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Prìlogoc

Skopìc thc diplwmatik c ergasÐac eÐnai h melèth thc mejìdou twn Pepera-
smènwn StoiqeÐwn gia ta probl mata sunoriak¸n tim¸n merik¸n diaforik¸n
exis¸sewn elleiptikoÔ tÔpou, dhlad  exis¸sewn pou perigr�foun fusikèc ka-
tast�seic oi opoÐec den exelÐssontai ston qrìno. H mèjodoc aut  basÐzetai
sth metabolik  diatÔpwsh twn problhm�twn, ta opoÐa èqoun lÔsh se eidikoÔc
q¸rouc sunart sewn, touc eponomazìmenouc q¸rouc Sobolev, touc opoÐouc
parousi�zoume sto Kef�laio 1.

Sto Kef�laio 2 orÐzoume tic asjeneÐc lÔseic twn problhm�twn, kai mele-
t�me thn Ôparx  touc se q¸rouc Sobolev. Epiplèon, gÐnetai parousÐash twn
basik¸n Jewrhm�twn Kanonikìthtac, qwrÐc wstìso thn apìdeixh aut¸n.

Sto Kef�laio 3 parousi�zoume th basikìterh ekprìswpo thc mejìdou twn
Peperasmènwn StoiqeÐwn, th mèjodo Ritz-Galerkin, kaj¸c kai ta dhmofilè-
stera peperasmèna stoiqeÐa ta opoÐa qrhsimopoioÔntai sthn arijmhtik  epÐ-
lush twn problhm�twn. Wstìso, o kÔrioc stìqoc tou kefalaÐou autoÔ eÐnai
oi ektim seic sfalm�twn sthn §3.4 gia tic arijmhtikèc lÔseic pou prokÔptoun
apì thn efarmog  thc mejìdou twn Peperasmènwn StoiqeÐwn. Oi ektim seic
autèc anafèrontai kurÐwc sth L2-nìrma kai th Sobolev nìrma ‖ · ‖H1 .

Tèloc, sto Kef�laio 6 melet�me ta probl mata saddle point, ta opoÐa
prokÔptoun apì metabolik� probl mata pou upìkeintai se periorismoÔc. Sth
sunèqeia, h jewrÐa aut  efarmìzetai sto prìblhma Stokes, to opoÐo apoteleÐ
èna prìblhma saddle point, ìpou o periorismìc sthn perÐptwsh aut  eÐnai h
sunj kh mh sumpiestìthtac. Me qr sh tou progr�mmatoc Freefem epilÔou-
me arijmhtik� to prìblhma Stokes kai upologÐzoume ta antÐstoiqa sf�lmata
gia di�fora b mata thc mejìdou twn Peperasmènwn StoiqeÐwn. Me ton trìpo
autì, parathroÔme th susqètish pou up�rqei metaxÔ twn jewrhtik¸n apotele-
sm�twn thc ektÐmhshc sf�lmatoc me ta antÐstoiqa arijmhtik� apotelèsmata.

Oloklhr¸nontac thn diplwmatik  mou ergasÐa ja  jela na euqarist sw
ton EpÐkouro Kajhght  tou E.M.P. k. QrusafÐno KwnstantÐno gia thn �risth
sunergasÐa pou eÐqame kai th bo jeia tou se ìsa zht mata proèkuyan kat�
th di�rkeia aut c.
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Kef�laio 1

Q¸roi Sobolev

1.1 Q¸roi Hölder

Upojètoume ìti to sÔnolo U ⊂ Rn eÐnai anoiqtì, dhlad  k�je shmeÐo tou eÐnai
to kèntro miac anoiqt c sfaÐrac h opoÐa eÐnai uposÔnolo tou U , kai 0 < γ ≤ 1.

Orismìc 1.1.1 MÐa sun�rthsh u : U → R kaleÐtai Lipschitz suneq c an
gia k�je x, y ∈ U kai gia k�poia stajer� C ikanopoieÐtai h sqèsh :

|u(x)− u(y)| ≤ C|x− y|.

Orismìc 1.1.2 MÐa sun�rthsh u : U → R kaleÐtai Hölder suneq c me
ekjèth 0 < γ ≤ 1 an gia k�je x, y ∈ U kai gia k�poia stajer� C ikanopoieÐtai
h sqèsh:

|u(x)− u(y)| ≤ C|x− y|γ.

Orismìc 1.1.3 (i) An h sun�rthsh u : U → R eÐnai fragmènh kai sune-
q c, tìte gr�foume :

‖u‖C(Ū) := supx∈U |u(x)|,

ìpou me Ū sumbolÐzetai h kleistìthta tou sunìlou U .

(ii) H γ - Hölder hminìrma thc sun�rthshc u : U → R orÐzetai wc ex c :

[u]C0,γ(Ū) := supx,y∈U,x6=y

(
|u(x)− u(y)|
|x− y|γ

)
,

en¸ h γ - Hölder nìrma thc sun�rthshc u orÐzetai wc ex c :

‖u‖C0,γ(Ū) := ‖u‖C(Ū) + [u]C0,γ(Ū).

7



8 KEF�ALAIO 1. Q�WROI SOBOLEV

Orismìc 1.1.4 O q¸roc Hölder Ck,γ(Ū) apoteleÐtai apì ìlec tic sunart -
seic u ∈ Ck(Ū) gia tic opoÐec h nìrma :

‖u‖Ck,γ(Ū) :=
∑
|α|≤k

‖Dαu‖C(Ū) +
∑
|α|=k

[Dαu]C0,γ(Ū)

eÐnai peperasmènh.

Dhlad , o q¸roc Ck,γ(Ū) apoteleÐtai apì ìlec tic sunart seic u oi opoÐec
eÐnai k forèc suneq¸c paragwgÐsimec kai twn opoÐwn oi k-ostèc merikèc thc
par�gwgoi eÐnai fragmènec kai Hölder suneq c me ekjèth γ.

Je¸rhma 1.1.1 O q¸roc twn sunart sewn Ck,γ(Ū) eÐnai q¸roc Banach .

1.2 Q¸roi Sobolev

Wstìso, oi q¸roi Hölder den apoteloÔn kat�llhla sÔnola gia thn stoiqei¸sh
jewrÐa twn merik¸n diaforik¸n exis¸sewn, kaj¸c den eÐmaste sun jwc se
jèsh na k�noume arket� kalèc analutikèc ektim seic ¸ste na apodeÐxoume ìti
oi lÔseic pou kataskeu�same an koun ìntwc stouc q¸rouc autoÔc. AntÐjeta,
eÐnai anagkaÐo k�poio �llo eÐdoc q¸rwn, to opoÐo ja prèpei na apoteleÐtai apì
ligìtero leÐec sunart seic ìpwc, gia par�deigma, oi q¸roi Sobolev W k,p(U).

'Estw to anoiktì sÔnolo U ⊂ Rn. UpenjumÐzetai ìti, C∞c (U) eÐnai o q¸-
roc ìlwn twn apeÐrwc diaforÐsimwn sunart sewn φ : U → R, twn opoÐwn to
st rigma eÐnai sumpagèc uposÔnolo tou U . To st rigma (support) miac su-
neqoÔc sun�rthshc orÐzetai na eÐnai to sÔnolo (  h kleistìthta autoÔ) p�nw
sto opoÐo h sun�rthsh den mhdenÐzetai. MÐa sun�rthsh φ h opoÐa an kei ston
q¸ro C∞c (U) kaleÐtai sun jwc dokimastik  sun�rthsh.

Orismìc 1.2.1 'Estw oi sunart seic u, v ∈ L1
loc(U), ìpou me L1

loc(U) sum-
bolÐzetai to sÔnolo {u : U → R | v ∈ Lp(V ) ∀V ⊂⊂ U}, kai α ènac poludeÐ-
kthc. Ja lème ìti h sun�rthsh v eÐnai h α-ost  asjen c merik  par�gwgoc
thc u, kai gr�foume Dαu = v, an isqÔei :∫

U

uDαφ dx = (−1)|α|
∫
U

vφ dx

gia ìlec tic dokimastikèc sunart seic φ ∈ C∞c (U).

L mma 1.2.1 Mia asjen c α-ost  merik  par�gwgoc thc sun�rthshc u,
e�n up�rqei, eÐnai monadik� orismènh se èna sÔnolo mhdenikoÔ mètrou.



1.2. Q�WROI SOBOLEV 9

Apìdeixh Upojètoume ìti oi sunart seic v, ṽ ∈ L1
loc(U) ikanopoioÔn thn

sqèsh ∫
U

uDαφ dx = (−1)|α|
∫
U

vφ dx = (−1)|α|
∫
U

ṽφ dx (1.1)

gia ìlec tic sunart seic φ ∈ C∞c (U). Tìte∫
U

(v − ṽ)φ dx = 0

gia ìlec tic sunart seic φ ∈ C∞c (U), ap�opou prokÔptei ìti v− ṽ = 0 sqedìn
pantoÔ.

GnwrÐzoume ìti, an mÐa sun�rthsh eÐnai diaforÐsimh me thn klassik  ènnoia,
tìte h asjen c thc par�gwgoc up�rqei, kai oi dÔo par�gwgoi sumpÐptoun. Se
aut n thn perÐptwsh, h sqèsh (1.1) metatrèpetai ston tÔpo tou Green gia
olokl rwsh kat� mèrh.

'Estw o arijmìc 1 ≤ p ≤ ∞ kai k ènac mh arnhtikìc akèraioc.

Orismìc 1.2.2 O q¸roc Sobolev W k,p(U) apoteleÐtai apì ìlec tic topik�
ajroÐsimec sunart seic u : U → R gia tic opoÐec h Dαu up�rqei sthn asjen 
thc morf , gia k�je poludeÐkth α me |α| ≤ k, kai an kei ston q¸ro Lp(U).

E�n p = 2, gr�foume sun jwc

Hk(U) = W k,2(U) (k = 0, 1, . . . ).

QrhsimopoioÔme to gr�mma H, miac kai - ìpwc ja doÔme - o Hk(U) eÐnai q¸roc
Hilbert. ParathroÔme, epÐshc, ìti H0(U) = L2(U), ìpou me L2(U) sumbolÐ-
zetai o q¸roc {u : U → R | ‖u‖L2(U) <∞} o opoÐoc eÐnai efodiasmènoc me th
nìrma

‖u‖L2(U) =

√∫
U

|u|2dx.

Epiplèon, orÐzoume th nìrma me thn opoÐa eÐnai efodiasmènoc o q¸roc H1(U)
kai H2(U), antÐstoiqa, wc ex c

‖u‖H1(U) =

√∫
U

(u2 + |Du|2) dx

kai

‖u‖H2(U) =

√∫
U

(u2 + |Du|2 + |D2u|2) dx.
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Orismìc 1.2.3 An h sun�rthsh u ∈ W k,p(U), tìte h nìrma thc orÐzetai
wc ex c :

‖u‖Wk,p(U) :=

{
(
∑
|α|≤k

∫
U
|Dαu|p dx)1/p (1 ≤ p <∞),∑

|α|≤k ess supU |Dαu| (p =∞).

Orismìc 1.2.4 (i) 'Estw h akoloujÐa {um}∞m=1 ∈ W k,p(U) kai h sun�rth-
sh u ∈ W k,p(U). Ja lème ìti h akoloujÐa um sugklÐnei sto u ston q¸ro
W k,p(U), kai ja gr�foume

um → u in W k,p(U),

an isqÔei

lim
m→∞

‖um − u‖Wk,p(U) = 0.

(ii) Gr�foume

um → u in W k,p
loc (U),

ìpou me W k,p
loc (U) sumbolÐzetai o q¸roc {u : U → R | v ∈ W k,p(V ) ∀ V ⊂⊂

U}, enno¸ntac ìti
um → u in W k,p(V )

gia k�je V ⊂⊂ U .

Orismìc 1.2.5 SumbolÐzoume me

W k,p
0 (U)

thn kleistìthta tou C∞c (U) ston q¸ro W k,p(U).

Dhlad , h sun�rthsh u ∈ W k,p
0 (U) an kai mìno an up�rqoun sunart seic

um ∈ C∞c (U) tètoiec, ¸ste um → u ston q¸ro W k,p(U). Epomènwc, o q¸roc
W k,p

0 (U) perilamb�nei ìlec ekeÐnec tic sunart seic u ∈ W k,p(U) gia tic opoÐec
isqÔei ìti

Dαu = 0 ∀ |α| ≤ k − 1 on ∂U.

SunhjÐzoume na gr�foume, epiplèon, ìti : Hk
0 (U) = W k,2

0 (U). Dhlad , o
q¸roc H1

0 (U) perilamb�nei ìlec ekeÐnec tic sunart seic u ∈ H1(U) gia tic
opoÐec isqÔei ìti u = 0 sto sÔnoro ∂U tou sunìlou U .
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Sth sunèqeia ja diatup¸soume merikèc idiìthtec twn asjen¸n parag¸gwn.

Je¸rhma 1.2.2 'Estw ìti oi sunart seic u, v ∈ W k,p(U) kai |α| ≤ k. Tìte:
(i) Dαu ∈ W k−|α|,p(U) kai Dβ(Dαu) = Dα(Dβu) = Dα+βu gia ìlouc touc

poludeÐktec α, β me |α|+ |β| ≤ k.
(ii) Gia k�je λ, µ ∈ R, λu + µv ∈ W k,p(U) kai Dα(λu + µv) = λDαu +

µDαv, |α| ≤ k.
(iii) An to V eÐnai èna anoiktì uposÔnolo tou U , tìte u ∈ W k,p(V ).
(iv) An h sun�rthsh ζ ∈ C∞c (U), tìte ζu ∈ W k,p(U) kai isqÔei o kanìnac

tou Leibniz

Dα(ζu) =
∑
β≤α

(
α
β

)
DβζDα−βu,

ìpou

(
α
β

)
= α!

β!(α−β)!
.

Tèloc, shmei¸noume ìti gia k�je k = 1, . . . kai 1 ≤ p ≤ ∞, o q¸roc
Sobolev W k,p(U) eÐnai q¸roc Banach.

1.3 Melèth sunart sewn se q¸rouc Sobo-

lev

Skopìc mac sthn par�grafo aut  eÐnai na melet soume peraitèrw idiìthtec
twn q¸rwn Sobolev. Arqik�, ja qreiasteÐ na anaptÔxoume k�poiec diadikasÐec
prosèggishc miac sun�rthshc h opoÐa an kei se ènan q¸ro Sobolev apì leÐec
sunart seic.

'Estw o jetikìc akèraioc arijmìc k kai 1 ≤ p ≤ ∞. UpenjumÐzetai ìti
Uε = {x ∈ U |dist(x, ∂U) > ε}, ìpou to sÔnolo U eÐnai anoiktì.

Epiplèon, upenjumÐzoume ìti h sun�rthsh η ∈ C∞(Rn) orÐzetai apì ton
tÔpo

η(x) :=

{
Cexp

(
1

|x|2−1

)
, |x| < 1,

0 , |x| ≥ 1,

ìpou h stajer� C > 0 èqei epilegeÐ ètsi, ¸ste na isqÔei h sqèsh
∫
Rn ηdx = 1.

Gia k�je ε > 0, jètoume ηε(x) := 1
εn
η(x

ε
).

An h sun�rthsh f : U → R eÐnai topik� oloklhr¸simh, tìte orÐzoume thn
sunèlixh aut c wc ex c f ε := ηε ∗ f sto sÔnolo Uε. Dhlad , ja eÐnai

f ε(x) =

∫
U

ηε(x− y)f(y)dy =

∫
B(0,ε)

ηε(y)f(x− y)dy,

gia k�je x ∈ Uε.
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To parak�tw je¸rhma anafèretai sthn topik  prosèggish miac sun�rthshc
h opoÐa an kei se q¸ro Sobolev apì leÐec sunart seic.

Je¸rhma 1.3.1 Upojètoume ìti h sun�rthsh u ∈ W k,p(U) gia k�poio 1 ≤
p <∞, kai jètoume uε = ηε ∗ u sto sÔnolo Uε. Tìte

(i) uε ∈ C∞(Uε) gia k�je ε > 0, kai

(ii) uε → u sto W k,p
loc (U), kaj¸c ε→ 0.

Apìdeixh DeÐte [1].

Wstìso, mporoÔme na broÔme leÐec sunart seic oi opoÐec na proseggÐzoun
mia sun�rthsh ston q¸ro W k,p(U), kai ìqi ston q¸ro W k,p

loc (U). To parak�-
tw je¸rhma ekfr�zei aut  akrib¸c thn olik  prosèggish miac sun�rthshc h
opoÐa an kei se q¸ro Sobolev apì leÐec sunart seic. EÐnai shmantikì na pa-
rathr sete ìti den gÐnetai k�poia upìjesh gia to an eÐnai leÐo   ìqi to sÔnoro
∂U .

Je¸rhma 1.3.2 Upojètoume ìti to sÔnolo U eÐnai fragmèno, kai h sun�r-
thsh u ∈ W k,p(U) gia k�poio 1 ≤ p < ∞. Tìte up�rqoun sunart seic
um ∈ C∞(U) ∩W k,p(U) tètoiec, ¸ste um → u ston q¸ro W k,p(U).

Apìdeixh DeÐte [1].

H prosèggish miac dojeÐsac sun�rthshc u ∈ W k,p(U) apì sunart seic
oi opoÐec an koun ston q¸ro C∞(Ū), kai ìqi ston q¸ro C∞(U) apaiteÐ mia
sunj kh h opoÐa na apokleÐei thn mh omalìthta tou sunìrou ∂U . To akìloujo
je¸rhma ekfr�zei aut n akrib¸c thn olik  prosèggish apì sunart seic leÐec
mèqri kai to sÔnoro.

Je¸rhma 1.3.3 Upojètoume ìti to sÔnolo U eÐnai fragmèno kai to sÔnorì
tou ∂U eÐnai C1. An h sun�rthsh u ∈ W k,p(U) gia k�poio 1 ≤ p < ∞,
tìte up�rqoun sunart seic um ∈ C∞(Ū) tètoiec, ¸ste um → u ston q¸ro
W k,p(U).

Apìdeixh DeÐte [1].

Sth sunèqeia, ja prospaj soume na epekteÐnoume sunart seic apì ton q¸ro
Sobolev W 1,p(U) sto q¸ro Sobolev W 1,p(Rn). Ja prèpei h epèktash thc
sun�rthshc na diathreÐ tic asjeneÐc parag¸gouc kat� m koc tou sunìrou
∂U .
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Je¸rhma 1.3.4 'Estw ìti 1 ≤ p ≤ ∞. Upojètoume ìti to sÔnolo U eÐnai
fragmèno kai to sÔnorì tou ∂U eÐnai C1. Epilègoume èna fragmèno anoiktì
sÔnolo V tètoio, ¸ste U ⊂⊂ V . Tìte up�rqei ènac fragmènoc grammikìc
telest c

E : W 1,p(U)→ W 1,p(Rn)

tètoioc, ¸ste gia k�je sun�rthsh u ∈ W 1,p(U) na isqÔoun ta akìlouja :
(i) Eu = u sqedìn pantoÔ sto sÔnolo U ,
(ii) to Eu èqei st rigma mèsa sto sÔnolo V , kai
(iii) ‖Eu‖W 1,p(Rn) ≤ C‖u‖W 1,p(U), ìpou h stajer� C exart�tai mìno apì

ta p, U kai V .

Apìdeixh DeÐte [1].

O telest c Eu onom�zetai epèktash thc sun�rthshc u ston q¸ro Rn.

Tèloc, melet�me thn pijanìthta ekq¸rhshc �sunoriak¸n tim¸n� kat� m -
koc tou sunìrou ∂U se mia sun�rthsh u ∈ W 1,p(U), upojètontac ìti to
sÔnoro eÐnai C1. An h sun�rthsh u ∈ C(Ū), tìte profan¸c h u èqei timèc
sto sÔnoro ∂U . To prìblhma eÐnai ìti mia sun jhc sun�rthsh u ∈ W 1,p(U)
den eÐnai en gènei suneq c kai, epiplèon, orÐzetai mìno sqedìn pantoÔ sto
sÔnolo U . To prìblhma autì epilÔetai me ton orismì tou telest  Ðqnouc.

Je¸rhma 1.3.5 'Estw ìti 1 ≤ p < ∞. Upojètoume ìti to sÔnolo U eÐ-
nai fragmèno kai to sÔnorì tou ∂U eÐnai C1. Tìte up�rqei ènac fragmènoc
grammikìc telest c

T : W 1,p(U)→ Lp(∂U)

tètoioc, ¸ste:
(i) Tu = u|∂U , an h sun�rthsh u ∈ W 1,p(U) ∩ C(Ū) kai
(ii) ‖Tu‖Lp(∂U) ≤ C‖u‖W 1,p(U), gia k�je sun�rthsh u ∈ W 1,p(U), me thn

stajer� C na exart�tai mìno apì thn par�metro p kai to sÔnolo U .

O telest c Tu onom�zetai Ðqnoc thc sun�rthshc u sto sÔnoro ∂U .

Je¸rhma 1.3.6 Upojètoume ìti to sÔnolo U eÐnai fragmèno kai to sÔnorì
tou ∂U eÐnai C1. Epiplèon, èstw ìti h sun�rthsh u ∈ W 1,p(U). Tìte

u ∈ W 1,p
0 (U)⇔ Tu = 0|∂U .
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1.4 Anisìthtec Sobolev

Stìqoc mac sthn par�grafo aut  eÐnai na anakalÔyoume enswmat¸seic dia-
fìrwn q¸rwn Sobolev se �llouc q¸rouc. Arqik�, jewroÔme mìno ton q¸ro
Sobolev W 1,p(U) kai exet�zoume to akìloujo basikì prìblhma: An mia su-
n�rthsh u an kei ston q¸ro Sobolev W 1,p(U), tìte na elegqjeÐ an h u an kei
autìmata se �llouc q¸rouc. H ap�nthsh sto prìblhma autì ja eÐnai je-
tik , ìmwc oi q¸roi stouc opoÐouc mporeÐ na an kei h u exart¸ntai apì to
di�sthma sto opoÐo an kei h par�metroc p. DiakrÐnoume treic peript¸seic: (i)
1 ≤ p < n, (ii) p = n, kai (iii) n < p ≤ ∞.

Arqik�, ja melet soume thn pr¸th perÐptwsh, dhlad  upojètoume ìti 1 ≤
p < n. Stìqoc mac eÐnai na apodeÐxoume ìti up�rqei mia ektÐmhsh thc morf c

‖u‖Lq(Rn) ≤ C‖Du‖Lp(Rn), (1.2)

gia sugkekrimènec stajerèc C > 0 kai 1 ≤ q < ∞, kaj¸c kai gia ìlec tic
sunart seic u ∈ C∞c (Rn). Ja prèpei, epiplèon, oi timèc twn stajer¸n C kai
q na mhn exart¸ntai apì thn sun�rthsh u.

Ja apodeÐxoume ìti an isqÔei mia anisìthta thc morf c (1.2), tìte h par�me-
troc q den mporeÐ na eÐnai aujaÐreth, all� antÐjeta ja prèpei na èqei mia sugke-
krimènh morf . ExaitÐac autoÔ, epilègetai mia sun�rthsh u ∈ C∞c (Rn), u 6= 0,
kai gia λ > 0 orÐzetai h sun�rthsh

uλ(x) := u(λx), x ∈ Rn.

Efarmìzontac thn sqèsh (1.2) gia sun�rthsh uλ, prokÔptei ìti:

‖uλ‖Lq(Rn) ≤ C‖Duλ‖Lp(Rn).

Lìgw twn akìloujwn isot twn∫
Rn
|uλ|qdx =

∫
Rn
|u(λx)|qdx =

1

λn

∫
Rn
|u(y)|qdy,

kai ∫
Rn
|Duλ|pdx = λp

∫
Rn
|Du(λx)|pdx =

λp

λn

∫
Rn
|Du(y)|pdy,

h parap�nw anisìthta paÐrnei th morf 

1

λn/q
‖u‖Lq(Rn) ≤ C

λ

λn/p
‖Du‖Lp(Rn),

  isodÔnama
‖u‖Lq(Rn) ≤ Cλ1−n

p
+n
q ‖Du‖Lp(Rn).
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ParathroÔme ìti an Ðsque 1 − n
p

+ n
q
6= 0, tìte o arijmìc λ sthn parap�nw

anisìthta ja mporoÔse na teÐnei eÐte sto 0   sto ∞, me to opoÐo ìmwc kata-
l goume se antÐfash. Sunep¸c, an isqÔei h anisìthta thc sqèshc (1.2), tìte
ja prèpei anagkastik� na èqoume 1− n

p
+ n

q
= 0  , isodÔnama, 1

q
= 1

p
− 1

n
kai

q = np
n−p .
Lìgw twn parap�nw, prokÔptei fusik� o akìloujoc orismìc:

Orismìc 1.4.1 An 1 ≤ p < n, tìte o Sobolev suzug c tou arijmoÔ p eÐnai

p∗ :=
np

n− p
.

H prohgoÔmenh an�lush deÐqnei ìti h ektÐmhsh (1.2) mporeÐ na alhjeÔei
mìno gia q = p∗. To gegonìc autì apodeiknÔetai apì to akìloujo je¸rhma:

Je¸rhma 1.4.1 Upojètoume ìti 1 ≤ p < n. Tìte up�rqei mia stajer� C,
h opoÐa exart�tai mìno apì tic paramètrouc p kai n tètoia ¸ste,

‖u‖Lp∗ (Rn) ≤ C‖Du‖Lp(Rn),

gia ìlec tic sunart seic u ∈ C1
c (Rn).

To parap�nw je¸rhma eÐnai gnwstì wc Gagliardo-Nirenberg-Sobolev ani-
sìthta.

Sta parak�tw jewr mata dÐnontai oi enswmat¸seic twn q¸rwn Sobolev
W 1,p(U) kai W 1,p

0 (U) se q¸rouc Lp sthn perÐptwsh pou to sÔnolo U ⊂ Rn

eÐnai anoiqtì kai fragmèno.

Je¸rhma 1.4.2 'Estw ìti to sÔnolo U eÐnai fragmèno, anoiqtì uposÔnolo
tou q¸rou Rn, kai to sÔnorì tou ∂U eÐnai C1. Upojètoume ìti 1 ≤ p < n, kai
h sun�rthsh u ∈ W 1,p(U). Tìte h u ∈ Lp∗(U), me thn akìloujh ektÐmhsh

‖u‖Lp∗ (U) ≤ C‖u‖W 1,p(U),

ìpou h stajer� C exart�tai mìno apì tic paramètrouc p, n kai to sÔnolo U .

Apìdeixh DeÐte [1].

Je¸rhma 1.4.3 'Estw ìti to sÔnolo U eÐnai fragmèno, anoiqtì uposÔnolo
tou q¸rou Rn. Upojètoume ìti h sun�rthsh u ∈ W 1,p

0 (U) gia k�poio 1 ≤ p <
n. Tìte isqÔei h ektÐmhsh

‖u‖Lq(U) ≤ C‖Du‖Lp(U),

gia k�je q ∈ [1, p∗], me thn stajer� C na exart�tai mìno apì tic paramètrouc
p, q, n kai to sÔnolo U .
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Apìdeixh DeÐte [1].

H parap�nw ektÐmhsh kaleÐtai sun jwc anisìthta Poincaré. H diafor� me
to Je¸rhma (1.4.2) eÐnai ìti mìno h klÐsh thc sun�rthshc u emfanÐzetai sto
dexÐ mèloc thc anisìthtac. Epiplèon, h nìrma ‖Du‖Lp(U) eÐnai isodÔnamh me
th ‖u‖W 1,p(U) ston q¸ro W 1,p

0 (U), an to sÔnolo U eÐnai fragmèno.

Sth sunèqeia, ja melet soume thn trÐth perÐptwsh, dhlad  upojètoume ìti
n < p ≤ ∞. To akìloujo je¸rhma eÐnai gnwstì wc anisìthta Morrey.

Je¸rhma 1.4.4 Upojètoume ìti n < p ≤ ∞. Tìte up�rqei mia stajer� C,
h opoÐa exart�tai mìno apì tic paramètrouc p kai n tètoia, ¸ste

‖u‖C0,γ(Rn) ≤ C‖u‖W 1,p(Rn),

gia ìlec tic sunart seic u ∈ C1(Rn), me

γ := 1− n/p.

Apìdeixh DeÐte [1].

Sto parak�tw je¸rhma dÐnetai h enswm�twsh tou q¸rou Sobolev W 1,p(U)
ston q¸ro C0,γ(Ū). UpenjumÐzetai ìti mia sun�rthsh u∗ kaleÐtai version
sun�rthsh miac dojeÐshc u an kai mìno an isqÔei u = u∗ sqedìn pantoÔ.

Je¸rhma 1.4.5 'Estw ìti to sÔnolo U eÐnai fragmèno, anoiqtì uposÔnolo
tou q¸rou Rn, kai to sÔnorì tou ∂U eÐnai C1. Upojètoume ìti n < p ≤ ∞, kai
h sun�rthsh u ∈ W 1,p(U). Tìte h u èqei mia version sun�rthsh u∗ ∈ C0,γ(Ū),
me thn ektÐmhsh

‖u∗‖C0,γ(Ū) ≤ C‖u‖W 1,p(U),

gia k�poio γ = 1 − n
p
. H stajer� C exart�tai mìno apì tic paramètrouc p, n

kai to sÔnolo U .

Tèloc, sundu�zontac tic parap�nw ektim seic, mporoÔme na katal xoume
se perissìtero polÔplokec anisìthtec, oi opoÐec eÐnai gnwstèc wc genikèc
anisìthtec Sobolev:

Je¸rhma 1.4.6 'Estw ìti to sÔnolo U eÐnai fragmèno, anoiqtì uposÔnolo
tou q¸rou Rn, kai to sÔnorì tou ∂U eÐnai C1. Upojètoume ìti h sun�rthsh
u ∈ W k,p(U).



1.5. PR�OSJETA J�EMATA STOUS Q�WROUS SOBOLEV 17

(i) An k < n
p
, tìte h u ∈ Lq(U), ìpou 1

q
= 1

p
− k

n
. Epiplèon, èqoume thn

ektÐmhsh
‖u‖Lq(U) ≤ C‖u‖Wk,p(U),

ìpou h stajer� C exart�tai mìno apì tic paramètrouc k, p, n kai to sÔnolo U .

(ii) An k > n
p
, tìte h u ∈ Ck−[n

p
]−1,γ(Ū), ìpou

γ =

{
[n
p
] + 1− n

p
, n
p
6∈ Z,

0 < θ < 1 , n
p
∈ Z.

Epiplèon, èqoume thn ektÐmhsh

‖u‖
C
k−[np ]−1,γ

(Ū)
≤ C‖u‖Wk,p(U),

ìpou h stajer� C exart�tai mìno apì tic paramètrouc k, p, n, γ kai to sÔnolo
U .

Apìdeixh DeÐte [1].

ShmeÐwsh H perÐptwsh p = n melet�tai sthn §1.5.2.

1.5 Prìsjeta jèmata stouc q¸rouc Sobo-

lev

1.5.1 Sump�geia

UpenjumÐzetai ìti h anisìthta twn Gagliardo-Nirenberg-Sobolev sunep�getai
thn enswm�twsh tou q¸rou W 1,p(U) ston q¸ro Lp

∗
(U) gia 1 ≤ p < n,

p∗ = np
n−p . Ja deÐxoume ìti o q¸roc W 1,p(U) eÐnai sumpag¸c enswmatwmènoc

ston q¸ro Lq(U) gia 1 ≤ q < p∗. H sump�geia aut  eÐnai jemeli¸dhc gia tic
efarmogèc thc grammik c kai thc mh grammik c sunarthsiak c an�lushc stic
merikèc diaforikèc exis¸seic.

Orismìc 1.5.1 'Estw oi q¸roi Banach X kai Y , me X ⊂ Y . Ja lème ìti
o X eÐnai sumpag¸c enswmatwmènoc ston Y , kai ja gr�foume X ⊂⊂ Y , an
kai mìno an isqÔoun ta akìlouja:

(i) ‖x‖Y ≤ C‖x‖X , x ∈ X, gia k�poia stajer� C,kai
(ii) k�je fragmènh akoloujÐa ston q¸ro X eÐnai sqetik� fragmènh ston

Y .

Sto akìloujo je¸rhma sump�geiac twn Rellich-Kondrachov dÐnetai h sum-
pag c enswm�twsh tou q¸rou W 1,p(U) ston Lq(U).
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Je¸rhma 1.5.1 'Estw ìti to sÔnolo U eÐnai fragmèno, anoiqtì uposÔnolo
tou q¸rou Rn, kai to sÔnorì tou ∂U eÐnai C1. Upojètoume ìti 1 ≤ p < n.
Tìte

W 1,p(U) ⊂⊂ Lq(U),

gia k�je 1 ≤ q < p∗.

Apìdeixh DeÐte [1].

ParathroÔme ìti, epeid  isqÔoun oi sqèseic p∗ > p kai p∗ → ∞, kaj¸c
p → n, èpetai ìti W 1,p(U) ⊂⊂ Lp(U) gia k�je 1 ≤ p ≤ ∞. Epiplèon,
shmei¸noume ìti isqÔei W 1,p

0 (U) ⊂⊂ Lp(U), akìma kai an den upojèsoume ìti
to sÔnoro ∂U eÐnai C1.

1.5.2 Anisìthtec Poincaré kai Friedrich

Me th bo jeia thc sump�geiac, mporoÔme na par�goume nèec anisìthtec, ìpwc
oi anisìthtec Poincaré gia sÔnolo U   gia mp�la B(x, r) me kèntro to shmeÐo
x kai aktÐna r.

Je¸rhma 1.5.2 'Estw ìti to sÔnolo U eÐnai fragmèno, sunektikì, anoiqtì
uposÔnolo tou q¸rou Rn, kai to sÔnorì tou ∂U eÐnai C1. Upojètoume ìti
1 ≤ p ≤ ∞. Tìte up�rqei mia stajer� C, h opoÐa exart�tai mìno apì tic
paramètrouc n, p kai to sÔnolo U tètoia, ¸ste

‖u− (u)U‖Lp(U) ≤ C‖Du‖Lp(U),

gia k�je sun�rthsh u ∈ W 1,p(U).

Apìdeixh DeÐte [1].

UpenjumÐzetai ìti h mèsh tim  thc sun�rthshc u p�nw sto sÔnolo U sum-
bolÐzetai me (u)U =

∫
U
udy, en¸ h mèsh tim  thc u p�nw sthn mp�la B(x, r)

sumbolÐzetai me (u)x,r =
∫
B(x,r)

udy.

Je¸rhma 1.5.3 Upojètoume ìti 1 ≤ p ≤ ∞. Tìte up�rqei mia stajer� C,
h opoÐa exart�tai mìno apì tic paramètrouc n kai p tètoia, ¸ste

‖u− (u)x,r‖Lp(B(x,r)) ≤ Cr‖Du‖Lp(B(x,r)),

gia k�je mp�la B(x, r) ⊂ Rn kai gia k�je sun�rthsh u ∈ W 1,p(B0(x, r)).
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Apìdeixh DeÐte [1].

H akìloujh anisìthta, h opoÐa kaleÐtai anisìthta tou Friedrich, fr�ssei
thn Lp-nìrma miac sun�rthshc qrhsimopoi¸ntac Lp fr�gmata stic asjeneÐc
parag¸gouc thc sun�rthshc, kaj¸c kai sth gewmetrÐa tou pedÐou orismoÔ
thc. H anisìthta tou Friedrich mporeÐ na qrhsimopoihjeÐ gia na apodeiqjeÐ ìti
sugkekrimènec nìrmec stouc q¸rouc Sobolev eÐnai isodÔnamec.

Je¸rhma 1.5.4 'Estw ìti to sÔnolo U eÐnai èna fragmèno uposÔnolo tou
q¸rou Rn me di�metro d. Upojètoume ìti h sun�rthsh u : U → R an kei

ston q¸ro Sobolev W k,p
0 (U). Tìte isqÔei h akìloujh anisìthta

‖u‖Lp(U) ≤ dk

∑
|α|=k

‖Dαu‖pLp(U)

1/p

,

ìpou me α sumbolÐzetai h diatetagmènh n-�da (α1, . . . , αn) me |α| = α1+· · ·+αn
kai me Dαu sumbolÐzetai h meikt  merik  par�gwgoc ∂|α|u

∂
α1
x1
...∂αnxn

.

1.5.3 PhlÐka diafor¸n

Shmantikì rìlo sthn metèpeita efarmog  thc jewrÐac twn q¸rwn Sobolev stic
merikèc diaforikèc exis¸seic èqoun ta phlÐka diafor¸n, kaj¸c ja eÐmaste
upoqrewmènoi na melet soume proseggÐseic phlÐkwn diafor¸n se asjeneÐc
parag¸gouc.

Upojètoume ìti h sun�rthsh u : U → R eÐnai topik� ajroÐsimh sun�rthsh,
kai V ⊂⊂ U .

Orismìc 1.5.2 (i) To i-ostì phlÐko diafor�c megèjouc h orÐzetai wc

Dh
i u(x) =

u(x+ hei)− u(x)

h
, i = 1, . . . , n,

gia x ∈ V kai h ∈ R, 0 < |h| < dist(V, ∂U).
(ii) Dhu := (Dh

1u, . . . , D
h
nu).

Je¸rhma 1.5.5 (i) 'Estw ìti 1 ≤ p < ∞ kai h sun�rthsh u ∈ W 1,p(U).
Tìte gia k�je sÔnolo V ⊂⊂ U isqÔei

‖Dhu‖Lp(V ) ≤ C‖Du‖Lp(U),

gia k�poia stajer� C kai gia k�je h me 0 < |h| < 1
2
dist(V, ∂U).

(ii) 'Estw ìti 1 < p <∞, h sun�rthsh u ∈ Lp(V ), kai up�rqei mia stajer�
C tètoia, ¸ste ‖Dhu‖Lp(V ) ≤ C, gia k�je h me 0 < |h| < 1

2
dist(V, ∂U). Tìte

u ∈ W 1,p(V ), ‖Du‖Lp(V ) ≤ C.
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Sto parak�tw je¸rhma dÐnetai h sqèsh an�mesa ston q¸ro Sobolev W 1,∞

kai tic Lipschitz sunart seic.

Je¸rhma 1.5.6 'Estw ìti to sÔnolo U eÐnai anoiqtì kai fragmèno, me sÔ-
noro ∂U t�xewc C1. Tìte h sun�rthsh u : U → R eÐnai Lipschitz suneq c an
kai mìno an h u ∈ W 1,∞(U).

Apìdeixh DeÐte [1].

Me th bo jeia tou parap�nw jewr matoc apodeiknÔetai eÔkola ìti, gia k�je
anoiqtì sÔnolo U h sun�rthsh u ∈ W 1,∞

loc (U) an kai mìno an h u eÐnai Lipschitz
topik� suneq c sto U . 'Omwc, gia 1 ≤ p < ∞ den up�rqei antÐstoiqoc
qarakthrismìc twn q¸rwn W 1,p. Tèloc, shmei¸noume ìti par� to gegonìc ìti
k�je sun�rthsh u ∈ W 1,p, me n < p <∞, an kei ston Hölder q¸ro C0,1−n/p,
mia sun�rthsh h opoÐa eÐnai Hölder suneq c me ekjèth mikrìtero thc mon�dac
den an kei aparaÐthta se k�poio Sobolev q¸ro W 1,p.

1.5.4 Diaforisimìthta

Sth sunèqeia, exet�zoume thn sqèsh an�mesa stic asjeneÐc merikèc parag¸-
gouc kai tic merikèc parag¸gouc me b�sh ton klassikì diaforikì logismì.

Orismìc 1.5.3 Mia sun�rthsh u : U → R eÐnai diaforÐsimh se èna shmeÐo
x ∈ U an up�rqei α ∈ Rn tètoio, ¸ste

u(y) = u(x) + α(y − x) + o(|y − x|),

kaj¸c y → x.
IsodÔnama,

lim
y→x

|u(y)− u(x)− α(y − x)|
|y − x|

= 0.

EÐnai eÔkolo na elègxoume ìti, an up�rqei o arijmìc α, tìte autìc eÐnai
monadikìc. Sto ex c ja gr�foumeDu(x) gia k�poion arijmì α, kai ja kaloÔme
Du thn klÐsh thc sun�rthshc u.

Sto parak�tw je¸rhma dÐnetai h sqèsh an�mesa ston q¸ro Sobolev W 1,p
loc

kai thn diaforisimìthta.

Je¸rhma 1.5.7 'Estw ìti h sun�rthsh u ∈ W 1,p
loc (U) gia k�poio n < p ≤

∞. Tìte h u eÐnai diaforÐsimh sqedìn pantoÔ sto sÔnolo U , kai h klÐsh thc
isoÔtai me thn asjen  klÐsh thc sqedìn pantoÔ.
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Apìdeixh DeÐte [1].

L mma 1.5.8 (Rademacher) 'Estw ìti h sun�rthsh u eÐnai Lipschitz to-
pik� suneq c sto sÔnolo U . Tìte h u eÐnai diaforÐsimh sqedìn pantoÔ sto
U .

1.6 O q¸roc H−1

'Estw γ èna mh kenì uposÔnolo tou sunìrou ∂U tou sunìlou U . Tì-
te sumbolÐzoume me H1

γ(U) to uposÔnolo tou q¸rou H1(U) to opoÐo apo-
teleÐtai apì k�je sun�rthsh u ∈ H1(U) pou mhdenÐzetai sto γ, dhlad 
H1
γ(U) = {u ∈ H1(U)|u = 0 sto γ}. An γ = ∂U , tìte o q¸roc H1

∂U(U)
sumbolÐzetai me H1

0 (U), dhlad  H1
0 (U) = {u ∈ H1(U)|u = 0 sto ∂U}.

UpenjumÐzetai ìti, an X eÐnai q¸roc me nìrma, tìte to sÔnolo twn frag-
mènwn/suneq¸n grammik¸n sunarthsoeid¸n f : X → R apoteleÐ ton duðkì
q¸ro X∗ tou X.

Orismìc 1.6.1 SumbolÐzoume me H−1(U) ton duðkì q¸ro tou H1
0 (U).

Dhlad , to grammikì sunarthsoeidèc f an kei ston q¸ro H−1(U) an to
f eÐnai fragmèno ston q¸ro H1

0 (U).

Orismìc 1.6.2 An to sunarthsoeidèc f ∈ H−1(U), tìte orÐzetai h akìlou-
jh nìrma

‖f‖H−1(U) = sup{< f, u > | u ∈ H1
0 (U), ‖u‖H1

0 (U) ≤ 1}.

Je¸rhma 1.6.1 (i) 'Estw ìti to sunarthsoeidèc f ∈ H−1(U). Tìte up�r-
qoun sunart seic f 0, f 1, . . . , fn ston q¸ro L2(U) tètoiec, ¸ste

< f, v >=

∫
U

f 0v +
n∑
i=1

f ivxidx, v ∈ H1
0 (U). (1.3)

(ii) Epiplèon, ‖f‖H−1(U) = inf{(
∫
U

∑n
i=0 |f i|2dx)1/2| ìpou to f ikanopoieÐ

thn (1.3) gia sunart seic f 0, . . . , fn ∈ L2(U)}.
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Kef�laio 2

Elleiptikèc Exis¸seic
DeÔterhc T�xhc

2.1 Taxinìmhsh merik¸n diaforik¸n exis¸-

sewn

Orismìc 2.1.1 Merik  diaforik  exÐswsh kaleÐtai mia sunarthsiak  sqè-
sh h opoÐa sundèei mia �gnwsth sun�rthsh u = u(x), dianusmatik c metablh-
t c x = (x1, . . . , xn) ∈ U ⊆ Rn, n ≥ 2, kai peperasmèno pl joc apì merikèc
parag ģouc thc, dhlad 

F (x, u, ux1 , ux2 , . . . , ux1x2 , . . . ) = 0 , (2.1)

ìpou oi deÐktec upodhl¸noun parag ģish stic antÐstoiqec metablhtèc.

UpenjumÐzetai ìti, to sÔnolo U eÐnai ènac tìpoc, dhlad  èna sÔnolo anoi-
qtì kai sunektikì. 'Ena uposÔnolo U tou q¸rou Rn kaleÐtai anoiqtì ìtan
k�je shmeÐo tou eÐnai to kèntro miac anoiqt c sfaÐrac h opoÐa eÐnai uposÔno-
lo tou U kai sunektikì ìtan k�je dÔo shmeÐa tou sundèontai me mia suneq 
gramm  h opoÐa an kei sto U .

Orismìc 2.1.2 T�xh thc merik c diaforik c exÐswshc kaleÐtai h mègisthc
t�xhc parag ģish thc �gnwsthc sun�rthshc u h opoÐa emfanÐzetai sthn sqè-
sh (2.1).

Orismìc 2.1.3 Mia merik  diaforik  exÐswsh kaleÐtai grammik  ìtan h
sun�rthsh F pou thn orÐzei eÐnai grammik  sthn �gnwsth sun�rthsh u kai
se ìlec tic parag ģouc thc u pou emfanÐzontai sthn exÐswsh.

23
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An sthn sqèsh (2.1) tìso h sun�rthsh F ìso kai h �gnwsth sun�rthsh
u antikatastajoÔn me tic dianusmatikèc sunart seic F kai u antÐstoiqa, tìte
prokÔptei èna sÔsthma merik¸n diaforik¸n exis¸sewn to opoÐo èqei tìsouc
agn¸stouc ìsh eÐnai h di�stash thc u, en¸ to pl joc twn exis¸sewn tou
sust matoc isoÔtai me th di�stash thc F. 'Ena sÔsthma kaleÐtai grammikì
ìtan k�je mia apì tic exis¸seic pou to apoteloÔn eÐnai grammik .

H genik  morf  thc grammik c merik c diaforik c exÐswshc deÔterhc t�xhc
se n metablhtèc eÐnai h

−
n∑

i,j=1

αij(x)uxixj +
n∑
i=1

bi(x)uxi + c(x)u = f(x), (2.2)

ìpou x = (x1, . . . , xn).
An oi sunart seic αij, bi kai c eÐnai anex�rthtec thc metablht c x, tìte

h merik  diaforik  exÐswsh lème ìti èqei stajeroÔc suntelestèc. Epiplèon,
gia k�je sun�rthsh h opoÐa eÐnai dÔo forèc suneq¸c paragwgÐsimh isqÔei ìti
uxixj = uxjxi .

Orismìc 2.1.4 (i) H exÐswsh (2.2) kaleÐtai elleiptik  se èna shmeÐo x an
o pÐnakac A(x) := (αij(x)) eÐnai jetik� orismènoc.

(ii) H exÐswsh (2.2) kaleÐtai uperbolik  se èna shmeÐo x an o pÐnakac A(x)
èqei mia arnhtik  kai n− 1 jetikèc idiotimèc.

(iii) H exÐswsh (2.2) kaleÐtai parabolik  se èna shmeÐo x an o pÐnakac A(x)
eÐnai jetik� hmiorismènoc, kai o bajmìc tou epauxhmènou pÐnaka (A(x), b(x))
isoÔtai me n.

(iv) Mia exÐswsh kaleÐtai elleiptik , uperbolik    parabolik  an h antÐ-
stoiqh idiìthta isqÔei gia ìla ta shmeÐa tou pedÐou orismoÔ.

H exÐswsh (2.2) gia elleiptik� probl mata gr�fetai sun jwc sth morf 

Lu = f,

ìpou L ènac elleiptikìc diaforikìc telest c deÔterhc t�xhc.
Gia par�deigma, h exÐswsh Poisson

−∆u = f.

Epiplèon, oi uperbolikèc diaforikèc exis¸seic gr�fontai sun jwc sth mor-
f 

utt + Lu = f,

en¸ oi parabolikèc gr�fontai sun jwc sth morf 

ut + Lu = f,
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ìpou L ènac elleiptikìc diaforikìc telest c.
Par�deigma uperbolik c diaforik c exÐswshc apoteleÐ h kumatik  exÐswsh

∆u =
1

c2
utt,

en¸ par�deigma parabolik c diaforik c exÐswshc apoteleÐ h exÐswsh di�qushc

∆u =
1

κ
ut.

An h diaforik  exÐswsh paramènei amet�blhth par� thn efarmog  isome-
trik¸n apeikonÐsewn se aut n, tìte o elleiptikìc telest c L èqei th morf 

Lu = −α0∆u+ c0u.

To gegonìc autì emfanÐzetai se ìla ta parap�nw paradeÐgmata.
Tèloc, shmei¸noume ìti se antÐjesh me ta probl mata sun jwn diafori-

k¸n exis¸sewn sta opoÐa mporoÔme na efarmìsoume eÐte arqikèc   sunoriakèc
sunj kec gia thn epÐlus  touc, autì eÐnai adÔnato sthn perÐptwsh twn me-
rik¸n diaforik¸n exis¸sewn. Sthn perÐptwsh aut , h efarmog  arqik¸n  
sunoriak¸n sunjhk¸n exart�tai apì to eÐdoc thc diaforik c exÐswshc. EÐnai
gnwstì ìti, gia diaforikèc exis¸seic elleiptikoÔ tÔpou qrei�zetai na orÐsoume
sunoriakèc sunj kec gia thn epÐlus  touc, gia uperbolikèc diaforikèc exis¸-
seic qrei�zetai na orÐsoume arqikèc sunj kec, en¸ gia parabolikèc diaforikèc
exis¸seic orÐzoume kai arqikèc kai sunoriakèc sunj kec.

2.2 Basikèc ènnoiec

2.2.1 Elleiptikèc exis¸seic

Sto kef�laio autì, ja asqolhjoÔme kurÐwc me to prìblhma sunoriak¸n tim¸n{
Lu = f u ∈ U,
u = 0 u ∈ ∂U, (2.3)

ìpou to sÔnolo U eÐnai èna anoiqtì, fragmèno uposÔnolo tou q¸rou Rn,
u : Ū → R h �gnwsth sun�rthsh u = u(x), f : U → R mia dojeÐsa sun�rthsh,
kai L ènac merikìc diaforikìc telest c deÔterhc t�xhc o opoÐoc èqei eÐte th
morf 

Lu = −
n∑

i,j=1

(αij(x)uxi)xj +
n∑
i=1

bi(x)uxi + c(x)u (2.4)
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Lu = −
n∑

i,j=1

αij(x)uxixj +
n∑
i=1

bi(x)uxi + c(x)u, (2.5)

ìpou αij, bi, c gia i, j = 1, . . . , n dojeÐsec sunart seic suntelest¸n.
Ja lème ìti, h merik  diaforik  exÐswsh Lu = f eÐnai se morf  apìklishc

an o telest c L dÐnetai apì thn sqèsh (2.4), en¸ den eÐnai se morf  apìklishc
an o telest c L dÐnetai apì thn sqèsh (2.5). H sunj kh u = 0 sto ∂U sthn
sqèsh (2.3) kaleÐtai sun jwc sunoriak  sunj kh tou Dirichlet.

ParathreÐtai ìti, an oi suntelestèc uyhlìterhc t�xhc αij, gia i, j =
1, . . . , n, eÐnai C1 sunart seic kai o telest c L eÐnai se morf  apìklishc,
tìte o L mporeÐ na grafeÐ se morf  mh apìklishc, kai antÐstrofa. Pr�gmati,
h exÐswsh (2.4) gr�fetai

Lu = −
n∑

i,j=1

αij(x)uxixj +
n∑
i=1

b̃i(x)uxi + c(x)u,

ìpou b̃i := bi −
∑n

j=1 α
ij
xj
, gia i = 1, . . . , n, kai h parap�nw exÐswsh den eÐnai

se morf  apìklishc.
Epiplèon, an h sunoriak  sunj kh Dirichlet eÐnai mh omogen c, dhlad  to

prìblhma sunoriak¸n tim¸n dièpetai apì tic sqèseic{
Lu = f u ∈ U,
u = g u ∈ ∂U,

tìte mporeÐ na anaqjeÐ se omogen  sunoriak  sunj kh. Pr�gmati, upojètou-
me ìti up�rqei mia sun�rthsh u0 h opoÐa sumpÐptei me thn sun�rthsh g sto
sÔnoro ∂U , kai gia thn opoÐa h sun�rthsh Lu0 up�rqei. Tìte, to mh omogenèc
prìblhma gr�fetai {

Lw = f1 w ∈ U,
w = 0 w ∈ ∂U,

ìpou w := u− u0 kai f1 := f − Lu0.
Upojètoume ìti, isqÔei h sunj kh summetrÐac αij = αji, gia i, j = 1, . . . , n.

Orismìc 2.2.1 O merikìc diaforikìc telest c L eÐnai (omoiìmorfa) ellei-
ptikìc an up�rqei mia stajer� θ > 0 tètoia, ¸ste na isqÔei

n∑
i,j=1

αij(x)ξiξj ≥ θ|ξ|2 (2.6)

gia sqedìn k�je x ∈ U kai gia k�je ξ ∈ Rn.

Epomènwc, h elleiptikìthta shmaÐnei ìti gia k�je shmeÐo x ∈ U , o summe-
trikìc pÐnakacA(x) = (αij(x)) eÐnai jetik� orismènoc, me th mikrìterh idiotim 
tou na eÐnai megalÔterh apì   Ðsh me thn stajer� θ.
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Fusik  ErmhneÐa Tèloc, an h �gnwsth sun�rthsh u anaparist� thn pu-
knìthta miac posìthtac h opoÐa brÐsketai se isorropÐa sthn perioq  U , tìte
o deÔterhc t�xhc ìroc A := D2u =

∑n
i,j=1 α

ijuxixj sumbolÐzei th di�qush
thc posìthtac u sthn perioq  U , oi suntelestèc (αij) perigr�foun thn ani-
sìtroph, eterogen  fÔsh tou mèsou kai o ìroc F := −ADu sumbolÐzei th
diaqeìmenh puknìthta ro c. Opìte, h sunj kh elleiptikìthtac sunep�getai
ìti

F·Du ≤ 0,

to opoÐo shmaÐnei ìti h ro  gÐnetai apì perioqèc megalÔterhc se perioqèc mi-
krìterhc sugkèntrwshc thc posìthtac u. Shmei¸noume ìti, o pr¸thc t�xhc
ìroc b·Du =

∑n
i=1 b

iuxi sumbolÐzei th metafor� thc posìthtac u sthn perio-
q  U , kai o mhdenik c t�xhc ìroc cu perigr�fei thn topik  aÔxhsh   meÐwsh
thc posìthtac u.

2.2.2 AsjeneÐc lÔseic

Stìqoc thc paragr�fou aut c eÐnai o orismìc kai, metèpeita, h kataskeu  miac
kat�llhlhc asjenoÔc lÔshc u tou probl matoc (2.3). Gia to lìgo autì, je-
wroÔme to prìblhma sunoriak¸n tim¸n (2.3) ìpou o telest c L èqei th morf 
apìklishc, dhlad  dÐnetai apì thn sqèsh (2.4). Epiplèon, upojètoume ìti oi
suntelestèc αij, bi, c ∈ L∞(U), gia i, j = 1, . . . , n, kai h dojeÐsa sun�rthsh
f ∈ L2(U).

Orismìc 2.2.2 'Estw o grammikìc q¸roc V . 'Ena digrammikì sunarthsia-
kì B(· , · ) sto V eÐnai mia sun�rthsh me pedÐo orismoÔ to V × V kai pedÐo
tim¸n to R, me tic akìloujec idiìthtec

B(λ1u1 + λ2u2, v) = λ1B(u1, v) + λ2B(u2, v),

B(u, µ1v1 + µ2v2) = µ1B(u, v1) + µ2B(u, v2),

gia k�je sun�rthsh u, v, u1, u2, v1, v2 ∈ V kai stajerèc λ1, λ2, µ1, µ2 ∈ R.

Orismìc 2.2.3 (i) Ja lème ìti to digrammikì sunarthsiakì B(·, ·) eÐnai
summetrikì an gia k�je u, v ∈ V isqÔei

B(u, v) = B(v, u). (2.7)

(ii) Ja lème ìti to digrammikì sunarthsiakì B(·, ·) eÐnai suneq c sun�r-
thsh an gia k�je u, v ∈ V isqÔei h anisìthta

|B(u, v)| ≤ c1‖u‖V ‖v‖V , (2.8)
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ìpou c1 ≥ 0 mia stajer�.
(iii) Ja lème ìti to digrammikì sunarthsiakì B(·, ·) eÐnai V -elleiptik 

sun�rthsh (  piestik ) an gia k�je v ∈ V isqÔei h anisìthta

B(v, v) ≥ c2‖v‖2
V , (2.9)

ìpou c2 > 0 mia stajer�.

Orismìc 2.2.4 (i) H digrammik  morf  B[·, ·] h opoÐa sundèetai me ton
elleiptikì telest  L pou orÐzetai apì thn sqèsh (2.4) eÐnai

B[u, v] :=

∫
U

n∑
i,j=1

αijuxivxj +
n∑
i=1

biuxiv + cuv dx (2.10)

gia k�je sun�rthsh u, v ∈ H1
0 (U).

(ii) Ja lème ìti h sun�rthsh u ∈ H1
0 (U) eÐnai mia asjen c lÔsh tou

probl matoc sunoriak¸n tim¸n (2.3) an

B[u, v] = (f, v) (2.11)

gia k�je sun�rthsh v ∈ H1
0 (U), ìpou me (·, ·) sumbolÐzetai to eswterikì

ginìmeno ston q¸ro L2(U).

H tautìthta (2.11) kaleÐtai sun jwc metabolik  diatÔpwsh   asjen c
morf  tou probl matoc (2.3).

Genikìtera, jewroÔme to akìloujo prìblhma sunoriak¸n tim¸n{
Lu = f 0 −

∑n
i=1 f

i
xi

u ∈ U,
u = 0 u ∈ ∂U, (2.12)

ìpou o telest c L orÐzetai apì thn sqèsh (2.4) kai oi sunart seic f i ∈ L2(U),
gia i = 0, . . . , n. Me b�sh th jewrÐa pou diatup¸jhke sthn §1.6, parathroÔme
ìti o ìroc f = f 0 −

∑n
i=1 f

i
xi

an kei ston q¸ro H−1(U), ton duðkì q¸ro tou
H1

0 (U).

Orismìc 2.2.5 Ja lème ìti h sun�rthsh u ∈ H1
0 (U) eÐnai mia asjen c

lÔsh tou probl matoc sunoriak¸n tim¸n (2.12) an

B[u, v] =< f, v >

gia k�je sun�rthsh v ∈ H1
0 (U), ìpou < f, v >=

∫
U
f 0v +

∑n
i=1 f

ivxi dx kai
me < ·, · > sumbolÐzetai to duðkì zeÔgoc twn q¸rwn H−1(U) kai H1

0 (U).
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2.2.3 Metabolik  DiatÔpwsh kai to Prìblhma E-

laqistopoÐhshc

'Estw o q¸roc Hilbert V , me eswterikì ginìmeno (·, ·)V kai nìrma ‖·‖V , B(·, ·)
èna digrammikì sunarthsiakì sto V kai F = (f, v) èna grammikì sunarthsiakì
sto V . Upojètoume ìti, to B eÐnai mia summetrik , suneq c kai V -elleiptik 
sun�rthsh, en¸ to F eÐnai mia suneq c sun�rthsh, dhlad  gia k�je v ∈ V
isqÔei h anisìthta

|F (v)| ≤ c3‖v‖V , (2.13)

ìpou c3 ≥ 0 mia stajer�.
'Opwc eÐdame prohgoumènwc, to metabolikì (asjenèc) prìblhma orÐzetai

wc ex c: �Na brejeÐ u ∈ V tètoio, ¸ste B(u, v) = F (v)   ,isodÔnama,
B(u, v) = (f, v) gia k�je v ∈ V �.

To (metabolikì) prìblhma elaqistopoÐhshc orÐzetai wc ex c: �Na brejeÐ
u ∈ V tètoio, ¸ste J(u) = minv∈V J(v)�, ìpou to sunarthsiakì J ston
q¸ro V orÐzetai apì ton akìloujo tÔpo J(v) = 1

2
B(v, v)−F (v)  , isodÔnama,

J(v) = 1
2
B(v, v)− (f, v) kai kaleÐtai sun jwc enèrgeia tou sust matoc.

Je¸rhma 2.2.1 To prìblhma elaqistopoÐhshc eÐnai isodÔnamo me to me-
tabolikì prìblhma. Epiplèon, up�rqei to polÔ mÐa lÔsh tou metabolikoÔ
probl matoc.

Apìdeixh Arqik�, ja deÐxoume ìti an h sun�rthsh u ∈ V eÐnai mia lÔ-
sh tou metabolikoÔ probl matoc, tìte h u eÐnai kai lÔsh tou probl matoc
elaqistopoÐhshc.

'Estw h sun�rthsh w ∈ V . Epeid  o q¸roc V eÐnai grammikìc, èpetai ìti
h sun�rthsh u+ w ∈ V . ParathroÔme ,ìmwc, ìti

J(u+ w) =
1

2
B(u+ w, u+ w)− (f, u+ w) (2.14)

=
1

2
B(u, u)− (f, u) +

1

2
B(w,w)− (f, w) +B(u,w) (2.15)

= J(u) +
1

2
B(w,w) (2.16)

≥ J(u), (2.17)

afoÔ ,sÔmfwna me tic upojèseic, isqÔei B(w,w) ≥ c2‖w‖2
V ≥ 0. Epomènwc

J(u+ w) ≥ J(u) ,∀w ∈ V

kai jètontac v = u+ w prokÔptei ìti

J(u) = minv∈V J(v),
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dhlad  h u eÐnai kai lÔsh tou probl matoc elaqistopoÐhshc.
Sth sunèqeia, ja deÐxoume ìti an h sun�rthsh u ∈ V eÐnai mia lÔsh tou

probl matoc elaqistopoÐhshc, tìte h u eÐnai kai lÔsh tou metabolikoÔ pro-
bl matoc.

'Estw h sun�rthsh v ∈ V kai mia aujaÐreth stajer� t ∈ R. Epeid  o q¸roc
V eÐnai grammikìc, èpetai ìti h sun�rthsh u + tv ∈ V . Epiplèon, epeid  h u
eÐnai mia lÔsh tou probl matoc elaqistopoÐhshc, èpetai ìti J(u) ≤ J(u+ tv),
gia k�je t ∈ R.

OrÐzoume thn sun�rthsh g : R → R, me tÔpo: g(t) = J(u + tv). Parath-
roÔme ìti, isqÔei g(0) ≤ g(t), gia k�je t ∈ R. Epomènwc, epeid  to shmeÐo 0
eÐnai shmeÐo elaqÐstou thc g, ja eÐnai g′(0) = 0, an h par�gwgoc g′(0) up�rqei.

Epeid  isqÔei

g(t) = J(u+ tv) =
1

2
B(u+ tv, u+ tv)− (f, u+ tv) (2.18)

=
1

2
B(u, u)− (f, u) + t[B(u, v)− (f, v)] +

1

2
t2B(v, v) (2.19)

= J(u) + t[B(u, v)− (f, v)] +
1

2
t2B(v, v) (2.20)

kai g′(0) = limt→0
g(t)−g(0)

t
= limt→0

t(B(u,v)−(f,v))+ 1
2
t2B(u,v)

t
= 0, èpetai ìti

g′(0) = B(u, v) − (f, v) = 0   ,isodÔnama, B(u, v) = (f, v), dhlad  h u eÐnai
kai lÔsh tou metabolikoÔ probl matoc.

H sqèsh (2.16) perigr�fei to mègejoc tou J se apìstash v apì to shmeÐo
elaqÐstou u.

ShmeÐwsh To je¸rhma (2.2.1) mporeÐ na genikeujeÐ gia kurt� sÔnola wc
ex c:

H sun�rthsh u eÐnai h lÔsh tou probl matoc elaqistopoÐhshc se èna kurtì
sÔnolo V an kai mìno an h akìloujh metabolik  anisìthta isqÔei

B(u, v − u) ≥< f, v − u >, ∀v ∈ V. (2.21)

To akìloujo je¸rhma deÐqnei ìti to prìblhma sunoriak¸n tim¸n (2.3) qa-
rakthrÐzei th lÔsh tou probl matoc elaqistopoÐhshc.

Je¸rhma 2.2.2 K�je klassik  lÔsh tou probl matoc sunoriak¸n tim¸n
(2.3) ìpou o telest c L dÐnetai apì ton tÔpo (2.4) apoteleÐ mia lÔsh tou pro-
bl matoc elaqistopoÐhshc metaxÔ ìlwn twn sunart sewn pou an koun ston
q¸ro C2(U) ∩ C0(Ū) me mhdenikèc sunoriakèc timèc.
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Shmei¸netai ìti, mia sun�rthsh h opoÐa an kei ston q¸ro C2(U) ∩C0(Ū)
kai ikanopoieÐ mia dojeÐsa merik  diaforik  exÐswsh deutèrou bajmoÔ, kaj¸c
kai tic problepìmenec sunoriakèc sunj kec Dirichlet kaleÐtai klassik  lÔ-
sh thc exÐswshc. Epiplèon, h diaforik  exÐswsh Lu = f tou probl matoc
sunoriak¸n tim¸n kaleÐtai exÐswsh Euler   exÐswsh Euler-Lagrange tou me-
tabolikoÔ probl matoc.

Apìdeixh 'Estw ìti oi sunart seic v kai w eÐnai C1, kai me νi sumbolÐzetai
h i-ost  sunist¸sa tou dianÔsmatoc ν to opoÐo eÐnai k�jeto sthn epif�neia
∂U kai strammèno proc to exwterikì aut c. Tìte, o tÔpoc tou Green dÐnetai
apì thn akìloujh sqèsh∫

U

v∂iwdx = −
∫
U

w∂ivdx+

∫
∂U

vwνids. (2.22)

Jètontac w := αij∂ju sthn sqèsh (2.22) prokÔptei ìti∫
U

v∂i(α
ij∂ju)dx = −

∫
U

αij∂iv∂judx, (2.23)

dedomènou ìti v = 0 sto sÔnoro ∂U . Epiplèon, èqoume

B(u, v) =

∫
U

(
n∑

i,j=1

αij∂iu∂jv +
n∑
i=1

bi∂iuv + cuv

)
dx, (2.24)

kai

(f, v) =

∫
U

fvdx. (2.25)

AjroÐzontac thn sqèsh (2.22) wc proc i, j paÐrnoume ìti gia k�je sun�rthsh
v ∈ C1(U) ∩ C(Ū) me v = 0 sto sÔnoro ∂U isqÔei

B(u, v)− (f, v) =

∫
U

v

(
−

n∑
i,j=1

∂i(α
ij∂ju) +

n∑
i=1

bi∂iu+ cu− f

)
dx

=

∫
U

v(Lu− f)dx = 0, (2.26)

an kai mìno an isqÔei ìti Lu = f , dhlad  an kai mìno an h u apoteleÐ klassik 
lÔsh tou probl matoc sunoriak¸n tim¸n. Apì to Je¸rhma (2.2.1) èpetai to
zhtoÔmeno.

AntÐstrofa, k�je lÔsh tou probl matoc elaqistopoÐhshc h opoÐa an -
kei ston q¸ro C2(U) ∩ C0(Ū) apoteleÐ mia klassik  lÔsh tou probl matoc
sunoriak¸n tim¸n.



32 KEF�ALAIO 2. ELLEIPTIK�ES EXIS�WSEIS DE�UTERHS T�AXHS

Par�deigma 1 'Opwc èqoume dei sthn §2.2.1, to prìblhma{
Lu = f u ∈ U,
u = g u ∈ ∂U,

mporeÐ na anaqjeÐ sto akìloujo prìblhma{
Lw = f1 w ∈ U,
w = 0 w ∈ ∂U,

ìpou isqÔei o metasqhmatismìc w = u − u0 kai f1 = f − Lu0, me u0 ∈
C2(U)∩C0(Ū)∩H1(U) mia sun�rthsh h opoÐa sumpÐptei me thn g sto sÔnoro
∂U tou sunìlou U .

H asjen c morf  tou metasqhmatismènou probl matoc eÐnai: �Na brejeÐ
w ∈ H1

0 (U) tètoio, ¸ste B(w, v) = (f − Lu0, v) gia k�je v ∈ H1
0 (U)�.

Epeid  isqÔei B(u0, v) = (Lu0, v), to asjenèc prìblhma mporeÐ na p�rei thn
akìloujh morf : �Na brejeÐ u ∈ H1(U) tètoio, ¸ste B(u, v) = (f, v) kai
u− u0 ∈ H1

0 (U) gia k�je v ∈ H1
0 (U)�.

Par�deigma 2 'Estw to akìloujo prìblhma sunoriak¸n tim¸n{
−∆u = f u ∈ U,

u = 0 u ∈ ∂U. (2.27)

H asjen c morf  tou probl matoc autoÔ eÐnai: �Na brejeÐ u ∈ H1
0 (U) tètoio,

¸ste B(u, v) = (f, v) gia k�je v ∈ H1
0 (U).�, ìpou to digrammikì sunarthsia-

kì B dÐnetai apì ton akìloujo tÔpo me th bo jeia tou tÔpou tou Green

B(u, v) = −
∫
U

(∆u)v dx = −
∫
U

(52u)v dx

=

∫
U

5u5 v dx = (5u,5v) (2.28)

kai to grammikì sunarthsiakì F (v) = (f, v) dÐnetai apì ton tÔpo

(f, v) =

∫
U

fv dx. (2.29)

EÔkola parathreÐtai ìti, to sunarthsiakì B eÐnai digrammikì kai summetrikì,
en¸ to sunarthsiakì F eÐnai grammikì. Epiplèon, ta sunarthsiak� B kai F
eÐnai suneq , afoÔ

|B(u, v)| ≤ ‖ | 5 u| ‖L2(U)‖ | 5 v| ‖L2(U) ≤ ‖u‖H1
0 (U)‖v‖H1

0 (U), (2.30)
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kai

|(f, v)| ≤ ‖f‖L2(U)‖v‖L2(U) ≤ c‖v‖H1
0 (U). (2.31)

H H1
0 -elleiptikìthta tou sunarthsiakoÔ B mporeÐ na apodeiqjeÐ me th bo jeia

thc akìloujhc anisìthtac tou Poincaré∫
U

u2 dx ≤ c

∫
U

| 5 u|2 dx, ∀u ∈ H1
0 (U),

ìpou c mia stajer�. Pr�gmati, eÐnai

B(u, u) =

∫
U

| 5 u|2 dx ≥ 1

c+ 1

(∫
U

(u2 + | 5 u|2) dx

)
=

1

c+ 1
‖u‖2

H1(U). (2.32)

2.3 'Uparxh asjen¸n lÔsewn

2.3.1 Je¸rhma Lax-Milgram

Arqik�, eis�goume mia apl  afhrhmènh arq  apì th grammik  sunarthsiak 
an�lush, h opoÐa argìtera ja mac parèqei se sugkekrimènec peript¸seic sthn
§2.3.2 thn Ôparxh kai th monadikìthta miac asjenoÔc lÔshc sto prìblhma
sunoriak¸n tim¸n.

Upojètoume ìti, o q¸roc H eÐnai ènac pragmatikìc q¸roc Hilbert, me
nìrma ‖ · ‖ kai eswterikì ginìmeno (·, ·). UpenjumÐzetai ìti, me < ·, · > sum-
bolÐzetai to duðkì zeÔgoc tou q¸rou H me ton duðkì tou.

Je¸rhma 2.3.1 (Lax-Milgram gia kurt� sÔnola) 'Estw ìti to V
eÐnai èna kleistì, kurtì sÔnolo se ènan q¸ro Hilbert H, kai to B : H×H → R
eÐnai mia elleiptik  digrammik  apeikìnish. Tìte, gia k�je fragmèno grammikì
sunarthsoeidèc f to prìblhma elaqistopoÐhshc èqei mia monadik  lÔsh ston
q¸ro V .

Apìdeixh ParathroÔme ìti, h enèrgeia J tou sust matoc eÐnai k�tw frag-
mènh, afoÔ isqÔei

J(v) =
1

2
B(v, v)− < f, v >≥ 1

2
c2‖v‖2−‖f‖‖v‖ =

1

2c2

(c2‖v‖−‖f‖)2−‖f‖
2

2c2

≥ −‖f‖
2

2c2

.
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Upojètoume ìti, c := inf{J(v) | v ∈ V }, kai {vn}∞n=1 mia akoloujÐa h opoÐa
ikanopoieÐ thn sqèsh limn→∞ J(vn) = infv∈V J(v) = c. Tìte, isqÔei

c2‖vn − vm‖2 ≤ B(vn − vm, vn − vm)

= 2B(vn, vn) + 2B(vm, vm)−B(vn + vm, vn + vm)

= 4J(vn) + 4J(vm)− 8J(
vm + vn

2
)

≤ 4J(vn) + 4J(vm)− 8c,

afoÔ to sÔnolo V eÐnai kurtì kai, epomènwc, 1
2
(vn+vm) ∈ V . Epeid , epiplèon,

isqÔei ìti J(vn), J(vm) → c, èpetai ìti ‖vn − vm‖ → 0 gia k�je n,m → ∞.
Sunep¸c, h akoloujÐa {vn} eÐnai mia akoloujÐa Cauchy ston q¸ro H, kai to
ìrio u = limn→∞ vn up�rqei. Epeid  to sÔnolo V eÐnai kleistì, èpetai ìti u ∈
V . H sunèqeia tou J sunep�getai ìti J(u) = limn→∞ J(vn) = infv∈V J(v),
dhlad  to prìblhma elaqistopoÐhshc èqei lÔsh ston q¸ro V .

Tèloc, ja deÐxoume ìti h lÔsh aut  eÐnai monadik . 'Estw ìti oi sunar-
t seic u1, u2 eÐnai lÔseic tou probl matoc elaqistopoÐhshc. Profan¸c, h
akoloujÐa u1, u2, u1, u2, . . . eÐnai mia akoloujÐa h opoÐa ikanopoieÐ thn sqèsh
limn→∞ J(vn) = c. Me b�sh touc parap�nw sullogismoÔc, k�je tètoia ako-
loujÐa eÐnai akoloujÐa Cauchy, to opoÐo, sthn perÐptws  mac, eÐnai dunatì an
kai mìno an u1 = u2.

ShmeÐwsh K�je H-elleiptik  digrammik  apeikìnish B orÐzei mÐa nìrma
thc morf c

‖v‖B :=
√
B(v, v). (2.33)

H nìrma aut  eÐnai isodÔnamh me th nìrma pou orÐzei o q¸roc Hilbert H kai
kaleÐtai �energeiak  nìrma�.

To akìloujo je¸rhma apoteleÐ eidik  perÐptwsh tou parap�nw jewr matoc
gia V = H.

Je¸rhma 2.3.2 (Lax-Milgram) 'Estw ìti

B : H ×H → R

eÐnai mia digrammik  apeikìnish, gia thn opoÐa up�rqoun stajerèc α, β > 0
tètoiec, ¸ste

|B[u, v]| ≤ α‖u‖ ‖v‖, u, v ∈ H

kai
β‖u‖2 ≤ B[u, u], u ∈ H.
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Epiplèon, èstw f : H → R èna fragmèno grammikì sunarthsoeidèc ston q¸ro
H. Tìte up�rqei èna monadikì stoiqeÐo u ∈ H tètoio, ¸ste

B[u, v] =< f, v > (2.34)

gia k�je sun�rthsh v ∈ H.

Je¸rhma 2.3.3 (Anapar�stashc tou Riesz) Gia k�je sun�rthsh u∗ ∈
H∗ up�rqei èna monadikì stoiqeÐo u ∈ H tètoio, ¸ste

< u∗, v >= (u, v), ∀v ∈ H. (2.35)

Apìdeixh Me th bo jeia tou parap�nw jewr matoc parathroÔme ìti, h
apeikìnish v 7−→ B[u, v] gia k�je stajerì shmeÐo u ∈ H, h opoÐa eÐnai èna
fragmèno grammikì sunarthsoeidèc ston q¸ro H, sunep�getai thn Ôparxh
enìc monadikoÔ stoiqeÐou w ∈ H tètoio ¸ste,

B[u, v] = (w, v), ∀v ∈ H. (2.36)

Upojètoume ìti, an isqÔei h sqèsh (2.36), tìte up�rqei telest c A tètoioc,
¸ste na isqÔei Au = w. Lìgw thc sqèshc aut c, h (2.36) paÐrnei th morf 

B[u, v] = (Au, v), ∀u, v ∈ H. (2.37)

Sunep¸c, jèloume na apodeÐxoume ìti to shmeÐo u = A−1w eÐnai monadi-
kì. Gia to lìgo autì, prèpei na apodeÐxoume, arqik�, ìti o telest c A eÐnai
antistrèyimoc.

Arqik�, ja deÐxoume ìti o telest c A : H → H eÐnai grammikìc kai frag-
mènoc.

Pr�gmati, gia k�je λ1, λ2 ∈ R kai u1, u2 ∈ H parathroÔme ìti, gia k�je
v ∈ H isqÔei

(A(λ1u1 + λ2u2), v) = B[λ1u1 + λ2u2, v]

= λ1B[u1, v] + λ2B[u2, v]

= λ1(Au1, v) + λ2(Au2, v)

= (λ1Au1 + λ2Au2, v).

H isìthta aut  sunep�getai ìti o A eÐnai grammikìc.
Epiplèon, gia k�je u ∈ H isqÔei

‖Au‖2 = (Au,Au) = B[u,Au] ≤ α‖u‖‖Au‖.

Epomènwc, gia k�je u ∈ H isqÔei ‖Au‖ ≤ α‖u‖, dhlad  o A eÐnai fragmènoc.
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To gegonìc ìti o A eÐnai 1−1, kai to eÔroc tou R(A) eÐnai kleistì sÔnolo
ston q¸ro H èpetai apì thn akìloujh anisìthta

β‖u‖2 ≤ B[u, u] = (Au, u) ≤ ‖Au‖‖u‖

 , isodÔnama, β‖u‖ ≤ ‖Au‖.
SÔmfwna me thn parap�nw anisìthta, o A eÐnai 1-1. 'Estw h akoloujÐa

{yj}∞j=1 ⊂ R(A) h opoÐa sugklÐnei sto shmeÐo y ∈ H. Up�rqei monadik 
epilog  shmeÐou xj ∈ H tètoio, ¸ste Axj = yj. ParathroÔme ìti ‖yj −
yk‖H = ‖A(xj − xk)‖H ≥ β‖xj − xk‖H , dhlad  h akoloujÐa {xj}∞j=1 eÐnai
akoloujÐa Cauchy. Epomènwc, h {xj} sugklÐnei, dhlad  isqÔei xj → x ∈ H,
kai orÐzoume to shmeÐo y = Ax ∈ R(A). Epeid  o A eÐnai suneq c, èpetai ìti
yj = Axj → Ax = y kai, sunep¸c, to eÔroc tou R(A) eÐnai kleistì.

Gia na deÐxoume ìti o A eÐnai �epÐ�, arkeÐ na deÐxoume ìti isqÔei R(A) = H.
Upojètoume ìti R(A) ⊂ H. Epeid  to sÔnolo R(A) eÐnai kleistì, èpetai

ìti ja up�rqei èna mh mhdenikì stoiqeÐo w ∈ H me w ∈ R(A)⊥. 'Omwc, sthn
perÐptwsh aut  ja Ðsque β‖w‖2 ≤ B[w,w] = (Aw,w) = 0, to opoÐo eÐnai
�topo.

Sunep¸c, o A eÐnai antistrèyimoc.
Sth sunèqeia, me th bo jeia tou Jewr matoc Anapar�stashc tou Riesz

parathroÔme ìti < f, v >= (w, v) gia k�je v ∈ H kai gia k�poio stoiqeÐo
w ∈ H. K�nontac qr sh twn akìloujwn sunjhk¸n: o A eÐnai 1 − 1 kai
�epÐ� kai R(A) = H, brÐskoume u ∈ H me Au = w. Opìte, ja eÐnai

B[u, v] = (Au, v) = (w, v) =< f, v >, ∀v ∈ H.

Tèloc, deÐqnoume ìti up�rqei to polÔ èna stoiqeÐo u ∈ H to opoÐo epalh-
jeÔei thn sqèsh (2.34).

'Estw ìti oi sunart seic u1, u2 ∈ H epalhjeÔoun thn sqèsh (2.34), dhlad 
isqÔei B[u1, v] =< f, v > kai B[u2, v] =< f, v >, antÐstoiqa. Tìte, èpetai ìti
B[u1, v] = B[u2, v]  , isodÔnama, B[u1, v] − B[u2, v] = 0   B[u1 − u2, v] = 0
gia k�je v ∈ H. Jètontac v = u1 − u2 prokÔptei ìti β‖u1 − u2‖2 ≤ B[u1 −
u2, u1 − u2] = 0  , isodÔnama, ‖u1 − u2‖ = 0   u1 = u2.

2.3.2 Jewr mata 'Uparxhc Asjen¸n LÔsewn

Arqik�, ja apodeÐxoume ìti gia th digrammik  morf  B[·, ·] h opoÐa orÐzetai apì
ton tÔpo (2.10) isqÔoun oi akìloujec ektim seic, oi opoÐec kaloÔntai sun jwc
�energeiakèc ektim seic�.

Je¸rhma 2.3.4 Up�rqoun stajerèc α, β > 0 kai γ ≥ 0 tètoiec, ¸ste na
isqÔoun oi akìloujec anisìthtec
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(i) |B[u, v]| ≤ α‖u‖H1
0 (U)‖v‖H1

0 (U)

kai

(ii) β‖u‖2
H1

0 (U) ≤ B[u, u] + γ‖u‖2
L2(U)

gia k�je u, v ∈ H1
0 (U).

Apìdeixh Me b�sh ton orismì thc digrammik c morf c B[·, ·], prokÔptei
ìti

|B[u, v]| ≤
n∑

i,j=1

‖αij‖L∞(U)

∫
U

|Du||Dv|dx

+
n∑
i=1

‖bi‖L∞(U)

∫
U

|Du||v|dx+ ‖c‖L∞(U)

∫
U

|u||v|dx

≤ α‖u‖H1
0 (U)‖v‖H1

0 (U),

gia k�poia stajer� α.
Epiplèon, sÔmfwna me ton orismì (2.2.1) tou elleiptikoÔ merikoÔ diafori-

koÔ telest  L, o pÐnakac αij(x) eÐnai omoiìmorfa jetik� orismènoc gia k�je
x ∈ U . Epomènwc, up�rqei mia stajer� θ tètoia, ¸ste gia k�je x ∈ U na
isqÔei

θ
n∑
i=1

|uxi |2 ≤
n∑

i,j=1

αij(x)uxiuxj .

Oloklhr¸nontac thn parap�nw anisìthta sto sÔnolo U kai k�nontac qr -
sh tou orismoÔ thc B, prokÔptei ìti

θ

∫
U

|Du|2dx ≤
∫
U

n∑
i,j=1

αijuxiuxjdx

= B[u, u]−

(∫
U

n∑
i=1

biuxiu+ cu2dx

)

≤ B[u, u] +
n∑
i=1

‖bi‖L∞(U)

∫
U

|Du||u|dx

+ ‖c‖L∞(U)

∫
U

u2dx. (2.38)
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Me th bo jeia thc anisìthtac tou Cauchy me ε

ab ≤ εa2 +
b2

4ε
, ∀ε > 0,

parathroÔme ìti∫
U

|Du||u|dx ≤ ε

∫
U

|Du|2dx+
1

4ε

∫
U

u2dx, ∀ε > 0.

Eis�gontac thn parap�nw ektÐmhsh sthn sqèsh (2.38) kai jewr¸ntac ε > 0
tètoio, ¸ste

ε
n∑
i=1

‖bi‖L∞(U) <
θ

2
,

prokÔptei ìti

θ

∫
U

|Du|2dx ≤ B[u, u] +
n∑
i=1

‖bi‖L∞(U)

(
ε

∫
U

|Du|2dx+
1

4ε

∫
U

u2dx

)
+ ‖c‖L∞(U)

∫
U

u2dx

≤ B[u, u] +
θ

2

∫
U

|Du|2dx+

(
‖c‖L∞(U) +

1

4ε

)∫
U

u2dx

  isodÔnama
θ

2

∫
U

|Du|2dx ≤ B[u, u] + C

∫
U

u2dx,

ìpou C := ‖c‖L∞(U) + 1
4ε

mia stajer� h opoÐa exart�tai mìno apì tic sunar-
t seic twn suntelest¸n bi, c kai to sÔnolo U .

Prosjètontac kat� mèlh ton ìro θ
2

∫
U
u2dx sthn parap�nw ektÐmhsh, pro-

kÔptei ìti

θ

2

∫
U

(u2 + |Du|2)dx ≤ B[u, u] + (C +
θ

2
)

∫
U

u2dx

  isodÔnama

β‖u‖2
H1

0 (U) ≤ B[u, u] + γ‖u‖2
L2(U),

ìpou oi β > 0,γ ≥ 0 kat�llhlec stajerèc.
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ShmeÐwsh ParathroÔme ìti, an γ = 0, tìte h digrammik  morf  B[·, ·]
ikanopoieÐ tic upojèseic tou Jewr matoc Lax-Milgram, en¸ se diaforetik 
perÐptwsh, h B den epalhjeÔei akrib¸c tic upojèseic tou jewr matoc autoÔ.

H deÔterh perÐptwsh antimetwpÐzetai me th bo jeia tou akìloujou jew-
r matoc:

Je¸rhma 2.3.5 (Pr¸to Je¸rhma 'Uparxhc Asjen¸n LÔsewn)
Up�rqei ènac arijmìc γ ≥ 0 tètoioc, ¸ste gia k�je µ ≥ γ kai gia k�je su-
n�rthsh f ∈ L2(U), na up�rqei mia monadik  asjen c lÔsh u ∈ H1

0 (U) tou
probl matoc sunoriak¸n tim¸n{

Lu+ µu = f, u ∈ U,
u = 0, u ∈ ∂U.

Apìdeixh Gia na apodeÐxoume ìti up�rqei mia monadik  asjen c lÔsh u ∈
H1

0 (U) tou dojèntoc probl matoc sunoriak¸n tim¸n, arkeÐ na deÐxoume ìti
isqÔoun oi upojèseic tou Jewr matoc Lax-Milgram.

Arqik�, orÐzoume th digrammik  morf  B wc ex c

Bµ[u, v] := B[u, v] + µ(u, v).

ParathroÔme ìti, isqÔoun oi akìloujec anisìthtec

|Bµ[u, v]| = |B[u, v] + µ(u, v)|
≤ |B[u, v]|+ µ|(u, v)|
≤ α‖u‖H1

0 (U)‖v‖H1
0 (U) + µ‖u‖L2(U)‖v‖L2(U)

≤ c1‖u‖H1
0 (U)‖v‖H1

0 (U),

kai

β‖u‖2
H1

0 (U) ≤ B[u, u] + γ‖u‖2
L2(U)

= Bµ[u, u]− µ(u, u) + γ‖u‖2
L2(U)

= Bµ[u, u]− µ‖u‖2
L2(U) + γ‖u‖2

L2(U)

= Bµ[u, u] + (γ − µ)‖u‖2
L2(U),

  isodÔnama

c2‖u‖2
H1

0 (U) ≤ β‖u‖2
H1

0 (U) + (µ− γ)‖u‖2
L2(U) ≤ Bµ[u, u],

oi opoÐec exasfalÐzoun thn sunèqeia kai thn elleiptikìthta thc B, antÐstoiqa.
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Tèloc, h apeikìnish v 7−→< f, v >:= (f, v) eÐnai èna fragmèno grammikì
sunarthsoeidèc ston q¸ro L2(U) kai, sunep¸c, ston q¸ro H1

0 (U), afoÔ gia
k�je v ∈ H1

0 (U) isqÔei

| < f, v > | = |(f, v)| ≤ ‖f‖L2(U)‖v‖L2(U) ≤ c3‖v‖H1
0 (U).

Epomènwc, apì to Je¸rhma Lax-Milgram èpetai ìti, up�rqei mia monadi-
k  asjen c lÔsh u ∈ H1

0 (U) tou akìloujou probl matoc sunoriak¸n tim¸n
Bµ[u, v] =< f, v > gia k�je v ∈ H1

0 (U).

ShmeÐwsh Me parìmoio trìpo apìdeixhc mporoÔme na deÐxoume ìti, gia
k�je f i ∈ L2(U) me i = 0, 1, . . . , n up�rqei mia monadik  asjen c lÔsh u tou
akìloujou probl matoc sunoriak¸n tim¸n{

Lu+ µu = f 0 −
∑n

i=1 f
i
xi
, u ∈ U,

u = 0, u ∈ ∂U.

Par�deigma 2 (Sunèqeia) 'Opwc eÐdame sto Par�deigma 2 thc §2.2.3,
h digrammik  morf  B eÐnai suneq c kai elleiptik , en¸ to grammikì sunar-
thsoeidèc f eÐnai fragmèno. Sunep¸c, me b�sh to Je¸rhma Lax-Milgram,
up�rqei mia monadik  asjen c lÔsh u ∈ H1

0 (U) tou probl matoc (2.27).

ProtoÔ diatup¸soume to DeÔtero Je¸rhma 'Uparxhc Asjen¸n LÔsewn,
orÐzoume ta akìlouja:

Orismìc 2.3.1 (i) O telest c L∗, o opoÐoc kaleÐtai suzug c tou telest 
L, orÐzetai wc ex c

L∗v := −
n∑

i,j=1

(aijvxj)xi −
n∑
i=1

bivxi + (c−
n∑
i=1

bi,xi)v, (2.39)

an bi ∈ C1(Ū) gia k�je i = 1, . . . , n.
(ii) H suzug c digrammik  morf  B∗ : H ×H → R orÐzetai wc ex c

B∗[v, u] = B[u, v], (2.40)

gia k�je u, v ∈ H1
0 (U).

(iii) Ja lème ìti, h sun�rthsh v ∈ H1
0 (U) eÐnai mia asjen c lÔsh tou

suzugoÔc probl matoc {
L∗v = f, v ∈ U,
v = 0, v ∈ ∂U, (2.41)

an isqÔei
B∗[v, u] = (f, u)

gia k�je u ∈ H1
0 (U).
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Je¸rhma 2.3.6 (DeÔtero Je¸rhma 'Uparxhc Asjen¸n LÔsewn)
(i) Akrib¸c ènac apì touc akìloujouc isqurismoÔc eÐnai dunatìn na isqÔei:

eÐte (α) gia k�je sunarthsoeidèc f ∈ L2(U) up�rqei mia monadik  asjen c
lÔsh u tou probl matoc sunoriak¸n tim¸n{

Lu = f, u ∈ U,
u = 0, u ∈ ∂U,

  (β) up�rqei mia asjen c lÔsh u 6= 0 tou omogenoÔc probl matoc{
Lu = 0, u ∈ U,
u = 0, u ∈ ∂U.

(ii) Epiplèon, an isqÔei o isqurismìc (β), tìte h di�stash tou upìqwrou
N ⊂ H1

0 (U) twn asjen¸n lÔsewn omogenoÔc probl matoc eÐnai peperasmènh
kai Ðsh me th di�stash tou upìqwrou N∗ ⊂ H1

0 (U) twn asjen¸n lÔsewn tou
probl matoc {

L∗v = 0, v ∈ U,
v = 0, v ∈ ∂U.

(iii) Tèloc, to prìblhma sunoriak¸n tim¸n tou isqurismoÔ (α) èqei mia
asjen  lÔsh an kai mìno an (f, v) = 0 gia k�je v ∈ N∗.

Apìdeixh DeÐte [1].

Tèloc, diatup¸noume to TrÐto Je¸rhma 'Uparxhc Asjen¸n LÔsewn:

Je¸rhma 2.3.7 (i) Up�rqei èna sÔnolo Σ ⊂ R to polÔ arijm simo tètoio,
¸ste to prìblhma sunoriak¸n tim¸n{

Lu = λu+ f, u ∈ U,
u = 0, u ∈ ∂U

na èqei mia monadik  asjen  lÔsh gia k�je f ∈ L2(U) an kai mìno an λ /∈ Σ.
(ii) An to sÔnolo Σ eÐnai arijmhsÐmwc �peiro, tìte Σ = {λk}∞k=1, ìpou λk

oi timèc miac mh fjÐnousac akoloujÐac me λk → +∞.
To sÔnolo Σ kaleÐtai to (pragmatikì) f�sma tou telest  L.

Apìdeixh DeÐte [1].
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ShmeÐwsh Sugkekrimèna, to prìblhma sunoriak¸n tim¸n{
Lu = λu, u ∈ U,

u = 0, u ∈ ∂U,

èqei mia mh tetrimmènh lÔsh u 6= 0 an kai mìno an λ ∈ Σ. Sthn perÐptwsh aut ,
o arijmìc λ kaleÐtai idiotim  tou telest  L, en¸ h sun�rthsh w apoteleÐ thn
antÐstoiqh idiosun�rthsh.

Tèloc, diapist¸noume ìti isqÔei h akìloujh ektÐmhsh:

Je¸rhma 2.3.8 An λ /∈ Σ, tìte up�rqei mia stajer� C tètoia, ¸ste na
isqÔei

‖u‖L2(U) ≤ C‖f‖L2(U), (2.42)

an f ∈ L2(U) kai u ∈ H1
0 (U) eÐnai h monadik  asjen c lÔsh tou probl matoc{

Lu = λu+ f, u ∈ U,
u = 0, u ∈ ∂U.

H stajer� C exart�tai mìno apì ton arijmì λ, to sÔnolo U kai touc suntele-
stèc tou telest  L.

2.4 To Prìblhma Sunoriak¸n Tim¸n Neu-

mann

ParathroÔme ìti, sta probl mata sunoriak¸n tim¸n Dirichlet oi sunj kec
prèpei na enswmatwjoÔn ston q¸ro twn sunart sewn. Gia to lìgo autì,
oi sunoriakèc sunj kec autoÔ tou eÐdouc kaloÔntai �anagkaÐec�. AntÐjeta,
sta probl mata me ta opoÐa ja asqolhjoÔme sthn par�grafo aut , dhlad 
ekeÐna sta opoÐa efarmìzoume sunoriakèc sunj kec Neumann, sunj kec pou
dièpoun tic parag¸gouc sto sÔnoro, oi sunj kec efarmìzontai èmmesa; kai,
gia ton lìgo autì, kaloÔntai �fusikèc sunoriakèc sunj kec�.

Je¸rhma 2.4.1 'Estw ìti to sÔnolo U eÐnai fragmèno kai to sÔnorì tou
∂U eÐnai C1. Upojètoume ìti h sun�rthsh f ∈ L2(U) kai h sun�rthsh
g ∈ L2(∂U). Tìte, to prìblhma elaqistopoÐhshc: �Na brejeÐ u ∈ H1(U)
tètoio, ¸ste J(u) = minv∈H1(U)J(v)�, ìpou to sunarthsiakì J ston q¸ro
H1(U) orÐzetai apì ton tÔpo

J(v) :=
1

2
B[v, v]− (f, v)U − (g, v)∂U ,
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èqei akrib¸c mia lÔsh.
H lÔsh tou probl matoc elaqistopoÐhshc an kei ston q¸ro C2(U)∩C1(Ū)

an kai mìno an up�rqei mia klassik  lÔsh tou probl matoc sunoriak¸n tim¸n{
Lu = f, u ∈ U,∑n

i,k=1 νiαik∂ku = g, u ∈ ∂U. (2.43)

Sthn perÐptwsh aut , oi dÔo lÔseic eÐnai Ðdiec. [Sto je¸rhma autì èqoume
jewr sei ìti o omoiìmorfa elleiptikìc diaforikìc telest c L dÐnetai apì ton
tÔpo Lu := −

∑n
i,k=1 ∂i(αik∂ku) + α0u, ìpou α0(x) ≥ α > 0 gia k�je x ∈ U

kai gia tic omalèc sunart seic suntelest¸n isqÔei αik ≥ α gia k�je i, k =
1, . . . , n. Me ν := ν(x) sumbolÐzetai to exwterikì di�nusma, to opoÐo orÐzetai
sqedìn pantoÔ sto sÔnoro ∂U .]

Apìdeixh Gia na deÐxoume ìti to prìblhma elaqistopoÐhshc èqei akrib¸c
mia lÔsh, arkeÐ na deÐxoume ìti isqÔoun oi upojèseic tou Jewr matoc Lax-
Milgram gia to antÐstoiqo asjenèc prìblhma.

EÔkola parathreÐtai ìti, h morf  B pou orÐzetai apì ton tÔpo

B[u, v] :=

∫
U

(
n∑

i,k=1

αik∂iu∂kv + α0uv

)
dx

eÐnai digrammik  kai suneq c, en¸ to sunarthsoeidèc to opoÐo orÐzetai apì ton
tÔpo

< l, v >:=

∫
U

fvdx+

∫
∂U

gvds

eÐnai grammikì gia k�je f ∈ L2(U) kai g ∈ L2(∂U).
Epiplèon, epeid  gia k�je v ∈ H1(U) isqÔei h akìloujh anisìthta

B[v, v] ≥ α
∑
|a|=1

∫
U

|Dv|2dx+ α‖v‖2
H0(U) = α‖v‖2

H1(U),

èpetai ìti h digrammik  morf  B eÐnai elleiptik  ston q¸ro H1(U).
Tèloc, me th bo jeia tou Jewr matoc (1.3.5) prokÔptei ìti to sunarth-

soeidèc < l, v > eÐnai fragmèno.
Epomènwc, isqÔoun oi upojèseic tou Jewr matoc Lax-Milgram, kai sug-

kekrimèna, h sun�rthsh u apoteleÐ lÔsh tou asjenoÔc probl matoc

B[u, v] = (f, v)U + (g, v)∂U , ∀v ∈ H1(U). (2.44)
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Sth sunèqeia, upojètoume ìti h sqèsh (2.44) ikanopoieÐtai gia k�je u ∈
C2(U)∩C1(Ū). Epeid , sÔmfwna me to Je¸rhma (1.3.5), gia k�je v ∈ H1

0 (U)
isqÔei Tv = 0, apì thn sqèsh (2.44) èpetai ìti

B[u, v] = (f, v), ∀v ∈ H1
0 (U),

dhlad  sto eswterikì tou sunìlou U isqÔei

Lu = f. (2.45)

Me th bo jeia tou tÔpou tou Green prokÔptei ìti gia k�je v ∈ H1(U)
isqÔei h akìloujh isìthta∫

U

v∂i(αik∂ku)dx = −
∫
U

∂ivαik∂kudx+

∫
∂U

vαik∂kuνids.

Epomènwc, ja eÐnai

B[u, v]− (f, v)U − (g, v)∂U =

∫
U

v(Lu−f)dx+

∫
∂U

v

(
n∑

i,k=1

νiαik∂ku− g

)
ds.

(2.46)
Lìgw twn sqèsewn (2.44) kai (2.45), ja prèpei to deÔtero olokl rwma

sto dexÐ mèroc thc isìthtac (2.46) na mhdenÐzetai.
'Estw ìti h sun�rthsh v0 := νiαik∂ku − g den mhdenÐzetai. Tìte, epeid ∫

∂U
v2

0ds > 0 kai to sÔnolo C1(Ū) eÐnai puknì sto sÔnolo C0(Ū), up�rqei v ∈
C1(Ū) me

∫
∂U
v0vds > 0, to opoÐo eÐnai �topo lìgw thc upìjeshc. Sunep¸c,

h sunoriak  sunj kh ikanopoieÐtai.
AntÐstrofa, apì thn sqèsh (2.46) eÐnai profanèc ìti k�je klassik  lÔsh

tou probl matoc (2.43) ikanopoieÐ thn sqèsh (2.44), dhlad  eÐnai lÔsh tou
probl matoc elaqistopoÐhshc.

Par�deigma 3 H fusik  sunoriak  sunj kh, h opoÐa kaleÐtai kai suno-
riak  sunj kh Neumann, gia thn exÐswsh tou Helmholtz

−∆u+ α0(x)u = f, u ∈ U

eÐnai
∂u

∂ν
:= ν · 5u = g, u ∈ ∂U,

ìpou me ∂u
∂ν

sumbolÐzetai h kanonik  par�gwgoc, dhlad  h kateÔjunsh h k�jeth
sto efaptìmeno epÐpedo (an to sÔnoro eÐnai omalì).
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Par�deigma 4 H sunoriak  sunj kh Neumann gia thn exÐswsh tou Pois-
son

−∆u = f, u ∈ U

eÐnai
∂u

∂ν
= g, u ∈ ∂U.

ParathroÔme ìti, me th bo jeia tou OloklhrwtikoÔ Jewr matoc tou Gauss∫
U

div(w)dx =

∫
∂U

wνds

oi sunart seic f kai g sundèontai metaxÔ touc mèsw thc sqèshc∫
U

fdx = −
∫
U

(∆u)dx

= −
∫
U

div(5u)dx

= −
∫
∂U

5u · νds

= −
∫
∂U

∂u

∂ν
ds

= −
∫
∂U

gds

  ,isodÔnama, ∫
U

f dx+

∫
∂U

g ds = 0. (2.47)

H sqèsh (2.47) kaleÐtai �sunj kh sumbibastìthtac�.

ShmeÐwsh Stic efarmogèc sunant¸ntai suqn� ta onomazìmena �elleiptik�
probl mata meikt¸n sunoriak¸n sunjhk¸n� ta opoÐa eÐnai thc morf c

Lu = f, u ∈ U,
u = g, u ∈ ∂U1,
∂u
∂ν

= h, u ∈ ∂U2,
(2.48)

ìpou ∂U := ∂U1 ∪ ∂U2.
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2.5 Kanonikìthta

Sthn par�grafo aut , ja asqolhjoÔme me to prìblhma kanonikìthtac gia
tic asjeneÐc lÔseic, dhlad  me to prìblhma thc Ôparxhc miac omal c/leÐac
asjenoÔc lÔshc u thc merik c diaforik c exÐswshc Lu = f sto sÔnolo U .
Arqik�, ja orÐsoume to Hs-kanonikì asjenèc prìblhma kai, sth sunèqeia, ja
diatup¸soume jewr mata ta opoÐa exasfalÐzoun thn omalìthta thc asjenoÔc
lÔshc.

Orismìc 2.5.1 'Estw ìti to sunarthsiakì B[·, ·] eÐnai digrammikì kai V -
elleiptikì, ìpou to sÔnolo V ⊂ Hm(U) me m ≥ 1. Tìte to (metabolikì)
asjenèc prìblhma

B[u, v] = (f, v), ∀v ∈ V

kaleÐtai Hs-kanonikì an up�rqei mia stajer� c = c(U,B, s) tètoia, ¸ste gia
k�je f ∈ Hs−2m(U) na up�rqei mia lÔsh u ∈ Hs(U) h opoÐa ikanopoieÐ thn
akìloujh ektÐmhsh

‖u‖Hs(U) ≤ c‖f‖Hs−2m(U). (2.49)

Upojètoume ìti to sÔnolo U ⊂ Rn eÐnai anoiqtì kai fragmèno, kaj¸c kai
ìti h sun�rthsh u ∈ H1

0 (U) eÐnai mia asjen c lÔsh thc merik c diaforik c
exÐswshc Lu = f sto sÔnolo U , ìpou o telest c L eÐnai se morf  apìklishc,
dhlad  dÐnetai apì ton tÔpo (2.4).

Ta akìlouja jewr mata exasfalÐzoun thn omalìthta thc asjenoÔc lÔshc
u sto eswterikì tou sunìlou U .

Je¸rhma 2.5.1 (H2-Kanonikìthta) 'Estw ìti oi suntelestèc tou te-
lest  L αij ∈ C1(U), bi, c ∈ L∞(U) gia i, j = 1, . . . , n kai h sun�rthsh
f ∈ L2(U). Epiplèon, upojètoume ìti h sun�rthsh u ∈ H1(U) eÐnai mia asje-
n c lÔsh thc elleiptik c merik c diaforik c exÐswshc Lu = f sto sÔnolo U .
Tìte h u ∈ H2

loc(U) kai gia k�je anoiqtì sÔnolo V ⊂⊂ U isqÔei h ektÐmhsh

‖u‖H2(V ) ≤ C
(
‖f‖L2(U) + ‖u‖L2(U)

)
,

ìpou h stajer� C exart�tai mìno apì ta sÔnola V , U kai touc suntelestèc
tou L.

Apìdeixh DeÐte [1].

Je¸rhma 2.5.2 (Kanonikìthta Uyhlìterhc T�xhc) 'Estw ìti oi
suntelestèc αij, bi, c ∈ Cm+1(U) gia i, j = 1, . . . , n, me m ènan mh arnhtikì
akèraio arijmì, kai h sun�rthsh f ∈ Hm(U). Epiplèon, upojètoume ìti
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h sun�rthsh u ∈ H1(U) eÐnai mia asjen c lÔsh thc elleiptik c merik c
diaforik c exÐswshc Lu = f sto sÔnolo U . Tìte h u ∈ Hm+2

loc (U) kai gia
k�je sÔnolo V ⊂⊂ U isqÔei h ektÐmhsh

‖u‖Hm+2(V ) ≤ C
(
‖f‖Hm(U) + ‖u‖L2(U)

)
,

ìpou h stajer� C exart�tai mìno apì ton arijmì m, ta sÔnola U, V kai touc
suntelestèc tou L.

Apìdeixh DeÐte [1].

Je¸rhma 2.5.3 ('Apeirh Diaforisimìthta) 'Estw ìti oi suntelestèc
αij, bi, c ∈ C∞(U) gia i, j = 1, . . . , n kai h sun�rthsh f ∈ C∞(U). Epiplèon,
upojètoume ìti h sun�rthsh u ∈ H1(U) eÐnai mia asjen c lÔsh thc elleipti-
k c merik c diaforik c exÐswshc Lu = f sto sÔnolo U . Tìte h u ∈ C∞(U).

Apìdeixh DeÐte [1].

Ta akìlouja jewr mata exasfalÐzoun thn omalìthta thc asjenoÔc lÔshc
u sto sÔnoro ∂U tou sunìlou U .

Je¸rhma 2.5.4 'Estw ìti oi suntelestèc αij ∈ C1(Ū), bi, c ∈ L∞(U) gia
i, j = 1, . . . , n kai h sun�rthsh f ∈ L2(U). Epiplèon, upojètoume ìti h
sun�rthsh u ∈ H1

0 (U) eÐnai mia asjen c lÔsh tou elleiptikoÔ probl matoc
sunoriak¸n tim¸n {

Lu = f, u ∈ U,
u = 0, u ∈ ∂U.

Tèloc, upojètoume ìti to sÔnoro ∂U eÐnai C2. Tìte h u ∈ H2(U), kai isqÔei
h ektÐmhsh

‖u‖H2(U) ≤ C
(
‖f‖L2(U) + ‖u‖L2(U)

)
,

ìpou h stajer� C exart�tai mìno apì to sÔnolo U kai touc suntelestèc tou
L.

Apìdeixh DeÐte [1].

An h u ∈ H1
0 (U) eÐnai h monadik  asjen c lÔsh tou parap�nw probl matoc

sunoriak¸n tim¸n, h ektÐmhsh tou parap�nw Jewr matoc aplopoieÐtai wc ex c

‖u‖H2(U) ≤ C‖f‖L2(U).
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Je¸rhma 2.5.5 (Kanonikìthta Uyhlìterhc T�xhc) 'Estw ìti oi
suntelestèc αij, bi, c ∈ Cm+1(Ū) gia i, j = 1, . . . , n, me m ènan mh arnhtikì
akèraio arijmì, kai h sun�rthsh f ∈ Hm(U). Epiplèon, upojètoume ìti h
sun�rthsh u ∈ H1

0 (U) eÐnai mia asjen c lÔsh tou probl matoc sunoriak¸n
tim¸n {

Lu = f, u ∈ U,
u = 0, u ∈ ∂U.

Tèloc, upojètoume ìti to sÔnoro ∂U eÐnai Cm+2. Tìte h u ∈ Hm+2(U), kai
isqÔei h ektÐmhsh

‖u‖Hm+2(U) ≤ C
(
‖f‖Hm(U) + ‖u‖L2(U)

)
,

ìpou h stajer� C exart�tai mìno apì ton arijmì m, to sÔnolo U kai touc
suntelestèc tou L.

Apìdeixh DeÐte [1].

An h u eÐnai h monadik  lÔsh tou parap�nw probl matoc, tìte h ektÐmhsh
tou Jewr matoc aplopoieÐtai wc ex c

‖u‖Hm+2(U) ≤ C‖f‖Hm(U).

Je¸rhma 2.5.6 ('Apeirh Diaforisimìthta) 'Estw ìti oi suntelestèc
αij, bi, c ∈ C∞(Ū) gia i, j = 1, . . . , n kai h sun�rthsh f ∈ C∞(Ū). Epiplèon,
upojètoume ìti h sun�rthsh u ∈ H1

0 (U) eÐnai mia asjen c lÔsh tou probl -
matoc sunoriak¸n tim¸n {

Lu = f, u ∈ U,
u = 0, u ∈ ∂U.

Tèloc, upojètoume ìti to sÔnoro ∂U eÐnai C∞. Tìte h u ∈ C∞(Ū).

Apìdeixh DeÐte [1].



Kef�laio 3

SÔmmorfa Peperasmèna
StoiqeÐa

3.1 H mèjodoc Ritz-Galerkin

Sthn par�grafo aut , ja melet soume th mèjodo Ritz-Galerkin, h opoÐa mac
dÐnei mia pr¸th, apl  fusik  prosèggish thc arijmhtik c lÔshc tou elleipti-
koÔ probl matoc sunoriak¸n tim¸n. H mèjodoc aut  sthrÐzetai sthn ela-
qistopoÐhsh tou sunarthsiakoÔ J , to opoÐo èqei orisjeÐ me b�sh to dojèn
metabolikì prìblhma, se k�poion kat�llhlo upìqwro peperasmènwn diast�-
sewn, antÐ ston q¸ro Hm(U). O upìqwroc autìc sumbolÐzetai sun jwc me
Sh, ìpou h h antiproswpeÔei mia par�metro diakritopoÐhshc. Epiplèon, o
sumbolismìc autìc upodhl¸nei ìti h proseggistik  lÔsh ja sugklÐnei sthn
pragmatik  lÔsh tou dojèntoc (suneqoÔc) probl matoc kaj¸c h→ 0.

'Opwc èqoume dei, to akribèc metabolikì prìblhma eÐnai to akìloujo: �Na
brejeÐ u ∈ V tètoio, ¸ste B[u, v] =< f, v > gia k�je v ∈ V �. Sth mèjo-
do Ritz-Galerkin epilègoume ènan upìqwro Sh tou q¸rou V kai jewroÔme
to akìloujo proseggistikì prìblhma: �Na brejeÐ uh ∈ Sh tètoio, ¸ste
B[uh, v] =< f, v > gia k�je v ∈ Sh�. H uh kaleÐtai proseggistik  lÔsh thc
akriboÔc lÔshc u.

'Estw ìti to sÔnolo {ψ1, ψ2, . . . , ψN} apoteleÐ mia b�sh tou q¸rou Sh.
Tìte to proseggistikì prìblhma eÐnai isodÔnamo me tic N exis¸seic

B[uh, ψi] =< f, ψi >, i = 1, 2, . . . , N.

Epeid  h uh mporeÐ na grafeÐ wc grammikìc sunduasmìc twn sunart sewn ψi
gia i = 1, . . . , N , dhlad  mporeÐ na p�rei th morf 

uh =
N∑
j=1

cjψj,

49
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èpetai ìti to proseggistikì prìblhma eÐnai isodÔnamo me to akìloujo sÔsthma
exis¸sewn

N∑
j=1

cjB[ψj, ψi] =< f, ψi >, i = 1, 2, . . . , N, (3.1)

oi opoÐec apoteloÔn èna grammikì sÔsthma

Ac = b, (3.2)

ìpou A = (aij) = B[ψj, ψi], b = (bi) =< f, ψi > kai c = (cj).
Sunep¸c, h mèjodoc Ritz-Galerkin an�getai sthn epÐlush tou grammikoÔ

sust matoc (3.2).

ShmeÐwsh Stic epist mec tou mhqanikoÔ, kai sugkekrimèna an to prìblhma
an kei sth mhqanik  suneqoÔc mèsou, o pÐnakac A kaleÐtai sun jwc pÐnakac
akamyÐac tou sust matoc.

Sthn parak�tw jewrÐa ja k�noume tic akìloujec upojèseic gia to digram-
mikì sunarthsiakì B kai to grammikì sunarthsiakì < f, v >: (i) to B eÐnai
suneqèc kai V -elleiptikì, kai (ii) to < f, v > eÐnai suneqèc.

Je¸rhma 3.1.1 O pÐnakac A thc mejìdou Ritz-Galerkin eÐnai jetik� ori-
smènoc, dhlad  isqÔei

zTAz > 0, ∀z ∈ RN , z 6= 0.

Apìdeixh 'Estw {ψj}Nj=1 mia b�sh thc mejìdou Ritz-Galerkin. An jèsoume

uh =
∑N

j=1 cjψj, tìte èpetai ìti

zTAz =
N∑
i=1

zi

N∑
j=1

aijzj

=
N∑
i=1

zi

N∑
j=1

B[ψj, ψi]zj

= B[
N∑
j=1

zjψj,

N∑
i=1

ziψi]

= B[uh, uh] ≥ β‖uh‖2
V > 0,

an uh 6= 0   ,isodÔnama, an z 6= 0.
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Je¸rhma 3.1.2 Anex�rthta apì thn epilog  tou upìqwrou Sh tou q¸rou
V , h lÔsh tou proseggistikoÔ probl matoc ikanopoieÐ p�nta thn akìloujh
anisìthta

‖uh‖Hm(U) ≤ β−1‖f‖.

Apìdeixh 'Estw ìti h sun�rthsh uh eÐnai mia lÔsh tou proseggistikoÔ
probl matoc. Antikajist¸ntac v = uh, èpetai ìti

β‖uh‖2
Hm(U) ≤ B[uh, uh] =< f, uh >≤ ‖f‖‖uh‖Hm(U).

Diair¸ntac me ‖uh‖Hm(U) kai ta dÔo mèlh thc anisìthtac, èpetai to zhtoÔmeno.

L mma 3.1.3 (tou Céa) 'Estw ìti to digrammikì sunarthsiakì B eÐnai V -
elleiptikì me V ⊂ Hm(U). Tìte isqÔei h genik  ektÐmhsh sf�lmatoc

‖u− uh‖V ≤
α

β
infvh∈Sh‖u− vh‖V ,

ìpou u kai uh eÐnai oi lÔseic tou metabolikoÔ probl matoc ston q¸ro V kai
tou proseggistikoÔ probl matoc ston q¸ro Sh ⊂ V , antÐstoiqa.

Apìdeixh Lìgw thc upìjeshc, isqÔei ìti

B[u, v] =< f, v >, ∀v ∈ V,

B[uh, v] =< f, v >, ∀v ∈ Sh.
Epeid  Sh ⊂ V , afair¸ntac tic parap�nw sqèseic èpetai ìti

B[u− uh, v] = 0, ∀v ∈ Sh. (3.3)

'Estw ìti vh ∈ Sh. Jètontac v = vh − uh ∈ Sh sthn sqèsh (3.3), èpetai ìti
B[u− uh, vh − uh] = 0, kai

β‖u− uh‖2
V ≤ B[u− uh, u− uh]

= B[u− uh, u− vh + vh − uh]
= B[u− uh, u− vh] +B[u− uh, vh − uh]
= B[u− uh, u− vh] +B[u, vh − uh]−B[uh, vh − uh]
= B[u− uh, u− vh]+ < f, vh − uh > − < f, vh − uh >
= B[u− uh, u− vh]
≤ α‖u− uh‖V ‖u− vh‖V .

Diair¸ntac me ‖u − uh‖V ta dÔo mèlh thc parap�nw anisìthtac, èpetai ìti
‖u− uh‖V ≤ α

β
‖u− vh‖V , dhlad  isqÔei h zhtoÔmenh ektÐmhsh.
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ShmeÐwsh H sqèsh (3.3) kaleÐtai sun jwc orjogwniìthta tou Galerkin.

Se antistoiqÐa me to Je¸rhma (2.2.1) thc §2.2.3 isqÔei to akìloujo je¸rhma

Je¸rhma 3.1.4 An to digrammikì sunarthsiakì B eÐnai summetrikì, tìte
to proseggistikì prìblhma eÐnai isodÔnamo me to akìloujo prìblhma elaqi-
stopoÐhshc: �Na brejeÐ uh ∈ Sh tètoio, ¸ste J(uh) = minv∈ShJ(v)�.

Tèloc, ja efarmìsoume th mèjodo Ritz-Galerkin se èna elleiptikì prì-
blhma sunoriak¸n tim¸n.

Par�deigma 2 (Sunèqeia) 'Estw to akìloujo prìblhma sunoriak¸n
tim¸n: {

−∆u = f, u ∈ U,
u = 0, u ∈ Γ,

ìpou to sÔnolo U eÐnai to monadiaÐo tetr�gwno (0, 1)× (0, 1) kai Γ to sÔnoro
tou U .

Gia na epilÔsoume arijmhtik� to parap�nw prìblhma me th mèjodo Ritz-
Galerkin, kataskeu�zoume pr¸ta èna merismì thc perioq c U se trÐgwna. Je-
wroÔme ton q¸ro Sh twn proseggistik¸n sunart sewn v(x, y) oi opoÐec èqoun
pedÐo orismoÔ to sÔnolo U kai ikanopoioÔn tic akìloujec idiìthtec:

(i) h v(x, y) eÐnai grammik  se k�je trÐgwno T tou trigwnismoÔ tou sunìlou
U , dhlad  eÐnai thc morf c

v(x, y) = ax+ by + c.

(ii) h v(x, y) eÐnai suneq c se ìlh thn perioq  Ū = [0, 1]× [0, 1].
(iii) h v(x, y) mhdenÐzetai sto sÔnoro Γ.
Sth sunèqeia, gia k�je koruf  Pj = (xj, yj), gia j = 1, . . . , n, tou tri-

gwnismoÔ tou U pou den an kei sto sÔnoro Γ jewroÔme th sun�rthsh �pu-
ramÐda� ψj(x, y) h opoÐa an kei ston q¸ro Sh kai paÐrnei thn tim  1 sthn
antÐstoiqh koruf  Pj kai thn tim  0 se ìlec tic �llec korufèc tou trigwni-
smoÔ, en¸ h apìluth tim  thc parag¸gou thc eÐnai Ðsh me 1

h
. Epomènwc, isqÔei

dimSh = n = arijmìc twn eswterik¸n kombik¸n shmeÐwn, kai oi sunart seic
ψj, gia j = 1, . . . , n, kaloÔntai sunart seic b�shc.

Efarmìzontac th mèjodo Ritz-Galerkin sto prìblhma autì, katal goume
sto sÔsthma exis¸sewn

n∑
j=1

cj

∫ ∫
U

5ψj · 5ψi dx dy =

∫ ∫
U

f ψi dx dy, i = 1, . . . , n,
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  isodÔnama
Ac = b,

ìpou A = (aij) =
∫ ∫

U
5ψj · 5ψi dx dy, b = (bi) =

∫ ∫
U
f ψi dx dy kai

c = (cj).
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V V II

III I

V I V III

IV II

S SE

NW N

W EC

'Estw o trigwnismìc miac perioq c tou sunìlou U , ìpwc faÐnetai sto pa-
rap�nw sq ma. Gia na skiagraf soume th morf  tou pÐnaka akamyÐac A tou
sust matoc, ja upologÐsoume ta stoiqeÐa tou (aij) gÔrw apì to shmeÐo C.
Epeid :

aCC =

∫
I−V III

(5ψC)2 dx dy

= 2

∫
I+III+IV

∆ψ2
C dx dy

= 2

∫
I+III+IV

(
(∂xψC)2 + (∂yψC)2

)
dx dy

= 2

∫
I+III

(∂xψC)2 dx dy + 2

∫
I+IV

(∂yψC)2 dx dy

= 2h−2

∫
I+III

dx dy + 2h−2

∫
I+IV

dx dy

= 4,

aCN =

∫
I+IV

5ψC · 5ψN dx dy =

∫
I+IV

∂yψC ∂yψN dx dy

=

∫
I+IV

(−h−1)h−1 dx dy = −1,
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aC NW =

∫
III+IV

5ψC · 5ψNW dx dy

=

∫
III+IV

(∂xψC∂xψNW + ∂yψC∂yψNW ) dx dy = 0,

kai lìgw summetrÐac isqÔei:

aCE = aCS = aCW = aCN = −1,

kai

aC SE = aC NW = 0,

ìpou me ψi, i = {C,N, S,W,E,NW,SE}, sumbolÐzetai h sun�rthsh �puramÐ-
da� h opoÐa èqei koruf  sto shmeÐo i, èpetai ìti o pÐnakac A tou sust matoc
gÔrw apì to shmeÐo C èqei th morf : 0 −1 0

−1 4 −1
0 −1 0

 .

3.2 Merik� Peperasmèna StoiqeÐa

Sthn par�grafo aut , ja asqolhjoÔme arqik� me touc q¸rouc peperasmènwn
stoiqeÐwn, kai kurÐwc me ekeÐnec tic idiìthtec oi opoÐec qarakthrÐzoun dia-
foretikoÔc q¸rouc. Sth sunèqeia, ja melet soume dÔo meg�lec kathgorÐec
sÔmmorfwn peperasmènwn stoiqeÐwn: ta trigwnik� kai ta orjog¸nia stoiqeÐa.
Tèloc, ja anaferjoÔme sta krit ria me th bo jeia twn opoÐwn epilègoume to
kat�llhlo stoiqeÐo gia to diaqwrismì tou sunìlou U .

3.2.1 Q¸roi Peperasmènwn StoiqeÐwn

Praktik�, q¸roc peperasmènwn stoiqeÐwn kaleÐtai o q¸roc ston opoÐo lÔne-
tai to metabolikì prìblhma pou antistoiqeÐ sto dojèn elleiptikì prìblhma
sunoriak¸n tim¸n. Gia na orÐsoume ènan q¸ro peperasmènwn stoiqeÐwn Sh,
qrei�zetai na prosdiorÐsoume ta akìlouja:

(i) to eÐdoc tou diaqwrismoÔ tou sunìlou U .
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Ta upopedÐa sta opoÐa diaqwrÐzetai to dojèn pedÐo U kaloÔntai stoiqeÐa.
Sthn perÐptwsh twn epÐpedwn problhm�twn, ta stoiqeÐa aut� mporeÐ na eÐnai
trÐgwna   tetr�pleura, en¸ se probl mata tri¸n diast�sewn wc stoiqeÐa qrh-
simopoioÔntai sun jwc tetr�edra, kÔboi, orjog¸nia parallhlepÐpeda, k.lp.
Gia lìgouc aplìthtac, ja periorÐsoume th melèth mac kurÐwc sthn perÐptwsh
twn dÔo diast�sewn.

Me th bo jeia tou akìloujou orismoÔ, eÐnai dunatìn na elegqjeÐ an o
diaqwrismìc tou U eÐnai apodektìc, kaj¸c kai an ikanopoieÐ tic idiìthtec sug-
kekrimènou eÐdouc.

Orismìc 3.2.1 'Estw ìti to sÔnolo U eÐnai èna polugwnikì pedÐo to opoÐo
mporeÐ na diaqwristeÐ se trÐgwna   tetr�pleura.

(i) O diaqwrismìc T = {T1, T2, . . . , TM} tou U se trigwnik�   tetr�pleura
stoiqeÐa kaleÐtai apodektìc an isqÔoun oi akìloujec idiìthtec:

(1) Ū = ∪Mi=1Ti.
(2) An h Ti ∩ Tj apoteleÐtai apì èna akrib¸c shmeÐo, tìte to shmeÐo autì

eÐnai koin  koruf  tou stoiqeÐou Ti kai tou Tj.
(3) An gia k�je i 6= j h Ti∩Tj apoteleÐtai apì perissìtera tou enìc shmeÐa,

tìte h Ti ∩ Tj eÐnai mia koin  pleur� twn stoiqeÐwn Ti kai Tj.
(ii) O diaqwrismìc T ja sumbolÐzetai me Th ìtan k�je stoiqeÐo tou èqei

di�metro to polÔ Ðsh me 2h.
(iii) Ja lème ìti o diaqwrismìc eÐnai kanonikìc an ìla ta stoiqeÐa tou èqoun

to Ðdio sq ma kai to Ðdio mègejoc.
(iv) Mia oikogèneia {Th} diaqwrism¸n kaleÐtai kanonik  wc proc to sq ma

an up�rqei ènac arijmìc κ > 0 tètoioc, ¸ste k�je diaqwrismìc T ∈ Th na
perikleÐei ènan kÔklo aktÐnac ρT me

ρT ≥ hT/κ,

ìpou me hT sumbolÐzetai to misì thc diamètrou tou T .
(v) Mia oikogèneia {Th} diaqwrism¸n kaleÐtai omoiìmorfh (  κ-kanonik )

an up�rqei ènac arijmìc κ > 0 tètoioc, ¸ste k�je stoiqeÐo T ∈ Th na perikleÐei
ènan kÔklo aktÐnac ρT ≥ h/κ.

Epeid  h = maxT∈ThhT , èpetai ìti h omoiomorfÐa enìc plègmatoc apoteleÐ
isqurìterh apaÐthsh apì thn kanonikìtht� tou wc proc to sq ma. Gia to lìgo
autì, sthn pr�xh qrhsimopoioÔntai sunhjèstera kanonik� wc proc to sq ma
plègmata, kai polÔ sp�nia omoiìmorfa.

(ii) to eÐdoc thc sun�rthshc v ∈ Sh se k�je stoiqeÐo Ti gia i = 1, 2, . . . ,M .
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Sun jwc, h sun�rthsh v eÐnai èna polu¸numo. Se epÐpeda probl mata, kai
gia trigwnismì tou sunìlou U h v ∈ Pt, ìpou me

Pt := {v(x, y) =

i+j≤t∑
i,j≥0

cijx
iyj}, (3.4)

sumbolÐzetai to sÔnolo twn poluwnÔmwn bajmoÔ ≤ t. An qrhsimopoioÔntai
ìla ta polu¸numa bajmoÔ ≤ t, tìte h v kaleÐtai peperasmèno stoiqeÐo me
pl rec polu¸numo.

AntÐjeta, sta orjog¸nia stoiqeÐa qrhsimopoioÔntai sunart seic v oi o-
poÐec an koun sto sÔnolo Qt, ìpou me

Qt := {v(x, y) =
∑

0≤i,j≤t

cijx
iyj} (3.5)

sumbolÐzetai h parap�nw poluwnumik  oikogèneia h opoÐa perilamb�nei tanu-
stik� ginìmena.

Tìso sthn perÐptwsh twn trigwnik¸n stoiqeÐwn ìso kai se aut n twn
orjogwnÐwn, oi periorismoÐ twn poluwnÔmwn stic pleurèc twn trig¸nwn   twn
tetraèdrwn, antÐstoiqa, eÐnai polu¸numa miac metablht c.

(iii) tic paramètrouc pou qrhsimopoioÔntai gia na prosdioristoÔn oi sunar-
t seic v ∈ Sh.

Oi par�metroi autèc mporoÔn na eÐnai oi timèc thc v stouc kìmbouc tou
stoiqeÐou Ti, se endi�mesa shmeÐa stic pleurèc tou stoiqeÐou, sto kèntro tou
stoiqeÐou, kaj¸c kai oi timèc twn parag¸gwn thc v sta shmeÐa aut�. Oi timèc
autèc kaloÔntai sun jwc sunj kec parembol c.

3.2.2 Merik� SÔmmorfa Peperasmèna StoiqeÐa

Arqik�, ja d¸soume ton orismì tou sÔmmorfou peperasmènou stoiqeÐou.

Orismìc 3.2.2 (i) Wc peperasmèno stoiqeÐo orÐzetai h tri�da (T,Π,Σ) gia
thn opoÐa isqÔoun oi akìloujec idiìthtec:

(1) o ìroc T apoteleÐ èna polÔedro ston q¸ro Rn.
(2) o ìroc Π eÐnai ènac peperasmènhc di�stashc s grammikìc q¸roc su-

nart sewn oi opoÐec èqoun pedÐo orismoÔ to sÔnolo T .
(3) o ìroc Σ eÐnai èna sÔnolo s grammik¸c anex�rthtwn sunarthsoeid¸n

ston q¸ro Π.
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K�je sun�rthsh p ∈ Π orÐzetai monadik� apì tic timèc twn s sunarthsoei-
d¸n tou q¸rou Σ, ta opoÐa kaloÔntai sunj kec parembol c. O arijmìc s thc
idiìthtac (2) kaleÐtai topik  di�stash   topikoÐ bajmoÐ eleujerÐac.

(ii) Ja lème ìti èna peperasmèno stoiqeÐo eÐnai sÔmmorfo an to stoiqeÐo
autì an kei ston q¸ro Sobolev ston opoÐo èqoume jèsei kai to metabolikì
prìblhma.

ProtoÔ parousi�soume merik� sÔmmorfa peperasmèna stoiqeÐa, parathroÔ-
me ìti sthn sÔmmorfh antimet¸pish elleiptik¸n problhm�twn deÔterhc t�xhc
epilègontai peperasmèna stoiqeÐa ta opoÐa an koun ston q¸ro H1(U). Lìgw
tou akìloujou jewr matoc

Je¸rhma 3.2.1 'Estw ìti to sÔnolo U eÐnai fragmèno, kai o arijmìc k ≥ 1.
Tìte h tmhmatik� apeÐrwc diaforÐsimh sun�rthsh v : Ū → R an kei ston
q¸ro Hk(U) an kai mìno an h v ∈ Ck−1(Ū).

Apìdeixh DeÐte [2].

èpetai ìti ta stoiqeÐa aut� an koun ston q¸ro C0(Ū). Gia to lìgo autì, h
parousÐas  mac periorÐzetai se C0-stoiqeÐa.

ShmeÐwsh Ja lème ìti èna peperasmèno stoiqeÐo v eÐnai Ck-stoiqeÐo an
v ∈ Ck(U).

ParadeÐgmata Trigwnik¸n StoiqeÐwn me Pl rh Polu¸numa

(i) H tri�da (T,Π,Σ), ìpou:
- me T sumbolÐzetai èna trÐgwno to opoÐo èqei kìmbouc stic korufèc tou

αi, i = 1, 2, 3,
- o q¸roc Π = P1 = {v(x, y) = a + bx + cy | a, b, c ∈ R} me dimΠ = 3

bajmoÔc eleujerÐac,
- to sÔnolo Σ = {p(αi), i = 1, 2, 3} twn sunjhk¸n parembol c, orÐzei to

�grammikì trigwnikì stoiqeÐo�.

(ii) H tri�da (T,Π,Σ), ìpou:
- me T sumbolÐzetai èna trÐgwno to opoÐo èqei kìmbouc stic korufèc tou

αi, i = 1, 2, 3 kai sta mèsa βi, i = 1, 2, 3 twn pleur¸n tou,
- o q¸roc Π = P2 = {v(x, y) = a1 + a2x+ a3y+ a4xy+ a5x

2 + a6y
2 | ai ∈

R, i = 1, . . . , 6} me dimΠ = 6 bajmoÔc eleujerÐac,
- to sÔnolo Σ = {p(αi), p(βi), i = 1, 2, 3} twn sunjhk¸n parembol c,

orÐzei to �tetragwnikì trigwnikì stoiqeÐo�.
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(iii) H tri�da (T,Π,Σ), ìpou:
- me T sumbolÐzetai èna trÐgwno to opoÐo èqei kìmbouc stic korufèc tou

αi, i = 1, 2, 3, sta shmeÐa βi, γi, δi, i = 1, 2 ta opoÐa diaqwrÐzoun k�je
pleur� tou trig¸nou se trÐa isom kh tm mata kai sto kèntro tou α123 =
1
3
(α1 + α2 + α3),

- o q¸roc Π = P3 = {v(x, y) =
∑i+j≤3

i,j≥0 cijx
iyj | cij ∈ R, i, j = 0, 1, 2, 3}

me dimΠ = 10 bajmoÔc eleujerÐac,
- to sÔnolo Σ = {p(αi), p(βi), p(γi), p(δi), p(α123), i = 1, 2, 3} twn sunjh-

k¸n parembol c, orÐzei to �kubikì trigwnikì stoiqeÐo�.

Sto akìloujo sq ma parousi�zoume èna grammikì, tetragwnikì kai kubikì
trigwnikì stoiqeÐo, antÐstoiqa.
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ShmeÐwsh Gia ta peperasmèna stoiqeÐa me pl rh polu¸numa qrhsimopoioÔ-
me ton akìloujo sumbolismì

Mk := Mk(T ) := {v ∈ L2(U) | v|T ∈ Pk ∀ T ∈ Th}, (3.6)

Mk
0 := Mk ∩H1(U), (3.7)

Mk
0,0 := Mk ∩H1

0 (U). (3.8)

ParadeÐgmata Orjog¸niwn StoiqeÐwn

(i) H tri�da (T,Π,Σ), ìpou:
- me T sumbolÐzetai èna orjog¸nio to opoÐo èqei kìmbouc stic korufèc tou

αi, i = 1, 2, 3, 4,
- o q¸roc Π = {v ∈ C0(Ū) | v|T ∈ P2, v|∂Ti ∈ P1, i = 1, 2, 3, 4, ∀ T ∈

Th} = Q1 = {v(x, y) = a1 + a2x + a3y + a4xy | ai ∈ R, i = 1, 2, 3, 4} me
dimΠ = 4 bajmoÔc eleujerÐac,

- to sÔnolo Σ = {p(αi), i = 1, 2, 3, 4} twn sunjhk¸n parembol c, orÐzei
to �digrammikì orjog¸nio stoiqeÐo�.
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(ii) H tri�da (T,Π,Σ), ìpou:
- me T sumbolÐzetai èna orjog¸nio to opoÐo èqei kìmbouc stic korufèc tou

αi, i = 1, 2, 3, 4 kai sta mèsa βi, i = 1, 2, 3, 4 twn pleur¸n tou,
- o q¸roc Π = {v ∈ C0(Ū) | v|T ∈ P3, v|∂Ti ∈ P2, i = 1, 2, 3, 4 ∀ T ∈

Th} = {v(x, y) = a1 + a2x+ a3y + a4xy + a5(x2 − 1)(y − 1) + a6(x2 − 1)(y +
1) +a7(x− 1)(y2− 1) +a8(x+ 1)(y2− 1) | ai ∈ R, i = 1, . . . , 8} me dimΠ = 8
bajmoÔc eleujerÐac,

- to sÔnolo Σ = {p(αi), p(βi), i = 1, 2, 3, 4} twn sunjhk¸n parembol c,
orÐzei to �stoiqeÐo serendipity�.

Sto akìloujo sq ma parousi�zoume èna digrammikì orjog¸nio stoiqeÐo kai
èna stoiqeÐo serendipity, antÐstoiqa.

• •

• •

• •

• •

•

•

• •

ShmeÐwsh H peraitèrw an�lush twn q¸rwn peperasmènwn stoiqeÐwn mpo-
reÐ na lhfjeÐ apì ta apotelèsmata thc an�lushc enìc stoiqeÐou anafor�c, an
ìla ta stoiqeÐa tou diaqwrismoÔ tou sunìlou U prokÔptoun apì to stoiqeÐo
anafor�c me th bo jeia enìc affinikoÔ metasqhmatismoÔ.

Orismìc 3.2.3 Mia oikogèneia h opoÐa apoteleÐtai apì q¸rouc peperasmè-
nwn stoiqeÐwn Sh gia diaqwrismoÔc Th tou sunìlou U ⊂ Rn kaleÐtai affinik 
oikogèneia an up�rqei èna peperasmèno stoiqeÐo (Tref ,Πref ,Σ), to opoÐo kaleÐ-
tai stoiqeÐo anafor�c, me tic akìloujec idiìthtec:

(4) Gia k�je stoiqeÐo Tj ∈ Th up�rqei mia affinik  apeikìnish Fj : Tref →
Tj tètoia, ¸ste gia k�je v ∈ Sh o periorismìc thc sto stoiqeÐo Tj na eÐnai thc
morf c

v(x) = p(F−1
j x), p ∈ Πref .

Gia par�deigma, h oikogèneia Mk
0 twn trigwnik¸n peperasmènwn stoiqeÐ-

wn me pl rh polu¸numa apoteleÐ mia affinik  oikogèneia, ìpou to stoiqeÐo
anafor�c orÐzetai apì thn tri�da (Tref , Pk,Σk), me

Tref := {(ξ, η) ∈ R2 | ξ ≥ 0, η ≥ 0, 1− ξ − η ≥ 0} (3.9)

na eÐnai to monadiaÐo trÐgwno, Pk to sÔnolo twn poluwnÔmwn bajmoÔ ≤ k, kai

Σk := {p(αi), i = 1, 2, . . . , (k+1)(k+2)
2

} to sÔnolo twn sunjhk¸n parembol c.
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3.2.3 Epilog  Kat�llhlou StoiqeÐou

H epilog  thc qr shc trigwnismoÔ   diaqwrismoÔ se orjog¸nia tou sunìlou U
exart�tai kurÐwc apì to sq ma tou pedÐou. An kai ta trigwnik� stoiqeÐa eÐnai
pio euèlikta, sth mhqanik  twn stere¸n protim¸ntai kurÐwc ta orjogwnik�
stoiqeÐa.

Se probl mata me omal  sumperifor�, h qr sh twn (di-)tetragwnik¸n
stoiqeÐwn dÐnei kalÔtera apotelèsmata apì ekeÐnh twn (di-)grammik¸n stoi-
qeÐwn, an èqoume jewr sei Ðdio arijmì eleÔjerwn paramètrwn kai sta dÔo
stoiqeÐa. Wstìso, h qr sh (di-)tetragwnik¸n stoiqeÐwn odhgeÐ se grammi-
k� sust mata uyhlìterhc t�xhc, kai epomènwc apaiteÐtai perissìterh ergasÐa
gia th dhmiourgÐa tou pÐnaka akamyÐac tou sust matoc. Gia to lìgo autì,
qrhsimopoioÔntai suqn� grammik� stoiqeÐa.

3.3 Ektim seic Sfalm�twn Prosèggishc

Stìqoc thc paragr�fou aut c eÐnai h ektÐmhsh tou sf�lmatoc prosèggishc
me peperasmèna stoiqeÐa. Epeid  to sf�lma gia mia mèjodo parembol c mac
parèqei èna �nw fr�gma tou sf�lmatoc kalÔterhc prosèggishc, èpetai ìti
epijumoÔme mÐa ektÐmhsh thc morf c

‖v − Ihv‖m,h ≤ c‖v‖Ht(U), m ≤ t,

ìpou dojèntoc enìc diaqwrismoÔ Th = {T1, T2, . . . , TM} tou sunìlou U kai
enìc arijmoÔ m ≥ 1 orÐzoume th nìrma ‖ · ‖m,h wc ex c

‖v‖m,h :=

√∑
Tj∈Th

‖v‖2
Hm(Tj)

, (3.10)

kai me Ihv sumbolÐzetai to orismèno monos manta apì tic sunj kec parembol c
polu¸numo parembol c ston q¸ro Sh. EÐnai profanèc ìti, gia k�je v ∈
Hm(U) isqÔei ‖v‖m,h = ‖v‖Hm(U).

Arqik�, ja diatup¸soume to L mma twn Bramble-Hilbert, me th bo jeia
tou opoÐou ja apodeÐxoume ektim seic sfalm�twn prosèggishc gia k�poia stoi-
qeÐa anafor�c. EÐnai profanèc ìti, lìgw thc jewrÐac twn affinik¸n oikoge-
nei¸n, arkeÐ na exet�soume èna stoiqeÐo anafor�c, diìti me th bo jeia tÔpwn
metasqhmatismoÔ mporoÔme na ex�goume apotelèsmata gia k�je stoiqeÐo enìc
kanonikoÔ wc proc to sq ma plègmatoc.

3.3.1 To L mma twn Bramble-Hilbert

Arqik�, ja diatup¸soume mia ektÐmhsh sf�lmatoc gia parembol  me polu¸nu-
ma.
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L mma 3.3.1 'Estw ìti to sÔnolo U ⊂ R2 èqei Lipschitz suneqèc sÔnoro
kai ikanopoieÐ thn sunj kh tou k¸nou, dhlad  oi eswterikèc gwnÐec se k�je
koruf  tou U na eÐnai jetikèc kai, epomènwc, na mporeÐ na topojethjeÐ sto U
ènac mh tetrimmènoc k¸noc me thn �krh tou sthn koruf  aut . Epiplèon,
upojètoume ìti o arijmìc t ≥ 2 kai z1, z2, . . . , zs eÐnai s := t(t + 1)/2 kajori-
smèna shmeÐa sto Ū tètoia, ¸ste o telest c parembol c I : H t → Pt−1 na
eÐnai kal� orismènoc gia polu¸numa bajmoÔ ≤ t−1. Tìte up�rqei mia stajer�
c = c(U, z1, . . . , zs) tètoia, ¸ste na isqÔei h ektÐmhsh

‖u− Iu‖Ht(U) ≤ c[u]Ht(U), ∀u ∈ H t(U), (3.11)

ìpou me [·]Ht(U) sumbolÐzetai h hminìrma

[u]Ht(U) :=

√√√√∑
|α|=t

∫
U

|Dαu|2 dx.

Apìdeixh 'Estw ìti efodi�zoume ton q¸ro H t(U) me th nìrma

‖|v|‖ := [v]Ht(U) +
s∑
i=1

|v(zi)|.

Stìqoc mac eÐnai na deÐxoume ìti oi nìrmec ‖ ·‖Ht(U) kai ‖| · |‖ eÐnai isodÔnamec,
dhlad  arkeÐ na deÐxoume ìti isqÔoun oi anisìthtec ‖|v|‖ ≤ c1‖v‖Ht(U) kai
‖v‖Ht(U) ≤ c2‖|v|‖ gia k�je v ∈ H t(U).

Epeid  o q¸roc H t(U) ⊂⊂ H2(U) ⊂⊂ C0(U), èpetai ìti

|v(zi)| ≤ c‖v‖Ht(U), i = 1, 2, . . . , s.

Epomènwc, ja eÐnai

‖|v|‖ = [v]Ht(U) +
s∑
i=1

|v(zi)|

≤ ‖v‖Ht(U) + cs‖v‖Ht(U)

= (1 + cs)‖v‖Ht(U).

Upojètoume ìti h antÐstrofh anisìthta

‖v‖Ht(U) ≤ c‖|v|‖, ∀v ∈ H t(U) (3.12)

den isqÔei gia k�je jetikì arijmì c. Tìte up�rqei mia akoloujÐa (vk) ∈ H t(U)
me

‖vk‖Ht(U) = 1, ‖|vk|‖ ≤
1

k
, k = 1, 2, . . . .
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Lìgw tou orismoÔ 1.5.1 thc §1.5.1, èpetai ìti up�rqei mia upoakoloujÐa thc
(vk) h opoÐa sugklÐnei ston q¸roH t−1(U). QwrÐc bl�bh thc genikìthtac, upo-
jètoume ìti h Ðdia h akoloujÐa (vk) sugklÐnei ston q¸ro H t−1(U). Epomènwc,
h (vk) eÐnai mia akoloujÐa Cauchy ston q¸ro H t−1(U). Epeid  [vk]Ht(U) → 0
kai ‖vk − vl‖2

Ht(U) ≤ ‖vk − vl‖2
Ht−1(U) + ([vk]Ht(U) + [vl]Ht(U))

2, èpetai ìti h

(vk) eÐnai mia akoloujÐa Cauchy ston q¸ro H t(U). Lìgw thc plhrìthtac tou
H t(U), h (vk) ja sugklÐnei se èna stoiqeÐo v∗ ∈ H t(U). Lìgw thc sunèqeiac,
ja eÐnai

‖v∗‖Ht(U) = 1, ‖|v∗|‖ = 0,

to opoÐo ìmwc eÐnai �topo, diìti h sunj kh [v∗]Ht(U) = 0 sunep�getai ìti to
stoiqeÐo v∗ eÐnai èna polu¸numo ston q¸ro Pt−1, kai h sunj kh v∗(zi) = 0 gia
i = 1, 2, . . . , s sunep�getai ìti to stoiqeÐo v∗ mporeÐ na eÐnai mìno to mhdenikì
polu¸numo. Sunep¸c, h anisìthta (3.12) isqÔei.

Tìte ja eÐnai

‖u− Iu‖Ht(U) ≤ c‖|u− Iu|‖

= c

(
[u− Iu]Ht(U) +

s∑
i=1

|(u− Iu)(zi)|

)
= c[u− Iu]Ht(U) = c[u]Ht(U),

ìpou èqoume k�nei qr sh twn ex c gegonìtwn: Iu = u sta shmeÐa parembol c,
kai DαIu = 0 gia k�je |α| = t.

Me th bo jeia tou parap�nw L mmatoc, apodeiknÔetai to L mma twn Bramble-
Hilbert.

L mma 3.3.2 (Bramble-Hilbert) 'Estw ìti to sÔnolo U ⊂ R2 èqei Lip-
schitz suneqèc sÔnoro. Upojètoume ìti o arijmìc t ≥ 2 kai h grammik  apei-
kìnish L : H t(U) → Y , ìpou Y eÐnai ènac grammikìc q¸roc me nìrma, eÐnai
fragmènh. An Pt−1 ⊂ kerL, ìpou me kerL sumbolÐzetai o pur nac thc L, tìte
up�rqei mia stajer� c = c(U)‖L‖ ≥ 0, ìpou ‖L‖ := sup{‖Lv‖ | ‖v‖ = 1},
tètoia, ¸ste na isqÔei h ektÐmhsh

‖Lv‖ ≤ c[v]Ht(U), ∀v ∈ H t(U). (3.13)

Apìdeixh 'Estw ìti o telest c I : H t(U) → Pt−1 eÐnai ènac telest c
parembol c ìpwc ekeÐnoc pou emfanÐzetai sto L mma (3.3.1). Me th bo jeia
tou L mmatoc autoÔ, kai epeid  Iv ∈ kerL, èpetai ìti

‖Lv‖ = ‖L(v − Iv)‖ ≤ ‖L‖ · ‖v − Iv‖Ht(U) ≤ c‖L‖[v]Ht(U),

ìpou c h stajer� thc sqèshc (3.11).
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3.3.2 Ektim seic Sfalm�twn Prosèggishc gia Stoi-

qeÐa Anafor�c

JewroÔme ton trigwnismì Th tou sunìlou U kai ton q¸ro peperasmènwn stoi-
qeÐwn Sh = M t−1

0 (Th), ìpou o arijmìc t ≥ 2. GnwrÐzoume ìti, o trigwni-
smìc Th sundèetai me mÐa par�metro sq matoc κ, kai o telest c parembol c
Ih : H t(U)→ Sh eÐnai kal� orismènoc.

Je¸rhma 3.3.3 'Estw ìti Th eÐnai ènac kanonikìc wc proc to sq ma tri-
gwnismìc tou sunìlou U , kai o arijmìc t ≥ 2. Tìte up�rqei mia stajer�
c = c(U, κ, t) tètoia, ¸ste na isqÔei h ektÐmhsh

‖u− Ihu‖m,h ≤ cht−m[u]Ht(U), ∀u ∈ H t(U), 0 ≤ m ≤ t, (3.14)

ìpou me Ih sumbolÐzetai h parembol  apì èna tmhmatik� polu¸numo bajmoÔ
t− 1.

ShmeÐwsh Upojètoume ìti o trigwnismìc tou sunìlou U eÐnai kanonikìc,
dhlad  ìla ta stoiqeÐa tou trigwnismoÔ èqoun to Ðdio sq ma kai to Ðdio mège-
joc. Autì shmaÐnei ìti k�je stoiqeÐo tou trigwnismoÔ mporeÐ na jewrhjeÐ wc
to stoiqeÐo anafor�c T1 upì klÐmaka, dhlad 

Th := hT1 = {x = hy | y ∈ T1}

me h ≤ 1. Sthn perÐptwsh aut , arkeÐ na apodeÐxoume ìti gia k�je 0 ≤ m ≤ t
isqÔei

‖u− Iu‖Hm(Th) ≤ cht−m[u]Ht(Th), (3.15)

ìpou Iu eÐna to polu¸numo ston q¸ro Pt−1 to opoÐo paremb�llei thn sun�r-
thsh u, kai c h stajer� tou L mmatoc (3.3.1).

DojeÐshc miac sun�rthshc u ∈ H t(Th), orÐzetai h sun�rthsh v ∈ H t(T1)
wc ex c

v(y) = u(hy).

Epeid  gia k�je |α| ≤ t isqÔei ∂αv = h|α|∂αu, kai o metasqhmatismìc miac
perioq c tou q¸rou R2 dÐnei ton epiplèon par�gonta h−2, èpetai ìti

[v]2Hl(T1) =
∑
|α|=l

∫
T1

|Dαv|2 dy =
∑
|α|=l

∫
Th

h2l|Dαu|2h−2 dx = h2l−2[u]2Hl(Th).

Jewr¸ntac ìti o arijmìc h ≤ 1, èpetai ìti

‖u‖2
Hm(Th) =

∑
l≤m

[u]2Hl(Th) =
∑
l≤m

h−2l+2[v]2Hl(T1) ≤ h−2m+2‖v‖2
Hm(T1).
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Antikajist¸ntac to u me u− Iu ston parap�nw tÔpo, prokÔptei èna apotèle-
sma gia to sf�lma parembol c. Me th bo jeia tou L mmatoc (3.3.1) prokÔptei
ìti

‖u− Iu‖Hm(Th) ≤ h−m+1‖v − Iv‖Hm(T1)

≤ h−m+1‖v − Iv‖Ht(T1)

≤ h−m+1c[v]Ht(T1)

≤ cht−m[u]Ht(Th),

gia k�je m ≤ t.
An tetragwnÐsoume tic ekfr�seic sthn sqèsh (3.15), kai prosjèsoume

autèc pou ja prokÔyoun se ìla ta trÐgwna tou diaqwrismoÔ tou U , prokÔptei
h ektÐmhsh thc sqèshc (3.14).

ProtoÔ proqwr soume sthn apìdeixh tou Jewr matoc (3.3.3), diatup¸nou-
me to akìloujo je¸rhma:

Je¸rhma 3.3.4 'Estw ìti ta sÔnola U kai Û eÐnai affinik� isodÔnama,

dhlad  up�rqei mia 1− 1 kai �epÐ� affinik  apeikìnish F : Û → U , me

Fx̂ = x0 +Bx̂, (3.16)

me B ènan mh idiìmorfo pÐnaka. An h sun�rthsh v ∈ Hm(U), tìte v̂ :=

v ◦ F ∈ Hm(Û), kai up�rqei mia stajer� c = c(Û ,m) tètoia, ¸ste na isqÔei
h ektÐmhsh

[v̂]Hm(Û) ≤ c‖B‖m|detB|−1/2[v]Hm(U). (3.17)

ShmeÐwsh 'Estw ìti h F : T1 → T2, me x̂ 7→ Bx̂ + x0 eÐnai mia 1 − 1 kai
�epÐ� affinik  apeikìnish. SumbolÐzoume me ρi thn aktÐna tou megalÔterou
eggegrammènou kÔklou sto trÐgwno Ti, kai me ri thn aktÐna tou mikrìterou
perigegrammènou kÔklou sto Ti. Dojèntoc enìc shmeÐou x ∈ R2 me ‖x‖ ≤ 2ρ1,
brÐskoume dÔo shmeÐa y1, z1 ∈ T1 me x = y1 − z1. Epeid  F (y1), F (z1) ∈ T2,
èpetai ìti ‖Bx‖ ≤ 2r2. Epomènwc, ja eÐnai

‖B‖ ≤ r2

ρ1

. (3.18)

Antall�sontac ta stoiqeÐa T1 kai T2, èpetai ìti o antÐstrofoc pÐnakac ikano-
poieÐ thn anisìthta ‖B−1‖ ≤ r1

ρ2
, kai epomènwc ja eÐnai

‖B‖ · ‖B−1‖ ≤ r1r2

ρ1ρ2

. (3.19)
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Apìdeixh Jewr matoc 3.3.3 ArkeÐ na deÐxoume ìti gia k�je trÐgwno
Tj enìc kanonikoÔ wc proc to sq ma trigwnismoÔ Th tou sunìlou U isqÔei h
anisìthta

‖u− Ihu‖Hm(Tj) ≤ cht−m[u]Ht(Tj), ∀u ∈ H t(Tj).

Gia to lìgo autì, epilègoume to stoiqeÐo anafor�c pou dÐnetai apì thn sqèsh
(3.9) me r̂ = 2−1/2 kai ρ̂ = (2+

√
2)−1 ≥ 2/7. Epiplèon, upojètoume ìti h 1−1

kai �epÐ� affinik  apeikìnish F : Tref → T me T = Tj ∈ Th. Efarmìzontac
to L mma (3.3.1) sto trÐgwno anafor�c kai k�nontac qr sh thc ektÐmhshc tou
Jewr matoc (3.3.4), èpetai ìti

[u− Ihu]Hm(T ) ≤ c‖B‖−m|detB|1/2[û− Ihû]Hm(Tref )

≤ c‖B‖−m|detB|1/2 · c[û]Ht(Tref )

≤ c‖B‖−m|detB|1/2 · c‖B‖t|detB|−1/2[u]Ht(T )

≤ c
(
‖B‖ · ‖B−1‖

)m ‖B‖t−m[u]Ht(T ).

ExaitÐac thc kanonikìthtac wc proc to sq ma, ja eÐnai r/ρ ≤ κ, kai ‖B‖ ·
‖B−1‖ ≤ (2 +

√
2)κ. Epiplèon, h sqèsh (3.18) sunep�getai ‖B‖ ≤ h/ρ̂ ≤ 4h.

Epomènwc, ja eÐnai
[u− Ihu]Hl(T ) ≤ cht−l[u]Ht(T ).

An tetragwnÐsoume ta mèlh thc parap�nw èkfrashc kai ajroÐsoume p�nw sto
l apì 0 èwc m, èpetai to zhtoÔmeno.

Sth sunèqeia, diatup¸noume an�logec ektim seic sfalm�twn prosèggishc
gia digrammik� tetr�pleura stoiqeÐa kai stoiqeÐa serendipity.

Je¸rhma 3.3.5 'Estw ìti Th eÐnai ènac hmiomoiìmorfoc diaqwrismìc tou
sunìlou U se parallhlìgramma. Tìte up�rqei mia stajer� c = c(U, κ) tètoia,
¸ste na isqÔei h ektÐmhsh

‖u− Ihu‖Hm(U) ≤ ch2−m[u]H2(U), ∀u ∈ H2(U),

ìpou h Ihu paremb�llei thn sun�rthsh u me th bo jeia digrammik¸n stoiqeÐ-
wn.

Je¸rhma 3.3.6 'Estw ìti Th eÐnai ènac hmiomoiìmorfoc diaqwrismìc tou
sunìlou U se stoiqeÐa serendipity. Tìte up�rqei mia stajer� c = c(U, κ)
tètoia, ¸ste na isqÔei h ektÐmhsh

‖u− Ihu‖Hm(U) ≤ cht−m[u]Ht(U), ∀u ∈ H t(U), m = 0, 1, t = 2, 3.
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3.3.3 AntÐstrofec Ektim seic kai h Parembol  tou

Clément

Je¸rhma 3.3.7 'Estw ìti (Sh) eÐnai mia affinik  oikogèneia peperasmènwn
stoiqeÐwn apoteloÔmenwn apì tmhmatik� polu¸numa bajmoÔ k ta opoÐa sun-
dèontai me omoiìmorfa mèrh. Tìte up�rqei mia stajer� c = c(κ, k, t) tètoia,
¸ste gia k�je 0 ≤ m ≤ t na isqÔei h ektÐmhsh

‖vh‖t,h ≤ chm−t‖vh‖m,h, ∀vh ∈ Sh.

Apìdeixh DeÐte [2].

ShmeÐwsh Upojètoume ìti o grammikìc q¸roc X me nìrma eÐnai pl rhc
kai sumpag¸c enswmatwmènoc ston q¸ro Y . Tìte up�rqei mia oikogèneia
(Sh) upoq¸rwn tou X h opoÐa ikanopoieÐ thn akìloujh ektÐmhsh prosèggishc

infvh∈Sh‖u− vh‖Y ≤ chα‖u‖X , ∀u ∈ X, (3.20)

kai thn antÐstrofh ektÐmhsh

‖vh‖X ≤ ch−β‖vh‖Y , ∀vh ∈ Sh. (3.21)

An β = α, tìte to zeÔgoc twn anisot twn (3.20) kai (3.21) kaleÐtai bèltisth
prosèggish.

Tèloc, ja anaferjoÔme sthn parembol  tou Clément.
ParathroÔme ìti, o telest c parembol c Ih thc sqèshc (3.14) mporeÐ na

efarmosjeÐ mìno se H2 sunart seic. Wstìso, o Clément kataskeÔase mia
mèjodo parembol c h opoÐa mporeÐ na efarmosjeÐ se H1 sunart seic. O
telest c parembol c tou Clément orÐzetai wc ex c:

'Estw ìti Th eÐnai ènac kanonikìc wc proc to sq ma trigwnismìc tou su-
nìlou U . Dojèntoc enìc kìmbou xj, orÐzoume

ωj := ωxj := ∪{T ′ ∈ Th | xj ∈ T ′} (3.22)

na eÐnai to st rigma thc sun�rthshc sq matoc vj ∈ M1
0 , ìpou vj(xk) = δjk.

Epiplèon, orÐzoume
ω̃T := ∪{ωj | xj ∈ T} (3.23)

na eÐnai mia geitoni� tou stoiqeÐou T . EÐnai profanèc ìti, o arijmìc twn
trig¸nwn ta opoÐa an koun sto sÔnolo ω̃T eÐnai fragmènoc. Epomènwc, o
telest c parembol c Ihv tou Clément orÐzetai wc ex c

Ihv :=
∑
j

(Q̃jv)vj ∈M1
0 , (3.24)
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ìpou

Q̃jv =

{
0, xj ∈ ΓD,

Qjv, xj /∈ ΓD,
(3.25)

ìpou ΓD ⊂ ∂U kai Qj : L2(ωj) → P0 na eÐnai mia apeikìnish apì thn L2-
probol  sto sÔnolo twn stajer¸n sunart sewn.

Gia ton telest  parembol c tou Clément isqÔoun oi akìloujec ektim seic:

Je¸rhma 3.3.8 'Estw ìti Th eÐnai ènac kanonikìc wc proc to sq ma trigw-
nismìc tou sunìlou U . Tìte up�rqei mia grammik  apeikìnish Ih : H1(U)→
M1

0 tètoia, ¸ste na isqÔoun oi ektim seic

‖v − Ihv‖Hm(T ) ≤ ch1−m
T ‖v‖H1(ω̃T ), ∀v ∈ H1(U), m = 0, 1, T ∈ Th, (3.26)

‖v − Ihv‖H0(e) ≤ ch
1/2
T ‖v‖H1(ω̃T ), ∀v ∈ H1(U), e ∈ ∂T, T ∈ Th. (3.27)

3.4 Ektim seic Sfalm�twn LÔshc

Sthn par�grafo aut , ja diatup¸soume ektim seic sfalm�twn gia lÔseic me
peperasmèna stoiqeÐa, dhlad  ja diatup¸soume anisìthtec thc morf c

‖u− uh‖ ≤ chp,

ìpou u eÐnai h klassik  lÔsh tou probl matoc kai uh ∈ Sh eÐnai h proseg-
gistik  tou lÔsh. O arijmìc p kaleÐtai t�xh thc prosèggishc, kai exart�tai
apì thn omalìthta thc lÔshc, ton bajmì twn poluwnÔmwn sta peperasmèna
stoiqeÐa, kai th Sobolev nìrma sthn opoÐa metr�tai to sf�lma.

Arqik�, upojètoume ìti to sÔnolo U eÐnai èna polugwnikì pedÐo. Au-
tì shmaÐnei ìti mporeÐ na diaqwristeÐ se trÐgwna   tetr�pleura. Epiplèon,
upojètoume ìti to U eÐnai kurtì sÔnolo.

Je¸rhma 3.4.1 'Estw ìti Th eÐnai mia oikogèneia kanonik¸n wc proc to
sq ma trigwnism¸n tou sunìlou U . Tìte h prosèggish me peperasmèna stoi-
qeÐa uh ∈ Sh = Mk

0 , ìpou o arijmìc k ≥ 1, ikanopoieÐ thn ektÐmhsh

‖u− uh‖H1 ≤ ch‖u‖H2

≤ ch‖f‖H0 . (3.28)
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Apìdeixh GnwrÐzoume ìti, an to sÔnolo U eÐnai kurtì, tìte to elleiptikì
prìblhma sunoriak¸n sunjhk¸n Dirichlet eÐnai H2-kanonikì, dhlad  isqÔei h
ektÐmhsh

‖u‖H2 ≤ c1‖f‖H0 .

SÔmfwna me to Je¸rhma (3.3.3), up�rqei vh ∈ Sh tètoio, ¸ste na ikanopoieÐtai
h anisìthta

‖u− vh‖H1(U) = ‖u− vh‖1,h ≤ c2h‖u‖H2(U).

Me th bo jeia twn parap�nw anisot twn kai tou L mmatoc tou Céa

‖u− uh‖H1 ≤ c3

c4

infvh∈Sh‖u− vh‖H1 ,

èpetai h zhtoÔmenh ektÐmhsh.

H ektÐmhsh (3.28) isqÔei gia k�je affinik  oikogèneia trigwnik¸n stoiqeÐwn
h opoÐa perilamb�nei ta P1 stoiqeÐa wc uposÔnolo.

Me th bo jeia tou Jewr matoc (3.3.5), apodeiknÔetai ìti an�loga apote-
lèsmata isqÔoun kai sthn perÐptwsh twn digrammik¸n tetrapleurik¸n stoi-
qeÐwn.

Je¸rhma 3.4.2 'Estw ìti Th eÐnai ènac kanonikìc wc proc to sq ma dia-
qwrismìc tou sunìlou U se parallhlìgramma. Tìte h prosèggish me pe-
perasmèna stoiqeÐa uh ∈ Sh, ìpou o q¸roc Sh apoteleÐtai apì digrammik�
tetrapleurik� stoiqeÐa, ikanopoieÐ thn ektÐmhsh

‖u− uh‖H1 ≤ ch‖f‖H0 . (3.29)

Sth sunèqeia, ja diatup¸soume ektim seic sfalm�twn ston q¸ro L2. Gia
thn apìdeixh twn ektim sewn aut¸n, eÐnai aparaÐthth h diatÔpwsh tou akì-
loujou L mmatoc:

L mma 3.4.3 (Aubin-Nitsche) 'Estw ìti H eÐnai ènac q¸roc Hilbert efo-
diasmènoc me th nìrma |·| kai to bajmwtì ginìmeno (·, ·). Epiplèon, upojètoume
ìti V eÐnai ènac upìqwroc o opoÐoc eÐnai, epÐshc, q¸roc Hilbert efodiasmènoc
me th nìrma ‖ ·‖, kai o V eÐnai suneq¸c enswmatwmènoc ston H. Tìte h lÔsh
pou prokÔptei me th bo jeia twn peperasmènwn stoiqeÐwn ston q¸ro Sh ⊂ V
ikanopoieÐ thn ektÐmhsh

|u− uh| ≤ C‖u− uh‖supg∈H
{

1

|g|
infv∈Sh‖φg − v‖

}
, (3.30)

ìpou k�je g ∈ H, φg ∈ V upodhl¸nei thn antÐstoiqh monadik  (asjen ) lÔsh
thc exÐswshc

B(w, φg) = (g, w), ∀w ∈ V. (3.31)
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Apìdeixh ExaitÐac thc duðkìthtac, h nìrma enìc stoiqeÐou w se ènan q¸ro
Hilbert mporeÐ na upologisteÐ apì ton tÔpo

|w| = supg∈H
(g, w)

|g|
, (3.32)

ìpou jewroÔme to supremum mìno gia g 6= 0. UpenjumÐzetai ìti, oi lÔseic u
kai uh dÐnontai apì touc tÔpouc

B(u, v) =< f, v >, ∀v ∈ V,

B(uh, v) =< f, v >, ∀v ∈ Sh.

Epomènwc, gia k�je v ∈ Sh isqÔei B(u − uh, v) = 0. Epiplèon, an jèsoume
w := u− uh sthn sqèsh (3.31), èpetai ìti

(g, u− uh) = B(u− uh, φg)
= B(u− uh, φg − v)

≤ c1‖u− uh‖ · ‖φg − v‖,

ìpou k�name qr sh thc sunèqeiac tou digrammikoÔ sunarthsiakoÔ B. Epomè-
nwc, ja eÐnai

(g, u− uh) ≤ c1‖u− uh‖infv∈Sh‖φg − v‖.

Me th bo jeia thc sqèshc (3.32), èpetai ìti

|u− uh| = supg∈H
(g, u− uh)
|g|

≤ c1‖u− uh‖supg∈H
{
infv∈Sh

‖φg − v‖
|g|

}
.

Je¸rhma 3.4.4 'Estw ìti isqÔoun oi upojèseic eÐte tou Jewr matoc (3.4.1)
  tou Jewr matoc (3.4.2). An h sun�rthsh u ∈ H1(U) eÐnai h lÔsh tou
antÐstoiqou metabolikoÔ probl matoc, tìte isqÔei h ektÐmhsh

‖u− uh‖H0 ≤ cCh‖u− uh‖H1 .

Epiplèon, an h sun�rthsh f ∈ L2(U) ¸ste h u ∈ H2(U), tìte isqÔei h
ektÐmhsh

‖u− uh‖H0 ≤ cC2h2‖f‖H0 ,

ìpou c kai C eÐnai oi stajerèc pou emfanÐzontai stic sqèseic (3.28) kai (3.29)-
(3.30), antÐstoiqa.
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Apìdeixh Jètoume

H := H0(U), | · | := ‖ · ‖H0 ,

V := H1
0 (U), ‖ · ‖ := ‖ · ‖H1 ,

opìte ja eÐnai V ⊂ H, kai h sunèqeia thc enswm�twshc tou q¸rou V ston
q¸roH eÐnai profan c apì thn sqèsh ‖·‖H0 ≤ ‖·‖H1 . Epomènwc, mporoÔme na
efarmìsoume to L mma twn Aubin-Nitsche. Me th bo jeia tou Jewr matoc
(3.4.1)   (3.4.2), parathreÐtai ìti h posìthta entìc twn agkÐstrwn sthn sqèsh
(3.30) fr�ssetai apì ton arijmì ch; opìte prokÔptei apeujeÐac apì to L mma
(3.4.3) h zhtoÔmenh ektÐmhsh.

Tèloc, parathroÔme ìti oi parap�nw ektim seic den apokleÐoun thn pija-
nìthta to sf�lma na eÐnai arket� meg�lo se sugkekrimèna shmeÐa. Gia na
empodÐsoume thn Ôparxh thc pijanìthtac aut c, qrei�zetai na qrhsimopoi -
soume thn L∞-nìrma

‖v‖L∞(U) := supx∈U |v(x)|.

GnwrÐzoume ìti, gia probl mata se didi�stata pedÐa orismoÔ meH2-kanonikìthta
isqÔei h ektÐmhsh

‖u− uh‖L∞ ≤ ch2|logh|3/2‖D2u‖L∞ ,

en¸ gia asjenèsterec upojèseic isqÔei h ektÐmhsh

‖u− uh‖L∞ ≤ ch[u]H2 . (3.33)



Kef�laio 4

H exÐswsh Stokes

4.1 Prìsjeta Jèmata apì thn Sunarth-

siak  An�lush

4.1.1 GenikeÔseic tou L mmatoc tou Céa

An o q¸roc twn peperasmènwn stoiqeÐwn pou qrhsimopoieÐtai gia na lujeÐ
èna Hm-elleiptikì prìblhma den an kei ston q¸ro Sobolev Hm(U), tìte ta
stoiqeÐa tou q¸rou autoÔ kaloÔntai �asÔmmorfa stoiqeÐa�. Sthn perÐptwsh
aut , h sÔgklish thc proseggistik c lÔshc uh sthn pragmatik  lÔsh u den
eÐnai profan c. Epiplèon, up�rqei èna sf�lma, ektìc tou sf�lmatoc prosèg-
gishc, to opoÐo kaleÐtai �sf�lma sunèpeiac�. Me th bo jeia twn akìloujwn
genikeÔsewn tou L mmatoc tou Céa apodeiknÔontai autèc oi ektim seic sfal-
m�twn.

'Estw ìti to sÔnolo V ⊂ Hm(U) kai Sh ⊂ V . Tìte antikajistoÔme to
dojèn metabolikì prìblhma

B[u, v] =< f, v >, ∀v ∈ V

me mÐa akoloujÐa peperasmènhc di�stashc problhm�twn: Na brejeÐ uh ∈ Sh
tètoio, ¸ste gia k�je v ∈ Sh na isqÔei

Bh[uh, v] =< fh, v > .

Upojètoume ìti oi digrammikèc morfèc Bh eÐnai omoiìmorfa elleiptikèc wc
proc th nìrma ‖ · ‖V , kaj¸c kai ìti den qrei�zetai na orÐzontai gia ìlec tic
sunart seic tou q¸rou V .

L mma 4.1.1 (tou Strang) Me b�sh tic parap�nw upojèseic, up�rqei mia
stajer� c anex�rthth tou arijmoÔ h tètoia, ¸ste na isqÔei h akìloujh ektÐ-
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mhsh

‖u− uh‖V ≤ c

(
infvh∈Sh

{
‖u− vh‖V + supwh∈Sh

|B[vh, wh]−Bh[vh, wh]|
‖wh‖V

})
+ c supwh∈Sh

{
< f,wh > − < fh, wh >

‖wh‖V

}
.

Apìdeixh 'Estw ìti vh ∈ Sh. Gia lìgouc eukolÐac, jètoume wh = uh− vh.
Tìte, me th bo jeia thc omoiìmorfhc elleiptikìthtac, èqoume

c2‖uh − vh‖2
V ≤ Bh[uh − vh, uh − vh]

= Bh[uh − vh, wh]
= B[u− vh, wh] + (B[vh, wh]−Bh[vh, wh]) + (Bh[uh, wh]−B[u,wh])

= B[u− vh, wh] + (B[vh, wh]−Bh[vh, wh])− (< f,wh > − < fh, wh >) .

Diair¸ntac me ‖uh − vh‖V = ‖wh‖V ta mèlh thc parap�nw anisìthtac, kai
k�nontac qr sh thc sunèqeiac thc digrammik c morf c B, èpetai ìti

‖uh−vh‖V ≤ C

(
‖u− vh‖V +

|B[vh, wh]−Bh[vh, wh]|
‖wh‖V

+
| < fh, wh > − < f,wh > |

‖wh‖V

)
.

Epeid  h vh eÐnai èna aujaÐreto stoiqeÐo ston q¸ro Sh, h zhtoÔmenh ektÐmhsh
èpetai apì thn trigwnik  anisìthta

‖u− uh‖V ≤ ‖u− vh‖V + ‖uh − vh‖V .

Sth sunèqeia, upojètoume ìti to sÔnolo Sh den eÐnai uposÔnolo tou V .
Epeid  h Hm-nìrma endèqetai na mhn orÐzetai gia ìla ta stoiqeÐa tou Sh, ja
qrhsimopoi soume thn exart¸menh apì to plègma nìrma ‖ · ‖h, ìpwc aut  o-
rÐsthke sthn sqèsh (3.10). Epiplèon, oi digrammikèc morfèc Bh orÐzontai gia
sunart seic ston q¸ro V kai Sh, opìte oi sunj kec sunèqeiac kai elleipti-
kìthtac thc Bh paÐrnoun th morf 

|Bh[u, v]| ≤ c1‖u‖h‖v‖h, ∀u ∈ V + Sh, v ∈ Sh,

Bh[v, v] ≥ c2‖v‖2
h, ∀v ∈ Sh,

ìpou c1 kai c2 eÐnai jetikèc stajerèc anex�rthtec tou h.
To akìloujo l mma kaleÐtai suqn� kai �deÔtero L mma tou Strang�.

L mma 4.1.2 (twn Berger, Scott, Strang) Me b�sh tic parap�nw upo-
jèseic, up�rqei mia stajer� c anex�rthth tou arijmoÔ h tètoia, ¸ste na isqÔei
h akìloujh ektÐmhsh

‖u− uh‖h ≤ c

(
infvh∈Sh‖u− vh‖h + supwh∈Sh

|Bh[u,wh]− < fh, wh > |
‖wh‖h

)
.
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O pr¸toc ìroc sto dexÐ mèloc thc parap�nw ektÐmhshc kaleÐtai �sf�lma
prosèggishc�, en¸ o deÔteroc kaleÐtai �sf�lma sunèpeiac�.

Apìdeixh 'Estw ìti vh ∈ Sh. Lìgw thc elleiptikìthtac, èpetai ìti

c2‖uh − vh‖2
h ≤ Bh[uh − vh, uh − vh]

= Bh[u− vh, uh − vh] + (< fh, uh − vh > −Bh[u, uh − vh]) .

Diair¸ntac me ‖uh − vh‖h ta mèlh thc parap�nw anisìthtac, kai jètontac
uh − vh = wh, èpetai ìti

‖uh − vh‖h ≤ c−1
2

(
c1‖u− vh‖h +

|Bh[u,wh]− < fh, wh > |
‖wh‖h

)
.

Epomènwc, h zhtoÔmenh ektÐmhsh èpetai apì thn trigwnik  anisìthta

‖u− uh‖h ≤ ‖u− vh‖h + ‖uh − vh‖h.

Tèloc, qrhsimopoi¸ntac mejìdouc duðkìthtac sto plaÐsio twn asÔmmor-
fwn stoiqeÐwn, èqoume dÔo epiplèon ìrouc se sÔgkrish me to L mma (3.4.3)
twn Aubin-Nitsche.

L mma 4.1.3 'Estw ìti oi q¸roi Hilbert V kai H ikanopoioÔn tic upojèseic
tou L mmatoc twn Aubin-Nitsche. Epiplèon, upojètoume ìti to sÔnolo Sh ⊂ H
kai ìti h digrammik  morf  Bh orÐzetai sto sÔnolo V ∪ Sh ètsi ¸ste na
sumpÐptei me th morf  B ston q¸ro V . Tìte h proseggistik  lÔsh uh pou
prokÔptei me th bo jeia twn peperasmènwn stoiqeÐwn ikanopoieÐ thn ektÐmhsh

|u− uh| ≤ supg∈H
1

|g|
(c1‖u− uh‖h‖φg − φg,h‖h

+ |Bh[u− uh, φg]− (u− uh, g)|
+ |Bh[u, φg − φg,h]− < f, φg − φg,h > |),

ìpou φg ∈ V kai φg,h ∈ Sh eÐnai oi asjeneÐc lÔseic tou metabolikoÔ probl ma-
toc Bh[w, φ] = (w, g) gia dojeÐsa sun�rthsh g ∈ H.

Apìdeixh Apì ton orismì tou uh, φg kai φg,h gia k�je g ∈ H, èpetai ìti

(u− uh, g) = Bh[u, φg]−Bh[uh, φg,h]

= Bh[u− uh, φg − φg,h] +Bh[uh, φg − φg,h] +Bh[u− uh, φg,h]
= Bh[u− uh, φg − φg,h]− (Bh[u− uh, φg]− (u− uh, g))

− (Bh[u, φg − φg,h]− < f, φg − φg,h >) .

H zhtoÔmenh ektÐmhsh prokÔptei me th bo jeia thc sqèshc (3.32) kai thc
sunèqeiac thc Bh.
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4.1.2 'Ena Afhrhmèno Je¸rhma 'Uparxhc kai SÔg-

klishc

Arqik�, ja orÐsoume arnhtikèc nìrmec se q¸rouc Sobolev, kai ja anaferjoÔme
stouc suzugeÐc telestèc.

Orismìc 4.1.1 'Estw ìti o arijmìc m ≥ 1. DojeÐshc miac sun�rthshc
u ∈ L2(U) orÐzetai h nìrma

‖u‖−m,U := supv∈Hm
0 (U)

(u, v)

‖v‖Hm(U)

.

O q¸roc H−m(U) orÐzetai na eÐnai h sumpl rwsh tou q¸rou L2(U) se sqèsh
me th nìrma ‖ · ‖−m,U .

Gia touc q¸rouc Sobolev, o duðkìc q¸roc tou Hm
0 (U) èqei tautisteÐ me

ton q¸ro H−m(U). Profan¸c, isqÔoun oi sqèseic

· · · ⊃ H−2(U) ⊃ H−1(U) ⊃ L2(U) ⊃ H1
0 (U) ⊃ H2

0 (U) ⊃ . . .

· · · ≤ ‖u‖−2,U ≤ ‖u‖−1,U ≤ ‖u‖H0(U) ≤ ‖u‖H1(U) ≤ ‖u‖H2(U) ≤ · · ·

L mma 4.1.4 'Estw ìti B eÐnai mia Hm
0 -elleiptik  digrammik  morf . Tìte

isqÔei h ektÐmhsh
‖u‖Hm ≤ c−1

2 ‖f‖−m.

Apìdeixh Lìgw tou orismoÔ (4.1.1), isqÔei (u, v) ≤ ‖u‖−m‖v‖Hm . Jèton-
tac v = u sto metabolikì prìblhma B[u, v] = (f, v), èpetai ìti

c2‖u‖2
Hm ≤ B[u, u] = (f, u) ≤ ‖f‖−m‖u‖Hm .

Diair¸ntac me ‖u‖Hm ta mèlh thc parap�nw anisìthtac, èpetai h zhtoÔmenh
ektÐmhsh.

Me th bo jeia thc ektÐmhshc aut c kai tou orismoÔ (2.5.1), parathreÐtai ìti
to metabolikì prìblhma to opoÐo upìkeitai se sunoriakèc sunj kec Dirichlet
eÐnai Hm-kanonikì.

Sth sunèqeia, upojètoume ìti oi q¸roi X kai Y eÐnai q¸roi Banach twn
opoÐwn oi duðkoÐ q¸roi sumbolÐzontai me X∗ kai Y ∗, antÐstoiqa. 'Estw ìti
o grammikìc telest c L : X → Y eÐnai fragmènoc. Dojèntoc y∗ ∈ Y ∗, h
apeikìnish

x 7→ ly∗(x) :=< y∗, Lx >
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orÐzei èna suneqèc grammikì sunarthsoeidèc ston q¸ro X. H grammik  a-
peikìnish L∗ : Y ∗ → X∗, me y∗ 7→ ly∗ , < L∗y∗, x >:=< y∗, Lx > kaleÐtai
�suzug c telest c� thc L.

Epiplèon, upojètoume ìti o upìqwroc V tou q¸rouX eÐnai kleistìc. Tìte
to �polikì sÔnolo� tou V orÐzetai wc ex c

V 0 := {l ∈ X∗ | < l, v >= 0 ∀v ∈ V }.

Wstìso, den prèpei na sugqèoume to polikì sÔnolo V 0 me to �orjog¸nio
sumpl rwma� V ⊥ tou V

V ⊥ := {x ∈ X | (x, v) = 0 ∀v ∈ V }.

To akìloujo je¸rhma deÐqnei ìti o suzug c telest c mporeÐ na qrhsimo-
poihjeÐ gia na prosdiorisjeÐ h eikìna thc L.

Je¸rhma 4.1.5 'Estw ìti oi q¸roi X kai Y eÐnai Banach, kai h grammik 
apeikìnish L : X → Y eÐnai fragmènh. Tìte oi akìloujoi isqurismoÐ eÐnai
isodÔnamoi:

(i) H eikìna L(X) thc L eÐnai kleist  ston Y ,
(ii) L(X) = (kerL∗)0.

Apìdeixh DeÐte [2].

Tèloc, upojètoume ìti oi q¸roi U kai V eÐnai q¸roi Hilbert, kai h B :
U ×V → R eÐnai mia digrammik  morf . 'Enac antÐstoiqoc grammikìc telest c
L : U → V ∗ orÐzetai wc ex c

< Lu, v >:= B[u, v] ∀v ∈ V.

JewroÔme to akìloujo metabolikì prìblhma: DojeÐshc f ∈ V ∗, na brejeÐ
u ∈ U tètoio, ¸ste gia k�je v ∈ V na isqÔei

B[u, v] =< f, v > . (4.1)

Tìte mporeÐ na grafeÐ ìti u = L−1f .

Orismìc 4.1.2 'Estw ìti oi grammikoÐ q¸roi U kai V eÐnai efodiasmènoi
me nìrma. H grammik  apeikìnish L eÐnai ènac isomorfismìc an eÐnai 1-1 kai
�epÐ� kai oi apeikonÐseic L kai L−1 eÐnai suneqeÐc.
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Je¸rhma 4.1.6 'Estw ìti oi q¸roi U kai V eÐnai q¸roi Hilbert. Tìte h
grammik  apeikìnish L : U → V ∗ eÐnai ènac isomorfismìc an kai mìno an
h antÐstoiqh digrammik  morf  B : U × V → R ikanopoieÐ tic akìloujec
sunj kec:

(i) (Sunèqeia) Up�rqei mia stajer� C ≥ 0 tètoia, ¸ste

|B[u, v]| ≤ C‖u‖U‖v‖V . (4.2)

(ii) (Sunj kh inf-sup) Up�rqei mia stajer� α > 0 tètoia, ¸ste

supv∈V
B[u, v]

‖v‖V
≥ α‖u‖U , ∀u ∈ U. (4.3)

(iii) Gia k�je v ∈ V , up�rqei èna stoiqeÐo u ∈ U me

B[u, v] 6= 0. (4.4)

ShmeÐwsh An upojèsoume ìti isqÔoun mìno oi sunj kec (i) kai (ii) tou
parap�nw Jewr matoc, tìte h apeikìnish

L : U → {v ∈ V | B[u, v] = 0 ∀u ∈ U}0 ⊂ V ∗ (4.5)

eÐnai ènac isomorfismìc. Epiplèon, h sqèsh (4.3) eÐnai isodÔnamh me

‖Lv‖V ∗ ≥ α‖u‖U , ∀u ∈ U. (4.6)

Epiplèon, h sunj kh (4.3) diatup¸netai isodÔnama wc ex c

infu∈Usupv∈V
B[u, v]

‖u‖U‖v‖V
≥ α > 0. (4.7)

Apìdeixh Upojètoume ìti isqÔoun oi sunj kec (4.2) - (4.4); opìte ja
deÐxoume ìti h grammik  apeikìnish L : U → V ∗ eÐnai isomorfismìc.

H sunèqeia thc apeikìnishc L èpetai apì thn sqèsh (4.2).
Gia na deÐxoume ìti h L eÐnai 1-1, arkeÐ na deÐxoume ìti an Lu1 = Lu2 tìte

u1 = u2. Upojètoume ìti Lu1 = Lu2. Tìte, apì ton orismì thc apeikìnishc
L, èpetai ìti B[u1, v] = B[u2, v] gia k�je v ∈ V . Epomènwc, supv∈VB[u1 −
u2, v] = 0, kai h sqèsh (4.3) èpetai ìti ‖u1−u2‖ = 0  , isodÔnama, u1−u2 = 0.
Sunep¸c, h L eÐnai 1-1.

DojeÐshc f ∈ L(U), èpetai ìti up�rqei èna monadikì stoiqeÐo u = L−1f .
Efarmìzoume p�li thn sqèsh (4.3)

α‖u‖U ≤ supv∈V
B[u, v]

‖v‖V
= supv∈V

< f, v >

‖v‖V
= ‖f‖. (4.8)
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H parap�nw sqèsh sumpÐptei me thn (4.6), kai h apeikìnish L−1 eÐnai suneq c
sthn eikìna thc L.

H sunèqeia twn apeikonÐsewn L kai L−1 sunep�getai ìti to sÔnolo L(U)
eÐnai kleistì. Me th bo jeia tou Jewr matoc (4.1.5), èpetai ìti isqÔei h
sqèsh (4.5).

Tèloc, to gegonìc ìti h L eÐnai �epÐ� exasfalÐzetai apì thn sunj kh (iii).

ShmeÐwsh To Je¸rhma Lax-Milgram apoteleÐ eidik  perÐptwsh tou pa-
rap�nw Jewr matoc. Pr�gmati, an h digrammik  morf  B eÐnai suneq c kai
V -elleiptik , tìte h sunj kh inf-sup prokÔptei wc ex c

supv∈V
B[u, v]

‖v‖V
≥ B[u, u]

‖u‖U
≥ α‖u‖U .

Gia na epilÔsoume arijmhtik� thn exÐswsh (4.1) odhgoÔmaste se mia mèjodo
Galerkin. Upojètoume ìti oi q¸roi Uh ⊂ U kai Vh ⊂ V eÐnai peperasmènwn
diast�sewn. Tìte dojeÐshc f ∈ V ∗ anazhtoÔme uh ∈ Uh tètoia, ¸ste gia
k�je v ∈ Vh na isqÔei

B[uh, v] =< f, v > . (4.9)

L mma 4.1.7 Upojètoume ìti h digrammik  morf  B : U×V → R ikanopoieÐ
tic upojèseic tou Jewr matoc (4.1.6). Epiplèon, upojètoume ìti oi upìqwroi
Uh ⊂ U kai Vh ⊂ V epilègontai ètsi ¸ste oi sqèseic (4.7) kai (4.4) na isqÔoun
ìtan oi q¸roi U kai V antikajÐstantai apì touc q¸rouc Uh kai Vh, antÐstoiqa.
Tìte isqÔei h ektÐmhsh

‖u− uh‖ ≤
(

1 +
C

α

)
infwh∈Uh‖u− wh‖.

Ja lème ìti oi upìqwroi Uh kai Vh ikanopoioÔn thn sunj kh tou Babuška  
mia sunj kh inf-sup an h sqèsh (4.7) isqÔei gia touc Uh kai Vh.

Apìdeixh Lìgw twn sqèsewn (4.1) kai (4.9), èqoume

B[u− uh, v] = 0 ∀v ∈ Vh.

'Estw ìti wh eÐnai èna aujaÐreto stoiqeÐo tou q¸rou Uh. Tìte

B[uh − wh, v] = B[u− wh, v] ∀v ∈ Vh.

An jèsoume < l, v >:= B[u − wh, v], tìte èpetai ìti ‖l‖ ≤ C‖u − wh‖.
SÔmfwna me thn upìjesh, h apeikìnish Lh : Uh → V ∗h h opoÐa par�getai apì
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th digrammik  morf  B[uh − wh, ·] ikanopoieÐ thn sqèsh ‖ (Lh)
−1 ‖ ≤ 1/α.

Epomènwc, ja eÐnai

‖uh − wh‖ ≤ α−1‖l‖ ≤ α−1C‖u− wh‖.

H zhtoÔmenh ektÐmhsh èpetai apì thn trigwnik  anisìthta

‖u− uh‖ ≤ ‖u− wh‖+ ‖uh − wh‖.

4.2 Probl mata Saddle Point

Sthn par�grafo aut , ja asqolhjoÔme me metabolik� probl mata ta opoÐa
upìkeintai se periorismoÔc.

'Estw ìti oi q¸roi X kai M eÐnai q¸roi Hilbert, kai oi digrammikèc morfèc

B : X ×X → R, b : X ×M → R

eÐnai suneqeÐc. Epiplèon, upojètoume ìti ta sunarthsoeid  f ∈ X∗ kai g ∈
M∗. Tìte jewroÔme to akìloujo prìblhma elaqistopoÐhshc: Na brejeÐ u ∈
X tètoio, ¸ste to sunarthsiakì

J(u) =
1

2
B[u, u]− < f, u > (4.10)

to opoÐo upìkeitai ston periorismì

b[u, µ] =< g, µ >, ∀µ ∈M (4.11)

na elaqistopoieÐtai.
An λ ∈M , tìte to sunarthsiakì J kai h sun�rthsh Lagrange

L(u, λ) := J(u) + (b[u, λ]− < g, λ >) (4.12)

èqoun tic Ðdiec timèc sto sÔnolo ìlwn twn shmeÐwn pou ikanopoioÔn touc perio-
rismoÔc. Gia to lìgo autì, mporoÔme na broÔme èna el�qisto thc sun�rthshc
L(·, λ) me stajerì λ, antÐ tou elaqÐstou tou J . Epeid  h sun�rthsh L(u, λ)
perièqei mìno digrammikèc kai tetragwnikèc ekfr�seic twn u kai λ, odhgoÔ-
maste sto akìloujo �prìblhma saddle point�: Na brejeÐ (u, λ) ∈ X ×M
tètoio, ¸ste gia k�je v ∈ X kai µ ∈M na isqÔoun oi sqèseic

B[u, v] + b[v, λ] =< f, v >,
b[u, µ] =< g, µ > .

(4.13)

EÔkola parathreÐtai ìti, k�je lÔsh (u, λ) tou probl matoc saddle point
prèpei na ikanopoieÐ thn idiìthta tou saddle point

L(u, µ) ≤ L(u, λ) ≤ L(v, λ) ∀(v, µ) ∈ X ×M.
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4.2.1 H Sunj kh Inf-Sup

H exÐswsh (4.13) orÐzei mia grammik  apeikìnish

L : X ×M → X∗ ×M∗

(u, λ) 7→ (f, g).
(4.14)

Gia lìgouc eukolÐac, h exÐswsh (4.13) anadiatup¸netai se mia exÐswsh tele-
st¸n wc ex c:

- H apeikìnish A : X → X∗, < Au, v >= B[u, v] gia k�je v ∈ X sundèetai
me th digrammik  morf  B.

- H apeikìnish C : X → M∗, < Cu, µ >= b[u, µ] gia k�je µ ∈ M , kai h
suzug c thc apeikìnish C∗ : M → X∗, < C∗λ, v >= b[v, λ] gia k�je v ∈ X
sundèetai me th digrammik  morf  b.

Tìte h exÐswsh (4.13) eÐnai isodÔnamh me thn exÐswsh telest¸n

Au+ C∗λ = f,
Cu = g.

(4.15)

Sto akìloujo l mma, eis�goume ton ex c sumbolismì gia ton affinikì
q¸ro twn apodekt¸n stoiqeÐwn kai touc antÐstoiqouc grammikoÔc q¸rouc

V (g) := {v ∈ X | b[v, µ] =< g, µ > ∀µ ∈M},
V := {v ∈ X | b[v, µ] = 0 ∀µ ∈M}. (4.16)

Epeid  h morf  b eÐnai suneq c, èpetai ìti to sÔnolo V eÐnai ènac kleistìc
upìqwroc tou X.

L mma 4.2.1 Oi akìloujoi isqurismoÐ eÐnai isodÔnamoi:
(i) Up�rqei mia stajer� β > 0 tètoia, ¸ste

infµ∈Msupv∈X
b[v, µ]

‖v‖‖µ‖
≥ β. (4.17)

(ii) O telest c C : V ⊥ → M∗ eÐnai ènac isomorfismìc, kai isqÔei h
ektÐmhsh

‖Cv‖ ≥ β‖v‖ ∀v ∈ V ⊥. (4.18)

(iii) O telest c C∗ : M → V 0 ⊂ X∗ eÐnai ènac isomorfismìc, kai isqÔei
h ektÐmhsh

‖C∗µ‖ ≥ β‖µ‖ ∀µ ∈M. (4.19)
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Apìdeixh H isodunamÐa twn sunjhk¸n (i) kai (iii) èpetai apì th shmeÐwsh
tou Jewr matoc (4.1.6).

Upojètoume ìti ikanopoieÐtai h sunj kh (iii). Tìte gia dojèn v ∈ V ⊥

orÐzoume èna sunarthsoeidèc g ∈ V 0 apì w 7→ (v, w). Epeid  h apeikìnish C∗

eÐnai ènac isomorfismìc, èpetai ìti up�rqei λ ∈M tètoio, ¸ste gia k�je w na
isqÔei

b[w, λ] = (v, w). (4.20)

Apì ton orismì tou sunarthsoeidoÔc g, èqoume ‖g‖ = ‖v‖, kai h sqèsh (4.19)
sunep�getai ìti ‖v‖ = ‖g‖ = ‖C∗λ‖ ≥ β‖λ‖. Jètontac w = v sthn sqèsh
(4.20), èpetai ìti

supµ∈M
b[v, µ]

‖µ‖
≥ b[v, λ]

‖λ‖
=

(v, v)

‖λ‖
≥ β‖v‖.

Epomènwc, h apeikìnish C : V ⊥ →M∗ ikanopoieÐ tic sunj kec tou Jewr ma-
toc (4.1.6), kai h apeikìnish C eÐnai ènac isomorfismìc.

Upojètoume ìti ikanopoieÐtai h sunj kh (ii). Gia dojèn µ ∈ M , prosdio-
rÐzoume th nìrma mèsw thc duðkìthtac

‖µ‖ = supg∈M∗
< g, µ >

‖g‖
= supv∈V ⊥

< Cv, µ >

‖Cv‖

= supv∈V ⊥
b[v, µ]

‖Cv‖
≤ supv∈V ⊥

b[v, µ]

β‖v‖
.

Epomènwc, ikanopoieÐtai h sunj kh (i).

Je¸rhma 4.2.2 (DiaqwrismoÔ tou Brezzi) Gia to prìblhma saddle
point (4.13), h apeikìnish (4.14) orÐzei ènan isomorfismì L : X ×M → X∗ ×
M∗ an kai mìno an ikanopoioÔntai oi akìloujec sunj kec:

(i) H digrammik  morf  B eÐnai V -elleiptik ,
(ii) H digrammik  morf  b ikanopoieÐ thn sunj kh inf-sup (4.17).
H sunj kh (ii) anafèretai suqn� wc �sunj kh Brezzi�.

Apìdeixh DeÐte [2].

4.2.2 Meiktèc Mèjodoi Peperasmènwn StoiqeÐwn

Sth sunèqeia, ja anaferjoÔme sthn arijmhtik  lÔsh enìc probl matoc saddle
point: Epilègontai peperasmènwn diast�sewn upìqwroi Xh ⊂ X kai Mh ⊂
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M , kai lÔnetai to akìloujo prìblhma: Na brejeÐ (uh, λh) ∈ Xh×Mh tètoio,
¸ste gia k�je v ∈ Xh kai µ ∈Mh na isqÔoun

B[uh, v] + b[v, λh] =< f, v >,
b[uh, µ] =< g, µ > .

(4.21)

H prosèggish aut  kaleÐtai �meikt  mèjodoc�.
Ston akìloujo orismì, eis�getai o ex c sumbolismìc

Vh := {v ∈ Xh | b[v, µ] = 0 ∀µ ∈Mh}.

Orismìc 4.2.1 Ja lème ìti mia oikogèneia q¸rwn peperasmènwn stoiqeÐwn
Xh, Mh ikanopoieÐ thn sunj kh Babuška-Brezzi an up�rqoun stajerèc α > 0
kai β > 0 anex�rthtec tou arijmoÔ h tètoiec, ¸ste

(i) h digrammik  morf  B na eÐnai Vh-elleiptik  me stajer� elleiptikìth-
tac α > 0.

(ii) gia k�je λh ∈Mh na isqÔei

supv∈Xh
b[v, λh]

‖v‖
≥ β‖λh‖. (4.22)

H sunj kh (ii) kaleÐtai suqn� sunj kh Brezzi   sunj kh Ladyshenskaja-
Babuška-Brezzi ( , gia suntomÐa, sunj kh LBB).

To akìloujo je¸rhma apoteleÐ mia �mesh sunèpeia tou L mmatoc (4.1.7)
kai tou Jewr matoc (4.2.2).

Je¸rhma 4.2.3 'Estw ìti isqÔoun oi upojèseic tou Jewr matoc (4.2.2),
kai oi q¸roi Xh, Mh ikanopoioÔn thn sunj kh Babuška-Brezzi. Tìte isqÔei h
ektÐmhsh

‖u− uh‖+ ‖λ− λh‖ ≤ c {infvh∈Xh‖u− vh‖+ infµh∈Mh
‖λ− µh‖} . (4.23)

Apìdeixh DeÐte [2].

Orismìc 4.2.2 Ja lème ìti oi q¸roi Xh ⊂ X kaiMh ⊂M ikanopoioÔn thn
sunj kh (C) an Vh ⊂ V , dhlad  an gia k�je vh ∈ Xh gia to opoÐo isqÔei h
sqèsh b[vh, µh] = 0 gia k�je µh ∈Mh èpetai ìti b[vh, µ] = 0 gia k�je µ ∈M .

Je¸rhma 4.2.4 'Estw ìti isqÔoun oi upojèseic tou Jewr matoc (4.2.3),
kaj¸c kai h sunj kh (C). Tìte h lÔsh tou probl matoc (4.21) ikanopoieÐ thn
ektÐmhsh

‖u− uh‖ ≤ c infvh∈Xh‖u− vh‖.
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Apìdeixh 'Estw ìti vh ∈ Vh(g). Tìte gia k�je v ∈ Vh èqoume

B[uh − vh, v] = B[uh, v]−B[u, v] +B[u− vh, v]

= b[v, λ− λh] +B[u− vh, v]

≤ C‖u− vh‖ · ‖v‖,

afoÔ o ìroc b[v, λ− λh] mhdenÐzetai lìgw thc sunj khc (C). Jètontac v :=
uh − vh sthn parap�nw anisìthta, prokÔptei ìti ‖uh − vh‖2 ≤ α−1C‖uh −
vh‖ · ‖u − vh‖, kai h zhtoÔmenh ektÐmhsh prokÔptei an diairèsoume me ‖uh −
vh‖ ta mèlh thc parap�nw sqèshc kai efarmìsoume thn trigwnik  anisìthta
‖u− uh‖ ≤ ‖u− vh‖+ ‖uh − vh‖.

4.2.3 H Parembol  tou Fortin

H parembol  tou Fortin apoteleÐ èna qr simo ergaleÐo gia thn epal jeush
thc isqÔoc thc sunj khc inf-sup.

Je¸rhma 4.2.5 (Krit rio tou Fortin) 'Estw ìti h digrammik  morf 
b : X × M → R ikanopoieÐ thn sunj kh inf-sup. Epiplèon, upojètoume
ìti gia touc upìqwrouc Xh, Mh up�rqei mÐa fragmènh grammik  probol 
Πh : X → Xh tètoia, ¸ste gia µh ∈Mh na isqÔei

b[v − Πhv, µh] = 0. (4.24)

An ‖Πh‖ ≤ c gia k�poia stajer� c anex�rthth tou arijmoÔ h, tìte oi q¸roi
peperasmènwn stoiqeÐwn Xh, Mh ikanopoioÔn thn sunj kh inf-sup.

Apìdeixh SÔmfwna me thn upìjesh, gia µh ∈Mh isqÔei

β‖µh‖ ≤ supv∈X
b[v, µh]

‖v‖
= supv∈X

b[Πhv, µh]

‖v‖

≤ c supv∈X
b[Πhv, µh]

‖Πhv‖
= c supvh∈Xh

b[vh, µh]

‖vh‖
,

afoÔ Πhv ∈ Xh.

L mma 4.2.6 An oi q¸roi peperasmènwn stoiqeÐwn Xh,Mh ikanopoioÔn thn
sunj kh inf-sup, tìte up�rqei mia fragmènh grammik  probol  Πh : X → Xh

tètoia, ¸ste na isqÔei h sqèsh (4.24).
H probol  aut  kaleÐtai �parembol  tou Fortin�.

Apìdeixh DeÐte [2].
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Tèloc, apodeiknÔoume mia sqèsh an�mesa sthn prosèggish me ton periorismì
pou èpetai apì th digrammik  morf  b kai thn prosèggish sto megalÔtero q¸ro
peperasmènwn stoiqeÐwn Xh.

L mma 4.2.7 An oi q¸roi Xh kai Mh ikanopoioÔn thn sunj kh inf-sup,
tìte up�rqei mia stajer� c anex�rthth tou arijmoÔ h tètoia, ¸ste gia k�je
u ∈ V (g) na isqÔei h ektÐmhsh

infvh∈Vh(g)‖u− vh‖ ≤ c infwh∈Xh‖u− wh‖.

Apìdeixh K�nontac qr sh thc parembol c tou Fortin, prokÔptei ìti gia
k�je wh ∈ Xh isqÔei Πhwh = wh. Dojèntoc u ∈ V (g), èqoume Πhu ∈ Vh(g)
kai

‖u−Πhu‖ = ‖u−wh−Πh(u−wh)‖ ≤ ‖u−wh‖+‖Πh(u−wh)‖ ≤ (1+c)‖u−wh‖.

4.3 H ExÐswsh Stokes

H exÐswsh tou Stokes perigr�fei th ro  enìc ix¸douc reustoÔ se èna pedÐo
dÔo   tri¸n diast�sewn kai dÐnetai apì tic sqèseic:

−µ∆u+ grad p = f u ∈ U,
div u = g u ∈ U,
u = u0 u ∈ ∂U,

ìpou µ eÐnai to ix¸dec tou reustoÔ, u : U → Rn me n = 2   3 to pedÐo
taqÔthtac, p : U → R h pÐesh, f èna dojèn exwterikì pedÐo dun�mewn kai
g, u0 dojeÐsec sunart seic.

Sthn ergasÐa aut , ja melet soume thn perÐptwsh thc ro c enìc asumpÐ-
estou reustoÔ me ix¸dec µ = 1 se èna pedÐo U ⊂ R2. Epeid  to reustì eÐnai
asumpÐesto, èpetai ìti div u = 0. Epiplèon, jewroÔme omogeneÐc sunoriakèc
sunj kec, dhlad  u0 = 0; opìte, h exÐswsh tou Stokes paÐrnei th morf :

−∆u+ grad p = f u ∈ U,
div u = 0 u ∈ U,

u = 0 u ∈ ∂U.
(4.25)

ParathroÔme ìti, h Ôparxh omogenoÔc sunoriak c sunj khc kajÐstatai
anagkaÐa sthn perÐptwsh enìc asumpÐestou reustoÔ. Pr�gmati, apì to Olo-
klhrwtikì Je¸rhma tou Gauss èpetai ìti∫

U

div u dx =

∫
∂U

u · ν ds =

∫
∂U

u0 · ν ds. (4.26)
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Epiplèon, parathroÔme ìti h exÐswsh (4.25) kajorÐzei thn pÐesh p mèqri
mia prìsjeth stajer�, h opoÐa sun jwc kajorÐzetai apì thn epibol  thc ka-
nonikopoÐhshc ∫

U

p dx = 0. (4.27)

Tèloc, an h exÐswsh (4.25) ikanopoieÐtai gia k�poiec sunart seic u ∈(
C2(U) ∩ C0(Ū)

)2
kai p ∈ C1(U), tìte ja lème ìti oi sunart seic u kai p

apoteloÔn mia �klassik  lÔsh� tou probl matoc tou Stokes.

4.3.1 Metabolik  DiatÔpwsh

H asjen c diatÔpwsh thc exÐswshc tou Stokes odhgeÐ sto akìloujo prìblhma
saddle point: Na brejeÐ (u, p) ∈ X ×M tètoio, ¸ste gia k�je v ∈ X kai
q ∈M na isqÔoun oi sqèseic{

B[u, v] + b[v, p] = (f, v),
b[u, q] = 0,

(4.28)

ìpou X = H1
0 (U)2, M = L2

0(U) := {q ∈ L2(U) |
∫
U
q dx = 0},

B[u, v] =
∫
U
grad u : grad v dx,

grad u : grad v ≡
∑n

i,j=1
∂ui
∂xj

∂vi
∂xj
,

b[v, q] = −
∫
U
div v q dx.

(4.29)

ParathroÔme ìti, gia k�je v ∈ H1
0 kai q ∈ H1 o tÔpoc tou Green dÐnei

b[v, q] = −
∫
U

div v q dx

=

∫
U

v · grad q dx−
∫
∂U

v · q ν ds

=

∫
U

v · grad q dx. (4.30)

Epomènwc, mporoÔme na jewr soume ìti oi telestèc div kai −grad eÐnai
suzugeÐc.

Epiplèon, apì thn sqèsh (4.30) eÐnai profanèc ìti h morf  b[v, q] para-
mènei amet�blhth an prosjèsoume mia stajer  sun�rthsh sthn q. Sunep¸c,
mporoÔme na tautÐsoume ton q¸ro M me ton q¸ro L2(U)/R, ìpou se autìn
ton q¸ro phlÐkou jewroÔme ìti oi sunart seic ston q¸ro L2 eÐnai isodÔnamec
ìtan diafèroun mìno kat� mÐa stajer�.
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Tèloc, mÐa lÔsh (u, p) tou probl matoc (4.28) ja kaleÐtai �klassik  lÔ-

sh� tou probl matoc an h sun�rthsh u ∈
(
C2(U) ∩ C0(Ū)

)2
kai h sun�rthsh

p ∈ C1(U).

Je¸rhma 4.3.1 K�je klassik  lÔsh tou probl matoc saddle point (4.28)
apoteleÐ lÔsh tou probl matoc (4.25).

Apìdeixh 'Estw ìti (u, p) eÐnai mia klassik  lÔsh tou probl matoc saddle
point (4.28). Upojètoume ìti h sun�rthsh φ := div u ∈ L2 mporeÐ na grafeÐ
sth morf  φ = q0 + c, ìpou q0 ∈M kai c mia stajer�.

Epeid  h sun�rthsh u ∈ H1
0 , jètontac v = u kai q = 1 sthn sqèsh

(4.30) èpetai ìti
∫
U
div u dx = 0. Lìgw thc isìthtac aut c kai thc sqèshc

b[u, q] = 0, prokÔptei ìti∫
U

(div u)2 dx =

∫
U

(div u) (div u) dx =

∫
U

(div u)φ dx

=

∫
U

(div u) (q0 + c) dx =

∫
U

(div u) q0 dx+ c

∫
U

div u dx

= b[u, q0] + c

∫
U

div u dx = 0.

Epomènwc, to reustì eÐnai asumpÐesto, afoÔ isqÔei div u = 0.
Epiplèon, h pr¸th exÐswsh tou probl matoc (4.28) mporeÐ na grafeÐ sth

morf 
(grad u, grad v) = (f − grad p, v) ∀v ∈ H1

0 (U)2.

Epeid  h sun�rthsh u ∈
(
C2(U) ∩ C0(Ū)

)2
, apì to Je¸rhma (2.2.2) kai

(2.2.1) èpetai ìti h u apoteleÐ mia klassik  lÔsh tou probl matoc

−∆u = f − grad p u ∈ U,
u = 0 u ∈ ∂U,

opìte prokÔptei to zhtoÔmeno.

4.3.2 H Sunj kh Inf-Sup

Gia na exasfalÐsoume thn Ôparxh kai th monadikìthta miac lÔshc thc exÐsw-
shc tou Stokes, qrei�zetai na epalhjeÔsoume tic sunj kec (i) kai (ii) tou
Jewr matoc DiaqwrismoÔ tou Brezzi (4.2.2).

'Estw to sÔnolo

V := {v ∈ X | (div v, q) = 0 ∀q ∈ L2(U)}.
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Epeid  B[u, u]1/2 = ‖grad u‖H0(U) = [u]H1(U), èpetai ìti h digrammik  morf 
B eÐnai H1

0 -elleiptik ; opìte, h sunj kh (i) ikanopoieÐtai.
Gia na deÐxoume ìti ikanopoieÐtai h sunj kh (ii), qreiazìmaste to akìloujo

je¸rhma:

Je¸rhma 4.3.2 'Estw ìti to sÔnolo U eÐnai èna fragmèno sunektikì pedÐo
me Lipschitz suneqèc sÔnoro.

(i) H eikìna thc grammik c apeikìnishc

grad : L2(U)→ H−1(U)2

eÐnai kleist  ston q¸ro H−1(U)2.
(ii) Up�rqei mia stajer� c = c(U) tètoia, ¸ste

‖p‖H0(U) ≤ c
(
‖grad p‖H−1(U) + ‖p‖H−1(U)

)
∀p ∈ L2(U), (4.31)

‖p‖H0(U) ≤ c‖grad p‖H−1(U) ∀p ∈ L2
0(U). (4.32)

Je¸rhma 4.3.3 Me b�sh tic upojèseic tou Jewr matoc (4.3.2), to prìblh-
ma tou Stokes (4.28) ikanopoieÐ thn sunj kh tou Brezzi (4.17).

Apìdeixh Apì thn exÐswsh (4.32) èpetai ìti gia k�je p ∈ L2
0(U) isqÔei

‖grad p‖H−1(U) ≥ c−1‖p‖H0(U).

SÔmfwna me ton orismì thc arnhtik c nìrmac (4.1.1), èpetai ìti up�rqei mia
sun�rthsh v ∈ H1

0 (U)2 me ‖v‖H1(U) = 1 kai

(v, grad p) ≥ 1

2
‖v‖H1(U)‖grad p‖H−1(U) ≥

1

2c
‖p‖H0(U).

Lìgw thc sqèshc (4.30), prokÔptei ìti

b[−v, p]
‖v‖H1(U)

= (v, grad p) ≥ 1

2c
‖p‖H0(U),

h opoÐa apodeiknÔei thn sunj kh tou Brezzi.
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4.3.3 Arijmhtik  EpÐlush

Arqik�, eÐnai aparaÐthto na orÐsoume to proseggistikì prìblhma to opoÐo
antistoiqeÐ sto metabolikì prìblhma tou Stokes (4.28); to opoÐo eÐnai: Na
brejeÐ (uh, ph) ∈ Xh×Mh tètoio, ¸ste gia k�je vh ∈ Xh ⊂ X kai qh ∈Mh ⊂
M na isqÔoun {

B[uh, vh] + b[vh, ph] = (f, v),
b[uh, qh] = 0,

(4.33)

ìpou
B[uh, vh] =

∫
U
grad uh : grad vh dx,

grad uh : grad vh ≡
∑n

i,j=1
∂uhi
∂xj

∂vhi
∂xj

,

b[vh, qh] = −
∫
U
div vh qh dx,

(4.34)

kai Xh ⊂ X, Mh ⊂ M q¸roi peperasmènwn stoiqeÐwn oi opoÐoi ja prèpei
na ikanopoioÔn thn sunj kh Babuška-Brezzi (Orismìc 4.2.1) ètsi, ¸ste na
exasfalÐzetai h Ôparxh kai h monadikìthta thc lÔshc tou probl matoc (4.33).

'Ena peperasmèno stoiqeÐo to opoÐo qrhsimopoieÐtai suqn� sthn arijmhtik 
epÐlush thc exÐswshc Stokes eÐnai to eponomazìmeno �Taylor-Hood stoiqeÐo�,
to opoÐo ikanopoieÐ thn sunj kh Babuška-Brezzi. To stoiqeÐo autì eÐnai èna
trigwnikì stoiqeÐo sto opoÐo to polu¸numo pou proseggÐzei thn taqÔthta èqei
megalÔtero bajmì apì ekeÐno thc pÐeshc, h opoÐa jewreÐtai ìti eÐnai suneq c.
Oi q¸roi Xh, Mh gia to stoiqeÐo autì dÐnontai apì tic akìloujec sqèseic

Xh :=
(
M2

0,0

)2
= {v ∈ C(Ū)2 ∩H1

0 (U)2 | v|T ∈ P2 ∀T ∈ Th},
Mh := M1

0 ∩ L2
0 = {q ∈ C(U) ∩ L2

0(U) | q|T ∈ P1 ∀T ∈ Th},
(4.35)

ìpou me Th sumbolÐzetai o trigwnismìc tou qwrÐou U .
Sto akìloujo sq ma parousi�zetai to stoiqeÐo Taylor-Hood:

@
@
@

@
@

@
@
@
@• •

•

•

•

•

j j

j

ìpou me • sumbolÐzontai ta shmeÐa parembol c tou poluwnÔmou thc taqÔ-
thtac kai me kÔklo ta shmeÐa parembol c tou poluwnÔmou thc pÐeshc.

Sth sunèqeia, efarmìzoume th mèjodo Ritz-Galerkin sto proseggistikì
prìblhma tou Stokes (4.33). 'Estw ìti ta sÔnola {φi}Ni=1 kai {ψi}Mi=1 apote-
loÔn mia b�sh twn q¸rwn Xh kai Mh, antÐstoiqa. Epeid  oi sunart seic uh



88 KEF�ALAIO 4. H EX�ISWSH STOKES

kai ph mporoÔn na grafoÔn wc grammikìc sunduasmìc twn sunart sewn φi kai
ψi, antÐstoiqa, dhlad  mporoÔn na p�roun th morf 

uh =
N∑
j=1

cjφj, ph =
M∑
j=1

djψj,

èpetai ìti to proseggistikì prìblhma eÐnai isodÔnamo me to akìloujo gram-
mikì sÔsthma [

A BT

B 0

]
·
[
uN
pM

]
=

[
fN
0

]
, (4.36)

ìpou o pÐnakac A = (aij) = B[φj, φi], o pÐnakac BT = (bij) = b[φj, ψi],
to di�nusma uN = (cj), to di�nusma pM = (dj) kai to di�nusma fN = (fi).
Epiplèon, parathroÔme ìti o pÐnakac BT èqei th morf 

BT =

[
BT

1

BT
2

]
,

ìpou

BT
1 = −

∫
U

∂φj
∂x

ψi dxdy, j = 1, . . . ,
N

2
, i = 1, . . . ,M,

kai

BT
2 = −

∫
U

∂φj
∂y

ψi dxdy, j =
N

2
+ 1, . . . , N, i = 1, . . . ,M.

'Epetai ìti o pÐnakac akamyÐac A tou sust matoc ja èqei th morf 

A =

[
A1 0
0 A1

]
,

ìpou

A1 =

∫
U

5φj 5 φi dxdy, i, j = 1, . . . ,
N

2
.

Tèloc, me th bo jeia tou stoiqeÐou Taylor-Hood mporoÔme na upologÐ-
soume tic sunart seic b�sewn {φi}Ni=1 kai {ψi}Mi=1 se k�je trÐgwno T tou
diaqwrismoÔ tou U .

4.3.4 Arijmhtikì Par�deigma

'Estw to akìloujo prìblhma tou Stokes

−∆u+ grad p = f,
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ìpou h sun�rthsh u : U = [0, 1]× [0, 1]→ R2 sumbolÐzei to pedÐo thc taqÔth-
tac, h sun�rthsh p : U → R thn pÐesh kai h f : U → R2 to pedÐo dun�mewn,
me sunoriak  sunj kh u = 0 sto ∂U . Upojètoume, epÐshc, ìti to reustì eÐnai
asumpÐesto, dhlad  isqÔei h sqèsh div u = 0.

ParathroÔme ìti, èna pedÐo taqÔthtac to opoÐo ikanopoieÐ tic parap�nw
sunj kec eÐnai to akìloujo

u(x, y) =

[
u1(x, y)
u2(x, y)

]
=

[
sin2(πx) sin(2πy)
−sin(2πx) sin2(πy)

]
.

Epilègoume aujaÐreta thn sun�rthsh thc pÐeshc na eÐnai

p(x, y) = cos(xy).

Epomènwc, apì thn exÐswsh tou Stokes prokÔptei ìti to pedÐo dun�mewn tou
reustoÔ eÐnai

f(x, y) =

[
f1(x, y)
f2(x, y)

]
=

[
π2sin(2πy) (4sin2(πx)− 2cos(2πx))− ysin(xy)
π2sin(2πx) (2cos(2πy)− 4sin2(πy))− xsin(xy)

]
.

Me qr sh thc gl¸ssac programmatismoÔ Freefem epilÔoume arijmhtik�
to parap�nw prìblhma kai upologÐzoume ta sf�lmata L2 kai H1 mei¸nontac
suneq¸c to b ma thc mejìdou twn Peperasmènwn StoiqeÐwn ètsi, ¸ste to
h→ 0. Parak�tw dÐnetai o antÐstoiqoc k¸dikac.

DhmiourgÐa enìc n×n kann�bou sto monadiaÐo tetr�gwno [0, 1]× [0, 1]
mesh Th=square(n,n);
EÔresh tou arijmoÔ h = maxT∈ThhT , ìpou me hT sumbolÐzetai h a-

ktÐna tou stoiqeÐou T
fespace Ph(Th,P0);
Ph h=hTriangle;
cout << ” size of mesh = ” << h[ ].max << endl;
Orismìc twn Q¸rwn Peperasmènwn StoiqeÐwn gia to pedÐo thc taqÔ-

thtac kai thn pÐesh, k�nontac qr sh tou stoiqeÐou Taylor-Hood gia thn
arijmhtik  epÐlush tou probl matoc

fespace Xh(Th,P2);
fespace Mh(Th,P1);
Orismìc twn arijmhtik¸n lÔsewn u1, u2, p tou probl matoc kai twn

dokimastik¸n sunart sewn v1, v2, q
Xh u1,u2,v1,v2;
Mh p,q;
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Orismìc tou pedÐou dun�mewn gia thn epÐlush tou probl matoc
func f1 = -2*piˆ2*cos(2*pi*x)*sin(2*pi*y)+(sin(pi*x))ˆ2*4*piˆ2*

sin(2*pi*y)-y*sin(x*y);
func f2 = -4*piˆ2*sin(2*pi*x)*(sin(pi*y))ˆ2+2*piˆ2*sin(2*pi*x)*

cos(2*pi*y)-x*sin(x*y);
Orismìc tou pedÐou taqÔthtac kai thc klÐshc tou, kaj¸c kai thc pÐeshc

gia ton upologismì twn sfalm�twn
func ue1 = ((sin(pi*x))ˆ2)*sin(2*pi*y);
func ue2 = -sin(2*pi*x)*((sin(pi*y))ˆ2);
func pe = cos(x*y);
func ue1x = pi*sin(2*pi*x)*sin(2*pi*y);
func ue1y = 2*pi*(sin(pi*x))ˆ2*cos(2*pi*y);
func ue2x = -2*pi*cos(2*pi*x)*(sin(pi*y))ˆ2;
func ue2y = -pi*sin(2*pi*x)*sin(2*pi*y);
Orismìc tou probl matoc tou Stokes
solve Stokes(u1,u2,p,v1,v2,q) = int2d(Th) (dx(u1)*dx(v1) +

dy(u1)*dy(v1) + dx(u2)*dx(v2) + dy(u2)*dy(v2)) - int2d(Th)
(p*(dx(v1) + dy(v2))) + int2d(Th) (q*(dx(u1)+dy(u2))) - int2d(Th)

(f1*v1 + f2*v2)
Orismìc twn sunoriak¸n sunjhk¸n
+on(1,2,3,4,u1=0,u2=0);
DhmiourgÐa graf matoc sto opoÐo apeikonÐzetai h arijmhtik  lÔsh tou

pedÐou thc taqÔthtac kai thc pÐeshc
plot([u1,u2],p);
Upologismìc tou L2 kai H1 sf�lmatoc thc arijmhtik c lÔshc tou

pedÐou taqÔthtac
cout <<”L2 error of u=” << sqrt( int2d(Th) ((ue1-u1)ˆ2 + (ue2-

u2)ˆ2) ) <<endl;
cout <<”H1 error of u=” << sqrt( int2d(Th) ((ue1-u1)ˆ2 + (ue1x-

dx(u1))ˆ2 + (ue1y-dy(u1))ˆ2 + (ue2-u2)ˆ2 + (ue2x-dx(u2))ˆ2 + (ue2y-
dy(u2))ˆ2) ) <<endl;

Epeid  to polu¸numo pou qrhsimopoÐeitai gia thn prosèggish tou pedÐou
thc taqÔthtac eÐnai 2ou bajmoÔ, èpetai ìti ja isqÔoun oi akìloujec ektim seic

‖u− uh‖L2 ≤ Ch3, ‖u− uh‖H1 ≤ Ch2,

ìpou me u sumbolÐzetai h akrib c lÔsh tou probl matoc kai me uh h arijmhtik 
lÔsh tou probl matoc.

Sth sunèqeia, parousi�zoume ta diagr�mmata pou prokÔptoun apì to prì-
gramma gia diaforetik� n.
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Tèloc, ston akìloujo pÐnaka dÐnontai ta apotelèsmata tou progr�mmatoc
gia diaforetik� n.

n h ‖u− uh‖L2
‖u−uh‖L2

‖u−uh/2‖L2
≈ 8 ‖u− uh‖H1

‖u−uh‖H1

‖u−uh/2‖H1
≈ 4

10 0,141421 0,00151704 - 0,127446 -
20 0,0707107 0,000190793 7,95124 0,032465 3,92564
40 0,0353553 2,39112 10−5 7,97923 0,00815688 3,98008
80 0,0176777 2,99124 10−6 7,99374 0,00204183 3,99489
160 0,00883883 3,73985 10−7 7,99829 0,000510624 3,99870
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