O TV GAAN pepld Kot va amodei&el tnv ewkacio Tov Goldbach amd to
Bedpnua tov Vinogradoff. Xpnowomoidvrog ™ péBodo tov Vinogradoff, ot
nabnuatikoi Chudakov (1904-1986), Van der Corput (1890-1975), kot Estermann
(1902-1991) édei&av 6Tl oYEdOV OAOL Ol ApTioL aplduoil HTOPOLV Vo YPAPOVYV MG TO
dBpotopa 600 TPOTOV APBUDOV.
AXho éva otoyeio vrép g ekaciog tov Goldbach Bpébnke to 1948 amd tov Ovyypo
podnpotikd Alfred Renyi (1921-1970) mov amédeiée 0t vdapyel opOpog M tétotog
MoTe KdOe apKoOLVTOG HeYAAOS ApTiog aptBpdc n va pmopel va ypapel ¢ aBpoicua
evog TpmTOL P10l Kol evog dALOL aplBpod A mov €xel To TOAD M O10pOopETIKOVG
TPAOTOVG TAPAYOVTEC:

n =p + A, n weplrtodc, apkoVVTWG UeY ALOG.

Av yvopilape 61t M = 1, t61¢ M ewcooia tov Goldbach 6o ftav aAndng yo dhovg
TOVG apkoOVTMG peydlovg n. To 1965 ot A. A. Buhstab xaw A. I. Vinogradov
amédetéov 0Tt M <3 kar to 1966 o Chen Jingrun (1933-1996) anédeiée
ypnopomolmvtag Tig peBddovg g ‘Ocmpiag Tov KooKwviopatog’ 6Tt M < 2.
To 1975 ot Hugh Montgomery kot Robert Charles Vaughan é&dei&av 6t ot
neplocdTEPOL  GpTiol  ekepaloviar ®g To dBpowcpo  OVO0 TPOT®V  oplOUdV.
AxpBéotepa, £de1&av OtL vapyovy Betikég otabepés ¢ kot € TéToleg MGTE Yo GAOVG

TOVG OPKOVVIMG HEYAAOVG aplfpove n, kdbe PTIog apOUog KPOTEPOS TOV N glval
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G0poiopa dvo mpdTOV apdudV e T0 TOAD Cnl™C empéoeic. Tvykekpiuévo To
oUVOAO TV APTIOV okeEPOimV Tov dev elvar dBpotoua dVo TPOTOV aplBudy £xet
mokvotnta 0.

Onwg Kot pe ToOAAEG GALEC doNUES €IKAGTIES GTO, LAOMUATIKE, VTAPYOVY Lo GEPE
amd Mbev amodeifelg g ewaoiag tov Goldbach, oArd kopia dev eivor amodektn amod

TNV LoOMUOTIKY KOWOTNTO.

4.2 Aidovuor mpwror apiBuoi

Opiauog 9: Aiovuor mpwror opiBuoi Karobvtotl To (EVYN TPOTOV aplOUOV TG LOPPNG

(p.p +2).

O 06pog ‘didvpot mpmtor’ emvoridnke amd tov 'eppovd pabnuotikd Paul Stackel
(1862-1919) [Tietze 1965, p. 19]. Mepikoi amd TOVG TPAOTOVS SIGVLHOVE TPATOVE
ap1Bpovg tvon ot:

(3,5),(5,7),(11,13),(17,19),(29,31), (41,43), (59,61), (71,73),(101,103), (107,109), ...
[Sloane's A001359, A006512].

O1 didvpot TpdTol améEYovy 660 TO SVVATOV AYOTEPO YIVETOL VO OTEYOLV Ol TPAOTOL
apBpoi. Kdébe tpitog mepirtdc apBuog eivar moArlamidsto tov 3 kot YU avtd dgv
VILAPYOLVY TPELS 01000y KoL TTEPITTOL 0plBol TOV Vo Elval TPDTOL EKTOG KO OV O £VOG
and avtovg givar o 3. Qg ek TovTov, 0 5 givor 0 povadkdg TPp®TOg TOL PpioKeTal G
dvo (evyn didvpwv tpdtev apBumyv. Extoc and to mpdto {edyog didvpwv mpdTmv
apluav, o apBuds avdpeso o kabe (evyog didvuwV TPOT®V givol TOAAATAAGLO TOV
6. Apo. 6Aot ot didvuol TpdTol apBuoi ektdg tov (evyoug (3,5) eivor Tng popeng:
6n+1.
To gpodMua av veapyovv dnelpot didvpot TpdTol apdpoi vanpée éva axdpa omd To

peyaAo avoiktd (ntuata oty Osmpio ApOUdV Yoo ToAAA xpdvia.

Eixacio_twv idvuwy apatwy: Yrdpyovv dreipol mpatol opifuol p t€toiol wate o

p + 2 va givar emiong mpwros ap1Oudg.

To 1849 o I'dAhog pabnuotikdc Alphonse de Polignac (1817-1890) éxave v mio
yevikf eikacio 0Tt yio kiOe euokd apdud k vrdpyovv dnepa (evydplo p kot p’
této100 wote p' — p = 2k. H nepintowon k = 1 givar ) eikacio tov didvponv tpdtomv

aplBudv. Mia duvatdtepn Hopen TG KOGIOG TV SIOVUOV TPOT®V aplBpdV glval M
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ewaocio tov padnpotikov Hardy ko Littlewood mov amottel évov vopo Katavoung
TOV SIOVLOV TPOTOV apOUOV TAPOUO10 e TO Be®PNUO TOV TPOTOV aplOuUdV.

‘Eva onpovtikd amotélecpa yio Toug Tp®@Tous aptfodc NTov To mopokdtom omd Tov

Noppnyo podnpotiké Viggo Brun (1885-1978).

Ocopnua 20 (Oeopyua Brun, 1919): O apifuds mov mpokvmrer omo v mpocleon

TV AVTIGTPOPWYV TWV TEPITIMV OLODUMY TPATWV aplOumy,

B=(5+g)+(s+5)+ () * (5tgg)*

- \3°'5/°\5 7/ \11 13 17 19/
OVYKAIVEL O€ EVaV GUYKEKPIUEVO apLOUO.

O ap1Budc avtdg mov Exel ovouaotel arabepa tov Brun ek@palel TV omavioTnTo TOV

didvpmV TPOTOV, aKOUO Kol oV VIAPYovV dmelpol omd avtovg. [Ribenboim 1996,

p. 201]

Oewpodue T, (n) tov apdpd tov (evydv didvunv TPOTOV p Kol p + 2 T£T010 HOTE
p < n. Aev givol yvooto av vadpyovv drepot tétotol Tpmtot apibpoi [Wells 1986, p.
41; Shanks 1993], aALd eaivetor oyedov BéPato Ot eivar aandewo [Hardy and Wright
1979, p. 5].

O Brun amédeiée 6t vadpyel vworoyiciun otafepd xgy TETOWL DCTE OV X = Xg, TOTE

100x
(Inx)2

my(x) < [Ribenboim 1996, p. 261].

"Exet derytet ot

1 Inl
’““><Crﬁl‘@_lyhmiy“+0<1131

p>2

TO OTO{0 YPAPETOL TTLO GUVOTTIKAL:

Inlnx

[1+ 07—

X
m,(x) < cll, W

omov I1, otabepd, yvwot| og arabepd twv dlovumy TpaTwy optBuay Kol ¢ puio GAAN
otafepa.

Ot Hardy «ou Littlewood (1923) édei&av 611 ¢ = 2 [Ribenboim 1996, p. 262] ka1 61t
1, (x)~211, | Zx li—i. Avti ) eiacio AEyetal dovaty E1Kaoio TV OIODUDY TPDTOV.

Ytg 15 Tavovapiov 2007 00 SAPOPETIKA VTOAOYIGTIKA TPOYPAUUATe, TO Twin

Prime Search kot to PrimeGrid, Bpnkav 1o peyaAdtepo yvootd (evyog didvpmv

tpdTov  opdudv: 2003663613 x 2195000 + 1 e 58711 yneio o kaBévoc.
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AvakoloeOnkav and tov ['dAho Eric Vautier. Ztic 6 Avyovotov 2009 ta 600 ovtd
TPOYPALLATO avoKotveacay 0Tt éva vEo pekdp didvpwv Tpdtev aplBudv siye Bpedet:
65516468355 x 2333333 + 1 g 100355 ynoia. g 25 Askéufpn tov 2011 10
npdypappe PrimeGrid avokoivwoe 6tt éva akdun pekop Odvpwv TPOTOV iy
Bpedei: 3756801695685 x 2606669 + 1 e 200700 ymoio. Kor 1 avelitnon

ocvveyiletar.

60




Eniloyoc

O emayyeAipatiog padnuoticog Eiketat and v Ocwpia ApOumv egottiog Tov TpdTOL
pe tov omoio pmopovv va ypnoipomomnBodv OAa To OMAQ TV  GLYYXPOVOV
LOOMNUOTIKOV Y10, VO OVTILETOTIGTOVV To TPOPAUATE TNG. TNV TPOyUATIKOTNTO,
TOALG onNUavTIKE TopakAdolr Tov padnuotikeov ovv v pila Toug oty Ocwpio
ApOuov. INa mapdaderypo o1 TpdTEC TPOoTAOELES Y10 VO, 0odEL TEL TO BeDpno TOV
TpOTOV  oplBudv  mopakivnoav v avdmtuén e Bswpiloag TV pyadiKodv
ovvaptioewv. Ot mpoomdbeieg yoo va oamoderytel mog pia Aoeavtiky e&icoon
X"+ y" =2z" dev éyxel un tetpyupévn Aon ywo n = 3 (Eweesio tov Fermat),
odnynoav otnv avantuén g Aryefpikng Ocwpiog ApOuav, piog omd Tic o evepyés
TEPLOYES NG €peuvag TV poviépvav podnuatikav. [opdrio mov 1 ewacio tov
Fermat ntav péypt mpoOTIVOg aUEIGRNTOVUEVT], OLTO PUIVOTOV OGTLLOVTO EV GLYKPIGEL
HE TNV GLVIPUTTIKY] TOGOHTNTO TOAVTIL®V HOONUATIKGOV oL lyav onuovpyndel wg
OTOTEAECLLO. EPEVVOV Y10, VTNV TNV ekacio. H swoacio amodelydnke 1o 1995 and tov

Andrew Wiles pali ko pe tov Richard Taylor.

Yrdpyovv exatovtddeg dAvto mpoPAnuata omv Oswpia AplBuadv. Koawvovpla
TPOPANUOTA TPOKVTTOVV YPNYOPOTEPD O’ OTL ADVOVTOL TO TOAMATEPD, TOAAL Omd TOL
omoio, pé€vouv dAvta yuo owdveg. Onwg o pabnuotkog Sierpinski (1882-1969) eine
KATOTE: «...1 TPOOAOC TNG YVAOONS UOG WG TPOG TOVG aplfodg eedMocetal Oyt povo
and avutd mov NoN yvopilovpe yia avTovS, OAAG amd TO OTL GLVEWONTOTOOVUE Tl

axoun dev yvopifovpe Yy’ ovtove.»
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