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4 PERIEQ�OMENA



Kef�laio 1

O q¸roc L1[0, 1]

1.1 Eisagwg 

Orismìc 1.1. 'Estw (X,A, µ) q¸roc mètrou. Sto sÔnolo

L1(X,A, µ) =

{
f : X → R |

∫
|f |dµ <∞

}
orÐzoume sqèsh isodunamÐac ∼ wc ex c:

f ∼ g ⇔ f = g sqedìn pantoÔ sto X

To sÔnolo phlÐko, efodiasmèno me tic pr�xeic thc kat� shmeÐo prìsjeshc kai
tou kat� shmeÐo bajmwtoÔ pollaplasiasmoÔ, apoteleÐ dianusmatikì q¸ro kai
sumbolÐzetai me L1(X,A, µ). EÔkola diapist¸nei kaneÐc ìti h apeikìnish

|| · ||1 : L1(X,A, µ)→ R, ||f ||1 =

∫
|f |dµ

apoteleÐ nìrma ston L1(X,A, µ).
Eidikìtera, o q¸roc L1([0, 1],M, λ) twn Lebesgue oloklhr¸simwn sunart -

sewn sto [0, 1] sumbolÐzetai me L1[0, 1].

Parat rhsh:(i)O q¸roc L1(X,A, µ) sumbolÐzetai en suntomÐa me L1(µ),
an den up�rqei kÐndunoc sÔgqushc.

(ii)O q¸roc L1(N,P(N), ν), ìpou ν to arijmhtikì mètro sto N, eÐnai o
q¸roc `1(N) twn apolÔtwc ajroÐsimwn akolouji¸n.

(iii)O q¸roc L1([n],P([n]), ν) = (Rn, || · ||1), ìpou [n] = {1, 2, . . . n}, en
suntomÐa gr�fetai `n1 .
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2 KEF�ALAIO 1. O Q�WROS L1[0, 1]

Arqik� ja apodeÐxoume ìti o (L1[0, 1], ||·||1) eÐnai q¸roc Banach. Shmei¸noume
ìti to Ðdio isqÔei kai gia ìlouc touc q¸rouc L1(µ), kai h apìdeixh eÐnai akrib¸c
h Ðdia. Poll� apì ta apotelèsmata pou parousi�zontai sthn ergasÐa aut  gi-
a ton L1[0, 1] aforoÔn genikìtera eÐte thn kl�sh twn q¸rwn L1(µ) eÐte thn
kl�sh twn q¸rwn Lp[0, 1].

Se ìti akoloujeÐ to mètro Lebesgue enìc sunìlou A ⊆ [0, 1] ja sumbolÐze-
tai me |A|.

L mma 1.2. 'Estw (fn)∞n=1 akoloujÐa ston L1[0, 1], tètoia ¸ste ||fn−fn+1|| ≤
1

2n
gia k�je n = 1, 2, . . .. Up�rqei metr simh sun�rthsh f tètoia ¸ste fn → f

sqedìn pantoÔ kat� shmeÐo.

Apìdeixh. Gia k�je n ∈ N jètoume

An =

[
|fn+1 − fn| ≥

1

2n

]
Apì anisìthta Chebyshev prokÔptei

|An| =

∣∣∣∣[|fn+1 − fn| ≥
1

2n

]∣∣∣∣
≤ 2n

∫
|fn − fn+1|

= 2n||fn − fn+1||1

<
2n

22n
=

1

2n

opìte

∞∑
n=1

|An| ≤
∞∑
n=1

1

2n
<∞

kai apì to 1o L mma Borel-Cantelli prokÔptei | lim supAn| = 0.
Gia k�je x ∈ [0, 1] r lim supAn isqÔei |fn(x) − fn+1(x)| < 1

2n
telik� gia

k�je n ∈ N, �ra h (fn(x))∞n=1 eÐnai basik  akoloujÐa. OrÐzoume

f : [0, 1]→ R, f(x) =

{
lim fn(x) an x /∈ lim supAn

0 an x ∈ lim supAn

H f eÐnai metr simh sun�rthsh, kai profan¸c fn → f sqedìn pantoÔ kat�
shmeÐo sto [0, 1].
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Je¸rhma 1.3. (Riesz) O L1[0, 1] eÐnai q¸roc Banach.

Apìdeixh. 'Estw (fn)∞n=1 basik  akoloujÐa ston L1[0, 1]. ArkeÐ na deiqjeÐ ìti
up�rqei f ∈ L1[0, 1] tètoia ¸ste ||fn − f ||1 → 0.

Kataskeu�zoume epagwgik� upakoloujÐa (fnk)
∞
k=1 tètoia ¸ste

||fnk − fnm || <
1

22k
gia k�je k,m ∈ N, k < m

Apì L mma 2.1 up�rqei f : [0, 1]→ R metr simh tètoia ¸ste fnk → f sqedìn
pantoÔ sto [0, 1]. Ja deÐxoume ìti epiplèon eÐnai ||fnk − f ||1 → 0. IsqÔei

|fnk − fnm| → |fnk − f | sqedìn pantoÔ

�ra apì L mma Fatoú lamb�noume

||fnk − f ||1 =

∫
|fnk − f | =

∫
lim
m→∞

|fnk − fnm|

≤ lim inf
m→∞

∫
|fnk − fnm |

≤ 1

22k

kai eÐnai ||fn − f ||1 → 0.

Sqìlio: EÐnai profanèc ìti o L1[0, 1] eÐnai isometrikìc me ìlouc touc
q¸rouc L1[a, b], ìpou a < b, kai melet¸ntac ton asqoloÔmaste ousiastik� me
ton q¸ro twn apolÔtwc oloklhr¸simwn sunart sewn se opoiod pote kleistì
fragmèno di�sthma. Autì pou den eÐnai tìso �meso eÐnai h taÔtish twn q¸rwn
L1[0, 1] kai L1(R). Ed¸ h kat�llhlh isometrÐa eÐnai h

T : L1[0, 1]→ L1(R), (Tf)(x) = f
(

tan
(
πx− π

2

))
·π
(

1 + tan2
(
πx− π

2

))
Epiplèon an jewr soume mia diamèrish tou [0, 1] se xèna an� dÔo diadoqik�

diast mata (An)∞n=1, apì ta parap�nw eÐnai L1[0, 1] ∼ L1(An) gia k�je n =
1, 2, . . . kai profan¸c

L1[0, 1] ∼ (L1(A1)⊕ L1(A2)⊕ . . .)1 ∼ (L1[0, 1]⊕ L1[0, 1]⊕ . . .)1
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1.2 O suzug c tou L1[0, 1]

Genik� an (X,A, µ) eÐnai q¸roc mètrou, sto sÔnolo

L∞(X,A, µ) = {f : X → R|∃M > 0 ¸ste |f(t)| ≤M sqedìn pantoÔ sto X}

tautÐzoume mèsw sqèshc isodunamÐac tic sunart seic pou eÐnai sqedìn pantoÔ
Ðsec. To sÔnolo phlÐko apoteleÐ dianusmatikì q¸ro, o opoÐoc efodi�zetai
kat� fusiologikì trìpo me th nìrma

||·||∞ : L∞(X,A, µ)→ R, ||f ||∞ = inf{M > 0 : |f(t)| ≤M sqedìn pantoÔ sto X}

H || · ||∞ onom�zetai kai ousi¸dec supremum. ApodeiknÔoume ed¸ ìti o
suzug c q¸roc tou L1[0, 1] eÐnai isometrikìc me ton (L∞[0, 1], || · ||∞). Ja
qrhsimopoihjoÔn ta jewr mata Radon-Nikodym kai Kuriarqhmènhc SÔgk-
lishc Lebesgue, ta opoÐa parajètoume qwrÐc apìdeixh.

Je¸rhma 1.4. (Radon-Nikodym):'Estw (X,A) metr simoc q¸roc, kai ν, µ
mètra ston (X,A) tètoia ¸ste ν � µ kai µ s-peperasmèno. Up�rqei monadik 
µ-sqedìn pantoÔ sun�rthsh f : X → [0,∞] h opoÐa eÐnai A−metr simh,
tètoia ¸ste

ν(A) =

∫
A

fdµ gia k�je A ∈ A

Je¸rhma 1.5. (Kuriarqhmènhc SÔgklishc, Lebesgue): 'Estw (fn)∞n=1 akolou-
jÐa metr simwn sunart sewn sto [0, 1] pou sugklÐnei kat� shmeÐo sthn f :
[0, 1]→ R. An up�rqei g ∈ L1[0, 1] ¸ste |fn| ≤ g gia k�je n = 1, 2, . . ., tìte
f, fn ∈ L1[0, 1] kai isqÔoun

lim
n→∞

||fn − f ||1 = lim
n→∞

∫
|fn − f | = 0,

lim
n→∞

∫
fn =

∫
f

Orismìc 1.6. H metr simh sun�rthsh s : [0, 1] → R, onom�zetai apl  an
èqei peperasmèno sÔnolo tim¸n. Eidikìtera, an A1, . . . , An ⊆ [0, 1] xèna an�
dÔo metr sima, h graf  wc s =

∑n
i=1 aiχAi onom�zetai kanonik  morf  thc s.

L mma 1.7. To sÔnolo twn apl¸n sunart sewn sto [0, 1] eÐnai puknì up-
osÔnolo tou L1[0, 1].
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Apìdeixh. 'Estw f ∈ L1[0, 1] jetik  sun�rthsh. Jètoume

Anj =

[
j − 1

2n
≤ f ≤ j

2n

]
, Bn = [f ≥ n] gia k�je n ∈ N, j = 1, 2, . . . , n2n

Gia k�je n ∈ N, h {Anj : 1 ≤ j ≤ n2n} ∪ {Bn} eÐnai diamèrish tou [0, 1] kai h

sn =
n2n∑
j=1

j − 1

2n
χAnj + nχBn

eÐnai apl  sun�rthsh. ParathroÔme ìti

Anj = An+1
2j−1 ∪ An+1

2j , kai

Bn = Bn+1 ∪

 (n+1)2n+1⋃
k=n2n+1+1

An+1
k


gia k�je n ≥ 0, j = 1, 2, . . . , n2n.

Ja deÐxoume ìti h (sn)∞n=1 eÐnai aÔxousa akoloujÐa. 'Estw x ∈ X kai n ∈ N
tuqìnta. An gia k�poio j = 1, 2, . . . , n2n eÐnai x ∈ Anj , tìte sn(x) = j−1

2n
kai

sn+1(x) =

{
2j−2
2n+1 , an x ∈ An+1

2j−1
2j−1
2n+1 , an x ∈ An+1

2j

en¸ an x ∈ Bn eÐnai sn(x) = n kai

sn+1(x) =

{
n+ 1, an x ∈ Bn+1

k−1
2n+1 , an x ∈ An+1

k

opìte se k�je perÐptwsh eÐnai sn(x) ≤ sn+1(x).
Ja deÐxoume ìti gia k�je x ∈ [0, 1] isqÔei lim sn(x) = f(x). QwrÐc bl�bh

thc genikìthtac mporoÔme na upojèsoume ìti f < ∞ sqedìn pantoÔ. An
x ∈ X epilègoume n0 ∈ N ¸ste f(x) < n0, kai èpetai ìti x ∈ X r Bn gia
n > n0, isodÔnama

0 ≤ f(x)− sn(x) ≤ 1

2n
gia k�je n > n0

'Ara sn → f kat� shmeÐo, kai apì je¸rhma Kuriarqhmènhc SÔgklishc Lebesgue
isqÔei lim ||f − sn|| = 0

Gia thn tuqaÐa f ∈ L1[0, 1] eÐnai f = f+ − f− ìpou f+, f− ≥ 0. Apì ta
parap�nw up�rqoun aÔxousec akoloujÐec apl¸n sunart sewn (s+

n )∞n=1, (s
−
n )∞n=1

tètoiec ¸ste ||f+ − s+
n || → 0 kai ||f− − s−n || → 0. Jètoume tn = s+

n − s−n gia
n = 1, 2, . . ., opìte èqoume ||f − tn|| → 0.
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Je¸rhma 1.8. (Riesz) O L1[0, 1]∗ eÐnai isometrikìc me ton L∞[0, 1].

Apìdeixh. OrÐzoume thn apeikìnish

T : L∞[0, 1]→ L1[0, 1]∗, (Tg)(f) =

∫
fg gia k�je f ∈ L1[0, 1]

Profan¸c o T eÐnai kal� orismènh kai grammik  apeikìnish, en¸ gia k�je
g ∈ L∞[0, 1] isqÔei

||Tg|| = sup
||f ||=1

|(Tg)f | = sup
||f ||1=1

∣∣∣∣∫ fg

∣∣∣∣
≤ sup

||f ||1=1

∫
|f ||g|

≤ ||g||∞

epomènwc o T eÐnai fragmènoc. Epiplèon an g ∈ L∞[0, 1] epilègoume 0 <
ε < ||g||∞ tuqìn, kai A ⊆ [0, 1] metr simo tètoio ¸ste 0 < |A| < 1 kai
g > ||g||∞ − ε sqedìn pantoÔ sto A. (H Ôparxh tou A exasfalÐzetai apì to
gegonìc ìti to mètro Lebesgue eÐnai peperasmèno.) Jètoume

f =
1

|A|
χAsgng

kai parathroÔme ìti

||Tg|| ≥
∫
fg =

1

|A|

∫
A

gsgng =
1

|A|

∫
A

|g|

≥ 1

|A|

∫
A

||g||∞ −
1

|A|

∫
A

ε

= ||g||∞ − ε

kai to ε èqei epilegeÐ tuqaÐa, �ra ||Tg|| = ||g||∞ kai o T eÐnai isometrik 
emfÔteush.

Ja deÐxoume ìti o T eÐnai epÐ. 'Estw f ∗ : L1[0, 1] → R grammikì suneqèc.
OrÐzoume

µ :M([0, 1])→ R, µ(A) = f ∗(χA)
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IsqÔoun µ(∅) = f ∗(0) = 0, kai gia k�je akoloujÐa (An)∞n=1 xènwn an� dÔo
metr simwn uposunìlwn tou [0, 1] èqoume

µ

(
∞⋃
n=1

An

)
= f ∗

(
∞∑
n=1

χAn

)
= f ∗

(
lim
N→∞

N∑
n=1

χAn

)

= lim
N→∞

f ∗

(
N∑
n=1

χAn

)
= lim

N→∞

N∑
n=1

f ∗(χAn)

= lim
N→∞

N∑
n=1

µ(An)

=
∞∑
n=1

µ(An)

opìte to µ eÐnai s-ajroistikì proshmasmèno mètro. Profan¸c to µ eÐnai
apolÔtwc suneqèc wc proc to mètro Lebesgue, �ra apì to je¸rhma Radon-
Nikodym up�rqei g ∈ L1[0, 1] ¸ste

µ(A) = f ∗(χA) =

∫
gχA gia k�je A ∈M([0, 1])

Ja deÐxoume ìti g ∈ L∞[0, 1] kai f ∗(f) =
∫
fg ∀f ∈ L1[0, 1]. IsqÔei

f ∗(s) =
∫
sg gia k�je s ∈ L1[0, 1] apl , oi aplèc sunart seic par�goun puknì

upìqwro tou L1[0, 1], kai to f ∗ eÐnai suneqèc, �ra to deÔtero zhtoÔmeno isqÔei.
Epiplèon an En = [|g| ≤ n] gia k�je n = 1, 2 . . . èqoume

||g||∞ = lim
n→∞

||gχEn||∞

= lim
n→∞

sup
||f ||1=1

∣∣∣∣∫ fgχEn

∣∣∣∣
= lim

n→∞
sup
||f ||1=1

|f ∗(fχEn)|

= ||f ∗|| <∞

�ra Tg = f ∗ kai o T eÐnai isometrÐa epÐ.

Shmei¸noume ìti o deÔteroc duikìc tou L1[0, 1], dhlad  o L∞[0, 1]∗, eÐ-
nai isometrikìc me to q¸ro twn peperasmèna prosjetik¸n mètrwn sto [0, 1].
ApodeiknÔetai epÐshc ìti o L1[0, 1] eÐnai sumplhrwmatikìc upìqwroc tou L1[0, 1]∗∗,
k�ti pou ja qrhsimopoi soume parak�tw qwrÐc apìdeixh.
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1.3 Schauder b�sh tou L1[0, 1]

Orismìc 1.9. 'Estw (X, || · ||) q¸roc me nìrma kai (xn)∞n=1 akoloujÐa ston
X. H (xn)∞n=1 ja onom�zetai Schauder b�sh tou X an k�je x ∈ X gr�fetai
kat� monadikì trìpo wc x =

∑∞
n=1 anxn (ìpou h sÔgklish thc seir�c ennoeÐtai

sthn nìrma tou X).
An (xn)∞n=1 Schauder b�sh tou q¸rou X, orÐzetai h antÐstoiqh akolou-

jÐa probol¸n (Pn)∞n=1 me Pn
(∑∞

i=1 aixi
)

=
∑n

i=1 aixi gia k�je n ∈ N, x =∑∞
i=1 aixi ∈ X

ParathroÔme ìti an o q¸roc X dèqetai Schauder b�sh, tìte mporeÐ na
tautisjeÐ me ènan q¸ro akolouji¸n - upìqwro tou RN. Epiplèon oi antÐs-
toiqec probolèc (Pn)∞n=1 deÐqnoun ìti an ènac q¸rocX dèqetai Schauder b�sh,
tìte èqei di�spash se topologikì �jroisma thc morf c X = X1 ⊕X2 ⊕ . . .,
ìpou oi Xn, n ∈ N eÐnai peperasmènhc di�stashc upìqwroi.

Orismìc 1.10. 'Estw X q¸roc me nìrma, kai (xn)∞n=1 akoloujÐa ston X.
H (xn)∞n=1 onom�zetai Schauder-basik ,   en suntomÐa s-basik , an apoteleÐ
Schauder b�sh tou q¸rou span(xn)∞n=1

L mma 1.11. 'Estw X q¸roc me nìrma, kai (xn)∞n=1 Schauder b�sh tou X.
Gia tic antÐstoiqec probolèc (Pn)∞n=1 isqÔoun:

(i) dimPn(X) = n gia k�je n ∈ N

(ii) PnPm = PmPn = Pmin{m,n} gia k�je m,n ∈ N

(iii) ||Pnx− x|| → 0 gia k�je x ∈ X

kai antÐstrofa, an (Pn)∞n=1 akoloujÐa probol¸n ston X gia tÐc opoÐec isqÔoun
ta parap�nw, tìte up�rqei Schauder b�sh tou X thc opoÐac oi Pn eÐnai oi
antÐstoiqec probolèc.

Apìdeixh. To eujÔ èpetai �mesa apì ton orismì thc b�shc Schauder. An-
tÐstrofa, an (Pn)∞n=1 akoloujÐa probol¸n tètoia ¸ste na isqÔoun ta (i),(ii),(iii)
jètoume P0 = 0 kai epilègoume xn ∈ Pn(X) ∩ P−1

n−1(0) gia k�je n ∈ N.
ParathroÔme ìti

dimPn(X)�Pn−1(X) = 1 gia n = 1, 2, . . .
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'Estw x ∈ X dojèn. Up�rqei monadik  akoloujÐa (an)∞n=1 pragmatik¸n ari-
jm¸n tètoia ¸ste Pnx− Pn−1x = anxn gia k�je n = 1, 2, . . . kai eÐnai

x = lim
n→∞

Pnx = lim
n→∞

(Pnx− P0x) = lim
n→∞

n∑
i=1

(Pix− Pi−1x)

= lim
n→∞

n∑
i=1

aixi =
∞∑
i=1

aixi

Epomènwc h (xn)∞n=1 eÐnai Schauder b�sh tou X.

Orismìc 1.12. 'Estw X q¸roc Banach, kai (xn)∞n=1 Schauder b�sh tou X.
H (xn)∞n=1 onom�zetai monìtonh b�sh, an isqÔei sup ||Pn|| = 1.

Orismìc 1.13. Onom�zoume sÔsthma Haar thn akoloujÐa sunart sewn
(hn)∞n=0 ston L1[0, 1], ìpou h0(t) = 1 gia k�je t ∈ [0, 1] kai h2k+l = χ[ l

2k
, 2l+1

2k+1 ]−
χ[ 2l+1

2k+1 ,
l+1

2k
] gia k�je k = 0, 1, 2 . . . , l = 0, 1, . . . 2k − 1.

Sta akìlouja ja deÐxoume ìti to sÔsthma Haar eÐnai Schauder b�sh tou
q¸rou L1[0, 1], kai m�lista monìtonh.

L mma 1.14. To sÔnolo D = { k
2n

: n ∈ N, k = 0, 1, . . . , 2n} twn duadik¸n
arijm¸n eÐnai puknì sto [0, 1].

Apìdeixh. 'Estw x ∈ [0, 1] kai ε > 0 tuqìn. Epilègoume n ∈ N tètoio ¸ste
1

2n
< ε. Up�rqei k0 ∈ {0, 1, . . . , 2n} ¸ste x ∈

[
k0
2n
, k0+1

2n

]
, kai profan¸c isqÔei

eÐte
∣∣x− k0

2n

∣∣ < ε eÐte
∣∣x− k0+1

2n

∣∣ < ε.

Prìtash 1.15. To sÔnolo twn qarakthristik¸n sunart sewn twn diasth-
m�twn me �kra duadikoÔc arijmoÔc sto [0, 1] par�gei puknì upìqwro ston
L1[0, 1].

Apìdeixh. Apì L mma 1.5 arkeÐ na deiqjeÐ ìti to sÔnolo twn qarakthristik¸n
sunart sewn diasthm�twn me �kra duadikoÔc arijmoÔc par�gei puknì upìqwro
tou span{χA : A ⊆ [0, 1] metr simo}. 'Estw loipìn A ⊆ [0, 1] metr simo kai
ε > 0 dojèn.

Apì kanonikìthta tou mètrou Lebesgue up�rqoun K ⊆ [0, 1] sumpagèc kai
U ⊆ [0, 1] anoiktì, ¸ste

K ⊆ A ⊆ U kai |ArK| < ε

3
, |U r A| < ε

3
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To sÔnolo twn duadik¸n arijm¸n eÐnai puknì sto [0, 1], �ra up�rqei akoloujÐa
(In)∞n=1 diasthm�twn me �kra duadikoÔc arijmoÔc kai xèna an� dÔo eswterik�,
tètoia ¸ste U =

⋃∞
n=1 In. To K eÐnai sumpagèc, opìte up�rqoun m ∈

N, n1, n2, . . . nm ∈ N tètoia ¸ste

K ⊆
m⋃
k=1

Ink

Gia thn f = χIn1 + . . .+ χInm parathroÔme ìti

||f − χA|| =

∣∣∣∣∣A4
m⋃
k=1

Ink

∣∣∣∣∣
≤ |A4 U |+

∣∣∣∣∣U 4
m⋃
k=1

Ink

∣∣∣∣∣
≤ |A4 U |+ |U 4K|

<
ε

3
+

2ε

3
< ε

kai to zhtoÔmeno èqei apodeiqjeÐ.

Je¸rhma 1.16. (Schauder) To sÔsthma Haar eÐnai Schauder b�sh tou
L1[0, 1].

Apìdeixh. 'Estw (tn)∞n=1 aparÐjmhsh twn duadik¸n arijm¸n sto [0, 1], me t1 =
0, t2 = 1, t3 = 1

2
, t4 = 1

4
, k.o.k. JewroÔme thn akoloujÐa probol¸n (Pn)∞n=1

ston L1[0, 1], ìpou gia k�je f ∈ L1[0, 1] h Pnf eÐnai kat� tm mata grammik 
sun�rthsh me kìmbouc sta shmeÐa t1, . . . tn kai Pnf(ti) = f(ti), i = 1, 2, . . . n.

H (Pn)∞n=1 ikanopoieÐ tic idiìthtec (i),(ii) tou L mmatoc 1.9, �ra arkeÐ
||Pnf − f || → 0 gia k�je f ∈ L1[0, 1]. An f qarakthristik  sun�rthsh
duadikoÔ diast matoc, isqÔei Pnf = f telik� gia k�je n. Apì Prìtash 1.12
oi sunart seic autèc par�goun puknì upìqwro, opìte mènei na deiqjeÐ ìti
sup ||Pn|| <∞.

'Estw n ∈ N, a1, . . . , an ∈ R, kai f =
∑n

i=1 aihi, g =
∑n+1

i=1 aihi. EÐnai
f = Png kai oi f, g lamb�noun diaforetikèc timèc to polÔ se èna di�sthma
J me �kra duadikoÔc arijmoÔc. Sto J h f lamb�nei stajer  tim , èstw c,
en¸ h g lamb�nei tic timèc c+ an+1 kai c− an+1 sto pr¸to kai deÔtero  misu



1.3. SCHAUDER B�ASH TOU L1[0, 1] 11

antÐstoiqa. 'Eqoume

||f ||1 =

∫
Jc
|f |+

∫
J

|f |

=

∫
Jc
|g|+

∫
J

|c|

=

∫
Jc
|g| + |J ||c|

≤
∫
Jc
|g|+ |J |

2
(|c+ an+1|+ |c− an+1|)

=

∫
|g|

= ||g||1

Me peperasmènh epagwg  apodeiknÔetai ìti ||Pnf || ≤ ||f || gia k�je n ∈ N, f ∈
span(hi)

∞
i=1. O span(hi)

∞
i=1 eÐnai puknìc ston L1[0, 1], �ra ||Pn|| = 1 gia k�je

n = 1, 2, . . ., kai to sÔsthma Haar apoteleÐ monìtonh Schauder b�sh tou
L1[0, 1].



12 KEF�ALAIO 1. O Q�WROS L1[0, 1]



Kef�laio 2

Asjen c Sump�geia ston
L1[0, 1]

2.1 Genik� gia tic AsjeneÐc TopologÐec

Orismìc 2.1. 'EstwX q¸roc Banach. OrÐzetai asjen c topologÐa stonX,
kai sumbolÐzetai me w, h el�qisth topologÐa wc proc thn opoÐa eÐnai suneqeÐc
oi sunart seic x∗ ∈ X∗.

AntÐstoiqa orÐzetai asjen c∗ topologÐa ston X∗, kai sumbolÐzetai me w∗,
h el�qisth topologÐa ston X∗ wc proc thn opoÐa eÐnai suneqeÐc oi sunart seic
x̂ ∈ X ↪→ X∗∗.

Profan¸c h asjen c topologÐa ston X eÐnai h topologÐa pou par�getai
apì thn oikogèneia {f−1 ((a, b)) : f ∈ X∗, a < b}. Stoiqei¸deic eÐnai oi
akìloujec parathr seic:

Prìtash 2.2. 'Estw x0 ∈ X, A ⊆ X∗ kai ε > 0. To sÔnolo

V (x0, A, ε) = {x ∈ X : |f(x)− f(x0)| < ε gia k�je f ∈ A}

eÐnai w-anoikt  perioq  tou x0.

Apìdeixh. ArkeÐ na parathr soume ìti

V (x0, A, ε) = {x ∈ X : f(x) ∈ (f(x0)− ε, f(x0) + ε) ∀f ∈ A}
=

{
x ∈ X : x ∈ f−1 ((f(x0)− ε, f(x0) + ε)) ∀f ∈ A

}
=

⋂
f∈A

f−1 ((f(x0)− ε, f(x0) + ε))

to opoÐo eÐnai w-anoikt  perioq .

13
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Prìtash 2.3. 'Estw x0 ∈ X. H oikogèneia

Bx0 = {V (x0, A, ε) : A ⊆ X∗ peperasmèno, ε > 0}

eÐnai b�sh anoikt¸n perioq¸n tou x0 gia thn w-topologÐa.

Apìdeixh. Profan¸c h Bx0 eÐnai oikogèneia anoikt¸n perioq¸n tou x0. 'Estw
V1, V2 ∈ Bx0 , me V1 = V (x0, A1, ε1), V2 = V (x0, A2, ε2). An A = A1 ∩ A2 kai
ε = min{ε1, ε2}, profan¸c isqÔei

x0 ∈ V (x0, A, ε) ⊆ V1 ∩ V2

An U anoikt  perioq  tou x0, up�rqoun n ∈ N, fi ∈ X∗, ai, bi ∈ R, ai <
bi, i = 1, . . . , n ¸ste x0 ∈

⋂n
i=1 f

−1
i ((ai, bi)) ⊆ U . Jètoume ∆ = {f1, . . . , fn}

kai epilègoume ε > 0 tètoio ¸ste

(fi(x0)− ε, fi(x0) + ε) ⊆ (ai, bi), i = 1, 2, . . . , n

Tìte V (x0,∆, ε) ⊆ U , opìte h Bx0 eÐnai b�sh anoikt¸n perioq¸n tou x0.

'Omoia apodeiknÔetai ìti gia dojènta q¸ro Banach X kai x∗0 ∈ X∗, h
oikogèneia

Bx∗0 = {V (x∗0, A, ε) : A ⊆ X peperasmèno, ε > 0}

eÐnai b�sh perioq¸n tou x∗0 ∈ X∗.

Sthn ergasÐa aut  den parousi�zoume leptomer¸c perissìtera jewr mata
me tic apodeÐxeic touc sqetik� me tic asjeneÐc topologÐec, par� mìno ìsa ja
qrhsimopoihjoÔn gia ta upìloipa apotelèsmata. Endeiktik� eÐnai ta akìlouja:

Je¸rhma 2.4. (Krein-Milman) 'Estw X topik� kurtìc kai T2 topologikìc
dianusmatikìc q¸roc. An K ⊆ X mh kenì kurtì sumpagèc, isqÔei

K = co(ExtK)

Je¸rhma 2.5. (Alaoglou) An X eÐnai q¸roc Banach, o (BX∗ , w
∗) eÐnai

sumpag c topologikìc q¸roc.
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2.2 Omoiìmorfh Oloklhrwsimìthta

Sthn enìthta aut  parousi�zoume ton qarakthrismì twn sqetik¸c asjen¸c
sumpag¸n uposunìlwn tou L1[0, 1]. Sugkekrimèna ja deÐxoume ìti h asjen c
sump�geia ston L1[0, 1] eÐnai �mesa sundedemènh me thn ènnoia thc omoiìmorfhc
oloklhrwsimìthtac. Ta apotelèsmata pou akoloujoÔn genikèuontai kai gia
opoiond pote q¸ro L1(µ), ìpou µ mh atomikì mètro pijanìthtac.

Orismìc 2.6. 'EstwK ⊆ L1[0, 1]. ToK onom�zetai omoiìmorfa oloklhr¸si-
mo, an gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste gia k�je A ⊆ [0, 1] me |A| < δ
na isqÔei ∫

A

|f | < ε gia k�je f ∈ K

Prìtash 2.7. 'Estw K ⊆ L1[0, 1] omoiìmorfa oloklhr¸simo. To K eÐnai
fragmèno.

Apìdeixh. Up�rqei δ > 0 tètoio ¸ste gia k�je A ⊆ [0, 1] me |A| < δ na isqÔei∫
A
|f | < 1. Epilègoume n ∈ N me 1

n
< δ, kai {A1, . . . , An} diamèrish tou [0, 1]

¸ste |A1| = . . . = |An| = 1
n
. Gia k�je f ∈ K eÐnai

||f ||1 =

∫
|f | =

n∑
i=1

∫
Ai

|f | < n

opìte to K eÐnai || · ||1-fragmèno.

Prìtash 2.8. 'Estw K ⊆ L1[0, 1] peperasmèno. To K eÐnai omoiìmorfa
oloklhr¸simo.

Apìdeixh. Arqik� ja deÐxoume ìti k�je monosÔnolo eÐnai omoiìmorfa oloklhr¸si-
mo. Pr�gmati, an f ∈ L1[0, 1], èstw proc apagwg  se �topo ìti up�rqoun
ε > 0 kai akoloujÐa (An)∞n=1 uposunìlwn tou [0, 1] me |An| < 1

2n
gia k�-

je n ∈ N, kai
∫
An
|f | ≥ ε gia k�je n ∈ N. An A = lim supAn, eÐnai∑∞

n=1 |An| < ∞, �ra apì 1o L mma Borel-Cantelli èqoume |A| = 0 kai epi-
plèon ∫

A

|f | ≥ lim sup
n→∞

∫
An

|f | ≥ ε

'Atopo, afoÔ |A| = 0.
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T¸ra an K = {f1, . . . , fn} ⊆ L1[0, 1] peperasmèno kai ε > 0, epilègoume
δ1, δ2, . . . , δn > 0 ¸ste

|A| < δi ⇒
∫
A

|fi| < ε, gia i = 1, . . . , n

kai jètoume δ = min{δ1, . . . , δn} > 0. Gia k�je A ∈ M([0, 1]) me |A| < δ
isqÔei

∫
A
|f | < ε gia k�je f ∈ K, kai to K eÐnai omoiìmorfa oloklhr¸simo.

Ja deÐxoume t¸ra, sunoptik�, p¸c to mètro Lebesgue ep�gei mia metrik 
sta uposÔnola tou [0, 1]. Sth s-�lgebra twn Lebesgue metr simwn upo-
sunìlwn tou [0, 1] orÐzoume sqèsh isodunamÐac:

A ∼ B ⇔ |A4B| = 0, gia k�je A,B ∈M([0, 1])

K�je kl�sh isodunamÐac apoteleÐtai apì sÔnola pou diafèroun metaxÔ touc
kat� sÔnolo mhdenikoÔ mètrou. Sto sÔnolo phlÐko Σ = M� ∼ orÐzoume
apeikìnish

d : Σ× Σ→ R, d([A], [B]) = |A4B|

gia thn opoÐa eÔkola apodeiknÔetai ìti eÐnai kal� orismènh metrik .
EpÐshc o (Σ, d) eÐnai pl rhc metrikìc q¸roc, kai k�je mètro µ sthnM to

opoÐo eÐnai apolÔtwc suneqèc wc proc to mètro Lebesgue, eÐnai mia suneq c
sun�rthsh µ : (Σ, d)→ [0,∞].

Ta parap�nw ja qrhsimopoihjoÔn gia na apodeiqjeÐ to ex c:

Je¸rhma 2.9. (Vitali-Hahn-Saks) 'Estw (µn)∞n=1 akoloujÐa mètrwn sto
[0, 1] ta opoÐa eÐnai apolÔtwc suneq  wc proc to mètro Lebesgue. An gia k�je
A ⊆ [0, 1] metr simo up�rqei to limµn(A), tìte

lim
|A|→0

sup
n∈N
|µn(A)| = 0

Apìdeixh. 'Estw ε > 0 dojèn. Gia k�je m,n ∈ N to sÔnolo

Sm,n =
{
E ∈ Σ : |µn(E)− µm(E)| ≤ ε

3

}
eÐnai kleistì ston (Σ, d), �ra kai to sÔnolo Sp =

⋂
n,m≥p Sn,m eÐnai epÐshc

kleistì. Apì upìjesh, gia k�je A ⊆ [0, 1] up�rqei to limµn(A), �ra

Σ =
⋃
p∈N

Sp
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O (Σ, d) eÐnai pl rhc metrikìc q¸roc, �ra apì to je¸rhma Baire up�rqei
p0 ∈ N tètoio ¸ste intSp0 6= ∅. Dhlad  up�rqoun A ∈ Sp0 kai r > 0 tètoia
¸ste

|A4 E| < r ⇒ |µn(E)− µm(E)| ≤ ε

3
gia k�je m,n ≥ p0

Epilègoume 0 < δ < r ¸ste maxn≤p0 |µn(B)| < ε
3
gia k�je B ∈ Σ me |B| < δ.

Gia k�je B ∈ Σ me |B| < δ kai gia k�je n ∈ N eÐnai

|µn(B)| ≤ |µp0(B)|+ |µn(B)− µp0(B)|
= |µp0(B)|+ |µn(A ∪B)− µn(A\B)− µp0(A ∪B) + µp0(A\B)|
≤ |µp0(B)|+ |µn(A ∪B)− µp0(A ∪B)|+ |µn(A\B)− µp0(A\B)|
< ε

L mma 2.10. 'Estw X q¸roc Banach kai K ⊆ X. Ta akìlouja isodÔnama:

(i) To K eÐnai sqetik� w-sumpagèc.

(ii) To K eÐnai fragmèno kai K
w∗ ⊆ X.

Apìdeixh.

(i)⇒(ii) EÐnai K ⊆ K
w
, �ra K fragmèno. Epiplèon oi q¸roi (K,w) kai (K̂, w∗)

eÐnai omoiomorfikoÐ, �ra K
w∗ ⊆ X.

(ii)⇒(i) Apì to je¸rhma Alaoglou to K eÐnai sqetik� w∗-sumpagèc, kai apì
upìjesh oi w kai w∗ topologÐec tautÐzontai sto K, opìte to zhtoÔmeno
prokÔptei �mesa.

To epìmeno, exairetik� shmantikì, je¸rhma mac plhroforeÐ ìti h sump�geia
gia thn asjen  topologÐa se q¸ro Banach tautÐzetai me thn akoloujiak 
sump�geia.

Je¸rhma 2.11. (Eberlein-Smulian) 'Estw X q¸roc Banach kai A ⊆ X.
Ta akìlouja eÐnai isodÔnama:

(i) To A eÐnai sqetik¸c asjen¸c sumpagèc.
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(ii) K�je akoloujÐa sto A èqei asjen¸c sugklÐnousa upakoloujÐa.

(iii) K�je akoloujÐa sto A èqei asjen¸c sugklÐnon upodÐktuo.

MporoÔme t¸ra na proqwr soume sto kentrikì je¸rhma thc enìthtac, to
opoÐo afor� to qarakthrismì thc asjenoÔc sump�geiac ston L1[0, 1].

Je¸rhma 2.12. (Dunford-Pettis) 'Estw K ⊆ L1[0, 1]. Ta akìlouja eÐnai
isodÔnama:

(i) To K eÐnai omoiìmorfa oloklhr¸simo.

(ii) To K eÐnai sqetik� asjen¸c sumpagèc.

Apìdeixh.

(i)⇒ (ii) 'Estw K ⊆ L1[0, 1] omoiìmorfa oloklhr¸simo. Apì L mma 2.10 arkeÐ

na deiqjeÐ ìti K
w∗ ⊆ L1[0, 1]. 'Estw loipìn µ ∈ K

w∗ ⊆ L∞[0, 1]∗.
To µ apoteleÐ peperasmèna prosjetikì mètro sto [0, 1], kai gia k�je
E ⊆ [0, 1] sumbolik� gr�foume µ(E) = µ(χE). ParathroÔme ìti

|µ(E)| ≤ sup
f∈K

∣∣∣∣∫
E

f

∣∣∣∣ ≤ sup
f∈K

∫
E

|f |

kai epeid  to K eÐnai omoiìmorfa oloklhr¸simo, to µ eÐnai apolÔtwc
suneqèc wc proc to mètro Lebesgue, �ra kai s-ajroistikì. Up�rqei
f : [0, 1] → R metr simh tètoia ¸ste µ(E) =

∫
E
f gia k�je metr simo

E ⊆ [0, 1]. Oi aplèc sunart seic eÐnai puknèc ston L∞[0, 1], �ra µ(g) =∫
gf gia k�je g ∈ L∞[0, 1]. 'Ara eÐnai µ ∈ L1[0, 1] kai èpetai ìti to K

eÐnai sqetik� asjen¸c sumpagèc.

(ii)⇒ (i) An toK eÐnai sqetik� asjen¸c sumpagèc kai ìqi omoiìmorfa oloklhr¸si-
mo, up�rqoun ε > 0, akoloujÐec (fn)∞n=1 ⊆ K kai (En)∞n=1 metr simwn
uposunìlwn me lim |En| = 0, ¸ste∣∣∣∣∫

En

fn

∣∣∣∣ ≥ ε gia k�je n = 1, 2 . . .

Apì je¸rhma Eberlein-Smulian up�rqei upakoloujÐa (fkn)∞n=1 kai sun�rthsh
f ∈ L1[0, 1] tètoia ¸ste fkn

w−→ f .

Jètoume µn(E) =
∫
E
fkn gia k�je n = 1, 2, . . . kai E ⊆ [0, 1]. ParathroÔme

ìti

lim
n→∞

µn(E) =

∫
E

f gia k�je E ⊆ [0, 1] metr simo
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�ra apì je¸rhma Vitali-Hahn-Saks prokÔptei

lim
n→∞

|µn(Ekn)| = lim
n→∞

∣∣∣∣∣
∫
Ekn

fkn

∣∣∣∣∣ = 0

to opoÐo eÐnai �topo.

AxÐzei na parajèsoume èna apotèlesma pou afor� ton L1[0, 1] kai prokÔptei
me qr sh ìlwn twn prohgoumènwn.

Prìtash 2.13. O L1[0, 1] den eÐnai isometrikìc me to suzug  kanenìc q¸rou
Banach.

Apìdeixh. Arqik� apodeiknÔoume ìti ExtBL1[0,1] = ∅. Pr�gmati, èstw f ∈
ExtBL1[0,1]. DeÐxame ìti k�je monosÔnolo eÐnai omoiìmorfa oloklhr¸simo,
�ra h apeikìnish

φ : [0, 1]→ R, φ(t) =

∫
[0,t]

|f |

eÐnai suneq c, kai up�rqei t0 ∈ [0, 1] tètoio ¸ste∫ t0

0

|f | =
∫ 1

t0

|f | = 1

2

Jètoume f1 = 2fχ[0,t0], f2 = 2fχ[t0,1] kai parathroÔme ìti f = 1
2
f1 + 1

2
f2:

�topo, �ra pr�gmati ExtBL1[0,1] = ∅.
'Estw t¸ra ìti up�rqei q¸roc Banach X ¸ste L1[0, 1] = X∗. H BL1[0,1]

eÐnai kurt  kai apì je¸rhma Alaoglou eÐnai w∗-sumpagèc sÔnolo, �ra apì
je¸rhma Krein-Milman isqÔei ExtBL1[0,1] 6= ∅, pou sÔmfwna me ta parap�nw
eÐnai �topo.

'Enac akìma qarakthrismìc thc asjenoÔc sump�geiac ston L1[0, 1] ja
paratejeÐ sto epìmeno kef�laio, ìpou melet�tai h parousÐa tou `1(N) ston
L1[0, 1].
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2.3 To Je¸rhma Liapunov

Wc mia efarmog  thc jewrÐac twn asjen¸n topologi¸n se q¸rouc Banach,
parousi�zoume to je¸rhma kurtìthtac Liapunov, to opoÐo ja qrhsimopoihjeÐ
kai sta peretaÐrw apotelèsmata.

Je¸rhma 2.14. (Liapunov) 'Estw µ1, µ2, . . . , µn mh atomik� mètra pijanìth-
tac ston metr simo q¸ro ([0, 1],M([0, 1])). To sÔnolo

L = {(µ1(A), . . . , µn(A)) : A ∈M([0, 1])}

eÐnai kurtì uposÔnolo tou Rn.

Apìdeixh. To mètro µ = µ1 + µ2 + . . .+ µn eÐnai mh atomikì kai peperasmèno,
�ra L1(µ)∗ = L∞(µ) kai apì je¸rhma Alaoglou h BL∞(µ) eÐnai w∗-sumpag c.
Gia i = 1, 2, . . . , n eÐnai µi � µ �ra apì to je¸rhma Radon-Nikodym up�rqei
µ̂i ∈ L1(µ) ↪→ L1(µ)∗∗ tètoio ¸ste

µi(A) =

∫
A

µ̂idµ gia k�je A ∈M([0, 1])

To µ̂i kat� ta gnwst� mporeÐ na jewrhjeÐ wc w∗-suneqèc sunarthsoeidèc ston
L∞(µ), me µ̂i(g) =

∫
gdµi. H apeikìnish

T (BL∞(µ), w
∗)→ (Rn, || · ||), T f =

(∫
fdµ1, . . . ,

∫
fdµn

)
eÐnai grammik  kai suneq c, kai gia k�je A ⊆ [0, 1] Lebesgue metr simo eÐnai
TA = (µ1(A), µ2(A), . . . , µn(A)).

ArkeÐ na deiqjeÐ ìti L = T
(
BL∞(µ)

)
. 'Estw loipìn (a1, . . . , an) ∈ T

(
BL∞(µ)

)
.

To sÔnolo D = T−1
(
(a1, . . . , an)

)
⊆ BL∞(µ) eÐnai w∗-kleistì, opìte kai w∗-

sumpagèc, kai profan¸c kurtì. Apì je¸rhma Krein-Milman up�rqei f ∈
ExtD.

Ja deÐxoume ìti f = χA gia k�poio A ∈ M([0, 1]). Upojètoume, proc
apagwg  se �topo, ìti up�rqei 0 < δ < 1 ¸ste

µ ([δ ≤ f ≤ 1− δ]) > 0

To µ eÐnai mh atomikì mètro, �ra o q¸roc

X = {f ∈ L∞(µ) : suppf ⊆ [δ ≤ f ≤ 1− δ]} ↪→ L∞(µ)
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eÐnai apeirodi�statoc, kai epiplèon o
⋂n
i=1 ker µ̂i ↪→ L∞(µ) eÐnai peperasmènhc

sundi�stashc, �ra up�rqei

g ∈ X ∩

(
n⋂
i=1

ker µ̂i

)

me ||g||∞ = 1, dhlad  isqÔei
∫
gdµi = 0 gia i = 1, 2, . . . , n. JewroÔme tic

sunart seic

f1 = f +
δ

2
g, f2 = f − δ

2
g

kai parathroÔme ta akìlouja:

1. An x /∈ [δ ≤ f ≤ 1 − δ], tìte |fi(x)| = |f(x)| ≤ 1 gia i = 1, 2, en¸ an
x ∈ [δ ≤ f ≤ 1− δ] èqoume

δ

2
= δ − δ

2
≤ |f(x)| − δ

2
|g(x)|

≤ |fi(x)| ≤ |f(x)|+ δ

2
|g(x)|

≤ 1− δ +
δ

2
= 1− δ

2
gia i = 1, 2

�ra ||fi||∞ ≤ 1 gia i = 1, 2.

2. Tfi =
(∫

fidµ, . . . ,
∫
fidµ

)
= (a1, . . . , an) gia i = 1, 2

opìte f1, f2 ∈ D, f1 6= f2 kai f = 1
2
f1 + 1

2
f2: �topo, afoÔ h f eÐnai akraÐo

shmeÐo tou D.

Pìrisma 2.15. 'Estw µ èna mh atomikì mètro sto metr simo q¸ro ([0, 1],M([0, 1])).
Gia k�je 0 ≤ ρ ≤ 1 up�rqei A ⊆ [0, 1] tètoio ¸ste µ(A) = ρ.
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Kef�laio 3

Upìqwroi tou L1[0, 1]

3.1 O Telest c Desmeumènhc

Mèshc Tim c

Sthn enìthta aut  ja exet�soume mÐa kathgorÐa sumplhrwmatik¸n upoq¸rwn
tou L1[0, 1] oi opoÐoi prokÔptoun kat� entel¸c fusiologikì trìpo, jewr¸n-
tac s-�lgebrec oi opoÐec perièqontai sth s-�lgebra twn Lebesgue metr simwn
sunìlwn.

Prìtash 3.1. 'Estw (X,A, µ) q¸roc s-peperasmènou mètrou, kai B ⊆ A
s-�lgebra sto X. Gia k�je f ∈ L1(X,A, µ) up�rqei monadik  (µ-sqedìn
pantoÔ) sun�rthsh g ∈ L1(X,B, µ) tètoia ¸ste∫

B

gdµ =

∫
B

fdµ gia k�je B ∈ B

Apìdeixh. An f ≥ 0 orÐzetai ston (X,B) to mètro

ν : B → [0,∞), v(B) =

∫
B

fdµ

Profan¸c ν � µ, �ra apì to je¸rhma Radon-Nikodym up�rqei g ∈ L1(X,B, µ)
tètoia ¸ste ∫

B

gdµ = ν(B) =

∫
B

fdµ gia k�je B ∈ B

Gia thn tuqaÐa f ∈ L1(X,A, µ) eÐnai f = f+−f−, kai apì to prohgoÔmeno
b ma epilègoume antistoÐqwc sunart seic g+, g− ∈ L1(X,B, µ). H zhtoÔmenh

23
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sun�rthsh eÐnai h g = g+ − g−.

Orismìc 3.2. 'Estw (X,A, µ) q¸roc s-peperasmènou mètrou, B ⊆ A s-
�lgebra sto X, kai f ∈ L1(X,A, µ). H monadik  sun�rthsh g ∈ L1(X,B, µ)
¸ste

∫
B
gdµ =

∫
B
fdµ gia k�je B ∈ B onom�zetai desmeumènh mèsh tim  thc

f wc proc th B kai sumbolÐzetai me g = E(f ||B).

Prìtash 3.3. 'Estw (X,A, µ) q¸roc s-peperasmènou mètrou, B ⊆ A kai
f, f1, f2 ∈ L1(X,A, µ). IsqÔoun ta akìlouja:

(i) E(αf1 + βf2||B) = αE(f1||B) + βE(f2||B) gia k�je α, β ∈ R

(ii) E
(
E(f ||B)||B

)
= E(f ||B)

(iii) |E(f ||B)| ≤ E( |f | ||B)

Apìdeixh.

(i),(ii) Profan .

(iii) 'Eqoume ∣∣E(f ||B)
∣∣ =

∣∣E(f+||B)− E(f−||B)
∣∣

≤
∣∣E(f+||B)

∣∣+
∣∣E(f−||B)

∣∣
= E(f+||B) + E(f−||B)

= E( |f | ||B)

Pìrisma 3.4. 'Estw (X,A, µ) q¸roc s-peperasmènou mètrou, kai B ⊆ A
s-�lgebra pou perièqetai sthn A. O telest c

P : L1(X,A, µ)→ L1(X,B, µ), Pf = E(f ||B)

apoteleÐ fragmènh probol .

Epomènwc gia dojènta q¸ro L1(X,A, µ) ìpwc sta prohgoÔmena, o upì-
qwroc L1(X,B, µ) o opoÐoc orÐzetai kat� fusiologikì trìpo, eÐnai epiplèon
kai sumplhrwmatikìc. Gia par�deigma, sthn eidikìterh perÐptwsh tou L1[0, 1],
ènac sumplhrwmatikìc upìqwroc eÐnai o L1([0, 1],A, λ), ìpou A mia s-�lgebra
pou perièqetai sthnM([0, 1]).
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3.2 EmfÔteush tou `1(N) ston L1[0, 1]

Sthn enìthta aut  ja deÐxoume p¸c o q¸roc `1(N) mporeÐ na jewrhjeÐ wc
upìqwroc tou L1[0, 1], kai m�lista sumplhrwmatikìc.

Je¸rhma 3.5. O `1(N) emfuteÔetai isometrik� kai wc sumplhrwmatikìc
upìqwroc ston L1[0, 1].

Apìdeixh. JewroÔme tic sunart seic

fn = n(n+ 1)χ[ 1
n+1

, 1
n ], n = 1, 2, . . .

Profan¸c fn ∈ L1[0, 1] kai ||fn||1 = 1 gia k�je n ∈ N. Gia k�je m ∈ N,
a1, . . . am ∈ R èqoume∣∣∣∣∣

∣∣∣∣∣
m∑
n=1

anfn

∣∣∣∣∣
∣∣∣∣∣
L1

=

∫ ∣∣∣∣∣
m∑
n=1

anfn

∣∣∣∣∣ =

∫ ∣∣∣∣∣
m∑
n=1

ann(n+ 1)χ[ 1
n+1

, 1
n ]

∣∣∣∣∣
=

m∑
n=1

∫
|an|n(n+ 1)χ[ 1

n+1
, 1
n ] =

m∑
n=1

|an|

=

∣∣∣∣∣
∣∣∣∣∣
m∑
n=1

anen

∣∣∣∣∣
∣∣∣∣∣
`1

opìte o telest c

T : span(en)∞n=1 → span(fn)∞n=1, T en = fn, n = 1, 2 . . .

epekteÐnetai se isometrik  emfÔteush

T : `1(N)→ L1[0, 1]

Mènei na apodeiqjeÐ h sumplhrwmatikìthta. JewroÔme thn apeikìnish

P : L1[0, 1]→ T (`1(N)) , Pf =
∞∑
n=1

(∫
fsgnfn

)
fn

Profan¸c h P eÐnai grammik , kai

||Pf || =

∫ ∣∣∣∣∣
∞∑
n=1

(∫
fsgnfn

)
fn

∣∣∣∣∣
≤

∫ ∞∑
n=1

∣∣∣∣∫ fsgnfn

∣∣∣∣
≤ ||f ||
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�ra eÐnai ||P || = 1, kai gia k�je f ∈ L1[0, 1] isqÔei∫
Pfsgnfn =

∫ (∫
fsgnfn

)
fnsgnfn

=

∫ (∫
fsgnfn

)
|fn|

=

∫
fsgnfn

�ra

P 2f =
∞∑
n=1

(∫
Pfsgnfn

)
fn =

∞∑
n=1

(∫
fsgnfn

)
fn = Pf

kai h P apoteleÐ fragmènh probol .

AkoloujeÐ ènac akìmh qarakthrismìc twn asjen¸c sumpag¸n uposunìl-
wn tou L1[0, 1], diaforetikìc apì to je¸rhma Dunford-Pettis.

L mma 3.6. 'EstwA ⊆ `1(N) fragmèno. An toA den eÐnai sqetik� sumpagèc,
perièqei akoloujÐa s-basik , isodÔnamh me th sun jh b�sh tou `1(N).

Apìdeixh. Up�rqoun θ > 0 kai akoloujÐa (xn)∞n=1 ⊆ A ¸ste

||xn − xm|| ≥ θ gia k�je m,n ∈ N, m 6= n

Apì diag¸nio epiqeÐrhma Cantor, epilègoume upakoloujÐa (xkn)∞n=1 kai x ∈ RN
¸ste

lim
n→∞

xkn(m) = x(m) gia k�je m ∈ N

Profan¸c x ∈ `1(N) kai ||xkn − x||1 ≥ θ gia k�je n = 1, 2, . . . kai

lim
n→∞

e∗m(xkn − x) = 0 gia m = 1, 2, . . .

�ra up�rqei peretaÐrw upakoloujÐa, pou ja sumbolÐzoume p�li me (xkn)∞n=1

¸ste h (xkn − x)∞n=1 na eÐnai s-basik , isodÔnamh me th sun jh b�sh tou
`1(N).

O X = span(xkn − x)∞n=1 eÐnai sumplhrwmatikìc ston `1(N), kai èstw P h
antÐstoiqh probol . MporoÔme qwrÐc bl�bh thc genikìthtac na jewr soume
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ìti x /∈ X, kai gia k�je N ∈ N, a1, a2, . . . , aN ∈ R isqÔei∣∣∣∣∣
∣∣∣∣∣
N∑
n=1

anxkn

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣
N∑
n=1

an(xkn − x) +

(
N∑
n=1

an

)
x

∣∣∣∣∣
∣∣∣∣∣

≥ 1

||P ||

∣∣∣∣∣
∣∣∣∣∣
N∑
n=1

an(xkn − x)

∣∣∣∣∣
∣∣∣∣∣

=
1

||P ||

N∑
n=1

|an|

Je¸rhma 3.7. (Kadec-Pelczyński): 'Estw K ⊆ L1[0, 1] fragmèno. Ta
akìlouja eÐnai isodÔnama:

(i) To K eÐnai sqetik� asjen¸c sumpagèc.

(ii) To K den perièqei akoloujÐa h opoÐa eÐnai s-basik , isodÔnamh me th
sun jh b�sh tou `1(N).

Apìdeixh.

(i)⇒(ii) : Profanèc.

(ii)⇒(i) : 'Estw ìti to K den eÐnai sqetik� w-sumpagèc. Apì je¸rhma Dunford-
Pettis to K den eÐnai omoiìmorfa oloklhr¸simo, �ra up�rqei ε > 0
tètoio ¸ste gia k�je δ > 0 up�rqei Aδ ⊆ [0, 1] metr simo me |Aδ| < δ
kai fδ ∈ K tètoia ¸ste

∫
Aδ
|fδ| > ε.

Epagwgik� kataskeu�zoume akoloujÐec (fn)∞n=1 ⊆ K, (δn)∞n=1 ⊆ R me
0 < δn+1 <

δn
2
gia k�je n = 1, 2, . . . kai akoloujÐa (En)∞n=1 metr simwn

uposunìlwn tou [0, 1] me |En+1| < δn
2
gia n = 1, 2, . . . tètoiec ¸ste na

isqÔoun ∫
En

|fn| > ε gia k�je n = 1, 2, . . .

kai

|E| < δn ⇒
∫
E

|fn| <
ε

4
gia k�je n = 1, 2, . . .
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Gia k�je n ∈ N èqoume∣∣∣∣∣
∞⋃

k=n+1

Ek

∣∣∣∣∣ ≤ |En+1|+ |En+2|+ |En+3|+ . . .

<
δn
2

+
δn+1

2
+
δn+2

2
+ . . .

<
δn
2

+
δn
4

+
δn
8

+ . . .

= δn

opìte ∫
⋃
k>n Ek

|fn| <
ε

4
gia n = 1, 2, . . .

Jètoume An = En r
⋃
k>nEk gia k�je n ∈ N, opìte∫

An

|fn| ≥
∫
En

|fn| −
∫
⋃
k>n Ek

|fn|

≥ ε− ε

4

=
3ε

4

'Eqoume deÐxei epomènwc ìti up�rqoun ε0 > 0, akoloujÐa (An)∞n=1 xènwn
an� dÔo metr simwn kai (fn)∞n=1 ⊆ K ¸ste

∫
An
|fn| ≥ ε0 gia k�je n.

An jèsoume gn = 1
||fnχAn ||

fnχAn , n = 1, 2, . . ., ìpwc sto je¸rhma 3.5, o

Y = span(gn)∞n=1 eÐnai isometrikìc me ton `1(N) kai h

P : L1[0, 1]→ Y, Pf =
∞∑
n=1

(∫
An

fsgnfn

)
fn

eÐnai fragmènh probol . ParathroÔme ìti h (Pfn)∞n=1 den eÐnai sqetik�
|| ||-sumpag c, �ra apì L mma 3.6 up�rqei upakoloujÐa (Pfn)∞n=1 =
(fn)∞n=1 ⊆ K pou eÐnai isodÔnamh me th sun jh b�sh tou `1(N).

Orismìc 3.8. 'Estw X q¸roc Banach. Mia akoloujÐa (xn)∞n=1 ⊆ X
onom�zetai asjen¸c Cauchy an gia k�je x∗ ∈ X∗ h (x∗(xn))∞n=1 eÐnai Cauchy
(dhl. sugklÐnousa).

O X onom�zetai asjen¸c akoloujiak� pl rhc, an k�je akoloujÐa ston X
pou eÐnai asjen¸c Cauchy eÐnai kai asjen¸c sugklÐnousa.
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Je¸rhma 3.9. (Steinhaus): O L1[0, 1] eÐnai asjen¸c akoloujiak� pl rhc.

Apìdeixh. 'Estw (fn)∞n=1 ⊆ L1[0, 1] asjen¸c Cauchy akoloujÐa. An h (fn)∞n=1

den eÐnai asjen¸c sugklÐnousa, tìte den eÐnai kai asjen¸c sumpag c, �ra
up�rqei upakoloujÐa (fkn)∞n=1 isodÔnamh me th b�sh tou `1(N). Profan¸c h
(fkn)∞n=1 den eÐnai asjen¸c Cauchy, kai èqoume katal xei se �topo.

Pìrisma 3.10. O L1[0, 1] den perièqei upìqwro isìmorfo me ton c0(N).

Apìdeixh. ArkeÐ na deÐxoume ìti o c0(N) den eÐnai asjen¸c akoloujiak� pl rhc.
Pr�gmati, h akoloujÐa (xn)∞n=1 ⊆ c0(N) me xn = (1, 1, . . . , 1, 0, . . .), n ∈ N,
eÐnai asjen¸c Cauchy all� de sugklÐnei asjen¸c.

3.3 Isometrik  EmfÔteush DiaqwrÐsimwn

L1-q¸rwn ston L1[0, 1]

Ed¸ ja apodeiqjeÐ ìti o L1[0, 1] perièqei kat� fusiologikì trìpo ìlouc touc
diaqwrÐsimouc L1(µ). H apìdeixh autoÔ tou jewr matoc pou afor� th jewrÐa
q¸rwn Banach pern� mèsa apì th melèth thc dom c twn s-algebr¸n se dojèn
sÔnolo.

UpenjumÐzoume ìti an (X,A, µ) eÐnai q¸roc mètrou, tìte to sÔnolo twn
kl�sewn isodunamÐac twn sunìlwn pou diafèroun kat� sÔnolo mhdenikoÔ
mètrou sumbolÐzetai me Σ, kai sto Σ orÐzetai h metrik  d([A], [B]) = |A4B|
(bl. enìthta 2.2). Sta akìlouja, q�rin aploÔsteushc, ja anaferìmaste sth
s-�lgebra A enno¸ntac to sÔnolo phlÐko Σ ìpou autì eÐnai aparaÐthto, kai
k�je kl�sh isodunamÐac [A] ja tautÐzetai me ènan antiprìswpì thc, èstw A.

Orismìc 3.11. 'EstwX, Y 6= ∅ sÔnola, A,B �lgebrec staX, Y antÐstoiqa,
kai h apeikìnish Φ : A → B. H Φ onom�zetai omomorfismìc an

(i) Φ(X) = Y

(ii) Φ(A ∩B) = Φ(A) ∩ Φ(B) gia k�je A,B ∈ A

(iii) Φ(X r A) = Y r Φ(A) gia k�je A ∈ A

An oi A,B eÐnai s-�lgebrec, h Φ : A → B onom�zetai s-omomorfismìc an
eÐnai omomorfismìc kai epiplèon isqÔei

Φ

(
∞⋃
n=1

An

)
=
∞⋃
n=1

Φ(An)
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gia k�je akoloujÐa (An)∞n=1 xènwn an� dÔo stoiqeÐwn sthn A.

Orismìc 3.12. 'Estw (X,A, µ) q¸roc mètrou. To diatetagmèno zeÔgoc
(A, µ) onom�zetai �lgebra mètrou (measure algebra).

H �lgebra mètrou (A, µ) onom�zetai diaqwrÐsimh an o antÐstoiqoc metrikìc
q¸roc (A, d) eÐnai diaqwrÐsimoc.

L mma 3.13. 'Estw (X,A, µ) q¸roc mètrou. O metrikìc q¸roc (A, d) eÐnai
pl rhc.

Apìdeixh. jewroÔme thn apeikìnish

T : (A, d)→ L1(µ), TA = χA

Profan¸c h T eÐnai isometrÐa. 'Estw (χAn)∞n=1 akoloujÐa ston T (A) ⊆ L1(µ)

tètoia ¸ste χAn
||·||1−−→ f ∈ L1(µ). Apì L mma 1.2 up�rqei upakoloujÐa

(χAkn )∞n=1 ¸ste

χAkn → f sqedìn pantoÔ kat� shmeÐo

Profan¸c f(t) = 0   f(t) = 1 sqedìn pantoÔ sto [0, 1], �ra up�rqei A ∈ A
tètoio ¸ste f = χA ∈ T (A).

'Eqoume deÐxei ìti o T (A) ⊆ L1(µ) eÐnai kleistìc, �ra kai pl rhc, opìte
kai o (A, d) eÐnai pl rhc.

Orismìc 3.14. An (A, µ) �lgebra mètrou, to A ∈ A, A 6= ∅ onom�zetai
�tomo an gia k�je B ∈ A isqÔei h sunepagwg 

B ⊆ A⇒ B = A   B = ∅

dhlad  den up�rqei mh-kenì metr simo sÔnolo pou perièqetai gn sia sto A.

Kai sthn perÐptwsh twn algebr¸n mètrou, h ènnoia tou isomorfismoÔ mac
epitrèpei na tautÐsoume diaforetikèc �lgebrec wc domèc.

Orismìc 3.15. 'Estw (A, µ), (B, ν) �lgebrec mètrou. H apeikìnish Φ :
(A, µ)→ (B, ν) lègetai isomorfik  emfÔteush, an

(i) Φ(X r A) = Y r Φ(A)

(ii) Φ(A ∩B) = Φ(A) ∩ Φ(B)
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(iii) µ(A) = ν(Φ(A))

gia k�je A,B ∈ A.
An epiplèon h Φ eÐnai epÐ, ja onom�zetai isomorfismìc.

L mma 3.16. 'Estw B([0, 1]),M([0, 1]) oi s-�lgebrec twn Borel kai Lebesgue
metr simwn uposunìlwn tou [0, 1] antÐstoiqa. Oi �lgebrec mètrou (B([0, 1]), λ),
(M([0, 1]), λ) eÐnai isìmorfec.

Apìdeixh. 'Estw A ⊆ [0, 1] Lebesgue metr simo. ArkeÐ na deiqjeÐ ìti up�rqei
B ⊆ [0, 1] Borel metr simo tètoio ¸ste |A4 B| = 0. Apì kanonikìthta tou
mètrou Lebesgue, kataskeu�zoume akoloujÐa (Un)∞n=1 anoikt¸n uposunìlwn
tou [0, 1] ¸ste

A ⊆ Un kai |Un r A| < 1

n
gia k�je n = 1, 2, . . .

To U =
⋂∞
n=1 Un eÐnai Gδ sÔnolo, �ra Borel metr simo, isqÔei A ⊆ U kai

|U r A| < |Un r A| < 1

n
gia k�je n ∈ N

�ra |U r A| = 0.

Je¸rhma 3.17. (Karajeodwr ): 'Estw (X,A, µ) q¸roc pijanìthtac, tè-
toioc ¸ste h �lgebra mètrou (A, µ) eÐnai diaqwrÐsimh. Up�rqei isomorfik 
emfÔteush Φ : (A, µ) → (M([0, 1]), λ) sthn �lgebra twn Lebesgue metr -
simwn uposunìlwn tou [0, 1]. H Φ eÐnai epÐ an kai mìno an h A den èqei �toma.

Apìdeixh. H (A, µ) eÐnai diaqwrÐsimh �lgebra mètrou, �ra up�rqei akoloujÐa
(An)∞n=1 pou eÐnai pukn  ston (A, d). Gia k�je n ∈ N orÐzoume An na eÐnai
h �lgebra pou par�getai apì ta A1, A2, . . . , An kai jètoume A∞ =

⋃∞
n=1An.

Profan¸c h A∞ eÐnai epÐshc �lgebra sto X.
H Φ ja oristeÐ epagwgik�. EÐnai A1 = {∅, A1, A

c
1, X} kai jètoume

Φ(∅) = 0,

Φ(A1) = [0, µ(A1)],

Φ(Ac1) = [µ(A1), 1],

Φ(X) = [0, 1]

EÔkola diapist¸noume ìti h Φ|A1 eÐnai isomorfik  emfÔteush. 'Estw t¸ra
ìti gia k�poio n ∈ N èqei orisjeÐ h Φ sthn An−1 ¸ste na apoteleÐ isomor-
fik  emfÔteush. Ja epekteÐnoume thn Φ sthn An ¸ste na diathreÐ tomèc,
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sumplhr¸mata kai to mètro. Upojètoume ìti h �lgebra Φ(An−1) ⊆M([0, 1])
par�getai apì ta diast mata [0, x1], [x1, x2], . . . , [xk, 1], opìte ja up�rqoun
sÔnola B0, B1, . . . , Bk ∈ An−1 tètoia ¸ste

Φ(B0) = [0, x1],Φ(B1) = [x1, x2], . . . ,Φ(Bk) = [xk, 1]

H An par�getai apì ta sÔnola

An ∩B0, A
c
n ∩B0, An ∩B1, . . . , A

c
n ∩Bk

Gia j = 0, 1, . . . , k orÐzoume

Φ(An ∩Bj) = [xj, xj + µ(An ∩Bj)],

Φ(Acn ∩Bj) = [xj + µ(An ∩Bj), xj+1]

Epagwgik�, loipìn, èqoume orÐsei th Φ sthn A∞ ¸ste na diathreÐ to mètro.
H A∞ eÐnai pukn  sthn A, kai o (A, d) eÐnai pl rhc metrikìc q¸roc, �ra h Φ
epekteÐnetai se isometrik  emfÔteush Φ : (A, µ)→ (M([0, 1]), λ).

Ja deÐxoume t¸ra ìti h Φ diathreÐ ta sumplhr¸mata. 'Estw A ∈ A kai
ε > 0. Epilègoume B ∈ A∞ ¸ste µ(A 4 B) < ε

2
. EÐnai Bc ∈ A∞ kai

µ(Ac4Bc) = µ(A4B) < ε
2
, opìte

|Φ(Ac)4 Φ(A)c)| ≤ |Φ(Ac)4 Φ(B)c|+ |Φ(B)c4 Φ(A)c|
= |Φ(Ac)4 Φ(Bc)|+ |Φ(B)4 Φ(A)|
= µ(Ac4Bc) + µ(A4B)

<
ε

2
+
ε

2
= ε

kai to ε epilèqjhke tuqaÐa, �ra ta Φ(Ac) kai Φ(A)c tautÐzontai wc kl�seic iso-
dunamÐac sunìlwn pou eÐnai sqedìn pantoÔ Ðsa, �ra h Φ diathreÐ ta sumplhr¸-
mata. 'Omoia apodeiknÔoume ìti h Φ diathreÐ tic tomèc kai tic arijm simec
tomèc.

Ja melet soume t¸ra to sÔnolo tim¸n thc Φ. Arqik� shmei¸noume ìti h
Φ eÐnai 1-1 wc isometrÐa, kai profan¸c an eÐnai epÐ, tìte h A den èqei �toma.
'Estw E = {xn : n ∈ N} ⊆ [0, 1] to sÔnolo twn �krwn twn diasthm�twn apì
ta opoÐa orÐzontai oi �lgebrec Φ(An) gia k�je n ∈ N. An upojèsoume ìti to E
den eÐnai puknì sto [0, 1], up�rqei di�sthma I ⊆ [0, 1]rE, to opoÐo mporoÔme na
jewr soume ìti èqei �kra sto E. Up�rqei akoloujÐa diasthm�twn (In)∞n=1 ⊆
Φ(A∞) tètoia ¸ste |I 4 In| → 0, opìte I ∈ Φ(A).

'Estw A ∈ A tètoio ¸ste Φ(A) = I kai B ∈ A me B ⊆ A. Ja eÐnai
Φ(B) ⊆ I kai up�rqei (Jn)∞n=1 ⊆ Φ(A∞) me |Jn 4 Φ(B)| → 0. 'Omwc apì
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upìjesh gia to I, ta Jn eÐte perièqoun to Φ(B) eÐte eÐnai xèna me to Φ(B),
opìte eÐte Φ(B) = I eÐte Φ(B) = ∅, pou shmaÐnei ìti

B = A   B = ∅

�ra to A ∈ A eÐnai �tomo. 'Eqoume apodeÐxei loipìn ìti an h A den èqei �toma,
tìte E = [0, 1], �ra h Φ(A) perièqei ìla ta sÔnola Borel, opìte apì L mma
3.16 kai ta Lebesgue metr sima, kai h Φ eÐnai epÐ.

L mma 3.18. 'Estw (X,A, µ) q¸roc mètrou, ìpou oX eÐnai metrikìc q¸roc.
Ta akìlouja eÐnai isodÔnama:

(i) O L1(µ) eÐnai diaqwrÐsimoc.

(ii) H (A, µ) eÐnai diaqwrÐsimh �lgebra mètrou.

Apìdeixh.

(i)⇒(ii): 'Estw h (A, µ) den eÐnai diaqwrÐsimh. Up�rqei sÔnolo I uperarijm simo,
ε > 0 kai oikogèneia (Ai)i∈I me µ(Ai 4 Aj) ≥ ε gia i, j ∈ I, i 6= j.
Tìte kai h (χAi)i∈I eÐnai ε-diaqwrismènh uperarijm simh oikogèneia ston
L1(µ), pou eÐnai �topo.

(ii)⇒(i): 'Estw akoloujÐa (An)∞n=1 pukn  sthn A. 'Omoia ìpwc sto L mma 1.5
apodeiknÔetai ìti oi aplèc sunart seic sto X eÐnai puknèc ston L1(µ),
isodÔnama o span{χA : A ⊆ X} eÐnai puknìc upìqwroc tou L1(µ).
'Epetai ìti o

Y =

{
m∑
i=1

aiχAni : m ∈ N, (ai)mi=1 ⊆ R

}

eÐnai puknìc kai diaqwrÐsimoc upìqwroc tou L1(µ), opìte o L1(µ) eÐnai
diaqwrÐsimoc.

Je¸rhma 3.19. K�je diaqwrÐsimoc L1-q¸roc emfuteÔtai isometrik� ston
L1[0, 1].

Apìdeixh. 'Estw (X,A, µ) q¸roc mètrou tètoioc ¸ste o L1(µ) eÐnai diaqwrÐsi-
moc. H apìdeixh ja gÐnei diakrÐnontac epi mèrouc peript¸seic.
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1h PERIPTWSH: An to µ eÐnai s-peperasmèno mètro, ja deÐxoume ìti
up�rqei mètro pijanìthtac ν tètoio ¸ste o L1(µ) na eÐnai isometrikìc me ton
L1(ν). Pr�gmati, epilègoume g ∈ L1(µ)+ me

∫
gdµ = 1 kai jewroÔme to mètro

ν : A → [0,∞), ν(A) =

∫
A

gdµ

H apeikìnish
T : L1(µ)→ L1(ν), T f = fg−1

eÐnai h zhtoÔmenh isometrÐa.
2h PERIPTWSH: An to µ eÐnai mh atomikì mètro pijanìthtac, apì je¸rhma

Karajeodwr  up�rqei isomorfismìc Φ : (A, µ)→ (M, λ) epÐ, kai h apeikìnish

T : span{χA : A ∈ A} → L1[0, 1], T

(
n∑
i=1

λiχAi

)
=

n∑
i=1

λiχΦ(Ai)

epekteÐnetai sth zhtoÔmenh isometrÐa T : L1(µ)→ L1[0, 1].
3h PERIPTWSH: An to µ eÐnai pl rwc atomikì mètro pijanìthtac, tìte

ta �toma sth s-�lgebra ja eÐnai to polÔ arijm sima to pl joc, èstw (An)n∈N.
H apeikìnish

en 7→
1

µ(An)
χAn

epekteÐnetai se isometrÐa

T : `1(N)→ L1(µ)

h opoÐa eÐnai epÐ, �ra o L1(µ) wc isometrikìc me ton `1(N) emfuteÔetai ston
L1[0, 1].

4h PERIPTWSH: Genik� an µ mètro pijanìthtac ¸ste L1(µ) diaqwrÐsimoc,
eÐnai µ = µ1 + µ2, ìpou µ1 mh atomikì kai µ2 pl rwc atomikì, opìte

L1(µ) ∼ L1[0, 1]⊕ `1(N) ↪→ L1[0, 1]⊕ L1[0, 1] ∼ L1[0, 1]

Sqìlio: EÔkola diapist¸nei kaneÐc ìti gia k�je f, g ∈ L1[0, 1] isqÔei
||f ± g||1 = ||f ||1 + ||g||1 an kai mìno an oi f, g èqoun xènouc foreÐc, epomèn-
wc mia isometrÐa T : L1[0, 1] → L1[0, 1] diathreÐ ta �toma. Apì aut  thn
parat rhsh kai apì thn apìdeixh tou parap�nw jewr matoc prokÔptei kai h
taxinìmhsh twn diaqwrÐsimwn L1-q¸rwn se kl�seic isodunamÐac wc proc thn
isometrÐa. Sugkekrimèna, oi diaqwrÐsimoi L1 eÐnai oi:
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`n1 , n = 1, 2, . . . , `1(N), L1[0, 1], `1(N)⊕L1[0, 1], `n1⊕L1[0, 1], n = 1, 2, . . .

kai autoÐ eÐnai metaxÔ touc mh isometrikoÐ. Oi diaqwrÐsimoi L1 taxinomhmènoi
wc proc isomorfismì, eÐnai oi: `n1 , n = 1, 2, . . . , `1(N), L1[0, 1].

3.4 SumplhrwmatikoÐ Isìmorfoi Upìqwroi

Orismìc 3.20. 'Estw X, Y q¸roi Banach. OrÐzoume apìstash Banach-
Mazur metaxÔ twn X, Y ton arijmì

d(X, Y ) = inf
{
||T || · ||T−1||

∣∣ T : X → Y isomorfismìc
}

Parat rhsh 3.21. H apìstash Banach-Mazur metaxÔ q¸rwn Banach
ikanopoieÐ tic sqèseic

(i) d(X, Y ) ≥ 1, kai d(X,X) = 1

(ii) d(X, Y ) = d(Y,X)

(iii) d(X,Z) = d(X, Y )d(Y, Z)

kai profan¸c den orÐzei apìstash sthn kl�sh twn q¸rwn Banach. H apeikìn-
ish ρ(X, Y ) = ln d(X, Y ) eÐnai mÐa pijan  metrik , all� den isqÔei aparaÐthta h
sunepagwg  ρ(X, Y ) = 0 ⇒ X, Y isometrikoÐ, kai epomènwc apoteleÐ yeudo-
metrik  sthn kl�sh twn q¸rwn Banach.

Sthn enìthta aut  ja parousi�soume mÐa ikan  sunj kh ¸ste ènac up-
ìqwroc tou L1[0, 1] na eÐnai sumplhrwmatikìc, h opoÐa sqetÐzetai me thn
apìstash Banach-Mazur. Sugkekrimèna ja apodeiqjeÐ ìti k�je upìqwroc
Y enìc L1−q¸rou pou eÐnai isomorfikìc me ton L1, me d(Y, L1) <

√
2, eÐnai

tautìqrona kai sumplhrwmatikìc.
H ènnoia pou brÐsketai pÐsw apì ta epìmena jewr mata eÐnai h ènnoia thc

oikogèneiac sunart sewn me sqetik� xènouc foreÐc.

Orismìc 3.22. 'Estw (fγ)γ∈Γ oikogèneia sunart sewn ston L1[0, 1]. Ja
lème ìti h (fγ)γ∈Γ èqei sqetik� xènouc foreÐc (relatively disjoint family) an
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eÐnai || · ||1-omoiìmorfa fragmènh, kai epiplèon up�rqei oikogèneia (Aγ)γ∈Γ

xènwn an� dÔo metr simwn uposunìlwn tou [0, 1] kai 0 < ε < δ tètoia ¸ste∫
Eγ

|fγ| ≥ δ gia k�je γ ∈ Γ

kai ∑
α 6=γ

∫
Eα

|fγ| ≤ ε gia k�je γ ∈ Γ

Orismìc 3.23. Oi sunart seic Rademacher eÐnai h akoloujÐa (rn)∞n=1, ìpou

rn : [0, 1]→ R, rn =
2n−1∑
k=0

(−1)k+1χ[ k2n ,
k+1
2n ) + χ{1}

gia k�je n ∈ N.

Ta apotelèsmata pou akoloujoÔn apodeÐqjhkan perÐ to 1975 apì ton L.
Dor.

Prìtash 3.24. 'Estw f1, f2, . . . fn ∈ L1[0, 1] me ||fi|| ≤ 1 gia k�je i ≤ n,
kai 0 < C ≤ 1. An∣∣∣∣∣

∣∣∣∣∣
n∑
i=1

aifi

∣∣∣∣∣
∣∣∣∣∣ ≥ C

(
n∑
i=1

|ai|

)
gia k�je a1, a2, . . . an ∈ R

tìte ∣∣∣∣∣∣∣∣max
1≤i≤n

|aifi|
∣∣∣∣∣∣∣∣ ≥ C2

(
n∑
i=1

|ai|

)
gia k�je a1, a2, . . . an ∈ R

Apìdeixh. 'Estw (ri)
∞
i=1 h akoloujÐa twn sunart sewn Rademacher. Gia k�je

s ∈ [0, 1], apì upìjesh èqoume

C

n∑
i=1

|ai| = C

n∑
i=1

|airi(s)| ≤

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

airi(s)fi

∣∣∣∣∣
∣∣∣∣∣
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kai oloklhr¸nontac sto [0, 1] lamb�noume

C
n∑
i=1

|ai| ≤
∫ 1

0

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

airi(s)fi

∣∣∣∣∣
∣∣∣∣∣ ds

=

∫ 1

0

∫ 1

0

∣∣∣∣∣
n∑
i=1

airi(s)fi

∣∣∣∣∣ dsdt
≤

∫ 1

0

(∫ 1

0

∣∣ n∑
i=1

airi(s)fi(t)
∣∣2ds

)1/2

dt

=

∫ 1

0

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

aifi(t)ri

∣∣∣∣∣
∣∣∣∣∣
2

dt

=

∫ 1

0

(
n∑
i=1

|aifi(t)|2
)1/2

dt

≤
∫ 1

0

max
1≤i≤n

|aifi(t)|1/2
(

n∑
i=1

|aifi(t)|

)1/2

dt

≤
(∫ 1

0

max
1≤i≤n

|aifi(t)|dt
)1/2

(∫ 1

0

n∑
i=1

|aifi(t)|dt

)1/2

≤
(∫ 1

0

max
1≤i≤n

|aifi(t)|dt
)1/2

(
n∑
i=1

|ai|

)1/2

apì ìpou prokÔptei to zhtoÔmeno.

Prin proqwr soume sthn apìdeixh thc epìmenhc prìtashc, paremb�lloume
to akìloujo L mma:

L mma 3.25. 'Estw (gn)∞n=1 akoloujÐa jetik¸n sunart sewn ston L1[0, 1],
(cn)∞n=1 akoloujÐa pragmatik¸n arijm¸n, kai to sÔnolo

∆ =

{
(φi)

∞
i=1 : φi ≥ 0,

∫
φigi = ci,

∞∑
i=1

φi ≤ 1

}
⊆ L∞[0, 1]N

K�je akraÐo shmeÐo tou ∆, an up�rqei, eÐnai thc morf c (χAn)∞n=1, ìpou ta An
eÐnai xèna an� dÔo metr sima uposÔnola tou [0, 1].

Apìdeixh. 'Estw (vi)
∞
i=1 ∈ ∆ akraÐo shmeÐo tou ∆. ArkeÐ na isqÔoun:
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(i) min{vi, vj} = 0 sqedìn pantoÔ gia k�je i, j ∈ N, i 6= j

(ii)
∑∞

i=1 vi = 1 sqedìn pantoÔ

'Estw, proc apagwg  se �topo, ìti up�rqoun E ⊆ [0, 1] me |E| > 0,
i, j ∈ N kai ε > 0 tètoia ¸ste min{vi, vj} ≥ ε sto E. Up�rqei h ∈ ker gn ∩
ker gm ⊆ L∞[0, 1] me ||h||∞ ≤ ε, dhlad 

∫
gih =

∫
gjh = 0 kai |h(t)| ≤ ε

sqedìn pantoÔ sto E. Jètoume

v′i = vi + h, v′j = vj − h, v′n = vn gia n 6= i, j

v′′i = vi − h, v′′j = vj + h, v′′n = vn gia n 6= i, j

Profan¸c (v′i)
∞
i=1, (v

′′
i )∞i=1 ∈ ∆, (v′i)

∞
i=1 6= (v′′i )∞i=1 kai (vi)

∞
i=1 = 1

2
(v′i)

∞
i=1 +

1
2
(v′′i )∞i=1 : �topo, afoÔ to (vi)

∞
i=1 eÐnai akraÐo shmeÐo tou ∆.

Gia to deÔtero zhtoÔmeno, èstw ìti up�rqei E ⊆ [0, 1] me |E| > 0, 0 <
ε < 1 kai n ∈ N tètoia ¸ste ε ≤ vn ≤ 1 − ε sto E. Epilègoume, ìpwc
prohgoumènwc, h ∈ L∞[0, 1], ||h||∞ < ε me

∫
gnh = 0, kai jètoume

v′n = vn + h, v′i = vi gia i 6= n

v′′n = vn − h, v′′i = vi gia i 6= n

'Omoia me prohgoumènwc, isqÔoun (v′i)
∞
i=1, (v

′′
i )∞i=1 ∈ ∆, (v′i)

∞
i=1 6= (v′′i )∞i=1 kai

(vi)
∞
i=1 = 1

2
(v′i)

∞
i=1 + 1

2
(v′′i )∞i=1, opìte èqoume katal xei se �topo.

Prìtash 3.26. 'Estw (gn)∞n=1 akoloujÐa mh arnhtik¸n sunart sewn ston
L1[0, 1], me sup ||gn||1 <∞ kai 0 < C ≤ 1. An∫ 1

0

max
1≤i≤n

aigi ≥ C
n∑
i=1

ai gia k�je n = 1, 2, . . . kai a1, a2, . . . an ≥ 0

up�rqei (An)∞n=1 akoloujÐa xènwn an� duì metr simwn uposunìlwn tou [0, 1]
tètoia ¸ste ∫

An

gn ≥ C gia k�je n = 1, 2, . . .

Apìdeixh. Sto q¸ro ginìmeno
∏
N
(
L∞[0, 1], w∗

)
jewroÔme to sÔnolo

D =

{
(φn)∞n=1 : φn ≥ 0 ∀n ∈ N,

∞∑
n=1

φn ≤ 1 σ.p. sto [0, 1]

}
kai thn apeikìnish

T : D → `∞(N), T
(
(φn)∞n=1

)
=

(∫
gnφn

)∞
n=1
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ISQURISMOS 1: To D eÐnai kurtì kai sumpagèc, kai h T : D →
(`∞(N), w∗) eÐnai suneq c.

APODEIXH ISQURISMOU: H kurtìthta eÐnai profan c. Apì je¸rhma
Alaoglou h BL∞ eÐnai w∗-sumpag c, kai apì to je¸rhma Tychonoff o q¸roc∏

n∈N(BL∞ , w
∗) eÐnai sumpag c. ArkeÐ na deiqjeÐ ìti to D eÐnai kleistì. H

epagìmenh topologÐa sto D eÐnai metrikopoi simh, �ra arkeÐ na deiqjeÐ ìti to
D eÐnai akoloujiak� kleistì.

'Estw (Fi)
∞
i=1 akoloujÐa sto D, me Fi = (φin)∞n=1 ¸ste Fi → F = (φn)∞n=1.

Ja eÐnai φn ≥ 0 sto [0, 1] gia k�je n ∈ N, kai gia k�je m = 1, 2, . . . isqÔei
m∑
n=1

φn =
m∑
n=1

lim
i→∞

φin

= lim
i→∞

m∑
n=1

φin

≤ lim
i→∞

∞∑
n=1

φin

≤ 1

�ra
∞∑
n=1

φn = lim
m→∞

m∑
n=1

φn ≤ 1

kai to D eÐnai akoloujiak� kleistì.
Epiplèon TFi =

( ∫
gnφ

i
n

)∞
n=1

gia k�je i = 1, 2 . . ., apì to Je¸rhma Kuri-
arqhmènhc SÔgklishc eÐnai

lim
i→∞

∫
gnφ

i
n =

∫
gnφn gia k�je n ∈ N

kai supn∈N
∫
gnφn <∞, opìte TFi

w∗−→ TF , kai h T eÐnai suneq c.
ISQURISMOS 2: Up�rqei (φn)∞n=1 ∈ D tètoia ¸ste

∫
gnφn ≥ C gia k�je

n = 1, 2 . . .
APODEIXH ISQURISMOU: Upojètoume proc apagwg  se �topo ìti∫
gnφn < C gia k�je (φn)∞n=1 ∈ D. To sÔnolo

A = {(cn)∞n=1 ∈ `∞(N) : cn ≥ C gia k�je n}

eÐnai kurtì kai w∗-kleistì, kai epiplèon eÐnai xèno me to T (D), �ra apì
je¸rhma Hahn-Banach up�rqei f ∈ `∞(N)∗ w∗-suneqèc, to opoÐo ta di-
aqwrÐzei austhr�. Dhlad  up�rqei (an)∞n=1 ∈ `1(N) tètoia ¸ste

∞∑
n=1

ancn ≥ C gia k�je (cn)∞n=1 ∈ A
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kai
∞∑
n=1

an

(∫
gnφn

)
≤ C ′ < C gia k�je (φn)∞n=1 ∈ D

Apì tic parap�nw sqèseic prokÔptei ìti an ≥ 0 gia k�je n ∈ N kai
∑∞

n=1 an ≥
1. Epilègoume N ∈ N ¸ste

∑N
n=1 an >

C′

C
kai jètoume

En =
{
t ∈ [0, 1] : max

1≤i≤N
aigi = angn

}
gia n = 1, 2, . . . , N

kai

φn =

{
χEn an 1 ≤ n ≤ N

0 an n > N
gia k�je n ∈ N

Profan¸c (φn)∞n=1 ∈ D, �ra

C ′ ≥
∞∑
n=1

an
(
gnφn

)
=

N∑
n=1

an

∫
En

gn =
N∑
n=1

∫
En

angn

=
N∑
n=1

∫
En

max
1≤i≤N

aigi =

∫
max

1≤i≤N
aigi

≥ C
N∑
n=1

an

'Atopo, �ra up�rqei (φn)∞n=1 ∈ D tètoia ¸ste
∫
φngn ≥ C gia n = 1, 2, . . . An

D1 =

{
(fi)

∞
i=1 ∈ D :

∫
fngn =

∫
φngn gia k�je n ∈ N

}
o q¸roc

∏
N
(
L∞[0, 1], w∗

)
eÐnai T2 kai topik� kurtìc, kai to D1 eÐnai kurtì

kai sumpagèc, opìte apì Je¸rhma Krein-Milman eÐnai ExtD1 6= ∅. H akolou-
jÐa (φn)∞n=1 mporeÐ na antikatastajeÐ apì èna akraÐo shmeÐo tou D1, kai apì
L mma 3.25 autì ja eÐnai thc morf c (χAn)∞n=1 ìpou ta An eÐnai xèna an� dÔo
metr sima. 'Ara eÐnai ∫

An

gn ≥ C

gia k�je n ∈ N.

Parat rhsh:H prohgoÔmenh prìtash ousiastik� mac plhroforeÐ ìti
an gia thn akoloujÐa (gn)∞n=1 ⊆ L1[0, 1] me tic antÐstoiqec upojèseic, isqÔei∫

max aigi ≥ C
∑n

i=1 ai gia k�je n = 1, 2, . . . kai a1, . . . an ≥ 0 tìte oi gn
fèrontai apì (sqedìn) xèna an� dÔo sÔnola.
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Je¸rhma 3.27. 'Estw (fn)∞n=1 akoloujÐa ston L1[0, 1], me ||fn|| ≤ 1 gia k�je n =
1, 2, . . ., kai 0 < C ≤ 1. An∣∣∣∣∣

∣∣∣∣∣
n∑
i=1

aifi

∣∣∣∣∣
∣∣∣∣∣ ≥ C

(
n∑
i=1

|ai|

)
gia k�je n ∈ N, a1, . . . an ∈ R, tìte up�rqei akoloujÐa (An)∞n=1 xènwn an�
dÔo metr simwn uposunìlwn tou [0, 1] tètoia ¸ste ||fnχAn|| ≥ C2 gia k�je
n = 1, 2, . . .

Apìdeixh. Apì thn prìtash 3.24 èpetai ìti∣∣∣∣∣∣∣∣max
1≤i≤n

|aifi|
∣∣∣∣∣∣∣∣ ≥ C2

n∑
i=1

|ai| gia k�je n ∈ N, a1, . . . an ∈ R

kai h (fn)∞n=1 eÐnai omoiìmorfa fragmènh ston L1[0, 1], �ra apì Prìtash 3.26
up�rqei akoloujÐa (An)∞n=1 xènwn an� dÔo metr simwn sunìlwn tètoia ¸ste

||fnχAn|| =
∫
An

gn ≥ C2 gia k�je n ∈ N

Sqìlio: Sthn prohgoÔmenh enìthta apodeÐxame ìti mia akoloujÐa (fn)∞n=1

ston L1[0, 1] me xènouc foreÐc par�gei sumplhrwmatikì upìqwro, isometrikì
me ton `1(N). Ta parap�nw apotelèsmata deÐqnoun ti isqÔei sthn antÐstrofh
kateÔjunsh, sugkekrimèna ìti k�je akoloujÐa (fn)∞n=1 pou par�gei upìqwro
isìmorfo me ton `1(N) èqei sqedìn xènouc foreÐc.

MporoÔme t¸ra na proqwr soume sthn apìdeixh tou kentrikoÔ jewr -
matoc thc enìthtac aut c, to opoÐo dÐnei ikan  sunj kh ¸ste ènac upìqwroc
tou L1[0, 1] na eÐnai kai sumplhrwmatikìc.

Je¸rhma 3.28. (L.Dor) 'Estw T : L1(ν)→ L1(µ) isomorfik  emfÔteush,
tètoia ¸ste ||T || · ||T−1|| = λ <

√
2. Up�rqei probol  P : L1(µ)→ T [L1(ν)]

me ||P || ≤ (2λ−2 − 1)−1.

Apìdeixh. 'Estw T : L1(ν) → L1(µ) isomorfik  emfÔteush, me ||T || = 1 kai
||T−1|| = λ. ArkeÐ na apodeÐxoume ìti up�rqei telest c S : L1(µ) → L1(ν)
¸ste ST = IL1(ν) kai ||S|| ≤ (2λ−2 − 1)−1. Pr�gmati, tìte o telest c

P : L1(µ)→ T [L1(ν)], P = TS
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ikanopoieÐ tic sqèseic ||P || ≤ (2λ−2 − 1)−1 kai P 2 = TSTS = TS = P , kai
eÐnai h zhtoÔmenh probol . H apìdeixh ja gÐnei stadiak� se 4 b mata.

BHMA 1o: 'Estw L1(ν) = `n1 kai L1(µ) = L1[0, 1]. An (ei)
n
i=1 h sun jhc

b�sh tou `n1 , jètoume fi = Tei gia i = 1, 2, . . . , n. EÐnai ||fi|| ≤ 1 gia k�je
i = 1, 2, . . . , n kai∣∣∣∣∣

∣∣∣∣∣
n∑
i=1

aifi

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

aiTei

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣T
(

n∑
i=1

aiei

)∣∣∣∣∣
∣∣∣∣∣

≥ 1

||T−1||

n∑
i=1

|ai| = λ−1

n∑
i=1

|ai|

gia k�je a1, . . . , an ∈ R, �ra apì je¸rhma 3.27 up�rqoun A1, A2, . . . , An ⊆
[0, 1] xèna an� dÔo metr sima, tètoia ¸ste∫

Ai

|fi| ≥ λ−2 gia i = 1, 2 . . . n

JewroÔme ton telest 

U : L1[0, 1]→ `n1 , Uf =
n∑
i=1

(∫
Ai

fsgnfi

)
ei

kai jètoume xi = Ufi gia i = 1, 2 . . . , n. EÔkola diapist¸noume ìti ||U || ≤ 1
kai xi(i) =

∫
Ai
|fi| ≥ λ−2, opìte gia k�je a1, a2, . . . , an ∈ R isqÔei∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

aixi

∣∣∣∣∣
∣∣∣∣∣ =

n∑
j=1

∣∣∣∣∣
n∑
i=1

aixi(j)

∣∣∣∣∣
≥

n∑
j=1

|ajxj(j)| −
n∑
j=1

∑
i 6=j

|aixi(j)|

= 2
n∑
j=1

|ajxj(j)| −
n∑
j=1

n∑
i=1

|aixi(j)|

≥ (2λ−2 − 1)
n∑
i=1

|ai|

Epomènwc o telest c V : `n1 → `n1 me V xi = ei eÐnai isomorfismìc, me ||V || ≤
(2λ−2 − 1)−1 kai o S = V U eÐnai o zhtoÔmenoc.

BHMA 2o: An L1(ν) = `n1 kai L1(µ) diaqwrÐsimoc, èqoume deÐxei ìti o
L1(µ) emfuteÔetai isometrik� ston L1[0, 1], kai to zhtoÔmeno èpetai apì to
prohgoÔmeno b ma.
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BHMA 3o: An L1(ν) = `n1 kai o L1(µ) = L1(X,A, µ) den eÐnai di-
aqwrÐsimoc, up�rqei s-�lgebra B ⊆ A tètoia ¸ste o L1(X,B, µ) na eÐnai di-
aqwrÐsimoc, kai T`n1 ↪→ L1(X,B, µ). Apì prohgoÔmeno b ma up�rqei telest -
c S1 : L1(X,B, µ) → `n1 ¸ste S1T = I`n1 kai ||S1|| ≤ (2λ−2 − 1)−1. An
E : L1(X,A, µ)→ L1(X,B, µ) eÐnai o telest c desmeumènhc mèshc tim c (bl.
enìthta 3.1) tìte o S = ES1 eÐnai o zhtoÔmenoc telest c.

BHMA 4o: Gia th genik  perÐptwsh twn opoiwnd pote L1(µ) kai L1(ν),
jewroÔme èna dÐktuo (Yi)i∈I upoq¸rwn tou L1(ν) diatetagmèno wc proc th
sqèsh egkleismoÔ, tètoio ¸ste gia k�je i ∈ I o Yi eÐnai isometrikìc me ton
`ni1 gia k�poio ni ∈ N, kai ⋃

i∈I

Yi
||·||1

= L1(ν)

Apì ta prohgoÔmena b mata, gia k�je i ∈ I up�rqei Si : L1(µ) → Yi me
||Si|| ≤ (2λ−2 − 1)−1 kai SiT = IYi . jewroÔme k�je Si wc apeikìnish apì thn
BL1(µ) sthn BL1(ν)∗∗ , h opoÐa eÐnai w∗-sumpag c, tìte

(Si)i∈I ⊆
(
BL1(ν)∗∗ , w

∗)BL1(µ)

kai up�rqei upodÐktuo (Sj)j∈J to opoÐo sugklÐnei w∗ se telest  S0 : L1(µ)→
L1(ν)∗∗. Profan¸c ||S0|| ≤ (2λ−2− 1)−1 kai S0T = IL1(ν). An P : L1(ν)∗∗ →
L1(ν) probol  me ||P || = 1, o S = PS0 eÐnai o zhtoÔmenoc telest c.

Sqìlio: Paramènei akìma anoiktì to prìblhma thc eÔreshc ikan c kai
anagkaÐac sunj khc ¸ste ènac upìqwroc tou L1[0, 1] na eÐnai kai sumplhrw-
matikìc. Eik�zetai ìti autì isqÔei gia touc upoq¸rouc autoÔc oi opoÐoi eÐnai
isìmorfoi eÐte me ton L1[0, 1] eÐte me ton `1(N).

3.5 Ousiwd¸c fragmènec sunart seic s-

ton L1[0, 1]

Mia apolÔtwc oloklhr¸simh sun�rthsh sto [0, 1] den eÐnai aparaÐthta kai
sqedìn pantoÔ fragmènh, qarakthristikì par�deigma h f(t) = 1/

√
t. Ed¸ ja

anaferjoÔme se èna je¸rhma sqetikì me upoq¸rouc tou L1[0, 1] twn opoÐwn
ta stoiqeÐa an koun -sunolojewrhtik�- kai ston L∞[0, 1].

L mma 3.29. 'Estw 1 ≤ p ≤ q ≤ ∞. Tìte Lq[0, 1] ⊆ Lp[0, 1] kai gia k�je
f ∈ Lq[0, 1] eÐnai ||f ||p ≤ ||f ||q.
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Apìdeixh. 'Estw r = q
p
kai r′ o suzug c deÐkthc tou r. An f ∈ Lq[0, 1] èqoume

∫
|f |p ≤

(∫
|f |pr

) 1
r
(∫

1r
′
) 1

r′

=

(∫
|f |q
) 1

r

<∞

opìte f ∈ Lp[0, 1], kai

||f ||p =

(∫
|f |p
) 1

p

≤
(∫
|f |q
) 1

pr

= ||f ||q

Je¸rhma 3.30. (Grothendieck) 'Estw X kleistìc upìqwroc tou L1[0, 1]
tètoioc ¸ste X ⊆ L1[0, 1] ∩ L∞[0, 1]. Tìte dimX <∞.

Apìdeixh. JewroÔme thn tautotik  apeikìnish

I : (X, || · ||1)→ (X, || · ||∞)

h opoÐa profan¸c èqei kleistì gr�fhma. SÔmfwna me to Je¸rhma KleistoÔ
Graf matoc up�rqei M > 0 tètoio ¸ste ||f ||∞ ≤ M ||f ||1 gia k�je f ∈ X.
Apì L mma 3.28 eÐnai X ⊆ L2[0, 1] kai

||f ||2 ≤M ||f ||2 gia k�je f ∈ X

'Estw n ∈ N kai {f1, . . . , fn} ⊆ X orjokanonikì uposÔnolo tou X. Gia k�je
x = (x1, . . . , xn) ∈ Rn orÐzoume sun�rthsh fx = x1f1 + . . .+ xnfn ∈ X.

'Estw x ∈ Rn tuqìn. Up�rqei Ax ⊆ [0, 1] me |Ax| = 0 ¸ste gia k�je
t ∈ [0, 1]\Ax na isqÔei

|fx(t)| ≤ ||fx||∞ ≤M ||f ||2

An D ⊆ Rn puknì kai arijm simo, gia to A =
⋃
x∈D Ax ⊆ [0, 1] eÐnai |A| ≤∑

x∈D |Ax| = 0, opìte gia k�je x ∈ D ∩BRn isqÔei

|fx(t)| ≤M gia k�je t ∈ [0, 1]\A

H apeikìnish T : Rn → X, Tx = fx eÐnai suneq c, �ra mporoÔme na jew-
r soume ìti |fx(t)| ≤ M sqedìn pantoÔ sto [0, 1] gia k�je x ∈ X ∩ BRn .
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Jètontac x = (f1(t), . . . , fn(t)) ∈ BRn , ìpou to t diatrèqei to [0, 1] (ektìc
Ðswc apì èna sÔnolo mhdenikoÔ mètrou) lamb�noume

n∑
i=1

|fi(t)|2 ≤M

sqedìn pantoÔ sto [0, 1], kai oloklhr¸nontac èqoume

n =

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

fi

∣∣∣∣∣
∣∣∣∣∣
2

≤M2

�ra isqÔei dimX <∞.

SQOLIO:EÐnai shmantik  h upìjesh ìti o X eÐnai pl rhc q¸roc (k-
leistìc). Profan¸c up�rqoun upìqwroi tou L1[0, 1] pou eÐnai apeirodi�statoi
kai k�je stoiqeÐo touc eÐnai sqedìn pantoÔ fragmènh sun�rthsh. To para-
p�nw je¸rhma faner¸nei ìti k�je tètoioc upìqwroc den mporeÐ na eÐnai pl rhc.
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Kef�laio 4

Dom  tou L1[0, 1]

4.1 Q¸roi Isìmorfoi me ton L1[0, 1]

Orismìc 4.1. H akoloujÐa (En
i )i≤Mn

n≥0 uposunìlwn tou [0, 1] onom�zetai j�m-
noc sto [0, 1], an isqÔoun:

(i) M0 = 1 kai |E0
1 | > 0

(ii)
⋃Mn

i=1 E
n
i = E0

1 gia k�je n ≥ 0

(iii) En
i ∩ En

j = ∅ gia k�je 1 ≤ i, j ≤Mn, i 6= j

(iv) Gia k�je n ≥ 0 kai 1 ≤ j ≤ Mn+1, up�rqei 1 ≤ i ≤ Mn tètoio ¸ste
En+1
j ⊆ En

i

(v) limn→∞maxi≤Mn |En
i | = 0

Eidikìtera, o j�mnoc (En
i )i≤Mn

n≥0 ja onom�zetai dèndro, an

(i) Mn = 2n gia k�je n ≥ 0

(ii) En
i = En+1

2i−1 ∪ En+1
2i gia k�je n ≥ 0, 1 ≤ i ≤ 2n

Prìtash 4.2. 'Estw (En
i )i≤Mn

n≥0 j�mnoc sto [0, 1]. Tìte o upìqwroc

D =

{
d∑

k=1

λkE
nk
ik

: d ∈ N, (λk)
d
k=1 ⊆ R, (Enk

ik
)dk=1 xèna an� dÔo

}

eÐnai puknìc ston L1[0, 1].

47
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Apìdeixh. Apì L mma 1.7, arkeÐ na deiqjeÐ ìti to D eÐnai puknì ston upìqwro
span{χA : A ⊆ [0, 1] Lebesque metr simo}. 'Estw loipìn A ⊆ [0, 1] Lebesgue
metr simo, kai ε > 0 dojèn.

An jèsoume tni = inf En
i gia k�je n = 0, 1, . . . kai n = 1, . . .Mn, to

sÔnolo {tni : n ≥ 0, i ≤ Mn} eÐnai puknì, epeid  lim maxi≤Mn |En
i | = 0. Apì

kanonikìthta tou mètrou Lebesgue, up�rqoun K ⊆ A ⊆ U, K sumpagèc, U
anoiktì, tètoia ¸ste |ArK| < ε, |UrA| < ε. To sÔnolo (tni )i≤Mn

n≥0 eÐnai puknì
sto [0, 1], �ra up�rqei akoloujÐa (In)∞n=1 diasthm�twn me �kra t

n
i kai xèna an�

dÔo eswterik�, ¸ste A ⊆
⋃∞
n=1 In. Apì th sump�geia tou K, epilègoume

n1, . . . nk ∈ N ¸ste K ⊆
⋃k
i=1 Ini . An jèsoume f = χIn1 + . . . + χInk ∈ D,

eÐnai ||f − χA||1 < ε kai to zhtoÔmeno èqei apodeiqjeÐ.

AxÐzei sto shmeÐo autì na anafèroume k�poiec stoiqei¸deic ènnoiec anaforik�
me tic ”dendroeideÐc” domèc pou orÐsjhkan parap�nw. Genik�, o diatetagmènoc
q¸roc (X,≤) onom�zetai dèndro, an gia k�je x ∈ X to sÔnolo X≤x = {y ∈
X : y ≤ x} eÐnai kal� diatetagmèno. Profan¸c o orismìc autìc ikanopoieÐtai
apì touc j�mnouc kai ta dèndra, ìpwc ta orÐsame prohgoumènwc, an jewrhjoÔn
efodiasmèna me th di�taxh tou perièqesjai.

DÔo sÔnola sto j�mno (En
i )i≤Mn

n≥0 ja onom�zontai m  sugkrÐsima, an de
sundèontai metaxÔ touc me th sqèsh di�taxhc. Gia par�deigma, sto duadikì
dèndro (En

i )i≤2n

n≥0 ta E1
1 kai E2

3 eÐnai m  sugkrÐsima, en¸ den isqÔei to Ðdio kai
gia ta E1

2 kai E3
5 .

An (En
i )i≤Mn

n≥0 eÐnai j�mnoc, ja sumbolÐzoume me S(n, i) to sÔnolo twn deik-
t¸n j = 1, . . . ,Mn+1 gia touc opoÐouc eÐnai En+1

j ⊆ En
i , dhlad  to sÔnolo

twn ”amèswc epomènwn” tou En
i .

Sta akìlouja, an (λni )i≤Mn

n≥0 eÐnai k�poia akoloujÐa pragmatik¸n arijm¸n,
tìte ennooÔme ìti h akoloujÐa aut  eÐnai efodiasmènh me mÐa dendroeid  di�tax-
h.

Je¸rhma 4.3. 'EstwX q¸roc Banach. OX eÐnai isìmorfoc me ton L1[0, 1]
an kai mìno an up�rqoun akoloujÐec (fnk )k≤Mn

n≥0 ⊆ X, (λnk)k≤Mn

n≥0 ⊆ R+ tètoiec
¸ste:

(i) X = span(fni )i≤Mn

n≥0

(ii) fni =
∑

j∈S(n,i) λ
n+1
j fn+1

j kai
∑

j∈S(n,i) λ
n+1
j = 1 gia k�je n ≥ 0, k ≤Mn.

(iii) Up�rqei C > 0 tètoio ¸ste

C

Mn∑
i=1

|ai| ≤

∣∣∣∣∣
∣∣∣∣∣
Mn∑
i=1

aif
n
i

∣∣∣∣∣
∣∣∣∣∣ ≤

Mn∑
i=1

|ai|
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gia k�je n ∈ N, a1, . . . aMn ∈ R

Apìdeixh. 'Estw X q¸roc Banach ìpwc parap�nw. H apìdeixh ja gÐnei sta-
diak� se trÐa b mata:

BHMA 1o: An ta fn1
i1
, . . . , fnmim ∈ X eÐnai an� dÔo mh sugkrÐsima, gia k�je

a1, . . . am ∈ R isqÔei

C

m∑
k=1

|ak| ≤

∣∣∣∣∣
∣∣∣∣∣
m∑
k=1

akf
nk
ik

∣∣∣∣∣
∣∣∣∣∣ ≤

m∑
k=1

|ak|

H deÔterh anisìthta eÐnai profan c. MporoÔme qwrÐc bl�bh thc genikìthtac
na upojèsoume ìti n1 ≤ n2 ≤ . . . ≤ nm. Gia k = 1, 2, . . . ,m− 1 eÐnai

fnkik =
∑

(nk,ik)v(nm,i)

( ∏
nk<n<nm

λni(k,n)

)
fnmim

ìpou (λni(k,n))
nm−1
n=nk+1 h monadik  akoloujÐa diadoqik¸n kìmbwn ston antÐstoiqo

j�mno pou odhgeÐ apì to λnkik sto λnmim . EÐnai∣∣∣∣∣
∣∣∣∣∣
m∑
k=1

akf
nk
ik

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣∣
∣∣∣∣∣∣
m∑
k=1

∑
(nk,ik)v(nm,i)

ak

( ∏
nk<n<nm

λni(k,n)

)
fnmim

∣∣∣∣∣∣
∣∣∣∣∣∣

≥ C
m∑
k=1

∑
(nk,ik)v(nm,i)

∣∣∣∣∣ak ∏
nk<n<nm

λni(k,n)

∣∣∣∣∣
= C

m∑
k=1

|ak|
∑

(nk,ik)v(nm,i)

∏
nk<n<nm

λni(k,n)

= C

m∑
k=1

|ak|

BHMA 2o: Ja deÐxoume ìti to sÔnolo

Y =

{
m∑
k=1

akf
nk
ik

: m ∈ N, fn1
i1
, . . . , fnmim ∈ X an� dÔo mh sugkrÐsima

}
eÐnai puknì ston X. Pr�gmati, an f ∈ X kai ε > 0, apì upìjesh up�rqoun
a1, . . . , am ∈ R, fn1

i1
, . . . , fnmim tètoia ¸ste∣∣∣∣∣

∣∣∣∣∣f −
m∑
k=1

akf
nk
ik

∣∣∣∣∣
∣∣∣∣∣ < ε
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'Opwc kai prohgoumènwc, mporoÔme na upojèsoume ìti n1 ≤ n2 ≤ . . . ≤ nm kai
o
∑m

k=1 akf
nk
ik

mporeÐ na grafeÐ wc grammikìc sunduasmìc k�poiwn fnmj1 , . . . fnmjp
ta opoÐa eÐnai metaxÔ touc mh sugkrÐsima.

BHMA 3o: JewroÔme j�mno (En
i )i≤Mn

n≥0 sto [0, 1] me

|En+1
j | = λni |En

i | gia k�je n ≥ 0, i = 1, 2, . . . ,Mn

ìpou En+1
j ⊆ En

i . An D o upìqwroc ìpwc sthn prìtash 4.2, orÐzetai kat�
fusiologikì trìpo o telest c

T : D → Y, T

(
m∑
k=1

akE
nk
ik

)
=

m∑
k=1

akf
nk
ik

kai apì to 1o b ma isqÔei

C

∣∣∣∣∣
∣∣∣∣∣
m∑
k=1

akE
nk
ik

∣∣∣∣∣
∣∣∣∣∣ ≤

∣∣∣∣∣
∣∣∣∣∣T
(

m∑
k=1

akE
nk
ik

)∣∣∣∣∣
∣∣∣∣∣ ≤

∣∣∣∣∣
∣∣∣∣∣
m∑
k=1

akE
nk
ik

∣∣∣∣∣
∣∣∣∣∣

gia k�je
∑m

k=1 akE
nk
ik
∈ D. 'Ara o T epekteÐnetai se isomorfismì T : L1[0, 1]→

X.
To antÐstrofo eÐnai profanèc, me thn akoloujÐa (fni ) thc upìjeshc na eÐnai
to sÔsthma Haar.

4.2 E-Telestèc ston L1[0, 1]

Sthn enìthta aut  ja melethjoÔn idiìthtec telest¸n T : L1[0, 1] → L1[0, 1]
oi opoÐec sundèontai me dèndra sto [0, 1]. Eidikìtera, exet�zontai oi E-
telestèc ston L1[0, 1], mia kathgorÐa telest¸n thn opoÐa eis gage o Enflo.
Shmei¸noume ìti h onomasÐa E-telest c ofeÐletai ston H.P.Rosenthal.

Sta akìlouja, an A ⊆ [0, 1] kai T telest c ston L1[0, 1], h eikìna TχA
ja sumbolÐzetai q�rin aplìthtac me TA, afoÔ den up�rqei kÐndunoc sÔgqushc.
Epiplèon, an {Ai}i∈I eÐnai oikogèneia uposunìlwn tou [0, 1] ja sumbolÐzoume
me A({Ai}i∈I) thn �lgebra kai me σA({Ai}i∈I) thn s-�lgebra pou par�gontai
apì aut n, antÐstoiqa.

Orismìc 4.4. 'Estw T : L1[0, 1] → L1[0, 1] telest c. O T onom�zetai
E-telest c an up�rqoun δ > 0 kai j�mnoc (En

i )i≤Mn

n≥0 sto [0, 1], tètoioi ¸ste

1

|E0
1 |

∫
max

1≤i≤Mn

|TEn
i | > δ gia k�je n ∈ N
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Eidikìtera, an o T : L1[0, 1] → L1[0, 1] eÐnai E-telest c, ja lème ìti o T
eÐnai E-telest c stajer�c δ > 0 an

sup
(Eni )j�mnoc

lim sup
n→∞

1

|E0
1 |

∫
max

1≤i≤Mn

|TEn
i | ≥ δ

Orismìc 4.5. 'Estw T : L1[0, 1]→ L1[0, 1] telest c, kai (En
i )i≤Mn

n≥0 j�mnoc
sto [0, 1]. Gia k�je n = 0, 1, . . . orÐzoume sun�rthsh

gn : [0, 1]→ R, gn = max
1≤i≤Mn

|TEn
i |

kai mètro me timèc sto jetikì k¸no tou L1[0, 1] wc ex c:

vn : A(En
1 , . . . , E

n
Mn

)→ L1[0, 1]+,

vn(E) =
∑
Eni ⊆E

|TEn
i | gia k�je E ∈ A(En

1 , . . . , E
n
Mn

)

Sta akìlouja, o T eÐnai telest c ston L1[0, 1] kai (En
i ) eÐnai j�mnoc sto

[0, 1].

L mma 4.6. 'Estw E ∈ A((En
i )i≤Mn

n≥0 ). Tìte

(i) To vn(E) orÐzetai gia arket� meg�la n. Gia ta n aut�:

(ii) vn(E) ≤ vn+1(E)

(iii) ||vn(E)|| ≤ ||T || · |E|

(iv) Gia n→∞ h vn(E) sugklÐnei sqedìn pantoÔ kai sthn ||·||1 se sun�rthsh
v(E) ∈ L1[0, 1].

(v) H v eÐnai s-ajroistikì mètro sthn A((En
i )i≤Mn

n≥0 ) to opoÐo epekteÐnetai se

s-ajroistikì mètro sthn σA((En
i )i≤Mn

n≥0 ).

(vi) Gia k�je Γ ∈ σA((En
i )i≤Mn

n≥0 ) isqÔei |TΓ| ≤ v(Γ) sqedìn pantoÔ.

Apìdeixh. (i) To E gr�fetai wc ènwsh peperasmènou pl jouc sunìlwn
sthn A((En

i )i≤Mn

n≥0 ), èstw twn En1
i1
, . . . , Enm

im
. Gia n ≥ max{n1, . . . , nm}

profan¸c to vn(E) eÐnai kal� orismèno.
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(ii) Apì thn trigwnik  anisìthta lamb�noume

vn(E) =
∑
Eni ⊆E

|TEn
i | ≤

∑
En+1
i ⊆E

|TEn+1
i | = vn+1(E)

(iii) P�li apì thn trigwnik  anisìthta

||vn(E)|| =

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
Eni ⊆E

|TEn
i |

∣∣∣∣∣∣
∣∣∣∣∣∣

≤
∑
Eni ⊆E

||TEn
i ||

≤
∑
Eni ⊆E

||T || · |En
i | = ||T || · |E|

(iv) H akoloujÐa (vn(E)) eÐnai kat� shmeÐo aÔxousa, kai to zhtoÔmeno èpetai
�mesa apì to (iii) kai to je¸rhma Monìtonhc SÔgklishc.

(v) Arqik� parathroÔme ìti to v eÐnai peperasmèna prosjetikì. Pr�gmati,
an En1

i1
, . . . , Enk

ik
∈ A((En

i )i≤Mn

n≥0 ) xèna an� dÔo, me n1 ≤ . . . ≤ nk, gia

n > nk eÐnai vn
(⋃k

j=1E
nj
ij

)
=
∑k

j=1 vn(E
nj
ij

) �ra kai v
(⋃k

j=1 E
nj
ij

)
=∑k

j=1 v(E
nj
ij

)

Ja deÐxoume ìti to v eÐnai s-ajroistikì sthn A((En
i )i≤Mn

n≥0 ). An (Enk
ik

)∞k=1

akoloujÐa xènwn an� dÔo sunìlwn sthn A((En
i )i≤Mn

n≥0 ), gia k�je m,n ∈
N, m < n isqÔei∣∣∣∣∣

∣∣∣∣∣
n∑

k=m

v(Enk
ik

)

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣v
(

n⋃
k=m

Enk
ik

)∣∣∣∣∣
∣∣∣∣∣ ≤ ||T ||

∣∣∣∣∣
n⋃

k=m

Enk
ik

∣∣∣∣∣
�ra h

∑∞
k=1 v(Enk

ik
) sugklÐnei ston L1[0, 1]. Apì L mma epèktashc Kara-

jeodwr , to v epekteÐnetai se s-ajroistikì mètro sthn σA((En
i )i≤Mn

n≥0 ),
to opoÐo ja sumbolÐzoume p�li me v.

(vi) 'Estw B ∈ A((En
i )i≤Mn

n≥0 ). Apì thn trigwnik  anisìthta lamb�noume

|TB| ≤ v(B). An Γ ∈ σA((En
i )i≤Mn

n≥0 ), epilègoume akoloujÐa (Bn)∞n=1 ⊆
A((En

i )i≤Mn

n≥0 ) tètoia ¸ste |Bn 4 Γ| = ||χBn − χΓ||1
n→∞−−−→ 0. Tìte

kai TBn
||·||1−−→ TΓ �ra apì L mma 1.2 up�rqei upakoloujÐa, thn opoÐa

sumbolÐzoume p�li me (Bn), tètoia ¸ste TBn → TΓ kat� shmeÐo, kai
v(Bn) → v(Γ) kat� shmeÐo. Ja eÐnai |TBn| ≤ v(Bn) gia k�je n ∈ N,
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�ra |TΓ| ≤ v(Γ).

Sthn paroÔsa kai stic epìmenec enìthtec, ìtan ja anaferìmaste se sunart -
seic gn kai se mètra vn ja ennooÔme aut� pou orÐsjhkan parap�nw, qwrÐc na
to dieukrinÐzoume.

L mma 4.7. H akloujÐa (gn)∞n=1 sugklÐnei sqedìn pantoÔ kai sth || · ||1 se
sun�rthsh g ∈ L1[0, 1].

Apìdeixh. Arqik� ja deÐxoume ìti gia k�je n = 1, 2, . . . isqÔei

gn+1 − vn+1(E0
1) ≤ gn − vn(E0

1)

'Estw t ∈ [0, 1] kai n ∈ N dojènta. Epilègoume j ¸ste gn+1(t) = |TEn+1
j (t)|

kai i tètoio ¸ste En+1
j ⊆ En

i . 'Eqoume

gn+1(t)− gn(t) ≤ |TEn+1
j (t)| − |TEn

i (t)|
= vn+1(En+1

j )(t)− vn(En
i )(t)

≤ vn+1(En
i )(t)− vn(En

i )(t)

≤ vn+1(E0
1)(t)− vn(E0

1)(t)

afoÔ vn+1 − vn ≥ 0⇒ vn+1(E0
1 r En

i )− vn(E0
1 r En

i ) ≥ 0.
Epomènwc h akoloujÐa (gn−vn(E0

1))∞n=1 eÐnai fjÐnousa, kai up�rqei to lim(gn−
vn(E0

1)). Apì L mma up�rqei to lim vn(E0
1), �ra ja up�rqei kai to g = lim gn

sqedìn pantoÔ. Epiplèon

0 ≤ gn ≤ vn(E0
1) ≤ v(E0

1) ∈ L1[0, 1],

�ra apì to je¸rhma Kuriarqhmènhc SÔgklishc Lebesgue eÐnai gn
||·||1−−→ g kai

g ∈ L1[0, 1].

Parat rhsh:Apì to parap�nw L mma sun�getai ìti ston orismì tou E-
telest  stajer�c δ, to lim sup mporeÐ na antikatastajeÐ kai apì lim   lim inf.

Prìtash 4.8. 'Estw T1, T2 telestèc ston L1[0, 1], tètoioi ¸ste o T1 + T2

eÐnai E-telest c. Tìte ènac toul�qiston apì touc T1, T2 eÐnai E-telest c.
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Apìdeixh. Gia k�je n = 0, 1, . . . kai gia k�je j�mno (En
i )i≤Mn

n≥0 sto [0, 1] isqÔei∫
max

1≤i≤Mn

|(T1 + T2)En
i | ≤

∫
max

1≤i≤Mn

|T1E
n
i |+

∫
max

1≤i≤Mn

|T2E
n
i |

An kanènac apì touc T1, T2 den eÐnai E-telest c, tìte èqoume

lim
n→∞

∫
max

1≤i≤Mn

|T1E
n
i | = lim

n→∞

∫
max

1≤i≤Mn

|T2E
n
i | = 0

opìte kai

lim
n→∞

∫
max

1≤i≤Mn

|(T1 + T2)En
i | = 0

to opoÐo shmaÐnei ìti o T1 + T2 den eÐnai E-telest c: �topo.

4.3 O L1[0, 1] eÐnai primary

Orismìc 4.9. O q¸roc Banach X onom�zetai primary an gia k�je probol 
P : X → X eÐte o P (X) eÐte o (I − P )(X) eÐnai isìmorfoc me ton X.

Se isodÔnamh diatÔpwsh, o X onom�zetai primary an gia k�je di�spash
se eujÔ topologikì �jroisma thc morf c X = Y ⊕ Z ènac toul�qiston apì
touc Y, Z eÐnai isìmorfoc me ton X.

Sthn enìthta aut  parousi�zetai h apìdeixh twn Enflo kai Starbird gia to
ìti o L1[0, 1] eÐnai primary. H apìdeixh apoteleÐtai apì èna kajar� ’teqnikì’
komm�ti kai apì èna perissìtero jewrhtikì, kai kentrikì rìlo èqei h ènnoia
tou E-telest  pou eis qjhke sta parap�nw.

Je¸rhma 4.10. 'Estw T E-telest c stajer�c δ > 0, kai 0 < ε < 1
2
.

Up�rqei dèndro (Ani )i≤2n

n≥0 sto [0, 1] me

|Ani | =
|A0

1|
2n

gia k�je n ≥ 0, 1 ≤ i ≤ 2n

kai dèndro (F n
i )i≤2n

n≥0 sto [0, 1] tètoio ¸ste gia k�je n = 0, 1, . . . , i = 1, . . . 2n

na isqÔoun

(1− ε)δ|Ani | ≤
∫
F 0
1

|TAni | ≤ (1 + ε)

∫
Fni

|TAni |

kai ∑
j 6=i

|TAnj (t)| ≤ ε|TAni (t)| sqedìn pantoÔ sto F n
i
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Apìdeixh. O T eÐnai E-telest c stajer�c δ, �ra up�rqei j�mnoc (En
i )i≤Mn

n≥0 me

1

|E0
1 |

∫
gn > δ

(
1− 1

4
ε

)
gia �peira n ∈ N (4.1)

Apì L mma 4.7 èqoume gn
||·||1−−→ g, �ra h parap�nw sqèsh isqÔei telik� gia

k�je n, kai
1

|E0
1 |

∫
F

g ≥ δ

(
1− 1

4
ε

)
Apì je¸rhma Egoroff up�rqei F ⊆ [0, 1] tètoio ¸ste

1

|E0
1 |

∫
F

g > δ

(
1− 1

2
ε

)
, (4.2)

gn ⇒ g sto F (4.3)

kai
vn(E0

1) ⇒ v(E0
1) sto F (4.4)

Upojètoume qwrÐc bl�bh thc genikìthtac ìti

inf{g(t) : t ∈ F} > 0

kai epilègoume β > 0 arket� mikrì ¸ste(
1− 1

2
ε

)
(1− 6β) ≥ 1− ε

1− 6β ≥ 1

1 + ε
6β

1− 6β
≤ ε

Apì ta parap�nw epilègoume fusikì N ¸ste gia n ≥ N na isqÔei

|gn − g| < βg sto F (4.5)

kai
0 ≤ v(E)− vn(E) < βg sto F (4.6)

gia k�je E ⊆ [0, 1] ¸ste na orÐzetai to vn.
Sth sunèqeia ja epilèxoume ènan �upoj�mno�, epilègontac èna apì ta sÔno-

la EN
1 , . . . E

N
MN

kai ta peretaÐrw uposÔnol� touc ston arqikì j�mno, me thn
idiìthta ìti ston upoj�mno autì, oi eikìnec mèsw T xènwn sunìlwn sto j�mno
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eÐnai sqedìn xènec, efìson periorisjoÔn se èna dojèn sÔnolo (to opoÐo ja
onomasteÐ F0).

Gia k�je i = 1, 2 . . .MN jètoume

Gi = {t ∈ F | gia �peira n up�rqei En
j ⊆ EN

i me gn(t) = |TEn
j (t)|}

EÐnai MN <∞, opìte
MN⋃
i=1

Gi = F

kai up�rqei i0 ≤MN tètoio ¸ste∫
Gi0

g > δ

(
1− 1

2
ε

)
|EN

i0
| (4.7)

-diaforetik� ja eÐnai
∫
Gi0

g ≤ δ
(
1− 1

2
ε
)
|EN

i | gia k�je i = 1, . . .Mn, kai

ajroÐzontac wc proc i parabi�zetai h (4.2).
'Estw F0 = Gi0 , B

0
1 = EN

i0
kai Bn

i = B0
1 ∩ En

i gia n ≥ 0. Sto ex c ja
periorÐsoume thn prosoq  mac sto j�mno (Bn

i ). ApodeiknÔoume ìti gia k�je
t ∈ F0 eÐnai

g(t) ≤ v(B0
1)(t) ≤ (1 + 2β)g(t) (4.8)

Gia thn pr¸th anisìthta, gia �peira n up�rqei En
j ⊆ B0

1 tètoio ¸ste gn(t) =
|TEn

i (t)|, opìte

gn(t) = |TEn
j (t)| = vn(En

j )(t) ≤ v(B0
1)(t)

kai me di�bash sto ìrio èqoume to zhtoÔmeno. Gia th deÔterh anisìthta, an
t ∈ F0 ⊆ F eÐnai

v(B0
1) ≤ vN(B0

1)(t) + βg(t)

= |TB0
1(t)|+ βg(t)

≤ gN(t) + βg(t)

≤ (1 + 2β)g(t)

Shmei¸noume ìti, diaisjhtik�, h (4.8) shmaÐnei ìti sto F0 oi eikìnec xènwn
stoiqeÐwn tou j�mnou (Bn

i )i≤Mn

n≥0 èqoun sqedìn xènouc foreÐc.
Sto shmeÐo autì paremb�lloume to akìloujo l mma:

L mma 4.11. Gia k�je C ∈ σA
(
(Bn

i )i≤Mn

n≥0

)
orÐzoume

Φ(C) =
{
t ∈ F0 : |TC(t)| > (1− 6β)v(B0

1)(t)
}
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H Φ : σA
(
(Bn

i )i≤Mn

n≥0

)
→ P(F0) eÐnai s-omomorfismìc, tètoioc ¸ste an C1, . . . Cm ∈

σA
(
(Bn

i )i≤Mn

n≥0

)
xèna an� dÔo, gia k�je i isqÔei

∑
j 6=i

|TCj(t)| ≤
6β

1− 6β
|TCi(t)| (4.9)

sqedìn pantoÔ sto Φ(Ci). Epiplèon, gia k�je akoloujÐa (Cm)∞m=1 ⊆ σA
(
(Bn

i )i≤Mn

n≥0

)
tètoia ¸ste lim |Cm| = 0 isqÔei lim |Φ(Cm)| = 0.

Apìdeixh. (L mmatoc) 'Estw C1, C2, . . . , Cm ∈ σA ((Bn
i )) xèna an� dÔo. An

t ∈ Φ(Ci) èqoume

v(Ci) ≥ |TCi(t)| ≥ (1− 6β)v(B0
1)(t)

�ra

∑
j 6=i

|TCj(t)| ≤ v(B0
1\Ci)(t) ≤ 6βv(B0

1)(t) ≤ 6β

1− 6β
|TCi(t)| (4.10)

Apì to parap�nw prokÔptei kai ìti gia j 6= i isqÔei |TCj(t)| ≤ 6βv(B0
1)(t),

�ra t 6= Φ(Cj) kai ta Φ(C1),Φ(C2), . . . ,Φ(Cm) eÐnai an� dÔo xèna.
Gia na deÐxoume ìti h Φ apeikonÐzei diamerÐseic tou B0

1 se diamerÐseic tou
F0, arkeÐ na deiqjeÐ ìti an

⋃m
i=1 Ci = B0

1 tìte
⋃m
i=1 Φ(Ci) = F0. Gia k�je

C ∈ σA ((Bn
i )) orÐzoume

ψ(C) =

{
t ∈ F0 : |TC(t)| ≥ 1− 4β

1 + 2β
v(B0

1)(t)

}
ParathroÔme ìti 1−4β

1+2β
> 1−6β, opìte ψ(C) ⊆ Φ(C). H apìdeixh ja gÐnei sta-

diak� se 3 epimèrouc b mata, kai ìlec oi isìthtec sunìlwn pou apodeiknÔoume
ennooÔntai sqedìn pantoÔ wc proc to mètro, kai ìqi sunolojewrhtik�.

BHMA 1o: ApodeiknÔoume ìti

an B1, B2, . . . , Bm ∈ A ((Bn
i )) me

m⋃
i=1

Bi = B0
1 , tìte

m⋃
i=1

ψ(Bi) = F0

'Estw t ∈ F0 tuqìn. Epilègoume n ≤ N ¸ste Bi ∈ A(Bn
1 , . . . , B

n
Mn

) gia
i = 1, . . . ,m kai na up�rqei Bn

j pou perièqetai se k�poio Bi tètoio ¸ste
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gn(t) = |TEn
i (t)|. EÐnai

|TBi(t)| ≥ |TBn
i (t)| −

∑
k 6=j

|TBn
k (t)|

= 2|TBn
j (t)| −

∑
k

|TBn
k (t)|

= 2|TBn
j (t)| − vn(B0

1)(t)

= 2gn(t)− vn(B0
1)(t)

≥ (2− 2β)g(t)− v(B0
1)(t)

≥ 2− 2β

1 + 2β
v(B0

1)(t)− v(B0
1)(t)

=
1− 4β

1 + 2β
v(B0

1)(t)

�ra t ∈ ψ(Bi), kai
⋃m
i=1 ψ(Bi) = F0.

BHMA 2o: 'Estw C ∈ σA ((Bn
i )). Up�rqei akoloujÐa (Bn)∞n=1 ⊆ σA ((Bn

i ))

tètoia ¸ste |Bn 4 C| n→∞−−−→ 0. Up�rqei upakoloujÐa (Bkn)∞n=1 tètoia ¸ste
|TBkn| → |TC| sqedìn pantoÔ. EÐnai 1 − 6β < 1−4β

1+2β
�ra χψ(Bkn )\Φ(C) → 0

sqedìn pantoÔ, kai apì to je¸rhma Kuriarqhmènhc SÔgklishc prokÔptei

||χψ(Bkn )\Φ(C)||1 = |ψ(Bkn)\Φ(C)| → 0

BHMA 3o: Ja deÐxoume, tèloc, ìti an C1, C2, . . . Cm ∈ σA ((Bn
i )) xèna

an� dÔo me
⋃m
i=1 = B0

1 tìte
⋃m
i=1 Φ(Ci) = F0. Pr�gmati, èstw η > 0 tuqìn.

Epilègoume B1, . . . , Bm ∈ A ((Bn
i )) me

⋃m
i=1Bi = B0

1 kai

|ψ(Bi)\Φ(Ci)| <
η

m
gia i = 1, 2, . . . ,m

Tìte

|F0\Φ(Ci)| =

∣∣∣∣∣
m⋃
i=1

ψ(Bi)\
m⋃
i=1

Φ(Ci)

∣∣∣∣∣
=

∣∣∣∣∣
m⋃
i=1

[
ψ(Bi)\

m⋃
j=1

Φ(Cj)

]∣∣∣∣∣
≤

m∑
i=1

∣∣∣∣∣ψ(Bi)\
m⋃
j=1

Φ(Cj)

∣∣∣∣∣
< η

kai to η epilèqjhke tuqaÐa, opìte F0 =
⋃m
i=1 Φ(Ci). Apì thn (4.8) èqoume

Φ(C) ⊆ {t ∈ F0 : |TC(t)| > (1− 6β) inf
s∈F0

g(s)}



4.3. O L1[0, 1] E�INAI PRIMARY 59

�ra an gia thn akooujÐa (Cm)∞m=1 ⊆ σA
(
(Bn

i )i≤Mn

n≥0

)
eÐnai lim |Cm| = 0, tìte

||TCm||1 → 0 kai epomènwc |Φ(Cm)| → 0.

An (Ci)
∞
i=1 eÐnai akoloujÐa xènwn an� dÔo sunìlwn sthn σA

(
(Bn

i )i≤Mn

n≥0

)
,

tìte

lim
m→∞

∣∣∣∣∣Φ
(
∞⋃
i=m

Ci

)∣∣∣∣∣ = 0

�ra up�rqei upakoloujÐa (mk)
∞
k=1 tètoia ¸ste χΦ(

⋃∞
i=mk

Ci) → 0 sqedìn pan-

toÔ. Tìte

χΦ(
⋃∞
i=1 Ci)

=

mk−1∑
i=1

χΦ(Ci) + χΦ(
⋃∞
i=mk

Ci) →
∞∑
i=1

χΦ(Ci)

sqedìn pantoÔ, �ra Φ (
⋃∞
i=1 Ci) =

⋃∞
i=1 Φ(Ci), kai h Φ èqei tic zhtoÔmenec

idiìthtec. H apìdeixh tou L mmatoc èqei oloklhrwjeÐ.

MporoÔme t¸ra na kataskeu�soume ta dèndra (F n
i )i≤2n

n≥0 kai (Ani )i≤2n

n≥0 . OrÐ-
zoume to mètro

µ : σA
(
(Bn

i )i≤2n

n≥0

)
→ R3, µ(C) =

(
|C|,

∫
Φ(C)

v(B0
1),

∫
F0

v(C)

)

To mètro µ eÐnai mh atomikì, afoÔ gia |C| → 0 èqoume |Φ(C)| → 0 kai
||v(C)|| → 0. Apì je¸rhma Liapunoff prokÔptei ìti to µ èqei kurtì sÔnolo
tim¸n. ParathroÔme ìti

µ(B0
1) =

(
|B0

1 |,
∫
F0

v(B0
1),

∫
F0

v(B0
1)

)

kai mporoÔme na kataskeu�soume dèndro (Ani )i≤2n

n≥0 tètoio ¸ste A0
1 = B0

1 kai
µ(Ani ) = 1

2n
µ(A0

1), dhlad 

|Ani | =
1

2n
|A0

1| (4.11)

kai ∫
Φ(Ani )

v(A0
1) =

1

2n

∫
F0

v(A0
1) =

∫
F0

v(Ani ) (4.12)

gia k�je n ≥ 0, i ≤ 2n.
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OrÐzoume F n
i = Φ(Ani ) gia n ≥ 0, i ≤ 2n. Sugkekrimèna eÐnai F 0

1 = F0 =
Gi0 , kai èqoume ∫

Fni

|TAni | ≥ (1− 6β)

∫
Φ(Ani )

v(A0
1)

= (1− 6β)
1

2n

∫
F 0
1

v(A0
1)

≥ (1− 6β)
1

2n
δ
(

1− ε

2

)
|A0

1|

≥ (1− ε)δ |A
0
1|

2n

kai ∫
Fni

|TAni | ≥ (1− 6β)

∫
Φ(Ani )

v(A0
1)

= (1− 6β)

∫
F 0
1

v(Ani )

≥ (1− 6β)

∫
F 0
1

|TAni |

≥ 1

1 + ε

∫
F 0
1

|TAni |

Apì thn (4.10) prokÔptei kai h zhtoÔmenh sqèsh∑
j 6=i

|TAnj (t)| ≤ ε|TAni (t)| sqedìn gia k�je t ∈ F n
i

Je¸rhma 4.12. 'Estw T : L1[0, 1] → L1[0, 1] E-telest c stajer�c δ, kai
0 < ε < 1

2
. Up�rqei s-�lgebra A sto [0, 1] pou apoteleÐtai apì Lebesgue

metr sima sÔnola, tètoia ¸ste

(i) O L1 ([0, 1],A, λ|A) = L1(λ|A) eÐnai isometrikìc me ton L1[0, 1].

(ii) O T |L1(λ|A) eÐnai isomorfismìc, kai gia k�je f ∈ L1(λ|A) isqÔei

||Tf || ≥ (1− ε)2

1 + ε
δ||f ||

(iii) O T [L1(λ|A)] eÐnai sumplhrwmatikìc.
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Apìdeixh. JewroÔme ta dèndra (F n
i )i≤2n

n≥0 kai (Ani )i≤2n

n≥0 ìpwc sto je¸rhma 4.9

kai jètoume A = σA
(
(Ani )i≤2n

n≥0

)
. Apì th sqèsh |Ani | = 1

2n
|A0

1| prokÔptei ìti
h A eÐnai mh atomik , �ra o L1 ([0, 1],A, λ|A) = L1(λ|A) eÐnai isometrikìc me
ton L1[0, 1]. Apì to je¸rhma 4.9 epÐshc prokÔptei ìti gia k�je n, i isqÔoun∫

Fni

|TAni | ≥
1− ε
1 + ε

δ|Ani |

kai ∑
j 6=i

∫
Fnj

|TAni | ≤ ε

∫
Fni

|TAni |

�ra gia k�je a1, a2, . . . , a2n ∈ R eÐnai∣∣∣∣∣
∣∣∣∣∣

2n∑
i=1

aiTA
n
i

∣∣∣∣∣
∣∣∣∣∣ =

∫ ∣∣∣∣∣
2n∑
i=1

aiTA
n
i

∣∣∣∣∣ =
2n∑
i=1

∫
Fni

∣∣∣∣∣
2n∑
j=1

ajTA
n
j

∣∣∣∣∣
≥

2n∑
i=1

∫
Fni

(
|aiTAni | −

∑
j 6=i

|ajTAnj |

)

=
2n∑
i=1

∫
Fni

|aiTAni | −
2n∑
i=1

∑
j 6=i

∫
Fni

|ajTAnj |

=
2n∑
i=1

∫
Fni

|aiTAni | −
2n∑
i=1

∑
j 6=i

∫
Fnj

|aiTAni |

=
2n∑
i=1

|ai|
∫
Fni

|TAni | −
2n∑
i=1

|ai|
∑
j 6=i

∫
Fnj

|TAni |

≥
2n∑
i=1

|ai|
1− ε
1 + ε

δ|Ani | −
2n∑
i=1

|ai|ε
1− ε
1 + ε

δ|Ani |

=
2n∑
i=1

(1− ε)2

1 + ε
δ|ai||Ani |

=
(1− ε)2

1 + ε
δ

∣∣∣∣∣
∣∣∣∣∣

2n∑
i=1

aiχAni

∣∣∣∣∣
∣∣∣∣∣

�ra h {TAn1 , . . . , TAn2n} eÐnai s-basik , isodÔnamh me th sun jh b�sh tou `2n

1 .
'Omoia ìpwc sthn apìdeixh tou jewr matoc 4.3, deÐqnoume ìti o

Z =

{
n∑
i=1

aiχAmii : n ∈ N, (ai)ni=1 ⊆ R, (A
mi
i )ni=1 mh sugkrÐsima

}
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eÐnai puknìc upìqwroc tou L1(λ|A), kai ||Tf || ≥ (1−ε)2
1+ε

δ||f || gia k�je f ∈ Z,
opìte prokÔptei to deÔtero zhtoÔmeno.

Gia k�je n ∈ N o span{TAn1 , . . . , TAn2n} eÐnai peperasmènhc di�stashc, e-
pomènwc kai sumplhrwmatikìc, kai èstw Pn : L1[0, 1]→ span{TAn1 , . . . , TA2nn}
h antÐstoiqh probol . ParathroÔme ìti Pn+1Pn = Pn gia k�je n = 1, 2, . . .
�ra kai PmPn = Pn gia k�je m,n ∈ N me m > n. Apì thn anisìthta

(1− ε)2

1 + ε
δ

∣∣∣∣∣
∣∣∣∣∣

2n∑
i=1

aiχAni

∣∣∣∣∣
∣∣∣∣∣ ≤

∣∣∣∣∣
∣∣∣∣∣

2n∑
i=1

aiTA
n
i

∣∣∣∣∣
∣∣∣∣∣ ≤ ||T ||

∣∣∣∣∣
∣∣∣∣∣

2n∑
i=1

aiχAni

∣∣∣∣∣
∣∣∣∣∣

pou isqÔei gia k�je n ∈ N, a1, . . . , a2n ∈ R, kai apì to gegonìc ìti o upìqwroc
pou par�goun oi grammikoÐ sunduasmoÐ (χAnkik

)Nk=1 an� dÔo mh sugkrÐsimwn eÐnai

puknìc ston L1(λ|A), prokÔptei ìti

||Pn|| ≤
1− ε

(1 + ε)2

||T ||
δ

gia n = 1, 2, . . .

'Omoia ìpwc sthn apìdeixh tou Jewr matoc 3.27 (4o b ma) apodeiknÔetai ìti
up�rqei upakoloujÐa (Pnk)

∞
k=1 pou sugklÐnei w∗ se telest  P : L1[0, 1] →

T [L1(λ|A)] o opoÐoc eÐnai grammikìc fragmènoc, me

||P || ≤ 1− ε
(1 + ε)2

||T ||
δ

ParathroÔme ìti

P 2 = P · P = lim
k→∞

P · Pnk

= lim
k→∞

(
lim
ni>nk

PniPnk

)
= lim

k→∞
Pnk

= P

kai h P apoteleÐ fragmènh probol .

Prìtash 4.13. 'Estw T : L1[0, 1] → L1[0, 1] isomorfik  emfÔteush. Gia
k�je E ⊆ [0, 1] metr simo me |E| > 0 kai gia k�je (Ei)

M
i=1 diamèrish tou E,

isqÔei
1

|E|

∫
max

1≤i≤M
|TEi| ≥

1

||T−1||2
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Apìdeixh. Gia k�je a1, a2, . . . , aM ∈ R isqÔei∣∣∣∣∣
∣∣∣∣∣
M∑
i=1

aiTEi

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣T
(

M∑
i=1

aiEi

)∣∣∣∣∣
∣∣∣∣∣

≥ 1

||T−1||

∣∣∣∣∣
∣∣∣∣∣
M∑
i=1

aiEi

∣∣∣∣∣
∣∣∣∣∣

=
1

||T−1||

M∑
i=1

|ai||Ei|

kai jètontac ìpou ai to
ai
Ei

gia i = 1, 2 . . .M lamb�noume∣∣∣∣∣
∣∣∣∣∣
M∑
i=1

ai
|Ei|

TEi

∣∣∣∣∣
∣∣∣∣∣ ≥ 1

||T−1||

M∑
i=1

|ai| gia k�je a1, . . . , aM ∈ R

opìte apì thn prìtash 3.24 èqoume∣∣∣∣∣∣∣∣ max
1≤i≤M

∣∣∣∣ ai|Ei|TEi
∣∣∣∣∣∣∣∣∣∣∣∣ ≥ 1

||T−1||2
M∑
i=1

|ai| gia k�je a1, a2, . . . , aM ∈ R

kai jètontac ai = |Ei|, i = 1, 2 . . .M prokÔptei∣∣∣∣∣∣∣∣ max
1≤i≤M

|TEi|
∣∣∣∣∣∣∣∣ ≥ 1

||T−1||2
M∑
i=1

|Ei| =
|E|
||T−1||2

�ra

1

|E|

∫
max

1≤i≤M
|TEi| ≥

1

||T−1||2

Pìrisma 4.14. 'Estw o q¸roc Z = L1[0, 1]. An X eÐnai upìqwroc tou Z
tètoioc ¸ste X ∼ L1[0, 1], up�rqei Y upìqwroc tou X ¸ste Y ∼ L1[0, 1] kai
Y sumplhrwmatikìc ston Z.

Apìdeixh. 'Estw T : L1[0, 1]→ Z isomorfik  emfÔteush, me T (L1[0, 1]) = X.
Apì thn prìtash 4.13 o T eÐnai E-telest c, kai to zhtoÔmeno èpetai apì to
je¸rhma 4.12.
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L mma 4.15. (Mèjodoc Di�spashc Pelczyński): 'Estw X sumplhrwmatikìc
upìqwroc tou L1[0, 1], o opoÐoc perièqei sumplhrwmatikì upìqwro isìmorfo me
ton L1[0, 1]. Tìte o X eÐnai isìmorfoc me ton L1[0, 1].

Apìdeixh. 'Estw X = L1[0, 1]⊕ Y kai L1[0, 1] = X ⊕ Z. EÐnai

X ∼ L1[0, 1]⊕ Y
∼ (L1[0, 1]⊕ L1[0, 1]⊕ . . .)1 ⊕ Y
∼ (L1[0, 1]⊕ L1[0, 1]⊕ . . .)1 ⊕ L1[0, 1]⊕ Y
∼ ((X ⊕ Z)⊕ (X ⊕ Z)⊕ . . .)1 ⊕X
∼ (X ⊕X ⊕ . . .)1 ⊕ (Z ⊕ Z ⊕ . . .)1 ⊕X
∼ (X ⊕X ⊕ . . .)1 ⊕ (Z ⊕ Z ⊕ . . .)1

∼ (X ⊕ Z)1 ⊕ (X ⊕ Z)1 ⊕ . . .
∼ (L1[0, 1]⊕ L1[0, 1]⊕ . . .)1

∼ L1[0, 1]

Je¸rhma 4.16. (Enflo-Starbird): O L1[0, 1] eÐnai primary.

Apìdeixh. 'Estw L1[0, 1] = X ⊕ Y , kai P : L1[0, 1]→ L1[0, 1] probol  tètoia
¸ste ImP = X, Im(I − P ) = Y . IsqÔei P + (I − P ) = I, kai o tautotikìc
telest c eÐnai E-telest c, �ra apì prìtash 4.8 mÐa apì tic probolèc P, I−P
eÐnai E-telest c.

Upojètoume qwrÐc bl�bh thc genikìthtac ìti h P : L1[0, 1] → X eÐnai
E-telest c, kai apì je¸rhma 4.12 o X perièqei sumplhrwmatikì upìqwro
isìmorfo me ton L1[0, 1]. Apì L mma 4.15 prokÔptei ìti X ∼ L1[0, 1], opìte
o L1[0, 1] eÐnai primary.
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