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1.1 Αντικεύμενο τησ Διδακτορικόσ Διατριβόσ 
 

Ο κφριοσ ςτόχοσ τθσ Διατριβισ είναι θ διατφπωςθ ενόσ ποςοτικοφ κριτιρίου αποτίμθςθσ τθσ 

ςτρεπτικισ κανονικότθτασ κτθριακϊν καταςκευϊν, το οποίο να εχει γενικι εφαρμογι τόςο 

ςε ελαςτικι όςο και ςε ανελαςτικι ςυμπεριφορά, για πολυϊροφα κτιρια και θ τεκμθρίωςθ 

αυτοφ μζςω αλγορίκμων βζλτιςτου ςχεδιαςμοφ καταςκευϊν. Αυτόσ ο κακολικόσ ςτόχοσ 

τθσ Διατριβισ επετεφχκθ μζςω των ακόλουκων βθμάτων:  

(i) ΢το πρϊτο μζροσ τθσ Διατριβισ πραγματοποιικθκε θ βζλτιςτθ ςχεδίαςθ 

τριδιάςτατων κτθρίων από οπλιςμζνο ςκυρόδεμα όςον αφορά τισ αποκρίςεισ τουσ ςε 

ςειςμικι φόρτιςθ. Αυτόσ ο ςτόχοσ επετεφχκει,  λαμβάνοντασ υπόψθ τθν 

ελαχιςτοποίθςθ τθσ  εκκεντρότθτασ μεταξφ του κζντρου μάηασ και του κζντρου 

ακαμψιϊν ςε κάκε όροφο με ςτόχο τον ςχεδιαςμό ςτρεπτικά μθ ευαίςκθτων 

καταςκευϊν. Σο πρόβλθμα αυτό διατυπϊκθκε ωσ ζνα ςυνδυαςμζνο πρόβλθμα 

βελτιςτοποίθςθσ τοπολογίασ και διατομϊν. Η κζςθ και το μζγεκοσ των 

υποςτυλωμάτων και των τοιχωμάτων του κάκε ορόφου αποτελοφν τισ μεταβλθτζσ 

ςχεδιαςμοφ. Εκτόσ από τουσ περιοριςμοφσ που επιβάλλονται από τον κανονιςμό 

οπλιςμζνου ςκυροδζματοσ και τον αντιςειςμικό κανονιςμό, λαμβάνονται επίςθσ 

υπόψθ και οι αρχιτεκτονικά περιοριςμοί. Οι αρικμθτικζσ αναλφςεισ κατζδειξαν ότι 

επιτυγχάνεται μείωςθ του καταςκευαςτικοφ κόςτουσ του κτθρίου με τθν 

ελαχιςτοποίθςθ τθσ εκκεντρότθτασ μεταξφ του κζντρου μάηασ και του κζντρου 

ακαμψίασ του κάκε ορόφου. Για τθν επίλυςθ του προβλιματοσ αυτοφ εφαρμόςτθκαν 

εξελικτικοί αλγόρικμοι βελτιςτοποίθςθσ ειδικά διαμορφωμζνοι, βαςιςμζνοι ςτισ 

΢τρατθγικζσ Εξζλιξθσ. 

(ii) ΢το δεφτερο μζροσ τθσ Διατριβισ διατυπϊνονται διάφορεσ προςεγγίςεισ ςχεδιαςμοφ 

τριδιάςτατων κτθρίων οπλιςμζνου ςκυροδζματοσ (Ο΢) ωσ προβλιματα βζλτιςτου 

δομοςτατικοφ ςχεδιαςμοφ και αποτιμϊνται με βάςθ τθν επίδοςθ τουσ ςε ςειςμικι 

καταπόνθςθ. Λαμβάνεται επίςθσ υπόψθ το κόςτοσ κφκλου ηωισ ωσ μζτρο 

αποτίμθςθσ των ςχεδιαςμϊν που προκφπτουν. Σρεισ προςεγγίςεισ ςχεδιαςμοφ 

κτθρίων από Ο΢ διερευνοφνται ςε αυτό το μζροσ τθσ Διδακτορικισ Διατριβισ. ΢τθν 

πρϊτθ το αρχικό καταςκευαςτικό κόςτοσ κεωρείται ωσ αντικειμενικι ςυνάρτθςθ 

ελαχιςτοποίθςθσ. Με τθ δεφτερθ κεϊρθςθ θ ςτρεπτικι απόκριςθ διατυπϊνεται ωσ 

πρόβλθμα ελαχιςτοποίθςθσ, ενϊ ςτθν τρίτθ κεϊρθςθ ςχεδιαςμοφ εξετάηεται μια 

ςυνδυαςμζνθ διατφπωςθ των δφο προθγοφμενων διατυπϊςεων. ΢τθ δεφτερθ 
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κεϊρθςθ  εξετάηονται δφο διακριτζσ διατυπϊςεισ. ΢φμφωνα με τθν πρϊτθ, θ 

ςτρεπτικι μετατόπιςθ μειϊνεται μζςω τθσ ελαχιςτοποίθςθσ τθσ απόςταςθσ του 

κζντρου μάηασ από το κζντρο ελαςτικισ ςτροφισ, ενϊ ςτθ δεφτερθ διατφπωςθ αυτό 

επιτυγχάνεται ελαχιςτοποιϊντασ τθν εκκεντρότθτα μεταξφ του κζντρου αντοχϊν και 

του κζντρου μάηασ. Γίνεται φανερό ότι οι ςχεδιαςμοί που λαμβάνονται ςφμφωνα με 

τθν ελαχιςτοποίθςθ τθσ εκκεντρότθτασ του κζντρου ελαςτικισ ςτροφισ 

ςυμπεριφζρονται ικανοποιθτικά ςε ςυχνοφσ ςειςμοφσ (50/50 επίπεδο 

επικινδυνότθτασ) και ςε ςυνικεισ ςειςμοφσ (10/50 επίπεδο επικινδυνότθτασ), ενϊ οι 

ςχεδιαςμοί που λαμβάνονται ςφμφωνα με τθν ελαχιςτοποίθςθ τθσ εκκεντρότθτασ 

του κζντρου αντοχισ επιδεικνφουν καλι ςυμπεριφορά ςτα ςπάνια ςειςμικά 

γεγονότα (2/50 επίπεδο επικινδυνότθτασ). ΢χεδιαςμοί βαςιςμζνοι ςτθν τρίτθ 

κεϊρθςθ, δείχνουν καλι ςυμπεριφορά και ςτα τρία επίπεδα επικινδυνότθτασ που 

εξετάςτθκαν. 

(iii) Επόμενο βιμα τθσ Διατριβισ αποτζλεςε θ διατφπωςθ ενόσ νζου κριτθρίου 

ςχεδιαςμοφ καταςκευϊν ζναντι ςτρζψθσ. Η επίδραςθ τθσ ςτρζψθσ ςε κτιρια από 

οπλιςμζνο ςκυρόδεμα αποτζλεςε αντικείμενο εντατικισ ζρευνασ από πολλοφσ 

ερευνθτζσ. Ο λόγοσ είναι ότι πολλά κτιρια υφίςτανται εκτεταμζνεσ ηθμιζσ, μετά από 

ιςχυρζσ ςειςμικζσ καταγραφζσ, λόγω τθσ ζκκεντρθσ διάταξθσ ςτθν κάτοψθ των 

κατακόρυφων ςτοιχείων αντίςταςθσ. Παρά τισ πολλζσ προςπάκειεσ να προτακεί κατά 

το παρελκόν ζνα αξιόπιςτο κριτιριο ςχεδιαςμοφ ευρζωσ αποδεκτό για τθν 

αντιμετϊπιςθ των επιπτϊςεων τθσ ςτρζψθσ πολυωρόφων κτθρίων, τόςο ςτθν 

ελαςτικι όςο και τθν ανελαςτικι περιοχι, δεν κατζςτθ αυτό δυνατό ςφμφωνα με τα 

δεδομζνα τθσ διεκνοφσ βιβλιογραφίασ. ΢ε αυτι τθ Διδακτορικι Διατριβι, αφοφ 

διερευνικθκε θ απόκριςθ των κτθρίων που παρουςιάηουν ςτρεπτικά φαινόμενα, 

προτείνεται ζνα κριτιριο το οποίο μπορεί να αποτελζςει ζνα χριςιμο εργαλείο για 

τθν αξιολόγθςθ και τον ςχεδιαςμό κτθριακϊν καταςκευϊν ζναντι ςτρζψθσ. Σα 

αρικμθτικά αποτελζςματα δείχνουν ότι οι καταςκευζσ με τισ μικρζσ τιμζσ του 

προτεινόμενου κριτθρίου αναπτφςςουν χαμθλζσ τιμζσ τθσ ςτρεπτικισ ροπισ βάςθσ, 

κακϊσ και των μεταφορικϊν και ςτροφικϊν μετατοπίςεων των διαφραγμάτων. 
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1.2 Βϋλτιςτοσ Σχεδιαςμόσ Καταςκευών 

1.2.1 Ειςαγωγό 

Ζνα πλικοσ εργαςιϊν ζχουν παρουςιαςτεί ςτο παρελκόν όπου αντιμετωπίηεται το 

πρόβλθμα του βζλτιςτου ςχεδιαςμοφ των κτθρίων από οπλιςμζνο ςκυρόδεμα, ςε αυτζσ το 

αρχικό κόςτοσ αποτελεί τθν προσ ελαχιςτοποίθςθ αντικειμενικι ςυνάρτθςθ . Βζλτιςτοσ 

ςχεδιαςμόσ βαςιςμζνοσ ςτθν επίδοςθ είναι μία νζα ςχετικά προςζγγιςθ, όπου τα κριτιρια 

ςυμπεριφοράσ εφαρμόηονται ςαν περιοριςμοί οι οποίοι επιδροφν το αρχικό κόςτοσ 

καταςκευισ το προσ ελαχιςτοποίθςθ. Βαςιςμζνοι ςε αυτι τθν προςζγγιςθ οι Ganzerli et al.  

πρότειναν μια μεκοδολογία βελτιςτοποίθςθσ ςχεδιαςμοφ λαμβάνοντασ υπόψθ 

περιοριςμοφσ ςυμπεριφοράσ. Οι Fragiadakis et al.  παρουςίαςαν μια μεκοδολογία 

βζλτιςτου ςχεδιαςμοφ βαςιςμζνθ ςτθ ςυμπεριφορά για μθ κανονικά κτιρια από οπλιςμζνο 

ςκυρόδεμα, ενϊ οι Chan και Zou *4+ παρουςίαςαν μια αποτελεςματικι τεχνικι για ελαςτικό 

και ανελαςτικό  ςχεδιαςμό βαςιςμζνο ςτθ γωνιακι παραμόρφωςθ ορόφου για κτιρια 

οπλιςμζνου ςκυροδζματοσ υπό φαςματικι φόρτιςθ και υπερωκθτικι ανάλυςθ. ΢ε μια 

επακόλουκθ δουλειά των Zou και Chan  αποδείχτθκε ότι ο οπλιςμόσ χάλυβα ςυγκρινόμενοσ 

με το ςκυρόδεμα φαίνεται να είναι πιο οικονομικά αποτελεςματικό υλικό το οποίο μπορεί 

αποτελεςματικά να χρθςιμοποιθκεί για να ελεγχκοφν οι γωνιακζσ παραμορφϊςεισ 

ορόφου. 

Σα κατακόρυφα φζροντα ςτοιχεία (υποςτυλϊματα και τοιχϊματα), ςε ςυνεργαςία με 

τισ δοκοφσ και τισ πλάκεσ ςε ζνα κτιριο οπλιςμζνου ςκυροδζματοσ αποτελοφν το ςτατικό 

ςφςτθμα που  ζχει να αντιςτακεί ςτθ ςειςμικι δράςθ. Η απόκριςθ και θ ςυμπεριφορά ενόσ 

τζτοιου ςυςτιματοσ υπό ςειςμικζσ δράςεισ εξαρτάται κυρίωσ από τισ διαςτάςεισ και τθν 

τοπολογία  των υποςτυλωμάτων και των τοιχωμάτων. Ζνα υψθλό ποςοςτό βλαβϊν ι ακόμθ 

και καταρρεφςεων ςε κτιρια  ζχουν αποδοκεί ςτθν εςφαλμζνθ τοποκζτθςθ των 

υποςτυλωμάτων και των τοιχίων,  τα οποία δθμιουργοφν ςτρεπτικζσ ταλαντϊςεισ ςτθν 

καταςκευι *6-8+. Οι Duan και Chandler *9+ ζχουν προτείνει μια διαδικαςία βελτιςτοποίθςθσ 

για ςτρεπτικά ευαίςκθτεσ καταςκευζσ υποκείμενεσ ςε ςειςμικά φορτία, λαμβάνοντασ 

υπόψθ τόςο τθν οριακι κατάςταςθ αςτοχίασ, όςο και λειτουργικότθτασ. Ενϊ, οι Lagaros et 

al. *10+ ζχουν προτείνει μια αυτοματοποιθμζνθ διαδικαςία ελαχιςτοποίθςθσ τθσ 

εκκεντρότθτασ μεταξφ του κζντρου μάηασ και του κζντρου ελαςτικισ ςτροφισ. 

΢ε ζνα πλικοσ μελετϊν *11-13+ φαίνεται ότι το ελαςτικό κζντρο ζχει νόθμα μόνο όταν θ 

καταςκευι ςυμπεριφζρεται ελαςτικά. Όταν θ απόκριςθ του ςυςτιματοσ περνά ςτθν 
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ανελαςτικι περιοχι, θ ακαμψία των ςτοιχείων δεν επθρεάηει ςθμαντικά. ΢ε αυτι τθν 

περίπτωςθ, είναι το κζντρο αντοχϊν που παίηει κυρίαρχο ρόλο ςτισ παραμορφϊςεισ τθσ 

καταςκευισ. ΢τα πλαίςια τθσ παροφςασ εργαςίασ, τρείσ φιλοςοφίεσ ςχεδιαςμοφ ζχουν 

εξεταςτεί. ΢φμφωνα με τθν πρϊτθ το αρχικό κόςτοσ καταςκευισ κεωρείται ωσ το κφριο 

αντικείμενο, κριτιρια επιτελεςτικότθτασ εφαρμόηονται ςτο δεφτερο, ενϊ θ εκκεντρότθτα 

μεταξφ του κζντρου μάηασ και των κζντρων ελαςτικισ ςτροφισ και αντοχϊν 

ελαχιςτοποιείται, ενϊ ςτθν τρίτθ κριτιρια επιτελεςτικότθτασ και ελάχιςτου κόςτουσ 

χρθςιμοποιοφνται από κοινοφ. Και οι τρεισ διαδικαςίεσ ςχεδιαςμοφ κεωροφνται ςασ 

πεπλεγμζνα τοπολογίασ και διαςτάςεων. Η κζςθ και οι διαςτάςεισ των ςτφλων και των 

τοιχίων του κάκε ορόφου τθσ καταςκευισ αποτελοφν τισ μεταβλθτζσ ςχεδιαςμοφ. Πζρα 

από τουσ περιοριςμοφσ που επιβάλουν οι κανονιςμοί, ζχουν λθφκεί υπόψθ και 

περιοριςμοί ςυμπεριφοράσ. Σο αντικείμενο τθσ παροφςασ εργαςίασ είναι θ ςφγκριςθ 

αυτϊν των ςχεδιαςμϊν με βάςθ τθν επίδοςι τουσ κατά τθ ςειςμικι φόρτιςθ. Οι τελικοί 

ςχεδιαςμοί ςυγκρίνονται με κριτιριο το κόςτοσ κφκλου ηωισ το οποίο είναι το άκροιςμα 

του αρχικοφ κόςτουσ και του κόςτουσ επιςκευϊν. Σο κόςτοσ επιςκευϊν όπωσ αυτό 

κεωρείται ςτθν παροφςα μελζτθ αναπαριςτά τισ νομιςματικά ιςοδφναμεσ απϊλειεσ 

εξαιτίασ των ςειςμικϊν ςυμβάντων οι οποίεσ αναμζνεται να ςυμβοφν κατά τθ διάρκεια 

ηωισ τθσ καταςκευισ. Ο ςτόχοσ είναι να προτακεί μια μεκοδολογία που κα βελτιϊνει τθ 

φιλοςοφία ςχεδιαςμοφ τριςδιάςτατων κτθρίων από οπλιςμζνο ςκυρόδεμα με βάςθ τθν 

επίδοςι τουσ ςε ςειςμικζσ δράςεισ ςφμφωνα με τισ απαιτιςεισ των κανονιςμϊν *14+.  

1.2.2 Προβλόματα βελτιςτοπούηςησ χωρύσ περιοριςμούσ 

΢τα προβλιματα βελτιςτοποίθςθσ χωρίσ περιοριςμοφσ, πρζπει να ελαχιςτοποιθκεί μια 

αντικειμενικι ςυνάρτθςθ F , που είναι ςυνάρτθςθ πραγματικϊν μεταβλθτϊν ςχεδιαςμοφ. 

Η μακθματικι διατφπωςθ ενόσ προβλιματοσ βελτιςτοποίθςθσ χωρίσ περιοριςμοφσ, δίνεται 

από τθ ςχζςθ: 

 min  F x   
 

όπου nx  είναι το διάνυςμα των μεταβλθτϊν ςχεδιαςμοφ και : nF είναι θ 

αντικειμενικι ςυνάρτθςθ. 

Ο ςτόχοσ ςε ζνα πρόβλθμα βελτιςτοποίθςθσ, είναι θ εφρεςθ του ολικοφ ελαχίςτου τθσ 

αντικειμενικισ ςυνάρτθςθσ. Ζνασ ςχεδιαςμόσ x αποτελεί ολικό ελάχιςτο τθσ 

αντικειμενικισ ςυνάρτθςθσ F , όταν ιςχφει θ ςχζςθ: 

 , nF Fx x x   
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Η εφρεςθ του ολικοφ ελαχίςτου είναι ςυνικωσ πολφ δφςκολθ. Οι περιςςότεροι αλγόρικμοι 

βρίςκουν ςυνικωσ ζνα τοπικό ελάχιςτο τθσ αντικειμενικισ ςυνάρτθςθσ. Ζνασ ςχεδιαςμόσ 

x  αποτελεί τοπικό ελάχιςτο τθσ αντικειμενικισ ςυνάρτθςθσ F  όταν ιςχφει θ ςχζςθ: 

 ,F F Nx x x   
όπου N  είναι μια περιοχι γφρω από το ςχεδιαςμό x  και θ οποία περιζχει το ςχεδιαςμό 

x .  

Για μια ομαλι και δφο φορζσ παραγωγίςιμθ αντικειμενικι ςυνάρτθςθ F , είναι δυνατόν να 

εξαχκεί ζνα ςυμπζραςμα για τον αν ο ςχεδιαςμόσ x είναι τοπικό ελάχιςτο από τθν κλίςθ 

F x  και τθν εςςιανι 2F x . Ιςχφουν τα παρακάτω κεωριματα: 

Θεώρημα 1: Έςτω F  μια παραγωγίςιμη αντικειμενική ςυνάρτηςη ςτην περιοχή του 

ςχεδιαςμοφ x η οποία ςυμπεριλαμβάνει το ςχεδιαςμό x . Αν ο ςχεδιαςμόσ x  είναι 

τοπικό ελάχιςτο τησ ςυνάρτηςησ F ,  τότε ιςχφει: 

 0F x   
Θεώρημα 2: Αν ο ςχεδιαςμόσ x είναι τοπικό ελάχιςτο τησ αντικειμενικήσ ςυνάρτηςησ F
και οι δεφτερεσ παράγωγοι τησ F  είναι ςυνεχείσ ςτην περιοχή του ςχεδιαςμοφ x , τότε 

0F x  και 2F x  θετικά ημιοριςμζνο μητρϊο. 

Θεώρημα 3: Αν η αντικειμενική ςυνάρτηςη F  ζχει ςυνεχείσ δεφτερεσ παραγϊγουσ, 

0F x  και 2F x  θετικά οριςμζνο μητρϊο, τότε ο ςχεδιαςμόσ x αποτελεί 

τοπικό ελάχιςτο τησ ςυνάρτηςησ F . 

Θεώρημα 4: Αν η αντικειμενική ςυνάρτηςη F  είναι κυρτή, τότε κάθε ςχεδιαςμόσ x  που 

είναι τοπικό ελάχιςτο τησ F , είναι και ολικό ελάχιςτο τησ αντικειμενικήσ ςυνάρτηςησ F . 

Οι περιςςότεροι αλγόρικμοι βελτιςτοποίθςθσ αναηθτοφν ςυνικωσ ζνα τοπικό ελάχιςτο τθσ 

αντικειμενικισ ςυνάρτθςθσ, επομζνωσ δεν βρίςκουν πάντα τον καλφτερο ςχεδιαςμό, 

δθλαδι το ολικό ελάχιςτο τθσ αντικειμενικισ ςυνάρτθςθσ. Σα ολικά ελάχιςτα, αν και 

επικυμθτά ςτα περιςςότερα προβλιματα, είναι πολφ δφςκολο να βρεκοφν. Μια ειδικι 

περίπτωςθ, είναι οι κυρτζσ αντικειμενικζσ ςυναρτιςεισ για τισ οποίεσ κάκε τοπικό ελάχιςτο 

είναι ταυτόχρονα και ολικό ελάχιςτο.  

Μια ςυνάρτθςθ ονομάηεται κυρτή αν για κάκε δφο ςθμεία του πεδίου οριςμοφ τθσ, θ 

γραφικι τθσ παράςταςθ βρίςκεται κάτω από τθν ευκεία που ενϊνει αυτά τα δφο ςθμεία, 

δθλαδι: 

1 1 0,1F a a aF a F ax y x y   
όπου ,x y είναι δφο ςθμεία-ςχεδιαςμοί και a  παράμετροσ που μπορεί να πάρει τιμζσ ςτο 

διάςτθμα 0,1 . Αν θ αντικειμενικι ςυνάρτθςθ είναι κυρτι, ο αλγόρικμοσ βελτιςτοποίθςθσ 

κα ςυγκλίνει πάντα ςε ολικό βζλτιςτο. 

΢τα προβλιματα του γραμμικοφ προγραμματιςμοφ θ αντικειμενικι ςυνάρτθςθ είναι κυρτι. 

Γενικά όμωσ, τα μι-γραμμικά προβλιματα, όπωσ αυτό του βζλτιςτου ςχεδιαςμοφ των 



 

 14 

καταςκευϊν, είναι μι-κυρτά και ςυνικωσ ζχουν πολλά τοπικά ελάχιςτα τα οποία δεν είναι 

ολικά ελάχιςτα. 

1.2.3 Κλαςςικϋσ μϋθοδοι αντιμετώπιςησ προβλημϊτων χωρύσ 

περιοριςμούσ 

Οι πλζον γνωςτζσ μζκοδοι επίλυςθσ προβλθμάτων χωρίσ περιοριςμοφσ, είναι οι μζκοδοι 

τθσ μζγιςτθσ κακόδου,  των ςυηυγϊν κλίςεων και οι μζκοδοι Newton και quasi-Newton. Οι 

αλγόρικμοι αυτοί ακολουκοφν ζνα επαναλθπτικό ςχιμα τθσ μορφισ: 

 ag g-1 g gx = x + s   
όπου a  είναι μια παράμετροσ που ονομάηεται μικοσ βιματοσ, s  είναι θ διεφκυνςθ ςτθν 

οποία γίνεται θ ζρευνα για το βζλτιςτο ςτθν επανάλθψθ g  και ,g-1 gx x  είναι θ 

προςζγγιςθ τθσ βζλτιςτου ςχεδιαςμοφ κατά τθν επανάλθψθ g 1 και g  αντίςτοιχα.  

Κακζνασ από αυτοφσ τουσ αλγόρικμουσ κακορίηει με κάποια μεκοδολογία το μικοσ 

βιματοσ a  και τθ διεφκυνςθ ζρευνασ s . Για να γίνει αυτό, πρζπει προθγουμζνωσ να 

υπολογιςτεί ι να εκτιμθκεί το διάνυςμα κλίςθσ τθσ αντικειμενικισ ςυνάρτθςθσ F x  και 

το εςςιανό μθτρϊο  2F x . 

 

1.2.4 Η μϋθοδοσ τησ μϋγιςτησ καθόδου (Steepest Descent) 

Η μζκοδοσ τθσ μζγιςτθσ κακόδου ανικει ςτισ μεκόδουσ πρϊτθσ τάξθσ, αφοφ χρθςιμοποιεί 

ωσ πλθροφορία το διάνυςμα κλίςθσ τθσ αντικειμενικισ ςυνάρτθςθσ. Η διεφκυνςθ gs  τθσ 

ζρευνασ (βλ. ςχζςθ Error! Reference source not found.) υπολογίηεται από τθ ςχζςθ: 

 g g 1Fs x  (0.1) 
Η ροι του αλγόρικμου απεικονίηεται ςυνοπτικά ςτο ΢χιμα ‎2.1.  

 

 
Algorithm: Steepest Descent 

 
1 Choose initial  

2 repeat 

3  g=g+1 

3   

4  choose  to minimize  

5   

6 until termination_criterion 

 
Σχήμα 1.1: Ο αλγόριθμοσ Steepest Descent 
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Η παράμετροσ a  ςυνικωσ υπολογίηεται με κάποια μζκοδο ζρευνασ γραμμισ (line search), 

όπωσ θ μζκοδοσ τθσ χρυςισ τομισ (golden section).  

Ο αλγόρικμοσ τθσ μζγιςτθσ κακόδου δεν χρθςιμοποιεί πλθροφορία προθγοφμενων 

επαναλιψεων και γενικά ςυγκλίνει πολφ αργά ςτθν τελικι λφςθ. 

1.2.5 Οι μϋθοδοι Newton και Quasi-Newton 

Η μζκοδοσ Newton ανικει ςτισ μεκόδουσ δεφτερθσ τάξθσ, οι οποίεσ κάνουν χριςθ του 

εςςιανοφ μθτρϊου H. Η διεφκυνςθ s  τθσ ζρευνασ υπολογίηεται από τθ ςχζςθ: 

 
1 Fs H x x  

  
όπου Η είναι ο Hessian πίνακασ τθσ αντικειμενικισ ςυνάρτθςθσ.  

Αν θ αντικειμενικι ςυνάρτθςθ είναι τετραγωνικισ μορφισ, τότε θ μζκοδοσ Newton 

ςυγκλίνει ςε μια επανάλθψθ. Δυςτυχϊσ απαιτείται ο υπολογιςμόσ του Hessian πίνακα, κάτι 

που είναι χρονοβόρο για πολλζσ μεταβλθτζσ ςχεδιαςμοφ. Επίςθσ, αν κάποια μεταβλθτι 

ςχεδιαςμοφ είναι γραμμικά εξαρτθμζνθ από κάποια άλλθ, τότε ενδζχεται να μθν υπάρχει ο 

αντίςτροφοσ του Hessian πίνακα. 

Αντίκετα με τθ μζκοδο Newton, ςτισ μεκόδουσ quasi-Newton δεν είναι αναγκαίο να 

υπολογίηεται ο Hessian πίνακασ ςε κάκε επανάλθψθ. Η διεφκυνςθ gs  τθσ ζρευνασ (βλ. 

ςχζςθ Error! Reference source not found.) υπολογίηεται από τθ ςχζςθ: 

 g g g 1Fs A x   

όπου gA  είναι ζνασ n n  πίνακασ ςυμμετρικόσ και κετικά οριςμζνοσ. που προςεγγίηει 

τον αντίςτροφο του Hessian πίνακα Η-1. Ο πίνακασ gA  αρχικά τίκεται ίςοσ με τον 

μοναδιαίο πίνακα Ι, επομζνωσ θ πρϊτθ διεφκυνςθ υπολογίηεται όπωσ ςτθ μζκοδο τθσ 

μζγιςτθσ κακόδου. ΢τισ επόμενεσ επαναλιψεισ υπολογίηεται από τθ ςχζςθ: 

 g+1 ggA A D   

όπου gD  είναι ζνασ ςυμμετρικόσ n n  πίνακασ που δίνεται από μια ςχζςθ τθσ μορφισ: 

g g g 1 g g-1 g, ,function F FD x x x x A   

Τπάρχουν διάφορεσ μζκοδοι υπολογιςμοφ του πίνακα  gD . Η πιο γνωςτζσ από αυτζσ είναι 

θ μζκοδοσ DFP (Davidon-Fletcher-Powell)  και θ  BFGS (Broydon-Fletcher-Goldfarb-Shanno) 

θ οποία κεωρείται και θ καλφτερθ. 

1.2.6 Προβλόματα βελτιςτοπούηςησ με περιοριςμούσ 

Η μακθματικι διατφπωςθ ενόσ προβλιματοσ βελτιςτοποίθςθσ με ανιςοτικοφσ και ιςοτικοφσ 

περιοριςμοφσ, δίνεται από τθ ςχζςθ: 
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1 2

1 2

1 2

minimize , ,...,

subject to: h h , ,..., 0,  1,...,

               g g , ,..., 0,  1,...,

               ,  1,...,

n

j j n

i i n

L U
i i i

F F x x x

x x x j p

x x x i m

x x x i n

x

x

x
 

όπου F είναι θ αντικειμενικι ςυνάρτθςθ, x είναι το διάνυςμα μεταβλθτϊν ςχεδιαςμοφ, 

h j x  είναι θ j ςυνάρτθςθ ιςοτικϊν περιοριςμϊν, gi x  είναι θ i ςυνάρτθςθ ανιςοτικϊν 

περιοριςμϊν, και L
ix , U

ix  είναι το κάτω και άνω όριο τθσ i μεταβλθτισ ςχεδιαςμοφ 

αντίςτοιχα.  

Ορίηεται επίςθσ ο χϊροσ S των εφικτϊν ςχεδιαςμϊν, τζτοιοσ ϊςτε: 

| 0, 0,n L US x g x h x x x x   
Επομζνωσ, το πρόβλθμα με περιοριςμοφσ μπορεί να διατυπωκεί ωσ εξισ: 

 min  F Sx x   
Ο χϊροσ S αποτελεί τθν εφικτι περιοχι του προβλιματοσ, ςτθν οποία όλοι οι περιοριςμοί 

ικανοποιοφνται. ΢ε πολλά προβλιματα, ο βζλτιςτοσ ςχεδιαςμόσ βρίςκεται ςτο όριο μεταξφ 

τθσ περιοχισ των εφικτϊν ςχεδιαςμϊν, και τθσ μι-επιτρεπόμενθσ περιοχισ, ςτθν οποία 

τουλάχιςτον ζνασ περιοριςμόσ παραβιάηεται.  

 

1.2.7 Κλαςςικϋσ μϋθοδοι αντιμετώπιςησ προβλημϊτων με 

περιοριςμούσ 

Οι κλαςςικζσ μεκοδολογίεσ επίλυςθσ ενόσ προβλιματοσ βελτιςτοποίθςθσ με περιοριςμοφσ, 

χωρίηονται ςτισ λεγόμενεσ «άμεςεσ» (direct) μεκόδουσ, οι οποίεσ προςπακοφν να 

επιλφςουν το πρόβλθμα κινοφμενεσ μεταξφ των ορίων που κζτουν οι περιοριςμοί, και ςτισ 

«ζμμεςεσ» (indirect) μεκόδουσ, οι οποίεσ μετατρζπουν το πρόβλθμα με περιοριςμοφσ ςε 

ζνα πρόβλθμα χωρίσ περιοριςμοφσ. 

Σο πρόβλθμα βελτιςτοποίθςθσ με περιοριςμοφσ, όπωσ διατυπϊνεται από τθ ςχζςθ 

Error! Reference source not found. μπορεί να μετατραπεί ςε ζνα πρόβλθμα 

βελτιςτοποίθςθσ χωρίσ περιοριςμοφσ, από τθ ςχζςθ: 

 

 
1 1

, h g
p m

j j i i
j i

L Fx x x x   
 

όπου  ,L x  είναι θ λανγκραηιανι τθσ F , και ,i j  είναι οι ςυντελεςτζσ Lagrange.  

Μία αναγκαία ςυνκικθ αλλά όχι ικανι, για να είναι ζνασ ςχεδιαςμόσ x  ελάχιςτο (τοπικό ι 

ολικό), είναι: 
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1 1

, h g 0
p m

j j i i
j i

L Fx x x x   
 

με j  και i .  

Αν ο ςχεδιαςμόσ x  είναι τοπικό βζλτιςτο τθσ αντικειμενικισ ςυνάρτθςθσ, τότε ιςχφουν οι 

παρακάτω ςυνκικεσ: 

1. Ο ςχεδιαςμόσ x  είναι εφικτόσ. 

2. και g 0, 1,..., 0i i ii mx . 

3. 
1 1

h g 0
p m

j j i i
j i

F x x x  με 0i . Οι τιμζσ των 

ςυντελεςτϊν Lagrange j  μποροφν να πάρουν οποιεςδιποτε τιμζσ. 

Η πρϊτθ ςυνκικθ, ςθμαίνει πωσ θ βζλτιςτθ λφςθ ικανοποιεί τουσ περιοριςμοφσ. Η δεφτερθ 

ςυνκικθ ςθμαίνει πωσ αν ζνασ περιοριςμόσ δεν ικανοποιείται πλιρωσ, τότε ο αντίςτοιχοσ 

ςυντελεςτισ Lagrange είναι μθδενικόσ. Σζλοσ, θ τρίτθ ςυνκικθ ςθμαίνει πωσ το διάνυςμα 

κλίςθσ τθσ λανγκραηιανισ είναι μθδενικό ςτο βζλτιςτο ςθμείο.  

Οι παραπάνω ςυνκικεσ ονομάηονται ςυνκικεσ Kuhn-Tucker, και είναι αναγκαίεσ  ςυνκικεσ 

για βζλτιςτο. ΢τθν περίπτωςθ που ο εφικτόσ χϊροσ που ορίηεται από τθν αντικειμενικι 

ςυνάρτθςθ και τουσ περιοριςμοφσ, είναι κυρτόσ, οι ςυνκικεσ Kuhn-Tucker είναι και ικανζσ. 

Αν και τα περιςςότερα προβλιματα βελτιςτοποίθςθσ δεν είναι κυρτά, θ κεωρία των κυρτϊν 

προβλθμάτων είναι ςθμαντικι κακϊσ πολλζσ φορζσ τα μι-κυρτά προβλιματα 

προςεγγίηονται  από μια ςειρά κυρτϊν προβλθμάτων. 

 

1.2.8 Η μϋθοδοσ των ςυναρτόςεων ποινόσ (Penalty Functions) 

Οι μζκοδοι των ςυναρτιςεων ποινισ διακρίνονται ςτισ μεκόδουσ των εξωτερικϊν και των 

εςωτερικϊν ςυναρτιςεων ποινισ. ΢τισ μεκόδουσ των εξωτερικϊν ςυναρτιςεων ποινισ, το 

πρόβλθμα βελτιςτοποίθςθσ με περιοριςμοφσ μπορεί να διατυπωκεί από τθ ςχζςθ: 

min , G g H hi i j j
i j

R R F a bx x x x x  (0.2) 
όπου R x είναι θ ςφνκετθ αντικειμενικι ςυνάρτθςθ, G,H  είναι ςυναρτιςεισ των 

ανιςοτικϊν και ιςοτικϊν περιοριςμϊν και ,i ja b  πραγματικοί αρικμοί με , 0i ja b . Για τθ 

ςυνάρτθςθ gi x , ιςχφει: 

g , g 0
g

0,          

i i

i

if

otherwise

x x
x  

Η ςχζςθ (0.2) αντικακιςτά τθν αντικειμενικι ςυνάρτθςθ και τουσ περιοριςμοφσ ςε όλο το 

πεδίο των τιμϊν (δυνατι και μι-δυνατι περιοχι). Οι διαμόρφωςθ τθσ μι-δυνατισ περιοχισ 
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εξαρτάται από τισ παραμζτρουσ ,i ja b  και από τισ ςυναρτιςεισ G,H . Για γραμμικζσ 

ςυναρτιςεισ G,H , θ ςφνκετθ αντικειμενιισ ςυνάρτθςθ δίνεται από τθ ςχζςθ: 

 g hi i j j
i j

R F a bx x x x (0.3) 
Για τετραγωνικζσ ςυναρτιςεισ G,H , θ ςφνκετθ ςυνάρτθςθ δίνεται από τθ ςχζςθ: 

2 2
g hi i j j

i j

R F a bx x x x (0.4) 
Η ςχζςθ (0.4) μπορεί να γραφεί και ωσ: 

2 2
g hi j

i j

R F rx x x x (0.5) 
όπου οι παράμετροι ,i ja b  ζχουν αντικαταςτακεί από μια παράμετρο r . Σο ελάχιςτο τθσ 

ςφνκετθσ αντικειμενικισ ςυνάρτθςθσ εξαρτάται από τθν παράμετρο r  και αυτό είναι ζνα 

μειονζκτθμα των μεκόδων των ςυναρτιςεων ποινισ. 

΢τθν περίπτωςθ που το πρόβλθμα βελτιςτοποίθςθσ διζπεται από ανιςοτικζσ ςυναρτιςεισ 

περιοριςμϊν, τότε μια ςφνκετθ ςυνάρτθςθ που μετατρζπει το πρόβλθμα ςε ζνα πρόβλθμα 

χωρίσ περιοριςμοφσ, μπορεί να διατυπωκεί από τισ ςχζςεισ: 

 

i

i

i

1

g

1

g

1
log

g

i
i

i

i

R F a

R F r

R F

x x
x

x x
x

x x
x

 (0.6) 
Η ςφνκετθ ςυνάρτθςθ R x  όπωσ ορίηεται από τθν παραπάνω ςχζςθ, ορίηεται μόνο ςτθν 

εφικτι περιοχι του προβλιματοσ. Για τθν εφαρμογι των εςωτερικϊν ςυναρτιςεων ποινισ, 

πρζπει να είναι γνωςτι αρχικά μια εφικτι λφςθ, διαφορετικά οι ςφνκετεσ ςυναρτιςεισ 

όπωσ διατυπϊνονται από τθν ςχζςθ (0.6), απειρίηονται. Η απόδοςθ τθσ μεκόδου με 

ςυνδυαςμό εξωτερικϊν και εςωτερικϊν ςυναρτιςεων ποινισ δεν αλλάηει ςθμαντικά.  

 

1.2.9 Αλγόριθμοι βελτιςτοπούηςησ 

Οι αλγόρικμοι βελτιςτοποίθςθσ είναι επαναλθπτικοί. ΢υνικωσ, ξεκινοφν από μια αρχικι 

εκτίμθςθ των βζλτιςτων ςχεδιαςμοφ και ςτθ ςυνζχεια δθμιουργοφν μια αλλθλουχία 

βελτιωμζνων ςχεδιαςμϊν μζχρι να καταλιξουν ςτο βζλτιςτο. Η ςτρατθγικι μζςω τθσ 

οποίασ από μια επανάλθψθ προκφπτει θ επόμενθ, κατθγοριοποιεί και τον αλγόρικμο 

βελτιςτοποίθςθσ.  

Κάκε αλγόρικμοσ βελτιςτοποίθςθσ πρζπει να ζχει τισ παρακάτω ιδιότθτεσ: 

 Σθεναρότητα (Robustness): Ζνασ αλγόρικμοσ πρζπει να μπορεί να αντιμετωπίςει 

μια πλθκϊρα προβλθμάτων. 

 Απόδοςη (Efficiency): Ο αλγόρικμοσ δεν κα πρζπει να απαιτεί πολφ μεγάλθ 

υπολογιςτικι ιςχφ ι χρόνο, ϊςτε να βρει τθ βζλτιςτθ λφςθ. 

 Ακρίβεια (Accuracy) : Ζνασ αλγόρικμοσ βελτιςτοποίθςθσ κα πρζπει να μπορεί να 

αναγνωρίηει μια λφςθ με ακρίβεια, χωρίσ να είναι υπερευαίςκθτοσ ςε αρικμθτικισ 

ακρίβειασ ςφάλματα. 
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Οι παραπάνω απαιτιςεισ είναι αλλθλοςυγκρουόμενεσ. Για παράδειγμα, ζνασ πολφ 

γριγοροσ (ςτθ ςφγκλιςθ) αλγόρικμοσ μπορεί να απαιτεί υπερβολικά μεγάλο αποκθκευτικό 

χϊρο ι μνιμθ για προβλιματα με πολλζσ μεταβλθτζσ ςχεδιαςμοφ. Αντίκετα, ζνασ 

αλγόρικμοσ με μεγάλθ ςκεναρότθτα (Robustness) μπορεί να απαιτεί πολλζσ επαναλιψεισ 

και μεγάλο υπολογιςτικό χρόνο ϊςτε να βρεί το βζλτιςτο ςχεδιαςμό. 

Μερικοί αλγόρικμοι διατθροφν ζνα ποςοςτό τθσ πλθροφορίασ από τουσ ςχεδιαςμοφσ των 

προθγοφμενων ςχεδιαςμϊν, ενϊ άλλοι χρθςιμοποιοφν μόνο πλθροφορία του τρζχοντοσ 

ςχεδιαςμοφ. Οι αλγόρικμοι, ςχετικά με το είδοσ τθσ πλθροφορίασ, διακρίνονται ςτουσ 

αλγόρικμουσ μηδενικήσ, πρϊτησ και δεφτερησ τάξθσ. Οι αλγόρικμοι μθδενικισ τάξθσ 

χρθςιμοποιοφν μόνο τθν τιμι τθσ αντικειμενικισ ςυνάρτθςθσ ςτθν ζρευνα για το βζλτιςτο, 

οι αλγόρικμοι πρϊτθσ τάξθσ χρθςιμοποιοφν και τθν πρϊτθ παράγωγο τθσ αντικειμενικισ 

ςυνάρτθςθσ, ενϊ οι αλγόρικμοι δεφτερθσ τάξθσ χρθςιμοποιοφν και τθ δεφτερθ παράγωγο, 

εκτόσ από τθν τιμι τθσ αντικειμενικισ ςυνάρτθςθσ και τθν πρϊτθ τθσ παράγωγο.  

Οι αλγόρικμοι μθδενικισ τάξθσ διακρίνονται ςε αιτιοκρατικοφσ  και ςτοχαςτικοφσ 

αλγόρικμουσ, ανάλογα με τον τρόπο που ςχθματίηονται οι νζοι ςχεδιαςμοί. Οι 

αιτιοκρατικοί αλγόρικμοι προςεγγίηουν επαναλθπτικά το βζλτιςτο ςχεδιαςμό πολφ 

γριγορα. Σο βαςικό τουσ μειονζκτθμα είναι πωσ εγκλωβίηονται εφκολα ςε τοπικά ελάχιςτα. 

Οι ςτοχαςτικοί αλγόρικμοι αναηθτοφν με ζναν τυχθματικό τρόπο νζουσ ςχεδιαςμοφσ 

καλφτερουσ από τουσ υπάρχοντεσ ϊςτε να οδθγθκοφν ςτο βζλτιςτο. Δεν εγκλωβίηονται 

τόςο εφκολα ςε τοπικά ελάχιςτα όπωσ οι αιτιοκρατικοί αλγόρικμοι, αλλά απαιτοφν 

μεγαλφτερθ υπολογιςτικι ιςχφ και χρόνο από αυτοφσ για να ςυγκλίνουν  ςτο βζλτιςτο.  

Οι αλγόρικμοι βελτιςτοποίθςθσ μποροφν να διαχωριςτοφν ςε αλγόρικμουσ που 

διαχειρίηονται ζναν ςχεδιαςμό τθ φορά, και ςε αυτοφσ που διαχειρίηονται ζναν πλθκυςμό 

από ςχεδιαςμοφσ ταυτόχρονα. Όλοι οι αιτιοκρατικοί αλγόρικμοι διαχειρίηονται ζναν 

ςχεδιαςμό τθ φορά. Από τουσ ςτοχαςτικοφσ αλγόρικμουσ, ο γνωςτότεροσ αλγόρικμοσ που 

χρθςιμοποιεί ζναν ςχεδιαςμό τθ φορά, είναι ο αλγόρικμοσ τθσ Προςομειοφμενθσ 

Ανόπτθςθσ (Simulated Annealing).  

Οι ςτοχαςτικοί αλγόρικμοι βελτιςτοποίθςθσ που διαχειρίηονται ζναν πλθκυςμό 

ςχεδιαςμϊν είναι γνωςτοί και ωσ εξελικτικοί αλγόρικμοι. Οι εξελικτικοί αλγόρικμοι 

μοντελοποιοφν ςυνικωσ ζνα φαινόμενο, φυςικό, κοινωνικό ι βιολογικό. Η λειτουργία τουσ 

είναι ςυνικωσ παράλλθλθ, δθλαδι δθμιουργοφνται πολλοί ςχεδιαςμοί-λφςεισ ταυτόχρονα. 

Οι εξελικτικοί αλγόρικμοι χαρακτθρίηονται από ςκεναρότθτα (robustness) και ζχουν τθν 

ικανότθτα να εντοπίηουν τθν περιοχι του ολικά βζλτιςτου ςχεδιαςμοφ μετά από ζνα 

μεγάλο αρικμό εκτιμιςεων τθσ αντικειμενικισ ςυνάρτθςθσ. Η γνωςτότερθ ςτοχαςτικι 

μζκοδοσ που χρθςιμοποιεί πλθκυςμό ςχεδιαςμϊν, είναι οι Γενετικοί Αλγόρικμοι (Genetic 

Algorithms).   Πλθκυςμό ςχεδιαςμϊν επίςθσ χρθςιμοποιοφν οι Αποικίεσ Μυρμθγκιϊν (Ant 

Colonies) και οι ΢τρατθγικζσ Εξζλιξθσ (Evolution Strategies). Σα τελευταία χρόνια οι 

εξελικτικοί αλγόρικμοι ζχουν εφαρμοςτεί ςε ερευνθτικό επίπεδο, ςτο πεδίο του βζλτιςτου 

ςχεδιαςμοφ των καταςκευϊν, και ζχουν αποδειχκεί από τισ πλζον αξιόπιςτεσ μεκόδουσ. 



 

 20 

1.2.10 ΢τρατηγικϋσ εξϋλιξησ 

Οι ςτρατθγικζσ εξζλιξθσ ανικουσ ςτισ επονομαηόμενεσ Δαρβίνειεσ μεκόδουσ, επειδι 

προςομοιάηουν τθ διαδικαςία εξζλιξθσ των ειδϊν, όπωσ τθν παρουςίαςε πρϊτοσ ο 

Δαρβίνοσ. Οι ςτρατθγικζσ εξζλιξθσ, ςε αντίκεςθ με τουσ αιτιοκρατικοφσ αλγόρικμουσ, 

διαχειρίηονται ζναν πλθκυςμό από ςχεδιαςμοφσ-λφςεισ ταυτόχρονα. Οι λφςεισ αυτζσ είναι 

ανεξάρτθτεσ θ μία από τθν άλλθ, επομζνωσ είναι δυνατι θ υλοποίθςθ των ςτρατθγικϊν 

εξζλιξθσ ςε παράλλθλο υπολογιςτικό περιβάλλον. Αφοφ δθμιουργθκεί ζνασ αρχικόσ 

πλθκυςμόσ λφςεων με τυχαίο τρόπο, ςτθ ςυνζχεια κα δράςουν ςε αυτόν οι τελεςτζσ 

μετάλλαξησ, αναςυνδυαςμοφ και επιλογήσ ϊςτε να εξελιχκεί ο πλθκυςμόσ και να πετφχει 

τον εντοπιςμό τθσ βζλτιςτθσ λφςθσ. 

Σο βαςικό πλεονζκτθμα των ςτρατθγικϊν εξζλιξθσ, είναι πωσ λόγο του τυχθματικοφ 

χαρακτιρα τουσ δεν εγκλωβίηονται εφκολα ςε τοπικά ελάχιςτα, κατά τθ διάρκεια τθσ 

ζρευνασ για τθ βζλτιςτθ λφςθ, επομζνωσ ζχουν μεγαλφτερεσ πικανότθτεσ να εντοπίηουν τθν 

περιοχι τθσ ολικά βζλτιςτθσ λφςθσ. ΢ε προβλιματα με πάρα  πολλζσ μεταβλθτζσ 

ςχεδιαςμοφ, ι και πολλζσ αντικειμενικζσ ςυναρτιςεισ, οι εξελικτικοί αλγόρικμοι είναι οι 

μόνοι που μποροφν να δϊςουν αποδεκτι λφςθ. Σο βαςικό μειονζκτθμα των ςτρατθγικϊν 

εξζλιξθσ, όπωσ και των περιςςότερων εξελικτικϊν αλγόρικμων, είναι πωσ απαιτείται 

μεγάλοσ αρικμόσ υπολογιςμϊν τθσ αντικειμενικισ ςυνάρτθςθσ, για τον εντοπιςμό τθσ 

βζλτιςτθσ λφςθσ. 

Ο ςτόχοσ των ςτρατθγικισ εξζλιξθσ, όπωσ και κάκε αλγόρικμου βελτιςτοποίθςθσ, ςε ζνα 

πρόβλθμα βελτιςτοποίθςθσ με μια αντικειμενικι ςυνάρτθςθ, είναι θ βελτιςτοποίθςθ μιασ 

αντικειμενικισ ςυνάρτθςθσ F ωσ προσ το διάνυςμα των παραμζτρων τθσ 

1 2, , ,
T

ny y yy , το οποίο ονομάηεται διάνυςμα ςχεδιαςμοφ.  Ο ςτόχοσ δθλαδι, είναι 

θ εφρεςθ ενόσ διανφςματοσ y τζτοιο ϊςτε: 

 optimum, YF y y  (0.7) 
Ο τώρος Υ μπορεί να είναι ο n-διάζηαηος τώρος ηων πραγμαηικών αριθμών nR , ο 

n-διάζηαηος τώρος ηων ακέραιων αριθμών nZ , ο τώρος ηων δσαδικών αριθμών nB ή 
και οποιοζδήποηε ζσνδσαζμός ηοσς.  
Οι ςτρατθγικζσ εξζλιξθσ, όπωσ προαναφζρκθκε, δρουν ςε άτομα που αποτελοφν ζνα 

πλυκυςμό. Ο πλυκυςμόσ ςυνικωσ ςυμβολίηεται με B  ενϊ τα άτομα με a . Σο k άτομο ενόσ 

πλυκυςμοφ, ςυμβολίηεται με ka και αποτελείται από το διάνυςμα ςχεδιαςμοφ ky , τθν τθν 

τιμι τθσ αντικειμενικισ ςυνάρτθςθσ k kF F y  και ςυνικωσ από ζνα ςετ ενδογενϊν 

παραμζτρων ks , που ονομάηονται ενδογενείσ παράμετροι ςτρατθγικισ, ζτςι ϊςτε: 

 , ,k k k ka Fy s  (0.8) 
Οι ενδογενείσ παράμετροι ςτρατθγικισ ελζγχουν διάφορουσ τελεςτζσ των ςτρατθγικϊν 

εξζλιξθσ, όπωσ για παράδειγμα τον τελεςτι τθσ μετάλλαξησ και του αναςυνδυαςμοφ, και 

μποροφν να προςαρμόηονται κατά τθ διάρκεια τθσ εξελιξθσ.  Η μορφι των παραμζτρων 

ςτρατθγικισ δεν είναι θ ίδια ςε όλουσ τουσ αλγόρικμουσ ςτρατθγικισ εξζλιξθσ, αλλά 

διαφοροποιείται από αλγόρικμο ςε αλγόρικμο, όπωσ κα δειχκεί ςτο τρίτο κεφάλαιο.  
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Γενικά, κατά τθ διάρκεια μιασ γενιάσ ςτρατθγικισ εξζλιξθσ, δθμιουργοφνται άτομα 

απογόνων από ζνα πλυκυςμό  γονζων. Οι παράμετροι ,  κακϊσ και μία ακόμθ 

παράμετροσ, που ςυμβολίηεται με  και ελζγχει τον τελεςτι αναςυνδυαςμοφ για τον 

οποίο κα γίνει αναφορά ςτθ ςυνζχεια, ονομάηονται εξωγενείσ παράμετροι ςτρατηγικήσ, και 

διατθροφνται ςτακερζσ κατά τθ διάρκεια τθσ εξζλιξθσ. Ο τρόποσ με τον οποίο 

δθμιουργοφνται οι απόγονοι από τον πλθκυςμό των γονζων ςυμβολίηεται ςυνοπτικά με 

,/ . Η παράμετροσ αναςυνδυαςμοφ  δθλϊνει τον αρικμό των γονζων που κα 

ςυνδιαςτοφν για τθ δθμιουργία ενόσ απογόνου πριν δράςει ςε αυτόν ο τελεςτισ 

μετάλλαξθσ. Προφανϊσ, πρζπει να ιςχφει .  Ο ςυμβολιςμόσ ,  περιγράφει τον τρόπο 

με τον οποίο κα δράςει ο τελεςτισ επιλογισ ςτον πλθκυςμό. ΢τθν περίπτωςθ του «+», θ 

επιλογι των ατόμων που κα ςυνεχίςουν ςτθν επόμενθ γενιά γίνεται από ολόκλθρο τον 

πλθκυςμό, δθλαδι κα επιλεγοφν τα  άτομα από το ςυνολικό πλθκυςμό  των 

γονζων και των απογόνων. ΢τθν περίπτωςθ του «,» θ επιλογι κα γίνει μόνο από τον 

πλθκυςμό των απογόνων, δθλαδι κα επιλεγοφν τα  καλφτερα άτομα από τουσ  

απόγονουσ, χωρίσ να λθφκεί υπόψθν ο πλθκυςμόσ των γονζων. ΢ε αυτιν τθν περίπτωςθ κα 

πρζπει προφανϊσ να ιςχφει .  

΢το επόμενο κεφάλαιο περιγράφονται οι αλγόρικμοι ςτρατθγικισ εξζλιξθσ που 

χρθςιμοποιικθκαν ςτα πλαίςια τθσ διπλωματικισ εργαςίασ, και κα δίνεται μια πλιρθσ 

περιγραφι του τρόπου λειτουργίασ των τελεςτϊν μετάλλαξθσ, αναςυνδυαςμοφ και 

επιλογισ ςε αυτοφσ τουσ αλγόρικμουσ. 

 

1.2.11 Βϋλτιςτοσ ςχεδιαςμόσ κτηρύων από Ο΢ 

Σα προβλιματα βελτιςτοποίθςθσ καταςκευϊν, χαρακτθρίηονται από διάφορεσ 

αντικειμενικζσ και περιοριςμϊν ςυναρτιςεισ οι οποίεσ γενικά είναι μθ γραμμικζσ 

ςυναρτιςεισ των μεταβλθτϊν ςχεδιαςμοφ. Αυτζσ οι ςυναρτιςει είναι ςυχνά αςυνεχείσ και 

μθ κυρτζσ. Η μακθματικι διατφπωςθ των προβλθμάτων βελτιςτοποίθςθσ ςε καταςκευζσ, 

ςε ςχζςθ με τισ μεταβλθτζσ ςχεδιαςμοφ, τθν αντικειμενικι ςυνάρτθςθ και τουσ 

περιοριςμοφσ εξαρτάται από τον τφπο τθσ εφαρμογισ. Όμωσ, τα περιςςότερα προβλιματα 

βελτιςτοποίθςθσ μποροφν να διατυπωκοφν με ςυγκεκριμζνουσ μακθματικοφσ όρουσ ςαν 

ζνα πρόβλθμα μθ γραμμικοφ προγραμματιςμοφ ωσ ακολοφκωσ: 

 

j

d

i

min              F( )

subject to     g ( ) 0   j=1,...,m

                    s R ,    i=1,...,n





s

s

 

(1) 

 



 

 22 

όπου F(s) και gj(s) είναι θ αντικειμενικι ςυνάρτθςθ και οι ςυναρτιςεισ περιοριςμϊν 

αντίςτοιχα, Rd είναι ζνα δοςμζνο ςετ ςχεδιαςμοφ, ενϊ οι μεταβλθτζσ ςχεδιαςμοφ si 

(i=1,...,n) παίρνουν τιμζσ μόνο από αυτό το ςφνολο. 

 

1.2.12 Οριςμού 

Τπάρχουν κάποιοι οριςμοί που πρζπει να δοκοφν για να περιγραφεί το πρόβλθμα και θ 

διαχείριςθ του από τον αλγόρικμο βελτιςτοποίθςθσ τθσ παροφςασ εργαςίασ.  

΢τρεπτικά ιςορροπθμζνο: Ζνα δομικό ςφςτθμα προςδιορίηεται ωσ ςτρεπτικά 

ιςορροπθμζνο όταν ςε κάκε όροφο τθσ καταςκευισ, το κζντρο μάηασ ςυμπίπτει με το 

κζντρο ελαςτικισ ςτροφισ. 

Κζντρο Αντοχϊν ι Αντιςτάςεωσ (CV): Σο ςθμείο αυτό προςδιορίηεται ωσ ακολοφκωσ: 

i n,ii
CV

n,ii

x V
x

V




 (2) 

Όπου xCV είναι θ τετμθμζνθ του CV, Vn,i είναι θ οριηόντια αντοχι του i-ςτοφ ςτοιχείου και xi 

είναι θ απόςταςθ του i-ςτοφ ςτοιχείου από το κζντρο μάηασ. Για κάκε ςτφλο και τοιχίο 

προςδιορίηονται δφο αρχιτεκτονικοί περιοριςμοί: 

Αρχιτεκτονικόσ περιοριςμόσ 1: Ο πρϊτοσ αρχιτεκτονικόσ περιοριςμόσ (AC1) είναι 

ςχετικόσ με τα όρια τθσ κάτοψθσ όπου ζνασ ςτφλοσ ι ζνα τοιχίο μπορεί να κινθκεί και 

τελικά τοποκετθκεί. Ζχει υλοποιθκεί ωσ ζνα ορκογϊνιο διαςτάςεων AC1x × AC1y. Ζνασ 

ςχεδιαςμόσ κεωρείται εφικτόσ ςε ςχζςθ με τον αρχιτεκτονικό περιοριςμό AC1 όταν θ 

εγκάρςια διατομι των ςτφλων και των τοιχίων εμπεριζχονται ςτα αντίςτοιχα ορκογϊνια. 

Αρχιτεκτονικόσ περιοριςμόσ 2: Ο δεφτεροσ αρχιτεκτονικόσ περιοριςμόσ (AC2) ςχετίηεται 

με τθν τοπολογία των δοκϊν ςε ςυνδυαςμό με τουσ ςτφλουσ ι τα τοιχία πάνω ςτα οποία 

ςτθρίηονται. Αυτόσ ο περιοριςμόσ εφαρμόηεται ςαν ζνα ςθμείο μζςα ςτο ορκογϊνιο AC2 

είναι απαραίτθτο ςτθν διαδικαςία βελτιςτοποίθςθσ για να καλφψουμε τον περιοριςμό που 

κζτουν οι κζςεισ των δοκϊν. ΢ε κάκε εφικτό ςχεδιαςμό το ςθμείο AC2 κα αντιςτοιχεί ςε 

ζνα κόμβο δοκοφ - ςτφλου. 
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Σφποσ ςτφλου: Δφο τφποι ςτφλων/τοιχίων εξετάηονται. Ο τφποσ Ι είναι εκείνοσ όπου το 

ςτακερό ςθμείο αντιςτοιχεί ςε μία από τισ γωνίεσ του AC1· ενϊ ςτον τφπο ΙΙ το ςθμείο AC2 

είναι εντόσ του ορκογωνίου AC1. 

1.2.13 Βελτιςτοπούηςη αρχικού κόςτουσ 

΢ε όλεσ τισ διατυπϊςεισ που κα περιγραφοφν ςε αυτι τθν εργαςία, οι μεταβλθτζσ 

ςχεδιαςμοφ χωρίηονται ςε δφο κατθγορίεσ: (i) μεταβλθτζσ τοπολογίασ, που ςχετίηονται με 

τθ κζςθ των κατακόρυφων φερόντων ςτοιχείων και (ii) μεταβλθτζσ μεγζκουσ που 

αντιςτοιχοφν ςτισ διαςτάςεισ τθσ εγκάρςιασ διατομισ. Η μακθματικι διατφπωςθ αυτοφ του 

προβλιματοσ βελτιςτοποίθςθσ για κτιρια από Ο΢ μπορεί να γίνει ωσ ακολοφκωσ: 

IN b sl cl

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j columns

min              C (s) C (s) C (s) C (s)

subject to     g (s) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    (architect

s h s ,  j=1,2,...,n

  



  


  

ural)

 
(3) 

όπου CIN(s) αναφζρεται ςτο ςυνολικό αρχικό καταςκευαςτικό κόςτοσ για τθν καταςκευι 

ςυνολικά, όπου Cb(s), Csl(s) και Ccl(s) αναφζρονται ςτο αρχικό κόςτοσ των δοκϊν των 

πλακϊν και των ςτφλων αντίςτοιχα. Ο όροσ αρχικό κόςτοσ μια νζασ καταςκευισ αναφζρεται 

ςτο κόςτοσ κατά τθ διάρκεια καταςκευισ. Σο αρχικό κόςτοσ ςχετίηεται με το κόςτοσ των 

υλικϊν και του εργοταξίου για τθν καταςκευι του κτθρίου, το οποίο περιλαμβάνει 

ςκυρόδεμα, χαλφβδινο οπλιςμό κόςτοσ εργοταξίου για τθν τοποκζτθςθ και κόςτοσ μθ 

δομικϊν ςτοιχείων. gk(s) είναι οι περιοριςμοί ςυμπεριφοράσ που επιβάλλονται από τουσ 

κανονιςμοφσ, i

jr  είναι θ απόςταςθ του αντιςτοίχου ςτοιχείου  του j ςτφλου ι τοιχίου ςτθν i 

ομάδα ορόφων από το αντίςτοιχο ςθμείο AC2. i i

lb,j ub,jt , t  είναι τα κατϊτατα και ανϊτερα όρια 

των μεταβλθτϊν τοπολογίασ που επιβάλλονται από τουσ αρχιτεκτονικοφσ περιοριςμοφσ. i

jh  

είναι θ μζγιςτθ διάςταςθ του j ςτφλου/τοιχείου ςτθν i ομάδα ορόφων, που αντιςτοιχεί ςτισ 

μεταβλθτζσ μεγζκουσ. i i

lb,j ub,js ,s  είναι τα ανϊτερα και κατϊτερα όρια των διατομϊν 

μεγζκουσ που επιβάλλονται από τουσ αρχιτεκτονικοφσ περιοριςμοφσ. Όπωσ κα φανεί και 

ςτθ ςυνζχεια, ςτθν περιγραφι του προβλιματοσ υπάρχει μια ςχζςθ μεταξφ των δφο ειδϊν 

μεταβλθτϊν ςχεδιαςμοφ – τοπολογίασ και μεγζκουσ – όπωσ και των ορίων τουσ. 
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1.2.14 Πρόβλημα βελτιςτοπούηςησ απόκριςησ ςε ςτρϋψη 

΢ε αυτό το πρόβλθμα ο βαςικόσ ςτόχοσ είναι να διατυπϊςουμε μια διαδικαςία 

βελτιςτοποίθςθσ θ οποία κα μποροφςε να οδθγιςει ςε ςχεδιαςμοφσ με βελτιωμζνθ 

ςειςμικι ςυμπεριφορά και ςυγκεκριμζνα, να παράγουμε ςχεδιαςμοφσ με ελάχιςτθ 

ςτρεπτικι απόκριςθ. ΢ε αυτι τθ δουλειά δφο διακριτζσ διατυπϊςεισ αυτοφ του 

προβλιματοσ εφαρμόςτθκαν, ςτθν πρϊτθ διατυπϊνεται ςαν πρόβλθμα ελαχιςτοποίθςθσ 

τθσ απόςταςθσ eCM-CR μεταξφ του κζντρου μάηασ (CM) και του κζντρου ελαςτικισ ςτροφισ 

(CR) του κάκε ορόφου, ενϊ θ δεφτερθ διατφπωςθ εφαρμόηεται ςαν πρόβλθμα 

ελαχιςτοποίθςθσ τθσ εκκεντρότθτασ eCM-CV μεταξφ του κζντρου μάηασ και του κζντρου 

αντοχϊν (CV). Και οι δφο διατυπϊςεισ υπόκεινται ςε περιοριςμοφσ ςυμπεριφοράσ που 

επιβάλλονται από τθ νομοκεςία όπωσ και ςε αρχιτεκτονικοφσ περιοριςμοφσ. Οι δφο 

μακθματικζσ διατυπϊςεισ, μποροφν να εφαρμοςτοφν ωσ ακολοφκωσ: 

i i 2 i i 2

CM-CR CM CR CM CR storeys

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j

min              e (x x ) (y y ) ,  i=1,2,...,n_g

subject to     g ( ) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    

s h s ,  j=1,2

   



 

 

s

columns

(architectural)
,...,n





 
(4a) 

i i 2 i i 2

CM-CV CM CV CM CV storeys

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j

min              e (x x ) (y y ) ,  i=1,2,...,n

subject to     g ( ) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    

s h s ,  j=1,2,.

   



 

 

s

columns

(architectural)
..,n





 
(4b) 

όπου i i i i i i

CM CM CR CR CV CV(x ,y ), (x ,y ) and (x ,y )  είναι οι ςυντεταγμζνεσ του κζντρου μάηασ, του 

κζντρου ελαςτικισ ςτροφισ και του κζντρου αντοχϊν αντίςτοιχα. Πρζπει να ςθμειωκεί ότι 

το κζντρο CR είναι το ίδιο για κάκε ομάδα ορόφων, ενϊ το κζντρο CV προςδιορίηεται για 

κάκε όροφο. n_gstoreys είναι ο ςυνολικόσ αρικμόσ ορόφων που ζχουν τθν ίδια κάτοψθ ενϊ 

nstoreys είναι ο ςυνολικόσ αρικμόσ των ορόφων. 

1.2.15 Πεπλεγμϋνο πρόβλημα βελτιςτοπούηςησ 

΢τθν Σρίτθ φιλοςοφία ςχεδιαςμοφ που εφαρμόςτθκε ςτθν παροφςα μελζτθ και τα δφο 

αντικείμενα ελιφκθςαν υπόψθ ςαν ςτακμιςμζνο βάροσ. Η μακθματικι διατφπωςθ αυτοφ 

του ςφνκετου προβλιματοσ βελτιςτοποίθςθσ μπορεί να διατυπωκεί ωσ ακολοφκωσ: 
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* * *

IN CM-CR CM-CV

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j columns

min              F( ) = w C +(1-w) max(e ,e )

subject to     g ( ) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    

s h s ,  j=1,2,...,n

 



 

 

s

s

(architectural)




 
(5) 

όπου * * *

IN CM-CR CM-CVC , e  and e  είναι οι κανονικοποιθμζνεσ τιμζσ του αρχικοφ κόςτουσ και οι 

δφο εκκεντρότθτεσ, ενϊ w είναι ο ςυντελεςτισ βάρουσ. 

1.3 Περιοριςμού ςυμπεριφορϊσ 
Πζρα από τουσ αρχιτεκτονικοφσ περιοριςμοφσ, περιοριςμοί ςυμπεριφοράσ, που 

επιβάλλονται από τουσ κανονιςμοφσ, πρζπει να ικανοποιθκοφν με ςτόχο να αποδεχκοφμε 

ζνα ςχεδιαςμό ωσ εφικτό. Αυτοί οι ζλεγχοι ςυμπεριφοράσ εφαρμόηονται ακολουκϊντασ 

μια δομοςτατικι ανάλυςθ όπου τα εντατικά και παραμορφωςιακά μεγζκθ ελζγχονται 

ςφμφωνα με τουσ EC2 *15+ και EC8 *14+ κανονιςμοφσ ςχεδιαςμοφ. Για κάκε ςχεδιαςμό, θ 

δυναμικι φαςματικι ανάλυςθ εφαρμόηεται ςτο τελευταίο ςτάδιο φςτερα από τθ ςφγκλιςθ 

του προβλιματοσ βελτιςτοποίθςθσ και βαςίηεται ςτθ πολυιδιομορφικι ανάλυςθ 

χρθςιμοποιϊντασ το πλιρεσ μοντζλο για το κτιριο. Η mMRS ανάλυςθ είναι μια απλοποίθςθ 

τθσ μεκόδου υπζρκεςθσ των ιδιομορφϊν που επιβάλλει ο Ευρωκϊδικασ 8 *14+ και 

χρθςιμοποιείται αντί τθσ ανάλυςθσ χρονοιςτορίασ. 

Η πλειονότθτα των κανονιςμϊν ςχεδιαςμοφ ανικουν ςτθν κατθγορία των 

περιγραφικϊν κανονιςμϊν, οι οποίοι περιλαμβάνουν: επιλογι τοποκεςίασ και εφαρμογι 

και ανάπτυξθ προςχζδιου, προμελζτθσ και τελικοφ ςχεδιαςμοφ. ΢φμφωνα με ζνα 

περιγραφικό κανονιςμό ςχεδιαςμοφ θ αντοχι τθσ καταςκευισ αποτιμάται ςε μια οριακι 

κατάςταςθ μεταξφ τθσ κατάςταςθσ προςταςίασ τθσ ηωισ (life-safety) και πριν τθν 

κατάρρευςθ (near collapse) χρθςιμοποιϊντασ ζνα φάςμα απόκριςθσ που αντιςτοιχεί ςε ζνα 

ςειςμό ςχεδιαςμοφ *14+. Επιπρόςκετα, θ οριακι κατάςταςθ λειτουργικότθτασ ςυχνά 

ελζγχεται με ςκοπό να εκλεχκεί εάν θ καταςκευι κα παραμορφϊνεται ι ταλαντϊνεται 

υπερβολικά κατά τθ χριςθ τθσ. 

΢φμφωνα με τον Ευρωκϊδικα διάφοροι ζλεγχοι πρζπει να κεωρθκοφν προκειμζνου να 

εξαςφαλιςτεί ότι θ καταςκευι κα καλφψει τισ απαιτιςεισ ςχεδιαςμοφ. Κάκε υποψιφιοσ 

βζλτιςτοσ ςχεδιαςμόσ αξιολογείται χρθςιμοποιϊντασ αυτοφσ τουσ περιοριςμοφσ. Όλοι *15+ 

οι ζλεγχοι του EC2 πρζπει να ικανοποιθκοφν για τα φορτία βαρφτθτασ χρθςιμοποιϊντασ 

τον ακόλουκο ςυνδυαςμό φορτίων 
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1.35 " "1.50d kj kij i
S G Q    (6) 

όπου "+" υπονοεί "για να ςυνδυαςτεί με", το ςφμβολο "΢" ακροίςματοσ υπονοεί ότι "θ 

ςυνδυαςμζνθ επίδραςθ", το GKJ  δείχνει τθ χαρακτθριςτικι τιμι "κ" τθσ μόνιμθσ δράςθσ j 

και το qki  αναφζρεται ςτθ χαρακτθριςτικι τιμι "κ" τθσ μεταβλθτισ δράςθσ i. Εάν οι 

ανωτζρω περιοριςμοί ικανοποιοφνται, θ φαςματικι ανάλυςθ απόκριςθσ εκτελείται, 

ςφμφωνα με τον EC8, και τθ φόρτιςθ ςειςμοφ που εξετάηεται χρθςιμοποιϊντασ το 

ακόλουκο ςυνδυαςμό φορτίςεωσ 

2" " " "d kj d i kij i
S G E Q     (7) 

όπου το Εδ  είναι θ τιμι ςχεδιαςμοφ τθσ ςειςμικισ δράςθσ για τισ δφο ςυνιςτϊςεσ (διαμικθ 

και εγκάρςια) αντίςτοιχα και ψμ  είναι ο ςυντελεςτισ ςυνδυαςμοφ για τθ μεταβλθτι δράςθ 

i, εδϊ λθφκείσ ίςοσ ςε 0,30. Όλοι αυτοί οι ζλεγχοι εκτελοφνται για κάκε υποψιφιο 

ςχεδιαςμό που εξετάηεται από τον βελτιςτοποιθτι. 

Η κφρια αρχι των νζων κανονιςμϊν, του EC8 ςυμπεριλαμβανόμενου, είναι να 

ςχεδιαςτοφν τα δομικά ςυςτιματα βαςιςμζνα ςτθν απορρόφθςθ ενζργειασ και ςτθν 

πλαςτιμότθτα προκειμζνου να ελεγχκεί θ ανελαςτικι ςειςμικι απόκριςθ. Ο ςχεδιαςμόσ 

ενόσ πολυϊροφου κτθρίου Ο΢ για τθν απορρόφθςθ ενζργειασ περιλαμβάνει τα ακόλουκα 

χαρακτθριςτικά γνωρίςματα: (i) εκπλιρωςθ του ικανοτικοφ ςχεδιαςμοφ, (ii) επαλικευςθ 

μελϊν από τθν άποψθ των δυνάμεων και των αντιςτάςεων για οριακι κατάςταςθ αςτοχίασ 

υπό το ςειςμό ςχεδιαςμοφ  (με τθν περίοδο επαναφοράσ 475 ετϊν, τθν πικανότθτα 

υπζρβαςθσ 10% ςε 50 ζτθ), με το ελαςτικό φάςμα που μειϊνεται από το ςυντελεςτι 

ςυμπεριφοράσ q, (iii) περιοριςμόσ ηθμιϊν για τθν οριακι κατάςταςθ λειτουργικότθτασ (iv) 

ικανοτικόσ ςχεδιαςμόσ ζναντι τζμνουςασ 
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1.4 Αποτύμηςη υπαρχόντων κριτηρύων 

ςχεδιαςμού 
Σα κριτιρια ςχεδιαςμοφ κτθριακϊν φορζων ζναντι ςτρζψθσ που εξετάςτθκαν ςτθν 

Διδακτορικι Διατριβι είναι: (i) ελάχιςτθ απόςταςθ μεταξφ του κζντρου μάηασ και κζντρου 

ελαςτικισ ςτροφισ, (ii) ελάχιςτθ τετραγωνικι ρίηα του ακροίςματοσ των τετραγϊνων των 

αποςτάςεων του κζντρου μάηασ του κάκε ορόφου από το κζντρο ςυςτροφισ του 

ςυγκεκριμζνου ορόφου, (iii) ελάχιςτθ απόςταςθ μεταξφ του κζντρου μάηασ και του κζντρου 

αντοχϊν του κάκε ορόφου και (iv) ελάχιςτθ ςτρεπτικι ροπι βάςθσ του φορζα. Σο κάκε 

κριτιριο ςχεδιαςμοφ ικανοποιικθκε μζςω διαδικαςίασ βελτιςτοποίθςθσ ςε ικανό αρικμό 

κτθριακϊν καταςκευϊν. Αντικείμενο τθσ παροφςασ Διδακτορικισ Διατριβισ αποτζλεςε θ 

ςφγκριςθ αυτϊν των ςχεδιαςμϊν, κακϊσ και των κριτθρίων ςχεδιαςμοφ ζχοντασ ωσ βάςθ 

αξιολόγθςθσ τθν επίδοςι τουσ κατά τθ ςειςμικι φόρτιςθ. Οι τελικοί ςχεδιαςμοί 

ςυγκρίνονται με κριτιριο το κόςτοσ κφκλου ηωισ το οποίο είναι το άκροιςμα του αρχικοφ 

κόςτουσ και του κόςτουσ επιςκευισ. Ο ςτόχοσ είναι να προτακεί μια μεκοδολογία που κα 

βελτιϊνει τθ φιλοςοφία ςχεδιαςμοφ τριδιάςτατων κτθρίων από οπλιςμζνο ςκυρόδεμα με 

βάςθ τθν επίδοςι τουσ ςε ςειςμικζσ δράςεισ. 

 

1.5 Λόγοσ Στρϋψησ: Νϋο κριτόριο ςχεδιαςμού 

καταςκευών ϋναντι ςτρϋψησ 
Μζςω ενόσ ςθμαντικοφ αρικμοφ αναλφςεων, με βάςθ τα υπάρχοντα κριτιρια ςχεδιαςμοφ 

τθσ βιβλιογραφίασ, διαπιςτϊκθκε ότι κανζνα από αυτά δεν ζχει γενικι ιςχφ, δθλαδι 

ικανοποιθτικι επίδοςθ τόςο ςε ελαςτικι όςο και ςε ανελαςτικι ςυμπεριφορά. ΢ε αυτό το 

πλαίςιο προτείνεται ζνα γενικότερο κριτιριο ςχεδιαςμοφ καταςκευϊν ζναντι ςτρζψθσ με 

τθν ονομαςία: Λόγοσ Στρζψησ. Σο κριτιριο αυτό προζκυψε φςτερα από τθν διαπίςτωςθ ότι 

το πρόβλθμα τθσ ςτρζψθσ καταςκευϊν δεν οφείλεται ςε ςτρεπτικζσ ροπζσ ςτα 

υποςτυλϊματα αλλά ςε πλεονάηοντα ηεφγθ τεμνουςϊν δυνάμεων ςε αυτά. ΢υγκεκριμζνα 

ςε αςφμμετρεσ καταςκευζσ ιςχφει θ ςυνκικθ: 

 

∑       ∑     
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Όπου τα εντατικά μεγζκθ Vkij (που φαίνονται ςτο ΢χιμα 1) είναι οι τζμνουςεσ των 

υποςτυλωμάτων. Ζτςι διατυπϊκθκε ο λόγοσ τθσ ςτρζψθσ ωσ το πθλίκο των πλεοναηουςϊν 

τεμνουςϊν τθσ με τθν τζμνουςα βάςθσ τθσ καταςκευισ: 

 

ROT = ∑ ∑      
   
       

 
  

 

όπου       = 
∑          ∑      

   
 
   

∑    
     

 

1.6 Παραδεύγματα 
 Ζνα διϊροφο χωρικό πλαίςιο Ο΢, που παρουςιάηεται ςτο ςχιμα 1,  ζχει εξεταςτεί για τθν 

αξιολόγθςθ τθσ προτεινόμενθσ μεκοδολογίασ. ΢ε όλεσ τισ περιπτϊςεισ δοκιμισ οι 

ακόλουκεσ ιδιότθτεσ υλικϊν ζχουν εξεταςτεί: ςκυρόδεμα με το ςυντελεςτι τθσ 

ελαςτικότθτασ Ec = 30GPa και χαρακτθριςτικι κλιπτικι αντοχι fck = 20MPa, διαμικθσ 

χάλυβασ με μζτρο ελαςτικότθτασ Es = 210GPa και χαρακτθριςτικι δφναμθ διαρροισ fyk,s = 

500MPa και εγκάρςιοσ οπλιςμόσ με το μζτρο ελαςτικότθτασ Es = 210GPa και 

χαρακτθριςτικι τιμι διαρροισ fyk,s = 220MPa. Σο φάςμα ςχεδιαςμοφ που ζχει 

χρθςιμοποιθκεί ζχει τα ακόλουκα χαρακτθριςτικά:  A=0.16g (ςειςμικό επίπεδο 

επικινδυνότθτασ II), τφποσ εδάφουσ Β (Σ 1 = 0.15sec και Σ2 = 0.60sec) και ςυντελεςτισ 

ςυμπεριφοράσ q=3.5 ςφμφωνα με Eurocode 8 *14+ (EC8 1996). Η εγκάρςια διατομι των 

δοκϊν είναι 25 60 εκατ.2. Οι ςτφλοι ζχουν κεωρθκεί ωσ πλιρωσ πακτωμζνοι και ςτουσ 

όρουσ δεν ζχουν λθφκεί υπόψθ οι ςυνκικεσ κεμελίωςθσ. 
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Εικόνα 1. Αρχιτεκτονικοί περιοριςμοί 

Οι ακόλουκεσ τζςςερισ διατυπϊςεισ του προβλιματοσ βελτιςτοποίθςθσ ζχουν 

εξεταςτεί: (i) αρχικό κόςτοσ καταςκευισ (ii) ελάχιςτθ εκκεντρότθτα CM-CR (iii) ελάχιςτθ CM-

CV εκκεντρότθτα (iv) πζντε ςυνδυαςμζνεσ διατυπϊςεισ όπου δφο τιμζσ του ςυντελεςτι 

βάρουσ  (0,1 και 0.9) τθσ εξίςωςθσ (5) ζχουν εξεταςτεί. Οι πζντε ςυνδυαςμζνεσ διατυπϊςεισ 

μποροφν να περιγραφοφν ωσ εξισ: 

* *

IN CM-CR

* *

IN CM-CV

* * *

IN CM-CR CM-CV

* *

IN CM-CR

* *

IN CM-CV

Min{0.1 C +0.9 e } Comb(1)

Min{0.1 C +0.9 e } Comb(2)

Min{0.1 C +0.9 max(e ,e )} Comb(3)

Min{0.9 C +0.1 e } Comb(4)

Min{0.9 C +0.1 e } Comb(5)

 

 

 

 

 

 (8) 

Σρία διαφορετικά κριτιρια ζχουν χρθςιμοποιθκεί προκειμζνου να αξιολογθκοφν οι 

βζλτιςτοι ςχζδιαςμοί που επιτυγχάνονται μζςω των προαναφερκειςϊν διατυπϊςεων: το 

αρχικό κόςτοσ καταςκευισ το ςυνολικό κόςτοσ κφκλου τθσ ηωισ και το ςτρεπτικό κριτιριο 

απόκριςθσ. Για τισ δεφτερεσ και τρίτεσ ςειςμικζσ κινιςεισ που επιλζγονται από τθ *16+ βάςθ 

δεδομζνων των Somerville και Collins, που ανικει ςτο 50/50, 10/50 και 2/50 επίπεδα 

επικυνδυνότθτασ, χρθςιμοποιοφνται. Σα αρχεία κάκε επιπζδου επικυνδυνότθτασ 

κανονικοποιοφνται ςτο ίδιο PGA προκειμζνου να εξαςφαλιςτεί ςυμβατότθτα μεταξφ των 

αρχείων, ςφμφωνα με τισ καμπφλεσ επικυνδυνότθτασ για τθν Ελλάδα που λαμβάνεται από 

τθν εργαςία Papazachos et του Al *17+ (πίνακασ  1). 
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Πίνακασ 1: Επίπεδα Επικινδυνότθτασ *17+ 

Γεγονόσ 
Περίοδοσ 

Επαναφοράσ 
Πικανότθτα Τπζρβαςθσ PGA (g) 

΢υνικθσ 21 χρόνια 90% ςτα 50 χρόνια 0.06 

Περιςταςιακόσ 72 χρόνια 50% ςτα 50 χρόνια 0.11 

΢πάνιοσ 475 χρόνια 10% ςτα 50 χρόνια 0.31 

Πολφ ςπάνιοσ 2475 χρόνια 2% ςτα 50 χρόνια 0.78 

Πίνακασ 2: Μζςεσ τιμζσ τθσ ςτρεπτικισ απόκριςθσ ςτα τρία επίπεδα επικινδυνότθτασ 

Design 

philosophy 

Hazard Level 

50/50 10/50 2/50 

max (10-3 

rad) 

min (10-3 

rad) 

max (10-3 

rad) 

min (10-3 

rad) 

max (10-3 

rad) 

min (10-3 

rad) 

Min{0.1CIN+ 

0.9eCM-CR} 
0.509 -0.543 1.87 -1.84 9.14 -9.02 

Min{0.1CIN+ 

0.9eCM-CV} 
0.569 -0.533 3.77 -3.64 3.20 -3.71 

Min{0.1CIN+ 

0.9max(eCM-CR, 

eCM-CV)} 

0.505 -0.351 1.43 -1.20 4.46 -4.42 

Min{0.9CIN+ 

0.1eCM-CR} 
2.29 -1.83 9.72 -9.92 23.10 -15.00 

Min{0.9CIN+ 

0.1eCM-CV} 
3.47 -2.94 6.39 -6.53 9.31 -9.45 

Min{eCM-CR} 0.254 -0.293 0.953 -1.28 5.26 -5.05 

Min{eCM-CV} 1.51 -1.40 2.46 -2.33 3.50 -5.05 

Min{CIN} 1.69 -1.34 7.90 -7.91 13.90 -13.40 

 



 

 31 

΢το παράδειγμα που εξετάςτθκε υπάρχει μόνο μια ομάδα ορόφων δεδομζνου θ 

κάτοψθ είναι θ ίδια για όλουσ τουσ ορόφουσ. Για αυτό το παράδειγμα 6 μεταβλθτζσ 

ςχεδιαςμοφ ζχουν χρθςιμοποιθκεί: 5 ενεργζσ μεταβλθτζσ τοπολογίασ και 1 μεγζκουσ για 

τθν ενιαία ομάδα ορόφων. Πρζπει να διαπιςτωκεί ότι όλα τα ςχζδια που λαμβάνονται από 

τισ διαφορετικζσ διατυπϊςεισ ικανοποιοφν τισ απαιτιςεισ των EC2 και EC8. 

Προκειμζνου να αξιολογθκεί θ επίδοςθ των βζλτιςτων λφςεων, οι μθ γραμμικζσ 

timehistory αναλφςεισ εκτελοφνται για τισ καταγραφζσ από τθ βάςθ δεδομζνων *16+. ΢τα 

ςχιματα  2 (a)  ζωσ 2 (c) μια αρικμθτικι μελζτθ διεξάγεται ςυγκρίνοντασ τθ ςτρεπτικι 

απόκριςθ του διαφράγματοσ του δεφτερου ορόφου, ενϊ ςτον πίνακα  2  οι μζγιςτεσ και 

ελάχιςτεσ τιμζσ τθσ περιςτροφισ διαφραγμάτων δίνονται. Μπορεί να φανεί ότι θ μζγιςτθ 

περιςτροφι του διαφράγματοσ αντιμετωπίηεται ςτα βζλτιςτοι ςχεδιαςμοί αποκτθκζντα 

όταν το CIN ιταν  το κυρίαρχο κριτιριο και για τα τρία επίπεδα επικινδυνότθτασ που 

εξετάςτθκαν. Αφ' ετζρου, ςτο ςυχνό (50/50) και περιςταςιακό (10/50) επίπεδο 

επικινδυνότθτασ, το κριτιριο Min,eCM-CR-  ςυμπεριφζρεται καλφτερα ενϊ ςτα ςπάνια (2/50) 

επίπεδα κινδφνου οι διατυπϊςεισ όπου το eCM-CV είναι το κυρίαρχο κριτιριο δίνουν τουσ 

καλφτερουσ ςχεδιαςμοφσ. Αυτι θ παρατιρθςθ δικαιολογείται από τα ςυμπεράςματα των 

Paulay *11,12+ και Tso και Myslimaj *13+.  

 

(a) 

-4.00E-03

-3.00E-03

-2.00E-03

-1.00E-03
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2.00E-03
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4.00E-03
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min(ecc_CR) Comb(5)

Comb(2) min(CIN)

Comb(3) min(ecc_CV)

Comb(4) Comb(1)
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(b) 

 

(c) 

 

΢χιμα 2: Χρονοιςτορία τθσ ςτροφισ για τα τρία επίπεδα επικινδυνότθτασ (a) 50/50, (b) 

10/50 και (c) 2/50 

 

Σο τελευταίο μζροσ τθσ ςφγκριςθσ δίνεται ςτον πίνακα  3  όπου οι βζλτιςτοι ςχεδιαςμοί 

ςυγκρίνονται όςον αφορά το αρχικό, τθσ οριακισ κατάςταςθσ και το ςυνολικό κόςτοσ 

κφκλου τθσ ηωισ. Μζςω αυτισ τθσ ςφγκριςθσ μπορεί να φανεί ότι το CIN δεν είναι  το 

κατάλλθλο κριτιριο για ζνα ςχεδιαςμό κφκλου τθσ ηωισ μιασ καταςκευισ Ο΢ δεδομζνου ότι 

θ δομικι ςυμπεριφορά ενάντια ςτο ςειςμό επιβάλλεται ωσ περιοριςμοί του κανονιςμοφ. 
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Αφ' ετζρου, οι διατυπϊςεισ που ζχουν το κριτιριο eCM-CR ωσ το κυρίαρχο οδθγοφν ςτουσ 

βζλτιςτουσ ςχεδιαςμοφσ με το ελάχιςτο CTOT  ζναντι αυτοφ των άλλων βζλτιςτων. 

 

Πίνακασ 3: ΢φγκριςθ των ςχεδιαςμϊν ςε ςχζςθ με το κόςτοσ 

 
Min{0.1CIN+ 

0.9eCM-CR} 

Min{0.1CIN+ 

0.9eCM-CV} 

Min{0.1CIN+ 

0.9max(eCM-

CR, eCM-CV)} 

Min{0.9CIN+ 

0.1eCM-CR} 

Min{0.9CIN+ 

0.1eCM-CV} 

Min{eCM-

CR} 

Min{eCM-

CV} 
Min{CIN} 

CIN (in 

€ 

1,000) 

51.92 50.33 49.23 43.13 46.15 52.80 51.24 43.81 

CLS/CIN 3.53 18.57 7.19 22.53 23.56 3.65 13.07 29.18 

CTOT(in 

€ 

1,000) 

235.46 984.92 403.31 1015.01 1133.73 245.61 721.32 1322.33 

 

 

1.7 Συμπερϊςματα 
΢ε αυτι τθν εργαςία, ζνα πλικοσ προςεγγίςεων ςχεδιαςμοφ για τριςδιάςτατα κτιρια 

από οπλιςμζνο ςκυρόδεμα (Ο΢) διατυπϊνονται ςαν προβλιματα βζλτιςτου δομοςτατικοφ 

ςχεδιαςμοφ και αποτιμϊνται με βάςθ τθν επίδοςθ υπό ςειςμικά φορτία. Επίςθσ, το κόςτοσ 

κφκλου ηωισ λαμβάνεται υπόψθ ωσ μζτρο αποτίμθςθσ τθσ ςυμπεριφοράσ των ςχεδιαςμϊν 

που προκφπτουν. Σρείσ φιλοςοφίεσ ςχεδιαςμοφ κτθρίων από Ο΢ κεωροφνται ςτθν παροφςα 

εργαςία. ΢τθν πρϊτθ το αρχικό καταςκευαςτικό κόςτοσ κεωρείται ωσ αντικειμενικι 

ςυνάρτθςθ ελαχιςτοποίθςθσ, θ δεφτερθ διατυπϊνεται ωσ πρόβλθμα ελαχιςτοποίθςθσ τθσ 

ςτρεπτικισ απόκριςθσ ενϊ ςαν τρίτθ προςζγγιςθ ςχεδιαςμοφ εξετάηεται μια ςυνδυαςμζνθ 

διατφπωςθ. Η δεφτερθ προςζγγιςθ κεωρείται με δφο διακριτζσ διατυπϊςεισ. ΢φμφωνα με 

τθν πρϊτθ θ ςτρεπτικι ςυμπεριφορά ελαχιςτοποιείται μζςω τθσ ελαχιςτοποίθςθ τθσ 

απόςταςθσ του κζντρου μάηασ από το κζντρο ελαςτικισ ςτροφισ ενϊ ςτθ δεφτερθ αυτό 

επιτυγχάνεται ελαχιςτοποιϊντασ τθν εκκεντρότθτα μεταξφ του κζντρου αντοχϊν και του 

κζντρου μάηασ. Γίνεται φανερό ότι οι ςχεδιαςμοί που λαμβάνονται ςφμφωνα με τθν 

ελαχιςτοποίθςθ τθσ εκκεντρότθτασ του κζντρου ελαςτικισ ςτροφισ ςυμπεριφζρονται καλά 

ςε ςυχνοφσ (50/50 επίπεδο επικινδυνότθτασ) και ςυνικεισ (10/50 επίπεδο 
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επικινδυνότθτασ) ςειςμοφσ, ενϊ οι ςχεδιαςμοί που λαμβάνονται ςφμφωνα με τθν 

ελαχιςτοποίθςθ τθσ εκκεντρότθτασ του κζντρου αντοχισ επιδεικνφουν καλι ςυμπεριφορά 

ςτα ςπάνια (2/50 επίπεδο επικινδυνότθτασ) ςειςμικά γεγονότα. ΢χεδιαςμοί βαςιςμζνοι ςε 

μια ςυνδυαςμζνθ διατφπωςθ δείχνουν καλι ςυμπεριφορά και ςτα τρία επίπεδα 

επικινδυνότθτασ που εξετάςτθκαν. 

Η επιρροι των μεγάλων εκκεντροτιτων των κζντρων ακαμψίασ και αντοχισ ςε ςχζςθ με το 

κζντρο μάηασ αξιολογείται όςον αφορά τθ ςειςμικι απόκριςθ των κτθρίων. Ειδικότερα, οι 

διάφορεσ διατυπϊςεισ βζλτιςτου ςχεδιαςμοφ αξιολογοφνται όςον αφορά τθν ελάχιςτθ 

ςτρεπτικι απάντθςθ ςε τρία επίπεδα επικινδυνότθτασ (ςυχνόσ, περιςταςιακόσ και ςπάνιοσ) 

και όςον αφορά το ςυνολικό κόςτοσ κφκλου τθσ ηωισ. ΢ε αυτιν τθν μελζτθ ζνασ εξελικτικόσ 

αλγόρικμοσ βελτιςτοποίθςθσ ζχει εφαρμοςτεί για τθ λφςθ των προβλθμάτων 

βελτιςτοποίθςθσ. Δφο είναι τα κφρια ςυμπεράςματα αυτισ τθσ παραμετρικισ μελζτθσ:  

 Σα αποτελζςματα Paulay, Tso και Myslimaj ότι θ κεντρικι εκκεντρικότθτα ακαμψίασ 

είναι ςθμαντικι μόνο όταν ςυμπεριφζρεται γραμμικά το δομικό ςφςτθμα, ενϊ όταν 

αρχίηει να ςυμπεριφζρεται μθ γραμμικά θ εκκεντρότθτα αντοχϊν γίνονται 

ςθμαντικότερθ ελζγχονται, ςτα πλαίςια τθσ δομικισ βελτιςτοποίθςθσ.  

 Η δεφτερθ εφρεςθ ζχει να κάνει με τθ διατφπωςθ που οδθγεί ςτουσ ςχεδιαςμοφσ με το 

ελάχιςτο ςυνολικό κόςτοσ κφκλου τθσ ηωισ. ΢τισ ιδιαίτερεσ διατυπϊςεισ ότι το 

κριτιριο εκκεντρότθτασ ακαμψίασ είναι το κυρίαρχο οδθγοφν ςτουσ βζλτιςτουσ 

ςχεδιαςμοφσ που ζχουν το ελάχιςτο ςυνολικό κόςτοσ κφκλου τθσ ηωισ ζναντι των 

βζλτιςτων που ζχουν λιφκει μζςω των διατυπϊςεων όπου το αρχικό κόςτοσ 

καταςκευισ ι το κριτιριο εκκεντρότθτασ αντοχϊν ιταν το κυρίαρχο. 

΢ε αυτι τθν εργαςία παρουςιάηεται θ μζκοδοσ του ςτρεπτικοφ λόγου ωσ μια νζα 

μζκοδοσ ςχεδιαςμοφ καταςκευϊν από οπλιςμζνο ςκυρόδεμα (Ο΢). ΢υγκεκριμζνα, ζνα 

πλικοσ προςεγγίςεων ςχεδιαςμοφ για τριςδιάςτατα κτιρια από Ο΢ διατυπϊνονται ςαν 

προβλιματα βζλτιςτου δομοςτατικοφ ςχεδιαςμοφ και αποτιμϊνται με βάςθ τθν επίδοςθ 

υπό ςειςμικά φορτία, ζτςι ϊςτε να ςυγκρικεί και να αξιολογθκεί θ παροφςα μζκοδοσ ςε 

ςχζςθ με τισ κυρίαρχεσ μεκόδουσ τθσ διεκνοφσ βιβλιογραφίασ για ςχεδιαςμό ςε ςτρζψθ. 

Σζςςερεισ φιλοςοφίεσ ςχεδιαςμοφ κτθρίων από Ο΢ κεωροφνται ςτθν παροφςα εργαςία. 

΢τθν πρϊτθ το αρχικό καταςκευαςτικό κόςτοσ κεωρείται ωσ αντικειμενικι ςυνάρτθςθ 

ελαχιςτοποίθςθσ, θ δεφτερθ διατυπϊνεται ωσ πρόβλθμα ελαχιςτοποίθςθσ τθσ 

εκκεντρότθτασ μεταξφ του κζντρου μάηασ και του κζντρου ελαςτικι ςτροφισ ενϊ ςαν τρίτθ 

προςζγγιςθ ςχεδιαςμοφ εξετάηεται θ ελαχιςτοποίθςθσ τθσ εκκεντρότθτασ μεταξφ του 
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κζντρου μάηασ και του κζντρου αντοχϊν. ΢τθν τζταρτθ εκδοχι, παρουςιάηονται ςχεδιαςμοί 

που προζκυψαν από βελτιςτοποίθςθ με αντικειμενικι ςυνάρτθςθ το ΢τρεπτικό Λόγο.  

Η διαδικαςία βελτιςτοποίθςθσ χωρίηεται ςε δφο ομάδεσ. ΢τθν πρϊτθ, ςε κάκε κφκλο 

τθσ διαδικαςίασ βελτιςτοποίθςθσ εκτελοφνται αναλφςεισ με βάςθ τουσ κανονιςμοφσ Ε.Α.Κ. 

και Ε.Κ.Ω.΢. ενϊ ςτθ δεφτερθ, ςε κάκε κφκλο τθσ διαδικαςίασ βελτιςτοποίθςθσ εκτελοφνται 

ζξι μθ γραμμικζσ δυναμικζσ αναλφςεισ (δφο για κάκε επίπεδο ςειςμικισ επικινδυνότθτασ) 

και ελζγχονται οι ςχεδιαςμοί με βάςθ τθν επιτελεςτικότθτα. Ο τελικοί ςχεδιαςμοί που 

προκφπτουν από τθν επίλυςθ των προβλθμάτων βελτιςτοποίθςθσ αναλφονται με μθ-

γραμμικι δυναμικι μζκοδο και αξιολογοφνται με βάςθ τισ καμπφλεσ ςτρζψθσ -  τζμνουςασ 

βάςθσ. Σζλοσ ςυγκρίνονται τα αποτελζςματα για κάκε αντικειμενικι ςυνάρτθςθ – 

φιλοςοφία ςχεδιαςμοφ για τα τρία επίπεδα ςειςμικισ επικινδυνότθτασ (50/50, 10/50, 

2/50). 

1.8 Συμβολό τησ Διδακτορικόσ Διατριβόσ 
Αξιολογικθκε θ επιρροι των μεγάλων εκκεντροτιτων των κζντρων ακαμψίασ και αντοχισ 

ςε ςχζςθ με το κζντρο μάηασ όςον αφορά τθ ςειςμικι απόκριςθ των κτθρίων. Ειδικότερα, οι 

διάφορεσ διατυπϊςεισ βζλτιςτου ςχεδιαςμοφ αξιολογοφνται ωσ προσ τθν ελάχιςτθ 

ςτρεπτικι απόκριςθ ςε τρία επίπεδα επικινδυνότθτασ (ςυχνόσ, περιςταςιακόσ και ςπάνιοσ) 

και ωσ προσ το ςυνολικό κόςτοσ κφκλου τθσ ηωισ. ΢ε αυτιν τθ Διδακτορικι Διατριβι ζχει 

εφαρμοςτεί ζνασ εξελικτικόσ αλγόρικμοσ βελτιςτοποίθςθσ για τθ λφςθ των προβλθμάτων 

βελτιςτοποίθςθσ. Η ςυμβολι κακϊσ και τα κφρια ςυμπεράςματα αυτισ τθσ Διδακτορικισ 

Διατριβισ είναι:  

 Ανάπτυξθ μεκοδολογίασ βζλτιςτου ςχεδιαςμοφ γενικϊν τριδιάςτατων κτθρίων με 

μεταβλθτζσ τοπολογίασ και μεγζκουσ. 

 Ανάπτυξθ λογιςμικοφ εφαρμογισ τθσ μεκοδολογίασ βζλτιςτου ςχεδιαςμοφ 

ςυμπεριλαμβανομζνων των κανονιςμϊν και μθ γραμμικισ δυναμικισ ανάλυςθσ με 

αντικειμενικζσ ςυναρτιςεισ τα επιμζρουσ κριτιρια ςτρεπτικισ ςυμπεριφοράσ. 

 Η μθ επιβεβαίωςθ των ευρθμάτων των Paulay, Tso και Myslimaj ότι θ κεντρικι 

εκκεντρικότθτα ακαμψίασ ςε πολυϊροφα κτιρια είναι ςθμαντικι μόνο όταν 

ςυμπεριφζρεται γραμμικά το δομικό ςφςτθμα, ενϊ όταν αρχίηει να ςυμπεριφζρεται 

μθ γραμμικά θ εκκεντρότθτα αντοχϊν γίνεται ςθμαντικότερθ. 
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 Οι ςχεδιαςμοί με βάςθ το ROT δίνουν καλφτερα αποτελζςματα ςε γενικοφσ 

κτθριακοφσ φορείσ τόςο ςτθν ελαςτικι όςο και ςτθν ανελαςτικι περιοχι με 

αξιολόγθςθ παραμορφϊςεων και ςτρεπτικϊν ροπϊν βάςθσ κατά Chopra. 

 

1.9 Μελλοντικό Έρευνα 
Σομείσ για μελλοντικι ζρευνα ςχετικά με τθν αξιοπιςτία του λόγου τθσ ςτρζψθσ όςον 

αφορά αποτίμθςθ ςυμπεριφοράσ καταςκευϊν ζναντι ςτρζψθσ: 

 Η εφαρμογι αυτοφ του νζου πλαιςίου ςχεδιαςμοφ ςε μεγαλφτερο πλικοσ 

καταςκευϊν για τεκμθρίωςθ αποτελεςμάτων 

 Η εφαρμογι τθσ προτεινόμενθσ μεκόδου αξιολόγθςθσ ςε μεταλλικζσ καταςκευζσ. 

 Ανάπτυξθ διαδικαςιϊν, λογιςμικϊν εργαλείων και μεκοδολογιϊν ςχεδιαςμοφ για 

άμεςθ χριςθ από μθχανικοφσ τθσ πράξθσ του ςχεδιαςμοφ που βαςίηεται ςτα 

ευριματα τθσ Διατριβισ αυτισ. 

 Χριςθ προθγμζνων υπολογιςτικϊν μεκόδων επίλυςθσ των αρικμθτικϊν 

προβλθμάτων προκειμζνου να αξιολογθκεί θ αξιοπιςτία τθσ προτεινόμενθσ μεκόδου 

ςε μεγαλφτερο εφροσ κτθριακϊν καταςκευϊν. 
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3 Introduction  

     

Designing earthquake resistant structures has been a subject of great 

concern amongst engineers and scientists, aiming αη a structural design 

that would acceptably resist seismic excitation. The vertical seismic 

resisting elements (columns and shear walls) in particular, in connection 

with the plates (slabs) of a reinforced concrete building, constitute the 

structural system that must resist the seismic excitation. The response 

and the behavior of such a structural system under seismic loading 
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conditions depend mainly on the cross sectional size and the topological 

arrangement of the columns and the shear walls. A high percentage of 

building damages, and even collapses, has been attributed to the wrong 

plan arrangement of the columns and the shear walls, permitting the 

activation of the combined torsional-translational vibration of the 

structural system [1-6]. This is a common problem in most reinforced 

concrete buildings, due to architectural and code constraints. These types 

of buildings are called irregular and are faced with additional loading due 

to torsion.  

As we will see in the following chapters, torsion creates additional forces in 

structural members. In order to take into consideration the effect of 

torsion, many researchers have proposed several design and/or 

evaluation criteria. Some of these are connected to the: center of 

stiffness, center of resistance, center of strength, BST curves, torsional 

ductility, etc. At the early stages of this work, we examined structures 

designed according to these criteria. In order to evaluate the performance 

of these criteria, we used structural optimization techniques to design the 

structures. Many studies have been performed over the past three 

decades devoted to the subject of structural optimization of concrete 

structures and most of them were devoted to cost. 

The minimum design optimization of a steel structure is a good 

approximation of the structure minimum cost. For a concrete structure,  

however, the weight of the structure is not linked directly to the cost of 

the structure since other factors can decisively influence the final cost. 

Furthermore the relation between the weight of the structure and its cost 

varies according to the type of concrete structure: steel reinforced, fiber 

reinforced or pre-stressed concrete structure. An article review on the cost 

optimization of concrete structures [7] concluded that most of the 

research work published on this scientific area deal with simple structural 

elements, such as beams or slabs. Only few papers deal with framed 

structures and even fewer with realistic three-dimensional structures. 

Fadaee and Grierson [8] have studied the minimum cost design of 3D 

reinforced concrete frames, with the beams and the columns having 
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rectangular cross sections. Balling and Xiao [9] presented a comparative 

study of optimization of 3D reinforced concrete frames with rectangular 

columns and rectangular T- or L-shaped beams.  

When dealing with reinforced concrete buildings, apart from optimizing 

the cost a more realistic procedure is to attempt an optimum design based 

on the structural performance. Duan and Chandler [10] have proposed an 

optimization procedure for torsionally unbalanced structures subjected to 

earthquake loading, considering both serviceability and ultimate limit 

states. Ganzerli et al. [11] have proposed a new optimization 

methodology for seismic design considering performance based 

constraints.   

The objective of the present study is to propose a methodology for 

improving the conceptual design of 3D steel reinforced concrete structural 

systems, in terms of their performance, under seismic excitation 

according to the seismic demands of the Eurocode8 design requirements 

[12], in an effort to minimize the cost of the structure. The definition of 

the cost of a 3D concrete building is a complicated task since construction 

methodology, functionality, life-cycle conditions, operation, maintenance 

and marketability, among other factors, have to be taken into account. In 

this study the term ‗cost optimization‘ refers to the material and labor cost 

for the construction of the building‘s structural elements. 

During the first stages of this work, we examined the effect of torsion on 

the total cost and then on the life cycle cost of the structure. We 

performed the minimum cost optimization algorithms using a torsional 

criterion as an objective function. The torsional effect is activated when 

the mass center and the rigidity center of a structural system do not 

coincide. Then the system is called eccentric. When such a system is 

subjected to dynamic excitations, the inertia forces can be modeled as 

acting through the mass center and the resisting forces through the 

rigidity center. This couple of opposing forces creates the torsional effect 

to the structural system coupled with the lateral motion. Although 

structural systems can be designed to meet code requirements related to 

torsional effect, buildings with severe torsion are less likely to perform 
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predictably well in earthquakes. A first approach in meeting the seismic 

demands of the design codes is to make the structure massive and rigid in 

order to prevent damage at the expense of making its cost prohibitive. A 

cost-effective approach proposed in this study aims at improving the 

seismic performance of 3D reinforced concrete buildings by minimizing the 

eccentricity between the mass centre and the rigidity centre at each 

storey thus minimizing the effect of torsion on the structure.  

This aim is achieved with optimization algorithms and in particular with 

the family of evolutionary optimization algorithms. The most well-known 

algorithms in this class are the genetic algorithms (GA) [13] and the 

Evolution Strategies (ES) [14]. Evolution-based algorithms maintain a 

population of potential solutions instead of a single one. These algorithms 

have some selection processes based on fitness of individuals and some 

recombination operators imitating the biological evolution in nature and 

combine the concept of artificial survival of the fittest with evolutionary 

operators in order to form a robust search mechanism of the design 

space. The proposed methodology has no limitations regarding the 

material type of the structure (whether it is steel or reinforced concrete), 

the size of the structure and the complexity of the architectural 

morphology of the structure. 

Further down in this thesis, we will present a short description of the 

guidelines for the seismic design codes, the formulation of the 

optimization problem as well as an outline of the Evolution Strategies 

algorithm. In chapter 7 the implemented simplified and the more accurate 

structural design procedures as recommended by the EC8 are described. A 

number of test examples are presented demonstrating the potential of the 

proposed approach in designing realistic structures combining safety and 

cost efficiency. 

 As we mentioned above, most of the buildings exhibit some degree of 

asymmetry in plan due to strength, mass or stiffness. This irregularity 

induces an uneven distribution to these buildings of coupled lateral and 

torsional response which increases the vulnerability of this type of 

buildings to earthquakes. Several researchers studied the elastic response 
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of asymmetric in plan buildings and evaluated the torsional provisions in 

seismic codes. Only recently some studies extended the investigation to 

inelastic behavior but they were restricted to asymmetric single-storey 

systems. 

As far as the elastic behavior is concerned, Hejal and Chopra [15] defined 

the location of center of rigidity, center of resistance, center of twist, 

shear center for one-storey as well as multi-storey systems. They also 

proved that for one-storey systems with symmetric plans all theese 

centers are coincident. In their investigation, it was also shown that for a 

special class of multy-storey buildings, with lateral stiffness matrices of all 

resisting elements mutually proportional, the locations of the centers of 

rigidity and twist were shown to be coincident, independent of the lateral 

forces and they are lying on a vertical line. Cheung and Tso [16] 

suggested a generalized center of rigidity and a generalized center of 

twist. Based on these definitions, the storey torsional moments are 

evaluated for the design of torsionally unbalanced regular multi-storey 

systems. In the case of the generalized center of rigidity, the torsional 

moment is calculated using the floor eccentricity, while for the generalized 

center of twist it is calculated using the storey eccentricity. Xenidis, 

Makarios and Athanasopoulou [18]  proposed the fictitious vertical elastic 

axis or optimum torsion axis. Poole [20] suggested that the shear center 

below each floor can be taken as the center of rigidity to compute the 

floor eccentricity. Humar [21] interpreted the center of rigidity at each 

floor as the point through which the resultant lateral forces passing from 

that point does not inflict any rotation at the floor. Smith and Vezina [22]  

defined the center of rigidity, at a particular level of a multi-storey 

structure subjected to a particular vertical distribution of horizontal 

loading, as the point where the external horizontal load acting at that 

point does not produce any torque to the structure. Riddell and Vaquez 

[23] interpreted the concept of eccentricity in the dynamic sense, and 

concluded that the centers of rigidity exist only for a very special class of 

multi-storey buildings, namely buildings with proportional framing. 
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In the domain of inelastic seismic behavior of asymmetric in plan 

buildings, Llera and Chopra [24] proposed the base shear and torque 

surface (BST) for the building, which represents all combinations of shear 

and torque that when applied statically lead to the collapse of the 

structure. They also proposed a simplified model, which is based on a 

super-element per building storey capable of representing the elastic and 

inelastic properties of the storey. They accomplished that by matching the 

stiffness matrices and ultimate yield surface of the storey to that of the 

super-element [25].  Paulay [26] defined the center of resistance and 

identified the plastic mechanism developed in a three-dimensional system 

in order to estimate torsional effects on the seismic response of ductile 

building structures. They are classified as either torsionally unrestrained 

or torsionally restrained. Tso [28] proved that the torsional effects can be 

minimized by having the strength distribution such that results in the 

location of the center of strength and the center of rigidity on the opposite 

sides of the center of mass for asymmetric wall-type systems. Castillo and 

Restrepo [29] suggested monitoring the strength distribution of the 

structure elements of the system as a means of reducing or eliminating 

strength eccentricity. This can produce a reduction of the system rotation 

and allows the structure to be modeled as an equivalent single degree of 

freedom system. 

A number of studies have been presented in the past dealing with the 

problem of optimum design of reinforced concrete (RC) buildings. 

Optimum design of reinforced concrete buildings with performance criteria 

is a relatively new field of recearch. In most cases the performance 

criteria are imposed as constraints to the objective function to be 

minimized which is usually the initial construction cost. Based on this 

approach Ganzerli et al. [11] have proposed an optimization methodology 

for seismic design considering performance-based constraints. Sebastian 

[30] presented a computational procedure which beneficially offsets the 

undesirable effect of limited ductility, while Zou and Chan [31] have 

shown that steel reinforcement, compared to concrete, appears to be the 

more appropriate material that can be effectively used to control 

interstorey drift. 
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A high percentage of building damages, or even collapses, has been 

attributed to the wrong plan arrangement of the columns and the shear 

walls, due to the activation of the combined torsional-translational 

vibration of the structural system [1,6]. For this reason a number of 

studies have been published in the past where the seismic response of the 

structure is examined under the coupling of the lateral-torsional response 

[32-37]. 

In the first stage of this work we perform structural optimization of RC 

building having as object function the minimum distance between the 

center of mass and the center of rigidity (chapter 5). In the second stage 

of this work (chapter 7) the optimized structures obtained through three 

different design approaches are assessed with respect to the minimum 

seismic torsional effect and their performance against three earthquake 

hazard levels. In the first design approach, the initial construction cost is 

considered as the main objective. In the second one, performance criteria 

are implemented, where the eccentricity of the rigidity and the strength 

centers with respect to the mass centre is minimized. In the third one, 

both cost minimization and performance criteria are applied. All three 

design approaches are formulated as a combined topology-sizing 

optimization problem. The location and the size of the columns and the 

shear walls of the structure, of each storey layout, constitute the design 

variables. Apart from the constraints imposed by the seismic and 

reinforced concrete structure design codes, architectural restrictions are 

also taken into account in all formulations of the optimization problems. 

The aim of the present study is to propose a methodology for improving 

the conceptual design of 3D reinforced concrete buildings, in terms of 

their performance under seismic excitation according to the seismic 

demands of the design codes [38]. For this reason the final designs are 

compared with respect to the total life cycle cost, which is the sum of the 

initial and the limit state cost. The limit state cost, as considered in this 

study, represents monetary-equivalent losses due to seismic events that 

are expected to occur during the design life of the structure. Additionally, 

fragility analysis is also performed for four limit states to assess the 

optimum designs obtained through the optimization procedure. 
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In this study a new index associated with the torsional behavior of 

irregular RC buildings is proposed. According to this approach, a ratio of 

torsion (ROT) is calculated using the shear forces that are developed in 

the elements of the structure. The ratio of torsion is based on the principle 

that the sum of the absolute values of the internal forces in the structure 

is always bigger than the external seismic horizontal force. This difference 

is pronounced with the degree of asymmetry of the structure. The precise 

methodology is described more extensively in chapter seven. 
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4 Torsionally unbalanced elastic 

buildings – An overview 

4.1 One-storey  Buildings 

4.1.1 Basic Concepts 

The lateral-torsional coupling has great impact on the dynamic response 

of buildings. Coupled lateral-torsional motions occur in buildings subjected 

to ground shaking if their structural plan do not have two axes of mass 

and stiffness symmetry or ground shaking includes a torsional component. 

They can also appear due to unbalanced load distributions in the floor-

plan or differences between actual and assumed mass and stiffness 

distributions. A special class of multi-storey buildings has been considered 

to consist of resisting elements idealized as shear beams, whose 

acceptance may be inappropriate. This makes it necessary to analyze the 

relation between those multi-storey buildings and the associated one-

storey systems. Subsequently the analysis of one-storey systems is 

presented.  

The systems considered are single-storey buildings consisting of a rigid 

diaphragm, where the mass of the structure is lumped, supported by 

massless, axially inextensible resisting elements (i.e. portal frames, shear 

walls, columns or shear-wall cores), which are symmetrically arranged 

about the X-axis (axis of symmetry for the building plan) (Figure 3.1). The 

dynamic response of such systems to the horizontal component of ground 

motion along the Y-axis is investigated. As long as the building is not 

symmetric about the Y-axis, it will be subjected to coupled lateral-

torsional motions. For thesimulation of the earthquake ground motion two 

idealized design spectra are included: (i) a flat or period independent 

pseudo-acceleration spectrum, and (ii) a hyperbolic pseudo-acceleration 

spectrum (Figure 3.2). 
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In order to derive the equations of motion for this system, the building 

stiffness matrix should be formed. Because of the rigidity of the 

diaphragm and the symmetry about the X-axis, this single-storey system 

has two dynamic degrees of freedom: (i) the translational displacement 

uy of the center of mass (CM) of the diaphragm along the Y-axis and (ii) 

the rotation uθ of the diaphragm about a vertical axis. The degrees of 

freedom for each vertical structural resisting element (Figure 3.1b) are 

defined below:  

Shear wall: one translational degree of freedom at the floor level, along 

the plane of the shear wall and a rotational degree of freedom about the 

horizontal axis perpendicular to its plane.  

Frame: one translational degree of freedom at the floor level, along the 

plane of the frame and a rotational degree of freedom per joint about the 

horizontal axis perpendicular to the plane of the frame.  

Column: two translational degrees of freedom at the floor level along the 

X- and Y- axes and two rotational degrees of freedom about the X- and Y- 

axes. 

Shear Wall Core: two translational degrees of freedom along the principal 

axes of the core, two rotations about these axes, and one torsional 

rotation about a vertical axis passing through the shear center of the core.  

 

Figure 3.1 Single-storey / General plan of a building [1] 
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Figure 3.2 Flat and hyperbolic response spectra [1] 

 

4.1.2 Equations of Motion 

As far as one-storey systems are concerned, it has been proven [1] that 

the center of rigidity, the center of twist, the shear center and the center 

of stiffness coincide. It has also been shown that their location does not 

depend on the applied load but on the stiffnesses and the locations of 

their vertical structural elements. The definitions of these centers are 

given below [1]. 

The centre of rigidity is the point on the diaphragm through which the 

application of a static horizontal force causes no rotation of the deck, 

regardless the direction of the applied force. [1] 

The principal axes, І and ІІ, of the system are two orthogonal axes 

passing through the center of rigidity, such that if a static horizontal force 

is applied along one of the principal axes of the system, the diaphragm 

translates only in the direction of the force without any twist.  

The center of twist is the point on the diaphragm which remains 

stationary when the diaphragm is subjected to a statically applied 

torsional moment, i.e. the diaphragm undergoes pure twist about this 

point.  
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The shear center is the point on the diaphragm through which the 

resultant of the shear forces of all resisting vertical structural elements 

passes when the diaphragm is subjected to a system of lateral static loads 

whose resultant passes through the center of rigidity of the building, thus 

causing no rotation or twist of the diaphragm.  

The center of mass of the system is the point on the diaphragm through 

which the resultant of the inertia forces of the diaphragm is applied. If the 

masses of individual resisting elements are negligible, the center of mass 

of the diaphragm with uniform mass distribution coincides with its 

geometric center. [1] 

Subsequently, the linear equations of motion for the one-storey system, 

under consideration, subjected to earthquake ground motion written with 

respect to the reference point O, at the center of mass and the center of 

rigidity, as follows: 
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where J0 is the polar moment of inertia of the diaphragm with respect to 

point O accelerations agx(t) and agy(t) along the X- and Y- axes are given 

given by  

  =m(     
    

                                                                                                         (3.4) 

r is the radius of gyration; xM, yM are the x and y coordinates of the center 

of mass JR is the polar moment of inertia about a vertical axis passing 

through the center of rigidity  
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                                                                                                                         (3.5) 

xR, yR are the x and y coordinates of the center of rigidity. 

The static eccentricity e of the single-storey building is defined as the 

distance between the CR and the CM of the floor.  

 e=
   

  
=
∑       

∑     
                                                                                                                      (3.6) 

Other scientists define the static eccentricity as the distance between the 

center of mass and shear center of the building. For one-storey systems 

this definition is meaningless, since the center of rigidity and the shear 

center of the system coincide, contrary to multi-storey buildings.  

The dynamic eccentricity ed is defined as the distance from the CR of 

the system where the uncoupled base shear should be applied statically to 

cause a base torque equal to TR (base torque of coupled system at its CR) 

at the CR of the system. [3,7] 

Specifically the undamped equations of motion for the single-storey 

system described above, assuming linear behavior, subjected to 

earthquake ground motion acceleration agy(t) along the Y- axes are 

written as follows: 

With respect to the CM: 

*
  
  

+ {
 ̈    

  ̈    
}      [

  
 

 
  

 

 
    

] {
     

      
}=-m,

 
 
-                                         (3.7) 

With Respect to the CR: 
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}           (3.8) 

     It is obvious from the above equations that the translational ground 

motion along the Y- axis causes lateral displacement of the CM as well as 

torsional rotation of the floor about a vertical axis. 
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4.1.3 Coupled Equations 

As it is previously mentioned coupled lateral-torsional motion occurs in 

buildings subjected to ground shaking if the CM CR does not coincide. 

Coupled motion can also appear due to unbalanced load distributions or 

differences between the actual and assumed mass and stiffness 

distributions. 

It is also apparent that if the static eccentricity, e, is zero, then equations 

(3.7) and (3.8) are transformed in two identical uncoupled equations. 

On this occasion the earthquake ground motion only causes lateral 

displacement governed by the first uncoupled equation, where the lateral 

vibration frequency of the corresponding uncoupled system is: 

   =√
  

 
                                                                                                                             (3.9) 

While the second uncoupled equation leads to the torsional vibrational 

frequency of the corresponding torsionally-uncoupled system: 

  =√
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                                                                                             (3.10) 

The uncoupled system is derived from the actual by modifying the 

configuration of resisting elements or the mass properties, so that the 

center of mass (CM) and the center of rigidity (CR) coincide. 

The undamped equations of motion are further simplified to: 
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-                                         (3.11) 

in which          Ω=
  

  
                                                                                                                       (3.12)  

the uncoupled torsional to lateral frequency ratio. The coupled and the 

uncoupled frequencies are close for systems with smallest ratio e/r. 

Actually, the coupled lateral-torsional response of the system to ground 

motion agy(t), depends on these four parameters: e/r, Ω,ωy (in case of 
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arbitrary shaped spectra) and ξ, the damping ratio which is considered to 

be the same in each mode of vibration. 

4.1.4 Lateral-Torsional Coupling characteristics 

Some very important findings are presented by Hejal and Chopra [1], 

using the response spectrum analysis (RSA) method. For torsionally-stiff 

(Ω>1) systems, the fundamental mode is predominantly lateral and the 

second mode is the torsional. Unlike torsionally-stiff systems, for 

torsionally-flexible (Ω<1) systems the modes are not predominantly 

lateral or torsional, unless e/r is very small. Finally for systems with 

closely spaced uncoupled frequencies (Ω=1) the lateral and torsional 

motions are similar. These systems with small e/r ratios have a significant 

cross-correlation term  Systems with Ω equal to zero are unstable as long 

as the fundamental frequency ω1 is zero. 

As mentioned above, the response of the system is also dependent on the 

shape of the spectra (or Ty or ωy) when the arbitrary shape of the system 

is arbitrary. For instance, the normalized base shear  ̅ for systems with 

small e/r ratio is insensitive to the shape of the spectrum. But as the e/r 

ratio increases, the acceleration-controlled region  ̅ remains the same for 

a flat spectrum, while the velocity-controlled region  ̅ remaining the same 

for both the arbitrary and hyperbolic spectra. The divergence of the 

idealized response spectrum shapes increases as e/r increases and is 

larger for torsionally-flexible systems. 

The lateral-torsional coupling tends to decrease the base shear, the base 

overturning moment and the lateral displacement at the center of rigidity, 

but increases the torque and ratio ed/r. These effects are not so 

pronounced for torsionally-stiff systems, since the reduction in the base 

shear is negligible and there is no dynamic amplification of static 

eccentricity. Contrary to torsionally-stiff systems, theese with closely 

spaced uncoupled frequencies present maximum dynamic amplification of 

static eccentricity, especially for smaller e/r ratios.  

Although the overall earthquake response of the system depends on the 

parameters, e/r, Ω, Ty, ξ, the local response of the system depends on 
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the degree of frame action, except for the parameters above. The degree 

of frame action determines the in-plane stiffness of the diaphragm. The 

degree of frame action is defined through parameter π   

The joint rotation index π [2], of a frame, is defined as the ratio of the 

sum of the stiffnesses of all beams at the mid-height storey of the frame 

to the summation of the stiffnesses of all the columns at the same storey.  

ρ=
∑      ⁄     

∑      ⁄       
                                                                                                                 (3.13) 

where various values of π represent different functions of the frame: 

(i) π=0 represents a flexural column with beams imposing no 

constraint to joint rotations.  

(ii) π=∞ represents a shear frame in which joint rotations are 

completely restrained and the deformations occur only through 

double curvature bending of the columns.  

Intermediate values of π represent frames with both beams and columns 

undergoing bending deformations with joint rotations. [1] 

The joint rotation index, π, does not affect the maximum lateral 

displacement of the frame vy(x) but influences the member forces (the 

frame base shear, the column base moment, the beam moment, the 

column axial force), whose equations are given below: 

V(x)=
  

  
 
        

    
  (x)                                                                                                     (3.14) 

Μc(x)=
  

   
       

    
  (x)                                                                                                     (3.15) 

Μb(x)=Pc(x)
 

 
 =

  

  
 
   

    
  (x)                                                                                            (3.16) 

In accordance with Figure 3.5 member forces increase with an increase in 

π, on a condition that the other parameters are kept constant. 

All member forces are proportional to lateral floor displacements. 

Consequently maximum member forces of the coupled system may 

increase or decrease due to the lateral-torsional coupling. They are 
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influenced by the location of the element and the other parameters of the 

system. Therefore, regardless of the element‘s location, whether it‘s on 

the flexible or the stiff side of the building, its member forces are larger 

than the corresponding uncoupled ones. 

4.1.5 Center of Rigidity, Center of Twist and Shear Center 

The coordinates of the center of rigidity are defined through the following 

procedure: 
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]                                                                                                     (3.17)   

 ̃= ̃TK ̃                                                                                                                                (3.18) 
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in which: 

K: the building stiffness matrix with respect to the degrees of freedom u 

at reference point O 

 ̃: the building stiffness matrix with respect to the degrees of freedom u 

at the center of rigidity of the system 

a: the transformation matrix relating u to  ̃  

Utilizing the equations above, results in: 

 

 ̃  [

                   

                   

                              ̃

]     (3.20) 

Both matrices (3.18) and (3.20) should be identical leading to the 

conditions: 

KxyR-KxyxR +Kxκ=0                                                                                                             (3.21a) 

KyxyR-KyxR +Kyκ=0                                                                                                             (3.21b) 



 

 60 

According to conditions (3.19) the coordinates of the center of rigidity: 

   
            

        
                                                                                                          (3.22a) 

    
            

        
                                                                                                      (3.22b) 

The equations above are further simplified on two special occasions: 

The building has one axis of symmetry, which coincides with one of the 

principal axes of the system and the other is perpendicular to it. In this 

case, the X-axis is assumed as the symmetry axis, the terms Kxyi and Kxθi 

are of the same value but of opposite algebraic signs. As a result 

Kxy=Kyx=0 and Kxθ=Kθx=0, which leads to the equations: 

 

   
   

  
                                                                                                             (3.23a) 

                
   

  
                                                                                                    (3.23b) 

for the coordinates of the center of rigidity. 

The resisting elements of the building are arranged such that their 

principal axes form an orthogonal grid in plan (e.g. Figure 3b). The 

principal axes of the system are also in the directions of the elemental 

principal axes. The coordinates of the center of rigidity are simplified to: 

 

   
   

  
 

∑       

∑     
                                                                                           (3.24a)  

                
   

  
 

∑       

∑     
                                                                                        (3.24b) 

As mentioned above, the center of twist, the shear center and the center 

of rigidity of the one-storey system are coincident. This derives from: 

Center of twist 

Since the center of twist is the point in the plane of diaphragm that does 

not undergo any translational displacement when the diaphragm is 

subjected to a static horizontal torsional moment (definitions [1]), the 



 

 61 

building stiffness matrix is identical to (3.17) (if degrees of freedom of the 

diaphragm are defined at its center of twist). The same procedure as the 

one followed for the center of rigidity leads to the same expressions for 

the coordinates of the center of twist. Utilizing energy principles results to 

the same conclusions. 

Shear center 

The shear center is the point in the plane of the diaphragm through which 

the resultant of the shear forces of the resisting elements passes when 

the diaphragm is subjected to a system of horizontal lateral forces causing 

no twist (uθ=0) of the diaphragm (definitions [1]). Substituting uθ=0 and 

utilizing the equilibrium of moments of all shearing forces acting in the 

plane of the diaphragm about a vertical axis passing through O, gives an 

equation which leads to the same expressions as the center of rigidity. 

To sum up the center of rigidity, the center of twist and the shear center 

for one-storey systems are coincident and do not depend on the applied 

load. 

4.2 Multi-Storey Buildings 

4.2.1 Equations of Motion 

Contrary to one-storey systems, the defined centers for multi-storey 

buildings are not coincident. Apart from the stiffness properties, their 

locations depend on the applied lateral or torsional loadings. But there is 

still a special class of multi-storey buildings, for which the centers for each 

floor coincide, that is the centers of all floors lie on a vertical line and are 

load-independent. Definitions about the various centers follow next. 

The center of rigidity of the building‘s floors are points on the floor 

diaphragms through which any set of static horizontal forces of arbitrary 

magnitude and direction causes no rotation or twisting of any of the 

floors.[1] 

Another definition for the center of rigidity of a floor is given in [3], as the 

point of the floor through which a static horizontal force where applied 
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produce pure translation without rotation or twist; other floors, however, 

may twist or rotate. 

The principal axes of a floor are two orthogonal axes passing through its 

center of rigidity, such that any set of static horizontal forces applied 

simultaneously along one of the principal axes of each floor, causes each 

floor to displace literally in the direction of its applied force without any 

twist.  

The centers of twist of the building‘s floors are points on the floor 

diaphragms which remain stationary when the building is subjected to any 

set of static horizontal torsional moments, applied at the floor levels, i.e. 

the floor diaphragms undergo pure twist about these points.  

The shear center of a buiding‘s floor is the point on the floor through 

which the resultant of the interstorey shear forces of all resisting elements 

at that level passes (due to static forces applied at the floors above 

including the floor under consideration) when the building‘s floors are 

subjected to static horizontal forces passing through the centers of rigidity 

of the floors, thus causing no twist in any of the floors.  

The center of mass of a building‘s floor is the point on the floor through 

which the resultant of the floor‘s inertia forces passes. If the masses of 

individual resisting elements are negligible compared to that of the floors‘ 

masses, then the building‘s center of mass with floors of uniform mass 

distribution coincide with the geometric centers of the floors.  

The static eccentricity ej of the jth floor is defined as the distance between 

its center of mass and its center of rigidity.  

According to some building codes [4] the static eccentricity is defined as 

the distance between the center of mass and the shear center. The 

centers of rigidity of multi-storey buildings do not coincide with the shear 

centers. Consequently, there is more than one definition for static 

eccentricity.   

The undamped equations of motion for the multi-storey building, assuming 

linear behavior, subjected to earthquake ground motion accelerations 
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agx(t) and agy(t) along the X- and Y- axes are given, written with respect 

to the degrees of freedom defined at the reference point O, at the center 

of mass and at the center of rigidity, respectively: 
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where J0 : diagonal matrix of dimension N with diagonal entries J0i, the 

polar moment of inertia of the jth floor diaphragm about Z, the reference 

vertical axis passing through reference point Oj given by  

   =mj(  
     

     
                                                                                                     (3.28) 

r is the radius of gyration; xM, yM are the diagonal matrices of dimension N 

with diagonal entries equal to xMj and yMj, the coordinates of the center of 

mass of the jth floor relative to reference axes Xj and Yj, JM is a diagonal 

matrix of dimension N with diagonal entries         
 , the polar mass 

moment of inertia of the jth floor about a vertical axis passing through its 

center of mass, JR is diagonal matrix of dimension N with diagonal entries 

    equal the polar moment of inertia of the jth deck about a vertical axis 

passing through the center of rigidity given by 

      (  
    

 )                                                                                                          (3.29) 

ex, ey : diagonal matrices of dimension N with diagonal entries     and    , 

the x and y components of the static eccentricity of the jth floor given by: 
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                                                                                                                         (3.30a) 

                                                                                                                         (3.30b) 

xMj, yMj are the x and y coordinates of the center of rigidity of the jth floor 

relative to its reference axes Xj and Yj     

The centers of rigidity and the centers of twist should be uniquely defined 

in order to determine a building stiffness matrix in the form of k given in 

equation (3.27). 

4.2.2 Center of Rigidity, Center of Twist and Shear Center 

4.2.2.1 Center of rigidity 

The coordinates of the center of rigidity are defined through the following 

procedure: 
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]     (3.34) 

in which: 

K: the building stiffness matrix with respect to the degrees of freedom u 

at reference point O 

 ̃ : the building stiffness matrix with respect to the degrees of freedom u 

at the center of rigidity of the system 

 ̃: the transformation matrix relating u to  ̃ 

Comparing (3.31) and (3.34):  
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                                                                                                   (3.35b) 

The matrices xR and yR should be diagonal matrices in order to specify 

unique centers of rigidity. Otherwise, unique centers of rigidity do not 

always exist and are load-dependent, where different load distributions 

lead to different locations of the center of rigidity. 

If the equations (3.35) do not lead to diagonal matrices, the locations of 

the center of rigidity depend on the applied set of static lateral forces. The 

coordinates of the center of rigidity, xR and yR, can be determined through 

the procedure below: 
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For the set of forces P, with Px ≠ 0 and Py ≠ 0 but Tθ=0, according to 

definitions ux ≠ 0 

and uy ≠ 0 but uθ = 0: 

{  }  [  ̃]     
         

     

        
     

  ̃                                                                           (3.37a) 

{  }   [  ̃]     
         

     

        
     

  ̃                                                                        (3.37b) 

Since [Py] and [Px] are diagonal matrices, the equations (3.37) are 

simplified to equations (3.35). Consequently, the locations of the centers 

of rigidity are unique and independent of the applied loading. 

The centers of rigidity can also be identified as load centers, as long as 

the x- and y- coordinates of the center of rigidity of a floor can be 

determined by finding the location of the resultant elemental loads at that 

level [8], as it is proved from the expressions below: 

   
∑ [                   ] 
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                                                                                            (3.38a) 
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∑ [                   ] 

   ̃
                                                                                            (3.38b) 

The terms Qaij and Qbij are different in equations (3.38a) and (3.38b). 

Those involved in equation (3.38a) are computed for the applied forces Px 

and those in (3.38b) for Py. 

4.2.2.2 Centers of twist 

According to the definition, the building stiffness matrix written with 

respect to degrees of freedom defined at the center of twist would be of 

the form of equation (3.31). Following the same procedure as that of the 

center of rigidity leads to the same expressions for the coordinates of the 

center of twist as the center of rigidity (3.5). If these expressions yield 

diagonal matrices, then centers of twist and centers of rigidity are 

coincident. 

If the equations (3.37) do not lead to diagonal matrices, then the 

locations of the center of twist depend on the applied set of static 

torsional moments. The coordinates of the center of twist, xT and yT, can 

be determined through the procedure below: 
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For the set of forces P with Px =Py =0 and Tθ≠0, according to definitions ux 

=uy = 0 but uθ ≠ 0: 
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The equations above are further simplified on two special occasions: 
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The building has a vertical plane of stiffness symmetry. In this case, the 

terms Kxyi and Kxθi are of the same value but of opposite algebraic signs. 

As a result Kxy=Kyx=0 and Kxθ=Kθx=0, which leads to the equations: 

Xj direction in the direction of the symmetry plane: 

            {  }  [  ]       
        and {  }   [  ]       

       =0        (3.41) 

 Yj direction along the symmetry plane:                                                                                                               

            {  }  [  ]       
          and {  }   [  ]       

           (3.42) 

The resisting elements of the building are arranged such that their 

principal planes are parallel or orthogonal, or for buildings consisting of 

frames they are arranged in an orthogonal grid in plan [14]: 

 
            {  }  [  ]       

        and {  }   [  ]       
                 (3.43)     

4.2.2.3 Shear centers 

The location of the shear center of a floor is determined by finding the 

centroid of the interstorey shear forces experienced by individual resisting 

elements due to a static loading that causes no twist (uθ=0) of any of the 

storeys. [1] 

Substituting the equations of vectors of lateral displacements of the ith 

resisting element along its principal planes, vai and vbi, into the equations 

of vectors of applied lateral loads on the ith resisting element along its 

principal axes, Vai  and Vbi are given by: 

Vai=SQai=Skai(cosβi ux + sinβi uy)                                                                                    (3.44a) 

Vbi=SQbi=Skbi(-sinβi ux + cosβi uy)                                                                                  (3.44b) 

in which S is a summation matrix which is upper triangular, of dimension 

N and of the form: 

S=[
   
   
   

]    
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Substituting and solving the equation of equilibrium of moments about the 

reference axis Z of all shear forces acting at each floor level, leads to the 

coordinates of shear centers: 

{  }  [  
 ]      

         
     

        
     

  ̃                                                                        (3.45a) 

{  }   [  
 ]      

         
     

        
     

  ̃                                                                     (3.45b) 

where [Px‘] and [Py‘] denote the diagonal matrix forms of vectors SPx and 

SPy respectively. 

When equations (3.45) lead to a diagonal matrix with equal diagonal 

entries, equations (3.45) simplify to (3.35) and are load-independent. In 

such a case shear centers, centers of rigidity and centers of twist are 

coincident. 

In conclusion, the centers of rigidity, the centers of twist and the shear 

centers of the floors of a multi-storey building do not generally coincide, 

apart from a special class of buildings, and are load-dependent. 

4.2.2.4 A Special Type of Multi-Storey Buildings 

Although it is impossible to define unique centers of rigidity of the various 

storeys of a multi-storey building (that means non force-dependent 

centers), there is a special class of buildings that allows the unique 

definition of the center of rigidity and possesses the following properties: 

a) the centers of mass of all floors lie on a vertical line, b) the resisting 

elements are arranged such that their principal axes form an orthogonal 

grid in plan and are connected at each floor level by a rigid diaphragm and 

c) the lateral stiffness matrices of all resisting elements along one 

direction are proportional to each other. As a result of the two last 

properties, the centers of rigidity of all storeys lie on a vertical line. 

Consequently the static eccentricity of each floor is the same. [1] 

For the analysis procedure the torsionally-coupled N-storey system was 

divided into two smaller systems: a) a corresponding torsionally-

uncoupled, N-storey system and b) an associated torsionally-coupled one-

storey system. The Response Spectrum Analysis was applied for each 
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system. However for the corresponding torsionally-uncoupled N-storey 

system in order to evaluate the maximum response quantity the Square-

Root of the Sum of Squares (SRSS) the combination rule was applied, 

while for the associated torsionally-coupled one-storey system the 

Complete Quadratic Combination was applied. The results are combined 

through the following relation: 

       ̅̅̅̅                                                                                                                            (3.46) 

where 

   : the maximum value of any response quantity  of the torsionally-

coupled, N-storey building  

due to its njth vibration mode 

   ̅̅̅̅ : the normalized maximum value of any response quantity  of the 

associated torsionally-coupled one-storey system with uncoupled lateral 

vibration frequency ωy equal to ωyj, in its nth vibration mode, where the 

normalization is with respect to the maximum value of the corresponding 

response quantity in the corresponding torsionally-uncoupled, one-storey 

system.   

    the maximum value of the same response quantity of the 

corresponding torsionally-uncoupled, N-storey system in its jth lateral 

vibration mode 

Similarly for one-storey systems, the coupled lateral-torsional response of 

the building depends on the following parameters: e/r, Ω, π, Ty1 and ξ  For 

fixed values of e/r, Ω and π the response contributions of higher vibration 

modal-pairs increase by increasing Ty1. For fixed values of e/r, Ω and Ty1 

the response contributions of higher vibration modal-pairs increase by 

increasing π. The response contributions of higher modal-pairs are 

different for the various response quantities. They affect more profoundly 

the base shear and base torque, for the local response quantities the 

column moments, and are insensitive to e/r and Ω   
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Similarly for the one-storey system, the effects of lateral-torsional 

coupling on the responses of a multi-storey building decrease in the base 

shear, the base overturning moment and the top floor lateral 

displacement at the center of rigidity, but increase at the base torque. The 

difference between the multi-storey building and its associated one-storey 

system is the cross-correlation term. In addition the lateral-torsional 

coupling has no great effect on the height-wise variations of forces. 

Finally, the analysis is further simplified, since the first two pairs of 

vibration modes associated with the first two vibration modes of the 

torsionally-uncoupled system have been proved to be sufficient. [1] 

4.3 Torsional Axis and Torsional Radii of Gyration 

of Multi-Storey Buildings 
A very important parameter for the torsionally coupled motions of 

irregular buildings is the optimum torsion axis. This is the theoretical 

part of the Greek Aseismic Code and is a good base to understated and 

design multi-storey buildings. This axis of a system is an axis upon 

which when the level of lateral static seismic forces is placed then the 

twist of the whole system is minimized [4-6] while the twist is equal to 

zero in the limit case where the relevant axis is a real elastic axis of the 

system [7]. Its contribution to the definition of the principal directions of 

the system and torsional radii of gyration is quite remarkable. 

4.3.1 Optimum Torsion Axis 

In order to define the location of the optimum torsion axis a continuum 

model of the structure is used. According to this model, a multi-storey 

spatial frame-wall system is divided into two spatial subsystems, the 

bending one and the shear one. Each of them contain the elastic centers K 

and S, respectively, and its principal elasticity axes І and ІІ, provided that 

they maintain their elastic and geometric characteristics unchanged in 

elevation. The frame-wall multi-storey systems have proved [8] to 

possess three vertical torsion axis, Ω1, Ω2, Ω3, which are not upon the 

same line. The final response of the system, due to the lateral static 

loading F(z) continuous distribution in elevation, arises from the 



 

 71 

superposition of the three enforced rotations of the system around the 

relevant axes (Figure 3.3). It has been proved [8] that when there is a 

vertical real elastic axis in the system and is identified with Ω3 while the 

Ω1, Ω2 axes move to infinity (Figure 3.4). 

 

Figure 3.3 Axes of enforced torsion in a frame-wall multi-storey system [8] 

 

Figure 3.4 Axes of enforced torsion in symmetrical system [8] 

On the special occasion where the multi-storey frame-wall system is 

monosymmetric, symmetrical axis x-x, the axis Ω1 moves to the y-infinity 

while the other two axes Ω2, Ω3 are upon x-x. The elastic centers K and S 

of the bending and the shear subsystem correspondingly are also upon x-

x  The axes Ω2, Ω3 are always outside of the (KS) space. [7] When the 

lateral static loading F(z) has a direction perpendicular to the symmetric 

axis of the system and is inside the (Ω2, Ω3) space the two rotations have 
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an opposite direction (Figure 3.5). When the following expression is 

satisfied (3.47) the effects of torsion on the system are minimized. 

minκ2=
 
    

      
 

 

 
                          (3.47) 

in which θi: rotation angle of the ith floor 

 

Figure 3.5 Superposition of two rotations about Ω1, Ω2 [7] 

The relation (3.47) is satisfied when the rotation angle of the floor is equal 

to zero at level z=0.8H (Figure 3.6). [4], [5], [6] Solving the equation 

that stems from this condition, the location of the Optimum Torsion Axis is 

defined, point Po.  

 

Figure 3.6 State Optimum Torsion in a multi-storey frame-wall building [4] 

The Optimum Torsion Axis satisfies the following boundary conditions [6]: 
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Its position in the plan coincides with point K, called the elastic/stiffness 

centre, in the boundary case where the multi-storey system reduces to a 

single-storey system. 

Its position in the plan coincides with point K when the system transforms 

into a purely bending one. 

Finally its position in the plan coincides with point S when the building 

transforms into a purely shear one. 

The properties of the Optimum Torsion Axis in asymmetric multi 

storey buildings 

According to a study on a five-storey asymmetric building the optimum 

torsion axis is characterized by the following attributes: 

The sum of the squares of the deck rotations and the sum of the squares 

of the deck displacements along the fictitious principal ІІ-axis is minimum, 

when the vertical plane of the lateral static seismic forces passes through 

the fictitious elastic centre Po and is parallel to the fictitious principal І-

axis  The results are similar for lateral seismic forces along the ІІ-axis. 

The translational and rotational components are weakly coupled when the 

vertical mass axis coincides with the fictitious elastic axis. 

The earthquake ground motion along the fictitious principal І-axis or ІІ-

axis causes almost a translational vibration along the same axis when the 

vertical mass axis coincides with the fictitious elastic axis. The maximum 

deck rotations are very small. 

The translational and the rotational components of motion are strongly 

coupled when the mass axis does not coincide with the fictitious elastic 

axis. [9] 

4.3.2 Torsional Radii of Gyration 

The torsional radius of gyration ρІ represents the lever arm, according 

to K, of the elastic forces of restoration during the torsional loading of the 

single-storey/monosymmetric system. [7] 
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It can be calculated in two different ways, resulting to the same value: 

It can be calculated directly from the relation: 

ρІ=√
  

  
                                        (3.48) 

where KІІІ: the torsional stiffness of the single-storey system about the 

axis ІІІ 

           KІІ: the translational stiffness of the single-storey system 

according to principal axis ІІ 

It can also be calculated according to the ratio of special displacement: 

 ρІ=√
  

  
=√

    ⁄

    ⁄
=√

  

  
                         (3.49) 

 

where uЦ=    ⁄ :    the displacement for static load force FЦ at the point K 

            θz=    ⁄ :  the twist angle about K for torsional loading M=1∙FЦ of  

                            the system      

The torsional radius of gyration πІ of the frame-wall monosymmetric 

systems does not have the same value for every level ξ, but the one in 

diagrams of figures 3.7a and 3.7b. It is suggested that the torsional 

radius of gyration of level z=0.8H is approximately equal to the torsional 

radius of gyration of the whole system, since the optimum torsional axis is 

defined at this level. According to the relation between the torsional radius 

of gyration πІ at the center of mass and the radius of gyration of the 

diaphragm r the torsional flexibility of the system for dynamic 

translational excitation is defined  Actually if πmx≤r the system is 

torsionally flexible. 

ρmx=√  
                           (3.50) 

eox: the static eccentricity along x axis 
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Figure 3.7 Distribution of the torsional radius of the floors [7] 

Another criterion for the torsional flexibility of a building is the coordinates 

of the center of vibration Oi of the floors. A system is characterized as 

torsionally flexible when the vibration centers, calculated for the first and 

the second modal shape, occur inside the circle of the radius of inertia of 

the diaphragm, which means that the torsional vibrations of the 

diaphragm dominate the translational ones for pure translational 

excitation. The coordinates of the center of vibration Oi (exi,eyi) are given 

by the expressions below: 

εyi=
   

   
                                                                                                                               (3.51a) 

εxi=-
   

   
                                                                                                                              (3.51b) 

4.3.3 Equivalent Static Eccentricities 

The equivalent static eccentricities ef, er are used in order to define the 

location of the point of application of the lateral static seismic forces and 

are given by the expressions (3.52) and (3.53), respectively. The 

accidental eccentricity eηi is also taken into consideration. 

  =
  
 

 
·                             (3.52) 

  =
  
 

 
·
    

     
≤
 

 
·                                                                                                               (3.53) 

where 
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If  tanao≥0, then θ=αο/2. 

If  tanao<0, then θ=90-    /2 

εο=
  

 
, ρІ=√
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A1=1-εο·tanκ, A2=1+εο·cotκ 

   =    -  ,    =    -  ,   =
  

 
 

   (η=5%),    =√
  

  
⁄  

   =
               

 
 ⁄

(     
 )                

   

On the special occasion of the double asymmetric system, the procedure is 

applied for both of its principal axis. 

A five-storey building, made of reinforced concrete, with asymmetric 

arrangement of the stiffness elements has been examined. [7] The 

equivalent static method, the dynamic spectral method, the dynamic 

spectral solution and the spatial superposition have been applied to the 

five-storey building leading to the conclusion that although the building is 

highly torsionally flexible, if the application of the equivalent static method 

is used (by using the optimum torsion axis and the equivalent static 

eccentricities) then the results contain the results of the corresponding 

response of the dynamic spectral method.  
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4.4 Torsional Moment Assessment through the 

Static Eccentricity Concept 
It is urgent to assess the torsional effect due to structural asymmetry in 

the seismic design of buildings, since the most damages during an 

earthquake are caused by this effect. In most cases, torsional effect is 

computed as the product of static eccentricity and equivalent static load. 

Several approaches have been proposed in order to compute the static 

eccentricity in multi-storey buildings [10]. The main problem is that this 

eccentricity depends on the horizontal load pattern. Two of these 

approaches are described below through an example. 

A two-bay building (Figure 3.8) with frames A, B and C showing fig 3.8 is 

considered. In the y-direction the frames are considered with rigid floor 

diaphragms. In the first two storeys frames A, B and C are spanned, while 

in the last two storeys just frames A and B. The building is symmetrical 

along the x-direction and undergoes a static torsional load                 

acting at the center of mass of each floor. Due to the irregularity in plan, 

torsional moments are developed at each storey level                   . 

 

Figure 3.8 Loads used in the eccentricity concept to multi-storey Buildings [10] 

4.4.1 First evaluation method by Tso 

In this case, the torsional moment is assessed through the developed floor 

torques. The load is divided in two components, the translational and the 

rotational, as shown in Fig. 3.9The load at each floor is relocated acting at 
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the generalized center of the floor‘s rigidity (the definition of the 

generalized center of rigidity is given below). According to assumption, 

the floor torques                are computed through the following 

expressions: 

                                                                                                                        (3.54) 

                                                                                                                         (3.55) 

where   : the floor eccentricity, the distance between the center of 

mass and the generalized center of rigidity at that floor [10]. 

The generalized centers of rigidity are defined as points at the floor 

levels in a multi-storey structure such that when lateral load is applied at 

them, the structure deflects laterally without any floor rotation [10]. 

In order to specify the location of the generalized centers of rigidity at 

each floor, free body diaphragms of each floor under the translational 

loading are considered (Figure 3.9).  

The frame reaction at the floor i is given by the following equation: 

(           )                                                                                     (3.56) 

where      : the storey shears below level i of frames j 

Translational equilibrium at each floor (Figure 2.12b) gives the following 

equation: 

                                                                                                            (3.57) 

 

Figure 3.9 Free Body Diagram of Each Floor [10] 
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It is assumed that there is no rotation of the floors. The moment 

equilibrium about a vertical axis for each floor is computed when the loads 

act through the ‗centroids‘ of the floors‘ frame actions. Provided that the 

frame reactions for a floor are known, the location of the floor‘s centers of 

rigidity can be defined as the sum of the first moments of the frame 

reactions divided by the total of the floor‘s frame reaction. Thus, the 

generalized centers of rigidity of a multi-storey building are characterized 

also as frame reaction centers. 

4.4.2 Second evaluation method 

In this case, the torsional moments are assessed through storey shear 

and storey eccentricity. 

The torsional moment at storey k is expressed by the following equation: 

          
                                                                                                                   (3.58) 

where    is the storey shear and   
 : the storey eccentricity at storey k, 

defined as the horizontal distance between the shear center at the storey 

and the resultant of all lateral forces above the storey being considered 

[10] (computed from the equilibrium of the free body diaphragm above a 

cut at storey k-(Figure 3.10)). 

 

Figure 3.10 Free Body Diagram of Substructures [10] 

The torsional moment at storey k is expressed through the equation: 

      ∑   [           ]
 
                                                                                      (3.59) 
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From the equilibrium of the cut at storey k: 

  ̂  ∑   
 
                                                                                                                          (3.60) 

Through (1.7), (1.6) is transformed into: 

      ∑                
 
                                                                                     (3.61) 

The x-coordinate of the resultant of all applied loads above storey k can 

be obtained as the ratio of the sum of the first moment of the applied 

loads to the sum of these loads [10]: 

      
∑        

 
   

  
                                                                                                           (3.62) 

           
 [           ]                                                                                       (3.63) 

At Reference [10] it has been proved that both approaches reach the 

same result provided that the appropriate definitions for the eccentricities 

are assumed. 

At the same Reference [10] it has also been proved through the given 

example that the storey eccentricity is less sensitive to load distribution 

than the floor eccentricity (Table 3.1). Therefore, a second approach is 

supposed to be more appropriate for a structural asymmetry assessment. 

Table 3.1 Comparison of Results for Two Different Load Distributions [10] 

 

But there is a special class of buildings that the floor and the storey 

eccentricity are identical. The features of this special class of buildings 

are: (i) that they have proportional framing resulting to proportional 

stiffness properties of resisting elements, (ii) their generalized centers of 

rigidity lie on a vertical line and their position is independent of load 
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distribution and (iii) their floors‘ centers of mass lie along a vertical axis. 

As a result their floor and storey eccentricities are identical, as mentioned 

before, and remain constant along the height. It can easily be concluded 

that the centers of rigidity coincide with the shear centers. 
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5 Torsionally unbalanced inelastic 

buildings – An overview 

 

 

It is a matter of vital importance for engineers to define the torsional 

collapse mechanisms of building systems, since this knowledge is valuable 

in predicting the seismic response of torsional vulnerable structures. The 

existing codes deals with the problem of torsion assuming elastic behavior 

of structures. However it is the plastic mechanisms that give the engineer 

the opportunity to estimate the displacement ductility demand of the 

system and compare it with the displacement ductility capacity of the 

structural resisting elements. In order to define the critical elements, 

inelastic structures are classified as torsionally unrestrained or restrained, 

resulting in two different classes of mechanism. 

 

5.1 Torsional mechanisms in ductile building 

systems 
Torsionally unrestrained systems are the systems, which cannot resist 

torsion in the post-yield range. Thus, torsion can be undertaken by the 

structural elements with the elastic domain since they are unable to resist 

torsional effects at the inelastic stage. As a result one corner element may 

be subjected to excessive plastic deformations while the other, at the 

opposite side, may be in the elastic domain. This is associated with a 

reduction of the base shear capacity of the system. [1] 

For instance, the system of Figure 4.1 is considered assuming that the 

response of the lateral force resisting elements is perfectly elastic-plastic. 

When element (2) is about to yield and its displacement ductility capacity 
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μΔ2max should not be exceeded, the system displacement ductility demand 

should be limited to: 

    
   

  
         

   

  
                                                                                              (4.1) 

where 

  : the system yield displacement (for torsionally unrestrained systems), 

relevant to CM 

                                                                                                                       (4.2) 

with the introduction of  a geometric system parameter: 

  
    

    
 

    

    
                                                                                                                (4.3) 

Expression (4.1) simplifies to:   

     
        

   
                                                                                                                 (4.4a) 

 

Figure 4.1 Arrangement of lateral forces resisting elements in a torsionally 

unrestrained system [1] 

When it is found that element (1) is about to yield and its displacement 

ductility capacity should not be exceeded, the system displacement 

ductility should be limited to: 

     
        

   
                                                                                                                 (4.4b) 

Finally, in the design of such a system, the system ductility demand 

should be limited to the lesser of the two values (4.4a and b). 
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Limited torsional restrained systems are the systems, whose 

elements exhibit post-yield stiffness, kpi=ζki (ζ:post-yield stiffness 

coefficient), i e  for typical reinforced concrete elements ζ 0.06. In this 

case, the nominal strength of one element is in excess of that assigned to 

it, for example the element (1), Vn1=λ1V1 where λ1     . An upper limit is 

established, which reassures the development of post-yield deformation of 

element (1). Beyond this value and for a given post-yield stiffness of 

element (2), element (1) cannot yield. This limit is expressed by the 

equation: 

                                                                                                              (4.5) 

It has been proved [1] that in the case of limited torsional restraint the 

system ductility demand should be restricted to: 

          
    

      
                                                                                                  (4.6) 

Torsionally restrained systems can resist earthquake-induced torque 

up to their ultimate limit state with transverse elements remaining within 

the elastic range, which also control the system twist, while translatory 

elements are subjected to inelastic displacements of different magnitudes. 

The center of resistance of these inelastic translator elements, CV, can be 

found by strength eccentricity. Torsionally restrained mechanisms 

subjected to inelastic skew displacements must be expected to degenerate 

into torsionally ones. 

 

Figure 4.2 Arrangement of lateral forces resisting elements in a torsionally 

unrestrained system [1] 
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 Strength eccentricity is the distance between CM and CV defined by 

the equation: 

 
   

∑     
∑   

                                                                                                                            (4.7) 

Where    is the distance of the element of CM 

When one or more of the elements do not respond to their nominal 

strength, then the reduced one must be used in equation (4.7). This case 

is usually encountered in torsionally unrestrained systems or in restrained 

systems, when the transverse elements, providing torsional resistance, 

yield before all translator elements develop their nominal strength. 

The wise assignment of the nominal strength of translatory elements 

would lead the system to the optimum response, provided that ∑      . 

The location of CV is of crucial importance, since during a damaging 

earthquake some of the lateral force resisting elements yield and stiffness 

eccentricity is inappropriate to represent the asymmetry of the structure. 

In this case, the structure is subjected for portions of time in the elastic 

state and for others in the plastic state. It has been proved that the 

produced rotations in the different states cancel one another when 

stiffness and strength eccentricity have opposite signs, which means that 

the location of the centre of rigidity and the centre of strength are on the 

opposite sides of the centre of mass. [2]  

5.2 Inelastic seismic behavior of asymmetric in 

plan buildings 
 

In order to understand the seismic inelastic behavior of asymmetric-plan 

buildings, the base shear and torque historeys are superimposed to the 

base shear and torque surface (BST) of the building. The main advantage 

of the BST surface is that in cooperation with the base shear and torque 

historeys it offers a conceptual evaluation before the dynamic analysis. 

Subsequently, the construction of the base-shear and torque surface is 
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described, as well as, the parameters that affect its shape and its 

properties. 

Single storey buildings consisting of a rigid diaphragm, where all the 

storey mass is lumped, are analyzed. The ith resisting plane in the x-

direction has stiffness kxi, lateral strength fxi and is located at distance yi 

from the center of mass (CM) of the building. Similarly, for the jth 

resisting plane in the y-direction kyj, fyj and xj, respectively (Figure 4.3).  

 

Figure 4.3 Typical plan of buildings considered (asymmetric-plan buildings) [3] 

The equation of motion that describes the dynamic response of the 

system to base accelerations agx(t) and agy(t) in the x- and y-directions, 

is: 

   ̈     ̇    (   ̇)                                                                                        (4.8) 

where:   {

  

  

  

} 

 ̈, ̇: the accelerations and velocities of the diaphragm 

 ̈, ̇: the vectors containing the deformation and deformation rates of the 

different resisting elements, which are computed from the displacements 

  and velocities  ̇  as       and  ̇    ̇, where L is the displacement-

deformation transformation matrix; M and C are the mass and damping 

matrices; R(   ̇  is the vector of restoring forces in the system 
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r: a 3×2 matrix with its two columns    {
 
 
 
} and    {

 
 
 
} , the influence 

vector for excitations        and       , respectively 

      {
      

      
}     

The base shear and torque surface (BST) and base shear and torque 

historeys are presented in a space spanned by the base shears Vx and Vy 

in the x- and y-directions, respectively, and base torque T. 

The BST surface consists of all combinations of base shear and torque that 

applied statically leading to the collapse of the system. The force space is 

divided by the BST surface in two regions, the interior and the exterior. 

The interior consists of points which represent base shear and torque 

combinations causing elastic behavior of the structure. The exterior 

contains statically inadmissible base shear and torque combinations. The 

BST surface is the limit between the two regions where the inelastic 

behavior of the system is developed. 

The BST surface below is computed for a symmetric single-storey system 

(Figure 4.4). 

 



 

 89 

 

Figure 4.4 Example for the construction of a BST ultimate surface [3] 

Next, the procedure of computing the first quadrant is carried out; the 

other three quadrants are symmetric. 

Point P1 represents a purely translational mechanism of the plan (Figure 

4.5a,b)  – simultaneous yielding all resisting planes in the y-direction, 

Vy=3f and T=0. Branch P1-B represents mechanisms involving rotation of 

the plan (Figure 4.5c,d) – the plan rotation increases linearly always 

leaving the deformation of resisting plane 1 equal to uy, Vy=3f and T=fa. 

Branch B-C represents mechanisms always leaving the resisting plane 1 in 

the elastic range (Figure 4.5e,f) – point C, Vy=f and T= f(a+b). Branch C-

P2 represents mechanisms always leaving the resisting plane 2 in the 

elastic range (Figure 4.5g) - rotation is fixed at its maximum value and 

the base shear in the y-direction is decreasing. Point P2 represents a 

purely torsional mechanism (Figure 4.5h) - Vy=0 and T=f(a+b). 
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Figure 4.5 Construction of the BST surface in the first quadrant [3] 

5.2.1 Properties of the BST surface 

The BST surface is convex and it is composed of linear branches [3]. 

The slope of a tangent to the BST surface tells the position of the element 

in the building plan that remains elastic during the mechanism (or branch) 

considered. Besides, this slope also defines the center of plastic rotation of 

the building [3]. 

The BST ultimate surface has as many branches with a finite slope as 

twice the number of resisting planes in the structure in the direction of the 

ground motion. Starting in a counter-clockwise sense from the branch of 
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constant base shear in the first quadrant, the first branch is associated 

with mechanisms that leave the leftmost resisting plane in the elastic 

range, the second branch the second farthest plane to the plane, and so 

forth until we reach the rightmost resisting plane [3]. 

The BST surface is point-symmetric with respect to the origin if the 

element yield displacements are the same under load reversals [3]. 

The BST surface of the system contracts along the torque axis as the base 

shear in the x-direction Vx increases from zero to its maximum value Vxo 

[3]. All these properties are proved in Reference [4]. 

5.2.2  Parameters affecting the BST surface 

The inelastic behavior of a building is described by the shape of the BST 

surface. As a result, the parameters that affect the shape of the BST 

surface affect the inelastic behavior of the building. These parameters are: 

The strength of the resisting planes in the x- and y-directions. An isotropic 

change of the resisting planes‘ strength causes proportional change 

(dilation or contraction) of the surface (Figure 4.6b). 

The strength of the resisting planes in the orthogonal direction. An 

increase of the strength of the resisting planes causes an increase of the 

torsional capacity of the system and of the length of the constant base 

shear branches of the BST surface (Figure 4.6c). 

Asymmetry in stiffness. The BST surface is independent of the stiffness 

eccentricity. 

Asymmetry in strength. The skewness and stretching of the BST surface 

are affected by strength asymmetry. The inelastic behavior of a building 

developed along the long branches implies that the strongest resisting 

plane remains elastic while the others yield significantly (Figure 4.6d).  

Planwise distribution of strength.  

Number of resisting planes. According to the properties of the BST 

surface, the number of branches with a finite slope are more since we 
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have more resisting elements. As a result the BST surface looks rounder 

in comparison with the reference system (Figure 4.6f). 

 

 



 

 93 

 

          

 

Figure 4.6 Effect of different parameters on the shape of the BST surface [3] 

5.3 A simplified model for analysis and design 
 

The difficulties of defining the earthquake response of asymmetric 

buildings, such as analysis cost, computational effort and the inefficiency 

of current analyses methods to design any ground motion characteristics, 

led engineers to search for other methods. The new methods should 

overcome all the obstacles mentioned above and should also offer 
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accurate results through a simpler analysis procedure. A new simplified 

analysis method proposed by Llera and Chopra [5] is based on one 

structural super-element (SE) per building storey, which sufficiently 

represents the elastic and inelastic properties of the storey. 

In order to give results, the systems considered in the investigation above 

[5] are single and multi-storey buildings consisting of rigid diaphragms, 

flexurally and axially, where all the storey masses are lumped; lateral 

resistance is provided by resisting planes in the x- and y-directions 

[Figure 4.7(a)] composed of elasto-plastic resisting elements. The 

systems are symmetric in stiffness and strength about the x-axis. 

Next the equation of motion of the system is given in order to assess the 

dynamic response of it to base acceleration    (t) in the y-direction: 

M ̈          ̇̇          (t)                                                                            (4.9) 

where   {

  

  

  

} 

  : the vector of displacements   
   

 of the jth floor CM along the x-

direction 

  : the vector of displacements   
   

 of the jth floor CM along the y-

direction 

  : the vector of rotations   
   

 of the jth rigid floor diaphragm about a 

vertical axis through the CM [Figure 4.6(a)] 

M: the mass matrix given by 

M=[

   
   
    

] 

where m and Ip are diagonal matrices containing the masses and polar 

moments of inertia for each building storey 

C: the linear viscous damping matrix 

     ̇ : the vector of restoring forces in the system 
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  {
 
 
 
} : the influence vector for the ground acceleration    (t) 

     The equation of motion (4.9) above will be integrated numerically 

using the partitioned predictor-corrector scheme developed in Reference 

[6]. 

 

 

Figure 4.7 Buildings considered and the SE model [5] 

The SE model of a building consists of a single fictitious structural element 

per storey. This element has three degrees of freedom per node (Figure 

4.7b), the two translations and the rotation of floors are connected by the 

element, and is appropriate for representing the elastic and inelastic 

properties of the storey.   

Subsequently, the elastic and inelastic properties of the SE model are 

presented. 

5.3.1 Elastic properties of the SE model 

On the elastic occasion, the SE model has the same stiffness matrix as the 

storey considered: 

    *
   
   

+                                                                                                          (4.10) 
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where        [

    
      

      

]  

             : are scalar quantities for the storey considered 

A possible obstacle, as far as KSE is concerned, may appear when the 

center of mass of the different storeys do not lie on the same vertical line 

(Figure 4.7). In order to overcome this problem, a linear transformation 

   between the degrees of freedom      at the CM of the first floor and the 

degrees of freedom     ‘ at the bottom of the second storey SE, is used: 

{

  
    

  
    

  
    

} = [
   
    

   
]{

  
   

  
   

  
   

} =[  ] {

  
   

  
   

  
   

}                                                             (4.11) 

The stiffness matrix of the second-storey SE with respect to the degrees 

of freedom at the CM of floors 1 and 2 can be expressed as: 

    [
     

   
    

    
]                                                                                               (4.12) 
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Figure 4.8 SE model for a building with non-aligned centers of mass [5] 

5.3.2 Inelastic properties of the SE model 

In order to match the inelastic properties of the storey and the SE model, 

the storey shear and torque (SST) ultimate surface is used. The SST 

surface consists of all combinations of storey shears and torque that 

applied statically and would lead to the collapse of the storey. 

The exact model of a section of the SST (Figure 4.9-solid line) surface is 

presented below, for a storey with three resisting planes along the y-axis 

(the direction of asymmetry and of ground motion) and two resisting 

planes in the orthogonal direction, with constant storey shear Vx. Later on 

this model will prove to predict accurately the response of systems 

regardless of the number of resisting planes they consist of. The seven 

parameters that affect the shape of the SST surface will also be 

investigated. 

The following expressions define the coordinates (xj, yj) of the vertices of 

this surface: 

      ,                                              ̂  

          ,                             ̂ 

          ,                            ̂ 

       ,                                            ̂                                               (4.13) 

      ,                                

      ,                                

      ,                                

      ,                                

where: 

  ̂  
  

   
 : the normalized storey shear in the x-direction;     ∑   

    
   : the 

lateral capacity of the storey in the x-direction;   
   

 : the capacity of the 
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ith resisting plane  in the x-direction; and M: the number of resisting 

planes in the x-direction 

    ∑   
    

   : the lateral capacity of the storey in the y-direction;   
   

 : the 

capacity of the ith resisting plane  in the y-direction; and N: the number 

of resisting planes in the y-direction 

   : the capacity of resisting planes in the y-direction passing through the 

CM of the system; in practical terms, it will represent the capacity of all 

resisting planes ‗close‘ to the CM 

   ∑ |  
   

    |  ∑ |  
   

    | 
   

 
   : the torsional capacity of the system 

    ∑   
   

     
   : the torque provided by the resisting planes in the 

orthogonal direction 

   
∑   

   
     

   

   
 : the strength eccentricity, or the first moment of strength 

    i≠2

∑   
   

     
   

|    |
 : ‘strength unbalance‘ in the storey 
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Figure 4.9 Parametric representation of the SST surface [5] 

Subsequently, the seven parameters that control the shape of the SST 

surface are analyzed: 

The normalized storey shear   ̂  varies from 0 (    ) to 1 (      ) and is 

responsible for the variation of the SST surface along the Vx shear axis. 

This variation arises due to a lesser contribution to the torsional capacity 

of the system (because of the x-direction component of ground motion). 

In this case, the planes must be subjected to translation along this 

direction, which lead to a decrease in force-couple, consequently in torque 

resistance. 
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The lateral capacity     represents the maximum shear of a purely 

translational mechanism of the storey and the limits of abscissas of the 

SST surface. 

The capacity     represents the capacity of the resisting planes passing 

through the CM. This capacity controls the length of the constant torque 

branches of the SST surface. These branches correspond to predominantly 

torsional mechanisms. This parameter should also contain the capacity of 

resisting planes ‗close‘ to the CM. 

The torsional capacity To represents the torque of a purely torsional 

mechanism of the storey and establishes the limits of the ordinates of the 

SST surface. Large values of To means that there are strong resisting 

planes along the edges while small values of To means that there are 

central cores on the plane. 

The torsional capacity    of the resisting planes in the orthogonal direction 

affects the length of the constant base shear branches of the SST surface, 

which represent predominantly translational mechanisms. 

The strength eccentricity    is equal to the slope of the ray connecting the 

centre of the surface and the middle point of the constant base shear 

branch 1-8 (Figure 4.4). The value of    controls the skewness and width 

of the SST surface (i.e. large values of strength eccentricity lead to 

skewed and narrow surfaces). 

The ‗strength unbalance‘       affects the abscissa of the central point of 

the constant torque branch of the SST surface at positive torque (Figure 

4.8). This parameter also controls the skewness of the surface and is 

equal to zero when the lateral capacities of the resisting planes on both 

sides of the CM are identical. Its physical meaning is that it represents the 

storey shear of the system for a purely torsional mechanism about a 

vertical axis passing through the central resisting plane. 

The SST surface leads to two significant conclusions: 

The SST surfaces for the exact and the SE models for two three-plane 

single-storey systems are identical (Figure 4.10). 
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The constant torque branches 2-3 and 6-7 of the SST surface means that 

the system has one (or several) central resisting planes passing through 

or ‗close‘ to the CM  The SST surface of a storey with an eccentric central 

resisting plane located at distance    is the one with dashed lines (Figure 

4.10). The abscissas of the vertices for the two SST surfaces are the 

same, while the ordinates varie. The ordinates of vertices 1, 2, 7 and 8 

need to add the torque      , whereas the ordinates of the vertices 3, 4, 5 

and 6 need to subtract the torque        

The co-ordinates of the vertices 1, 4, 5 and 8 are defined still from 

equation (4.12), but the strength eccentricity is the one of the new 

system. 

The ordinates from the vertices 2, 3, 6 and 7 are given from the following 

expressions: 

            ̂         

            ̂                                                                    (4.14)          

        

        

It is important to notice that the eccentric central plane causes an 

inclination of the segment 2-3 (6-7) in a slope equal to   . 
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Figure 4.10 Comparison between the actual and theoretical SST surface in a 

symmetric and an asymmetric structure [5] 

Finally, the accuracy of the SE model is questioned. After experiments 

upon several asymmetric plan buildings [6], the following conclusions 

were derived: 

The SE model can lead to safe conceptual evaluation. 

The error of the SE is less than 20 percent - in terms of differences in 

peak deformations. Especially, for systems with stiffness and strength 

asymmetries in the same direction, the error in peak is even smaller 

(below 10 percent). 

Because of the inaccuracy of the prediction of the plan rotation, errors 

arise, since this model can not describe the inelastic behavior of the 

system in the transition between its elastic and completely plastic states. 
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6 Reaching the best possible 

design with optimization tools 

 

 
Engineers‘ objective is to design resistant structures, which satisfy all the 

constraints (defined by codes) and also acquire specific attributes (low 

cost, low weight, small displacements just to name a few). This can be 

accomplished by the optimization process through a trial and error 

procedure, which is a computationally intensive task. Thanks to 

developments in Computational Mechanics the solution of this problem is 

feasible using evolutionary algorithms. Inspired by the Darwinian 

evolution, this procedure is an imitation of it. 

The best known evolutionary algorithms include Genetic Algorithms (Gas) 

[1], Evolutionary Programming (EP) [2], Genetic Programming (GP) [3] 

and Evolution Strategies (ESs) [4,5]. 

 

6.1 Formulation of the optimization problem for 

torsionally balanced systems 
Structural optimization problems are characterized by various objective 

and constraint functions that are generally non-linear functions of design 

variables. These functions are usually implicit, discontinuous and non-

convex. The mathematical formulation of structural optimization problems 

with respect to the design variables, the objective and the constraint 

functions depends on the type of application. However, most optimization 

problems can be expressed in standard mathematical terms as a non-

linear programming problem. A discrete structural optimization problem 

can be formulated in the following form: 
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j

d

i

min              F( )

subject to     g ( ) 0   j=1,...,m

                    s R ,    i=1,...,n





s

s                                                                                                (5.1) 

where F(s) and gj(s) denote the objective and constraints functions 

respectively, Rd is a given set of discrete values, while the design 

variables si (i=1,...,n) can take values only from this set.  

There are three main classes of structural optimization problems 

depending on the type of design variables employed: (i) sizing, (ii) shape 

and (iii) topology. In sizing optimization problems the aim is usually to 

minimize the weight of the structure under certain behavioral constraints 

on stresses and displacements. The design variables are most frequently 

chosen to be dimensions of the cross-sectional areas of the structure‘s 

members. In structural shape optimization problems the aim is to improve 

the performance of the structure by modifying its shape. The design 

variables are either some of the coordinates of the key points in the 

boundary of the structure or some other parameters that influence the 

shape of the structure. Structural topology optimization assists the 

designer to define the type of structure, which is best suited to satisfy the 

operating conditions for the problem at hand. In the current study the 

task of topology optimization is to define the position of the columns and 

the shear walls in each storey layout, while the task of sizing optimization 

is related to the size of the cross sections of the columns and the shear 

walls. 

6.1.1 Definitions 

There are some definitions that have to be given in order to facilitate the 

description of the problem and its handling of the optimization algorithm 

in the present study.  

Torsionally balanced: A structural system is defined as torsionally 

balanced when, in any storey of the structure, the mass center coincides 

or almost coincides with the rigidity center. 

For every column and shear wall, two architectural constraints are 

defined: 
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Architectural constraint 1: The first architectural constraint (AC-1) is 

related to the boundaries of the plan where a column or shear wall could 

be located. It is implemented as a rectangle with dimensions AC-1x × AC-

1y. A design is considered as feasible, with respect to the AC-1 constraint, 

when the cross section of the columns and shear walls are contained in 

the corresponding rectangles. In Figures 5.1a and 5.1b two AC-1 

rectangles are shown for a typical plan view of a concrete building. 

Architectural constraint 2: The second architectural constraint (AC-2) is 

related to the topological position of the beams in conjunction with their 

supporting columns and/or shear walls. This constraint is implemented as 

a point located within the rectangle AC-1. The AC-2 is essential in 

assisting the optimization procedure to reach layouts where the beams 

and their cross points are supported by columns or shear walls. In any 

feasible design the AC-2 point should correspond to a joint of horizontal 

(beam) and vertical (column/shear wall) elements. In Figures 5.1a and 

5.1b the AC-2 points are shown. 

Column type: Two types of columns/shear walls are considered. Type I is 

defined as the column/shear wall where the AC-2 point corresponds to 

one of the corners of the rectangle AC-1 (see Figure 5.1a, the AC-2 point 

coincides with one of the corners of the AC-1 rectangle labeled as F); Type 

II is defined as the column/shear wall where the AC-2 point is located 

inside the rectangle AC-1 (see Figure 5.1b, the AC-2 point is located 

inside the AC-1 rectangle). 
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Figure 5.1a  Sample column Type I with its architectural constraints AC-1 and 

AC-2. 

 

Figure 5.1b Sample column Type II with its architectural constraints AC-1 and 

AC-2. 

 

6.1.2 Combined topology and sizing optimization  

In the column/shear wall topology-sizing optimization problem for each 

storey pursued in this study, the basic goal is to formulate an optimization 

procedure that could lead to designs with improved earthquake 

resistance. The objective is to create torsionally balanced designs by 

minimizing the mass eccentricity eMC-RC between the mass center and 

the rigidity center of each storey subject to the behavioral constraints 

imposed by the design codes as well as to the architectural constraints. 

The design variables are divided in two categories: (i) topology design 

variables corresponding to the topology or layout of the columns and 

shear walls of the building and (ii) sizing design variables corresponding to 

the dimensions of the cross sections. The mathematical formulation of the 

problem can be stated as follows: 

i i 2 i i 2

MC-RC MC RC MC RC storeys

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j

min              e (x x ) (y y ) ,  i=1,2,...,n

subject to     g ( ) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    

s h s ,  j=1,2,.

   



 

 

s

columns

(architectural)
..,n





                                    (5.2)                 
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where 
i i i i

MC MC RC RC(x ,y ), (x ,y )  are the coordinates of the of the Mass Center 

(MC) and the Rigidity Center (RC), respectively, in the i-th group of 

storeys having the same layout in the plan. nstoreys is the total number of 

groups of storeys in the structure, gk(s) are the behavioral constraints 

imposed by the design codes, i

jr  is the distance of the individual element 

center of the j-th column/shear wall in the i-th group of storeys from its 

corresponding AC-2 point (see Figure 1b where for simplicity reasons the 

superscript i and subscript j are omitted). i i

lb,j ub,jt , t  are the lower and upper 

bounds of the topology design variables imposed by the architectural 

constraints. i

jh  is the largest edge of the j-th column/shear wall in the i-th 

group of storeys, corresponding to the sizing design variables (see Figure 

1a where for simplicity reasons the superscript i and subscript j are 

omitted). i i

lb,j ub,js ,s  are the lower and upper bounds of the sizing design 

variables imposed by the architectural constraints. As it will be seen in the 

following subsection of the problem‘s description there is a relation 

between the two kinds of design variables, topology and sizing, as well as 

their bounds. 

6.1.3 Type of design variables 

In this study the columns/shear walls are of rectangular shape with 

dimensions hb, where h  b. In our implementation the smallest column 

that is permitted to be allocated is 2530 cm2. In our formulation the 

sizing design variables of the columns and shear walls depend on the 

topology design variables which are defined first. This way, we solved the 

coupled topology – sizing problem that is a very difficult problem in 

structural optimization of buildings because of its complexity. 

6.1.3.1 Topology design variables 

As mentioned above the columns are divided in two categories. For Type I 

column/shear walls if AC-1x > AC-1y the final position of the individual 

element center of the column/shear wall will be allocated along the AC-1x 

rectangular edge, otherwise it will be allocated along the AC-1y edge. In 

the case of a square architectural constraint with AC-1x = AC-1y, the 

selection of the edge is random. For Type I column/shear walls the lower 
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bound of the topology design variable depends on the indicative minimum 

column size: 

i min
lb,j

h
t

2
                                                                                                                             (5.3)  

where hmin is the minimum column size, which is equal to 30 cm, as 

mentioned above. The upper bound is equal to half the size of the 

corresponding architectural constraint edge (AC-1x or AC-1y): 

i 2 2

ub,j S F S F

1
t (x x ) (y y )

2
                                                                                          (5.4) 

In Figure 1a the largest edge of the AC-1 architectural constraint is AC-1y 

which will be selected as the edge to which the individual element center 

of the column/shear wall will be allocated. Furthermore, S (xS, yS) is the 

starting point and  F (xF, yF) is the finishing point of the AC-1y edge, while 

the AC-2 point coincides with the finishing point F. 

In Type II column/shear walls the edge of the AC-1 architectural 

rectangle, where the individual element center of the column will be 

allocated, has either been selected beforehand or it will be selected by the 

smallest distance of the projection of the AC-2 point to the four edges of 

the AC-1 rectangle. In Figure 5.1b the four projections points PPi, i=1,…,4 

are shown. It can be seen that the distance between the points AC-2 and 

PP1 is the smallest one, so the edge AC-1x of the corresponding 

architectural constraint is selected for the allocation of the individual 

element center of the column/shear wall and the PP1 projection point is 

renamed to AC-2. S (xS,yS) is the starting point and F (xF,yF) is the 

finishing point of this edge.  The allocation of the mass center of the 

column/shear wall is either on the left or on the right side of the renamed 

projection point PP1. Irrespectively of the side to which the individual 

element center will be allocated, the lower bound is defined to be equal to 

zero: 

i

lb,jt 0                                                                                                                                  (5.5) 
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The definition of the upper bound depends on which side of the projected 

AC-2 point the column mass center will be allocated. 

i

ub,j

i

ub,j

a
t =  (if on the left side)

2

b
t =  (if on the right side)

2

                                                                                             (5.6)                                                                                                                                                                                                                                    

where a is the distance of the new position of the AC-2 point from point S 

and b is the distance of the new position of the AC-2 point from point F 

(see Figure 5.1b). 

6.1.3.2 Sizing design variables 

As mentioned above topology design variables are defined first, followed 

by the sizing design variables, which are related to the topology design 

variables. In the case of Type I columns/shear walls there is a direct 

relation between the topology and sizing design variables for each 

column/shear wall. This sizing design variable is defined as inactive. 

i i

j jh 2r                                                                                                                                 (5.7)  

In the case of Type II column/shear walls there is an indirect relation 

between the two types of design variables defined by: 

i i

lb,j j

i

ub,j

s =2r

s =2min(a ,b ) 
                                                                                                                  (5.8) 

where a‘ and b‘ refer to the distance of the individual element center of 

the column/shear wall from points S and F, respectively, as it can be seen 

in Figure 5.1b. This sizing design variable is defined as active. In the case 

of Type II column/shear walls the sizing design variable is active, since 

their dimensions have to be defined by the optimizer and not by the 

topology design variables as in the case of Type I. The bounds of the size 

of the column/shear walls are dependent on the topological design 

variable i

jr .  
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6.2 Optimization Procedures 
Computer algorithms based on the process of natural evolution have been 

found capable to produce very powerful and robust search mechanisms 

although the similarity between these algorithms and the natural 

evolution is based on a crude imitation of biological reality. The resulting 

Evolutionary Algorithms (EA) are based on a population of individuals, 

each of which represent a search point in the space of potential solutions 

of a given problem. These algorithms adopt a selection process based on 

the fitness of the individuals and some recombination operators. The best 

known EA in this class include evolutionary programming (EP) [6], Genetic 

Algorithms (GA) [7,8] and Evolution Strategies (ES) [9,10]. The first 

attempt to use evolutionary algorithms took place in the sixties by a team 

of biologists [11] and was focused on building a computer program that 

would simulate the process of evolution in nature. 

Both GA and ES imitate the biological evolution in nature and have three 

characteristics that differ from other conventional optimization algorithms: 

(i) In place of the usual deterministic operators, they use randomized 

operators: mutation, selection and recombination. (ii) Instead of a single 

design point, they work simultaneously with a population of design points 

in the space of design variables. (iii) They can handle - with minor 

modifications continuous, discrete or mixed optimization problems. The 

second characteristic allows for a natural implementation of GA and ES on 

a parallel computing environment [12,13,14]. 

In structural optimization problems, where the objective function and the 

constraints are highly non-linear functions of the design variables, the 

computational effort spent in gradient calculations required by the 

mathematical programming algorithms is usually large. In two recent 

studies by Papadrakakis et al. [15,16] it was found that probabilistic 

search algorithms are computationally efficient even if a greater number 

of analyses are needed to reach the optimum. These analyses are 

computationally less expensive than in the case of mathematical 

programming algorithms since they do not require gradient information. 

Furthermore, probabilistic methodologies were found to be more robust in 
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finding the global optimum due to their random search. Whereas 

mathematical programming algorithms may be trapped in local optima.  

6.3 Solution of the structural optimization problem 

6.3.1 Evοlutionary optimization algorithms  

ES were proposed for parameter optimization problems in the seventies 

by Rechenberg [90] and Schwefel [96]. Some differences between GA and 

ES stem from the numerical representation of the design variables used 

by these two algorithms. The basic GA operate on fixed-sized bit strings 

which are mapped to the values of the design variables, while ES work on 

real-valued vectors. Another difference can be found in the use of the 

genetic operators. Although, both GA and ES use the mutation and 

recombination (crossover) operators, the role of these genetic operators is 

different. In GA mutation only serves to recover lost alleles, while in ES 

mutation implements some kind of hill-climbing search procedure with 

self-adapting step sizes ζ (or γ)  In both algorithms recombination serves 

to enlarge the diversity of the population, and thus the covered search 

space. There is also a difference in treating constrained optimization 

problems where in the case of ES the death penalty method is always 

used, while in the case of GA only the augmented Lagrangian method can 

guarantee the convergence to a feasible solution. The ES, however, 

achieve a high rate of convergence than the GA due to their self-

adaptation search mechanism and are considered more efficient for 

solving real world problems [61]. The ES were initially applied for 

continuous optimization problems, but recently they have also been 

implemented in discrete and mixed optimization problems [106,107]. The 

ES algorithms used in the present study are based on the work of Thierauf 

and Cai who applied the ES methodologies in sizing structural optimization 

problems having discrete and/or continuous design variables [85,86]. In 

the following paragraphs different versions of ES algorithms are discussed 

and compared in some test examples. 
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6.3.2 Genetic Algorithms (GA) 

GA are probably the best-known evolutionary algorithms, receiving 

substantial attention in recent years. The GA model used in this study and 

in many other structural design applications refers to a model introduced 

and studied by Holland and co-workers [1]. In general the term genetic 

algorithm refers to any population-based model that uses various 

operators (selection-crossover-mutation) to evolve. In the basic genetic 

algorithm each member of this population will be a binary or a real valued 

string, which is sometimes referred to as a genotype or, alternatively, as a 

chromosome. 

Different versions of GA have appeared in literature in the last decade 

dealing with methods for handling the constraints or techniques to reduce 

the size of the design vectors‘ population. In this section basic genetic 

algorithms are considered along with some of the most frequently used 

versions of GA. 

6.3.2.1 The Basic Genetic Algorithms 

The three main steps of the basic GA 

Step 0 Initialization 

The first step in implementing any genetic algorithm is to generate an 

initial population. In most cases the initial population is generated 

randomly. After creating an initial population, each member of the 

population is evaluated by computing its fitness function. 

Step 1 Selection 

A selection operator is applied to the current population in order to create 

an intermediate one. In the first generation the initial population is 

considered as the intermediate one, while in the next generations this 

population is created by the application of the selection operator. 

Step 2 Generation 

In order to create the next generation crossover and mutation operators 

are applied to the intermediate population in order to create the next 
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population. Crossover is a reproduction operator, which forms a new 

chromosome by combining parts of each of the two parental 

chromosomes. Mutation is a reproduction operator that forms a new 

chromosome by making (usually small) alterations to the values of genes 

in a copy of a single parent chromosome. The process of moving from the 

current population to the next population constitutes one generation in 

the evolution process of a genetic algorithm. If the termination criteria are 

satisfied then the procedure stops. Otherwise it returns to step 1. 

Encoding 

The first step before the activation of any operator is to encode the design 

variables of the optimization problem into a string of binary digits (l‘s and 

0‘s) called a chromosome  If there are n design variables in an 

optimization problem and each design variable is encoded as a L-digit 

binary sequence, then a chromosome is a string of nL binary digits. In 

the case of discrete design variables each discrete value is assigned to a 

binary string, while in the case of continuous design variables the design 

space is divided into a number of intervals (to the power of 2). The 

number of intervals L+1 depends on the tolerance given by the designer. 

If s[s, su] is the decoded value of the binary string   01LL bbb   then 




 





L

0i

i

iL

u

01LL )10b(
12

ss
s)bbb(DEs


  

  (5.9) 

where DE(.) is the function that performs the decoding procedure. In 

order to code a real valued number into the binary form the reverse 

procedure is followed. 

Evaluation of fitness function 

Apart from the objective function, the so-called fitness function is also 

used by a genetic algorithm. The evaluation of a string refers to the 

evaluation of that string‘s objective function value and it is independent of 

the evaluation of any other string. The fitness of that string, however, is 

always defined with respect to other members of the current population. 

The fitness is used to determine the selection probability of the 
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chromosome that will become the parent chromosome for the generation 

of the new chromosomes. In the basic genetic algorithm, fitness is defined 

by: FFi   where iF  is the penalized objective function associated with 

string i. F  is the average penalized objective function value of all the 

strings in the population. Fitness can also be assigned based on a string‘s 

rank in the population [30] or by sampling methods, such as tournament 

selection [51]. 

Selection 

There are a number of ways to perform the selection. According to the 

Tournament Selection scheme each member of the intermediate 

population is selected to be the best member from a randomly selected 

group of members belonging to the current population. According to the 

Roulette Wheel selection scheme, the population is laid out in random 

order as in a pie graph, where each individual is assigned a place on the 

pie graph in proportion to its fitness. Next an outer roulette wheel is 

placed around the pie graph with N equally spaced pointers, where N is 

the size of the population. A single spin of the roulette wheel will now 

simultaneously pick all N members of the intermediate population. 

Crossover 

Crossover is a reproduction operator, which forms a new chromosome by 

combining parts of both ‗parent‘ chromosomes  The simplest form is called 

the single-point crossover, in which an arbitrary point in the chromosome 

is selected. According to this operator, two 'offspring' chromosomes are 

generated, the first one is generated by copying all the information from 

the start of the parent A to the crossover point and all the information 

from the crossover point to the end of parent B. The second 'offspring' 

chromosome is generated by the reverse procedure. Variations exist 

which use more than one crossover point, or combine information from 

parents in other ways. 

Mutation 
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Mutation is a reproduction operator, which forms a new chromosome by 

making (usually small) alterations to the values of the genes in a copy of 

a single parent chromosome. 

6.3.2.2 Micro Genetic Algorithms (μGA) 

The micro genetic algorithm was introduced by Krishnakumar [67] and 

applied to simple mathematical test functions and to the wind shear 

optimal guidance problem. The main objective of this scheme is to reduce 

the size of the population compared to the basic one. This corresponds, in 

the case of structural optimization problems discretized with finite 

elements, to less finite element analyses per generation. It is a known fact 

that GA generally exhibit poor performance with a small population size 

due to insufficient information processed and premature convergence to 

non-optimal results. A solution to this problem, suggested by Goldberg 

[53], could be to restart the evolution process in case of nominal 

convergence with a new initial population, which will include the best 

solution already achieved. Based on this suggestion Krishnakumar 

proposed the μGA which can be described by the following steps: 

Step 0 Initialization 

The first step generates a population of size 5 either randomly or by 

generating 4 strings randomly and by selecting 1 good string from any 

previous search, or according to the experience of the designer. 

Step 1 Fitness evaluation 

In this step the fitness of each individual is evaluated and the best string 

is determined. The best string is labeled as string 5 and it is carried to the 

next generation (elitist strategy). This way there is a guarantee that the 

information about good strings is not lost. 

Step 2 Generation 

According to the previous step the best individual of the current 

generation is carried out to the next one. The remaining four members of 

the next generation are chosen according to the tournament selection 
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operator. After the selection operator is terminated the crossover operator 

is applied. 

Step 3 Convergence check 

If the termination criteria is satisfied the process ends. Otherwise check 

for nominal convergence which is measured by bit wise convergence in 

case of binary coding or by comparing the design variables in case of real 

valued strings. If it converges go to step 0, else return to step 1. 

A modified version of μGA is tested in this study, where only feasible 

designs are accepted for the evolution process. This version, which 

resembles the death penalty treatment of the constraints adopted by ES, 

is abbreviated to mμGA. 

6.3.2.3 Methods for handling the constraints 

Although genetic algorithms are initially developed to solve unconstrained 

optimization problems during the last decade several methods have been 

proposed for handling constrained optimization problems as well. The 

methods based on the use of penalty functions are employed in the 

majority of cases for treating constraint optimization problems with GA. In 

this study methods belonging to this category have been implemented 

and will be briefly described in the following paragraphs. 

Method of static penalties 

In this simple method the objective function is modified as follows 












otherwise         ),s(violp)s(F

 sfi                             ),s(F
)s(F

)n()n(

)n( F
 

  

(5.10) 

where p is the static penalty parameter, viol(n)(s) is the sum of the 

violated constraints 





m

1j
j )s(f)s(viol  (5.11) 

and F(n)(s) is the objective function to be minimized, both normalized in 

[0,1], while F is the feasible region of the design space. 
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The sum of the violated constraints is normalized before it is used to 

calculate the modified objective function. The main advantage of this 

method is its simplicity. However, there is no guidance on how to choose 

the single penalty parameter p. If it is chosen too small the search will 

converge to an infeasible solution and if it is chosen too large a feasible 

solution may be located but it would be far from the global optimum. A 

large penalty parameter will force the search procedure to work away 

from the boundary, where the global optimum is usually located, that 

divides the feasible region from the infeasible one. 

Method of dynamic penalties 

The method of dynamic penalties was proposed by Joines and Houck [43] 

and applied to mathematical test functions. As opposed to the previous 

method, the penalty parameter does not remain constant during the 

optimization process. Individuals are evaluated (at generation g) by the 

following formula 

)s(violg)(c(s)F(s)F )n()n(   (5.12) 

with  





m

1j

β

j )s(f)s(viol  (5.13) 

where c, α and β are constants. A reasonable choice for these parameters 

was proposed as follows: c = 0.52.0, α = β =1 or 2. However, for a high 

generation number the (cg)α component of the penalty term takes on 

extremely large values which makes even the slightly violated designs not 

to be selected in subsequent generations. Thus, the system has little 

chances to escape from local optima. In most experiments reported by 

Michalewicz [71] the best individual was found in early generations. 

6.3.2.4 Augmented Lagrangian method 

The Augmented Lagrangian method (AL-GA) was proposed by Adeli and 

Cheng [1,3]. According to this method the constrained problem is 

transformed to an unconstrained one, by introducing two sets of penalty 
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coefficients γ [(γ1,γ2,…,γΜ+Ν)] and μ [(μ1,μ2,…,μΜ+Ν)]. The modified 

objective function, for generation g, is defined as follows 


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where Lf is a factor for normalizing the objective function; qj is a non-

dimensional ratio related to the stress constraints of the jth element group 

(see eqs. (62), (63)); dj is the displacement in the direction of the jth 

examined degree of freedom, while a

jd  is the corresponding allowable 

displacement; N, M correspond to the number of stress and displacement 

constraint functions, respectively: 
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There is an outer step I and the penalty coefficients are updated at each 

step according to the expressions 
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the average value of the jth constraint function for the Ith outer step, while 

the initial values of γ‘s and μ‘s are set equal to 3 and zero, respectively  

Coefficient β is taken equal to 10 as recommended by Belegundu and 

Arora [32]. 

6.3.2.5 Segregated GA 

The basic idea of the segregated GA (S-GA) [69] is to use two static 

penalty parameters instead of one, as in the method of static penalties. 

The two values of the penalty parameters are associated with two 

populations that have a different level of satisfaction of the constraints. 

Each of the groups correspond to the best performing individuals with 

respect to the associated penalty parameter. 

The segregated GA can be described as follows: 
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Step 0 Initialization 

Random generation of 2N designs. The objective functions of the designs 

1,2,...,N are evaluated using the ph penalty parameter, while the 

remaining designs N+1,...,2N are evaluated using the p penalty 

parameter. 

Step 1 Selection 

An intermediate population of size N is created by selecting the best 

individuals from both populations. 

Step 2 Generation 

Generate N offsprings using the basic operators mutation and crossover. 

The parents are evaluated using the ph penalty parameter while the 

offsprings are evaluated using the p. The process is then repeated by 

returning to step 1. 

This version was used in [48] for the minimal weight design problem of a 

composite laminated plate. 

6.3.3 Evolution Strategies (ES) 

6.3.3.1 The Evolution Strategy algorithm 

At the beginning of the procedure (in generation t=0) the initial parent 

population, composed by μ design vectors, is generated randomly (line 3)  

Lines 5 to 12 describe the main part of the ES algorithm, where every 

generation λ offspring vectors are generated by means of recombination 

and mutation. Recombination and mutation operators, described in lines 7 

to 10, act on both design variable vectors    and distribution parameter 

vectors    and    (both distribution parameter vectors denoted as    in the 

pseudo-code). In line 11 the objective and constraint functions are 

calculated in order to assess the design vectors in terms of the objective 

function value and feasibility. Figure 5.2 includes a pseudo-code of the ES 

algorithm which describes the procedure above. 
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Figure 5.2  Pseudo-code of the ES algorithm 

6.3.3.2 Multi-Membered ES 

In this case a population of μ parents will produce λ offsprings.  

 Formulation of the optimization problem 

The optimization problem is considered: 

          

  {           }
   

        ,            

       ,             

       ,                                                                                             (5.17) 
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where 

    : the objective function 

 : the vector corresponds to the design variables 

           : the constraint functions 

Recombination  

For every offspring vector a temporary parent vector   ̃  { ̃   ̃      ̃ }
  is 

initially built by means of recombination. For a continuous problem, five 

recombination cases which can be used selectively are given: 

  ̃                                                      

             ⁄ (         )                                                 

                                                                                      

                                                                                                                     (5.18) 

            ⁄ (          )                                        

where 

 ̃ : the ith component of the temporary parent vector  ̃ 

          : the ith components of the vectors    and    which are two parent 

vectors randomly chosen from the population 

     : the ith component of  ̃ is chosen randomly from the ith components 

of all μ parent vectors 

One of the advantages which recombination offers is that different good 

building blocks from different parents are mixed together, thus combining 

the good properties of the parents in the offspring. [1] 

 

Mutation 

The parent    
   

 of the generation g produces an offspring   
   

, whose 

genotype is slightly different from that of the parent: 
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                                                                                                                (5.19)                                                                                                                                 

where 

       *  
   

   
   

       
   

+
 

: a random vector 

In order to choose the random vector, since the mutation is of random 

and purposeless events, a probability distribution is used according to 

which small changes occur frequently but large ones rarely. Two 

requirements arise together by analogy with the natural evolution: (i) the 

expectation value    for a component    has the value zero; and (ii) the 

variance    
 , the average squared deviation from the mean, is small.  [2] 

Selection 

There are two different types of multi-membered ES: 

        : The best   individuals are selected from a temporary 

population of       individuals to form the parents of the next generation. 

        : The   individuals produce λ offsprings and the selection process 

defines a new population of   individuals from the set of λ offsprings. 

Obviously, this strategy relies on a birth surplus, on        in a strict 

Darwinian sense of natural selection. 

For the second type, the life of each individual is limited to one 

generation. This allows the          selection to perform better on 

problems with an optimum moving over time, or on problems where the 

objective function is noisy. 

6.3.3.3 The modified evolution strategies 

For the solution of discrete optimization problems modified evolution 

strategies are proposed (Chai, 1995; Cai and Thierauf, 1993)  

 Formulation of the optimization problem 

The discrete optimization problem is considered: 

          

  {           }
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        ,            

    
 ,              

       ,             

       ,                                                                                             (5.20) 

where 

    : the objective function 

 : the vector corresponds to the design variables 

           : the constraint functions 

  : a given set of discrete design values, the design variables    can only 

take discrete values of this set 

Recombination  

For every offspring vector a temporary parent vector   ̃  { ̃   ̃      ̃ }
  is 

initially built by means of recombination. For a continuous problem, five 

recombination cases which can be used selectively are given: 

  ̃                                                      

                                                             

                                                                               

                                                                                                                        (5.21) 

                                                             

where 

 ̃ : the ith component of the temporary parent vector  ̃ 

          : the ith components of vectors    and    which are two parent 

vectors randomly chosen from the population. 

     : the ith component of  ̃ is chosen randomly from the ith components 

of all μ parent vectors. 
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    : the vector    is  not chosen randomly but is the best of the μ vectors 

in the gth generation, in the cases of (B) and (E) if the information from 

the best parent is used it can lead to a better convergence. 

One of the advantages which recombination offers is that different good 

building blocks from different parents are mixed together, thus combining 

the good properties of the parents in the offspring.[23] 

Mutation 

The parent    
   

 of the generation g produces an offspring   
   

, whose 

genotype is slightly different from that of the parent: 

  
   

   
   

                                                                                                                (5.22) 

 where 

       *  
   

   
   

       
   

+
 
: a random vector 

The mutation operator, in the continuous version of the ES based 

optimization, produces a normally distributed random change vector     , 

whose each component has a small standard deviation value     and zero 

expectation. This means that there is a possibility that all components of a 

parent vector will need to be changed but the changes are usually small. 

[2] 

In the discrete version of the ESs we have to change the generator of the 

random vector      in order to produce a modified vector that leads from 

one discrete value to another adjacent one. The difference between any 

two adjacent values is usually not small, which goes against the second 

requirement that arises by analogy to the natural evolution. For this 

reason, it is suggested that not all of the n components of a parent vector, 

but only few (say l) will be randomly changed every time. This means that 

(n-l) components of the randomly changed vector       have zero value. 

[23] 

The components of the randomly changed vector      have the form: 
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= (κ+1)δxi       for l randomly chosen components and 0 for n-l other 

components                                                                                (5.23) 

Where: 

δxi: the current difference between two adjacent values in the discrete set 

κ: a Poisson distributed integer random number with the following 

distribution 

     
    

  
                                                                                                                (5.24) 

where γ: the deviation and the expectation of the random number κ 

From the equation above it is proved that the random change vector      

depends on γ  A uniformly distributed random choice decides which l 

components should be changed according to equation (5.24). For 

structural optimization problems a suitable l value ranges from 8 to 12. 

Selection 

There are two different types of multi-membered ES: 

        : The best   individuals are selected from a temporary 

population of       individuals to form the parents of the next generation. 

        : The   individuals produce λ offsprings and the selection process 

defines a new population of   individuals from the set of λ offsprings. 

Obviously, this strategy relies on a birth surplus, on        in a strict 

Darwinian sense of natural selection. 

For the second type, the life of each individual is limited to one 

generation. This allows the          selection to perform better on 

problems with an optimum moving over time, or on problems where the 

objective function is noisy. 

The suggested convergence criteria for discrete optimization can be 

used selectively: 

If the best value of the objective function in the last kІ(>4nμ/λ) 

generations has not been improved 
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If the mean value of the objective values from all parent vectors in the 

last kІІ(>2nμ/λ) has not been improved by less than a given value    

If the relative difference between the best objective function value and 

the mean value of the objective values from all parent vectors in the 

current generation is less than a given value   (=0.0001) 

If the ratio    ⁄   has reached a given value   (=0.5 to 0.8) where    is 

the number of parent vectors in the current generation with the best 

objective function value. 

The ES algorithm for structural optimization applications can be stated as 

follows [3]: 

 

6.3.3.4 Evolution Strategies for discrete optimization problems 

Evolution Strategies were proposed for parameter optimization problems 

in the seventies by Rechenberg (1973). ES was initially applied for 

continuous optimization problems, but recently they have also been 

implemented in discrete and mixed optimization problems (Lagaros et al. 

2004; Papadrakakis and Lagaros 2002). In engineering practice the 

design variables are not continuous because the structural parts are 

usually constructed with certain variations of their dimensions. Thus 

design variables can only take values from a predefined discrete set. The 

basic differences between discrete and continuous ES are restricted to the 

mutation and the recombination operators. 
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6.3.3.5 Recombination and mutation 

In any generation μ parents produce λ offsprings. The genotype of any 

descendant differs only slightly from that of its parents. For every 

offspring vector a temporary parent vector 
T

1 2 n[s ,s ,...,s ]s  is first built by 

means of recombination. In our implementation the following discrete 

recombination scheme has been used 

i a,i b,is s  or s  randomly                                                                                                                 (5.25)  

is
~  is the i-th component of the temporary parent vector s , sa,i and sb,i are 

the i-th components of vectors sa and sb which are two parent vectors 

randomly chosen from the population. From the temporary parent s  an 

offspring can be created through the mutation operator. 

An offspring 
( )g

os  is generated through the temporary parent (g)
s  of the g-

th generation using the mutation operator as follows: 

(g) (g) (g)

o  s s z                                                                                                                                     (5.26)  

where 
(g) (g) (g) (g) T

1 2 n[z ,z ,...,z ]z is a random vector. The terms of vector z(g) is 

derived from: 

i(g)

i

( 1) s   for  randomly chosen components
z

0         for n-  other components        

 
 


                                                          (5.27)  

where δsi is the difference between two adjacent values in the discrete set 

and κ is a random integer number, which follows the Poisson distribution: 
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                                                                                                                                    (5.28)       

γ is the standard deviation as well as the mean value of the random 

number κ. The choice of  depends on the size of the problem and it is 

usually taken as being 1/5 of the total number of design variables, while 

the  components are selected using a uniform random distribution. 

Selection 
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There are two different types of selection schemes: 

(μ+λ)-ESs: Where the best μ individuals are selected from a temporary 

population of (μ+λ) individuals to form the parents of the next generation. 

(μ,λ)-ESs: Where the μ individuals produce λ offsprings (μλ) and the 

selection process defines a new population of μ individuals from the set of 

λ offsprings only. 

The optimization procedure terminates when the following termination 

criterion is satisfied: the ratio μb/μ has reached a given value εd (=0.8 in 

the current study) where μb is the number of the parent vectors in the 

current generation with the best objective function value. 

6.3.3.6 Types of Algorithms 

The ES can be divided into a two-membered evolution strategy (2-ES) or 

a multi-membered evolution strategy (M-ES). 

The two-member ES 

The earliest evolution strategies were based on a population consisting of 

one individual only. The two-membered scheme is the minimal concept for 

an organic evolution imitation. The two principles of mutation and 

selection, which Darwin recognized to be most important in 1859, are 

taken as rules for variation of the parameters and for recursion of the 

iteration sequence respectively. 

The two-membered ES for the solution of the optimization problem works 

in two steps: 

Step 1 (mutation). The parent )g(

ps of generation g produces an offspring 

)g(

os , whose genotype is slightly different from that of the parent 

)g()g(

p

)g(

o zss   (5.29) 

where  T)g(

n

)g(

2

)g(

1

)g( z...,,z,zz  is a random vector. 

Step 2 (selection). The selection chooses the best individual between the 

parent and the offspring to survive 
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The question of how to choose the random vector )g(z  in Step 1 is very 

important. This choice has the role of mutation. Mutation is understood to 

be random, purposeless events, which occur very rarely. If one interprets 

them, as is done here, as a sum of many individual events, it is then a 

natural choice to use a probability distribution according to which small 

changes occur frequently, but large ones only rarely. Two requirements 

arise together by analogy with the natural evolution: (i) the expected 

mean value ξi for a component 
)g(

iz  to be zero; and (ii) the variance 
2

i , 

the average squared deviation from mean value, is small. 

The probability density function for normally distributed random events is 

given by 
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When ξi=0 the so-called (0, ζi) normal distribution is obtained. By analogy 

with other deterministic search strategies, ζi can be called a step length, 

in the sense that it represents average values of the random steps‘ 

length. If the step length is too small the search takes an unnecessarily 

large number of iterations. On the other hand, if the step length is too 

large the optimum can only be crudely approached and the search might 

even get stuck far away from the global optimum. Thus, as in all 

optimization strategies, the step length control is the most important part 

of the algorithm after the recursion formula, and it is further more linked 

closely to the convergence behavior. 

Multi-membered ES 

The multi-membered evolution strategies differ from the previous two-

membered strategies in the size of the population. In this case a 

population of μ parents will produce λ offsprings. Thus the two steps are 

defined as follows: 
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Step 1 (recombination and mutation). The population of μ parents at g-th 

generation produces λ offsprings. The genotype of any descendant differs 

only slightly from that of its parents. 

Step 2 (selection). There are two different types of the multi-membered 

ES: 

(μ+λ)-ES: The best μ individuals are selected from a temporary 

population of (μ+λ) individuals to form the parents of the next generation. 

(μ,λ)-ES: The μ individuals produce λ offsprings (μλ) and the selection 

process defines a new population of μ individuals from the set of λ 

offsprings only. 

For the second type, the existence of each individual is limited to one 

generation. This allows the (μ,λ)-ES selection to perform better on 

problems with an optimum moving over time, or on problems where the 

objective function is noisy. 

In Step 1, for every offspring vector a temporary parent vector 

T

n21 ]s~,...,s~,s~[s~   is initially built by means of recombination. For continuous 

problems the following recombination cases can be used 


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(5.32) 

where is
~  is the i-th component of the temporary parent vector s~ , sα,i and 

i,bs are the i-th components of vectors as and bs which are two parent 

vectors randomly chosen from the population. In case (5.32c), i,bji ss~   

means that the i-th component of s~  is chosen randomly from the i-th 

components of all μ parent vectors. From the temporary parent s~  an 

offspring can be created in the same way as in two-membered ES (eq. 

(5.29)). 
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Multi-membered ES termination criteria are the following: (i) when the 

absolute or relative difference between the best and the worst objective 

function values is less than a given value ε1, or (ii) when the mean value 

of the objective values from all parent vectors in the last 2n generations 

has not been improved by less than a given value ε2. 

6.3.3.7 ES in structural optimization problems 

In this work ESs methods are proposed for parameter optimization 

problems and have three characteristics that differentiate them from other 

conventional optimization algorithms: (і) in place of usual deterministic 

operators, they use randomized operators: recombination, mutation and 

selection; (іі) instead of a single design point, they work simultaneously 

with population of design points in the space of variables; (ііі) they can 

handle continuous, discrete and mixed optimization problems. The ESs 

also achieve a higher rate of convergence than GAs owing to their self-

adaptation search mechanism and are considered more efficient for 

solving real world problems. In the ES algorithm, each individual is 

equipped with a set of parameters: 

  [     ]     

         
   [    ]                                                                                           (5.33) 

where 

      : the vector of the design variables  

    
  :  vector   corresponds to the standard deviations (1≤     ) of the 

normal distribution 

  [    ]  :  vector   corresponds to the inclination angles  

(   (   
  

 
)         defining linearly correlated mutations of the 

continuous design variables  . 

The ES optimization procedure starts with a set of parent vectors and if 

any of these parent vectors give an infeasible design then this parent 

vector is modified until it becomes feasible. Subsequently, the offsprings 

are generated and checked if they are in the feasible region. The 
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computational efficiency of the multi-membered ES is affected by the 

number of parents and offsprings involved. It has been observed that 

values of μ and λ should be close to the number of the design variables in 

order to produce best results [64]. 

The ES algorithm for structural optimization applications can be stated as 

follows: 

1. Selection step: selection of is  (i = 1,2,...,μ) parent vectors of the 

design variables 

2. Analysis step: solve fu)s(K ii   (i=1,2,...,μ), where K is the 

stiffness matrix of the structure and f is the loading vector 

3. Constraints check: all parent vectors become feasible 

4. Offspring generation: generate js , (j=1,2,...,λ) offspring vectors of 

the design variables 

5. Analysis step: solve fu)s(K jj   (j=1,2,...,λ) 

6. Constraints check: if satisfied continue, else change js  and go to 

step 4 

7. Selection step: selection of the next generation parents according 

to (μ+λ) or (μ,λ) selection schemes 

Convergence check: If satisfied stop, else go to step 3 

6.3.3.8 Contemporary ES (C-ES) - The (μ, λ, θ) Evolution Strategies  

This is a more general ES version, which was proposed by Schwefel and 

Rudolph [74] for application in continuous problems but has not been 

applied either to continuous or to discrete optimization problems [71]. 

Considering the two schemes of the multi-membered evolution strategy, 

namely the (μ+λ) and the (μ,λ) ES, only empirical results have shown 

that the ‗plus‘ version performs better in structural optimization problems 

[18,75]  The (μ,λ)-ES version is in danger to diverge because the so far 

best position is not preserved within the generation cycle (the so-called 
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elitist strategy)  The ‗comma‘ version implies that each parent can have 

children only once (duration of life: one generation or one reproduction 

cycle), whereas in the ‗plus‘ version individuals may live eternally if no 

child achieves a better or at least the same improvement in the objective 

function. 

The C-ES introduce a maximal life span of θ  1 reproduction cycles which 

gives the ‗comma‘ scheme for θ = 1 and the ‗plus‘ one for θ =   If μ  1 

is the number of parents, λ > μ is the number of offsprings, then π with 1 

 π  μ is the number of ancestors for each descendant. This ES version 

differs in two points from the basic one: (i) Free number of parents are 

involved in reproduction ranging from 1 to μ  (ii) A finite number of 

reproduction cycles per individual is performed, not one (1) or infinite () 

as for the ‗comma‘ and the ‗plus‘ schemes, respectively  The selection 

operator used in the C-ES can be similar to the one used by the genetic 

algorithms. 

6.3.3.9 Adaptive ES (A-ES) 

The handling of the constraints by the basic ES is based on the death 

penalty approach [8], where every infeasible design point is discarded. 

Thus the process is directed to search only in the feasible region of the 

design space. Due to this approach many designs that are examined by 

the optimizer during the search process and are close to the acceptable 

design space are rejected leading to the loss of valuable information. The 

idea introduced in this work is to use soft constraints during the first 

stages of the search and as the search approaches the region of the global 

optimum the constraints to become more severe until they reach their 

real values. 

The implementation of A-ES in structural optimization problems is 

straightforward and follows the same steps described in the section of the 

basic ES. The ES optimization procedure starts with a population of parent 

vectors, while a level of violation of the constraints is determined. If any 

of these parents corresponds to an infeasible design lying outside the 

extended design space then this parent is modified until it becomes 

‗feasible‘  Then the offsprings are generated and checked if they are in the 
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‗feasible‘ region according the current level of violation  In every 

generation the values of the objective function are compared between the 

parent and the offspring vectors and the worst vectors are rejected, while 

the remaining ones are considered to be the parent vectors of the new 

generation. This procedure is repeated until the termination criterion is 

satisfied. 

In this adaptive scheme a nominal convergence check is adopted for the 

determination of the level of violation of constraints. Nominal convergence 

occurs when the mean value of the objective function of the designs of the 

current population is relatively close to the best design achieved until the 

current generation, according to the expression 

ad)g(

)g(

best

)g(

F

FF



 (5.34) 

where )g(F  is the mean objective function value, 
)g(

bestF  is the best objective 

function value of all parents in the g-th generation, and εad=0.05. 

The A-ES steps can be stated as follows: 

1. Initialization step: Selection of si, (i = 1,2,...,μ) parent vectors of 

the design variables and the percentage of violation of the constraints v0 

(usually taken between 20-50%) 

2. Analysis step: Solve K(si)ui =f   (i=1,2,...,μ) 

3. Constraints check: All parent vectors become "feasible", within the 

prescribed level of constraints violation v0 

4. Offspring generation: Generate sj, (j=1,2,...,λ) offspring vectors of 

the design variables. 

5. Analysis step: Solve  K(sj)uj=f   (j=1,2,...,λ) 

6. Nominal convergence check: If nominal convergence has occurred 

the level of violation vg becomes more severe by reducing its value by a 

small quantity (usually 0.1 or 0.2) 
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7. Constraints check: If satisfied according to the current level of 

violation vg continue, else change sj and return to step 4 

8. Selection step: Selection of the next generation parents according 

to (μ+λ) or (μ,λ) selection schemes 

Convergence check: If satisfied stop, else return to step 3 

6.3.3.10 ES for discrete optimization problems 

In engineering practice the design variables are not continuous because 

the structural parts are usually constructed with certain variations of their 

dimensions. Thus design variables can only take values from a predefined 

discrete set. For the solution of discrete optimization problems Thierauf 

and Cai [85] have proposed a modified ES algorithm. The basic 

differences between discrete and continuous ES are focused on the 

mutation and the recombination operators. In the discrete version of ES 

the random vector )g(z is properly generated in order to force the offspring 

vector to move to another set of discrete values.  

The fact that the difference between any two adjacent values can be 

relatively large is against the requirement that the variance 
2

i  should be 

small. For this reason it is suggested that not all the components of a 

parent vector, but only a few of them (e.g. ) should be randomly 

changed in every generation. This means that n- components of the 

randomly changed vector )g(z  will have zero value. In other words, the 

terms of vector )g(z are derived from 



 


        componentsother  -nfor          0

componentschosen randomly  for   s)1(
z

i)g(

i



 (5.35) 

where δsi is the difference between two adjacent values in the discrete set 

and κ is a random integer number which follows the Poisson distribution 







 e

!

)(
)(p  (5.36) 

γ is the standard deviation as well as the mean value of the random 

number κ. The choice of  depends on the size of the problem and it is 
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usually taken as being 1/5 of the total number of design variables. The  

components are selected using uniform random distribution in every 

generation. 

For discrete optimization the procedure terminates when one of the 

following termination criteria is satisfied: (i) when the best value of the 

objective function in the last 4nμ/λ generations remains unchanged, (ii) 

when the mean value of the objective values from all parent vectors in the 

last 2nμ/λ generations has not been improved by less than a given 

value εb (=0.0001), (iii) when the relative difference between the best 

objective function value and the mean value of the objective function 

values from all parent vectors in the current generation is less than a 

given value εc(=0.0001), (iv) when the ratio μb/μ has reached a given 

value εd (=0.5 to 0.8) where μb is the number of parent vectors in the 

current generation with the best objective function value. 

6.3.4 Hybrid Optimization Algorithms 

Several hybrid optimization algorithms which combine evolutionary 

computation techniques with deterministic procedures for numerical 

optimization problems have been recently investigated. Papadrakakis et 

al. [64] used evolution strategies with the SQP method, while Waagen et 

al. [91] combined evolutionary programming with the direction set 

method of Hooke and Jeeves [42]. The hybrid implementation proposed in 

[64] was found very successful on shape optimization problems, while the 

method proposed in [91] was applied to unconstrained mathematical test 

functions. Myung et al. [52] considered an approach similar to Waagen et 

al., but they experimented with constrained mathematical test functions. 

Myung et al. combined a floating-point evolutionary programming 

technique, with a method developed by Maa and Shanblatt [49] applied to 

the best solution found by the evolutionary programming technique. The 

second method iterates until the system defined by the combination of the 

objective function, the constraint functions and the design variables reach 

equilibrium.  

A characteristic property of the SQP based optimizers is that they usually 

capture the right path to the nearest optimum very fast, irrespective of its 
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local or global optimum nature. However, after locating the area of this 

optimum it might oscillate until all constraints are satisfied since it is 

observed that even small constraint violations often slow down the 

convergence rate of the method. On the other hand, EA proceed with a 

slower rate, due to their random search, but the absence of strict 

mathematical rules, which govern the convergence rate of the 

mathematical programming methods, make EA less vulnerable to local 

optima. Therefore it is most likely to converge towards the global 

optimum in non-convex optimization problems. These two facts gave the 

motivation to combine EA with MP methodologies. Between the two EA 

examined in this study the basic genetic algorithms seem to be faster 

than evolution strategies since they do not always operate on the feasible 

region of the design space as the evolution algorithms. However, they are 

most often found unable to converge to feasible designs.  

In order to benefit from the advantages of both methodologies a hybrid 

approach is proposed, which combines the two optimization 

methodologies in an effort to increase the robustness and the 

computational efficiency of the optimization procedure. Two combinations 

of SQP and EA methodologies are implemented : (i) In the first approach 

the SQP method is used first, giving a design very close to the optimum, 

followed by EA in order to accelerate convergence and avoid the 

oscillations of SQP due to small constraint violations around the optimum. 

The transition from one algorithm to the other is performed when 




j

j1j

f

ff

                                                                                                                  

 (5.37)

 

where ε is taken to be 0.01. This approach appears to be more suitable 

when the design space is convex, i.e. there is a unique optimum 

irrespective of the starting design. (ii) In the second approach the 

sequence of the methods is reversed. An EA procedure, either GA or ES, is 

used first in order to locate the region where the global optimum lies, and 

then the SQP is activated in order to exploit its higher order of accuracy in 

the neighbourhood of the optimum. In this case the switch is performed 

when there is a small difference (ε=0.1) between the best designs of two 
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consecutive generations. This approach appears to be more rational in the 

general case when more complex and non-convex design problems are to 

be solved with many local optima and is perfectly suited to GA since it 

improves the fast-converged solution to an infeasible design by GA. 

Furthermore a combination of GA and ES are performed in which ES are 

used to improve the quality of the solution achieved by GA. 
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7 Elastic design of 3D reinforced 

concrete irregular buildings  

 

In this chapter we present the results and conclusions derived from the 

first stage of our investigation. In these examples, we performed elastic 

static or response spectrum analyses as described below. The object 

function in most of the cases was the minimization of the distance 

between the center of mass and the center of rigidity of each floor plan. 

The results were very important and led us to the next steps of our 

investigation. 

7.1 Structural response 
Apart from the architectural constraints, behavioral constraints, imposed 

by the design codes, have to be satisfied in order to accept a design as 

feasible. These behavioral checks are performed following a structural 

analysis where internal forces and global displacements are calculated and 

checked according to the EC2 and EC8 design codes. In order to minimize 

the computational effort the optimization procedure is decomposed in two 

stages, depending on the type of the structural analysis and the 

corresponding behavioral constraints employed. 

7.1.1 Structural analysis 

Two different structural analysis procedures have been implemented in 

the proposed methodology: (i) a simplified analysis is applied during the 

first stage of the optimization procedure and (ii) a more accurate analysis, 

based on the EC8 design code, is applied during the second stage of the 

optimization procedure. A number of refinement steps are performed 

during the second stage in order to improve the optimum design achieved 

during the first stage and fulfil the requirements which are imposed by 

EC2 and and EC8 design codes. 
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7.1.1.1 Simplified structural analysis 

Frames with almost rigid beams subjected to lateral forces exhibit zero 

moments at the mid-height of the columns and relative displacement 

proportional to the shear forces. These systems are called shear frames. 

In general, due to their T-section, beams exhibit a much larger stiffness 

compared to the supporting columns [15]. Therefore their behavior is very 

similar to the behavior of shear frames and thus a simplified structural 

analysis is justified during the first stage of the optimization procedure. In 

the simplified structural analysis the concrete structure is considered as a 

shear-type building where the rigidity of the horizontal structural elements 

is much higher than that of the vertical elements. For this type of 

modeling the simplified modal response spectrum analysis method can be 

effective where the structure is loaded with horizontal static forces at each 

storey level according to: 

i i
i b

j j

z m
F V

z m


 

                                                                                                                (6.1)

  

where Vb is the base shear force determined for each main direction, zi 

and zj are the heights of the storeys defined from the level of application 

of the seismic action (foundation) and masses mi and mj are the masses 

of the corresponding storey. 

7.1.1.2 Detailed structural analysis 

The detailed structural analysis implemented at the final stage after the 

convergence of the optimization procedure is based on the multi-Modal 

Response Spectrum (mMRS) analysis, by using the full modeling of the 

building. The mMRS analysis is a simplification of the mode superposition 

approach recommended by the Eurocode 8 (EC8 1996) and aims at 

avoiding time history analyses which are required by both direct 

integration and mode superposition approaches. 

7.1.2 Behavioral constraints  

In the intermediate optimization steps where the simplified structural 

analysis is performed for each vertical structural element the following 

behavioral constraints are checked: 
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yk,sck
c t

c s

ff
ζ ,   ζ

γ γ
 

                                                                                                            (6.2)                                                                       
  

where ζc, ζt are the maximum axial compression and tension stresses, 

respectively, encountered in the cross-section of the vertical structural 

element, fck is the concrete‘s characteristic compressive cylinder strength 

at 28 days, and fyk,s is the characteristic yield strength of the steel 

reinforcement  The corresponding parameters γc and γs are the partial 

safety factors for the strength of materials which is equal to 1.50 for 

concrete and 1.15 for steel, respectively. The interstorey drift constraint 

employed in a frame structure can be written as: 

rd
0.004 h 

                                                                                                                       (6.3)
  

where ν is a reduction factor for the serviceability limit state (taken equal 

to 2.0 for the test examples considered in this study) and dr is the relative 

drift between two consecutive storeys. 

The optimum design achieved has to satisfy all performance requirements 

for resistance, serviceability and durability. These requirements are 

expressed through the limit states; beyond these states the structure no 

longer satisfies the design performance requirements. The limit states 

considered by Eurocode 2 (EC2 1992) and Eurocode 8 (EC8 1996) are 

classified into: (i) ultimate limit states, associated with collapse or with 

other forms of structural failure which may endanger the safety of people 

and (ii) serviceability limit states, corresponding to states beyond which 

specific service requirements are no longer satisfied. 

7.1.3 Ultimate limit states 

In the ultimate limit states the following verification check should be 

performed. When considering a limit state of static equilibrium or of gross 

displacements or deformations of the structure, it should be verified that: 

d,dst d,stbE E
                                                           

  

where Ed,dst and Ed,stb are the design effects of destabilizing and stabilizing 

actions, respectively. When considering a limit state of rupture or 
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excessive deformation of a section, member or connection (fatigue 

excluded) it should be verified that: 

d dS R
                                                                                                                                 (6.4)  

where Sd is the design value of an internal force or moment (or of a 

respective vector of several internal forces or moments) and Rd is the 

corresponding design resistance, associating all structural properties with 

the respective design values. 

When considering a limit state of transformation of the structure into a 

mechanism, it should be verified that a mechanism does not occur unless 

actions exceed their design values, associating all structural properties 

with the respective design values. When considering a limit state of 

stability induced by second-order effects it should be verified that 

instability does not occur unless actions exceed their design values, 

associating all structural properties with the respective design values. 

When considering a limit state of rupture induced by fatigue it should be 

verified that 

dD 1
                                                                                                                                    (6.5)  

where Dd is the design value of the damage indicator. 

7.1.4 Serviceability limit states 

In the serviceability limit states it should be verified that: 

d d d dE C   or  E R 
                                                                                                          (6.6)                                                      

where Cd is a nominal value or a function of certain design properties of 

materials related to the design effects of actions considered, and Ed is the 

design effect of actions. 

7.2 Numerical results 
Two 3D multi-storey concrete buildings, corresponding to real structures, 

have been considered for the evaluation of the proposed methodology. In 

all test cases the following material properties have been considered: 

concrete with modulus of elasticity Ec=27.5GPa and characteristic 
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compressive cylinder strength of concrete fck= 16MPa, longitudinal steel 

reinforcement with modulus of elasticity Es=210GPa and characteristic 

yield strength fyk,s=400MPa and transverse reinforcement with modulus 

of elasticity Es=210GPa and characteristic yield strength fyk,s=220MPa. 

The design spectrum that has been used has the following characteristics: 

A=0.16g (seismic hazard level II), ground type B (T1=0.15sec and 

T2=0.60sec) and behavior factor q=3.5 according to Eurocode 8 (EC8 

1996). The cross section of the beams for both test examples is 2560 

cm2. 

7.2.1 Test example 6.1 

The first test example is a three-storey concrete space frame. In this test 

example there is only one group of storeys since the plan layout of the 

columns/shear walls is the same for all storeys. For this test example 6.1 

the design variables being used are: 10 topology and 2 active sizing 

design variables for the single group of storeys.  
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Column 

AC - 1 

AC - 1x AC - 1y 

C1 70 145 

C2 200 100 

C3 190 65 

C4 280 70 

C5 85 150 

C6 345 65 

C7 65 225 

C8 75 340 

C9 295 50 

C10 120 220 

 

Figure 6.1 Test example 6.1 - Architectural constraints of a typical storey 

In Figure 6.1 both architectural constraints (AC-1 rectangles and AC-2 

points) are presented for all columns/shear walls. In Figure 6.2a the 

applied solution provided by an experienced structural engineer is 

presented, while in Figure 6.2b the optimum design achieved by the 

proposed methodology is depicted. 

 

(a) 
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(b) 

 

Solution ex  (cm) ey (cm) 

Applied 69.50 114.40 

Optimum 2.25 0.23 

 

Figure 6.2 Test example 6.1 – (a) Applied and (b) Optimum solutions (eMC-RC 

eccentricity in x and y directions) 

 

It has to be noted that both solutions fulfil the requirements of EC2 and 

EC8 design codes. It can be seen from Table 1 that the distance between 

the rigidity center and the storey mass center is reduced from 133cm in 

Figure 6.2a to 2.26cm in Figure 6.2b.  
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Table 6.1. Test example 6.1 – Final cross-sectional dimensions 

Column 

Applied solution Optimum solution 

eMC-RC=133cm eMC-RC=2.26cm 

dimx dimy dimx dimy 

C1 25 120 25 90 

C2 150 25 70 25 

C3 150 25 140 25 

C4 150 25 150 25 

C5 25 150 25 70 

C6 120 25 120 25 

C7 25 150 25 90 

C8 25 150 25 70 

C9 150 25 140 25 

C10 25 150 25 50 

 

Table 6.2 Test example 6.1 – Material required and relative costs of the vertical 

structural elements 

Solution 

Concrete  
Longitudinal 

reinforcement  

Transverse 

reinforcement 
Total 

(m
3
) cost (tn) cost (tn) cost 

Applied 38.85 C1 2.93 C2 5.46 C3 Ctot 

Optimum 22.89 0.70C1 3.25 1.11C2 3.31 0.60C3 0.73Ctot 

 

In Table 6.1 the cross-sections of the columns/shear walls for both 

solutions are given and it is clear that the sizes for the optimized solution 

are smaller than those of the applied ones. Respectively, the dimensions 

of the columns are denoted as dimx and dimy corresponding to the x and y 

axis. The importance of designing torsionally balanced structures is 



 

 157 

presented in Table 6.2, where the relative cost of the columns and the 

shear walls of the structure is given. There are two reasons why the 

―Optimum‖ solution requires more longitudinal reinforcement than the 

―Applied‖ solution: (i) Comparing the ―Optimum Solution‖ with the 

―Applied Solution‖, we can see that smaller column cross-sections are 

assigned in the first one, so more longitudinal reinforcement is required in 

order to fulfil EC2 and EC8 provisions. (ii) Bending behavior is dominant in 

a torsionally balanced structure, requiring more longitudinal than 

transverse reinforcement. 

7.2.2 Test example 6.2 

The second test example is a four-storey concrete space frame. In this 

test example there are two groups of storeys, the first group corresponds 

to storeys 1 and 2, while the second group corresponds to storeys 3 and 

4. For this test example 6.2 design variables are used. These correspond 

to topology design variables only because all columns/shear walls are of 

Type I. 11 topology design variables correspond to the first group of 

storeys while 8 topology design variables correspond to the second group.  
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Column 

AC - 1 

AC - 1x AC - 1y 

Group (a) 

C1 230 55 

C2 190 40 

C3 145 45 

C4 85 175 

C5 195 55 

C6 50 145 

C7 60 185 

C8 90 180 

C9 50 250 

C10 85 170 

C11 50 230 

Group (b) 

C12 230 55 

C13 190 40 

C14 145 45 

C15 85 175 

C16 195 55 

C17 50 145 

C18 60 185 

C19 90 180 

 

Figure 6.3 Test example 6.2 – Architectural constraints of a typical storey 

In Figure 6.3 both architectural constraints (AC-1 rectangles and AC-2 

points) for both groups of storeys are presented, where group (a) 
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corresponds to the layout of 1 and 2 storeys, while group (b) corresponds 

to the layout of 3 and 4 storeys. In Figure 6.4a the applied solution 

provided by an experienced structural engineer is presented. Figure 6.4b 

depicts the optimum design achieved by the proposed methodology 

considering only the optimization of the first group of storeys, while Figure 

6.4c shows the optimum design achieved by the proposed methodology if 

both groups of storeys are optimized. 

It can be seen in Table 6.3 that, in the first group of storeys, the distance 

between the rigidity center and the storey mass center is reduced from 

176cm in Figure 6.4a to 0.23cm in Figure 6.4b (and Figure 6.4c) when 

either the first or both groups of storeys are optimized. Concerning the 

second group of storeys, only when the first group of storeys is optimized 

then the distance between the rigidity center and the storey mass center 

is increased from 100cm in Figure 6.4a to 130cm in Figure 6.4b. This 

distance in the second group of storeys is reduced from 100cm in Figure 

6.4a to 4.56cm in Figure 6.4c if both groups of storeys are optimized.  

Table 6.3 Test example 6.2 – Final cross-sectional dimensions 

Column 

Applied solution Optimum solution I Optimum solution II 

layout group (a) 

eMC-RC=176cm eMC-RC=0.23cm eMC-RC=0.23cm 

dimx dimy dimx dimy dimx dimy 

1 120 25 90 25 90 25 

2 50 40 50 25 50 25 

3 25 45 25 40 25 40 

4 25 120 25 120 25 120 

5 120 25 70 25 70 25 

6 30 50 25 30 25 30 

7 25 70 25 40 25 40 

8 25 70 25 70 25 70 
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9 25 120 25 40 25 40 

10 25 120 25 40 25 40 

11 25 120 25 100 25 100 

Column 

layout group (b) 

eMC-RC=100cm eMC-RC=130cm eMC-RC=4.56cm 

12 120 25 90 25 70 25 

13 50 40 50 25 30 25 

14 25 45 25 40 25 30 

15 25 120 25 120 25 80 

16 120 25 70 25 50 25 

17 30 50 25 30 25 30 

18 25 70 25 40 25 40 

19 25 70 25 70 25 60 

  

Table 6.4 Test example 6.2 – Material required and relative costs of the vertical 

structural elements 

Solution 

Concrete 
Longitudinal 

reinforcement 

Transverse 

reinforcement 
Total 

(m
3
) cost (tn) cost (tn) cost 

Applied 110.00 C1 3.73 C2 2.81 C3 Ctot 

Optimum I 19.38 0.18C1 3.96 1.06C2 1.93 0.69C3 0.32Ctot 

Optimum II 17.86 0.16C1 3.93 1.05C2 1.82 0.65C3 0.30Ctot 

 

In Table 6.3 the cross-sections of the columns/shear walls for all three 

designs are given. It is clear that the cross-sections of the optimized 

design are smaller than those obtained by the experienced engineer. The 

relative cost of the columns and the shear walls of the structure is given in 

Table 6.4. For the reasons described in test example 6.1 the ―Optimum‖ 
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solution requires more longitudinal reinforcement than the ―Applied‖ 

solution. 

 

(a) 

 

(b) 
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(c) 

 

Solution 

Group (a) Group (b) 

ex  (cm) ey (cm) ex  (cm) ey (cm) 

Applied 126.30 123.52 76.67 64.64 

Optimum I 0.16 0.17 121.91 45.72 

Optimum II 0.16 0.17 2.41 3.87 

 

Figure 6.4  Test example 6.2 – (a) Applied, (b) Optimum I and (c) Optimum II 

solutions (eMC-RC eccentricity in x and y directions) 

 

7.3 Conclusions 
The influence of a large eccentricity of the rigidity center in relation to the 

mass center is very important for the seismic response of buildings. In 
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this study Evolution Strategies have been implemented for the 

minimization of the distance between the mass center and the rigidity 

center of each floor layout of the building‘s vertical structural elements. 

The proposed design methodology is a two stage procedure leading to the 

coincidence of the mass and rigidity centers for each storey layout and 

fulfiling the EC2 and EC8 requirements. The minimization of the distance 

between the mass center and the rigidity center leads to a significant 

reduction of the torsional strain on the vertical elements of the structure 

and thus, leading implicitly to a cost-effective design of these elements. 

The beneficial effect of this kind of optimized layout arrangements of the 

columns and shear walls is directly observed on the cross-sectional and 

transverse reinforcement requirements for the structural systems‘ vertical 

elements. Evolution Strategies have proved to be a robust and efficient 

tool for the economically design optimization of seismic resistant 

reinforced concrete 3D frames.  
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8 Performance Based Design of 

irregular buildings 

8.1 Performance-based design procedure 
Performance-based seismic design has the following distinctive features 

with respect to the prescriptive design codes: (i) it allows the owner, 

architect and structural engineer to choose both the appropriate level of 

seismic hazard and the corresponding performance level of the structure, 

and (ii) the structure is designed to meet a series of combinations of 

hazard levels in conjunction with corresponding performance levels.  

The proposed PBD process is a displacement-based design procedure 

where the design criteria and the capacity demand comparisons are 

expressed in terms of displacements rather than forces [3], [4]. The main 

part in a performance-based seismic design procedure is the definition of 

the performance objectives that will be used. The proposed PBD process 

can be described by the following two steps: 

(1) Proportioning of the longitudinal and transverse reinforcement of all 

members on the basis of the serviceability limit state. 

(2) Use of non-linear dynamic analysis in order to estimate the structural 

capacities of the design for the different intensity levels employed. 

Revision of the reinforcement and the dimension of the members so that 

the capacities exceed the seismic demands [4]. 

The completion of Step 1 is necessary for Step 2 as the structural capacity 

depends both on the reinforcement and the dimensions of the members. 

The constraints considered for Step 2 of the PBD procedure are related to 

the maximum interstorey drift limits Δ, which are the largest values of the 

height-wise peak interstorey drift ratios for each hazard level. This is a 

commonly used measure of both structural and non-structural damage 

because of its close relationship to plastic rotation demands on individual 

beam–column connection assemblies. In this study, three performance 
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objectives are considered that correspond to 50, 10 and 2% probabilities 

of exceedance in 50 years of hazard levels. The drift limits Δ, for the three 

performance objectives considered, are 0,5%, 1,0% and 3,0% for the 

three hazard levels 50in50, 10in50 and 2in50 respectively. 

One performance objective is defined as the combination of a performance 

level for a specific hazard level. In this work three performance objectives 

have been considered corresponding to the ‗Enhanced Objectives‘ of FEMA 

356 [5]. The first step in defining the performance objectives is the 

selection of the performance levels. The performance levels that have 

been considered are the following: 

(i) Operational: The overall damage level is characterized as very 

light. No permanent drift is encountered, while the structure 

essentially retains its original strength and stiffness.  

To attain the Operational Building Performance Level, the structural 

components of the building need to meet the requirements for the 

Immediate Occupancy Structural Performance Level and the nonstructural 

components need to meet the requirements for the Operational 

Nonstructural Performance Level. 

The immediate occupancy structural performance level shall be defined as 

the post-earthquake damage state that remains safe to occupy and 

essentially retains the pre-earthquake design strength and stiffness of the 

structure. 

Also the immediate occupancy structural performance level means the 

post-earthquake damage state in which only very limited structural 

damage has occurred. The basic vertical- and lateral-force-resisting 

systems of the building retain nearly all of their pre-earthquake strength 

and stiffness. The risk of life threatening injury as a result of structural 

damage is very low, and although some minor structural repairs may be 

appropriate, these would generally not be required prior to reoccupancy. 
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And the operational nonstructural performance level shall be defined as 

the post-earthquake damage state in which the nonstructural components 

are able to support the pre-earthquake functions present in the building. 

At this level, most nonstructural systems required for normal use of the 

building—including lighting, plumbing, HVAC and computer systems—are 

functional, although minor cleanup and repair of some items may be 

required. This Nonstructural Performance Level requires considerations 

beyond those that are normally within the sole province of the structural 

engineer. In addition to assuring that nonstructural components are 

properly mounted and braced within the structure, it is often necessary to 

provide emergency standby utilities. It may also be necessary to perform 

rigorous ability qualification testing of key electrical and mechanical 

equipment items to function during or after strong shaking. Users wishing 

to design this Nonstructural Performance Level will need to refer to 

appropriate criteria from other sources (such as equipment 

manufacturers‘ data) to ensure the performance of the mechanical and 

electrical systems. 

So, buildings meeting this target Building Performance Level are expected 

to sustain minimal or no damage to their structural and nonstructural 

components. The building is suitable for normal occupancy and use, 

although possibly in a slightly impaired mode, with power, water and 

other required utilities provided from emergency sources, and possibly 

with some nonessential systems not functioning. Buildings meeting this 

target Building Performance Level pose an extremely low risk to life 

safety. 

Under very low levels of earthquake ground motion, most buildings should 

be able to meet or exceed this target Building Performance Level. 

Typically, however, it will not be economically practical to design this 

target Building Performance Level for severe ground shaking, except for 

buildings that house essential services. 

(ii) Life safety: The overall damage level is characterized as 

moderate. Permanent drift is encountered while strength and 
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stiffness has left in all storeys. Gravity-load bearing elements 

continue to function while there is no out-of plane failure of the 

walls. The overall risk of life-threatening injury as a result of 

structural damage is expected to be low. It should be possible to 

repair the structure; however, for economic reasons this may not 

be practical. 

To attain the Life Safety Building Performance Level, the structural 

components of the building need to meet the requirements for the Life 

Safety Structural Performance Level and the nonstructural components 

need to meet the requirement for the Life Safety Nonstructural 

Performance Level. 

The structural performance level shall be defined as the post-earthquake 

damage state that includes damage to structural components but retains 

a margin against onset of partial or total collapse.  

Also the structural performance level means the post-earthquake damage 

state in which significant damage has occurred to the structure, but some 

margin against either partial or total structural collapse remains. Some 

structural elements and components are severely damaged, but this has 

not resulted in large falling debris hazards, either within or outside the 

building. Injuries may occur during the earthquake; however, the overall 

risk of life-threatening injury as a result of structural damage is expected 

to be low. It should be possible to repair the structure; however, for 

economic reasons this may not be practical. While the damaged structure 

does not pose an imminent collapse risk, it would be wise to implement 

structural repairs or install temporary bracing prior to its reoccupancy. 

And the life safety nonstructural performance level shall be defined as the 

post-earthquake damage state that includes damage to nonstructural 

components but the damage is not life-threatening. 

Also the life safety nonstructural performance level is the post-earthquake 

damage state in which potentially significant and costly damage has 

occurred to nonstructural components but they have not dislodged and 

fallen, threatening life safety either inside or outside the building. Egress 
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routes within the building are not extensively blocked, but may be 

impaired by lightweight debris. HVAC, plumbing and fire suppression 

systems may have been damaged, resulting in local flooding as well as 

loss of function. While injuries may occur during the earthquake from the 

failure of nonstructural components, overall, the risk of life-threatening 

injury is very low. Restoration of the nonstructural components may 

require extensive effort. 

So, buildings meeting this level may experience extensive damage to 

structural and nonstructural components. Repairs may be required before 

reoccupancy of the building occurs, and repairing may be deemed as 

economically impractical. The risk to life safety in buildings meeting this 

target Building Performance Level is low. 

This target Building Performance Level entails somewhat more damage 

than anticipated for new buildings that have been properly designed and 

constructed for seismic resistance when subjected to their design 

earthquakes. Many building owners will desire to meet this target Building 

Performance Level for severe ground shaking. 

(iii) Collapse prevention: The overall damage level is characterized 

as severe. Substantial damage has occurred to the structure, 

including significant degradation in the stiffness and strength of 

the lateral-force resisting system. Large permanent lateral 

deformation of the structure and degradation of the vertical-load 

bearing capacity is encountered. However, all significant 

components of the gravity load-resisting system continue to carry 

their gravity load demands. The structure may not be technically 

practical to repair and is not safe for reoccupancy, since 

aftershock activity could induce collapse. 

To attain the Collapse Prevention Building Performance Level, the 

structural components of the building need to meet the requirements for 

the Collapse Prevention Structural Performance Level. Nonstructural 

components are not considered. 
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The structural performance level shall be defined as the post-earthquake 

damage state that includes damage to structural components such that 

the structure continues to support gravity loads but retains no margin 

against collapse.  

However, the structural performance level means the post-earthquake 

damage state in which the building is on the verge of partial or total 

collapse. Substantial damage to the structure has occurred, potentially 

including significant degradation in the stiffness and strength of the 

lateral-force-resisting system, large permanent lateral deformation of the 

structure, and—to a more limited extent— degradation of the vertical-

load-carrying capacity. However, all significant components of the gravity 

load- resisting system must continue to carry their gravity load demands. 

Significant risk of injury due to falling hazards from structural debris may 

exist. Technically, the structure may not be practical to repair and is not 

safe for reoccupancy, as aftershock activity could induce collapse. And as 

nonstructural performance is not considered shall be classified a building 

rehabilitation that does not address nonstructural components.  

Additionally, in some cases, the decision to rehabilitate the structure may 

be made without addressing the vulnerabilities of nonstructural 

components. It may be desirable to do this when rehabilitation must be 

performed without interruption of the building operation. In some cases, it 

is possible to perform all or most of the structural rehabilitation from 

outside occupied building areas. Extensive disruption of normal operation 

may be required to perform nonstructural rehabilitation. Also, since many 

of the most severe hazards to life safety occur as a result of structural 

vulnerabilities, some municipalities may wish to adopt rehabilitation 

ordinances that require structural rehabilitation only. 
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Figure 7.1 The Design Performances [3] 

The second step in defining the performance objectives is to determine 

the earthquake hazard levels. Earthquake hazards include direct ground 

fault rupture, ground shaking, liquefaction, lateral spreading and land 

sliding FEMA-350 [6]. Ground shaking is the only earthquake hazard that 

the structural design provisions of the building codes directly address. 

Ground shaking hazards are typically characterized by a hazard curve, 

which indicates the probability that a given value of a ground motion 

parameter, for example peak ground acceleration, will be exceeded over a 

certain period of time. The ground shaking hazard levels that have been 

considered are the following: 

(i) Occasional earthquake hazard level: with a probability of exceedance of 

50% in 50 years with a 72 years interval of recurrence. 

(ii) Rare earthquake hazard level: with a probability of exceedance of 10% 

in 50 years with a 475 years interval of recurrence. 

(iii) Maximum considered event earthquake hazard level: with a 

probability of exceedance of 2% in 50 years with a 2475 years interval of 

recurrence.  



 

 174 

8.2 Elastic response of reinforced concrete 

buildings 

8.2.1 Design Principles 

The main objective in the seismic resistant design of structural systems, 

like reinforced concrete buildings, is the proper conceptual design of the 

seismically resistant structural components and the appropriate planning 

arrangement of the vertical structural elements. It is obvious that the 

architectural layout of the structure imposes the principal restrictions 

related to the position of the structural elements of the building. The 

cooperation between the designer and the architect at the structural 

conceptual level might be crucial in the subsequent design stages. There 

are two general guidelines for the design engineer to take into account 

during the early designing stages of a concrete building: (i) guidelines 

related to the mass and stiffness distribution among the storeys of the 

structure and (ii) guidelines related to the plan arrangement of the 

vertical structural elements of the building where a rule of a minimum 

distance between the mass and the elastic centers for each storey (mass 

eccentricity) should be followed. 

The elastic axis, which is the geometrical locus of the elastic centers of the 

storeys in a multi-storey building, cannot be accurately defined. The 

inability to accurately define the elastic axis has led to the following 

approximate approaches: (i) decomposition of the multi-storey structural 

system into single independent storey systems, (ii) use of the shear walls‘ 

center of gravity only and (iii) replacement of the elastic axis with an axis 

defined by the geometric locus of the rigidity centers of the stroreys 

(Cheung and Tso 1986; Tso 1990). In the present study, approach (iii), 

which has been adopted by the Eurocode 8 (EC8 1996) and the National 

Building Code of Canada (NBCC 1995), when an ‗equivalent‘ elastic axis 

defined by the geometric locus of the rigid centers of each storey is 

considered. 

According to the Federal Emergency Management Agency (FEMA-310 

1998) it is suggested that, in order to minimize the influence of the 
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torsion, the distance between the storey‘s centre of mass and the storey‘s 

centre of rigidity is less than 20% of the building width in either plan 

dimension for Life Safety (LS) and Immediate Occupancy (IO) design 

states of the building. In most cases of building layouts it is not easy, 

even through a trial and error procedure, to define the plan arrangement 

of the columns and shear walls so that the rigidity center coincides closely 

with the mass center. What is needed is an automatic optimization 

procedure which is specially tailored for the solution of such a problem. 

The optimum design of steel reinforced concrete 3D frames is formulated 

in this study on the basis of the FEMA-310 (1998) recommendation where 

the torsional response demands are to be reduced during a seismic event 

and thus implicitly enhance the seismic resistance of the structure. In this 

study, torsional response demands are reduced by minimizing the mass 

eccentricity, which is defined as the distance between the mass and the 

rigidity centers in each storey. 

8.2.2 Seismic Design Procedures 

The majority of the seismic design codes belong to the category of the 

prescriptive building design codes, which include: site selection and 

development of conceptual, preliminary and final design stages. According 

to a prescriptive design code, the strength of the structure is evaluated at 

one limit state between life-safety and near collapse using a response 

spectrum corresponding to one design earthquake [1]. In addition, 

serviceability limit state is usually checked in order to ensure that the 

structure will not deflect or vibrate excessively during its functioning. On 

the other hand, PBD is a different approach for the seismic design which 

includes, apart from the site selection and the development of the design 

stages, the construction and maintenance of a building in order to ensure 

reliable and predictable seismic performance over its life span. [2] 

8.2.3 EAK-EKOS design procedures 

According to the Greek national design codes, a number of checks must 

be considered in order to ensure that the structure will meet the design 

requirements. Each candidate design is assessed using these constraints. 
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All EKOS 2000 checks must be satisfied for the gravity loads using the 

following load combination: 

       ∑        ∑                                                                                              (7.1) 

where ‗+‘ implies ―to be combined with‖, the summation symbol ‗Σ‘ 

implies ―the combined effect of‖,     denotes the characteristic value ‗k‘ of 

the permanent action j and     refers to the characteristic value ‗k‘ of the 

variable action i. If the above constraints are satisfied, the multi-modal 

response spectrum analysis is performed, according to EAK 2000, and the 

earthquake loading is considered using the following load combination: 

   ∑        ∑                                                                                                 (7.2) 

where    is the design value of the seismic action for the two components 

(longitudinal and transverse), respectively, and     is the combination 

coefficient for the quasi-permanent action I, here taken to be equal to 

0.30. 

The main principle of new provisions, EAK 2000 included, is to design 

structural systems based on energy dissipation and ductility in order to 

control inelastic seismic response. Designing a multi-storey RC building for 

energy dissipation comprises the following features: (і) fulfilment of the 

strong column/weak beam rule, (іі) member verification in terms of forces 

and resistances for the ultimate limit strength limit state under the design 

earthquake (with a return period of 475 years and a 10% probability of 

exceedance in 50 years), with the elastic spectrum reduced by the q-

factor equal to 3 5 times, (ііі) damage limitation for the serviceability limit 

state and (іv) capacity design of beams and columns against shear failure  

8.3 Inelastic response of reinforced concrete 

buildings 

8.3.1 Direct Integration of Equations of Motion 

The one-storey sytems used in the models below are inelastic. The 

analytical solution of the equation of motion for nonlinear systems is not 
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possible, so numerical time-stepping methods for integration of 

differential equations are used. 

The equation of motion of an inelastic system is: 

     ̇        ̇ ̈                                                                                                     (7.3) 

In order to solve this equation, numerical integration is used, specifically 

Newmark‘s method (an implicit method). This method is based on the 

equations below: 

 ̇i+1  ̇i [       ] ̈i       ̈i+1                                                                                  (7.4) 

 i+1  i      ̇i [           2] ̈i [     2] ̈i+1                                                     (7.5) 

The parameters β and γ usually take values γ=
 

 
  and  

 

 
   

 

 
  and 

express the variation during a time step and affect the stability and 

accuracy of the method   Special occasions are for values γ=
 

 
  and   =

 

 
 

(Average acceleration method) and γ=
 

 
  and  =

 

 
 (Linear acceleration 

method). 

These two equations (7.3), (7.4) in combination with  

        ̇i+1     i+1                                                                                                (7.6) 

underlie in order to compute  i+1,  ̇i+1,  ̈i+1 at time i+1 from the known   I, 

 ̇I,  ̈I at time i. Iteration is required to implement these computations 

because the unknown  ̈i+1  appears on the right-hand side of (7.3) and 

(7.5). 

The key equation solved at each time step in Newmark‘s method, modified 

for nonlinear systems is: 

 ̂i      ̂ι                                                                                                                         (7.7) 

where   

  ̂i      
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For convenience in notation we replace i with T in ki in order to emphasize 

that it is the tangent stiffness 

 ̂T     ̂                                                                                                                         (7.7’) 

 ̂T    
 

   
  

 

      
                                                                                                (7.9’) 

The first step of the iterative procedure is the application of equation 

(7 7‘): 

 ̂T  
      ̂                                                                                                                     (7.7’) 

In this way    
    is determined. The true force       is associated with 

      and is less than   ̂, so the residual force is defined: 

        ̂                                                                                                                (7.10) 

The additional force displacement        due to this residual force is 

determined from: 

 ̂T  
            ̂                                                                                             (7.11) 

From this equation, additional displacement        is computed and used to 

define a new value of residual force. The same procedure is continued 

until convergence. Table 7.1 describes the process for the time step i to 

i+1, which is the modified Newton-Raphson method (Figure 7.2). 

 

Figure 7.1 Iteration within a time step for non-linear systems: a) modified 

Newton-Raphson iteration; b) Newton-Raphson iteration [7] 
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Table 7.2 Modified Newton-Raphson Iteration [7] 

When the incremental displacement        satisfies the equation below the 

procedure is terminated: 

      

  
                                                                                                                                (7.12) 

where 

   ∑       
                                                                                                                    

The displacement over the time step i to i+1: 

    ∑       
                                                                                                                (7.13) 

Using the equations below (7.14) and (7.15) and deriving the value of    ,   

  ̇i,   ̈I are defined: 

  ̇i 
 

   
    

 

 
 ̇i      

 

  
  ̈I                                                                              (7.14) 

  ̈i 
 

      
    

 

   
 ̇i 

 

  
 ̈I                                                                                     (7.15) 

 

Table 7.3 describes the analysis procedure using Newmark‘s method  [7] 

Table 7.3 Newmark‟s Method: Nonlinear Systems [7] 
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8.3.2 DESIGNING AGAINST THE SEISMIC HAZARD 

According to FEMA-310 [15] it is suggested that, in order to minimize the 

influence of the torsion for Life Safety (LS) and Immediate Occupancy 

(IO) design states of the building, the distance between the storey‘s 

center of mass and the storey‘s center of rigidity must be less than 20% 

of the building width in either plan dimension. In many cases of building 

layouts it is not easy, even though a trial and error procedure, to define 

the plan arrangement of the columns and shear walls so that the rigidity 

center to closely coincide with the mass center. What is needed is an 

automatic optimization procedure specially tailored for the solution of such 

a problem. According to the first approach, examined in this study, the 

minimum torsional response problem for 3D RC frames is formulated on 

the basis of the FEMA-310 [15] recommendations, where the torsional 

response demands are to be reduced during a seismic event and thus 

implicitly enhancing the seismic resistance of the structure. The response 



 

 181 

demands are reduced, according to Bertero [6] by minimizing the mass 

eccentricity, which is defined as the distance between the mass and 

rigidity centers at each storey of the building. According to Pauley [16], 

strength can be assigned to the elements in any way that suits the 

designer‘s intentions  A desirable strength distribution is achieved when 

the center of strength is located close to or coincides with the center of 

mass of the system [16,17]. Based on this concept the second design 

approach of the minimum torsional response problem is formulated such 

that the eccentricity between strength and mass centers is minimized. 

8.4 Optimum Design of RC buildings 
Structural optimization problems are characterized by various objective 

and constraint functions that are generally non-linear functions of the 

design variables. These functions are usually implicit, discontinuous and 

non-convex. The mathematical formulation of the structural optimization 

problems with respect to the design variables, the objective and constraint 

functions depend on the type of the application. Most optimization 

problems can be expressed in standard mathematical terms as a non-

linear programming problem. A structural optimization problem can be 

formulated in the following form: 

j

d

i

min              F( )

subject to     g ( ) 0   j=1,...,m

                    s R ,    i=1,...,n





s

s  (7.16) 

where F(s) and gj(s) denote the objective and constraints functions, 

respectively, Rd is a given design set, while the design variables si 

(i=1,...,n) can take values only from this set.  

8.4.1 Definitions 

There are some definitions that have to be provided in order to facilitate 

the description of the problem and its handling by the adopted 

optimization algorithm.  
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Torsionally balanced: A structural system is defined as torsionally 

balanced when the mass center coincides or almost coincides with the 

rigidity center at any storey of the structure. 

Center of rigidity (CR): Only in a special class of multi-storey structures 

can the centers of rigidity be defined in the strict sense [18]. The inability 

to define the centers of rigidity has led to the following approximate 

approaches: (i) Decomposing the multi-storey structural system into 

single independent storey systems. (ii) Using only the center of gravity of 

the shear walls. (iii) Replacing the elastic axis with an axis defined by the 

geometrical locus of the rigidity centers of the storeys [18]. In the present 

study, approach (iii) is considered, which has been adopted by Eurocode 8 

[14] and the National Building Code of Canada [19]. 

Center of resistance or strength (CV): This center can be defined as 

follows: 

i n,ii
CV

n,ii

x V
x

V




 (7.17) 

where xCV is the x-coordinate of the CV, Vn,i is the nominal strength of the 

i-th vertical structural element and xi is the distance of the i-th element 

from the center of mass. 

For every column and shear wall, two architectural constraints are 

defined: 

Architectural constraint 1: The first architectural constraint (AC1) is related 

to the plan‘s boundaries where a column or shear wall should be located. 

It is implemented as a rectangle with dimensions AC1x × AC1y. A design is 

considered feasible, with respect to the AC1 constraint, when the cross 

sections of the columns and shear walls are contained in the 

corresponding rectangles. In Figures 7.2a and 7.2b two AC1 rectangles are 

shown for a typical plan view of a concrete building. 

Architectural constraint 2: The second architectural constraint (AC2) is 

related to the topological position of the beams in conjunction with their 
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supporting columns and/or shear walls. This constraint is implemented 

through a point located within the rectangle AC1. The AC2 constraint, 

shown in Figures 7.2a and 7.2b, is essential in assisting the optimization 

procedure to reach layouts where the beams and their cross points are 

supported by columns or shear walls. In any feasible design the AC2 point 

should correspond to a joint of horizontal (beam) and vertical 

(column/shear wall) elements. 

Column type:  Two types of columns/shear walls are considered. 

Type I is defined as the column/shear wall where the AC2 point 

corresponds to one of the corners of the rectangle AC1 labeled as F (see 

Figure 7.2a); Type II is defined as the column/shear wall where the AC2 

point is located inside the rectangle AC1 (see Figure 7.2b). 

8.4.2 Optimization based on the initial construction cost  

In all design procedures that will be implemented in this study the design 

variables are divided in two categories: (i) Topology design variables, 

corresponding to the topology or layout of the columns and shear walls of 

the building. (ii) Sizing design variables, corresponding to the dimensions 

of the cross sections. The mathematical formulation of the optimization 

problem for the initial construction cost of RC buildings can be stated as 

follows: 

IN b sl cl

k

i i i

lb,j j ub,j columns

i i i

lb,j j ub,j columns

min              C (s) C (s) C (s) C (s)

subject to     g (s) 0, k=1,2,...,m (behavioral)

t r t ,  j=1,2,...,n
                    (architect

s h s ,  j=1,2,...,n

  



  


  

storeys

ural)

                     i=1,2,...,n_g

 (7.18) 

where CIN(s) refers of the total initial construction cost of the structure, 

and Cb(s), Csl(s), Ccl(s) refer to the total initial construction cost of the 

beams, the slabs and the columns, respectively. The cost of the 

foundation has not been included in the initial cost. The term initial cost of 

a structure refers to the cost during its construction stage. The initial cost 

is related to the material and the labor cost for the construction of the 

building which includes concrete, steel reinforcement, labor cost for 
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placement and the non-structural components cost. The behavioral 

constraints gk(s) are imposed by the design codes, 
i

jr  is the distance of 

the j-th column/shear wall mass center in the i-th group of storeys from 

its corresponding AC2 point (see Figure 7.3b, where for simplicity reasons 

the superscript i and subscript j are omitted in Figure 7.2). n_gstoreys is the 

total number of groups of storeys having the same layout in the plan, 

while nstoreys is the total number of storeys. 
i i

lb,j ub,jt , t
 are the lower and upper 

bounds of the topology design variables imposed by the architectural 

constraints, while 
i

jh
 is the largest edge of the j-th column/shear wall in 

the i-th group of storeys, corresponding to the sizing design variables (see 

Figure 7.2a). 
i i

lb,j ub,js ,s
 are the lower and upper bounds of the sizing design 

variables imposed by the architectural constraints. As it will be seen in the 

following subsection, there is a relation between the two kinds of design 

variables in topology and sizing optimization, as well as in the 

corresponding bounds. 

8.4.3 Optimization design based on the minimum torsional response  

In the minimum torsional response optimization problem the basic goal is 

to formulate an optimization procedure that could lead to designs with 

improved earthquake resistance and in particular to create designs having 

minimum torsional response. In this study two separate formulations of 

this problem have been considered. The first one is formulated as a 

minimization problem of the eccentricity eCM-CR between the mass center 

(CM) and the rigidity center (CR) of each storey, while the second 

formulation is stated as a minimization problem of the eccentricity eCM-CV 

between the mass center and the center of strength (CV). Both 

formulations are subjected to the behavioral constraints imposed by the 

design codes as well as to the architectural constraints. 

The two formulations of the optimization problem can be stated as 

follows: 
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i i 2 i i 2

CM-CR CM CR CM CR storeys

k

i i i

lb,j j ub,j co
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   



 

s

lumns

i i i

lb,j j ub,j columns
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(7.19a) 

i i 2 i i 2

CM-CV CM CV CM CV storeys
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i i i

lb,j j ub,j colum
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   



 
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i i i
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  

 
(7.19b) 

where i i i i i i

CM CM CR CR CV CV(x ,y ), (x ,y ) and (x ,y )  are the coordinates of the mass 

center, the rigidity center and the center of strength, respectively. It must 

be noted that both centers CR and CV are defined for each storey. 

8.4.4 The combined optimization problem 

In the third formulation, all three objectives defined in Eqs. (7.18), 

(7.19a) and (7.19b) are considered to lead to a three-objective 

optimization problem. A number of methods have been proposed for 

solving multi-objective optimization problems. The methods are divided 

into three major categories: (i) methods with a priori articulation of 

preferences, (ii) methods with a posteriori articulation of preferences, and 

(iii) methods with no articulation of preferences. In this study the 

weighted sum method that belongs to the methods with a priori 

articulation of preferences is considered. These methods allow the 

engineer to specify preferences, which are articulated in terms of the 

relative importance of different objectives. The mathematical formulation 

for the combined optimization problem can be stated as follows: 
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* * *
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lb,j j ub,j
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


 
(7.20) 

where 
* * *

IN CM-CR CM-CVC , e  and e
 are the normalized values of the three 

objectives, i.e. the initial construction cost and the two eccentricities, 

respectively, while w is the weight coefficient which articulates the 

preferences of the engineer regarding the relative importance of different 

objectives. 

8.4.5 Type of design variables  

In this study the columns/shear walls are of rectangular shape with 

dimensions hb, where h  b, while the smallest column that is permitted 

to be allocated is 3030 cm2. The sizing design variables of the columns 

and shear walls depend on the topology design variables which are 

defined first. 

8.4.5.1 Topology design variables 

As mentioned above the columns are divided in two categories. For Type I 

column/shear walls: if AC1x > AC1y the final position of the individual 

element center of the column/shear wall will be allocated along the edge 

of AC1x, otherwise it will be allocated along the edge of AC1y. In the case 

of a square architectural constraint with AC1x = AC1y, the selection of the 

edge is random. For Type I column/shear walls the lower bound of the 

topology design variable depends on the indicative minimum column size 

i min
lb,j

h
t

2
  (7.21) 

where the minimum column size hmin, imposed by the design codes, is 

equal to 30cm. The above mentioned lower bound constraint is imposed in 

order to avoid obtaining columns with dimensions less than hmin. The 
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upper bound is equal to half the size of the corresponding architectural 

constraint edge (AC1x or AC1y) 

i 2 2

ub,j S F S F

1
t (x x ) (y y )

2
     (7.22) 

In Figure 7.2a the largest edge of the AC1 architectural constraint is AC1y 

which will be selected as the edge where the individual element center of 

the column/shear wall will be allocated. Furthermore, S (xS, yS) is the 

starting point and F (xF, yF) is the finishing point of the AC1y edge, where 

the AC2 point coincides with the finishing point F. 

In Type II column/shear walls the edge of the AC1 architectural rectangle, 

where the individual element center of the column will be allocated, has 

either been preselected or it will be selected by the smallest distance of 

the projection of the AC2 point to the four edges of the AC1 rectangle. The 

four projections points PPi, i=1,…,4 are shown in Figure 7.2b. It can be 

seen that the distance between the points AC2 and PP1 is the smallest 

one, so the edge of AC1x of the corresponding architectural constraint is 

selected for the allocation of the individual element center of the 

column/shear wall and the PP1 projection point is renamed to AC2. Point S 

(xS,yS) is the starting point and F (xF,yF) is the finishing point of this edge. 

The allocation of the mass center of the column/shear wall is either on the 

left or on the right-hand side of the renamed projection point PP1. 

Irrespectively of the side to which the individual element center will be 

allocated, the lower bound is defined to be equal to zero 

i

lb,jt 0  (7.23) 

The definition of the upper bound depends on which side of the projected 

AC2 point the column mass center will be allocated: 
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i

ub,j

i

ub,j

a
t =    (if on the left side)

2

b
t =    (if on the right side)

2

 (7.24) 

where ―a‖ is the distance of the new position of the AC2 point from point S 

and ―b‖ is the distance of the new position of the AC2 point from point F 

(see Figure 7.2b). 

8.4.5.2 Sizing design variables 

As mentioned previously, topology design variables are defined first 

followed by the sizing design variables which are related to the topology 

design variables. In the case of Type I columns/shear walls there is a 

direct relation between topology and sizing design variables for each 

column/shear wall. This sizing design variable is defined as inactive 

i i

j jh 2r  (7.25) 

In the case of Type II column/shear walls there is an indirect relation 

between the two types of design variables defined by: 

i i

lb,j j

i

ub,j

s =2r

s =2min(a ,b ) 
 (7.26) 

where a' and b' refer to the distance of the individual element center of 

the column/shear wall from points S and F, respectively (see Figure 7.2b). 

In this case the sizing design variables are active, since their dimensions 

have to be defined by the optimizer and not by the topology design 

variables as in the case of Type I column/shear walls. The bounds of the 

size of the column/shear wall are dependent on the topological design 

variable i

jr .  

8.4.6 Behavioural Constraints 

Apart from the architectural constraints, behavioral constraints, imposed 

by the design codes, have to be satisfied for an acceptable design. These 

behavioral checks are performed following a structural analysis where 
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stresses and displacements are calculated and checked according to the 

EC2 [20] and EC8 [14] design codes. The majority of the seismic design 

codes belong to the category of the prescriptive building design codes, 

which include site selection followed by the conceptual, preliminary and 

final design stages. According to a prescriptive design code the strength of 

the structure is evaluated at one limit state defined between life-safety 

and near collapse using a response spectrum corresponding to one design 

earthquake [14]. In addition, a serviceability limit state is usually checked 

in order to ensure that the structure will not deflect or vibrate excessively 

during its functioning. 

According to the Eurocodes a number of checks must be considered in 

order to ensure that the structure will meet the design requirements. In 

particular, each candidate design should satisfy all EC2 [20] checks for the 

gravity loads using the following load combination: 

1.35 " "1.50d kj kij i
S G Q    (7.27) 

where ‗+‘ implies ―to be combined with‖, the summation symbol ‗Σ‘ 

implies ―the combined effect of‖, Gkj denotes the characteristic value ‗k‘ of 

the permanent action j and Qki refers to the characteristic value ‗k‘ of the 

variable action i. If the above constraints are satisfied, the multi-modal 

response spectrum analysis is performed and the earthquake loading is 

considered using the following load combination: 

2" " " "d kj d i kij i
S G E Q     (7.28) 

where Ed is the design value for the two components (longitudinal and 

transverse) of the seismic action and ψ2i is the combination coefficient for 

the quasi-permanent action i, here taken to be equal to 0.30. All these 

checks are performed for each candidate optimum design examined by 

the optimizer. 

The main principle of new code provisions, EC8 inclusive, is to design 

structural systems based on energy dissipation and on ductility in order to 

control the inelastic seismic response. The following features have to be 
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taken into consideration in designing a multi-storey RC building for energy 

dissipation: (i) fulfilment of the strong column/weak beam rule, (ii) 

member verification in terms of forces and resistances for the ultimate 

strength limit state under the design earthquake (return period of 475 

years, with a 10% probability of exceedance in 50 years) with the elastic 

spectrum reduced by the behavioral factor q, (iii) damage limitation for 

the serviceability limit state and (iv) capacity design of beams and 

columns against shear failure. 

8.4.7 Initial and limit state cost 

The total cost CTOT of a structure, over a time period which may be the 

design life of a new structure or the remaining life of a retrofitted 

structure, can be expressed as a function of the time period and the 

design variable vector as follows [21]: 

( , ) ( ) ( , )TOT IN LSC t s C s C t s   (7.29) 

where CIN is the initial cost of a new or retrofitted structure, CLS is the limit 

state cost, s is the design vector corresponding to the design loads, 

resistance and material properties while t is the time period. The term 

―limit state cost‖ refers to the potential damage cost from earthquakes 

that may occur during the life span of the structure. It accounts for the 

cost of repairs after an earthquake, the cost of loss of contents, the cost 

of injury recovery or human fatality and other direct or indirect economic 

losses. The quantification of the losses in economic terms depends on 

several socio-economic parameters. The limit state cost, for the i-th limit 

state, can be formulated as follows: 

i i i i i

LS dam con ren incC C C C C     (7.30) 

where 
i

damC
 is the damage repair cost, 

i

conC
 is the loss of contents cost, 

i

renC
 is the loss of rental cost and 

i

incC
 is the income loss cost. Details about 

the calculation formula for each limit state cost can be found in [21,22], 

while Table 7.2 depicts how 
i

LSC
 is calculated  for the text example. 
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For the purpose of this study the exceedance cost of a damage state is 

obtained as a percentage of the initial cost as shown in Table 7.3 [23,24]. 

It is generally accepted that interstorey drift can be used to determine the 

expected damage. The relation between the drift limit ratios and the 

damage state, employed in this study (Tables 7.3 and 7.4), is based on 

the HAZUS project [25] for low-rise RC moment resisting frames for a 

moderate-code design, and on the work of Ghobarah [26] for ductile 

moment resisting frames. Based on analytical and experimental data, 

Ghoborah examined the correlation between drift and damage of various 

structural elements and systems and determined the relation between the 

interstorey drift and various damage levels of different reinforced concrete 

elements and structural systems, as given in Table 7.3. 

Based on a Poisson process model of earthquake occurrences and an 

assumption that damaged buildings are immediately retrofitted to their 

original intact conditions after each major damage-inducing seismic 

attack, Wen and Kang [27] proposed the following formula for the limit 

state cost function considering N damage states: 

 
1

( , ) 1
N

t i

LS LS i

i

C t s e C P







    (7.31) 

where 

1( ) ( )i i iP P P          (7.32) 

and 

( ) ( 1/ ) ln[1 ( )]i i iP t P         (7.33) 

Pi is the probability of the ith damage state being exceeded given the 

earthquake occurrence and i

LSC  is the corresponding limit state dependent 

cost; ( )iP  is the exceedance probability given occurrence; Δi, Δi+1 are 

the drift ratios defining the lower and upper bounds of the ith damage 

state; ( )i iP  is the annual exceedance probability of the maximum 
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interstorey drift value Δi; ν is the annual occurrence rate of significant 

earthquakes, modeled by a Poisson process, and t is the service life of a 

new structure or the remaining life of a retrofitted structure. The first 

component of Eq. (7.31) that contains the exponential term is used in 

order to express the CLS in a present value, where λ is the annual 

momentary discount rate considered to be constant and equal to 5%. It is 

assumed that after the occurrence of an earthquake the structure is fully 

restored to its initial state.  
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9 Numerical Tests of optimum 

design of RC irregular structures 

 

9.1 Performance-based design examples 
In this section two test examples are considered. In both test examples 

the following material properties have been considered: concrete with 

modulus of elasticity Ec=30GPa and characteristic compressive cylinder 

strength fck= 20MPa, longitudinal steel reinforcement with modulus of 

elasticity Es=210GPa and characteristic yield strength fyk,s=500MPa and 

transverse reinforcement with characteristic yield strength fyk,s=220MPa. 

The design spectrum that has been used has the following characteristics: 

A=0.16g, ground type B and behavior factor q=3.0 according to EC8 [14]. 

The cross section of the beams is 2560 cm2. 

The following four formulations of the optimization problem have been 

considered in the numerical study: (i) minimum initial construction cost 

(leading to design DCin); (ii) minimum CM-CR eccentricity (leading to 

design DEcr); (iii) minimum CM-CV eccentricity (leading to design DEcv); 

and (iv) one combined formulation (leading to design DComb) where two 

values of the weight coefficient of Eq. (5) have been examined (0.1 and 

0.9). The combined formulation can be described as follows: 

* * *

IN CM-CR CM-CVMin{0.1 C +0.9 max(e ,e )}   (8.1) 

 

The solution of all four formulations of the optimization problem is 

performed with the EA(μ+λ) optimization scheme [28] with ten parents 

and offsprings (μ=λ=10). 
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Table 8.1: Limit state dependent cost calculations (in € 1,000) 

Performance 

level 
Cdam Ccon Cren Cinc C i

LS
 Eq. (15) 

1 0.00 0.00 0.00 0.00 0.00 

2 0.26 0.07 0.02 0.16 0.52 

3 2.64 0.72 0.20 1.60 5.16 

4 10.56 2.88 0.81 6.40 20.65 

5 23.76 6.48 1.81 14.40 46.45 

6 42.24 11.52 3.23 25.60 82.59 

7 52.80 14.40 4.03 32.00 103.23 

 

 

Table 8.2: Damage state drift ratio limits and cost based on HAZUS [25] 

Performance 

level 
Damage State Interstorey Drift (%) 

Cost                                        

(% of initial cost) 

1 None Δ<0.5 0 

2 Slight 0.5<Δ<0.9 0.5 

3 Moderate 0.9<Δ<2.3 20 

4 Major 2.3<Δ<6.0 80 

5 Destroyed 6.0<Δ 100 

 

 

Four different criteria have been used in order to assess the optimum 

designs achieved through the aforementioned formulations: (i) the initial 

construction cost; (ii) the total life-cycle cost; (iii) the torsional response 

criterion; and (iv) the limit state probabilities of exceedance of the 

optimum designs. For the second and third assessment criteria, ground 

motions from Table 8.4 are used which have been chosen from the 

Somerville and Collins [29] database. The records of each hazard level are 

scaled to the same PGA in order to ensure compatibility between the 

records, in accordance to the hazard curve taken from the work of 

Papazachos et al. [30] (see Table 8.5). 
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Table 8.3: Damage state drift ratio limits and cost based on the work of 

Ghobarah [26] 

Performance 

level 
Damage State Interstorey Drift (%) 

Cost                                        

(% of initial cost) 

1 None Δ<0.1 0 

2 Slight 0.1<Δ<0.2 0.5 

3 Light 0.2<Δ<0.4 5 

4 Moderate 0.4<Δ<1.0 20 

5 Heavy 1.0<Δ<1.8 45 

6 Major 1.8<Δ<3.0 80 

7 Destroyed 3.0<Δ 100 

 

Table 8.4:  Natural records [29] 

Earthquake Station Distance Site 

Records in 50/50 hazard level 

Honeydew (PT) 

17 August 1991 

Cape Mendocino 20 rock 

Petrolia 17 soil 

Cape Mendocino (CM) 

25 April 1992 

Rio Dell 13 soil 

Butler Valley 37 rock 

Cape Mendocino (C2) 

aftershock, 4/26/92 

Fortuna 43 soil 

Centerville 28 soil 

Records in 10/50 hazard level 

Tabas (TB) 

16 September 1978 

Dayhook 14 rock 

Tabas 1.1 rock 

Cape Mendocino (CM) 

25 April 1992 

Cape Mendocino 6.9 rock 

Petrolia 8.1 soil 

Chi-Chi (CC), Taiwan 

20 September 1999 

TCU101 4.9 soil 

TCU102 3.8 soil 

Records in 2/50 hazard level 

Valparaiso (VL), Chile 

3 May 1985 

Vina del Mar 30 soil 

Zapaller 30 rock 

Michoacan (MI), Mexico 

19 September 1985 

Caleta de Campos 12 rock 

La Union 22 rock 

La Villita 18 rock 

Zihuatenejo  21  rock 
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The fragility analysis is performed following the methodology described in 

HAZUS [25], where uncertainties on the material properties affecting the 

capacity curve and on the ground shaking demand are considered. In 

order to perform the non-linear dynamic analyses required for the life-

cycle cost and fragility analyses a centerline model was formed for both 

test examples. The members are modeled using the force-based fiber 

beam-column element while the same material properties are used for all 

the structural elements of both examples. Soil-structure interaction was 

not considered and the base of the columns at the ground floor is 

assumed to be fixed while no uncertainties in the foundation conditions 

have been taken into account. 

Table 8.5: Seismic hazard levels [30] 

Event Recurrence Interval 
Probability of 

Exceedance 
PGA (g) 

Frequent 21 years 90% in 50 years 0.06 

Occasional 72 years 50% in 50 years 0.11 

Rare 475 years 10% in 50 years 0.31 

Very Rare 2475 years 2% in 50 years 0.78 

 

9.1.1 Test example 8.1 – Two storey building 

The first test example, shown in Figure 8.1, is a two-storey 3D frame 

where the height of each storey is 3 meters, while the plan layout of the 

columns/shear walls is the same for both storeys. The following 6 design 

variables have been used corresponding to 5 topology and 1 active sizing 

design variables. In Figure 8.2 both architectural constraints (AC1 

rectangles and AC2 points) are presented for all columns/shear walls. It 

must be noted that all designs obtained from the various formulations of 

the optimization problem fulfil the requirements of EC2 and EC8 design 

codes. 
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(a) 

 

(b) 

Figure 8.1: (a) Sample column Type I with its architectural constraints AC1 and 

AC2, (b): Sample column Type II with its architectural constraints AC1 and AC2. 

Table 8.6 depicts the cross-sectional dimensions of the four optimum 

designs along with the corresponding eccentricities. It should be noted 

that the eCM-CV shown in Table 8.6 refers to its maximum values over 

the two storeys of the structure. The dimensions of the columns/shear 

walls are denoted as dimx and dimy corresponding to the x and y axis, 

respectively. As it can be seen the eccentricities (eCM-CR, eCM-CV) of DCin are 

larger than one meter, and while the Min {eCM-CR} and Min {eCM-CV} 

formulations improved only the eccentricity that was to be minimized, 

only the combined formulation managed to improve both eccentricities. 
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Figure 8.2: Test example 8.1 - Architectural constraints of a typical storey 

In order to assess the structural performance of the optimum designs, 

nonlinear time-historey analyses are performed for the records from Table 

8.4. Table 8.7 contains the maximum and minimum values of the top 

diaphragm rotation for each hazard level. It can be seen that the 

maximum rotation of the diaphragm, for all three hazard levels, is 

encountered for design DCin. On the other hand, in frequent (50/50) and 

occasional (10/50) hazard levels, design DEcr behaves better, while in rare 

(2/50) hazard levels it is design DComb that has the minimum torsional 

response. As far as the rare hazard level is concerned, between DCin, DEcr 

and DEcv, it is the latter that has the minimum rotation. The performance 

of designs DEcr and DEcv in the three hazard levels is in accordance with the 

findings of Paulay [16,17], Tso and Myslimaj [31] reported for one-storey 

structures. 

In Table 8.8, the optimum designs are compared with respect to the initial 

limit state and total life-cycle costs. Through this comparison it can be 

seen that DCin is the worst design in terms of life-cycle cost irrespective of 

 

Column 

AC1 

AC1x AC1y 

C1 150 50 

C2 50 200 

C3 50 200 

C4 150 50 

C5 40 300 
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the drift limits considered. The best design in terms of total life-cycle cost, 

though, depends on the drift limits used for calculating the limit state 

cost. When HAZUS [25] drift limits are employed designs DEcr and DEcv 

perform equally well too, while design DComb is the best optimum design. 

On the other hand, when the drift limits given by Ghobarah [26] are used 

for the calculation of the limit state cost then DEcr is the best design. This 

is due to the type of the architectural constraints imposed and the 

irregular plan view, the three formulations related with the minimization 

of eccentricities (Min {eCM-CR}, Min {eCM-CV}and combined) converging to 

optimum designs having shear-walls in both directions. On the other hand 

DCin has the minimum cross-sections, thus the maximum drifts obtained 

for each hazard level for DCin are much greater than those of the other 

three optimum designs. 

The results of the last part of the comparative study, are shown in Table 

8.9, where fragility analysis is performed for the slight, moderate, 

extensive and complete limit states. The four damage states are defined 

according to HAZUS for low rise buildings for the moderate code design 

level. More specifically, the probabilities of exceeding slight, moderate, 

extensive and complete limit states (defined according to HAZUS) are 

given in Table 8.9. In particular, for the case of the slight and moderate 

limit states the probabilities of violation, calculated for DCin, are one order 

of magnitude larger than those of DEcv. While for the extensive limit state, 

the probabilities of violation calculated for DComb is one order of magnitude 

less than those of DEcr and DEcv and two orders less than those for DCin. In 

the case of the complete limit state the probabilities calculated are less 

than 10-4% for all designs. 
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9.1.2 Test example 8.2 – Three storey building 

 

Figure 8.3: Test example 8.2 - Architectural constraints of a typical storey 

The second test example, shown in Figure 8.3, is a three-storey 3D frame 

where the height of each storey is 3 meters, while the plan layout of the 

columns/shear walls is the same for both storeys. The following 10 design 

variables have been used corresponding to 8 topology and 2 active sizing 

design variables. In Figure 8.3 both architectural constraints (AC1 

rectangles and AC2 points) are presented for all columns/shear walls. 

Similarly to the first example designs fulfil the requirements of EC2 and 

EC8 design codes. Table 8.11 depicts the cross-sectional dimensions of 

the four optimum designs along with the corresponding eccentricities. The 

observations regarding the eccentricities are similar to those of the first 

example, where the combined formulation managed to improve both 

eccentricities. Table 8.12 contains the maximum and minimum values of 

the top diaphragm rotation for each hazard level obtained for the records 

from Table 8.4. It can be seen that the results are in exact accordance 

with the findings of Paulay [16,17], Tso and Myslimaj [31] reported for 

 

Column 

AC1 

AC1x AC1y 

C1 70 70 

C2 70 70 

C3 70 70 

C4 70 70 

C5 70 70 

C6 70 70 

C7 200 40 

C8 40 200 
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one-storey structures, i.e. among all designs for the frequent and 

occasional hazard levels DEcr has the minimum rotation while in the rare 

hazard level it is design DEcv that has the best performance. 

Table 8.13 depicts the initial limit state and total life-cycle costs of the 

four optimum designs. Similarly to the first test example DCin is the worst 

design in terms of the life-cycle cost irrespective of the drift limits 

considered, on the other hand DComb is the best design for both groups of 

drift limits. Moreover the performance of DEcr is almost the same with that 

of DCin for both groups of drift limits. This is due to the fact that no 

formulation concluded to optimum designs having shear-walls. Moreover, 

the probabilities of exceeding slight, moderate, extensive and complete 

limit states (defined according to HAZUS) are given in Tables 8.14 while 

the observations are similar to those obtained for the total life-cycle cost 

from Table 8.13. 

Conclusions 

In this work, various structural optimum design formulations are assessed 

with respect to the minimum torsional response of RC buildings in three 

hazard levels (frequent, occasional and rare) as well as through life-cycle 

cost and fragility analyses. An optimizer based on evolutionary algorithms 

has been implemented for the solution of the optimization problems. From 

the present study the following conclusions can be drawn: 

The results reported by Paulay [16,17], Tso and Myslimaj [31], that the 

rigidity center eccentricity is important mainly when the structural system 

behaves linearly, while when the structure starts to behave nonlinearly 

the strength center eccentricity becomes more important to deal with, are 

verified, in a more rigorous and generalized framework provided by 

structural optimization procedures where a number of recommendations 

for designing RC buildings are incorporated. Moreover, these findings 

reported for single storey RC structures in the past by the two researchers 

are extended in multi-storey RC buildings. 

The second finding is related to the most appropriate design criterion for 

reducing the torsional response. The proposed combined formulation, 
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where both eCM-CR and eCM-CV eccentricities are minimized, is the optimum 

design formulation that converges to designs having equally well 

response, in terms of rotation of the top diaphragm, in frequent, 

occasional and rare hazard levels. Moreover this design formulation shows 

the better performance with respect to the total life-cycle cost and limit 

state probabilities of exceedance. 

TABLES 

 

Table 8.6: Test example 8.1 - Optimum designs obtained through the 

formulations examined 

C
o

lu
m

n
 

DComb DEcr DEcv DCin 

eCM-CR=9.01cm eCM-CR=0.04cm eCM-CR=150.2cm eCM-CR=179.6cm 

eCM-CV=12.7cm eCM-CV=99.7cm eCM-CV=4.26cm eCM-CV=118.3cm 

dimx dimy dimx dimy dimx dimy dimx dimy 

C1 40 30 150 30 30 30 30 30 

C2 30 130 30 90 30 150 30 30 

C3 30 110 30 130 30 170 30 30 

C4 40 30 150 30 70 30 30 30 

C5 30 150 30 140 30 150 30 40 

 

Table 8.7: Test example 8.1 - Maximum and minimum values of the torsional 

response in three hazard levels 

Design philosophy 

Hazard Level 

50/50 10/50 2/50 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

DComb 0.505 -0.351 1.43 -1.20 4.46 -4.42 

DEcr 0.254 -0.293 0.953 -1.28 5.26 -5.05 

DEcv 1.51 -1.40 2.46 -2.33 3.50 -5.05 

DCin 1.69 -1.34 7.90 -7.91 13.90 -13.40 

 

Table 8.8: Test example 8.1 - Comparison of the designs with respect to the cost 

  DComb DEcr DEcv DCin 

 CIN (in € 1,000) 49.23 52.80 51.24 43.81 

H
A

Z

U
S

 

[2
5

] 

CLS/CIN 0.41 0.81 0.82 3.88 



 

 205 

CTOT(in € 1,000) 69.56 95.92 93.21 213.93 

G
h

o
b

ar
ah

 

[2
6

] CLS/CIN 7.19 3.65 13.07 29.18 

CTOT(in € 1,000) 403.31 245.61 721.32 1322.33 

 

Table 8.9: Test example 8.1 - The probability of exceeding the four limit states 

(%) 

Limit state DComb DEcr DEcv DCin 

Slight 1.67E+01 7.11E+00 4.22E+01 7.83E+01 

Moderate 2.80E-01 1.22E+00 2.08E+00 3.02E+01 

Extensive 7.20E-04 8.79E-03 5.90E-03 7.67E-02 

Complete 1.44E-07 4.33E-06 2.50E-06 9.24E-05 

 

Table 8.10: Test example 8.1 - The probability of exceeding the four limit states 

(%)Table 1 

Limit state DComb DEcr DEcv DCin 

Slight 1.67E+01 7.11E+00 4.22E+01 7.83E+01 

Moderate 2.80E-01 1.22E+00 2.08E+00 3.02E+01 

Extensive 7.20E-04 8.79E-03 5.90E-03 7.67E-02 

Complete 1.44E-07 4.33E-06 2.50E-06 9.24E-05 
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Table  8.11: Test example 8.2 - Optimum designs obtained through the 

formulations examined 
C

o
lu

m
n

 

DComb DEcr DEcv DCin 

eCM-CR=8.51cm eCM-CR=7.54cm eCM-CR=150.3cm eCM-CR=236.8cm 

eCM-CV=14.9cm eCM-CV=310.1cm eCM-CV=10.6cm eCM-CV=527.4cm 

dimx dimy dimx dimy dimx dimy dimx dimy 

C1 65 65 55 45 30 70 30 50 

C2 55 50 55 40 45 50 35 70 

C3 65 70 70 50 50 70 30 70 

C4 70 60 50 45 50 40 70 70 

C5 70 55 50 30 30 65 40 70 

C6 50 70 70 40 60 70 35 50 

C7 65 40 50 40 75 40 35 30 

C8 40 50 30 35 30 35 30 35 

 

Table 8.12: Test example 8.2 - Maximum and minimum values of the torsional 

response in three hazard levels 

Design philosophy 

Hazard Level 

50/50 10/50 2/50 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

max (10
-3

 

rad) 

min (10
-3

 

rad) 

DComb 0.815 -1.07 2.97 -3.28 4.39 -3.27 

DEcr 0.731 -0.609 1.34 -0.987 5.19 -3.35 

DEcv 1.26 -1.18 3.53 -3.55 3.56 -4.10 

DCin 3.01 -3.56 8.28 -8.11 9.31 -11.20 

 

Table 8.13: Test example 8.2 - Comparison of the designs with respect to the 

cost 

  DComb DEcr DEcv DCin 

 

CIN (in € 1,000) 464.97 471.65 485.10 413.85 

H
A

Z
U

S
 

[2
5

] CLS/CIN 5.30 10.85 7.53 12.89 

CTOT(in € 1,000) 2928.42 5590.37 4138.88 5749.96 

G
h

o
b

ar
ah

 

[2
6

] CLS/CIN 17.25 21.14 16.46 24.85 

CTOT(in € 1,000) 8485.03 10442.47 8470.46 10700.06 
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Table 8.14: Test example 8.2 - The probability of exceeding the four limit states 

(%) 

Limit state DComb DEcr DEcv DCin 

Slight 9.14E+01 9.57E+01 9.33E+01 9.71E+01 

Moderate 6.64E+01 7.69E+01 7.02E+01 8.21E+01 

Extensive 1.63E+01 3.67E+01 1.77E+01 4.63E+01 

Complete 2.25E-03 7.61E-01 1.02E-01 1.66E+00 

 

9.2 Base shear torque examples 
In this section of the study two models are performed in order to evaluate 

the behavior of optimized one-storey systems for the proposed 

methodology. Each model has been optimized for the following different 

objective functions: cost, static eccentricity    , strength eccentricity    , 

ratio and nonlinear ratio. The design variable considered is the column 

cross section. For every one of the objective functions above the model 

has been resolved according to constraints based on EAK and EKOS for 

the first case and Performance-Based Seismic Design for the second case 

(additionally to EAK and EKOS). Every example is examined through the 

design models below: Model_cost_ec, Model_cr_ec, Model_cv_ec, 

Model_rοt_ec, Model_cost_nl, Model_cr_nl, Model_cv_nl, Model_rοt_nl 

and Model_nl_nl, where the first component refers to the objective 

function and the second to the applied regulations. 

The models designed based on EAK and EKOS are analyzed through the 

Modal Dynamic Analysis _ec, while those according to Performance-Based 

Seismic Design are analyzed through the Nonlinear Dynamic Procedure 

_nl, which are described in a previous section of the study (Design 

Procedures). The analysis above is carried out through the StereoSTATIKA 

commercial package (for the linear analysis) and the Opensees software 

framework (for the nonlinear analysis). 
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The optimization process is based on Evolution Strategies as described in 

a previous section. The optimization algorithm was written by 

Papadrakakis, Lagaros and Bakas. 

9.2.1 Description of Model 1 

A one-storey RC building is used for the study. The layout of the first 

model is shown in Figure 7.1, while the east and the south views are 

shown in Figure 8.4., 8.5, 8.6, and the 1-1 Section in Figure 8.7. 

Figure 8.4 Model1 layout of Model1 

 

Figure 8.5 The East view of Model1 
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Figure 8.6 The South view of Model1 

 

Figure 8.7 The 1-1 Section of Model1 

In all test cases the following material properties have been considered:  

Concrete: 

Concrete modulus of elasticity: Ec=27.5 GPa 

Concrete compressive strength at 28 days: fc=25000 kPa 

Reinforcing steel: 

Steel modulus of elasticity: Es=210 GPa 

Steel yield strength: fy=600000 kPa 
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The materials above correspond to the concrete class C20/25 (nominal 

cylindrical strength of 20 MPa) and steel class S500 (nominal yield stress 

of 500 MPa), while the slab thickness is equal to 13 cm. 

 The optimized layouts for the different designs procedures are presented 

below (Figures 8.8-8.16): 

 

Figure 8.8 Optimized layout through Model1_cost_ec design procedure 
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Figure 8.9 Optimized layout through Model1_cost_nl design procedure 

 

Figure 8.10 Optimized layout through Model1_cr_ec design procedure 
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Figure 8.11 Optimized layout through Model1_cr_nl design procedure 

 

Figure 8.12 Optimized layout through Model1_cv_ec design procedure 
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Figure 8.13 Optimized layout through Model1_cv_nl design procedure 

 

Figure 8.14 Optimized layout through Model1_rοt_ec design procedure 
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Figure 8.15 Optimized layout through Model1_rοt_nl design procedure 

 

Figure 8.16 Optimized layout through Model1_nl_nl design procedure 
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Aiming at comparing various procedures in order to reduce the torsional 

effect, nine design procedures are compared. The model was subjected to 

two earthquake time historeys for every hazard level - C2_frtn and 

CM_riod in 50in50 level, CC_tcu101 and CC_tcu102 in 10in50 level, 

VL_pich and VL valu in 2in50 level.  

For the first and the second design models (model_cost_ec, 

model_cost_nl) the objective function is the initial cost: 

                                                                                                               (8.2) 

where       : the initial cost of a new structure 

     : the concrete cost    

   : the cost of the steel of reinforcement 

    :the laboratory cost 

For the third and the fourth design models (model_cr_ec, model_cr_nl) 

the objective function is the eccentricity of the center of rigidity: 

    √                                                                                                (8.3) 

where     ,    : the coordinates of the center of mass 

   ,    : the coordinates of the center of rigidity 

For the fifth and the sixth design models (model_cv_ec, model_cv_nl) the 

objective function is the eccentricity of the center of rigidity: 

    √                                                                                                (8.4) 

where     ,    : the coordinates of the center of mass 

   ,    : the coordinates of the strength center 

The difference between the models above with the same objective 

function is the behavioral constraints and the analysis procedure. The _ec 

design models are constrained by EAK and EKOS and analyzed with a 

modal analysis method. The _nl design models are designed in compliance 

with PBD and analyzed with a non-linear dynamic analysis. 
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For the seventh, eighth and the ninth design models (model_rot_ec, 

model_rot_nl, model_nl_nl) the objective function is the ratio of torsion: 

       = 
∑        ∑      

   
 
   

∑    
     

                                                                                                         (8.5) 

where n: the number of elements in a floor direction (x or y) 

i: the corresponding shear force of the element 

 j: the direction of the earthquake motion 

For the first two design models the ROT is calculated for shear forces 

result from modal dynamic analysis but the constraints are different at 

_ec model EAK and EKOS are applied and at _ nl model PBD is performed. 

For the third design model the ROT is calculated for shear forces result 

from non-linear dynamic analysis and PBD process is applied. 

In Table 8.15 below the results of optimization for Model1 (using 9 

different design models) are depicted. 

 

Table 8.15 Comparison between the initial values of the objective functions and 

the results of the optimization procedure for all the design models 
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In Figures 8.17- 8.25 below the time historeys of torsional moment and 

base shear in the x and y direction are presented for the three hazard 

levels for each design procedure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8.17 Model1_cost_ec base shear and torque time histories for the three 

hazard levels in x and y directions 
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Figure 8.18 Model1_cost_nl base shear and torque time histories for the three 

hazard levels in x and y directions 
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Figure 8.19 Model1_cr_ec base shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.20 Model1_cr_nl base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.21 Model1_cv_ec base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.22 Model1_cv_nl base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.23 Model1_rot_ec base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.24 Model1_rot_nl base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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Figure 8.25 Model1_nl_nl base  shear and torque  time histories for the three 

hazard levels in x and y directions 
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In order to compare the various formulations of the optimization problem 

with reference to their performance against torsional effect, the envelopes 

of the base shear and torque time histories are developed. These 

envelopes are presented below so as to be able to reach any conclusions. 

(Figures 8.26-8.28) 

 

 

Figure 8.26 The envelope of the BST time histories for the occasional earthquake 

hazard level (50in50) in x and y directions 
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Figure 8.27 The envelope of the BST time histories for the rare earthquake 

hazard level (10in50) in x and y directions 
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Figure 8.28 The envelope of the BST time histories for the maximum considered 

event earthquake hazard level (2in50) in x and y directions 
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In the occasional earthquake hazard level (50in50-Figure 8.27) in both x 

and y directions the design models rot_nl and cr_ec appear to perform 

better than the other design procedures. In particular cr_ec is increased 

by 136% in comparison with rot_nl. The design models cost_nl and cv_ec 

performed worst with their deviation from rot-nl reaching to almost 600% 

(638% for cost_nl, 582% for cv_ec).  

As far as the rare earthquake hazard level (10in50-Figure 8.28) is 

concerned, the design models cr_ec and rot_nl behave better than other 

design procedures. Especially, rot_nl appears to have increased by 11% in 

the x direction and 50% in the y direction. The worst performance was 

observed by cost_nl and cost_ec, which burden the structure more by 

almost 350% in the x direction and 435% in the y direction. 

Last in the maximum considered event (2in50-Figure 8.29) hazard level, 

the design model cr_ec again behaves better than rot_nl by 50% in both x 

and y directions, but are still the most well-performed design procedures. 

With a percentage increase of 300% and 270% from cr_ec respectively, 

cv_ec and cv_nl performed worst of all design models. 

9.2.2 Description of Model 2 

A one-storey RC building is used for the study. The layout of the second 

model is shown in Figure 8.29, while the south and the east views are 

shown in Figure 8.30, 8.31, and the 1-1 Section in Figure 8.32. 

 

Figure 8.30 The South view of Model2 
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Figure 8.29 Model2 layout

 

Figure 8.31 The East view of Model2 
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Figure 8.32 The 1-1 Section of Model2 

In all test cases the following material properties have been considered:  

Concrete: 

Concrete modulus of elasticity: Ec=27.5 GPa 

Concrete compressive strength at 28 days: fc=25000 kPa 

Reinforcing steel: 

Steel modulus of elasticity: Es=210 GPa 

Steel yield strength: fy=600000 kPa 

The materials above correspond to the concrete class C20/25 (nominal 

cylindrical strength of 20 MPa) and steel class S500 (nominal yield stress 

of 500 MPa), while the slab thickness is equal to 13 cm. 

 The optimized layouts (8.33-8.41) for the different designs procedures 

are presented below: 
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Figure 8.33 Optimized layout through Model2_cost_ec design procedure 

 

Figure 8.34 Optimized layout through Model2_cost_nl design procedure 
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Figure 8.35 Optimized layout through Model2_cr_ec design procedure 

 

 

 

Figure 8.36 Optimized layout through Model2_cr_nl design procedure 
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Figure 8.37 Optimized layout through Model2_cv_ec design procedure 

 

 

 

Figure 8.38 Optimized layout through Model2_cv_nl design procedure 
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Figure 8.39 Optimized layout through Model2_rot_ec design procedure 

 

 

Figure 8.40 Optimized layout through Model2_rot_nl design procedure 
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Figure 8.41 Optimized layout through Model2_rot_nl design procedure 

Aiming at comparing various procedures in order to reduce the torsional 

effect, nine design procedures are compared. The model was subjected to 

two earthquake time historeys for every hazard level - C2_frtn and 

CM_riod in 50in50 level, CC_tcu101 and CC_tcu102 in 10in50 level, 

VL_pich and VL valu in 2in50 level.  

For the first and the second design models (model_cost_ec, 

model_cost_nl) the objective function is the initial cost: 

                                                                                                               (8.6) 

where       : the initial cost of a new structure 

     : the concrete cost    

   : the cost of the steel of reinforcement 

    :the laboratory cost 

For the third and the fourth design models (model_cr_ec, model_cr_nl) 

the objective function is the eccentricity of the center of rigidity: 
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    √         
           

                                                                            (8.7) 

where     ,    : the coordinates of the center of mass 

   ,    : the coordinates of the center of rigidity 

For the fifth and the sixth design models (model_cv_ec, model_cv_nl) the 

objective function is the eccentricity of the center of rigidity: 

    √                                                                                                (8.8) 

where     ,    : the coordinates of the center of mass 

   ,    : the coordinates of the strength center 

The difference between the models with the same objective function 

above is the behavioral constraints and the analysis procedure. The _ec 

design models are constrained by EAK and EKOS and analyzed with a 

modal analysis method. The _nl design models are designed in compliance 

with PBD and analyzed with a non-linear dynamic analysis. 

For the seventh, eighth and the ninth design models (model_rot_ec, 

model_rot_nl, model_nl_nl) the objective function is the ratio of torsion: 

      = 
∑        ∑      

   
 
   

∑    
     

                                                                                                           (8.9) 

where n: the number of elements in a floor direction (x or y) 

i: the corresponding shear force of the element 

 j: the direction of the earthquake motion 

For the rot_ec and rot_nl design models the ROT is calculated for shear 

forces result from modal dynamic analysis but the constraints are different 

at _ec model EAK and EKOS are applied and at _ nl model PBD is 

performed. For the third design model the ROT is calculated for shear 

forces result from non-linear dynamic analysis and PBD process is applied. 

In Table 8.16 below the results of optimization for Model1 (using 9 

different design models) are depicted. 
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Table 8.16 Comparison between the initial values of the objective functions and 

the results of the optimization procedure for all the design models 

 

 

 

In Figures 8.42-8.50 below the time historeys of torsional moment and 

base shear in the x and y direction are presented for the three hazard 

levels for each design procedure. 
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Figure 8.42 Model2_cost_ec base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.43 Model2_cost_nl base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.44 Model2_cr_ec base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.45 Model2_cr_nl base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.46 Model2_cv_ec base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.47 Model2_cv_nl base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.48 Model2_nl_nl base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.49 Model2_rot_ec base shear and torque time historeys for the three 

hazard levels in x and y directions 
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Figure 8.50 Model2_rot_nl base shear and torque time histories for the three 

hazard levels in x and y directions 
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In order to compare the various formulations of the optimization problem 

with reference to their performance against torsional effect, the envelopes 

of the base shear and torque time histories are developed. These 

envelopes are presented below so as to be able to reach any conclusions. 

(Figures 8.51-8.53) 

 

 

Figure 8.51 The envelope of the BST time histories for the occasional earthquake 

hazard level (50in50) in x and y directions 
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Figure 8.52 The envelope of the BST time histories for the rare earthquake 

hazard level (10in50) in x and y directions 
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Figure 8.53 The envelope of the BST time histories for the maximum considered 

event earthquake hazard level (2in50) in x and y directions 
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In the occasional earthquake hazard level (50in50-Figure 8.51) in both x 

and y directions the design models cr_ec and rot_ec appear to perform 

better than the other design procedures. In particular rot_ec is increased 

by 18% in comparison with cr_ec. The design models cv_nl and rot_nl 

performed worst with their deviation from cr-ec reaching to almost 150%.  

As far as the rare earthquake hazard level (10in50-Figure 8.52) is 

concerned, the design models rot_ec and cr_nl behave better than other 

design procedures. Especially, cr_nl appears to have increased by 50% in 

the x direction and 45% in the y direction. The worst performance was 

observed by cost_nl and cost_ec, which burden the structure more by 

almost 142% in the x direction and 125% in the y direction. 

Last in the maximum considered event (2in50- Figure 8.53) hazard level, 

the design model rot_ec  behaves better than cv_nl by 42% in the x 

direction and 25% in the y direction, but are still the most well-performed 

design procedures. With a percentage increase of 103% and 82% from 

rot_ec respectively, cr_ec and rot_nl performed worst of all design 

models. 
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10 ROT: a new design and 

evaluation criterion of the 

torsional effect on buildings 

10.1 Introduction 
The effect of torsion in reinforced concrete buildings was the subject of 

intensive investigation by many researchers. The reason is that many 

buildings suffer extensive damage after strong earthquake motions, due 

to their eccentric arrangement in the floor plan of the vertical resisting 

elements. Despite many attempt to propose design and/or evaluation 

criteria, a widely accepted criterion dealing with the effects in both the 

elastic and inelastic region as well as for multi-storey buildings is lacking 

from the corresponding literature.  

In this study, we investigate the response of buildings exhibiting torsional 

phenomena and provide a criterion which can be a useful tool for 

assessing and designing a structure against torsion. The results show that 

structures with low values of the proposed criterion develop low values of 

base torque.  

However, the edge displacements can increase by up to three times if the 

system is symmetrical [2]. Additional seismic inelastic deformation caused 

by structural asymmetry, Earthquake Engineering & Structural Dynamics, 

Vol 19, Is 2 pp. 243-258 , 1990. 

Additional ductility demands on elements and additional edge 

displacements are taken as response parameters of interest in optimizing 

the strength distribution. An approximate expression to estimate the 

additional edge displacements due to structural asymmetry is presented. 

[3] Lateral strength distribution specification to limit additional inelastic 

deformation of torsionally unbalanced structures, Engineering Structures , 

Vol 14, Is 4 pp. 263-277, 1992. 
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10.2 Formulation 
 

 

 

 

 

 

In the above figure, a generalized floor plan is shown where shear walls 

and the corresponding shear forces acting are depicted. The shear forces 

acting on the lateral resisting elements satisfy the following expression: 

∑       ∑     

 

   

 

   

 

where:n = the number of elements in a floor direction (x or y), 

i = the corresponding shear force of the element, 

and j = the direction of the earthquake motion 

Especially for the above floor plan with a seismic action in the y direction: 

∑        ∑       
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∑        ∑      

 

   

 

   

      

The floor torsion is usually computed from the elements‘ shear forces 

while the elements‘ torsional moments are neglected. This is a widely 

accepted assumption without being supported by a mathematical 

formulation. In this section a formulation is proposed for the torsional 

criterion which affects the torsional effect on the buildings. The value of 

the ROT can be related to the best seismic performance against torsion. 

This ratio has a general application in both the elastic and inelastic seismic 
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response of the structure. A simple example showing the computation of 

the Ratio Of Torsion ROT follows. 

 

 

 

 

 

The total value of ROT for the above building is: 

ROT = ∑ ∑      
   
       

 
  

where       = 
∑          ∑      

   
 
   

∑    
     

 

and  

n = the number of elements in a floor direction (x or y) 

i = the corresponding shear force of the element 

j = the direction of the earthquake motion 

and α = 0 if i≠j or α = 1 if i=j 

Furthermore, the single storey building of Figure 9.1 is selected for 

demonstrating the ROT computation in an elastic and inelastic region 

following the non-linear time historey procedure. 
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Figure 9.1: Geometry of the floor plan 

As we can see from the following, we can calculate the: ROTxy = 

33.4*2/82 = 0,81 = 81%. That means for this simple structure the effect 

of the Y-Y seismic force (perpendicular to the floor eccentricity) is an 81% 

amplification of the floor‘s base shear force. So, if the ROT is minimum the 

structure has the minimum shear forces and thus the minimum resistance 

demands. If we perform a more accurate non-linear time historey analysis 

for this structure the ROT is very different. For six seismic records (three 

in each performance level: 50/50, 10/50, 2/50) the maximum ROT is 

2.87  That means that the structure‘s shear demands is increased by 

287% because of torsion. In this way, we believe that ROT is a very clear 

and accurate measure of a structure‘s torsional effect on the lateral 

resisting elements. 

10.3 Numerical Examples 
In this study three test examples are examined. In all test examples the 

following material properties have been considered: concrete C20/25 with 

modulus of elasticity Ec=30GPa and characteristic compressive cylinder 

strength fck= 20MPa, longitudinal and transverse steel reinforcement 

B500C with modulus of elasticity Es=210GPa and characteristic yield 

strength fyk,s=500MPa. The earthquake spectrum that has been used in 

the numerical study has the following characteristics: A=0.16g, ground 

type B and behavior factor q=3.0 according to EC8 [14]. The cross section 
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of the beams is 25x50 cm2, while the cross section of the columns varies 

in each example. For all test examples, a number of different designs 

have been considered. The designs vary with reference to the cross 

sections and the longitudinal reinforcement of the columns but all have 

the same beams and plan layout. 

In the description of the test examples the following terminology has been 

adopted. Symmetric stands for the structure that has symmetric stiffness 

and strength along the vertical elements for the x and y axis. ―cv_A‖, 

―cv_B‖, ―cv_C‖ stands for designs that are symmetric with reference to 

the stiffness but not symmetric with respect to the strength  Design ―A‖ 

has the largest strength eccentricity, while design ―C‖ has the lowest one  

Furthermore, ―ecc_cr‖ stands for the design with stiffness eccentricity and 

―ecc_cr_cv‖ stands for the design that has the center of strength and 

center of resistance at opposite sides of the center of mass as suggested 

by Tso [2]. The performance of the various designs is assessed for 

different seismic hazard levels with reference to their structural behavior, 

associated with storey drifts, shear forces of the columns, base shear and 

roof diaphragm rotation. For this purpose a number of nonlinear analyses 

have been carried out employing artificial earthquake motions that belong 

to the 2%, 10% and 50% hazard levels. 

10.3.1 Test example 9.1 

The first test example, shown in Figure 9.2, is a one-storey 3D building. 

For this test example, six designs are studied. The symmetric with respect 

to both x and y directions, three designs having strength eccentricity, one 

symmetric design (with stiffness and strength eccentricity equal to zero) 

and one design with strength and stiffness eccentricity having the center 

of rigidity and the center of strength at opposite sides corresponding to 

the center of mass. The symmetric and the strength eccentricity designs 

have the same column cross sections. 
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Figure 9.2: Plan layout of the first floor 

 

The results show that although, all six designs have the same total elastic 

stiffness, the column‘s drifts are not the same especially for the 2/50  

hazard level.  This is more evident along the x direction, where the 

structures are not symmetric and rotational displacements and shear 

forces are developed to the columns in y and x directions. This 

phenomenon has been described also by Llera and Chopra [1]. It is 

important to underline that although the designs have the same stiffness, 

the structure‘s drifts differ significantly  Furthermore, despite the fact that 

seismic motion is applied only in the y direction, the vertical elements 

develop drifts in both x and y directions (see Figure 9.3, 9.4 for all hazard 

levels). 
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Figure 9.3: Column drifts of each design in y direction, for each hazard level 

 

Figure 9.4: Column drifts of each design in x direction, for each hazard level 

Figure 9.3 depicts the interstorey drifts in the y direction at the top of all 

columns for the three hazard levels considered. As expected the response 

of all four designs with the same stiffness coincide for the low hazard level 

(50/50) while for the higher hazard levels a variation of the drifts‘ values 

are encountered due to the change of the columns‘ capacity. It should be 

noted that the larger the strength eccentricity is, the larger the induced 

drifts compared to the symmetric designs.   
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Figure 9.4 depicts the interstorey drift values along the x direction which 

is perpendicular to the direction of the seismic excitation. Although the 

seismic excitation is applied only along the y direction significant drift 

values are encountered in the x direction for almost all the designs except 

for the symmetric one. This is due to the fact that the other designs are 

not symmetric in terms of stiffness and eccentricity with reference to both 

directions. 

 

Figure 9.5: Column Local Y Shear Forces of each design for each hazard level 

The same conclusion can be drawn for columns shear forces. As observed 

in Figures 9.5 and 9.6, the internal shear forces for each column varies, 

especially for the 2/50 hazard level although the total forces and the 

structure‘s stiffness are the same. Furthermore, the columns develop 

shear forces along the x direction, while the seismic excitation is applied 

along the y direction. The worst design is the one with a stiffness 

eccentricity that develops three to five times larger shear forces from the 

symmetric one especially in the elastic range (i.e. 50/50 and 10/50 hazard 

levels). 

For the 10% hazard level of Figures 9.5 and 9.6 the column shear forces 

are depicted for each hazard level by the two directions. Although it was 

expected that no shear forces would develop along the x direction, 

significant shear forces are encountered for all designs for the 2/50 hazard 
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level, while the ecc_cr design has the worst performance developing shear 

forces almost one order of magnitude larger than the other designs. 

 

Figure 9.6: Column Local X Shear Forces of each design for each hazard level 

Examining the three designs with strength eccentricity, it can be seen that 

in the elastic range (hazard level 50%), they have almost the same 

internal shear forces as the symmetric design. In the inelastic range 

however (hazard level 10% and 2 %), a considerable increase of shear 

forces in x and y directions is observed. This is because the concrete 

starts to behave inelastically and the strength eccentricity plays a more 

significant role. This occurrence has been predicted by ROT as that the 

maximum shear forces are encountered for the design with the maximum 

eccentricity (see Figure 9.11). 

It is very important to understand that for this simple structure none of 

the five torsional optimum designs – according to the three basic design 

philosophies against torsion – can predict minimum vales for each hazard 

level. Especially, as seen in Figures 9.5 and 9.6 for the three designs with 

center of strength eccentricity, in the elastic range the columns shear 

forces are almost equal to the symmetric design, but for the 2/50 hazard 

level, the shear forces become bigger relatively to the strength 

eccentricity. Similarly for the design with stiffness eccentricity, and 

especially for the columns that are in the stiff edge, the shear forces in x 
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and y direction are significant, although the structure is symmetric with 

reference to strength.  

 

Figure 9.7: Structure‟s Base Torque of each design for each hazard level 

 

Figure 9.8: Structure‟s Base Shear X of each design for each hazard level 

Similar conclusions can be drawn for Figures 9.8-9.10 where the base 

shear and roof diaphragm rotation for all three hazard levels are depicted. 

From Figures 9.7-9.10 in conjunction with Figures 9.5, 9.6 important 

findings can be extracted. The base shear in the x and y direction, the 

base torque and the θroof follow the rule of the eccentricity concept in the 

elastic and inelastic range. This means that, with respect to strength 

eccentricity, these quantities are bigger for the collapse prevention hazard 

level. On the other hand, the corresponding quantities, with respect to the 

design with the stiffness eccentricity, are bigger in the elastic range. The 

resulting shear forces do not follow this rule, because we can see very big 

shear forces in ecc_cr for all hazard levels with an important increase for 
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the 10/50 hazard level of the ecc_cv design. On the contrary the proposed 

ROT criterion has predicted satisfactorily the structural behavior. Finally, it 

will be observed that the design according to [2] gives the worse results 

in terms of all quantities measuring the structural response. 

 

Figure 9.9: Structure‟s Base Shear Y of each design for each hazard level 

 

Figure 9.10: Roof diaphragm rotation of each design for each hazard level 

 

Figure 9.11: Ratio of torsion of each design for each hazard level 
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As we can see in Figure 9.11, the ratio of torsion varies between almost 

zero (for the symmetric design) to 0.62 (for the design with stiffness 

eccentricity for the 2/50 hazard level). In this figure, the performance of 

the six designs is evaluated using the proposed criterion, ratio of torsion. 

ROT formulation is based on internal shear forces for each hazard level. It 

can be observed that the designs with high values of ROT correspond to 

high values of the elements‘ internal shear forces in the elastic and 

inelastic stage (see Figures 9.5 and 9.6). On the contrary, no other 

criterion proposed in the literature, can predict the performance of 

structures with torsional rotations. This is a proof that ROT is a general 

criterion for the design and the evaluation of the torsional behavior of 

irregular structures. This finding will be applied to the following examples. 

10.3.2 Test example 2 

 

Figure 9.12: Plan layout of the first floor 

 

Figure 9.13: Ratio of Torsion of each design for each hazard level 
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In this test example, we have three designs. The first is the symmetric, 

the second the one with stiffness eccentricity and the last with strength 

eccentricity but stiffness symmetric. We can see that the symmetric and 

ecc_cr designs have about zero rot and the ecc_cv design very bigger in 

the class of unit which means that we will have about 100% increase in 

the internal shear forces of the columns. 

 

Figure 9.14: Column drifts of each design in x direction, for operational hazard 

level 

In Figure 9.14 an important difference between the structure‘s drifts 

although the stiffness is the same can be seen. This has been predicted by 

rot and its correspondence between the three designs and the symmetric 

and ecc_cv ones. The same can be seen in Figure 9.15 for the shear 

forces of the structure. 

 

Figure 9.15: Column Shears of each design in x direction, for operational hazard 

level 
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Figure 9.16: Column Shears of each design in x direction, for operational hazard 

level 

 

Figure 9.17: Column Shears of each design in x direction, for operational hazard 

level 

From Figures 9.16 to 9.19 it can be seen that the ecc_cv design has a 

very big base torque in the elastic and inelastic stage. So, the minimum 

ecc_cv criterion is not reliable. The same can be said for the ecc_cr 

design. This design has a much larger base torque in the 2% stage 

although it is strength symmetric. On the other hand, rot had predicted 

these conclusions as we can see from Figure 9.13. 

 

Figure 9.18: Column Shears of each design in x direction, for operational hazard level 
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Figure 9.19: Column Shears of each design in x direction, for operational hazard 

level 

 

10.3.3 Test example 3 

 

 

Figure 9.20: Plan layout of the first floor 
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Figure 9.21: Ratio of torsion of each design for each hazard level 

In this test example, we have three designs for the same structure, (i) the 

strength eccentricity one named ecc_cv with zero stiffness eccentricity, 

(ii) the stiffness eccentricity named ecc_cr with zero strength eccentricity 

and (iii) the symmetric one. As seen in Figure 9.21, the ecc_cr design 

gives a better ratio of torsion than the symmetric one.  Figure 9.22 shows  

the internal forces of the center column in all floors. It is obvious that 

ratio of torsion had predicted that the bigger shears will be at the ecc_cv 

design, followed by the symmetric and last the ecc_cr design. 

 

Figure 9.22: Column Shears of each design in x direction, for operational hazard 

level 
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This is another case where neither the minimum cr eccentricity nor the 

minimum cv eccentricity and both minimum can predict the design with 

the less structure‘s internal forces due to torsion. 

10.3.4 Conclusions 

The first principal conclusion that all design engineers must have in mind 

is that although the seismic force is applied in the YY direction, the 

elements‘ internal shear forces are also in the x and y direction. This 

means that in the x direction the elements must have substantial shear 

strength such that in the case of zero or minimum rot can be about zero. 

This is in accordance with a false belief of many designers that the 

structure‘s  base torsion causes torsional moments in the vertical resisting 

elements. On the contrary, base torque in eccentric structures induces 

additional shear forces meaning additional ductility and strength demands 

for the structure and of course additional cost. 

In this study the test structures are designed according to the major 

design criteria for eccentric buildings in the current literature: i.e. 

mimimum rigidity eccentricity, minimum strength eccentricity and 

opposite location between center of rigidity and center of strength 

according to the mass center. As depicted previously, no criterion can be 

conducted to designs with optimum torsional behavior meaning low 

element shear forces. This is taken in consideration in simple and more 

complex structures too. 

On the contrary, rot can predict torsional damage and additional shear 

forces of the element and if the stiffness‘s are constant it can predict drifts 

and also ductility demands. This applies to all test examples and many 

more that we have analyzed. We believe that rot describes with great 

accuracy the problem of torsion in a simple mathematical formula that can 

be used from the design engineer and for research purposes as well. The 

contribution of this study is that rot consists a general design and 

evaluation criterion for irregular buildings that can be used for linear and 

non-linear analyses, for one storey and several storey buildings and for 

simple and real structures as well. So, it can be said that rot is a more 

general index for structural behavior. 
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11 Contribution of the thesis and 

future work 

 

In this study, various structural optimum design formulations are 

assessed, with respect to the minimum torsional seismic response of RC 

buildings, for three hazard levels (frequent, occasional and rare) as well 

as through life-cycle cost and fragility analyses. An optimizer based on 

evolutionary algorithms has been implemented for the solution of the 

design optimization problems. From the present study the following 

conclusions can be drawn: 

It was verified for multi-storey buildings with irregularity in plan that the 

rigidity center eccentricity is important mainly when the structural system 

behaves linearly, while for nonlinear behavior the strength‘s center 

eccentricity becomes more important. The conclusion is based on a more 

rigorous and generalized framework provided by structural optimization 

procedures where a number of recommendations for designing RC 

buildings are incorporated. The results are in accordance with the works of 

Paulay [16,17], Tso and Myslimaj [31], which were based on observations 

of the performance of one-storey buildings. 

The second finding is related to the most appropriate design criterion for 

reducing the torsional response. The proposed combined formulation, 

where both eCM-CR and eCM-CV eccentricities are minimized, leads to 

optimum designs having an equally well response, in terms of rotation of 

the top diaphragm, for frequent, occasional and rare hazard levels. 

Moreover this design formulation exhibits the better performance with 

respect to the total life-cycle cost and limit state probabilities of 

exceedance. 

The influence of a large eccentricity of the rigidity center in relation to the 

mass center is very important for the seismic response of buildings. In 

this study Evolution Strategies have been implemented for the 
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minimization of the distance between the mass center and the rigidity 

center of each floor layout of the building‘s vertical structural elements. 

The proposed design methodology is a two-stage procedure leading to the 

coincidence of the mass and rigidity centers for each storey layout and 

achieving the fulfilment of the EC2 and EC8 requirements. The 

minimization of the distance between the mass center and the rigidity 

center leads to a significant reduction of the torsional strain on the vertical 

elements of the structure and thus, implicitly leading to a cost-effective 

design of these elements. The beneficial effect of this kind of optimized 

layout arrangements of the columns and shear walls is directly observed 

on the cross sectional and transverse reinforcement requirements for the 

vertical elements of the structural systems. Evolution Strategies have 

proved to be a robust and efficient tool for an economically design 

optimization of seismic resistant reinforced concrete 3D frames.  

The first principal conclusion that all design engineers must have in mind 

is that although the seismic force is applied in the YY direction, the 

elements‘ internal shear forces are also in the x and y direction. This 

means that in the x direction the elements must have substantial shear 

strength such that in the case of zero or minimum rot can be about zero. 

This is in accordance with a false belief of many designers that the 

structure‘s base torsion causes torsional moments in the vertical resisting 

elements. On the contrary, base torque in eccentric structures induces 

additional shear forces meaning additional ductility and strength demands 

for the structure and of course additional cost. 

In this study the test structures are designed according to the major 

design criteria for eccentric buildings in the current literature: i.e. 

mimimum rigidity eccentricity, minimum strength eccentricity and 

opposite location between center of rigidity and center of strength 

according to the mass center. As depicted previously, no criterion can be 

conducted to designs with optimum torsional behavior meaning low 

element shear forces. This is taken into consideration in simple and more 

complex structures too. 
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On the contrary, rot can predict torsional damage and additional shear 

forces of the element and if the stiffness‘s are constant it can predict drifts 

and also ductility demands. This applies to all test examples and many 

more that we have analyzed. We believe that rot describes with great 

accuracy the problem of torsion in a simple mathematical formula that can 

be used from the design engineer and for research purposes as well. The 

contribution of this study is that rot consists a general design and 

evaluation criterion for irregular buildings that can be used for linear and 

non-linear analyses, for one-storey and several storey buildings and for 

simple and real structures as well. So, we can say that rot is a more 

general index for structural behavior. 

These conclusions can be extended in many research fields. First of all we 

could perform more test examples in order to verify the results in one-

storey and especially in multi-storey buildings. Also, we can enhance the 

constitutive model of the materials in order to have more accurate 

analyses as well as more accurate conclusions. Another addition to the 

method could be the implementation of the foundation‘s influence on the 

system‘s response and the structure‘s behavior  And last we can perform 

the ROT method on buildings damaged by strength earthquakes and for 

the retrofit procedure.  

 

 

 


