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Synopsis

The understanding of the fluid motion, especially the rotational flows, is of fundamental im-
portance in the understanding of a large number of interesting phenomena. A pivotal point in
the formulation of any flow phenomenon is the underlying description of the fluid kinematics.
Historically, the movement of the fluid is described either through the “positioning” of the fluid
in space and time, inside the flow field, or in terms of infinitesimal masses of fluid (fluid parcels)
identified uniquely by an identifier (label) at some labeling time. Nevertheless, these two de-
scriptions of the flow must both be considered in order to completely describe the flow of fluid.
The derivation of equations, governing the flow of the fluid, through the variational principles,
highlights these considerations since, for the appropriate constraints to be applied on an action
functional in the Eulerian description, the Lagrangian description of the flow must also be con-
sidered. Through the Herivel-Lin approach, an almost universally acceptable approach was es-
tablished, considering as constraints, applied on the Eulerian action functional, the conservation
of mass, as well as the conservation of the parcels’ labels, which directly stems from the La-
grangian description.

Following Rylov’s perspective, we approach the formulation of these constraints in accordance
with the Herivel-Lin approach but making an effort to state the exact nature of the constraints
taking into account only the necessary considerations for their validity. Since the Herivel-Lin
approach assumes a bijective and sufficiently smooth point transformation exists between the
Lagrangian and the Eulerian description of the flow, we conducted a thorough study of the
mathematical structure of the Jacobian determinant generated by such mappings that allow for
the aforementioned descriptions of the flow to exist compatibly with respect to each other. We,
further, established identities originating from the application of derivative operators (partial
and total) on the structure of the determinant expressing such mappings. We then established a
Lagrangian time-like variable, accounting for the passage of time through the successive states
of the individual parcels of the fluid, in order to ensure that, throughout their motion, the fluid
parcels are uniquely identified by a specific label, conserved throughout the course of the flow.
Under these considerations and through the use of 4-vectors, we proceeded to construct an ex-
pression for the 4-momentum vector in terms of the derivatives of the determinants generated
by mappings between the Eulerian and the Lagrangian spatio-temporal variables. We then pro-
ceeded to demonstrate that, since the aforementioned expression of the 4-momentum is derived
from the consideration of mappings that allow for both descriptions of the fluid to be stated
compatibly, the 4-momentum in terms of the Jacobian determinant identically satisfies the con-
servation of mass as well as the conservation of the parcels’ labels (both of which constitute the
constraints applied to the action functional in the Herivel-Lin approach).

We then conduct a variational study, over a constrained action functional using the aforemen-
tioned expressions for the 4-momentum as a constraint, by means of Lagrange multipliers. The
constraints on the 4-momentum are expressed through the Jacobian, generated by the transfor-
mations from the Eulerian to the Lagrangian spatio-temporal variables. A first set of dynamic
equations is, thus, derived from the variational study.

Making use of the aforementioned set of dynamic equations, the Lagrange multipliers concern-
ing the constraint over the 4-momentum field are then integrated out, providing explicit forms
for the Lagrange multipliers. Using these expressions a modified action functional is con-
structed. We then proceeded to conduct an additional variational study over the second form of
the constrained action functional resulting in a set of dynamic equations that includes a gener-
alized Clebsch representation of the velocity field, the continuity equation as well as an



equation, governing the evolution of the field of the parcels’ labels. A survey is finally carried
out, with the aim of interpreting the physical meaning of the dynamic equations derived from
the variations of the action functional, leading to results, indicating that, in rotational flows, the
phenomena taking place inside the flow field are more complex, as an additional undefined
function arises from the dynamic equation describing the evolution of the field of the parcels’
labels throughout the course of the flow.

Nevertheless, we demonstrate that, regardless of the values of the undefined function, Euler’s
equations of fluid motion can be derived from the set of dynamic equations produced from the
variational study of the constrained action functional and as such, the undefined function ex-
presses a gauge symmetry, rendering the evolution of the field of the parcel labels dynamically
indeterminate.

Keywords: Jacobian determinants; determinant derivatives; 4-momentum; Hamilton’s Prin-
ciple; variational principles; constrained action functional; Clebsch representation; conserva-
tion of parcels’ labels; Euler’s equations, gauge symmetry.
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Chapter 1

Introduction

Fluid hydrodynamics constitutes one of the richest areas of classical physics, balancing
mathematical elegance along with profound practical significance. To this day, the accurate
description of flow phenomena constitutes a central domain of challenge in various general
scientific areas, such as physics, mathematics as well as engineering. At the center of this
domain lies the fundamental question of how to accurately describe and analyze the motion of
the fluid. Throughout history, there have been two fundamental viewpoints used to describe the
flow. The Lagrangian description (material point of view), established in 1755 by J. L. Lagrange
in his monumental work “Mécanique analytique” (Lagrange, 1788) tracking the motion of the
fluid along the trajectories of sufficiently small masses of the fluid (fluid parcels), and the
Eulerian description (field point of view) credited to Leonhard Euler through his work
“Principes généraux du mouvement des fluides” (Euler, 1757) observing the flow through fixed
positions inside the flow field, with the characteristic quantities of the flow introduced as field
variables, functions of the positions inside the flow field and the time (Batchelor, 2000). In the
19 century, Rudolf A. Clebsch (Clebsch, 1857) (and afterwords in 1859 (Clebsch, 1859)) was
the first to introduce a decomposition of the velocity field in terms of scalar potential functions,
in what has been established as the Clebsch representation. Hermann von Helmholtz
(Helmbholtz, 1858) was the first to systematically introduce a general formulation of the vorticity
theorems alongside the theorems concerning the movement of vortex lines, the conservation of
the circulation and the theorem concerning the continuity of vortex tubes. Nearly a decade after
the works of Helmholtz (Helmholtz, 1858), his results were generalized by Kelvin (Thomson,
1868). Kelvin (Thomson, 1868) alongside Gustav Kirkhoff (Kirkhoff, 1876) where, in fact, the
first to pave the way for a first Hamiltonian formulation of ideal fluid flows, with Hassan Aref
stating that Kirkhoff’s “equations of point-vortex motion in the unbounded plane define a
Hamiltonian dynamical system” (Aref, 1983).

The effort to derive the equations governing the fluid motion from the application of the
variational principles on the fluid flow, considered as a mechanical system, was met with an
intrinsic difficulty, puzzling the scientific community, which became known as the variational
controversy concerning the possibility of the derivation of Euler’s equations for the flow of an
ideal (inviscid) fluid, by applying the variational principles on an action functional describing
the dynamics of the fluid flow (Serrin, 1959; Mavroeidis & Athanassoulis, 2022). The
variational controversy remained an open subject until around the year 1959. In 1955, Herivel
(Herivel, 1955) carried out a variational study, that introduced the fundamental law of the
conservation of mass as a constraint applied on the action functional, by means of the Lagrange
multipliers. Additionally, in 1959, C. C. Lin, in an unpublished note, proposed the addition of
another constraint of a purely mechanical nature, demanding that the flow field should be such
that the fluid parcels (Lagrangian description), although not directly considered in the Eulerian
description of the flow, given their definition at some labeling time, retain their identities (the
labels by which they are identified are conserved) inside the flow field throughout the course of
the flow. With the addition of Herivel’s and Lin’s constraints, a variational study was achieved,
with the dynamic equations derived from the action functional describing (mainly) (Seliger &
Whitham, 1968) irrotational flows. The following survey on the various advancements and



approaches towards a sound variational formulation of rotational flows (mainly in the context
of the Eulerian description) has been adopted from a recent paper by (Mavroeidis &
Athanassoulis, 2022) and is included in quotations.

« The Herivel-Lin approach became the standard one after the publication of the works of Serrin
(Serrin, 1959) and Eckart (Eckart, 1960). Many papers have appeared since then, exploiting
various aspects and deepening our understanding of this variational formulation. Penfield
(Penfield, 1966), Bretherton (Bretherton, 1970), and Salmon (Salmon, 1988) discussed the
importance of using Hamilton’s principle (the Herivel-Lin approach) for studying Eulerian
rotational flows of ideal fluids. The necessity of introducing Lin’s constraint has also been
highlighted by means of transformations between the two descriptions of fluid flow (Salmon,
1988), (Bampi & Morro, 1984). In an alternative direction, the Eulerian variational formulation
was obtained from that in the Lagrangian description using canonical transformations (van
Saarloos, 1981), (Griffa, 1984). The papers by Seliger and Whitham (Seliger & Whitham, 1968)
and Fukagawa and Fujitani (Fukagawa & Fujitani, 2010) dealt with many aspects of Hamilton’s
principle for rotational flows, including its relation with the Clebsch approach (see below, at the
end of the Introduction). They also discussed the variational formulation with reduced versions
of Lin’s constraint, that is, velocity representation with fewer potentials; see, also, the discussion
in (Salmon, 1988) (Section 5). However, as first illustrated in (Bretherton, 1970), and later
proved with more advanced mathematical tools in (Graham & Henyey, 2000), (Yoshida, 2009),
(Scholle et al., 2020), these considerations apply only to a restricted class of flows, with zero
helicity and without points of vanishing vorticity; see (Ohkitani, 2018) (Feldmeier, 2019) »

Starting from the late 1980s (Rylov, 1989), Y. A. Rylov attempted to revisit the problem of
rotational flows by tracking the phenomena making use of complex potential functions, with his
considerations stemming from the field of quantum mechanics (Rylov, 1989), where he states
that the equations of fluid motion can be expressed through the differentials of wave functions
w consisting of two complex components, and (also stemming from) relativistic mechanics

(Rylov, 1999a), where he first introduces a Lagrangian time-like variable. In 1999 (Rylov,1999a)
and (Rylov, 1999b) (following the Herivel-Lin approach), he also supported the claim that the
two descriptions of the flow are, by their nature, not only compatible, but also complementary
to each other, since in order to obtain a complete description of the flow from an action
functional, the conservation of the parcels’ labels should also be considered a dynamic function
that must be derived as a result of the variational treatment of the Eulerian action functional.
However, a key contribution of these articles lies in the introduction of an additional Lagrangian
time-like variable, which acts as a measure of the passage of time in terms of the successive
states of the fluid parcel throughout the course of the flow, and in the consideration of a spatio-
temporal framework. He then makes use of the 4™-order Jacobian determinant, arising from the
transformations from the Eulerian to the Lagrangian spatio-temporal variables, to construct an
expression for the 4-momentum, defined as the field consisting of the fields of the density and
of the components of the conventional momentum. Demonstrating that such expressions
identically satisfy the conservation of mass as well as the conservation of the parcel labels (the
constraints considered in the Herivel-Lin approach), he conducts a variational study, making use
of the expression of the 4-momentum in terms of the Jacobian determinant as a constraint on
the Eulerian action functional. From the variational treatment of the action functional
(constrained by the expression of the 4-momentum), he produces a set of dynamic equations
describing the flow of an ideal fluid. In (Rylov, 2003) and (Rylov, 2004a) while concentrating
on two-dimensional incompressible flows, he first acknowledges indications that the fluid
(considered as a mechanical system) may possess additional degrees of freedom “connected
with rotation”.



Additionally, as Rylov himself points out (Rylov, 2009), (Rylov, 2018), given a spatiotemporal
formulation of the two descriptions of the flow, the conservation of the parcels’ labels inside the
flow field, is not unconditionally derived as a dynamic equation from the action functional in
the case of a three-dimensional rotational flow (Rylov, 2009). Furthermore, he demonstrates
(Rylov, 2018) that an additional, undefined dynamic field is indicated to take place in the
rotational phenomena. Thus, he concludes that the set of the hydrodynamic equations, derived
from the variational treatment of such an action functional, provide a complete description of
the flow only in the case of irrotational flows, where the parcels’ labels are demonstrated to be
conserved inside the flow field throughout the course of the flow, while in rotational flows
additional dynamic fields must be taken into account in order for the model to provide a
complete description of the fluid flow.

In the present work we follow Rylov’s approach towards a derivation of a complete set of
dynamic equations describing rotational flows, in order to comprehensively understand such
phenomena. The first step towards this objective was to perform a thorough study on the n'f-
order Jacobian determinant and its generator Jacobian matrix, expressing such transformations
between the two descriptions of the flow, since the structure of the determinant arises throughout
Rylov’s analysis. Additionally, we gave particular emphasis on identities derived from the
application of derivative operators on the determinant since the aforementioned expressions for
the 4-momentum make use of the structures arising from the application of partial and total
derivative operators on the 4™-order Jacobian determinant. Following Rylov’s approach we then
derive the expression of the 4-momentum (Rylov, 1999a), (Rylov, 1999b), and demonstrate that
it identically satisfies the conservation of mass as well as the conservation of the parcel’s labels.

We, then, carry out a first variational treatment of an action functional in the Eulerian
description, applying the expression of the 4-momentum as a constraint through the use of
Lagrange multipliers, and by successfully identifying suitable forms of the aforementioned
multipliers we incorporate their dynamics into the action functional through the rest of the
functional arguments, thus, successfully obtaining a second form of the action functional, and
reducing the fields to be defined by the dynamic equations. We then present an additional
variational treatment of the second form of the constrained action functional, from which we
obtain a set of dynamic equations describing the rotational flow of fluid. A comprehensive study
is carried out concerning the dynamic equations produced from variations of the second form
of the constrained action functional, in which we investigate the consequences of the additional
undefined quantities arising from the set of dynamic equations in the general case of rotational
flows, as well as the consequences of these quantities with respect to the Lagrangian description
of the flow.

The present work consists of 6 Chapters. In Chapter 2 the theoretical foundations for the two
descriptions of the flow are presented and an introduction to the perspective of Rylov is
provided. In Chapter 3 we carry out a study of the structure of the determinant as well as the
identities derived from the application of (partial and total) derivative operators on the
determinant. Commencing from the conventional Laplace expansion of the determinant in terms
of cofactors we make extensive use of new structures arising directly from the definition of the
determinant, identified as the reduced determinants (Athanassoulis, 2025) which significantly
simplify our calculations. Several identities concerning the application of (partial and total)
derivative operators on the determinant, with respect to its entries, its elements or with respect
to one, or several of the components of the constitutive variables of the transformations
described by the Jacobian determinant are established. In Appendix A, a theorem is presented
demonstrating how the structure of the reduced determinants, generated by an n'"-order
determinant, arises naturally from the axiomatic definition of the n-order determinant, as the



volume of an n™-order parallelepiped. Appendix B complements the results of Chapter 3,
Subsection 2, generalizing the identity established in the aforementioned subsection for the
determinant generated from the differential of any sufficiently smooth function having linearly
dependent components. In Appendix C we provide an extension to the Piola identity for the case
of any sufficiently smooth but not necessarily bijective function making use of the calculus of
variations. In Chapter 4, we follow a 4-vector formalism defining the field of the 4-momentum
as the field consisting of the field of the density as well as the components of the conventional
momentum field. Following the works of Rylov (Rylov, 1999a), (Rylov,1999b), (Rylov, 2003)
and (Rylov, 2018), we define an additional Lagrangian time-like variable, accounting for the
passage of time, through the successive states of the fluid parcels. We then proceed to construct
an expression for the 4-momentum, in terms of the Jacobian determinant, generated by the
transformations from the Eulerian to the Lagrangian spatio-temporal variables. We further
demonstrate that such an expression identically satisfies both the conservation of mass
(continuity equation) as well as the conservation of the parcels’ identities. In Chapter 5, after
demonstrating that the variational treatment of an unconstraint functional produces trivial
results, a constrained action functional is constructed, by applying a constraint over the field of
the 4-momentum derived from the expression of the 4-momentum in terms of the 4™-order
Jacobian matrix of transformations from the Eulerian to the Lagrangian spatio-temporal
variables. Furthermore, an additional constraint is added to account for the conservation of the
entropy inside the flow field. A variational treatment of the constrained action functional is then
carried out. From the resulting dynamic equations of the variational study, the Lagrange
multipliers added to the constraint over the 4-momentum field are integrated out of the action
functional, thus producing a new form of the action functional (in the text identified as the
modified action functional) and reducing the functional arguments. The application of the
variational calculus on the second form of the action functional produces dynamic equations, as
well as boundary conditions, thus providing a description of the flow. We then elaborate on the
physical interpretation of the results of the variational treatment, giving particular emphasis on
the conservation of the parcels’ labels. It is, thus, demonstrated that in rotational flows, an
additional undefined function enters into play, which expresses a gauge symmetry. Additionally,
as a result of the symmetry the evolution of the field of the parcel labels is rendered dynamically
indeterminate. Chapter 6 includes conclusive comments on the results of our study and provides
some directions concerning future research based on the results of the present work.



Chapter 2

Background Knowledge. Conservation Laws and
An Introduction to Rylov’s Approach

1. A Short Introduction to the Physics of Fluid Flows

Fluids are substances that cannot resist the application of a static shear stress. Instead, when
shear stresses are applied to the fluid it continuously deforms (flows) with the rate of
deformation depending on the viscosity of the fluid under consideration. In our considerations
we will include only ideal (inviscid fluids), which exhibit no thermal transport, or dissipative
phenomena as they deform (flow). The flow phenomena associated with fluids are a direct result
of the distances between the molecules of the fluid. More precisely, in contrast to solid masses,
the molecules of a fluid mass are spared further apart, and the forces between them are
significantly smaller than those in between the molecules of solid masses. As such, the
molecules of fluids have more freedom of movement than those of the solids (Munson et al.,
2016). One would initially think that it would suffice to study the dynamics governing the
movement of the individual molecules in order to obtain information concerning the properties
of the fluid. However, this approach soon appears to be both impractical and problematic when
it comes to the study of macroscopic flow phenomena, since the study of flows is (in general)
concerned with the investigation of the behavior of observable quantities. That is, we are mainly
interested in the study of mean values, over space and time, of quantities closely related to the
flow phenomena, evaluated over sufficiently small volumes, made up of large numbers of
molecules and sufficiently short time intervals, but sufficiently longer compared to the time
intervals related to molecular phenomena. From the macroscopic point of view, this means that
regardless of the infinitesimal volumes and time intervals considered, variations of the bulk
properties of the fluid, whether moving or in equilibrium, can hardly be observed (Munson et
al., 2016). As such the fluid can be considered as a continuous medium, namely as continuously
distributed matter. This is the foundation for the continuum hypothesis which permits us to
employ the differential calculus for the study of macroscopic quantities, considering the latter
as continuous fields over space and time. Nevertheless, the employed calculus must be
sufficiently “flexible” in order to account for the case that discontinuities arise (in such
phenomena as free surface flows and shock waves).

Having established the fluid as a continuum, we can now proceed to present the different
descriptions of the fluid flow.

2. Lagrangian and Eulerian Descriptions of The Fluid Flow

In literature, we conventionally find two ways of describing the flow of fluids. One can keep
track of the fluid parcels as they move inside the flow field. This is called the material point of
view or the Lagrangian method, named after Joseph-Louis Lagrange (1736 — 1813). The second
way to describe a fluid flow is through reference points inside the flow field, describing the
characteristic quantities as fields in the physical domain. This point of view is called the field
point of view or the Eulerian method, named after Leonhard Euler (1707 — 1783).



(a). Lagrangian description of the flow

In the Lagrangian description, the fluid is visualized as a continuous distribution of infinite,
sufficiently small (as will be demonstrated henceforth) regions of the flow field, occupied by
the fluid, which are free to translate, rotate and deform, referred to as fluid parcels. In that
respect, the Lagrangian description of the flow is an extension of single particle kinematics, to
a whole field of fluid parcels.

Since fluid mechanics are, conventionally, concerned with the behavior of the fluid flow in a
macroscopic scale, the volumes considered are much larger than the volumes where the
molecular fluctuations take place, thus, the volume of the parcels is far larger than the distance
between the molecules of the fluid. This establishes a lower bound to the volume of the
individual parcels, consisting of a large number of molecules. On the other hand, in any position
of the flow field, the characteristic quantities of the flow must assume appropriate values. As a
result, an upper bound to the volume of the individual parcels is established. This is in fact the
continuum hypothesis which entirely relies on the need for well-defined values of characteristic
quantities of the flow in the different positions of the flow field (Badin & Crisciani, 2018). The
structure of the fluid is, thus, assumed to be perfectly continuous (Batchelor, 2000, p. 4).

Remark. The structure of the parcels, as well as the description of the fluid flow through such
structures is of a purely idealistic nature (Morrison, 1994, p. 480). Specifically, in his
aforementioned work he states:

«This is an idealization, since in reality fluid elements do not exist: if they were of
macroscopic size, they would not maintain their integrity forever, and if they were of
microscopic size, we would be outside the realm of fluid mechanics.»

Intriguingly though, given a complete Lagrangian description of the flow, the above idealization
unambiguously produces the Eulerian description. Morrison emphasizes this fact stating

«However, there exists a precise Eulerian state corresponding to a Lagrangian state.)

Thus, the description of the flow, through the structure of the parcels, however conceptual,
corresponds to a state of the flow. ]
Having briefly introduced the nature of the parcels we can, at a specific time of labeling r = ¢,
identify each subsequent parcel of fluid, through a given label or identifier. Let us denote the

domain ¥ 1¢) , enclosed by the boundary 9V (€), containing all the labels assigned to the parcels
of the fluid. In the present work we define the labels as three-dimensional vectors, namely:

§=(6.6.8) eV cr’, ()

Conventionally, a large portion of the literature considers as labels, the parcels’ initial positions
at the labeling time ¢ = ¢, (Bennett, 2006). However, there is no particular restriction with

regards to the nature of the labels, besides the need to uniquely identify the fluid parcels, as they
move inside the flow field. Nevertheless, the consideration of the labels as a different system of
organizing the same (geometrical) space contributes greatly to our analysis (Sachinidou &
Athanassoulis, 2023).

In the Lagrangian formalism, we have implicitly assumed that there is no income or outcome of
fluid parcels from the flow, since a label has been assigned to each fluid parcel of the flow at
the labeling time ¢ = ¢,. Additionally, we assume that no thermodynamical phenomena take



place during the flow, with the parcels of the fluid being subject to, only, transport phenomena,
taking place inside the flow. Thus, the parcels’ identities (parcel labels), are conventionally
considered to be conserved throughout the course of the flow. As a consequence, both the

(¢)
completely specified at the time of labeling, and are thus fixed in time.

domain V"’ as well as its boundary 0V (¢) , constitute spaces of indices, whose elements are

Having identified each fluid parcel by a specific label, the characteristic quantities of the flow,
describing the motion of the parcels inside the flow field, can be expressed as functions of the

parcel label and the temporal variable ¢. Thus, in the Lagrangian formalism, the labels ¢ and
the time ¢ are considered as independent variables, through which the characteristic quantities
of the flow are described. Thus, a physical quantity Q in the Lagrangian description reads:

0=0(t.¢). ()

(b). Eulerian description of the flow

In the Eulerian description of the flow, the structure of fluid parcels is not directly considered.
The characteristic quantities of the flow are rather, described in terms of the time, ¢, as well as
the position vectors of the flow field:

x = (x.x.0) eV CR?, ()

with V(x), representing the physical domain inside of which the flow takes place. Since the

fluid changes positions during the course of the flow, the physical domain V( ) ( t ) , In contrast

to the labeling domain y (&) , as well as its boundary aV(x) ( { ) are time-dependent. Thus, in

the Eulerian framework, given a characteristic quantity ¢ of the flow, we read:
q=q(t,x). )

Since the space variable Xx is not associated with any material quantity (in contrast to the
Lagrangian approach, where & is associated with fluid parcels), the flow fields (either scalar,

or vector, or tensor) describe the motion of the continuously distributed mass of the fluid, as it
passes through positions X at the time ¢. Furthermore, in virtue of the Continuum Hypothesis,
we make use of the Differential Calculus for the study of the macroscopic quantities,
considering the latter as sufficiently smooth fields over space and time.

(c). Relation between the Lagrangian and the Eulerian descriptions

Recall that the majority of the literature considers the aforementioned viewpoints as compatible,
but, nevertheless, inherently different. The Lagrangian description is a direct extension of the
standard description used in Classical Mechanics, by identifying the parcels of fluid as
infinitesimal masses, upon which the principles and laws of Classical Mechanics can be
applied. On the other hand, on the FEulerian description the fluid is considered as a
continuously distributed mass on the positions x of the flow domain. The physical quantities
characterizing the flow are, thus, expressed as fields, functions of the time t, and the positions
X of the flow domain. Nevertheless, as stated above, the literature admits that both the Eulerian
and the Lagrangian descriptions of the flow are essential, and it is imperative that they coexist,
producing results compatible with each other (Morrison, 1994), (Currie, 2012, p. 6).



In that respect, consider a scalar physical quantity of the flow ¢ = ¢ (¢, x ), expressed in

T
terms of the position vector x = (xl,xz,x3) and the time ¢ (Eulerian description).

Additionally, let 9 = Q(¢, &) be the same physical quantity expressed in terms of the parcel

T
labels € :( ¢ 1> 52: 653 ) and the time ¢ (Lagrangian description). If, at time ¢, the parcel

labeled by & occupies the position X in the fluid domain, then the following relation with
respect to the aforementioned scalar quantities must be satisfied:

(%)

q(t,x) = q(1,x(1,¢)) = 0(1,¢), (1)

and inversely,

(%)

0(1,¢&) = 0(t.&(t.x)) = q(t,x). )

Equalities (*) express the generic Physical Principle of Invariance for scalar fields: Any scalar
physical quantity of the fluid (associated with a definite parcel) is invariant under any changes

of the space-time description (and the coordinates used for this description).
Additionally, let f (¢, x ) be a vector field expressing, at time ¢, a physical quantity of the flow
at a specific position x, and F (¢,& ) be the vector expressing the same physical quantity

associated to a parcel & at time 7. If at the time ¢ the parcel & occupies the position X in the
fluid domain, then the following equation must hold:

(*)
f(1,x) = f(6,x(1,¢)) = F(t,¢). (3)
Eq. (3) expresses the Principle of Invariance for vector fields.

(d). The material derivative

Having established the relation between physical quantities in the Lagrangian and the Eulerian
descriptions of the flow, we will now investigate the relation between the temporal rate of
change of a quantity in the Eulerian description, with the temporal rate of change of a quantity
in the Lagrangian description. Consider once again the field F (¢, &) expressing a physical

quantity in the Lagrangian description, and the field f (¢, x ) expressing the same physical
quantity in the Eulerian description. The aforementioned fields, F (7,¢) and f (¢, x) are

related, through the Principle of Invariance, see Eq. (3) of the above Subsection 1.c., mentioned
below for the sake of convenience.

flt,x) = flt.x(1,€)) = F(t,&)

Taking the partial derivative with respect to the time, of F (¢, ¢ ) yields

OF (1,¢)  df(t,x(1,¢))

F(e.¢) ot dt




3

i 9f(t.x) | §ROS(1x) 0x, _ Df(1x)
rule 61 +Z 8xj 8t N Dt .

(1)

Jj=

The operator D / Dt is commonly referred to in the literature as the material derivative or the

total time derivative and expresses the temporal rate of change of some quantity with respect
to specific parcels, as they move inside the flow. The material derivative operator, thus, refers
to physical quantities expressed in the Eulerian description, as in the Lagrangian description of

the flow we inherently follow the motion of specified parcels & (V).

Since the velocity, in classical mechanics (in the case of fluid mechanics, in the Lagrangian
description), is considered as the temporal rate of change of the position of a mass inside the
configuration space, Eq. (1) also yields

Df(t,x) df(t,x(t,é‘)) O f(t,x) : df(t.x) B
Dt dt Y, +Z dx, U=

_8f(t,x)
Y

Jj=1

+(U(1.¢(1,x))- V. ) f(t.x). @)

where U ( t,¢ ( [, x )) is the velocity of the parcel ¢, occupying, at time ¢, the position X

inside the fluid domain. However, invoking the Principle of Invariance for vector fields, Eq. (2)
yields

Df(r.x(1.¢)) _ af(t,x)
Dt ot

+<u(t,x)-Vx)f(t,x) , 3)

where u( ¢, x ) is the velocity in the Eulerian description of the flow. As such, the material

derivative of any conserved quantity inside the flow field will be equal to zero, namely, in the
case of the fluid parcels (assuming as we have mentioned that the parcels’ labels are conserved,
inside the flow field, throughout the course of the flow) it holds that

Dé‘(t,x)

D1 = 0. 4)

A further study on the conservation of parcels’ labels will be carried out later on. For now, we
will limit ourselves to the fact that, if the parcels’ labels (or any other quantity) is conserved
inside the flow field, throughout the course of the flow, the material derivative of the
aforementioned quantities will be equal to zero.

(e). The Jacobian matrix | J | expressing point transformations from the Physical to the

Labeling Domain
(¢)

At the labeling time ¢ = ¢, we define an arbitrarily small volume V'’ in the labeling space.

Since V¢ encapsulates parcels of specific labels, it also represents a material volume. With

() Accordingly, one could also derive corresponding relations expressing the temporal rate of change of
Lagrangian quantities with respect to the positions of the flow field in the physical space.

9



the passage of time the material volume evolves inside the physical space, occupying a different
position and taking a different shape, according to the transformation:

G=0G,: v (1) — r
g = é‘l(xl,xz,x3 ):

x"“+§tv:“—> E=G(x)=¢(x) = fzzfz(xl,xz,x3), )
&y = 53(x1,x2,x3 )
We assume the transformation ¢ is a bijection (%), thus the inverse map:
G ' =G v — (4
X =x(€,5,8),
)

¢ %itvom) x=G (&) =x(¢) = 1x, = x2<§1,§2,§3),
X3 :x3(§19§2’§3)'

is also well defined (exists). Additionally (in accordance with a large portion of the literature
(Lamb, 1932)), we assume that, for each s > ¢, the transformation G = G, is sufficiently

regular (smooth), more precisely, a C % — diffeomorphism (*). Further, the transformation of

infinitesimal line, surface and volume elements from one space to another are expressed in terms
of the Jacobian determinant and/or various “derivative” objects arising from it (Spivak, 1995,
p. 17, p. 113), (Marsden, Tromba, 2003, p. 25), (Olver, 1993, p. 7), (Sachinidou & Athanassoulis,
2023), (Bennett, 2006, p. 12, p. 17, p. 25). Contrary to the conventional representation of the
Jacobian matrix we will, in this section and until stated otherwise, refer to the Jacobian matrix

of transformations from the physical to the labeling space and its determinant as [ J ] ,and J

accordingly, namely:

g, 0g, 94 ¢, 9¢, 9,
Ox, 0x, O0Ox, Ox, 0O0x, O0x,
0 0 0 0 0 0
[J] _ 62 52 52 , and J = ‘52 52 52 ) (3)
Ox, 0x, Ox, Ox, 0O0x, O0x,
gy 0&; 0&; 0, 053 0g;
Ox, 0x, Ox, Ox, Ox, O0x,

(f). Scalar fields in the Lagrangian and the Eulerian description

In the field of fluid dynamics, scalar fields are quantities essential for characterizing an ideal
fluid flow. The most common scalar fields appearing in a flow of fluid are the field of the density,

(®) In the context of this section this implies that the same parcel cannot occupy multiple positions at the same time
and that conversely two parcels cannot occupy the same position X simultaneously.
(®) Further smoothness of the transformation will be assumed whenever needed throughout this work. For the

scope of this section, the assumption that G isa C 2 _ diffeomorphism is sufficient. However, the results can be

equally well generalized when the mapping isa C ¥ — diffeomorphism.

10



conventionally identified in the notation by p, the pressure field, identified in the notation
through p, and the specific entropy, s .

The density field

In the Eulerian as well as in the Lagrangian description of the flow, the mass of the fluid is
distributed, either on the various positions of the flow field (Eulerian description), or inside the
different parcels of the fluid (Lagrangian description). Therefore, in contrast to the “point-like
massive body” in Classical Mechanics we can no longer assume any concentrated mass. Thus,
we now recall the definition of the fluid density:

p(1.x) = dm _ mass (dV) ~ lim mass(V)' n
dv dv Voixy

That is, the density P (?,X) is the limit of the ratio of the fluid mass containing no point
masses or voids contained in a volume V divided by V , as the volume V shrinks (regularly
enoughy) to the singleton { X} (the position). All quantities are considered at the time instant .

In fact, this is the Radon-Nikodym derivative (Folland, 1999) of the mass measure with respect
to the volume measure at the point x (in the instant ¢).

Note: Oddly enough, a substantial portion of the literature concerning conventional
hydrodynamics does not commonly present the density as the Radon-Nikodym derivative. =

In the Lagrangian description the density is expressed as the field expressing the amount of mass
m , per unit volume of a parcel &, occupying, at time ¢, a volume V' inside the flow field,

namely

p(1.6) = 2)

(x)

where m is the mass contained inside the parcel and V'~ is the volume the parcel occupies at

time ¢.

The Pressure Field

Consider now a mass of fluid, dm, occupying a volume %) inside the flow domain. Let also

dV ) be the boundary of the volume 7>} The fluid surrounding the mass dm , exerts surface
forces on the boundary d v (<) of the volume V() occupied by the mass dm. These forces

are caused by the bombardment of the boundary d V' (x) by the molecules of the surrounding
fluid. The statistical average of the forces produced by such collisions is called the pressure
field, conventionally identified in the notation as p ( t,x ) As such, the pressure is defined as

the force applied to a surface by the surrounding fluid per unit area, that is,

dF
plt,x) = (3)
( ) ds(x)

where ds'*) is an infinitesimal area on the boundary of the mass of fluid. In our calculations,

the density of the fluid as well as the size of the flow domain will be considered large enough
in order for the pressure field, produced by the statistical average of the forces, to describe

11



macroscopic phenomena and ignore the molecular origin of this field (Kundu et al., 2016). In
the Lagrangian description of the flow, the pressure is defined as the surface force, per unit area,
applied to the boundary of the parcel, namely

dF
(¢) “)

p(1,¢) =

ds

with ds'¢) expressing an infinitesimal area on the boundary of the parcel.

The Field of the Entropy

The entropy S(t, x) is defined as a function of the quantities characterizing the fluid

(considered as a mechanical system), defined for all equilibrium states, which has the following
property: In the absence of internal constraints, the values of the entropy that characterize the
fluid as a mechanical system assume values that maximize the entropy. In flow phenomena, we
conventionally make a local equilibrium assumption (quasi-equilibrium), applying the results
of equilibrium Thermodynamics to small amounts of substances thus, we will mainly include in
our calculations the specific entropy, namely for a small amount of mass dM the specific

entropy is defined as

dsS

S(l‘,X):% .

©)

In out calculations we will consider only mechanical (not thermal) transport phenomena, that
is, the entropy is conserved in each parcel of the flow. Thus, the specific entropy can be
considered as a material parameter of the parcel, namely

S:s(t,é’)zso(é‘>. (6)

(g). The Velocity in the Lagrangian and the Eulerian description

As stated in Subsection 1.b, in the Lagrangian description of the flow, the fluid is visualized as
a continuous distribution of elementary volumes, the fluid parcels, with the motion of the fluid
described through the motion of these individual material structures. Thus, in the Lagrangian
description, fluid velocity is defined as the temporal rate of change of the position of the parcels,
namely

8x(t,§)

Ulr¢) = ot

= x(t,¢), (D)

where the field x(7,& ) expresses the position of the parcel ¢ inside the flow field, at time 7.

On the other hand, in the Eulerian description of the flow, the velocity, is a primitive field.
Rather than following the individual parcels, we assign to every position inside the

x = ( X1y Xy, X5 ) and time ¢ a velocity vector u = u( ¢, x ). Nevertheless, we can identify the
velocity through the Principle of Invariance for vector fields, as follows,

*

u(t,x)=U(t,x(1,&)) = U(1,¢) = X(1,&). )

—

12



That is, the velocity in one and the same fluid parcel &, occupying a position x of the flow
field, at time ¢, is the same (as expressed through the equation (*)) in both descriptions of the
fluid flow.

We will now proceed to derive the equations that express the fundamental laws of conservation

in the Eulerian and the Lagrangian description.

3. Conservation of Mass in The Eulerian and The Lagrangian Description

Consider a definite small domain A4‘®’ surrounded by a definite label &, in the label space,
having volume 4 7 ) and containing mass ¢ m ‘€. The material element described this way

can be identified with a fluid parcel characterized by the label & and carrying mass dm ¢’ .
Clearly, according to the definition of density,

dm ) — po(é‘)dV‘f) (1)

where p (&)= p(t,,¢) is the density of the fluid in its initial state. At the time # this material

element has been moved (by the flow) in the position x =x(¢,¢), and the set A has been

transformed into a set 4™ having volume d ¥ (), and carrying mass d m *) as follows.

A(x)

dm = mass of the parcel in dV'©,

is the same with the mass in dV

Figure 1: Transformation of the material element

Again, by the very definition of the density, we have
dm™ = p(t,x)dv ™). (2)
The law of Conservation of Mass dictates that

dm™ = dm® = dm, (3)

13



that is, the mass contained in the set A(f), comprising of the same material elements, is
conserved, independently from the shape of the domain. Eq. (3), in conjunction with Egs. (1)
and (2), yields

po(E)dV ' = p(t,x)dV ™. (4)

Now, considering the geometric relation 4V ) =J 'dv ), see (Sachinidou &
Athanassoulis, 2023, p. 18), where J is the 3™-order Jacobian determinant, we find

po(E)dV S = p(t,x)dV™ = p(1,x)J 'dV® =

po(&) = p(t,x)J " (5)

By the Principle of Invariance for scalar fields, Eq. (6) of Subsection 2.c, a “purely Lagrangian”
density can be defined as the density of the parcels occupying, at time ¢, the position X inside
the fluid domain, namely,

p(t,¢) = p(t,x(1,8)). (6)
Thus, substituting Eq. (6) in Eq. (5) we obtain
po(&) = p(1.6) 7" ()

Derivation of the above equation expressing the conservation of mass can be obtained using
various other methods (Lamb, 1932), (Sachinidou & Athanassoulis, 2023, p. 35)

Let us, now, derive the continuity equation (Equation of Conservation of Mass in the Eulerian
description), from the Equation of the Conservation of Mass in the Lagrangian description, Eq.
(7). We commence from Eq. (6), mentioned below for the sake of convenience.

po(&) = p(t.x)J""

Applying the material derivative, Eq. (3) of Subsection 2.d, on the above equation of the
conservation of mass we obtain

Dpy(¢) D -1
TR GCRIE ®

Since the initial density p, (&) 1s independent of the time, Eq. (8) yields

D Yy
E(P(fax)J J=0 ©)
or
M]1+p(t x)DJ_l =0 (10)
Dt ’ Dt

Invoking Eq. (2) of Appendix A, Eq. (10) further yields

14



Dp(t,x)

Y J '+ p(tx)J NV, u(t,x)) =0 (11)

Since the 3™ order Jacobian determinant J is assumed to be non-vanishing, Eq. (11) reduces to

Dp(t,

PO L () (9, - ulr)) = 0 12
or

P2UX) 9 (o) ule.x)) = 0 13

which corresponds to the Eulerian form of the Equation of the Conservation of Mass (continuity
equation).

4. Conservation of Momentum in The Lagrangian and The Eulerian
Description

(a). Forces Acting on a parcel of fluid

Let us consider a small amount of fluid, of mass p( t,Xx ) dy , moving inside the flow

domain V(x), free to translate, deform and rotate throughout the course of the flow, and
occupying, at time ¢, a small volume 4 ¥ (*) inside the flow field. According to Newton’s

second law of motion, throughout the course of the flow, the movement of the mass of fluid is
governed by the total force applied to it. The total force applied to an infinitesimal amount of
fluid, 4 F, , , consists of the forces applied to the body of the fluid 4 F ?, as well as the forces

tot.?

applied to the surface of the amount of fluid, d F*, by the surrounding fluid.

Body Forces

In our calculations we will consider only conservative body forces, that is, forces resulting from
the gradient of an external potential force field P (or multiple force fields).

Body forces resulting from potential fields, decay slowly as the distance between the interacting
sources increases and “are still appreciable for distances characteristic of natural fluid flows”
(Batchelor, 2000, p.7). As such, they act equally on all the matter contained in the infinitesimal
amount of fluid. In our calculations we will consider only gravitational potential force fields,
generating the body forces acting on the mass of the fluid. Thus, a body force is proportional to

the mass contained in the volume 7 (*) , namely
dF"=—(V P(x))p(t.x)dV"™) (1)

where the negative sign is assigned, following the convention for a gravitational field, acting on
the fluid (Kundu et al., 2016). Consider now the amount of fluid as a parcel, identified by the
label & (in the Lagrangian description). In virtue of the principle of invariance, at time ¢, the

mass contained inside the fluid parcel is equal to ,0< t,& ) d V(x) . Notice that in the transition

from the Eulerian to the Lagrangian description of the flow, we have (implicitly) assumed that
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the density inside the fluid parcel is uniformly distributed, since the density is now defined as a
function of the parcel’s label & and the time 7. As such, the body forces are in fact proportional

to the size of the volume V(x), inside the flow field, occupied, at time ¢, by the fluid parcel.

The body forces, acting on the mass of the fluid parcel, ,0( t,& ) dv'™) , are thus, expressed as

dF"=—p(1,E)V P(x)dv™) )

Surface Forces

On the other hand, surface forces have a direct molecular origin and, as such, decrease extremely
rapidly when the distance between the interacting elements increases and are significant when
the distance is “of the order of the separation of molecules of the fluid’ (Batchelor, 2000, p.7).
Therefore, a surface force acts on the surface of an infinitesimal mass of fluid, and is, as such,
proportional to its area. Thus, the surface forces acting, at time ¢, on an infinitesimal area

d s (*) on the boundary of a mass of fluid, inside the flow field, are expressed as
dF° = f*(t,x)ds" 3)

where f° is the surface force per unit area. Since we will consider only the flow of ideal

(inviscid) fluids, the only surface force acting on an infinitesimal amount of fluid, throughout
the course of the flow, is the pressure p( 7, x ). Therefore, the surface force, acting at time ¢,

on the boundary of an infinitesimal amount of fluid, is expressed as
dF°® = —p(t,x)n(x) ds') 4)

where n'*) is the unit, outward vector, normal to the oriented surface d s () and the sign is

assigned with respect to the outward direction of the boundary. Furthermore, the total surface
force acting, at time ¢, on an amount of fluid, is obtained by taking the surface-integral over the
boundary surface of the fluid, namely

Fs(t,x):—f p(t,x)n) dg=). 5)
8V(x>

Invoking the Gauss Theorem, the above integral over the boundary of the amount of fluid can
be expressed as a volume integral, namely

F*(,x) = _f v, p(tx)dv' ©)
ylx)

Since we are referring to a single volume 4 7 (*), the above integral reduces to
dF*(t,x)=—-V, p(t,x)dV" (7)

Thus, the total force, acting on the infinitesimal amount of fluid, in the Eulerian description, is
obtained by

dF,

tot.

(1,x) = —(p(t,x)vx>P(x)dV(x) —pr(t,x)dV(x) (®)
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Considering now, that, at time ¢, the position X inside the flow field is occupied by a parcel
¢ = ( £1,¢,,85 ) Then, Eq. (8) can be written in the form

dF, =—(p(t.x(1.&))V,)P(x(1.&))dV'™) =V p(e.x(0.&))drV'™ (9

Recall also that the transformation of volume elements from the physical to the labeling domain
is obtained through the Jacobian determinant J, thatis, d¥V ) = J '@y ), (Sachinidou &
Athanassoulis, 2023), (Bennet, 2006, p. 17) (Lamb, 1932, p. 14). Thus, Eq. (9) can be written
in the form

=~ o018 2, Y1) 074l 06)) 7
(10)

or, in virtue of the principle of invariance, we may write

dF

tot.

= —(p(1,6) V) P(1,6) 07 V'S =V p(r,6) s avE ¢ ()

The expressions of Eq. (10) and Eq. (11) are hybrid expressions, using both Lagrangian and
Eulerian variables. Nevertheless, in virtue of the Jacobian matrix, expressing point
transformations from the physical (Eulerian spatial variables) to the labeling (Lagrangian spatial
variables) space, we obtain

8_P 98, 0&, 0¢&; 8_P
ox, Ox, 0x; 0x; || 0¢
oP | | 0& 0&, 085 || oP (12)
Ox, Ox, O0x, Ox,||0& |’
oP & 0&, 0& || OP
0x, Ox; O0x, Ox; |0
that is
ver=([7]"9:)p. (13)
Thus, Eq. (11) yields
dF, (1.6)=—(p(.&)[J] vV )P(t.&) s ar S —([7]" v, )p(1,6) s ar®)
(14)

which is, in fact the total force, acting on the fluid parcel. Furthermore, in virtue of the principle
of invariance, we know that

dF, (t,x)=dF, (t,x(t,¢)) =dF,(t.¢) (15)

(*) One might observe a temporal dependence of the argument X of the potential P . This should by
no means be interpreted as a temporal dependence of the potential function, but rather, as the temporal
dependence of the position of the parcel inside the flow field (Lagrangian description) for which the
potential takes a specific (time-independent) value.
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(b). Derivation of the Lagrangian and the Eulerian Equation of the Conservation of Momentum

Having obtained the total force acting on the parcel (in the Lagrangian description of the flow)
invoking Newton’s second law of motion, we know that, given a small amount of fluid mass

p(1,x) dV"™ the following holds

d x

Hulr.x) plt.x)av*) = dF, (1.x) 1)
Nevertheless, we recall that invoking the principle of invariance as well as the transformation
of volume elements from the physical to the labeling domain (Sachinidou & Athanassoulis,
2023) we obtain

%(u(t,x)p(t,x)dV(X)) — %(u(t,x(t,f))p(t,x(t’é))J1 dV(f)) _

—

d . ") d
- E(u(t,é‘)p(t,é:)J Lav©) = E(u(t,é)po(é)dV(f)) )

where the equation (* ) holds in virtue of the equation of the conservation of mass in the
Lagrangian description, see Eq. (7), Section 3. Thus, Eq. (2) reduces to

d .
E(u(t,é‘)po(f)dV(f)) = a(t,&) py(&)dv'e), (3)

The above equation holds since the volume ) is by its definition time independent (°) and
po(¢) has been completely defined by the initial conditions.

Further, recalling that in the Lagrangian description, the velocity is defined as the rate of change
of the position of the parcels inside the flow field, Eq. (3) yields

d & . &

Hulr.6) po(£) v ) = #(1.8) py( &) ar' @
Substituting Eq. (14) of the previous subsection and Eq. (4) in Eq. (1), and simplifying the
volumes & 7 (¢), appearing on both sides of the equation, we obtain the equation of the
conservation of momentum in the Lagrangian description, namely

#(1.6) po(&)+ (p(1.e) ]IV P(&)+([7]" 77 Vi p(r.6) = 0
(5)

The above Eq. (5) can also be further simplified. Specifically, we can either invoke, once more,
the equation of the conservation of mass and, as such, obtain

(®) Following a conventional approach in the field of Lagrangian Hydrodynamics we consider as labels the parcels’
initial positions. As such the product d § 1 d f 5 d § 3 has dimensions (length)3 and we can treat it as a definite,

infinitesimal volume in the labeling space.
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po(é)(x(r,é)Jr([J]T Vé;)P(l‘,é:))‘F([J]T J! Vé)p(l‘,é‘) —0 (6
or, since the following holds
T
; (7)

J]T s = ([Jl]_l)TJl =[] !

then, in virtue of the well-established relation between the inverse matrix, the determinant of
the matrix and the adjoint of the matrix (Choudhary, 2009, p. 113), mentioned below for the
sake of convenience (for the case of the Jacobian matrix)

dj( | J
[ J ]*1 _ a J( [ ] )
where adj( [ J ] ) is the adjoint of the Jacobian matrix, Eq. (7) yields

)t = (aaif(s17) =[] ®)

—

= . . . . -1 . .
where | J ' | is the cofactor matrix of the inverse Jacobian [ J ] . As such, invoking once

again the equation of the conservation of mass in the Lagrangian description, Eq. (5) reduces to

—_—

pol€) #(1.8)+ [ p(1.8)[ 7|V Plre) + ([T Ve fplre) = 0|

Furthermore, in the absence of external potential fields, the above Eq. (8) reduces to

pol€) (1) +([ 77| Ve |p(r8) = 0 (10

Taking now the right-hand side of Eq. (1), in virtue of the principle of invariance we may write

d x d _
E(u(t,x)pu,x)dw ) :E(u(t,x(t,g”))p(t,é’)J Lar¥)

where the transformation of a volume element from the physical to the labeling domain is once
again achieved by multiplication with the appropriate Jacobian determinant, expressing point
transformations from one domain to the other. Additionally, invoking, once more, the equation
of conservation of mass, Eq. (11) yields

) €7 = Lulsx(v ) ) ar

The derivative of the velocity, with respect to the time, on the right-hand side of Eq. (12) yields

%(u(t,x(taf)»:w—i_(”(t’x)'vx)”(t’x)' (13)

Thus, substituting Eq. (13) in Eq. (12), and making, once more, use of the equation of the
conservation of mass in the Lagrangian description, Eq. (12) yields
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%("“’x(“f))) pol&)dV'd) =

au(t,x)
ot

*("(f’x)'vx)u(t,x)]po(é)dl/(f) -

- [%+<u<r,x>-vx>u<r,x>]p<uf<t,x>>rl av'e) =

:[%Jr(u(t,x)-vx)u(t,x)}p(t,x)dV(x) (14)

As such, substituting Eq. (11) of the previous subsection, and the above Eq. (14), in Eq. (1) we
obtain

p(t,x)[%+(u(t,x)'Vx)u(t,x)+VxP(x)]+pr(t,x) =0 (15)

which expresses the conservation of momentum in the Eulerian description.
Furthermore, in the absence of an external potential force field, Eq. (15) reduces to

8u(t,x)
ot

p(f,x)[

+<u(t,x)-Vx)u(t,x)]+pr(t,x):O (16)

5. Conservation of Energy in The Eulerian and The Lagrangian Description
(a). The Total Energy of a parcel in the Lagrangian and the Eulerian description of the flow

Let us, once again, consider a parcel of mass ,D< t,¢ ) d V(x) , moving inside the flow domain

14 (x), free to translate rotate and deform throughout the course of the flow, inside the flow
field. The total energy of the fluid parcel is defined as

&= [Lur(e) el pus) 4 p(x(0.6)) | (0.8 ar), )

where e ( p, s ) is the internal energy per unit mass, stored inside the parcel (°), and P( x ) is
the external potential force field, independent of the time (as is the case with gravitational force
fields). The potential force field is given as a function of the position x inside the flow field,
occupied at time ¢ by the parcel ¢ of the fluid. Recalling once more, that the point
transformations from the physical to the labeling domain are achieved through the multiplication

of the volume elements by the Jacobian determinant, expressing such point transformations, we
may write

E = %uz(t,f)—i—e(p,s)—l—P(t,é‘) p(t,d,‘)J_ldV(é) )

(®) The internal energy of a parcel is thoroughly expanded on, in Chapter 5 in conjunction with Rylov’s variational
study of the Euler flows. The interested reader who wants to delve deeper in the thermodynamic concepts at this
point, is urged to study the aforementioned subsection or, for a comprehensive study of the field of thermodynamics
to explore (Callen, 1960).
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or, recalling that in the Lagrangian description of the flow, the velocity is defined as the temporal
rate of change of the position of a parcel, and in virtue of the conservation of mass Eq. (2) yields

£ =(12(e) velp.s) + P08 ool &) ar'? ®

which is the amount of energy of a parcel of fluid, under the influence of an external potential
field, expressed in the Lagrangian description of the flow.

Accordingly, the total amount of energy of a mass of fluid, occupying, at time ¢, the position x
inside the flow field is obtained from Eq. (1) in virtue of the principle of invariance, namely

E = %uz(t,f(l‘,x»—i—e(p,S)—i—P(x)]p(t,f(;,x))dV(x) =

_ [%uz(t,x)—l—e(p,s)—i—P(x) plt,x)dv'™ @

(b). The work of the forces acting on the fluid
Work of the Body Forces

In virtue of Eq. (14) of Subsection 4.a, the body forces acting on the parcel, expressed in the
Lagrangian description are obtained by

T

dF'(1,¢) = = ([J]"V |P(1,6) 07" p(e,¢)av’ (1)

Thus, the work done on the mass of the parcel by the body forces equals to

awi(i,¢) =~ (u" (&) [J] V. )P(.6) I p(r.¢)ar'd @)

Additionally, in virtue of Eq. (1) of Subsection 4.a, we readily obtain the body forces acting on
the fluid, occupying, at time ¢ the position X inside the flow field, namely

dF"(t,x) = —(V P(x)) p(t.x)av"™ 3)

Thus, the work done to the mass of the fluid occupying, at time ¢ the position X inside the flow
field is equal to

de(z‘,x):—(uT(t,x)Vx)P(x)p(t,x)dV(x) (4)

Work of the Surface Forces

The surface forces, acting on an infinitesimal area J s () on the boundary of a mass of fluid,
inside the flow domain, are equal to

dF° = f*(t,x)ds"™. 3)
or, since only ideal fluids are considered in our calculations
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dF’ =—p(t,x)n(x) ds'™*). 4)

The work done from the surface force acting on the boundary of the mass of the fluid is thus
obtained by

aw? =—p(t,x)uT<t,x)n(x) ds'™ (5)

Integrating over the entire surface of the mass of fluid occupying, at time ¢, the position x inside
the flow field, we obtain the total work done by the surface force, on the surface of the fluid
mass, namely

we(t,x) = — fp(t,x)uT(t,x>n(x)ds(x). (6)
ay("‘)

Applying, once more, the Gauss Theorem, we obtain

X

Ws(t,x):—fVT(p(t,x)u(t,x))dV(x) ™

V(x)

Considering now, that we are referring to a single, infinitesimal volume 47 (*), the above
volume integral reduces to

dw’(1,x) = =V p(t.x)u(1,x))dV"™] ®)

which is, in fact, the work done by the surface forces on an infinitesimal mass of fluid in the
Eulerian description. Recalling now Eq. (12) of Subsection 4.a, as well as the transformations
of volume elements from the physical to the labeling domain, in virtue of the principle of
invariance, Eq. (8) reads

T

aw(1,6) = = ([7]" 7 VE)(p(r.¢)u(e,6))ar' )

or, recalling Eq. (8) of Subsection 2.b, we obtain

AW (1,&) = —([7/1

Vi)(p(rg)u(e))av's (10)

—

= . . . . . -1
where | J ! } 1s the cofactor matrix of the inverse Jacobian matrix, [ J ] .

(¢). Derivation of the Equations expressing the Conservation of Energy in the Eulerian and the
Lagrangian Description

Since we consider only transport (mechanical, not thermal) phenomena taking place inside the
flow field, throughout the course of the flow, the first law of thermodynamics, dictates that, at
any time ¢, the temporal rate of change of the total energy of a mass of fluid, occupying a volume

d v %) inside the flow domain, equals the work done by the forces acting on the mass of the
fluid. Thus, we write
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%X(t,x) = AW (1,x) = dW'(t,x) +dW(1,x). )

Substituting on the right-hand side of Eq. (1) from Eq. (4) of Subsection 5.a, we obtain

3wt telps)+(x) | plrx) av' | =

2
= (L) elpus) + Ple)flre) s v |
S L nx)elpis) + Pl | puf ) ar )| -

*

”2(fax)+e(p,s)+P(x)]po(§)dV<¢> _

()
3w x) elpes) + p(x) | plrx)ar™

1
2

_d

T

|

N |~

dt

where the equations ( + ) hold in virtue of the Lagrangian equation expressing the conservation

of mass in the Lagrangian description. Thus, substituting Eq. (2), as well as Eq. (4) and Eq. (8)
of the previous subsection in Eq. (1) we obtain

d

- p(t,x)dV(x) =W (t,x) =

%uZ(t,x)—Fe(p,s)—i—P(x)

= —(p(t.x)u"(1,x)V |P(x)aV!™ =V p(t.x)u(t,x))av'™ @)

X

or, simplifying the infinitesimal volumes 4 ¥ (*) appearing on both sides of Eq. (3) we obtain

the equation expressing the Law of the conservation of energy in the Eulerian description,
namely

d

E[%uz(t,x)—l—e(p,s)-I—P(x)]p(t,x) _

= —(p(t.x)u"(t,.x)V, )P(x) = Vi(p(t.x)u(t,x)) )

Additionally, substituting Eq. (3) of Subsection 5.a, as well as Eq. (2) and Eq. (10) of Subsection
5.b, in Eq. (1) we obtain

%[%xz(t,f)Jre(p,s)+P(t,é‘)]p0(f)dV(‘f) _
= —(p(e)u" (L)) Ve )P(r,8) 0 ar ) -

—([ﬁ}vg)(p(t,é’)u(t,é))dV(f). )
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where the initial density p,( &) as well as the volume 4V (¢) in the labeling field are
independent of the time ¢ and completely specified in the labeling time ¢ = #,. Simplifying the

volumes d ¥ () appearing on both sides of Eq. (5) we obtain

%[%xz(l‘,f)—|—e(p,S)+P(t,f)]Po(f) -

— (el ) ulee) IV p(ee) s = ([T Ve (p(r€) ulr.6)). ©

which expresses the conservation of energy in the Lagrangian description of the flow.

6. A Short Introduction to Rylov’s Approach

In the preceding subsections, we presented, in appropriate depth, the different descriptions of
the flow, and we have derived the equations expressing the fundamental conservation laws in
both the Eulerian and the Lagrangian description of the flow. The formulation of flow
phenomena through the field point of view (Eulerian description) and the material point of view
(Lagrangian description) have been proven to be successful throughout the historical evolution
of the field of Classical fluid mechanics and of Hydrodynamics (Darrigol, 2005). As we have
previously mentioned, the Eulerian approach offers a concise description of the flow at every
position x inside the flow field throughout the progression of the flow phenomenon, through
the field of the velocity (as a function of the different positions x inside the flow field and the
time ¢) whereas the Lagrangian description offers information concerning the unique trajectory
of each fluid parcel. Despite their enormous success in producing solutions that describe flow
phenomena, these descriptions present an inherent incompleteness. In the Eulerian approach all
information of the individual paths followed by the infinitesimal amounts of fluid, moving
individually inside the flow field (identified in the Lagrangian descriptions as fluid parcels) are
lost, since the matter (the fluid) is inherently considered (in the Eulerian approach) as distributed
throughout space. Nevertheless, Morrison (Morrison, 1994, p. 480) argues that “...,there must
exist a precise Eulerian state, corresponding to a Lagrangian state”.

In the mid-19" century, Clebsch (Clebsch, 1857) (Clebsch, 1859) introduced a decomposition
of the velocity field in terms of scalar potential functions. However groundbreaking, his work
found significant recognition nearly a century later, with the application of the variational
principles in the field of hydrodynamics, with the pinnacle of these efforts being the production
of Clebsch representations for the flow, and the derivation of the governing equations of fluid
motion from the variational study over a single action functional (Seliger & Whitham, 1968).
Such a variational study, in the Eulerian description of the flow, was achieved mainly through
the contributions of Herivel (Herivel, 1955), proposing that the continuity equation
(conservation of mass) should be applied as a constraint on the action functional, and an
unpublished note of C. C. Lin, proposing an additional mechanical constraint, ensuring that the
flow of the fluid should be such, that the parcels (specified at the time of labeling) will retain
their identities (parcel labels) inside the flow field, throughout the course of the flow.

Considering the above, Y. A. Rylov (Rylov, 1999a), (Rylov, 1999b) attempts an alternative
approach. He initially assumes that a sufficiently smooth and bijective mapping should exist
between the two descriptions of the flow. However, since both descriptions must describe the
flow phenomenon throughout the course of the flow, he considers an additional Lagrangian
time-like variable, accounting for the passage of time in the Lagrangian description of the flow.
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Specifically, this new Lagrangian variable accounts for the passage of time in terms of the
successive states of each individual parcel. Making use of the two sets of spatio-temporal
variables (for the Eulerian and the Lagrangian descriptions of the flow) Rylov expresses the
mapping between the two descriptions of the flow through a 4M-order Jacobian matrix (and the
resulting 4™-order Jacobian determinant generated from the Jacobian matrix). As a result, he
introduces a 4-vector formalism. By introducing a vector describing the spatio-temporal
“position” of a parcel of fluid he proceeds to define the fields of the 4-velocity as well as the 4-
momentum. Additionally, through the use of the mapping (and the 4™-order Jacobian matrix and
determinant generated by that mapping) he successfully expresses the aforementioned fields in
terms of the mapping between the Eulerian and the Lagrangian descriptions of the flow. As a
result, the produced expressions identically satisfy both the conservation of mass, as well as the
conservation of the parcels identities throughout the course of the flow.

Having obtained expressions for the 4-velocity and for the 4-momentum that satisfy the
aforementioned constraints, he proceeds to introduce the expression of the 4-momentum in
terms of the Jacobian determinant as a constraint on the Eulerian action functional. Additionally,
conducting a variational study of the aforementioned functional he obtains a set of dynamic
equations as well as boundary conditions describing the fields of the flow. However,
intriguingly, while the equation expressing the conservation of mass (the continuity equation) is
unambiguously produced from the variations of the action functional, in phenomena of
rotational flow, the variations of the action functional only yield a dynamic equation which
cannot unambiguously account for the evolution of the field of the parcels’ labels.

The first step in the formulation of such a study is an investigation of the structure of the
Jacobian matrix (generated by the considered mappings between the two descriptions of the
flow), and of identities, derived both from the inherent structure of the determinant as well as
from the specific structure of the Jacobian determinant, which takes place in the following
chapter. We will also focus on identities derived from the application of derivative operators
with respect to the aforementioned determinants, which arise in the analysis of flow phenomena
that takes place in later chapters.
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Appendix A

Theorem: Let J be the determinant of the 3™-order Jacobian matrix [J] describing spacial

point transformations G defined in Eq. (1) of Subsection 2.e of the present chapter, mentioned
below for the sake of convenience.

G=G, v —yl
& = & (x.x,.0,),
x —Magven e G(x) = f(x) =&, = §2(x1,x2,x3 )>

1>t
$; = 53(x1,x2,x3 )
We have assumed that the transformation G is a C * — diffeomorphism, thus the inverse map:
G '=aG v — ()
Xy = x1<§1,§2,§3),
%, (61562084 ),
X3 = x3(§1,§2,§3).

é attazgit\;en x = G71(§>

Il
=
—
i
S~———
|
=
)

I

is also well defined and is described through the inverse Jacobian matrix, [ J ] ! , with the latter
generating the determinant J ~'.
Application of the material derivative D(+)/ Dt operator on the Jacobian determinant J
yields
DJ
E:—J(Vx-u(z,x))_ (1)
where u(¢,x) represents the velocity vector in the Eulerian description. Additionally,

application of the material derivative on the inverse Jacobian determinant J ~ ' yields

—1
Dgt =J 'V, ult.x)). @)

1

Proof 1: Consider the Jacobian determinant J ~' expressing the inverse transformation G '

namely:
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Ox, 0x, O0x
9, 0¢, 0g;
S 0x, 0x, O0x,
9, 0¢, 0g;
Ox; O0x; O0x;
¢, 0¢, 0¢&;

(1

Since the transformation G~ ' expressed through the determinant J ~ ' as well as its generator

~1
matrix [ J ] is a C? — diffeomorphism, in virtue of the Shwart; Theorem, the total time

derivative of the above determinant yields

9%, 0%, 0%,
o0& 9§, 94,
DJ™' dJ! 0x, 0x, 0,
Dt dt |9 0E, 0&,
Bx, 0%y O,
0¢, 0¢, ¢

2)

Recalling the definition of the Lagrangian velocity, Eq. (1) of Subsection 2.g of the present
chapter, the above yields by chain rule

ou, 90U, 090U, Ox, 0Ox, O0Ox,
Ox;  0x, 0Ox; 08, 08, 0¢&;
DJ ! ou, o0U, 0U, Ox, O0x, 0x,
Dt ||ox, 0x, 0x, D&, &, 0F
ou, 0U, 0U, Oxy; O0x; O0x,
dx,  Ox, 0Ox; = (515055 ) 08, 06, 0&;

VX.U(t,f(t,x))J”.

€)

In the above Eq. (3) the Lagrangian velocity of the parcel ¢ is evaluated at the position X, at

time ¢. Invoking the Principle of Invariance concerning physical vector quantities, Eq. (3) of
Subsection 2.c we obtain

DJ !
Dt

Vx-U(t,«f(t,x»J_l = Vx-u(t,x)J_1

(4)

-1
. ~1 . o . : .
Since J = ( J ) , the material derivative of the Jacobian determinant expressing the

transformation G equals
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= ————J 'V, u(t,x) ==V, -u(t,x)J (5)

Thus, the proof is complete. [ ]

Proof 2: Consider the vector

. ) T
U(t,X)Ef(Z,X)EE(§1,§2,§3> . (1)

Considering the parcel labels as a (sufficiently smooth) primitive field describing the flow, this
is a velocity vector, expressing the temporal rate of change of the parcels in a specific position
X of the flow domain. This Eulerian-like expression is constructed considering the parcels as
a primitive field, instead of the positions in the standard Eulerian description. Thus, it measures
the temporal rate of change of the field of the parcels’ labels with respect to a specific position
of the fluid domain, at time ¢.

Further, recall the Jacobian determinant J generated by the point transformation G . The
material derivative of the Jacobian determinant yields

08 0& 9¢
Ox, O0x, 0Ox,
DJ dJ |9&, 9& 9&, | @an pJ

= = =0
Dt dt 0x, O0x, Oxy| me Dt
08 9&5 0¢;
Ox, O0x, O0Ox,
oUu, oU, oU,|(ox, 0x, Ox,
Ox;  Ox, Ox;||9& 9&, 9&,
oU, 0U, 9U,||dx, 0Ox, Ox i
_ 2 2 2 2 2 20| — A (t,.f(t,x))J. (2)

Ox;  Ox, 0Ox;||0g 0&, 0&;
oU, 00U, 0U,||0x; 0Jx; 0Jx;
ox, Ox, 0x,]\0& 0&, 0&;

Additionally, the following equality expresses a fundamental physical fact
U(t,é’)=u(t,x(t,é‘))=—(~](t,x) (3)

where U (¢, x) is the velocity vector defined in Eq. (28) and U (¢, x ) is the velocity in the
Lagrangian description of the flow. That is, the velocity U ( 7, x ) measuring the rate of change

of the positions occupied by a parcel, is equal to the negative velocity — U ( t,x ) , measuring
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the rate of change of the parcel labels occupying a specific position inside the flow field.
Substituting Eq. (3) in Eq. (2) yields
DJ

Y —J(Vx-u(t,x)) (4)

Further, following the analysis of the above Proof 1, we obtain the material derivative of the
inverse Jacobian determinant J ~ ', namely:

DJ !
Dt

= -V, U(t.&(t.x))J =J(V, u(t,x)) (%)

Thus, the proof is complete. [

Proof 3: We will now proceed to provide a proof for the theorem at hand, through an approach
closely related to the structure of the determinant, as well as some of the identities related to the
determinant. For this, we provide sufficient literature in order to support our claims.
Nevertheless, the interested reader is strongly urged to study Chapter 3 where an extensive
discussion takes place and the structure of the determinant, as well as the identities arising from
this structure are thoroughly studied.

Applying the material derivative in the Jacobian determinant J we obtain
DJ oJ

E =E+(u(t,x)-vx)J (1)

The partial derivative of the determinant J with respect to the time ¢ yields, by chain rule
aJ 23: N og ¢, 23: N 9J 0, o
ot — | os&,, Ot — | o0&, , 0x,

Accordingly, the partial derivative of the determinant J with respect to any spatial Eulerian
variable x , yields

o i: D 9) Pay (3)
0x pzlagw Ox,

P (/:1

Substituting Eq. (2) and Eq. (3) in Eq. (1) we obtain
- = _— 0 u, (t,x —_—
Dt — 1):189&%1) Ox, — — p:lagq,p dx,
3 3
DJ
DI

g=1 p=1

oJ
86(],[)

96, | < 9
g1 +Z um(z,x)aqu,p (4)

axO p =1 P

Since the parcels, and as such, the parcel labels, are conserved throughout the course of the flow,
see Subsection 2.a, the material derivative of the parcel’s labels is equal to zero, Eq. (4) of
Subsection 2.d, namely
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Dé(t,x) B 8§(t,x)
Dt Ot

+(u(t,x)-V,)é(t.x) =00 (5)

or, component-wise

D¢, (t,x)  0&,(t,x)
Dt B ot

—I—(u(t,x)-vx>§q(t,x) =

_é:q0+z ptxax :Oa (6)

py=1

where ¢ = 1,2, 3. Differentiating with respect to x », » EQ. (6) further yields

a 3
3_54’0+2u/ (tx =0 (7
p, =1 Py
Expanding Eq. (7) we obtain
0840 | NOuy (1x) 05 9 | o¢
—+ + (¢, x) Ll1=0 8
ox, ]Z_:l ox, » ]Z_:l dx,| 0x, ®)

Summation of Eq. (8) over all p further equals

Z%O Z f+zum<wai ;f" = 0. )

py=1 P pi=1

Since the transformations G as well as its inverse G ! are assumed to be C?2—

diffeomorphisms, invoking the Schwart; Theorem of Multivariable Calculus we can
interchange the order of differentiation, thus, Eq. (9) yields

o<, , (2, x) 35 8 o0&
Za;; ]Z 1+; Hx X, 8xz 0=
o0& ¢,
Z a;’f +Z:1 p (6] af IZ_:UZ_:I xpl’ (10)

or, through the notation convection 0¢& g / 0x s = Sap (*) we obtain

DD WL EE D L PR

p =1 p=1p =1

(") We will, later, expand further on the conservation of the parcels’ labels, since their establishment is of particular
importance to the application of variational methods in hydrodynamics and of historical interest as well.
(®) In Chapter 3, we will thoroughly expand on this convention. The interested reader is urged to study Chapter 3,
where extensive discussion with regards the notation for the entries of the Jacobian determinant is made.
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Substituting Eq. (11) in Eq. (4) we obtain

3 3 85,
B S e S s |

g=1 p=1 p =1 )2

0J
85(/,]7

ou, (1.x)

:_Z Z i: a]x’ Son | )

g=1\| p=1 [//’ p, =1 p

or,

3 3003
DJ oJ 8up <t,x)
“ZJ ! ) 13
Dt Z ZZ Sa.r, PR dx, (13)

g=1|p=1p =1 q,p

Recall now that the Jacobian determinant can be expanded using the well-established Laplace
Expansion (Choudhary, 2009, p.111), namely

J=) &, eof(]), (14)

g=1
where cof ( J )q , represents the cofactor, generated by the determinant J, and corresponding

toits entry &, , (°). Additionally, we know that the derivative of the determinant with respect

to one of its entries (let &, ,) is, in fact, equal to the cofactor generated by the determinant

(Athanassoulis, 2025), with respect to the entry & 4. p» Namely
oJ
—— = cof (J) (15)
0¢,, a.p

Furthermore, recall the well-established theorem concerning the Laplace expansion of a
determinant, having mismatched free indices, (Prasolov, 1994, p. 21), (Shilov, 1971, p. 13),
which (without any loss of generality) for the case of the Jacobian determinant, states that

D g wof(J), =8, (16)
q

Thus, substituting Eq. (15) and Eq. (16) in Eq. (14) we obtain

Z‘é:qu 85 _5172171‘]’

q,P

As such, Eq. (15) yields

Z Z S, ,J M (17)

p=1p =1

(°) Once again, we urge the interested reader to study Chapter 3 where an extensive study takes place, concerning
the Jacobian determinant, the Laplace expansion and several identities of the Jacobian determinant.
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Due to the Kronecker delta & », p» the double summation of Eq. (17) reduces to

DJ _ ij@up(t,x)

Dt — ox,
Thus, the material derivative of the Jacobian determinant J yields
DJ
—=—-J(V_-u(t,x
DT (9, -ult. )

Further, for a non-vanishing determinant .J, the following equality holds

J ==
J

Thus, the material derivative of the inverse determinant yields

DJ ! 1 DJ

Dt J Dt

Finally substituting Eq. (19) in Eq. (21) we obtain

DJ ! 1

D¢ :7(Vx'”(”x))
or

DJ !

Dl Jfl(Vx-u(t,x))

Thus, the proof is complete.
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Chapter 3

N-Dimensional Point Transformations, Their Jacobian
Determinants, and Determinant Derivatives

In The present Chapter we present identities derived through the inherent structure of the
determinant, as well as through the specific structure of the Jacobian determinant. The Jacobian
matrix, the Jacobian determinant, as well as several derivative structures of the determinant arise
consistently in the study of fluid flow since the use of transformations between the two
descriptions of the flow naturally generates such structures. Rylov, in his works (Rylov,1999a)
(Rylov, 1999b) briefly presents several of the identities that will be established in the present
chapter, since several of them arise in his variational study of rotational flows. Extensive use of
the multilinearity of the determinant with respect to its elements, and its row and column vector
entries will be made. Rylov’s text presents these identities using the structure of the 4™ order
Jacobian matrix. We see no reason to restrict the proofs to some specific dimension. We shall,

thus, work on »n ™ — order Jacobian determinants. In the construction of the proofs, we make use

of an alternative form of the Laplace expansion of a determinant (Athanassoulis, 2025). The
main advantage of these alternative Laplace expansions is that the order of the reduced
determinant (an analogue to the minor determinant in the conventional Laplace expansion) is
the same as the order of the determinant itself. This permits us to consider “derivative” structures
of the same order as the determinant, throughout the analysis (a result of matrices of the same
order). After briefly introducing the Laplace expansions, as well as the alternative expansions,
we introduce the structures produced by the implementation of partial derivative operators on
the determinants with respect to their entries. For the purposes of the section, we concentrate on
the first and second derivatives, but analogous representations of higher-order derivatives
implemented upon the determinants can, likewise, be constructed. Lastly, we establish several
identities related to the Jacobian determinant and to the application of first and second partial
derivatives on the former determinant, as well as identities relating to the application of first and
second order derivative operators upon the determinant.

1. Laplace Expansion in Terms of the Reduced Determinant

(a). Short review of the simple Laplace expansion

Consider an n'" — order square matrix [ J | of elements &, namely

51,1 51,2 §l,n
é:n,l 5n,2 §n,n

We will assume that the matrix [J ] is invertible, thus by the Invertible Matrix Theorem | J |

will have a non-vanishing determinant J, namely:
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51,1 51,2 §l,n
J = 521 522 §2n =0 (2)
é:n,l §n,2 §n,n

Remarks 1. Following the traditional notation of Lagrangian Hydrodynamics (Bennett, 2006)
the determinant of a matrix will be denoted through a capital letter (i.e. J), whereas the
generator matrix of the determinant will be denoted by the letter inside brackets (i.e. [ J ]).

2. The notation used to express the entries of the matrix & gp> 4P = 1,2,---,n is, for the

time being, serviceable but otherwise arbitrary, with the indices simply indicating the position
of each entry in the determinant (or, respectively, the matrix). In later sections, when we will
concentrate on Jacobian determinants, the notation &, , will be given additional meaning and

structure, expressing additional properties of mathematical objects which enter our
considerations. n

Historical Note :We consider the characterization of the matrix as a generator of the
determinant suitable for a couple of reasons. First, the historical origins of the determinant and
those of the matrix are different, with the determinant pre-existing the mathematical structure
of the matrix. In those early stages of their development, determinants were closely tied with
linear equations with subsequent problems giving rise to the uses of the determinant in
transformation of coordinates as well as change of variables in multiple integrals. Additionally,
the consideration of matrices as generators of determinants steams from the works of
Weierstrauss (1815 — 1897) and Kronecker (1823 — 1891) who introduced the determinant in
terms of three axioms (multilinearity, alternation, normalization) (Athanassoulis, 2023a), with
Weierstrauss defining the determinant as a normed, linear, homogeneous function.
Unfortunately, their work became known only in 1903 with Weierstrauss’ On Determinant
Theory (Zur Determinatentheorie) and Kronecker’s Lectures on Determinant Theory

(Vorlesungen iiber die Theorie der Determinanten) being published posthumously (Kleiner,
2007, p. 81).

Through the work of Pierre-Simon Laplace (1749 — 1827) (Laplace, 1773), where he extended
some of the works of Alexandre-Théophile Vandermonde (1735 — 1796), the n™ — order

determinant was shown to be expanded in terms of cofactors. Expressing the determinant of a
matrix with respect to the elements of one of the columns (or accordingly the rows) of the
Jacobian matrix through the Laplace expansion:

n

JEdet([J])z Z(—l)q‘+[) §q1’177(§]) q, =1,2,---,n, 3)

p=1

we obtain J ( {; ), a (n —1)— order minor determinant produced from the initial Jacobian

. L h . 7 .
matrix after deleting its ¢ lt — row and its p " — column, that is,
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51,1 gl,(pfl) él,(erl) gl,n

-5 def 95(:1.—1),1 ég(q.—l),<p—1> §<q.71>,<p+1) gr<q.71>,n

(%) = , )
éZ(ql+1>,1 §(q1+1>,<p71> ‘f(q.+1>,<p+1> ég<q.+1>,n
é:n,l fn,(p—l) 6n,(p+1) fn,n

with the product (—1)* " J ( Zl) conventionally called the cofactor of the determinant with

respect to the element &, .

Remark 3. The conventional Laplace expansion, Eq. (3), expresses an n ™ — order determinant

in terms of minor determinants, Eq. (4), which have order n—1. However interesting this
reduction may be, for various applications and constructions in Linear Algebra and in the

Analysis, it leads to an inconvenient situation in our application to the derivatives of a Jacobian

" _order determinants are expressed in terms of (n — 1)— order minor

determinants. n

determinant since

To avoid the additional complexity that arises from expressing the determinant through Laplace
expansions in terms of minor determinants, extensive use will be made of (Athanassoulis, 2025)
equivalent expansions to the conventional Laplace expansions, Eq. (3), namely:

J = i Sarp J[(gqlp)}

p=1

ql 21,2,"',71. (5)

>

In contrast to the structure of minor determinants produced in the conventional Laplace
expansions, J [( . )] represents n™ - order determinants having every element ofa p ' —

h . . .
column and the ¢ 1: — row equal to zero, except for the element in the position (¢,, p) which

retains the value 1, namely:

éjl,l 51,(p71) 0 51,(p+l) él,n
R e I e A
§n,1 §n,(p—1) O é:n,(p—&-l) éjn,n

T p — column (generic)
The alternative Laplace expansions, Eq. (5), express the determinant in terms of the structures
J [( S )l , which will, henceforth, be referred to as the (¢, p)— reduced determinant or just

the reduced determinant if confusion is not likely to occur. Since the Laplace expansion in
terms of the reduced determinants, Eq. (5), expresses the determinant J through the reduced

determinants J [( Syip )l (of order equal to that of J ), it simplifies the analysis, see Remark

2. It will, thus, be used throughout this section.
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(b). Short review of the double Laplace expansion

Recall the conventional double Laplace expansions in terms of minor determinants:

_ - . 9 +4, +p+ P, 77 P,
J = Zl Zl (7t g, §q2,p2J((;l q) (1)
pr=1 p,= -
P2 # P

where J ( Pb, ) is the (n — 2)— order minor determinant obtained from the initial Jacobian
9,

1

after deleting its ¢,, g,—rows and its p ,, p,— columns. By the appropriate n™ - order

reduced determinants, we can obtain double Laplace expansions equivalent to those, in terms
of minor determinants, Eq. (1), namely:

J = Zl Zl 5‘11:,”1 6K‘Izapz J[(é“hpl ) (5‘12172 )] . (2)
=1 py=
Py *= Dy

The inner summation in Eq. (2) extends overall p, € {1,2,---,n} — { 12 } . These alternative

Laplace expansions, Eq. (2), express the determinant J in terms of J [(5 an) (O b )} . The

' reduced determinant or simply the
4, P>

reduced determinant if confusion is not likely to occur, and its structure is defined as follows.

latter will, henceforth, be referred to as the

0 0 *
O 010 0020 - 0| qlth row (specific)
J (55]1.’71)(55]2172) - : . .
O e O
O -00O0 - 0120 “ 0« qzth row (specific)
column column
1 th 1. th
Pi (generic) P2 (generic)

Figure 1. The structure of the »™ — order reduced determinant J [( Syp) (S, )
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In Fig. 1, the different entries of the initial Jacobian determinant J are represented through
stars (*), and the entries of rows ¢,, ¢ , and columns p , p, have been replaced with

zeroes, or accordingly 1 (V).

2. Partial Derivatives of The Jacobian Determinant in Terms of The Reduced
Determinant

(a). The Jacobian matrix and the Jacobian determinant of a point transformation

Consider now the point transformation G, mapping each x = (xl i T ) e v in
g(x)zf(x):(él,éz,---,fn) e V¥ namely:
G- vt v
& =& (x.x,, 0%, ),
& =& (xxux, ), (1)

x — E=0(x)=]

‘):n :gn(xl’XZ’”"xn )

N.B. The point transformations described by Eq. (1) can be thought of as transformations
between different spaces, or as transformations between different systems organizing the same
space (Sachinidou & Athanassoulis, 2023), the second being the most common case in
hydrodynamics. u

We assume the transformation G is a bijection, thus, the inverse map

g*lz V(f) _ V(x)

<x2:x2(‘§1"§25""§n)5 (2)

is also well defined (exists). In addition, we will assume that the transformation is sufficiently
smooth, specifically a C * — diffeomorphism.

N.B. Despite the fact that, for the sake of homogeneity, we have assumed C * — differentiability,
many of the identities demonstrated in the present chapter hold for C' — differentiable point

(") For the scope of this section the double Laplace expansions are sufficient but, generally, by repeatedly
expanding the reduced determinants (or, the minor determinants, respectively, in the case of conventional multiple
Laplace expansions) through Laplace expansions we can produce the multiple Laplace expansions (in terms of
minor determinants or respectively reduced determinants).
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transformations. As such, a remark will be added when necessary, for the sake of accuracy.
[

Having defined the point transformations G we will proceed to define the Jacobian matrix and
the Jacobian determinant generated from this transformation, since the Jacobian
matrix/determinant characterize the local structure of the transformation G . For example, the
transformation of infinitesimal line, surface and volume elements from one space to another are
expressed in terms of the Jacobian determinant and/or various “derivative” objects arising from
it (Sachinidou & Athanassoulis, 2023), (Spivak, 1995, p. 17, p. 113), (Marsden & Tromba, 2003,
p. 25), (Olver, 1993, p. 7). Consider, thus, the Jacobian matrix and the Jacobian determinant

arising from the point transformations from the x—space, v () , to the & —space, 4 2 .

That is, we define the » " — order Jacobian matrix [ J | of elements &, = Si =0,¢,,
. Y A
J

i:j - 1325'“:”,
06 05 04
c P c Ox, Ox, Ox,
é:l,l §1,2 é:l,n 84):2 agz 852
[J] = %’1 2_’2 . 2.’" =|0x, OJx, ox, |. 3)
én,l gn,Z é:n,n (93;‘,, agn agn
Ox, O0Ox, Ox,

The point transformation G is assumed to be a C * — diffeomorphism, thus, in virtue of the
Inverse Function Theorem the Jacobian matrix of transformations [J ] 1s considered to be

invertible. Furthermore, since | J | is invertible, from the Invertible Matrix Theorem we obtain

that the Jacobian matrix [J ] has a non-vanishing determinant J, given in the following

equation
06 04 04
¢ : : Ox, 0x, Ox,

51,1 651,2 gl,n 0¢, 94 0¢ 8(5 E e E )
J=|"> 72 "l =10x, 0dx, ox, | = ez en 4)
8(x17x23“'7xn>
én,l én,Z én,n agﬂ 85” agn

0x, O0x, Ox,

Remark 1. We can now realize that the notation & 4.p» used in the previous sections for the

elements of the determinant, not only expresses the position of the entries in the Jacobian matrix
[J ] and the Jacobian determinant J, but also identifies the partial derivatives arising as

components of the point transformation G . Namely, we establish the following notation
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_ 9¢,

= , 5
San ox, Q)
for the entries of the Jacobian matrix § and
0x
x =2 (6)
P,q 8§q

for the entries of the Jacobian matrix of the inverse transformation G ', which we will,
henceforth, use extensively to identify the entries of a Jacobian determinant and its generator
Jacobian matrix. -

Remark 2. Because of the frequent occurrence of the Jacobian determinant, the latter is
8(51’52’ ’§n )

8(x1,x2,---,xn)

1932, p. 14), as shown in the right-hand side of Eq. (4). The “appropriateness of this
abbreviation” stems from the fact that, in many respects, the determinant behaves as the
differential d&/d x (Courant & John, 1974, p. 254, p. 276). ]

expressed, in a substantial portion of the literature, by the symbol (Lamb,

(b). Application to the calculation of first-order partial derivatives

Recall that the determinant itself is a multilinear function of its elements. In that respect, we
can apply partial derivative operators on the determinants with respect to one (or several, as
will be shown further in this section) of its elements. Consider an element (without any loss of

generality) & ¢,.p, ©f the Jacobian determinant. Applying the partial derivative operator, with
respect to & 4,.p, » On the Laplace expansion in terms of the reduced determinants, Eq. (5) of

Subsection 1.a, we obtain

0J 0

— ; Jl(s —
0S4,.p, 9S4, ;—:15%}7 [( qlp)}

. oo O ;
= 3 g (fnden) 2 £ 52 vl = o v[en)] =
85‘] = J13,,,)f (1)

where &, , is the Kronecker delta. The equality (* ) (in the second line of Eq. (1)) makes use

of the multilinearity of the determinant with respect to its elements, as the common factors
& 4,,p domnot appear in the reduced determinant, see Eq. (6) of Subsection 1.a. Due to the

Kronecker delta, 0 the sum over all p's reduces to a single term, the reduced

ppy?
determinant appearing in Eq. (1).
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Remark 1. Note that the reduced determinant J [(5 0 )} in Eq. (1) is no longer specified by

one free index (ql ) and one dummy index ( p ) , as happens in the first line of the above

equation, but instead, both indices are free and completely specified by the indices of the

element & with respect to which the derivative is taken. This stems directly from the

q1-P1°

structure of the reduced determinant (Athanassoulis, 2025).
[

Revisiting the conventional simple Laplace expansion, Eq (3) of Subsection 1.a,

s=de([]) = 38, (0" (4] @

J

q1,pP
we recall that the quantities J g, p are the cofactors of the Jacobian determinant, defined, for

an entry & 4,.p, » as the product of the right-hand side of Eq. (2),

o = 00f(), = (=1)"T(]). (3)
Since the following holds (Athanassoulis, 2025)

D{(@,,,)] = (0" B(F) “@
we obtain that the cofactor of the determinant with respect to an element f 40P is in fact
equal to the corresponding reduced determinant, with respect to that element

J5,,)] = cof (/), | )

If all the components of the elements ¢ as well as x are independent with respect to all other

components of the respective elements, the Kronecker delta, can be expressed by means of
partial derivatives, & op = ox ” /0x,. As such, the structure of the reduced determinant, Eq.

(6) of Subsection 1.a, with respect to an element & q,.p, canbe expressed through

| g, position

] - G

a(xl,xz’...’xpl,...,xn)

Combining Eq. (1) and Eq. (6), we obtain the identity 2.2 of Rylov (Rylov, 1999b), namely

lq , position

os 3(681,52’"‘9%1"“95;1) |

aé:q“pl 8(x1’x2,...’xpl)...,xn)

(7
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N.B. The identities derived from Eq. (1) to Eq. (7) also hold in the case ofa C'—

differentiable and bijective point transformation, since they simply describe the mathematical
structures derived by implementing partial derivatives on a determinant with respect to its
elements. u

An interesting extension concerning the application of partial derivative on a determinant,
with respect to its entries, is presented in Appendix A. It is recommended that the reader
consult Appendix A upon completing a study of the present chapter, since several results
established in this chapter will aid in the understanding of the material presented there.

(c). Derivatives of the Jacobian determinant with respect to the components of any element of

the V<) space

An interesting result arises if we attempt to calculate the derivative of the Jacobian
determinant with respect to any component & o 9=12,-,n, of an element

= ( E,E,, L8, ) of the space V¢ defined in Subsection 2.a. Recall the Jacobian
matrix [ J ] (Eq. (3) of Subsection 2.a), expressing the point transformation G defined in Eq.
(1) of Subsection 2.a. Let J<q), g=1,2,---,n,bethe g ™ row-vector of the Jacobian matrix

[ J ] . Then, we can write

96 9a - Oe
0x, 0x Ox,
: . :p g : T
¢, ¢, ¢, '
— = |J 1
7] dx, dx, Dx, @ M
: . : g : Jo
8§n agl‘l aé:n
0x, ox, Ox,
where
0 0 0
J = 68‘1’..., 5’1,...’ éq , g=1,2,-,n. )
() 0x, ox, ox,

Applying the derivative with respect to & 4, on the entries of the row-vector J( 7) of the

Jacobian J we obtain

¢, 08, | 0x, 98, | 90x, 98, | 9x,
with ¢,q, = 1,2, ---, n. Since the point transformation G isa C 2 diffeomorphism,

invoking the Schwartz; Theorem, we obtain
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0
0x,

0
3xp

2¢&,
8591

2¢&,
85‘]1

0
ox,

2&,
8541

ai%(%) 81(%) 62,1(5”1)

Equality ( * ) holds, since &, 4, 1s a constant. Thus, taking the derivative with respect to & 7,

a) _

8.](
85‘]1 N

(; (0...0...0)’ 4)

N

of the Jacobian determinant yields

th
Do, Do : q —TOW
. SR . /
- =10 - 0 - 0ol'=0 ) (%)
7 .
* * *

Additionally, taking the gradient of the Jacobian determinant with respect to the vector &,
g=1,2,---,n equals

V.J = 8_‘],...,8_‘] :(()’...’())_ (6)
851 agn
Thus, the Jacobian determinant is independent of any elements & = ( ELE,, ¢, ) of the
space v 5), defined in Subsection 2.a.

In the premises of Appendix B, we further investigate the validity of the identity of Eq. (6) for
any sufficiently smooth function, extending the above considerations to cases of functions
having linearly dependent components.

(d). Expressing the reduced determinants through Laplace expansions in terms of reduced
determinants

We will now express the reduced determinants themselves, through simple Laplace
expansions in terms of reduced determinants.

Recalling Eq. (1) of Subsection 2.b, applying a partial derivative to the determinant, with

respect to an entry & , we obtain the following reduced determinant,

q1:P1

= J5,,): ()

of the same order as the initial determinant .J. Thus, the reduced determinant J [(5 i )} can

be expanded again, with respect to any row ¢, , different than q, (Athanassoulis, 2025),

using, once again, the Laplace expansion in terms of the reduced determinants, Eq. (5) of
Subsection 1.a, mentioned below with an appropriate change in the free index, that is, g, is

replaced by ¢, namely
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J = zn: 9:4,/)\ J[(5q11| )}’ (2)

p=1

obtaining

TS| = D0 E0n T|(8,,) (5, g, = q, (3)
1

In accordance with Subsection 1.b, J [(5 " ) (0 0 p )} is again an n™ — order determinant,

obtained from J [(5 0 )] by replacing all elements of the qéh— row and p " column by

zeroes, except the element at the position (g, , p) which takes the value 1, see Fig. 1 of
Subsection 1.b.

The summation in the last Eq. (3) extends over all p, € {1,2, -, n} — { 12 }(Athanassoulis,

2025). To demonstrate the above argument, we will represent the determinant J [(5 0 )]

through the Leibniz formula (analytical definition of the determinant) in terms of entries £

i,j>

J[(5q1p1 )} = det<'8ij) =J = Z Sgn(a) 1310(1) /320(2) ,Bng(n) ) 4)

ceP,
where f;; =&, when i=gq, and j = p,, and

0, when j= p,, 0, wheni=gq,,

and ﬂl’p1 = (5)

I, wheni=gq,.

Pui =1, when j = p,,

Expressing the determinant J' through the Laplace expansion in terms of reduced
determinants, Eq. (4) of Subsection 1.a, with respect to the elements of the qgh— row we
obtain

I =38, )] =
p=1

)4 B G =S By 06,00

p=1 p=1
P = P P =D

(6)
In virtue of Eq. (5), the term corresponding to p = p, does not contribute to the sum, and thus

it can/should be excluded. The structure of the reduced determinants J’ [( o g p )] is as follows.
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0 - 010 00 0 - 0]« g," row(specific)
I8, = P
0 * 0
O - 000 - 0140 -0 <—qzthr0W(speciﬁc)
 Ccolumn 1o column
P1 (speciﬁc) P (generic)

Figure 1. The structure of the n™ — order reduced determinant J' [(5 0 p )}

In Fig. 1, the different entries of the initial determinant J 5 are represented through stars (*),

and the entries of rows ¢,, ¢ , and columns p ,, p, have been replaced with zeroes, or

accordingly 1. But recalling Fig 1 of Subsection 1.b, we observe that J' [(5 0 p )} is identical

to the reduced determinants J [(5 an) (04, )] (under the appropriate change in the dummy

index p, = p), namely
Jl[(é‘qu)} = J[(é‘qlpl)(é‘qu)]' (7)
Substituting from Eq. (4), Eq. (5), Eq. (6) and Eq. (7) we thus, obtain

Je,0 =3,

p=1
P #=PpP

(5‘11171) (5(121) )} . (8)

Notice that the restriction p = p,, applied on the above summation is (as expected) in

accordance with the restriction applied on the summation of Eq. (2) of Subsection 1.b.

Remark. At this point we emphasize that the results obtained from Eq. (1) to Eq. (8) also hold
in the case the point transformations are C' — diffeomorphisms. ]

(e). Application to the calculation of second-order partial derivatives

Recalling Eq. (1) of Subsection 2.b we will, henceforth, apply second-order derivatives on the
determinant with the latter expressed through Laplace expansions in terms of the reduced
determinants.

44



Specifically, recalling Eq. (7) of the previous Subsection 2.d, the application of partial
derivatives to the reduced determinant with respect to an element, without any loss of

generality, & ¢,.p, yields

azJ 8J[(é‘ﬁllpl)] 3 1
N R T T Z Eiin I1(8,,,)(5,,,)]
P =D
—znjag"“’J[a s, =S s, g6, )6, ) =
- & ( qlpl)( qu)} - Z PP [( qlpl)( ‘1217)}
p=1 42,2 p=1
P =D P =D
2% J
- J[(§Q1P1)(542P2)]' q91-9,,P1-P> = 192"”9’19 (1)

aé:l]zapzaé:‘hapl

where & . is the Kronecker delta.

q
Further, analogously to Eq. (4) of Subsection 2.a, we can express the 1 "= reduced
4, P>
determinant as
la, | g, positions
3(51 Eyrrra Xy e, X, e, € )
) s ) 0 s 5 >5Sn 2
I[(80,5)(5,.,)] = , .
8(x1,x2’...’xpl’...’xpz’...,xn)
and by Eq. (1), we obtain
la, | g, positions
I I TR Ry (3)
o0&, , 0, 3(x1,xz,-~-,xp1,--~,xp2w--,xn)

which corresponds to the first relation of identity, presented in the equation (2.4) of Rylov
(Rylov, 1999b)

3. Identities For The 1*-Order Derivatives of The Jacobian Determinant

(a). Generalization of the simple Laplace expansion with mismatched free-index

Note that in the Laplace expansion in terms of reduced determinants

n

J =308, 7))

p=1

the free indices ¢, as well as the indices under summation p in the entries extracted as

common factors and in the respective reduced determinants are the same. Given the structure
of the reduced determinants, it is interesting to see what happens when the two free indices,
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that is, the free indices appearing in the & —entries extracted as common factors and in the
corresponding reduced determinants, do not coincide. In that respect, consider now, the matrix
[J”], of entries 7, ,, q.p=1,2,--,n, defined as

E,p = #, wheng = g,
Vap = ] ! ; (1)
T =5 heng =,

q,p 8xp

as depicted in Fig. 1.

= — _ th
Va1 = gql,l Yaip é:ql,p Vg, gql,n <~ 4q, Irow
[J//] — . . . .

— — — th
Vg0 = egq1,1 Varp = é:ql,p YVayn = égql,” <~ 4, IOW

Figure 1. The structure of the matrix [ J" ]

In Fig 1 the entries of the rows ¢, and g, are presented according to the definition of Eq. (1),
while the entries of all other rows being given by the first of Egs. (1), are presented through
stars (*) Since the matrix [ J ] has two identical rows, its determinant J” will be equal to

Zero.

J"=0. 2
Expressing J” through the Laplace Expansion in terms of Reduced Determinants we obtain

I = v, I 6,0] = 0, 3)

)4
and invoking Eq. (1) of Subsection 2.b, Eq. (3) yields
a.]”
gl = — 0, =1,2,,q,, 0. 4
; yq,‘[) a}/q’p q ql ( )

Since the index ¢ is a free index, setting ¢ = g, we obtain

6J// aJ//
g Zyw 5, - qu“p 5" 0. (5)
P

q2,P P q2,P

By the definition of Eq. (1), the matrices |J | and [J ”] have every respective entry identical

except for the entries of the ¢ ;h row. Thus, according to Eq. (1) of Subsection 2.b the derivatives
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of the determinants J and J” with respect to any entries &

equal, namely,

Vi1

8J" Fa
oy - :
47,0 0

yn,l

7’1.,p 7/1.,;1
S
Yo,p " Vo

L p™ column

Substituting in Eq. (5) we obtain

Zgw (% — 0.

q:,P

From Eq. (5) of Subsection 1.a, we know
oJ
J = &, —
zp: " 85111’17

Combining Eq (7) and Eq. (8), we obtain the following identity

Zéwaf

92,0

JI

929

Similarly, the following identity also holds,

Zém 5

q,P1

JI.

PapPi

q:,P
i

gql,l

Eq. (1)

g, oW — 0

gn,l

and y, , respectively, will be

gl,p gl,n
é:CIl,P é:‘ha”
1 0

§n,p §n,n
L p™ column

(0)

(7)

(8)

)

(10)

Remark. The identities of Eq. (9) and Eq. (10), corresponding to Eq. (2.7) of Rylov, (Rylov,
1999b) are a well-established result in Linear Algebra, frequently encountered in the literature

(Prasolov, 1994, p. 21), (Shilov, 1971, p. 13) and are by no means limited to C* —
differentiable point transformations.

(b). The adjoined and the inverse Jacobian matrix in terms of reduced determinants

We now construct a new matrix [ J ] from the derivatives of the determinant, appearing as

factors of the products in Eq. (9) and Eq. (10) of the previous subsection, namely

47

oJ
ai‘]zﬂ’?




0J oJ oJ
851,] 8§l,p1 aéJ:I,n
[ ] B 85%,1 aé:‘]l’pl aé:‘]h” .
oeJs 9L . 9
8611,] agn,pl agﬂ,n

Recalling Eq. (5) of Subsection 2.b we know that the derivatives of the determinant are in fact
the cofactors of the conventional Laplace expansion of the determinant J. Thus, [ J ] is in fact

the cofactor’s matrix of [ J } , expressed through the derivatives of the determinant. Due to the

structure of Eq. (9) and Eq. (10) of Subsection 3.a, we understand that the importance of [ J ]

~qT
lies in its transpose [J ] , namely:

8.] LY aJ e aJ
. : : 0 ¢ 9¢,
51,1 é:ql,l é:n,l :1’1 . :ql,l . . !
T T J— ~: .' g : .. £ : 8J LY 8.-] e 8'-]
[JJ = §l’pl o gql’pl o én’pl - 8§l,p1 8§ql,pl 8511,[71
gln é:ql,n énn o0J oJ o0J
851,;1 aé:ql,n a5/1,}1

2)

The matrix [ J ]T is referred to as the adjoint (or the classical adjoint) of [ J ] , though, in the

more recent works the name adjugate has been increasingly used (Athanassoulis, 2023b),
while the notation

adi([/]) = [7]". Q

is almost uniform in literature. Through the adjoined matrix, adj( [ J ] ) , Eq. (9) and Eq. (10)

of the previous subsection, can be expressed in matrix form, obtaining
[/] adj([J]) - Z arp 9217,(11 =04 I =17, 4)
p

and

ad‘]([J])[J]:ZEPz’q §‘1»P1 :§P2P1J:]J' (5)
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Substituting, from Eq. (4) and Eq. (5) we obtain
(Y adi([]) = adi([J])[J] = 1. ©)

Thus, since the Jacobian determinant J is non-vanishing, and as such the inverse Jacobian
matrix is non-vanishing, we obtain the well-established formula expressing the inverse matrix
in terms of the adjugate matrix and the determinant generated by the matrix, for the case of the
Jacobian matrix, namely

o adi([J])
J = -/ 7
/] S (M
Substituting from Eq. (1) of Subsection 2.b as well as Eq. (5) of the same subsection, the
above Eq. (7) yields the inverse Jacobian matrix in terms of reduced determinants, namely:
I o I[@0] e I
—1 1
e R e ®)
J[(é‘ln )] J[(é‘qln } J[(é‘nn )]
Given Eq. (8), the entries 0x , / 0¢&,, ofthe inverse Jacobian [J | ' can be expressed
through the Jacobian determinant and the reduced determinants, namely
0x 1
Py -
e =7 8,0 ©)

or, recalling Eq. (1) of Subsection 2.b, as well as the conventional symbol for the determinant
presented in Eq. (4) of Subsection 2.a

_ 1y :3(x1,x2,---, ) (50:51»"' Xpo ”3§n)
¢, Jog, 3(51,52,---,§n)a(xo,xl,---,x x)

Py

0x

Py

(10)

or, expressing the composition of transformations as a single point transformation we obtain

[~ 41 position [ ¢1 position
O(x1.xy. e, ) O Easdrsx,soennly | O E0ndrix, ) (11)
3(51,525'%6&,7 ) 3( XgsXps X, X, ) (50,51,...,§q ’ “’gn)’

where the right-hand side of Eq. (11) represents the determinant R
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1 0 0 0 0 0
0 1 0 0 0 0
Ia position 0 0 1 0 0 0
8(50’51’...’)6171’...’5”) — 3xpl 8xpl 8xpl 8xpl ﬁxpl 3xpl
8(50’51’...’511 ,...’gn) 850 851 85(]17] 8§q1 a§q1+1 8§n
0 0 0 0 1 0
row ¢, . . . . . .
0 0 0 0 0 1
(12)
expressing a single point transformation R defined as
RV vl
»=n) =g
Vg1 = Vg 1(8) =&, 4
q q q (13)

é’—>y:72(§): Vo, :xpl(§13§29”'3§n) < ¢, position
yql-i-l :yql+1(6):§ql+l

Y, =y,(&) = ¢,

where the space V<§) is defined in Subsection 2.a, and V(y ) is the space of elements
y(é‘) = (51, G 1 Xy Gy s ,fn) where q,, p, = 1,2, -, n. Indeed, expanding

the above determinant R, defined in Eq. (12), with respect to the entries of any qlth row using

the Laplace expansion in terms of reduced determinants, we obtain the sum

R = Z r‘]pp R[(5Q1p) - Z r‘]lal’ R[(5Q1p)

p=1 p=1
P =4,

. R[(é‘qlql )}, (14)

where 7, are entries of the qtlh row of R. It turns out that, for p = ¢, the reduced

» P

determinants R [(5 ap )| of the above sum of Eq. (14) are equal to zero. Indeed, considering

(without any loss of generality), the case p = 1, and recalling the structure of the reduced
determinant, see Eq. (6) of Subsection 1.a, we obtain
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0 0 0
0 0 0
R[(é )}_ o0 - 100 -- 0 0
qp 1 0 - 0 0 0 -- 0 ’
0 0 0
o0 - 000 - 1

(15)

since the qtlh row becomes identical with the first row ( p = 1). Further, if p = ¢, the reduced

determinant is equal to the unit

1 0 « 00
01 - 0

ORE SRS
0 0 0 0 O\qlthrow
00 - 000 o

Thus, Eq. (14) reduces to

R = Zn: Pav.p R[(é‘q]p)l = Tg.p=4 R[(5q|q] )} - 35:1 ’

p=1

Summarizing the above results, we may write

o position
8x]71 8(50551"”’)‘-,71 a’“’gn) . 1 0J

¢, B 3(50’6&1,...,9&%’...,5’1) S J 08, .

which corresponds to Eq. (2.5) of Rylov (Rylov, 1999b).

4. The Piola Identity in Terms of The Reduced Determinants of The

Jacobian

(16)

(17)

(18)

Recall now that the application of the partial derivative operator (with respect to an entry of
the determinant), on the determinant, yields the corresponding reduced determinant, Eq. (2) of
Subsection 2.b. Further, according to Eq. (5) of the same subsection, the reduced determinants
are equal to the cofactors of the initial determinant. In that respect we will establish the Piola

Identity using the structure of the reduced determinants.
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Historical Remark. For the sake of accuracy note that the name “Piola identity” was
attributed to the identity derived by Gabrio Piola (Gabrio Piola, 2014, The complete works
Volume I Commented English Translation) in his works, for example (Piola, 1846), only in
1983, by J. Marsden and T. Hughes in their work on the Theory of Elasticity (Marsden &
Hughes, 1982, p. 6). ]

THEOREM (Piola identity in terms of Reduced Determinants): Let the transformation
described by the Jacobian matrix and its determinant J be C?* —diffeomorphisms. Then the
Piola identity holds:

aJka ﬂ

- q,p
— 2 = 0. 1
D or (1)

p=1

PROOF: Consider a transformation described by the Jacobian matrix [ J ] . Assume the

transformation is a C* —diffeomorphism. Then, in virtue of Eq. (9) of Subsection 3.b the
following holds

(v]0a.]) =

~ 9
Zax

p:] P

- 0 - 0 0
DI F i i R D P e o @
— ox, ¢, — dx, 0¢&, 28,
The transformations are C?> —diffeomorphisms, thus, invoking the Schwartz Theorem we
obtain
Zax ( [(5q1” l):
p=1
9J 0x, o |0x, ||~ os 1 oJ
_Z iy b | b ()
95!11 p=1 Yp égq P

The above equality ( * ) holds since the term 0 x » / 0x , 1s a constant. Further, substituting
from Eq. (18) of Subsection 3.b, Eq. (3) reduces to

n
p=1

oJ 1 aJ
8xp J 8§q1,p

oJ Ox,
_Z dx, 9¢,

—1

0J |
Y

oJ
agqlal’

o0J 8xp] o0J

0x, 95, | 9¢, (4)
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and since the above determinant 0J / o0& 4, hasevery entry of its ¢ " row equal to zero we

obtain

n

32 (o[

p=1

9

0}. (5)

Thus, the proof is complete. [

Scholium : It is interesting to note that many of the original works of Piola lack the necessary
limits of his mathematical proofs (Del' Isola, Andeaus, et al., 2014, p. 68). Characteristically,
in his collected works (dell’Isola, Maier, et al., 2014, p.157), one reads

“after these calculations I abandoned myself to the analogy and this will be sooner
or later unavoidable, because our series is infinite and it will be impossible to check all its
terms.”

The above phrase is not attributed specifically to the Piola identity and is rather mentioned in
order to justify the above statement.

We will, however, emphasize that while some of Piola’s works are proven “by analogy”
which is not acceptable nowadays, “there are examples of mathematical induction which are
very ancient’ however “only after Boole and Dedekind it became a universally known and
(nearly universally) accepted method.” (Del' Isola, Andeaus, et al., 2014, p. 68)

Particularly, in the proof to the above identity, Eq. (1), Piola states:

“The trinomials with third order derivatives are of three kinds: there are those
constituted by derivatives of first and third order, and one can count 30 of them: there are
those constituted by derivatives of second and third order, and they are 60 in number: and
there are those which contain only third order derivatives and they are 55 in number. I am
not writing them, as everybody who is given the needed patience can easily calculate them
by himself, as it can be also done for those trinomials containing derivatives of higher
order.”

Nevertheless, we tend to agree with (Del' Isola, Andeaus, et al., 2014, p. 63) when they state
that “Piola had caught their (the appropriate calculations’) “tensorial” or at least their
algebraic structure”.

The above bibliographical discussion is likely to be of some importance, regarding the lack of

literature concerning the derivation of a purely tensorial form of the Piola identity using n ™ -
order matrices. Nevertheless, there exists a plethora of proofs for the Piola identity, many of
which are well established in the literature including (Marsden & Hughes, 1983, p. 6) where a
short discussion of the proof takes place, (dell’Isola & Gavrilyuk, 2011, p. 323) where an
integral form of the identity is presented, (Auffray et al., 2013, p. 35) where the original form
of the Piola identity is presented, as well as the Piola-Ricci-Bianchi condition with regards to
the same identity as a particular case of the Bianchi condition for the Ricci curvature tensor,
(Scovazzi & Hughes, 2007, p. 8) where the identity is established through the use of the Gauss
theorem for Riemannian manifolds and of Nanson’s formula. Further, as we demonstrate in
Appendix B, the Piola identity also holds in the case of any sufficiently smooth function,
without the requirement of the function being bijective. ]
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5. Identities for The 2"-Order Derivatives of The Jacobian Determinant

In this section we will establish identities relating to the application of first and second partial
derivative operators, upon the Jacobian determinant, with respect to its entries.
(a). Identities obtained via the Piola identity

In the previous subsection we provided proof of the Piola identity, in the case of the reduced
determinants. We will, thus, establish identities concerning the second order partial derivatives

9, P
9, P>

of the determinant J by expanding the (g, p, ) —reduced determinant in terms of

reduced determinants.

Invoking the Piola Identity in terms of the reduced determinants, Eq. (5) of Subsection 4.a, the
following holds

n

> 50
D P

Substituting from Eq. (8) of Subsection 2.d, Eq. (5) of Subsection 4.a, yields
2
ZZ a Sor 57 pE aa‘] = 0. (1)
X §’12 p g‘ll P

=1p=1
By the product rule, the above Eq. (1) equals

oJ
85‘11:1’)1

=0.

p = D,

) 0*J _
pz—l ; 8§q21)8§q1p1 Pl( " p) pz—l ; p (9900950, éqz,p]o'
P =D, PEPp
2)

Since the transformations discussed in this section are C* — diffeomorphisms, invoking the

Schwarz Theorem of Calculus, we can change the order of differentiation in the second
component of the above summation

DB e o 2
>y f1n |00
p=1 p =1 8x ’1 p §q|p| ] p=1 pl[aé 8x achl/’\ "

P =D, P # P,
3)
and invoking, once again, the Piola identity, the inner summation of Eq. (3) yields
Z . 0 88 an - - 0 Z 86 aﬁJ _ 0 @)
p =1 g6‘1217 xl’l 5111171 5‘121’ p =1 Xpl é:qll’l

(®) The change in the order of summation stems directly from the commutativity of finite sums.
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Thus, considering Eq. (5) of Subsection 4.a, Eq. (2) and Eq. (4) we obtain the identity
—~ 0
25, =335

p=1 p =1
which corresponds to Eq. (2.8) of Rylov, (Rylov, 1999b)

0
§fizl78§¢11p1 1’1

oo )l=0 ©

84:511 P

P =P

(b). Identities between J and the second-order derivative of J

Recall that in virtue of the linearity of the partial derivative operator, applying a second order

partial derivative operator with respect to any entries & g..p, and & 4,.p, on the determinant J
0*J 0 oJ )
8681123172 aé:‘hapl 85’1%1’2 a§‘11al’1 ’

and substituting from Eq. (18) of Subsection 3.b, using the product rule, we obtain

0’7 0 |, 0% |_
6542’172 651]14’1 8542’172 8541
_ oJ (9xp1+J o ox, _
85‘125172 85‘]1 6542,172 85‘11
8x ox, 0x
_ )2p) —|—J a Py (2)
8542 aé:‘h 6§q2,p2 8541

Concentrating now on the application of a partial derivative operator on the final term
ox, / 0¢, of Eq. (2), recall that the point transformations considered in this section are

c*— diffeomorphisms and thus, invertible. Thus, invoking the Invertible Matrix Theorem,

. . . . ~1 . dx;
there exists an inverse Jacobian matrix [J ] of entries X, = =0,x;, such that (in

9¢;

virtue of the identity matrix),

n

> (0 %) = s 3)

r=1

Applying a partial derivative operator with respect to the entry & in Eq. (3) yields

qd1-P1

n

()
aga Z((’E‘” X, ) = 35(31,;)1 5, = 0. @)

q1,P1 =1

Equality ( * ) holds since the Kronecker delta &, 4, 1s a constant. Furthermore, by inserting the

partial derivative in the summation, in the left-hand side of Eq. (4), we obtain
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>

r=1

0¢,., 0%, :
afffpl fra oa %lil] 2\ 200 00p e )+Z[ " afql ]

r=1 r=1

Due to the Kronecker delta , , the above reduces to

n 0x
P}
5qq1 Xpias + E :[6‘1’“ 0 ] =0 )
qgi1-P1

r=1

Multiplying Eq. (5) by x , , and taking the sum over all ¢ indices, we obtain

n

Z(xp’q o X )+ZZ[ L ang J — 0. (6)

qg=1 g=1 r=1 q1,P1

Due to the commutativity of the double sum, Eq. (6) reduces to:

zn:(xp,q qql xplqz)+22[ Y p.aq ql aéqlpl]

g=1 r=1 ¢g=1

2 ox,
- xp,‘ll xpl 92 + Z 5 xpﬂ‘h xpl*qz ag = 0. (7)
q1,P

r=1 qlpl

Thus, we obtain the following equality concerning the application of the partial derivative
operator (with respect to an element of the Jacobian matrix [ J ] ) on the elements of the

. . . —1 . .
inverse Jacobian matrix [ J | of the inverse transformation
O%pa; = —x X (8)
3§ - P41 P14y
q1>P1

Substituting the above Eq. (8), in Eq. (2) we obtain
0°J
85‘12’[72 aé:‘]l’[’l

- J(xpz,qzxplaql ~ Xpra Yrias ) ©)
We, however, recognize that the factor inside parenthesis is the determinant:

(5‘(xpl,xp2 ) B
W = (xpz,qzxpl,ql

Substituting Eq. (10) in Eq. (9) establishes the following identity concerning the application of
the second-order partial derivative of the determinant with respect to its elements

xp2s41 xﬁp‘]z ) (10)

0%J _ 8(xpl,xp2)8(451,%52,--.,5”) _ 8(xp1’xpz)
aéql,pl ang,pz a(fql .Sq, ) 3(x1,x2, ’x") a(§q1 S )

I, an
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which corresponds to the identity of Eq. (2.2) of Rylov (Rylov, 1999b).
Lastly, substituting Eq. (18) of Subsection 3.b. in Eq. (11), further yields

0°J 1| es 8g  8J  dJ a2)
8541,171 85%472 J a55]1,171 8542’172 a541’172 aé:qz’Pl ’

corresponding to the identity of Eq. (2.6) of Rylov, (Rylov, 1999b).

Remark. The identities of Eq. (11) as well as Eq. (12) also hold in the case of C' —
differentiable point transformations.
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Appendix A. Derivatives of the Determinant in Terms of the Reduced Determinants in the Case
of Vector Functions with Linearly Dependent Components

Recalling Remark 2 of Subsection 2.b, we now consider the differential of a vector function
f ( X ) of independent components, generating a determinant. Applying a partial derivative on
the aforementioned determinant, with respect to one of its entries, will produce the appropriate
reduced determinant, Eq.(1) of Subsection 2.b. It is, however, interesting to investigate the case
where not all components of the function f ( X ) are linearly independent.

THEOREM: Let [M ]m :R" — R* beany C'— differentiable matrix function containing
(without any loss of generality) two linearly dependent row vector elements, m (a)) and m (4:)
namely
=1 , 1
™(0) T A ™(a) M

9>

where A is any non-zero constant, 4 = 0. That is, [M ]m is defined as

myy e My, e My, M) M)

m‘il»l mthl mql’" m<q1> m(ql)
M), = ¢ i s = =] )
Mg, 0 Mgy 7 Mgy Miq,) /”Lm(ql)
mn,l mn,Pl m"’” m(n> m(")

If M =det([M,,,

definition of the determinant that M = 0. Nevertheless, the derivatives of M with respect to

) is the determinant of the matrix [M | » then, it follows from the

nx

the entries m , , are well-defined and are expressed in terms of the reduced determinants, as in

Eq. (1) of Subsection 2.b forall ¢, p =1, 2, ---, n. Especially, the derivatives

= M[(5q1p1 )], and a’(z—M = M[(5q2p1 )},

q1>P1 925D

oM
om

where the indices ¢q,, ¢, correspond to the linearly dependent rows ¢, ¢q,, are related by the

formula

M [(5% )] —AM [(5%},1 )} . (5)

PROOF: The matrix-valued function [M] :R" — R, defined in Eq. (2), reads

nxn
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my my m .,
m‘]hl mqlspl m‘h,"
M| = (6)
qu’l e qu,pl “ee qu,n
mn,l eee mn’pl “ee mn,n

Expanding the determinant M of the above matrix [M } .., through the Laplace expansion in

terms of the generated reduced determinants, with respect to the qfh row of the determinant

yields

M = Z Wl‘llsl’ M[(é“h]’)] (7)

p=1
Further, applying the partial derivative with respect to an entry m, , on the determinant we
obtain
oM 0 .
- >3y, M|(3,,,)] =
amqppl 8mq1,p1 p=1 l

n

om

q1>P1 q1,P1

Oy M@, )] +m,., %(M[(@M )})] _

=1
n

=2

p=1

5, M[(5qlp)]+mw %(M[(éql,,)” _

P
q1-P1

= m|(s, )|+ z"_jlmql,p ML(M[(QIP)}). (8)

q1>P1

With the reduced determinants M [( (. )} having the following structure,

ml,l e ml,p e ml’n
0 1 0

M@, =] & i ] ©)
qu’l e qu,p “ee qu,n
mn,l e mn,p “ee mn,n
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However, by the definition of the matrix [M ] > See Eq. (2), which generates the determinant

M , and, by extension the reduced determinants of Eq. (9), the above reduced determinants are
also equal to

my m , my,
0 1 0
M8, )| = : 3 : 3 : . (10
mﬁlz’l :lm‘h,l m‘iz’lf :im‘hslf m‘lz’” :ﬂmﬁh’”
mn,l mn,p mn,n

Expanding, now, the above reduced determinants with respect to the qéh row through the

Laplace expansion in terms of reduced determinants we obtain

n

M5, )] = D g M|(5,,) 5, 0] = Z Am, M

p =1 p =1

(56711’)(5‘121’/) ? (11)

p'=p p'=p
where the structure of M [(5%1)) (6,,,/)| is given by
ml,l e ml,p cee ml’n
— q" row
0 1 0 |«
M (51111))(5%;0’) =1 : =0 (12)
0 1 0 |«
. : th
: : —— g, row
m”’l m”alf m,
Thus, Eq. (8) yields
oM
— = M[(%,m )], (13)
an/lql’pl

with
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my m p my,
0 1 0
M, )= ¢ o r (14)
m‘in m‘iz,Pl m‘fz,n
mn,l mn,p] mn,n

Interchanging the qlth with the ¢ ;h row of M [(5 “r )} we obtain a modified reduced

determinant, identified in the notation by M [(5 " )} , which is defined as follows

modif.

ml,l e ml,pl e ml’n
m e m e m — th OSlthIl
g1 92,1 q2,n 91 P
M[(é )} = . ST 15
qlpl mOdlf . . . . . h ? ( )
0o - 1 <+ 0 | < g, position
mn’l coa mn’pl cea m”’n

where, having interchange two row elements of the determinant, the following holds

e = (—1)mer) (el M@, ) = Mm@, (16)

41 P }modif.

Recalling now, that by definition, see Eq. (1), the elements m(q ) and m(q ) (and as a result

1

their corresponding entries as well) of rows ¢, and g, are connected through the equation

m, = Am (17)

0]

As such, substituting in Eq. (15), we obtain

ml’l cen ml’p] Ry ml’n
— g™ position
m‘]]sl m(il>p1 mql’” ql p ?
Mis, 0 =l (18)
q1 P modif, . . . . . N
0o - 1 -0 |+« g5 position.
mua mn,p1 My n
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Now taking the partial derivative of the determinant M with respect to any entry m, , of the

qzth row, in virtue of Eq. (1) of Subsection 2.b, we find

oM

am‘h

= M5, (19)

s Py

with the reduced determinant in the right-hand side of the above equation (recalling the structure
of the reduced determinants, see Eq. (6) of Subsection 1.a) defined by

ml,l ml,p| ml,n
m om — g™ position
g,.1 Mg, .p qy.n 9, P ’
M[(%p. )} = L : (20)
h ..
0 1 0 — qé position.
mn,l mn,p1 mn,n

Considering Eq. (13), Eq. (18), Eq (19) and Eq. (20) we obtain
M[(ng’Pl )} - AM[(é‘qlpl )} (21)

Thus, the proof is complete. [

Remark. It should be noted that the above theorem extends even beyond two linearly dependent
components, provided that the matrix function [ M } .., 1s sufficiently smooth. Then, taking the

appropriate (higher-order) derivatives with respect to the linearly dependent components, will
result in a non-zero (higher-order) reduced determinant. ]

The importance of the above result lies in the interpretation of the n™ order determinant as a
functional, yielding the volume of an n — parallelepiped. Specifically, the determinant belongs

to the set of functionals defined in the linear matrix space I1 But, as demonstrated by Eq.

nxn:*

(2), the space I1

(Athanassoulis, 2023a), having as elements n — tuples of vectors. Thus, every functional
defined in I1

deeply into the subject, we will limit ourselves to the observation that, in the case at hand, the
derivative of the determinant with respect to one of the entries of its linearly dependent rows

yields the (n — 1)—V01ume formed by the (n — 1)—0f number, linearly independent row-

can be regarded (isomorphically) as the linear space ﬁn = ( R" )n

nxn

can be considered also a functional defined in the space IT,. Without delving

nxn

vectors of the determinant, forming an (n — 1)— parallelepiped inside the »n—dimensional
space R ", with the scaling factor A naturally arising between the (n — 1)—Volumes, formed

through the contribution of the linearly dependent vectors m, and m , of Eq. (1).

q,
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Appendix B. Derivatives of the Jacobian determinant of a vector function with respect to the
components of the vector function

The identity established in Eq. (6) of Subsection 2.c, refers to the Jacobian determinant
expressing a bijective point transformation. Nevertheless, the identity continues to hold in the
case where a bijective nature of the transformation is not considered. We will, therefore, show

that the above identity holds for the differential of any C* — differentiable function
f(x):R" - R",

THEOREM: Let f(x):R" — R" beany C ? — differentiable function and [d f]its

differential, namely:

by - b, b,, fo
df]=|ba = by o by = féqw (1)
by e b e bl | S
where the entries of the above matrix are defined by b, , = %,for g,p = 1,2,---,n and

p

fi»q=12,,n,anythe g "— row vector-element of matrix [d f ] . Additionally, let
D = det( [ df ] ) be the determinant generated by the matrix [ df ] . Then, the gradient of the

determinant with respect to the components of the function f ( X ) is equal to zero,

9D 9D
of° of,

V,D = = (0,--,0). )

PROOF: The proof of the above theorem naturally decomposes into the following cases. We
will first consider the case, where the components of f ( X ) are linearly independent of each

other. Then, we will investigate the validity of Eq. (6) of Subsection 2.c, in the case where
some of the components of f ( X ) are linearly dependent on each other.

Linearly independent components: 1f the components of f ( X ) are linearly independent with

respect to each other, then the identity of Eq. (2) holds in virtue of Eq. (1) to Eq. (5) of
Subsection 2.c, by replacing the components of the point transformation expressed by [ J ] , by

the corresponding components of [ df ] . <

Linearly dependent components: Consider now, the function f ( X ) having (without any loss

of generality) two linearly dependent components /, (x) and f, (x),

q9,-9, = 1,2,---,n,with g, = ¢g,,namely:
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fqz(x):/lfql(x), A =0. 3)

Thus, f ( x) reads:

f(x)= (fl(x),...,fql(x),...,f%(x)’...,fn<x>):

= fl(x),...’fql(x),... A fq,(x)a"'»fn(x) ) 4)
¢ position 4, position
0
Denoting, for the sake of clarity, the different positions of the matrix by b, , = /4 , for
X
P
qg,p = 1,2, ,n,thus, in virtue of Eq (3), obtaining
by, bl,pl by,
- af‘ll . af‘ll b . af‘ll
qr,1 axl q1- P axpl qi.n axn
ldf]= : : : : (5)
af‘ll af‘ll 8f‘]1
bq 1= 4.0 am A
’ 0x, 2 ox, ’ Ox,
bn,l bn,p1 bn n

Let now, D, be the determinant, generated by the matrix in the right-hand side of Eq. (5).
Thus, applying a partial derivative with respect to one of the linearly dependent components

(without any loss of generality f g, of f ( X ), on the determinant D on the entries a ¢

row/vector-element, f ), and invoking the Schwart; Theorem (®), we obtain

0o 0o 0o
D — e 94, c 94, c 949, — O, (6)
0x, ox, ox,
" . "

where the entries of the different positions b, ,, ¢, p = 1,2, -+, n, are presented through
stars ( * ) except for the elements of the row ¢ upon which the partial derivative is applied. In

the above Eq. (6), cis a constant, defined by

(®) An analogous, more detailed derivation is given in Subsection 2.c.
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. A, when bq’p = qu’p,p:I,Z,---,n, )

1, when bq’p = qu’p,pzl,Z,---,n.

Thus, since o iq is a constant, we obtain

oD
o = 0. (9)

If, on the other hand, we apply the partial derivative on the determinant D, with respect to one
of the entries of the linearly independent elements ¢’ € { 1,2,---,n } — {‘11 , qz} of the D,

then in virtue of Eq. (1) to Eq. (5) of Subsection 2.c, Eq. (9) also holds, under the appropriate
change in the free index (replacing ¢, by ¢’). Thatis if ¢’ € {1, 2, ,n } - {q] , qz} , wWe
obtain
D
9D _ . (10)
of,
Since Eq. (9) and Eq. (10) hold for any ¢ = 1,2, --- , n, the gradient of the determinant D

with respect to the components of f ( X ) will be equal to zero, namely:

V,D = 8D,.__’8D :(O,---,O). (11)
Thus, the proof is complete. [
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Appendix C. The Piola identity for C* — differentiable functions

We deem it appropriate to present another form of the Piola identity presented by Laurence C.
Evans (Evans, 1998, p. 440). The importance of this version of the theorem lies in the fact that
we no longer consider bijective maps.

THEOREM (Piola identity): Let f(x):R" — R" bea C * _ differentiable function.
Recall that the differential (Fréchet derivative) of f [ df ] , 1s defined by

o/ . 9Hh 9N g™ row (specific)
ox, ox, Ox,
fioo f, o S ‘ ‘ . ‘ .
: : : ' ' ' ' )
of of a7/
[df]E fq’l fq’p] fq’” _ 3xq 3xq axq
. . . . . 1 P n (1)
fn,l fn,p] oo fn,” 8fn afn 8fn
ox, dx, 0x,
T_ h

p," collumn (generic)

Let now D be the determinant of the above differential, namely D = det( [df] ) and [ D ] be

the cofactor’s matrix having as entries the reduced determinants generated by the determinant
D (see Eq. (5) of Subsection 2.b), or, in virtue of Eq. (1) of Subsection 2.b

oD oD oD
0 0 0
D[(511)] o D|(&,, )} D[(51n)] Ji S, S
. oD oD oD
[D] = D[(&ql)] DS, )] D[(c?q”)] = —3fq,1 o, —81,“
pl@,n] ~ b, ~ plE.ol | ap 9D 9D
8fn,l afn,pl afn,n
2)
Then, the divergence of its cofactor matrix with respect to one of its row entries is equal to
Zero
2. 0D|(o, )
Z r1—=o, g=12,-.,n. 3)
- ox ,
p =1 P

PROOF: Recall Eq. (5) of Subsection 3.b mentioned below for the sake of convenience
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adi([D])[df]=1D, 4)

where / is the determinant of the n™ — order identity matrix [ 1 ] . Taking the transpose of the

above relation, we obtain

(adj([D])[df]) =[df]"[DB]=1D. )

Recalling Eq. (9) of Subsection 3.a the above reads
D&, = 6
; fll Py af ( )

Taking the derivative with respect to an element x , and summing over all p’, the above Eq.
(5) yields

ax/( w) Z Y,Z/’qaf (7)

p=1 p —1 q.p'
and due to the Kronecker delta o o p the left-hand side of Eq. (7) reduces to

n

Zai /( ) Z5p1p dx ;xD ' ®)

p =1 p p =1 P

For the sake of convenience, we will now address the entries of [ d f ]T through the
corresponding elements of [d f ] Namely, recall that an entry of the p, ™ row and of the qlth

column of [d f ]T corresponds to the entry of the qlth row and the plth column of [d f ]
Thus, the right-hand side of Eq. (7) yields

Zax,zf‘faf Zax Zf‘”’ﬁ

s

Ofyp 0D oD
A o ©)
pz—l ; axp’ afq,p ])Z—l ; " 3x afq,p’
or, since f ( X ) is C* — differentiable, invoking the Schwartz Theorem of multivariable
Calculus we obtain
afq » 9D
+ 10
ZZ Ox af szq}hax f ( )
D1 p=1g=1 P p=1g=1

However, since the determinant is a multilinear function with respect to all its elements, taking
the partial derivative with respect to x , - yields
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_ZZ 0D aqu' (11)

g =1p=1 1’

Thus, substituting Eq. (11) in Eq.(10) yields

> D

g =1p=1 1’

5fqp oD
ZZ% 3 2 5|

p'=1gq p=1 g=1

(12)

/‘

and since the double sum in the left-hand side of Eq. (12) is equal to the first double sum of
the right-hand side, the above reduces to

oD
Lo = |=o. (13)
pzjl ; 8x of,
If the determinant D is non-vanishing, then Eq. (13) directly yields
n "N 0D, )
3 01 9D | _ ¢, o Z—a[x‘” }:o . (14)
p,zlaxp/ 8-f6],p/ [7/:1 p’

Let now, the determinant D be equal to zero in some point x,. Introducing an arbitrarily

small variation & > 0 to the function f ( x) we obtain

fl(x)=f(x)+ex. (15)
Thus, recalling the linearity of the differential function, we obtain
[df'] =[df]+el1]. (16)

Since f ( X ) is continuous, then for arbitrarily small & the determinant D’ of the varied

differential [ df’ ] , equals

D/

=det(f+el)| =¢&"=0. (17)

Since D' is locally non-vanishing at x = x, then repeating the steps of Eq. (4) to Eq. (14)
yields

n

0
Z@xp,

oD’
Of,

- 0. (18)

‘xxo

Finally, recalling Eq. (15) and taking the limit of ¢ — 0 we obtain

~ 9 ~ 9
Zaxp/ ) :Zaxp,

p =1 p =1

oD’
fy

oD’

- lim
afw,

e—0

lim
e—0
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oD’
Of,

"OD
— 4.P :0
D (19)

Thus, the proof is complete. [ ]

—~ 9
:Zaxp/

p=1
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Chapter 4

On the Representation of The Flow Fields in Terms of the
4-Jacobian Determinant of Rylov

In this section, we present the 4-vector formalism of the fields of the position, the velocity and
the momentum, introduced by Rylov in his works (Rylov,1999a) and (Rylov, 1999a). Following
the approach of Rylov we define and introduce in our considerations an additional, Lagrangian
time-like variable accounting for the passage of time through the successive states of each
individual parcel of fluid inside the flow field. As a result, we obtain two sets of spatio-temporal
variables for the Eulerian and, accordingly, the Lagrangian descriptions of the flow. We then
define the spatio-temporal mapping between the two descriptions of the flow, arising from the
aforementioned sets of the spatio-temporal variables, as well as the Jacobian matrix and the
generated Jacobian determinant expressing the aforementioned mapping. The mapping between
the two descriptions of the flow, expressed through the Jacobian matrix, will be assumed as

bijective and sufficiently smooth (C2—differentiable), ensuring the validity of the Piola

Identity presented in the previous chapter. Given all the above, we derive expressions for the
established fields of the 4-velocity as well as the 4-momentum in terms of the 4M-order Jacobian
determinants generated by the considered mappings from the Eulerian to the Lagrangian
descriptions of the flow. We then demonstrate that such expressions identically satisfy the
conservation of mass, as well as the conservation of the parcel labels (both of which, are
considered as constraints of the action functional-in the Eulerian description-in the Herivel-Lin
approach).

1. A New Time-like Variable

As stated in Chapter 2, Subsection 2.f and Subsection 2.g, the characteristic quantities of the
flow can be described as fields, either in terms of the position vector X and the time ¢, or in

terms of the parcel labels & and the time ¢. Following the works of Rylov (Rylov, 1999a),

(Rylov, 1999b) and (Rylov, 2003), we will now introduce an additional Lagrangian time-like
variable &.

(a). The Lagrangian time-like variable

At this point, we introduce a new time-like Lagrangian variable £ |, which evolves along the

parcels’ trajectories in an arbitrary way (Rylov, 1999a), (Rylov, 1999b), referring to each
specific parcel of the fluid. The Lagrangian time-like variable & 1is, thus, a function of the

time t as well as of the position X inside the flow field, occupied by the parcel at time 7, namely
&y = &y (t,x). That is, the new time-like variable accounts for the passage of time, through

the successive states of each individual parcel of fluid (Lagrangian description); and, as such, is
a function of the parcel labels, given x = x (¢, ¢ ). Thus, we henceforth consider the following

sets of variables:
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l— temporal r spatial

EulelianVariables:t(§0,§1,§2,§3 )’xp<§0’§l’§2’§3> , p =123 (1)

and accordingly,

l— temporal r spatial

LagrangianVariables:fo(t,xl,xz,x3),fq(t,xl,xz,x3> , q=123 (2

Remark 1. At this point, a comment seems appropriate, further expressing the nature of the
dependencies between the Eulerian and Lagrangian variables.

We consider the two sets of spacial variables { X, } and {§q }, q,p = 1,2,3, as different

ways of organizing the same space, and the temporal and time-like variables { t, &, } as two
distinct ways of accounting for the passage of (the proper (")) time. Thus, in the Lagrangian
description of the flow, the Eulerian variables (t,x ), are henceforth considered as
dependent variables, specified in terms of the values of the independent variables ( &y, 6 ) , See
Eq. (1). That is, a specific parcel, identified by the label &, whose states throughout the course
of the flow are accounted for through the values of the time-like variable &, corresponds to
the amount of fluid, occupying, at time t, the position X inside the flow domain. Accordingly,
in the Eulerian description of the flow, the Lagrangian variables ( &or € ) are, henceforth,

considered as dependent variables of the positions X inside the flow domain and the time ¢,
see Eq .(2). That is, at time t, the position X of the flow domain, is occupied by the parcel

identified through the label & = ( £,¢,,¢&; ), whose state, at time t is defined by the values

of the Lagrangian time-like variable &, (that corresponds to the parcel). ]

Remark 2. (notation) For the benefit of homogeneity, in what follows, the temporal variable
t will, in specific cases, be also represented as x,. The cause of this discrepancy lies in the

representation of the entries of the Jacobian determinant, expressing the mapping between the
two sets of variables established above, as well as in a compact derivation for an alternative
expression of the 4-momentum in terms of the aforementioned determinant, as will be clarified
in Section 4 of the present chapter. Nevertheless, we retain the conventional notation for the
time (¢) in all other parts of the analysis and as such the Eulerian variable under consideration

will be identified by x, = ¢ u

(b). Lin's constraints

The success of the Hamiltonian variational formulation in the study of irrotational flows has
raised the question of extending the method to the more realistic (and more complicated)

(") The conventional time (time in classical, non-relativistic, mechanics). In the present work we do not consider
any relativistic concepts.
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rotational flows. Nevertheless, the direct application of Hamilton’s principle to the derivation
of equations governing rotational flows has for many years stumbled upon a fundamental
“controversy”. The application of Hamilton’s principle greatly depends on applying virtual
variations of the positions of the fluid parcels. However, as mentioned in Chapter 2, Subsection
2.b, in the Eulerian description of the flow, such structures as fluid parcels are not considered,
with the fields describing the flow defined in terms of spatial variables and the time. As a result,
the variations of the characteristic quantities of the flow are variations for fixed positions, X,
inside the flow field. The aforementioned situation is commonly referred to as the variational
controversy (of Eulerian fluid dynamics). The variational controversy constituted an open
question in the field of hydrodynamics until around 1959 when in an unpublished note, C. C.
Lin proposed an additional constraint, henceforth referred to as Lin’s constraint. Specifically,
Chia-Chiao Lin proposed that, even if the Lagrangian variables (i.e. the parcel labels) are not
explicitly considered in a Eulerian description of the flow, the velocity fields should be such that
the parcels (identified at some labeling time by a set of parcel labels) must retain their identities
(the labels assigned to the parcels at the labeling time), throughout the course of the flow (Seliger
& Whitham, 1968, p. 5). The variational controversy will be further expanded upon in the
following chapters. For now, we will constrain ourselves to the presentation of the constraint
proposed by C. C. Lin.

Let us now state Lin’s constraint of the conservation of the parcels’ labels. In the Lagrangian
description of the flow, we have assumed that there is no income or outcome of fluid in the flow
field. Since no thermodynamic phenomena are present in the flow, the parcels are only subject
to transport phenomena inside the flow field. Thus, the labels assigned to each of the fluid
parcels at the labeling time must be conserved inside the flow field and uniquely identify the
masses of fluid they were assigned to (at the labeling time), throughout the course of the flow.
The conservation of the parcels’ labels is, thus, stated through the following expression:

Df(t,x) B af(t,x)
Dt Ot

+(u(t,x)-V,)&(t,x) =0, (1)

or, component-wise,

qu(t,x) _ 8§q(t,x)
Dt Ot

+(u(t,x)-V, )& (t.x) =0, =123 ()

and must be satisfied. That is, the value of the temporal rate of change of the parcel labels
(occupying a specific position inside the flow field), must be equal to the value of the spatial
rate of change of the parcel labels.

2. The 4™-Order Jacobian Determinant of Rylov

Following the works of Rylov (Rylov, 1999a) and (Rylov, 1999b), we shall now introduce a 4-
vector formalism, considering time as a component of a spatio-temporal vector. The 4-vectors
will be distinguished from the usual 3-vectors by an overbar, as indicated in the following
important definitions:

% = %(&,.&) =(1(&. &) ( 008 )oxa( £0€). 5 £0.€) ) s the Bulerian spatio-

temporal vector-variable, considered as functions of the Lagrangian variables,
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- = T
¢ = é‘(t,x) E( 50(t,x>,§1(t,x),§2(f,x),§3(t,x)) is the Lagrangian spatio-
temporal vector-variable, considered as functions of the Eulerian variables.

Remark 1. The 4-vector formalism introduced above, is commonly used in literature; it is
standard in Relativity and relativistic formulations (Wald, 1984), (Rezzolla & Zanotti, 2013),
(Tolman, 1934), (Joot, 2011). It also conventionally appears in Classical Physics, e.g. in
Electrodynamics, Astrophysical Hydrodynamics, and the formulation of variational principles,
especially in relation with Noether’s Theorem and Clebsch potentials (?) (LeVeque, 1997,
p.133), (Rund, 1977, vol 13.) |

Further, we consider the Jacobian matrix of the transformation from the Eulerian spatio-

temporal variables X = f(fo,é:) to the Lagrangian spatio-temporal variables

& = &(t,x), namely:

08y 0gy 9&, 0
Ox, Ox, O0x, Ox,
aél a§1 (951 8{:1 50,0 éo,l 50,2 50,3
Ox, Ox; 0Ox, Ox; Sio Si1 Si12 Si3
08, 0, 0&, 09¢&, $a0 San San Sanl|
Oxy O0x; 9Jx, 0Ox; $30 S31 S32 S33
0&; 0&; 0&; 0&;
Ox, Ox, O0x, Ox,

(1

i
I
I

Note the use of the overbar in the symbol of the above, 4"-order, Jacobian matrix, [j }, which

helps us to distinguish it from the usual, 3™-order, Jacobian matrix, [J ], associated to the

corresponding, space-only, point transformation. This notation convention will also be followed
in the case of the Jacobian determinants generated by the aforementioned Jacobian matrices,
namely, we will identify as J the 3™-order Jacobian determinant expressing spatial point

transformations from the physical to the labeling domain and as J the 4™-order Jacobian
determinant expressing spatiotemporal point transformations from the physical to the labeling
domain. Recall also that the notation x, = ¢ is used to identify the time, for the sake of

homogeneity. The Eulerian spatio-temporal variables are, by definition, independent of each
other. Further, the Lagrangian spatial variables (fl, (52,53) are, by their definition, also

independent of each other, since they represent the components of the initial position vector of
the fluid parcels, at the time of labeling 7 = . Recalling the definition of the Lagrangian time-

like variable &, no specific independence can be established, and none has been, thus far,
assumed. Since we have defined the point transformation G as a C* — diffeomorphism, the
determinant J generated by the Jacobian sub-matrix [ J |, Eq. (3) of Chapter 2, Subsection 2.¢

of transformations is non-vanishing. For the scope of this section, and until stated otherwise, we

(®>) Scalar functions through which the field of the velocity is produced [see Chapter 2], (Clebsch, 1857), (Clebsch,
1859).
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will assume that the determinant J generated by the Jacobian matrix [ J ] is also non vanishing.
Thus, we can state that [ J ] 1s invertible. It is further assumed that the entries of the Jacobian

matrix [.7 ] are C % — differentiable.

3. The 4-Velocity and The 4-Momentum

(a). The 4-velocity in the Lagrangian description

Consider the 4-vector x,

¥ = (60 (0,8)x, (1.6 )ox(1,€)) (1)

where the components of the 4-vector express the spatio-temporal “position” of the
corresponding parcel. Considering that, in the Lagrangian description of the flow, the velocity
is defined as the temporal rate of change of the spatial position vector X, it is plausible (and
convenient) to define the following 4-vector velocity

ox [1 0x, O0x, 0x,

17:_: ) s )
ot 0t 0t

! T
EY ] :(UO’UI’U2’U3) . ()

(b). The 4-velocity in the Eulerian description

In Eq. (2) of the previous subsection we defined the 4-velocity of a parcel ¢ in the Lagrangian
description of the flow, U (¢, ¢ ). Letnow (¢, x ) be the 4-velocity in the Eulerian description

of the flow, in the position X of the flow field, at time ¢. Recalling the Principle of Invariance
for vector fields, the 4-velocity in the Eulerian description can be identified by

B(r.x) = B(0x(¢)) = T(1.6) = #(1.6). (1)

The above 4-velocity, (¢, x ), is further expressed with respect to a specific parcel, in terms

of the Eulerian variables, through the material derivative as

_ DXx ox _ _
u(t,x) =—=—+(u-V,|Xx, 2
(t.x) = S-=—-+(@-V,) @
(¢). The 4-momentum and the continuity equation in terms of the 4-momentum

Having defined the 4-velocity, Eq. (2) of Subsection 3.b, as well as the density, Chapter 2,
Subsection 2.f, we can, henceforth, define the 4-momentum vector as the product of the density
(scalar) and the 4-velocity (vector), namely

jt.x)=7=(p.pu) = =pu, (1
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where u is the 4-velocity. Furthermore, we define the divergence operator for a 4-vector (the
4-divergence) in the Eulerian variables by:

Through the use of the 4-divergence, Eq. (2), the continuity equation (equation expressing the
conservation of mass in the Eulerian description of the flow), see Eq. (13) of Chapter 2,
Subsection 3, given below for the sake of convenience,

V, =

oplt,x
9Ltx) | G (p(rx)u(t.x)) = 0,
ot
can be expressed, through the following equation, in terms of the 4-momentum, namely
P
pu e
0.0 0 0 =917 =0] 3)
0t Ox, 0x, Ox5 ||pu,
pus

In the following section, we will demonstrate that the 4-momentum can be expressed in terms

of the Jacobian determinant J , as follows:

Jp:po(é)aéo 2
P

where p, (&) is the initial density of the fluid parcels at the time of labeling.

p=0,1,2,3, 4)

4. Expressing The 4-Momentum in Terms of The 4"-Order Jacobian
Determinant
(a). Derivation of the 4-momentum in terms of the Jacobian determinant

We can now proceed to express the physical quantities of the 4-momentum through the 4"-order
Jacobian determinant.

Since p(¢,x) = J p,(¢&) [Eq. (5) of Chapter 2, Subsection 3], we readily obtain the 4-vector
equation

plt,x)u(t,x)=J py(&)u(t,x), (1)

where J represents the determinant of the 3™-order Jacobian matrix, expressing point
transformations from the physical to the labeling domain, see Eq. (3) of Chapter 2, Subsection
2.e.

Now recall that the 4-velocity, u (¢, x ), of a specific parcel (& =const.) is given by the

material derivative, namely
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_ Dx dx
a(nx) = =5 =58 2)

[see Eq. (2) of Subsection 3.b]. Recall that in the Lagrangian description of the flow, the time
¢, as well as the position X are dependent variables, functions of the Lagrangian variables

( $0:¢1,65,¢;5 ), see Section 2. Observe now that the material derivative can also be expressed

as the ratio of two total differentials, along the path of a specific parcel (Kundu et al., 2016, p.
82). Namely, expressing the differentials of the position dX and the time d ¢ in terms of the

Lagrangian variables ( 0,616,555 ) for a specific parcel yields

™ 0% 0% 0%
dx = ;a—fqda, 9z 1%+ 3 5 IXge + 85 OX e, + FEad (32)
and
N 9t ot ot ot ot
dt = ;a—quf aéodéo aéldfl %d@ 9z % (3b)

with x, = ¢, see Remark 2 of Subsection 1.a. Thus Eq. (2) yields

3

Zagdf

_ dx —
u(t,x) = df: q30 . 4)

q=0

However, in the Lagrangian description, we follow a specific parcel & ; thus, the spatial

Lagrangian variables (&, , &, , &, ) stay fixed. Therefore, the differentials dX and dt along the

path of a specific parcel ¢ reduce to

_ ox
dx = ——d 5
and
ot
dt = d 5b
e So- (5b)
Thus, substituting Egs. (5) in Eq. (2), we obtain
ox
o 9% oo - _
w(1x) = = = = - = === (6)
dt 8; dé, At19€&, 0x,/0&, 0x, -
0

Further, invoking the identity (18) of Chapter 3, Subsection 3.b, Eq. (6) yields
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1
J o 7
i (rx) = 2050w _ 0\ 0T | g123 ()
107 95,04,
J 080
Substituting Eq. (7) into Eq. (1) yields
_ -1
oJ | 0J
plt,x)u (t,x)= p,(&)J (8)
( ) P( ) 0( ) ago’p 850’0

According to Eq. (5) of Chapter 3, Subsection 1.a, and Eq. (1) of Chapter 3, Subsection 2.b, the
3"_order Jacobian determinant J can also be viewed as the reduced determinant of the 4™-

order Jacobian determinant J , with respect to the element & ,, namely:

1 0 0 0
0 0, 0¢, 094
Ox, 0x, O0x,
J = 0 08, 0¢, 046, |= 7[(50,0)]- )
Ox, Ox, Ox,
0 03 085 0&;
Ox, 0x, O0x,

Combining the above Eq. (9) with Eq. (1) of Chapter 3, Subsection 2.b, we have that
oJ

J =J|5,,) = . (10)
(Go0) 9&0.
Thus, using Eq. (10), Eq. (8) reduces to
_ _ -1 _
_ oJ 0J 0J 0J
t, t, = é = & . (11)
pltx) i, (tx) = Pole) 5 G |92, #(¢) 5%,

Recalling the definition of the 4-momentum, Eq. (1) of Subsection 3.c, we see that Eq. (11) is
just an alternative expression for the 4-momentum, in terms of the Jacobian determinant,
namely:

oJ
a‘):‘:O,p '

i, = Po(€) p=0,1,2,3. (12)

(b). Validation of the 4-momentum in terms of the Jacobian determinant

In the above subsection we obtained a representation of the 4-momentum in terms of the
Jacobian determinant, namely
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Jp:po(é)aéo -
P

To determine if the above expression is in fact a bona fide expression for the 4-momentum, it
must satisfy the fundamental law of the conservation of mass, namely the continuity equation.
Additionally, since the 4-momentum is expressed in terms of the 4M-order Jacobian determinant
expressing the transformation from the Eulerian spatio-temporal to the Lagrangian spatio-
temporal variables, Lin‘s constraint concerning the conservation of labels should also be
satisfied.

THEOREM 1: The alternative expression for the 4-momentum

- oJ
i, = po(é)aéo
P

satisfies identically the continuity equation V[ j = 0.

(1

PROOF: Recall that the continuity equation can be expressed in terms of the 4-divergence, Eq.
(3) of Subsection 3.c. Applying the 4-divergence operator on the 4-momentum we obtain

3 - _
=1 dj G, oJ
Vei= L= —|p(¢)— )
pZ:oaxP Z=:o8 P 850,1)
or
i: 0 [ () 2T :iapo(é) 07 +p(§)i o [ a7 3)
;/;:08 p ' 850’}7 p=0 8xl) 850,}7 ’ p:()ax/) 850,[}

A B

For the first sum in the right-hand side of the above Eq. (3), we obtain, by chain rule,

=X, 0 7
T s N R @

p=0 p=0g=1

where the ¢—summation is over the range 1,2,3 (since ,00( é ) = po( &1,8,,¢&, )). Recalling

the identity (9) of Chapter 3, Subsection 3.a, concerning the Laplace expansion with mismatched
free indices, namely

Zé:ql p 865: = 5‘12‘11 J’

q9:,P

we obtain

'
I
™
o5}
Q| D
o |2
N——
Q|
= | ¥
o5}
oy | Q
° |
|
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I P LU

p=0 ¢g=1

Concentrating now in the second term B of Eq. (3) we observe that it identically equals to zero,
in virtue of the Piola identity, see Chapter 3, Subsection 4, namely

3 —
0 oJ
B = p,(¢ (©)
0( ) pZ:O 6.Xp 8§0’p
Thus, substituting Eq. (5) and Eq. (6) to Eq. (3), in virtue of Eq. (2) we obtain
3 —
=T~ 0 0J
V T - g 0
< J ;m(é);ioa per . (7)

Thus, the representation of the 4-momentum j in terms of the 4"-order Jacobian determinant,
Eq. (12) of Subsection 4.a, identically satisfies the conservation of mass. |

THEOREM 2: The representation of the 4-momentum Eq. (12) of Subsection 4.a,
oJ
a 50, p

identically satisfies Lin’s constraint (the conservation of parcels’ labels in the direction of the
flow)

7, = po(&) p=0,1,2,3

o¢
uV_|E&t,x)=0,
oV, )e(ex)
Equivalently, Lin’s constraint is expressed in terms of the 4-momentum, through the equation
(77 V. )¢, =0, q=123, @®)

PROOQOF: Lin‘s constraint of the conservation of labels, is expressed through the equation

0
a—f+(uvx)é‘(t,x) =0.

Since the temporal component of the 4-velocity, Eq. (2) of Subsection 3.a, equals the unit, the
above constraint can also be expressed as
2¢, . 2¢, ¢, 2¢,

u +u + u
Y Yox,  tox, O Ox,

=0, q=12,3. ©)

In Eq. (7) of Subsection 4.a we have proven that the components of the velocity can be expressed
in terms of the Jacobian determinant and its derivatives, namely:

—1

oJ
9S00

oJ

_ , p=0,1,2,3. (10)
’ 8§O,p
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Substituting Eq. (10) in Eq. (9) we obtain

o7 | aF ¢, o7 | aT 0¢,
900 08y Ot 90,0 9&p.1 Ox
N N L
0J oJ 0¢, oJ 0J 0¢, _ 0 an
aCfo,o aéto,z dx, 8650,0 8‘”50,3 0x; ’

where & =¢ (1,x),q9 = 1,2, 3 is a function of the position vector X and the time ¢, see
Remark 1 of Subsection 1.a. Recalling Eq. (9) of Subsection 4.a, the derivative of the Jacobian
determinant, with respect to the entry & , equals to the 3" order determinant J (expressing
the point transformations from the physical to the labeling domain) which is assumed to be non-
vanishing. Thus, Eq. (11) reduces to:
07 0, 07 0%, 07 9%, 0T 0%,
850,0 ot 850,1 0x, 850,2 dx, 8420,3 0 x,
Recalling the identity of Eq. (9) of Chapter 3, Subsection 3.a, Eq. (12) reduces to

= 0. (12)

oJ oJ oJ oJ oJ -
0 0E o 5“8501 ‘5”8502 5“850,3 gq”afo,s (1

Nevertheless, for values ¢ = 1, 2,3 of the free index, Eq. (13) is identically equal to zero

g

o ,7:0, q:19293 (14)

q,0

Thus, Lin’s constraints (conservation of the parcels’ labels are identically satisfied by the 4-
momentum in terms of the Jacobian determinant, Eq. (12) of Subsection 2.a).

Further, multiplying both sides by the non-zero p (¢ ) we obtain:

oJ 0¢, oJ 0¢, oJ 9¢, oJ 0¢,
+ + — + —L =
p()(é:)a'fo,o ot pO(é)aégo,l dx, ,00(4:)850,2 dx, p0<§)8§o,3 dx,
(15)
But, in virtue of Eq. (9) of Subsection 4.a, the above is equivalent to:
- 0¢, -~ 0&, _ 05, 08,
- - : -0, 16
Jo _8t + Ji Bx, + Ja dx, + 73 Bx, (16)
or:
(779, )¢, =0, g=12,3. (17)
Thus, the proof is complete. [ ]

As such, we have demonstrated that through the sole assumption that a sufficiently smooth and
bijective mapping exists between the Eulerian and the Lagrangian descriptions of the flow, we
may, not only express the fields of the flow in terms of the Jacobian determinant generated from
the Jacobian matrix expressing such mappings, but also derive such expressions that both the
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fundamental law of the conservation of mass, as well as the mechanical constraint of the
conservation of the parcels’ labels are identically satisfied throughout the course of the flow.
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Chapter 5

A Variational Study of Euler Flows Through Rylov’s Perspective

In the present chapter we will carry out a variational study, in order to derive expressions for the
fields of an ideal fluid flow, as well as Euler’s Equations of fluid motion, by considering the
fluid flow as a mechanical system, and applying the variational principles on an action
functional characterizing this system. The fields of the flow will be (mainly) described through
the Eulerian description of the flow. Nevertheless, any particular Lagrangian description of the
fields arising in our analysis will be pointed out. We will, primarily, construct an unconstrained
action functional for an ideal fluid flow, with the fields entering the action functional as
functional arguments expressed in the Eulerian description of the flow. We will then apply the
variational principles on the unconstrained action functional, and we will attempt to derive the
dynamic equations of the flow. However, we will demonstrate (in accordance with Seliger and
Whitham (Seliger & Whitham, 1968)) that the variations of an unconstrained action functional
will yield only the equations of the fluid in equilibrium. We will, therefore, apply constraints on
the action functional (constrained action functional - first form), in order to introduce the
individual masses (in the form of a field of the parcels’ labels from the Lagrangian description)
which (the parcels) constitute the “material particles” of the fluid, and upon which the principles
and laws of classical mechanics can be applied. The field of the parcel labels, & (¢, x), will also

be considered as an Eulerian field, assuming the values of the labels of the parcels occupying,
at time ¢, positions x inside the flow domain. The conservation of parcels’ labels (Lin’s
constraints) and the continuity equation (conservation of mass) will be considered as constraints
of the action functional. It should be stressed, however, that, in Rylov’s approach, these two
constraints are introduced through “Rylov’s kinematics”, built on the 4-momentum and the 4%-
order Jacobian determinant, derived in the previous chapter.

Recalling that thermal transport phenomena are not compatible with the Hamiltonian formalism
of Classical Mechanics, the flow will be assumed to be isentropic. For that reason, we will
further apply a constraint expressing the conservation of the entropy in each of the parcels of
the flow, derived in the same manner as the constraint concerning the conservation of the
parcels’ labels. The transition from an isentropic to a homentropic flow will then be
demonstrated to be achieved by simply assuming that the components of the gradient of the
entropy are equal to zero resulting in the specific entropy being entirely excluded from the action
functional. Making use of the dynamic equations derived from the variation of the constrained
action functional (first form), and specifically, of the dynamic equations obtained from the
performance of variations on the field of the parcel labels, we will proceed to express the
Lagrange multipliers of the constraint over the 4-momentum with respect to the rest of the
functional arguments (the fields of the flow). Thus, we will obtain a modified action functional
(first form of the modified action functional), with an additional modified action functional
(second form) arising from the structure of the first (modified action functional). Having
obtained the aforementioned (modified) action functionals, we will apply the variational
principles once more, and, in virtue of Hamilton’s principle, we will derive a set of dynamic
equations and boundary conditions describing the flow of the fluid. Lastly, a study will be
carried out concerning the significance of the results, with particular emphasis on a dynamic
equation derived from the variational study, which, in contradistinction to the initial formulation,
Chapter 4, does not unambiguously express the conservation of the parcels. Moreover, an
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additional undefined function will enter into play in rotational flow phenomena. Nevertheless,
we will demonstrate that Euler’s equations of fluid motion can, in fact, be derived from the
dynamic equations produced from our variational study, regardless of the validity of the
conservation of the parcel’s labels, demonstrating that the undefined function expresses, in fact,
a gauge symmetry.

1. Hamilton’s Principle

Recalling Subsection 2.a, of Chapter 2, following the Lagrangian description, the flow may be
described through the motion of the fluid parcels, closely resembling an ideal mechanical
system consisting of material points. Thus, it follows that a variational principle for this system
can be formulated in close analogy with the variational principle of Classical Mechanics of
material points. Therefore, the dynamic character of the system (that is, the dynamic equations
through which the characteristic quantities of the flow evolve) can be encapsulated in an action
functional S . Specifically, the dynamical equations of the flow can be (in fact, should be)
derived from Hamilton’s Principle.

Hamilton s Principle. The true evolution of an ideal dynamical system between two positions
in the configuration space is expressed through the curve which renders the action functional
stationary, that is

53[.,...’.]zgfg[.,...,.]dz:()’ (1)

where £ = 97" — 7" is the Lagrangian function of the system, S’ is its kinetic energy, and
7"~ is the potential energy, consisting of the internal energy stored inside the fluid, as well as

the energy of the fluid due to the influence of external potential fields. Finally, [ to,t ] is an

arbitrary time interval.

Following Rylov (Rylov, 1999b), we will derive the dynamical equations of the flow, in the
Eulerian description. As such, the positions X inside the flow field will be considered as

independent variables and the field of the parcel labels & will be considered as dependent
variables (functions) on the positions X and the time t, namely & = & ( t,x ) . We will now

proceed to construct the Lagrangian function of the system.

2. The Lagrangian Function of The Flow Field in The Eulerian Description

(a). Kinetic Energy of an amount of mass of the fluid and the Kinetic Energy of the fluid
The kinetic energy, d S (t,x), of an arbitrarily small amount of mass of the fluid
p(t,x) dV(x), considered in the Eulerian description as a function of the independent

variables of the position x and the time ¢, is given by

do(t,x) = uz(t,x>p<t,x)dV(x). (1)

N | =
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The kinetic energy, d%(r,x), of the infinitesimal mass, p( t,x) dV(x), can be also

expressed in terms of the momentum, namely

2 ¢ 2 ¢ .2 ¢
d%’(z,x):" (.x)p (’x)dV("):MdV(x)_ (2)
2p(t,x) 2p(t,x)
Thus, the kinetic energy of the fluid (considered as an ideal mechanical system) is expressed
through a functional, obtained through volume integration over all volumes d V' (%) inside the
flow field, namely
%)
. J i, x x
H o] = [ LX) gyt o
o 2 p(t,x)
V X

In Eq. (3) the kinetic energy is a functional over the fields of the momentum and the density.

(b). Potential Energy 7" of the system

The potential energy of the system, 7~ , consists of the external potential energy of the fluid,
@, due to external potential force fields and the internal energy, &, stored inside the fluid.
In our calculations we will consider that the fluid is under the influence of a single potential
force field, identified in the notation by P( X ) .

(b.1). Potential Energy (external) of an infinitesimal mass of fluid and Potential Energy
(external) of the fluid

We assume that the external potential energy (or the potential energy if confusion is not likely
to occur) of the ideal mechanical system under consideration owes its presence to a single

external potential force field P( X ) The external potential energy of an infinitesimal amount

of fluid, of mass ,0( t, x) dV(x>, is equal to

dow = P(x) p(t,x)dy"™ (1)

As such, the Potential Energy of the fluid (considered as an ideal mechanical system) due to the
external potential force field P ( x) is expressed through a functional, obtained through

volume integration over all arbitrarily small volumes, d V' (x) , inside the flow field, namely

[ p(+)] = fP(x)p(t,x)dV(x) @)

y(x)

(b.2). Internal Energy of an infinitesimal amount of mass of fluid and the Internal
Energy of the fluid

According to general (equilibrium) Thermodynamics, Callen (1960), for a single-component,
simple system, the internal energy & of a material element M in thermodynamic
equilibrium, should be a function of two independent variables, characterizing the
thermodynamical state of this amount of mass, with the most common choices (in equilibrium
Thermodynamics textbooks) being the volume v and the entropy s . In this case, an equation
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of the form & =& (V,S), called the Fundamental Equation, characterizes the

thermodynamical properties of the considered substance.

In flow phenomena, we use a local equilibrium assumption (quasi-equilibrium), applying the
results of equilibrium  Thermodynamics to small amounts of substances

dM :P< [, X ) d V(x) occupying, at time #, positions around X, inside the flow domain.

Thus, we have to work with specific quantities (per unit mass), namely:

Specific internal energy: e = d—g
p ay: IR
Specific volume: v = ﬂ = l,
dM  p
dsS
Specific entropy: § ==
p Py M

Then the fundamental equation (per unit mass) takes the form (Callen, 1960, Chapter 2, p. 38)

e = e( v,s ) (1)
Thus, the differential of the specific energy is given by
Oe Oe
de =—dvo+—ds 2
ov 0s @)

However (Callen, 1960, Chapter 2, p. 35) we know that

Oe Oe

— = - — =T
90 p, s ; 3)

where p is the pressure and T is the temperature of the considered element (parcel) of the
fluid.

Remark 1. At this point, a clarification seems to be necessary concerning the specific quantities
(per unit mass), in the Eulerian description of a flow. Since in the Eulerian description, the
position X is a geometric point of the field, the physical meaning of a specific quantity g, =
=q, ( t, x) is not straightforward. The definition of specific quantities g ( t,x ) , in the
Eulerian description, will be given by following (implicitly) the Lagrangian point of view, as
the ratio of a material quantity d Q( t,x ) (located around X at time ), referring to the mass

dM (t,x)= p(t,x)dV (%) of the fluid, divided by that mass, namely

do(t,x) 1 do
dM(t,x) B p(t,x) dv’

q,(t.x) = 4

That is, the specific quantities in the Eulerian description are, in fact, the Radon-Nikodym
derivative (Folland, 1999) of the measure of a physical quantity of the flow, with respect to the
mass measure at the position X at time 7. ]
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Note that, in general, the entropy is related to heat transfer via the relation T ds = d g, where

d q is the amount of heat supplied to the considered parcel (d g is a non-exact differential).

Thus, in general, the presence of entropy is indispensable when thermal phenomena are
considered. Nevertheless, since thermal phenomena are generally not compatible with the

Hamiltonian formalism of Analytical Mechanics, we shall discard them, by assuming d g =0
(adiabatic flows). Having this in mind, we can proceed in one of the following two ways.

We can consider that the entropy is uniformly distributed (constant) throughout the parcels of
the fluid, in which case (since each of the fluid parcels is identified by a conserved label) we
can assume s = 0 throughout the fluid. Thus, the differential of the specific internal energy
reduces to

Oe Oe Oe Oe Oe
de = —d —ds = —d —0=—4d
¢ ov U+8s > ov U+8s ov v %)

Then, the internal energy of fluid parcels depends only on the density p =1 / v, leaving us
with the formulae

de Oe do n Oe » ©)
= — , where — =—PD.
ov ov
Then, the derivative of the energy density with respect to the density, p =1 / v, is obtained by
applying the chain rule, as follows

de de Ov 1 P
_— e — . = — —_—,— | = —. 7
de 080 _(p)|-L]-2 )

Considering all the above, we may proceed to express the internal energy of an arbitrarily
small mass of fluid p( t,x ) d V') inside the flow domain by

dE(t,x):e(,o(t,x))p(t,x)dV(x) (8)

where the specific internal energy is a function dependent only on the density, e = e( yo, )

Furthermore, the internal energy stored inside the fluid (considered as an ideal mechanical

(x)

system) is obtained by volume integration over all arbitrarily small volumes d 7'~/ inside the
flow field, namely
“[p] = fe(p(t,x))p(t,x)dV(x>. ©)

The above flow, where the entropy is assumed constant (and in fact equal to zero through the
appropriate Galilean transformation) throughout the fluid flow, is referred to as a Homentropic
Flow.

Another way to account for the entropy in the context of the Hamiltonian formalism is by
considering an initial distribution of the entropy among the parcels of the flow, which has
been established by the previous evolution of the flow (probably by thermal phenomena).
Further, we assume that no thermal phenomena take place throughout the course of the flow,
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(d g = 0), and thus the specific entropy is conserved in each of the parcels of the fluid. Denote
the latter by s, ( t,x ) , in the Lagrangian variables. Invoking the Principle of Invariance, we

obtain

—

*

s(t,x) =s,(t,x(1,¢)) ? s, (1,&). (10)

Observe that the equation (*) of Eq. (10) presents the entropy as a function of the spatial

Lagrangian variables ¢ , and the time Z. Since no heat generation or heat transfer phenomena

are considered, the value of the entropy of each parcel is constant throughout the course of
the flow. That is

sl(t,ﬁ):sl(t,f(to,x)):so(é)zs1<t0,§), (11)

where s ( ¢ ) is the initial distribution of the specific entropy among the parcels of the fluid, at

the labeling time ¢, . Substituting the above in Eq. (10) we obtain

s(t,x):so(é:) (12)

Thus, the specific entropy can be considered as a field, dependent on the time [, and on the
position X occupied by a fluid parcel at time Z. This is referred to as an Isentropic Flow; a flow
where the entropy is considered as a material parameter characterizing the thermodynamical
state of each fluid parcel.

Since the flow is assumed to be isentropic, the entropy is invariant throughout the course of
the flow of the fluid. Thus, the following holds

Ds,(&) B® s(1,&) 0 Eq:.i) ds(t,x(t,(f)) _ Ds(t,x) ) (13)
or ot dt - Dt

That is, the material derivative of the specific entropy of the fluid parcels occupying, at time ¢,
a position X inside the flow domain is equal to zero, namely
Ds(t,x)  0ds(t,x)
Dt ot

+(u(t,x)-V,)s(t,x) = 0. (14)

Recalling the definition of the 4-momentum, see Eq. (1) of Chapter 4, Subsection 3.c, as well as
the definition of the 4-velocity given in Subsection 3.a of the same chapter, since the density is
assumed to be different than zero, with the fluid occupying every position inside the flow field
throughout the course of the flow, we can express the constraint of Eq. (14) in terms of the 4-
momentum by

(779, )s(t¢(tox)) = (779, )s(t.x) = 0. (15)

That is, the specific entropy, as a material parameter of the parcels, is also conserved along the
direction of the flow.

N.B. One important distinction between the entropy (a conserved parameter characterizing the
thermodynamical state of the parcel) and the parcel labels (a conserved parameter characterizing
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the parcel itself) is that, unlike the parcel labels, the specific entropy does not uniquely
characterize the parcels, since multiple parcels can possess equal values of entropy. ]

Given all the above, the internal energy of an arbitrarily small mass of fluid, contained inside
a small volume, d 7 ¥/ is given by

dE(t,x):e(p(t,x),s(t,x))p(t,x)dV(x) (16)

and the internal energy of the fluid is obtained through volume integration over all arbitrarily
small volumes, d 7'/, namely

£ p,s] = fe(p(t,x),s(z‘,x))p(t,x)dV(x) an

In what follows we will, for the sake of generality, assume that the flow is isentropic. The
transition from the isentropic flow to a homentropic flow is relatively straightforward, since, in
that case, the initial distribution of the entropy will be assumed as uniform, and as such, the
components of the gradient of the specific entropy will be equal to zero, namely

V. s(t,x) =0 (18)

(¢). The Lagrangian function of an arbitrarily small mass of fluid and the Lagrangian of
the fluid

The Lagrangian equation of an arbitrarily small mass of fluid, p(t,x) dV(x), can,

henceforth, be defined as a function, expressing the difference of the kinetic energy ¢, from
the potential energy, 7" , of the amount of mass of the fluid, namely

dL=dL(p,j,s) = d%(j(t,x),p(t,x))—d%’(p(t,x),s(t,x)) =
= d%(j(t,x),p(t,x))—(d%”(p(t,x),s(t,x))—I—d@”(p(t,x))) =
_ it

_ 2 o(1e] av (x) —(e(p(t,x),s(t,x))p(t,x)+P(x)p(t’x>)dV(x)_ (1)

where Jj is the conventional 3-momentum vector. Thus, the total Lagrangian is obtained by

summation over all arbitrarily small volumes d V(x) inside the flow field (in our case that
means by volume integration)

£=tlps)= [ Upgis)art -

V(-")

%—p(t,x)e(p,s)—P(x)p(t,x) av's @

V(X)

where £ = L[ p, j,s| is the Lagrangian function of the fluid inside the flow field (considered
as an ideal mechanical system).
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3. Variational Formulation of Euler Flows I: Unconstraint Action Functional

Having obtained the total Lagrangian L of the fluid flow, the action functional can,
henceforth, be constructed, by integrating the Lagrangian equation £ = E[ £,7, s] over an

arbitrary time interval, let [to o b ],namely

—p(t,x)e(p,s)—P(x)p(t,x) dv'™*) dr. (1)

ff

At this point we perform variations on the arguments of the functional, which result in
variations on the unconstrained action functional. The dynamic equations governing the flow
can, henceforth, be derived by invoking Hamilton's Principle. Specifically, let us define the
admissible variations of the momentum vector by

5j(1.x) 5j(tx)eC([ron, |xv 1))
is admissible if 5j(t,x)=0,V(f,x)€({t0,tl}xV(x)>

2)
By performing the above arbitrary variations on the action functional of Eq. (1) we obtain
A;S|p.j.s] =S| p.(j+6j)s]|—S[p.j.s]=3;Sp,j.s] +HOT (3)
Expanding the difference A j S [ Jo Ry s] we obtain

A;S(t,x)=8p.(j+3j)s|-8[p.j.s]=

ff J;ift xt x)_P(f,x)e(P,S)—P(x)p(t,x) av's) g
ff 2p (1,x) —p(t.x)e(p.s)—P(x)p(t,x)|dV'™) di =
ff 1200 tx)—Jz(’ L avt ar -
) 2p(t,x) 2p(t,x)
ff el 2; f>x) ) gyt ar )

It is apparent that
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(G+65)(t,x)=j*(t,x) = 2(j(t,x))T-5j(t,x)+(5j<t,x))2. (5)

Thus, substituting in Eq. (4) we obtain

A,.su,x):f‘f2<f<t,x>>T-6f<r,x>+<5f<z,x>>2dVWt ©

2p(t,x)

tO V(X)

Since the variation of the functional is -by definition- a linear functional on the variation of
the argument 6 j, we obtain

1 (j(l‘ x))T
5j$(t,x):ffﬁﬁj(f,x)dl/(")dt. (7)
ty yx) PLE

Since the fluid is assumed to be ideal and no thermodynamic phenomena take place inside
the flow, invoking Hamilton s Principle, we demand that the true progression of the system is
such, that any arbitrary (and admissible) variations of the momentum field render the action
functional stationary, namely

1 ) T
5j8(t,x):ff%-5j(r,x)dV(x)dt:O ®)
t, V(x) p ’

Nevertheless, since the fields under integration are C* —differentiable and Eq. (8) holds under
arbitrary admissible variations of the momentum j( t,x ) , then, by invoking the Fundamental

Lemma of the Calculus of Variations we obtain

Qex) o Ti(nx) = 0| ©)
p(t,x)

As such, we obtain that no mechanical transport phenomena take place inside the flow field,
since the momentum of the fluid in any position x inside the flow field, at any time ¢, is equal
to zero.

Performing, now, admissible variations over the field of the fluid density p( t,x ) , defined by

5p(t.x) 5,0(t,x)€Cz([to,tl]xV(x)), o)
is admissible if 5p<t,x):O,V(t,x)e({to,tl}xV(x)),
results in variations of the action functional defined by the difference
A,Slp.jl=S8[(p+6p).j|-Slp.i]l=06,8p.j] + HOT. (11)

Expanding, now, the aforementioned difference A , S [ £, ] ] , We obtain
A,S[p.jl=S[(p+3p).j|-8lp.j]=
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—(p+6p)e((p+6p).s)—P(x)(p+5p) A=) dr —

20p+6p)

ff

Expanding on the variation of the kinetic energy of the system (the ideal fluid), we obtain

plt,x)e(p,s)—P(x)p(t,x) dv'*) ai (12)

j*(t,x) _j2<t,x) _ J(tx)(p(t,x)=(p+5p)(t,x)) _
20p+0p)(t,x) 2p(t,x) 2p(t,x)(p+6p)(t,x)
_ jz(t,x)5p(t,x) _ jz(t,x) 5 . 1 _
2(ex) (prop)w)  2p(x) P )p<tx> LI
’ p(t,x)
( = 5,0 (2,x j’(t,x) 5
2p (i 5,0 (2,x ; ] :—m5p<t LX)+ O((é‘p) ),
(13)
'z(t,x) '2(t,x) B 'Z(t,x) 2
2(pj+§p)(t,x)_2]p(t,x) __2jp2(t,x)5p(t’x)+0((5p) ) (14

We will now assume that the internal energy is C* — differentiable. Thus, in virtue of the
Taylor expansion, the variation of the internal energy of the system, is equal to

e<<p+5p>(l‘,x),s(t,x)) -

= e(p(t,x),s(z‘,x))~|—

8e<p(t,x),s(z‘,x))

8p(t,x)

Expanding on the product of the variation of the field of the density, and the variation of the
internal energy, given in Eq. (15) in virtue of the Taylor expansion, we obtain

—<p+5p)(t,x)e((p+5p),s)+p(t,x)e(p,s) =

sp(tx)+0((sp)")  3)

= —plt.x)e((p+8p).s)+p(t.x)e((p+8p).s)+p(t.x)e(p.s) =

8e(p(t,x),s(t,x))

= —p(t,x) e(p(t,x),s(t,x))—i— op (%) §p(t,x)+0((5p)2) _
_p(i.x) e(p(t,x),s(t,x))+8e(p59t”0)(ct):;<)t’x))5p(t,x)+0((5,0)2) +

+p(tx)e(p(t,x)s(t,x)) =
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8e(p(t,X),S(fsx>)5p<t’x)_é‘p(t,x)e(p(l,x),S(Z,x))+

= el )
AL sty ol

Substituting Eq. (14) and Eq. (16) in the difference of Eq. (11), and additionally, taking into
account the variation due to the effect of the external potential force field, P( X ), whose

variation is directly calculated from the difference of Eq. (12), we obtain

A,S[p.jl=S[(p+5p)i]-Slp.i]l=

_ff _%ép(t’x)+0((5p(fax>)z) av' ) g
7[;/1 g,;?):i()t,x))é';?(t,x) dv\) gs —

ff sp(t.x)e(p(t,x),s(t,x))+P(x)8p(t,x))av'™) ar+

fy plx

8e s(t,x))
8/) (2,x)

(6p(t,x))° +O(<5p(l,x))2) av'*) ar (17)

o

Since the variation of the functional is -by definition- a linear functional on the variation of the
density, ¢ p, all higher order terms are discarded, thus, in virtue of Eq. (11) we obtain that the

first variation of the action functional, with respect to the admissible variations in the field of
the density, is equal to

L
i%(t,x .
S[p,j]:ff—%ap(r,x)dv( Vdi —
ty v(¥) P ’

—ffp(t,x)ae(p(t’x)’sgt’x»5p(t,x)dV(x) dt —

op(t,x

ff s(t.x))+P(x))5p(t,x)dv'™) dr (18)

Invoking Hamilton s Principle, we demand that the true progression of the system (the fluid
flow) is such, that any arbitrary (and admissible) variations of the field of the density, render the

action functional stationary, thus we demand
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5,8 p,j]=0 (19)

Thus, since the fields under integration are C* — differentiable and Eq. (19) holds under arbitrary

admissible variations of the density field, in virtue of the Fundamental Lemma of the calculus
of variations, Eq. (18) yields the dynamic equation

jz(t,x) 6e(p(t,x),s(t,x)>
2,02<t,x) 8,0<t,x)
or, in virtue of Eq. (5) of Subsection 2.b

jz(t,x) p(t,x)
207 (1.x) | p(i.x)

+p(t,x) +e(p(t,x),s(t,x))+P(x)=0 (0)

+e(p(t,x),s(t,x))+P(x)=0 (21)

Note that Eq. (21) is a generalized Bernoulli Equation, for the case of an ideal compressible
fluid flow, expressing the conservation of energy. Namely, Eq. (21) states that the total energy
state of a mass of fluid under the influence of an external potential force field, occupying, at
time ¢ the position x inside the flow field, equals the work of the pressure (at time ¢ in the
position x inside the flow field) applied to the fluid mass by the surrounding fluid.

Lastly, defining the admissible variations over the field of the specific entropy s ( t,x ) as

5s(t,x) 5s(t,x)eCz([to,tl}xV(")),

. N (22)
is admissible if 5s(t,x):O,V(t,x)e({to,tl}xV<x)>,

and performing these variations on the field of the specific entropy, the variation on the action
functional, S[ P> J s S] , 1s equal to
AyS[p.j.s]=8|p.j.(s+38s)|=S[p.j.s|=6,Sp.j,s] + HOT (23)
Thus, expanding on the difference A S [ P,J,S ] of the above equation, we obtain

A S (t,x) = 8[p.j.(s+68s)]-S[p.j.s] =

.2
N S () - () g;
_IV(X) 2p(1,%) plt,x)e(p,s+6s)—P(x)p(t,x)|dV'* dt
t -
_ Joex) B oo
IVL(/:) 2p(t,x) p(t,x)e(p,s)—P(x)p(t,x)|dV'" dt =
:ffP(i,x)(—€<p,s—|—5S)+e<pjs>>dV(x)dt (24)
ty V(x)
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We have assumed that the internal energy is C ? — differentiable. Thus, in virtue of the Taylor

expansion, the variation of the internal energy as a result of the admissible variation in the field
of the specific entropy, is equal to

e plisx)i(s +85)(1,x)) =

= e(P(t,x),S(t,x)) +8e(p(t,x),s<t,x))

83( t,x)

5s(t,x)+0((5s)2), (25)

Substituting the variation of the internal energy, of Eq. (25) in the variation of the action
functional, Eq. (24), we obtain that the difference A S [ Ps],S ] is equal to

ALS ff (1) 2L x)5 (%)

ds(t,x)
or, eliminating all higher-order terms from Eq. (26) (since the variation of the action functional
is a linear functional of the performed variations), we obtain

5.5 ff (6.%) e[ p(t,x),s(1,x))

ds(t,x)
Invoking Hamilton s Principle, we demand that the true evolution of the system is such, that
any arbitrary and admissible variations in the field of the specific entropy, render the action
functional stationary, thus,

5,8 ff (1,x)

ty vy

dv'¥) aq

5s(t,x)+0((65)?]

(26)

dv'™*) dt 27)

5s(t,x)

de(p(t,x),s(t,x))

dv ¥ ar=o.
8S(t x) ! (28)

5s(t,x)

Nevertheless, for Eq. (28) to hold under arbitrary admissible variations of the specific entropy,
since the arguments of the functional are C > — differentiable, and the density under integration

is a linear combination of the arguments of the functional, invoking the Fundamental Lemma of
the Calculus of Variations, we obtain the dynamic equation

el pl1.x).5(1.x) 9el (1o 1x)]

=0 =0
Al ) Tx) — Os(1.x] )

which, in virtue of Eq. (3) of Subsection 2.b, yields 7= 0.

Nevertheless, the results obtained do not possess any dynamic character. Namely, substituting
Eq. (9) in Eq. (21) we obtain

p(t,x)
p(t,x)

—i—e(p(t,x),s(t,x))—i—P(x)p(t,x):0. (30)
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That is, Eq. (30) describes a static, ideal-fluid equilibrium, in the case where the ideal fluid is
subject to an external potential force field. Specifically, Eq. (30) expresses a constraint, which
(when satisfied) ensures static equilibrium in the case of an ideal fluid, when the latter is subject
to an external potential force field. Recall now, that the enthalpy is defined as, (Callen, 1960,
Chapter 5, p. 147), (Cengel & Boles, 2014, Chapter 3, p. 124)

H =¢&(p(t,x),s(t,x))+ p(t,x)V(t,x)=0. 31)

Then, accordingly, the specific enthalpy is defined by

h = e(p(t,x),s(t,x))—kp(t,x)%
:e(p(t,x),s(t,x))—i—% (32)

Thus, Eq. (30) can also be considered as a constraint, ensuring that the fluid remains at static
equilibrium, by specifying the value of the enthalpy of the fluid under the influence of an
external potential force field.

Intriguingly, in virtue of Eq. (29) we observe that the specific internal energy is independent
of the specific entropy. This could either indicate a contradiction with regards to our original

assumption of the internal energy as a function of the density p( t, x) as well as the entropy

S ( t,x ) , or (as in the case at hand) it could indicate the absence of flow. Specifically, since

the entropy is conserved in the direction of the flow, it constitutes a material parameter
characterizing the thermodynamical state of an amount of fluid. Nevertheless, according to
Eq. (9), the fluid is in mechanical equilibrium, and no transport phenomena take place in the
space occupied by the fluid. Thus, the rate of change of the internal energy with respect to the
entropy will indeed be equal to zero.

We have thus proven that the equations obtained by the variation of an unconstrained
functional, describe only trivial phenomena of no dynamic character. This is a result of the
loss of information that intrinsically stems from the Eulerian description of the flow.
Specifically, in the Eulerian description, the positions are considered as independent variables,
uniquely identifying the geometric points of the flow field, not describing the dynamic field
of the positioning, at time ¢, of the masses of fluid considered as parcels, inside the flow field,
throughout the course of the flow. As such, the velocity field is considered as a primitive field,
over the different positions of the flow field. That is, no consideration is given with respect to
the positioning of the different parcels of the fluid, and, as such, of the dynamic behavior of
each parcel, as consideration of fluid parcels appears only in a Lagrangian description of the
flow.

This is also expressed by Seliger and Whitham (Seliger & Whitham, 1968), stating that
“This is where the close similarity with a system of particles is lost.”
Truely, since in the Eulerian description of the flow, the physical fields of the density

P = p( t, x) and of the momentum J = J ( r,x ) present in the action functional are

functions of the positions inside the flow field X and the time 7, no consideration is taken with
regards to the dynamic phenomena of flow, with respect to the movement of each individual
parcel. Thus, the laws and principles that govern the flow of the fluid, inside the flow field, must
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be introduced in the form of constraints (Herivel, 1955). Nevertheless, even if the conservation
laws are applied on the action functional (in the form of constraints) the dynamic equations
derived from the variation of such action functionals, with respect to their arguments (that is,
the fields of the flow), cannot describe any vortical phenomena taking place inside the flow field
(Seliger & Whitham, 1968), (Mavroeidis & Athanassoulis, 2022). The reason for this limitation
is the apparent loss of information concerning the paths of the individual parcels inside the flow
field, throughout the course of the flow. This became known as the variational controversy
(Seliger & Whitham, 1968) (Serrin, 1959). The variational controversy remained an open
subject in the field of Hamiltonian Hydrodynamics until (around) 1959, when, in an unpublished
note, C. C. Lin proposed the addition of a constraint of a purely mechanical nature to the action
functional, the conservation of the parcels’ labels, (Mavroeidis & Athanassoulis, 2022), (Serrin,
1959), which was presented in Chapter 4. Since then, the Herivel-Lin approach has become
standard in the field of Hamiltonian Hydrodynamics (especially after the works of Serrin
(Serrin, 1959), Eckart (Eckart, 1960) and Seliger and Whitham (Seliger & Whitham, 1968)).

The following survey on the historical advancements towards the resolution of the variational
controversy, is adopted from the Introduction of a recent paper by Mavroeidis & Athanassoulis
(Mavroeidis & Athanassoulis, 2022) and is included in quotations.

« The first attempt to derive the Eulerian equations of fluid dynamics by means of Hamilton’s
Principle was made by Herivel in 1955 (Herivel, 1955). He recognized the need of introducing
constraints in the standard Lagrangian function, and he implemented as constraints the
conservation of mass and the conservation of entropy. The obtained variational equations
apparently produce Euler’s equation of momentum; however, the underlying velocity
representation turns 1 to be restricted to irrotational flows, when the entropy is assumed to be
constant, as it should be. See also the discussion in (Selinger & Whitham, 1968, p. 5). Let it be
noted that, from a purely mechanical point of view, entropy should not be of significance for the
dynamics of an ideal mechanical system, as the considered fluid flow is. The variational
controversy has been resolved, at least for the bulk motion of the fluid, by means of the clever
proposal of Lin (Serrin, 1959), who introduced the purely mechanical constraint of the
conservation of fluid parcels’ identity. See also Sec. 3.1. Although Lin’s constraint is commonly
used in conjunction with the entropy constraint [(Seliger & Whitham, 1968; Fukagawa &
Fujitani, 2010)], in fact, it can replace the latter, leaving us with a purely mechanical variational
formulation. »

4. Variational Formulation of Euler Flows II: Constrained Action
Functional — First Form

(a). Introduction of the constraints

To obtain non-trivial results from the variation of the functional, we need to apply constraints
that will, primarily, introduce (in the action functional) the elements of mass that constitute the
mechanical system of the fluid, and upon which the fundamental principles and laws of
classical mechanics will apply. We also need to include in our calculations the laws and
equations of conservation that govern these quantities. Two conventional constraints
considered in the bibliography are the conservation of mass (often appearing in the form of the
continuity equation), Eq. (13) of Chapter 2 Subsection 3, also mentioned below for the sake of
convenience,
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8p<t,x)

oy +VI-(p(t,x)u<t,x)):0,

which corresponds to a fundamental physical law of classical mechanics, as well as the
conservation of the parcels’ labels, Eq. (1) of Chapter 4, Subsection 1.b, namely

Dé‘g)tt,x) _ 6§;tt’x)+(("(”x))T'Vx)f(t,x) _ 0

As mentioned in Chapter 4, Lins constraints were introduced to account for the loss of the
parcels’ identities and thus of the individual paths of the parcels, when describing the flow of
fluid through the field point of view (Eulerian description).

Nevertheless, in Subsection 4.b of Chapter 4, we established that the expression for the 4-
momentum, Eq. (12) of Chapter 4 Subsection 4.a

.]p = po(é)afo > p:O:192:3,
3p

in terms of the 4"-order Jacobian determinant (expressing the transformations between the
Lagrangian and the Eulerian description), naturally satisfies the conservation of mass as well
as Lin’s constraints. Thus, the constraint

- oJ
Jp_p0(§>8§ =0 p:Oa1>2a3 (1)
0,p

over the variations of the 4-momentum can be implemented, replacing the conservation of mass
and the conservation of the parcels’ labels. That is, the 4-momentum of the fluid occupying at
time 7, the position X inside the flow field, should be such, that Eq. (1) is satisfied. Furthermore,
if the aforementioned constraint is satisfied, the conservation of mass as well as the conservation
of the parcels’ labels should be derived in the set of the dynamic equations produced from the
variational treatment of the action functional.

N.B. The constraint introduced in Eq. (1) is not the equation for the conservation of mass, nor
the equation for the conservation of the parcel’s labels. It simply states that, assuming that a

set of C*—diffeomorphic point transformations exists between the Lagrangian and the

Eulerian spatio-temporal variables, any variation of the 4-momentum field must satisfy Eq.
(1). Intriguingly though, if the variations of the 4-momentum are subjected to the above
constraint, the conservation of mass as well as the conservation of labels are identically
satisfied as demonstrated in the previous Chapter 4. Furthermore, such an expression for the 4-
momentum naturally implicates in our calculations the rate of change of the individual
parcels with respect to the positions inside the flow field through the entries of the 4"-order
Jacobian determinant describing the point transformations between the physical and the
labeling domains, as demonstrated by Eq. (1) of Chapter 3, Subsection 2.b and Eq. (6) of Chapter
3, Subsection 2.c, stating that the Jacobian determinant depends on the rate of change of the
field of the parcels’ labels with respect to their positions inside the flow field, but is, in fact,
independent of the field of the parcels’ labels themselves. ]

Since only mechanical (not thermal) transport phenomena are considered during the course
of the flow (isentropic flow), we add as another constraint the conservation of the specific
entropy, expressed in Eq. (15) of Subsection 1.b.2, namely
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3
os(t,x
p=0 p

(b). The Constrained action functional - first form

Applying the constraints of Eq. (1) and Eq. (2) of the previous subsection, by means of
Lagrange multipliers p = {ﬁk(t,x)}, k=0,1,2,3, and n(t,x ), to the unconstrained

action functional, we obtain a constrained action functional, namely

S = S[,O,]'afoﬂf’l_””’s] -

:ff ;;((Z’,i))_p(”x)e(p(t,x),s(t,x))_P(x)p(t,x> dv) gs—
_ff Zﬁ"<t’x)[7k<t’x)_loo(5>aa; dv'™) dr+

t V(")
—I—ffn(t,x) fk(t,x)%dﬂwdt (1)

where

f(t,x)z<§1,§2,§3)(t,x) is the field of parcel labels, and &,(7,x) is a

Lagrangian time-like variable (here also considered as a field, dependent on the position X
and the time ?) as defined in Chapter 4 the specific independences of which, will be clarified
later on.

D= {pk(t,x)}, k=0,1,2,3,and n(t,x) are Lagrange multipliers entering the

functional as additional functional arguments,

f = {7k<t,x)}, k=0,1,2,3 expresses the 4-momentum as defined in Eq. (1) of
Chapter 4, Subsection 3.c.

]( t,x) = ( Ji ( t, x),j2<t, x),j3 ( t,x)) is the conventional 3-momentum vector.
p(t,x) is the fluid density. At this point we recall that, by definition, j, (¢, x ) is the
fluid density p( t, x) =, ( t,x ) . Thus, although j, ( t,x ) is not explicitly mentioned as an
argument of the functional S [ PsJ>E0,C,Ps1,8 ] , in fact it has not been excluded from the list

of the arguments, appearing as the density field p( t,x ) Accordingly, we have to identify

Jo ( t,x ) with p( ¢, x) in the course of the calculation of the variation of the functional.

J is the 4"-order Jacobian determinant describing the point transformations from the
physical to the labeling domain. The 4™-order Jacobian determinant is dependent on the time #
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and the positions X as a function of ( &o ( t,x ), ¢ ( t,x ) ) . Furthermore, J is functionally

dependent on the spatiotemporal derivatives 9 &, / dx, with ¢, p = 0,1,2,3. Nevertheless,

recall that in Chapter 3, Subsection 2.c, we have proven that the derivatives of the 4"*-order
Jacobian determinant describing C > — diffeomorphic point transformations, with respect to

any &, q=0,1,2,3 are equal to zero. That is, J is, in fact, independent of any & 4>
q=0,1,2,3.

s ( t,x ) is the field of the specific entropy in the position X of the flow field, at time

£o ( é ) expresses the initial density of the fluid, as a function of the field of the parcel

labels, independent of the time.

P ( X ) is an external potential generating the body forces acting on the bulk of the fluid.

Remark 1. Since all the arguments included in the action functional have been defined with
respect to the independent variables ¢+ and x, we will, in virtue of simplicity, mention the
independent variables ¢ and x only when confusion is likely to occur.

Remark 2. When we proceed to vary the functional, we treat the potential field P( x) as a

given, external function of the position x. That is, the potential P( x) does not possess any

dynamic character and its value for the positions x is not subject to change. Since it is
independent of the dynamics of the system, it is treated as a known coefficient of the Euler-
Lagrange equations.

(). Variation of the constrained action functional

Having established the fields that enter the action functional as arguments we will now proceed
to vary the functional. In that respect, we will primarily define the admissible variations for the
different arguments of the action functional

S = S[,O,J'afoafrl_”n’s] -

tl
tO V(X>

dv) ar —

j*(t,x)
m—p<r,x>e(p<t,x>,s<r,x>)—P(x)p<r,x>

t

-/ imw‘)[ﬂ“’”"’“)aé%i

lo V(x) k=0

| . 0s(t,x)
— s(t,x X
e 3o a e Z v
k

lo V(x) k=0

dv') dr +

Then we will study the variations of the action functional in order to obtain the dynamic
equations governing the flow of fluid.
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(c.1). Variations over the 4-momentum field

Recall that in Chapter 4, Subsection 3.c we have defined the 4-momentum vector, as

_ . def
j(t,x) = (jO’jl’jZ’j3)(t’x) = (p’jl’j2’j3>(t’x>' (1

Thus, by identifying the field of the density, p(l,x), as the first component of the 4-

momentum vector, the action functional can also be written in the form

= g[p,j,go,f,ﬁ,n,s] = 5[7,§Oa§,ﬁaﬂes] =

f;/(;[%jo(f,x)e(jo(t,x),S(t,x))P(x)jo(;,x)

t 0

dv') dr —

dv ar +

IS0

f iﬁk(t,x)[fk(t,x)_po(f) 07

oyl
£ 3
_ os(t,x N
+ffn(t,x)2jk(t,x)%dlf( Vdr. @)
k=0 k

t V(x)
We begin by defining the admissible variations over the field of the 4-momentum ;( t,x ) , by

R (tox) = (hf.n7) W (1,x)eC([1g,0 | x v,

_ (3)
is admissible if Ej(t,x):O,V(t,x)e({to,tl}xV(x)).

with i/ = { h kj } , for k=0,1,2,3. Then, for arbitrarily small & >0, the variation of each

of the components of the 4-momentum reads

5Ji(t,x) = J(t,x)+ehf(1,x), k=0,1,2,3. (4)

Remark 1. At this point, a short comment seems to be necessary, concerning the notation used

for the 4-momentum, as well as the variations & 7 performed in the aforementioned field. Since
the 4-momentum expresses, by definition, both the field of the conventional 3-momentum, as
well as the field of the density (through the temporal component of the 4-momentum), we deem
it convenient to perform variations on the conventional 3-momentum as well as on the density
field altogether, through the performance of variations of the 4-momentum. Thus, when
addressing the 4-momentum vector as a 4-vector field, we will write

o iy iy iy iy T
J :(J0:]1a12s13> ) (5)
and accordingly, its variations will be expressed as

— = —s —5 —5 —=\T
W= (ni, 0l nini ), ()
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Nevertheless, when we approach the 4-momentum as a 4-vector, expressing the physical fields
of the density and of the conventional 3-momentum through a single vector, we will write

™ . . T . . . T
J=ded) =(pidviisiis) . (7)
and accordingly, we will identify the variations of these fields by

B = (b, 07 ) = (k] b b h] ). ®)

with the variations of the density field expressed through the temporal component hg of '

and the variations of the conventional 3-momentum field expressed through A 7

Thus, the first variation of the action functional is obtained by

578 == 8|(T+2h7 .66 ps) ©

c=0

Since the differential with respect to & commutes with the volume and time integrals, the first
variation of the constrained action functional, Eq. (9), can be expanded as

j+8h’ t,x
5;S = ff )( >dV(x)dt -
f, vix

de zj +&h])(1,x)

e=0
7
_[Jddg((]0+gh1) e((Jo + & )t x)s(t.x) | = P(x) J, + & b)) av'™) an
7
IIJ kz—:opk tx [(]A—l—ahk )(t x) po(f)aagik dv'=) a; 4
0 =0
ff i:(f_’k“’ﬂ")(%x)% dv'*) di (10)

For the sake of convenience, we will now treat the integrals / 1; and / 2; independently. Namely,

1 1; yields
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2 =

W (jy+enl)-2(i+en’) n

/) . T
_ff4(1+‘9h)' ( 0 ° ap() 4y
4(j0+gh07)2 B

t, y ()

[ A 7)2](j0+ehg')

ff - dv) di
jO +¢ h’)

ol it n] et W v 2hl e it w2n] (an )
— — dv''’ dt (11)
4(jo +2h])

e=0

e=0
Then, evaluating the integral 7/ of Eq. (11) at &€ = 0 we obtain
. 47 j —2nl j?
17 :ff L2 o "R d gy, (12)
(x) 4‘]0

Furthermore, the integral / 2; yields

zg:ff ((Jo+end e (do+ed )(ex)s(ee)))ar'™ a +
ffde 10+‘9h1)) v di

e=0
_’fi[%(jo—keh({)e((jo+8h({),s)+(j0+£h({)%(e((jo+5h({)’s>) av'™) as n
" =0
ff h’ dv =
e=0
ff{h({e((j0+€h({),s)+(jo+5h1)3e(a((fjoiil:]))s)hg+P<x>h({ av'™ 4 _
I . J )
/ . ) . de (] +gh.7)’s i )
fwﬁ{h({e((10+eh({),s)+jo <8(j00+8h0({) )h({ ' dy N
0 =0
| de((jy +end)s) )
+ff gh({ e(Jo & ) hj+P(x>h({ av™) g4 _
[y a(]o—f—ah({) y
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de ,
ff[hf JosS )+ Jo (BJ )h’+P( Vi | av'™) i (13)
Jo

The results from the terms of Eq. (6), that correspond to the constraints applied to the action
functional, are derived directly from the differentiation with respect to & . Thus, substituting in
Eq. (6) we obtain the first variation of the constrained action functional, with respect to
variations performed in the field of the 4-momentum, namely

4'Th7'—2h7 .2
58 = ff L 2 Jom mh T gyt g
t 410

ff[h({djo’s)—’_jo%}o’s)h({+P(x)h({ av) g —

+ff77(t,x)i: E{Mdl/(”dt (14)

or

t .T ~ t 0 )
5.S:ffj—hjdV(x)dt—ff]—h’dV(")dt—
J . 2.2 0
y () JO y () ]0
dejy.s)
JorS )+ — 4+ P(x
ff[ 0 0 aJ )

nl av'™) ar—

t, vt
4 3 .
—ffZﬁk(t,x)hk’(t,x)dV(x)dt—
ty ¥ k=1
4
—fff?o(t,x)l_z’( Vav'®) dr +
t V(x)
| ~_; 9s(t.x)
—=-0slt,x
) 2 gy g
+ffn(t,x)z { o, I+
1 k=1
1
+ffn(t,x)l?ojMdV(")dt (15)
) dx,
o V
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Invoking Hamilton's Principle, the true evolution of the system should be such, that any
variation of the 4-momentum field, should render the action functional stationary, that is

;8| 7. &0.& pom,s| =0 (16)

or, in virtue of Eq. (15),

ffj W oav's dt—f
ff[ Jo»S +]an(8]]°0’ )~|—P(x)

h 3

Jav™) ai—

hloav') dar -

tO V(X)

+ffn(t,x)ZOjMdV(") dt = 0. (7)

Since Eq. (17) holds for arbitrary admissible variations over the 4-momentum field, we will, to
begin with, assume that the variations of the aforementioned field are of the form

7 (1,x)=(0,h7(t,x)). that is, we will perform variations on the field of the

conventional 3-momentum. Then, Eq. (17) yields

ff noav'™) ar —
Jo

_ffZPk (t,x)hi(t,x)dv"™) dr+

t V( ) k=1

-0
ff (1,x Zh Stde(x)dt:O (18)
tOV

k=1
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Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (18) must hold for
arbitrary variations of the 4-momentum of the form h' (l, x) = ( 0, h’ (t, X )) (that is, for
arbitrary variations of the conventional 3-momentum), we obtain the dynamic equation
L p(t,x)+n(t,x)V, s(t,x) =0 (19)
Jo
where p = ( 222 ) are the Lagrange multipliers, or, recalling that, by the definition of

the 4-momentum, j,, ( t,x ) = p( t,x ), we obtain the dynamical equation

:p(t,x)—(n(t,x)vx>s(t,x) (20)

Assuming now that the variations of the 4-momentum are of the form h' (Z,x) =

= ( hg ( t,x ), 0 ) , that is, performing arbitrary admissible variations on the field of the fluid

density, we obtain

e

t,

Jav) ai-

del j, .
ff Joa +]0 (JO )+P(X) hg dV(x)dl—
t, vt 8]0

ffpo (2,x) x)dV(x>dt—|—

ty vix
4

+ffﬂ(t,x)h({MdV(x)dt:O 1)
] J 0x,
o V

Invoking, once again, the Fundamental Lemma of the Calculus of Variations, since Eq. (21)
holds for arbitrary variations of the form h' ( t,x ) = ( h({ ( t,x ), 0 ) , of the 4-momentum, we

obtain another dynamic equation, namely

P2 86(],5)
J . . 0 —
— — —j,——>—P(x)— ,x ) +n(t,
ng e(]O,s) Jo (9jo (x) po(t x) 77( x)

ds(t,x)

X0

=0 (22)

. def. . . .
or, since J, ( t, x) = p( t, x) and x, = ¢, we obtain the dynamical equation
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j? de(p.s)

2—|—e(p,s)+p ds(t,x)

95 +P(x)+ﬁo(t,x)—77(t,x)T:O (23)

(c.2). Variations over the time-like field & ( t,x )

We shall now define the admissible variations for the Lagrangian time-like field &, ( t,x ) by

15 (1,x) lf“(t,x)eCZ([;O,;I}xVU))

(1)
is admissible if |10 (1 x) = 0. (t.x) € {rg.1,} x V"))

Then, for any arbitrarily small & >0, the first variation of the action functional

S = 5[/7,]':50,‘5’1”77"?] -

_ff)

oJ

ffx;pk )| 7)) 12
ds(t N

ff (1,x) ijtx Sanx)dV()dt, @)

ty yi

dv) ar —

—p(tox)e(p(tox).s(rix)) = P(x) pl1.x)

dv') ar +

is obtained by

5,8 = -8 puii( 0 + 21 (1)) & pams | G)

e=0
But the derivative of the 4"-order Jacobian determinant with respect to any element

&y, =0&,/0x, equals to the reduced determinant J [(50 » )], see Eq. (1) of Chapter 3,

Subsection 2.b, presented below for the sake of convenience

oJ
650,/“1

= J|(50,,)]: 4)

which remains unaffected by any variations of &, recall Eq. (6) of Chapter 3, Subsection 1.a,

where we define the structure of the reduced determinants. Thus, we obtain that the variation
of the action functional with respect to any arbitrary admissible variations of the field of £

is equal to zero,

5., 8| prdséorés P15 | = 0| 5)
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As such, no dynamic equations are derived from the variation of the functional with respect
to &, ( t,x ) , as the functional is, in fact, independent of & ( t,Xx )

(c.3). Variations over the field of the parcel labels é‘( t,x )

To study the variations of the action functional as a result of the performance of admissible
variations over the field of the parcel labels f( t,x ) , we make use of the following Lemma 1,

concerning the effect of variations of the field of & =¢ ( x) over an n"-order Jacobian

determinant, describing C'— diffeomorphic point transformations. A mention to the first

variation of the Jacobian determinant is also made in (Badin & Crisciani, 2018, p. 212). We aim
to establish a relation expressing the first variation of the Jacobian determinant in terms of the
reduced determinants generated by the former.

Lemma 1: (First Variation of the Jacobian Determinant): Let J be the n™-order Jacobian
determinant describing C' — diffeomorphic transformations (') from a x — space to a & —
space, namely

R R
0x, Ox, ox, Ox,
08, B, 0, 04
0x, Ox, ox, Ox,
P : . : . : (LL1)
8§q aéq e 8§q LY 8§q
0x, Ox, ox, Ox,
o0&, 06, 0¢, 0¢,
dx, Ox, dx, Ox,

Then, performing a variation A ¢ ( Xp,,X, ) of § = é‘( Xp, X, ) , the first variation of the

Jacobian determinant J is equal to

n n &
S:J = Z Z Zi‘f} J1(5,,)] (L1.2)

q:lp:] P

Proof: Consider the Jacobian determinant of Eq. (L1.1) describing bijective point
transformations from a x — space to a & — space. We now perform a variation h( X ) on the

ﬁeldoffz(gﬂ,fz, ---,éfq, 8 ),thus obtaining

& — f—|—6‘h§<x> = (51 +eh, Sy +ehy, 8, teh,, ¢, +8h,,) (L1.3)

(1) Recall that we have assumed that the point transformations from the physical to the labeling domain are C 2

diffeomorphisms. Thus, no additional assumptions are made with respect to the point transformations described by
the Jacobian determinant.
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Recalling the analytic definition of the determinants, the n™-order Jacobian determinant equals

0g B )
J = Z sgn( o) d © 9 94 (L1.4)
0Xo(1) O%Xon)  OXg o(n)

O'q)

ccP,

where P, is the set of all possible permutations, 0( ‘) : { 1,2, n} —>{ 1,2,---,n } . Recall

that sgn(+) is the sign function taking the value sgn( o ) = +1 for even and sgn( o ) =—1
for odd permutations. Then, performing the variation h( X ) on the field of ¢ = (&,,&,, -

,&,> &, ) results in a variation on the Jacobian determinant, equal to

9 he) o hs G, he 9 he
o= Y o) 2o )2 o k) ols v en) ols vei)
oep, o(1) o(2) o(q) o(n)

(L1.5)

Expanding on the product inside the above summation we obtain

n

J, :J+g;D[(hj)]+

n

Y D[(hfl)(hqi”—k---—F

1<g,<qg,<n
DY D[(hf)(hf)} (L1.6)

In the above Eq (L1.6) we define as D [ ( hfI ) ( hfk )] the determinant having as entries of

its rows {ql, gy } the derivatives of the components {hjl R ,hfk } of the variation

hé(x) of the field of & E(él,fz, ---,fq, 8, ), with respect to the components of

x:(xl,---,xn),namely

ahe an ane ahe
q, q, 9, q,

Jdx, dx, axp dx,

& & . . . . . . .

D[(hq, ) (hth )] = : . : . : . : , (L1.7)

ane an an an

qy q qy 9

dx, dx, 8xp Jdx

* % % *
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where the entries of the conventional n"-order Jacobian determinant are represented through
stars ( *) . Since the transformations described by the Jacobian determinant are assumed to be

C' — diffeomorphisms and the determinant is a polynomial function of its entries, the first
variation of the Jacobian determinant is obtained from

0:% J+SZH:D[(h5”~|—O(52) (L1.8)

q=1 e=0

dJ,
Oed =
de o

Thus, the first variation of the Jacobian determinant with respect to a variation of the field & =
E(élaézs agqa ,fn ), equals

n

5&:20[(}:5” (L1.9)
qg=1
Expanding, now, the determinant D[(hf ”, for ¢q=1,2,---,n through the Laplace

expansion in terms of reduced determinants we obtain

"~ Oh;
D[(hj)]zzaqu)[(aqp)] (L1.10)

p:] P

where the reduced determinant D[ (0 ) ] is defined as

dl,l dl,p dl,n
D[(é‘qp)] =10 - 1 SO Ul B qth row (L1.11)
dn,l dn,p dn,n

L p™ column

Nevertheless, by definition, the entries of all rows except the ¢ ™ are equal to the corresponding
entries of the Jacobian determinant, namely

d1,1:681,1 dl,p:é:l,p d1,n:§1,n

D[(é‘qp)] — () 1 0
. . . . . (L1.12)

dn,l = é:n,l d}’l,p = é:n,p dn,n = é:n,n

L p™ column

Furthermore, in virtue of Eq. (6) of Chapter 3, Subsection I.a, the reduced determinant
D[ (6,,) ] is equal to the reduced determinant J [ (9,,) ] , namely
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d1,1 dlp dln 511 : 51,,7 é:ln
D[(é‘”)]: 0O - 1 -« 0l=l0o - 1 - 0 :J[(é‘qp)]
dn,l dn,p dn,n ‘;Zn,l gzn,p é:n,n
L p™ column J
(L1.13)
Thus, substituting in Eq. (L1.10) we obtain
¢ dh ;
q
D[(hq)]zzax J15,,)]- (L1.14)
p=1 p

As such, substituting in Eq. (L1.9) we obtain

S:J = ZZ hy J5,,)] (L1.15)

g=1p=1 p

Furthermore, in virtue of Eq. (1) of Chapter 3, Subsection 2.b, the reduced determinant also
equals

J[(5qp)] _ 9 (L1.16)

66&‘1717

As such, Eq (L1.15) and Eq (L1.16) can also be expressed through derivatives of the Jacobian
determinant with respect to their entries, namely

Al Ok U
)] 3328 2

and accordingly

ohs
S.J = Zz o ag (L1.18)

g=1p=1

Thus, the proof is complete.

We will now express the constraints of the action functional through vector notation. Namely,
observe that the derivatives of the 4™-order Jacobian determinant with respect to &, ,» for

7(0)

p=0,1,2,3 can also be expressed as a vector element J'") of the adjoint matrix of the

Jacobian matrix [ J ] , generating the determinant .J , namely, expressing the adjoint matrix in

terms of 4 column vectors, yields
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ad([7]) = (;(o)j(1>j(z)j<s>) )
with the first vector element of the adjoint matrix equal to
_ _ _ _ \T
oJ oJ o0J 0J
6950,0 ’ 650,1 ’ 8650,2 ’ 850,3

(0)

N

2)

where adj( [ J ] ) expresses the adjoint matrix of the 4™-order Jacobian matrix, [ J ] , generating
the determinant J . Thus, the product of the field of the Lagrange multipliers 1_7( I,x ) =

T
= (1_70( t,x),ﬁl(t,x),ﬁz(Z,X),ﬁg(l‘,x)) and the corresponding constraint can also be

written in the form
(B6.x)) (G (t.x) = po(€) T ) =0, 3)

Further, the constraint of the conservation of the entropy along the direction of the flow, can
also be expressed vector-wise, namely

((7(t,x))T.vx)s<t,x):o. @)

Thus, the action functional can also be expressed, using the vector notation of Eq. (2), Eq. (3)
and Eq. (4), namely

S = S[,O,]'aébwé:’l_”n’s] -

:ff 2j.;<tt:i>>—p(t,x)e(p(t,x),s(l,x))—P(x)p(t,x) dv) di -
[ Bl (3ex) - o6 T arte) ars
+ffn(t,x)((J_'(l»x))Tﬁx)S(f»x)dV(x)d’- (5)

ty v

We shall now define the admissible variations for the field of the labels by

e (1x) hf(t,x)eCz([to,tl]xV(x)),

. L (6)
is admissible if hf(t,x):0,V(Z,x>€({t0,tl}xV(")).

Since the action functional depends on the field of the parcel labels é‘( t,x ) as well as its first

partial derivatives &, , = d¢, /dx,,, for p=0,1,2,3 and ¢ =1,2,3, then, for >0, we

q.p
read
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E(t,x) — (E+eh)(t,x), (7)

and, as such,

0 0 0 Oh
c (E+eh) = € 4 : p=0,1,2,3 )
ox, ox, ox, ox,
Thus, the first variation of the action functional is obtained by
d . e\ =
5.8 = =8| p.jsép.(E+en ) Bons|| =
de o0
_ d|j’ (x) ~
= — ——pe(p,s)—P(x)p(t,x) dv dt
()dg 2p
ty, V' £—0

I

ty yix)

(p?(t,x))T-(J_'(t,x)—po(é+gh5)j,so)))dV(")dt +

+]f%[n(<7<r,x>fvx)s<z,x>]dV“‘) dt| . )

ty y(x)

(0)

where J »  1s defined as the varied vector of Eq. (2), namely

oJ, oJ, oJ, dJ,
850,0’850,19850,29850,3

7o) = (10)

and J , is the variation of the 4™-order Jacobian determinant resulting from the admissible

variations over the field of the parcel labels, & . Further, since the fields p, j, P, n, s are

independent of any variations over the field of the parcel labels, the first variation of the action
functional equals to

5.8 = %S[p,j,go,(ughf),ﬁ,n,s]

=0
:ff%((ﬁ(t,x))T-(f(t,x)—po(é‘Jrghf)jflo)))dV(x)dt (1)
f oy

or, expanding the above through product rule,

0¢S = %S[p,jafo,(éjtshf),ﬁ,n,s]

e=0
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ff_T [[ §+gh)Po(§+8h§))T-h'f]j(o)]dV(")dt —

ty ylx

—j:fﬁT{pJ§+eﬁ)£iﬂ””dW”dt , (12)

where, V< & +cn) CXPresses the gradient with respect to the varied vector field of the parcel labels

&+ ¢ h*. In virtue of the Lemma 1 concerning the first variation of the determinant,
evaluating the above equation at ¢ = 0 yields

I

555:—ffp?T-[((vfpo(é))T-hf)i(‘”]dr/“)dt_

_ ons 9y .
- E jE P po(&) = dv<) dy
- dx, ¢, , (13)
to y(x) g=1p=0 }) >
1

Since the product P of the above equation is a scalar, Eq. (13) can also be written in the form

‘4 x4 4d 1x3 3
= T
6 S = —ff[(ﬁT-J(O))[(V(f)Po(f)) -hf]]dV(x)dt—
tO V(x)
1x4 4x1
f N ¢ 970
_ Oh; oJ x
—f DY B polE) av dr, (14)
= dx, d¢
f po \g=1p=0 A
Pl

We shall now address the product P, of Eq. (14). Since the vector product P, is the result of

the application of a linear operator to the vector J (0) , We may express it in the form

z 8’”81 _jj(v;wx jio). 28

pyr ’ dx, (15)
4%3 3x1

where h° expresses the variation over the label field in vector notation, namely

E(tx) = (h(tox)ohf (t,x),hE(0,x)) (16)
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and V. Jox, () is the gradient operator defined as
0 0 0

0(0¢ Jox,) 0(0&,/ox,) 0(0& ) ox,)

with p =0,1,2,3. Thus, the first variation of the action functional, resulting from the
variations over the field of the parcel labels equals

ff [ V(f)”O(f))T'hf]dV(")dt_

tOV

Vag/axp(’) -

(17)

dv dr . a8)

or, due to the associativity of the matrix product, expanding on the integral ¢ of Eq. (18) yields

ff [ V(f)”O(f))T'hf]dV(")dt_

—ffiai [(ﬁT‘(P()(é:)(Vg:/axp j(o))))~hf]dV(x)dt+
1y yix) P=0 P

15

f X
2: 9 [—r1 T %(0) )) ¢ ()
+'zjﬂ'jﬂ>p—08xp(p (p()(é:)(vaf/axp‘] ) h* dV'" dt.
0 VX =

(19)

Further, exploiting the summation over p = 0,1,2, 3, the integral / f can also be written as a
sum of integrals, namely

t 3
0 (- = x
I3 :ffzax (PT'(Po(f)(Vgc/axpJ(O)))-hf)dV( Vdr =
ylx) p=0 P

ffzaxk( {pol)(Vhepan, 7)) n¢ Jav ) ar
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P po(f)(%/axo«7(°>))-h‘f)dV“‘) dt. (20

ff@xo
Z‘OV

Recalling that x, = ¢, the partial derivative with respect to x, in Eq. (20) commutes with the
volume integral. Thus, Eq. (20) is equal to

ty 3

15 :ffza%(ﬁT'(Po<§)(v(g§/axp j(o)))-hf)dV(x)dl‘—f—
p

t, V(X)pzl
4l
0 _ - )
+faf(pT.(po(é:)(vgf/azJ(O)))'hé)dV( )dt, 21)
ty V(x)
or
1 3
- O (5" FOV . 4 ) gy
I, _ff28x p (p0(§>(vaf/()xpt] )) h )dV dt +
ty V(X)PZI p
h
( (Vaé/az m)))-hf dv (22)
P(x)
Iy

Since the admissible variations h° ( t,x ) of the field of the labels vanish - by their definition -

at t = t, and ¢ = ¢t,, the integral I§ reduces to

t 3
¢ _ 9 (—T_( T 7(0) ) f) (x)
Jz—ff)pglaxp P po(é’)(vaé/apr ) he | dv'™ dz, (23)
ty V' -

Further, invoking the Gauss Theorem, the volume integral of Eq. (23) also equals

1 3

5= [ ] S0 (2ol ) Thepn, T))| 0 n, a5t (4)

ty av(x) P=

(x) (x)

is a small area of the boundary OV
(x)

where, V') is the boundary of the flow domain, d §

and n = {np }, p =1,2,3, is a unit vector, normal to the areca d §

Substituting 75 in Eq. (19) we obtain

ff [ V(f)”O(f))T'hf]dV(")dt_
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|
\J
\
=S|
—
>
o
a
@~
i
S
=
N

(0))))-h'f n, ds'™) dr +

[ S S5 ol €)(Vhesar, TC))) 0 @ an )

X
by gl =00

Invoking Hamilton's Principle, the true evolution of the system should be such, that any
variation of the field of the labels renders the action functional stationary, thus, we demand

558:—]f(5T~j(°))[(v(¢)Po(f))T-hf]dV(")dt—

ty v
f 5
[ S5 ul ) (T, T, ) ) s+
to gy (¥) p=1
I¢

3

3

D

t, yx) P=0

ﬁT'(po(é)(ng/axp .7(0))))-# dv) dr = 0. (26)

where the double integral 7§ expresses a condition over the spatial boundary of the flow. Since
we demand that Eq. (26) holds over arbitrary admissible variations of the label field, it also
(x)

holds over the variations that vanish on the boundary 07 "~ ’. Thus, we additionally demand

a1

—_
I

—
N

(=}
SN~————

—

—

v (é))T-hf]dV(x>dt+
(¢)Po

t, V(X)
a1
3
0
[
— Ox,
[0 V(x) pP=

The arguments of the functional are considered C *— differentiable, and the density under

integration is a linear combination of the arguments of the functional. Thus, since Eq. (27) must
hold under arbitrary admissible variations of the field of the labels, invoking the Fundamental
Lemma of the Calculus of Variations, we obtain

—1 =(0) T )
P T (Vi pe(€)) Yo
»=0 p

ﬁT-(po(é)(vgé/axp .7(0))))-hde(x)dt:o. 27)

7 (2o(€) Vi, ) )= 0| )

Remark. Recall that the operator Vg £/ or is applied as a gradient to every element of the

column vector J () , thus forming a ( 4x3 ) matrix, as demonstrated also in Eq. (18). m
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Expressing Eq. (28) component-wise, we read

927
- piltox)po(&) |+
pzo kz: : Vlog, 08,
3 —
_ 0T 0py(¢)
+ t, =0 29
kzopk( x)aéo,k 5% (29)

where ¢ = 1, 2, 3. Furthermore, the first term of the above equation equals

0°J
P )po(&) —7— | =
ZZ : o )8@,,,850,,{
3 —
op,(t,x 0%J
=zz—g< o€ g
k=0 p=0 *p ézq,p 50,/(
33 _
_ apo(‘f) 9%T
+ p((t’x> +
;; : axp aézq,paé:(),k
3 3 —
o) 0% J
+ pi(t,x) po(¢) [ (30)
;; ‘ ‘ axp 6§q,pa§(),k
or, in virtue of Eq. (1) of Chapter 3, Subsection 2.b, the above equals
3 3 —
o) 0°J
| Pelx) o (6) 57— | =
kzopzoaxp : Vrog, 08,
3 J—
Op(t,x 0%J
= T e g
k=0 p=0 *p éq,p 50,1{
3.3 _
_ dpo(&) 927
+ pilt,x +
kz:Opz:O +{6:%) 0x, 0¢,,0%.
0T (85)]
+Zzpk”‘po )a D& G
=0 p= p q,p
and in virtue of the Piola Identity, mentioned below for the sake of convenience
Z 0 o0J _ o, (32)
~ dx,10¢,.,

Eq. (31) reduces to
N E
E E 9x ﬁ,((t,x)po(é)
X
k=0 p=0 p

e
8§q,p 850,/{
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3.3 — —
op,(t,x 0%J
- ) e
k=0 p=0 q,p 0,k
303 —
_ dpy(&) 92T
+ pilt,x (33)
Z Z il ) ox, 0&,,0&,
Furthermore, expanding on the final term of Eq. (33) we obtain

3 3 —
_ Ipy(€ 9°J
S5 7 rx) 2200 -
axp 85(],[} 850,/{

k=0 p=0
T
- k ’ -
k=0 p=0g,=1 aéjf]l 8x/7 8§q,l’8§0,k

3 3 _
2:2:_ apo(f) o0J

pu— t, 5 pu—
pk( X) 05(]1 9149 ago’k

k=0 g, =1
3 a -
:Zﬁk(t,x) pao(g) oJ ’ (34)
q 5

with ¢ =1, 2, 3. Thus, Eq. (33) equals

apk f x 0%*J
— L
ZZ Po() 5 e

k=0 p=0 P
3
_ dpe(€) oJ
+ Pt x) 8“( ) (35)
Substituting Eq. (35) in Eq. (29), the latter reduces to
8Pk t x 8%J
Po(€) sz =0 (36)
; ; 654,17 850,16

Substituting, now, Eq. (28) in Eq. (26) the boundary condition expressed through the double
integral /1§ equals

1y 3

5= [ [ 2 (E (o) (VEeg, T ), || 0 a5 ar =0 67

ty oy p=1

For Eq. (37) to hold under arbitrary admissible variations of the label field, invoking the
Fundamental Lemma of the Calculus of Variations, the following must also hold

n, =0 (38)
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2 7 2 7 2 7 27
S (50,7007 ﬁ)p()(f)[ 0’7 9T 9T 9T
(39)

or, expressing Eq. (39) component-wise, it reduces to the following double summation over p
and & indices,

>y

p=1k=0

0°J
p,( t X p0(§)8§ PE n, = 0. (40)
q,p 0,k

Nevertheless, invoking the identity of Eq. (12) of Chapter 3, Subsection 5.b, we know that
2’7

1( o7 97 o7 o7
8§q,p 89:0,/( J

8§q,p 6(SZO,k 85(1,/{ aéo,p

For k = p the boundary condition is also identically satisfied. That is, the boundary condition
of Eq. (29) yields the following sum

Zpo pol&)m, + BT py (&)t B =L (&), +
85(] P 8§0 0 85(],2 850’1 856],3 850,1
RN RN
+ P, ——————po &)+ Py ———— P& )n; +
POE,, 08, ol&)m POE,5 08, o(&)ms
027 027
+ Dy ——po(&E)n + Dy ——— p,(&E)n, =0, g=1,2,3. (41
POE,, 08, ol&)m POE,, 08, (&) m

Further manipulation of the dynamic equation as well as of the boundary conditions, derived
through the arbitrary admissible variations of the label field, is (at this point) not possible, since
it seems that, in order to appreciate the importance of the expressions, explicit forms of the

Lagrange multipliers p, (¢, x ), with k£ = 0,1, 2,3, must be obtained, as we will demonstrate
later on.

(c.4). Variations over the Lagrange multipliers p, ( t,x )

We, now, define the admissible variations of the Lagrange multipliers 1_)( t,x ) = { D ( t,x ) }
with £ =0,1,2,3, by

A7 (1,x) I?ﬁ(t,x)eCz([to,tl]xV(")),

. o (D
is admissible if RP(t, )=O,V(t,x)e({to,tl}xV(x>).

Performing the variations h? (t,x) of the Lagrange multipliers p?(t,x) that obey the
restrictions of Eq. (1) to the action functional
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S = S[,O,]'afwé:’l_”n’s] -

B st et ptnmrtroe) o st [
_ff((ﬁ(t’x>>T'(;(t’x>_po(f)j(o)))dV(x)dt_|_

+ffn(t,x)((J’(lax))T'Vx)S(fax)dV(x)d’- 2)

ty v

results in a variation of & [ P, J, &0, E,P.1,8 ] Furthermore, the first variation of the action

functional is obtained by

(f(t,x))T-Vx)s(t,x)]dV(x>dz , 3)

:_ff(ﬁp)T.(f(t,x)_po(f)j(o))dV(x)dt 4)

Invoking Hamilton's Principle, we demand that the evolution of the system with respect to the
Lagrange multipliers p, should be such that any variation of the aforementioned field should
render the action functional stationary, namely

5,8 = %S[p,j,éo,f,(ﬁ—kgl_z”),n,s}

e=0
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_ _ff(,;p)T.(J—-(t,x)_po(g)i(o))dV(")dt=o )

[0 V(X)

and since the arguments of the functional have been assumed to be C ? — diffeomorphisms and
Eq (5) must hold under arbitrary admissible variations of the field of the Lagrange multipliers

P ( , x) , invoking the Fundamental Lemma of the Calculus of Variations we obtain

j(tx)=pe(&)T =0 ©)

which is, in fact, the constraint, demanding that the 4-momentum field ;( t,x ) assumes values

of the form of the expression of the 4-momentum in terms of the 4"-order Jacobian determinant,
that is, the above dynamic equation demands that the constraint applied on the 4-momentum is
satisfied and as such the conservation of mass as well as the conservation of the parcels’ labels
is also satisfied.

(c.5). Variations over the Lagrange multiplier 77( t,x )
We, now, define the admissible variations of the Lagrange multipliers 77( t,x ) by

17(t,x) l”(t,x)eCz([tO,tl]xV(x)),

: N (D
is admissible if l"(t,x)ZO,V(t,x)E({to,tl}XV(")).

Performing the variations / "(t,x) of the Lagrange multipliers n(t,x) that obey the
restrictions of Eq. (1) to the action functional

S—S[pjfo, pn.s| =

I

dv ) ar —

—p(tox)e(p(tox).s(rix)) = P(x) pl1.x)

2p(t,x)

(30 ()= )7 v

ty yi
ff (¢,x) (¢, x)) -@x)s(t,x)dV(x)dt. (2)

fy plx

results in a variation of S [ P J, &0, Ep k,?],s]. Thus, the first variation of the action

functional is obtained by

5,8 = %5 pois &0 &b (n+el")s]

e=0
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dv:) dq —

——pe(p,s)—P(x)p(t,x)

ffdg
ffdg ))T'(J_'(faX)—po(é)fW)))dV<x>dt N

O = (LR (TS A ) P B

=0
or,
5778:%S[pajaégoafaﬁ,(ﬂ-i-glﬂ),s}g0:
ff [“8”)(( Ux)f-%)s(r,x)]dwwdt W
i V =0

The above equation yields

5 S—ff[l” ,x)) ﬁx)s(t,x)]drf(”dz (5)

Invoking now Hamilton's Principle as well as the Fundamental Lemma of the Calculus of
variations, for arbitrary admissible variations of the Lagrange multipliers 77( t,x ), Eq. (4)

yields

(7(t.x)) (V. s(r.x)) = 0], ©)

which corresponds to the constraint of the conservation of the specific entropy in the direction
of the flow.

(c.6). Variations over the specific entropy s ( t,x )

We, now, define the admissible variations of the specific entropy S( t, x) by

(1, x) ls(t,x)eCz([to,tl]xV(x>),

. L (D
is admissible if ls(t,x):O,V(t,x)e({to,tl}xV(x)).

Performing the variations /* ( t,x ) on the specific entropy s( t,x ) that obey the restrictions of

Eq. (1), results in a variation of the action functional
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S = S[,O,]'afwé:’l_”n’s] -

tl
2
t
:ff ]( x) dv'™) g1 —
2p(t,x
o)
t

T plex)elp(1x).5(16)) = PLx) pl1x)

|

(t,x))T-(]_'(t,x)—po(f)j(o)))dV(x) dt +

[ e ((F) " 9, Jsteoe) Jart) e, @)

ty v

Thus, the first variation of the action functional is obtained by

0.5 = L8l pjéo i pm(s+er)]

e=0
:ffii—pe(p<s+gl“‘))—P(x)p( )dV()d —
de|2p
t, v
=0
4
d (,_ - =~ .
—ffﬁ(p(t,x)) (7(00) = pal£) 7)) av = ar| 4
to v e=0
4
d A TS 5 (%)
+ffﬁ[n (](t,x)) -Vx)(ersl (z,x))]dV dt , (3)
to v £=0
or, performing the differentiation with respect to & we obtain
8e p, s+£l
ff ))PdV(x)dz +
s+gl )
e=0
ff ﬁx)IS(t,x)dV“‘)dz )
ty vix e=0

Evaluating Eq. (4) at £ = 0 we obtain

[1 8 , |
—ffp—e(ps)l“dV(x)dt+
/| 0s
ty, V'F
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+ffn((;(t,x))?@x)IS(z,x>dv<x> di. 5)

[0 V(x)

For the sake of convenience, we may now express Eq. (5) component-wise, namely

- 8ls(t,x) (x)
+ffn ]k(t,x>—a dav'*) dt. (6)

X

or, integrating the second double integral by parts, we obtain

_ffp—ae(p’s)lfawmdwr
} o s

(x) k=0

x )l (tx))dv™) di -

_ffi8<n2k)c(%’x)>l‘v(t,x)dV(x) di. )

to V(x) k=0

Furthermore, the second integral of Eq. (7) may also be expressed as a sum of two integrals,

namely
—fprlst(x)dl‘—l—
/| 0s
ty, V'F

t 3

+ffzai (Fe(tx)n (e, x))dv ™ de+

k=1 ;

f o)
A
a1
0 (- s x
—l—ff axo(]o(t,x)nl (t,x))dV( Vdr —
ty v
IS
tx
ffz n]k >ls(t,x)dV(">dt. (8)
ty yix k=0

We shall now treat the integrals 7,' and /; independently, namely
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Feltox)npi(e,x))dv'™) de )

s

Invoking the Gauss Theorem of Calculus, Eq. (9) can also be expressed in the form

If——t/‘g/‘ nl*(t,x)ds") dr (10)

ty ov(x

(x)

1s an infinitesimal area of the

(x).

where oy expresses the boundary of the flow field, d's

boundary 8V(x> and n = { n, }, for k =1,2,3, is a unit vector, normal to the area d §

Furthermore, recalling that x, = ¢, since the partial derivative with respect to x, commutes

with the volume integral, we obtain

Q_ffa
t()V
:f 0 f(]_'O(t,x)nls(t,x))dV(x)dt:

0x,
Lo

(x)

LX)l (tx))dv'™de =

b

= fjo(t,x)nlS(t,x)dV(") (11)
V(x) tO
Since all admissible variations of the specific entropy vanish at 7, and ¢,, we obtain

I3 =0 (12)

Substituting the integrals 7' and 7] in Eq. (7) we obtain

t 9 ’
—ffp—dps)lst(x)dt—i-
ds
t, v
f

+f f n(j(t,x))T‘nl‘*‘(t,x)ds(x)dt—
ty ov'®
Z
ffz n]k - >ls(t,x)dV(">dt. (13)
ty pl*
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Invoking Hamilton’s Principle, the true progression of the system should be such, that any
arbitrary (and admissible) variations over the field of the specific entropy should render the
action functional stationary, thus, we demand

t 9 ’
—ffp—dps)lst(")dt—i—
0s
t, y(x)
3

s [ tex) () ast ai-

ty ay¥)
f

_ffia(m_‘k(t’x))l“'(t,x)dV(")dz:0. (14)

k=0 Ox,

1‘0 V(X)

Since Eq. (14) holds for any admissible variations of the specific entropy, it also holds in the
case of variations of the specific entropy that vanish on the boundary of the flow field. Thus, we

also demand
‘ P ’
_fprpdedH
) J. s

ffz ﬂj(;x )ls(t,x)dV(")dt:O. (15)
k

(x) k=0

Furthermore, since the arguments of the action functional are assumed to be C * — differentiable

and Eq. (15) must hold under arbitrary admissible variations of the specific entropy, invoking
the Fundamental Lemma of the Calculus of Variations, we obtain

i:ahjk(r,x)) = in—ayk“’x)ntfk(t,x) 91 _ p@e(p,s>. (16)

p Ox, “— Ox, Ox, s

Nevertheless, the 4-momentum must satisfy the constraint obtained in Eq. (6) of Subsection 4.d
and applied on the action functional. Additionally, in Chapter 4, Subsection 4.b we demonstrated
that, if the 4-momentum can be expressed in terms of the 4®-order Jacobian determinant,
through the form

j(t,x) = po(¢)

then, the following expression (the continuity equation) in terms of the 4-momentum is satisfied,
namely

3 -
ﬁz.f(t’x):ZM:(), (17)

(0)

b

Nh

Thus, substituting Eq. (17) in Eq. (16), the latter reduces to
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~ on de(p,s)
. (,x) 2L — 202 18
ko]k<t-x)8xk P ds (18)

or, expressing Eq. (18) in vector notation, we obtain

((f(t,x))Tﬁx)nz—p%. (19)

N.B. Observe that the equation of the conservation of mass has not yet been derived from the
action functional, and as such, one could argue that it cannot, at this point, be used to produce
Eq. (18) and Eq. (19). Nonetheless, nothing prohibits us from using it, since it is identically
satisfied by the constraint applied on the 4-momentum which is also derived as a dynamic
equation from the action functional. That is, regardless of the fact that, at this point, the
continuity equation has not yet been derived, we can, in fact, use it in order to simplify Eq. (16).

[

Furthermore, in virtue of Eq. (15), Eq. (14) yields

ff nl*(t,x)ds" dr =0 (20)

ty av(x

Since Eq. (20) holds under arbitrary admissible variations of the field of the specific entropy,
invoking, once again, the Fundamental Lemma of the Calculus of Variations, we obtain the
condition

iy(j(t,x))Tn =0 (21)

which must be satisfied on the boundary of the flow field and expresses that there is zero inflow
and outflow of fluid from the flow field.

5. Derivation of Explicit Forms of The Lagrange Multipliers 7, (7, x )

Through the introduction of the constraints, we increased the number of arguments in the action
functional. Nevertheless, we observe that Eq. (36) of Subsection 4.c.3, mentioned below for the
sake of convenience

8p (¢,x) 9*J
IR EIPNE )57 55— =0 1)

k=0 p=0 éq,p éo,k
or - having assumed that the initial density is non-zero ( p,, ( é ) =0)

ZZ‘?” ox) 9T @)
8)(: agq,pag(),k

k=0 p=0

is a linear operator with respect to the Lagrange multipliers p , . Additionally, in virtue of the
identity of Eq. (12) of Chapter 3, Subsection 5.b, namely
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0%J 0J 0J 0J 0J
- , 3)

1
865111»171 86’12’1’2 J aég‘llspl aé:‘!zapz aé:qlvpz a§42a1’1

if ¥ = p, then Eq. (2) is identically satisfied, and no results are obtained from the dynamic
equation. We can, thus, constrain the indices 4 to be different than p , namely,

2 = —
ZZ 0°J 3pk(t,x):0. "
§qpa§0,k axp

k=0 p=0
k=p

Recall also Eq. (5) of Chapter 3 Subsection 5.a, also mentioned below for the sake of
convenience,

ZZ 5 6)‘1 (&) =0 5)

p=1 p =1 !
P *= P

A further study of the dynamic equation (1) can be found in (Rylov, 2004b). Following Rylov
we initially assume a solution for the Lagrange multipliers, of the form

9,
ox,’

ﬁk - k:05192737 (6)
which indeed satisfies Eq. (1) in virtue of the aforementioned Jacobian determinant identity.

Furthermore, if we additionally assume that the solution is of the form

9,
0x,

Pe = go(& ) 2= k=0,1,2,3. (7)

0
then, recalling that §, , = 8& , substituting in Eq. (4) we obtain
X

0(go(&0) o)
ZZ ff,,,aéw dx -

=0 p= p

ki/)
_ZZ 0*J ago(ﬁfo)afoJr
gq pago,k axp dx,

k=0 p=0

k=p
0
+ZZ éq,ﬁé“

k=0 p=0
k=p

9,
0x,

go( & )- (8)

p

In virtue of Eq. (5) the above reduces to
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SOy_0 o[ g0(£0) (040 /03, ))

=0 pzoafq,pa‘fo,k 8xp

k=p
_ ZZ 02T 0g4(&) 0&, 9¢, o
k=0 p=0 gq pago,k 850 8xp 8x1\' ’

k=p

but, since © = p and given that 4 = 0, in virtue of the Laplace expansion with mismatched free
index, Eq. (9) equals to zero, namely

ZZ 0270806 04 06 _, (10)
/(ip

Thus, the solution of Eq. (7) satisfies the dynamic equation (4), derived from the variation of
the constrained action functional with respect to the variations performed on the field of the
parcel labels &.

Furthermore, we additionally assume that solutions of the form

¢,

P = gq(é‘)axk >

q:152’>37 (11)

also satisfy Eq. (1). Substituting in Eq. (4) the solution of p, , presented in Eq. (11), we obtain

(gq(é:>‘§q,k> .
2{:2{: égp850k Ox, N

;:—0 p=0
ZZ (gq(5>)3§q+
B gqpa§0k dx, Ox,

k=0 p=0
*‘EE:EE: o)y (ey=0. )
aéjq paé&Ok axp gq .

k=p
kzp

In virtue of the identity of Eq. (5) the above Eq. (12) reduces to

o(g,(¢))0¢, 08,
/(Z;pz—:()qz—:l 9¢,, pa§0k ¢, dx, Ox; B
k=p

_ ZZZ 927 0&, 9(g,(¢)) ae, ()
i—o p=0gq, —18§q pago,k axp afql 8xk
=p
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<;)z3:i: 0T a§q5 3(gq(éj))(;)
/c:Oqlzlago,k ox, "1 0¢,
k=p

<w§:ajagawxﬁ)

= = 0. (13)
0 8é:O,k axk aé:q

The above equations ( * ) hold in virtue of the Laplace expansion. Furthermore, the above Eq.

(13) is equal to zero in virtue of the Laplace expansion with mismatched free index, see Eq. (9)
of Chapter 3 Subsection 3.a. Thus, the dynamic equation (4), is also satisfied by the solution of
Eq. (11).

Since Eq. (4) is a linear operator on the Lagrange multipliers p,, for ¥ = 0,1,2,3, and

considering that both Eq. (7) and Eq. (11) satisfy Eq. (4), in virtue of the Principle of
Superposition, the Lagrange multipliers p, are equal to

50 85‘{1 .
fe)Fe e e (05 keenas "

We will, henceforth, assume that g, and g, , for 4, = 1,2,3 are not trivial and sufficiently

smooth.

6. Variational Formulation of Euler Flows II1: The Modified Action
Functional — First Form (S,,))

(a). Substitution of the Lagrange multipliers p, ( t,x ) in the action functional

Having established a valid solution for the Lagrange multipliers p, we will now proceed to

eliminate these aforementioned multipliers from the action functional. Namely, substituting Eq.
(14) of the previous subsection to the action functional of Eq. (1), Subsection 4.b, we obtain

S=8[p.j.EyEns] @ff
ffz 8o Cfo ézo qul ai [jk Po(f)a(zgzk
fnz)k v ar. 1)

1y (x)

dv') dr —

——pe os) = P(x)p(t,x)

dv') ar +

Further treatment of the second double integral of Eq. (1) yields
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3
ffz Jk &o 50 ql av'* dr -
1y plx) k=0 g =1 9%,
< 0&, 07T
o 0J (x)
— v dt
fsz_; g0<§0)po<§)an 980

tO V(-‘)

0¢, a7 .
ffz qul )axA 6‘1‘; dav') dar. (2

plx) k=0 {q,=1

Interchanging the order of summation in the third double integral of the above Eq. (2), and
invoking once again the identity concerning the Laplace expansion with mismatched free index
(since g, = 0), Eq. (2) reduces to

23 850 Z o¢,
9 (x)
f T go(fo + T gq] >3xk dv'-ldt—

k=0 q, =1

1

t, V(")

3

—ffE

ty y(x) k=0

9&, oJ

dv'*) de, (3)
Ox; 08,

go(fo)po(f)

As such, the action functional reduces to a modified action functional, namely

dv) ar —

SmESm[p,j,éoaé,n,s]fo[g—pe(pﬂ—l’(x)p(%x)

(b). Variation of the modified action functional S,,

Having replaced the field of the Lagrange multipliers pk<t » X ), k=0,1,2,3, by the

expression of Eq. (14) of Subsection 5.a, we have obtained the modified action functional, see
Eq. (4) of the previous subsection. We will now perform variations on the functional arguments
of the modified action functional, in order to obtain a new set of dynamic equations and of
boundary conditions from the modified action functional.
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(b.1). Variation of the modified action functional S,, with respect to the 4-momentum

We begin by defining the admissible variations over the field of the 4-momentum ;( Z, x) , by

Ef(t,x):<hg"h7) Ef(t,x)eCz([tO’tl]xV(x)>,

} (1
is admissible it |B7 (1,x) =0,V (1,x) € ({rg.0, v ).

with k7 = {}7 Z }, for p = 0,1,2,3. Then, for arbitrarily small &>0, the variation of each

of the components of the 4-momentum reads
51_'p(t,x):]_'p(t,x)+gf_zg(t,x), »=0,1,2,3. @)

Note: Recall that the notation expressing the 4-momentum, the field of the conventional 3-
momentum, the field of the density, as well as the variations of the aforementioned fields, will
follow the convention of Remark 1 of Subsection 4.c.1.

Performing the admissible variations of the 4-momentum (defined in Eq. (1)) to the modified
action functional, the first variation of the action functional is obtained by

5,8, = 5|7+ e ) &0.ems] G)

e=0

Since the differential with respect to the arbitrarily small & , commutes with the volume and
time integrals, Eq. (3) can be expanded as

[ ~ 2

1 j+eh’ t,x
5j3m:ffi( ) ( )ded, _

ty v de 2

(o +2hd)(1.x)

e=0

1{

t

[ (g e ) el [0+ 2 hd) x5l + PCx) (1 + 2 4 )) ar') a

t, y () =0
7
y d 2 ¢ (x)
7 0 x
_ffﬁ [(Jp+gh;)go(§o)a dv'*ad -
1y y¥) p= P -
b PRI .
[ SIS T e e (6) S avag
ty ¥ p=0gq =1 P o
tl d - : - —=\ Os
+f‘[)E g0<§0)p0(§)J+lz:077(jp+5h/,’)8xp dv ) aq (4)
t(] VX D =




The integrals / 1; and / 2; have been previously treated in Eq. (12) and Eq. (13) of Subsection
4.c.1 and are given below for the sake of convenience.

t — _
! T o j . j 2
11; _ ff 4j h' j,—2h; j
4572
v 0

and accordingly

dv') dt, (5)

Oe i
1 = ff[h] JosS )+ Jg (ajj >h’+P( ) by
ty v

Thus, substituting / 1’ and / 5 in the action functional, and evaluating the rest of the terms at

dv'*) dz. (6)

& = 0, we obtain
1 T - i 2
ff[4j h jo—2h]j
p— B 2
t, y () 410
¥ - del j,»s i -
ff[h({e<j0,s)+j0—(aj )hof+P(x)hg

dv ) dar —

dv) dr —

)

3
A (x)
§ B dv'*) d¢ (7
+fj) ! ! axl)
ty 1785

p=20

Invoking Hamilton s Principle, the true evolution of the system should be such that any variation
of the 4-momentum field, should render the action functional stationary, that is

5;8,[7. &0 ¢.m.5] =0 (8)

or

t] 3 .
45 n7 j o —2h! 2
:ff[ 0o ¢ dv') ar —
to y(x) 4J0
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t . 8 ’
ff[hge(jo,s)Jrjo <8J]° )hf +P( )h dv) g4 —
1, v 0
t 3 o 5
St e avtan-
X
t V(X)FZO p
S NP L INUENTENE
to V()P—O‘ll—l
1, 3 ~ a
+ff2w7pf av™ar=o0. ©)
t, V(")PIO ax‘p

Since the equation holds for arbitrary admissible variations over the 4-momentum field, we will
begin by considering that the variations of the aforementioned field are of the form

ni (t,x) = ( 0,h’ (t,x) ) , that is, we will begin by performing variations of the field of the

conventional 3-momentum. Then, Eq. (9) reduces to

t T 7
, v o
é
ff[zhk 8o 680
to V k=1

Y hi 0%, dv'*) g
_ff ZZ ; gql(g)&% v ) ar
+ff[§:nﬁkj88xsk

oy Lk=1

>df—

AV aer = 0. (10)

Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (10) holds for
arbitrary variations of the 4-momentum of the form 7/ (7, x) = (07},7 (1,x )), the

following also holds

Ht) ()T e (tx)+ S 6 (6916, (1) = n(1) V{15,

]O(t’x> g, =1

(11

or, recalling that, by the definition of the 4-momentum, j, = ,0< r,x ) , Eq. (11) can also be
expressed in the form
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p(t,x)

3
= u(t,x) = go(& ) Vido+ Y g, ()Y &, —nV,s

g, =1

(12)

which is a dynamic equation, expressing the velocity field of the fluid, in terms of the scalar
potential functions g (-), fq(l,x) with ¢ =0,1,2,3, ﬂ(l,x) as well as S(l‘,x). A

comprehensive study of the above equation will be carried out later on. For now, we will restrict
ourselves to the derivation of the dynamic equations and of the boundary conditions from the

variations of the modified action functional S, .

Assuming now that the variations of the 4-momentum are of the form h i (t, x ) =

= (h g (t,x), 0), that is, performing variations of the field of the density, in virtue of

Hamilton's Principle, Eq. (9) yields

t

1 - .2
5.3m=—f fhf /
Jo 0[2]0

t V(X)

dvi ) lar —

ffhf[ Jous +J03 (8JJO )+P(x)+go<§o)gx

av) ar —

AV dr = 0.

q, =1

ffhj zgq' 8x0
o vl

n@xo

(13)

Since Eq. (13) holds for arbitrary admissible variations of J ( r,x ) , invoking the Fundamental

Lemma of the Calculus of variations, the following also holds

;2 de( jgns ) ) 3 P
J . . 0 0 s
) —+P — =0
2j02+e(J0 s>+]0 9, + (x)—l—go(fo)ax()—i-zgql(f) n@xo
(14)
or, recalling that by definition x, =¢ and j, = p, we obtain
j 2 de( p,s 0
]2+€(P95)+P%+P( )+go 650 _+qu| 8_j:
(15)

(b.2). Variation of the modified action functional S,, with respect to fo( z, x)

We shall now study variations of the modified action functional resulting from the performance

of variations on the field of the time-like variable & 0( Z, x) .
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We shall first present a corollary of the Lemma 1 of Subsection 4.c.3, concerning the specific
case, where we perform a variation to a single component &, 4 ( r,x ) of € ( f,x ) We will, as

such, study the first variation of the Jacobian determinant, for such component-wise variations

off(f,x).

Lemma 2 (First Variation of the Jacobian Determinant for a Variation of a Component & ): Let

J be the nM-order Jacobian determinant describing C ' — diffeomorphic transformations from
a x — spacetoa ¢ — space, namely

06 06 04 04
0x, Ox, Jdx, ox,
06, 06 08 04
0x, Ox, Jdx, ox,
P : . : . a (L2.1)
agq aéq e 8§q e agq
0x, Ox, Jdx, ox,
o0&, 0¢, 0¢&, 0¢&,
dx, Ox, Ox, Ox,
Then, performing a variation I ( x ) on a component &, of &= é‘( Xp, X, ), results in a
variation of the Jacobian determinant equal to
dJ:, ~ [ a1
5, = —* = Z 71(8,,)- (L2.2)
e=0 p=1 p
where J [(5 qp)] is the reduced determinant, generated by the derivative of the n-order

Jacobian determinant J , with respect to the entry £, = 9¢&, / Ox, .

Proof: Consider the Jacobian determinant of Eq. (L2.1) describing C ' — diffeomorphic point

transformations from a x — space to a ¢ — space. We now perform a variation / % (x) on

the ﬁeldofcfz(fl,é_‘fz, 8yt 6, ),thus obtaining

£, = E,+elv(x),  and  E—& z(51,52,---,§q+gl‘fq,---,§n). (L2.3)

Recalling Eq. (5) of Chapter 3, Subsection 1.a, we may express the Jacobian determinant
through the Laplace expansion in terms of reduced determinants, namely

J = Z 00 I8, g =1,2-,n. (L2.4)

p=1
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Thus, performing a variation with respect to £, results in

n g,
J— ., = Z[aéq L 71s,,)]. (L2.5)

ox, dox,

p=1

As such, the first variation of the Jacobian determinant with respect to the variation of & is

obtained by
dJ. ~|[ a1
— e —
5, = — - Z o 71(8,,). (L2.6)
e=0 p=1 p
Thus, the proof is complete. [

We shall now define the admissible variations for the fictitious time-like field & (7, x ) by

$o 2 (x)
1 (1, x) 1% (t,x)eC ([to,tl]xV ) "
is admissible if léO(t,x)zO,V(t,x)e({to,tl}xV(x>).
Then, for & >0, the first variation of the action functional
SmESm[pajaé:o’é:anas ff __pe )_P(x)p dV(x)dt_
‘/:0 ‘1| (x)
Z .] gO 50 +Z]p gfh dV dt—l—
t plx y p=0
ff g0 ) ol J+Zm,, avr'an, @
ty V P
is obtained by
5.5 =g (& +e17(1,x)),¢ =
50 m dg p:,l’ 0 & 3x 9 3779S -
e=0
ff —fpe p,s)—P(x)p dv') dy —
de
e=0
Eg+el”
ff E i, go(§0+gl§") (0 )+ijg 5 dv™) dy +
ty V¥ /)
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& - —- Os (x)
8o 50‘1"91 )Po(é)Jlﬁo +277Jpax v dt > 3)

S

tOV

where ‘71 ., expresses the 4"-order Jacobian determinant as &, — &, + & [ %, Expanding on

the above Eq. (3) we obtain

£,
] 0\ %o o 7 AVt dt +
ff Z e )8(§ax81 1P
toV

1)—0 P

H§0

1

L

] [rstalaseyod

[O V(x)

¢
H°

Inserting the partial derivative with respect to ¢ inside the double integral H f" of Eq. (4) we

obtain by chain rule

$o
H = ff Z J,,go(§0+el§°)8(§°;;81 ) dv\) as =

P

ty v
g & &
(> R ELRCa
ty ylx) p=0
H
f &
+ff§: iy go(§o+el§°)% 8(5084;81 ) av'*)dr. )
t, ylx) P=0 r
HY

For the sake of convenience, we will now treat the double integrals H§0 and Hj" of Eq. (5)

independently, namely,

H§° :ffi 7, d80(§;:gl§0)3(§084;8150) ) gy

ty ylx) p=0 p
" [ dg0<§0+€l§°) ) a(§0+gﬁ°) "
:[;[)pzo 7, d(§0+gl§°) l ox av'* dt, (6)
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o
HY szi: jpg0(§o+8l§°)i oo tel”) av'*) ar =

— de 8xp
ty V(x) P

&
:ffi 7/)g0(§0+8160) ’ d(§0+81 ) dv'*) dr =

0x de

t, V(x) p=0 r

S [Ss sl

t V(x) p=0 P

dv') ds —

S
HY

(] gol & +er®))if favan @

p=0

REDE

Exploiting the summation over & = 0,1, 2,3, the double integral Hﬁ" of Eq. (7) can also be
written as a sum of integrals, namely

S NE
I

As such, substituting Hﬁ" in Hﬁo, and then, substituting HS;O and Hﬁo in H® , we obtain

H‘f(’:ffi: ; dg0(§0+€l§°)l§0 & +e1%)

(& +e1%)0F )dV(x>dr+

dv'<) az. (8)

]k g0(§0+€l§0)1 )

k=1

dv'™) dr +
t, plx) P=0 d(§0+€l§°) axp
3
+ff88 (7ogo(§0+sl‘f°)z§°)dr/< Vdrt +
t y (%) 0
1 3 8
= $o (x) .
+f Zaxk(fk go(§0+81 )l )dV dt
t V(XJ/‘_I
S S et ara o
Ly px
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Furthermore, treatment of the integral S;O , yields

f

HY :ffpo(f)i(go(go—l—glé”)jﬁo)dV(x)dt:

to y (%)
y dgo(&o+el®)d(& +e1™) _
:f ool & - T [dv™) di+
) d(§0+gl°) de
t —
4 d 1°° (x)
w [ [ pote) (g v ert ) SE fart an a0

to V¥

or, recalling the Lemma 2 concerning the first variation of a Jacobian determinant with respect
to a variation of a component & , Eq. (10) yields

&0 dgo é:o —|—81 ) S0 T (x)
H; f f Pol [ J q (dV 70 dt +
ty ¥

650“‘5150)

3 81950
ffpo D g g0 +er )| S| T[] [av T ar,an
t0 p(x p=0 p

or, integrating by parts, Hg" is equal to

L

dgol &, +el° B )
HY' :f po(€) d{éolgﬁ))ﬁo T |av'™de+

tO V(")

t 3

O P P A T (G TG T

ty v p=0

1 3

—ffZ%(Po(é:)go(éo"‘gﬁo)‘7[(50!))])150dV(x)dl' (12)

ty y(x) p=0

Thus, substituting the integrals H fo and H§° in Eq. (4) we obtain

G dg0(§0+gz‘f°)l§0 o & +e1® )

5§0$m:—ffsz

. . AV ad  —
to y (%) p=0 d(§0+gl ) Xp
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_ffzai (]k go(§o+5l§0)1§0)dV(x)dt —

e=0

+ffz_:8i (jpgo(foJrglé(’))l‘f“dV(x)dt

§0
+ffpo<§)dj(()£:§:__:i;0))Jl¢0 15 av™) gy n
0

to p(x)

=0
+f£;aip(po(f)go(§o+gl§°)15°J[(5O,,)])dV<x>dt
go(§0+gl§0)j[(5op)])l§°dV(x) dt
ty, yix) P=

Evaluating Eq. (13) at ¢ = 0, it reduces to

f

S\ dgy(&) a¢,
OgySn =~ ' 1 dv)dr -
wsu=- [ 327

p=0 P

ty V(x)

ffai ]_ogo Cfo) )dV(x)dt—

to

5
H?’

51 3

—ffzaix(]'k go(& )17 )av' i~

t, plx) k=1 k

H

+ffzai (7, go(&)) 15 av'™ ar+
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dgo(&0) e i
+ffp0<§)—Jl av') dr +

L dgy
h 3
—i—b[;(/;;;Tp(Po(f)go(égo)lfoj[(5op)])dV(x)dt_

4
HY

ffz g0<§0>7[(501))])l§0dV(x>dl, (14)

Recall that, by definition x, = ¢, thus, since the performed variations of &; vanish at ¢ = ¢,
and ¢ = ¢,, the integral Hg" reduces to

f h

6 - 0 X - 0 X
T Y RO T

0 p(x) y () ty

Furthermore, invoking the Gauss Theorem, the integrals H§° and H§° of the above equation can

also be written as surface integrals over the boundary of the flow domain, 0V (x) Namely, H 5;0

can be expressed in the form

H‘EO ffz Jk go §0>l§0)dV(x> dt =

k=1
f f Z]A &go 630 léo >dt- (16)
t oy (= k=1

Additionally, H 80 can be expressed as a sum of integrals namely

1 3

H' :ffZ%(po(é)go(éo)l‘fO7[(50,,)])dV(">dt:
0 p

ty plx) P=
= [ 7 [ pareaa) o avt i
! 3
+f Zaax (pO(é:)g(’(é:O)léoj[(éok)])dV(x)dt, (17)
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or, recalling that, by definition x, = ¢, we obtain

HY = ffz &)gol(&o)l™ [(50,,)])dV(">dt:

4
=fp()(é)go(éo)ﬁ(’i[wow]dv“‘)dz "
y(x) ty
&) go(&0) 1™ T[] )avar. s

Since all admissible variations of &, vanish at r = ¢, and ¢ = ¢,, the integral /1 ‘§° reduces to

oy = [ [0 e el é0) 1 T[So0]av ar -

to y %) k=1 k
f f Zpo go 50 150 [(50A)]”kd5 . (19)
ty ov\ k

The last equation holds in virtue of the Gauss Theorem. Substituting Eq. (15), Eq. (16) and
Eq.(19), in Eq. (14) the latter yields

f

N dgo(éto)afo
5.8 = — ' 150 av\) g —
fo T f > 7 A&, Ox

to V(") p=0 p

IZ]AgO 680 "n,ds dt+

ty avix
+ffz (7, golg0)) 17 av e
ax Jp 8o 0
ty ylx) P=0 p
+ p0<§)dg;—(§o>jl§°dlf(")d¢+
t, v éjo
f f Zpo go égo l" [(50A)]”k ds'™) dt —
o ovix) K
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ffz gO(fo)j[(%,})})l%dV(x>dt. (20)
to V¥ P

Invoking Hamilton's Principle, the true evolution of the system should be such, that the

variations of &, 0( z, x) render the action functional stationary, thus, we demand
5.8, = 0. 1)

Since the above equation holds for any admissible variations of the field of fo( z, x) , it also
holds for variations of the aforementioned field, that vanish on the boundary of the flow domain,

gy~ , thus, in virtue of Hamilton’s Principle, we additionally demand

f

3
_ffszdgo<§o)8fo léOdV(x)dl‘-i-

ty ylx) p=0 déo 8xp
f 3
o[ [T sl ) v as
ty ylx) P=0 p
dgo 50) & (x)
ffpo Qi JI1dv\de +
ty yi
ffz go(fo)j[(§0p)])l§°dV(x)dt. (22)
ty plx ) p=0

Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (22) must hold over

all admissible variations of the field &, 0( z, x) , We obtain

dgolSo) = . dgel &) 0
£o(¢) gdéj >J_Zj” gdéj )afo+

p=0
3
+Z (]1) 8o 50)) Z%(ﬂo(é)go(fo)j[(5ol,)]>:0, (23)
p=0 pr
or, more compactly,
dgo(go -
i AUEE I
3

+Za%(g0(50>(7p—Po(é‘)f[(%p)]))=0. (24)
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Furthermore, since the Laplace expansion of the 4™M-order Jacobian determinant can be
expressed in terms of the derivatives of the Jacobian determinant with respect to its entries, see

Eq. (5) of Chapter 3, Subsection 1.a and Eq. (1) of Chapter 3, Subsection 2.b, namely

9=20,1,2,3,
8‘§qp

and setting the free index equal to ¢ = 0, Eq. (24) yields

dg,(&) 08, 0T - 04
dz, [p(’(é):)ﬁago,p T

30wl &), ~ el ) 7[00, = o

p=0 1

The above can also be written in the form

dgo(fo) > &, oJ -
dZ, [[Z()axp o) ge——In ||
3 a _ _
+Z%(U—po<fw[woﬂ])
p=0 p
3
+Zg0(§0)%(7p_po(é)j[(é‘()p)]):O
p=0 p
or, expanding further
dgy(& )| 9&, 07 -
dZ, ;axl,[p()(f)ago,p_“ "

3 0g,( &) 0&, - _
B

p=0

+Zgo ‘550 ( po( )"7[(50]))])'

p=0 1)

Since the first two summands of Eq. (27) cancel each other out, the above equation yields

()30 227, - (€T = o

(25)

(26)

(27)

(28)

Assuming that go(é’o ) =0 (which is the case in non-trivial solutions for the Lagrange

multipliers p, , with £k = 0,1,2,3) we obtain
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pi:oa%(fp —po(&)T[(5,,)]) =

_ : ajp_apo(f)j[(é‘o )]_85[(5()[))]

0x 0x X

p=0 P P P

po(&) = 0. (29)

Nevertheless, in virtue of the Piola identity, Eq. (29) further reduces to

3 9j, O9p (&) -
S aip . a‘)xp T[(8,)] = 0 (30)

p=0

or, by expanding the second component of the above Eq. (30), we obtain

TS Zap‘) e T[] = 0 =
p=0 Yp P
Z a’” = ZZ 8”‘) z L) 31

p=0 1) p=0¢g=1

In virtue of the Laplace expansion with mismatched free index, the right-hand side of Eq. (31)
equals

3
Z Z M x") JERIEDS —a’;‘);f> 8, 7 (32)

p=0¢g=1 qg=1

and since ¢ = 0, Eq. (31) yields

- =20 (33)

o5
=

which is in fact the continuity equation in terms of the 4-momentum. Notice that, regardless of
the value of the function g, ( &, ), the equation (33), expressing the conservation of mass in

terms of the 4-momentum, has been implicitly assumed to be naturally satisfied, in virtue of the
constraint applied on the 4-momentum field, see Chapter 4, Subsection 4.b. Nevertheless, it
should be possible to derive the conservation of mass from the modified action functional.
Furthermore, in virtue of Eq. (21) and Eq. (22), Eq. (20) yields the boundary condition

f f z ]k 8o 630 )nkds(x)dt—i—

ty gvx k=1

(Po(€) go(&0) 1™ T[(50)] )y ds'™ de = 0. (34

+
—
S—
!
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Additionally, since Eq. (34) must also hold for all admissible variations that do not vanish on
the boundary of the flow field, invoking the Fundamental Lemma of the Calculus of Variations
we obtain

Z Po (50A) np = Z Je Ny (35)

k=1 k=1

which states that the form of the 4-momentum on the boundary, 0V ( x), of the flow field must
be the same as the form of the 4-momentum on the bulk of the fluid.

(b.3). Variation of the modified action functional S, with respect to the field of the
labels f(f,x)

We will now proceed to study variations of the modified action functional

dv ) dr —

SmESm[Paja‘fo:f,UaS ff[——peps) P(x)p

50 ‘11 (x)
ffz Jr &o 50 +ZM gql Dx, dv'i'dt +
Ly

plx k=0 q,=1

I

as a result of the variations of the field of the labels &€ =& ( t ,x), Namely, we define the
admissible variations of the field of the labels by

W (1, %) h§<t,x)€C2([t0,t1]><V(x)),
is admissible if hf( )—0 V ({zo,z }xV )

v<hdar, )

8o 50 /70 J"’ZUJk

k=0

2)

Since the action functional depends on the field of the parcel labels é‘( t,x ) as well as its first

partial derivatives &, , =9¢&, [Ox,,for p=0,1,2,3 and ¢ = 1,2, 3, then, for € >0, we

q,p

read
E(t,x) — (E+eh)(t,x), (3)
and
o0& 0 | 0¢ _
8xp—>3xp<§+8h)_[8x gaxp]’ po b “

Since the derivative with respect to ¢, commutes with the volume and the time integrals, the
first variation of the action functional is obtained by
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3
_ffdi J_A go(éo) d dV(x)dt o
ty y(x) k=0 k
=0
4 g <l . 6(5(11+8h5) (x)
S S s (erent) = aedn
7 V() k=01|g, =1 k f=0
3
- d — 0s (x)
J 4+ — —dV'd .
ff QCO Po( ) +d8;njkaxk t (5
to v* - £=0

Since the arguments p , j, &,, 7 and s are not subject to variations performed in the field of

the labels ¢, Eq. (5) reduces to

0 hé
ffzz Ji g, (E+eh) (51"(;;8 ) dvael
ty plx) k=04q,=1 k .
(6)
or, by product rule
i 3 3 9 he
b5 [ [ 5300 e fewent) L ]
1, plx) k=04q,=1 k .
Hy
t 3 3 8(4: _l_ghf)
- i ¢y 4 o o (x)
[;!;Z%;Jkg%(brgh )dg o, dv dtgo' -

For the sake of convenience, we will now treat the double integrals H f and H f of Eq. (7)

separately, namely

3.2 8(§q1+8hfl

i [ [0 e feen Lo

/(:Oqlzl k

dv¥) e =
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oe, +ehi)

IIZZM VI ele, (e+en%))n . “LavSlar,  @®)
k

(x) k=0 ¢, =1

and additionally, since the field of the labels is C * — differentiable

d 8(@[ +5h’f)

H§—ffzz:]kgq §+ehf) lax Lllav ™) ar =
k

(x) k=0 g, =1

o dl&, +ens)

fZanq §+ehf)6x ldg Y ar™t) g =
k

(x) k=0 ¢, =1

IZZM 8y, §+8hé) i dV(x>dt, (9)

(x) k=0g¢q,=1

Substituting H f and H 25 in Eq. (7) we obtain

0\&, +eh

ffzsz P ,,g(gq(s“rghf)) o )dV(")dt

x k=0 6/1_1

ffZZ]kgq] §+ghf) t dV(x)dt . (10)

(x) k=0 ¢q, =1
e=0

Further, evaluating Eq. (10) at & = 0 we obtain

ffZZJAVT( g, ))h zixq/]dV(")dt—

— — k
Vx/\ 0g =1

¢
_f f SN Foe,(8) S dvdr (1)
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ffzz ,(Jk g, (&))né avilar. (12)

(x) k=0 ¢q, =1

Exploiting the summation inside the double integral 4 f of Eq. (12), we can also express f

as a sum of two integrals, namely

0 (= .
(]0 gql(é‘)hi)dV( )dl‘—i—

X

H

ffzz ,(JA g, ‘f)hf.)dV(x)dt (13)

(x) k=1 ¢q,=1

Since the variations of the field of the labels vanish, by their definition, at = ¢, and ¢ = ¢,, the
integral H ;; equals

1 3

HE :ffzai(fogql(g")hfl)dlf(x>dt:

X
ty V(x> q, =1 0

_ [0 ¢ gy(x) g4 —
—fa—x()fz:]ogql VhE dv*)de =

x q|—1

f Z]O g, (&)nE av™) =o, (14)

) ¢ =1

y(x) t0
Thus, substituting in H ¢ Eq. (13) reduces to
h S E
S _ = 3 x
wi= [ [ g i s n Jar o 03

Further, invoking the Gauss Theorem, Eq. (15) can be written as a surface integral over the
boundary, 0V (%) of the flow field. Namely,

Hf _f f szk gq nk dS(x) dt (16)

to Y et k=1gq, =1

Thus, substituting Eq. (16) in the double integral ¢, we obtain
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Hf_ffzzjk q| ”kds(x)dl—
ffzz (JA g, 5))hfldV“‘> dt. (17)

Further, substituting Eq. (17) in Eq. (11) the first variation of the modified action functional is
equal to

ffZZn VT( g, ))h 25“ dv'<) dr -

X
k
y(x) Yy k=0¢q, =1

h 303

_f f sz_k gtil(éw’lfl f’lkds(x)dt_i_
to aV(x) k=1 ¢, =1
t 3 3 8 ()
E :E J ¢ x
+f«,(/-‘>/0qlaxk(Jkg%(é))hqldV dt. (18)
ty yix = =

Invoking Hamilton's Principle, the true progression of the system should be such, that any
variation of the aforementioned field must render the action functional stationary, namely

5.8, = 0. (19)

Furthermore, since Eq. (19) must hold over all arbitrary admissible variations of the field of the
labels, it should also hold for the admissible variations of the aforementioned field that vanish

on the boundary, 0V ( x), of the flow field, thus, we demand

IIZZM VT(gql ))h 25‘“ dv'™) ar +

(x) k=0 g, =1 Xk
L
ffzz (]A g 5))hidV<x)dt:0. (20)
1y gl k=0q,=1 Xk

HS

We will now, for the sake of convenience, treat the double integrals g and H f , of Eq. (20),
independently, namely

3 3 8§
HE :ffZZ]_'kVE(gql(f))héa—q]dV(x)dt

X
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S H PN Zi“iiagaqg(é)hfdv(“dn ey

1y plx) k=0 g,=1 kog=1
and accordingly
i 33
HS = ZZ 0 (j_kg (6))}15 dv') dar =
axk q, 9
1y plo) k=04q,=1
g 303 =
_ 0y ¢ gyl
RS D (0 art ars
ty ¥ k=0 g, =1

: : - 8g51<€> X
+ffzz,k ——ng avar. (22)

Furthermore, since we have derived the continuity equation, see Eq. (33) of the previous
subsection, expressed in terms of the 4-momentum, namely

3 .
- 0Jjy
Vij(t,x) = § =0,
( ) k=08xk

then, the integral H 8’; equals

H{ = 0. (23)

Furthermore, treatment of the integral Hg ¢ yields

Hf—ffzz_ g‘“ hf av'*) dr =

(x) k=0 g, =1

ffZZn %Z gaq';q )gilqu dt. (24)

(x) k=0 g, =1 g=1

Substituting in Eq.(22) yields
BN 0g, (€)o¢
¢ _ E :E :—- ¢ E : a q (x)
H7 B f f — — T hql 1 a‘fq 8Xk v s (25)

Additionally, substituting the integrals A 6’5 and H f to Eq. (20) we obtain
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ffZZZ‘ ag‘“ ii W dv'= dar+

(x) k=0¢g,=1¢qg=1

fszi: ; 8ng 7k gi" dv¥ dr =0, (26)
k
ty V

k=0g¢g,=1¢g=1

Since ¢, and ¢ are dummy indices, interchanging ¢, <> ¢ in the first double integral of Eq.
(26) yields

o= [ [ R R G s
ffzzzag‘“ 7 Zi: e dv'*de = o. 27)

Since Eq. (27) holds under arbitrary variations of the field ¢ ( r,x ) , and invoking, once more,

the Fundamental Lemma of the Calculus of Variations Eq. (27) reduces to the dynamical
equation

3&,1 _0g,(¢)
8§Q1

7, 2%
" ox,

>y

k=0 g=1

= 0]. (28)

Furthermore, Substituting Eq. (20) in Eq. (18), in virtue of Eq. (19), we obtain

ffZZw%quWﬂ, @9)

ty oy(x) k=l o=l

or, expressed more compactly, using vector notation,

f f qul Jhe jTnds™ dr = o. (30)

ty av(x ) a1 =1

Furthermore, in virtue of the Fundamental Lemma of the Calculus of variations, since the fields
under integration in Eq. (30) are C * — differentiable, and Eq. (30) must hold over all admissible

variations of the field of the parcel labels, &, that do not vanish on the boundary, 0V (*) , of the
flow field, we obtain the boundary condition

3
qu](é)anZO : 31)

g, =1
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which corresponds to a conditional impenetrable boundary condition. That is, the conventional
3-momentum normal to the boundary of the flow field, is equal to zero, provided that the sum

of the functions g (&), g, =1,2,3, is different than zero.

(b.4). Variation of the modified action functional S,, with respect to variations of the

Lagrange multiplier 77( t,x ) and to variations of the specific entropy s( t,x )

We, now, define the admissible variations of the Lagrange multipliers 77( t,x ) by

17 (1, x) Z”(t,x)ECz([tO,tI]xV(x)),

. o (1
is admissible if l"(t,x)zO,V(t,x)E({to,tl}xV(x)>.

We will now perform the variations /7 ( t, x) of the Lagrange multipliers 77( t,x ) that obey

the restrictions of Eq. (1) to the modified action functional. Observing that the variations affect
only the terms of the modified action functional that remain unaltered from the conventional
constrained action functional, the variations of Eq. (1) yield (in virtue of the Hamilton's
Principle and the Fundamental Lemma of the Calculus of Variations) the dynamic equation (6)
of Subsection 4.c.5, concerning the conservation of the specific entropy along the direction of
the flow, namely

(7(1.x)) (V,s(t.x)) = 0], 2

Further, we define the admissible variations over the field of the specific entropy § ( f, x) by

(1, x) ls(t,x)eCz([to,tl]xV(x>),

: o 3)
is admissible if I°(t,x)=0,Y (t,x)€ ({t(]’tl}x y(x) )

Since the terms of the modified action functional, affected by the admissible variations of the

specific entropy, are identical to those of the conventional constrained action functional, in

virtue of Hamilton s Principle, and making, once more, use of the Fundamental Lemma of the

Calculus of Variations, we obtain the dynamical equation (19) of Subsection 4.c.6, namely

_ _ del p,
(j(t,x)-vx)nz—p% @)

as well as a conditional impenetrable boundary condition, see Eq. (21) of the same subsection,
namely

n(i(t,x)) n =0 (5)

which ensures that no amount of fluid enters or exits the flow field, provided that 77< , x) =0.
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7. Variational Formulation of Euler Flows IV: The Modified Action
Functional — Second Form (S )

(a). The introduction of the scalar function (p( t,x ) and construction of the modified action

functional S,

At this point, we observe that, in virtue of the principle of invariance, we may express, through
chain rule, the following product, appearing in the modified action functional (S,,), as

g()(éf()) &, . 6fp(§o> 8§o(x0,x> _ 8(p(t,x)

ox,  0&, ox, ox,

k=0,1,2,3 (1)

where (P< t ,x) is defined as a scalar function of the independent spatio-temporal Eulerian

variables, namely x and respectively x, = ¢. Furthermore, substituting the scalar function

(P< f, x) defined in Eq. (1), in the first form of the modified action functional, S,, , we obtain a
second form of the modified action functional, henceforth identified in the notation by S,
that is,

Sy = 8, prdr&e&apan,s fo[%—pe(p,S)—P(X)p

3 _ 6(p 3 _ é:
- Z Jego T2 T8, (€) “avithar+
1, plx) k=0 Tk q, =1 Yk
} : 0s (x)
J 7 avide. @
+ff go(?o)ﬁo(f) +kz_:077h dx, (2)

t V(x)

As such, we can, henceforth, carry out a variational study of this new form of the modified
action functional. Nevertheless, we notice that any dynamic equations and boundary conditions
produced from the variations performed on the arguments of the first form of the modified action

functional, S, , remain unaffected from the introduction of the scalar function (ﬂ( Z, x) in the
functional (or, in the case of the 4-momentum, affected in a trivial way, simply substituting by

the definition of the scalar function, (0( Z, x> , in the dynamic equations), with the exception of

the field of & 0( z, x) and, apparently, the field of the scalar function, (ﬂ( Z, x) , itself. Thus, we

deem it necessary to perform an additional variational study of the second form of the modified
action functional, S ,, only with respect to the fields of the scalar function, (p( t,x ), and the

time-like field of &, (7, ).
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(b) Variation of the modified action functional S "

We will now derive dynamic equations and boundary conditions from the second form of the
modified action functional, S ,, by performing variations of the field of the scalar function

o(t,x).
(b.1) Variation of the modified action functional S 0 with respect to (p( t,x )
Let us define the admissible variations for the scalar function go( t,x ) by

19(t,x) Zw(t,x)eCz([to,tl]xV(")),

. . . . (1)
is admissible if 140( )_() v ({to,t }XV )

Then, for an arbitrarily small &> 0, the first variation of the modified action functional of Eq.
(2) defined in Subsection 7.a, is obtained by

5,8, = %sw[p,j,go,é,(gowz(/’),f;,s}

S

t, V

ffdgz:
ff go§oPo<§)j+Zﬂ7/c;TS dV(x)dt ) (2)

ty vix =0

——pe p,s)—P(x)p

q0+gl"’ 3
jk +ZJA gq,

q, =1

or, simplifying the above expression,

+¢el?
5,8, ff ka o )dV("’)dt . 3)
tOV

e¢=0

Since the summation over all 4 indices commutes with the derivative with respect to ¢ and the
components of the 4-momentum are, themselves, independent of ¢, Eq. (3) yields

(0+5l“’)
0,8 —  Jar™ay : 4
ve ffzjk de ox, @

x k=0
e=0

Assuming the scalar function (ﬂ( t,x ) is C* — differentiable we may exchange the order of

differentiation (in virtue of the Schwartz Theorem), thus, evaluating Eq. (4) at &£ = 0 we obtain
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_ = 91" (%)
§¢S(p—ffZ]ka—x/(dV dt. (5)

5¢,s¢,szzaa (7o 1°)ar® dt—ffz ]/‘l‘/’dV ) dy. 6)

Additionally, exploiting the summation inside the first double integral H”, the aforementioned

double integral may be expressed as a sum of two integrals, namely

H{/’:ffa Fol?)dv' dt-i—ffz

(x) k=1

1? dV( Vde. ()

HY

Recalling now, that by definition x, = ¢, since the derivative with respect to the time,

commutes with the volume integral, the integral H?3 is equal to

4

4
HY :fif(fol(")dV(x)dt: f(joﬂ”)dv(x) . (8)
) 6xOV(x)

(x)
V tO

Since the variations of the scalar function vanish (by their definition) at t = ¢, and ¢t = ¢,, the

integral H equals
H? = 0. ©)
As such, the integral H,” of Eq. (7) reduces to

¢ _ 2 (x)
H ffzan Fo1?)dv'*)ai (10)

x k=1

Furthermore, in virtue of the Gauss Theorem, Eq. (10) can be written as a double integral over

(x)

the time interval [ o> ] and the boundary, vt , of the flow field, namely

H“’—f f Z (7,17 ny, ds™) ar, (11)

t (,_)V k=1
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where 0s'™) is a small area of the surface of the boundary V'™ and n = { n, } L k=1,2,3

is a unit vector, normal to the area O S( x) . Substituting Eq. (11) in Eq. (6) we obtain

ffz (7,1°)n, ds'* dt—ffz J"ﬂ’dV <) dr. (12)

ty BV k=1 Vx k=0

Invoking Hamilton’s Principle, the true evolution of the system should be such, that any

variation of the scalar function (p(t,x) must render the modified action functional, S
stationary, thus, we demand

ffz ]kl‘” nkds()dt—

ty avix k=1

ffz j"l‘”dV ) dr =0, (13)
ty yx

k=0

and since Eq. (13) should hold for all arbitrary admissible variations of the scalar function

(0( L, x ) , it should also hold in the subset of the admissible variations of the scalar field

(P( t ,x) , that vanish on the boundary, aV(x), of the flow domain, thus, we additionally
demand

ffz J"ﬂ’dV ) dt =0,

(14)
(x) k=0

Since the 4-momentum is assumed to be C* — differentiable, and Eq. (14) must hold for all

arbitrary admissible variations of the scalar function (0( t ,X) , invoking the Fundamental
Lemma of the Calculus of Variations, we derive the dynamic equation

(15)

which is, in fact the continuity equation, expressed in terms of the 4-momentum, namely,
recalling that by definition

J(t,x) = (p(t.x), p(t,x)u(t,x))"

then Eq. (15) yields

3 -
9Jy ST _5p(t,x) -
2336,( —Vi](f,x>—T‘FVz(p(l,x)u(t,x))_O (16)
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Substituting now Eq. (14) in Eq. (13), the latter yields

1y 3

Y (Gt )nodsar=o. (17)

to 8V(x) k=1

Furthermore, invoking, once more, the Fundamental Lemma of the Calculus of Variations, we
derive, from Eq. (17), the boundary condition,

3
D Tim =0, (18)

k=1

which is, in fact, an unconditional impenetrable boundary condition, ensuring that no amount
of fluid enters or exits the flow field.

(b.2) Variation of the modified action functional S 0 with respect to the time-like field

fo(t,x)

We now define the admissible variations of the time-like field, &, (¢, x ), as

190(1, %) l§°(t,x)eCZ([tO,tl]xV(”),

(1
is admissible if l(’E”(t,x):0,V<t,x>€({t0,t1}>< V(x))_

Then, performing the variations of the time-like field in the second form of the modified action
Junctional, S ,, results in a variation of the aforementioned functional. For an arbitrarily small

& >0, the first variation of the modified action functional, S »» 18 equal to

650840 :E o

i (650 +gl§°(t,x)),éj,77,s

ffdg
SV

ff 8o fo"‘gﬁo)/oo lsO +Z77.]p
to vix

or, simplifying the above expression,

e=0

—f,oe p,s)—P(x)p dv'™) ay —

e=0

dv') ay +

JA

ql axk
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ff 8o §0+gl§0)po(§)‘710)dV(X)dt 5 3)

fo vl e=0

where, 71 :, expresses the 4M-order Jacobian determinant as &, — &, + & [ b, Further, since

the right-hand side of Eq. (3) is identical to the term ‘0 , see Eq. (11) of Subsection 6.b.2, we
readily obtain that

R I PR

ffzai go(§0+ngo) S [(50,,)])0"/ dt _

" V e=0
ffz (&) go( &0+ 217 ) T[@,)]) 1% avar] )
t, plx) p=0

Evaluating now, the above expression at ¢ = 0, we obtain

d
5. S, ffpo g"(f")ﬁOJdV( Vdt+
) o, dé

ffz ( &)go(go)i™ 7 [(5op)])dV dt —

y p=0

ffz g0<§0>7[(501))])l§0dV(x)dl. (6)
ty vl

By expressing the second double integral of the above expression as a sum of integrals, over
p=0and p=1,2,3, we have determined that, by definition of the admissible variations of

&, the above formula reduces to

f f dgo 50)150 2 v g s

0
ffz go(go)l ' [(50p)])dV(x)dt—
ty

p=1 17
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ffz &) go(&0) T[(80,)]) 15 av'™) ar, )

In virtue of the Gauss Theorem the last double integral of the above expression can also be

written in the form of a surface integral over the boundary, 0V (+) , of the flow field, namely

d
ffpo g0 §0>Jl§°dV(")dt—
) s dé,

3

_ff Zaixp(po(é)go(fo>7[(5op)]>l§° dV(x)dt_|_

ty v p=0
f f Z ,00 go é:o) [(50,,)] ) §0ds )dt, (8)
ty av'*
where ds(x) is an infinitesimal area on the boundary 8V<x), and n = {np }, p=1,231s

the outward unit vector, normal to the area d S(x) . Invoking Hamilton's Principle, the true

evolution of the system should be such, that any admissible variation of the field of £, must

render the modified action functional, S s stationary, thus, we demand

0s Sp, = 0. 9)
Since Eq. (8) and Eq. (9) hold for all arbitrary admissible variations of the field of &, they also
hold for the subset of the admissible variations of the field of &£, that vanish on the boundary,
ov' x), of the flow field. Thus, the following also holds

d
5§S—ffp0 S0 gt">Jﬁ°dV<")art—
0 t V déo

f f Z ( &) go(&0) T[(80,)]) 1% av¥ de = 0. (10)

Invoking the Fundamental Lemma of the Calculus of Variations, since Eq. (10) must hold over
all arbitrary admissible variations of &,, we obtain

AR S N N TAEAE L) a

]):0 P

Nevertheless, in virtue of the Piola identity, the right-hand side of Eq. (11) reduces to
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RIS o R OIS IE(C @

]):0 P

Having assumed that the determinant of the 4M-order Jacobian matrix, J , is non-vanishing, we
can also write

po<§)dg0—<§o):ii(P()(é)go(fo))j[(50,))]-71- (13)

dé:O p:()axp

Then, in virtue of the identity of Eq. (18), Chapter 3, Subsection 3.b, the above expression is
equal to

dgy(&) N 0 dx,
p0<5>;—§0°:pz_joa—xp(pomgo(éo))ago (14

or, expanding on Eq. (14),

3xp

ng_(gO) _ iapo(f)go(%)@xl, +3go(§o>

dgy

p0<§> ax

Po(‘f)

0¢&, ox, o0&, (15)

p=0

Furthermore, since the summation of Eq. (15) is over all p = 0,1, 2,3, then, by recognizing
that the aforementioned summation results in a chain rule, Eq. (15) is equal to

dgo(‘fo)_(?/%(é:) dgo(gto)
e = og Sla)rTog

po(€) pol§) (16)

or, simplifying the terms appearing in both sides of the above equation, we obtain

8,00(5) N
8—50‘%(50)_0' (17)
By chain rule, the above Eq. (17) yields
3
3/)0((5) agq _
qz::l 0E, 0¢, go(‘fo)—o- (18)

Recall that the gradient of the initial density (as a function of the fluid parcels) has not been
assumed to be uniform. Thus, its gradients with respect to ¢ cannot be equal to zero.

Furthermore, the equation g, ( & ) has been assumed to be non-trivial, see Subsection 5. Thus,
Eq. (18) reduces to

L =0. 19
>3 <>

g=1

The above equation ensures that the sum of the components of the parcels’ labels are
independent of the field of &,. Nevertheless, since Eq. (19) holds for any such sum of the
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parcels labels, it also holds for (&, /0&,,0,0), (0,£,/,,0), (0,0,&; /&, ). Thus, Eq.
(19) reduces to

¢, _ o,
9&

qg=12,3 (20)

which ensures that the components of the labels are not only independent with respect to each
other (by their definition), but instead, every component &, g = 1,2,3, is also independent

of &-
Furthermore, in virtue of Eq. (10) and Eq. (9), Eq. (8) yields

f f Z ,00 go 650) [(50,;)] )gods ) dt = 0. 1)

ty ar(x ) p=1

Since the above expression for the boundary of the flow field must hold under all admissible
variations of the time-like field, invoking the Fundamental Lemma of the Calculus of Variations,
we may write

3

> (pol€) 2o £0) T[(S,)]n, ) =0 22)

p=1

or, in virtue of the constraint over the field of the 4-momentum, we may write

3
> eol&0)i,n, =0 (23)

p=1

which is, in fact, a conditional impenetrable-boundary condition ensuring that the momentum
of the fluid, normal to the boundary of the flow field, is equal to zero, that is no amount of fluid

enters or exits the flow field, provided that g, ( &, ) =

8. Physical Interpretation of The Results of The Variational Study

(a). Variation with respect to the 4-momentum vector j( t,Xx )

Recall the definition of the 4-momentum, see Eq. (1) of Chapter 4, Subsection 3.c, given below
for the sake of convenience,

e ry T T def. . . .\ T

Jt.x)=7j = (p.pu) =(p.pu.pus.pus) = (p.ji-jrnjs) (1)
Since by its definition, the 4-momentum is comprised of the field of the density ,0( r,x ) , as

well as the field of the conventional 3-momentum ( Ji1>J2sJ3 ), we have chosen to perform a

variation of the action functional with respect to the 4-momentum.
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(a.1). The admissible variations & j = (0,5j1,5j2,§j3 )

Since the (admissible) variations performed on the 4-momentum are arbitrary, we have chosen
to consider the subset of the admissible variations having the first component of the 4-

momentum equal to zero, & j = ( 0,0j,,0),,0J, ) , thus obtaining dynamic equations from

the variation of the action functional with respect to variations over the field of the conventional
3-momentum. We have, thus, obtained a dynamic equation expressing the velocity field

u(t,x) namely

u(t,x)zgo(§0>vx§0+2gql(§)vx§ql—77sz. (2)

g, =1

The above dynamical equation expresses the velocity field with respect to scalar functions
g0(§0 ), g1<f), g2<f>, g3(§) and U(f,x), as well as the field of the parcel labels

§( t, x) and the specific entropy S ( z, x), Notice that the field of the parcel labels is also

expressed as a function of the positions x inside the flow field, as well as the time 7.
Additionally, the first summand of the expression of Eq. (2) can, in fact, be expressed through

a scalar function (0( Z, x), see Eq. (1) of Subsection 7.a, namely

go(fo)vx(fo(t,x)Equo(t,x) 3)

As such, we obtain

3
u(t,x) = Vop(t,x)+> g, (¢)V. &, —nV,s 4)

g, =1

The above expression of the velocity, Eq. (4), with the function ¢( 7, x ) defined in Eq. (3), is

a generalized Clebsch-type representation, that is, it expresses the velocity field through a set
of scalar potential functions.

Remark. Notice that the set of the potential functions, used to express the field of the velocity,
are (provided that Lin’s constraints are unconditionally satisfied) in fact the parcel labels ¢

which are completely specified at the time of labeling, and are conserved throughout the course
of the flow, uniquely identifying each of the masses of fluid defined, at the labeling time, as

parcels. Additionally, in the aforementioned case, the functions g, ( é ) are also functions of
the parcel labels ¢, and, as such, they are completely specified by the initial conditions and
the choice of parcels at the labeling time.

Since in the Herivel-Lin approach the conservation of the parcels’ labels is derived from the
results of the variational study and is unconditionally satisfied throughout the course of the
flow, the above statement holds unconditionally. Nonetheless, given the calculations
conducted on the premises of our variational study, we cannot support the above claim
unconditionally, as will be clarified in the following sections. [
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Additionally, in virtue of the Principle of Invariance, we may express the scalar functions g,

g = 1,2,3, as functions of the position x inside the flow field identified, at time ¢, by the
values of the field ¢, thus obtaining

u(t,x) =V, p(t,x)+ 23: g, (t,x)V &, (t,x)—n(t,x)V s(t,x) ()

g, =1

Historical Note: The representation of the field of the velocity in virtue of scalar potential
functions, was first introduced by Clebsch in his groundbreaking works (Clebsch, 1857) and
(Clebsch, 1859). In the aforementioned works, the Clebsch potentials are defined as functions
(to be defined) of the position x inside the flow field and the time 7. Nevertheless, his
groundbreaking idea became a field of significant interest only a century later, since such
representations of flow phenomena arose in various works in the field of the Hamiltonian
formulation of fluid dynamics.

Remark. Recall that through the resolution of the variational controversy (see Section 3) with
the contribution of C. C. Lin, the use of the conservation of the parcels’ labels was established
as a constraint, applied on the action functional, o account for the intrinsic loss of information
concerning the identity and the paths followed by the individual parcels of the flow.
Nevertheless, having introduced the conservation of the parcels’ labels as a constraint on the
action functional, the dynamic equations derived from the variation of the action functional
are naturally limited to flows where the labels identify (ad hock) the fluid parcels throughout
the course of the flow. On the other hand, in his works (Rylov, 1999a) (Rylov, 1999b), (Rylov,
2003), (Rylov, 2018), Rylov proposes that applying a constraint that ensures the existence of
a mapping between the Eulerian and the Lagrangian spatio-temporal variables on the action
functional, it should be possible to derive the complete system of dynamic equations governing
the flow of fluid. As such, he also (in accordance with the Herivel-Lin approach) supports the
claim that the two descriptions of the flow are, in fact complementary, since, in order to obtain
a complete description of the flow phenomena, an equation stating that the labels of the parcels
uniquely identify the individual parcels of the flow, should be included in the set of the dynamic
equations and boundary conditions describing the flow in the Eulerian description.

(a.2). The admissible variations 5} = ( 0p,0,0, O)

We then considered arbitrary admissible variations of the 4-momentum, such that & ; =
= ( 0p,0,0, 0) . We, thus, obtained a dynamic equation from the variation of the modified
action functional from the variations performed in the field of the density, namely

j2 de(p,s) ¢ : 9¢, 0s
J 0 7
L velpes) e o P b)) 2+ D, (6) g 22

g, =1

(1)

or, through the definition of the potential function (0( Z, x> , We obtain
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i’ 8e(p,s) 8go(t,x) 23 ¢, s
.l 1
+ }), +[)—+Px +—+ g é _”_—O
2 p° e( S) o0p ( ) ot C“( ) ot ot

)

In virtue of the Principle of Invariance, the above Eq. (7) can also be expressed through an
explicitly Eulerian formulation (regarding the scalar functions g (§ ) , for ¢, = 1,2,3),

g, =1

namely
gql(f):gql(€<t9x)):gq1<t’x>7 ql :17293' (3)
Thus, we obtain the dynamic equation
2 de(p,s) do(t,x) : 9¢, Os
J q1
— <+ P _ -n—=20
2p2+e<p,s)+,0 95 + P(x)+ 5 —l—qz::lng(t,x) 5 15,

(4)

(b). The vorticity CO( Z, x) in terms of Clebsch potentials

Having obtained a Clebsch-type representation for the velocity, see Eq. (4) of Subsection 8.a,
we can, henceforth, also express the vorticity in terms of scalar potential functions.

Recall that the vorticity is defined as the measure of the local rotation of a mass of the fluid and
it is equal to the antisymmetric gradient of the velocity, that is the curl of the velocity, namely

o(t,x)=V, xu(t,x). (1)

But from the variation of the modified action functional with respect to the field of the
conventional momentum, we have obtained a dynamical equation, expressing the velocity of
the fluid, in terms of scalar functions,

u(t,x) = Vop(t,x)+ ) g, (&)V.&, —nV,s. )
g, =1

Thus, in virtue of the definition of the vorticity, Eq. (1), we can also express the vorticity in
terms of these scalar functions, namely,

3
o(t,x) =V, x|V,p+ > g, (§)V.E —nV,s| 3)

q,=1
Since the curl operator is distributive, Eq. (3) yields
o(t,x)=V, X(Vx(p) +
\—_ﬁ/_—d

e
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+ V. x qul(é)vxgql ~V,x(nV,s) (4)

g, =1 2]
T3

Ty

We will, for the sake of convenience, treat the above terms 7,”, T,” and 75” independently.

Since the curl of a gradient is equal to zero, 7, yields
:Vxx(vx(p(t,x)>20. (5)

Furthermore, since the curl operator is distributive, it commutes with the summation in the term
T,”, thus,

TP = V.x[g,(&)V.E, ) (6)

Furthermore, recall the following identity of the Calculus of Several Variables

Vo8, (§)V.iE, | = Vg, ()X V&, (7)
Thus, Eq. (6) yields

3
:Zngq‘(f)xVx(gq‘. (8)

g, =1

By chain rule, the term 7',° also equals

Z Z foqz XV, &, 9)

g1 =14q,=1
Additionally, it follows directly from the definition of the curl operator that
V&, XV, ¢, ==V, ¢ XV.¢& . (10)

q:

The double summation of Eq. (9) can be reorganized in the expression

s 98,(¢) L 08, (¢)
R i A S S

Furthermore, if ¢, = ¢, , from the definition of the curl, or in virtue of Eq. (10), we obtain
vxé‘:qz xvxé:‘h - vxé:fh xvxng =0. (12)

Thus, Eq. (11) reduces to
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o N~ 98,(6)
T = q;lTv E XV LE, (13)

We can further treat the double summation of Eq. (13), distinguishing the values of ¢, and ¢,

as follows
3 0
g, (¢) 0g, (
TP = E — 'V x V + g —_— 7 x V ) 14
2 41,9, =1 85 é 5 4, =1 656/ 5‘/2 xéql ( )
‘111,<M‘I ‘{1>Z‘l

Since, in the above equation, ¢, and ¢, are dummy indices, we can interchange them in the

second summand of Eq. (14) obtaining

o 0 08,(¢) ~ 9g,.(¢)
DV LU DI e SETE U
91,92 = 2 91292 = ‘

4, <4, 91 <4,

1

Further, interchanging the vectors of the cross product, in virtue of Eq. (10), we obtain

Tza): Z agql(f)_ang(f)

G1,q, =1 656{2 8§(/1

91 <9,

(Vg xV.&, ) (16)

or, since both terms inside the parenthesis of Eq. (16) are antisymmetric, Eq. (16) yields

og,(¢) 9g,(¢)
8§Qz aé:‘11

3

T = Z%

q1,4, =1

(Vg xV.E, ) (17)

Additionally, in virtue of the identity of Eq. (7) the term T, yields
=V, .nxV,s. (18)
Substituting Eq. (5), Eq. (17) and Eq. (18) in Eq. (3) we obtain

0g,(¢) 9g,(¢)
8§Qz 8541

3

o(t,x)= Z

91,9, =1

(Vig, xVié, )= VinxV,s. (19

(c). Variation with respect to the field ‘fo( t,x )

From the variation of the modified action functional with respect to the field of &, ( ¢, x) we

have obtained the dynamical equation,

0,

=0, g =1,2,3 (1)
9&,
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ensuring that the components of the field of é( t,x ) are not only independent of each other
(by their definition) but alse independent of the Lagrangian field fo(t,x). We have

additionally obtained a conditional impenetrable-boundary condition, namely
3
Zg0<§0>jp n[) :O (2)
p=1

ensuring that no amount of fluid enters or exits the flow field, provided that go(fo ) is
different than zero, which is the case for non-trivial solutions of p,, as demonstrated in the

previous chapter.

(d). Variation with respect to the field ¢ ( Z, x)

Through variations of the field of & ( r,x ) we also find both dynamical equations, as well as

conditions that must be satisfied on the boundary of the flow field. Namely, we have obtained
the dynamic equations

>y

k=0 g=1

ag‘!] 8g( ( )
85(11

- 0¢,
Jk axk

-0, g, =1,2,3, (1)

which conditionally express the conservation of the parcel labels, and will be further expanded
on in the following subsections, as well as a conditional impenetrable boundary condition in
terms of the conventional 3-momentum, namely

> g, (¢)i"n =0, )
g, =1

where n is the outward, unit vector, normal to the position x, on the surface of the boundary
of the flow field. That is, on the boundary of the flow field, the momentum normal to the
boundary is equal to zero, provided that the sum of the functions g ( t,x ), q, = 1,2,3,is

different than zero.
(e). Variation with respect to the Lagrange multipliers 77( l, x)

From the variation of the modified action functional with respect to the Lagrange multipliers
77( t,x ) we obtain the dynamical equation

iy T =
(](t,x)) (sz(t,x)):O (1)
expressing the conservation of the specific entropy (which was also applied as a constraint on

the aforementioned field in the action functional) throughout the course of the flow. That is,
along the direction of the flow, the specific entropy is conserved.
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(f). Variation with respect to the specific entropy S ( r,x )

From the variation of the modified action functional with respect to the specific entropy
s( t,x ) we have obtained the dynamic equation

- _ de(p,s)

j(tx)- V. )n=—-p (1)
( s

governing the evolution of the Lagrange multiplier 77( t,x ), throughout the course of the

flow. Recall that the partial derivative of the internal energy e( 0,8 ) with respect to the specific

entropy, is equal to the temperature, 7', see Eq. (3) Subsection 2.b.2. Thus, the above Eq. (1)
can also be written in the form

(]_'T(t,x)-ﬁxw](t,x):—p(t,x)T(t,x). (2)

Recall also that, by definition of the 4-momentum, see Chapter 4, Subsection 3.c, Eq. (2) also
equals

on(t,x)
ot

+(uvx)n(t,x):wz—r(t,x) 3)

that is, the material derivative of the Lagrange multiplier 77( t,x ) , in some position x inside

the flow field, at time ¢, is equal to (minus) the temperature in the position x, at time ¢.
Nevertheless, since no thermal phenomena are considered in our calculations (and provided
Lin’s constraints are satisfied), in virtue of the Principle of Invariance, we may write

T(t,x) = T(t,x(,¢)) = T(1,,€) = T, (&), 4)

where T,( &) is the temperature of each individual parcel, at the time of labeling.

Nevertheless, recalling the definition of the material derivative, given in Eq. (1) of Chapter 2,
Subsection 2.d, in virtue of Eq. (3) we obtain

on(t.¢)

EY :_To(sr)- (5)

Thus, we obtain that, provided the parcels are initially defined and identified through the field
of é‘( t,x ) throughout the course of the flow, the values of the Lagrange multiplier 77( t,¢ )

for a parcel identified through the values of the field é( t,x ), evolve linearly with respect to
the passage of time, according to the above Eq. (5).

We also obtain the boundary condition
nj(t,x)n =0 (6)

that, provided that 1( t, x ) = 0, ensures the boundary of the flow field is impenetrable.
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(g). Variation with respect to the scalar potential §0< z, x)

As we have demonstrated in Subsection 7.a, we can introduce the scalar function (p( t, x) in

the modified action functional, thus obtaining a second form of the modified action functional,
S, - From the variation of the second form of the modified action functional S, with respect to

the function (p( t,x ) we have obtained the continuity equation,

dp(t,x)

py +Vi(p(t,x)u(t,x)) =0 (1)

as well as an unconditional, impenetrable boundary condition

3
ij n, = 0. )

k=

Remark 1. Observe that an unconditional expression of Lin’s constraints (conservation of the
parcels’ labels) has not been derived from the action functional. As such, any of the above

expressions of the fields of the flow in terms of g”( t,x ) (specifically the fields of the velocity

and the vorticity), while mathematically valid, do not describe the corresponding fields in
terms of the components of the parcels’ labels, since the field é‘( t,x ) has not been shown to
(unconditionally) identify the individual parcels inside the flow field throughout the course of

the flow. The aforementioned expressions are therefore formal expressions stating that the
fields of the velocity and the vorticity can, in fact, be expressed in terms of scalar functions,

in this case in virtue of the components of the function é‘(t,x) (which does not,
unconditionally, possess physical meaning). As such, the expression of Eq. (19) describes the

vorticity inside the flow field with respect to scalar functions regardless of the unconditional
conservation of the parcels’ labels throughout the course of the flow. Nevertheless, in the case

that the fluid parcels are not uniquely identified through the values of é‘( t,x ), the functions
é‘(t,x) are deprived of any physical meaning and a Lagrangian (but not a Eulerian)

description of the flow (considering & ( t,x ) as the parcel labels) is not compatible with the

true progression of the phenomenon and cannot describe the flow inside the flow field.

Remark 2. Notice that, in contrast to the conservation of the parcels’ labels, the entropy, along
the direction of the flow, is unconditionally conserved, in virtue of the dynamic equation of
Eq. (1), Subsection 8.e. This further demonstrates the fact that even if the parcels are only

conditionally identified through the values of é‘( ¢, x) inside the flow field, the specific

entropy, as a function of the position x inside the flow field, at any time ¢, is always conserved
in the direction of the flow, throughout the course of the flow.

Scholium: The above Remark 2 further demonstrates a very important aspect of the Lagrangian
description of the flow, also highlighted in Remark 1. The parcels labels are purely idealistic
structures that, nevertheless, provide us with a correct description of the flow. A failure of
such structures to provide, at some point during the course of the flow, an accurate
description of the flow, does not change the physical fact that no thermal phenomena take
place throughout the course of the flow. Thus, intriguingly, even if the entropy is not
conserved in the Lagrangian description, the Hamiltonian analysis of the flow is still
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compatible with the phenomenon itself, and as such, provided that (the physical phenomenon
of) the flow is ideal, the specific entropy is, in the FEulerian description of the flow,
unconditionally conserved.

9. The Conservation of The Parcels’ Labels

(a). The antisymmetric 3 x 3 matrix Q and the undefined function f ( t, x)

From the variation of the modified action functional with respect to the field of the parcel labels,
we have derived the dynamic equation (1) of Subsection 1.d, namely

S 2e,l8) |5 %,

Jk
k=0 g=1 ‘7 85(]1 8x/(

8g‘1|

, q, =1,2,3. (1)

Notice that for the different values of ¢,,¢q = 1, 2,3, the terms inside parenthesis constitute

the entries of an antisymmetric matrix [ Q | defined as

0 0g,(¢) 0g,(¢) 0g,(¢) 9g:(¢)
P P P P
w6 ve(e) o onte) o] | e
{Q]: ek Rt 0 £ St Q,, 0 Q,;
9¢, 0¢, 08, 0¢, ' ’
Q31 Q32 0
9g,(¢) 0g,(¢) dg,(¢) 0g,(¢) B
9¢, 9¢, 08, 98,

(2)
Therefore, the above Eq. (1) is, in fact, the product of a row element Q( 0) of the matrix [ Q ]

with a vector R, defined by

> D&, _
=127 5 Z

k/»

T

a 52 - a é:3
Z T 3)
X 4= dx,

Nevertheless, since [Q] s a 3 x 3 antisymmetric matrix, its determinant will in fact be equal

to zero. Further, invoking the Theorem of Linear Algebra concerning Skew-symmetric Matrices
in Odd Dimensions, there exists, at least, one non-zero vector R

R:{Rq}, g =1,2,3, (4)
which satisfies
Q(QI)RZO, q]:172)3’ (5)
that is,
3
Zqu,qRq =0, g9, = 1,2,3. (6)

g=1
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However, from the definition of the matrix [ Q } as antisymmetric, we obtain that
R = /1(93,2,91,3992,1) (7)
where A is an arbitrary scalar. Nevertheless, since the matrix [Q} is antisymmetric, the

following holds concerning its entries

Q = —-Q q,,-9, = 1,2,3 (8)

qi1.9-, 92,9

As such, we may express the vector R as

R=1(0,,.0,,.0,,) = %1(293,2,291,3,2 Q,,) =
1 T
= 52(93,2_92,3991,3_93,1a92,1_91,2> (9)

Nevertheless, since A is an arbitrary scalar, we may, in virtue of the Levi-Civita symbol, express
the above Eq. (9) as

3 85 3
= 9 __ —
E Jr W = f E 8(](]/(/// Qq/,q”’ q = 1,2,3, (10)
‘ g =1

k=0
where f=—A1/2.

N.B. Recall that in Chapter 4, we have demonstrated that in virtue of the constraint over the 4-
momentum applied on the action functional, both the continuity equation as well as Lin’s
constraints of the conservation of the parcels are identically satisfied. Nevertheless,
considering the nontrivial values of the undefined function (f = 0) would result in a

violation of the constraints applied on the action functional. We shall thus, henceforth,
consider = f (t,x) as an additional, undefined dynamic field, which cannot be

determined from the formulation of the flow presented in the present work. Nevertheless, we
can (and shall, in the following sections) investigate the effects of the aforementioned undefined

dynamic field, f ( t,x ) , in our formulation of rotational flows.

Note that, in virtue of the definition of the matrix [ Q ] , the expression for the vorticity can also

be expressed in terms of the entries of [ Q |, namely:

3

1
o(tx)= Y 20, (V& xV.& |- VaxV,s. (11)
91,9, =1

Remark 1. From the Clebsch representation of the vorticity, we may henceforth attribute
physical meaning to the entries of the matrix [ Q ] . Namely, according to Eq. (13) the entries of

the matrix constitute scaling factors for the vorticity expressed through the Clebsch
representation in terms of scalar functions. [ |
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Remark 2. In his work (Rylov, 2018), Rylov presents the undefined function f ( t,x ) of Eq.
(14) (in his work identified in the notation as a)( t, & ) , not to be confused with the vorticity) as
a function of the field of the parcel labels & = ¢ ( t,x ) and the time t. In this manner

(choosing as arguments of the arbitrary function the field of & = §( t, x) and the time ¢, he

emphasizes that the function cannot be completely defined by the choice of the parcels at the
time of labeling since no dynamic equation is included in our results governing the evolution
of this undefined function. Nevertheless, he later on admits to values of the undefined function

a)< t,¢& ) (in (Rylov, 2018); it must not be misunderstood for the vorticity in the present work)

that violate Lin’s constraints, rendering the field of the parcel labels physically meaningless
concerning the unique identification of the parcels. Therefore, we will choose to present the

undefined function f ( t,x ) as a function of the independent variables of the time 7 and of the

positions x inside the flow domain, f = f ( t,x ) ]

(b). Conservation of the Parcel Labels in irrotational flows

Examining Eq. (10) of the previous subsection, it is obvious that Lin’s constraints, in terms of
the 4-momentum, are directly obtained, provided that the reduced determinants of the
determinant Q) are equal to zero,

Q[(éq,q” ~ 0. (1)
Nevertheless, in the case of irrotational flow, the vorticity is, by definition, equal to zero, namely
w ( t, x) =0. (2)

Furthermore, the presence of irrotational flow, directly implies a uniform distribution of the
entropy (Pert, Geoffrey, 2013). Thus, in the case of irrotational flows, the components of the
gradient of the entropy will be equal to zero, namely

sz(t,x):() 3)

As such, in the case of irrotational flows, the expression for the vorticity in terms of the Clebsch
potentials, derived in Eq. (19) of Subsection 8.b, and restated in Eq. (11) of the previous

subsection with respect to the entries of the matrix [ Q ], reduces to

o(t,x)= i %qu,qz(vxngxvxgql):o, (4)

q1,9, =1

Then, it follows that, since the components of the label field é(t,x) are (by definition)

independent of each other (and, as a result, the 3"-order Jacobian determinant J is non
vanishing), all elements of the matrix [ Q ] are equal to zero, namely

qu=q2 - 0 D) qlaqz = 192a3 (5)

As such, in the case of irrotational flow, each of the entries of the matrix [ Q ] are equal to

zero. Thus, Lin’s constraint is derived directly from Eq. (10) of Subsection 9.a, as a result of

175



the dynamical equation of the modified action functional S ,, and therefore, for any initial
choice of the parcels, at the labeling time ¢ = ¢, the former unconditionally uniquely identify
the fluid parcels, throughout the course of the flow.

N.B. The conservation of the parcels’ labels in the case of irrotational flow by no means
reduces the importance of the function f ( t, x) as described in Subsection 9.a, as the latter

remains undefined and its physical meaning is, in our formulation of the fluid flow, obscure.
Nevertheless, in irrotational flows, the conservation of the parcels’ labels is, in any case,
unconditionally established throughout the course of the flow.

(c). Conservation of the parcel labels in rotational flows where f ( t,x ) =0

As stated in Subsection 1.d, the variation of the modified action functional with respect to the
field of € ( t,x ) , yields the dynamic equation

agql 8gq(§) 8§q v
ZZ o ax, kT 0. (1
k=0 g=1 é:ql Xk
Recall that Eq. (1) is satisfied, provided that
3 3
7 9¢,
f(t,x) Z gqq'q”Qq’,q”’ q:1,2,3, (2)

Y ox,

k=0 q.q" =1

see Subsection 9.a. As we have demonstrated in Subsection 8.b, Subsection 9.a and Subsection
9.b, if the flow is rotational, the entries of the matrix [ Q] are not generally equal to zero, and,

as such, we cannot, in general, directly derive Lin’s constraints from Eq. (2). Nevertheless, in
virtue of Eq. (2), we can still obtain Lin’s constraints from the modified action functional S,

provided that the undefined function f ( t,x ) is equal to zero, namely

f(t,x)=0. 3)
In that case, Eq. (2), indeed, yields Lin’s constraints,
3
_ 0
joof o, ¢ =1,2,3, 4)
— dx,
k=0

regardless of the values of the entries of [ Q} That is, Lin’s constraints can be derived as a
result of the dynamic equations derived from the variational study of the action functional,
even in the case of rotational flows, provided that Eq. (3) holds.

However, if f ( t, x) = 0 for every position x inside the flow field, at any time ¢, then the

field of & ( t,x ), successfully identifies the individual fluid parcels, moving inside the flow

field throughout the course of the flow. As such, the expressions for the fields of the velocity
and the vorticity indeed describe the aforementioned fields, in terms of Clebsch potentials that
are, in fact, the components of the parcel’s labels, as demonstrated in Eq. (4) of Subsection 8.a
and Eq. (19) of Subsection 8.b.
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(d). The case of rotational flows where f( t,x ) = 0

If, on the other hand, f ( t,x ) = 0 then, if the flow is rotational, for arbitrary values of the

function f ( t,Xx ), then the expression

3 85 3
ij axZ = f(t.x) Z € g =1,2,3 (1)

k=0 q.q" =1

“describes a violation of Lin’s constraints” (Rylov, 2018), and, as such, the conservation of
the parcels’ labels is not satisfied, that is, the field & ( t,x ) inside the flow field throughout

the course of the flow does not follow the individual masses it should uniquely describe, and
a new set of parcels and by extension a set of parcel labels, is needed, in order to describe the
flow of the fluid in the Lagrangian description.

N.B. It is of paramount importance to underline that the function f ( t,x ) is undefined. That

1s, even if we manage to specify (as we have) the (trivial) forms of the undefined function, for
which we directly obtain Lin’s constraints from the dynamic equation produced from the
variation of the action functional, we cannot (and in fact should not) restrict the function

f(t,x) tosuch forms.

N.B. Notice also that from the variation of the modified action functional S,, (first form) with
respect to variations performed on the Lagrangian time-like variable &,, we produced the

constraint applied over the 4-momentum, see Eq. (33) Subsection 6.b.2. That is, both the
conservation of mass and the conservation of the parcels’ labels were identically satisfied
provided that the dynamics of the system was studied locally with respect to the Lagrangian
time-like field of &, .

10. Derivation of The Governing Equations of A Rotational Flow With
Conserved Parcel Labels

(a). Some preliminary calculations

As we have previously demonstrated, in the case of a rotational flow, the entries of the matrix
[ Q} are, in general, different than zero

= 0, Q1,QQ:132a3a (1)

q1-92

that is, the parcels’ labels are conserved only for specific (trivial) values of the function f ( t,x )

arising in the expression conditionally expressing Lin’s constraint
3 3
_ 0¢
. q . .
E ]/(8T_f<t’x) E gqq/q//Qq/,q//’ q—1,2,3 (2)
k=0 k q.q" =1

In this section, we will assume that even if the flow is rotational, the function f ( t, x)

assumes values, such that Lin’s constraints are obtained from the expression arising from the
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dynamic equations derived from the modified action functional, that is, the following expression
will be assumed to hold unconditionally

254 _ g, 3)

Since the above holds and the parcels’ labels are conserved inside the flow field throughout the
course of the flow, the velocity (expressed through scalar functions), that is

3
u(t,x)=Vop+ Y g,(&)V.E, —nV,s. )

is, in fact, expressed through the field of the parcel labels (chosen at the labeling time), since
each individual parcel is successfully identified through the values of the field é( t,x ) .

Furthermore, given the above, the vorticity can also be expressed in terms of the field of the
parcel labels, namely

3

o(t,x)= Z %

91,9, =1

0g,(¢) 9g,(¢)
8§Qz 8541

(Vig, xVié, )= VinxV,s. ()

We will now proceed to calculate the cross-product of the velocity with the vorticity, as such
expressions frequently arise when deriving the governing equations of the flow. Considering
Eq. (4) and Eq. (5) we compute

0g, (&) 0g,(¢)

85?2 868(11

3

UxXw = ux z%

q1:92 =1

(V& X V&, |- VnxV,s|=

\ 1[0g,(¢) 0g,.(¢)
B Z 5 afqz N affh ]”X<Vx§qv><vx§ql)ux(vxnxvxs):

afflz 85‘11

_ i % agql(f) 8g(l:(é> (foqz(u'vqul)*vqu](u'vxé:qz))i

41,9, =1

—Vxn(u-sz)—l—sz(u-Vxn), (6)

or, interchanging the indices ¢, and ¢,, namely

0g, (&) 9g,(¢)
665612 85‘11

(92, (00915, -

0g,. (¢) 9g,(¢)
66‘11 85‘12

(Vg (uv.8, ), )

then, Eq. (6) yields
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3 0 0
o S [28a08) 28,00

e, og, | i (0T

41,9, =1

~V.n(u-Vs)+V,s(u-V,7) (8)

(b). Derivation of the equation expressing the conservation of mass

Recall that the continuity equation (Conservation of Mass) is directly derived through the
variation of the modified action functional S ,, with respect to variations performed on the

scalar function (P< t, X) , namely

Zajk :@Tf(t,x):%%—Vi(p(r,x)u(t,x)):O. (1)

X
4 0x;

Additionally, since the parcels’ labels are assumed to be conserved inside the flow field,
throughout the course of the flow, a Lagrangian expression of the conservation of mass can
also be produced, as depicted in Chapter 2, Subsection 3.

(¢). Derivation of the equation expressing the conservation of momentum

We now take the partial derivative of the equation expressing the velocity field, derived from
the variation of the modified action functional, with respect to variations of the conventional 3-
momentum vector, see Eq. (4) of Subsection 8.a.1, namely

ou(t,x) 3g(,
uaxox 8x0 Z Z : 5x0 (Vx‘:gq\ )_

g, =1¢q,=1

_qu\<§>

Additionally, recall that from the variation of the functional, with respect to variations performed
on the density field, see Eq. (2) of Subsection 8.a.2, we obtained the dynamic equation

) 0 )
axo(v"g‘“)+ TV, s+n=—(V,s)=0. ()

0x, X,

j? 8e<p,s) 8(0 t, x 355 Os
J /1
+elp,s)+p———=+ P(x E g -n—=20
2 p? e( S> dp ( ) — q' ot 7 ot

2)
Taking the gradient of Eq. (2), we obtain

;2 de(p,s) Do : ¢, Os
V .I P _r —1 — B — —
* 2p2+e<p’s)+p dp " (x)+6t+zgq'(é) or a1

g, =1

2 d(pe(p.s)) RN 0¢ ds
_ -] _(0 q v
=V + +P(x)+at+z . (€) 5 15

g, =1
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2 o ,
:vx["— +V, Lo elp.s)) +VxP(x)+Vx[6—(p]+
2 op ot
2 s
— — =0
+V, qz_lgq,( x[n m]
Expanding each of the terms of Eq. (3) we obtain
u’ 82<pe(p,s)> 82(pe(p,s)>
V.|— \Y \Y
x[2]+ dp? P dpds |5
g(’ll 85‘71
P
v n o) 5 T e, G

¢, 0s 0s
E \Y% - -V .n—-nV_|—|=0.
+ gl]w(é) x 8t xnat n x 01‘

g, =1

Recalling that the fields are C ? — differentiable, addition of Eq. (1) and Eq. (4), yields

R I Ay

g =1¢g,=1
W) 07 (pe(p, )) 0*(pe(p.s))
V. |— \Y \Y%
Vs 2 * dp? x| dp ds |5
N 9g, (€) S s
+v P( )+ qi x§ LA ; ZZ -0
225 Ve 5

)

(4)

©)

Since we assume that the function f ( t, x) takes values such that Lin’s constraint of the

conservation of parcels’ labels

= (7" V.)¢, =0, g=1,2,3

is directly obtained from the expression

3 _ aé: 3
jk(S’T f(t,x) Z gqq’q”Qq’,f/”’ q=12.3

k=0 k q.q" =1

resulting from the dynamic equation

ZZ agm _0g,(¢)

k=0 g=1 85%

- 9¢,
Jk
0x,

=0, q,=1,2,3
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derived from the variation of the modified action functional with respect to variations performed
on the field of é‘( t,x ) , then, as demonstrated in Theorem 2 of Chapter 4, Subsection 4.b, since

Eq. (6) holds, thus

o,

oy +(uv,)&,=0, 9)
or,

o,

St =—(uV.)¢, (10)

Furthermore, from the variation of the Lagrange multipliers 77( r,x ) we have obtained the

dynamical equation
(77-V.)s=0. (11)

As such, the entropy is conserved in the direction of the flow, thus, the following also holds

%:—(u-vx)s (12)

Finally, from the variation of the modified action functional with respect to the specific entropy

S ( r,x ) , we have obtained the following dynamic equation,

_ de( p,
(j-Vx)nz—p%j
T
(wgotty sy )| 22,00 00 0n | Delpes)
0T 9 9x,  dx, D x, s
an de(p,s)
i el CEAAS L B(E)

Substituting in Eq. (5) we obtain

ZZ g‘/ x>§qz(ngqx)_%vxs_vx*?("'vx)n"r

W) [0 (pe(p, ) 0*(pe(p.s))
S e 3/02 Ve Pt = ap0s Ve[t T VPx) S
?
e e e (v e [rvale T s =0 as
71=1q,=1

or, interchanging the dummy indices ¢, and ¢, in the second term of Eq. (14) we obtain
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2

8u(t x) Ge(p,s) u
5 o VxS—sz(u'Vx)n—l—Vx By +
0’ (pe(p.s)) 0% (pe(p.s))
+ 8p2 vx p+ apas vx S+vxP(x)_
8gc[ agch(é)
- ng uvx §c t’x +
P ot ol ENCL AR

+V,n(uV, )s=10 (15)

or, more compactly,

2

de( p,
N e
0 3 &
ZZ gq gaq;( ) v é:qz( >§q|(t’x> +Vx77(uvx>~9:
g =1q,=1 q1

(16)

Substituting from Eq. (8) of Subsection 10.a, we obtain

@_Flvx[pzm

2

V. s+V . P(x)+V, %]—uxw =0 (17

ot s
or
2
gl:—l—v u2 +%Vx 2% + V. P(x)—ux(uxu)=0 (18)
In virtue of the following identity
u’
=V, ——(uV 19
ux(uxu) £ (u x)u (19)
we obtain
Ou 1 , Oe(p.s)
61‘ (uV )u+VxP(x):—;Vx P T (20)

which is, in fact, the equation of the conservation of momentum, namely

Du(t, 1
—u( x>+vxp<x>:_;vxp(t’x>’ p_p % (21)

Additionally, since the parcels’ labels are conserved throughout the course of the flow, the
point transformation, established by the initial choice of the fluid parcels, successfully
describes the transformations from the Eulerian to the Lagrangian description of the flow.
As such, a Lagrangian expression of the conservation of momentum can be derived from Eq.
(21) as we have demonstrated in Chapter 2, Subsection 4.
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(d). Derivation of the equation expressing the conservation of energy

The equation for the conservation of energy will now be derived from the above equation for
the conservation of momentum, see Eq. (21) of Subsection 10.c, as well as the conservation of
mass, Eq. (1) of Subsection 10.b.

Recall the equation expressing the conservation of momentum, derived in the previous
subsection, namely

Du(l,x)

1
iy +VxP<x)——;pr(t,x> (1)

or, multiplying both sides by the density and by the velocity vector, we obtain
Du
PuTE—Fp(uTVx)P(x)z—(uT-Vx>p, (2)
that is, expanding the material derivative of the above expression, we obtain
Ou
T T T - _ T,
pu Ejtpu (qu)u+p(u Vx)P(x)— (u Vx>p. (3)

Nevertheless, we recognize that the first summand of Eq. (3) is, in fact equal to

o 2
s s

Accordingly, the second summand of Eq. (3) is equal to

puT(qu)u:p(qu)[%uz]. (5)
Substituting Eq. (4) and Eq. (5) in Eq. (3), we obtain
lMJr (uV )[lzﬂ + (uTV )P(x):—(uT-V ) (6)
/02 Py P )5 P x x|P

or, from the definition of the material derivative

p%[%uz]er(uTVx)P(x):—(uT-Vx)p (7)

Additionally, taking the material derivative of the specific internal energy, since the specific
entropy is conserved in the direction of the flow, we obtain

De 0O0e Dp 0Oe Ds "¢ De  OJe Dp
= _—— e — = — —
Dt O0p Dt 0s Dt 4w Dt Op Dt

®)
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The validity of the above Eq. (8) is further established through the dynamic equation derived
from the variation of the modified action functional with respect to the Lagrange multiplier

77( t,x ) , expressing the unconditional conservation of the entropy in the direction of the flow.

Additionally, substituting from Eq. (7) of Subsection 2.b.2, we obtain

De _dedvDp _ p Dp

= = : 9
Dt Qv dp Dt p* Dt ®
Nevertheless, in virtue of the continuity equation, the following holds
Dp T
Thus, substituting in Eq. (9) and multiplying by ,0( Z, x) we obtain
De T
— =—-pV.u. 11
Y PV (11)

Thus, the material derivative of the total energy can, henceforth, be obtained from the addition
of Eq. (7) and Eq. (11), namely

p(t,x)ﬂ[%uz(t,x)—i-%

(12)

which is the equation, expressing the conservation of energy in the Eulerian description of the
flow. Additionally, making use of the continuity equation, we can derive another convenient
form of the conservation of energy, namely

% %p(t,x)uz(t,x)—l—p(t,x)%]—l—
+p(t,x)(uT(t,x)Vx>P(x) = —Vx(p(t,x)u(t,x)) (13)

Analogously to the laws of the conservation of mass, and the conservation of momentum, we
can also, as we have demonstrated in Chapter 2, Subsection 5, derive a Lagrangian expression
of the conservation of energy.

11. Derivation of The Governing Equations of Fluid Flow Where The
Conservation of The Parcels’ Labels Is Violated

We will now examine the more general case, where the function f ( t,x ) arising from Eq. (10)

of Subsection 9.a, for ¢, = 1, 2,3, assumes non-zero values.

(a). Derivation of the equation expressing the conservation of mass

The conservation of mass, and more specifically, the continuity equation (Eulerian
description)
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8p(l,x)

Y +V§(p<t,x)u(t,x)):0, (1)

is directly derived from the modified action functional, by performing variations on the field
of the scalar function (p(t,x), as we have demonstrated in previous subsections and is

unaffected by the different values of the function f(¢, x )

(b). Derivation of the equation expressing the conservation of momentum

In order to derive the equation expressing the conservation of momentum, when assuming that
the parcels are not necessarily conserved inside the flow field, throughout the course of the flow,
we take, once more, the partial derivative of the equation of the velocity derived from the
variation of the modified action functional with respect to variations of the conventional 3-
momentum vector, Eq. (4) of Subsection 8.a.1, namely

du(t, dg,,
u;iox) axo ZZ g, 8qu (fofq\)_

g,=1¢q,=1 ({

_qu\<§>

as well as the gradient of the dynamic equation derived from the functional, with respect to
variations performed on the field of the density, Eq. (2) of Subsection 8.a.2, namely

9 0 0
axo(vx§q1)+an Vestn=—(V,s)=0. ()

X0 X9

W) [97(pelp.s)) O*(pe(p.s))
N v v
"[z]+ ap° A TPy P

g% a5‘11
V_P v
+YLP(x)+ [ ] ZZ V.E, —
+Z 5' L - 2)
g, o1 Mg TV T

g, =1

Summing up Eq. (1) and Eq. (2), yields

8”<t’x)—i:i:8gql(§>6§qz(v P >+@v -

ot — o~ o<, ot ot
w ) [97(pe(p.s)) 2*(pe(p.s))
v v v
Vs ap° P T a0 ST

3 3 a 8
+VxP(x)+ZZgaq'—(§>Vx§qz 1 v -0 0

ot ot

Since no assumption has been made with regards to the values of the functions f ( t,x ) , then,

from the dynamic equation derived by the modified action functional, mentioned below for the
sake of convenience,
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8g‘1| 8gl](§)
85(11

¢, -

=0
%, Jk

, q, = 1,2,3 4)

)3

k=0 g=1

we can only derive the conditional expression regarding the conservation of the parcels’ labels,
namely

3 85 3
_‘ f(t,x) Z gqq'q”Qq’,q”’ q:1,2,3 (5)

L ox
k=0 k q.q" =1

Nevertheless, by the definition of the 4-momentum, expanding the above expression, we obtain

8§ 3 3
! Y u gq,k] = F(6x) Y ey Qs g =123 (6

k=1 q’,q”:1

p(t,x

or, using vector notation for the second component inside parenthesis in the left-hand side of
the equation, Eq. (6) yields

0¢ 1 >
o ;f“,x) D gy Q- (uVL)E ¢ =125, (7)

q/ ,(]” _ 1

Furthermore, from the variation of the Lagrange multipliers 77( t, x) we have obtained the

dynamical equation
(77-V.)s=0. (8)

expressing the unconditional conservation of the specific entropy in the direction of the flow.
As such, the following also holds

0s

E:—(u-vx)s 9)

Finally, from the variation of the modified action functional with respect to the specific entropy

S ( t,x ) , we have obtained the following dynamic equation,

(7-Vie)n = —p% —
g (o,

Substituting in Eq. (3) yields

8utx Zzagq, v.e,

g =1q,=1

B de(p,s)
0s

L f(t.x) Z €ode Log —(u Vi )5‘12 B

Ves=Vs(u-V, ) Jp+V,|=—
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0*(pe(p.s)) *(pelp:s))

+ 5,7 V.|p+ 95 0 Vils+ V. P(x)+
3.3.9 & 3

+ZZ gq'( )Vxé:qz _1f<t’x) Z gq\q/ti”Q!i/Ji//_(uvx)g‘ll +
g =1q,=1 35({2 P ¢.a" =1

+Vn(u-V,)s =10 (1

or, expanding further, we obtain

8u(t,x> : 2
T_Z Z L TR

3 3 gql(é:)
3y e (v
ae(aps’S)sz—sz<u-Vx)77+Vx 72 +
82(,08(,0,3)) 62(pe(p,s))
% V. l|p+ 950 Vels+V,.P(x)+
3 3 1 gq‘(é:> 3
+ZZ; o0& Vxé‘:‘f f(t,x) /Z:_ 91949 Qc/ q +
g =1q,=1 1 q'.q" =1
3 3 agl(é:)
D IDI e e MR T S E B
g1=1q,=1 92
+V,n(u-V,)s=0. (12)

Interchanging the indices ¢, and ¢, in the second and third terms of Eq. (12), the above

equation yields

S S S e B e 07
S
—ae(aps’s>VxS—sz<u—Vx>77+Vx ”72 +

32(%6;2/%”)% - 32(2;(&&))% LV P(x)
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N1 9g,,(¢) 2
+ZZ ; 8§ Vxéq f(t,X) Z gq‘qq Q/ v |+
g =1q,=1 q q.q" =1
~ %8, (€)
- -V, &, (uV, ), |+
(hzll]gzl 8§qz ! !
+Vx77<ll VX)S =0
or, in a more compact form
2
8u<t,x)_ae(pﬂs>vxs_u.vxnvxs+vx u_ +
ot s
d (pe(p s)) 82(pe(p,s))
+ s Vielp+ ao0s Vo s+ V, P(x)—
og 0g,,(¢)
[ZZ y aqé vxé’:qz(uvx)é:fh(l’x) +vx77
q,=1¢q,=1 q,
8g 9g,.(¢) :
+Z Z y 82: Vxéfh f(t’x> Z gqlq’q”Q " q"
g =1g,=1 q1 q/,q//:

(13)

(14)

Following the analysis presented in Subsection 10.c, and by the definition of the antisymmetric

matrix [ Q], Eq. (14), further yields

Du(t,x) 1
— 4V P -V
Y (x )+p otx) +
334 3
+ZZ_ g0, VxSy Z‘gqqq”gqq f(tx)]()
] d.a =
q1 q q -9
where the pressure is defined as
_ ,29¢
p=p 9p

But, since the matrix [Q} is antisymmetric, Eq. (15) can also be written in the form

M+vxP(x)+%vxp(r,x) +

3 3 3

FD (0 Vb DT e @ Sl = 0

!’ "

g =1qg,=1 9.9 =

or, interchanging the order of summation
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Du(l x)

1
+V_ P —V , —
= (% >+p cpltx)

B Z Z 23: €4.d'q" Qq’,q” vxéqz f(t,x) =0 (18)

g, =1¢q,=1 q’,c/”:l

Nevertheless, the last term of Eq. (18) is, in fact, the product of the entries of the row element
Q (2) with the vectors of the null space with respect to Q (02)? summed (the product) over all

¢, indices. Namely, the double summation of the last term of Eq. (18) produces

3

PP ELINRIENVTRSD SR I

go=1¢,=1 ([/,({//*1
| 3 3 3

= ;f(t’x) E : § : qu,ql § : €q.d'q" Qq’,q” vxg% 19

g,=11¢, =1 q,q" =1 ( )

Now, taking into account that the inner summation over ¢’ and ¢”, for the different values of

the index ¢, is of the form
g1 =3 s
(Iql)qll - Z gqlq/q// Q(]/,(]” -
- (Qz,s_Q3,2aQ3,1_Ql,saQ1,2_Qz,1) - 2(Q2,3,Q3’1,Ql,2), (20)

we can perform the summation with respect to the index ¢, finding that

3 3 3
§ : E : qu,ql E : q.q’q”Q’ " vxﬁqz -

q;=1g,=1 qq"=1

_22(( Q,; +Q,, 93,1+qu,391’2>v"§%):

g, =1
=2(%+M)m+
+ 2 (Tl + Qo8 + TR VL
2 (O e T + Q.0 V.5 =0 QD)

where the cancelation of the elements of Eq. (21) is a result of the antisymmetry of the matrix

[Q ] , namely

e for g¢,q' =1,2,3 (22)

Q =0 if g=¢
Q /:—Q/, lfqiq/
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Thus, Eq. (18) reduces to

Du(l,x)

1
P — =90 23
Y +V, (x)+ppr(t,x) (23)

which expresses the conservation of momentum, in the Eulerian description of the flow.

The above result demonstrates that a representation of a rotational flow is possible by means
of Clebsch potentials, even in the case where the conservation of parcels’ labels (Lin’s
constraints) does not, unambiguously hold. Furthermore, the dynamics of the flow are not

affected by arbitrary values of the undefined function f ( t,x ) .As such, f ( t,x ) expresses a

gauge symmetry of the system, since Euler’s equations, governing the flow of ideal fluid, can
be derived from the variational study of the modified action functional and are invariant under

different choices of the undefined f ( t,x ) This is further demonstrated by the fact that the
fields of the flow remain unaffected by the different values of f ( t,x ) Nevertheless, since
f ( t,x ) expresses a gauge symmetry, in virtue of Eq. (10) of Subsection 9.a, the conservation

of the parcels’ labels cannot be unambiguously determined, since the arbitrary f ( t,x ) renders

Eq. (10) dynamically indeterminate.

(¢). Derivation of the equation expressing the conservation of energy

Analogously to the analysis of Subsection 10.d, the equation expressing the conservation of
energy in the Eulerian description, namely

% %p(l,x)uz(t,x)%—p(l,x)%pt’s)]%—
+p(t,x)(uT(t,x)Vx)P(x) = —Vx(p(t,x)u(t,x)), (1)

can henceforth be derived, using the equations expressing the conservation of the momentum,
Eq. (16) of the previous subsection, and the continuity equation (conservation of mass) Eq. (1)
of Subsection 11.a.

12. Concluding Remarks

Applying the variational principles on a constrained action functional but considering as a
constraint expressions (the 4-momentum in terms of the 4M-order Jacobian determinant) that
identically satisfy the conservation of mass as well as the conservation of the parcel labels in
terms of a mapping between the Eulerian and the Lagrangian spatio-temporal (and not only the
spacial) variables, produces a set of dynamic equations indicating that the phenomenon of
rotational flows is more complex than anticipated. This is demonstrated by the equation that
expresses the evolution of the field of the parcel labels, which includes a function that cannot
be defined by the set of the dynamic equations. Specifically, in the flow phenomena where the

undefined function f ( t, x) assumes trivial values f ( t, x) =0, as well as in irrotational

flows, the fields of the flow may be described through a Clebsch representation, in terms of
scalar functions which are determined from the initial choice of the parcels. Moreover, in the
aforementioned case, any initial choice of the parcels serves to produce such descriptions, since
the components of the parcels, as well as functions of the parcels’ components serve as the
potential functions, through which the velocity field is produced. Nevertheless, in the general
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case of a rotational flow, the set of dynamic equations produced from the constrained action
functional, suggests that more complex phenomena take place inside the flow field, which
were not considered and whose dynamics cannot be specified by the set of the dynamic
equations produced from the action functional.

Notice however, that Euler’s equations governing the flow of an ideal fluid can, in fact, be
derived from the variational study regardless of the values of the undefined f ( t,x ) . That is,

the dynamics of the flow remain unaffected regardless of the values assumed by the undefined
function f ( t,x ) This invariance constitutes a gauge symmetry, as the undefined function
f ( t, x), parametrizes a family of mathematically distinct descriptions that, nevertheless,

correspond to the same dynamics of the physical flow. Nevertheless, due to the effects of the
gauge symmetry, the equation expressing the evolution of the field of the parcels’ labels inside
the flow field, throughout the course of the flow, is rendered dynamically indeterminate.
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Chapter 6

Conclusions and Future Directions of Research

The main objective of this thesis was to study rotational flows, through the approach presented
by Rylov (Rylov, 1999a), (Rylov, 1999b), (Rylov, 2003), (Rylov, 2018). This study led to several
results which are summarized below.

In Chapter 1 and Chapter 2 the necessary background knowledge concerning flow phenomena
was presented, and a comprehensive historical survey was carried out concerning the
achievements and the progress in the field of rotational flows, while Rylov’s perspective with
regards to the formulation of such phenomena was introduced and the foundations of his
considerations were established. In Chapter 3 we presented a comprehensive study on identities
derived both by the intrinsic structure of the determinant but also by the specific structure of the
Jacobian determinant, concerning the application of derivative operators on the determinant.
These identities were of vital importance to the following analysis since their validity holds over
the set of all (sufficiently smooth and bijective) transformations between the Lagrangian and the
Eulerian descriptions of the flow, considered in the premises of Herivel and Lin’s as well as
Rylov’s formulations concerning rotational flow phenomena. For the establishment of the
aforementioned identities, we made use of a new mathematical structure, derived from the
structure of the determinant, identified as the reduced determinant (Athanassoulis, 2025), which
considerably facilitated our calculations. In Chapter 4 we considered two sets of independent
spatio-temporal variables, for the Eulerian and the Lagrangian descriptions of the flow and,
through the use of the identities established in the previous chapter, we established an expression
for the 4-momentum vector (also defined in Chapter 4) in terms of the Jacobian determinant,
generated by the transformations between the two descriptions of the flow. Furthermore, the
aforementioned expression for the 4-momentum (in terms of the Jacobian determinant
expressing the transformations between the Eulerian and the Lagrangian descriptions of the
flow) was shown to identically satisfy the conservation of mass as well as the conservation of
the parcels’ labels, indicating a suitable use of this expression as a constraint over an
unconstrained action functional in the Eulerian description of the flow.

In Chapter 5 a variational study was carried out concerning the derivation of a complete system
of dynamic equations describing phenomena of rotational flow, including Euler’s equations of
fluid motion from a single action functional, with the physical quantities of the flow expressed
in the Eulerian description. After having demonstrated the consequences of an unconstrained
action functional in the Eulerian description of the flow, we proceeded to construct a constrained
action functional, using as constraints the conservation of the specific entropy in the Eulerian
description of the flow, as well as the expression of the 4-momentum in terms of the Jacobian
determinant generated by the transformations from the Eulerian to the Lagrangian description
of the flow, derived in the previous chapter. The introduction of the constraints in the action
functional was achieved through the use of a set of Lagrange multipliers. From the dynamic
equations derived from the variations of the action functional, we then successfully integrated
out the Lagrange multipliers introduced to account for the constraint of the 4-momentum, by
incorporating their dynamics in the rest of the functional arguments. A modified action
functional (first form) was thus obtained, upon which we implemented the variational principles
once more, deriving a second set of dynamic equations. Nevertheless, the structure of the
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modified action functional S, (first form) permitted the identification of terms appearing inside

the functional as derivatives of scalar functions. Thus, an additional modified action functional
S, (second form) was constructed. From the application of the variational principles on the

second form of the modified action functional, a set of dynamic equations was produced,
including the continuity equation, as well as a dynamic equation that resulted in an equation
governing the evolution of the field of the parcels’ labels inside the flow field. The
aforementioned equation indicated more complex phenomena taking place inside the flow field,
throughout the course of rotational flows, in virtue of a function that cannot be defined from the
set of the dynamic equations produced from the variational treatment of the modified action
functional. Specifically, for irrotational flows and for rotational flows where such phenomena
where, ad-hock, considered as not taking part in the flow phenomenon (by assuming that the
undefined function is equal to zero) the parcels’ labels, conserved in such cases, were
demonstrated to produce a complete description of the flow phenomenon, with their components
either serving as scalar functions, or serving to specify scalar functions, that provide Clebsch
representations of the flow field in the Eulerian description of the flow. However, in the general
case of rotational flow, the consequences of the undefined function cannot be ignored.
Nevertheless, we were able to derive Euler’s equations of fluid motion from the set of the
dynamic equations produced, as a result of our variational study of the modified action
functional. As such, the undefined function is demonstrated to express a gauge symmetry of the
mechanical system, with the values of the undefined function not affecting the dynamics of the
system. However, as a result of the symmetry, the dynamic equation expressing the evolution of
the field of the parcels’ labels, inside the flow field is rendered dynamically indeterminate.

This opens several directions for future research. As such, we shall summarize below some
important points that deserve attention in the future.

» While the Lagrangian time-like variable was introduced, and was shown, in the
progression of the analysis to produce one of the scalar potentials producing the velocity
field through a generalized Clebsch representation, its exact physical nature was never
directly expressed or considered. Nevertheless, the definition of the Lagrangian time-
like variable may serve to define the nature of the undefined dynamic field (arising in
the general case of rotational flows), since Lin’s constraints where, in fact,
unconditionally derived from the variations of the modified action functional with
respect to the Lagrangian time-like variable before the consideration of the second form
of the modified action functional.

» The physical nature of the undefined field resulting from the conditional expression of
Lin’s constraint was not established. A physical interpretation of the aforementioned
field could serve to provide us with a complete description of rotational flows. The
consideration of complex potential functions, employed by Rylov (Rylov, 1999), (Rylov,
2018) could potentially act beneficially in the definition of the underlying physical
nature of the undefined dynamic field, through the additional information they introduce,
concerning the individual spin of the fluid parcels (Rylov, 2018).

» Provided that the underlying physical nature of the undefined dynamic field can be
found, then considering that it is closely linked to rotational flows, it would be of great
importance to study whether its consideration could potentially provide us with

formulations of the flow that describe phenomena of vorticity occurring on the boundary
of the flow field.
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» While Rylov (Rylov, 2018) implies that the undefined field introduces phenomena of
turbulence in the model, our considerations never extended to turbulent phenomena
taking place inside the flow. Nevertheless, the undefined dynamical field could (as stated
by Rylov himself) potentially be used to introduce phenomena of turbulence inside the
flow of rotational fluid, which could potentially serve as a bridge towards flows
described by the Navier-Stokes equations, with regards to the appearance of turbulent
phenomena on the vanishing-viscosity limit.
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