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Synopsis  
 
 
The understanding of the fluid motion, especially the rotational flows, is of fundamental im-
portance in the understanding of a large number of interesting phenomena. A pivotal point in 
the formulation of any flow phenomenon is the underlying description of the fluid kinematics. 
Historically, the movement of the fluid is described either through the “positioning” of the fluid 
in space and time, inside the flow field, or in terms of infinitesimal masses of fluid (fluid parcels) 
identified uniquely by an identifier (label) at some labeling time. Nevertheless, these two de-
scriptions of the flow must both be considered in order to completely describe the flow of fluid. 
The derivation of equations, governing the flow of the fluid, through the variational principles, 
highlights these considerations since, for the appropriate constraints to be applied on an action 
functional in the Eulerian description, the Lagrangian description of the flow must also be con-
sidered. Through the Herivel-Lin approach, an almost universally acceptable approach was es-
tablished, considering as constraints, applied on the Eulerian action functional, the conservation 
of mass, as well as the conservation of the parcels’ labels, which directly stems from the La-
grangian description. 
 

Following Rylov’s perspective, we approach the formulation of these constraints in accordance 
with the Herivel-Lin approach but making an effort to state the exact nature of the constraints 
taking into account only the necessary considerations for their validity. Since the Herivel-Lin 
approach assumes a bijective and sufficiently smooth point transformation exists between the 
Lagrangian and the Eulerian description of the flow, we conducted a thorough study of the 
mathematical structure of the Jacobian determinant generated by such mappings that allow for 
the aforementioned descriptions of the flow to exist compatibly with respect to each other. We, 
further, established identities originating from the application of derivative operators (partial 
and total) on the structure of the determinant expressing such mappings. We then established a 
Lagrangian time-like variable, accounting for the passage of time through the successive states 
of the individual parcels of the fluid, in order to ensure that, throughout their motion, the fluid 
parcels are uniquely identified by a specific label, conserved throughout the course of the flow. 
Under these considerations and through the use of 4-vectors, we proceeded to construct an ex-
pression for the 4-momentum vector in terms of the derivatives of the determinants generated 
by mappings between the Eulerian and the Lagrangian spatio-temporal variables. We then pro-
ceeded to demonstrate that, since the aforementioned expression of the 4-momentum is derived 
from the consideration of mappings that allow for both descriptions of the fluid to be stated 
compatibly, the 4-momentum in terms of the Jacobian determinant identically satisfies the con-
servation of mass as well as the conservation of the parcels’ labels (both of which constitute the 
constraints applied to the action functional in the Herivel-Lin approach). 
 

We then conduct a variational study, over a constrained action functional using the aforemen-
tioned expressions for the 4-momentum as a constraint, by means of Lagrange multipliers. The 
constraints on the 4-momentum are expressed through the Jacobian, generated by the transfor-
mations from the Eulerian to the Lagrangian spatio-temporal variables. A first set of dynamic 
equations is, thus, derived from the variational study. 
 

Making use of the aforementioned set of dynamic equations, the Lagrange multipliers concern-
ing the constraint over the 4-momentum field are then integrated out, providing explicit forms 
for the Lagrange multipliers. Using these expressions a modified action functional is con-
structed. We then proceeded to conduct an additional variational study over the second form of 
the constrained action functional resulting in a set of dynamic equations that includes a gener-
alized Clebsch representation of the velocity field, the continuity equation as well as an 
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equation, governing the evolution of the field of the parcels’ labels. A survey is finally carried 
out, with the aim of interpreting the physical meaning of the dynamic equations derived from 
the variations of the action functional, leading to results, indicating that, in rotational flows, the 
phenomena taking place inside the flow field are more complex, as an additional undefined 
function arises from the dynamic equation describing the evolution of the field of the parcels’ 
labels throughout the course of the flow. 
 

Nevertheless, we demonstrate that, regardless of the values of the undefined function, Euler’s 
equations of fluid motion can be derived from the set of dynamic equations produced from the 
variational study of the constrained action functional and as such, the undefined function ex-
presses a gauge symmetry, rendering the evolution of the field of the parcel labels dynamically 
indeterminate. 
 
 
Keywords: Jacobian determinants; determinant derivatives; 4-momentum; Hamilton’s Prin-
ciple; variational principles; constrained action functional; Clebsch representation; conserva-
tion of parcels’ labels; Euler’s equations, gauge symmetry. 
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                                                    Chapter 1 
 
 
Introduction 
 
 
Fluid hydrodynamics constitutes one of the richest areas of classical physics, balancing 
mathematical elegance along with profound practical significance. To this day, the accurate 
description of flow phenomena constitutes a central domain of challenge in various general 
scientific areas, such as physics, mathematics as well as engineering. At the center of this 
domain lies the fundamental question of how to accurately describe and analyze the motion of 
the fluid. Throughout history, there have been two fundamental viewpoints used to describe the 
flow. The Lagrangian description (material point of view), established in 1755 by J. L. Lagrange 
in his monumental work “Mécanique analytique” (Lagrange, 1788) tracking the motion of the 
fluid along the trajectories of sufficiently small masses of the fluid (fluid parcels), and the 
Eulerian description (field point of view) credited to Leonhard Euler through his work 
“Principes généraux du mouvement des fluides” (Euler, 1757) observing the flow through fixed 
positions inside the flow field, with the characteristic quantities of the flow introduced as field 
variables, functions of the positions inside the flow field and the time (Batchelor, 2000). In the 
19th century, Rudolf A. Clebsch (Clebsch, 1857) (and afterwords in 1859 (Clebsch, 1859)) was 
the first to introduce a decomposition of the velocity field in terms of scalar potential functions, 
in what has been established as the Clebsch representation. Hermann von Helmholtz 
(Helmholtz, 1858) was the first to systematically introduce a general formulation of the vorticity 
theorems alongside the theorems concerning the movement of vortex lines, the conservation of 
the circulation and the theorem concerning the continuity of vortex tubes. Nearly a decade after 
the works of Helmholtz (Helmholtz, 1858), his results were generalized by Kelvin (Thomson, 
1868). Kelvin (Thomson, 1868) alongside Gustav Kirkhoff (Kirkhoff, 1876) where, in fact, the 
first to pave the way for a first Hamiltonian formulation of ideal fluid flows, with Hassan Aref 
stating that Kirkhoff’s “equations of point-vortex motion in the unbounded plane define a 
Hamiltonian dynamical system” (Aref, 1983). 
 

The effort to derive the equations governing the fluid motion from the application of the 
variational principles on the fluid flow, considered as a mechanical system, was met with an 
intrinsic difficulty, puzzling the scientific community, which became known as the variational 
controversy concerning the possibility of the derivation of Euler’s equations for the flow of an 
ideal (inviscid) fluid, by applying the variational principles on an action functional describing 
the dynamics of the fluid flow (Serrin, 1959; Mavroeidis & Athanassoulis, 2022). The 
variational controversy remained an open subject until around the year 1959. In 1955, Herivel 
(Herivel, 1955) carried out a variational study, that introduced the fundamental law of the 
conservation of mass as a constraint applied on the action functional, by means of the Lagrange 
multipliers. Additionally, in 1959, C. C. Lin, in an unpublished note, proposed the addition of 
another constraint of a purely mechanical nature, demanding that the flow field should be such 
that the fluid parcels (Lagrangian description), although not directly considered in the Eulerian 
description of the flow, given their definition at some labeling time, retain their identities (the 
labels by which they are identified are conserved) inside the flow field throughout the course of 
the flow. With the addition of Herivel’s and Lin’s constraints, a variational study was achieved, 
with the dynamic equations derived from the action functional describing (mainly) (Seliger & 
Whitham, 1968) irrotational flows. The following survey on the various advancements and 
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approaches towards a sound variational formulation of rotational flows (mainly in the context 
of the Eulerian description) has been adopted from a recent paper by (Mavroeidis & 
Athanassoulis, 2022) and is included in quotations. 
 

« The Herivel–Lin approach became the standard one after the publication of the works of Serrin 
(Serrin, 1959) and Eckart (Eckart, 1960). Many papers have appeared since then, exploiting 
various aspects and deepening our understanding of this variational formulation. Penfield 
(Penfield, 1966), Bretherton (Bretherton, 1970), and Salmon (Salmon, 1988) discussed the 
importance of using Hamilton’s principle (the Herivel–Lin approach) for studying Eulerian 
rotational flows of ideal fluids. The necessity of introducing Lin’s constraint has also been 
highlighted by means of transformations between the two descriptions of fluid flow (Salmon, 
1988), (Bampi & Morro, 1984). In an alternative direction, the Eulerian variational formulation 
was obtained from that in the Lagrangian description using canonical transformations (van 
Saarloos, 1981), (Griffa, 1984). The papers by Seliger and Whitham (Seliger & Whitham, 1968) 
and Fukagawa and Fujitani (Fukagawa & Fujitani, 2010) dealt with many aspects of Hamilton’s 
principle for rotational flows, including its relation with the Clebsch approach (see below, at the 
end of the Introduction). They also discussed the variational formulation with reduced versions 
of Lin’s constraint, that is, velocity representation with fewer potentials; see, also, the discussion 
in (Salmon, 1988) (Section 5). However, as first illustrated in (Bretherton, 1970), and later 
proved with more advanced mathematical tools in (Graham & Henyey, 2000), (Yoshida, 2009), 
(Scholle et al., 2020), these considerations apply only to a restricted class of flows, with zero 
helicity and without points of vanishing vorticity; see (Ohkitani, 2018) (Feldmeier, 2019) » 
 

Starting from the late 1980s (Rylov, 1989), Y. A. Rylov attempted to revisit the problem of 
rotational flows by tracking the phenomena making use of complex potential functions, with his 
considerations stemming from the field of quantum mechanics (Rylov, 1989), where he states 
that the equations of fluid motion can be expressed through the differentials of wave functions 
  consisting of two complex components, and (also stemming from) relativistic mechanics 
(Rylov, 1999a), where he first introduces a Lagrangian time-like variable. In 1999 (Rylov,1999a) 
and (Rylov, 1999b) (following the Herivel-Lin approach), he also supported the claim that the 
two descriptions of the flow are, by their nature, not only compatible, but also complementary 
to each other, since in order to obtain a complete description of the flow from an action 
functional, the conservation of the parcels’ labels should also be considered a dynamic function 
that must be derived as a result of the variational treatment of the Eulerian action functional. 
However, a key contribution of these articles lies in the introduction of an additional Lagrangian 
time-like variable, which acts as a measure of the passage of time in terms of the successive 
states of the fluid parcel throughout the course of the flow, and in the consideration of a spatio-
temporal framework. He then makes use of the 4th-order Jacobian determinant, arising from the 
transformations from the Eulerian to the Lagrangian spatio-temporal variables, to construct an 
expression for the 4-momentum, defined as the field consisting of the fields of the density and 
of the components of the conventional momentum. Demonstrating that such expressions 
identically satisfy the conservation of mass as well as the conservation of the parcel labels (the 
constraints considered in the Herivel-Lin approach), he conducts a variational study, making use 
of the expression of the 4-momentum in terms of the Jacobian determinant as a constraint on 
the Eulerian action functional. From the variational treatment of the action functional 
(constrained by the expression of the 4-momentum), he produces a set of dynamic equations 
describing the flow of an ideal fluid. In (Rylov, 2003) and (Rylov, 2004a) while concentrating 
on two-dimensional incompressible flows, he first acknowledges indications that the fluid 
(considered as a mechanical system) may possess additional degrees of freedom “connected 
with rotation”. 
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Additionally, as Rylov himself points out (Rylov, 2009), (Rylov, 2018), given a spatiotemporal 
formulation of the two descriptions of the flow, the conservation of the parcels’ labels inside the 
flow field, is not unconditionally derived as a dynamic equation from the action functional in 
the case of a three-dimensional rotational flow (Rylov, 2009). Furthermore, he demonstrates 
(Rylov, 2018) that an additional, undefined dynamic field is indicated to take place in the 
rotational phenomena. Thus, he concludes that the set of the hydrodynamic equations, derived 
from the variational treatment of such an action functional, provide a complete description of 
the flow only in the case of irrotational flows, where the parcels’ labels are demonstrated to be 
conserved inside the flow field throughout the course of the flow, while in rotational flows 
additional dynamic fields must be taken into account in order for the model to provide a 
complete description of the fluid flow. 
 

In the present work we follow Rylov’s approach towards a derivation of a complete set of 
dynamic equations describing rotational flows, in order to comprehensively understand such 
phenomena. The first step towards this objective was to perform a thorough study on the nth-
order Jacobian determinant and its generator Jacobian matrix, expressing such transformations 
between the two descriptions of the flow, since the structure of the determinant arises throughout 
Rylov’s analysis. Additionally, we gave particular emphasis on identities derived from the 
application of derivative operators on the determinant since the aforementioned expressions for 
the 4-momentum make use of the structures arising from the application of partial and total 
derivative operators on the 4th-order Jacobian determinant. Following Rylov’s approach we then 
derive the expression of the 4-momentum (Rylov, 1999a), (Rylov, 1999b), and demonstrate that 
it identically satisfies the conservation of mass as well as the conservation of the parcel’s labels.  
 

We, then, carry out a first variational treatment of an action functional in the Eulerian 
description, applying the expression of the 4-momentum as a constraint through the use of 
Lagrange multipliers, and by successfully identifying suitable forms of the aforementioned 
multipliers we incorporate their dynamics into the action functional through the rest of the 
functional arguments, thus, successfully obtaining a second form of the action functional, and 
reducing the fields to be defined by the dynamic equations. We then present an additional 
variational treatment of the second form of the constrained action functional, from which we 
obtain a set of dynamic equations describing the rotational flow of fluid. A comprehensive study 
is carried out concerning the dynamic equations produced from variations of the second form 
of the constrained action functional, in which we investigate the consequences of the additional 
undefined quantities arising from the set of dynamic equations in the general case of rotational 
flows, as well as the consequences of these quantities with respect to the Lagrangian description 
of the flow. 
 

The present work consists of 6 Chapters. In Chapter 2 the theoretical foundations for the two 
descriptions of the flow are presented and an introduction to the perspective of Rylov is 
provided. In Chapter 3 we carry out a study of the structure of the determinant as well as the 
identities derived from the application of (partial and total) derivative operators on the 
determinant. Commencing from the conventional Laplace expansion of the determinant in terms 
of cofactors we make extensive use of new structures arising directly from the definition of the 
determinant, identified as the reduced determinants (Athanassoulis, 2025) which significantly 
simplify our calculations. Several identities concerning the application of (partial and total) 
derivative operators on the determinant, with respect to its entries, its elements or with respect 
to one, or several of the components of the constitutive variables of the transformations 
described by the Jacobian determinant are established. In Appendix A, a theorem is presented 
demonstrating how the structure of the reduced determinants, generated by an nth-order 
determinant, arises naturally from the axiomatic definition of the nth-order determinant, as the 
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volume of an nth-order parallelepiped. Appendix B complements the results of Chapter 3, 
Subsection 2, generalizing the identity established in the aforementioned subsection for the 
determinant generated from the differential of any sufficiently smooth function having linearly 
dependent components. In Appendix C we provide an extension to the Piola identity for the case 
of any sufficiently smooth but not necessarily bijective function making use of the calculus of 
variations. In Chapter 4, we follow a 4-vector formalism defining the field of the 4-momentum 
as the field consisting of the field of the density as well as the components of the conventional 
momentum field. Following the works of Rylov (Rylov, 1999a), (Rylov,1999b), (Rylov, 2003) 
and (Rylov, 2018), we define an additional Lagrangian time-like variable, accounting for the 
passage of time, through the successive states of the fluid parcels. We then proceed to construct 
an expression for the 4-momentum, in terms of the Jacobian determinant, generated by the 
transformations from the Eulerian to the Lagrangian spatio-temporal variables. We further 
demonstrate that such an expression identically satisfies both the conservation of mass 
(continuity equation) as well as the conservation of the parcels’ identities. In Chapter 5, after 
demonstrating that the variational treatment of an unconstraint functional produces trivial 
results, a constrained action functional is constructed, by applying a constraint over the field of 
the 4-momentum derived from the expression of the 4-momentum in terms of the 4th-order 
Jacobian matrix of transformations from the Eulerian to the Lagrangian spatio-temporal 
variables. Furthermore, an additional constraint is added to account for the conservation of the 
entropy inside the flow field. A variational treatment of the constrained action functional is then 
carried out. From the resulting dynamic equations of the variational study, the Lagrange 
multipliers added to the constraint over the 4-momentum field are integrated out of the action 
functional, thus producing a new form of the action functional (in the text identified as the 
modified action functional) and reducing the functional arguments. The application of the 
variational calculus on the second form of the action functional produces dynamic equations, as 
well as boundary conditions, thus providing a description of the flow. We then elaborate on the 
physical interpretation of the results of the variational treatment, giving particular emphasis on 
the conservation of the parcels’ labels. It is, thus, demonstrated that in rotational flows, an 
additional undefined function enters into play, which expresses a gauge symmetry. Additionally, 
as a result of the symmetry the evolution of the field of the parcel labels is rendered dynamically 
indeterminate. Chapter 6 includes conclusive comments on the results of our study and provides 
some directions concerning future research based on the results of the present work. 
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                                                    Chapter 2 
 
 
Background Knowledge. Conservation Laws and  
An Introduction to Rylov’s Approach 
 
 
1.  A Short Introduction to the Physics of Fluid Flows  
 
Fluids are substances that cannot resist the application of a static shear stress. Instead, when 
shear stresses are applied to the fluid it continuously deforms (flows) with the rate of 
deformation depending on the viscosity of the fluid under consideration. In our considerations 
we will include only ideal (inviscid fluids), which exhibit no thermal transport, or dissipative 
phenomena as they deform (flow). The flow phenomena associated with fluids are a direct result 
of the distances between the molecules of the fluid. More precisely, in contrast to solid masses, 
the molecules of a fluid mass are spared further apart, and the forces between them are 
significantly smaller than those in between the molecules of solid masses. As such, the 
molecules of fluids have more freedom of movement than those of the solids (Munson et al., 
2016). One would initially think that it would suffice to study the dynamics governing the 
movement of the individual molecules in order to obtain information concerning the properties 
of the fluid. However, this approach soon appears to be both impractical and problematic when 
it comes to the study of macroscopic flow phenomena, since the study of flows is (in general) 
concerned with the investigation of the behavior of observable quantities. That is, we are mainly 
interested in the study of mean values, over space and time, of quantities closely related to the 
flow phenomena, evaluated over sufficiently small volumes, made up of large numbers of 
molecules and sufficiently short time intervals, but sufficiently longer compared to the time 
intervals related to molecular phenomena. From the macroscopic point of view, this means that 
regardless of the infinitesimal volumes and time intervals considered, variations of the bulk 
properties of the fluid, whether moving or in equilibrium, can hardly be observed (Munson et 
al., 2016). As such the fluid can be considered as a continuous medium, namely as continuously 
distributed matter. This is the foundation for the continuum hypothesis which permits us to 
employ the differential calculus for the study of macroscopic quantities, considering the latter 
as continuous fields over space and time. Nevertheless, the employed calculus must be 
sufficiently “flexible” in order to account for the case that discontinuities arise (in such 
phenomena as free surface flows and shock waves). 
 

Having established the fluid as a continuum, we can now proceed to present the different 
descriptions of the fluid flow. 
 
2.  Lagrangian and Eulerian Descriptions of The Fluid Flow  
 
In literature, we conventionally find two ways of describing the flow of fluids. One can keep 
track of the fluid parcels as they move inside the flow field. This is called the material point of 
view or the Lagrangian method, named after Joseph-Louis Lagrange (1736 – 1813). The second 
way to describe a fluid flow is through reference points inside the flow field, describing the 
characteristic quantities as fields in the physical domain. This point of view is called the field 
point of view or the Eulerian method, named after Leonhard Euler (1707 – 1783). 
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(a).  Lagrangian description of the flow 
 

In the Lagrangian description, the fluid is visualized as a continuous distribution of infinite, 
sufficiently small (as will be demonstrated henceforth) regions of the flow field, occupied by 
the fluid, which are free to translate, rotate and deform, referred to as fluid parcels. In that 
respect, the Lagrangian description of the flow is an extension of single particle kinematics, to 
a whole field of fluid parcels.  
 

Since fluid mechanics are, conventionally, concerned with the behavior of the fluid flow in a 
macroscopic scale, the volumes considered are much larger than the volumes where the 
molecular fluctuations take place, thus, the volume of the parcels is far larger than the distance 
between the molecules of the fluid. This establishes a lower bound to the volume of the 
individual parcels, consisting of a large number of molecules. On the other hand, in any position 
of the flow field, the characteristic quantities of the flow must assume appropriate values. As a 
result, an upper bound to the volume of the individual parcels is established. This is in fact the 
continuum hypothesis which entirely relies on the need for well-defined values of characteristic 
quantities of the flow in the different positions of the flow field (Badin & Crisciani, 2018). The 
structure of the fluid is, thus, assumed to be perfectly continuous (Batchelor, 2000, p. 4). 
 
Remark. The structure of the parcels, as well as the description of the fluid flow through such 
structures is of a purely idealistic nature (Morrison, 1994, p. 480). Specifically, in his 
aforementioned work he states: 
 

«This is an idealization, since in reality fluid elements do not exist: if they were of 
macroscopic size, they would not maintain their integrity forever, and if they were of 

microscopic size, we would be outside the realm of fluid mechanics.» 
 

Intriguingly though, given a complete Lagrangian description of the flow, the above idealization 
unambiguously produces the Eulerian description. Morrison emphasizes this fact stating  
 

«However, there exists a precise Eulerian state corresponding to a Lagrangian state.» 
 

Thus, the description of the flow, through the structure of the parcels, however conceptual, 
corresponds to a state of the flow.             ■ 
 

Having briefly introduced the nature of the parcels we can, at a specific time of labeling 0 ,t t
identify each subsequent parcel of fluid, through a given label or identifier. Let us denote the 

domain  V ξ , enclosed by the boundary  V ξ , containing all the labels assigned to the parcels 
of the fluid. In the present work we define the labels as three-dimensional vectors, namely: 
 

    T 3
1 2 3, , V    ξξ  ,         (1)    

 

Conventionally, a large portion of the literature considers as labels, the parcels’ initial positions 
at the labeling time 0t t  (Bennett, 2006). However, there is no particular restriction with 

regards to the nature of the labels, besides the need to uniquely identify the fluid parcels, as they 
move inside the flow field. Nevertheless, the consideration of the labels as a different system of 
organizing the same (geometrical) space contributes greatly to our analysis (Sachinidou & 
Athanassoulis, 2023). 
 

In the Lagrangian formalism, we have implicitly assumed that there is no income or outcome of 
fluid parcels from the flow, since a label has been assigned to each fluid parcel of the flow at 
the labeling time 0t t . Additionally, we assume that no thermodynamical phenomena take 
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place during the flow, with the parcels of the fluid being subject to, only, transport phenomena, 
taking place inside the flow. Thus, the parcels’ identities (parcel labels), are conventionally 
considered to be conserved throughout the course of the flow. As a consequence, both the 

domain  V ξ  as well as its boundary  V ξ , constitute spaces of indices, whose elements are 
completely specified at the time of labeling, and are thus fixed in time.  
 

Having identified each fluid parcel by a specific label, the characteristic quantities of the flow, 
describing the motion of the parcels inside the flow field, can be expressed as functions of the 
parcel label and the temporal variable t . Thus, in the Lagrangian formalism, the labels ξ  and 
the time t  are considered as independent variables, through which the characteristic quantities 
of the flow are described. Thus, a physical quantity Q in the Lagrangian description reads: 
 

  ,Q Q t ξ .            (2)    

 
(b).  Eulerian description of the flow 
 

In the Eulerian description of the flow, the structure of fluid parcels is not directly considered. 
The characteristic quantities of the flow are rather, described in terms of the time, t , as well as 
the position vectors of the flow field: 
 

    T 3
1 2 3, ,x x x V  xx  ,          (1)    

 

with  V x , representing the physical domain inside of which the flow takes place. Since the 

fluid changes positions during the course of the flow, the physical domain 
   V tx

, in contrast 

to the labeling domain  V ξ , as well as its boundary 
   V t x

 are time-dependent. Thus, in 

the Eulerian framework, given a characteristic quantity q  of the flow, we read: 
 

  ,q q t x .            (2)    
 

Since the space variable x  is not associated with any material quantity (in contrast to the 
Lagrangian approach, where ξ  is associated with fluid parcels), the flow fields (either scalar, 
or vector, or tensor) describe the motion of the continuously distributed mass of the fluid, as it 
passes through positions x  at the time t . Furthermore, in virtue of the Continuum Hypothesis, 
we make use of the Differential Calculus for the study of the macroscopic quantities, 
considering the latter as sufficiently smooth fields over space and time. 
 
(c).  Relation between the Lagrangian and the Eulerian descriptions 
 

Recall that the majority of the literature considers the aforementioned viewpoints as compatible, 
but, nevertheless, inherently different. The Lagrangian description is a direct extension of the 
standard description used in Classical Mechanics, by identifying the parcels of fluid as 
infinitesimal masses, upon which the principles and laws of Classical Mechanics can be 
applied. On the other hand, on the Eulerian description the fluid is considered as a 
continuously distributed mass on the positions x  of the flow domain. The physical quantities 
characterizing the flow are, thus, expressed as fields, functions of the time t , and the positions 
x  of the flow domain. Nevertheless, as stated above, the literature admits that both the Eulerian 
and the Lagrangian descriptions of the flow are essential, and it is imperative that they coexist, 
producing results compatible with each other (Morrison, 1994), (Currie, 2012, p. 6).  
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In that respect, consider a scalar physical quantity of the flow  ,q q t x , expressed in 

terms of the position vector  T

1 2 3, ,x x xx  and the time t  (Eulerian description). 

Additionally, let  ,Q Q t ξ  be the same physical quantity expressed in terms of the parcel 

labels  T

1 2 3, ,  ξ  and the time t  (Lagrangian description). If, at time t , the parcel 

labeled by ξ  occupies the position x  in the fluid domain, then the following relation with 
respect to the aforementioned scalar quantities must be satisfied: 
 

       
( )*

, , , ,q t q t t Q t x x ξ ξ ,         (1)    
 

and inversely, 
 

       
( )*

, , , ,Q t Q t t q t ξ ξ x x .         (2)    
 

Equalities ( )*  express the generic Physical Principle of Invariance for scalar fields: Any scalar 
physical quantity of the fluid (associated with a definite parcel) is invariant under any changes 
of the space-time description (and the coordinates used for this description).  
 

Additionally, let  ,tf x  be a vector field expressing, at time t , a physical quantity of the flow 

at a specific position x , and  ,tF ξ  be the vector expressing the same physical quantity 

associated to a parcel ξ  at time t . If at the time t  the parcel ξ  occupies the position x  in the 
fluid domain, then the following equation must hold: 
 

       
( )*

, , , ,t t t t f x f x ξ F ξ .         (3)    
 

Eq. (3) expresses the Principle of Invariance for vector fields.  
 
(d).  The material derivative 
 

Having established the relation between physical quantities in the Lagrangian and the Eulerian 
descriptions of the flow, we will now investigate the relation between the temporal rate of 
change of a quantity in the Eulerian description, with the temporal rate of change of a quantity 
in the Lagrangian description. Consider once again the field  ,tF ξ  expressing a physical 

quantity in the Lagrangian description, and the field  ,tf x  expressing the same physical 

quantity in the Eulerian description. The aforementioned fields,  ,tF ξ  and  ,tf x  are 

related, through the Principle of Invariance, see Eq. (3) of the above Subsection 1.c., mentioned 
below for the sake of convenience. 
 

       , , , ,t t t t f x f x ξ F ξ   
 

Taking the partial derivative with respect to the time, of  ,tF ξ  yields 
 

       , ,,
,

d t tt
t

t d t


  


f x ξF ξ

F ξ  
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     3

1

, , ,j

j

chain

r le
j

u

xt t D t

t x t D t


 
  

  f x f x f x
.      (1)    

 

The operator D Dt  is commonly referred to in the literature as the material derivative or the 
total time derivative and expresses the temporal rate of change of some quantity with respect 
to specific parcels, as they move inside the flow. The material derivative operator, thus, refers 
to physical quantities expressed in the Eulerian description, as in the Lagrangian description of 
the flow we inherently follow the motion of specified parcels ξ  (1). 
 

Since the velocity, in classical mechanics (in the case of fluid mechanics, in the Lagrangian 
description), is considered as the temporal rate of change of the position of a mass inside the 
configuration space, Eq. (1) also yields 
 

        3

1

, ,, , ,
j

jj

d t tD t t t
U

D t d t t x


 
   

 f x ξf x f x f x
 

    
       ,

, , ,x

t
t t t

t


   


f x

U ξ x f x .     (2)    

 

where   , ,t tU ξ x  is the velocity of the parcel ξ , occupying, at time t , the position x  

inside the fluid domain. However, invoking the Principle of Invariance for vector fields, Eq. (2) 
yields 
 

 
         

, , ,
, ,x

D t t t
t t

D t t


   


f x ξ f x

u x f x  ,      (3)    

 

where  ,tu x  is the velocity in the Eulerian description of the flow. As such, the material 

derivative of any conserved quantity inside the flow field will be equal to zero, namely, in the 
case of the fluid parcels (assuming as we have mentioned that the parcels’ labels are conserved, 
inside the flow field, throughout the course of the flow) it holds that 
 

 
 ,

0
D t

Dt


ξ x
.            (4)    

 

A further study on the conservation of parcels’ labels will be carried out later on. For now, we 
will limit ourselves to the fact that, if the parcels’ labels (or any other quantity) is conserved 
inside the flow field, throughout the course of the flow, the material derivative of the 
aforementioned quantities will be equal to zero. 
 
(e).  The Jacobian matrix  J  expressing point transformations from the Physical to the  

 Labeling Domain 
 

At the labeling time 0t t  we define an arbitrarily small volume  V ξ  in the labeling space. 

Since  V ξ  encapsulates parcels of specific labels, it also represents a material volume. With 

 
(1)  Accordingly, one could also derive corresponding relations expressing the temporal rate of change of 
Lagrangian quantities with respect to the positions of the flow field in the physical space. 
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the passage of time the material volume evolves inside the physical space, occupying a different 
position and taking a different shape, according to the transformation: 
 

 

     

   
 
 
 

0

1 1 1 2 3

at a given 
2 2 1 2 3

3 3 1 2 3

:

, , ,

, , ,

, , .

t

t t

G G V t V

x x x

G x x x

x x x

 

 

 


 
      

x ξ

x ξ x ξ x
     (1)    

 

We assume the transformation G  is a bijection (2), thus the inverse map: 
 

 

     

   
 
 
 

0

1 1

1 1 1 2 3

at a given 1
2 2 1 2 3

3 3 1 2 3

:

, , ,

, , ,

, , .

t

t t

G G V V t

x x

G x x x

x x

  

  

  

 




 
      

ξ x

ξ x ξ ξ
     (2)    

 

is also well defined (exists). Additionally (in accordance with a large portion of the literature 
(Lamb, 1932)), we assume that, for each 0t t , the transformation tG G  is sufficiently 

regular (smooth), more precisely, a 2C  diffeomorphism (3). Further, the transformation of 
infinitesimal line, surface and volume elements from one space to another are expressed in terms 
of the Jacobian determinant and/or various “derivative” objects arising from it (Spivak, 1995, 
p. 17, p. 113), (Marsden, Tromba, 2003, p. 25), (Olver, 1993, p. 7), (Sachinidou & Athanassoulis, 
2023), (Bennett, 2006, p. 12, p. 17, p. 25). Contrary to the conventional representation of the 
Jacobian matrix we will, in this section and until stated otherwise, refer to the Jacobian matrix 
of transformations from the physical to the labeling space and its determinant as  J , and J  

accordingly, namely: 
 

  

1 1 1

1 2 3

2 2 2

1 2 3

3 3 3

1 2 3

x x x

J
x x x

x x x

  

  

  

    
    
          
    
     

, and 

1 1 1

1 2 3

2 2 2

1 2 3

3 3 3

1 2 3

x x x

J
x x x

x x x

  

  

  

  
  
  


  
  
  

.     (3)    

 
(f).  Scalar fields in the Lagrangian and the Eulerian description  
 

In the field of fluid dynamics, scalar fields are quantities essential for characterizing an ideal 
fluid flow. The most common scalar fields appearing in a flow of fluid are the field of the density, 

 
(2)  In the context of this section this implies that the same parcel cannot occupy multiple positions at the same time 
and that conversely two parcels cannot occupy the same position x  simultaneously. 
(3)  Further smoothness of the transformation will be assumed whenever needed throughout this work. For the 

scope of this section, the assumption that G  is a 2C  diffeomorphism is sufficient. However, the results can be 

equally well generalized when the mapping is a kC  diffeomorphism. 
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conventionally identified in the notation by  , the pressure field, identified in the notation 
through p , and the specific entropy, s . 
 

The density field 
 

In the Eulerian as well as in the Lagrangian description of the flow, the mass of the fluid is 
distributed, either on the various positions of the flow field (Eulerian description), or inside the 
different parcels of the fluid (Lagrangian description). Therefore, in contrast to the “point-like 
massive body” in Classical Mechanics we can no longer assume any concentrated mass. Thus, 
we now recall the definition of the fluid density:  
 

{ }

mass ( ) mass ( )
( , ) lim

V x

dm dV V
t

dV dV V



  x .        (1)    

 

That is, the density ( , )t x  is the limit of the ratio of the fluid mass containing no point 
masses or voids contained in a volume V  divided by V , as the volume V  shrinks (regularly 
enough) to the singleton { }x  (the position). All quantities are considered at the time instant .t

In fact, this is the Radon-Nikodym derivative (Folland, 1999) of the mass measure with respect 
to the volume measure at the point x  (in the instant t). 
 

Note: Oddly enough, a substantial portion of the literature concerning conventional 
hydrodynamics does not commonly present the density as the Radon-Nikodym derivative.      ■    
 

In the Lagrangian description the density is expressed as the field expressing the amount of mass 
m , per unit volume of a parcel ξ , occupying, at time t , a volume V  inside the flow field, 
namely 
 

    ,
t

d m
t

dV
 

x
ξ             (2)    

 

where m  is the mass contained inside the parcel and  
tV x  is the volume the parcel occupies at 

time t . 
 

The Pressure Field 
 

Consider now a mass of fluid, dm , occupying a volume  V x  inside the flow domain. Let also 
 d V x  be the boundary of the volume  V x . The fluid surrounding the mass dm , exerts surface 

forces on the boundary  d V x  of the volume  V x  occupied by the mass dm . These forces 

are caused by the bombardment of the boundary  d V x  by the molecules of the surrounding 
fluid. The statistical average of the forces produced by such collisions is called the pressure 
field, conventionally identified in the notation as  ,p t x . As such, the pressure is defined as 

the force applied to a surface by the surrounding fluid per unit area, that is, 
 

    ,
d F

p t
d s


x

x             (3)    

 

where  d s x  is an infinitesimal area on the boundary of the mass of fluid. In our calculations, 
the density of the fluid as well as the size of the flow domain will be considered large enough 
in order for the pressure field, produced by the statistical average of the forces, to describe 
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macroscopic phenomena and ignore the molecular origin of this field (Kundu et al., 2016). In 
the Lagrangian description of the flow, the pressure is defined as the surface force, per unit area, 
applied to the boundary of the parcel, namely 
 

    ,
d F

p t
d s


ξ

ξ             (4)    

 

with  d s ξ  expressing an infinitesimal area on the boundary of the parcel. 
 
The Field of the Entropy 
 

The entropy  ,S t x  is defined as a function of the quantities characterizing the fluid 

(considered as a mechanical system), defined for all equilibrium states, which has the following 
property: In the absence of internal constraints, the values of the entropy that characterize the 
fluid as a mechanical system assume values that maximize the entropy. In flow phenomena, we 
conventionally make a local equilibrium assumption (quasi-equilibrium), applying the results 
of equilibrium Thermodynamics to small amounts of substances thus, we will mainly include in 
our calculations the specific entropy, namely for a small amount of mass dM  the specific 
entropy is defined as 
 

  ,
d S

s t
dm

x  .            (5)    

 

In out calculations we will consider only mechanical (not thermal) transport phenomena, that 
is, the entropy is conserved in each parcel of the flow. Thus, the specific entropy can be 
considered as a material parameter of the parcel, namely  
 

    0,s s t s ξ ξ .           (6)    

 
(g).  The Velocity in the Lagrangian and the Eulerian description 
 

As stated in Subsection 1.b, in the Lagrangian description of the flow, the fluid is visualized as 
a continuous distribution of elementary volumes, the fluid parcels, with the motion of the fluid 
described through the motion of these individual material structures. Thus, in the Lagrangian 
description, fluid velocity is defined as the temporal rate of change of the position of the parcels, 
namely 
 

      ,
, ,

t
t t

t


 


x ξ

U ξ x ξ ,          (1)    

 

where the field  ,tx ξ  expresses the position of the parcel ξ  inside the flow field, at time t . 
 

On the other hand, in the Eulerian description of the flow, the velocity, is a primitive field. 
Rather than following the individual parcels, we assign to every position inside the 

 1 2 3, ,x x xx  and time t  a velocity vector  ,tu u x . Nevertheless, we can identify the 

velocity through the Principle of Invariance for vector fields, as follows, 
 

     
 

   
*

, , , , ,t t t t t  u x U x ξ U ξ X ξ .       (2)    
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That is, the velocity in one and the same fluid parcel ξ , occupying a position x  of the flow 

field, at time t , is the same (as expressed through the equation  * ) in both descriptions of the 

fluid flow.  
 

We will now proceed to derive the equations that express the fundamental laws of conservation 
in the Eulerian and the Lagrangian description. 
 
3.  Conservation of Mass in The Eulerian and The Lagrangian Description 
 

Consider a definite small domain ( )A ξ  surrounded by a definite label ξ , in the label space, 

having volume ( )d V ξ  and containing mass  d m ξ . The material element described this way 

can be identified with a fluid parcel characterized by the label ξ  and carrying mass ( )d m ξ . 
Clearly, according to the definition of density,  
 

 ( ) ( )
0 ( )d m d Vξ ξξ            (1)    

 

where 0 0( ) ( , )t ξ ξ  is the density of the fluid in its initial state. At the time t  this material 

element has been moved (by the flow) in the position ( , )tx x ξ , and the set ( )A ξ  has been 

transformed into a set ( )A x  having volume ( )d V x , and carrying mass ( )d m x  as follows. 
 

 
 

Figure 1: Transformation of the material element  
 
Again, by the very definition of the density, we have  
 

 ( ) ( )( , )d m t d Vx xx .            (2)    
 

The law of Conservation of Mass dictates that  
 

( ) ( )d m d m d m x ξ ,            (3)    
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that is, the mass contained in the set  A ξ , comprising of the same material elements, is 
conserved, independently from the shape of the domain. Eq. (3), in conjunction with Eqs. (1) 
and (2), yields  
 

 ( ) ( )
0 ( ) ( , )d V t d V ξ xξ x .           (4)    

 

Now, considering the geometric relation ( ) 1 ( )d V J d Vx ξ , see (Sachinidou & 
Athanassoulis, 2023, p. 18), where J  is the 3rd-order Jacobian determinant, we find  
 

 
( ) ( ) 1 ( )

0 ( ) ( , ) ( , )dV t d V t J d V     ξ x ξξ x x
 

 1
0 ( ) ( , ) .t J  ξ x      (5)    

 

By the Principle of Invariance for scalar fields, Eq. (6) of Subsection 2.c, a “purely Lagrangian” 
density can be defined as the density of the parcels occupying, at time t , the position x  inside 
the fluid domain, namely, 
 

 ( , ) ( , ( , ))t t t ξ x ξ .           (6)    
 

Thus, substituting Eq. (6) in Eq. (5) we obtain 
 

     1
0 ,t J  ξ ξ  .           (7)    

 

Derivation of the above equation expressing the conservation of mass can be obtained using 
various other methods (Lamb, 1932), (Sachinidou & Athanassoulis, 2023, p. 35) 
 

Let us, now, derive the continuity equation (Equation of Conservation of Mass in the Eulerian 
description), from the Equation of the Conservation of Mass in the Lagrangian description, Eq. 
(7). We commence from Eq. (6), mentioned below for the sake of convenience. 
 

     1
0 ,t J  ξ x  

 

Applying the material derivative, Eq. (3) of Subsection 2.d, on the above equation of the 
conservation of mass we obtain 
 

 
    0 1,

D D
t J

Dt Dt


 

ξ
x           (8)    

 

Since the initial density 0 ( ) ξ  is independent of the time, Eq. (8) yields 
 

   1, 0
D

t J
Dt

  x            (9)    

 

or 
 

 
   

1
1,

, 0
D t D J

J t
Dt Dt





  

x
x        (10)    

 

Invoking Eq. (2) of Appendix A, Eq. (10) further yields 
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      1 1,

, , 0x

D t
J t J t

Dt


    

x
x u x      (11)    

 

Since the 3rd order Jacobian determinant J  is assumed to be non-vanishing, Eq. (11) reduces to 
 

 
      ,

, , 0x

D t
t t

Dt


   

x
x u x       (12)    

 

or 
 

 
      ,

, , 0x

t
t t

t





   


x

x u x       (13)    

 

which corresponds to the Eulerian form of the Equation of the Conservation of Mass (continuity 
equation). 
 
4.  Conservation of Momentum in The Lagrangian and The Eulerian  
 Description 
 
(a).  Forces Acting on a parcel of fluid 
 

Let us consider a small amount of fluid, of mass    ,t d V xx , moving inside the flow 

domain  V x , free to translate, deform and rotate throughout the course of the flow, and 
occupying, at time t , a small volume  d V x  inside the flow field. According to Newton’s 
second law of motion, throughout the course of the flow, the movement of the mass of fluid is 
governed by the total force applied to it. The total force applied to an infinitesimal amount of 
fluid, .totd F , consists of the forces applied to the body of the fluid bd F , as well as the forces 

applied to the surface of the amount of fluid, sd F , by the surrounding fluid.  
 

Body Forces 
 

In our calculations we will consider only conservative body forces, that is, forces resulting from 
the gradient of an external potential force field P  (or multiple force fields).  
 

Body forces resulting from potential fields, decay slowly as the distance between the interacting 
sources increases and “are still appreciable for distances characteristic of natural fluid flows” 
(Batchelor, 2000, p.7). As such, they act equally on all the matter contained in the infinitesimal 
amount of fluid. In our calculations we will consider only gravitational potential force fields, 
generating the body forces acting on the mass of the fluid. Thus, a body force is proportional to 

the mass contained in the volume  V x , namely 
 

       ,bd P t dV  x
xF x x          (1)    

 

where the negative sign is assigned, following the convention for a gravitational field, acting on 
the fluid (Kundu et al., 2016). Consider now the amount of fluid as a parcel, identified by the 
label ξ  (in the Lagrangian description). In virtue of the principle of invariance, at time t , the 

mass contained inside the fluid parcel is equal to    ,t dV xξ . Notice that in the transition 

from the Eulerian to the Lagrangian description of the flow, we have (implicitly) assumed that 



16 
 

the density inside the fluid parcel is uniformly distributed, since the density is now defined as a 
function of the parcel’s label ξ  and the time t . As such, the body forces are in fact proportional 

to the size of the volume  V x , inside the flow field, occupied, at time t , by the fluid parcel. 

The body forces, acting on the mass of the fluid parcel,    ,t dV xξ , are thus, expressed as 
 

      ,bd t P dV  x
xF ξ x          (2)    

 

Surface Forces 
 

On the other hand, surface forces have a direct molecular origin and, as such, decrease extremely 
rapidly when the distance between the interacting elements increases and are significant when 
the distance is “of the order of the separation of molecules of the fluid” (Batchelor, 2000, p.7). 
Therefore, a surface force acts on the surface of an infinitesimal mass of fluid, and is, as such, 
proportional to its area. Thus, the surface forces acting, at time t , on an infinitesimal area 

 d s x  on the boundary of a mass of fluid, inside the flow field, are expressed as 
 

    ,s sd t d s xF f x            (3)    
 

where sf  is the surface force per unit area. Since we will consider only the flow of ideal 
(inviscid) fluids, the only surface force acting on an infinitesimal amount of fluid, throughout 
the course of the flow, is the pressure  ,p t x . Therefore, the surface force, acting at time t , 

on the boundary of an infinitesimal amount of fluid, is expressed as 
 

      ,sd p t d s  x xF x n           (4)    
 

where  xn  is the unit, outward vector, normal to the oriented surface  d s x  and the sign is 
assigned with respect to the outward direction of the boundary. Furthermore, the total surface 
force acting, at time t , on an amount of fluid, is obtained by taking the surface-integral over the 
boundary surface of the fluid, namely 
 

        

 

, ,s

V

t p t d s



  
x

x xF x x n .         (5)    

 

Invoking the Gauss Theorem, the above integral over the boundary of the amount of fluid can 
be expressed as a volume integral, namely 
 

      

 

, ,s

V

t p t dV  
x

x
xF x x          (6)    

 

Since we are referring to a single volume  d V x , the above integral reduces to 
 

      , ,sd t p t dV  x
xF x x          (7)    

 

Thus, the total force, acting on the infinitesimal amount of fluid, in the Eulerian description, is 
obtained by  
 

             
. , , ,totd t t P dV p t dV   x x

x xF x x x x      (8)    
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Considering now, that, at time t , the position x  inside the flow field is occupied by a parcel 

 1 2 3, ,  ξ . Then, Eq. (8) can be written in the form  
 

             
. , , , , ,totd t t P t dV p t t dV   x x

x xF x ξ x ξ x ξ     (9)    
 

Recall also that the transformation of volume elements from the physical to the labeling domain 
is obtained through the Jacobian determinant J , that is, ( ) 1 ( )d V J d Vx ξ , (Sachinidou & 
Athanassoulis, 2023), (Bennet, 2006, p. 17) (Lamb, 1932, p. 14). Thus, Eq. (9) can be written 
in the form 
 

             1 1
. , , , , ,totd t t P t J dV p t t J dV     ξ ξ

x xF x ξ x ξ x ξ

             (10)    
 

or, in virtue of the principle of invariance, we may write 
 

           1 1
. , , ,totd t P t J dV p t J dV     ξ ξ

x xF ξ ξ ξ  (4)  (11)    
 

The expressions of Eq. (10) and Eq. (11) are hybrid expressions, using both Lagrangian and 
Eulerian variables. Nevertheless, in virtue of the Jacobian matrix, expressing point 
transformations from the physical (Eulerian spatial variables) to the labeling (Lagrangian spatial 
variables) space, we obtain 
 

 

1 2 3

1 1 11 1

1 2 3

2 2 2 2 2

1 2 3

3 33 3 3

P P
x x xx

P P

x x x x

P P

x x x x

  


  



  


                                                                       



 ,       (12)    

 

that is 
 

   T
p J p  x ξ .         (13)    

 

Thus, Eq. (11) yields 
 

                 T T1 1
. , , , ,totd t t J P t J d V J p t J d V      ξ ξ

ξ ξF ξ ξ ξ ξ

             (14)    
 

which is, in fact the total force, acting on the fluid parcel. Furthermore, in virtue of the principle 
of invariance, we know that 
 

      . . ., , , ,tot tot totd t d t t d t F x F x ξ F ξ       (15)    

 
 (4)  One might observe a temporal dependence of the argument x  of the potential P . This should by 
no means be interpreted as a temporal dependence of the potential function, but rather, as the temporal 
dependence of the position of the parcel inside the flow field (Lagrangian description) for which the 
potential takes a specific (time-independent) value. 
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(b).  Derivation of the Lagrangian and the Eulerian Equation of the Conservation of Momentum 
 

Having obtained the total force acting on the parcel (in the Lagrangian description of the flow) 
invoking Newton’s second law of motion, we know that, given a small amount of fluid mass 

   ,t dV xx , the following holds 
 

         ., , ,tot
d

t t dV d t
d t

 xu x x F x         (1)    

 

Nevertheless, we recall that invoking the principle of invariance as well as the transformation 
of volume elements from the physical to the labeling domain (Sachinidou & Athanassoulis, 
2023) we obtain 
 

               1, , , , , ,
d d

t t dV t t t t J dV
d t d t

   x ξu x x u x ξ x ξ  

              
      *

1
0, , ,

d d
t t J d V t d V

d t d t
  ξ ξu ξ ξ u ξ ξ     (2)    

 

where the equation  *  holds in virtue of the equation of the conservation of mass in the 

Lagrangian description, see Eq. (7), Section 3. Thus, Eq. (2) reduces to 
 

             
0 0, ,

d
t dV t dV

d t
 ξ ξu ξ ξ u ξ ξ .       (3)    

 

The above equation holds since the volume  V ξ  is by its definition time independent (5) and 
 0 ξ  has been completely defined by the initial conditions. 

 

Further, recalling that in the Lagrangian description, the velocity is defined as the rate of change 
of the position of the parcels inside the flow field, Eq. (3) yields 
 

             
0 0, ,

d
t dV t dV

d t
 ξ ξu ξ ξ x ξ ξ        (4)    

 

Substituting Eq. (14) of the previous subsection and Eq. (4) in Eq. (1), and simplifying the 
volumes  d V ξ , appearing on both sides of the equation, we obtain the equation of the 
conservation of momentum in the Lagrangian description, namely 
 

               T T1 1
0, , , , 0t t J J P t J J p t       ξ ξx ξ ξ ξ ξ ξ

               (5)    
 

The above Eq. (5) can also be further simplified. Specifically, we can either invoke, once more, 
the equation of the conservation of mass and, as such, obtain 
 

 
(5)  Following a conventional approach in the field of Lagrangian Hydrodynamics we consider as labels the parcels’ 

initial positions. As such the product 1 2 3d d d    has dimensions (length)
3
 and we can treat it as a definite, 

infinitesimal volume in the labeling space. 
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               T T 1
0 , , , 0t J P t J J p t     ξ ξξ x ξ ξ ξ     (6)    

 

or, since the following holds 
 

      T T1 1T 1 1 1 1 1J J J J J J
                ,       (7)    

 

then, in virtue of the well-established relation between the inverse matrix, the determinant of 
the matrix and the adjoint of the matrix (Choudhary, 2009, p. 113), mentioned below for the 
sake of convenience (for the case of the Jacobian matrix) 
 

     1 adj J
J

J
   

 

where   adj J  is the adjoint of the Jacobian matrix, Eq. (7) yields 
 

       T
T 11 1adjJ J J J

      
         (8)    

 

where 1J  
    is the cofactor matrix of the inverse Jacobian   1

J


. As such, invoking once 

again the equation of the conservation of mass in the Lagrangian description, Eq. (5) reduces to 
 

             1 1
0 , , , , 0t t J P t J p t                ξ ξξ x ξ ξ ξ ξ     (9)    

 

Furthermore, in the absence of external potential fields, the above Eq. (8) reduces to 
 

        1
0 , , 0t J p t       ξξ x ξ ξ       (10)    

 

Taking now the right-hand side of Eq. (1), in virtue of the principle of invariance we may write 
 

               1, , , , ,
d d

t t dV t t t J dV
d t d t

  x ξu x x u x ξ ξ ,  (11)    

 

where the transformation of a volume element from the physical to the labeling domain is once 
again achieved by multiplication with the appropriate Jacobian determinant, expressing point 
transformations from one domain to the other. Additionally, invoking, once more, the equation 
of conservation of mass, Eq. (11) yields 
 

                
0 0, , , ,

d d
t t dV t t dV

d t d t
 ξ ξu x ξ ξ u x ξ ξ .  (12)    

 

The derivative of the velocity, with respect to the time, on the right-hand side of Eq. (12) yields 
 

           ,
, , , ,

td
t t t t

d t t


  

 x

u x
u x ξ u x u x .    (13)    

 

Thus, substituting Eq. (13) in Eq. (12), and making, once more, use of the equation of the 
conservation of mass in the Lagrangian description, Eq. (12) yields 
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       
0, ,

d
t t dV

d t
 ξu x ξ ξ  

                   
0

,
, ,

t
t t d V

t


          
ξ

x

u x
u x u x ξ  

            1,
, , , ,

t
t t t t J d V

t
           

ξ
x

u x
u x u x ξ x  

             ,
, , ,

t
t t t d V

t


         
x

x

u x
u x u x x   (14)    

 

As such, substituting Eq. (11) of the previous subsection, and the above Eq. (14), in Eq. (1) we 
obtain 
 

            ,
, , , , 0

t
t t t P p t

t


             x x x

u x
x u x u x x x   (15)    

 

which expresses the conservation of momentum in the Eulerian description. 
Furthermore, in the absence of an external potential force field, Eq. (15) reduces to 
 

           ,
, , , , 0

t
t t t p t

t


           x x

u x
x u x u x x    (16)    

 
5.  Conservation of Energy in The Eulerian and The Lagrangian Description 
 
(a).  The Total Energy of a parcel in the Lagrangian and the Eulerian description of the flow 
 

Let us, once again, consider a parcel of mass    ,t dV xξ , moving inside the flow domain 
 V x , free to translate rotate and deform throughout the course of the flow, inside the flow 

field. The total energy of the fluid parcel is defined as 
 

           21
, , , ,

2
t e s P t t dV 

      
xu ξ x ξ ξ ,      (1)    

 

where  ,e s  is the internal energy per unit mass, stored inside the parcel (6), and  P x  is 

the external potential force field, independent of the time (as is the case with gravitational force 
fields). The potential force field is given as a function of the position x  inside the flow field, 
occupied at time t  by the parcel ξ  of the fluid. Recalling once more, that the point 
transformations from the physical to the labeling domain are achieved through the multiplication 
of the volume elements by the Jacobian determinant, expressing such point transformations, we 
may write 
 

          2 11
, , , ,

2
t e s P t t J dV        

ξu ξ ξ ξ       (2)    

 
 (6)  The internal energy of a parcel is thoroughly expanded on, in Chapter 5 in conjunction with Rylov’s variational 
study of the Euler flows. The interested reader who wants to delve deeper in the thermodynamic concepts at this 
point, is urged to study the aforementioned subsection or, for a comprehensive study of the field of thermodynamics 
to explore (Callen, 1960). 
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or, recalling that in the Lagrangian description of the flow, the velocity is defined as the temporal 
rate of change of the position of a parcel, and in virtue of the conservation of mass Eq. (2) yields 
 

          2
0

1
, , ,

2
x t e s P t dV 

      
ξξ ξ ξ       (3)    

 

which is the amount of energy of a parcel of fluid, under the influence of an external potential 
field, expressed in the Lagrangian description of the flow. 
 

Accordingly, the total amount of energy of a mass of fluid, occupying, at time t , the position x  
inside the flow field is obtained from Eq. (1) in virtue of the principle of invariance, namely 
 

 

           21
, , , , ,

2
t t e s P t t dV 

      
xu ξ x x ξ x  

             21
, , ,

2
t e s P t dV 

      
xu x x x     (4)    

 

 
(b).  The work of the forces acting on the fluid 
 

Work of the Body Forces 
 

In virtue of Eq. (14) of Subsection 4.a, the body forces acting on the parcel, expressed in the 
Lagrangian description are obtained by 
 

           T 1, , ,bd t J P t J t d V   ξ
ξF ξ ξ ξ       (1)    

 

Thus, the work done on the mass of the parcel by the body forces equals to 
 

             TT 1, , , ,bd W t t J P t J t d V   ξ
ξξ u ξ ξ ξ      (2)    

 

Additionally, in virtue of Eq. (1) of Subsection 4.a, we readily obtain the body forces acting on 
the fluid, occupying, at time t  the position x  inside the flow field, namely 
 

         , ,bd t P t dV   x
xF x x x         (3)    

 

Thus, the work done to the mass of the fluid occupying, at time t  the position x  inside the flow 
field is equal to  
 

           T, , ,bdW t t P t d V   x
xx u x x x       (4)    

 

Work of the Surface Forces 
 

The surface forces, acting on an infinitesimal area  d s x , on the boundary of a mass of fluid, 
inside the flow domain, are equal to  
 

    ,s sd t d s xF f x .           (3)    
 

or, since only ideal fluids are considered in our calculations  
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      ,sd p t d s  x xF x n .          (4)    
 

The work done from the surface force acting on the boundary of the mass of the fluid is thus 
obtained by 
 

        T, ,sdW p t t d s  x xx u x n .         (5)    
 

Integrating over the entire surface of the mass of fluid occupying, at time t , the position x  inside 
the flow field, we obtain the total work done by the surface force, on the surface of the fluid 
mass, namely 
 

          

 

T, , ,s

V

W t p t t d s



  
x

x xx x u x n .       (6)    

 

Applying, once more, the Gauss Theorem, we obtain 
 

         

 

T, , ,s

V

W t p t t d V  
x

x
xx x u x        (7)    

 

Considering now, that we are referring to a single, infinitesimal volume  d V x , the above 
volume integral reduces to 
 

         T, , ,sdW t p t t dV  x
xx x u x        (8)    

 

which is, in fact, the work done by the surface forces on an infinitesimal mass of fluid in the 
Eulerian description. Recalling now Eq. (12) of Subsection 4.a, as well as the transformations 
of volume elements from the physical to the labeling domain, in virtue of the principle of 
invariance, Eq. (8) reads 
 

            T 1 T, , ,sd W t J J p t t d V   ξ
ξξ ξ u ξ       (9)    

 

or, recalling Eq. (8) of Subsection 2.b, we obtain 
 

           1 T, , ,sd W t J p t t d V     
ξ

ξξ ξ u ξ     (10)    

 

where 1J  
    is the cofactor matrix of the inverse Jacobian matrix,   1

J


. 

 
(c).  Derivation of the Equations expressing the Conservation of Energy in the Eulerian and the  
 Lagrangian Description 
 

Since we consider only transport (mechanical, not thermal) phenomena taking place inside the 
flow field, throughout the course of the flow, the first law of thermodynamics, dictates that, at 
any time t , the temporal rate of change of the total energy of a mass of fluid, occupying a volume 

 d V x  inside the flow domain, equals the work done by the forces acting on the mass of the 
fluid. Thus, we write 
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        tot ., , , ,b sd
dW t dW t d t

d
t W

t
  x xx x .      (1)    

 

Substituting on the right-hand side of Eq. (1) from Eq. (4) of Subsection 5.a, we obtain 
 

         21
, , ,

2
e

d
V

d t
t s P t d 

  
         

xu x x x  

              
 *

2 11
, , ,

2
t e s P t J d

d

d
V

t
        


     

ξu x x ξ  

        
 

         
0

*
21

, ,
2

t e s P d
d

d t
V 

      
       

ξu x x ξ  

                
 *

2
0

1
, ,

2
t e s P d

d

d t
V 

    



ξu x x ξ   

        
 

         *
21

, , ,
2

t e s P
d

t d V
d

t
 

   



xu x x x  ,    (2)    

 

where the equations  *  hold in virtue of the Lagrangian equation expressing the conservation 

of mass in the Lagrangian description. Thus, substituting Eq. (2), as well as Eq. (4) and Eq. (8) 
of the previous subsection in Eq. (1) we obtain 
 

           tot .21
, , , ,

2

d
W tt e s

t
d

d
P t V 

     
  xu x x xx  

                    T T, , , ,t t P d V p t t dV   x x
x xx u x x x u x     (3)    

 

or, simplifying the infinitesimal volumes  d V x  appearing on both sides of Eq. (3) we obtain 
the equation expressing the Law of the conservation of energy in the Eulerian description, 
namely 
 
 

       21
, , ,

2
P

d
t

d
e s t

t
 

    
 

u x x x  

             T T, , , ,t t P p t t   x xx u x x x u x      (4)    
 

 

Additionally, substituting Eq. (3) of Subsection 5.a, as well as Eq. (2) and Eq. (10) of Subsection 
5.b, in Eq. (1) we obtain 
 

         2
0

1
, , ,

2

d
dV

d t
x t e s P t  

      
ξξ ξ ξ  

           TT 1, , ,t t J P t J d V    ξ
ξξ u ξ ξ  

             1 T , ,J p t t d V    
ξ

ξ ξ u ξ .     (5)    
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where the initial density  0 ξ  as well as the volume  d V ξ  in the labeling field are 

independent of the time t  and completely specified in the labeling time 0t t . Simplifying the 

volumes  d V ξ  appearing on both sides of Eq. (5) we obtain 
 
 

       2
0

1
, , ,

2

d
Px t

t
e t

d
s  

      
ξ ξ ξ  

               T 1 1, , , , ,t t J P t J J p t t         ξ ξξ u ξ ξ ξ u ξ .   (6)    
 

 

which expresses the conservation of energy in the Lagrangian description of the flow. 
 
6.  A Short Introduction to Rylov’s Approach 
 

In the preceding subsections, we presented, in appropriate depth, the different descriptions of 
the flow, and we have derived the equations expressing the fundamental conservation laws in 
both the Eulerian and the Lagrangian description of the flow. The formulation of flow 
phenomena through the field point of view (Eulerian description) and the material point of view 
(Lagrangian description) have been proven to be successful throughout the historical evolution 
of the field of Classical fluid mechanics and of Hydrodynamics (Darrigol, 2005). As we have 
previously mentioned, the Eulerian approach offers a concise description of the flow at every 
position x  inside the flow field throughout the progression of the flow phenomenon, through 
the field of the velocity (as a function of the different positions x  inside the flow field and the 
time t) whereas the Lagrangian description offers information concerning the unique trajectory 
of each fluid parcel. Despite their enormous success in producing solutions that describe flow 
phenomena, these descriptions present an inherent incompleteness. In the Eulerian approach all 
information of the individual paths followed by the infinitesimal amounts of fluid, moving 
individually inside the flow field (identified in the Lagrangian descriptions as fluid parcels) are 
lost, since the matter (the fluid) is inherently considered (in the Eulerian approach) as distributed 
throughout space. Nevertheless, Morrison (Morrison, 1994, p. 480) argues that “…,there must 
exist a precise Eulerian state, corresponding to a Lagrangian state”. 
 

In the mid-19th century, Clebsch (Clebsch, 1857) (Clebsch, 1859) introduced a decomposition 
of the velocity field in terms of scalar potential functions. However groundbreaking, his work 
found significant recognition nearly a century later, with the application of the variational 
principles in the field of hydrodynamics, with the pinnacle of these efforts being the production 
of Clebsch representations for the flow, and the derivation of the governing equations of fluid 
motion from the variational study over a single action functional (Seliger & Whitham, 1968). 
Such a variational study, in the Eulerian description of the flow, was achieved mainly through 
the contributions of Herivel (Herivel, 1955), proposing that the continuity equation 
(conservation of mass) should be applied as a constraint on the action functional, and an 
unpublished note of C. C. Lin, proposing an additional mechanical constraint, ensuring that the 
flow of the fluid should be such, that the parcels (specified at the time of labeling) will retain 
their identities (parcel labels) inside the flow field, throughout the course of the flow.  
 

Considering the above, Y. A. Rylov (Rylov, 1999a), (Rylov, 1999b) attempts an alternative 
approach. He initially assumes that a sufficiently smooth and bijective mapping should exist 
between the two descriptions of the flow. However, since both descriptions must describe the 
flow phenomenon throughout the course of the flow, he considers an additional Lagrangian 
time-like variable, accounting for the passage of time in the Lagrangian description of the flow. 
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Specifically, this new Lagrangian variable accounts for the passage of time in terms of the 
successive states of each individual parcel. Making use of the two sets of spatio-temporal 
variables (for the Eulerian and the Lagrangian descriptions of the flow) Rylov expresses the 
mapping between the two descriptions of the flow through a 4th-order Jacobian matrix (and the 
resulting 4th-order Jacobian determinant generated from the Jacobian matrix). As a result, he 
introduces a 4-vector formalism. By introducing a vector describing the spatio-temporal 
“position” of a parcel of fluid he proceeds to define the fields of the 4-velocity as well as the 4-
momentum. Additionally, through the use of the mapping (and the 4th-order Jacobian matrix and 
determinant generated by that mapping) he successfully expresses the aforementioned fields in 
terms of the mapping between the Eulerian and the Lagrangian descriptions of the flow. As a 
result, the produced expressions identically satisfy both the conservation of mass, as well as the 
conservation of the parcels identities throughout the course of the flow.  
 

Having obtained expressions for the 4-velocity and for the 4-momentum that satisfy the 
aforementioned constraints, he proceeds to introduce the expression of the 4-momentum in 
terms of the Jacobian determinant as a constraint on the Eulerian action functional. Additionally, 
conducting a variational study of the aforementioned functional he obtains a set of dynamic 
equations as well as boundary conditions describing the fields of the flow. However, 
intriguingly, while the equation expressing the conservation of mass (the continuity equation) is 
unambiguously produced from the variations of the action functional, in phenomena of 
rotational flow, the variations of the action functional only yield a dynamic equation which 
cannot unambiguously account for the evolution of the field of the parcels’ labels. 
 

The first step in the formulation of such a study is an investigation of the structure of the 
Jacobian matrix (generated by the considered mappings between the two descriptions of the 
flow), and of identities, derived both from the inherent structure of the determinant as well as 
from the specific structure of the Jacobian determinant, which takes place in the following 
chapter. We will also focus on identities derived from the application of derivative operators 
with respect to the aforementioned determinants, which arise in the analysis of flow phenomena 
that takes place in later chapters. 
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Appendix A 
 
 

Theorem: Let J  be the determinant of the 3rd-order Jacobian matrix  J  describing spacial 

point transformations G  defined in Eq. (1) of Subsection 2.e of the present chapter, mentioned 
below for the sake of convenience. 
 

 

     

   
 
 
 

0

1 1 1 2 3

at a given 
2 2 1 2 3

3 3 1 2 3

:

, , ,

, , ,

, , .

x
t

t t

G G V t V

x x x

G x x x

x x x



 

 

 


 
      

x ξ x ξ x
 

 

We have assumed that the transformation G  is a 2C  diffeomorphism, thus the inverse map: 
 

 

     

   
 
 
 

0

1 1

1 1 1 2 3
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2 2 1 2 3

3 3 1 2 3

:

, , ,
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x
t

t t

G G V V t

x x

G x x x

x x


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  
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 




 
      

ξ x ξ ξ
  

 

is also well defined and is described through the inverse Jacobian matrix,   1
J


, with the latter 

generating the determinant 1J  . 
 

Application of the material derivative  D D t  operator on the Jacobian determinant J  

yields 
 

   ,x
D J

J t
Dt

    u x .           (1)    

 

where  ,tu x  represents the velocity vector in the Eulerian description. Additionally, 

application of the material derivative on the inverse Jacobian determinant 1J   yields 
 

   
1

1 ,x
D J

J t
Dt


   u x .          (2)    

 

 

Proof 1: Consider the Jacobian determinant 1J   expressing the inverse transformation 1G  
namely: 
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1 1 1

1 2 3

2 2 21

1 2 3

3 3 3

1 2 3

x x x

x x x
J

x x x

  

  

  



  
  
  


  
  
  

          (1)    

 

Since the transformation 1G  expressed through the determinant 1J   as well as its generator 

matrix   1
J


 is a 2C  diffeomorphism, in virtue of the Shwartz Theorem, the total time 

derivative of the above determinant yields  
 

 

1 1 1

1 2 3

1 1
2 2 2

1 2 3

3 3 3

1 2 3

x x x

x x xD J d J

Dt d t

x x x

  

  

  

 

  
  
  

 
  
  
  

  

  

  

         (2)    

 

Recalling the definition of the Lagrangian velocity, Eq. (1) of Subsection 2.g of the present 
chapter, the above yields by chain rule 
 

 1 2 3

1 1 1 1 1 1

1 2 3 1 2 3

1
2 2 2 2 2 2

1 2 3 1 2 3

3 3 3 3 3 3

1 2 3 1 2 3, ,x x x

U U U x x x

x x x

U U U x x xD J

Dt x x x

U U U x x x

x x x

  

  

  





                                                             x

   1, , .t t J 

   

x U ξ x

               (3)    
 

In the above Eq. (3) the Lagrangian velocity of the parcel ξ  is evaluated at the position x , at 
time t . Invoking the Principle of Invariance concerning physical vector quantities, Eq. (3) of 
Subsection 2.c we obtain 
 

     
1

1 1, , ,
D J

t t J t J
Dt


      x xU ξ x u x       (4)    

 

Since , the material derivative of the Jacobian determinant expressing the 

transformation G  equals 
 

  11J J

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 
 

11 1

21

1D JD J D J

D t D t D tJ

 


     

  
 

   1
21

1
, ,J t t J

J




      x xu x u x      (5)    

 
Thus, the proof is complete.               ■    
 

Proof 2: Consider the vector 
 

      1 2 3, , , ,t t
t
  

 


U x ξ x .         (1)    

 

Considering the parcel labels as a (sufficiently smooth) primitive field describing the flow, this 
is a velocity vector, expressing the temporal rate of change of the parcels in a specific position 
x  of the flow domain. This Eulerian-like expression is constructed considering the parcels as 
a primitive field, instead of the positions in the standard Eulerian description. Thus, it measures 
the temporal rate of change of the field of the parcels’ labels with respect to a specific position 
of the fluid domain, at time t . 
 

Further, recall the Jacobian determinant J  generated by the point transformation G . The 
material derivative of the Jacobian determinant yields 
 

 

1 1 1

1 2 3

2 2 2

1 2 3

3 3 3

1 2 3

chain

rule

x x x

D J d J D J

D t d t x x x D t

x x x

  

  

  

    
    
 
           
    
 
    

  

  

  

σ 

 

1 1 1 1 1 1

1 2 3 1 2 3

2 2 2 2 2 2

1 2 3 1 2 3

3 3 33 3 3

1 2 31 2 3

U U U x x x

x x x

U U U x x x

x x x

x x xU U U

x x x

  

  

  

                                                                      

  

  

  

  , , .t t J   

x U ξ x     (2)    

 

Additionally, the following equality expresses a fundamental physical fact 
 

       , , , ,t t t t  U ξ u x ξ U x          (3)    
 

where  ,tU x  is the velocity vector defined in Eq. (28) and  ,tU x  is the velocity in the 

Lagrangian description of the flow. That is, the velocity  ,tU x  measuring the rate of change 

of the positions occupied by a parcel, is equal to the negative velocity  ,t U x , measuring 
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the rate of change of the parcel labels occupying a specific position inside the flow field. 
Substituting Eq. (3) in Eq. (2) yields 
 

   ,x
DJ

J t
Dt

    u x           (4)    

 

Further, following the analysis of the above Proof 1, we obtain the material derivative of the 

inverse Jacobian determinant 1J  , namely: 
 

      
1

, , ,x
D J

t t J J t
Dt


     x U ξ x u x        (5)    

 

Thus, the proof is complete.              ■    
 

Proof 3: We will now proceed to provide a proof for the theorem at hand, through an approach 
closely related to the structure of the determinant, as well as some of the identities related to the 
determinant. For this, we provide sufficient literature in order to support our claims. 
Nevertheless, the interested reader is strongly urged to study Chapter 3 where an extensive 
discussion takes place and the structure of the determinant, as well as the identities arising from 
this structure are thoroughly studied. 
 

Applying the material derivative in the Jacobian determinant J  we obtain 
 

   ,
D J J

t J
Dt t

  
 xu x           (1)    

 

The partial derivative of the determinant J  with respect to the time t  yields, by chain rule 
 

 
3 3 3 3

, ,

, , 01 1 1 1

q p q p

q p q pq p q p

J J J

t t x

 
 

   

                         
          (2)    

 

Accordingly, the partial derivative of the determinant J  with respect to any spatial Eulerian 
variable 

1px  yields 
 

 
1 1

3 3
,

,1 1

q p

q pq pp p

J J

x x




 

            
            (3)    

 

Substituting Eq. (2) and Eq. (3) in Eq. (1) we obtain 
 

 
1

11

3 3 3 3 3
, ,

, 0 ,1 1 1 1 1

,q p q p
p

q p q p pq p p q p

D J J J
u t

Dt x x

 
 

    

                        
    x  

   
1

11

3 3 3
,

,
, 01 1 1

,q p
p q p

q p pq p p

D J J
u t

D t x x





  

                    
  x     (4)    

 

Since the parcels, and as such, the parcel labels, are conserved throughout the course of the flow, 
see Subsection 2.a, the material derivative of the parcel’s labels is equal to zero, Eq. (4) of 
Subsection 2.d, namely 
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        , ,

, , 0x

D t t
t t

Dt t


    


ξ x ξ x

u x ξ x  (7)      (5)    

 

or, component-wise 
 

    
        , ,

, ,q q
qx

D t t
t t

D t t

 



    


x x

u x x   

      
1

11

3

,0

1

, 0p
p

q

p

q u t
x







  

 x ,     (6)    

 

where 1, 2, 3q  . Differentiating with respect to 
1px , Eq. (6) further yields 

 

  
1

11

3

, 0

1

, 0p
pp

q
q

p

u t
x x






          
 x          (7)    

 

Expanding Eq. (7) we obtain 
 

 
 

 1

1

1 11 1

3 3
,0

1 1

,
, 0

p

p
p pp

q q q

p p pp

u t
u t

x x x x x

  

 

               
 x

x      (8)    

 

Summation of Eq. (8) over all p  further equals 
 

 
 

 1

1

1 11 1

3 3 3
,0

1 1 1

,
, 0

p

p
p p p p

q q

ppp

q

p

u t
u t

x x x x x

  

  

               
  x

x .    (9)    

 

Since the transformations G  as well as its inverse 1G  are assumed to be 2C 
diffeomorphisms, invoking the Schwartz Theorem of Multivariable Calculus we can 
interchange the order of differentiation, thus, Eq. (9) yields 
 

 
 1

1

1 11 1

3 3 3
,

01 1 1

,
, 0

pp
p

p p p pp p

qq

p

q
u t

u t
x x x x x

  

  

                 x
x  

  
 

1

1

1 11 1

3 3 3 3
,

01 1 1 1

,
,

pp
p

p p p pp p p p

q q q
u t

u t
x x x x x

  

   

                 x
x ,  (10)    

 

or, through the notation convection ,q p q px     (8) we obtain 
 

  
 

1

1 1

11 1

,
,

3 3 3 3
,

01 1 1 1

,
,

pp p
p p

p pp p p p

q q
q

u t
u t

x x x

 


   

 
  

     x
x .   (11)    

 
 (7)  We will, later, expand further on the conservation of the parcels’ labels, since their establishment is of particular 
importance to the application of variational methods in hydrodynamics and of historical interest as well. 
(8)  In Chapter 3, we will thoroughly expand on this convention. The interested reader is urged to study Chapter 3, 
where extensive discussion with regards the notation for the entries of the Jacobian determinant is made. 
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Substituting Eq. (11) in Eq. (4) we obtain 
 

  
1

11

3 3 3
,

,
, 01 1 1

,q p
p q p

q p pq p p

D J J
u t

D t x x





  

                      
  x  

     
 

1

1

1

3 3 3

,
,1 1 1

,p

q p
q p pq p p

u tJ

x



  

            
   x

  (12)    

 

or, 
 

 
 

1

1

1

3 3 3

,
,1 1 1

,p

q p
q p pq p p

u tD J J

D t x



  

            
  x

 .     (13)    

 

Recall now that the Jacobian determinant can be expanded using the well-established Laplace 
Expansion (Choudhary, 2009, p.111), namely 
 

  , ,
1

cofq q
q

p p

n

J J


          (14)    

 

where   ,
cof

q p
J  represents the cofactor, generated by the determinant J , and corresponding 

to its entry ,q p  (9). Additionally, we know that the derivative of the determinant with respect 

to one of its entries (let ,q p ) is, in fact, equal to the cofactor generated by the determinant 

(Athanassoulis, 2025), with respect to the entry ,q p , namely 
 

  
,

,

cof
q p

q p

J
J


 


         (15)    

 

Furthermore, recall the well-established theorem concerning the Laplace expansion of a 
determinant, having mismatched free indices, (Prasolov, 1994, p. 21), (Shilov, 1971, p. 13), 
which (without any loss of generality) for the case of the Jacobian determinant, states that 
 

  
2 2 11

, ,
cofq q pp

q

p pJ J  .        (16)    

 

Thus, substituting Eq. (15) and Eq. (16) in Eq. (14) we obtain 
 

 
2 2 1

1

,
,

p p p
qq p

q
J

J 

 

 , 

 

As such, Eq. (15) yields  
 

 
 

1

1

1

3 3

1 1

,p

p

p

p
pp

u tD J
J

D t x


 

          
 x

       (17)    

 
(9)  Once again, we urge the interested reader to study Chapter 3 where an extensive study takes place, concerning 
the Jacobian determinant, the Laplace expansion and several identities of the Jacobian determinant. 
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Due to the Kronecker delta 
1p p , the double summation of Eq. (17) reduces to 

 

 
 3

1

,p

pp

u tD J
J

Dt x


         
 x

        (18)    

 

Thus, the material derivative of the Jacobian determinant J  yields 
 

   ,x
D J

J t
Dt

    u x         (19)    

 

Further, for a non-vanishing determinant J , the following equality holds 
 

 1 1
J

J
             (20)    

 

Thus, the material derivative of the inverse determinant yields 
 

 
1

2

1D J D J

Dt DtJ


           (21)    

 

Finally substituting Eq. (19) in Eq. (21) we obtain 
 

   
1 1

,x
D J

t
Dt J


   u x         (22)    

 

or 
 

   
1

1 ,x
D J

J t
Dt


   u x         (23)    

 

Thus, the proof is complete.              ■    
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                                                    Chapter 3 
 
 
N-Dimensional Point Transformations, Their Jacobian  
 Determinants, and Determinant Derivatives 
 
 
In The present Chapter we present identities derived through the inherent structure of the 
determinant, as well as through the specific structure of the Jacobian determinant. The Jacobian 
matrix, the Jacobian determinant, as well as several derivative structures of the determinant arise 
consistently in the study of fluid flow since the use of transformations between the two 
descriptions of the flow naturally generates such structures. Rylov, in his works (Rylov,1999a) 
(Rylov, 1999b) briefly presents several of the identities that will be established in the present 
chapter, since several of them arise in his variational study of rotational flows. Extensive use of 
the multilinearity of the determinant with respect to its elements, and its row and column vector 
entries will be made. Rylov’s text presents these identities using the structure of the 4th order 
Jacobian matrix. We see no reason to restrict the proofs to some specific dimension. We shall, 
thus, work on thn  order Jacobian determinants. In the construction of the proofs, we make use 
of an alternative form of the Laplace expansion of a determinant (Athanassoulis, 2025). The 
main advantage of these alternative Laplace expansions is that the order of the reduced 
determinant (an analogue to the minor determinant in the conventional Laplace expansion) is 
the same as the order of the determinant itself. This permits us to consider “derivative” structures 
of the same order as the determinant, throughout the analysis (a result of matrices of the same 
order). After briefly introducing the Laplace expansions, as well as the alternative expansions, 
we introduce the structures produced by the implementation of partial derivative operators on 
the determinants with respect to their entries. For the purposes of the section, we concentrate on 
the first and second derivatives, but analogous representations of higher-order derivatives 
implemented upon the determinants can, likewise, be constructed. Lastly, we establish several 
identities related to the Jacobian determinant and to the application of first and second partial 
derivatives on the former determinant, as well as identities relating to the application of first and 
second order derivative operators upon the determinant. 
 
1.  Laplace Expansion in Terms of the Reduced Determinant 
 
(a).  Short review of the simple Laplace expansion 
 

Consider an thn  order square matrix  J  of elements ,q p namely 

 

  

1,1 1,2 1,

2,1 2, 2 2 ,

,1 , 2 ,

n

n

n n n n

J

  

  

  

 
 
 
   
 
 
  




   


.          (1)    

 
We will assume that the matrix  J  is invertible, thus by the Invertible Matrix Theorem  J  

will have a non-vanishing determinant J , namely: 
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1,1 1, 2 1,

2,1 2, 2 2,

,1 , 2 ,

0

n

n

n n n n

J

  

  

  

 




   


.          (2)    

 
Remarks 1. Following the traditional notation of Lagrangian Hydrodynamics (Bennett, 2006) 
the determinant of a matrix will be denoted through a capital letter (i.e. J ), whereas the 
generator matrix of the determinant will be denoted by the letter inside brackets (i.e.  J ). 
 

2. The notation used to express the entries of the matrix ,q p , , 1, 2, , nq p    is, for the 

time being, serviceable but otherwise arbitrary, with the indices simply indicating the position 
of each entry in the determinant (or, respectively, the matrix). In later sections, when we will 
concentrate on Jacobian determinants, the notation ,q p  will be given additional meaning and 

structure, expressing additional properties of mathematical objects which enter our 
considerations.               ■ 
 
 

Historical Note :We consider the characterization of the matrix as a generator of the 
determinant suitable for a couple of reasons. First, the historical origins of the determinant and 
those of the matrix are different, with the determinant pre-existing the mathematical structure 
of the matrix. In those early stages of their development, determinants were closely tied with 
linear equations with subsequent problems giving rise to the uses of the determinant in 
transformation of coordinates as well as change of variables in multiple integrals. Additionally, 
the consideration of matrices as generators of determinants steams from the works of 
Weierstrauss (1815 – 1897) and Kronecker (1823 – 1891) who introduced the determinant in 
terms of three axioms (multilinearity, alternation, normalization) (Athanassoulis, 2023a), with 
Weierstrauss defining the determinant as a normed, linear, homogeneous function. 
Unfortunately, their work became known only in 1903 with Weierstrauss’ On Determinant 
Theory (Zur Determinatentheorie) and Kronecker’s Lectures on Determinant Theory 
(Vorlesungen über die Theorie der Determinanten) being published posthumously (Kleiner, 
2007, p. 81). 
 

 
Through the work of Pierre-Simon Laplace (1749 – 1827) (Laplace, 1773), where he extended 
some of the works of Alexandre-Théophile Vandermonde (1735 – 1796), the thn  order 
determinant was shown to be expanded in terms of cofactors. Expressing the determinant of a 
matrix with respect to the elements of one of the columns (or accordingly the rows) of the 
Jacobian matrix through the Laplace expansion: 
 

       1

1 1,
ˆ

1
ˆdet 1

q
q

p
q
p

p
p

n

JJ J 


    1 1, 2, , nq   ,     (3)    

 

we obtain  
1ˆ

p̂
qJ , a ( 1)n  order minor determinant produced from the initial Jacobian 

matrix after deleting its 1
thq   row and its thp column, that is, 
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   1 1 1 1

1 1 1 1

1

1,1 1, ( 1) 1, ( 1) 1,

( 1) ,1 ( 1) , ( 1) ( 1) , ( 1) ( 1) ,

( 1) ,1 ( 1) , ( 1) ( 1) , ( 1) ( 1)

,

def

,

,1 , ( 1) ( 1) ,

ˆ
ˆ

n

n

n

n n n n n

q q q q

q q q q

p p

p p

p p

p p

p
qJ

   

  

   

   



 

     

     

 



 

     
 

 

     
 

,      (4)    

 

with the product    1

1

ˆ
ˆ1

p pq
qJ

  conventionally called the cofactor of the determinant with 

respect to the element 
1 , pq .  

 
Remark 3. The conventional Laplace expansion, Eq. (3), expresses an thn  order determinant 
in terms of minor determinants, Eq. (4), which have order 1n . However interesting this 
reduction may be, for various applications and constructions in Linear Algebra and in the 
Analysis, it leads to an inconvenient situation in our application to the derivatives of a Jacobian 
determinant since thn order determinants are expressed in terms of ( 1)n  order minor 
determinants.                ■ 
 

To avoid the additional complexity that arises from expressing the determinant through Laplace 
expansions in terms of minor determinants, extensive use will be made of (Athanassoulis, 2025) 
equivalent expansions to the conventional Laplace expansions, Eq. (3), namely:  
 

 
1 1,

1

( )p
p

q

n

q pJ J 


     , 1 1, 2, , nq   .       (5)    

 

In contrast to the structure of minor determinants produced in the conventional Laplace 

expansions, 
1

( )pqJ  
    represents n -th order determinants having every element of a thp 

column and the 1
thq   row equal to zero, except for the element in the position 1( , )q p  which 

retains the value 1, namely: 
 

 1 1

1,1 1, ( 1) 1, ( 1) 1,

,1 , ( 1) , ( 1) ,

row (specific)

column (generic) 

0 0 0 0

0

( ) 1

0

p p n

n n p n p n n

pq

p

qJ

   

  





 

 



 

     

 
      

 
      

 

.    (6)    

 

The alternative Laplace expansions, Eq. (5), express the determinant in terms of the structures 

1
( )pqJ  
   , which will, henceforth, be referred to as the 1( )q p  reduced determinant or just 

the reduced determinant if confusion is not likely to occur. Since the Laplace expansion in 
terms of the reduced determinants, Eq. (5), expresses the determinant J  through the reduced 

determinants 
1

( )pqJ  
    (of order equal to that of J ), it simplifies the analysis, see Remark 

2. It will, thus, be used throughout this section. 
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(b).  Short review of the double Laplace expansion 
 

Recall the conventional double Laplace expansions in terms of minor determinants: 
 

  1 2

1 2

1 2

1 2

1 2

2 1

1 2

1 2, ,
1 1

ˆ ˆ

ˆ ˆ
( 1)

p p
p p

p p
p p

q

n n
q q

q
p p

q q
J J   

 


   ,      (1)    

 

where  1

2

2

1

ˆ

ˆ

ˆ

q̂

p p

q
J  is the ( 2)n  order minor determinant obtained from the initial Jacobian 

after deleting its 1q , 2q rows and its 1p , 2p  columns. By the appropriate n -th order 

reduced determinants, we can obtain double Laplace expansions equivalent to those, in terms 
of minor determinants, Eq. (1), namely: 
 

 1 2 1 2

1 2

2 1

1 2 1 2, ,
1 1

( ) ( )
p

q q qp p p p
p

p p

n

q

n

J J   
 



      .       (2)    

 

The inner summation in Eq. (2) extends over all    2 11, 2, ,p pn  . These alternative 

Laplace expansions, Eq. (2), express the determinant J  in terms of 
1 21 2

( ) ( )p pq qJ   
   . The 

latter will, henceforth, be referred to as the
2

1

2

1q

q

p

p

     
reduced determinant or simply the 

reduced determinant if confusion is not likely to occur, and its structure is defined as follows. 
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Figure 1. The structure of the thn  order reduced determinant 
1 21 2

( ) ( )p pq qJ   
    
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In Fig. 1, the different entries of the initial Jacobian determinant J  are represented through 

stars ( )* , and the entries of rows 1q , 2q  and columns 1p , 2p  have been replaced with 

zeroes, or accordingly 1 (1). 
 
2.  Partial Derivatives of The Jacobian Determinant in Terms of The Reduced  
 Determinant 
 
(a).  The Jacobian matrix and the Jacobian determinant of a point transformation  
 

Consider now the point transformation  , mapping each  1 2, , , nx x xx    V x  in 

     1 2, , , n   x ξ x    V  , namely: 

 

 

   

 

 
 

 

1 1 1 2

2 2 1 2

1 2

: V V

, , , ,

, , , ,

, , , .

x

n

n

n n n

x x x

x x x

x x x



 

 

 


      

x ξ x











        (1)    

 
N.B. The point transformations described by Eq. (1) can be thought of as transformations 
between different spaces, or as transformations between different systems organizing the same 
space (Sachinidou & Athanassoulis, 2023), the second being the most common case in 
hydrodynamics.               ■ 
 
We assume the transformation   is a bijection, thus, the inverse map  
 

 

   

   

 
 

 

1

1 1 1 2

2 2 1 21

1 2

: V V

, , , ,

, , , ,

, , , ,

x

n

n

n n n

x x

x x

x x



  

  

  






       

ξ x ξ x ξ











      (2)    

 
is also well defined (exists). In addition, we will assume that the transformation is sufficiently 
smooth, specifically a 2C  diffeomorphism.  
 

N.B. Despite the fact that, for the sake of homogeneity, we have assumed 2C differentiability, 

many of the identities demonstrated in the present chapter hold for 1C differentiable point 

 
(1)  For the scope of this section the double Laplace expansions are sufficient but, generally, by repeatedly 
expanding the reduced determinants (or, the minor determinants, respectively, in the case of conventional multiple 
Laplace expansions) through Laplace expansions we can produce the multiple Laplace expansions (in terms of 
minor determinants or respectively reduced determinants). 
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transformations. As such, a remark will be added when necessary, for the sake of accuracy.
                 ■    
 

Having defined the point transformations   we will proceed to define the Jacobian matrix and 
the Jacobian determinant generated from this transformation, since the Jacobian 
matrix/determinant characterize the local structure of the transformation  . For example, the 
transformation of infinitesimal line, surface and volume elements from one space to another are 
expressed in terms of the Jacobian determinant and/or various “derivative” objects arising from 
it (Sachinidou & Athanassoulis, 2023), (Spivak, 1995, p. 17, p. 113), (Marsden & Tromba, 2003, 
p. 25), (Olver, 1993, p. 7). Consider, thus, the Jacobian matrix and the Jacobian determinant 

arising from the point transformations from the xspace,  V x
, to the space,  V 

. 

That is, we define the thn   order Jacobian matrix  J  of elements , ,i
i j j i

jx


 


  


 

,i j  1,2, ,n ,  
 

  

1 1 1

1 2
1,1 1, 2 1,

2 2 2
2,1 2, 2 2,

1 2

,1 , 2 ,

1 2

n
n

n
n

n n n n
n n n

n

x x x

x x xJ

x x x

  

  
  

  

  
  

    
                                      
     



 

   
   



.      (3)  

 

The point transformation   is assumed to be a 2C  diffeomorphism, thus, in virtue of the 

Inverse Function Theorem the Jacobian matrix of transformations  J  is considered to be 

invertible. Furthermore, since  J  is invertible, from the Invertible Matrix Theorem we obtain 

that the Jacobian matrix  J  has a non-vanishing determinant J , given in the following 

equation  
 

 
 

1 1 1

1 2
1,1 1, 2 1,

2 2 2
1 22,1 2 , 2 2,

1 2

1 2

,1 , 2 ,

1 2

, , ,

, , ,

n
n

nn
n

n

n n n n
n n n

n

x x x

x x xJ
x x x

x x x

  

  
  

    

  
  

  
  
  


    



  
  




 
   

   


     (4)    

 

Remark 1. We can now realize that the notation ,q p , used in the previous sections for the 

elements of the determinant, not only expresses the position of the entries in the Jacobian matrix 
 J  and the Jacobian determinant J , but also identifies the partial derivatives arising as 

components of the point transformation  . Namely, we establish the following notation 
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 ,
q

q p
px








 ,            (5)    

 

for the entries of the Jacobian matrix   and  
 

 ,
p

p q
q

x
x







,            (6)    

 

for the entries of the Jacobian matrix of the inverse transformation 1 , which we will, 
henceforth, use extensively to identify the entries of a Jacobian determinant and its generator 
Jacobian matrix.               ■ 
 

Remark 2. Because of the frequent occurrence of the Jacobian determinant, the latter is 

expressed, in a substantial portion of the literature, by the symbol 
 
 

1 2

1 2

, , ,

, , ,

n

nx x x

  






 (Lamb, 

1932, p. 14), as shown in the right-hand side of Eq. (4). The “appropriateness of this 
abbreviation” stems from the fact that, in many respects, the determinant behaves as the 
differential /d d x  (Courant & John, 1974, p. 254, p. 276).          ■ 
 
(b).  Application to the calculation of first-order partial derivatives  
 

Recall that the determinant itself is a multilinear function of its elements. In that respect, we 
can apply partial derivative operators on the determinants with respect to one (or several, as 
will be shown further in this section) of its elements. Consider an element (without any loss of 

generality) 
1 1,q p  of the Jacobian determinant. Applying the partial derivative operator, with 

respect to 
1 1,q p , on the Laplace expansion in terms of the reduced determinants, Eq. (5) of 

Subsection 1.a, we obtain 
 

 
1 1

1 1 1 1
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, , 1

( )qp p
p

q
q p q p

nJ
J
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 



          
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1

1 1 1 1 1

1 1 1 1
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,
1 , 1 , 1

( ) ( ) ( )
q

q q q p q
q p q p

n
p

p p p p p
p p p

n n

J J J 
 


   

  

                        

 

 
1 1

1 1,

( )q p
q p

J
J 


      ,           (1)    

 

where 
1p p  is the Kronecker delta. The equality  *  (in the second line of Eq. (1)) makes use 

of the multilinearity of the determinant with respect to its elements, as the common factors 

1 , pq  do not appear in the reduced determinant, see Eq. (6) of Subsection 1.a. Due to the 

Kronecker delta, 
1p p , the sum over all 'p s  reduces to a single term, the reduced 

determinant appearing in Eq. (1). 
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Remark 1. Note that the reduced determinant 
1 1

( )q pJ  
    in Eq. (1) is no longer specified by 

one free index  1q  and one dummy index  p , as happens in the first line of the above 

equation, but instead, both indices are free and completely specified by the indices of the 

element 
1 1,q p , with respect to which the derivative is taken. This stems directly from the 

structure of the reduced determinant (Athanassoulis, 2025).     
       ■ 
 

Revisiting the conventional simple Laplace expansion, Eq (3) of Subsection 1.a, 
 

       1

1 1

1 ,

1
ˆ,
ˆdet 1

pq

p

p p
p

q
q q

n

J

JJ J  


  




,        (2)    

 

we recall that the quantities 
1 , pqJ  are the cofactors of the Jacobian determinant, defined, for 

an entry 
1 1,q p , as the product of the right-hand side of Eq. (2), 

 

      1 1 1

1 1 1,1 1
,

ˆ
ˆco 1f

q p

q p p
q p qJJ J 

   .        (3)    

 

Since the following holds (Athanassoulis, 2025) 
 

    1 1 1

1 1 1

ˆ
ˆ( ) 1

q p p
q p qDD        ,          (4)    

 

we obtain that the cofactor of the determinant with respect to an element 
1 1,q p , is in fact 

equal to the corresponding reduced determinant, with respect to that element 
 

  
1 1 ,1 1

c) of(
q p

q pJ J       .          (5)    

 

If all the components of the elements ξ  as well as x  are independent with respect to all other 
components of the respective elements, the Kronecker delta, can be expressed by means of 
partial derivatives, 

1 1
/p p p px x    . As such, the structure of the reduced determinant, Eq. 

(6) of Subsection 1.a, with respect to an element 
1 1,q p  can be expressed through 
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 
        (6)    

 

Combining Eq. (1) and Eq. (6), we obtain the identity 2.2 of Rylov (Rylov, 1999b), namely 
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N.B. The identities derived from Eq. (1) to Eq. (7) also hold in the case of a 1C 
differentiable and bijective point transformation, since they simply describe the mathematical 
structures derived by implementing partial derivatives on a determinant with respect to its 
elements.                ■    
 

An interesting extension concerning the application of partial derivative on a determinant, 
with respect to its entries, is presented in Appendix A. It is recommended that the reader 
consult Appendix A upon completing a study of the present chapter, since several results 
established in this chapter will aid in the understanding of the material presented there. 
 
(c).  Derivatives of the Jacobian determinant with respect to the components of any element of  

 the  V 
- space 

 

An interesting result arises if we attempt to calculate the derivative of the Jacobian 
determinant with respect to any component q , 1, 2 , , nq   , of an element 

 1 2, , , n  ξ   of the space  V 
 defined in Subsection 2.a. Recall the Jacobian 

matrix  J  (Eq. (3) of Subsection 2.a), expressing the point transformation   defined in Eq. 

(1) of Subsection 2.a. Let  qJ , 1, 2 , , nq   , be the thq  row-vector of the Jacobian matrix 

 J . Then, we can write 
 

  

1 1 1

1
(1)

( )
1

( )

1

p n

p n

n
n n n

p n

q q q
q

x x x

J
x x x

x x x

 

 







 

    
                                            
     

J

J

J

 

     
 


    

 

 ,       (1)    

 

where  
 

  
1

, , , ,
p

q q q
q

nx x x

              
J   , 1, 2 , , nq   .      (2)    

 

Applying the derivative with respect to 
1q  on the entries of the row-vector  qJ  of the 

Jacobian J  we obtain 
 

 
 

1 1 1 11

q q q q

q q q p nqx x x

  
   

                                                    

J
  ,      (3)    

 

with 1, 1, 2, , nq q   . Since the point transformation   is a 2C diffeomorphism, 

invoking the Schwartz Theorem, we obtain 
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 

1 1 1 11

q q q q

q q q qp nx x x

  
   

                                                         

J
   

      
 

 
1 1 1

*

1

0 0 0q q q q q q
p nx x x

  
            

    ,    (4)    

 

Equality  *  holds, since 
1q q  is a constant. Thus, taking the derivative with respect to 

1q  

of the Jacobian determinant yields 
 

 
1

th

0

* * *
row

0

* *

0 0

*

q

q

J




  


 
    

 
    

 

.       (5)    

 

Additionally, taking the gradient of the Jacobian determinant with respect to the vector q , 

1, 2 , , nq    equals  
 

  
1

, , 0, , 0
n

J J
J  

           
  .         (6)    

 

Thus, the Jacobian determinant is independent of any elements  1 2, , , n  ξ   of the 

space  V 
, defined in Subsection 2.a. 

 

In the premises of Appendix B, we further investigate the validity of the identity of Eq. (6) for 
any sufficiently smooth function, extending the above considerations to cases of functions 
having linearly dependent components. 
 
(d).  Expressing the reduced determinants through Laplace expansions in terms of reduced  
 determinants 
 

We will now express the reduced determinants themselves, through simple Laplace 
expansions in terms of reduced determinants. 
 

Recalling Eq. (1) of Subsection 2.b, applying a partial derivative to the determinant, with 

respect to an entry 
1 1,q p , we obtain the following reduced determinant, 

 

 
1 1

1 1,

( )q p
q p

J
J 


     

,           (1)    

 

of the same order as the initial determinant J . Thus, the reduced determinant 
1 1

( )q pJ  
    can 

be expanded again, with respect to any row 2q , different than 1q  (Athanassoulis, 2025), 

using, once again, the Laplace expansion in terms of the reduced determinants, Eq. (5) of 
Subsection 1.a, mentioned below with an appropriate change in the free index, that is, 1q  is 

replaced by q , namely 
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1 1,

1

( )p p

n

q q
p

J J 


     ,           (2)    

 

obtaining  
 

 
1 1 2 1 1 2

1

( )( ) ( )q p qp p

n

q
p

p qJ J  


          . 2 1q q       (3)    

 

In accordance with Subsection 1.b, 
1 1 2

) ( )( q p pqJ  
    is again an thn order determinant, 

obtained from 
1 1

( )q pJ  
    by replacing all elements of the 2

thq  row and thp column by 

zeroes, except the element at the position 2( , )q p  which takes the value 1, see Fig. 1 of 

Subsection 1.b.  
 

The summation in the last Eq. (3) extends over all    12 1, 2, , pp n  (Athanassoulis, 

2025). To demonstrate the above argument, we will represent the determinant 
1 1

( )q pJ  
    

through the Leibniz formula (analytical definition of the determinant) in terms of entries ,i j , 
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1 1 2(1) ( 2 )1 ( )( ) det sgn

n

q p nni jJ J   


     


        
P

,     (4)    

 

where i j i j   when 1i q  and 1j p , and  
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1
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1when when

when when
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j
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          
      (5)    

 

Expressing the determinant J   through the Laplace expansion in terms of reduced 

determinants, Eq. (4) of Subsection 1.a, with respect to the elements of the 2
thq   row we 

obtain  
 

2 2

1

( )p p

p

n

q qJ J 

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Eq. (5)
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p p p
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p

q

n n

p

q

p

J J J   
 
 

                     .

               (6)    
 

In virtue of Eq. (5), the term corresponding to 1p p  does not contribute to the sum, and thus 

it can/should be excluded. The structure of the reduced determinants 
2

( )pqJ       is as follows. 
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Figure 1. The structure of the thn  order reduced determinant 
2

( )pqJ       
 

In Fig. 1, the different entries of the initial determinant J  are represented through stars ( )* , 

and the entries of rows 1q , 2q  and columns 1p , 2p  have been replaced with zeroes, or 

accordingly 1. But recalling Fig 1 of Subsection 1.b, we observe that 
2

( )pqJ       is identical 

to the reduced determinants 
1 1 2

) ( )( q p pqJ  
    (under the appropriate change in the dummy 

index 2p p ), namely 
 

 
2 1 1 2

)( ) ( )(p pqq q pJ J             .          (7)    
 

Substituting from Eq. (4), Eq. (5), Eq. (6) and Eq. (7) we thus, obtain 
 

 1 1 2 1 1 2

1

1

( ))( ) (q p q q p qp p

p

n

p
p

J J  



           .        (8)    

 

Notice that the restriction 1p p , applied on the above summation is (as expected) in 

accordance with the restriction applied on the summation of Eq. (2) of Subsection 1.b. 
 

Remark. At this point we emphasize that the results obtained from Eq. (1) to Eq. (8) also hold 

in the case the point transformations are 1C diffeomorphisms.        ■    
 
(e).  Application to the calculation of second-order partial derivatives 
 

Recalling Eq. (1) of Subsection 2.b we will, henceforth, apply second-order derivatives on the 
determinant with the latter expressed through Laplace expansions in terms of the reduced 
determinants. 
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Specifically, recalling Eq. (7) of the previous Subsection 2.d, the application of partial 
derivatives to the reduced determinant with respect to an element, without any loss of 

generality, 
2 2,q p  yields 
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. 1 2 1 2 1, ,, , , 2 ,q nq p p   ,    (1)    

 

where 
2p p  is the Kronecker delta.  

 

Further, analogously to Eq. (4) of Subsection 2.a, we can express the 
2
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p
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and by Eq. (1), we obtain 
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,      (3)    

 

which corresponds to the first relation of identity, presented in the equation (2.4) of Rylov 
(Rylov, 1999b) 
 
3.  Identities For The 1st-Order Derivatives of The Jacobian Determinant 
 
(a).  Generalization of the simple Laplace expansion with mismatched free-index 
 

Note that in the Laplace expansion in terms of reduced determinants 
 

  1 1,
1

( )p
p

q

n

q pJ J 


     , 

 

the free indices 1q  as well as the indices under summation p  in the entries extracted as 

common factors and in the respective reduced determinants are the same. Given the structure 
of the reduced determinants, it is interesting to see what happens when the two free indices, 
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that is, the free indices appearing in the  entries extracted as common factors and in the 
corresponding reduced determinants, do not coincide. In that respect, consider now, the matrix 

J   , of entries ,q p , ,, 1 2, , nq p   , defined as 
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,         (1)    

 

as depicted in Fig. 1. 
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Figure 1. The structure of the matrix J    
 
In Fig 1 the entries of the rows 1q  and 2q  are presented according to the definition of Eq. (1), 

while the entries of all other rows being given by the first of Eqs. (1), are presented through 

stars ( )* . Since the matrix J    has two identical rows, its determinant J   will be equal to 

zero. 
 

 0J   .             (2)    
 

Expressing J   through the Laplace Expansion in terms of Reduced Determinants we obtain 
 

 , ( ) 0q qp p

p

J J       ,          (3)    

 

and invoking Eq. (1) of Subsection 2.b, Eq. (3) yields 
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0pq
q pp

J
J 


  

 ,  11 2, , , , ,q q n   .     (4)    

 

Since the index q  is a free index, setting 2q q  we obtain  
 

 
2 1

2 2

, ,
, ,

0p p
p pp p

q q
q q

J J
J  

 
     

   .       (5)    

 

By the definition of Eq. (1), the matrices  J  and J    have every respective entry identical 

except for the entries of the h
2
tq  row. Thus, according to Eq. (1) of Subsection 2.b the derivatives 
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of the determinants J  and J   with respect to any entries 
2 ,q p  and 

2 ,q p  respectively, will be 

equal, namely, 
 

1 1 1 1 1 1

2 2
2

, , , , , ,

, , , , , ,
Eq. (1)

, ,

, , ,

1 1 1 1 1 1 1 1

1 1

1 1, , ,

th th

row0 1 0 0 1 0

 column  column

p n p n

q q p q n q q p q n

q p q p

n n p n n n n p n n

q

p p

J J

     

     

 

     

 

   
 

  

   
         

   

         
   

         
   

               (6)    
 

Substituting in Eq. (5) we obtain 
 

 
1

2

,
,

0q p
pp q

J
J 


  

 .          (7)    

 

From Eq. (5) of Subsection 1.a, we know 
 

 
1

1

,
,

q
q

p
pp

J
J 




 .           (8)    

 

Combining Eq (7) and Eq. (8), we obtain the following identity 
 

 
1 2 1

2

,
,

q q

p q
p q

p

J
J


  

 .          (9)    

 

Similarly, the following identity also holds, 
 

 
2 2 1

1

,
,

p p p
qq p

q
J

J


  
 .        (10)    

 

Remark. The identities of Eq. (9) and Eq. (10), corresponding to Eq. (2.7) of Rylov, (Rylov, 
1999b) are a well-established result in Linear Algebra, frequently encountered in the literature 

(Prasolov, 1994, p. 21), (Shilov, 1971, p. 13) and are by no means limited to 2C 
differentiable point transformations.             ■    
 
(b).  The adjoined and the inverse Jacobian matrix in terms of reduced determinants 
 

We now construct a new matrix J   
  from the derivatives of the determinant, appearing as 

factors of the products in Eq. (9) and Eq. (10) of the previous subsection, namely 
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1

11 1 1

1

1

1

1

,1 1 1, ,

, , ,

, , ,

p

q

n

p n

p

q q

n n nn

J J J

J J J
J

J J J

  

  

  

    
    
 
 
              
 
 
 
    
     

 

    

  

    

 

.        (1)    

 
Recalling Eq. (5) of Subsection 2.b we know that the derivatives of the determinant are in fact 
the cofactors of the conventional Laplace expansion of the determinant J . Thus, J   

  is in fact 

the cofactor’s matrix of  J , expressed through the derivatives of the determinant. Due to the 

structure of Eq. (9) and Eq. (10) of Subsection 3.a, we understand that the importance of J   
  

lies in its transpose 
T

J   
 , namely: 

 

1 1 1

1 1

1

1

1

1

1

1

1

, , ,
, , ,

,

1
1

1

,

1 1 1
1

,

1 1

T

, , ,
, ,

,

1, ,

1

,1

q n
q n

q n
q n

q n

p p p
p p p

n n n

nq nn n

J J J

J J J
J

J J J

  
  

     

  

  

   
                                 

     
  

 
   

    
    
     

            
 














 
 
 
 
 

. 

               (2)    
 

The matrix 
T

J   
  is referred to as the adjoint (or the classical adjoint) of  J , though, in the 

more recent works the name adjugate has been increasingly used (Athanassoulis, 2023b), 
while the notation 
 

    T
adj J J    

 ,            (3)    
 

is almost uniform in literature. Through the adjoined matrix,   adj J , Eq. (9) and Eq. (10) 

of the previous subsection, can be expressed in matrix form, obtaining  
 

     
2 1 2 1, ,adj q q qp

p

qpJ J J I J      ,       (4)    

 

and 
 

     
2 1 2 1, ,adj q q

q

p p p pJ J J I J     .       (5)    
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Substituting, from Eq. (4) and Eq. (5) we obtain 
 

          adj adjJ J J J I J  .         (6)    
 

Thus, since the Jacobian determinant J  is non-vanishing, and as such the inverse Jacobian 
matrix is non-vanishing, we obtain the well-established formula expressing the inverse matrix 
in terms of the adjugate matrix and the determinant generated by the matrix, for the case of the 
Jacobian matrix, namely 
 

     1 adj J
J

J
  .            (7)    

 

Substituting from Eq. (1) of Subsection 2.b as well as Eq. (5) of the same subsection, the 
above Eq. (7) yields the inverse Jacobian matrix in terms of reduced determinants, namely: 
 

  

1

1 1 1 1

1

11 1 1

1
1

1

( ) ( ) ( )

1
( ) ( ) ( )

( ) ( ) ( )

q n

p q p n p

n q n n n

J J J

J J J J
J

J J J

  

  

  



               
 
 
                   
 
 
                

 

    

 

    

 

.      (8)    

 

Given Eq. (8), the entries 
1 1p qx    of the inverse Jacobian   1

J


 can be expressed 

through the Jacobian determinant and the reduced determinants, namely 
 

 1

1 1

1

1
( )

p

q p
q

J
J

x




     
,           (9)    

 

or, recalling Eq. (1) of Subsection 2.b, as well as the conventional symbol for the determinant 
presented in Eq. (4) of Subsection 2.a  
 

 
 
 

 
 

11

1 1 1 1
,

0 11 2

1 2 0 1

, , , , ,, , ,1

, , , , , , , ,

nn

n n

pp

q q p p

xx

xJ

x x xJ

x x x

  

   

  
   

 
  

,  (10)    

 

or, expressing the composition of transformations as a single point transformation we obtain  
 

 
 

 
 

 
 

1 1

1 1

0 1 0 11 2

1 2 0 1 0

11

1

position position

, , , , , , , , , ,, , ,
,

, , , , , , , , , , , , ,

p

p

nn

n

p

n q

n

n

q q

x x x

x x x

x x

x

     

    

 
 


  


   

    
  (11)    

 

where the right-hand side of Eq. (11) represents the determinant R  
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 
  1

1 1 1 1

1

1 11

1
1

1

0 1

0 1

1

1
0 1

1 0 0 0 0 0

0 1 0 0 0 0

position 0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

, , , , ,

, , , , ,

p p p

q

n

q

p p p

q
n

n

p

q

x x x x x x

q

R
x

    

 

 



  

     

     


 




 

 

       

 

 

 

       

 

 

 

 

             (12)    
 

expressing a single point transformation   defined as 
 

 

   

 
1 1 1

1 1

1 1 1

1 1 1

1 1 1

1 2

1 1 1

1

: V V

( )

( )

position( , , , )

( )

( )

q q q

p p

q

n

n n

q

n

q

y

q

y y

y y

y x

y y

y y







  





  

  


            





ξ

ξ

ξ y ξ

ξ

ξ










   (13)    

 

where the space  V 
 is defined in Subsection 2.a, and  V y

 is the space of elements 

   1 1 11 1 1, , , , , ,q p q nx    y ξ    where 1 1, 1, 2, , nq p   . Indeed, expanding 

the above determinant R , defined in Eq. (12), with respect to the entries of any h
1
tq  row using 

the Laplace expansion in terms of reduced determinants, we obtain the sum 
 

1 1 1 1 1 1 1

1

1, , ,
1 1

(( )) ( )q q q q q q qp p p p p
p p

p

q

n n

q

R r Rr rR R   
 



                   ,  (14)    

 

where 
1 , pqr  are entries of the h

1
tq  row of R . It turns out that, for 1p q  the reduced 

determinants 
1

( )pqR  
    of the above sum of Eq. (14) are equal to zero. Indeed, considering 

(without any loss of generality), the case 1p  , and recalling the structure of the reduced 
determinant, see Eq. (6) of Subsection 1.a, we obtain 
 

 
 
 
 
               row  1q   
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1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0
0( )

0 0 0 0 0

0 0

0 0 0 0 1 0

0 0 0 0 0

1

1

pqR      

 
 

       
 
 
 

       
 

,     (15)    

 

since the h
1
tq  row becomes identical with the first row ( 1p  ). Further, if 1p q  the reduced 

determinant is equal to the unit 
 

 1 1

th
1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1

n

0 0 0
( ) 1 .

0 0 0 0 0

0 0 0 0 1 0

0

1

 

0

c

1

ol

0 0

um

0

q qR

q

     



 
 

       
 
 
 

       
 

     (16)    

 

Thus, Eq. (14) reduces to 
 

 1

1 1 1 1 1 1

1

, ,
1

(( ) )
p

q q q qp p p
p

n

q q
q

R r R r R
x




 


             .    (17)    

 

Summarizing the above results, we may write 
 

  
 

11

1 1 11

0 1

0 1

1

,

position

, , , , , 1
,

, , , , ,

pp

q qq

n

n p

q

Jxx

J





 

  


  

 

 

 

     (18)    

 

which corresponds to Eq. (2.5) of Rylov (Rylov, 1999b). 
 
4.  The Piola Identity in Terms of The Reduced Determinants of The  
 Jacobian 
 

Recall now that the application of the partial derivative operator (with respect to an entry of 
the determinant), on the determinant, yields the corresponding reduced determinant, Eq. (2) of 
Subsection 2.b. Further, according to Eq. (5) of the same subsection, the reduced determinants 
are equal to the cofactors of the initial determinant. In that respect we will establish the Piola 
Identity using the structure of the reduced determinants. 
 

th
1 rowq  
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Historical Remark. For the sake of accuracy note that the name “Piola identity” was 
attributed to the identity derived by Gabrio Piola (Gabrio Piola, 2014, The complete works 
Volume I Commented English Translation) in his works, for example (Piola, 1846), only in 
1983, by J. Marsden and T. Hughes in their work on the Theory of Elasticity (Marsden & 
Hughes, 1982, p. 6).               ■ 
 

 

THEOREM (Piola identity in terms of Reduced Determinants): Let the transformation 

described by the Jacobian matrix and its determinant J  be 2C diffeomorphisms. Then the 
Piola identity holds: 
 

 1

1

0
( )p

p

q

p

n J

x





     
 .            (1)    

 
PROOF: Consider a transformation described by the Jacobian matrix  J . Assume the 

transformation is a 2C diffeomorphism. Then, in virtue of Eq. (9) of Subsection 3.b the 
following holds 
 

 1

1

( )
p

q p

n

px
J 



        

 
1 1 11 1

p p p

p p ppq qp q

n nx x x

x x x

J
J J

  
 

                                               
  .     (2)    

 

The transformations are 2C diffeomorphisms, thus, invoking the Schwartz Theorem we 
obtain  
 

 1

1

( )
p

q p

n

px
J 



       

 
 

1 1 1

*

,1 1

1

q q q

p p

p p p pp p

n n
J Jx x

x x

J
J

Jx  
 

                                   
  .     (3)    

 

The above equality  *  holds since the term p px x   is a constant. Further, substituting 

from Eq. (18) of Subsection 3.b, Eq. (3) reduces to 
 

11 ,

1

p p

n

p q

J J

x J 


         
  

 
1 1 1 1 1

1

, ,1 1

p p

p p p pp pq q q q q

n n
J J J Jx x

x

J

x   



 

                                      
  ,    (4)    
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and since the above determinant 
1qJ    has every entry of its thq  row equal to zero we 

obtain 
 

  1

11

0( )pq

p

n

p q

J

x
J






        .         (5)    

 

Thus, the proof is complete.               ■ 
 
Scholium : It is interesting to note that many of the original works of Piola lack the necessary 
limits of his mathematical proofs (Del' Isola, Andeaus, et al., 2014, p. 68). Characteristically, 
in his collected works (dell’Isola, Maier, et al., 2014, p.157), one reads 
 

 “after these calculations I abandoned myself to the analogy and this will be sooner 
or later unavoidable, because our series is infinite and it will be impossible to check all its 
terms.” 
 

The above phrase is not attributed specifically to the Piola identity and is rather mentioned in 
order to justify the above statement. 
 

We will, however, emphasize that while some of Piola’s works are proven “by analogy” 
which is not acceptable nowadays, “there are examples of mathematical induction which are 
very ancient” however “only after Boole and Dedekind it became a universally known and 
(nearly universally) accepted method.” (Del' Isola, Andeaus, et al., 2014, p. 68) 
 

Particularly, in the proof to the above identity, Eq. (1), Piola states: 
 

 “The trinomials with third order derivatives are of three kinds: there are those 
constituted by derivatives of first and third order, and one can count 30 of them: there are 
those constituted by derivatives of second and third order, and they are 60 in number: and 
there are those which contain only third order derivatives and they are 55 in number. I am 
not writing them, as everybody who is given the needed patience can easily calculate them 
by himself, as it can be also done for those trinomials containing derivatives of higher 
order.” 
 

Nevertheless, we tend to agree with (Del' Isola, Andeaus, et al., 2014, p. 63) when they state 
that “Piola had caught their (the appropriate calculations’) “tensorial” or at least their 
algebraic structure”. 
 

The above bibliographical discussion is likely to be of some importance, regarding the lack of 
literature concerning the derivation of a purely tensorial form of the Piola identity using thn -
order matrices. Nevertheless, there exists a plethora of proofs for the Piola identity, many of 
which are well established in the literature including (Marsden & Hughes, 1983, p. 6) where a 
short discussion of the proof takes place, (dell’Isola & Gavrilyuk, 2011, p. 323) where an 
integral form of the identity is presented, (Auffray et al., 2013, p. 35) where the original form 
of the Piola identity is presented, as well as the Piola-Ricci-Bianchi condition with regards to 
the same identity as a particular case of the Bianchi condition for the Ricci curvature tensor, 
(Scovazzi & Hughes, 2007, p. 8) where the identity is established through the use of the Gauss 
theorem for Riemannian manifolds and of Nanson’s formula. Further, as we demonstrate in 
Appendix B, the Piola identity also holds in the case of any sufficiently smooth function, 
without the requirement of the function being bijective.         ■ 
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5.  Identities for The 2nd-Order Derivatives of The Jacobian Determinant 
 

In this section we will establish identities relating to the application of first and second partial 
derivative operators, upon the Jacobian determinant, with respect to its entries. 
 
(a).  Identities obtained via the Piola identity 
 

In the previous subsection we provided proof of the Piola identity, in the case of the reduced 
determinants. We will, thus, establish identities concerning the second order partial derivatives 

of the determinant J  by expanding the 1 1( )q p reduced determinant in terms of 
2

1

2

1q

q

p

p

     
reduced determinants. 
 

Invoking the Piola Identity in terms of the reduced determinants, Eq. (5) of Subsection 4.a, the 
following holds 
 

 
1 111

,

0
n

pp q p

J

x 

        
 . 

 

Substituting from Eq. (8) of Subsection 2.d, Eq. (5) of Subsection 4.a, yields 
 

 
2

21 1

1

11

2

,

1 1

0q
q q

p
p p pp

n

p

n

p
p

x

J
 

 


                   
 .        (1)    

 

By the product rule, the above Eq. (1) equals 
 

 
1

2 2

2 1 21 1 1 11

1 1

1

2 2

, ,

1 1 1 1

0p p
p p p p p pp p

n

q q
q q p p

n

q
p

n

p p

n

q
p

x

J

x

J  
   

   
 

 
                                   

    .

               (2)    
 

Since the transformations discussed in this section are 2C diffeomorphisms, invoking the 
Schwarz Theorem of Calculus, we can change the order of differentiation in the second 
component of the above summation 
 

1

2 2

2 1 21 1 11 1

1

1

1

2

, ,

1 1 1 1

0

n n n n

p

p p

p p p p p p

q

p p p
p

q

q q q

p p p

qx x

J J
 

   
   
 

 
    

     

                                         
    (2),

               (3)    
 

and invoking, once again, the Piola identity, the inner summation of Eq. (3) yields 
 

 
12 11 1 11 2 111 1

0
q p p p pp p

n n

p pq q q

J J

x x  
 

                                                                  
  .    (4)    

 

 
(2)  The change in the order of summation stems directly from the commutativity of finite sums. 
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Thus, considering Eq. (5) of Subsection 4.a, Eq. (2) and Eq. (4) we obtain the identity 
 

  
1

2

1 1 2 11 1 11

1

2

,
,1 1 1

0q
q q q

p
p p p p pp p p

p

n n n

p

J

x

J

x


  
  



                          
   .    (5)    

 

which corresponds to Eq. (2.8) of Rylov, (Rylov, 1999b) 
 
(b).  Identities between J and the second-order derivative of J 
 

Recall that in virtue of the linearity of the partial derivative operator, applying a second order 
partial derivative operator with respect to any entries 

1 1,q p  and 
2 2,q p  on the determinant J   

 

 
2 2 1 1 2 2 1 1, , ,

2

,q p q p q p q p

J J

   

           
,         (1)    

 

and substituting from Eq. (18) of Subsection 3.b, using the product rule, we obtain 
 

 1

2 2 1 1 2 2 1, ,

2

,

p

q p q p q p q

J
xJ

   

            
 

 1 1

2 2 1 2 2 1, ,

p p

q p q q p q

J x
J

x

   

              
 

 2 1 1

2 1 2 2 1,

p p p

q q q p q

x
J J

x x

   

              
.      (2)    

 

Concentrating now on the application of a partial derivative operator on the final term 

1 1p qx    of Eq. (2), recall that the point transformations considered in this section are 

2C diffeomorphisms and thus, invertible. Thus, invoking the Invertible Matrix Theorem, 

there exists an inverse Jacobian matrix   1
J


 of entries 

,
j

j i i j
i

x
x x




  


, such that (in 

virtue of the identity matrix),  
 

  2 2, ,

1

r r

r

q q q q

n

x 


 .           (3)    

 

Applying a partial derivative operator with respect to the entry 
1 1,q p  in Eq. (3) yields 

 

    

2 2

1 1 1 1

*

, ,
, ,1

0
p

n

rq q q q
q

r
qr p

x
 

 


  
  .        (4)    

 

Equality  *  holds since the Kronecker delta 
2qq  is a constant. Furthermore, by inserting the 

partial derivative in the summation, in the left-hand side of Eq. (4), we obtain 
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 2 2

2 1 1 2

1 1 1 1 1 1

, ,,
, , , ,

, , ,1 1 1

0.
q qq

q q q q p q q
q p q p

r

r rr
r r r

n

r
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n n

q p

x x
x x
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


 
  

                         
    

 

Due to the Kronecker delta 
1r p  the above reduces to 

 

 2

1 1 2

1 1

,

, ,
,1

0.
q

q q p q q
q

n
r

r

r p

x
x

 




        
          (5)    

 

Multiplying Eq. (5) by ,p qx  and taking the sum over all q  indices, we obtain 
 

   2

1 1 2

1 1

,

, , , ,
,1 1 1

0.
n

q

p q

n
r

pq q q q r

q

n

p q

q r q p
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x x x


 

  

        
        (6)    

 

Due to the commutativity of the double sum, Eq. (6) reduces to: 
 

   2

1 1 2
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,

,

, , ,
,1 1 1

q

p q p q p
q

r

q q q q r
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1 1 2 1 1 2
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q p q
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r p q p

n x
x x

x
x x
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



 
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  .    (7)    

 

Thus, we obtain the following equality concerning the application of the partial derivative 
operator (with respect to an element of the Jacobian matrix  J ) on the elements of the 

inverse Jacobian matrix   1
J


 of the inverse transformation 

 

 2

1 1 2

1 1

,

, ,
,

p q

p q p q
q p

x
x x




 


.           (8)    

 

Substituting the above Eq. (8), in Eq. (2) we obtain 
 

  2 2 1 1 2 1 1 2

2 2 1 1

, , , ,
,

2

,
p q p q p q p q

q p q p

J
x xJ x x
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We, however, recognize that the factor inside parenthesis is the determinant: 
 

 
 
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,

,

p p

p q p q p q p q

q q

x x
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
 
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Substituting Eq. (10) in Eq. (9) establishes the following identity concerning the application of 
the second-order partial derivative of the determinant with respect to its elements 
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which corresponds to the identity of Eq. (2.2) of Rylov (Rylov, 1999b). 
 

Lastly, substituting Eq. (18) of Subsection 3.b. in Eq. (11), further yields 
 

 
1 1 2 2 1 1 2 2 1 2 2 1, , , , ,

2

,

1

q p q p q p q p q p q p

J J J J J
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                
 ,    (12)    

 

corresponding to the identity of Eq. (2.6) of Rylov, (Rylov, 1999b). 
 

Remark. The identities of Eq. (11) as well as Eq. (12) also hold in the case of 1C 
differentiable point transformations. 
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Appendix A.  Derivatives of the Determinant in Terms of the Reduced Determinants in the Case  
  of Vector Functions with Linearly Dependent Components 
 
Recalling Remark 2 of Subsection 2.b, we now consider the differential of a vector function 
 f x  of independent components, generating a determinant. Applying a partial derivative on 

the aforementioned determinant, with respect to one of its entries, will produce the appropriate 
reduced determinant, Eq.(1) of Subsection 2.b. It is, however, interesting to investigate the case 
where not all components of the function  f x  are linearly independent. 

 

THEOREM: Let   : n k
n n M    be any 1C   differentiable matrix function containing 

(without any loss of generality) two linearly dependent row vector elements,  1q
m  and  2q

m  

namely 
 

    2 1q q
m m ,            (1)    

 

where   is any non-zero constant, 0  . That is,  
n nM  is defined as 
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


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
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,    (2)    

 

If  det n nM 
    M  is the determinant of the matrix  n nM , then, it follows from the 

definition of the determinant that 0M  . Nevertheless, the derivatives of M  with respect to 

the entries , pqm  are well-defined and are expressed in terms of the reduced determinants, as in 

Eq. (1) of Subsection 2.b for all , 1, 2 , , nq p   . Especially, the derivatives  
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( )q p
q p

M
M

m
     

,  

 

where the indices 1q , 2q  correspond to the linearly dependent rows 1q , 2q , are related by the 

formula  
 

 
2 1 1 1

( ) ( )q p q pM M            .          (5)    
 

 

PROOF: The matrix-valued function   : n k
n n M   , defined in Eq. (2), reads 
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Expanding the determinant M  of the above matrix  n nM  through the Laplace expansion in 

terms of the generated reduced determinants, with respect to the th
1q  row of the determinant 

yields 
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Further, applying the partial derivative with respect to an entry 
1 1,q pm  on the determinant we 

obtain 
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With the reduced determinants 
1

( )pqM  
    having the following structure, 
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However, by the definition of the matrix  n nM , see Eq. (2), which generates the determinant 

M , and, by extension the reduced determinants of Eq. (9), the above reduced determinants are 
also equal to 
 

1

2 1 2 1 2 1

1,1 1, 1,

,1 ,1 , , , ,

,1 , ,

)

010

(

n

n n

n n

q

q q

n p

q q

n

q q

p

p

p p

m m m

M
m m m m m m

m m m


  

    
  

 

    
 

    
 

    
 

.  (10)    

 

Expanding, now, the above reduced determinants with respect to the h
2
tq  row through the 

Laplace expansion in terms of reduced determinants we obtain 
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where the structure of 
1 2

( )) (q qp pM   
     is given by  
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Thus, Eq. (8) yields 
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with  
 

 

      h
1
t rowq   

 
 
 
 

      h
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Interchanging the th
1q  with the th

2q  row of 
1 1

( )q pM  
    we obtain a modified reduced 

determinant, identified in the notation by 
1 1 modif.

( )q pM  
   , which is defined as follows 
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where, having interchange two row elements of the determinant, the following holds 
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Recalling now, that by definition, see Eq. (1), the elements  1q
m  and  2q

m  (and as a result 

their corresponding entries as well) of rows 1q  and 2q  are connected through the equation 
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As such, substituting in Eq. (15), we obtain 
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Now taking the partial derivative of the determinant M  with respect to any entry 
2 1,q pm  of the 

2
thq  row, in virtue of Eq. (1) of Subsection 2.b, we find 
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( )q p
q p

M
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m
     

,         (19)    

 

with the reduced determinant in the right-hand side of the above equation (recalling the structure 
of the reduced determinants, see Eq. (6) of Subsection 1.a) defined by 
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 .   (20)    

 

Considering Eq. (13), Eq. (18), Eq (19) and Eq. (20) we obtain 
 

 
2 1 1 1,( ) ( )q p q pM M            .        (21)    

 

Thus, the proof is complete.              ■ 
 

Remark. It should be noted that the above theorem extends even beyond two linearly dependent 
components, provided that the matrix function  n nM  is sufficiently smooth. Then, taking the 

appropriate (higher-order) derivatives with respect to the linearly dependent components, will 
result in a non-zero (higher-order) reduced determinant.         ■ 
 

The importance of the above result lies in the interpretation of the thn  order determinant as a 
functional, yielding the volume of an nparallelepiped. Specifically, the determinant belongs 

to the set of functionals defined in the linear matrix space n n  . But, as demonstrated by Eq. 

(2), the space n n   can be regarded (isomorphically) as the linear space  nn
n 


  

(Athanassoulis, 2023a), having as elements n  tuples of vectors. Thus, every functional 

defined in n n   can be considered also a functional defined in the space n


. Without delving 

deeply into the subject, we will limit ourselves to the observation that, in the case at hand, the 
derivative of the determinant with respect to one of the entries of its linearly dependent rows 
yields the  1n  volume formed by the  1n  of number, linearly independent row-

vectors of the determinant, forming an  1n   parallelepiped inside the ndimensional 

space n , with the scaling factor   naturally arising between the  1n  volumes, formed 

through the contribution of the linearly dependent vectors 
1qm  and 

2qm  of Eq. (1). 
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Appendix B.  Derivatives of the Jacobian determinant of a vector function with respect to the  
  components of the vector function 
 

The identity established in Eq. (6) of Subsection 2.c, refers to the Jacobian determinant 
expressing a bijective point transformation. Nevertheless, the identity continues to hold in the 
case where a bijective nature of the transformation is not considered. We will, therefore, show 

that the above identity holds for the differential of any 2C   differentiable function 

  : n nf x   . 

 
 

THEOREM: Let   : n nf x    be any 2C   differentiable function and  d f  its 

differential, namely: 
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 

,        (1)    

 

where the entries of the above matrix are defined by q
q p

p

f
b

x





, for , 1, 2 , , nq p    and 

( )qf , 1, 2 , , nq   , any the thq  row vector-element of matrix  d f . Additionally, let 

  det dD  f  be the determinant generated by the matrix  d f . Then, the gradient of the 

determinant with respect to the components of the function  f x  is equal to zero, 
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, , 0, , 0f
n

D D
D

f f

           
  .         (2)    

 

 

PROOF: The proof of the above theorem naturally decomposes into the following cases. We 
will first consider the case, where the components of  f x  are linearly independent of each 

other. Then, we will investigate the validity of Eq. (6) of Subsection 2.c, in the case where 
some of the components of  f x  are linearly dependent on each other.  
 

Linearly independent components: If the components of  f x  are linearly independent with 

respect to each other, then the identity of Eq. (2) holds in virtue of Eq. (1) to Eq. (5) of 
Subsection 2.c, by replacing the components of the point transformation expressed by  J , by 

the corresponding components of  d f .           ◄ 
 

Linearly dependent components: Consider now, the function  f x  having (without any loss 

of generality) two linearly dependent components  
1qf x  and  

2qf x , 

1 2, 1, 2, , nq q   , with 1 2q q , namely: 
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    
2 1q qf fx x , 0  .         (3)    

 

Thus,  f x  reads: 
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Denoting, for the sake of clarity, the different positions of the matrix by q
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, 1, 2 , , nq p   , thus, in virtue of Eq (3), obtaining 
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 .     (5)    

 

Let now, D , be the determinant, generated by the matrix in the right-hand side of Eq. (5). 
Thus, applying a partial derivative with respect to one of the linearly dependent components 
(without any loss of generality 

1qf  of  f x , on the determinant D  on the entries a q  

row/vector-element, ( )qf ), and invoking the Schwartz Theorem (3), we obtain 
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,       (6)    

 

where the entries of the different positions q pb , , 1, 2 , , nq p   , are presented through 

stars  *  except for the elements of the row q  upon which the partial derivative is applied. In 

the above Eq. (6), c is a constant, defined by  
 

 
(3) An analogous, more detailed derivation is given in Subsection 2.c. 
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Thus, since q q   is a constant, we obtain 
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0
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D

f

 


.             (9)    

 

If, on the other hand, we apply the partial derivative on the determinant D , with respect to one 
of the entries of the linearly independent elements    1 21, 2 , , ,q qnq    of the D , 

then in virtue of Eq. (1) to Eq. (5) of Subsection 2.c, Eq. (9) also holds, under the appropriate 
change in the free index (replacing 1q  by q ). That is if    1 21, 2 , , ,q qnq   , we 

obtain 
 

 0
q
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

.           (10)    

 

Since Eq. (9) and Eq. (10) hold for any 1, 2 , , nq   , the gradient of the determinant D  

with respect to the components of  f x  will be equal to zero, namely: 
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Thus, the proof is complete.               ■ 
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Appendix C.  The Piola identity for 2C differentiable functions 
 
We deem it appropriate to present another form of the Piola identity presented by Laurence C. 
Evans (Evans, 1998, p. 440). The importance of this version of the theorem lies in the fact that 
we no longer consider bijective maps. 
 
 

THEOREM (Piola identity): Let   : n nf x    be a 2C differentiable function. 

Recall that the differential (Fréchet derivative) of f , d f , is defined by  
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Let now D  be the determinant of the above differential, namely   det dD  f  and D   
  be 

the cofactor’s matrix having as entries the reduced determinants generated by the determinant 
D  (see Eq. (5) of Subsection 2.b), or, in virtue of Eq. (1) of Subsection 2.b 
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 
 
 
 
 
 
 
 
   

  

 

               (2)    
 

Then, the divergence of its cofactor matrix with respect to one of its row entries is equal to 
zero 
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0
( )n
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p

q

px

D 







     
 , 1, 2 , , nq   .        (3)    

 

 

PROOF: Recall Eq. (5) of Subsection 3.b mentioned below for the sake of convenience 
 

 
 

   th row (specific)q   
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     adj D d I Df ,           (4)    
 

where I  is the determinant of the thn order identity matrix  I . Taking the transpose of the 

above relation, we obtain 
 

        T T
adj D d d D I D    f f  .        (5)    

 

Recalling Eq. (9) of Subsection 3.a the above reads  
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1 ,
q

qq

p

n

pp
p

D
D f

f








 .          (6)    

 

Taking the derivative with respect to an element px   and summing over all p , the above Eq. 

(5) yields 
 

   11 ,
,1 1 1

n

qp
p p q

pp

n

q

n

pp p

fD
x x

D

f


  


   

  
     ,        (7)    

 

and due to the Kronecker delta 
1 pp   the left-hand side of Eq. (7) reduces to 

 

  
1 1

11 1

n n

p

p p p
pp

p
p px x

D D
D

x
  

   

   
    .        (8)    

 

For the sake of convenience, we will now address the entries of  T
d f  through the 

corresponding elements of  d f . Namely, recall that an entry of the h
1

tp  row and of the h
1
tq  

column of  T
d f  corresponds to the entry of the h

1
tq  row and the h

1
tp  column of  d f . 

Thus, the right-hand side of Eq. (7) yields 
 

 
1 1, ,

, ,1 1 1 1

q q
p q p p q pp q p

n n n

p p

q

n
D D

f f
x f x f

      

   
        

  1

1

,

,
, ,1 1 1 1

q

q
p q p p q

n

pp q p q

n n n
p

p

f
f

x f

D

x f

D

       

                 ,     (9)    

 

or, since  f x  is 2C differentiable, invoking the Schwartz Theorem of multivariable 

Calculus we obtain 
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

      

                 .   (10)    

 

However, since the determinant is a multilinear function with respect to all its elements, taking 
the partial derivative with respect to 

1px  yields  
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1 1

,

1 1 ,

n n
p

p p

q

p qq p

D D f

xfx


  

 
   .        (11)    

 

Thus, substituting Eq. (11) in Eq.(10) yields 
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   

                 ,   (12)    

 

and since the double sum in the left-hand side of Eq. (12) is equal to the first double sum of 
the right-hand side, the above reduces to 
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           .       (13)    

 

If the determinant D  is non-vanishing, then Eq. (13) directly yields 
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  .    (14)    

 

Let now, the determinant D  be equal to zero in some point 0x . Introducing an arbitrarily 

small variation 0   to the function  f x  we obtain 
 

       f x f x x .         (15)    
 

Thus, recalling the linearity of the differential function, we obtain 
 

    d d I    f f .         (16)    
 

Since  f x  is continuous, then for arbitrarily small   the determinant D  of the varied 

differential d  f , equals 
 

  
0 0

det 0n

x x x x
D I 

 
    f .      (17)    

 

Since D  is locally non-vanishing at 0x x , then repeating the steps of Eq. (4) to Eq. (14) 

yields 
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Finally, recalling Eq. (15) and taking the limit of 0   we obtain 
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    (19)    

 

Thus, the proof is complete.               ■ 
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                                                     Chapter 4 
 
 

On the Representation of The Flow Fields in Terms of the  
4-Jacobian Determinant of Rylov  
 
 
In this section, we present the 4-vector formalism of the fields of the position, the velocity and 
the momentum, introduced by Rylov in his works (Rylov,1999a) and (Rylov, 1999a). Following 
the approach of Rylov we define and introduce in our considerations an additional, Lagrangian 
time-like variable accounting for the passage of time through the successive states of each 
individual parcel of fluid inside the flow field. As a result, we obtain two sets of spatio-temporal 
variables for the Eulerian and, accordingly, the Lagrangian descriptions of the flow. We then 
define the spatio-temporal mapping between the two descriptions of the flow, arising from the 
aforementioned sets of the spatio-temporal variables, as well as the Jacobian matrix and the 
generated Jacobian determinant expressing the aforementioned mapping. The mapping between 
the two descriptions of the flow, expressed through the Jacobian matrix, will be assumed as 

bijective and sufficiently smooth ( 2C differentiable), ensuring the validity of the Piola 
Identity presented in the previous chapter. Given all the above, we derive expressions for the 
established fields of the 4-velocity as well as the 4-momentum in terms of the 4th-order Jacobian 
determinants generated by the considered mappings from the Eulerian to the Lagrangian 
descriptions of the flow. We then demonstrate that such expressions identically satisfy the 
conservation of mass, as well as the conservation of the parcel labels (both of which, are 
considered as constraints of the action functional-in the Eulerian description-in the Herivel-Lin 
approach). 
 
1.  A New Time-like Variable  
 

As stated in Chapter 2, Subsection 2.f and Subsection 2.g, the characteristic quantities of the 
flow can be described as fields, either in terms of the position vector x  and the time t , or in 
terms of the parcel labels ξ  and the time t . Following the works of Rylov (Rylov, 1999a), 
(Rylov, 1999b) and (Rylov, 2003), we will now introduce an additional Lagrangian time-like 
variable 0 . 

 
(a).  The Lagrangian time-like variable 
 

At this point, we introduce a new time-like Lagrangian variable 0 , which evolves along the 

parcels’ trajectories in an arbitrary way (Rylov, 1999a), (Rylov, 1999b), referring to each 
specific parcel of the fluid. The Lagrangian time-like variable 0  is, thus, a function of the 

time t  as well as of the position x  inside the flow field, occupied by the parcel at time t , namely 
 0 0 ,t  x . That is, the new time-like variable accounts for the passage of time, through 

the successive states of each individual parcel of fluid (Lagrangian description); and, as such, is 
a function of the parcel labels, given  , .tx x ξ  Thus, we henceforth consider the following 

sets of variables: 
 
 



72 
 

 
 
 temporal spatial    

    0 1 2 3 0 1 2 3Eulerian Variables : , , , , , , ,pt x         , 1, 2,3p      (1)    
 

and accordingly, 
 
 
 temporal spatial    

    0 1 2 3 1 2 3Lagrangian Variables : , , , , , , ,qt x x x t x x x   , 1, 2,3q      (2)    
 

Remark 1. At this point, a comment seems appropriate, further expressing the nature of the 
dependencies between the Eulerian and Lagrangian variables.  
 

We consider the two sets of spacial variables  px  and  q , , 1, 2,3q p  , as different 

ways of organizing the same space, and the temporal and time-like variables  0,t   as two 

distinct ways of accounting for the passage of (the proper (1)) time. Thus, in the Lagrangian 
description of the flow, the Eulerian variables  ,t x , are henceforth considered as 

dependent variables, specified in terms of the values of the independent variables  0 , ξ , see 

Eq. (1). That is, a specific parcel, identified by the label ξ, whose states throughout the course 
of the flow are accounted for through the values of the time-like variable 0 ,  corresponds to 

the amount of fluid, occupying, at time t , the position x  inside the flow domain. Accordingly, 

in the Eulerian description of the flow, the Lagrangian variables  0 , ξ  are, henceforth, 

considered as dependent variables of the positions x  inside the flow domain and the time t , 
see Eq .(2). That is, at time t , the position x  of the flow domain, is occupied by the parcel 

identified through the label  1 2 3, ,  ξ , whose state, at time t  is defined by the values 

of the Lagrangian time-like variable 0  (that corresponds to the parcel).        ■    
 
 

Remark 2. (notation). For the benefit of homogeneity, in what follows, the temporal variable 
t  will, in specific cases, be also represented as 0x . The cause of this discrepancy lies in the 

representation of the entries of the Jacobian determinant, expressing the mapping between the 
two sets of variables established above, as well as in a compact derivation for an alternative 
expression of the 4-momentum in terms of the aforementioned determinant, as will be clarified 
in Section 4 of the present chapter. Nevertheless, we retain the conventional notation for the 
time ( t ) in all other parts of the analysis and as such the Eulerian variable under consideration 
will be identified by 0x t               ■    
 

 
(b).  Lin‘s constraints 
 

The success of the Hamiltonian variational formulation in the study of irrotational flows has 
raised the question of extending the method to the more realistic (and more complicated) 

 
(1)  The conventional time (time in classical, non-relativistic, mechanics). In the present work we do not consider 
any relativistic concepts. 
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rotational flows. Nevertheless, the direct application of Hamilton’s principle to the derivation 
of equations governing rotational flows has for many years stumbled upon a fundamental 
“controversy”. The application of Hamilton’s principle greatly depends on applying virtual 
variations of the positions of the fluid parcels. However, as mentioned in Chapter 2, Subsection 
2.b, in the Eulerian description of the flow, such structures as fluid parcels are not considered, 
with the fields describing the flow defined in terms of spatial variables and the time. As a result, 
the variations of the characteristic quantities of the flow are variations for fixed positions, x , 
inside the flow field. The aforementioned situation is commonly referred to as the variational 
controversy (of Eulerian fluid dynamics). The variational controversy constituted an open 
question in the field of hydrodynamics until around 1959 when in an unpublished note, C. C. 
Lin proposed an additional constraint, henceforth referred to as Lin’s constraint. Specifically, 
Chia-Chiao Lin proposed that, even if the Lagrangian variables (i.e. the parcel labels) are not 
explicitly considered in a Eulerian description of the flow, the velocity fields should be such that 
the parcels (identified at some labeling time by a set of parcel labels) must retain their identities 
(the labels assigned to the parcels at the labeling time), throughout the course of the flow (Seliger 
& Whitham, 1968, p. 5). The variational controversy will be further expanded upon in the 
following chapters. For now, we will constrain ourselves to the presentation of the constraint 
proposed by C. C. Lin. 
 

Let us now state Lin’s constraint of the conservation of the parcels’ labels. In the Lagrangian 
description of the flow, we have assumed that there is no income or outcome of fluid in the flow 
field. Since no thermodynamic phenomena are present in the flow, the parcels are only subject 
to transport phenomena inside the flow field. Thus, the labels assigned to each of the fluid 
parcels at the labeling time must be conserved inside the flow field and uniquely identify the 
masses of fluid they were assigned to (at the labeling time), throughout the course of the flow. 
The conservation of the parcels’ labels is, thus, stated through the following expression: 
 

     
        , ,

, , 0x

D t t
t t

Dt t


    


ξ x ξ x

u x ξ x ,       (1)    

 

or, component-wise, 
 

     
        

, ,
, , 0q q

x q

D t t
t t

D t t

 



    


x x

u x x , 1, 2,3q      (2)    

 

and must be satisfied. That is, the value of the temporal rate of change of the parcel labels 
(occupying a specific position inside the flow field), must be equal to the value of the spatial 
rate of change of the parcel labels.  
 
2.  The 4th-Order Jacobian Determinant of Rylov  
 

Following the works of Rylov (Rylov, 1999a) and (Rylov, 1999b), we shall now introduce a 4-
vector formalism, considering time as a component of a spatio-temporal vector. The 4-vectors 
will be distinguished from the usual 3-vectors by an overbar, as indicated in the following 
important definitions:  
 

          T

0 0 1 0 2 0 3 0, , , , , , , ,t x x x     x x ξ ξ ξ ξ ξ  is the Eulerian spatio-

temporal vector-variable, considered as functions of the Lagrangian variables,  
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          T

0 1 2 3, , , , , , , ,t t t t t    ξ ξ x x x x x  is the Lagrangian spatio-

temporal vector-variable, considered as functions of the Eulerian variables.  
 

Remark 1. The 4-vector formalism introduced above, is commonly used in literature; it is 
standard in Relativity and relativistic formulations (Wald, 1984), (Rezzolla & Zanotti, 2013), 
(Tolman, 1934), (Joot, 2011). It also conventionally appears in Classical Physics, e.g. in 
Electrodynamics, Astrophysical Hydrodynamics, and the formulation of variational principles, 
especially in relation with Noether’s Theorem and Clebsch potentials (2) (LeVeque, 1997, 
p.133), (Rund, 1977, vol 13.)              ■ 
 
Further, we consider the Jacobian matrix of the transformation from the Eulerian spatio-

temporal variables  0 ,x x ξ  to the Lagrangian spatio-temporal variables 

 , ,tξ ξ x  namely:  
 

 

0 0 0 0

0 1 2 3

0,0 0,1 0 , 2 0,31 1 1 1

0 1 2 3 1,0 1,1 1, 2 1,3

2 2 2 2 2,0 2,1 2, 2 2 ,3

0 1 2 3 3,0 3,1 3, 2

3 3 3 3

0 1 2 3

x x x x

x x x x
J

x x x x

x x x x

   

      
   

       

   
   

     
     
     
                
     
     
 
     

3,3

 
 
 
 
 
 
 
  

 .     (1)    

 

Note the use of the overbar in the symbol of the above, 4th-order, Jacobian matrix, J   , which 

helps us to distinguish it from the usual, 3rd-order, Jacobian matrix,  J , associated to the 

corresponding, space-only, point transformation. This notation convention will also be followed 
in the case of the Jacobian determinants generated by the aforementioned Jacobian matrices, 
namely, we will identify as J  the 3rd-order Jacobian determinant expressing spatial point 

transformations from the physical to the labeling domain and as J  the 4th-order Jacobian 
determinant expressing spatiotemporal point transformations from the physical to the labeling 
domain. Recall also that the notation 0x t  is used to identify the time, for the sake of 

homogeneity. The Eulerian spatio-temporal variables are, by definition, independent of each 

other. Further, the Lagrangian spatial variables  1 2 3, ,    are, by their definition, also 

independent of each other, since they represent the components of the initial position vector of 
the fluid parcels, at the time of labeling 0t t . Recalling the definition of the Lagrangian time-

like variable 0 , no specific independence can be established, and none has been, thus far, 

assumed. Since we have defined the point transformation G  as a 2C  diffeomorphism, the 
determinant J  generated by the Jacobian sub-matrix  J , Eq. (3) of Chapter 2, Subsection 2.e 

of transformations is non-vanishing. For the scope of this section, and until stated otherwise, we 

 
(2)  Scalar functions through which the field of the velocity is produced [see Chapter 2], (Clebsch, 1857), (Clebsch, 
1859). 
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will assume that the determinant J  generated by the Jacobian matrix J    is also non vanishing. 

Thus, we can state that J    is invertible. It is further assumed that the entries of the Jacobian 

matrix J    are 2C  differentiable.  

 
3.  The 4-Velocity and The 4-Momentum  
 
(a).  The 4-velocity in the Lagrangian description 
 

Consider the 4-vector x ,  
 

       T

1 2 3, , , , , ,t x t x t x tx ξ ξ ξ ,         (1)    
 

where the components of the 4-vector express the spatio-temporal “position” of the 
corresponding parcel. Considering that, in the Lagrangian description of the flow, the velocity 
is defined as the temporal rate of change of the spatial position vector x , it is plausible (and 
convenient) to define the following 4-vector velocity  
 

  
T

T1 2 3
0 1 2 31, , , , , ,

x x x
U U U U

t t t t

             
x

U .      (2)    

 
(b).  The 4-velocity in the Eulerian description 
 

In Eq. (2) of the previous subsection we defined the 4-velocity of a parcel ξ  in the Lagrangian 
description of the flow,  ,tU ξ . Let now  ,tu x  be the 4-velocity in the Eulerian description 

of the flow, in the position x  of the flow field, at time t . Recalling the Principle of Invariance 
for vector fields, the 4-velocity in the Eulerian description can be identified by 
 

     
 

   
*

, , , , ,t t t t t  u x u x ξ U ξ x ξ .       (1)    
 

The above 4-velocity,  ,tu x , is further expressed with respect to a specific parcel, in terms 

of the Eulerian variables, through the material derivative as 
 

    , x
D

t
Dt t

    


x x
u x u x .         (2)    

 
(c).  The 4-momentum and the continuity equation in terms of the 4-momentum 
 

Having defined the 4-velocity, Eq. (2) of Subsection 3.b, as well as the density, Chapter 2, 
Subsection 2.f, we can, henceforth, define the 4-momentum vector as the product of the density 
(scalar) and the 4-velocity (vector), namely 
 

  T 1

2

3

( , ) ,
u

t
u

u




  



               

j x j u u ,        (1)    
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where u  is the 4-velocity. Furthermore, we define the divergence operator for a 4-vector (the 
4-divergence) in the Eulerian variables by: 
 

 
T

1 2 3
, , ,t x x x

           x .         (2)    

 

Through the use of the 4-divergence, Eq. (2), the continuity equation (equation expressing the 
conservation of mass in the Eulerian description of the flow), see Eq. (13) of Chapter 2, 
Subsection 3, given below for the sake of convenience, 
 

 
      ,

, , 0x

t x
t x t x

t





  


u , 

 

can be expressed, through the following equation, in terms of the 4-momentum, namely 
 

 
1 T

21 2 3

3

, , , 0
u

ut x x x

u








                               

x j  .        (3)    

 

In the following section, we will demonstrate that the 4-momentum can be expressed in terms 

of the Jacobian determinant J , as follows: 
 

  0
0,

p
p

J
j 





ξ ,  0,1, 2,3p  ,       (4)    

 

where  0 ξ  is the initial density of the fluid parcels at the time of labeling.  

 
4.  Expressing The 4-Momentum in Terms of The 4th-Order Jacobian  
 Determinant  
 
(a).  Derivation of the 4-momentum in terms of the Jacobian determinant 
 

We can now proceed to express the physical quantities of the 4-momentum through the 4th-order 
Jacobian determinant.  
 

Since    0,t J x ξ  [Eq. (5) of Chapter 2, Subsection 3], we readily obtain the 4-vector 

equation  
 

        0, , ,t t J t x u x ξ u x ,         (1)    
 

where J  represents the determinant of the 3rd-order Jacobian matrix, expressing point 
transformations from the physical to the labeling domain, see Eq. (3) of Chapter 2, Subsection 
2.e. 
 

Now recall that the 4-velocity,  ,tu x , of a specific parcel ( const.=ξ ) is given by the 

material derivative, namely 
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  ,
D d

t
Dt d t

 x x
u x ,           (2)    

 

[see Eq. (2) of Subsection 3.b]. Recall that in the Lagrangian description of the flow, the time 
,t  as well as the position x  are dependent variables, functions of the Lagrangian variables 

 0 1 2 3, , , ,     see Section 2. Observe now that the material derivative can also be expressed 

as the ratio of two total differentials, along the path of a specific parcel (Kundu et al., 2016, p. 
82). Namely, expressing the differentials of the position d x  and the time d t  in terms of the 

Lagrangian variables  0 1 2 3, , ,     for a specific parcel yields 
 

 
3

0 1 2 3
0 1 2 30

q
qq

d d d d d d    
    



        
     x x x x x

x    (3a)    

 

and 
 

 
3

0 1 2 3
0 1 2 30

q
qq

t t t t t
d t d d d d d    

    


        
     ,   (3b)    

 

with 0x t , see Remark 2 of Subsection 1.a. Thus Eq. (2) yields 
 

  

3

0

3

0

,

q
qq

q
qq

d
d

t
d t t

d














 






x

x
u x .           (4)    

 

However, in the Lagrangian description, we follow a specific parcel ξ ; thus, the spatial 

Lagrangian variables ( 1 2 3, ,   ) stay fixed. Therefore, the differentials dx  and d t  along the 

path of a specific parcel ξ  reduce to 
 

 0
0

d d 





x
x ,          (5a)    

 

and 
 

 0
0

t
d t d 





.          (5b)    

 

Thus, substituting Eqs. (5) in Eq. (2), we obtain 
 

  
0

0 0 0

0 0 0 0 const.0
0

/ /
,

/ /

d
d

t
td t t x xd


  

 





                                ξ

x

x xx x
u x .    (6)    

 

Further, invoking the identity (18) of Chapter 3, Subsection 3.b, Eq. (6) yields 
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  
1

0,

0, 0,0

0,0

1

,
1

p
p

p

J
J J J

u t
J

J


 






            


x , 0,1, 2,3p       (7)    

 

Substituting Eq. (7) into Eq. (1) yields  
 

      
1

0
0, 0,0

, ,p
p

J J
t u t J 

 

         
x x ξ .        (8)    

 

According to Eq. (5) of Chapter 3, Subsection 1.a, and Eq. (1) of Chapter 3, Subsection 2.b, the 
3rd-order Jacobian determinant J  can also be viewed as the reduced determinant of the 4th-

order Jacobian determinant J , with respect to the element 0 , 0 , namely: 
 

  

1 1 1

1 2 3

2 2 2 0,0

1 2 3

3 3 3

1 2 3

1 0 0 0

0

( ) .
0

0

x x x

J J

x x x

x x x

  

   

  

  
  

       
  
  
  

       (9)    

 

Combining the above Eq. (9) with Eq. (1) of Chapter 3, Subsection 2.b, we have that  
 

 0 ,0
0 ,0

( )
J

J J 

     

.         (10)    

 

Thus, using Eq. (10), Eq. (8) reduces to  
 

        
1

0 0
0 , 0 0 , 0 , 0 0 ,

, ,p
p p

J J J J
t u t  

   

           
x x ξ ξ .  (11)    

 

Recalling the definition of the 4-momentum, Eq. (1) of Subsection 3.c, we see that Eq. (11) is 
just an alternative expression for the 4-momentum, in terms of the Jacobian determinant, 
namely: 
 

  0
0,

p
p

J
j 





ξ ,  0,1, 2,3p  .     (12)    

 
(b).  Validation of the 4-momentum in terms of the Jacobian determinant 
 

In the above subsection we obtained a representation of the 4-momentum in terms of the 
Jacobian determinant, namely 
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  0
0,

p
p

J
j 





ξ . 

 

To determine if the above expression is in fact a bona fide expression for the 4-momentum, it 
must satisfy the fundamental law of the conservation of mass, namely the continuity equation. 
Additionally, since the 4-momentum is expressed in terms of the 4th-order Jacobian determinant 
expressing the transformation from the Eulerian spatio-temporal to the Lagrangian spatio-
temporal variables, Lin‘s constraint concerning the conservation of labels should also be 
satisfied. 
 
 

THEOREM 1: The alternative expression for the 4-momentum 
 

  0
0,

p
p

J
j 





ξ            (1)    

 

satisfies identically the continuity equation T 0 x j . 
 

 

PROOF: Recall that the continuity equation can be expressed in terms of the 4-divergence, Eq. 
(3) of Subsection 3.c. Applying the 4-divergence operator on the 4-momentum we obtain 
 

  
3 3

T
0

0,0 0

p

p p pp p

j J

x x



 

              x j ξ .       (2)    

 

or 
 

     
3 3 3

0
0 0

0 , 0 , 0 ,0 0 0p p p p p pp p p

BA

J J J

x x x


 

  
  

                           ξ
ξ ξ

 

.    (3)    

 

For the first sum in the right-hand side of the above Eq. (3), we obtain, by chain rule,  
 

 
   3 3 3

0 0

0, 0 ,0 0 1

q

p p q p pp p q

J J
A

x x

  
  

  

    
     ξ ξ

,      (4)    

 

where the qsummation is over the range 1,2,3 (since    0 0 1 2 3, ,    ξ ). Recalling 

the identity (9) of Chapter 3, Subsection 3.a, concerning the Laplace expansion with mismatched 
free indices, namely  
 

 
1 2 1

2

,
,

q q

p q
p q

p

J
J 


 

 ,  

 

we obtain  
 

 3 3
0

0 ,0 1

q

q p pp q

J

x
A

 

 
 

  
  

  ξ
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   3 3 3

0 0

, 0

0 ,0 1 1

0q p q

q p qp qq

J
J

 
 

  
  

   
   ξ ξ

     (5)    

 

Concentrating now in the second term B  of Eq. (3) we observe that it identically equals to zero, 
in virtue of the Piola identity, see Chapter 3, Subsection 4, namely 
 

  
3

0
0,0 p pp

J
B

x





         ξ           (6)    

 

Thus, substituting Eq. (5) and Eq. (6) to Eq. (3), in virtue of Eq. (2) we obtain 
 

  
3

T
0

0,0

0
p pp

J

x





          x j ξ .         (7)    

 

Thus, the representation of the 4-momentum j  in terms of the 4th-order Jacobian determinant, 
Eq. (12) of Subsection 4.a, identically satisfies the conservation of mass.        ■    
 
 

THEOREM 2: The representation of the 4-momentum Eq. (12) of Subsection 4.a, 
 

  0
0,

p
p

J
j 





ξ  ,  0,1, 2, 3p   

 

identically satisfies Lin’s constraint (the conservation of parcels’ labels in the direction of the 
flow) 
 

    ,x t
t

   


ξ
u ξ x 0 . 

 

Equivalently, Lin’s constraint is expressed in terms of the 4-momentum, through the equation 
 

  T 0q xj ,  1, 2, 3q   ,        (8)    
 
 

 

PROOF: Lin‘s constraint of the conservation of labels, is expressed through the equation 
 

    ,x t
t

   


ξ
u ξ x 0 .  

 

Since the temporal component of the 4-velocity, Eq. (2) of Subsection 3.a, equals the unit, the 
above constraint can also be expressed as 
 

0 1 2 3
1 2 3

0q q q qu u u u
t x x x

      
   

   
,  1, 2, 3q  .     (9)    

 

In Eq. (7) of Subsection 4.a we have proven that the components of the velocity can be expressed 
in terms of the Jacobian determinant and its derivatives, namely: 
 

 
1

0 , 0 , 0
p

p

J J
u

 

         
,  0,1, 2, 3p  .     (10)    
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Substituting Eq. (10) in Eq. (9) we obtain 
 

1 1

0, 0 0 , 0 0, 0 0, 1 1

q qJ J J J

t x

 
   

                          
 

  

1 1

0, 0 0, 2 2 0, 0 0, 3 3

0,q qJ J J J

x x

 
   

                           
   (11)    

 

where  ,q q t  x , 1, 2, 3q   is a function of the position vector x  and the time t , see 

Remark 1 of Subsection 1.a. Recalling Eq. (9) of Subsection 4.a, the derivative of the Jacobian 

determinant, with respect to the entry 0 , 0 , equals to the 3rd-order determinant J  (expressing 

the point transformations from the physical to the labeling domain) which is assumed to be non-
vanishing. Thus, Eq. (11) reduces to: 
 

 
0 , 0 0 , 1 1 0 , 2 2 0 , 3 3

0q q q qJ J J J

t x x x

   
   

         
       

.    (12)    

 

Recalling the identity of Eq. (9) of Chapter 3, Subsection 3.a, Eq. (12) reduces to 
 

, 0 ,1 , 2 ,3 , ,0
0 , 0 0 , 1 0 , 2 0 , 3 0 ,

sq q q q q q
s

J J J J J
J     

    
        

    
.  (13)    

 

Nevertheless, for values 1, 2, 3q   of the free index, Eq. (13) is identically equal to zero 
 

 , 0 0q J   ,  1, 2, 3q          (14)    
 

Thus, Lin’s constraints (conservation of the parcels’ labels are identically satisfied by the 4-
momentum in terms of the Jacobian determinant, Eq. (12) of Subsection 2.a).  
 

Further, multiplying both sides by the non-zero  0 ξ  we obtain: 
 

       0 0 0 0
0 , 0 0 , 1 1 0 , 2 2 0 , 3 3

0q q q qJ J J J

t x x x

   
   

   
         

       
ξ ξ ξ ξ

             (15)    
 

But, in virtue of Eq. (9) of Subsection 4.a, the above is equivalent to: 
 

0 1 2 3
1 2 3

0q q q qj j j j
t x x x

      
   

   
,      (16)    

 

or: 
 

  T 0q xj ,   1, 2, 3q   .      (17)    
 

Thus, the proof is complete.              ■    
 

As such, we have demonstrated that through the sole assumption that a sufficiently smooth and 
bijective mapping exists between the Eulerian and the Lagrangian descriptions of the flow, we 
may, not only express the fields of the flow in terms of the Jacobian determinant generated from 
the Jacobian matrix expressing such mappings, but also derive such expressions that both the 
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fundamental law of the conservation of mass, as well as the mechanical constraint of the 
conservation of the parcels’ labels are identically satisfied throughout the course of the flow. 
 
 
 



83 
 

                                                    Chapter 5 
 
 

A Variational Study of Euler Flows Through Rylov’s Perspective 
 
 
In the present chapter we will carry out a variational study, in order to derive expressions for the 
fields of an ideal fluid flow, as well as Euler’s Equations of fluid motion, by considering the 
fluid flow as a mechanical system, and applying the variational principles on an action 
functional characterizing this system. The fields of the flow will be (mainly) described through 
the Eulerian description of the flow. Nevertheless, any particular Lagrangian description of the 
fields arising in our analysis will be pointed out. We will, primarily, construct an unconstrained 
action functional for an ideal fluid flow, with the fields entering the action functional as 
functional arguments expressed in the Eulerian description of the flow. We will then apply the 
variational principles on the unconstrained action functional, and we will attempt to derive the 
dynamic equations of the flow. However, we will demonstrate (in accordance with Seliger and 
Whitham (Seliger & Whitham, 1968)) that the variations of an unconstrained action functional 
will yield only the equations of the fluid in equilibrium. We will, therefore, apply constraints on 
the action functional (constrained action functional - first form), in order to introduce the 
individual masses (in the form of a field of the parcels’ labels from the Lagrangian description) 
which (the parcels) constitute the “material particles” of the fluid, and upon which the principles 
and laws of classical mechanics can be applied. The field of the parcel labels, ( , )tξ x , will also 
be considered as an Eulerian field, assuming the values of the labels of the parcels occupying, 
at time t , positions x  inside the flow domain. The conservation of parcels’ labels (Lin’s 
constraints) and the continuity equation (conservation of mass) will be considered as constraints 
of the action functional. It should be stressed, however, that, in Rylov’s approach, these two 
constraints are introduced through “Rylov’s kinematics”, built on the 4-momentum and the 4th-
order Jacobian determinant, derived in the previous chapter.  
 

Recalling that thermal transport phenomena are not compatible with the Hamiltonian formalism 
of Classical Mechanics, the flow will be assumed to be isentropic. For that reason, we will 
further apply a constraint expressing the conservation of the entropy in each of the parcels of 
the flow, derived in the same manner as the constraint concerning the conservation of the 
parcels’ labels. The transition from an isentropic to a homentropic flow will then be 
demonstrated to be achieved by simply assuming that the components of the gradient of the 
entropy are equal to zero resulting in the specific entropy being entirely excluded from the action 
functional. Making use of the dynamic equations derived from the variation of the constrained 
action functional (first form), and specifically, of the dynamic equations obtained from the 
performance of variations on the field of the parcel labels, we will proceed to express the 
Lagrange multipliers of the constraint over the 4-momentum with respect to the rest of the 
functional arguments (the fields of the flow). Thus, we will obtain a modified action functional 
(first form of the modified action functional), with an additional modified action functional 
(second form) arising from the structure of the first (modified action functional). Having 
obtained the aforementioned (modified) action functionals, we will apply the variational 
principles once more, and, in virtue of Hamilton’s principle, we will derive a set of dynamic 
equations and boundary conditions describing the flow of the fluid. Lastly, a study will be 
carried out concerning the significance of the results, with particular emphasis on a dynamic 
equation derived from the variational study, which, in contradistinction to the initial formulation, 
Chapter 4, does not unambiguously express the conservation of the parcels. Moreover, an 
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additional undefined function will enter into play in rotational flow phenomena. Nevertheless, 
we will demonstrate that Euler’s equations of fluid motion can, in fact, be derived from the 
dynamic equations produced from our variational study, regardless of the validity of the 
conservation of the parcel’s labels, demonstrating that the undefined function expresses, in fact, 
a gauge symmetry. 
 
1.  Hamilton’s Principle 
 

Recalling Subsection 2.a, of Chapter 2, following the Lagrangian description, the flow may be 
described through the motion of the fluid parcels, closely resembling an ideal mechanical 
system consisting of material points. Thus, it follows that a variational principle for this system 
can be formulated in close analogy with the variational principle of Classical Mechanics of 
material points. Therefore, the dynamic character of the system (that is, the dynamic equations 
through which the characteristic quantities of the flow evolve) can be encapsulated in an action 
functional  . Specifically, the dynamical equations of the flow can be (in fact, should be) 
derived from Hamilton’s Principle. 
 
 

Hamilton’s Principle. The true evolution of an ideal dynamical system between two positions 
in the configuration space is expressed through the curve which renders the action functional 
stationary, that is  
 

    
1

0

, , , , 0

t

t

dt         ,         (1)    

 

where  K V  is the Lagrangian function of the system, K  is its kinetic energy, and 
V  is the potential energy, consisting of the internal energy stored inside the fluid, as well as 

the energy of the fluid due to the influence of external potential fields. Finally, 0 1,t t     is an 

arbitrary time interval.  
 

 
Following Rylov (Rylov, 1999b), we will derive the dynamical equations of the flow, in the 
Eulerian description. As such, the positions x  inside the flow field will be considered as 

independent variables and the field of the parcel labels ξ  will be considered as dependent 

variables (functions) on the positions x  and the time t, namely  ,tξ ξ x . We will now 

proceed to construct the Lagrangian function of the system. 
 
2.  The Lagrangian Function of The Flow Field in The Eulerian Description 
 
(a).  Kinetic Energy of an amount of mass of the fluid and the Kinetic Energy of the fluid  
 

The kinetic energy,  ,d t xK , of an arbitrarily small amount of mass of the fluid 

   ,t dV xx , considered in the Eulerian description as a function of the independent 

variables of the position x  and the time t , is given by  
 

        21
, , ,

2
d t t t d V xx u x xK  .        (1)    
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The kinetic energy,  ,d t xK , of the infinitesimal mass,    ,t dV xx , can be also 

expressed in terms of the momentum, namely 
 

      
 

   
 

 
2 2 2, , ,

,
2 , 2 ,

t t t
d t d V d V

t t


 

 x xu x x j x
x

x x
K  .     (2)    

 

Thus, the kinetic energy of the fluid (considered as an ideal mechanical system) is expressed 

through a functional, obtained through volume integration over all volumes  d V x  inside the 
flow field, namely 
 

    
 

 

 

2 ,
( ), ( ) .

2 ,
V

t
dV

t



 

x

xj x
j

x
 K         (3)    

 

In Eq. (3) the kinetic energy is a functional over the fields of the momentum and the density. 
 
(b).  Potential Energy V  of the system 
 

The potential energy of the system, V , consists of the external potential energy of the fluid, 

P , due to external potential force fields and the internal energy, E , stored inside the fluid. 
In our calculations we will consider that the fluid is under the influence of a single potential 
force field, identified in the notation by  P x . 
 
(b.1).  Potential Energy (external) of an infinitesimal mass of fluid and Potential Energy  
 (external) of the fluid 
 

We assume that the external potential energy (or the potential energy if confusion is not likely 
to occur) of the ideal mechanical system under consideration owes its presence to a single 
external potential force field  P x . The external potential energy of an infinitesimal amount 

of fluid, of mass    ,t dV xx , is equal to 
 

      ,d P t dV xx xP           (1)    
 

As such, the Potential Energy of the fluid (considered as an ideal mechanical system) due to the 
external potential force field  P x  is expressed through a functional, obtained through 

volume integration over all arbitrarily small volumes,  d V x , inside the flow field, namely 
 

        

 

( ) ,

V

P t d V  
x

xx xP          (2)    

 
(b.2).  Internal Energy of an infinitesimal amount of mass of fluid and the Internal  
 Energy of the fluid 
 

According to general (equilibrium) Thermodynamics, Callen (1960), for a single-component, 
simple system, the internal energy   of a material element M  in thermodynamic 
equilibrium, should be a function of two independent variables, characterizing the 
thermodynamical state of this amount of mass, with the most common choices (in equilibrium 
Thermodynamics textbooks) being the volume V  and the entropy S . In this case, an equation 
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of the form  ,V S  , called the Fundamental Equation, characterizes the 

thermodynamical properties of the considered substance.  
 

In flow phenomena, we use a local equilibrium assumption (quasi-equilibrium), applying the 
results of equilibrium Thermodynamics to small amounts of substances 

   ,d M t dV xx  occupying, at time t, positions around x , inside the flow domain. 

Thus, we have to work with specific quantities (per unit mass), namely: 
 

 Specific internal energy:
d

e
dM

 
,  

 

 
1

Specific volume: = ,
dV

dM



   

 

 Specific entropy: .
d S

s
dM

   

 

Then the fundamental equation (per unit mass) takes the form (Callen, 1960, Chapter 2, p. 38) 
 

  ,e e s              (1)    
 

Thus, the differential of the specific energy is given by 
 

 
e e

d e d d s
s



  
 

           (2)    

 

However (Callen, 1960, Chapter 2, p. 35) we know that 
 

 
e

p

  


,  
e

T
s

 


,          (3)    

 

where p  is the pressure and T  is the temperature of the considered element (parcel) of the 
fluid.  
 

Remark 1. At this point, a clarification seems to be necessary concerning the specific quantities 
(per unit mass), in the Eulerian description of a flow. Since in the Eulerian description, the 
position x  is a geometric point of the field, the physical meaning of a specific quantity sq  

 ,sq t x  is not straightforward. The definition of specific quantities  ,sq t x , in the 

Eulerian description, will be given by following (implicitly) the Lagrangian point of view, as 
the ratio of a material quantity  ,d Q t x  (located around x  at time t), referring to the mass 

 ,dM t x     ,t dV xx  of the fluid, divided by that mass, namely  
 

    
   

, 1
,

, ,s

d Q t d Q
q t

dM t t dV
 

x
x

x x
.          (4)    

 

That is, the specific quantities in the Eulerian description are, in fact, the Radon-Nikodym 
derivative (Folland, 1999) of the measure of a physical quantity of the flow, with respect to the 
mass measure at the position x  at time t.       ■  
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Note that, in general, the entropy is related to heat transfer via the relation T ds d q  , where 

d q  is the amount of heat supplied to the considered parcel ( d q  is a non-exact differential). 
Thus, in general, the presence of entropy is indispensable when thermal phenomena are 
considered. Nevertheless, since thermal phenomena are generally not compatible with the 
Hamiltonian formalism of Analytical Mechanics, we shall discard them, by assuming 0d q  
(adiabatic flows). Having this in mind, we can proceed in one of the following two ways.  
 

We can consider that the entropy is uniformly distributed (constant) throughout the parcels of 
the fluid, in which case (since each of the fluid parcels is identified by a conserved label) we 
can assume 0s   throughout the fluid. Thus, the differential of the specific internal energy 
reduces to  
 

 0
e e e e e

d e d d s d d
s s

  
  

        
    

       (5)    

 

Then, the internal energy of fluid parcels depends only on the density 1  , leaving us 
with the formulae 
 

 
e

d e d





, where   
e

p

  


.       (6)    

 

Then, the derivative of the energy density with respect to the density, 1  , is obtained by 
applying the chain rule, as follows  
 

   2 2

1e e p
p


    

               
.        (7)    

 

Considering all the above, we may proceed to express the internal energy of an arbitrarily 

small mass of fluid    ,t dV xx  inside the flow domain by 
 

         , , ,d E t e t t d V  xx x x         (8)    
 

where the specific internal energy is a function dependent only on the density,  e e  . 

Furthermore, the internal energy stored inside the fluid (considered as an ideal mechanical 

system) is obtained by volume integration over all arbitrarily small volumes  d V x  inside the 
flow field, namely 
 

         

 

, ,

V

e t t d V   
x

xx xE .         (9)    

 

The above flow, where the entropy is assumed constant (and in fact equal to zero through the 
appropriate Galilean transformation) throughout the fluid flow, is referred to as a Homentropic 
Flow.  
 

Another way to account for the entropy in the context of the Hamiltonian formalism is by 
considering an initial distribution of the entropy among the parcels of the flow, which has 
been established by the previous evolution of the flow (probably by thermal phenomena). 
Further, we assume that no thermal phenomena take place throughout the course of the flow, 
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( 0d q  ), and thus the specific entropy is conserved in each of the parcels of the fluid. Denote 

the latter by  1 ,s t x , in the Lagrangian variables. Invoking the Principle of Invariance, we 

obtain  
 

     
 

 
*

1 1, , , ,s t s t t s t x x ξ ξ .       (10)    
 

Observe that the equation  *  of Eq. (10) presents the entropy as a function of the spatial 

Lagrangian variables ξ , and the time t. Since no heat generation or heat transfer phenomena 
are considered, the value of the entropy of each parcel is constant throughout the course of 
the flow. That is  
 

         1 1 0 0 1 0, , , ,s t s t t s s t  ξ ξ x ξ ξ ,     (11)    
 

where  0s ξ  is the initial distribution of the specific entropy among the parcels of the fluid, at 

the labeling time 0t . Substituting the above in Eq. (10) we obtain 
 

    0,s t sx ξ           (12)    
 

Thus, the specific entropy can be considered as a field, dependent on the time t, and on the 
position x  occupied by a fluid parcel at time t. This is referred to as an Isentropic Flow; a flow 
where the entropy is considered as a material parameter characterizing the thermodynamical 
state of each fluid parcel. 
 

Since the flow is assumed to be isentropic, the entropy is invariant throughout the course of 
the flow of the fluid. Thus, the following holds 
 

 
        Eq. (8) Eq. (7)

0 , ,, ,
0 0

d s t ts s t D s t

t t d t D t

 
    

 
x ξξ ξ x

  (13)    

 

That is, the material derivative of the specific entropy of the fluid parcels occupying, at time ,t

a position x  inside the flow domain is equal to zero, namely 
 

 
        , ,

, , 0x

D s t s t
t s t

D t t


    


x x

u x x .     (14)    

 

Recalling the definition of the 4-momentum, see Eq. (1) of Chapter 4, Subsection 3.c, as well as 
the definition of the 4-velocity given in Subsection 3.a of the same chapter, since the density is 
assumed to be different than zero, with the fluid occupying every position inside the flow field 
throughout the course of the flow, we can express the constraint of Eq. (14) in terms of the 4-
momentum by  
 

         T T
0, , , 0x xs t t s t     j ξ x j x .     (15)    

 

That is, the specific entropy, as a material parameter of the parcels, is also conserved along the 
direction of the flow. 
 

N.B. One important distinction between the entropy (a conserved parameter characterizing the 
thermodynamical state of the parcel) and the parcel labels (a conserved parameter characterizing 
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the parcel itself) is that, unlike the parcel labels, the specific entropy does not uniquely 
characterize the parcels, since multiple parcels can possess equal values of entropy.       ■    
 

Given all the above, the internal energy of an arbitrarily small mass of fluid, contained inside 

a small volume,  d V x , is given by 
 

           , , , , ,d E t e t s t t dV  xx x x x       (16)    
 

and the internal energy of the fluid is obtained through volume integration over all arbitrarily 

small volumes,  d V x , namely 
 

           

 

, , , , ,

V

s e t s t t dV   
x

xx x xE      (17)    

 

In what follows we will, for the sake of generality, assume that the flow is isentropic. The 
transition from the isentropic flow to a homentropic flow is relatively straightforward, since, in 
that case, the initial distribution of the entropy will be assumed as uniform, and as such, the 
components of the gradient of the specific entropy will be equal to zero, namely 
 

  ,s t x x 0           (18)    

 
(c).  The Lagrangian function of an arbitrarily small mass of fluid and the Lagrangian of  
 the fluid 
 

The Lagrangian equation of an arbitrarily small mass of fluid,    ,t dV xx , can, 

henceforth, be defined as a function, expressing the difference of the kinetic energy K , from 
the potential energy, V , of the amount of mass of the fluid, namely 
 

           , , , , , , , ,d d s d t t d t s t     j j x x x x  K V  

                , , , , , , ,d t t d t s t d t     j x x x x xK E P  

     
 

               
2

, , , , ,
2 ,

dV e t s t t P t dV
t x

  


  x xj
x x x x x .    (1)    

 

where j  is the conventional 3-momentum vector. Thus, the total Lagrangian is obtained by 

summation over all arbitrarily small volumes 
 dV x

 inside the flow field (in our case that 
means by volume integration) 
 

     

 

, , , , x

V

s L s dV   
x

j j   

 
 
           

 

2 ,
, , ,

2 ,
V

t
t e s P t d V

t
  



       
x

xj x
x x x

x
     (2)    

 

where  , , s j   is the Lagrangian function of the fluid inside the flow field (considered 

as an ideal mechanical system). 
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3.  Variational Formulation of Euler Flows I: Unconstraint Action Functional 
 

Having obtained the total Lagrangian   of the fluid flow, the action functional can, 
henceforth, be constructed, by integrating the Lagrangian equation  , , s j   over an 

arbitrary time interval, let 0 1,t t    , namely 
 

   
1

0

, , , ,

t

t

s s d t   j j    

 
 
           

 

1

0

2 ,
, , ,

2 ,

t

t V

t
t e s P t dV d t

t
  



        
x

xj x
x x x

x
.     (1)    

 

At this point we perform variations on the arguments of the functional, which result in 
variations on the unconstrained action functional. The dynamic equations governing the flow 
can, henceforth, be derived by invoking Hamilton’s Principle. Specifically, let us define the 
admissible variations of the momentum vector by 
 

       
        

2
0 1

0 1

, ,,

is admissible if , 0 , , ,

t C t t Vt

t t t t V





          

x

x

j xj x

j x x
      (2)    

 

By performing the above arbitrary variations on the action functional of Eq. (1) we obtain 
 

       , , , , , , , , H.O.Ts s s s            j jj j j j j        (3)    
 

Expanding the difference  , , s j j  we obtain 
 

     , , , , ,t s s        j x j j j    
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
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x

xj j x j x
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It is apparent that 
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              T 22 2, , 2 , , ,t t t t t      j j x j x j x j x j x .    (5)    
 

Thus, substituting in Eq. (4) we obtain  
 

          
 

 

 
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
 
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j

j x j x j x
x

x
     (6)    

 

Since the variation of the functional is -by definition- a linear functional on the variation of 
the argument  j , we obtain 
 

     
     

 
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0
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,
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t
t t d V d t

t
 


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x
j

j x
x j x

x
 .       (7)    

 

Since the fluid is assumed to be ideal and no thermodynamic phenomena take place inside 
the flow, invoking Hamilton’s Principle, we demand that the true progression of the system is 
such, that any arbitrary (and admissible) variations of the momentum field render the action 
functional stationary, namely 
 

     
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Nevertheless, since the fields under integration are 2C differentiable and Eq. (8) holds under 

arbitrary admissible variations of the momentum  ,tj x , then, by invoking the Fundamental 

Lemma of the Calculus of Variations we obtain 
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As such, we obtain that no mechanical transport phenomena take place inside the flow field, 
since the momentum of the fluid in any position x  inside the flow field, at any time t , is equal 
to zero.  
 

Performing, now, admissible variations over the field of the fluid density  ,t x , defined by  
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results in variations of the action functional defined by the difference  
 

        , , , , H.O.T              j j j j    .   (11)    
 

Expanding, now, the aforementioned difference  ,  j , we obtain 
 

     , , ,           j j j    
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Expanding on the variation of the kinetic energy of the system (the ideal fluid), we obtain 
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or,  
 

 
  

 
 

 
      

2 2 2
2

2

, , ,
,

2 , 2 , 2 ,

t t t
t O

t t t
   

    
   


j x j x j x

x
x x x

.   (14)    

 

We will now assume that the internal energy is 2C  differentiable. Thus, in virtue of the 
Taylor expansion, the variation of the internal energy of the system, is equal to 
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Expanding on the product of the variation of the field of the density, and the variation of the 
internal energy, given in Eq. (15) in virtue of the Taylor expansion, we obtain 
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Substituting Eq. (14) and Eq. (16) in the difference of Eq. (11), and additionally, taking into 
account the variation due to the effect of the external potential force field,  P x , whose 

variation is directly calculated from the difference of Eq. (12), we obtain  
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Since the variation of the functional is -by definition- a linear functional on the variation of the 
density,   , all higher order terms are discarded, thus, in virtue of Eq. (11) we obtain that the 
first variation of the action functional, with respect to the admissible variations in the field of 
the density, is equal to 
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Invoking Hamilton’s Principle, we demand that the true progression of the system (the fluid 
flow) is such, that any arbitrary (and admissible) variations of the field of the density, render the 
action functional stationary, thus we demand 
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  , 0  j           (19)    
 

Thus, since the fields under integration are 2C differentiable and Eq. (19) holds under arbitrary 
admissible variations of the density field, in virtue of the Fundamental Lemma of the calculus 
of variations, Eq. (18) yields the dynamic equation 
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or, in virtue of Eq. (5) of Subsection 2.b  
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Note that Eq. (21) is a generalized Bernoulli Equation, for the case of an ideal compressible 
fluid flow, expressing the conservation of energy. Namely, Eq. (21) states that the total energy 
state of a mass of fluid under the influence of an external potential force field, occupying, at 
time t  the position x  inside the flow field, equals the work of the pressure (at time t  in the 
position x  inside the flow field) applied to the fluid mass by the surrounding fluid. 
 

Lastly, defining the admissible variations over the field of the specific entropy  ,s t x  as  
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and performing these variations on the field of the specific entropy, the variation on the action 

functional,  , , s j , is equal to  
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Thus, expanding on the difference  , ,s s j  of the above equation, we obtain 
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We have assumed that the internal energy is 2C  differentiable. Thus, in virtue of the Taylor 
expansion, the variation of the internal energy as a result of the admissible variation in the field 
of the specific entropy, is equal to  
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Substituting the variation of the internal energy, of Eq. (25) in the variation of the action 
functional, Eq. (24), we obtain that the difference  , ,s s j  is equal to 
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             (26)    
 

or, eliminating all higher-order terms from Eq. (26) (since the variation of the action functional 
is a linear functional of the performed variations), we obtain 
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Invoking Hamilton’s Principle, we demand that the true evolution of the system is such, that 
any arbitrary and admissible variations in the field of the specific entropy, render the action 
functional stationary, thus, 
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Nevertheless, for Eq. (28) to hold under arbitrary admissible variations of the specific entropy, 
since the arguments of the functional are 2C  differentiable, and the density under integration 
is a linear combination of the arguments of the functional, invoking the Fundamental Lemma of 
the Calculus of Variations, we obtain the dynamic equation 
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which, in virtue of Eq. (3) of Subsection 2.b, yields 0T  .  
 

Nevertheless, the results obtained do not possess any dynamic character. Namely, substituting 
Eq. (9) in Eq. (21) we obtain 
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That is, Eq. (30) describes a static, ideal-fluid equilibrium, in the case where the ideal fluid is 
subject to an external potential force field. Specifically, Eq. (30) expresses a constraint, which 
(when satisfied) ensures static equilibrium in the case of an ideal fluid, when the latter is subject 
to an external potential force field. Recall now, that the enthalpy is defined as, (Callen, 1960, 
Chapter 5, p. 147), (Çengel & Boles, 2014, Chapter 3, p. 124)  
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Then, accordingly, the specific enthalpy is defined by 
 

         
 

,
, , , ,

,

d V t
h e t s t p t

d M t
 

x
x x x

x
 

          
 

,
, , ,

,

p t
e t s t

t



 

x
x x

x
    (32)    

 

Thus, Eq. (30) can also be considered as a constraint, ensuring that the fluid remains at static 
equilibrium, by specifying the value of the enthalpy of the fluid under the influence of an 
external potential force field. 
 

Intriguingly, in virtue of Eq. (29) we observe that the specific internal energy is independent 
of the specific entropy. This could either indicate a contradiction with regards to our original 
assumption of the internal energy as a function of the density  ,t x  as well as the entropy 

 ,s t x , or (as in the case at hand) it could indicate the absence of flow. Specifically, since 

the entropy is conserved in the direction of the flow, it constitutes a material parameter 
characterizing the thermodynamical state of an amount of fluid. Nevertheless, according to 
Eq. (9), the fluid is in mechanical equilibrium, and no transport phenomena take place in the 
space occupied by the fluid. Thus, the rate of change of the internal energy with respect to the 
entropy will indeed be equal to zero.  
 

We have thus proven that the equations obtained by the variation of an unconstrained 
functional, describe only trivial phenomena of no dynamic character. This is a result of the 
loss of information that intrinsically stems from the Eulerian description of the flow. 
Specifically, in the Eulerian description, the positions are considered as independent variables, 
uniquely identifying the geometric points of the flow field, not describing the dynamic field 
of the positioning, at time t , of the masses of fluid considered as parcels, inside the flow field, 
throughout the course of the flow. As such, the velocity field is considered as a primitive field, 
over the different positions of the flow field. That is, no consideration is given with respect to 
the positioning of the different parcels of the fluid, and, as such, of the dynamic behavior of 
each parcel, as consideration of fluid parcels appears only in a Lagrangian description of the 
flow. 
 

This is also expressed by Seliger and Whitham (Seliger & Whitham, 1968), stating that 
 

“This is where the close similarity with a system of particles is lost.”  
 

Truely, since in the Eulerian description of the flow, the physical fields of the density 

 ,t  x  and of the momentum  ,tj j x  present in the action functional are 

functions of the positions inside the flow field x  and the time t, no consideration is taken with 
regards to the dynamic phenomena of flow, with respect to the movement of each individual 
parcel. Thus, the laws and principles that govern the flow of the fluid, inside the flow field, must 
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be introduced in the form of constraints (Herivel, 1955). Nevertheless, even if the conservation 
laws are applied on the action functional (in the form of constraints) the dynamic equations 
derived from the variation of such action functionals, with respect to their arguments (that is, 
the fields of the flow), cannot describe any vortical phenomena taking place inside the flow field 
(Seliger & Whitham, 1968), (Mavroeidis & Athanassoulis, 2022). The reason for this limitation 
is the apparent loss of information concerning the paths of the individual parcels inside the flow 
field, throughout the course of the flow. This became known as the variational controversy 
(Seliger & Whitham, 1968) (Serrin, 1959). The variational controversy remained an open 
subject in the field of Hamiltonian Hydrodynamics until (around) 1959, when, in an unpublished 
note, C. C. Lin proposed the addition of a constraint of a purely mechanical nature to the action 
functional, the conservation of the parcels’ labels, (Mavroeidis & Athanassoulis, 2022), (Serrin, 
1959), which was presented in Chapter 4. Since then, the Herivel-Lin approach has become 
standard in the field of Hamiltonian Hydrodynamics (especially after the works of Serrin 
(Serrin, 1959), Eckart (Eckart, 1960) and Seliger and Whitham (Seliger & Whitham, 1968)). 
 

The following survey on the historical advancements towards the resolution of the variational 
controversy, is adopted from the Introduction of a recent paper by Mavroeidis & Athanassoulis 
(Mavroeidis & Athanassoulis, 2022) and is included in quotations. 
 
« The first attempt to derive the Eulerian equations of fluid dynamics by means of Hamilton’s 
Principle was made by Herivel in 1955 (Herivel, 1955). He recognized the need of introducing 
constraints in the standard Lagrangian function, and he implemented as constraints the 
conservation of mass and the conservation of entropy. The obtained variational equations 
apparently produce Euler’s equation of momentum; however, the underlying velocity 
representation turns 1 to be restricted to irrotational flows, when the entropy is assumed to be 
constant, as it should be. See also the discussion in (Selinger & Whitham, 1968, p. 5). Let it be 
noted that, from a purely mechanical point of view, entropy should not be of significance for the 
dynamics of an ideal mechanical system, as the considered fluid flow is. The variational 
controversy has been resolved, at least for the bulk motion of the fluid, by means of the clever 
proposal of Lin (Serrin, 1959), who introduced the purely mechanical constraint of the 
conservation of fluid parcels’ identity. See also Sec. 3.1. Although Lin’s constraint is commonly 
used in conjunction with the entropy constraint [(Seliger & Whitham, 1968; Fukagawa & 
Fujitani, 2010)], in fact, it can replace the latter, leaving us with a purely mechanical variational 
formulation. » 
 
4.  Variational Formulation of Euler Flows II: Constrained Action  
 Functional – First Form  
 
(a).  Introduction of the constraints 
 

To obtain non-trivial results from the variation of the functional, we need to apply constraints 
that will, primarily, introduce (in the action functional) the elements of mass that constitute the 
mechanical system of the fluid, and upon which the fundamental principles and laws of 
classical mechanics will apply. We also need to include in our calculations the laws and 
equations of conservation that govern these quantities. Two conventional constraints 
considered in the bibliography are the conservation of mass (often appearing in the form of the 
continuity equation), Eq. (13) of Chapter 2 Subsection 3, also mentioned below for the sake of 
convenience, 
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which corresponds to a fundamental physical law of classical mechanics, as well as the 
conservation of the parcels’ labels, Eq. (1) of Chapter 4, Subsection 1.b, namely 
 

 
         T, ,

, ,x

D t t
t t

D t t


    


ξ x ξ x

u x ξ x 0 . 

 

As mentioned in Chapter 4, Lin’s constraints were introduced to account for the loss of the 
parcels’ identities and thus of the individual paths of the parcels, when describing the flow of 
fluid through the field point of view (Eulerian description). 
 

Nevertheless, in Subsection 4.b of Chapter 4, we established that the expression for the 4-
momentum, Eq. (12) of Chapter 4 Subsection 4.a 
 

  0
0 ,

p
p

J
j 





ξ ,   0,1, 2,3p , 

 

in terms of the 4th-order Jacobian determinant (expressing the transformations between the 
Lagrangian and the Eulerian description), naturally satisfies the conservation of mass as well 
as Lin’s constraints. Thus, the constraint 
 

  0
0,

0p
p

J
j 


 


ξ   0,1, 2,3p         (1)    

 

over the variations of the 4-momentum can be implemented, replacing the conservation of mass 
and the conservation of the parcels’ labels. That is, the 4-momentum of the fluid occupying at 
time t, the position x  inside the flow field, should be such, that Eq. (1) is satisfied. Furthermore, 
if the aforementioned constraint is satisfied, the conservation of mass as well as the conservation 
of the parcels’ labels should be derived in the set of the dynamic equations produced from the 
variational treatment of the action functional. 
 

N.B. The constraint introduced in Eq. (1) is not the equation for the conservation of mass, nor 
the equation for the conservation of the parcel’s labels. It simply states that, assuming that a 
set of 2C diffeomorphic point transformations exists between the Lagrangian and the 
Eulerian spatio-temporal variables, any variation of the 4-momentum field must satisfy Eq. 
(1). Intriguingly though, if the variations of the 4-momentum are subjected to the above 
constraint, the conservation of mass as well as the conservation of labels are identically 
satisfied as demonstrated in the previous Chapter 4. Furthermore, such an expression for the 4-
momentum naturally implicates in our calculations the rate of change of the individual 
parcels with respect to the positions inside the flow field through the entries of the 4th-order 
Jacobian determinant describing the point transformations between the physical and the 
labeling domains, as demonstrated by Eq. (1) of Chapter 3, Subsection 2.b and Eq. (6) of Chapter 
3, Subsection 2.c, stating that the Jacobian determinant depends on the rate of change of the 
field of the parcels’ labels with respect to their positions inside the flow field, but is, in fact, 
independent of the field of the parcels’ labels themselves.          ■    
 

Since only mechanical (not thermal) transport phenomena are considered during the course 
of the flow (isentropic flow), we add as another constraint the conservation of the specific 
entropy, expressed in Eq. (15) of Subsection 1.b.2, namely 
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(b).  The Constrained action functional - first form 
 

Applying the constraints of Eq. (1) and Eq. (2) of the previous subsection, by means of 

Lagrange multipliers   ,kp tp x , 0,1, 2, 3k  , and  ,t x , to the unconstrained 

action functional, we obtain a constrained action functional, namely 
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where  
 

     1 2 3, , , ,t t  ξ x x  is the field of parcel labels, and  0 ,t x  is a 

Lagrangian time-like variable (here also considered as a field, dependent on the position x  
and the time t) as defined in Chapter 4 the specific independences of which, will be clarified 
later on. 
 

   ,kp tp x , 0,1, 2, 3k  , and  ,t x  are Lagrange multipliers entering the 

functional as additional functional arguments,  
 

   ,kj tj x , 0,1, 2, 3k   expresses the 4-momentum as defined in Eq. (1) of 

Chapter 4, Subsection 3.c. 
 

         1 2 3, , , , , ,t j t j t j tj x x x x  is the conventional 3-momentum vector. 
 

  ,t x  is the fluid density. At this point we recall that, by definition,  0 ,j t x  is the 

fluid density    0, ,t j t x x . Thus, although  0 ,j t x  is not explicitly mentioned as an 

argument of the functional 0, , , , , , s     j ξ p , in fact it has not been excluded from the list 

of the arguments, appearing as the density field  ,t x . Accordingly, we have to identify 

 0 ,j t x  with  ,t x  in the course of the calculation of the variation of the functional.  
 

 J  is the 4th-order Jacobian determinant describing the point transformations from the 
physical to the labeling domain. The 4th-order Jacobian determinant is dependent on the time t 
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and the positions x  as a function of     0 , , ,t t x ξ x . Furthermore, J  is functionally 

dependent on the spatiotemporal derivatives q px   with 0 ,1, 2, 3,q p  . Nevertheless, 

recall that in Chapter 3, Subsection 2.c, we have proven that the derivatives of the 4th-order 
Jacobian determinant describing 2C  diffeomorphic point transformations, with respect to 

any q , 0 ,1, 2, 3q   are equal to zero. That is, J  is, in fact, independent of any q , 

0 ,1, 2, 3q  . 
 

  ,s t x  is the field of the specific entropy in the position x  of the flow field, at time 

.t  
 

  0 ξ  expresses the initial density of the fluid, as a function of the field of the parcel 

labels, independent of the time. 
 

  P x  is an external potential generating the body forces acting on the bulk of the fluid.  
 

Remark 1. Since all the arguments included in the action functional have been defined with 
respect to the independent variables t  and x , we will, in virtue of simplicity, mention the 
independent variables t  and x  only when confusion is likely to occur.  
 

 

Remark 2. When we proceed to vary the functional, we treat the potential field  P x  as a 

given, external function of the position x . That is, the potential  P x  does not possess any 

dynamic character and its value for the positions x  is not subject to change. Since it is 
independent of the dynamics of the system, it is treated as a known coefficient of the Euler-
Lagrange equations. 
 

 
(c).  Variation of the constrained action functional 
 

Having established the fields that enter the action functional as arguments we will now proceed 
to vary the functional. In that respect, we will primarily define the admissible variations for the 
different arguments of the action functional  
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Then we will study the variations of the action functional in order to obtain the dynamic 
equations governing the flow of fluid. 
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(c.1).  Variations over the 4-momentum field 
 

Recall that in Chapter 4, Subsection 3.c we have defined the 4-momentum vector, as 
 

        
def

0 1 2 3 1 2 3, , , , , , , , ,t j j j j t j j j t j x x x .      (1)    
 

Thus, by identifying the field of the density,  ,t x , as the first component of the 4-

momentum vector, the action functional can also be written in the form 
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We begin by defining the admissible variations over the field of the 4-momentum  ,tj x , by  
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with  khj jh , for 0,1, 2,3k  . Then, for arbitrarily small 0  , the variation of each 

of the components of the 4-momentum reads 
 

      , , ,k k kj t j t h t   jx x x ,  0,1, 2,3k  .      (4)    
 

Remark 1. At this point, a short comment seems to be necessary, concerning the notation used 

for the 4-momentum, as well as the variations jh  performed in the aforementioned field. Since 
the 4-momentum expresses, by definition, both the field of the conventional 3-momentum, as 
well as the field of the density (through the temporal component of the 4-momentum), we deem 
it convenient to perform variations on the conventional 3-momentum as well as on the density 
field altogether, through the performance of variations of the 4-momentum. Thus, when 
addressing the 4-momentum vector as a 4-vector field, we will write  
 

  T

0 1 2 3, , ,j j j jj ,           (5)    
 

and accordingly, its variations will be expressed as 
 

  T

0 1 2 3, , ,h h h hj j j j jh ,           (6)    
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Nevertheless, when we approach the 4-momentum as a 4-vector, expressing the physical fields 
of the density and of the conventional 3-momentum through a single vector, we will write 
 

    T T

0 1 2 3, , , ,j j j j j j  ,         (7)    
 

and accordingly, we will identify the variations of these fields by 
 

    0 0 1 2 3, , , ,h h h h h j j j j j j jh h  ,         (8)    
 

with the variations of the density field expressed through the temporal component 0h j  of jh  

and the variations of the conventional 3-momentum field expressed through jh . 
 

Thus, the first variation of the action functional is obtained by 
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Since the differential with respect to   commutes with the volume and time integrals, the first 
variation of the constrained action functional, Eq. (9), can be expanded as 
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For the sake of convenience, we will now treat the integrals 1I j  and 2I j  independently. Namely, 
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Then, evaluating the integral 
1I j  of Eq. (11) at 0   we obtain 
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Furthermore, the integral 2I j  yields 
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The results from the terms of Eq. (6), that correspond to the constraints applied to the action 
functional, are derived directly from the differentiation with respect to  . Thus, substituting in 
Eq. (6) we obtain the first variation of the constrained action functional, with respect to 
variations performed in the field of the 4-momentum, namely 
 

 

 

1

0

2

0 0

0

T

2

4 2

4

t

t V

j h
d V d t

j
 


 

x

j j
x

j

j h j
  

               

 

1

0

0
0 0 0 0 0

0

,
,

t

t V

d V d t
e j s

h e j s j h P h
j

            
x

xj j jx  

                 

 

1

0

3

0
0

, ,k k

k

t

t V

p t h t d V d t






  
x

xjx x  

       

 

1

0

3

0
0

,
,

t

t V

k
kk

s t
t h d V d t

x










 
x

xj x
x     (14)    

 

or 
 

 

 

 

 

1 1

0 0

0
0

T 2

2
02

t t

t tV V

d V d t h d V d t
j j

      
x x

x xj j
j

j j
h  

          

 

1

0

0

0
0 0

0

,
,

t

t V

h d V d t
e j s

e j s j P
j

            
x

xjx  

          

 

1

0

3

1

, ,

t

k

t V

k

k

p t h t dV d t


  
x

xjx x  

            

 

1

0

0 0, ,

t

t V

p t h t dV d t  
x

xjx x  

              

 

1

0

3

1

,
,

t

t V

k
kk

s t
t h dV d t

x





 

 
x

xj x
x  

      

 

1

0

0
0

,
,

t

t V

s t
t h d V d t

x





 
x

xj x
x       (15)    



105 
 

 

Invoking Hamilton’s Principle, the true evolution of the system should be such, that any 
variation of the 4-momentum field, should render the action functional stationary, that is 
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or, in virtue of Eq. (15), 
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Since Eq. (17) holds for arbitrary admissible variations over the 4-momentum field, we will, to 
begin with, assume that the variations of the aforementioned field are of the form 

    , 0, ,t tj jh x h x , that is, we will perform variations on the field of the 

conventional 3-momentum. Then, Eq. (17) yields 
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Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (18) must hold for 

arbitrary variations of the 4-momentum of the form     , 0, ,t tj jh x h x  (that is, for 

arbitrary variations of the conventional 3-momentum), we obtain the dynamic equation 
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where  1 2 3, ,p p pp  are the Lagrange multipliers, or, recalling that, by the definition of 

the 4-momentum,    0 , ,j t tx x , we obtain the dynamical equation 
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Assuming now that the variations of the 4-momentum are of the form  ,t jh x  

  0 , , ,h t j x 0  that is, performing arbitrary admissible variations on the field of the fluid 

density, we obtain 
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Invoking, once again, the Fundamental Lemma of the Calculus of Variations, since Eq. (21) 

holds for arbitrary variations of the form     0, , ,t h tj jh x x 0 , of the 4-momentum, we 

obtain another dynamic equation, namely 
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or, since    e

0

d f.
, ,j t tx x  and 0x t , we obtain the dynamical equation 

 



107 
 

           2

022

, ,
, , , 0

e s s t
e s P p t t

t


  




 
    

 
j x

x x x   (23)    

 

(c.2).  Variations over the time-like field  0 ,t x  
 

We shall now define the admissible variations for the Lagrangian time-like field  0 ,t x  by 
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Then, for any arbitrarily small 0  , the first variation of the action functional  
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is obtained by 
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But the derivative of the 4th-order Jacobian determinant with respect to any element 

0, 0p px     equals to the reduced determinant 0( )pJ     , see Eq. (1) of Chapter 3, 

Subsection 2.b, presented below for the sake of convenience 
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which remains unaffected by any variations of 0 , recall Eq. (6) of Chapter 3, Subsection 1.a, 

where we define the structure of the reduced determinants. Thus, we obtain that the variation 
of the action functional with respect to any arbitrary admissible variations of the field of 0  

is equal to zero, 
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As such, no dynamic equations are derived from the variation of the functional with respect 
to  0 ,t x , as the functional is, in fact, independent of  0 ,t x  
 

(c.3).  Variations over the field of the parcel labels  ,tξ x  
 

To study the variations of the action functional as a result of the performance of admissible 
variations over the field of the parcel labels  ,tξ x , we make use of the following Lemma 1, 

concerning the effect of variations of the field of  ξ ξ x  over an nth-order Jacobian 

determinant, describing 1C diffeomorphic point transformations. A mention to the first 
variation of the Jacobian determinant is also made in (Badin & Crisciani, 2018, p. 212). We aim 
to establish a relation expressing the first variation of the Jacobian determinant in terms of the 
reduced determinants generated by the former. 
 
 

Lemma 1: (First Variation of the Jacobian Determinant): Let J  be the nth-order Jacobian 

determinant describing 1C diffeomorphic transformations (1) from a x space to a ξ
space, namely 
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 

 

     

 

     

 

             (L1.1)    

 

Then, performing a variation  1 , , nx xξh   of  1 , , nx xξ ξ  , the first variation of the 

Jacobian determinant J  is equal to 
 

 
11

( )q
q p

p

n n

pq

J J
h

x
 



     
ξ

ξ                (L1.2)    

 

 

Proof: Consider the Jacobian determinant of Eq. (L1.1) describing bijective point 
transformations from a x space to a ξ space. We now perform a variation  h x  on the 

field of  1 2, , , , ,q n   ξ   , thus obtaining 
 

   1 1 2 2, , , , ,q q n nh h h h              ξξ ξ h x            (L1.3)    

 
(1)  Recall that we have assumed that the point transformations from the physical to the labeling domain are 2C 
diffeomorphisms. Thus, no additional assumptions are made with respect to the point transformations described by 
the Jacobian determinant. 
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Recalling the analytic definition of the determinants, the nth-order Jacobian determinant equals 
 

  
       

1 2

1 2

sgn

n

q n

q nP

J
x x x x   

   




   


                  (L1.4)    

 

where nP  is the set of all possible permutations,    ( ) : 1, 2, , 1, 2, ,n n    . Recall 

that sgn ( )  is the sign function taking the value  sgn 1   for even and  sgn 1   

for odd permutations. Then, performing the variation  h x  on the field of 1 2( , , ξ 
, , , )q n    results in a variation on the Jacobian determinant, equal to 

 

   
 

 
 

 
 

 
 

1 1 2 2

1 2

sgn

n

q q n n

q nP

h h h h
J

x x x x   

       




       


   
ξ ξ ξ ξ

h  

                    (L1.5)    
 

Expanding on the product inside the above summation we obtain 
 

  
1

q

n

q

hJ J D


      ξ
h  

     
1 2

1 2

2

1
q q

n

q q n

hD h
 

      ξ ξ   

      
1 2

11 n

q q

n
n

q nq

hD h
   

     ξ ξ


             (L1.6)    

 

In the above Eq (L1.6) we define as    
1 kq qD h h 

  
ξ ξ  the determinant having as entries of 

its rows  1 , , kq q  the derivatives of the components  
1
, ,

kq qh hξ ξ  of the variation 

 ξh x  of the field of  1 2, , , , ,q n   ξ   , with respect to the components of 

 1 , , nx xx  , namely 
 

    

1 1 1 1

1

1 2

1 2

* * * *

* * * *

k

k k k k

q q q q

q q

q q q

p

q

p n

n

x

h h h h

h h

h h

D

h

x x x

x

h

x x x

   

   



   

   

   

ξ ξ ξ ξ

ξ ξ

ξ ξ ξ ξ

  

      

  

       

  

      

  

,          (L1.7)    
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where the entries of the conventional nth-order Jacobian determinant are represented through 

stars  * . Since the transformations described by the Jacobian determinant are assumed to be 
1C diffeomorphisms and the determinant is a polynomial function of its entries, the first 

variation of the Jacobian determinant is obtained from 
 

    2

0
0

1

n

q

q

d J d
J J D O

d d
h




  
  

              
h ξ

ξ           (L1.8)    

 

Thus, the first variation of the Jacobian determinant with respect to a variation of the field ξ

 1 2, , , , ,q n      , equals 
 

  
1

n

q

q

D hJ


     ξ
ξ                 (L1.9)    

 

Expanding, now, the determinant  qD h 
  

ξ , for 1, 2, , nq    through the Laplace 

expansion in terms of reduced determinants we obtain 
 

  
1

( )q
q p

n

q
pp

D D
h

h
x




          
ξ

ξ              (L1.10)    

 

where the reduced determinant ( )q pD      is defined as 
 

 

1,1 1, 1,

th

,1 , ,

th

( )  row0 0

 column

1

n

p

q p

p

n

n n n

d d d

D

d

q

d d

p

     



 
    

 
    

 

          (L1.11)    

 

Nevertheless, by definition, the entries of all rows except the thq  are equal to the corresponding 
entries of the Jacobian determinant, namely 
 

 

1,1 1,1 1, 1, 1, 1,

,1 ,1 , , , ,

th

1

n

( ) 0 0

 colum

n n

n n

p

pn n n n n n

p

q p

p

d d d

D

d d d

p

  



  

  

    

  


 
    

 
    

 

        (L1.12)    

 

Furthermore, in virtue of Eq. (6) of Chapter 3, Subsection 1.a, the reduced determinant 

( )q pD      is equal to the reduced determinant ( )q pJ     , namely 
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1,1 1, 1, 1,1 1, 1,

,1 , , ,1 , ,

th

( ) ( )0 0 0 0

 colum

1 1

n

p p

q p q p

p

n n

n n n n n npn n

d d d

D

p

J

d d d

  

 

  

           

  

   
         

   
         

   

                  (L1.13)    
 

Thus, substituting in Eq. (L1.10) we obtain 
 

  
1

( )q
q p

n

q
pp

D J
h

h
x




          
ξ

ξ .             (L1.14)    

 

As such, substituting in Eq. (L1.9) we obtain 
 

 
11

( )q
q p

p

n n

pq

J J
h

x
 



     
ξ

ξ              (L1.15)    

 

Furthermore, in virtue of Eq. (1) of Chapter 3, Subsection 2.b, the reduced determinant also 
equals  
 

 
,

( )q p
q p

J
J 


     

               (L1.16)    

 

As such, Eq (L1.15) and Eq (L1.16) can also be expressed through derivatives of the Jacobian 
determinant with respect to their entries, namely 
 

  
,1

q
n

p
q

qpp

J
D

x

h
h




       
ξ

ξ              (L1.17)    

 

and accordingly 
 

 
,11

n n
q

p q ppq

J

x
J

h





 
 

ξ

ξ              (L1.18)    

 

Thus, the proof is complete. 
                 ■    
 
 
We will now express the constraints of the action functional through vector notation. Namely, 
observe that the derivatives of the 4th-order Jacobian determinant with respect to 0, p , for 

0,1, 2, 3p   can also be expressed as a vector element  0J  of the adjoint matrix of the 

Jacobian matrix J   , generating the determinant J , namely, expressing the adjoint matrix in 

terms of 4 column vectors, yields 
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           0 1 2 3, , ,adj J    J J J J             (1)    

 

with the first vector element of the adjoint matrix equal to 
 

  
T

0

0 , 0 0, 1 0 , 2 0 , 3

, , ,
J J J J

   

              
J          (2)    

 

where  adj J   
  expresses the adjoint matrix of the 4th-order Jacobian matrix, J   , generating 

the determinant J . Thus, the product of the field of the Lagrange multipliers  ,t p x

        T

0 1 2 3, , , , , , ,p t p t p t p t x x x x  and the corresponding constraint can also be 

written in the form 
 

          T 0
0, , 0t t   p x j x ξ J .        (3)    

 

Further, the constraint of the conservation of the entropy along the direction of the flow, can 
also be expressed vector-wise, namely 
 

      T
, , 0t s t  xj x x .          (4)    

 

Thus, the action functional can also be expressed, using the vector notation of Eq. (2), Eq. (3) 
and Eq. (4), namely 
 

0, , , , , , s      j ξ p   

 
              

 

1

0

2 ,
, , , , ,

2 ,

t
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t
t e t s t P t d V d t

t
  
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xj x
x x x x x

x
 

            

 

1

0

T 0
0, ,

t

t V

t t dV d t    
x

xp x j x ξ J  

              

 

1

0

T
, , ,

t

t V

t t s t d V d t   
x

x
xx j x x .     (5)    

 

We shall now define the admissible variations for the field of the labels by 
 

       
        

2
0 1

0 1

, , ,,

is admissible if , , , , .

t C t t Vt

t t t t V

          

xξ
ξ

xξ

h xh x

h x x0
      (6)    

 

Since the action functional depends on the field of the parcel labels  ,tξ x  as well as its first 

partial derivatives ,q p q px    , for 0,1, 2, 3p   and 1, 2 , 3q  , then, for 0  , we 

read 
 



113 
 

     , ,t t ξ x ξ h x ,          (7)    
 

and, as such, 
 

  
p p p px x x x

 
                

ξ ξ h
ξ h  ,  0,1, 2, 3p      (8)    

 

Thus, the first variation of the action functional is obtained by 
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x

x
xj x x ,    (9)    

 

where  0
hJ  is defined as the varied vector of Eq. (2), namely 

 

  
T

0

0 , 0 0, 1 0 , 2 0 , 3

, , ,
J J J J

   

              
h h h h

hJ        (10)    

 

and J h  is the variation of the 4th-order Jacobian determinant resulting from the admissible 

variations over the field of the parcel labels, ξ . Further, since the fields  , j , p ,  , s  are 
independent of any variations over the field of the parcel labels, the first variation of the action 
functional equals to 
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or, expanding the above through product rule, 
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        
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 

1

0

0T
0

0

t

t V

d
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x

xξ
hp ξ h J ,   (12)    

 

where,   ξ h  expresses the gradient with respect to the varied vector field of the parcel labels 

 ξξ h . In virtue of the Lemma 1 concerning the first variation of the determinant, 
evaluating the above equation at 0   yields 
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,   (13)    

 

Since the product P  of the above equation is a scalar, Eq. (13) can also be written in the form 
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,   (14)    

 

We shall now address the product 1P  of Eq. (14). Since the vector product 1P  is the result of 

the application of a linear operator to the vector  0J , we may express it in the form 
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x x  
 




    
   

ξ ξ

ξ

J h
J

 
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where ξh  expresses the variation over the label field in vector notation, namely  
 

         T

1 2 3, , , , , ,t h t x h t x h t xξ ξ ξ ξh x       (16)    
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and ( )
px  ξ   is the gradient operator defined as 
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ξ     (17)    

 

with 0,1, 2, 3p  . Thus, the first variation of the action functional, resulting from the 
variations over the field of the parcel labels equals 
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,  (18)    

 

or, due to the associativity of the matrix product, expanding on the integral 1I ξ  of Eq. (18) yields 
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Further, exploiting the summation over 0,1, 2, 3p  , the integral 2I ξ  can also be written as a 

sum of integrals, namely 
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                   
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Recalling that 0x t , the partial derivative with respect to 0x  in Eq. (20) commutes with the 

volume integral. Thus, Eq. (20) is equal to 
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or 
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Since the admissible variations  ,tξh x  of the field of the labels vanish - by their definition - 

at 0t t  and 1t t , the integral 2I ξ  reduces to  
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x
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Further, invoking the Gauss Theorem, the volume integral of Eq. (23) also equals 
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where, 
 V x

 is the boundary of the flow domain, 
 d s x

 is a small area of the boundary 
 V x

 

and  pnn , 1, 2, 3p  , is a unit vector, normal to the area 
 d s x

. 
 

Substituting 2I ξ  in Eq. (19) we obtain 
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Invoking Hamilton’s Principle, the true evolution of the system should be such, that any 
variation of the field of the labels renders the action functional stationary, thus, we demand 
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where the double integral 3I ξ  expresses a condition over the spatial boundary of the flow. Since 

we demand that Eq. (26) holds over arbitrary admissible variations of the label field, it also 

holds over the variations that vanish on the boundary  V x . Thus, we additionally demand  
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The arguments of the functional are considered 2C  differentiable, and the density under 
integration is a linear combination of the arguments of the functional. Thus, since Eq. (27) must 
hold under arbitrary admissible variations of the field of the labels, invoking the Fundamental 
Lemma of the Calculus of Variations, we obtain 
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Remark. Recall that the operator T

px  ξ  is applied as a gradient to every element of the 

column vector  0J , thus forming a  4 3  matrix, as demonstrated also in Eq. (18).     ■    
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Expressing Eq. (28) component-wise, we read 
 

    
3 3 2

0
00 , ,0

,
q

k
p p kp k

J
p t

x


 
 

           x ξ  

       3
0

0,0

, 0
q

k
kk

J
p t


 



 
  ξ

x     (29)    

 

where 1, 2 , 3q  . Furthermore, the first term of the above equation equals 
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or, in virtue of Eq. (1) of Chapter 3, Subsection 2.b, the above equals 
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and in virtue of the Piola Identity, mentioned below for the sake of convenience 
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Eq. (31) reduces to 
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Furthermore, expanding on the final term of Eq. (33) we obtain 
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with 1, 2 , 3q  . Thus, Eq. (33) equals 
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Substituting Eq. (35) in Eq. (29), the latter reduces to 
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Substituting, now, Eq. (28) in Eq. (26) the boundary condition expressed through the double 
integral 3I ξ  equals 
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For Eq. (37) to hold under arbitrary admissible variations of the label field, invoking the 
Fundamental Lemma of the Calculus of Variations, the following must also hold 
 

  
 3 0

T
0

,1

0p
pqp

n


        J
p ξ


       (38)    
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or 
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             (39)    
 

or, expressing Eq. (39) component-wise, it reduces to the following double summation over p  
and k  indices, 
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Nevertheless, invoking the identity of Eq. (12) of Chapter 3, Subsection 5.b, we know that 
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For k p  the boundary condition is also identically satisfied. That is, the boundary condition 
of Eq. (29) yields the following sum 
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Further manipulation of the dynamic equation as well as of the boundary conditions, derived 
through the arbitrary admissible variations of the label field, is (at this point) not possible, since 
it seems that, in order to appreciate the importance of the expressions, explicit forms of the 
Lagrange multipliers  ,kp t x , with 0,1, 2, 3k  , must be obtained, as we will demonstrate 

later on. 
 

(c.4).  Variations over the Lagrange multipliers  ,kp t x  
 

We, now, define the admissible variations of the Lagrange multipliers     , ,kt p tp x x  

with 0,1, 2, 3k  , by 
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Performing the variations  ,tph x  of the Lagrange multipliers  ,tp x  that obey the 

restrictions of Eq. (1) to the action functional 
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results in a variation of 0, , , , , , s     j ξ p . Furthermore, the first variation of the action 

functional is obtained by 
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or,  
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Invoking Hamilton’s Principle, we demand that the evolution of the system with respect to the 
Lagrange multipliers p , should be such that any variation of the aforementioned field should 
render the action functional stationary, namely 
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and since the arguments of the functional have been assumed to be 2C  diffeomorphisms and 
Eq (5) must hold under arbitrary admissible variations of the field of the Lagrange multipliers 

 ,tp x , invoking the Fundamental Lemma of the Calculus of Variations we obtain 
 

      0
0,t  j x ξ J 0           (6)    

 

which is, in fact, the constraint, demanding that the 4-momentum field  ,tj x  assumes values 

of the form of the expression of the 4-momentum in terms of the 4th-order Jacobian determinant, 
that is, the above dynamic equation demands that the constraint applied on the 4-momentum is 
satisfied and as such the conservation of mass as well as the conservation of the parcels’ labels 
is also satisfied. 
 

(c.5).  Variations over the Lagrange multiplier  ,t x  
 

We, now, define the admissible variations of the Lagrange multipliers  ,t x  by 
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Performing the variations  ,l t x  of the Lagrange multipliers  ,t x  that obey the 

restrictions of Eq. (1) to the action functional 
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results in a variation of 0, , , , , ,kp s     j ξ . Thus, the first variation of the action 

functional is obtained by 
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or, 
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The above equation yields 
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Invoking now Hamilton’s Principle as well as the Fundamental Lemma of the Calculus of 
variations, for arbitrary admissible variations of the Lagrange multipliers  ,t x , Eq. (4) 

yields 
 

      T
, , 0t s t  xj x x  ,          (6)    

 

which corresponds to the constraint of the conservation of the specific entropy in the direction 
of the flow. 
 

(c.6).  Variations over the specific entropy  ,s t x  
 

We, now, define the admissible variations of the specific entropy  ,s t x  by 
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Performing the variations  ,sl t x  on the specific entropy  ,s t x  that obey the restrictions of 

Eq. (1), results in a variation of the action functional 
 



124 
 

0, , , , , , s      j ξ p   

 
              

 

1

0

2 ,
, , , , ,

2 ,

t

t V

t
t e t s t P t d V d t

t
  


  

       
x

xj x
x x x x x

x
 

             

 

1

0

T 0
0, ,

t

t V

t t d V d t    
x

xp x j x ξ J  

              

 

1

0

T
, , ,

t

t V

t t s t dV d t       
x

x
xx j x x .     (2)    

 

Thus, the first variation of the action functional is obtained by 
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or, performing the differentiation with respect to   we obtain 
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Evaluating Eq. (4) at 0   we obtain 
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For the sake of convenience, we may now express Eq. (5) component-wise, namely 
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or, integrating the second double integral by parts, we obtain 
 

 
   

 

1

0

,
t

s

t V

s d V d t
e s

l
s




 


 
 

x

x  

       

 

1

0

3

0

, ,

t

s

t
k

V

k

k

j t l t dV d t
x




 
 

x

xx x  

   
      

 

1

0

3

0

,
,

k

k

t

t V
k

s
j t

l t d V d t
x








 
x

x
x

x .     (7)    

 

Furthermore, the second integral of Eq. (7) may also be expressed as a sum of two integrals, 
namely 
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We shall now treat the integrals 1
sI  and 2

sI  independently, namely 
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Invoking the Gauss Theorem of Calculus, Eq. (9) can also be expressed in the form 
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where 
 V x

 expresses the boundary of the flow field, 
 d s x

 is an infinitesimal area of the 

boundary 
 V x

 and  knn , for 1, 2, 3k  , is a unit vector, normal to the area 
 d s x

. 
 

Furthermore, recalling that 0x t , since the partial derivative with respect to 0x  commutes 

with the volume integral, we obtain 
 

      

 

1

0

2 0
0

, ,

t

s s

t V

I j t l t d V d t
x

 
 

x

xx x  

       

 

1

0

0
0

, ,

t

s

t V

j t l t d V d t
x

 
 

x

xx x  

        

 

1

0

0 , ,s

V

t

t

j t l t d V 
x

xx x      (11)    

 

Since all admissible variations of the specific entropy vanish at 0t  and 1t , we obtain 
 

 2 0sI             (12)    
 

Substituting the integrals 1
sI  and 2

sI  in Eq. (7) we obtain 
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Invoking Hamilton’s Principle, the true progression of the system should be such, that any 
arbitrary (and admissible) variations over the field of the specific entropy should render the 
action functional stationary, thus, we demand 
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Since Eq. (14) holds for any admissible variations of the specific entropy, it also holds in the 
case of variations of the specific entropy that vanish on the boundary of the flow field. Thus, we 
also demand 
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Furthermore, since the arguments of the action functional are assumed to be 2C  differentiable 
and Eq. (15) must hold under arbitrary admissible variations of the specific entropy, invoking 
the Fundamental Lemma of the Calculus of Variations, we obtain 
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Nevertheless, the 4-momentum must satisfy the constraint obtained in Eq. (6) of Subsection 4.d 
and applied on the action functional. Additionally, in Chapter 4, Subsection 4.b we demonstrated 
that, if the 4-momentum can be expressed in terms of the 4th-order Jacobian determinant, 
through the form 
 

      0
0,t j x ξ J , 

 

then, the following expression (the continuity equation) in terms of the 4-momentum is satisfied, 
namely 
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Thus, substituting Eq. (17) in Eq. (16), the latter reduces to 
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or, expressing Eq. (18) in vector notation, we obtain 
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N.B. Observe that the equation of the conservation of mass has not yet been derived from the 
action functional, and as such, one could argue that it cannot, at this point, be used to produce 
Eq. (18) and Eq. (19). Nonetheless, nothing prohibits us from using it, since it is identically 
satisfied by the constraint applied on the 4-momentum which is also derived as a dynamic 
equation from the action functional. That is, regardless of the fact that, at this point, the 
continuity equation has not yet been derived, we can, in fact, use it in order to simplify Eq. (16).
                 ■    
 

Furthermore, in virtue of Eq. (15), Eq. (14) yields 
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Since Eq. (20) holds under arbitrary admissible variations of the field of the specific entropy, 
invoking, once again, the Fundamental Lemma of the Calculus of Variations, we obtain the 
condition 
 

   T
, 0t j x n          (21)    

 

which must be satisfied on the boundary of the flow field and expresses that there is zero inflow 
and outflow of fluid from the flow field. 
 
5.  Derivation of Explicit Forms of The Lagrange Multipliers  ,kp t x  
 

Through the introduction of the constraints, we increased the number of arguments in the action 
functional. Nevertheless, we observe that Eq. (36) of Subsection 4.c.3, mentioned below for the 
sake of convenience  
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or - having assumed that the initial density is non-zero (  0 0 ξ ) 
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is a linear operator with respect to the Lagrange multipliers kp . Additionally, in virtue of the 

identity of Eq. (12) of Chapter 3, Subsection 5.b, namely 
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if k p , then Eq. (2) is identically satisfied, and no results are obtained from the dynamic 
equation. We can, thus, constrain the indices k  to be different than p , namely, 
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Recall also Eq. (5) of Chapter 3 Subsection 5.a, also mentioned below for the sake of 
convenience, 
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A further study of the dynamic equation (1) can be found in (Rylov, 2004b). Following Rylov 
we initially assume a solution for the Lagrange multipliers, of the form 
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which indeed satisfies Eq. (1) in virtue of the aforementioned Jacobian determinant identity.  
 

Furthermore, if we additionally assume that the solution is of the form 
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In virtue of Eq. (5) the above reduces to 
 



130 
 

 
    3 3 2

0 0 0

0 , 0,0

k

p k pk p
k p

q

g xJ

x

 

 
 


   
    

    
 0

,

3 3 2
0 0 0

0, 00 0 p k p kk p
k p

q

gJ

x x

  
  

 


  
      ,     (9)    

 

but, since k p  and given that 0q  , in virtue of the Laplace expansion with mismatched free 
index, Eq. (9) equals to zero, namely 
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Thus, the solution of Eq. (7) satisfies the dynamic equation (4), derived from the variation of 
the constrained action functional with respect to the variations performed on the field of the 
parcel labels ξ . 
 

Furthermore, we additionally assume that solutions of the form 
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also satisfy Eq. (1). Substituting in Eq. (4) the solution of kp , presented in Eq. (11), we obtain 
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In virtue of the identity of Eq. (5) the above Eq. (12) reduces to 
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The above equations  *  hold in virtue of the Laplace expansion. Furthermore, the above Eq. 

(13) is equal to zero in virtue of the Laplace expansion with mismatched free index, see Eq. (9) 
of Chapter 3 Subsection 3.a. Thus, the dynamic equation (4), is also satisfied by the solution of 
Eq. (11).  
 

Since Eq. (4) is a linear operator on the Lagrange multipliers kp , for 0 , 1, 2 , 3k  , and 

considering that both Eq. (7) and Eq. (11) satisfy Eq. (4), in virtue of the Principle of 
Superposition, the Lagrange multipliers kp  are equal to 
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We will, henceforth, assume that 0g  and 
1qg , for 

1 1 , 2 , 3q   are not trivial and sufficiently 

smooth.  
 
6.  Variational Formulation of Euler Flows III: The Modified Action  
 Functional – First Form ( m ) 
 
(a).  Substitution of the Lagrange multipliers  ,kp t x  in the action functional 
 

Having established a valid solution for the Lagrange multipliers kp  we will now proceed to 

eliminate these aforementioned multipliers from the action functional. Namely, substituting Eq. 
(14) of the previous subsection to the action functional of Eq. (1), Subsection 4.b, we obtain 
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Further treatment of the second double integral of Eq. (1) yields 
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Interchanging the order of summation in the third double integral of the above Eq. (2), and 
invoking once again the identity concerning the Laplace expansion with mismatched free index 
(since 1 0q  ), Eq. (2) reduces to 
 

     

 

1

0

1

1

1

3 3
0

0 0

0 1

q

k

t

t

q

V

k k
kk q

j g j g dV d t
x x




 

           
  

x

xξ  

       

 

1

0

3
0

0 0 0
0,0 k kk

t

t V

J
g dV d t

x


 




           
x

xξ .     (3)    

 

As such, the action functional reduces to a modified action functional, namely 
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(b).  Variation of the modified action functional m  
 

Having replaced the field of the Lagrange multipliers  ,kp t x , 0,1, 2, 3k  , by the 

expression of Eq. (14) of Subsection 5.a, we have obtained the modified action functional, see 
Eq. (4) of the previous subsection. We will now perform variations on the functional arguments 
of the modified action functional, in order to obtain a new set of dynamic equations and of 
boundary conditions from the modified action functional. 
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(b.1).  Variation of the modified action functional m  with respect to the 4-momentum  
 

We begin by defining the admissible variations over the field of the 4-momentum  ,tj x , by  
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with  phj jh , for 0,1, 2, 3p  . Then, for arbitrarily small 0  , the variation of each 

of the components of the 4-momentum reads 
 

      , , ,p p pj t j t h t   jx x x ,  0,1, 2, 3p  .      (2)    
 

Note: Recall that the notation expressing the 4-momentum, the field of the conventional 3-
momentum, the field of the density, as well as the variations of the aforementioned fields, will 
follow the convention of Remark 1 of Subsection 4.c.1.  
 

Performing the admissible variations of the 4-momentum (defined in Eq. (1)) to the modified 
action functional, the first variation of the action functional is obtained by 
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Since the differential with respect to the arbitrarily small  , commutes with the volume and 
time integrals, Eq. (3) can be expanded as 
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The integrals 1I j  and 2I j  have been previously treated in Eq. (12) and Eq. (13) of Subsection 

4.c.1 and are given below for the sake of convenience. 
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and accordingly 
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Thus, substituting 1I j  and 2I j  in the action functional, and evaluating the rest of the terms at 

0  , we obtain 
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Invoking Hamilton’s Principle, the true evolution of the system should be such that any variation 
of the 4-momentum field, should render the action functional stationary, that is 
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Since the equation holds for arbitrary admissible variations over the 4-momentum field, we will 
begin by considering that the variations of the aforementioned field are of the form 

    , 0 , ,t tj jh x h x , that is, we will begin by performing variations of the field of the 

conventional 3-momentum. Then, Eq. (9) reduces to 
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Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (10) holds for 
arbitrary variations of the 4-momentum of the form     , 0 , ,t tj jh x h x , the 

following also holds 
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             (11)    
 

or, recalling that, by the definition of the 4-momentum,  0 ,j t x , Eq. (11) can also be 

expressed in the form 
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which is a dynamic equation, expressing the velocity field of the fluid, in terms of the scalar 

potential functions ( )qg  ,  ,q t x  with 0,1, 2, 3q  ,  ,t x  as well as  ,s t x . A 

comprehensive study of the above equation will be carried out later on. For now, we will restrict 
ourselves to the derivation of the dynamic equations and of the boundary conditions from the 
variations of the modified action functional m . 

Assuming now that the variations of the 4-momentum are of the form  ,t jh x  

  0 , ,h t j x 0 , that is, performing variations of the field of the density, in virtue of 

Hamilton’s Principle, Eq. (9) yields 
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Since Eq. (13) holds for arbitrary admissible variations of  0 ,j t x , invoking the Fundamental 

Lemma of the Calculus of variations, the following also holds 
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or, recalling that by definition 0x t  and 0j  , we obtain 
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(b.2).  Variation of the modified action functional m  with respect to  0 ,t x  
 

We shall now study variations of the modified action functional resulting from the performance 

of variations on the field of the time-like variable  0 ,t x . 
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We shall first present a corollary of the Lemma 1 of Subsection 4.c.3, concerning the specific 

case, where we perform a variation to a single component  ,q t x  of  ,tξ x . We will, as 

such, study the first variation of the Jacobian determinant, for such component-wise variations 

of  ,tξ x . 
 

Lemma 2 (First Variation of the Jacobian Determinant for a Variation of a Component q ): Let 

J  be the nth-order Jacobian determinant describing 1C  diffeomorphic transformations from 
a x space to a ξ space, namely 
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Then, performing a variation  ql


x  on a component q  of  1 , , nx xξ ξ  , results in a 

variation of the Jacobian determinant equal to 
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where ( )q pJ      is the reduced determinant, generated by the derivative of the nth-order 

Jacobian determinant J , with respect to the entry q p q px    . 

 
Proof: Consider the Jacobian determinant of Eq. (L2.1) describing 1C  diffeomorphic point 

transformations from a x space to a ξ space. We now perform a variation  ql
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x  on 

the field of  1 2, , , , ,q n   ξ   , thus obtaining 
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Recalling Eq. (5) of Chapter 3, Subsection 1.a, we may express the Jacobian determinant 
through the Laplace expansion in terms of reduced determinants, namely 
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Thus, performing a variation with respect to q , results in 
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As such, the first variation of the Jacobian determinant with respect to the variation of q  is 

obtained by 
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Thus, the proof is complete.              ■    
 

We shall now define the admissible variations for the fictitious time-like field  0 ,t x  by 
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is obtained by 
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J   expresses the 4th-order Jacobian determinant as 0
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Inserting the partial derivative with respect to   inside the double integral 0
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 of Eq. (4) we 

obtain by chain rule 
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For the sake of convenience, we will now treat the double integrals 0
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and 
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Exploiting the summation over 0,1, 2, 3k  , the double integral 0
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written as a sum of integrals, namely 
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Furthermore, treatment of the integral 0
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, yields 
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or, recalling the Lemma 2 concerning the first variation of a Jacobian determinant with respect 
to a variation of a component q , Eq. (10) yields 
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or, integrating by parts, 0
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Evaluating Eq. (13) at 0  , it reduces to 
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Recall that, by definition 0x t , thus, since the performed variations of 0  vanish at 0t t  

and 1t t , the integral 0
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Furthermore, invoking the Gauss Theorem, the integrals 0
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 and 0

8H


 of the above equation can 

also be written as surface integrals over the boundary of the flow domain,  V x . Namely, 0
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can be expressed in the form 
 

    

 

1

0 0

0

3

7 0 0

1

k
k

t V
k

t

H j g l d V d t
x

 


 
 

x

x  

     

 

1

0

0

3

0 0

1

t

t V

k k

k

j g l n d s d t




  
x

x .     (16)    

 

Additionally, 0
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or, recalling that, by definition 0x t , we obtain 
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Since all admissible variations of 0  vanish at 0t t  and 1t t , the integral 0

8H
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 reduces to 
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The last equation holds in virtue of the Gauss Theorem. Substituting Eq. (15), Eq. (16) and 
Eq.(19), in Eq. (14) the latter yields  
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Invoking Hamilton’s Principle, the true evolution of the system should be such, that the 

variations of  0 ,t x  render the action functional stationary, thus, we demand 
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Since the above equation holds for any admissible variations of the field of  0 ,t x , it also 

holds for variations of the aforementioned field, that vanish on the boundary of the flow domain, 
 V x , thus, in virtue of Hamilton’s Principle, we additionally demand 
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Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (22) must hold over 

all admissible variations of the field  0 ,t x , we obtain 
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or, more compactly, 
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Furthermore, since the Laplace expansion of the 4th-order Jacobian determinant can be 
expressed in terms of the derivatives of the Jacobian determinant with respect to its entries, see 
Eq. (5) of Chapter 3, Subsection 1.a and Eq. (1) of Chapter 3, Subsection 2.b, namely 
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and setting the free index equal to 0q  , Eq. (24) yields 
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The above can also be written in the form 
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or, expanding further 
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Since the first two summands of Eq. (27) cancel each other out, the above equation yields 
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Assuming that  0 0 0g    (which is the case in non-trivial solutions for the Lagrange 

multipliers kp , with 0,1, 2, 3k  ) we obtain 
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Nevertheless, in virtue of the Piola identity, Eq. (29) further reduces to 
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or, by expanding the second component of the above Eq. (30), we obtain 
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In virtue of the Laplace expansion with mismatched free index, the right-hand side of Eq. (31) 
equals 
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and since 0q  , Eq. (31) yields 
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which is in fact the continuity equation in terms of the 4-momentum. Notice that, regardless of 
the value of the function  0 0g  , the equation (33), expressing the conservation of mass in 

terms of the 4-momentum, has been implicitly assumed to be naturally satisfied, in virtue of the 
constraint applied on the 4-momentum field, see Chapter 4, Subsection 4.b. Nevertheless, it 
should be possible to derive the conservation of mass from the modified action functional. 
Furthermore, in virtue of Eq. (21) and Eq. (22), Eq. (20) yields the boundary condition 
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Additionally, since Eq. (34) must also hold for all admissible variations that do not vanish on 
the boundary of the flow field, invoking the Fundamental Lemma of the Calculus of Variations 
we obtain 
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( )k k k k
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     ξ        (35)    

 

which states that the form of the 4-momentum on the boundary,  V x , of the flow field must 
be the same as the form of the 4-momentum on the bulk of the fluid. 
 

(b.3).  Variation of the modified action functional m  with respect to the field of the  

 labels  ,t x  
 

We will now proceed to study variations of the modified action functional 
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as a result of the variations of the field of the labels  ,tξ ξ x . Namely, we define the 

admissible variations of the field of the labels by 
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Since the action functional depends on the field of the parcel labels  ,tξ x  as well as its first 

partial derivatives ,q p q px    , for 0 , 1, 2 , 3p   and 1 , 2 , 3q  , then, for 0  , we 

read 
 

     , ,t t ξ x ξ h x ,          (3)    
 

and 
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Since the derivative with respect to  , commutes with the volume and the time integrals, the 
first variation of the action functional is obtained by 
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Since the arguments  , j , 0 ,   and s  are not subject to variations performed in the field of 

the labels ξ , Eq. (5) reduces to  
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or, by product rule 
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For the sake of convenience, we will now treat the double integrals 1H ξ  and 2H ξ  of Eq. (7) 

separately, namely 
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and additionally, since the field of the labels is 2C  differentiable 
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Substituting 1H ξ  and 2H ξ  in Eq. (7) we obtain 
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Further, evaluating Eq. (10) at 0   we obtain 
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Further treatment of the double integral 3H ξ  yields 
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Exploiting the summation inside the double integral 4H ξ  of Eq. (12), we can also express 4H ξ   

as a sum of two integrals, namely 
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Since the variations of the field of the labels vanish, by their definition, at 0t t  and 1t t , the 

integral 5H ξ  equals 
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Thus, substituting in 4H ξ , Eq. (13) reduces to 
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Further, invoking the Gauss Theorem, Eq. (15) can be written as a surface integral over the 

boundary,  V x , of the flow field. Namely, 
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Thus, substituting Eq. (16) in the double integral 3H ξ , we obtain 
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Further, substituting Eq. (17) in Eq. (11) the first variation of the modified action functional is 
equal to 
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x
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Invoking Hamilton’s Principle, the true progression of the system should be such, that any 
variation of the aforementioned field must render the action functional stationary, namely 
 

 0m ξ  .           (19)    
 

Furthermore, since Eq. (19) must hold over all arbitrary admissible variations of the field of the 
labels, it should also hold for the admissible variations of the aforementioned field that vanish 

on the boundary,  V x , of the flow field, thus, we demand 
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.    (20)    

 

We will now, for the sake of convenience, treat the double integrals 6H ξ  and 7H ξ , of Eq. (20), 

independently, namely 
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,   (21)    

 

and accordingly 
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   

 
1

1

0

1

1

9

3 3

0 1

t

q

k q
kkt V

q

H

g
j h d V d t

x
 




 
x

ξ

xξ
ξ



.   (22)    

 

Furthermore, since we have derived the continuity equation, see Eq. (33) of the previous 
subsection, expressed in terms of the 4-momentum, namely  
 

  
3

T
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, 0k
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j
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x



  

x j x , 

 

then, the integral 8H ξ  equals 
 

 8 0H ξ .           (23)    
 

Furthermore, treatment of the integral 9H ξ  yields 
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Substituting in Eq.(22) yields 
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Additionally, substituting the integrals 6H ξ  and 7H ξ  to Eq. (20) we obtain 
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.  (26)    

 

Since 1q  and q  are dummy indices, interchanging 1q q  in the first double integral of Eq. 

(26) yields 
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.  (27)    

 

Since Eq. (27) holds under arbitrary variations of the field  ,tξ x , and invoking, once more, 

the Fundamental Lemma of the Calculus of Variations Eq. (27) reduces to the dynamical 
equation 
 

 
   

1

1
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0q q
k

q kk

q
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g g
j

x


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 

            
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 .     (28)    

 

Furthermore, Substituting Eq. (20) in Eq. (18), in virtue of Eq. (19), we obtain  
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t

t

j g h n d s d t
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or, expressed more compactly, using vector notation, 
 

    
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1
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1

0q q

t

t V
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Furthermore, in virtue of the Fundamental Lemma of the Calculus of variations, since the fields 
under integration in Eq. (30) are 2C  differentiable, and Eq. (30) must hold over all admissible 

variations of the field of the parcel labels, ξ , that do not vanish on the boundary,  V x , of the 
flow field, we obtain the boundary condition 
 

  
1

1

3
T

1

0q

q

g


 ξ j n  ,         (31)    
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which corresponds to a conditional impenetrable boundary condition. That is, the conventional 
3-momentum normal to the boundary of the flow field, is equal to zero, provided that the sum 
of the functions  

1qg ξ , 1 1, 2, 3q  , is different than zero. 

 

(b.4).  Variation of the modified action functional m  with respect to variations of the  

 Lagrange multiplier  ,t x  and to variations of the specific entropy  ,s t x  
 

We, now, define the admissible variations of the Lagrange multipliers  ,t x  by 
 

       
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          

x

x

xx

x x
      (1)    

 

We will now perform the variations  ,l t x  of the Lagrange multipliers  ,t x  that obey 

the restrictions of Eq. (1) to the modified action functional. Observing that the variations affect 
only the terms of the modified action functional that remain unaltered from the conventional 
constrained action functional, the variations of Eq. (1) yield (in virtue of the Hamilton’s 
Principle and the Fundamental Lemma of the Calculus of Variations) the dynamic equation (6) 
of Subsection 4.c.5, concerning the conservation of the specific entropy along the direction of 
the flow, namely 
 

      T
, , 0t s t xj x x  .          (2)    

 

Further, we define the admissible variations over the field of the specific entropy  ,s t x  by 
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x

x
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x x
      (3)    

 

Since the terms of the modified action functional, affected by the admissible variations of the 
specific entropy, are identical to those of the conventional constrained action functional, in 
virtue of Hamilton’s Principle, and making, once more, use of the Fundamental Lemma of the 
Calculus of Variations, we obtain the dynamical equation (19) of Subsection 4.c.6, namely 
 

     ,
,

e s
t

s






  

xj x          (4)    

 

as well as a conditional impenetrable boundary condition, see Eq. (21) of the same subsection, 
namely 
 

   T
, 0t j x n            (5)    

 

which ensures that no amount of fluid enters or exits the flow field, provided that  , 0.t x  
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7.  Variational Formulation of Euler Flows IV: The Modified Action  
 Functional – Second Form (  ) 
 
(a).  The introduction of the scalar function  ,t x  and construction of the modified action  

 functional    
 

At this point, we observe that, in virtue of the principle of invariance, we may express, through 
chain rule, the following product, appearing in the modified action functional ( m ), as 
 

        0 0 00
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x x x

   

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x x

, 0,1, 2 , 3k       (1)    

 

where  ,t x  is defined as a scalar function of the independent spatio-temporal Eulerian 

variables, namely x  and respectively 0x t . Furthermore, substituting the scalar function 

 ,t x  defined in Eq. (1), in the first form of the modified action functional, m , we obtain a 

second form of the modified action functional, henceforth identified in the notation by  , 

that is, 
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As such, we can, henceforth, carry out a variational study of this new form of the modified 
action functional. Nevertheless, we notice that any dynamic equations and boundary conditions 
produced from the variations performed on the arguments of the first form of the modified action 

functional, m , remain unaffected from the introduction of the scalar function  ,t x  in the 

functional (or, in the case of the 4-momentum, affected in a trivial way, simply substituting by 

the definition of the scalar function,  ,t x , in the dynamic equations), with the exception of 

the field of  0 ,t x  and, apparently, the field of the scalar function,  ,t x , itself. Thus, we 

deem it necessary to perform an additional variational study of the second form of the modified 
action functional,  , only with respect to the fields of the scalar function,  ,t x , and the 

time-like field of  0 ,t x . 
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(b)  Variation of the modified action functional    
 

We will now derive dynamic equations and boundary conditions from the second form of the 
modified action functional,  , by performing variations of the field of the scalar function 

 , .t x  
 

(b.1)  Variation of the modified action functional   with respect to  ,t x  
 

Let us define the admissible variations for the scalar function  ,t x  by 
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Then, for an arbitrarily small 0  , the first variation of the modified action functional of Eq. 
(2) defined in Subsection 7.a, is obtained by 
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or, simplifying the above expression, 
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Since the summation over all k  indices commutes with the derivative with respect to   and the 
components of the 4-momentum are, themselves, independent of  , Eq. (3) yields 
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Assuming the scalar function  ,t x  is 2C  differentiable we may exchange the order of 

differentiation (in virtue of the Schwartz Theorem), thus, evaluating Eq. (4) at 0   we obtain 
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Further, integrating by parts, Eq. (5) yields 
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Additionally, exploiting the summation inside the first double integral 1H  , the aforementioned 

double integral may be expressed as a sum of two integrals, namely 
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Recalling now, that by definition 0x t , since the derivative with respect to the time, 

commutes with the volume integral, the integral 2H   is equal to 
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Since the variations of the scalar function vanish (by their definition) at 0t t  and 1t t , the 

integral 2H   equals 
 

 2 0H   .             (9)    
 

As such, the integral 1H   of Eq. (7) reduces to 
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Furthermore, in virtue of the Gauss Theorem, Eq. (10) can be written as a double integral over 

the time interval 0 1,t t     and the boundary, 
 V x

, of the flow field, namely 
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where 
 s x

 is a small area of the surface of the boundary 
 V x

 and  knn , 1, 2 , 3k   

is a unit vector, normal to the area 
 s x

. Substituting Eq. (11) in Eq. (6) we obtain 
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Invoking Hamilton’s Principle, the true evolution of the system should be such, that any 
variation of the scalar function  ,t x  must render the modified action functional,  , 

stationary, thus, we demand 
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and since Eq. (13) should hold for all arbitrary admissible variations of the scalar function 

 ,t x , it should also hold in the subset of the admissible variations of the scalar field, 

 ,t x , that vanish on the boundary, 
 V x

, of the flow domain, thus, we additionally 

demand 
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Since the 4-momentum is assumed to be 2C  differentiable, and Eq. (14) must hold for all 

arbitrary admissible variations of the scalar function  ,t x , invoking the Fundamental 

Lemma of the Calculus of Variations, we derive the dynamic equation 
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which is, in fact the continuity equation, expressed in terms of the 4-momentum, namely, 
recalling that by definition 
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then Eq. (15) yields  
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Substituting now Eq. (14) in Eq. (13), the latter yields 
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Furthermore, invoking, once more, the Fundamental Lemma of the Calculus of Variations, we 
derive, from Eq. (17), the boundary condition, 
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0k k
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j n


  ,          (18)    

 

which is, in fact, an unconditional impenetrable boundary condition, ensuring that no amount 
of fluid enters or exits the flow field. 
 

(b.2)  Variation of the modified action functional   with respect to the time-like field  

  0 ,t x  
 

We now define the admissible variations of the time-like field,  0 ,t x , as  
 

       
        

0
0

0

2
0 1

0 1

, , ,,

is admissible if , 0 , , , .

l t C t t Vl t

l t t t t V






          

x

x

xx

x x
      (1)    

 

Then, performing the variations of the time-like field in the second form of the modified action 
functional,  , results in a variation of the aforementioned functional. For an arbitrarily small 

0  , the first variation of the modified action functional,  , is equal to 
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or, simplifying the above expression, 
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where, 0l
J   expresses the 4th-order Jacobian determinant as 0

0 0 l
    . Further, since 

the right-hand side of Eq. (3) is identical to the term 0

2H


, see Eq. (11) of Subsection 6.b.2, we 

readily obtain that 
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Evaluating now, the above expression at 0  , we obtain 
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By expressing the second double integral of the above expression as a sum of integrals, over 
0p   and 1, 2, 3p  , we have determined that, by definition of the admissible variations of 

0 , the above formula reduces to 
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In virtue of the Gauss Theorem the last double integral of the above expression can also be 

written in the form of a surface integral over the boundary,  V x , of the flow field, namely 
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where 
 d s x

 is an infinitesimal area on the boundary 
 V x

, and  pn n , 1, 2, 3p   is 

the outward unit vector, normal to the area 
 d s x

. Invoking Hamilton’s Principle, the true 

evolution of the system should be such, that any admissible variation of the field of 0  must 

render the modified action functional,  , stationary, thus, we demand 
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0   .             (9)    
 

Since Eq. (8) and Eq. (9) hold for all arbitrary admissible variations of the field of 0 , they also 

hold for the subset of the admissible variations of the field of 0  that vanish on the boundary, 

 V x
, of the flow field. Thus, the following also holds 
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Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (10) must hold over 
all arbitrary admissible variations of 0 , we obtain 
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Nevertheless, in virtue of the Piola identity, the right-hand side of Eq. (11) reduces to 
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Having assumed that the determinant of the 4th-order Jacobian matrix, J , is non-vanishing, we 
can also write 
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Then, in virtue of the identity of Eq. (18), Chapter 3, Subsection 3.b, the above expression is 
equal to 
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or, expanding on Eq. (14),  
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Furthermore, since the summation of Eq. (15) is over all 0,1, 2, 3p  , then, by recognizing 
that the aforementioned summation results in a chain rule, Eq. (15) is equal to 
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or, simplifying the terms appearing in both sides of the above equation, we obtain 
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By chain rule, the above Eq. (17) yields 
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Recall that the gradient of the initial density (as a function of the fluid parcels) has not been 
assumed to be uniform. Thus, its gradients with respect to ξ  cannot be equal to zero. 

Furthermore, the equation  0 0g   has been assumed to be non-trivial, see Subsection 5. Thus, 

Eq. (18) reduces to 
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The above equation ensures that the sum of the components of the parcels’ labels are 
independent of the field of 0 . Nevertheless, since Eq. (19) holds for any such sum of the 
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parcels labels, it also holds for  1 0 , 0 , 0   ,  2 00, , 0  ,  3 00, 0 ,   . Thus, Eq. 

(19) reduces to 
 

 
0

0q






,  1, 2 , 3q          (20)    

 

which ensures that the components of the labels are not only independent with respect to each 
other (by their definition), but instead, every component q , 1, 2 , 3q  , is also independent 

of 0 . 

Furthermore, in virtue of Eq. (10) and Eq. (9), Eq. (8) yields 
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Since the above expression for the boundary of the flow field must hold under all admissible 
variations of the time-like field, invoking the Fundamental Lemma of the Calculus of Variations, 
we may write 
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or, in virtue of the constraint over the field of the 4-momentum, we may write 
 

  
3

0 0

1

0p p

p

g j n


          (23)    

 

which is, in fact, a conditional impenetrable-boundary condition ensuring that the momentum 
of the fluid, normal to the boundary of the flow field, is equal to zero, that is no amount of fluid 
enters or exits the flow field, provided that  0 0 0g   . 

 
8.  Physical Interpretation of The Results of The Variational Study 
 
(a).  Variation with respect to the 4-momentum vector  ,tj x  
 

Recall the definition of the 4-momentum, see Eq. (1) of Chapter 4, Subsection 3.c, given below 
for the sake of convenience, 
 

     T TT
3

def

1 2 1 2 3

.

( , ) , , , , , , ,t u u u j j j         j x j u ,     (1)    
 

Since by its definition, the 4-momentum is comprised of the field of the density  ,t x , as 

well as the field of the conventional 3-momentum  1 2 3, ,j j j , we have chosen to perform a 

variation of the action functional with respect to the 4-momentum.  
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(a.1).  The admissible variations  1 2 30, , ,j j j   j  
 

Since the (admissible) variations performed on the 4-momentum are arbitrary, we have chosen 
to consider the subset of the admissible variations having the first component of the 4-
momentum equal to zero,  1 2 30, , ,j j j   j , thus obtaining dynamic equations from 

the variation of the action functional with respect to variations over the field of the conventional 
3-momentum. We have, thus, obtained a dynamic equation expressing the velocity field 

 ,tu x  namely 
 

      
1 1

1

3

0 0 0

1

, q q

q

t g g s   


     x x xu x ξ .      (2)    

 

The above dynamical equation expresses the velocity field with respect to scalar functions 

 0 0g  ,  1g ξ ,  2g ξ ,  3g ξ  and  ,t x , as well as the field of the parcel labels

 ,t x  and the specific entropy  ,s t x . Notice that the field of the parcel labels is also 

expressed as a function of the positions x  inside the flow field, as well as the time t . 
Additionally, the first summand of the expression of Eq. (2) can, in fact, be expressed through 

a scalar function  , ,t x  see Eq. (1) of Subsection 7.a, namely 
 

      0 0 0 , ,g t t x    x xx          (3)    
 

As such, we obtain  
 

      
1 1

1

3

1

, , q q

q

t t x g s  


     x x xu x ξ       (4)    

 

The above expression of the velocity, Eq. (4), with the function  ,t x  defined in Eq. (3), is 

a generalized Clebsch-type representation, that is, it expresses the velocity field through a set 
of scalar potential functions. 
 

Remark. Notice that the set of the potential functions, used to express the field of the velocity, 
are (provided that Lin’s constraints are unconditionally satisfied) in fact the parcel labels ξ  
which are completely specified at the time of labeling, and are conserved throughout the course 
of the flow, uniquely identifying each of the masses of fluid defined, at the labeling time, as 
parcels. Additionally, in the aforementioned case, the functions  qg ξ  are also functions of 

the parcel labels ξ , and, as such, they are completely specified by the initial conditions and 
the choice of parcels at the labeling time. 
 

Since in the Herivel-Lin approach the conservation of the parcels’ labels is derived from the 
results of the variational study and is unconditionally satisfied throughout the course of the 
flow, the above statement holds unconditionally. Nonetheless, given the calculations 
conducted on the premises of our variational study, we cannot support the above claim 
unconditionally, as will be clarified in the following sections.         ■    
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Additionally, in virtue of the Principle of Invariance, we may express the scalar functions qg , 

1, 2 , 3q  , as functions of the position x  inside the flow field identified, at time t , by the 
values of the field ξ , thus obtaining 
 

           
1 1

1

3

1

, , , , , ,q q

q

t t x g t x t t s t  


     x x xu x x x x      (5)    

 
 

Historical Note: The representation of the field of the velocity in virtue of scalar potential 
functions, was first introduced by Clebsch in his groundbreaking works (Clebsch, 1857) and 
(Clebsch, 1859). In the aforementioned works, the Clebsch potentials are defined as functions 
(to be defined) of the position x  inside the flow field and the time t . Nevertheless, his 
groundbreaking idea became a field of significant interest only a century later, since such 
representations of flow phenomena arose in various works in the field of the Hamiltonian 
formulation of fluid dynamics.  
 

 
Remark. Recall that through the resolution of the variational controversy (see Section 3) with 
the contribution of C. C. Lin, the use of the conservation of the parcels’ labels was established 
as a constraint, applied on the action functional, to account for the intrinsic loss of information 
concerning the identity and the paths followed by the individual parcels of the flow. 
Nevertheless, having introduced the conservation of the parcels’ labels as a constraint on the 
action functional, the dynamic equations derived from the variation of the action functional 
are naturally limited to flows where the labels identify (ad hock) the fluid parcels throughout 
the course of the flow. On the other hand, in his works (Rylov, 1999a) (Rylov, 1999b), (Rylov, 
2003), (Rylov, 2018), Rylov proposes that applying a constraint that ensures the existence of 
a mapping between the Eulerian and the Lagrangian spatio-temporal variables on the action 
functional, it should be possible to derive the complete system of dynamic equations governing 
the flow of fluid. As such, he also (in accordance with the Herivel-Lin approach) supports the 
claim that the two descriptions of the flow are, in fact complementary, since, in order to obtain 
a complete description of the flow phenomena, an equation stating that the labels of the parcels 
uniquely identify the individual parcels of the flow, should be included in the set of the dynamic 
equations and boundary conditions describing the flow in the Eulerian description. 
 

(a.2).  The admissible variations  , 0, 0, 0  j  
 

We then considered arbitrary admissible variations of the 4-momentum, such that  j

 , 0, 0, 0  . We, thus, obtained a dynamic equation from the variation of the modified 

action functional from the variations performed in the field of the density, namely 
 

          1

1

1

2 3
0

0 02
1

2

,
, 0

q

q

q

e s s
e s P g g

t t t


   




       
   j

x ξ

               (1)    
 

or, through the definition of the potential function  ,t x , we obtain 
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          1

1

1

2 3

2
1

2

, ,
, 0.

q

q

q

e s t s
e s P g

t t t

 
  




        
   j x

x ξ

               (2)    
 

In virtue of the Principle of Invariance, the above Eq. (7) can also be expressed through an 
explicitly Eulerian formulation (regarding the scalar functions  

1qg ξ , for 1 1, 2 , 3q  ), 

namely 
 

      
1 1 1

, ,q q qg g t g t ξ ξ x x ,  1 1, 2 , 3q  .       (3)    
 

Thus, we obtain the dynamic equation 
 

          1

1

1

2 3

2
1

2

, ,
, , 0

q

q

q

e s t s
e s P g t

t t t

 
  




        
   j x

x x

               (4)    
 

(b).  The vorticity  ,t x  in terms of Clebsch potentials 
 

Having obtained a Clebsch-type representation for the velocity, see Eq. (4) of Subsection 8.a, 
we can, henceforth, also express the vorticity in terms of scalar potential functions.  
 

Recall that the vorticity is defined as the measure of the local rotation of a mass of the fluid and 
it is equal to the antisymmetric gradient of the velocity, that is the curl of the velocity, namely 
 

    , ,xt t  ω x u x  .           (1)    
 

But from the variation of the modified action functional with respect to the field of the 
conventional momentum, we have obtained a dynamical equation, expressing the velocity of 
the fluid, in terms of scalar functions, 
 

      
1 1

1

3

1

, , q q

q

t t g s  


     x x xu x x ξ .      (2)    

 

Thus, in virtue of the definition of the vorticity, Eq. (1), we can also express the vorticity in 
terms of these scalar functions, namely, 
 

    
1 1

1

3

1

, q qx

q

t g s  


              
x x xω x ξ .      (3)    

 

Since the curl operator is distributive, Eq. (3) yields 
 

    
1

,

T

t



    x xω x

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      
1 1

1
3

2

3

1

q q

q
T

T

g s





 


              
x x x xξ




.     (4)    

 

We will, for the sake of convenience, treat the above terms 1T  , 2T   and 3T   independently. 

Since the curl of a gradient is equal to zero, 1T   yields 
 

   1 , 0T t     x x x .          (5)    
 

Furthermore, since the curl operator is distributive, it commutes with the summation in the term 

2T  , thus, 
 

   1 1

1

3

2

1

q q

q

T g 


    x xξ .         (6)    

 

Furthermore, recall the following identity of the Calculus of Several Variables 
 

     
1 1 1 1q q q qg g      x x x xξ ξ .       (7)    

 

Thus, Eq. (6) yields 
 

  
1 1

1

3

2

1

q q

q

T g 


   x xξ .          (8)    

 

By chain rule, the term 2T   also equals 
 

 
 

1

2 1

21 2

3 3

2

1 1

q

q q
qq q

g
T   


 


  

  x x

ξ
.        (9)    

 

Additionally, it follows directly from the definition of the curl operator that 
 

 
2 1 1 2q q q q        x x x x .       (10)    

 

The double summation of Eq. (9) can be reorganized in the expression 
 

   
1 1

2 1 2 1

2 21 2 1 2

1 2 1 2

3 3

2

, 1 , 1

q q

q q q q
q qq q q q

q q q q

g g
T     

 
 

 

 
     

  x x x x

ξ ξ
.  (11)    

 

Furthermore, if 1 2q q , from the definition of the curl, or in virtue of Eq. (10), we obtain 
 

 
2 1 1 2

0q q q q        x x x x  .      (12)    
 

Thus, Eq. (11) reduces to 
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 

1

2 1

21 2

1 2

3

2

, 1

q

q q
qq q

q q

g
T   







  

 x x

ξ
 .      (13)    

 

We can further treat the double summation of Eq. (13), distinguishing the values of 1q  and 2q  

as follows 
 

   
1 1

2 1 2 1

2 21 2 1 2

1 2 1 2

3 3

2

, 1 , 1

q q

q q q q
q qq q q q

q q q q

g g
T     

 
 

 

 
     

  x x x x

ξ ξ
 .  (14)    

 

Since, in the above equation, 1q  and 2q  are dummy indices, we can interchange them in the 

second summand of Eq. (14) obtaining 
 

   
1 2

2 1 1 2

2 11 2 1 2

1 2 1 2

3 3

2

, 1 , 1

q q

q q q q
q qq q q q

q q q q

g g
T     

 
 

 

 
     

  x x x x

ξ ξ
 .  (15)    

 

Further, interchanging the vectors of the cross product, in virtue of Eq. (10), we obtain 
 

 
     1 2

2 1

2 11 2

1 2

3

2

, 1

q q

q q
q qq q

q q

g g
T   

 




            
 x x

ξ ξ
,    (16)    

 

or, since both terms inside the parenthesis of Eq. (16) are antisymmetric, Eq. (16) yields 
 

 
     1 2

2 1

2 11 2

3

2

, 1

1

2

q q

q q
q qq q

g g
T   

 


            
 x x

ξ ξ
.    (17)    

 

Additionally, in virtue of the identity of Eq. (7) the term 3T  yields 
 

 3T s   x x .          (18)    
 

Substituting Eq. (5), Eq. (17) and Eq. (18) in Eq. (3) we obtain 
 

 
     1 2

2 1

2 11 2

3

, 1

1
,

2

q q

q q
q qq q

g g
t s  

 


               
 x x x x

ξ ξ
ω x .  (19)    

 

(c).  Variation with respect to the field  0 ,t x  
 

From the variation of the modified action functional with respect to the field of  0 ,t x  we 

have obtained the dynamical equation, 
 

 
0

0q






,   1, 2 , 3q            (1)    
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ensuring that the components of the field of  ,tξ x  are not only independent of each other 

(by their definition) but also independent of the Lagrangian field  0 ,t x . We have 

additionally obtained a conditional impenetrable-boundary condition, namely 
 

  
3

0 0

1

0p p

p

g j n


            (2)    

 

ensuring that no amount of fluid enters or exits the flow field, provided that  0 0g   is 

different than zero, which is the case for non-trivial solutions of kp , as demonstrated in the 

previous chapter. 
 

(d).  Variation with respect to the field  ,tξ x  
 

Through variations of the field of  ,tξ x  we also find both dynamical equations, as well as 

conditions that must be satisfied on the boundary of the flow field. Namely, we have obtained 
the dynamic equations 
 

 
   

1

1

3 3

0 1

0q q
k

q kk

q

q q

g g
j

x


 

 

            
 ξ ξ

.  1 1, 2, 3q  ,     (1)    

 

which conditionally express the conservation of the parcel labels, and will be further expanded 
on in the following subsections, as well as a conditional impenetrable boundary condition in 
terms of the conventional 3-momentum, namely 
 

  
1

1

3
T

1

0q

q

g


 ξ j n ,           (2)    

 

where n  is the outward, unit vector, normal to the position x , on the surface of the boundary 
of the flow field. That is, on the boundary of the flow field, the momentum normal to the 
boundary is equal to zero, provided that the sum of the functions  

1
,qg t x , 1 1, 2 , 3q  , is 

different than zero.  
 

(e).  Variation with respect to the Lagrange multipliers  ,t x  
 

From the variation of the modified action functional with respect to the Lagrange multipliers 
 ,t x  we obtain the dynamical equation 

 

      T
, , 0t s t xj x x           (1)    

 

expressing the conservation of the specific entropy (which was also applied as a constraint on 
the aforementioned field in the action functional) throughout the course of the flow. That is, 
along the direction of the flow, the specific entropy is conserved.  
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(f).  Variation with respect to the specific entropy  ,s t x  
 

From the variation of the modified action functional with respect to the specific entropy 
 ,s t x  we have obtained the dynamic equation 

 

     ,
,

e s
t

s






   

xj x          (1)    

 

governing the evolution of the Lagrange multiplier  ,t x , throughout the course of the 

flow. Recall that the partial derivative of the internal energy  ,e s  with respect to the specific 

entropy, is equal to the temperature, T , see Eq. (3) Subsection 2.b.2. Thus, the above Eq. (1) 
can also be written in the form 
 

         T , , , ,t t t T t   xj x x x x .        (2)    
 

Recall also that, by definition of the 4-momentum, see Chapter 4, Subsection 3.c, Eq. (2) also 
equals 
 

 
         , ,

, ,
t D t

t T t
t Dt

 



    

 x

x x
u x x       (3)    

 

that is, the material derivative of the Lagrange multiplier  ,t x , in some position x  inside 

the flow field, at time t , is equal to (minus) the temperature in the position x , at time t . 
Nevertheless, since no thermal phenomena are considered in our calculations (and provided 
Lin’s constraints are satisfied), in virtue of the Principle of Invariance, we may write 
 

         0 0 0, , , ,T t T t t T t T  x x ξ ξ ξ ,       (4)    
 

where  0T ξ  is the temperature of each individual parcel, at the time of labeling. 

Nevertheless, recalling the definition of the material derivative, given in Eq. (1) of Chapter 2, 
Subsection 2.d, in virtue of Eq. (3) we obtain 
 

 
   0

,t
T

t


 


ξ

ξ .           (5)    

 

Thus, we obtain that, provided the parcels are initially defined and identified through the field 
of  ,tξ x  throughout the course of the flow, the values of the Lagrange multiplier  ,t ξ  

for a parcel identified through the values of the field  ,tξ x , evolve linearly with respect to 

the passage of time, according to the above Eq. (5). 
 

We also obtain the boundary condition 
 

  , 0t j x n             (6)    
 

that, provided that  , 0t x , ensures the boundary of the flow field is impenetrable. 
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(g).  Variation with respect to the scalar potential  ,t x  
 

As we have demonstrated in Subsection 7.a, we can introduce the scalar function  ,t x  in 

the modified action functional, thus obtaining a second form of the modified action functional, 

 . From the variation of the second form of the modified action functional   with respect to 

the function  ,t x  we have obtained the continuity equation, 
 

 
      T,

, , 0
t

t t
t





  

 x

x
x u x          (1)    

 

as well as an unconditional, impenetrable boundary condition  
 

 
3

1

0k k

k

j n


 .            (2)    

 

Remark 1. Observe that an unconditional expression of Lin’s constraints (conservation of the 
parcels’ labels) has not been derived from the action functional. As such, any of the above 
expressions of the fields of the flow in terms of  ,tξ x  (specifically the fields of the velocity 

and the vorticity), while mathematically valid, do not describe the corresponding fields in 
terms of the components of the parcels’ labels, since the field  ,tξ x  has not been shown to 

(unconditionally) identify the individual parcels inside the flow field throughout the course of 
the flow. The aforementioned expressions are therefore formal expressions stating that the 
fields of the velocity and the vorticity can, in fact, be expressed in terms of scalar functions, 
in this case in virtue of the components of the function  ,tξ x  (which does not, 

unconditionally, possess physical meaning). As such, the expression of Eq. (19) describes the 
vorticity inside the flow field with respect to scalar functions regardless of the unconditional 
conservation of the parcels’ labels throughout the course of the flow. Nevertheless, in the case 
that the fluid parcels are not uniquely identified through the values of  ,tξ x , the functions 

 ,tξ x  are deprived of any physical meaning and a Lagrangian (but not a Eulerian) 

description of the flow (considering  ,tξ x  as the parcel labels) is not compatible with the 

true progression of the phenomenon and cannot describe the flow inside the flow field. 
 

Remark 2. Notice that, in contrast to the conservation of the parcels’ labels, the entropy, along 
the direction of the flow, is unconditionally conserved, in virtue of the dynamic equation of 
Eq. (1), Subsection 8.e. This further demonstrates the fact that even if the parcels are only 
conditionally identified through the values of  ,tξ x  inside the flow field, the specific 

entropy, as a function of the position x  inside the flow field, at any time t , is always conserved 
in the direction of the flow, throughout the course of the flow. 
 

Scholium: The above Remark 2 further demonstrates a very important aspect of the Lagrangian 
description of the flow, also highlighted in Remark 1. The parcels labels are purely idealistic 
structures that, nevertheless, provide us with a correct description of the flow. A failure of 
such structures to provide, at some point during the course of the flow, an accurate 
description of the flow, does not change the physical fact that no thermal phenomena take 
place throughout the course of the flow. Thus, intriguingly, even if the entropy is not 
conserved in the Lagrangian description, the Hamiltonian analysis of the flow is still 
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compatible with the phenomenon itself, and as such, provided that (the physical phenomenon 
of) the flow is ideal, the specific entropy is, in the Eulerian description of the flow, 
unconditionally conserved.  
 
9.  The Conservation of The Parcels’ Labels 
 
(a).  The antisymmetric 3 3  matrix   and the undefined function  ,f t x  
 

From the variation of the modified action functional with respect to the field of the parcel labels, 
we have derived the dynamic equation (1) of Subsection 1.d, namely 
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Notice that for the different values of 1 , 1, 2 , 3q q  , the terms inside parenthesis constitute 

the entries of an antisymmetric matrix    defined as 
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               (2)    
 

Therefore, the above Eq. (1) is, in fact, the product of a row element  1qΩ  of the matrix  

with a vector R , defined by 
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Nevertheless, since    is a 3 3  antisymmetric matrix, its determinant will in fact be equal 

to zero. Further, invoking the Theorem of Linear Algebra concerning Skew-symmetric Matrices 
in Odd Dimensions, there exists, at least, one non-zero vector R  
 

  qRR  ,   1, 2 , 3q   ,         (4)    
 

which satisfies  
 

  1q RΩ 0  ,  1 1, 2, 3q  ,         (5)    

 

that is, 
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However, from the definition of the matrix    as antisymmetric, we obtain that 
 

  3,2 1,3 2,1, ,   R            (7)    
 

where   is an arbitrary scalar. Nevertheless, since the matrix    is antisymmetric, the 

following holds concerning its entries 
 

 
1 2 2 1, ,q q q q      1 2, 1, 2 , 3q q         (8)    

 

As such, we may express the vector R  as 
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Nevertheless, since   is an arbitrary scalar, we may, in virtue of the Levi-Civita symbol, express 
the above Eq. (9) as 
 

 
3 3

,

0 , 1

k q q q
kk q q

q
qqj f

x


    

  




  ,  1, 2 , 3q  ,    (10)    

 

where / 2f   . 
 

N.B. Recall that in Chapter 4, we have demonstrated that in virtue of the constraint over the 4-
momentum applied on the action functional, both the continuity equation as well as Lin’s 
constraints of the conservation of the parcels are identically satisfied. Nevertheless, 
considering the nontrivial values of the undefined function ( 0f  ) would result in a 
violation of the constraints applied on the action functional. We shall thus, henceforth, 
consider  ,f f t x  as an additional, undefined dynamic field, which cannot be 

determined from the formulation of the flow presented in the present work. Nevertheless, we 
can (and shall, in the following sections) investigate the effects of the aforementioned undefined 
dynamic field,  ,f t x , in our formulation of rotational flows. 
 

Note that, in virtue of the definition of the matrix   , the expression for the vorticity can also 

be expressed in terms of the entries of   , namely: 
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t s  
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     x x x xω x .    (11)    

 

Remark 1. From the Clebsch representation of the vorticity, we may henceforth attribute 
physical meaning to the entries of the matrix   . Namely, according to Eq. (13) the entries of 

the matrix constitute scaling factors for the vorticity expressed through the Clebsch 
representation in terms of scalar functions.            ■    
 



175 
 

Remark 2. In his work (Rylov, 2018), Rylov presents the undefined function  ,f t x  of Eq. 

(14) (in his work identified in the notation as  ,t ξ , not to be confused with the vorticity) as 

a function of the field of the parcel labels  ,tξ ξ x  and the time t . In this manner 

(choosing as arguments of the arbitrary function the field of  ,tξ ξ x  and the time t , he 

emphasizes that the function cannot be completely defined by the choice of the parcels at the 
time of labeling since no dynamic equation is included in our results governing the evolution 
of this undefined function. Nevertheless, he later on admits to values of the undefined function 
 ,t ξ  (in (Rylov, 2018); it must not be misunderstood for the vorticity in the present work) 

that violate Lin’s constraints, rendering the field of the parcel labels physically meaningless 
concerning the unique identification of the parcels. Therefore, we will choose to present the 
undefined function  ,f t x  as a function of the independent variables of the time t  and of the 

positions x  inside the flow domain,  ,f f t x .          ■    

 
(b).  Conservation of the Parcel Labels in irrotational flows 
 

Examining Eq. (10) of the previous subsection, it is obvious that Lin’s constraints, in terms of 
the 4-momentum, are directly obtained, provided that the reduced determinants of the 
determinant   are equal to zero, 
 

   0q q 
     .            (1)    

 

Nevertheless, in the case of irrotational flow, the vorticity is, by definition, equal to zero, namely 
 

  ,t ω x 0  .            (2)    
 

Furthermore, the presence of irrotational flow, directly implies a uniform distribution of the 
entropy (Pert, Geoffrey, 2013). Thus, in the case of irrotational flows, the components of the 
gradient of the entropy will be equal to zero, namely 
 

  ,s t x x 0             (3)    
 

As such, in the case of irrotational flows, the expression for the vorticity in terms of the Clebsch 
potentials, derived in Eq. (19) of Subsection 8.b, and restated in Eq. (11) of the previous 
subsection with respect to the entries of the matrix   , reduces to 
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Then, it follows that, since the components of the label field  ,tξ x  are (by definition) 

independent of each other (and, as a result, the 3rd-order Jacobian determinant J  is non 
vanishing), all elements of the matrix    are equal to zero, namely 
 

 
1 2, 0q q   ,   1 2, 1, 2 , 3q q          (5)    

 

As such, in the case of irrotational flow, each of the entries of the matrix    are equal to 

zero. Thus, Lin’s constraint is derived directly from Eq. (10) of Subsection 9.a, as a result of 
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the dynamical equation of the modified action functional  , and therefore, for any initial 

choice of the parcels, at the labeling time 0t t , the former unconditionally uniquely identify 

the fluid parcels, throughout the course of the flow. 
 

N.B. The conservation of the parcels’ labels in the case of irrotational flow by no means 
reduces the importance of the function  ,f t x  as described in Subsection 9.a, as the latter 

remains undefined and its physical meaning is, in our formulation of the fluid flow, obscure. 
Nevertheless, in irrotational flows, the conservation of the parcels’ labels is, in any case, 
unconditionally established throughout the course of the flow. 
 
(c).  Conservation of the parcel labels in rotational flows where  , 0f t x  
 

As stated in Subsection 1.d, the variation of the modified action functional with respect to the 

field of  ,tξ x , yields the dynamic equation 
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Recall that Eq. (1) is satisfied, provided that 
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see Subsection 9.a. As we have demonstrated in Subsection 8.b, Subsection 9.a and Subsection 
9.b, if the flow is rotational, the entries of the matrix    are not generally equal to zero, and, 

as such, we cannot, in general, directly derive Lin’s constraints from Eq. (2). Nevertheless, in 
virtue of Eq. (2), we can still obtain Lin’s constraints from the modified action functional   

provided that the undefined function  ,f t x  is equal to zero, namely 
 

  , 0f t x .            (3)    
 

In that case, Eq. (2), indeed, yields Lin’s constraints, 
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regardless of the values of the entries of    That is, Lin’s constraints can be derived as a 

result of the dynamic equations derived from the variational study of the action functional, 
even in the case of rotational flows, provided that Eq. (3) holds. 
 

However, if  , 0f t x  for every position x  inside the flow field, at any time t , then the 

field of  ,tξ x , successfully identifies the individual fluid parcels, moving inside the flow 

field throughout the course of the flow. As such, the expressions for the fields of the velocity 
and the vorticity indeed describe the aforementioned fields, in terms of Clebsch potentials that 
are, in fact, the components of the parcel’s labels, as demonstrated in Eq. (4) of Subsection 8.a 
and Eq. (19) of Subsection 8.b. 
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(d).  The case of rotational flows where  , 0f t x  
 

If, on the other hand,  , 0f t x  then, if the flow is rotational, for arbitrary values of the 

function  ,f t x , then the expression 
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“describes a violation of Lin’s constraints” (Rylov, 2018), and, as such, the conservation of 
the parcels’ labels is not satisfied, that is, the field  ,tξ x  inside the flow field throughout 

the course of the flow does not follow the individual masses it should uniquely describe, and 
a new set of parcels and by extension a set of parcel labels, is needed, in order to describe the 
flow of the fluid in the Lagrangian description.  
 

N.B. It is of paramount importance to underline that the function  ,f t x  is undefined. That 

is, even if we manage to specify (as we have) the (trivial) forms of the undefined function, for 
which we directly obtain Lin’s constraints from the dynamic equation produced from the 
variation of the action functional, we cannot (and in fact should not) restrict the function 
 ,f t x  to such forms. 

 

N.B. Notice also that from the variation of the modified action functional m  (first form) with 

respect to variations performed on the Lagrangian time-like variable 0 , we produced the 

constraint applied over the 4-momentum, see Eq. (33) Subsection 6.b.2. That is, both the 
conservation of mass and the conservation of the parcels’ labels were identically satisfied 
provided that the dynamics of the system was studied locally with respect to the Lagrangian 
time-like field of 0 . 

 
10.  Derivation of The Governing Equations of A Rotational Flow With  
 Conserved Parcel Labels 
 
(a).  Some preliminary calculations 
 

As we have previously demonstrated, in the case of a rotational flow, the entries of the matrix 
   are, in general, different than zero 
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that is, the parcels’ labels are conserved only for specific (trivial) values of the function  ,f t x  

arising in the expression conditionally expressing Lin’s constraint 
 

  
3 3

,

0 , 1

,k q q q q q
kk q

q

q

j f t
x


    

  




 x ,  1, 2 , 3q  .     (2)    

 

In this section, we will assume that even if the flow is rotational, the function  ,f t x  

assumes values, such that Lin’s constraints are obtained from the expression arising from the 
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dynamic equations derived from the modified action functional, that is, the following expression 
will be assumed to hold unconditionally 
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Since the above holds and the parcels’ labels are conserved inside the flow field throughout the 
course of the flow, the velocity (expressed through scalar functions), that is 
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is, in fact, expressed through the field of the parcel labels (chosen at the labeling time), since 
each individual parcel is successfully identified through the values of the field  ,tξ x . 
 

Furthermore, given the above, the vorticity can also be expressed in terms of the field of the 
parcel labels, namely 
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We will now proceed to calculate the cross-product of the velocity with the vorticity, as such 
expressions frequently arise when deriving the governing equations of the flow. Considering 
Eq. (4) and Eq. (5) we compute 
 

     1 2

2 1

2 11 2

3

, 1

1

2

q q

q q
q qq q

g g
s  

 


                            
 x x x x

ξ ξ
u ω u  

 

   
       1 2

2 1

2 11 2

3

, 1

1

2

q q

q q
q qq q

g g
s  

 


                  
 x x x x

ξ ξ
u u  

 

   
        1 2

2 1 1 2

2 11 2

3

, 1

1

2

q q

q q q q
q qq q

g g
   

 


                  
 x x x x

ξ ξ
u u  

         s s      x x x xu u ,    (6)    
 

or, interchanging the indices 1q  and 2q , namely 
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then, Eq. (6) yields 
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(b).  Derivation of the equation expressing the conservation of mass 
 

Recall that the continuity equation (Conservation of Mass) is directly derived through the 
variation of the modified action functional S  , with respect to variations performed on the 

scalar function  ,t x , namely 
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Additionally, since the parcels’ labels are assumed to be conserved inside the flow field, 
throughout the course of the flow, a Lagrangian expression of the conservation of mass can 
also be produced, as depicted in Chapter 2, Subsection 3. 
 
(c).  Derivation of the equation expressing the conservation of momentum 
 

We now take the partial derivative of the equation expressing the velocity field, derived from 
the variation of the modified action functional, with respect to variations of the conventional 3-
momentum vector, see Eq. (4) of Subsection 8.a.1, namely 
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Additionally, recall that from the variation of the functional, with respect to variations performed 
on the density field, see Eq. (2) of Subsection 8.a.2, we obtained the dynamic equation 
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Taking the gradient of Eq. (2), we obtain  
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Expanding each of the terms of Eq. (3) we obtain 
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Recalling that the fields are 2C  differentiable, addition of Eq. (1) and Eq. (4), yields 
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Since we assume that the function  ,f t x  takes values such that Lin’s constraint of the 

conservation of parcels’ labels  
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is directly obtained from the expression 
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resulting from the dynamic equation 
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derived from the variation of the modified action functional with respect to variations performed 
on the field of  ,tξ x , then, as demonstrated in Theorem 2 of Chapter 4, Subsection 4.b, since 

Eq. (6) holds, thus 
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Furthermore, from the variation of the Lagrange multipliers  ,t x  we have obtained the 

dynamical equation  
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As such, the entropy is conserved in the direction of the flow, thus, the following also holds 
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Finally, from the variation of the modified action functional with respect to the specific entropy 
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Substituting in Eq. (5) we obtain 
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or, interchanging the dummy indices 1q  and 2q  in the second term of Eq. (14) we obtain 
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or, more compactly, 
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Substituting from Eq. (8) of Subsection 10.a, we obtain 
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In virtue of the following identity 
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which is, in fact, the equation of the conservation of momentum, namely 
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Additionally, since the parcels’ labels are conserved throughout the course of the flow, the 
point transformation, established by the initial choice of the fluid parcels, successfully 
describes the transformations from the Eulerian to the Lagrangian description of the flow. 
As such, a Lagrangian expression of the conservation of momentum can be derived from Eq. 
(21) as we have demonstrated in Chapter 2, Subsection 4. 
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(d).  Derivation of the equation expressing the conservation of energy 
 

The equation for the conservation of energy will now be derived from the above equation for 
the conservation of momentum, see Eq. (21) of Subsection 10.c, as well as the conservation of 
mass, Eq. (1) of Subsection 10.b. 
 

Recall the equation expressing the conservation of momentum, derived in the previous 
subsection, namely 
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or, multiplying both sides by the density and by the velocity vector, we obtain 
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that is, expanding the material derivative of the above expression, we obtain 
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Nevertheless, we recognize that the first summand of Eq. (3) is, in fact equal to 
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Accordingly, the second summand of Eq. (3) is equal to 
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Substituting Eq. (4) and Eq. (5) in Eq. (3), we obtain 
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or, from the definition of the material derivative 
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Additionally, taking the material derivative of the specific internal energy, since the specific 
entropy is conserved in the direction of the flow, we obtain 
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The validity of the above Eq. (8) is further established through the dynamic equation derived 
from the variation of the modified action functional with respect to the Lagrange multiplier 
 ,t x , expressing the unconditional conservation of the entropy in the direction of the flow.  

 

Additionally, substituting from Eq. (7) of Subsection 2.b.2, we obtain 
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Nevertheless, in virtue of the continuity equation, the following holds 
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Thus, the material derivative of the total energy can, henceforth, be obtained from the addition 
of Eq. (7) and Eq. (11), namely  
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             (12)    
 

which is the equation, expressing the conservation of energy in the Eulerian description of the 
flow. Additionally, making use of the continuity equation, we can derive another convenient 
form of the conservation of energy, namely 
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Analogously to the laws of the conservation of mass, and the conservation of momentum, we 
can also, as we have demonstrated in Chapter 2, Subsection 5, derive a Lagrangian expression 
of the conservation of energy. 
 
11.  Derivation of The Governing Equations of Fluid Flow Where The  
 Conservation of The Parcels’ Labels Is Violated 
 

We will now examine the more general case, where the function  ,f t x  arising from Eq. (10) 

of Subsection 9.a, for 1 1, 2, 3q  , assumes non-zero values. 

 
(a).  Derivation of the equation expressing the conservation of mass 
 

The conservation of mass, and more specifically, the continuity equation (Eulerian 
description) 
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      T,

, , 0
t

t t
t





  

 x

x
x u x ,         (1)    

 

is directly derived from the modified action functional, by performing variations on the field 
of the scalar function  ,t x , as we have demonstrated in previous subsections and is 

unaffected by the different values of the function  ,f t x  

 
(b).  Derivation of the equation expressing the conservation of momentum 
 

In order to derive the equation expressing the conservation of momentum, when assuming that 
the parcels are not necessarily conserved inside the flow field, throughout the course of the flow, 
we take, once more, the partial derivative of the equation of the velocity derived from the 
variation of the modified action functional with respect to variations of the conventional 3-
momentum vector, Eq. (4) of Subsection 8.a.1, namely 
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   x x xξ 0 .    (1)    

 

as well as the gradient of the dynamic equation derived from the functional, with respect to 
variations performed on the field of the density, Eq. (2) of Subsection 8.a.2, namely 
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Summing up Eq. (1) and Eq. (2), yields 
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Since no assumption has been made with regards to the values of the functions  ,f t x , then, 

from the dynamic equation derived by the modified action functional, mentioned below for the 
sake of convenience, 



186 
 

 

 
   

1

1

3 3

0 1

0q q
k

qq kk q

qg g
j

x


 

 

            
 ξ ξ

,  1 1, 2 , 3q       (4)    

 

we can only derive the conditional expression regarding the conservation of the parcels’ labels, 
namely 
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Nevertheless, by the definition of the 4-momentum, expanding the above expression, we obtain 
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or, using vector notation for the second component inside parenthesis in the left-hand side of 
the equation, Eq. (6) yields 
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Furthermore, from the variation of the Lagrange multipliers  ,t x  we have obtained the 

dynamical equation  
 

  T 0s  xj .            (8)    
 

expressing the unconditional conservation of the specific entropy in the direction of the flow. 
As such, the following also holds 
 

  x
s

s
t

    


u             (9)    

 

Finally, from the variation of the modified action functional with respect to the specific entropy 

 ,s t x , we have obtained the following dynamic equation, 
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Substituting in Eq. (3) yields 
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or, expanding further, we obtain 
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   x s    x u 0 .        (12)    
 

Interchanging the indices 1q  and 2q  in the second and third terms of Eq. (12), the above 

equation yields 
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or, in a more compact form 
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Following the analysis presented in Subsection 10.c, and by the definition of the antisymmetric 
matrix   , Eq. (14), further yields 
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where the pressure is defined as  
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But, since the matrix    is antisymmetric, Eq. (15) can also be written in the form 
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or, interchanging the order of summation 
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Nevertheless, the last term of Eq. (18) is, in fact, the product of the entries of the row element 

 2q
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Ω , summed (the product) over all 

2q  indices. Namely, the double summation of the last term of Eq. (18) produces 
 

  
2 1 2 1

2 1

3 3 3

, ,

1 1 , 1

1
,q q q q q q q q

q q q q

f t 

    

  

        
 x x  
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I
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 
 

   
  

                  
   xx


  (19)    

 

Now, taking into account that the inner summation over q  and q , for the different values of 

the index 1q , is of the form 
 

   1

1 1
1

3
3

,
1

, 1

q q q

q

q q
q

q

q q

I     
 





   

     2,3 3,2 3,1 1,3 1, 2 2,1 2,3 3,1 1, 2, , 2 , , ,               (20)    
 

we can perform the summation with respect to the index 1q , finding that 
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2

3
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1

1 22 q q q q

q

     


     x  
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   32 1, 2,2   12 2, 3,  22 3, 1,   2 x  

          , 2,3 , 3,13 1 3 22      23 3, 1,   3 0 x   (21)    
 

where the cancelation of the elements of Eq. (21) is a result of the antisymmetry of the matrix 
  , namely 
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Thus, Eq. (18) reduces to 
 

 
     , 1

,
D t

P p t
Dt 

    x x

u x
x x 0       (23)    

 

which expresses the conservation of momentum, in the Eulerian description of the flow.  
 

The above result demonstrates that a representation of a rotational flow is possible by means 
of Clebsch potentials, even in the case where the conservation of parcels’ labels (Lin’s 
constraints) does not, unambiguously hold. Furthermore, the dynamics of the flow are not 
affected by arbitrary values of the undefined function  ,f t x . As such,  ,f t x  expresses a 

gauge symmetry of the system, since Euler’s equations, governing the flow of ideal fluid, can 
be derived from the variational study of the modified action functional and are invariant under 
different choices of the undefined  ,f t x . This is further demonstrated by the fact that the 

fields of the flow remain unaffected by the different values of  ,f t x . Nevertheless, since 

 ,f t x  expresses a gauge symmetry, in virtue of Eq. (10) of Subsection 9.a, the conservation 

of the parcels’ labels cannot be unambiguously determined, since the arbitrary  ,f t x  renders 

Eq. (10) dynamically indeterminate. 
 
(c).  Derivation of the equation expressing the conservation of energy 
 

Analogously to the analysis of Subsection 10.d, the equation expressing the conservation of 
energy in the Eulerian description, namely 
 

       2 ,1
, , ,

2

D e sD
t t t

D t D t


 

      
x u x x  

             T, , , ,t t P p t t   x xx u x x x u x ,    (1)    
 

can henceforth be derived, using the equations expressing the conservation of the momentum, 
Eq. (16) of the previous subsection, and the continuity equation (conservation of mass) Eq. (1) 
of Subsection 11.a. 
 
12.  Concluding Remarks 
 

Applying the variational principles on a constrained action functional but considering as a 
constraint expressions (the 4-momentum in terms of the 4th-order Jacobian determinant) that 
identically satisfy the conservation of mass as well as the conservation of the parcel labels in 
terms of a mapping between the Eulerian and the Lagrangian spatio-temporal (and not only the 
spacial) variables, produces a set of dynamic equations indicating that the phenomenon of 
rotational flows is more complex than anticipated. This is demonstrated by the equation that 
expresses the evolution of the field of the parcel labels, which includes a function that cannot 
be defined by the set of the dynamic equations. Specifically, in the flow phenomena where the 
undefined function  ,f t x  assumes trivial values  , 0f t x , as well as in irrotational 

flows, the fields of the flow may be described through a Clebsch representation, in terms of 
scalar functions which are determined from the initial choice of the parcels. Moreover, in the 
aforementioned case, any initial choice of the parcels serves to produce such descriptions, since 
the components of the parcels, as well as functions of the parcels’ components serve as the 
potential functions, through which the velocity field is produced. Nevertheless, in the general 
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case of a rotational flow, the set of dynamic equations produced from the constrained action 
functional, suggests that more complex phenomena take place inside the flow field, which 
were not considered and whose dynamics cannot be specified by the set of the dynamic 
equations produced from the action functional.  
 

Notice however, that Euler’s equations governing the flow of an ideal fluid can, in fact, be 
derived from the variational study regardless of the values of the undefined  ,f t x . That is, 

the dynamics of the flow remain unaffected regardless of the values assumed by the undefined 
function  ,f t x . This invariance constitutes a gauge symmetry, as the undefined function 

 ,f t x , parametrizes a family of mathematically distinct descriptions that, nevertheless, 

correspond to the same dynamics of the physical flow. Nevertheless, due to the effects of the 
gauge symmetry, the equation expressing the evolution of the field of the parcels’ labels inside 
the flow field, throughout the course of the flow, is rendered dynamically indeterminate. 
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                                                    Chapter 6 
 
 

Conclusions and Future Directions of Research 
 
 
The main objective of this thesis was to study rotational flows, through the approach presented 
by Rylov (Rylov, 1999a), (Rylov, 1999b), (Rylov, 2003), (Rylov, 2018). This study led to several 
results which are summarized below. 
 

In Chapter 1 and Chapter 2 the necessary background knowledge concerning flow phenomena 
was presented, and a comprehensive historical survey was carried out concerning the 
achievements and the progress in the field of rotational flows, while Rylov’s perspective with 
regards to the formulation of such phenomena was introduced and the foundations of his 
considerations were established. In Chapter 3 we presented a comprehensive study on identities 
derived both by the intrinsic structure of the determinant but also by the specific structure of the 
Jacobian determinant, concerning the application of derivative operators on the determinant. 
These identities were of vital importance to the following analysis since their validity holds over 
the set of all (sufficiently smooth and bijective) transformations between the Lagrangian and the 
Eulerian descriptions of the flow, considered in the premises of Herivel and Lin’s as well as 
Rylov’s formulations concerning rotational flow phenomena. For the establishment of the 
aforementioned identities, we made use of a new mathematical structure, derived from the 
structure of the determinant, identified as the reduced determinant (Athanassoulis, 2025), which 
considerably facilitated our calculations. In Chapter 4 we considered two sets of independent 
spatio-temporal variables, for the Eulerian and the Lagrangian descriptions of the flow and, 
through the use of the identities established in the previous chapter, we established an expression 
for the 4-momentum vector (also defined in Chapter 4) in terms of the Jacobian determinant, 
generated by the transformations between the two descriptions of the flow. Furthermore, the 
aforementioned expression for the 4-momentum (in terms of the Jacobian determinant 
expressing the transformations between the Eulerian and the Lagrangian descriptions of the 
flow) was shown to identically satisfy the conservation of mass as well as the conservation of 
the parcels’ labels, indicating a suitable use of this expression as a constraint over an 
unconstrained action functional in the Eulerian description of the flow. 
 

In Chapter 5 a variational study was carried out concerning the derivation of a complete system 
of dynamic equations describing phenomena of rotational flow, including Euler’s equations of 
fluid motion from a single action functional, with the physical quantities of the flow expressed 
in the Eulerian description. After having demonstrated the consequences of an unconstrained 
action functional in the Eulerian description of the flow, we proceeded to construct a constrained 
action functional, using as constraints the conservation of the specific entropy in the Eulerian 
description of the flow, as well as the expression of the 4-momentum in terms of the Jacobian 
determinant generated by the transformations from the Eulerian to the Lagrangian description 
of the flow, derived in the previous chapter. The introduction of the constraints in the action 
functional was achieved through the use of a set of Lagrange multipliers. From the dynamic 
equations derived from the variations of the action functional, we then successfully integrated 
out the Lagrange multipliers introduced to account for the constraint of the 4-momentum, by 
incorporating their dynamics in the rest of the functional arguments. A modified action 
functional (first form) was thus obtained, upon which we implemented the variational principles 
once more, deriving a second set of dynamic equations. Nevertheless, the structure of the 
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modified action functional m  (first form) permitted the identification of terms appearing inside 

the functional as derivatives of scalar functions. Thus, an additional modified action functional 

  (second form) was constructed. From the application of the variational principles on the 

second form of the modified action functional, a set of dynamic equations was produced, 
including the continuity equation, as well as a dynamic equation that resulted in an equation 
governing the evolution of the field of the parcels’ labels inside the flow field. The 
aforementioned equation indicated more complex phenomena taking place inside the flow field, 
throughout the course of rotational flows, in virtue of a function that cannot be defined from the 
set of the dynamic equations produced from the variational treatment of the modified action 
functional. Specifically, for irrotational flows and for rotational flows where such phenomena 
where, ad-hock, considered as not taking part in the flow phenomenon (by assuming that the 
undefined function is equal to zero) the parcels’ labels, conserved in such cases, were 
demonstrated to produce a complete description of the flow phenomenon, with their components 
either serving as scalar functions, or serving to specify scalar functions, that provide Clebsch 
representations of the flow field in the Eulerian description of the flow. However, in the general 
case of rotational flow, the consequences of the undefined function cannot be ignored. 
Nevertheless, we were able to derive Euler’s equations of fluid motion from the set of the 
dynamic equations produced, as a result of our variational study of the modified action 
functional. As such, the undefined function is demonstrated to express a gauge symmetry of the 
mechanical system, with the values of the undefined function not affecting the dynamics of the 
system. However, as a result of the symmetry, the dynamic equation expressing the evolution of 
the field of the parcels’ labels, inside the flow field is rendered dynamically indeterminate. 
 

This opens several directions for future research. As such, we shall summarize below some 
important points that deserve attention in the future. 
 
 While the Lagrangian time-like variable was introduced, and was shown, in the 

progression of the analysis to produce one of the scalar potentials producing the velocity 
field through a generalized Clebsch representation, its exact physical nature was never 
directly expressed or considered. Nevertheless, the definition of the Lagrangian time-
like variable may serve to define the nature of the undefined dynamic field (arising in 
the general case of rotational flows), since Lin’s constraints where, in fact, 
unconditionally derived from the variations of the modified action functional with 
respect to the Lagrangian time-like variable before the consideration of the second form 
of the modified action functional. 

 
 The physical nature of the undefined field resulting from the conditional expression of 

Lin’s constraint was not established. A physical interpretation of the aforementioned 
field could serve to provide us with a complete description of rotational flows. The 
consideration of complex potential functions, employed by Rylov (Rylov, 1999), (Rylov, 
2018) could potentially act beneficially in the definition of the underlying physical 
nature of the undefined dynamic field, through the additional information they introduce, 
concerning the individual spin of the fluid parcels (Rylov, 2018). 

 
 Provided that the underlying physical nature of the undefined dynamic field can be 

found, then considering that it is closely linked to rotational flows, it would be of great 
importance to study whether its consideration could potentially provide us with 
formulations of the flow that describe phenomena of vorticity occurring on the boundary 
of the flow field. 
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 While Rylov (Rylov, 2018) implies that the undefined field introduces phenomena of 
turbulence in the model, our considerations never extended to turbulent phenomena 
taking place inside the flow. Nevertheless, the undefined dynamical field could (as stated 
by Rylov himself) potentially be used to introduce phenomena of turbulence inside the 
flow of rotational fluid, which could potentially serve as a bridge towards flows 
described by the Navier-Stokes equations, with regards to the appearance of turbulent 
phenomena on the vanishing-viscosity limit. 
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