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Abstract

The research conducted in the present PhD thesis aims to provide insights into the well-
posedness theory for partial differential equations related to a class of functionals with gen-
eralized Orlicz growth which is allowed to be linear at certain regions of the domain. As
a complement to our theoretical analysis, we propose an image denoising model based on a
variable-growth total variation regularizer of double-phase type. Furthermore, we present nu-
merical experiments, carried out with a modified version of the Chambolle-Pock algorithm,
which demonstrate the effectiveness of our model in improving upon the classical Rudin—Osher—
Fatemi approach by reducing the staircasing effect.



Ekten c Per-lhyh

H treuna pou pragmatopoi jhke sthn paro sa didaktorik diatrib aposkope- sthn paro-
g nkwn gn,sewn sgetik me th jewr-a kal c¢ topojtthshc gia meriktc diaforikLc exis, seic pou
sget-zontai me mia kI sh sunarthsiak,n me genikeumtnh a xhsh t pou Orlicz, h opo-a epitrtpetai
na e-nai grammik se orismknec periogtc tou qwr-ou. Sumplhrwmatik proc th jewrhtik an lu-
sh, protenetai tna monttlo apojorubopo-hshc eik nwn basismtno se tnan omalopoint olik c
k manshc metablht ca xhshct poudipl ¢ shc. Epiplton, parousi zontai ariymhtik peir ma-
ta, ta opo-a pragmatopoi jhkan me mia tropopoihmtnh ekdog tou algor-jmou Chambolle-Pock,
ta opo-a apodeikn oun thn apotelesmatik thta tou protein menou monttlou sth belt-wsh thc
klasik c prostggishc Rudin—Osher—Fatemi, mei, nontac to fain meno thc “klim kwshc”.

'Uparxh I sewn W'! gia probl mata dipl c¢ ¥ shc pou perilamb noun
ton 1-Laplace

Sto plasio thc treunac pou pragmatopoi jhke sth diatrib , tgine ekten ¢ meltth
sgetik me thn parxh I sewn W't gia probl mata dipl ¢ £ shc pou kajodhgo ntai ap

ton telest o P
—div —'I'+ a(x)| Cufr? Cod.
[EE

Tupik , o telest c aut ¢ mpore- na jewrhje- wc h pr,th metabol tou sunarthsiako

1(u) = Q| Cul ¥ ;a(x)| Culfdx.

Jewr jhkan t so probl mata sunoriak,n tim,n Dirichlet so kai Neumann, dhlad
C1 [ 1

Cdiv g+ a(x)| 2 [l = £ sto 9,

L1 u = h stodQ,
kai 1 1 1

CAdiv

DI—%+ a(x)| CaEr? |I||:|: f sto Q,
— Eata()| T Iy = g stodQ,

pou Q [RY enai tna qwr-o Lipschitz. H an lush aut,n twn problhm twn pragmatopoi-
Jhke up thn ak loujh up jesh gia th sun rthsh b rouc kai ton ekjtth g > 1

(H): a [T, Q) n Ay, a(x) E0Osto 0Q, g <1+ Iil

Dedomtnou ti h tkfrash %den e-nai kal orismknh sto s nolo { CuZ 0}, o 1-Laplace

ermhne jhke mtsw en ¢ fragmtnou dianusmatiko ped-ou z C®°(Q)N. 'Ena llo lept
shme-o enai h antimet, pish twn oriak,n sunjhk,n. Shmei, netai ti h up jesh tih
sun rthsh b rouc e-nai mh mhdenik sto s noro epitrtpei ton efodiasm tou ant-stoiqou
g, rou Sobolev me b roc me tnan telest -gnouc T : W29(Q2) - L9(0€2). Sthn per-ptwsh
Dirichlet, aut exasfal-zei ti h sunoriak sunj kh u = h tqgei n hma me thn tnnoia
tou -gnouc, en, sthn per-ptwsh Neumann epitrtpei ton orism tou asjeno c -gnouc thc
kanonik ¢ sunist, sac tou ant-stoiqou dianusmatiko ped-ou dipl ¢ ¥ shc.

H mtjodoc ap deixhc bas-zetai se diadikas-a prostggishc: pr,ta melet me ta pro-
bl mata dipl ¢ ¥ shc p,q kajodhgo mena ap ton telest

1 1
—div | CaPr? o3 a(x)| ar? to,
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me p > 1, up tic ant-stoigec sunj kec Dirichlet ~Neumann. Sumbol-zontac tic 1 seic
touc me (up) ston dipl ¢ F shc g,ro Orlicz—Sobolev W% (Q), me ¢,(t) = t* + a(x)t9,
pern me sto rio kaj,c p —» 1 kai apodeikn oume thn parxh miac monadik ¢ asjeno c
I shc sto arqik pr blhma. Aut h I sh prok ptei wc rio sthn asjen topolog-a
tou g, rou Sobolev me b roc W19(Q2). Shmei,netai ti oi upojtseic (H) exasfal-zoun
thn emf teush W214(Q) B W1(Q) kai epomtnwc mporo me na pet qoume tic apara-thtec
sugkl-seic kaj,c pern me sto rio. Wc apottlesma thc an lus c mac, partqoume tna
metabolik garakthrism twnasjen,nl sewn. Eidik tera, tak ria apoteltsmata dnontai
sta ak louja Jewr mata.

Me S(N, 1) sumbol-zoume th btltisth stajer sthn klasik emf teush Sobolev gia
p =1, me A1 (Q) th btltisth stajer sthn emf teush -gnouc Wi(Q) B L(092) kai me
Cpw th stajer thc anis thtac Poincaré-Wirtinger ston g, ro Musielak—Orlicz—Sobolev
dipl ¢ ¥ shcgiap>1.

Je,rhma 1. Upojttoume tiisq ei h (H) kai ti f CLIN(Q) ikanopoie-

OLAS(N, 1) +1)<1.
T te, up rgei mia monadik sun rthsh u m/;,g(g) kai tna dianusmatik pedo z [1
L= ()N me [ZLJ<1 tttoia ,Ste
—div(z +a(x)| T2 ol = f, sto DYQ),
z - [u 1= |[ullsqged npanto sto (2.
Je,rhma 2. Upojttoume tiisq eih (H). T tegiak jeh ml‘%"*(am up rgei mia

monadik sun rthsh u [CW219(Q) me ulsq = h, kai tna dianusmatik pedo z CLI°(Q)N
me [ZI.J< 1, tttoia ,Ste

—div(z + a(x)| (T2 [ = 0, sto DYQ),
z- [u 1= |[u[dsqged n panto sto €.

Epiplton, u e-nai 0 monadik ¢ elagistopoiht ¢ tou sunarthsiako

I(v)= | ITL[}lir; a(x)| D]fldx

Q
sto s nolo 1 1
Wo(Q) = v CWI(Q) : Vjgg=h .

Sqgetik me thn kal topojtthsh tou probl matoc Neumann, prtpei na upojtsoume
ti to dedomtno g [C0*(992) ikanopoie- sunj kh sumbat thtac ,,gdHN"' = 0 kai na

ergasto me ston upog, ro
1 1

V(Q) = ulDWHQ): udx=0 .
Q

Je.,rhma 3. Upojttoume tiisq ei h (H) kai g [CIF°(052) e-nai tttoio ,Ste

T te up rgei mia monadik sun rthsh u [CVI(Q) kai tna dianusmatik ped-o z CLF°(Q)N
me [ZI.J=<1 tttoio ,ste

—div(z +a(x)| W2 o = 0, sto DYQ),
z- [u 1= |[ulldsged n panto sto ¢,
y() = g HV™'-sged npanto sto a9,
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pou { = z + a(x)| Cuf¥r? Cu_Epiplton, u e-nai o monadik ¢ elagistopoiht ¢ tou sunarth-
siako
l(u)= | COdx + ! a(x)| fdx —  gudHNT,
Q qd o Q

sto V (Q2).

Exis, seic Euler—-Lagrange gia th metablht ¢ a xhshc olik k mansh

Sto ep meno mtroc thc diatrib c exet sthke mia pio genik kathgor-a problhm twn
me metablht a xhsh. Qrhsimopoi jhkan mtjodoi kurt ¢ du k thtac kai jewr jhke tna
diaforetik plasio sunjhk,n pou mac epitrtpei 1 seic pou enai stoige-a tou q,rou
BV(Q), dhlad sunart seic L! twn opo-wn h kat katanom par gwgoc enai mttro Ra-
don. Dedomtnou ti 0 BV(Q) enai duk ¢ g,roc, mpore- na exagje- h parxh I sewn
ekmetalleu menoi th metabolik dom twn exetaz menwn problhm twn, mtsw thc meshc
mej dou tou logismo metabol ,n. Sth diatrib , exet sthke mia kathgor-a problhm twn
pou sget-zetai me th metabolik entrgeia thc morf ¢

TVe(u) == Q<I>(><,I|J_lDHX+ Q<I>Eo(><)dIDSUI

pou giau [BV(Q2), Du = [ul"+D3u enai h Lebesgue di spash tou mttrou parag , gou
Du, 5 (X) = lims_ o (X, S)/s kai ¢: 2x[0,00) - [0, o0) e-nai suneq ¢, kurt sun rthsh
pou ikanopoie-

(alnc); Up rgei L; =1 titoio ,ste ¢(x,t)/t =L dp(x,s)/sgia latax (A 0<s<t.

(aDec) Up rgei q = 1, Ly = 1 tttoio ,ste ¢(x,t)/t" < L,p(x,s)/s gia la ta x [q,
0<s<t

(AO) Up rgei B (0, 1] tttoio ,ste ¢(X,B) <1< ¢(x,1/B) gia la tax

(RVA1) Gia k je K >0, up rgei B {0, 1] tttoio ,ste gia k je X,y
(] K (|
O(X, B =d(y,t) +1 an oy, 1) :ﬂ)m ’
kai mia sun rthsh suneqge-ac w tttoia ,ste
1 1 1 1

<oy Falx—y) an by O K

Y ex—y)

giak jex,y Cme ¢ (x) <oo L (y) < oo.

Pr keitai gia sun jeic upojtseic pou emfan-zontai sth jewr-a twn q,rwn Musielak—
Orlicz. Hup jesh (alnc), shmanei tih ¢ tgei toul giston grammik a xhsh, h (aDec) ti
h a xhs thc enai to pol poluwnumik . Oi llec d o ehai piec upojtseic omal thtac.
Sthn ergas-a [23], de-qjhke ti up auttc tic upojtseic, to Eg4 epidtgetai mia Fenchel du-
k anapar stash, kai epomtnwc epektenetai se kurt kai k tw-hmisuneqgtc sunarthsiak
ston L2(Q2), to opo-o sumbol-zetai me Ey. 'Etsi, mpore- kane< na I sei poll probl mata
beltistopo-hshc pou perilamb noun thn E4, pwc mia parallag tou leg menou monttlou
apojorubopo-hshc Rudin—Osher—Fatemi,

: 1 2
u%?Q)AE¢(u)+§ lu— f|°dx



( pou f [CIP(Q) enai tna dedomtno me j rubo kai A > 0 par metroc). Gia na elegqgje-
an mia dedomtnh sun rthsh u enai h I sh se tttoia probl mata, grei zontai sunj kec
beltistopo-hshc, dhlad oi exis, seic Euler—-Lagrange. Aut apaite- thn katan hsh tou
upodiaforiko O0Eg. Gia aut , apaite-tai mia ak mh tegnik up jesh omal thtac, h opo-a
afor thduk sun rthsh ¢{ton Legendre-Fenchel metasghmatism thc ¢):

(VA1) Giak je K >0, up rgei mia sun rthsh sunege-ac o tttoia ,ste gia k je X,y
1 1 1 1

K
¢Dx,m <o) +alx—yl) an oY1) v

Up aut thnpr sjethup jesh, sthn[23] apode-gjhke miaidi thta austhr c prostggishc
tou Ey, dhlad  ti gia k je u CIP(Q) up rgei mia akolouj-a (ux) CW(Q) n C=(Q)
tiLtoia ,ste

Uc — useL?(Q) KkaiEg(ux) » Eg(u) kaj,ck - oo.

An to u an kei ston g, ro Orlicz L?(Q), t te ep-shc ux — u ston L#(Q2). Sth diatrib ,
aut to apottlesma belti, jhke ,ste na epiteugje- prostggish ux pou e-nai omal mkqri

kai to s noro, dhlad ux CC*(£2), gegon c pou epttreye peraittrw apoteltsmata.
Sth suntqeia, eis qjh mia parallag tou ze gouc Anzellotti (§, Du) orismtno wc ka-
tanom

[&,Du),y=— Yudividx— u ¢ Ofdx
Q Q

gia u [My, ¢ X3, pou
Dy :={u CIF(Q): Ep(u) < o0}, Xpoz :={§ [1H(Q): divE CILF(Q), Q(I)%i(, |€])dX < oo}

Shmei,netai ti ap thn anis thta Poincaré, Dy, [LP(Q2). De-qjhke ti (£, Du) enai
mttro Radon pou ikanopoie- thn anis thta

(€, Du) < ¢(|Dul) + ¢"¢, [E])L"

kai ton t po Gauss—Green

(§,Du)+ udividx=0 an&-v=0up miakat Ilhlh asjen tnnoia.
Q Q

Me aut n thn proergas-a, apode-qjhke to ak loujo je,rhma garakthrismo gia to
0E4 mtsw diadogik ,n belti, sewn tou du ko qarakthrismo tou upodiaforiko .

Je,rhma 4. Oi ak loujec sunj kec e-nai isod namec:
(2) w LaEy(u);
(b) u [Dy kai up raei & Xy CLHQ)N me divg = w kai § - v = 0 tttoio ,ste

uwdx =  ¢(|Dul) + o X, [E]) dx, (0.0.1)
Q Q Q

(9) u Dy kai up rgei & [HRpcz CLI(Q)N me —divE = w kai & - v = 0 tttoio ,ste

(€, Du) = Q<|>(IDUI) + Q¢%<, I&]) dx; (0.0.2)

Q

4



(d) u [Dy kai up rgei & [Xyrz CLI(Q)N me —divE = w kai & - v = 0 tttoio ,ste
(§,Du) = ¢(|IDu|) + o, LY we mitra. (0.0.3)

Sth diatrib perilamb netai ep-shc mia suz thsh gia to n hma twn upojtsewn (RVA1)
kai (VA1) sthn per-ptwsh sunarthsiak,n se oloklhrwtik morf t pou dipl ¢ ¥ shc kai
metablhto ekjtth.

Prosarm simo monttlo apojorubopo-hshc Rudin—Osher—Fatemi dipl c
T shc

Sto telik mkroc the diatrib c, eis qjh tna prosarm simo monttlo apojorubopo-hshc
eik nac basismtno sth metablht ¢ a xhshc olik k mansh t pou dipl ¢ ¥ shc. To ke-
ntrik mkroc tou monttlou perilamb nei thn ep-lush miac parallag c t pou dipl ¢ ¥ shc
tou probl matoc elagistopo-hshc Rudin—Osher—Fatemi (ROF) pou anaftrjhke prohgou-
menwc:

min TV, (U) lu—f[*dx, pou TVg, (u):= |Dul+ a(x)| CdAdx. (0.0.4)
Q Q

1
2N o
To monttlo apotele-tai ap taex c b mata:

1. Epiltgetai mia jorub,dhc eik na f kai mia par metroc A > 0 kat 1lhlh gia to
klasik pr blhma ROF.

2. Br-sketai mia I sh uror tou klasiko probl matoc ROF gia to dedomtno T kai thn
par metro A.

3. Epiltgetai akt-na omalopo-hshc r > 0 kai mia mh-a xousa sun rthsh W me pepera-
smtno forta kai W (0) > 0.

4. Omalopoio me th sun rthsh uror Mme pur na akt-nac r kai sumbol-zoume to apottle-
sma wC Uror.

5. Upolog-zetai to b roc a grhsimopoi,ntac ton t po a(x) = W(| [Orbr|) ap th
omalopoihmknh sun rthsh Oror.

6. Brsketai mia | sh ugoror tou probl matoc elagistopo-hshc ROF dipl ¢ F shc
(5.1.1) gia to dedomtno f, thn par metro A kai to b roc a.

Sth suntgeia, to monttlo ulopoi jhke se Python mtsw the platf rmac Google Colab.
Ta diakritopoihmtna probl mata elagistopo-hshc 1 jhkan grhsimopoi,ntac to primal-
dual sq ma Chambolle-Pock. H ap dosh tou monttlou dokim sthke se di forec morftc
tou b rouc W, akt-nec omalopo-hshc r, se di forec sunjetiktc kai fusiktc eik nec se 1D
kai 2D, se tna e roc epiptdwn jor bou. F nhke ti mikrtc (all mh mhdenikkc) timtc tou
r, pwc 2 pixels, leito rghsan kal tera gia eik nec tupiko megtjouc. H akrib ¢ morf
tou W tpaixe mikr tero r lo.

To monttlo sugkr-jhke me to klasik monttlo ROF kai thn parallag Huber-ROF.
H ap dosh belti, jhke me rouc tupik,n metrik,n pwc PSNR kai SSIM. Parathr jhke
shmantik orat me-wsh tou fainomtnou "klim kwshc".
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Chapter 1
Introduction

In recent years, problems with non-standard growth conditions have become a rapidly
expanding area of research for mathematicians working in calculus of variations, partial
di erential equations and function space theory. Consider the minimization problem for
a non-autonomous integral functional

min "(X; jruj) dx; 1.0.1

i (X; jruj) dx; (1.0.1)
where R N is asu ciently regular bounded domain and the integrand ' is measurable
and convex with respect to the second variable and has the following growth bounds

itP Lot Lt 9+ 1 (1.0.2)

with 1 p < q. The characteristic feature of these problems is that the integrand is
trapped between two di erent polynomial growth rates, while the case p = g reduces to
the standard growth case. The classical contributions by Marcellini [47, 46] highlighted
the role of these growth conditions in regularity theory, while Zhikov [64] motivated by
guestions related to the Lavrentiev phenomenon and non-linear elasticity, investigated
energies that later became central examples in the theory. These include the double-
phase and variable exponent integrands

"G =t Pra)t 9 and e (X;t) =t PX:

From the point of view of function spaces, the natural framework for the study of problems
with non-standard growth conditions is provided by the generalized Orlicz or Musielak
Orlicz spaces, that is classes of measurable functions satisfying the integrability condition

'(x; juj)dx < 1;

for some > 0.

The special case p = 1 in (1.0.2) and the related minimization problem (1.0.1) outline
the main topics studied in this thesis. These problems are not only of theoretical interest
in the study of functionals with 1,q growth, but also arise in applications such as image
denoising. Let us describe the main issues that distinguish it from the superlinear growth
case p > 1. First of all, the functional

F:u7! "(x; jruj) dx;

1The case p = q = 1 is the classical linear growth case. Some authors use this terminology when only the
weaker condition on the upper growth rate is considered i.e. f(x;t) . jtj + 1. In our setting, one can say that
the integrand is of 1,g-growth, i.e., it is at least of linear growth and of at most g-growth at in nity.



which is considered for minimization in 1.0.1 (possibly with some given boundary condi-
tion to be satis ed by the minimizer) may take nite values on W%1(), and so it can
have a nite in mum. However, the space W-() lacks certain important compactness
properties, and as a result the in mum of the functional may fail to be attained. It is
natural to enlarge the class of candidate minimizers to BV(), the space of functions
with bounded variation. In this setting, the distributional gradient Du is a bounded
Radon measure and the variational problem needs to be reformulated, typically through
a relaxation procedure.

In the classical linear growth case, one considers the relaxed functional (see [20, 25]
[1, Section 5.5])

( )
F(u)=inf liminf F(un):u, 2C*(); u o luinl ()

associated with F2 Under suitable regularity assumptions on ', it admits the following
integral representation:

F(u) = '(x;jruj)dx + ' 2 djDSuj; (1.0.3)

where Du = ruL N + D Su is the Lebesgue decomposition of the measure Du, an{ °
denotes the recession function of ', de ned by

'?m=wlﬁo

whenever the limit exists. For instance, if we consider the Sobolev seminorm de ned by
u7!  jrujdx
for u 2 W (), then its relaxation F is the total variation (TV) functional
u7! jDuj;

which equivalently can be de ned in dual form as
( )

TV(u) := sup udiv dx 2CZ() " jj 1in : (1.0.4)

By abstracting the de nition and certain properties of the total variation, we can deal
with variational problems for functionals with variable growth including the energies

"Gt =t+a)t Y with a(x) 0 and ' (X t) =t PY with p(x) 1

A uni ed framework for the study of such functionals is provided by the variable-growth
total variation TV . : L() ! [0; 1] which is de ned by

( )
TV (u) :=sup udiv ' (xjj)dx 2cCcl()" ; (1.0.5)

where '(x; ) is a generalized convex -function with 1; g-growth and ' (x; ) its Legendre
Fenchel conjugate. Note that for the specic choice ‘(x;t) = t, the functional TV .

2This functional is automatically sequentially lower with respect to convergence in L ().
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reduces to TV. The variable-growth total variation TV. was introduced in [23], and it
was shown there that it can be expressed in the form

TV. (U= '(xjru)d x+ 9 diD5uj; (1.0.6)

if u 2 BV(), whenever ' satis es appropriate continuity conditions (see Theorem 2.3.5).
It is worth to point out, without going into details, a crucial di erence from the non-
autonomous linear growth case. In order to obtain the representation formula (1.0.3), one
normally assumes continuity of the recession function and applies Reshetnyak's continuity
theorem. In our setting, the recession functions are typically discontinuous, and hence
these tools are no longer available. For a discussion and results in this direction we refer
to [23].

Now we present the main contributions of this thesis regarding the variable-growth
total variation functional, the well-posedness of the associated PDEs, and its applications
to image denoising.

1.0.1 Existence of W ! solutions for double-phase problems involving the
1-Laplacian

In Chapter 3 we study the existence of W!-solutions for double-phase problems driven
by the operator |
ru
div. —— +a(x)jruj %2ru
i (jruj
Let us note that formally this operator can be seen as the rst variation of the functional

I(u) == jruj + ;a(x)jruj 9dx:
We will consider both Dirichlet and Neumann boundary value problems, namely
8
< div o T ajryj a2y = fin;
: u = hon@;
and 8
< div g-+ajruj “Pru = foin g
w tajry e = g on@;

jruj
where R N is a bounded Lipschitz domain. We will assume the following hypothesis
on the weight function and the exponent g > 1
o~ 1

H):a2C%()\A 4 ax)6=00n @ ; q< 1+ﬁ;
where C*()) denotes the space of Lipschitz functions on , and A, the Muckenhoupt
weight class.

Since the expressior?r% is not well de ned on the set fru = 0g, we interpret the

1-Laplacian through a bounded vector eld z 2 I () N. Another delicate point is the
treatment of boundary conditions. Note that the assumption that the weight function is
non-zero on the boundary allow us to equip the corresponding weighted Sobolev space
W2a() with a trace operator T : W 29() 'L 9(). In the Dirichlet case this guarantees

that the boundary condition u = h is meaningful in the trace sense, while in the Neumann

11



case it allows us to de ne the weak trace of the normal component of the corresponding
double-phase vector eld.

The method of proof relies on an approximation procedure: we rst study the p;q
double-phase problems driven by the operator

div jruj P2 ru+a(X)jruj 9%ru

with p > 1, under the corresponding Dirichlet or Neumann conditions. Note that for

small values p > 1, the assumption (H) implies thatg <1+ 3. Denoting their solutions

by (up) in the double-phase Orlicz Sobolev space Wr(), with * ,(t) = t P + a(x)t 9,
we then pass to the limit as p ! 1 and prove existence of a unique weak solution to
the original problem. This solution is obtained as a limit in the weak topology of the
weighted Sobolev space W(). Note that the assumption (H) ensure the embedding
wka() 1w %) and hence we can obtain the necessary convergences when passing
to the limit. As a result of our analysis, we provide a variational characterization of the
weak solutions. We now present our main results in this Chapter.
By S(N; 1) we denote the best constant in the classical Sobolev embedding for p = 1,

1() denotes the best constant of the trace embedding W'() | L (@ ) and Cpw
the constant of the Poincaré-Wirtinger inequality in the Musielak Orlicz Sobolev double-
phase space for p > 1.

Theorem 1.0.1. Assume that (H) holds and f 2 L N () satis es
Kfk N (S(N; 1)+ 1)< 1:

Then, there exist a unique function u 2 Wg() and a vector eld z 2 L * () N with
kzk; 1 such that

f;inD )
jruj; a.e. in

div(z + a(x)jruj 92 ru)
z ru

The space Vﬁ‘jg() denotes the weighted Sobolev space with zero boundary values,
which encodes the homogeneous Dirichlet boundary condition in the weak sense.

Theorem 1.0.2. Assume that (H) holds. Then, for each h 2 W* %;q(@) there exist
a unique function u 2 WX9() with uj @ = h, and a vector eld z 2 L* () N with
kzk; 1, such that

0;inD )
jruj a.e. in

div(z + a(X)jruj %2 ru)
z ru

Moreover, u is the unique minimizer of the functional
o 1 .
I(u) = jrujdx + q a(x)jruj 9dx

on the set 0

Wal()= u2Wr9() : uj @ =h

Regarding the well posedness of the Neumann problem, we need to assume that the
datumg 2L (@) satises , gdH"* =0 and to work on the subspace
( )
V()= u2wWri(): udx =0

12



Theorem 1.0.3. Assume that (H) holds and g 2 L! (@ ) is such that
2 1()(C pwdiam()+1)kgk ; <1:

Then, there exist a unique function u 2 V() and a vector eld z 2 L' () N with
kzk; 1 such that
div(z +a(x)jruj 9%ru) = 0;inD Y);
Z ru = jruj a.e. in ;
= gHN -ae on@;

where =z +a(x)jruj 92 ru. Moreover, u is the unigue minimizer of the functional

[(u) = jrujdx +

a(x)jruj 9dx gudHN?® ;
@
on V().

1.0.2 Euler Lagrange equations for variable-growth total variation

In Chapter 4 we study the variable-growth total variation functional TV. in a general
framework using a duality based approach. Duality methods are commonly used for the
study of variational problems in BV and consequently in applications to image denoising
problems. Our aim is to develop a well-posedness theory ird,lfor the PDEs associated
with this functional. In particular, we establish the Euler Lagrange equations of the
corresponding minimization problems through the characterization of the subdi erential.

In order to achieve our goal, we introduce a variant of the so-called Anzellotti product,
and a class of admissible vector elds which allows us to describe the subdi erential
(locally) as a PDE and to obtain veri able optimality conditions for solutions. We de ne
the following class of admissible vector elds

( )
X ,= 2LV (xjjpdx<1;div 2L ()

By the representation formula (1.0.6), for u 2 BV() we have that
TV (u) ='(iDuj)() (1.0.7)
where the Borel measure '(jDuj) is de ned by

'(IDuj)(E) = '(x; jruj) dx + ' 2 diD®u;:
E E

Denoting by E := TV . j . and D. its e ective domain, we have that elements u 2 D
and 2 X . ., are su ciently compatible in order to de ne a distribution. Under certain
structural assumptions on 'and ' we have the following theorem:

Theorem 1.0.4. Foru2D . and 2X. ., there exists a Radon measure ( ; Du) on
uniquely de ned by

h(;Du); i ¢y = u div dx u radx

for any test function 2 C (). Moreover,
j(;Du)j '(iDuj) +" (;jDL N as measures,

i.e., this inequality holds for any Borel set.

13



As the above theorem illustrates, foru2 D and 2 X . ., a variant of the Anzellotti
product is de ned in terms of a Young's type inequality. As a consequence, we provide
the characterization of the subdi erential in a natural language of convex duality. More
precisely, we show that Fenchel's extremality conditions are satis ed i.e., the elements of
the subdi erential are precisely those for which we have an equality. Our main theorem
is the following, under the same set of assumptions.

Theorem 1.0.5. The following conditions are equivalent:

(@) w2 @E(V);

(b) u2D. and there exists 2X ., L () N withdiv =wand =0 such that
uwdx = ‘(jDuj) + b)) dx;
(c)u2D. and there exists 2 X+ », L () N with div =wand =0 such
that
(;Du) ='(jDuj) +* GipL™ as measures:

By virtue of the characterization of the subdi erential @E, we can describe explicitly
the L2-gradient ow of the '-total variation through the abstract Cauchy problem

S02%+@EUM)  ift2(0;T);
| (1.0.8)
u(0)=ug2L?()

providing a veri able condition for its strong solutions. The existence of a strong solution
u2C(0;T];L2()\W é‘f (0; T];L2()) is ensured by the semigroup theory for maximal
monotone operators of Brezis and Komura [14, 15, 3§] More precisely, u is a solution
to (1.0.8) if and only if for almost all t 2 (0; T) we have u(t) 2 D. and there exist vector
elds Z(t) 2 X - ., such that the following conditions hold:

u(t; ) =div(Z(@t) in ;

(Z(1); Du(t)) ='(GDu(b))) +* (;jzjo)L N as measures;
Z(t) =0:

From the point of view of applications in image restoration, our study provides a
rigorous theoretical framework for a broad class of variational denoising models. Since
the seminal work of Rudin, Osher, and Fatemi [59], total variation based denoising has
become a cornerstone of variational image analysis. The classical Rudin Osher Fatemi
model, as reformulated by Chambolle and Lions in [16], amounts to nding the minimizer
of

ROF(u) := TV(u) + ; ju fj 2dx;

where f 2 L?() is a given noisy image and > 0 is a suitably chosen constant. It is
well known for preserving edges, but it su ers from the staircasing e ect, where piecewise
constant artifacts appear in the restored image.

A promising approach to combat the staircasing e ect, which we revisit in detail in
Chapter 5, is to replace the classical TV by the variable-growth total variation TV. This

3Note that by a well-known theorem of Minty [55], the subdi erential of a proper, convex and lower semicon-
tinuous functional F : L () ! (1;+1] is a maximal monotone operator.
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functional has the advantage to adapt its growth conditions depending on the location
in the domain, allowing for linear growth in certain regions. These regions correspond to
object edges in the image and can be identi ed with jump discontinuities of the minimizer
4. In this way, TV. can preserve the edge-detecting nature of TV while the e ect of the
smoothing term provides more accurate regularization.

For this purpose, we study the minimization problem for the modi ed Rudin Osher
Fatemi functional

ROF. (u):= E « (u) + ; ju fj 2dx:

By standard reasoning the direct method produces a unique minimizer, which is identi ed
by the inclusion
0 2 @ROF(u):

It is a consequence of the Moreau Rockafellar theorem [22, Chapter |, Proposition 5.6]
and the Frechet di erentiability of the second term, that the above inclusion can be
rewritten as

uf2 @E - (u):

As a corollary of the characterization of the subdi erential @ Ewe can provide a precise
description of the Euler Lagrange equation for the minimization problem in the form of
a partial di erential equation.

Corollary 1.0.6. The following conditions are equivalent:
(@) 0 2 @ROF (u);
(b) u2BV () and there exists 2X . ., L 2() N such that

div = 1(u f) inD 9):
(;Du) = '(jDuj)+" (;jh)L N as measures;
=0 HNY! ae. on@:

1.0.3 Adaptive double-phase Rudin Osher Fatemi denoising model

Motivated by the staircasing e ect commonly observed in the Rudin Osher Fatemi (ROF)
model °, in Chapter 5 we introduce an adaptive double-phase ROF model for image
restoration. The classical ROF model is well known for its ability to remove noise from

a corrupted image while preserving object edges. However, the TV regularizer may also
lead to the appearance of piecewise-constant regions, where noisy smooth areas of the
image are transformed into blocky structures. The adaptive model we propose is designed
to upgrade the classical ROF model and e ectively mitigate this undesired e ect. The
following 1D plots provide some elementary intuition on the staircasing e ect by display-
ing a function®, its noisy version, and the corresponding denoised "image" obtained as the
minimizer of the ROF model.

“For this reason, the use of BV functions is preferred in image denoising tasks.

SLet us remark that the performance of this model and the variants of this model as well, depends on the
type of the image i.e. the regularity of the datum. In general this model is excellent for piecewise constant data,
(see [16]).

8In the Python-generated gures, the graphs are shown as planar curves corresponding to the function plots.
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Figure 1.1: lllustration of the staircasing e ect in the ROF model (1D). The gure shows the
original sawtooth function, its noisy version with Gaussian noise = 0:01, and the denoised
version computed with the classical ROF model for = 0:24. Note that the reconstruction
Uror exhibits piecewise constant regions with steep transitions away from the true jumps, a
characteristic feature of the staircasing e ect.

Figure 1.2: lllustration of the edge-detecting capability and the staircasing e ect in the ROF

model (2D). The rst row shows the original double-gradient image, its noisy version corrupted
with Gaussian noise ( = 0:01), and the denoised reconstruction obtained with the classical
ROF model for =0:24. The enlarged view in the second row highlights the sharp recovery of
edges, but also the blocky areas in the reconstruction gor .

We also display in Figure 1.2 a 2D example illustrating both the edge-detection ca-
pability and the staircasing e ect, using as input the synthetic piecewise-a ne image
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"double-gradient” of size 256 256.

In the last Chapter, we present several numerical experiments in 1D and 2D using
a modi ed version of the Chambolle Pock algorithm [17], which demonstrate that our
approach substantially improves the accuracy of the classical ROF-model. Denote by
f 2 L 2() a noisy image and consider the minimization problem for the classical ROF-
model ’ ( )

. 1 . .
min  TV(u) + 5 fi 2dx: u2L?() (1.0.9)

We propose an approach based on the adaptive double-phase ROF model, whose main
idea can be summarized as follows. We rst solve the classical ROF problem to obtain
an initial estimate of the edges, and then construct a nonnegative weight function a(x)
that locally determines whether the regularizer exhibits linear or superlinear growth. In
particular, the weight function is constructed via molli cation:

thor =% Ugror; a(X) =W(rda rorj(X);

where W is a nonincreasing function with compact support and W (0) > 0. We set agd¢
the minimizer of (1.0.9). The nal solution ugroe is then obtained by the minimization
problem for the double-phase ROF functional

jrujdx + a(x)jruj 2dx+ 21 ju fj 2dx:

In this way, near edges, linear growth is used to preserve structures, while in smoother
regions a weighted Laplacian term with larger weight suppresses staircasing. To conclude,
let us mention that our method suggests that using the ROF minimizer to construct the
regularizer instead of the molli ed input might improve the performance of other adaptive
models such as variable exponent models in image restoration.

"Note that the tuning parameter is in the form 1 in front of the delity term. This is only for numerical

reasons and of course it does not a ect the result of the minimization.
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Chapter 2
Notation and Basic Tools

In this chapter, we collect the basic concepts and de nitions of the function spaces used
throughout the thesis, as well as fundamental tools and a discussion of the notions and
properties that will be required in the sequel.

2.1 Weighted Lebesgue and Sobolev spaces

In this Section we discuss the weighted Lebesgue and Sobolev spaces and some useful
properties of these spaces. By a weight we mean a non-negative, measurable function such
that 0 < a(x) < 1 almost everywhere. First, we give the de nition of the Muckenhoupt

class A,

De nition 2.1.1. Aweighta2L ! () with a(x) >0 a.e. in belongs to the Mucken-
houpt class A, if

! I g1

sup — a(x)dx a(x) a1 dx <1;

1 E
e JQ o IQ o

where the supremum is taken over all cubes Q with sides parallel to the coordinate axes.

The weighted Lebesgue space is de ned as
L3()=fu: ! Rmeasurable : a(x)juj 9dx < +1g:

Equipped with the norm

I

Kuk g = a(x)juj 9dx

it becomes a uniformly convex and hence re exive Banach space. The corresponding
weighted Sobolev space is de ned as

whd()=fu2L () :uis weakly dierentiable andjruj2 L 3()g
and we equip with the norm

kukW;;q = kuk i kruk La:

Ifa2Ag then a s locally integrable and W-9( ) becomes a Banach space (see [41,
Theorem 1.11] or [38]) and hence re exive as closed subspace #f)LL 9() N.

1This follows from Clarkson's inequalities for the space L 9(;d ), with d = a(x)dx.
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As usual, we de ne
WEO= c ()
If is a bounded Lipschitz domain, a 2 C() and is non-zero on @ then we can
de ne a trace on WX9().

Proposition 2.1.2. Let a 2 C( ) with a 0 a.e. in , such that a(x) 6= 0, for all
X 2 @ . Then there exists a bounded linear operator

T:WHO'L Y@)

such that B
Tu=uje forallu2C()\w Ha():

Proof. Since a(x) 6= 0, for all x 2 @ , there exists x2 @ such that a(x) a(x o), for
all x 2 @ . Hence, since a is uniformly continuous we have that there exists r > 0 and
% 2 U :=1fx2 :dist(x;@ ) <rg such that a(x) a(x ), forallx2 U. This in turn
implies (see [40, p. 17]) that

wrau) =w u):
Thus, since U has Lipschitz boundary and contains the boundary of , the existence of
the trace operator in W-9(U) implies the existence of ¢ > 0 such that

I I

q q —
juiddHNt juiddHN?t ckuk wiaqy ; for allu2 C*(U):
@ @u

Hence the linear operator S de ned by Su = up, for u 2 C(U) with values in
L9@ ) is bounded and (by density) can be extended to the whole of ¥(U). Note that
as in the classical case it is easy to see that

Su=ujg; forallu2 C(U)\W *(U):

We now de ne
T:WH90)!IL Y@);

by
Tu=S(ujy):

The operator T is bounded since our hypothesis on a implies that the operator u ! yj,
from W,;9() into W 19(U) is bounded. B
Moreover if u2 C()\W 29(), then uj 7 2 C(U)\W 19(U) and hence

Tu=SUjuy)=Ujg :
O

Remark 2.1.3. By a well-known theorem of Gagliardo (see [24]) we have that for a Lip-

schitz domain , the range of the trace operator on W-9() is W ! %;q(@ ). Moreover,
there exists a bounded linear operator

E :Wl %;Q(@ )|W 1;‘1()

through which any function 2W ! %@ ) can be extended to a function v 2 W-9( )
such that vjg = , in the trace sense. Note that under the assumptions of Proposition

2.1.2, the trace of a function v 2 W=9( ) belongs to W * %;q(@ ).
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The following Meyers Serrin type approximation argument will be important in our
analysis in Chapter 3.

Proposition 2.1.4. Assume that a2 A 4. If u2 W *()\W 19(), then there exists a
sequence (y) in W1()\C ! () such that

Vo lu; inw o B();

v lru;inl 30 M

If in addition a() is as in Proposition 2.1.2 then we can actually take @) in W %9()\
C! () and such that v,j@ =Uj@ , in the sense of trace in W().

Proof. The proof proceeds exactly as in the classical case (see [8, Theorem 5.1.4]). We
can de ne an open covering of given by a family of open sets (i,y de ned as in

[8, Theorem 5.1.4] and (j)ipy @ partition of unity subordinate to the covering. We
consider also the standard molli ers (j)in . If @ 2 A4 then by Muckenhoupt's theorem

the maximal operator is bounded in I¥() and consequently the smoothing operators are
uniformly bounded in this space. By this we get that & () is dense in W 19() (see [65,
Section 4], [38]). As for the equality on the boundary, this is obtained since the sequence

Xk
Ve U= (+ (U ) u )
i=1
has trace equal to 0, converges to vu in W 19() and by Proposition 2.1.2 the trace
operator is continuous. ]

Proposition 2.1.5. Leta2 A g and Vi() W }9() be a closed subspace such that the
only constant function is the zero function. Then we have

kuk_ s ckruk q; forall u2Vy(): (2.1.1)

Proof. The proof is by contradiction. Suppose that there exists a sequencg 2 Va()
such that
kvaki g > nkrv kg g; foralln2N:

Then, using the re exivity of the space W-9(), the compact embedding WX4() |
L3() and the weak lower semicontinuity of the norm kvk,, x4, we reach a contradiction.
O

In particular, the above Poincaré Wirtinger inequality holds for the subspace
( )
V()= u2wri(): udx =0

2.2 Musielak Orlicz spaces

In this section, we rst present a set of assumptions for a function denoted by ', through
which we will build the Musielak Orlicz spaces. We then include a discussion on these
conditions in the particular settings of double-phase and variable exponent cases. The
last part of this section focuses on how these assumptions guarantee good properties of
the corresponding function spaces, such as approximation properties, embeddings into
classical Lebesgue spaces and Poincaré-type inequalities.
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De nition 2.2.1. Let': [0;1)![0;1]. We say that ' is a -prefunction, if the
following conditions hold for every x 2 :

() The map x 7! '(x;jf(x)j) is measurable for every measurable f . ! R;
(i) The map t 7! '(x;t) is non-decreasing;
(i) The map t 7! '(x;t) has the following limits at O and 1:
'(x;0) = Iitr!ro1 C'(xH=0
and
t!ilm 'x;t) = 1:

Recall that a function f : (0;1) ! R is L-almost increasing, if there exists L 1
such that
f(s) Lf(t) forall O<s t

and similarly f : (0;1) ! R is L-almost decreasing, if there exists L 1 such that
Lf(s) f(t) forall O0<s ft

Note that in the case L = 1, 1-almost increasing functions correspond to non-decreasing
functions, and 1-almost decreasing functions correspond to non-increasing functions.

De nition 2.2.2. Let': [0;1)![0; 1] be a -prefunction. Then:

(i) We say that ' is a weak -function, if the map
(x;1)
t

is L;-almost increasing on (0; 1) for some Ly 1 independent of x. The set of all
weak -functions on is denoted ().

t7!

(i) We say that ' is a convex -function, if ' 2 w() and the map
t7!'(x;t)

is convex and left-continuous for every x 2 . The set of all convex -functions on
is denoted ().

We now de ne the Musielak Orlicz spaces and the corresponding Sobolev spaces, for
"2 ). By L °) we denote the linear space of all measurable functions. Given
'2 (), the Musielak Orlicz space L ' () is de ned by

L'()=f2L °0)j%- (f)<1 for some > O0g;
where the modular is given by
%)= "(xjf())dx:
When equipped with the Luxemburg norm

( o ! )
kike o =inf >0:  x 3 dx 1
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it becomes a Banach space. If in addition ' satis es (aDec) (see the next de nition),
then we can have a direct de nition of L () using the modular % ():

L'()=f2L °0)j% (f)<1g:
The corresponding Musielak Orlicz Sobolev space W () is de ned as
WY ()=fu2L ():uis weakly di erentiable andjruj2L ()g;
where rv denotes the weak derivative of v. We equip this space with the norm
kvkw () = kvky () +Krvk [y

As usual, we de ne
W' ()= T30 M

With these de nitions in mind, we are ready to state the required assumptions on ".
We follow the notation in [23], additionally denoting by (RVA1) the restricted (VAL)
condition introduced in [23, De nition 3.1].

De nition 2.2.3. Let ' : [0;1) ! [0;1] and p;q 1. We de ne the following
conditions:

(AO) There exists 2 (0;1] such that for every x 2
') 1 '(x1=);
(alnc), There exists L, 1 (independent of x) such that for every x 2 the map

'(x;1)
tp

t7!

is Lp-almost increasing in (0; +1);
(alnc) The condition (alnc), holds for some p > 1;

(aDec), There exists L4 1 (independent of x) such that for every x 2 the map

'(x;1)
td

t7!

is Lq-almost decreasing in (0; +1);
(aDec) The condition (aDec) holds for some q > 1;

(Al) For every K > 0, there exists 2 (0; 1] such that for every x;y 2

#
K

jx yj N

't s+l if 'y, 2 0;

(VA1) For every K > 0, there exists a modulus of continuity ! such that for every x;y 2
! " #
oY Ik ) iyt 2 0K
Teixy) 0T oy

22



(RVAl) We have '2 (), the condition (A1) holds, and for every K > 0 there exists a

modulus of continuity ! such that
! " #
X'; (y;) +10x y)) if (y;0) 2 K
71+!(X y) y, . yJ y’ ’jX YJ N

forevery x;y 2 with' 9 (x)<lor' 9 (y)<1.

Let us make some observations about these conditions and how they look like for the
special choices of j(x;t) =t," gp(X;t) =t P+a(x)t 9and ' o (x;t) =t P®. The condition
(AO) is satis ed for ' 5 without assumptions on the exponent, since v (X; 1) = 1. For
the double-phase case, 4, satis es (AO) if and only if a 2 L* () (see [29, Corollary
3.7.4]). The conditions (aDeg) and (alnc), compare the rate of growth of * with power
functions from above/below, while (aDec) and (alnc) say that the growth is at most/at
least polynomial.

The condition (Al) is an almost continuity condition in the rst coordinate, which in
the variable exponent case corresponds to the log-Hoélder continuity of the inverse of the
exponent i.e.,

1 1 C

P py) logle+ 1)’

with C > 0. For the double-phase case, by [29, Proposition 7.2.2] the condition (Al)
holds if and only if the weight function a satis es the almost Holder continuity condition

aly) C@a()+jx yj "Nab: (2.2.2)

Note that if a2 C% () and % <1+ g, then (2.2.2) certainly holds. We refer to the
paper [12] for a more detailed discussion on the condition (2.2.2).

The 'vanishing (A1)’ condition (VA1) and the 'restricted (VAL1)' condition (RVA1) are
versions of the condition (A1) which play a similar role. We will present some examples
of these conditions in particular settings at the end of this section.

Remark 2.2.4. Note that in the de nitions above we allow for a -prefunction to attain
the value 1. While it is not always assumed in the literature, this is typical in the
linear growth setting, since ' usually only takes nite values, whereas its conjugate
function ' may not. For instance, if we consider the isotropic total variation and take
'(x;t) = t, using the Fenchel-Legendre transform (see (2.2.3) below), we have that
() =1 (11 (1). Note that such ' fullls many of the assumptions listed above:
(AO) holds for any  1; (alnc) , for any p > 1 with constant L, = 1; and (VA1) with
any modulus of continuity.

While for the reasons given above we do not generally assume nite values of ',
some of the assumptions listed above are closely related to this fact. Firstly, observe
that if * satis es (AO) and the condition (aDec) , for any q 1, which is a natural
growth assumption in the present setting, the values of ' are necessarily nite. The
condition (AO) itself does not require the values to be nite, and whenever ' veri es this
condition then the conjugate ' also does, see [29, Theorem 2.4.8] and [29, Lemma 3.7.6].
Furthermore, the regularity conditions (A1) and (VA1) assume niteness of the value at a
given point and state some estimates on the behaviour of ' close to this point therefore,
for their statement there is no need to require that the values of ' are nite.

For ' 2 () using the Fenchel-Legendre transform, the conjugate ' is de ned
pointwise as

(2.2.1)

" (X;s) =sup(st '(x;s)): (2.2.3)
to
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In particular, the following Young's inequality holds pointwise,
'‘x+"  (x;8) ts forallt;s O,

with equality if and only if s 2 @'(x; t), where @;'(x;t) denotes the subdi erential with
respect to the second argument. Moreover, if '(X; ) is convex then@x;t) 6=; att 0O
and '(x; ) is di erentiable at t if and only if @ '(x;t) =  Yx;t)g. In the latter case,
the Young equality takes the form

tAx;t) = ')+ (" Ax): (2.2.4)

Using (2.2.3) and (2.2.4), we can compute the convex conjugates @f 'and ' 5. For

the double-phase case, i.e., ;

t
' dp(X;t) =1+ a(x) q*;
we obtain the expression

8
<1 @y if a(x) = 0;

"a(X;S) = . @
w8 =, a()19 “Ch ifa(x) >0:
In the variable exponent case, i.e.,

1
1 . - . p(x) "
var (X1 t) p(X) t !
it holds that - (s) if p(x) =1
C ) = @y (8) 11px) =1,
var (X; 8) = e if px) > L

Let us collect here some additional simple properties for the convex conjugates of
-functions shown in [29]. First of all, the property that ' is convex is an immediate
result of taking a convex conjugate. More generally, by [29, Lemma 2.5.8] it holds that

2 W) 2 () (2.2.5)

Hence, ' is always convex and left-continuous. Moreover, the following implication
holds:
"2 () is left-continuous ) ' is lower semicontinuous:

By [29, Proposition 2.4.9] for 1 < p;q <1, ' satis es (alnc) , or (aDec), if and only if
' satis es (aDec)o or (alnc)e. Furthermore, if ' satis es (Al) then' satises it as
well, see [29, Lemma 4.1.7].

Next, we investigate how the assumptions in De nition 2.2.3 ensure certain important
properties of Musielak Orlicz spaces. First, by [29, Theorem 3.3.7] if ' 2 (), then
L' () is a Banach space. If in addition ' is uniformly convex and satis es (aDec) then
L' () is uniformly convex and hence re exive by the Milman-Pettis theorem. This prop-
erty also holds whenever the -function ' satis es (alnc) and (aDec), see [29, Theorem
3.6.6].

Assuming that LN () < 1 and the weak -function ' 2 w() satis es (AO) and
(alnc),,, by [29, Corollary 3.7.9] we have
L ()L PQ)
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with the estimate
c jf(x)] Pdx ' jfi))dx+L N (2.2.6)

forsomec =c(;L p; ) >0, where isthe constant in condition (AO). A more general re-

sult for embeddings into Musielak Orlicz spaces using the notion of "weaker" -functions
was already presented in the monograph of Musielak [56, Theorem 8.5], see also [29,
Theorem 3.2.6]. We have the following.

Theorem 2.2.5. Let ;# 2 w(). ThenL () !L #()if and only if there exist
C>0and h2L2() with khk _1, 1 such that

#(x; (t:) '‘(x;t) +h(x) fora.a x2 andallt O:

As an immediate consequence of the above Theorem, for the double-phase Orlicz
space, the following embeddings into the classical and weighted Lebesgue spaces hold

L'e()IL P() and L ®()lL ()
and the constants of the embeddings are less or equal to 1. Moreover, if a2 () then
LI L ():

We will need the following Poincaré-type inequalities in the corresponding Musielak
Orlicz Sobolev spaces, which are consequences of the boundedness of the averaging oper-
ator. Indeed, if LN() < +1 and ' satis es (A0) and (A1), then the averaging operator
is bounded on L () (see [32, Theorem 4.4.3]). Hence the following Poincaré inequalities
hold.

Theorem 2.2.6. ([29, Theorem 6.2.8]) Let be a bounded Lipschitz domain and let
‘2 () satisfy (AO) and (A1).
a) For every u2 Wy’ (), we have

kUkL' 0O C pdiam()kruk L' () -
b) For every u2 W¥' (), we have
ku u k() C pwdiam()kruk . (; (2.2.7)
1

where u = g udx and the constant Gy depends only on the dimension and the
John constant of the domain.

Remark 2.2.7. In the case of the double-phase space, i.e. fgp,' the constant in the
boundedness of the averaging operator, as well as the constants &d Cpy, are inde-
pendent of p.

Next we move the discussion on the condition (RVA1), which is required for the -
function . In the literature, the variable exponent case is usually mentioned without

the coe cient ﬁ In [23, Proposition 3.2] it is shown that the -function

"ar(Xt) =t P(X)
satis es the condition (RVA1) if and only if % is log-Hdolder continuous and the following
strong Holder continuity condition for =

) 1 1
lim 1

log-——— =0 2.2.8
Xty p(x) gJX yl ( )

holds uniformly iny 2 fp = 1g. In the next Proposition, we show a similar characteriza-
tion for the double-phase integrand.
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Proposition 2.2.8 (Condition (RVA1) for double-phase). The -function
et =t+ax)t

satis es the condition (RVA1) if and only if the weight function a satis es the almost
Hoélder continuity condition (2.2.2) and is strongly Holder continuous in fa = 0g, i.e.,

ja(x)]

ISy van - (2.2.9)

uniformly in y 2 fa = 0g:

Proof. The characterization of (Al) for 'y, is known. Hence, it remains to prove the
strong Holder continuity on the set fa = 0g. Suppose that 'y, satis es (RVAl); since the
inequality in the condition holds for any K >0, let us x K =1 and the corresponding
modulus of continuity !. Lety 2 fa = Og or equivalently i (y)<1,then' ¢, =t If
we choose t=jx yj N 1 andsetr:=jx yj, we get

| |

q
+ a(x) =" a4 X 1_'_;[([_) "oap(ys ) I (LI

t t
1+1(r) 1+1(r)

from which we have that 1 +a(x)t4* (1 +!(r)) 9! and this implies

a(x)

P Ky e

(L+1(r) 9111
asr!0 *. Thus,
. ja(x)i
N yj NaD
Conversely, assume that the weight a satis es (2.2.9). We will show thatq, satis es
(RVAL1). We have that

ja(x)j
1.(r) ;= Su — 10
a( ) y2fa=Og;ng r (y) Xyj N@1)

asr!0 *. To prove the (RVA1) when a(y) = 0, we will show that
!

. t 1 . .
X, W v;1);

when ‘(y;t) 2 [0; ], for some modulus of continuity !(r) (depending on K > 0).
The above inequality follows if we show that 1 + a(x)f* 1 + !(r): The inequality
holds trivially if t 2 [0; 1]. For t > 1, since the functiont 7! 1 + a(x)t 9! is increasing, it
is enough to check for t :ﬁ We have

ql

1+a()t9t 1+a(x) 1+K 911 ,.(n);

jx yj Na
thus choosing !(r) := K 911 ,(r) the claim holds. Now if a(x) = 0 in the (RVA1)

condition then ‘

1+1(r)
holds for some modulus of continuity !(r) since a O. O

t t+aly)t 9+
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The last but very important tool, which will be particularly useful in Chapter 4, is
the following result proved in [23]. This result allows us to approximate the variable-
growth total variation TV . through the modular of smooth functions’. In Lemma 4.1.4
we improve this property by allowing the approximating functions to be smooth on the
whole . After the proposition below, we include a discussion on the condition (VA1),
which is required to be satised by ' .

Proposition 2.2.9 (Modular approximation by smooth functions). Let ' 2 ¢\
C( [0;1)) satisfy (AO), (aDec) and the (RVAl), and assume that ' satis es (VAL).
For every u 2 L' () there exist uy, 2 C* () such that

u!u inL () and TV .(u)= lim %(ru j):

If additionally u 2 L 2(), then the sequence can be chosen such that buin L ?() as
well.

Let us now discuss the full condition (VAl). In fact, there are several conditions of
this type appearing in the literature; the rst one was given in [34]. More precisely, in
[34, De nition 4.1] the following version of (VA1) which includes a comparison of values
of ' on small balls was introduced:

(VAl-ball) There exists a non-decreasing continuous function ! : [0; 1) ! [0; 1] with !(0) =0
such that for any small ball B b
h i
"5 M @+1n) g, ();forallt>0with' g ()2 !(r);jB ] L

where ' (t) =sup o5, ‘(1) and "' g (t) =inf s, '(X;1).

In [34, section 8] the authors provide examples of this continuity condition in several
speci ¢ settings, including the perturbed homogeneous case, the variable exponent case
and the double phase case. Another variant of this condition was introduced by the same
authors in [35]. These de nitions are not well-adapted to the linear growth case, as is
made evident e.g. from the fact that in condition (VAl-ball) the function !(r) yields a
uniform continuity estimate over a su ciently small ball, while in the linear-growth case
when the conjugate function may take the value 1 we do not expect such behaviour;
therefore, we use the condition from [23] (and subsequent approximation results which rely
on this condition). In this case, the only known result on the characterization of (VA1)
concerns the variable exponent case. Again without the coe cien&%, it is claimed in

[33] that for the -function' 4 (X;t) =t P® (a reformulation of) (VA1) is implied by the
strong log-Hdolder condition, i.e.,
1 1 I(Gx )
p(x) py) log(e+ )

for some modulus of continuity !.

However, let us note that assuming condition (VA1) for the conjugate is not strictly
necessary in order to obtain an approximation result of the form as in Proposition 2.2.9.
In [31, Lemma 3.3], the existence of W -class approximation was obtained (in the case
of a rectangular domain) under the assumptions tha% is log-Hoélder continuous (i.e.

2Usually in the literature, the modular approximation by smooth functions is related to the modular conver-
gence %(jux uj)! 0. Here, we use the terminology as introduced in [23].
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(2.2.1) holds) and (2.2.8) holds for y 2 fp = 1g: This sequence can be further smoothed
by [36, Corollary 4.6]. Thus, in the variable exponent case in a rectangular domain, our
results including Theorem 4.1.13 hold assuming that (2.2.1) is satis ed and (2.2.8)
holds uniformly iny 2 fp = 1g. For the double-phase functional a dierent set of
assumptions on the weight a which ensures existence of approximations was given in [30].

2.3 Functions of Bounded Variation

We begin this section with the de nition of the space of functions with bounded variation.
We refer to the books [1] and [8] for further information. The space of functions with
bounded variation is de ned as

BV() =fu2L ():TV(u) < 1g;

where the de nition of the total variation TV is given in (1.0.4). Equivalently, it is
known that such functions have a distributional derivative Du, which is a bounded Radon
measure. In particular, for u 2 BV() we have

TV(u) = jDuj();
where jDuj() is the total variation of the measure Du given by
jDuj() =supfhDu; i: 2C  §();kk 1 1g:
Moreover, by the Lebesgue decomposition of the Radon measure Du, we have
Du=ruL N +DSu;

where ru denotes the Radon Nikodym derivative of Du with respect to the Lebesgue
measure [V, i.e., the absolutely continuous part of Du while Du is the singular part.
The space BV() is endowed with the norm

kngv() :kUkLl() +TV(U)

and possesses the following important compactness property: if,jus a bounded se-
quence in BV() then there exists a subsequence @) and a function u 2 BV() such
that

luin L *()and Du ,, !Du weak* as measures in

Un,

In BV(RN) the following Sobolev inequality holds
CjDuj(R M); forallu2 BV(RM):

N
LNT (RN)
If additionally we assume that is a bounded Lipschitz domain then we have the following
continuous embedding

N
] S . o
BV()!L >(); foralll s N 1

which is compact when 1 s < %

We now recall some pointwise properties of functions of bounded variation, which in
turn provide additional information about the derivative Du in terms of the decompo-
sition as a Radon measure. We rst discuss the notion of approximate limits and the

corresponding set of approximate discontinuities for functions in{i.().
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De nition 2.3.1. Letu2L {.()and x o2 . We say that u has an approximate limit
at xo, if there exists | 2 R such that

lim ju(x) ljdx =0: (2.3.1)

rlo + B (xo)
If this property does not hold, then X is called a point of approximate discontinuity of
u. The set of all such points is denoted by S For any x 2 nS , the real number |
is called the approximate limit of u at x. It is denoted by t(x), and is the unique value
satisfying (2.3.1).

Remark 2.3.2. The set of approximate discontinuity points Sis a Borel set with LN (S,) =
0 and the mapping ¢ : nS, ! R de nes a Borel function such that t(x) = u(x) for a.a
X2 nS , (see [1, Proposition 3.64]).

A particularly important subset of S,, which is the characteristic feature of functions
of bounded variation, is the set of approximate jump points, denoted by,Jand de ned
below.

De nition 2.3.3. Letu2L }.()and x o2 . We say that x ¢ is an approximate jump
point of u, if there exist a;b 2 R, with a 6= b and a direction 2 R such that

ju(x) ajdx=0 and ju(x) bjdx =0; (2.3.2)
B* (xosr) B (xoir)
where
B (Xo;r)=fX2B(X o;r)=hx x o; 1>0g

denotes a half-ball contained in B(x; r) and determined by or . The triple (a;b; )
is uniquely determined by (2.3.2), up to a permutation of (a; b) and change of sign of
and is denoted by (4 (Xo);u (Xo); u(Xo)).

Regarding the measure of the jump set,J for u 2 BV(), the Federer-Vol'pert
Theorem [1, Theorem 3.78] ensures that"H* (S, nJ,) =0, that is HN?! -almost every
point of S, belongs to J,. Moreover,

DuJ,=@u* u ) HV--J
Next, we can decompose the singular part of the measure Du in the following way
DSu=Dlu+D °u;
where the measures _
D'u=D?®"J,
and
DU=D®u(nS )
are called respectively the singular part of the derivative and the Cantor part of the
derivative. Recall that, by [1, Lemma 3.76] Du vanishes on every™ -negligible set. In
particular, Du vanishes on the set $n J,. Hence, we have the following decomposition
of Du: '
Du=D %u+D'u+D ‘u

or
Du=ruL N+@* u ) HNY -3, +DSu"(nS )

From purely mathematical point of view, the above decomposition of the derivative mo-
tivates the following chain rule property for scalar valued BV-functions.
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Theorem 2.3.4. ([1, Theorem 3.99]) Let L N()<1and u2BV(). Iff:R!Ris
a Lipschitz function, then f u 2 BV() and

DF uy=f YQuruL N+@F@u *) fu ) JHY! I, +f @)D%u - (nS ,):

Another motivation comes from the applications of functions of bounded variation
such as in image restoration which we will discuss in Chapters 4 and 5, where we are
interested in non-autonomous integral functionals on BV(). For instance, in the case
of the variable-growth total variation TV , one problem that arises is to give an integral
representation of this functional. This was achieved in [23, Theorem 6.4] by identifying
the absolutely continuous part and the singular part of the energy and consequently, this
provides an explicit expression of the functional as a convex function of the measure Du.

Theorem 2.3.5 (Explicit representation of TV . ). Let ' 2 ()\C( [0;+1))
satisfy (A0), (aDec) and (RVAL). If u 2 BV(), then

TV (u= '(xjrupdx+ "1 () diD *uj;

where '7 (x) =1lim 41 '(X;t)=t is the space dependent recession function of '.

Note that the space dependent recession function plays the role of a weight for the
singular part D®u in the sense that it distinguishes the linear from the superlinear growth
parts of the domain. More precisely, by the above theorem, for u 2 BV( ') the functional
TV. (u) can be identi ed with '(jDuj)( ) where the Borel measure '(jDuj) is given by

'(iDuj)(E) = (X jruj) dx + ' 1 diD®uj;
E E

for all Borel sets E . Itis important to remark that this measure may take value 1; in
fact '(iDUj)(E) < lifand onlyifjD  Suj(E\f ¢ =1g)=0and g (% jruj)dx < 1.
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Chapter 3

Existence of W %! solutions for double-phase
problems involving the 1-Laplacian

In this Chapter we study the existence of W!-solutions for double-phase problems in-
volving the 1-Laplacian with Dirichlet or Neumann boundary conditions. In particular,
we study boundary value problems where the dierential operator is the sum of the
1-Laplacian and a weighted g-Laplacian; that is a problems of the form

(

dv - +aejui 92ru = fin
u = hon@;
and 8
< dy - *alij %ruo= fing
(o~ +ajruj 92 ru); = gon@;

where R N is a bounded Lipschitz domain and a() is a bounded function with a 0
a.e.in .

Let us make here some important observations regarding the approach we will follow.
First, notice that due to the co-existence of the 1-Laplacian and the weighted g-Laplacian
operators in the above problems, it is natural to look for a solution in W*()\W  }9()
where WA9(') denotes a suitable weighted Sobolev space. Next, we need to give sense to
J.rrb’—j which appears in the formal de nition of the 1-Laplacian operator, especially when
ru vanishes on a non-negligible set. In order to overcome this di culty, we will replace
the above quotient by a bounded vector eld z such that kzk (y, 1 which satis es
the condition z ru = jruj a.e. in . This is by now a standard idea for problems
involving the 1-Laplacian, see for instance the work of Mazo6n, Rossi and Segura De Ledn
[51] on the least gradient problem and 1-harmonic maps and the foundational work [3]
by Andreu, Ballester, Caselles, and Mazon on the total variation ow. We also refer
the reader to the works [52] and [54], on the homogeneous Dirichlet and the Neumann
problem for the 1-Laplacian, with non-homogeneous boundary condition and to [53], [37]
for the corresponding problems for the p(x)-Laplacian, where p = 1 in a subdomain.

Another usual di culty when dealing with the 1-Laplacian is to give a precise meaning
to the boundary condition. A way to overcome this obstacle, in the double-phase problem,
is to assume that the weight function a is bounded away from zero on @ . Then a trace
may be de ned in the corresponding weighted Sobolev spacel¥{). In the Dirichlet
problem, this assumption ensures that the boundary condition will be satis ed in this
sense, while for the Neumann problem it enables us to de ne a notion of a weak trace of
the normal component for the corresponding vector eld.

We will present the results based on the works [48], [49], and [50]. The outline of the
approach is the following. As is a common theme, the rst step is to consider, for p > 1
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close to 1, the corresponding approximate double-phase Dirichlet and Neumann problems

div(ruj P?2ru+ax)jruj 92ru) = fin ;
Ue = hon@:

and

div(ruj P?2ru+a(X)jruyj 9%2ru) = fin ;
(ruj P* +a(x)jryj qz)%“ = gon@:

We will refer to the ordered family (y,) as a sequence for simplicity, and denote by
W' r () to indicate dependence on p, the corresponding double-phase Orlicz Sobolev
space built upon 'p(t) =t P+a(x)t 9, with g xed. The analysis of these problems is carried
out under the following hypotheses on the weight function and the exponent g > 1:

(H) a2C%()\A 4 a(x)6=0on @;q<1+§;

Note that if a 2 A 4, then a s locally integrable and hence §() L L.(). There-
fore, if (H) holds, and since the weight is bounded away from zero near the boundary, we
have the embedding W9() ! W  51().

Once existence and a priori estimates for () are obtained, we pass to the limit
as p ! 1 in order to show existence of solutions for the limiting problem, understood
in the sense of an appropriate notion of solution. In particular, the solution u will be
obtained as the weak limit, in the corresponding weighted Sobolev space, of the sequence
of approximate solutions (y), as p ! 1. Finally, we discuss uniqueness and variational
characterizations of the obtained solutions.

3.1 The Dirichlet problem

3.1.1 The homogeneous boundary value problem

In this part we will address the matter of existence of solutions for the double-phase
Dirichlet problem
!

f in
Oon@ ;

8

>, ru L a2
div. —— +ax)jruj 9°ru

. iU (x)jruj

(3.1.1)

<
1

by assuming that (H) holds and f 2 LN ().
As we have already mentioned, the solution to (3.1.1) will be found as the limit for
p! 1 of the solutions (u p) of the intermediate Dirichlet problems

div(ruj P2ru+a(X)jruj 92ru) = f in

u=00n@ : (3.1.2)

As usual a function u 2 Wol;' () is said to be a weak solution of the double-phase
Dirichlet problem (3.1.2) if

(ruj P2 ru+aXjruj 9% ruyrvdx = fvdx; (3.1.3)
for all v2 W' °().

We have the following result which ensures that, under our assumptions, the problems
(3.1.2) admit unique weak solutions.
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Theorem 3.1.1. [45, Theorem 1.1] Let R N be a bounded Lipschitz domain. If (H)
holds and f 2 LN (), then there exists a unique weak solution of problem (3.1.2), for
small enough p > 1.

Remark 3.1.2. Let p = ,\I\'—g Iff 2 LP()withp given by &+ o =1, then an

application of Holder's inequality gives us
Kikp, jj * vkfky
Note that, if p < N then the following Sobolev embedding holds

W' P() L P():

In particular, since W% »() ! W 1P() and the constant of the embedding is not greater
than 1, we have that

kuk, S(N;p)kuk 1., ; forallu2Wq' *();

where S(N; p) is the best constant of the classical Sobolev embedding. Moreover, it was
showed by G. Talenti [61] that

Li!rln S(N;p) = S(N; 1) (3.1.4)

and this will be useful in the sequel.
In the next proposition, we will study the behaviour of the solutions () to the
approximate problems (3.1.2), in order to pass to the limitas p ! 1.

Proposition 3.1.3. Assume R N is a bounded Lipschitz domain, the assumption (H)
hold and f 2 LN () satis es

kfk n (S(N;1)+1) < 1:

If (u,) are the weak solutions of the Dirichlet problem (3.1.2), then there exist a function
u2 W gs()and avector eldz2L * () N with kzk, 1, such that, up to subsequences,

. N
Up ! u;inL °(); forall 1 s< N1

i, *ru;inwWo 280

jru piP2ru, * z;inL () Nforall 1 r<i1:

Proof. Let
( g’ . )
p=kru pk=inf >0: P +ax) —2 dx 1

Thus I
u, P u o,
—P +a(x) —2 dx=1:
p p

Choosing y= , as a test function in (3.1.2) we get

1 (ru pi? +a)jru ¥ dx = 1 fup,dx:
p p
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By Holder's inequality, the Sobolev embedding, Remark 3.1.2 and (3.1.4) for p close to 1
we have

3= (P a0 ffdx o kikp kupky
p

p
S(N;p)
p
SIN;p)ij ! Fkfky ;
(S(N; 1) + 1kfk y :

To estimate J, on the left hand side, we see that
p g
ru ru
Jb = PPt =P dx+ 0t akx) —P dx
p p
p

q
, ru ru
minf  ,°*; J9tg (—P +ax) —P )dx
p p

minf Pt 9t g
Hence
minf Pt Jf9tg<1
for p close to 1 and , = kru pk  <1.
Since L*()JL 3() we have that
P
q
a(x)jru pj%dx kru ok, 1 (3.1.5)

p

and hence, (y) is bounded in V\ég‘(). By re exivity, we have that there exists u 2
W214() such that, after passing to a subsequence,

u, *u in W 230);

using also the weak to weak continuity of the trace. Since () W (), we also
get

up *u inw 1():
Note that since for 1 s < - the embedding W-() | L () is compact we actually
have that

: N
up!uinlL 3°() foralll s< N1

Letl r<1. ThensinceL '*())L P()we obtain

I eor
. . .. (e r . .
Jru pj(p r dX JJ 1 ® P JI’U pJp dx

.. (L)
JJ 1 P 5 kru pk-(ppl)r

.. (P
it
(j+1):
Since for any xed r 1 we can choose p > 1 su ciently closeto 1 sothatl r<p ©
it follows that .
kiru piP2ru ok, (j+1) (3.1.6)
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Thus we may pass to a further subsequence, still denoted by
Gru piP%ru p);

which converges weakly to a vector eld z2 L"() N.
Proceeding with a diagonal argument we may extract a common subsequence (jj&? ru p)
and a vector eldz2L"() N, independent of r, such that

jru piP?ru Mz inl ") N
forall 1 r<1. Using (3.1.6) and the lower semicontinuity of the norm, we get
kzk. (j+1) 7
foralll r<1. Hencez2L ! () N, and letting r!1 we have
kzk, 1:

]

As the following Proposition illustrates, the convergence of the gradients ryito ru
inL3() N asp!1,is actually strong

Proposition 3.1.4. Under the hypotheses of Proposition 3.1.3 we have that
rup,lruinL  3() M:

Proof. We rst show that
Lilrln ax) jru pj%%ru , jruj *%ru r(u , u)dx=0:

By Proposition 3.1.3
ru ,*ruinL  9() M
and hence
Hﬁn a)jruj *%ru ru , u)dx=0:

Thus we only need to show that
ILi'rln a(x)jru pj%9%ru , ru , u)dx=0:

To this end let " > 0. Then by Proposition 2.1.4 there exists v 2 W9()\C ! () such
that

jfjju vjdx + jrvjdx jrujdx < >

and

( ajru rvj de)%<§: (3.1.7)

Hence, using ¥ Vv in the weak formulation (3.1.9) we obtain

(ru oP2ru p+ajru %% ru Yr(u , v)dx = f(u, v)dx;
p p p p)I(U p p
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or equivalently,

jru pjPdx jru P2 ru prvdx + a(x)jru pj92ru pru , v)dx =

=  f(up v)dx:
By Young's inequality we obtain

p1..
D 1

jru pjdx ;1) jru pjPdx +
and so we have

p jru pjdx jru P2 ru prvdx + a(x)jru pj92ru pr(u , v)dx

flup V)dx+(p 1)jj:

Letting p ! 1, we use the weak lower semicontinuity of the L! norm and the facts that
. N . .
up *uinL vt ()andjru P2 ru ,*z, to get

jrujdx + lim sup a(x)jru pj92ru or(u , v)dx
p'l

f(lu v)dx+ z rvdx:

Now since kzk 1 we get
z rvdx kzk ;  jrvjdx jrvjdx
and thus we conclude that
Iin;llsup a()jru pj%% ru pr(u , v)dx
f(u v)dx+ jrvj dx jrujdx < 2 (3.1.8)
Using Hdlder's inequality, (3.1.5) and (3.1.7) we have
a(jru %% ru pr(u , u)dx =
= a()jru 9% ru pr(u , v)dx+ a(x)jru pj92 ru pr(v u)dx
a()jru pj*%ru pr(u , v)dx
+ ( aX)jru pjqu)q%’( a(x)jrv ruj qu)%

< a()jru %% ru pr(u , v)dx+ 5
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Where% + q—lo = 1. Passing to the limit as p ! 1 and using (3.1.8) we get

limsup aX)jru 9% ru pr(u , u)dx <";
p'1

for every " > 0 and thus
ILi'rln a(x) jru pj%%ru p jruj *%ru r(u , u)dx=0

since by convexity, the integrand is non-negative.

As a(x) >0 a.e. in we may now apply a similar argument as the one in [10, Lemma
S5]togetthatru ,!rua.e. in and combining this with the fact that (jru %2 r1u p)
is bounded in L&() N, for % + $ =1, conclude that

jru pi9%ru p®jruj 92ruinl $O N

Therefore we get that

lim  a()jruj 92 rur(u , u)dx

p'1

lim  a(x)jru pj9dx

p'l

+ lim  aX)jru pj%% ru prudx

p'1

a(x)jruj 9dx:

By uniform convexity the space l9() N possesses the Radon-Riesz property and thus
rup,'ruinL  4() M
as was required. O
We now introduce the notion of solution of the Dirichlet problem (3.1.1).

De nition 3.1.5. A functionu 2 W ;g() is said to be a solution of the Dirichlet problem
(3.1.1), if there exists a vector eld z 2 L* () N with kzk,; 1 such that

z r+ajruyj  9%ru rdx = f dx; forall 2C 5 ();
z ru = jruj; a.e. in

Remark 3.1.6. If u is a solution of the Dirichlet problem (3.1.1) then we have that u
satis es the following weak formulation

jruj dx z rvdx+ ax)jruj 9%ru r(u v)dx = f(u v)dx;

for all v 2 W35().
We are now ready for our existence result.

Theorem 3.1.7. Assume that (H) holds and f 2 L N () satis es
kfkn (S(N:1)+1) < 1:

Then there exists a solution of problem (3.1.1) in the sense of De nition 3.1.5.
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Proof. Let (up) be the solutions of the Dirchlet problems (3.1.2). Then for every p we
have that

jru P2 ru pr dx+ a(jru 9% ru pr dx = f dx; (3.1.9)

forall 2C ;3 ().

Using Propositions 3.1.3 and 3.1.4 we get that there exists u ZaW() and a vector
eldz2L?!() N with kzk; 1, such that passing to the limit as p ! 1 in (3.1.9) we
have

z radx+ a(x)jruj 9%ru rdx = fdx; forall 2C 2} () (3.1.10)

and hence also
div(z + a(x)jruj 92 ru) = f as distributions in : (3.1.11)

It remains to prove that
Z ru=jruj; a.e. in :

From the fact that kzk,: 1 we have that
Z ru jruj; a.e.in :

To prove the reverse inequality let 2 C3 () with (x) 0. Using (u ) as a test
function in (3.1.9) we get that

jru P2 ru pr(u ) dx + a()jru pj92ru pr(u ,)dx = fu, dx
and hence
jru pPdx+  upjru piP% ru or dx + a(x) jru  pj%dx
+ a(X)upjru pj9%ru prdx = fu, dx: (3.1.12)

Moreover by Young's inequality we get that

p 1

jru pjdx ; jru pPdx+ dx:
Therefore together with (3.1.12) we have
P jru pjdx+  ugjru piP2ru , rdx+ a(x) jru  pjddx+
+ a(X)upjru quz rup, rdx fup, dx+(p 1) dx: (3.1.13)

By Proposition 3.1.3 we get that

upjru pjP2ru pMuzinL () V; foralll s< NNl

and hence
Up Gru piP2ru , r)dx! u(z r)dx:
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Next we have that

upa(X)jru pj%%ru , rdx ua(x)jruj 9%2ru rdx=

= (up wajru H%ru , rdx
+ ua(x) jru pj%%ru , jrujp %%ru o rdx: (3.1.14)
Again by Propositions 3.1.3 and 3.1.4

ruptruinl  90) Nandjru j9%ru p Mruj 92 ruinL SO N

and thus the second summand in (3.1.14) convergesto O as p ! 1.
For the rst summand using Holder's and Poincaré's inequality we get that

q
(up wajru %% ru , rdx kr k 1 kup uk Lz kru pkE%

q
g
Ckru p ruk gkru pkie
and hence it also converges to 0.
Using the above and the weak lower semicontinuity of theLnorm, passing to the
limit in (3.1.13) as p ! 1 we get that
jrujdx + uz rdx+ a(x) jruj  4dx+

+ a(ujruj 9% ru r dx fu dx: (3.1.15)

If v .2 Wy%() then by density and using the embeddings W) | W 18() and
W) JL w1 (), we get from (3.1.11) that

z rvdx+ a(x)jruj 9%ru rvdx = fvdx:

Since u 2 W §() we have by Proposition 2.1.4 that there exists a sequence {Y in
W39() such that

Voluinw YOandrv ,!ru)inL 30 N
Since each y satis es (3.1.10), passing to the limit we get that
z r(u)dx+ a(x)jruj 9% ru r(u)dx = fu dx:
Combining this with (3.1.15) we get that
1

jruj dx z rudx; forall 2C ()

and hence
jruj z rua.e.in :

and the proof is completed. O
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As the following Proposition illustrates, the solution found in Theorem 3.1.7 is unique.
Proposition 3.1.8. There exists at most one solution to problem (3.1.1).

Proof. Let uj;u, 2 Wal;;(‘,‘() be two solutions of (3.1.1). Thus, there exist two vector
elds z,;2, 2 Lt () N such that the conditions of De nition 3.1.5 are satis ed. Testing
with u, in the weak formulation of y, we obtain

jru 4jdx Z; ru pdx+  a)jru 1j9%ru 4 ru 1 u p)dx= f(luy u L)dx:
(3.1.16)
Analogously we get,
jru ojdx Z, ru 1dx+ aX)jru ,%%ru , ru » u 1)dx= f(lu, u )dx
(3.1.17)

Adding (3.1.16) and (3.1.17) we have
jru 1jdx + jru ojdx Z1 ru odx Z, ru (dx+
+ ax) jru 1j9%ru 1 jru 5%%ru 5 ru 4 u L)dx =0:

We also know that

Z1 ru ,dx jru ,jdx and Z, ru (dx jru 1jdx
since kzk 1 and kz ,k 1. Hence
a(x) jru 1j%%ru 1 jru 5% ru 5 ru 1 u L)dx O
which implies that
a(x) jru 1j9%ru 1 jru 2%%ru 5 ru 1 u 2)dx=0

since, by convexity, the integrand is non-negative. We conclude that
ru =ru ,;a.e.in

and so Poincaré's inequality yields y=u, a.e. in . O

3.1.2 The non-homogeneous boundary value problem

In this part we discuss the double-phase problem involving the 1-Laplacian with non-
homogeneous Dirichlet boundary conditions

( div. M- +aX)jruyj 92ru = 0in ;

jruj
u hon@;
assuming that hypothesis (H) holds and the datum h belongs to the fractional Sobolev

1

space W a9(@ ).

(3.1.18)
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We will follow the same approach as in the previous subsection, i.e. we will study the
behaviour of solutions of the corresponding Dirichlet problems

div(ruj P?2ru+ajruj 9%ru) = 0in
U=hon@ : (3.1.19)

and then pass to the limit as p ! 17, in order to show that there exists a suitably
de ned weak solution of problem (3.1.18). As for the boundary condition, we show that
it is satis ed in the sense of the trace in W4(). Additionally, due to the regularizing
e ect of the weighted term, the solution is unique. We will also provide a variational
characterization of this solution via the corresponding minimization problem.

Our rst goal is to prove the existence of uniqgue weak solutions to the suitable ap-

proximate double-phase problems. For h 2 W %;q(@ ) let
W P()=fu2W Yr():uj @ =h HV ! -ae. on@ g

As usual we say that u 2 \/\A1 ’() is a weak solution of the double-phase Dirichlet
problem

div(ruj P?2ru+aX)jruj 9%ru) = 0 in
U= hon@ : (3.1.20)
if
jruj P2ru rvdx+ a(x)jruj 9% ru rvdx =0; (3.1.21)

for all v 2 Wg' °().

Proposition 3.1.9. Let h2 W ' 9@ ) and assume that (H) holds. For p > 1 small
enough, there exists a unique weak solution u ZQW’() to the double-phase Dirichlet
problem (3.1.20), which is the unique minimizer of the functional

o .
F(u) = (””;,+a(x) Jr”é)dx

in the set W' *().

Proof. We will use the direct method of the calculus of variations. To this end let @) 2
Whl; () be a minimizing sequence i.e.

n!Mn F(u,) =infF(u):

By Gagliardo's extension theorem (see Remark 2.1.3) we may extend h to a function
v2WZha() W  Ye()withvj @ =h, and so we have that 4, v2W o' °(), for all
n 2 N. By Poincaré's inequality we get

Kupk , =kun, v+vk .~ ku , vk +kvk:
Ckr(u  v)k . +kvk.
Ckru nk, + CKrvk q+kvkyg:

Since the boundedness of the sequence FYumplies that - (jru ,j) is bounded, we
get that kru ,k is bounded as well, see [58, Proposition 2.15c)]. Hence there exists

u 2 WY r() such that, up to a subsequence 4 "uin W ¥ »() and by the weak to
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weak continuity of the trace u 2 Whl;' (). By weak lower semicontinuity [21, Theorem
2.2.8] we get that

- N N -
YL A Jru(;)dx lim inf ("“p“J +a() ””q”‘)dx

and hence we conclude that
F(u) lim il‘rl]f F(u, = Iirrp F(u,) =inf F(u):

Thus, the in mum of F is attained and is unique due to the strict convexity of the
functional. The fact that this minimizer is a weak solution of problem (3.1.20) is obvious.
O

We now give a suitable notion of weak solution for problem (3.1.18).

De nition 3.1.10. A functionu2W  19() with uj @ =h, is said to be a weak solution
of the Dirichlet problem (3.1.18) if there exists a vector eld z 2 I () N with kzk; 1,
such that

z radx+ ax)jruj %ru rdx = 0;foral 2C 2 ();
Z ru = jruj a.e. in :

To proceed to our main result we rst study the behavior of the solutions (y) of the
approximate problems (3.1.20) as p ! 1.

Proposition 3.1.11. Leth2 w ! %;q(@) and assume that (H) holds. If (y) are the
unique weak solutions of problems (3.1.20), then there exist a function u 2%{) with
Ue =hand a vector eld z 2 L () N, with kzk; 1 such that as p ! 1, up to
subsequences

up'uinlL 3(); foralll s< N1

jru piP2ru "z inL () N forall 1 or<+1;

jru pj9%ru pMruj “%ruin L SO N
rup,!ruinL 90) N

Proof. First we will show that (kru k), is bounded for p near 1. Note that without
loss of generality we may assume that kryk. = > 1, for all p.

By Gagliardo's extension theorem there exists v 2 WA() | W L r()withvj g =
h. Taking v in the weak formulation (3.1.21) and using Hdélder's inequality, the embed-
dingsL»()!L P(),L "»()JL 9()and the fact that kru k > 1 we get

o= (ru piP +ax)jru o) dx
= jru P2 ru p+aXjru pj%%ru ,  rvdx

p 9
00 q0
kru  pkp” krvk o +kru pki's krvk g
p 9
po0 q0
kru  pk®, krvk , +kru pk?, krvk g

q
kru o k®  krvk o +krvk (o (3.1.22)
p™ p p a
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Letting , =kru pk , > 1, we estimate |, from below and get that

p q
ru ru
b= o, —2 dx+ 9 ax — dx
p .o
p q
ru ru
—P +akx) —2  dx
p p

= B (3.1.23)

p
p

Combining inequalities (3.1.22) and (3.1.23) we have
P @ kvk kv L
and by Hoélder's inequality
P it a+kakd kivk g

Thus, for p close to 1, we have

1

o (] ® +kaki)krvk ¢ © ® +1=M: (3.1.24)

Hence, the norms krupk: , are bounded by a constant independent of p, for p close to 1.
Using the same argument as in the proof of Proposition 3.2.3, we have

kupk , Ckru ok, +C%rvk q+kvkq CM+C =M :

and by Remark 2.2.7 M is also independent of p.
Since, WEe() | W X9() we get that (u ,) is bounded in WA9() and hence by
re exivity we have that there exists u 2 W19( ) such that, after passing to a subsequence,

up *u; in W 29()

and by the continuity of the trace operator we also get that yy = h. Since, WX9() |
WLi() we have
up *u; inw ():
Note that since for 1 s < - the embedding W() /L  S() is compact we actually
have that
! H S . < -
U 'uinlk >(); foralll s N 1
Since by (3.1.24) we have that kruk ; M, forpcloseto 1and1 r<p 9 we get
by Hélder's inequality that

jru G® dx jj ! B3 —M (P r

and hence )
Kiru piP2ru ok, (1+jj) (3.1.25)

Note that for any xed r 1 by taking p close enough to 1 we getthat1 r<p ° Hence
by (3.1.25) the sequence (jry,jP? ru ) is bounded in L'() N and thus it converges
weakly toaz 2 L"() V. By a diagonal argument we may nd a subsequence and a
common vector eld z2 L"() N such that

jru pP2ru ¥z inL () N
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forall1 r<+1. By (3.1.25) and using the fact that the norm is lower semicontinuous
we get that

kzk (1+j)
and thus
kzk, = ”{n kzk, 1:

The last two convergences of the Proposition follow as in the proof of Proposition
3.1.4 using Proposition 2.1.4 and the fact that () being uniformly convex has the
Radon-Riesz property. O

We are now ready for our main result.

Theorem 3.1.12. Assume that (H) holds. Then, for each h 2 W* %;q(@ ) there exists
a weak solution to problem (3.1.18).

Proof. For any 2 C } () by the weak formulation (3.1.21) we have that
jru P2 ru , rodx+ a(x)jru pj%2ru , rdx=0:
Letting p ! 1 and using the previous Proposition we get that
z rdx+ ax)jruj *%ru rdx=0; forall 2C ;5 (): (3.1.26)

To complete the proof we need to show that
Z ru=jruj a.e. in

Tothisendlet 2C § ()with Oandtake (u ) as a test function in (3.1.21). Then
jru oPdx+  ugjru P%ru , rdx+ a(x) jru  pj%dx +
+ a(X)upjru pj%%ru , rdx=0:

By Young's inequality we have that

i pjdx ; ju pjPdx + P pl dx
and hence from the previous equation we get that
P jru pjdx+  ugjru pPZru , rdx+ a(x) jru  pj9dx+
+ a(X)upjru pj%%ru , rdx (p 1) dx: (3.1.27)
By Proposition 3.1.11 we get that

upjru pjP2ru pMuzinL () V; foralll s<

1

and hence
Up Gru piP2ru , r)dx! u(z r)dx:
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For the last term in the left hand side of (3.1.27), we proceed as in the proof of Theorem
3.1.7 using the convergences obtained in Proposition 3.1.11 in order to get that

upa(X)jru pj%2ru , rdx! ua(x)jruj 9% ru r dx:

Using the above convergences and the weak lower semicontinuity of therlorm, we can
pass to the limit in (3.1.27), as p! 1* and get that

jrujdx + uz rdx+ a(x) jruj  9dx+
+ a(ujruj 9%ru rdx O: (3.1.28)

If v 2 W ¢*%() then by density and using that W %) | W 2¢(), we get from (3.1.26)
that

z rvdx+ a(x)jruj 9%ru rvdx=0: (3.1.29)

Since u 2 W §() we have by Proposition 2.1.4 that there exists a sequence {Y in
W39() such that

Voluinw YOandrv ,!ru)inL 30 N:

Since each y satis es (3.1.29), passing to the limit we get that
z r(u)dx+ a(x)jruj 9%ru r(u)dx=0:
Combining this with (3.1.28) we get that
jruj dx z rudx; forall 2C ()

and hence
jruj z rua.e.in :

Since on the other hand kzk 1 implies that z ru jruj we infer that
Z ru=jruj a.e. in ;
which concludes the proof. O

Remark 3.1.13. (Weak formulation) If u is a weak solution of the Dirichlet problem
(3.1.18) we also have the following weak formulation

jruj dx z rvdx+ a()jruj 9%ru r(u v)dx=0;

for all v 2 W29(), with vj @ = h.

Proposition 3.1.14. There exists at most one solution of problem (3.1.18).
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Proof. Let u;;u, 2 W2X9() be two solutions of (3.1.18). Hence there exist two vector
elds z1; z, 2 LY () N such that the conditions of De nition 3.1.10 are satis ed. Testing
with u, in the weak formulation for u; and vice versa we obtain

jru 4jdx z1 ru pdx+ a)jru 1j9%ruq rlu 1 u )dx=0
and
jru ojdx Z, ru dx+ aX)jru 2%%ru, rlu , u 1)dx=0:
Adding the above equations we get
jru (jdx + jru ojdx Z1 ru ,dx Z> ru (dx+
+ ax) jru 1j9%ru 1 jru 5%9%ru 5 ru 1 u L)dx =0:
Since kzk; 1 and kz 5k; 1 we have that
Z1 ru ,dx jru ,jdx and Z, ru 1dx jru qjdx
and hence
ax) jru 1j9%ru 1 jru %%ru, ru 1 uL)dx O:
But since the integrand is non-negative this implies that
ax) jru 1j9%ru 1 jru ,%%ru, ru 1 u L)dx=0:

Hence we conclude that
ru 1=ru ,; a.e.in
and since Yje = Ujj@ , Poincaré's inequality yields y = u . O

Now, we provide a variational characterization of the solution of problem (3.1.18). In
particular we show that it is the unique minimizer of the minimization problem

n 0
min I(u): u2W () withuj @ =h ;
where 1
(u) = jrujdx + q a(x)jruj %dx:
We have the following.

Proposition 3.1.15. The function u 2 W }9() is the unique weak solution of problem
(3.1.18) if and only if it is the unique minimizer of the functional I.

Proof. The solution u of problem (3.1.18), by Theorem 3.1.12 and Proposition 3.1.14,
exists and is unique. Since by strict convexity, the minimizer of | is also unique it is
enough to show that u is a minimizer of I.
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To this end let v 2 WX9() with vj @ = h. By the weak formulation of Remark 3.1.13
we have that

jruj dx z rvdx+ a(x)jruj 9%ru r(u v)dx=0:
Using the fact that kzk; 1 and Young's inequality we get that
jrujdx + a(x)jruj 9dx= z rvdx+ a(jruj %2 ru rvdx

jrvjdx + a(x)jru;j qu+:1 a(x)jrvj %dx:

1
of
But this implies that

jrujdx + ; a(x)jruj 9dx jrvjdx + ; a(x)jrvj 9dx

[(u) I(v):

3.2 The Neumann problem

In this section we prove the existence and characterization of solutions for the following
double-phase Neumann problem with non-homogeneous boundary condition

8

< div e Fain a2y .= fin

jruj
(o +alqiruj 92 ru); gon@;

withf2L N()andg2L ! (@ ). For the sake of simplicity, we present only the results
for the case f = 0, that is for the problem

8

< d;}v U +a(x)jruj 92 ru . =0 in ;

jruj
g on @ ;

3.2.1
(e *+a(x)iruj 92 ru); 821

since as in the Dirichlet problem (3.1.1), the arguments work just by considering a slightly
di erent condition for the smallness of the norms of f and g in Proposition 3.2.3. We
assume that (H) holds and the datum g 2 ! (@ ) satis es the compatibility condition

gdHN! =0:
@
Note that this latter condition is necessary for the well-posedness of problem (3.2.1).
We rst study the existence and behaviour of solutions for p close to 1 of the corre-
sponding approximate double-phase Neumann problem with p > 1

div(ruj P?ru+a(X)jruyj 92ru) = 0in ;
(ruj P2 +a(x)jryj 92)8" = gon @

and then pass to the limit as p ! 1. As we have already done, we will replace the
quotient U~ by a bounded vector eld z such that kzk 1 which satis es the condition

jruj
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Z ru = jruj a.e. in . An important issue to address is the interpretation of the
boundary term corresponding to the Neumann condition. To this end, we will introduce
a notion of a weak trace for the normal component of vector elds belonging to a class
of double-phase compatible elds with integrable divergence, that is the class

( )
Xgp()=  =z+ajwj “2w:z2L () “w2Ld() Vidiv()2L M()

More precisely, we will de ne a function ()2 W * %;q(@ ) which is associated to any

vector eld 2 X C’,\‘p() and we prove a weak Gauss-Green formula under the assumption

(H). As we have already seen, this assumption ensures that the trace of a function
1.

u 2 W24() belongs to W 1 9@ ) since the weight function a is bounded away from

zeroon @ .

3.2.1 Traces of double-phase vector elds with integrable divergence

In [6], [57] and [62], under summability conditions on the divergence of a vector eld, trace
properties for its normal component on @ were obtained. In this part, we will obtain
similar results for vector elds belonging to the space gg() under the assumption that

(H) holds. Our main goal is to de ne a function ()2 W * %;q(@ ) which is associated
to any vector eld 2 X (Q\‘p() and then provide a weak Gauss-Green formula whenever

the trace of a function u 2 WX9() belongs to W ! %;q(@ ). Observe that since the
weight function a is bounded we have that >§p X ('1“0 where dis as usual the conjugate
exponent of g and

XgO=f2L €O Njdv()2L "(g:
Hence, the weak trace of the normal component can be de ned for 2('}5 once it is
de ned for 2 X §. When endowed with the norm

KKen = KK g+ kdiv K y;

the space (Xp;k kqn) becomes a Banach space and;§) N is dense in X} (see [57]).
By Gagliardo's theorem, any function 2 W1 %?q(@ ) can be extended to a function

v 2 WT9() such that vj @ = , in the trace sense. We will apply this result in order

to obtain an estimate on the bilinear form which is de ned in the next theorem and
consequently, this will enable us to de ne a weak trace of the normal component of a
vector eld 2 X q“é We have the following theorem, which is a slight improvement of
[57, Lemma 3.10] (see also [62]), suitable for our purposes.

Theorem 3.2.1. There exists a bilinear map h ;vig : X(’q“o() W  9() I R such that

jn;vigj C Yk kgo+kdiv( )k n)kk ;1.4 forall ;v; (3.2.2)
L

where 2 W' %;q(@) is such that vip = . Any vector eld 2 X () denes a
linear functional

F:w! @) !R

through the formula
F()=h;vi g:
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In particular, we can de ne a weak trace ()2 W* %;q(@ ) of the normal component
of on @ , which we denote by , such that the following integration by parts formula
holds:

rvadx + vdiv dx=h ;i 1
W

: (3.2.3)

1

%;Q(@) Y, %:Q(@)

forall 2X  and v2W%(), where =vj q.

Proof. Let 2W ! @@ ) and v 2 W%9() be such that vj @ = . For 2X &()we
set

h;vig = rv dx + v div( ) dx:

The map h ;Vvig is bilinear and we observe thatify;v, 2 W9()and Vv 1j@ =Vaije = ,
then

h;viig =h;v.ig forall 2X ('q\é():

To see this note that if v = v; v ,, then v 2 W) and thus there exists a sequence
Vh 2 C$ () converging to v. So by the de nition of the distributional divergence we get
|

rv 1 vo)dx+ (vi Vv z)div()dleimn rv ndx+  vpdiv()dx =0:

Forv2W%()and 2X g() by Holder's inequality, and the Sobolev embedding
theorem WX() L 71 () we get
jhivig] = ] rv dx + v div( ) dxj
Kk @krvk o+ Kdiv(K ykvk
kk qkrvk o +kdiv()k njj * 7Cskvkiq
C(kk +Kkdiv()K n)kvKig;

where C = maxfl;jj * %ng and Gs is the constant of the Sobolev inequality. By
Gagliardo's theorem there exists ¢ > 0 such that kvk, ckk ; L whenever v 2

Wda() is such that vj @ = . Combining this with the above we get for such v and
that

jh;Vigj C (kke+kdiv()k nKK 5 1
L

Now, for 2 X 3 () we de ne the linear functional F : Wl #9@ ) ! R with
F(O=hvi @;
where 2Ww? %;q(@ ) and v 2 W9() are such that vj @ = . By the estimate (3.2.2)

we have that
JF Qi C Uke+kdivOk nkky 1q

and hence, there exists a function ()2 W! «%@ ) such that

FO=h()i

1
q

wh i9@) w b o
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with

k ()k Wl %;q(@) ck k ON -

As a consequence, the integration by parts formula (3.2.3) is immediate from the way we
de ned the functional F . ]

Eventually, we can use the integration by parts formula (3.2.3), in order to obtain the
following Gauss-Green formula for double-phase vector elds with integrable divergence.

Proposition 3.2.2. Assume that (H) holds and letu 2 W }9()and =z+a(X)jwj 92w 2
X(',\'p(). Then, one has the Gauss-Green formula,

udiv( ) dx+ z rudx+ a(X)jwj9?wrudx=h ;ui 1

Proof. Take a sequence of functions,\2 C* ()\W 19() that converges to u as Propo-
sition 2.1.4. By the integration by parts formula (3.2.3), for y in the place of v, we have
that

Vv, div( ) dx + rv ,dx=h ;v niWl 1

:q(@) W 1 %:q;
for all n 2 N. Since WEY()JL vt ()and div()2L N() we get

Iinm v, div( ) dx = udiv()dx:

We know that rv , 'ruin L 3() N and hence arv,'a aruinL () N. Since,
1
a®jwj92 w2 L%() N we can now pass to the limit to get

Iinm rv ,dx = Iirrp z rvndx+lirrp a(x)jwj??w rv ,dx

z rudx+ a(x)jwj%? w rudx;

becausez2l () Nandrv,!'ruinL 1() N. Eventually since, \je = Uj @ , we have

Ilnmh Vol s bie) w i @) =h ;ui wl 1

@) w 't i%@)

and the proof is completed. ]

3.2.2 Existence of solutions to the limiting problem

In this part, we will show the existence of solutions to the limiting double-phase Neumann
problem involving the 1-Laplacian. This will be achieved by studying the behavior of the
weak solutions () as p ! 1 of the approximate Neumann problems

div(ruj P?ru+a(X)jruyj 92ru) = 0in ;

Gruj *? +a()jnj 2)2* = g on @ (3.2.5)
As usual, we say that u 2 W& »() is a weak solution to problem (3.2.5), if
jruj P2 ru+a()jruj  9%ru rvdx = gvdHN?® ; (3.2.6)

@
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forallv2 WY e().

In the next Proposition we prove existence of solutions to the approximate double-
phase Neumann problems using the direct method of the calculus of variations. In what
follows, () is the best constant of the trace embedding W*() /L (@ ) (see [5)).

Proposition 3.2.3. Letg 2 L ! (@) and assume that (H) holds. For p > 1 small
enough, there exists a unique weak solution u 2¥Wr () to the double-phase Neumann
problem (3.2.5), which is the unique minimizer of the functional

jruj P

-
Fu)=  ( +a(x)Jrch] ydx  gudHM!;

@
in the space
V() =fu2aW Yr(): udx = 0g:

Proof. In order use the direct method of the calculus of variations, we need to show that
the functional F is coercive and sequentially weakly lower semicontinuous in V (). By
Poincare's inequality 2.2.7, kruk_'» is an equivalent norm in V (). For coercivity, we
will show that if kruk _» ! +1 then F(u) ! +1. We may assume that kruk L > 1.

We estimate F(u) from below, using the embedding W »() JW * %‘q(@ ), Poincare's
inequality (2.2.7) to get that

jryj P

Fuy = (

N
+ a(x) = )dx gudHN?
q @

o @ruj) kgk 1 kuk @)

SGru) 1Ot Pkgks Kukwes)

LGru) 100t rkgk kukg:

q—kruk P 10ii * #(Cewdiam() + 1)kgk 1 kruk -,

where we passed from the modular to the norm using [32, Lemma 3.2.9] for some suitable
constant . Sincep > 1, we havethat F(u) ! +1askruk ['» !+1,i.e. F is coercive.

Next, we will show that F is sequentially weakly lower semicontinuous. If u!™u in

V (), then by the weak to weak continuity of the trace

gu, dHN? 1 gudHN?® :
@ @

By weak lower semicontinuity [21, Theorem 2.2.8] we get that

jru njP jru pjd
+ a(x dx
( o (x) q )

jruj P jryj A

q

( +a(x) )dx liminf

and hence we conclude that
F(u) IimirAf F(uy):

Hence, the direct method of the calculus of variations produces a minimizer of the func-
tional in the space V (), which is unique due to strict convexity. ]
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In the next proposition, we will study the behavior of the solutions () to the ap-
proximate problems (3.2.5).

Proposition 3.2.4 (Behavior of solutions as p goesto 1). Let g 2 L! (@ ), assume that
(H) holds and

2 1()(C pwdiam()+ 1)kgk 1 < 1: (3.2.7)

If (up,) are the weak solutions of problems (3.2.5), then there exist a function u 2% )
and a vector eld z2 L' () N, with kzk; 1 such that as p! 1, up to subsequences

up!uinlL 3(); foralll s< N1

jru piP2ru "z inL () N forall 1 r<+1;

jru pj9%ru pMruj 92ruin L SO N
ruplruin L 3() M:

Proof. Let ,=kru pk. ' » and take“—'; as a test function in the weak formulation (3.2.6).

Then, using the continuity of the trace operator W r() | W () !L (@) and
the Poincaré inequality (2.2.7), we have the following estimates

L G P ramiu i dx =
p

gu, dHN !
@
kgkl kUpkLl(@)
1( )kgk 1 kupkwl;l()
10 * Pkgha kupkap

1( )kgk 1 (CPW dlam( ) + 1)kru pk.

p

hel ‘N'c ‘N'c ‘H'c "_\'c ‘H'U ‘H

=2 1()kgk 1 (Cpwdiam() +1); (3.2.8)

for p close to 1. Now, we estimate also the left hand side

p q

1 H H - -
—  (ru pP+aX)jru pjNHdx = ppl Up dx + pql a(x) up dx
p ; p : q!
minf gl : gl g I'Uip + a(X) I'Uip dx
P p
=minf 2% ' g: (3.2.9)

Thus, by (3.2.8) and (3.2.9), for p close to 1, we get that
minf B%; 3tg 2 1()kgk 1 (Cewdiam()+1)
and by the assumptions on the norm of the data (3.2.7), we have that

kru pk: | <1:
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Using the embedding L#() ! L  4() we have that
Py
q
a(x)jru pj9dx kru pk <1

and by Poincaré's inequality (2.1.1) we have that (§) is bounded in W9(). Hence by
re exivity we have that there exists u 2 W19( ) such that, after passing to a subsequence,

u, *u inw 29():
Since WH9() ' W E1() we also get that
up *u inw 1():

Note that since for 1 s < - the embedding W+() L () is compact we actually
have that

luinL 3(); foralll s< ———:

up'u in (); fora S N 1
Letl r<p % ThenbyL »()!L P()and the fact that kru k. » <1, for p close to
1, we obtain

I ey
1 (p 1y p

jru p®UT dx jj p jru pP dx
JJ 1 7(')1’); kru pk'(p Lr
p
JJ 1 (p 1y
p
(Gj+1): (3.2.10)

Note that for any xed r 1 by taking p close enoughto 1 we getthat1 r<p % Hence
by (3.2.10) the sequence (jryjP? ru ) is bounded in L'() N and thus it converges
weakly to az 2 L"() V. By a diagonal argument we may nd a subsequence and a
common vector eld z2 L"() N such that

jru pP2ru ¥z inL () N

forall1l r<+1. By (3.2.10) and using the fact that the norm is lower semicontinuous
we get that

kzk (1+jj)
and thus
kzk, = ”{n kzk, 1:

The last two convergences of the Proposition follow with a slight modi cation of the
argument in the proof of [48, Proposition 3.6]. To this end let " > 0. Then by Proposition
2.1.4 there exists v2 WI()\C ! ()withuj @ =Vje such that

jrvjdx jrujdx < 5

and .
( aX)jru rvj qu)%< 5

53



Since WH9() W Y ¢() we may use u, v in the weak formulation (3.2.6) and obtain
Gru piP%ru p+a)jru pj%%ru pru , v)dx= . g(u, v)dH Nt
or equivalently,

jru pjPdx jru P2 ru prvdx + a(x)jru pj92ru pru , v)dx =

g(uy v)dH N1t
@

By Young's inequality we obtain

o 1. p 1.
ru ojdx = jru pjPdx+ ;
i p) 0 Jru p) D J)
and so we have
P jru pjdx jru P2 ru prvdx + a(x)jru 92 ru pru , v)dx=

" gup V)dH M +(p 1)jj:

Letting p ! 1, using the weak lower semicontinuity of the L! norm, the facts that
jru P2 ru ,*z and thatu , *uin W }9() implies that the traces Tu , *'Tu, we get

jrujdx + lim sup a()jru pj92ru pr(u , v)dx
p'l

gu v)dH Nt + z rvdx= z rvdx;
@

since uly =Vjg@ . Now since kzk 1 we get
z rvdx kzk ;  jrvjdx jrvjdx

and thus we get that

limsup a(x)jru qu2 ru pr(u o v)dx jrvjdx jrujdx < E:
p'l
The rest follows the lines of the proof of Proposition 3.1.4 using the fact thatdi()
being uniformly convex has the Radon-Riesz property. ]

Now, we give a suitable de nition of a weak solution to problem (3.2.1).

De nition 3.2.5. We say that u 2 W 19() is a solution to problem (3.2.1) if there
exists z 2 Lt () N with kzk; 1 such that

z radx+ ax)jruj *2ru rdx = 0;forall 2C 2 ();

Z ru = jruj a.e. in ;
= gHN -ae on@;

where =z +a(x)jruj 92 ru.
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Remark 3.2.6 (Weak formulation). If u 2 WY9() is a weak solution to problem (3.2.1),
then it satis es

jrujdx zrvdx+  a)jruj 9% ruru v)dx = guv)dH N1 (3.2.11)
@

for all v 2 W X9().

Theorem 3.2.7. Under the assumptions of Proposition 3.2.4, there exists at least one
solution to problem (3.2.1), in the sense of De nition 3.2.5.

Proof. Let u, be the solutions to problems (3.2.5) and z 2 £() N the vector eld
obtained from the previous Proposition. Then, we have that kzk 1. For any 2
C3 () by the weak formulation (3.2.6) we have that

jru piP2ru p r+ajru %% ru , rdx=0:
Letting p ! 1 and using the previous Proposition we get that
z r+ax)jruj  %%ru rdx=0; forall 2C  ;(): (3.2.12)

Next, we prove that
Z ru=jruj a.e.in :

Let 2C } ()with Oandtakeu , as a test function in (3.2.6). Then
jru pPdx+  ugjru P2 ru , rdx+ ax)jru pj%dx+  (3.2.13)
+ a(X)upjru pj%%ru , rdx=0:

By Young's inequality we have that

p 1

jru pjdx Fl) ju pjPdx + dx
and combining with equation (3.2.14) we get that
P jru pjdx+  upjru GPZru , rodx+ a(x) jru  pj9dx+
+ a(X)upjru pj%%ru , rdx (p 1) dx: (3.2.14)

By Proposition 3.2.4 we get that

. . . N
Upjru piP2ru ,MuzinL S() M; foralll s< N1

and hence
Up ru piP2ru , r)dx! u(z r)dx:

Next we have that

upa(X)jru pj*%ru , r dx ua(x)jruj 9% ru r dx =
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= (up wajru H%%ru , rdx+
+ ua(x) jru pj%%ru , jrujp %%ru rdx: (3.2.15)

Again by Proposition 3.2.4
ruptruinl  90) Nandjru j%2ru ,Mruj 92 ruinL PO N

and thus the second summand in (3.2.15) convergesto O as p ! 1.
For the rst summand using Holder's and Poincaré's inequality (2.1.1) we get that

q
(up, ua(x)jru qu2 rup rdx kr k 1 kup uk gkru pkle

9
q0
Ckru p ruk pgkru pkie

and hence it also converges to O.
Using the above and the weak lower semicontinuity of the lLwe pass to the limit in
(3.2.14) and get that

jrujdx + uz rdx+ a(x) jruj  9dx+
+ a(ujruj 9%ru rdx O: (3.2.16)

If v 2 W) then by density and using that W ¢*%) | W 28(), we get from (3.2.12)
that

z rv+aX)jruyj  9%ru rvdx=0: (3.2.17)

Since u 2 W;}?() we have by Proposition 2.1.4 that there exists a sequence {Y in
W,"%() such that

VoluinWw YOandrv ,!ru)inL 30 N:

Since each y satis es (3.2.17), passing to the limit we get that
z r(u)dx+ a(jruj 9%ru r(u)dx=0:

Combining this with (3.2.16) we get that

jruj dx z rudx; forall 2C ¢ ()

and hence
jruj z rua.e.in :

Since on the other hand kzk 1 implies that z ru jruj we infer that
Z ru=jruj a.e.in :
To conclude the proof, we need to show that

=g HN! -ae.on @:
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We will use the space of test functions DY =fvj :v 2 D(RN)g. Letv 2 D() |
W r() as a test function in (3.2.6)

jru P2 ru p+aXjru p%%ru , rvdx = . gvdHN?® :
Passing to the limit as p ! 1, by Proposition 3.2.4 we get
z+axjruj 9%2ru rvdx= . gvdHN?® ;
and applying Gauss-Green formula (3.2.4) we get

- + - . q2 + . - - - — Nl .
vdiv z +a(x)jruj ru dx+h ;vi wh H@) wt i) . gvdH"™ " ;

Q|-

where =z +a(x)jruj 92 ru. Using the fact that div (z + a(X)jruyj 92 ru) = 0 we get

o\l — N1 BY
h Vgt bagy w it begy @gvdH forall v2D()

Qo

or

h g;vi =0 forall v2D();

1

wh §9@) w ! i)
) .

since L (@) !W ! «9@) . By density of D() in the space W %9(), we get that
=g H"! -ae. on @:
]

Remark 3.2.8. Using the weak formulation (3.2.6), it is easy to see that ifw, are two

weak solutions of problem (3.2.1) then they dier up to a constant. To this end, let
Us; U 2 W29() be two solutions and z;;z, 2 L* () N the corresponding vector elds.
We can use each one of;uand u, as a test function in the weak formulation (3.2.6) for
other one and add the two equations to get

jru (jdx + jru ojdx Z1 ru ,dx Z> ru (dx+
+ ax) jru 1j9%ru 1 jru 5%%ru 5 ru 1 u L)dx =0:

Taking into account that
Z, ru dx jru 4jdx

and
Z1 ru ,dx jru ojdx

we get
ax) jru 1j9%ru 1 jru 9%%ru, ru 1 u L)dx O:

and since the integrand is non-negative this implies that

ax) jru 4j%%ru 1 jru 5%%ru, ru ¢ u R)dx=0:
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Hence we conclude that
ru,=ru ,; a.e.in ;
which implies that u; = u, +c a.e in , for some ¢ 2 R. Note that as the solution in
Theorem 3.2.7 is obtained as the limit ! uin L *() and updx = 0 we have that
udx = 0. Hence the solution is unique on the space V ().

We conclude with a variational characterization of the solutions to the problem (3.2.1)
through the minimization problem for the functional

I(u) = jrujdx+; aGOjruj 9dx  gudHM® :
@

on the set ( )
V()= u2wri): udx =0

Proposition 3.2.9. The function u 2 V () is the unique weak solution to problem (3.2.1)
if and only if is the unique minimizer of I.

Proof. By Theorem 3.2.7 and Remark 3.2.8 there exists a solution u, which is unique on
the set V (). Moreover, the functional | is strictly convex on the set V () hence, it is
enough to show that u is a minimizer of I. To this end, let z 2 L1 () N be the vector
eld given by Theorem 3.2.7 and v 2 V (). By the weak formulation (3.2.11), we have
that

jruj dx z rvdx+ a()jruj 9%ru r(u v)dx= gu v)dH N1
@

Using Young's inequality and the fact that kzk 1 we get

jrujdx + a(x)jruj 9dx gudHN?
@
= z rvdx+ a(x)jruj 92 ru rvdx gvdHN?
@
jrvjdx + 1 a(x)jruj %dx + 1 a(x)jrvj 9dx gvdHN?t ;
o q @
which leads to
I(u) 1(v);
for all v 2 V () and the proof is completed. O
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Chapter 4

Euler Lagrange equations for variable-growth
total variation

This chapter is based on the contribution [26], where we considered a uni ed framework
for the study of the models

"G =t+a)t 9 with a(x) 0 and ' ya (x;t) =t P® with p(x) 1;

using the notion of variable-growth total variation introduced in [23]. Given a bounded
Lipschitz domain and a function'2  ¢()\C( [0; 1)), the variable-growth total
variation TV : L() ! [0; 1] is de ned by
( )
TV . (v):=sup vdiv ' (xj))dx 2ClO) " ;

where ' (x; ) is the Legendre Fenchel dual to '(x; ) for x 2 . Moreover, if ' satis es
assumptions (A0), (aDec) and (RVAL), then by Theorem 2.3.5 for v 2 BV () we have
that

TV (v) ='(Dvj)() (4.0.2)

where the Borel measure '(jDv)) is de ned by

'(IDVI)(E) = 'O Jrvj) dx + "2 diD®vj
E E

where "7 (X) is the recession function of . Note that the measure '(jDvj) may take
value 1; in fact '(jJDvj)(E) < 1 if and only if jD SVi(E\f ¢ = 1g) = 0 and

£ (X;jruj)dx < 1. Regardless of whether (4.0.1) holds, by de nition TV . is convex
and lower semicontinuous. Thus, its restriction to B() is weakly lower semicontinuous.

Our purpose is to study the variable-growth total variation TV. and associated min-

imization problem for the Rudin Osher Fatemi model incorporating the variable-growth
total variation as a regularizing term

1

ROF. (V) := TV . (v)+ jv fj 2dx:

NI

The functional ROF. is weakly lower semicontinuous and coercive orf(), so it has a
minimizer u. By the strict convexity of ROF. , it is unique. Denoting by E the restriction
of TV. to L?(), the minimizer is identi ed by the abstract Euler Lagrange equation

uf2 @E - (u): (4.0.2)

In order to deliver a veri able optimality condition, one needs to characterize the sub-
di erential @E (u). This is our main task here: to give a description of the abstract
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equation 4.0.2 as a partial di erential equation. Let us note that this also allows us
to characterize solutions to the B-gradient ow of the '-total variation; indeed, since
the functional is convex and lower semicontinuous, it follows from the general theory of
semigroup solutions to gradient ows in Hilbert spaces (introduced in [14, 39]; see e.g.
[15] for an overview) that there exists a unique strong solution to the 3-gradient ow
of the functional E and the characterization of its subdi erential again gives a veri able
condition for solutions of this gradient ow.

The structure of our approach is the following. First, we present some preliminary
results such as a Poincaré type inequality which shows that the e ective domain. Dof
E is contained in the corresponding Musielak Orlicz space’l(). The second result
concerns a slight improvement of the modular approximation argument Proposition 2.2.9
and allows us to obtain approximation by smooth functions up to the boundary. Next,
we proceed to the abstract characterization of the subdi erential @E using convex duality
methods. By abstract, we mean that we obtain a description of the subdi erential through
Fenchel's extremality condition for the convex and lower semicontinuous functional E
and its conjugate E. The last part concerns a local characterization through the existence
of a vector eld , belonging to a suitable class of admissible vector elds X., and a
generalization of the Anzellotti product ( ; Dv) which we de ne (cf. [6], [4]) for v 2 D
and 2 X. ,. Thanks to the Poincaré inequality 4.1.1, these objects satisfy certain
complementarity conditions, and hence the Anzellotti product is well de ned. Among its
properties that we study, the most notable is that this product satis es a kind of Young's
inequality. The elements of the subdi erential are precisely those for which equality holds.

To conclude, in our main Theorem 4.1.13 we provide certain equivalent conditions
for this characterization to hold. We also discuss how our results generalize earlier ones
for the classical TV, as presented in [2] (see also [4]), as well as a characterization of
strong solutions to the L2-gradient ow of E . Finally let us emphasize, as will become
clear later, that in order to characterize the subdi erential @E two key ingredients are
required: the representation formula (4.0.1) and the improved modular approximation
by smooth functions Lemma 4.1.4.

4.1 Characterization of the subdi erential @E - : convex duality
methods

4.1.1 Preliminary lemmata

Let us denote by E the restriction of TV. to L?(). Let D . denote the domain of E,

i.e., o

D := Ir]v2L2(): E.(v)<1

Then, under natural assumptions on the growth of ', we have a Poincaré-type inequality
which implies the following inclusion.

Proposition 4.1.1. Suppose that '2 .\ C( [0;1)) satis es the conditions (A0),
(RVA1) and (aDec), and that ' satis es the condition (VA1). Then,

D L ()

Proof. Givenv2D:- andm>0,letT,v2L! () L () denote the simple truncation
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of vatlevel m i.e., T, : R!'R is de ned as

8 .

3 m if r>m;
Tn(r) := 5 r if jrj m;

m if r< m:

Fix any m > 0. By theorem 2.3.4, it holds that T,,v 2 BV () and
DTmV =" fm<s<mg IVL N +(Tn(v") T m(v)) yHNT gy + f m<v<mg D°;

where ¥ is the approximate limit of v. To see that §T,v) E . (v), recall that the total
variation de nes a Borel measure '(jDvj) in . For all m > 0, denote

m = \fm<v<mg:

The approximate jump points of T,(v) appear in the sets  because the truncated
functions T, (v) are constant elsewhere. More precisely, we have

(Tm(") T m(v ) vHY 3y=(v* v ) H"* -, \fm<wv<mg
which yields that
E (Tmv) ="(Dv))( ) '(DV()=E - (v);

so the desired claim holds.
By Proposition 2.2.9, for every m 2 N there exists a sequencef(y C ! () such
that

VEIT pvinl' () and E.(vK)= '(xjrv KDAXTE - (Twv) (4.1.1)

as k ! 1. Without loss of generality all v ¥ belong to D . From the Poincaré Sobolev
inequality in the form given in [29, Theorem 6.2.8], we deduce

erI;kL' O C krv rI;kL O T erlilkLl()
By (aDec), we have
n e
krv Kk max B (vE); (LB (vE)
with g 1. Thus, passing to the limit k! 1 using (4.1.1),
KTmvk, ) C  max E (TmV); (L4E (TmV))* @ +kvakL1()
C max E (V); (L4E (V))*© @ +kvk L1

Since ' 2 (), it has the Fatou property by [29, Lemma 3.3.8 b)]. Lettingm! 1,
we obtain thatv 2 L' (). O

Remark 4.1.2. By the explicit expression of.Egiven in Theorem 2.3.5 and the above
proposition, we see that the e ective domain D of E consists of those functions v 2
BV()\L 2?()suchthatv2L ();jrvi2L "()andjD Svj(f 9 =1g)=0
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In the sequel, we assume that ' satis es the conditions (A0), (RVA1) and (aDec),
and that its conjugate ' satis es (VAL). In particular, ' satis es (aDec) , with some
(nite) g 2. Let us note that these are exactly the conditions needed to apply the
approximation by smooth functions given by Proposition 2.2.9 . Consider the set

( )
X ,= 2LV xjpdx<1;div 2L %)

Once ' satis es (A0) and (aDec), with g 2, its conjugate function '  satis es (AO) and
(alnc), with 1 < p 2, where %+ % = 1, so by the estimate (2.2.6) applied for ' the
condition ' (x;jj)dx<limplies 2L P() N with some 1 <p 2. In particular,
( )
Xop X ppi=  2LP() N div 2L P()

The signi cance of this inclusion is the following. Let us recall that there exists a bounded
linear operator X,, 3 7! 2W 199 (@) that coincides with the usual normal
boundary trace for smooth, see [57, Lemma 3.10]. The space'¥WW9 (@ ) is the trace
space of W9( ), and the Gauss Green formula

vdiv + rv=h ,VJ @ iW11:q;q (@) wil=aa (@) (412)

holds whenever 2 X,., and v 2 W%4(). In particular, every vector eldin X . ., admits
a normal trace, and the Gauss Green formula holds whenever 2 X., and v 2 W4();
we will heavily rely on this fact in the characterisation of the subdi erential of E.

Remark 4.1.3. In the de nition of the class of admissible vector elds X .,, we could
have assumed that 2 L () N instead of niteness of the modular ' (x;jj)dx.
Since we do not assume that ' satis es (aDec), L () N may contain elements with
in nite modular, so this would be more inclusive, thus strengthening a little some of our
auxilliary results. On the other hand, this matters little in the context of the main goal
of this paper, since vector elds that appear in the characterization of the subdi erential
naturally have nite modular.

In the proof of Proposition 4.1.1, we used Proposition 2.2.9, where a suitable approx-
imating sequence in € () was obtained for any v 2 D . . For our purposes, we will need
approximating sequences to be smooth up to the boundary.

Lemma 4.1.4. Suppose that'2  \C( [0;1)) satis es (A0O), (RVAL) and (aDec),
and ' satis es (VA1). For any v2 D ., there exists a sequence&\2 C? () such that

vVKivinL ?()andinL " (); 'ocjrv < dx T E - (v):

Proof. By Proposition 2.2.9, there exists a sequen® 2 C* () such that the postulated
convergences hold. Thus, using a diagonal argument, we see that it is enough to prove the
assertion forv2 Ct ()\D .. In particular, we can assume that v 2 W' ()\L 2().
Since is bounded, assumption (A2) appearing in the paper [36] is satis ed by ' [29,
Lemma 4.2.3]. Thus, by [36, Corollary 4.6], there exists a sequenc¢e/C? () such

that vk 1vin W ' (). Analysing the reasoning in [36], we also have ¥!vin L 2().

By convexity of '(X;j j), we have

'oGiv <) @ D= )+t jrv “ rvi=t)
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fora.e.x2 andall 0 <t< 1. By convergence of v€ in W' (), there exists a sequence
ak>0,ak!0ask!1, such that

'xjrv K orviza K)dx 1 fork=1;2;:::
Thus, since t 7! '(;t)=tis L ;-almost increasing, we have for a xed t and k large enough

k

t '(gjrv K orviEtydx L @ '(xjrv K orvj=a K)dx L @410 ask!1:

Hence, we obtain
limsup '(x;jrv Xj)dx (1 1) "(X;jrvj=(1 t))dx (4.1.3)
k!l

forany O <t<1. Since 'is L g-almost decreasing,

CGIVEQ D) e 2 LG

for 0 <t 1=2. Since the right-hand side is integrable by assumption, we can pass to
the limitt!0 * in (4.1.3) using dominated convergence, obtaining

limsup '(x;jrv Xj)dx 'X;jrv))dx =E - (v):
k!l
As on the other hand E is lower semicontinuous, this concludes the proof. O

4.1.2 Abstract characterization

Our next aim is to provide an abstract characterisation of the subdi erential of the
functional E , and through it, a description of the subdi erential of the functional ROF
(a local characterisation is provided in the next section). To this end, we rst recall the
de nition of a convex conjugate. It is enough for our purposes to restrict to the Hilbertian
setting; indeed, we will only apply it in the case X = L?(). For more details we refer
to [22].

De nition 4.1.5. Given a Hilbert space X with inner product (; ) x and a convex
function F: X ! R[f1g, we de ne its Legendre Fenchel transform F : X I'R[flg
by the formula

F (v)=sup (v;u)x F(u):
u2X

In order to characterize the subdi erential of E, we will use the following well-known
result called the Fenchel extremality condition.

Lemma 4.1.6. Suppose that E: X ' [0; 1] is convex and lower semicontinuous. Then,
W2 @E(V) , (v;w)x =E(V)+E (w):

To apply the above result, it remains to identify E. For this purpose, we introduce
the following functionals on L2():

( )
FB(w) := inf L xipdx 2ci() N div =w
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and ( )
F(w) :=inf Cxjpdx 2L YO N; div = w; =0

Clearly, F P, since the class of admissible vector elds is larger in the de nition of F.
Furthermore, we observe that E= F* :

HH#
F (v)= sup vwdx inf "% ) dx
w2L 2() 2c:() "
" div =w #
= sup sup vV W dx " (X)) dx
w2L 2() 2C gﬁ) N
div =w 4
= sup vdiv dx (jpdx =E(v):
2c () N

Our next goal is to show that E = F; for this, we rst need the following result.

Lemma 4.1.7. Suppose that ' 2 . satises (A0) and (aDec). The functional F is
convex and lower semicontinuous on?(). Moreover, whenever F(w) < 1, the in mum
in the de nition of F(w) is attained.

Proof. Step 1. First, we show that if F(w) < 1, it follows from the direct method of
the calculus of variations that the in mum is attained. By de nition, we have that

( )
m = inf (X)) dx 2C, <1,

where ( )
Cy = 2X . o div =w; =0

The set G, is convex: X ., is a convex set and both constraints in the de nition are
linear. Moreover, since the functional F is by de nition bounded from below (by zero),
there exists a sequence 2 C,, such that

") K)dx ! m:
n (0]
In particular, the sequence ' (x;j Xj)dx is bounded, i.e., there exists C > 0 such
that
"(xj Kdx C

forallk 2 N. Since ' satis es (AQ) and (aDec), we have that' satis es (AO) and (alnc),
and consequently by the estimate (2.2.6) applied for ' we get

k kkLp() N C

Therefore, by the Banach Alaoglu theorem there exists 2 LP() " such that, up to
taking a (not relabeled) subsequence, we have

Kx inLP() M:

By property (2.2.5), the function 7!"' (x;]]) is left-continuous for a.e. x 2 , and
hence [29, Lemma 2.1.5] implies that it is lower semicontinuous.
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It is also convex and nonnegative, thus [19, Theorem 3.20] yields

liminf " (<] *j)dx ") dx
Hence,
( )
inf "(xjpdx: 2C =Iir|plinf "x;j Kj)dx
! ( |
" (] dx inf Y (jidx: 2C W

so all the inequalities above are in fact equalities, which means that
Fw)= " (%] jdx:
Step 2. The convexity of the functional F is clear; it remains to show that F is lower
semicontinuous in [2(). To this end, letw K win L ?(). We may assume that
m := liminf Fwk) < +1;
otherwise there is nothing to prove. Up to taking a subsequence (still denoted by )w

we may require that
Jim Fw*X)=m

and that
Fw¥) C
for all k 2 N and some C > 0. In particular, since the in mum in the de nition of F is
attained, there exist X 2 C,« such that
Fw )= (xj o
Consequently, for all k 2 N
L dx C:

Arguing as in Step 1, we see that there exists 2 LP() N such that, possibly passing to
a subsequence (still denoted by¥),

kox inLP() N
and
Iiminf ") 4j)dx () pdx
Since ¥ 2 C,«, we have that div ¥ = wk; from the convergence W! w in L 2?()
and Kk * in LP() N we deduce that div = w. By the continuity of the operator
7!, we get that =0 and hence 2 C,. Since the values of F(&) are nite,

the in mum in the de nition of F is attained, therefore
m = lim F(wk) = lir inf Fwk) = liminf " (x:] Kj) dx " j)dx = F(w);
so at the level of the original sequence we have that
m = Iirlplinf FwX) F(w);

which means that F is lower semicontinuous. ]
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Lemma 4.1.8. Suppose that'2 \C( [0;1)) satis es (A0), (RVAl) and (aDec),
and ' satises (VAl). Then F =E ..

Proof. SinceP® F,we have E- = B F . On the other hand, forv2D \C ! ()
and 2 X. ., with =0,

vdiv dx = rv dx "(jrvj) dx + () dx:

Thus, by Lemma 4.1.4, we deduce for any v 2 D

vdiv dx '(jDvj)() + () dx: (4.1.4)
Taking in mumoverall 2X . ,with =0suchthatdiv =wforagivenw2L ?2(),
we obtain
(V;w)zy E - (v)+F(w),
whence E F . m

As a consequence, we get the following characterization of the subdi erential of.E

Theorem 4.1.9. Assume that'2  \C( [0; 1)) satis es (A0), (aDec) and (RVAL),
and that' satis es (VAL). Letv 2 L ?(). Then, the following conditions are equivalent:

(@) w2 @E(v);
(b) v2D. and there exists 2X , L () N withdiv =wand =0 such that

vwdx = '(jDvj) + "(x;] ) dx: (4.1.5)

Proof. We rst show the implication (a) ) (b). By Lemma 4.1.6, we have
vwdx = E. (v) + F(w); (4.1.6)

which under the current assumptions reduces to
( )
vwdx = '(jDvj) +inf ipdx 2L Y) N div =w; =0

Note that if w 2 @E(Vv), by de nition w lies in L ?() and therefore the left-hand side
in (4.1.6) is nite; therefore, the right-hand side is also nite. In particular, v 2 D. .
Moreover, whenever F(w) is nite, by Lemma 4.1.7 there exists 2 () " for which the
in mum is attained. We x such a . In particular, div =w, = 0 and therefore

vwdx = '(jDvj) + (] dx:
This concludes the proof of the rst implication.

To see the implication (b) ) (a), we rst observe that v 2 D - and F(w) < 1;
otherwise the equality (4.1.5) would be violated. Now, take any®2 L*() N which is
admissible in the de nition of F. Then, arguing as in Lemma 4.1.8, we arrive at the
inequality (4.1.4), i.e.,

vwdx = vdiv dx '(Dvj)()+ Cxj 9 dx:
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Thus, comparing this to equality (4.1.5), we see that
() dx © 6 9 dx
and thus the minimum in the de nition of F is achieved at . Hence,
vwdx = E: (v) + F(w);
and Lemma 4.1.6 implies that w 2 @ Ev). O

4.1.3 Local characterization

In this section, we move towards our main goal and provide a local characterization of
the subdi erential of the functional E . More precisely, we describe the subdi erential
@E(v) in terms of existence of a calibrating vector eld satisfying suitable compatibility
conditions with the function v. To this end, we construct Anzellotti-type pairings (see [6]),
which will allow us to give an almost pointwise characterization of the subdi erential in
Theorem 4.1.13.

Theorem 4.1.10. Suppose that ' 2 .\ C( [0;1)) satises (A0), (RVA1l) and
(aDec), and ' satises (VAl). Letv2D. and 2 X .. Then, there exists a Radon
measure ( ;Dv) on uniquely de ned by

h(;DV); 1 oy = v div dx v rdx (4.1.7)

for any test function 2 C }(). Moreover,
j(;Dv)j '(iDvj) +" (;jpL N as measures, (4.1.8)
i.e., this inequality holds for any Borel set.

Proof. By Proposition 4.1.1, it holdsthatv2D. L (). Since 2X . ., the integrals
on the right-hand side of (4.1.7) are well de ned. If v 2 D \C (), we can integrate
back by parts

h(;Dv); i= v div dx v rdx= rv dx

and estimate by Young's inequality

jh(;Dv); j jijiirvjdx J1'06 jrvi) dx + jit o cipdx: (4.1.9)
U
By Lemma 4.1.4, for arbitrary v 2 D-, we can take a sequence {y C ! () that

approximates v in modular and in [3(). Then, for the rst term in the de nition of
h(;DvX); i,since 2C (), div()2L ?()andv !vinL 2(), we obtain

lim v Kdiv dx = v div dx:
k!+1

As for the second term, since 2 G(), 2X . pandv!'vinL (), we obtain

k

lim \Y; r dx = v 1 dx

ki+1
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Consequently, h( ; D\); i! h(;Dv); i: The convergence of v ¥ to v in modular means
that

'jrv Kj)dx ! '(iDVj)):
On the other hand, by Theorem 2.3.5,

liminf  '(x;jrv - %)) dx '(iDvj)
ki1 U u

for any open U . Thus, by [1, Proposition 1.80], '(iDv ¥j) * '(iDvj). We deduce
from (4.1.9) that

h(;Dv); ] jjd'(GDvj) + jir (i dx: (4.1.10)

In particular, |
hG:Dv)y i kk o BEMW+ 7 (x]])dX

forall 2 C (). Thus, (4.1.7) uniquely de nes (by density) an element ( ; Dw) of
Co() ,i.e., a nite Radon measure. Now, restricting ourselves to suchthatsupp U
andjj 1, we get from (4.1.10) that

(;Dv) j(;DV)j '(iDv)) + b()dx;
U U U U

for all open sets U . From here, appealing to outer regularity property of Radon
measures, we conclude that (4.1.8) holds.
]

Lemma 4.1.11. Suppose that'2  \C( [0; 1)) satis es (A0), (RVA1) and (aDec),
and ' satises (VAl). Letv2D. and 2X. ,. IfvklvinL 2()and E. (V) !
E (v), then

(;DV () ! (;DV)():

Proof. For any >0, we can nd an open set Ab such that

'(IDvV))(nA) < 5 and (X j)dx < >

nA

Let vk 2 C? () be the sequence from Proposition 2.2.9 converging to v in the sense that
vElvinL 2and E(VK)!'E . (v). If we consider g 2 G () suchthat0 g 1in
and g 1in A, then we have

(;Dv¥)  (;Dv)  h(;Dv¥);gih(;Dv);gi + (19)i(;Dv )+ (1 9)i(;Dv)
Using (4.1.8) we can estimate

(1 9i(;Dv)i J(;DV)j '(Dvj)(nA) + Cipdx<

nA nA

+

NI
NI
1
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and

limsup (1 @)j(;Dv “) limsup j(;DV )]
ki1 k nA
'(iDvj)(nA) + CGipdx< S+ 5=
nA 2 2
Since > 0 was arbitrary and h( ; Dv¥); gi ! h( ; Dv); gi, we have that
(:Dv¥) (:Dv) !0
as k! 1 and the proof is completed. ]

Theorem 4.1.12 (Gauss Green formula). Suppose that'2 \C( [0; 1)) satis es
(AO), (RVAl) and (aDec), and ' satises (VAl). Letv2D. and 2 X:. . Then,

(;Dv)+ vdiv dx=0

provided that =0.

Proof. Take a sequence’v2 C! () converging to v as in the statement of Lemma 4.1.4.
By the Gauss Green formula (4.1.2) in the de nition of normal trace, for 2 X. ., with
=0 we have

rv Xdx+ vKdiv dx=0:
By Lemma 4.1.11, we get

: K gy = Ii Py Ky = . .
kI!|1m rv dx_||<'!r1n (;Dv) = (;Dv):

Since ¥ !'vinL 2?()anddiv 2L 2(), we have
Jim vidiv dx = vdiv dx

and the proof is completed. ]

As a consequence, we get the second part of the anticipated characterization of the
subdi erential of E .

Theorem 4.1.13. Assume that'2  \C( [0;1)) satis es (A0), (aDec) and (RVAl),
and that ' satis es (VAl). Then, the following conditions are equivalent:

(@ w2 @E(v),

(b) v2D. and there exists 2X , L () N withdiv =wand =0 such that

vwdx = '(jDvj) + "(x; ] dx; (4.1.11)

(c)v2D. and there exists 2 X . ., L () N with dv =wand =0 such
that

(;Dv)=  (Dvp+ " (xidx; (4.1.12)
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(d) v2D. and there exists 2 X . » L () N with div. =wand =0 such
that
(;Dv) ='(jDvj) +' G;jpLn as measures: (4.1.13)

Proof. The equivalence (a) , (b) was shown in Theorem 4.1.9; it remains to show the
equivalences (b) , (¢) , (d). We rst show the implication (b) ) (c). Observe that

in order for equality (4.1.11) to hold, we necessarily have v 2.0 and take as in the
statement; by Theorem 4.1.12, the left-hand side in equation (4.1.11) can be written as

vwdx = vdiv dx = (;Dv) = ( ;DvV);
and entering this expression into (4.1.11) we get that
(;Dv)= '(iDvj) + C(GTDdx;

which shows (4.1.12) once we choose

In the other direction, to show the implication (c) ) (b), take as in the statement.
Again, in order for equality (4.1.12) to hold, we necessarily have v 2.D so applying the
Gauss Green formula again yields

(;Dv) = vdiv dx=  v(div )dx= vw dx;

and entering this expression into (4.1.12) gives the desired equality (4.1.11).

The implication (d) ) (c) is immediate and follows from integrating the condition
(4.1.13) over . In the other direction, recall that the Young inequality (4.1.8) states
that for every Borel set B we have the inequality

(;Dv) j(;DV)j '(iDvj) + b dx (4.1.14)
B B B B
In particular, the same inequality holds with n B in the place of B. If there were B
such that inequality (4.1.14) is strict, adding the inequalities for B and nB would lead
to

(;Dv)<  '(iDvj)+ L (jpdx= (;Dv);

where the last equality follows from (4.1.12). The obtained contradiction shows that
(4.1.14) is an equality for all B Borel, i.e., (4.1.13) holds. O

Remark 4.1.14. For the special choice ' 2 . with '(t) = t, we have the classical total
variation

E(v)= |Dvj:

It is clear that such ' satis es the conditions (AO) for any 2 (0;1], (aDec) foranyq 1
and (RVA1) for any modulus of continuity. Moreover, the conjugate

=1 @y @

satis es (VA1) for any modulus of continuity. Hence, applying Theorem 4.1.13, we recover
the characterization of [4, Proposition 1.10] for v 2 BV ()\L () and a vector eld in
the class

X1, =f2L Y () N:div 2L ?()g:
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In point (b), the condition (x;jpdx < +1 and the 1-homogeneity of ' implies
that' (jj) =0 a.e., which translates to k k; 1 (and similarly for ~in points (c) and
(d)).

As a result, one may reformulate the equivalence between points (a) and (d) of The-
orem 4.1.13 for the isotropic total variation as the following statement: w 2 @E(V) if
and only if there exists 2L ' () N withk k; 21anddiv 2L %) N such that the
following conditions are satis ed:

and B

(;Dv) =jDvj;
which recovers the result of [4, Proposition 1.10]. From this, one recovers the optimality
conditions for the ROF problem via relation (4.0.2).

4.1.4 The variable-growth total variation gradient ow

The characterisation of E given in Theorem 4.1.13 also allows us to deliver an explicit
description of the gradient ow of this functional. In other words, taking the viewpoint
of [4], we can give a proper meaning and show well-posedness for the corresponding
parabolic equation, formally given by

1
o dv TG S T 5 i)

M =0 on 0;T) @:
Jruj
(4.1.15)

In this spirit, we introduce the following de nition.
De nition 4.1.15. Let T >0, u2 C([0; T;L  2()\W  X2((0; T); L2()). We say that u

loc

is a weak solution to (4.1.15), if for a.e. t 2 (0; T) there holds u(t) 2 D and there exists
Z(t) 2 X - ., such that

(Z(1); Du(t)) ='(Du(b))) +' (;jZj))L " as measures on ; (4.1.16)
and
Gu=divz(t) in ; (4.1.17)
Z(t) =0: (4.1.18)

As a corollary of Theorem 4.1.9, we obtain the following result.

Theorem 4.1.16. Let u o 2 L2(), T > 0. Then there exists a unique weak solution u
to (4.1.15) such that u(0) = w.

Proof. By the Brezis Komura theorem, see [14, 39] for the original results and [15] for
an overview, the abstract Cauchy problem

g 02 % +@E(U(t) forae. t2(0;T);
“u(0)=uo2L?)

has a unique strong solution u 2 C([0; T]; BO))\W 5%((0; T];L%()). By the characteri-
sation of @Efrom Theorem 4.1.13, we see that for almost all t 2 (0; T) we have u(t) 2 D
and there exists a vector eld Z(t) 2 X ., such that equations (4.1.16), (4.1.17), (4.1.18)
are satis ed. Thus, u is a weak solution in the sense of De nition 4.1.15.

O
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For the choice '(t) = t, we recover existence and uniqueness of solutions to the Neu-
mann problem for the total variation ow.

We could also use Theorem 4.1.13 in similar manner to obtain well-posedness for
example for the elliptic Neumann problem
|
ru ru
div ' xjru)) —— =f in; ' X;ju) —— =0 on @ ;
0 jrui) i 0 jrui) i @

where f 2 L2?() is given.
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Chapter 5

Adaptive double-phase Rudin Osher Fatemi de-
noising model

In this chapter, we present an adaptive double-phase ROF model for image restoration,
based on the results from our recent contribution [28]. Regarding the experimental part,
we focus on presenting the most striking results, which highlight the qualitative features
and performance of the model. For a comprehensive account of the numerical experi-
ments, we refer the reader to the available code and supplementary material [27].

As argued in [42], all photographic images contain noise. Generally speaking, an image
g can be represented as a sum

f=ug+n;

where w is an ideal underlying image, and n is the noise. Thus, noise removal, or
denoising, is a basic task in image processing. In [59], a denoising model amounting to
nding the minimizer of the problem

. jm}nzzdz jruj dx (5.0.1)
was proposed. The parameter d > 0 in (5.0.1) needs to be suitably chosen based on the
image f. As observed in [16], (5.0.1) is equivalent to the unconstrained problem (with
parameter > 0)

min  jrujdx+ 21 ju fj 2dx: (5.0.2)

Now often referred to as the ROF model, it is a cornerstone of the eld of variational
denoising. Its fundamental feature is the capability of removing noise while preserving
sharp contours (edges) of objects. Regardless of the development of more sophisticated
denoising methods, it remains relevant due to its conceptual transparency and computa-
tional amenability. However, it also has drawbacks, notably staircasing, i.e., emergence
of spurious small-scale piecewise constant structure from the noise. Several versions of
the ROF model have been proposed in order to alleviate this e ect. In those variants,
typically the total variation regularizer TV(v) =  jrujdx is replaced with a di erent one
of form '(x; ru) dx, aiming to maintain the edge-preserving feature of the ROF model,
while adjusting the behavior in the bulk. Mathematically, this corresponds to keeping
linear growth of '(x; ) in the regions where the edges are expected, while customizing it
elsewhere. Perhaps the simplest variant of this kind (still without direct dependence of
' on x) is the so-called Huber-TV regularizer [16] with '(X; ru) = jruj , >0, where

8

_<Hi? o i
i >

The idea was further elaborated upon by considering variable exponent regularizers

'(X;ru) jruj PX) in [18, 11, 43]. The dependence on x allows to customize the behavior

j] (5.0.3)
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of the regularizer depending on local features of the image, thus allowing for improve-
ment of performance of such regularizers over Huber-TV. Another approach is to use a
higher-order regularizer such as the total generalized variation [13], [9].

From a mathematician's point of view, the quantity jruj P® is an example of a variable
growth integrand. Another typical example in this class is the double phase integrand of
form jruj P +a(x)jruj 9. Mathematical analysis of variational problems involving such
integrands has been a hot topic in recent years. In [30], a double phase integrand with
p=1,q9=2:

'(x; ru) = jruj + a(x)jruj 2 (5.0.4)
was proposed as a potential regularizer for image restoration. In the present paper,
we introduce an adaptive denoising model based on the double phase regularizer and
systematically test its e ectiveness.

The weight a(x) in (5.0.4) plays a similar role to the function p(x) in the variable
exponent integrand, deciding whether '(x; ) behaves as a function of linear or superlinear
growth at the given point x. It needs to be chosen based on the datum f in order to re ect
the expected location of edges in the original image.uln [18, 11, 43], p(x) was chosen
to be of the form P(jr , fj), where | is a mollifying kernel and P is a suitable (non-
increasing) function with range between 1 and 2. To improve on this idea, we propose
here to choose

a(X) = W(Jr r U ROFj); (505)

where Wkor is the minimizer of the standard ROF model (5.0.2), and W may now take
values in [0;1[. Our heuristic justi cation for this choice is that the ROF model is
known to be much more precise at nding the edges of the underlying image than simple
molli cation of f. The mollifcation kernel in (5.0.5) is to be taken with a very small
radius (such as 2 pixels) its role is now not to suppress noise, but only to create a
narrow strip around the edges where the regularizer will have linear growth. Then, we
chose W as a suitable cuto -type function (taking large values near 0 and vanishing for
larger arguments) in order to roughly distinguish between "real" edges and the staircase
edges created from the noise.

5.1 Adaptive double-phase ROF model

In order to reduce the staircasing e ect of the classical ROF model, we propose the
following approach. Given a noisy image f: ![0; 1] and a positive number , we rst
solve the classical ROF minimization problem

. - 1 .,

min - jruj dx + > ju fj “dx:
The minimized functional is strictly convex, lower semicontinuous and coercive, and the
minimization problem yields a unique solution Hor. From the solution of the classical
ROF problem, we construct a nonnegative weight in the following way. Let W : [0;1) !
[0; 1) be a nonincreasing function with compact support and W (0) > 0. Denote by Ror
the convolution of the solution kor with a mollifying kernel %. For simplicity, we choose
% to be a uniform density on the ball B with a given radius r > 0. We then set

a(x) =W(rd rorj(X)):
Having constructed the weight, we consider the double-phase ROF minimization problem

min  jrujdx + a(x)jruj 2dx+ 21 ju fj 2dx: (5.1.1)
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The well-posedness of this type of problems was considered e.g. in [30] and the corre-
sponding Euler Lagrange equation in the general case of the variable-growth total varia-
tion TV . was identi ed in [28]. The functional appearing in (5.1.1) is also strictly convex,
lower semicontinuous and coercive, and thus admits a unique solution which we denote
Ugpror - Solving in the rst step the classical ROF problem serves essentially as an edge
detection method: the leading idea behind the above scheme is that in the areas close
to the jumps in the original image, we want to process the image using the 1-Laplacian
operator in order to ensure that the edges are well-preserved, while far from the jumps
of the original image we add a Laplacian term with a large weight to reduce staircasing.
We summarize the described algorithm below.

Algorithm 1 The adaptive double-phase ROF model

1. Fix a noisy image f and choose a parameter > 0 suitable for the classical ROF
problem.

2. Find a solution ugor of the classical ROF problem for the datum f and the parameter

3. Choose a molli cation radius r > 0 and a non-increasing function W with compact
support and such that W (0) > 0.

4. Mollify the function u ror with a kernel of radius r; denote the result by tkor.

5. Compute the weight a using the formula a(x) = W(jrtt rorj) from the mollied
function HroE.

6. Find a solution ugpror Of the double-phase ROF minimization problem (5.1.1) for the
datum f, the parameter and the weight a.

Let us note that there are several free parameters in the above algorithm: the coe -
cient , the molli cation radius r and the weight W. The coe cient already appears
in the classical ROF model (5.0.2) and, in both models, is used to balance the regulariza-
tion e ect of the (generalized) total variation term and the accuracy of the reconstruction
ensured by the delity term; too large values of result in attening of the image, while
too small values of result in small reduction of noise. The molli cation radius r should
be small (in the implementation: 0-5 pixels) and ensures that the support of the weight
is away from the (su ciently large) jumps of uror as the gradient is not concentrated
but di used around the jump.

The last free parameter is the choice of the weight W. It needs to vanish at some small
number R > 0 so that the support of the resulting weight a is away from the (su ciently
large) jumps of (kor. The value W (0) and the shape of the function between 0 and R
determine how strong is the e ect of the regularization with the Laplacian with respect
to the 1-Laplacian regularization away from the jumps of gor. Some model cases of the
weights, which were subsequently studied in the implementation of the algorithm, are the
following:

Weight 1: 1

W;(x) = max 0;a bmax x;;lb ;

Weight 2:
W, (x) = max(0;a bx);
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Weight 3:
W3(X) =h [oR:

Remark 5.1.1. We note that an adaptive denoising model based on a regularizer of form
similar to (5.0.4) was proposed in [44]. In that paper, apparently a weight of form
W (jrfj) is used. The performance of the proposed model is compared against several
denoising models, and numbers showing superiority of the proposed model are given.
However, as the authors give no details concerning the parameters etc. chosen for the
comparison models, it is di cult to reproduce their results. Moreover, the weight they
consider is non-vanishing, so their regularizer is not a double-phase (variable growth)
integral.

Remark 5.1.2. The parameters for which the performance of the adaptive double-phase
ROF model is optimal naturally depend on the dimensions of the image. Indeed, assuming
that an image u is normalized to take values between 0 and 1, having a smaller resolution
results in higher values of the gradient ru as there are less pixels over which the di erence
in values of u has to be split. This in turn in uences the model through the weight W:
one needs to appropriately rescale both its value at zero and the cuto point, i.e., replace
W (x) with a function W ( x) for some ; > 0.

5.2 Numerical preliminaries

In this Section we collect some necessary information concerning the Chambolle Pock
algorithm which will be used in the numerical implementation of the adaptive double-
phase ROF model. The Chambolle Pock algorithm, rstintroduced in [17], is a rst order
primal-dual algorithm for solving (possibly non-smooth) convex optimization problems.
In the simplest form, it can be shortly described as follows. Let X and Y be nite-
dimensional real vector spaces and letK: X 'Y be a bounded linear operator. Then, for
proper, convex and lower semicontinuous functionals F: Y ![0;1] and G: X ! [0; 1],

we consider a minimization problem of the form

[(g)i(n F(Kx) + G(x):

A primal-dual formulation of this problem takes the form

min maxhKx;yiy +G(X) F (y); (5.2.1)
x2X y2Y
where h; i denotes the scalar product and Fis the convex conjugate of F. The
Chambolle Pock algorithm which recovers a solution (8;¢) 2 X Y of the primal-dual
formulation, and consequently the solution ® 2 X of the original minimization problem,
is the following.

Algorithm 2 The Chambolle Pock algorithm

Initialization: Fix ; >0, 2[0;1] and initial data (x  %;y%)2X Y. Setx %=x0,
Iterations: For n 0, update the variables x ";y"x " as follows:

y™ =0+ @F )t y"+ kK ")

XM=+ @G) ' (x" K y™);

Xn+1 :Xn+1 + (X n+1 X n):
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The convergence of the algorithm (with the convergence rate O(1=N)) is guaranteed
by the following result [17].

Theorem 5.2.1. Denote L = kkKk. Let = 1. If the saddle-point problem (5.2.1) has at
least one solution and L2 < 1, then the sequence f(X;y")g is bounded and there exists
a saddle-point (x;y ) suchthat X' 'x and y'!y

The case = 0 corresponds to the standard Arrow Hurwicz algorithm [7] and con-
vergence results are also well-known. Given the parameters such that the assumptions of
Theorem 5.2.1, the main di culty in applying the algorithm in a particular setting lies
in nding the proximal operators (I + @F )! and (1 + @G)! (x" K y™). Below
we present two applications of this approach to problems in image processing and the
precise form of the proximal operators.

We represent an image as a function on a regular Cartesian grid of size M N, i.e.,

n (0}
(h:jh):1 i M; 1 j N

The parameter h denotes the spacing of the grid. The ( nite dimensional) vector spaces
are X =RMN and Y = X X equipped with the standard scalar product. The linear
operator K: X 1'Y is the (discrete) gradient: we set K = r where r is de ned for
u2X by

(ru) i =((ru) §:@u) &)7 (5.2.2)
with 4 4 J 4

(o) § = =M= () § = 2

with zeros for i = M and j = N respectively. With this de nition, the gradient is a
continuous linear operator with norm krk h% see [17]. The dual K is the minus
divergence operator.

Let us now recall how to present the classical ROF model (5.0.2) in the framework
of the Chambolle Pock algorithm (see [17]). It corresponds to the following choices: the
functional F: Y ! R is given by F(p) = kpk i, and the functional G: X | R is de ned
as G(u) = 5~ku fk ,. The resolvent operators (I + @F)* and (I + @G)® take the
following form: we have

— — R
=(+ @F )* i T
P=t VPP T i)
and
B + —fi

u=(+ @G) ! (a) uij = (5.2.3)

1+ -
(note that in [17] corresponds to X in our paper).

Similarly, the Huber-ROF model can be easily presented in the framework of the
Chambolle Pock algorithm. Recall that it is the following minimization problem

min  jruj dx+21 ju fj 2dx:; (5.2.4)

where | | denotes the Huber function given by (5.0.3). This corresponds to the following
choices: the functional F: Y ! R is given by F(p) = kjpj ki; and the functional G: X!

R is again de ned as G(u) = ziku fk ,. Thus, the proximal operator (I + @G)? is
again de ned by equation (5.2.3), and the proximal operator (I + @F)! is given by

Bij

_ 1 I 1+ .
P+ @F )R Py =
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If the functional G is uniformly convex, the Chambolle Pock algorithm may be mod-
i ed to obtain an improved convergence rate. This is done by adjusting in each iteration
the step variables , and which were constant in the original formulation. We note
that by uniform convexity of G, there exists > 0 such that

G(x% GX) +hp;x © xi+ 5kx0 xk 2
for all p2 @G(x) and X2 X.

Algorithm 3 The accelerated Chambolle Pock algorithm

Initialization: Fix ¢o; o> 0 with and initial data (x %;y%)2X Y. Setx 9=x?.
Iterations: For n 0, update the variables x ";y"x"; ; n; n as follows:
y"h=(+ n@F) "+ ak ),
X" =1+ 2@G} (x" oK y™);
n= 1=p 1+2
n+1 = n n;

ntl = n=n,

Xn+1 :Xn+1 + n(Xn+l X n):

Then, for L = kKk, if o oL? 1, the accelerated Chambolle Pock algorithm
converges to a solution of the saddle-point problem (5.2.1) with a convergence rate of
O(1=N?). Similar result holds as well if F is uniformly convex. Note that only the step
variables are modi ed with respect to the standard Chambolle Pock algorithm, thus the
formulas for the proximal operators (e.g. as in Example 5.2) remain the same. We will use
for implementation primarily the accelerated version of the Chambolle Pock algorithm.

5.3 Implementation of the double-phase model

Here we implement the adaptive double-phase ROF model using the Chambolle Pock
algorithm described in Section 5.2. We have a setup of the type presented in Example
5.2: the minimization problems are de ned on a regular Cartesian grid of size M N,
ie., n o
(i;): 1 i M;1j N
(In the course of the paper we also consider one-dimensional Cartesian grids, but for
this purpose they may be understood as two-dimensional grids of size M 1)) For
simplicity, the spacing of the grid h is taken to equal one. Then, the corresponding
( nite dimensional) Banach spaces are X = R™N and Y = X X with the standard
scalar product. The linear operator K: X ! Y is the discrete gradient r de ned by
(5.2.2). The functionals F: Y I R and G: X ! R are de ned in the following way.
The regularization term F is given by the generalized total variation, i.e., for the dual

variable p 2 Y we set X
FP) = (0P 1)

i
for several specic choices of ' given below, and the delity term G is given by the
formula
G(u) = R ' jui f i;jj2
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for the image u 2 X. The choices of ' discussed in the paper are the following: for the
classical ROF model (5.0.2) it is
(@0)ip D) =ipijl
and for the double-phase ROF model (5.1.1) it is
(@GDsIp D) =P i i+ Wi jpi j2:
Furthermore, we discuss a comparison with the Huber-ROF model (5.2.4) which is also
designed to reduce staircasing, for which
(Giip D) =P ]
for some > 0. To solve the minimization problems (5.0.2), (5.1.1) and (5.2.4), we
apply the accelerated Chambolle Pock algorithm for the above functionals. We set the
initial parameters to equal ¢ = ¢ = 1=4. To apply the Chambolle Pock algorithm, as
described in Section 5.2, in the subsequent iterations we need to perform the following
computations:
prt =0+ @F )T (p"+ K T
Un+1 - (l + @G) 1 (un K pn+1);
and the update foru™?! which is a linear transformation. Here, K denotes the dual
operator to K (in our case, the minus divergence). In order to apply the algorithm, we

need to identify the resolvent operators (I + @F)?! and (I + @G)?! . For the second
one, one easily sees that as in Example 5.2, it holds that

E';‘ + ,f.;.
u=(+ @G) '@ , u i = %
Below, we prove a formula for (I+ @F)?! in the case of the double-phase ROF model.
Proposition 5.3.1. Let F be de ned by the formula

X o,
F) = (piji+aijipyi9):
iij

It holds that
p=(+ @F )t (®) 0

2 max(Tijjpi;j DI !
Qi By )t
IRt P i ]
Proof. Let us rst observe that the conjugate functional F : Y I R is given by
X o
FP= " (@Dip i)

i;j

if djj = 0;

P = 2 min

By ifay >0:

where ' ((i;]);jp ij J) is de ned pointwise as

8
21 @y (Pij)) ifaj; =0;
' i)ip ) = 2
(@3dpi )= maxm’éi"” 197 jfay >0
i
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Thus, the functional F takes the following form

F®= 1 oy @) Py

]

... maxfo;jpiij 1lg 2
+ a0 (@) ézjj g :
i

In the case @ = 0, "' ((i;]);jp i;jJ) is the indicator function of the unit ball, and the
resolvent operator is given by pointwise projections ontod.unit balls, that is

_ o B )
p_(l + @F )1 (p)op (N max(l;jﬁ;j J)

For a;; > 0, the function ' ((i;j);jp i j) is di erentiable in the second coordinate with
the gradient given by

rot ()P i) = > (JZi;j ;pi;jlj? oy if by j> 1
To compute the resolvent p = (1 + @F )* (p), we now solve
B =P 1 o (Xpi):
If jpi;J 1, thenr J'(x;p i;) =0 and so
p=(+@F )" (MOP i =py:

For jpi; j > 1, using the expression for the gradient we get

|
(pijj 1)
=(l + @F L o= 1+ —————— i
p=( )" ®0p aijpnj P
or equivalently I
_ . — Q] jﬁ;j J +
i = i B with 5 = P -
P =i B T eyt el
Thus, the nal expression for the resolvent is
8
_ 3 max(?gjjpi:j ) o ! i Aij = 0
P s min BB g S0
Qi IR )+ 1P i)
which concludes the proof. ]

5.4 Results of one-dimensional experiments

We rst tested how the adaptive double-phase ROF model performs in a model one-
dimensional case. Our goal is to reduce staircasing with respect to the classical ROF
model, while remaining reasonably accurate to the original picture. To this end, we
introduce the following metrics to compare the behavior of our model for di erent choices
of parameters to the classical ROF model and the Huber-ROF model.

All the experiments are set up in the following way. Given the original image, denoted
below \image", we subject it to Gaussian noise of a prescribed level: the result is denoted
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by \noisy". Then, we perform the reconstruction using the adaptive double-phase ROF
model, classical ROF model or the Huber-ROF model, and denote by \result" the result
of the reconstruction. We then use the following metrics to evaluate the result of the
algorithm:

The normalized total variation distance to the original image, i.e.,

TV(result image)
TV(image) ’

dimase(result) =

The normalized L? distance to the original image, i.e.,

i kresult imagek

d, 2% (result) = kimagek? 2

The normalized L? distance d%;**° serves as a measure of accuracy of the reconstruction,
and it typically shows very little variability and its level is similar across di erent models.
We are thus concentrated mainly on the normalized total variation distance{f%. It

is introduced as a proxy for measuring staircasing for the adaptive double-phase ROF
model compared with the classical ROF model. It tracks several possible deviations
from the original image: too strong di usion e ects; moving the location of jumps or
breaking them into several parts; and emergence of small jumps from the noise. This last
phenomenon is typically referred to as staircasing (although in the literature breaking
of jumps into smaller pieces sometimes falls into this category as well). Thus, if we can
choose the parameters of the weights in the adaptive double-phase ROF model so that
the di usion e ect is not too strong for instance, by ensuring that the weight is zero in

a neighborhood of large jumps the reduction of the total variation with respect to the
classical ROF model primarily corresponds to the reduction of staircasing.

5.4.1 Heuristics and visual presentation

In Figures 5.1 and 5.2 we present visually the e ect of the adaptive double-phase ROF
model on two test images, for several choices of parameters in Weight 1 and in comparison
with the results of the classical ROF model and the Huber-ROF model for two choices of
parameters. The parameter is set to 0:24 and the standard deviation of the Gaussian
noise is set to 0:01. The original image is presented on the left-hand side of the rst row
of the respective Figure; the function in Figure 5.1 'saw' is a synthetic datum with several
jumps of di erent sizes and a linear interpolation between them, while the function in
Figure 5.2 'cutl’ represents a one-dimensional slice (a single row) of the natural image
'schnitzel’ (see below). We have used a rescaled version of 'cutl' in Figure 5.2. Subsequent
pictures in the rst row show: the noisy image after adding a Gaussian noise with standard
deviation 0:01; the result of the reconstruction via the classical ROF model; and the result
of the reconstruction via the adaptive double-phase ROF model. In the second row, we
present (from left to right) the results of the reconstruction via the adaptive double-phase
ROF model for two di erent choices of the weight and the result of the reconstruction
via Huber-ROF model for two di erent choices of the parameter .

We observe the following e ects. In both Figure 5.1 and Figure 5.2, we observe that
the staircasing which is clearly visible in the reconstruction using the classical ROF model
is reduced, especially for higher values of the parameters. The Huber-ROF model is also
capable of reducing staircaising somewhat, especially for higher values of . However it
also retains spurious wavy structures, which are not present in the adaptive double-phase
ROF model.
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Figure 5.1: Reconstruction of a one-dimensional synthetic image with classical ROF, Huber-
ROF and adaptive double-phase ROF models

Figure 5.2: Reconstruction of a one-dimensional natural image with classical ROF, Huber-ROF
and adaptive double-phase ROF models

5.4.2 Performance across di erent noise levels

We now present several comparisons between the performance of the classical ROF model,
the adaptive double-phase ROF model and its variant obtained by a direct molli cation of
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Figure 5.3: Performance of the classical ROF model, the adaptive double phase ROF model,
and a double-phase ROF model with weight calculated directly from the noisy image for various

noise levels (for the 'saw' image: 7% and d:f’zage; for the 'cutl’ image: d2%°)

the noisy image (similarly to the approach of [18]). More precisely, consider the following
simpler variant of the adaptive double-phase ROF model.

Algorithm 4 The double-phase ROF problem with weight calculated directly from the noisy
image
Fix a noisy image f and choose a parameter > O suitable for the classical ROF minimiza-
tion problem (5.0.2).
Choose a molli cation radius r > 0 and a non-increasing function W with compact support
and W(0) > 0.
Mollify the function f with a kernel of radius r; denote the result by g.
Compute the weight a using the formula

aix) =W(r fjx)):

from the molli ed function f~
Find a solution of the double-phase ROF minimization problem (5.1.1) for such f, and a.

We present the results comparing the behavior of the classical ROF model, the adap-
tive double-phase ROF model, and the double-phase ROF problem with weight calculated
directly from the noisy image for di erent noise levels (i.e., di erent standard deviations
of the Gaussian noise). The results are presented in Figure 5.3 for the same test func-
tions as in Figures 5.1 and 5.2, with = 0:24 and with the following parameters in
Weight 1: for the 'saw' image, we set a = 500 and b = 5000; and for the 'cutl’ im-
age, we set a = 60 and b = 900. For this , we also computed the measured metrics

Figure 5.4: Performance of the classical ROF model, the adaptive double phase ROF model,
and the Huber-ROF model with = 0:01 (for the 'saw’ image: d 7\,/°°; for the ‘cutl’ image:
dny ¢ and PSNR) for the noise level = 0:05.
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Figure 5.5: Original 'double gradient' synthetic image; image with added gaussian noise ( =
0:01); denoising results corresponding to the maximum SSIM values, respectively: classical
ROF ( = 0:24, SSIM = 0:926, PSNR = 32:81), double-phase ROF ( = 0:12, SSIM = 0:962,
PSNR = 34:38), and Huber-ROF with =0:01 ( = 0:26, SSIM = 0:963, PSNR = 34:02).

Figure 5.6: Original 'carygrant' image; image with added gaussian noise ( = 0:01); denoising
results corresponding to the maximum SSIM values, respectively: classical ROF ( = 0:06),
double-phase ROF ( = 0:08), and Huber ROF ( = 0:01; = 0:08).

for the Huber-ROF model, but we skip them in this presentation as the results are

signi cantly higher than for the other three models for all tested values of the parame-

ter 2 f0:0001;0:001;0:005;0:01;0:05;0:1g. Note that all our pictures are normalized

to have values in the interval [0;1] and thus the tested noise levels are in the range
104 10 3.

We present the graphs for both the normalized TV error #7% and the normalized
L2 distance d%*°°. Observe that while both errors for small noise levels (up to ¥0)
are small and similar for all three models (with slightly better results for the classical
ROF model in the d3*%° metric), the situation changes as the noise is increasing then,
the adaptive double-phase ROF model gives the smallest values of botf’#f and d3*°,
followed by the double-phase ROF problem with weight calculated directly from the noisy
image; these values are the highest for the classical ROF model. Thus, in comparison to
other models, the double-phase ROF model performs best for large noise levels.

5.4.3 Comparison with the Huber-ROF model

Similarly to the classical ROF model, as observed in [16], choosing di erent values of
the parameter corresponds to choosing di erent values of the -distance to the noisy
image in the original formulation of the classical ROF model given in (5.0.1). To compare
the performance of the classical ROF model, the adaptive double-phase ROF model and
the Huber-ROF model, we present the results for the normalized TV erroi¥°® and the
PSNR metric (which is a reformulation of the ? distance), see e.g. [60], in terms of the
(normalized) L?-distance to the noisy image.

The results are presented in such form in Figure 5.4 for the same test functions as in
Figures 5.1 and 5.2, with the following parameters in Weight 1: for the 'saw' image, we set
a = 500 and b = 5000; and for the 'cutl' image, we set a = 30 and b = 250. We observe
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Figure 5.7: Magni ed part of Figure 5.6 'carygrant’: face and suit.

Figure 5.8: Magni ed part of Figure 5.6 'carygrant’: arm and lamp.

that the trend lines for di erent values of the distance to the noisy image 8 is similar

in shape to the trend lines for the classical ROF model and the Huber-ROF model, with
the results for the adaptive double-phase ROF model being better than the other two
models. Note that the two metrics achieve their minima/maxima at di erent values of

, therefore optimizing either metric may lead to di erent results. In each gure we note
the values of and d'® for which the respective quantity is minimized/maximized and
note the value of the minimum/maximum.

5.5 Results of two-dimensional experiments

We now present the results of several numerical experiments concerning the performance
of the adaptive double-phase ROF model for two-dimensional images. As in the one-
dimensional case, our goal is to reduce the staircasing e ect of the classical ROF model,
and we use a similar setup. To quantify the accuracy of the reconstruction, we use the
following measures: the normalized total variation distance to the original image\d®®;

the structural similarity index measure (SSIM) [63]; and the peak signal-to-noise ratio
(PSNR), see e.g. [60]. In the presentation below, in each Figure with images, from left to
right we show: the original image; the image after adding a Gaussian noise of prescribed
variance; the result of the reconstruction using the classical ROF model; the adaptive
double-phase ROF model; and the Huber-ROF model with = 0:01.

Let us rst present visually the result for a synthetic image (in Figure 5.5) for the
noise level = 0:01; note that all our images are normalized so that they take values
in the interval [0; 1]. We observe that, in comparison with the classical ROF model and
the Huber-ROF model, when using the adaptive double-phase ROF model there is much
less staircasing in the inside square; additionally, the gradient in the outer square is more

85



(a) Molli ed gradient or u ror (b) Dependence on jrtt ror . (c) The weight.

Figure 5.9: Construction of the weight from molli ed gradient of u ror with = 0:06 for the
‘carygrant' image.

(a) normalized TV error (b) SSIM values (c) PSNR values

Figure 5.10: Plots of the metrics against the L>-distance from the noisy 'carygrant' image
( =0:01), for classical ROF, double-phase ROF and Huber ROF ( = 0:01).

smoothed out. We also observe that the edges of the inner square are well-preserved,
with the exception of the area in the middle when they are small (this e ect appears also
in the Huber-ROF model and, to a lesser degree, in the classical ROF model).

Then, we present the results for several classical test images. First, in Figure 5.6,
we consider the 'carygrant' image for the noise level = 0:01. We use Weight 1 with
parameters a = 50 and b = 1000. We again observe that the main features of the
original image are well-preserved and that there is much less staircasing, especially on
the cheeks, the suit and the hand; enlarged parts of these pictures for comparison are
shown in Figures 5.7-5.8. Furthermore, the texture visible at the bottom of Figure 5.8
is preserved better. The construction of the weight is presented in Figure 5.9: we rst
mollify the gradient of the solution to the ROF problem (on the left-hand side), we apply
to it the weight visible in the middle picture, and the resulting weight is presented on the
right-hand side.

The comparison of the number of iterations and the running time (in Google Colab)
is presented in Table 5.1 and the plots for the %, SSIM and PSNR metrics in terms
of the L? distance to the noisy image are given in Figure 5.10; we note that in the region
where the models achieve optimal values of SSIM, the trend line for the adaptive double-
phase ROF model has similar shape to the one of the other two models but is slightly
higher. Note that similarly to the 1D case, the three metrics achieve the extremal values
at di erent values of , therefore optimizing either metric may lead to di erent results;
here we chose to present visually the results which correspond to maxima of the SSIM
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metric.

Table 5.1: Evaluation of performance for the image in Figure 5.6

H error =10 4 | Classical ROF Double-phase ROF  Huber ROFH

iterations 490 313 (+347) 1192
time 17.84s 20.90s (+22.90s) 45.70s

In Figure 5.11, we present the same set of images for the 'girlface’ test image for a
higher noise level = 0:04. We use Weight 1 with parameters a = 60 and b = 1200.
The quality of the reconstructed image is naturally slightly worse than in the previous

Figure 5.11: Original ‘girlface’ image; image with added gaussian noise ( = 0:04); denoising
results corresponding to the maximum SSIM values, respectively: classical ROF ( = 0:22),
double-phase ROF ( = 0:14), and Huber ROF ( = 0:01, =0:24).

Figure 5.12: Magni ed part of Figure 5.11 'girlface". eye and cheek.

(a) Molli ed gradient or u ror (b) Dependence on jrtt ror j (c) The weight

Figure 5.13: Construction of the weight from molli ed gradient of ugror with = 0:14 for the
'girlface’ image.
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(a) normalized TV error (b) SSIM values (c) PSNR values

Figure 5.14: Plots of the metrics with respect to L?-distance from the noisy ( = 0:04) 'girlface’
image, for classical ROF, double-phase ROF and Huber ROF (a= 0:01).

example (for each model), but the image is reasonably well-preserved and again we observe
less staircasing with respect to the classical ROF model and the Huber-ROF model, in
particular in the area around the eye and on the cheek; enlarged parts of these pictures
are presented in Figure 5.12. Moreover, the changes in intensity of the picture are more
gradual with respect to the other two models. The comparison of the number of iterations
and the running time (in Google Colab) is presented in Table 5.2 and the plots for the
di 9%, SSIM and PSNR metrics in terms of the B distance to the noisy image are given in
Figure 5.14; we again observe that, in the region where the models achieve optimal values
of SSIM, the trend line for the adaptive double-phase ROF model has similar shape to
the one of the other two models but is slightly higher. The construction of the weight is
presented in Figure 5.13; note that for a higher noise level the region in which the weight
is small is slightly more di used.

Table 5.2: Evaluation of performance for the image in Figure 5.11

H error =10 4 | Classical ROF Double-phase ROF  Huber ROFH

iterations 1192 675 (+762) 1835
time 32.55s 44.63s (+20.73s) 48.31s

In Figure 5.15, we present the same set of images for a test image of a schnitzel,
again for a higher noise level = 0:07. We use Weight 1 with parameters a = 60 and
b = 1200. This time the reconstructed image is visibly blurred (for each model), but the
overall contours are well-preserved and again we observe less staircasing with respect to
the classical ROF model and the Huber-ROF model, in particular on the schnitzel itself;
magni ed parts of these pictures are presented in Figure 5.16. We believe the double-
phase ROF model was capable of reproducing the texture of the schnitzel more naturally
than the other models. The plots for the 7%, SSIM and PSNR metrics in terms of
the L2 distance to the noisy image behave similarly to the ones for the 'carygrant' and
‘girlface’ images; we refer to [27] for more results of numerical experiments.
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