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Περίληψη

Η παρούσα διπλωματική εργασία παρουσιάζει μια συνοπτική και ολοκληρωμένη μελέτη

της αποτίμησης δικαιωμάτων προαίρεσης, συνδυάζοντας θεωρητικά θεμέλια, αριθμητικές

μεθόδους και εμπειρική ανάλυση δεδομένων. Αρχικά, παρέχεται εισαγωγή στα χρηματο-

οικονομικά παράγωγα, με έμφαση στα δικαιώματα προαίρεσης, τον οικονομικό τους ρόλο

και τα χαρακτηριστικά των αποδόσεών τους. Στη συνέχεια, αναπτύσσεται το μαθηματικό

υπόβαθρο του στοχαστικού λογισμού, παρουσιάζεται το υπόδειγμα Black–Scholes–Merton
και εξετάζονται επεκτάσεις όπως τα δυαδικά δένδρα, οι μέθοδοι πεπερασμένων διαφορών

και οι προσομοιώσειςMonte Carlo, καθώς και οι ευαισθησίες των δικαιωμάτων προαίρεσης
(Greeks).

Ιδιαίτερη έμφαση δίνεται στη μοντελοποίηση της μεταβλητότητας, αναδεικνύοντας τους

περιορισμούς της υπόθεσης σταθερής μεταβλητότητας και αναλύοντας εναλλακτικές προ-

σεγγίσεις, όπως τα τοπικά και στοχαστικά υποδείγματα. Για την εμπειρική αξιολόγηση,

υλοποιήθηκε μια αυτοματοποιημένη διαδικασία συλλογής δεδομένων σε Python για την
ανάκτηση και επεξεργασία δεδομένων μετοχών και αγορών δικαιωμάτων προαίρεσης, επι-

τρέποντας τη συγκριτική αξιολόγηση υποδειγμάτων και την κατασκευή επιφανειών υπονο-

ούμενης μεταβλητότητας.

Τέλος, αναπτύχθηκε μια εφαρμογή σε Python/Dash, η οποία παρέχει ένα διαδραστι-
κό περιβάλλον για την εξερεύνηση δεδομένων, την οπτικοποίηση της μεταβλητότητας, τη

μελέτη αριθμητικής σύγκλισης και την οπισθοδρόμηση στρατηγικών δικαιωμάτων προα-

ίρεσης.

LŁxeic-kleidi�: Αποτίμηση Δικαιωμάτων Προαίρεσης, Χρηματοοικονομικά Παράγω-

γα, Υπόδειγμα Black–Scholes–Merton, Στοχαστικός Λογισμός, Κίνηση Brown, Μεταβλη-
τότητα, Υπονοούμενη Μεταβλητότητα, Στοχαστικά Υποδείγματα, Monte Carlo Προσο-
μοιώσεις, Δυαδικά Δένδρα, Πεπερασμένες Διαφορές, Ευαισθησίες (Greeks), Αριθμητικές
Μέθοδοι, Ποσοτική Χρηματοοικονομική

Ανδρέας Χαντζός

Αθήνα, 2025

5





Abstract

This thesis provides a comprehensive study of option pricing, combining theoretical
foundations, numerical methods, and empirical data analysis. It begins with a structured
introduction to financial derivatives, with particular emphasis on options, their economic
role, and their payoff characteristics. Building on this basis, the work develops the
mathematical framework of stochastic calculus, introduces the Black–Scholes–Merton
model, and examines extensions such as binomial trees, finite differences, and Monte
Carlo simulations, together with the role of option sensitivities (Greeks).

Further emphasis is placed on volatility modeling, addressing the limitations of
constant-volatility assumptions and analyzing alternative approaches such as local,
stochastic, and hybrid volatility models. To support empirical evaluation, a custom data
collection pipeline was implemented in Python, automating the retrieval and processing
of equity and option market data. These datasets enable the benchmarking of pricing
models and the construction of implied volatility surfaces.

Finally, a practical application was developed in Python/Dash, providing an interac-
tive environment for data exploration, volatility visualization, numerical convergence
studies, and backtesting of option strategies. The results highlight both the theoretical
coherence and the practical limitations of classical and modern pricing techniques,
offering insights into their applicability across different market contexts.

Keywords: Option Pricing, Black–Scholes–Merton Model, Financial Derivatives, Eu-
ropean Options, American Options, Brownian Motion, Stochastic Calculus, Volatility
Modeling, Implied Volatility, Monte Carlo Simulation, Binomial Trees, Finite Difference
Methods, Option Greeks, Numerical Methods, Quantitative Finance

Andreas Chantzos

Athens, 2025
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Kefˆlaio 1

Eisagwgikèc 'Ennoiec sta

Parˆgwga Qrhmatooikonomikˆ

Proðìnta

1.1 Eisagwg 

1.1.1 O rìloc twn parag¸gwn sth sÔgqronh qrhmatooikonomik 

H taqÔtath anˆptuxh twn qrhmatooikonomik¸n agor¸n èqei enisqÔsei ton rìlo kai th

shmasÐa twn parag¸gwn proðìntwn stic sÔgqronec kefalaiagorèc. H anˆgkh gia apo-

telesmatik  diaqeÐrish kindÔnwn, h diark c exèlixh thc qrhmatooikonomik c teqnologÐac

kai h poluplokìthta twn ependutik¸n strathgik¸n èqoun odhg sei sthn anˆptuxh exei-

dikeumènwn ergaleÐwn, ta opoÐa kajistoÔn dunat  th diaqeÐrish mellontik¸n prosdoki¸n

kai thn kefalaiopoÐhsh se sÔnjetec agoraÐec katastˆseic.

Ta parˆgwga proðìnta eÐnai qrhmatooikonomikˆ sumbìlaia twn opoÐwn h axÐa e-

xartˆtai apì thn tim  enìc ˆllou periousiakoÔ stoiqeÐou (tou legìmenou upokeÐmenou

tÐtlou) ìpwc metoqèc, deÐktec, epitìkia, nomÐsmata, emporeÔmata   omìloga.

1.1.2 Basikèc kathgorÐec parag¸gwn

Oi basikèc kathgorÐec parag¸gwn eÐnai:

ˆ Forward contracts : Dimer  mh tupopoihmèna sumbìlaia me idiwtik  sumfwnÐa.

ˆ Futures : Tupopoihmèna sumbìlaia me diapragmˆteush se organwmènec agorèc.

ˆ Swaps: Antallagèc qrhmatooikonomik¸n ro¸n, sun jwc epitokÐwn   nomismˆtwn.

17
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ˆ Options : Sumbìlaia me asÔmmetrec upoqre¸seic.

Shmantik  jèsh katèqoun ta dikai¸mata proaÐreshc (options), ta opoÐa qarakth-

rÐzontai apì thn asummetrÐa upoqre¸sewn metaxÔ katìqou kai ekdìth. O kˆtoqoc èqei

dikaÐwma (qwrÐc upoqrèwsh) agorˆc   p¸lhshc tou upokeÐmenou tÐtlou se prokajo-

rismènh tim  (strike price), en¸ o ekdìthc upoqreoÔtai na antapokrijeÐ se perÐptwsh

ˆskhshc.

Sta epìmena, estiˆzoume staoptions, sta basikˆ gnwrÐsmatˆ touc kai stouc trìpouc

qr shc.
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1.2 Qr sh kai ShmasÐa twn Parag¸gwn

Ta parˆgwga èqoun kajierwjeÐ wc jemeli¸dh ergaleÐa sth sÔgqronh qrhmatooi-

konomik , prosfèrontac dunatìthtec diaqeÐrishc kindÔnou, apodotik c timolìghshc kai

beltistopoÐhshc kefalaÐou. H euelixÐa touc epitrèpei se diaforetikoÔc summetèqontec

na prosarmìzoun thn èkjes  touc se krÐsimec agoraÐec metablhtèc, ìpwc epitìkia, su-

nallagmatikèc isotimÐec   timèc periousiak¸n stoiqeÐwn.

Istorikˆ, h pr¸th susthmatik  qr sh touc sundèetai me thn agorˆ sunallˆgmatoc

kai ta epitìkia, ìpou leitoÔrghsan wc mhqanismoÐ prostasÐac ènanti dusmen¸n metabo-

l¸n. Sth sunèqeia, h efarmog  touc epektˆjhke se metoqèc, deÐktec, emporeÔmata kai

pistwtikˆ proðìnta, dieurÔnontac to pedÐo qr sewn kai ependutik¸n strathgik¸n.

1.2.0.1 Antistˆjmish KindÔnou ( Hedging )

H antistˆjmish kindÔnou apoteleÐ mÐa apì tic shmantikìterec kai pio diadedomènec

qr seic twn parag¸gwn. Mèsw katˆllhlwn sumbolaÐwn, ependutèc kai epiqeir seic pe-

riorÐzoun thn èkjes  touc se dusmeneÐc diakumˆnseic tim¸n, ìpwc epitokiakèc metabolèc,

sunallagmatikèc isotimÐec, timèc pr¸twn ul¸n   metoqik¸n deikt¸n. Stìqoc den eÐnai h

apokìmish kèrdouc, allˆ h stajeropoÐhsh twn tameiak¸n ro¸n kai h meÐwsh thc abe-

baiìthtac. An kai h pl rhc exˆleiyh tou kindÔnou den eÐnai efikt , h orjologik  qr sh

parag¸gwn mporeÐ na metriˆsei shmantikˆ thn èkjesh.

Antistˆjmish sunallagmatikoÔ kindÔnou

Mia exagwgik  epiqeÐrhsh pou anamènei eisprˆxeic se dolˆria (USD) kinduneÔei apì

endeqìmenh upotÐmhsh tou nomÐsmatoc ènanti tou eur¸. H sÔnayh projesmiakoÔ sumbo-

laÐou sunallˆgmatoc (forward FX contract ) epitrèpei ton kajorismì stajer c isotimÐac,

exasfalÐzontac probleyimìthta stic mellontikèc tameiakèc roèc.

Antistˆjmish qartofulakÐou metoq¸n

'Ena qartofulˆkio mporeÐ na prostateujeÐ apì pt¸sh thc agorˆc mèsw agorˆc di-

kaiwmˆtwn proaÐreshc p¸lhshc (put options) se eurÔ qrhmatisthriakì deÐkth (p.q.S&P

500). Se perÐptwsh upoq¸rhshc twn tim¸n, ta kèrdh apì ta put options antistajmÐzoun

mèroc   kai to sÔnolo twn apwlei¸n tou qartofulakÐou, leitourg¸ntac wc morf  asfa-

listik c kˆluyhc.
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1.2.0.2 KerdoskopÐa ( Speculation )

H kerdoskopik  qr sh parag¸gwn epitrèpei th strathgik  topojèthsh sthn ago-

rˆ me stìqo thn ekmetˆlleush prosdok¸menwn metabol¸n stic timèc twn upokeÐmenwn

stoiqeÐwn. Mèsw thc qrhmatooikonomik c mìqleushc pou prosfèroun, ta parˆgwga

mporoÔn na apod¸soun shmantikˆ kèrdh me sqetikˆ periorismèno arqikì kefˆlaio, allˆ

sunepˆgontai antÐstoiqa auxhmèno ependutikì kÐnduno.

Endeiktik  qr sh futures

H topojèthsh se sumbìlaia mellontik c ekpl rwshc ( futures) epÐ petrelaÐou pa-

rèqei èkjesh sthn agorˆ tou emporeÔmatoc qwrÐc thn anˆgkh katoq c   apoj keushc

tou fusikoÔ proðìntoc. H aÔxhsh thc tim c mporeÐ na apofèrei dusanˆloga kèrdh se

sqèsh me to ependedumèno kefˆlaio, en¸ h antÐjeth poreÐa odhgeÐ se anˆlogec zhmÐec,

upogrammÐzontac ton uyhlì kÐnduno thc kerdoskopik c qr shc.

Kritik  diˆstash

H kerdoskopÐa apoteleÐ anapìspasto stoiqeÐo thc leitourgÐac twn agor¸n, allˆ se

uperbolikì bajmì mporeÐ na enisqÔsei th metablhtìthta kai na sumbˆlei sth dhmiourgÐa

susthmik¸n kindÔnwn. Endeiktikˆ, h qrhmatopistwtik  krÐsh tou 2008 anèdeixe tic epi-

pt¸seic thc ektetamènhc qr shc sÔnjetwn parag¸gwn pou basÐzontan se stegastikˆ

dˆneia qamhl c exasfˆlishc ( subprime mortgages), odhg¸ntac se katˆrreush megˆlwn

qrhmatopistwtik¸n organism¸n [ 1].

1.2.0.3 Apotelesmatikìthta Qr shc KefalaÐou ( Capital E�ciency )

'Ena apì ta kÔria pleonekt mata twn parag¸gwn eÐnai h dunatìthta paroq c oikono-

mik c èkjeshc se èna upokeÐmeno stoiqeÐo me mikrìterh arqik  kefalaiak  dèsmeush. H

mìqleush pou enswmat¸netai sta sumbìlaia epitrèpei ton èlegqo megalÔterwn jèsewn,

auxˆnontac th dunhtik  apìdosh anˆ monˆda ependedumènou kefalaÐou. To qarakth-

ristikì autì ta kajistˆ idiaÐtera elkustikˆ gia jesmikoÔc ependutèc kai diaqeiristèc

qartofulakÐwn, allˆ sunepˆgetai antÐstoiqa uyhlì ependutikì kÐnduno.

Endeiktik  qr sh options

H apìkthsh èkjeshc se mÐa metoq  mporeÐ na epiteuqjeÐ eÐte mèsw apeujeÐac agorˆc

tou tÐtlou eÐte mèsw agorˆc dikaiwmˆtwn proaÐreshc agorˆc (call options). Sth deÔterh

perÐptwsh, o ependut c katabˆllei mìno to asfˆlistro ( premium), to opoÐo antiprosw-

peÔei klˆsma thc axÐac thc metoq c. Eˆn h tim  thc metoq c uperbeÐ thn tim  exˆskhshc

(strike price), h axÐa touoption auxˆnetai analogikˆ perissìtero, prosfèrontac uyh-
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lìterh posostiaÐa apìdosh se sqèsh me thn apeujeÐac katoq  thc metoq c. AntÐjeta,

an h tim  parameÐnei ametˆblhth   kinhjeÐ ptwtikˆ, to dikaÐwma mporeÐ na l xei qwrÐc

axÐa, periorÐzontac to apotèlesma se pl rh ap¸leia tou katablhjèntoc asfalÐstrou.

1.2.0.4 Timolìghsh kai Metaforˆ KindÔnou

Ta parˆgwga qrhmatooikonomikˆ proðìnta epitrèpoun th metaforˆ kai katanom  kin-

dÔnou metaxÔ summeteqìntwn me diaforetikˆ profÐl anoq c. 'Etsi, ependutèc   epi-

qeir seic mporoÔn na periorÐsoun thn èkjes  touc se kindÔnouc ìpwc o pistwtikìc,

o sunallagmatikìc   o epitokiakìc, metabibˆzontˆc touc se ˆllouc foreÐc pou eÐnai

diatejeimènoi na touc analˆboun ènanti apozhmÐwshc. H diadikasÐa aut  enisqÔei th

reustìthta kai sumbˆllei sthn apotelesmatikìterh leitourgÐa twn agor¸n.

Metaforˆ pistwtikoÔ kindÔnou mèsw CDS

Ta Credit Default Swaps (CDS) qrhsimopoioÔntai gia thn antistˆjmish tou kindÔnou

ajèthshc upoqre¸sewn. Mèsw enìc tètoiou sumbolaÐou, o agorast c katabˆllei èna

asfˆlistro kai o ekdìthc analambˆnei thn upoqrèwsh apozhmÐwshc se perÐptwsh ajèth-

shc plhrwm¸n. Me ton trìpo autì, o pistwtikìc kÐndunoc metafèretai apì ton arqikì

daneist  se trÐto mèroc, mei¸nontac thn èkjesh tou pr¸tou.

Parˆgwga wc mhqanismìc apokˆluyhc tim¸n

Pèran thc metaforˆc kindÔnou, ta parˆgwga sumbˆlloun kai sth diadikasÐa anakˆlu-

yhc tim¸n. H uponooÔmenh metablhtìthta (implied volatility ) pou prokÔptei apì thn

timolìghsh twn options antikatoptrÐzei tic prosdokÐec thc agorˆc gia mellontikèc dia-

kumˆnseic kai qrhsimopoieÐtai eurèwc wc deÐkthc antilambanìmenou kindÔnou. Sunep¸c,

h agorˆ parag¸gwn leitourgeÐ ìqi mìno wc mhqanismìc antistˆjmishc kai metaforˆc

kindÔnou, allˆ kai wc phg  plhrofìrhshc gia tic mellontikèc tˆseic.

1.2.0.5 Armpitrˆz ( Arbitrage )

To arbitrage sunÐstatai sthn tautìqronh agorˆ kai p¸lhsh sugkrÐsimwn qrhma-

tooikonomik¸n mèswn me skopì thn ekmetˆlleush timologiak¸n apoklÐsewn. ApoteleÐ

jemeli¸dh mhqanismì twn agor¸n, kaj¸c h Ôparxh tètoiwn eukairi¸n odhgeÐ se ˆmesh

prosarmog  twn tim¸n kai enÐsqush thc apotelesmatikìthtac thc agorˆc.

Jewrhtikˆ, to armpitrˆz den enèqei kÐnduno; sthn prˆxh, ìmwc, h ulopoÐhs  tou mpo-

reÐ na ephreasteÐ apì parˆgontec ìpwc to kìstoc sunallag¸n, h qronik  kajustèrhsh

ektèleshc kai h diajesimìthta reustìthtac.
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Parˆdeigma armpitrˆz me futures

An h tim  enìc sumbolaÐoufuture se deÐkth agorˆc emfanisteÐ shmantikˆ uyhlìterh

apì thn antÐstoiqh tim  tou Ðdiou tou deÐkth sthn agorˆ metoq¸n, prokÔptei dunatìthta

armpitrˆz. Se mia tètoia perÐptwsh, o ependut c mporeÐ na poul sei tofuture kai

tautìqrona na agorˆsei tic metoqèc tou deÐkth. Kaj¸c plhsiˆzei h l xh tou sumbolaÐou,

oi dÔo timèc teÐnoun na sugklÐnoun, opìte h strathgik  apofèrei kèrdoc anexˆrthta

apì th mellontik  poreÐa thc agorˆc. Me ton trìpo autì, to armpitrˆz leitourgeÐ wc

mhqanismìc exisorrìphshc pou periorÐzei tic apoklÐseic metaxÔ jewrhtik¸n kai agoraÐwn

tim¸n.
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1.3 Basikèc ènnoiec

H katanìhsh twn basik¸n paramètrwn pou prosdiorÐzoun thn axÐa enìc dikai¸matoc

proaÐreshc (option) apoteleÐ proôpìjesh gia kˆje apotimhtikì montèlo. Treic ènnoiec

idiaÐterhc shmasÐac eÐnai h eswterik  axÐa, h qronik  axÐa kai tomoneyness.

1.3.1 Eswterik  axÐa ( intrinsic value )

H eswterik  axÐa enìc option anafèretai sthn axÐa pou ja eÐqe to dikaÐwma eˆn

exaskoÔntan ˆmesa, qwrÐc na lambˆnetai upìyh o qrìnoc pou apomènei mèqri th l xh  

opoiad pote mellontik  abebaiìthta. Prìkeitai gia th {reustopoi simh} axÐa tou option

th dedomènh qronik  stigm .

Gia èna dikaÐwma agorˆc (call):

IV call = max(0 ; S � K ) (1.1)

Gia èna dikaÐwma p¸lhshc (put ):

IV put = max(0 ; K � S) (1.2)

'Opou:

ˆ S: h trèqousa tim  tou upokeÐmenou tÐtlou,

ˆ K : h tim  exˆskhshc (strike price).

H eswterik  axÐa den mporeÐ na eÐnai arnhtik . An h exˆskhsh touoption den apofèrei

kèrdoc, tìte h IV eÐnai mhdenik .

1.3.2 Qronik  axÐa ( time value )

H qronik  axÐa enìcoption antikatoptrÐzei thn prostijèmenh axÐa pèran thc eswte-

rik c, h opoÐa ofeÐletai:

ˆ ston qrìno pou apomènei èwc th l xh (time to maturity ),

ˆ sth metablhtìthta ( volatility ) tou upokeÐmenou tÐtlou.

OrÐzetai wc:
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Time Value = Tim  Option � Eswterik  AxÐa (1.3)

Kaj¸c plhsiˆzei h hmeromhnÐa l xhc, h qronik  axÐa teÐnei proc to mhdèn (to fai-

nìmenotime decay,   theta sthn anˆlush greeks). Epiplèon, ìso megalÔterh eÐnai h

metablhtìthta, tìso megalÔterh eÐnai h pijanìthta to option na brejeÐin-the-money,

kai sunep¸c h tim  tou auxˆnetai lìgw thc qronik c axÐac.

1.3.3 Moneyness

H ènnoia toumoneynessapotup¸nei th sqetik  jèsh thc tim c exˆskhshc K wc proc

thn trèqousa tim  thc agorˆc S tou upokeÐmenou tÐtlou. Prìkeitai gia mÐa èndeixh tou

katˆ pìson ja  tan kerdofìra h exˆskhsh tou option.

KathgoriopoÐhsh:

ˆ In the Money (ITM) : To option èqei jetik  eswterik  axÐa.

Call: S > K Put : S < K

ˆ At the Money (ATM) : S � K . H eswterik  axÐa eÐnai mhdenik    sqedìn

mhdenik , allˆ h qronik  axÐa eÐnai sun jwc mègisth.

ˆ Out of the Money (OTM) : To option èqei mhdenik  eswterik  axÐa.

Call: S < K Put : S > K

H kathgoriopoÐhsh enìcoption wc ITM , ATM   OTM ephreˆzei:

ˆ thn pijanìthta exˆskhshc ( exercise probability),

ˆ thn epilog  strathgik c antistˆjmishc kindÔnou ( hedging),

ˆ tic prosdokÐec touimplied volatility .



25 Kefˆlaio 1. Eisagwgikèc 'Ennoiec sta Parˆgwga Qrhmatooikonomikˆ Proðìnta

1.4 Qarakthristikˆ twn Dikaiwmˆtwn ProaÐreshc

Ta dikai¸mata proaÐreshc (options) apoteloÔn parˆgwga sumbìlaia pou parèqoun

ston kˆtoqo to dikaÐwma agorˆc (call)   p¸lhshc ( put ) enìc upokeÐmenou tÐtlou (p.q.

metoq c, deÐkth, nomÐsmatoc) se prokajorismènh tim  (strike price, K ). H exˆskhsh

mporeÐ na gÐnetai mìno sth l xh (European-style)   opoted pote èwc tìte ( American-

style).

KÔrio qarakthristikì touc eÐnai h asummetrÐa upoqre¸sewn: o kˆtoqoc apofasÐzei

an ja ask sei, en¸ o ekdìthc upoqreoÔtai na antapokrijeÐ. Gia thn apìkthsh tou di-

kai¸matoc, o agorast c katabˆllei ston pwlht  to premium, to opoÐo apotup¸nei thn

axÐa tou sumbolaÐou stic dedomènec sunj kec agorˆc.

1.4.1 Parˆgontec pou ephreˆzoun thn axÐa enìc Option

H agoraÐa tim  enìcoption (C gia call, P gia put) den eÐnai stajer  allˆ exartˆtai

dunamikˆ apì mia seirˆ paramètrwn:

ˆ Trèqousa tim  tou upokeÐmenou tÐtlou (S) � Underlying (Spot) Price:

'Oso uyhlìterh h tim  gia èna call option (  qamhlìterh gia put), tìso megalÔterh

h pijanìthta kèrdouc apì exˆskhsh.

ˆ Tim  exˆskhshc (K ) � Strike Price: OrÐzei to shmeÐo energopoÐhshc tou di-

kai¸matoc. H sqetik  jèsh tou S wc proc to K kajorÐzei th qrhsimìthta tou

option.

ˆ Upoleipìmenoc qrìnoc mèqri th l xh (T) � Time to Maturity : Mega-

lÔteroc qrìnoc enisqÔei thn pijanìthta eunoðk c metabol c thc tim c, auxˆnontac

thn axÐa touoption.

ˆ Metablhtìthta (� ) � Volatility : H prosdok¸menh diakÔmansh thc tim c tou

upokeÐmenou tÐtlou. Uyhlìterh metablhtìthta auxˆnei thn pijanìthta exˆskhshc

kai katˆ sunèpeia thn axÐa touoption.

ˆ Epitìkio qwrÐc kÐnduno (r ) � Risk-Free Interest Rate: QrhsimopoieÐtai gia

thn proexìflhsh thc tim c exˆskhshc. Uyhlìtero r teÐnei na auxˆnei thn axÐa twn

call options kai na mei¸nei twnputs.

ˆ Anamenìmena merÐsmata � Expected Dividends (ìtan upˆrqoun): Ta me-

rÐsmata mei¸noun thn tim  twncall options kai auxˆnoun ekeÐnh twnputs.

ˆ Kajest¸c tim c se sqèsh me thn exˆskhsh ( Moneyness ) : H sqetik 

jèsh thc tim c tou upokeÐmenou (S) se sqèsh me toK . Ta options pou eÐnai  dh



26 Kefˆlaio 1. Eisagwgikèc 'Ennoiec sta Parˆgwga Qrhmatooikonomikˆ Proðìnta

in-the-money èqoun megalÔterh eswterik  axÐa se sqèsh me autˆ pou eÐnaiat-the-

money   out-of-the-money.

1.4.2 AsummetrÐa Apodìsewn

H apodotik  dom  enìc option eÐnai endogen¸c mh grammik . O kˆtoqoc enìccall

option èqei aperiìristo jewrhtikì kèrdoc se perÐptwsh èntonhc anodik c kÐnhshc tou

upokeÐmenou tÐtlou, me th mègisth zhmÐa tou na periorÐzetai sto katablhjènpremium.

To antÐstrofo isqÔei gia put options.

Antijètwc, o pwlht c ( writer ) enìc option antimetwpÐzei èna anestrammèno profÐl

apìdoshc: periorismèno kèrdoc (topremium) kai dunhtikˆ megˆlec zhmÐec, eidikˆ sthn

perÐptwshuncovered options.

Autì to qarakthristikì kajistˆ ta options idanikˆ gia qr sh se strathgikèc a-

ntistˆjmishc ( hedging), kerdoskopÐac   paragwg c eisod matoc, analìgwc thc jèshc

(long   short).
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1.5 Jèseic Agorˆc kai P¸lhshc se Options

Oi jèseic se dikai¸mata proaÐreshc organ¸nontai gÔrw apì dÔo basikèc epilogèc:

agorˆ ( long)   p¸lhsh ( short) enìc option. To profÐl apìdoshc kai kindÔnou exartˆtai

apì ton tÔpo tou dikai¸matoc ( call/ put ) kai th jèsh pou epilègetai.

1.5.1 Dikai¸mata Agorˆc ( Call Options )

'Ena call option dÐnei ston kˆtoqì tou to dikaÐwma na agorˆsei ton upokeÐmeno tÐtlo

se prokajorismènh tim  exˆskhshc ( K ). O kˆtoqoc call epwfeleÐtai ìtan h tim  thc

agorˆc ( S) uperbaÐnei tostrike (S > K ).

Long Call (jèsh agorˆc)

O ependut c anamènei ˆnodo thc tim c tou upokeÐmenou.

ˆ Kèrdoc: S � K � premium , an S > K

ˆ ZhmÐa:premium, an S � K

To kèrdoc eÐnai jewrhtikˆ aperiìristo, en¸ h mègisth zhmÐa periorÐzetai stopre-

mium.

Short Call • oudèterh/ptwtik  prosdokÐa

ˆ Kèrdoc: to asfˆlistro ( premium).

ˆ ZhmÐa: jewrhtikˆ aperiìristh (an S auxhjeÐ shmantikˆ).

H jèsh eÐnai uyhloÔ kindÔnou, idÐwc ìtan den kalÔptetai apì katoq  tou upokeÐmenou

(uncovered call).

Parˆdeigma Long Call

Tim  upokeÐmenhc metoq c (S0) �100

Strike (K ) �105

Premium �3

Tim  sth l xh ( ST ) �115

'Ekbash: Miktì kèrdoc �115��105 = �10. Kajarì kèrdoc �10��3 = �7.
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1.5.1.1 Dikai¸mata P¸lhshc ( Put Options )

'Enaput option dÐnei ston kˆtoqo to dikaÐwma na poul sei ton upokeÐmeno tÐtlo sthn

tim  exˆskhshc ( K ). H jèsh eÐnai epwfel c ìtan h tim  thc agorˆc upoqwreÐ kˆtw apì

to K (S < K ).

Long Put (jèsh agorˆc)

O ependut c prosdokˆ pt¸sh thc tim c tou upokeÐmenou.

ˆ Kèrdoc: K � S � premium , an S < K

ˆ ZhmÐa:premium, an S � K

To mègisto kèrdoc eÐnai periorismèno (ìtanS ! 0), en¸ h mègisth zhmÐa eÐnai to

premium.

Short Put (jèsh p¸lhshc)

O writer tou put anamènei ìti h tim  ja diathrhjeÐ   ja anèbei.

ˆ Kèrdoc: premium

ˆ ZhmÐa:K � S � premium , an S < K

O pwlht c upoqreoÔtai na agorˆsei ton tÐtlo se K , akìmh ki an h agorˆ èqei

upoqwr sei shmantikˆ • ekjètontˆc ton se dunhtikˆ shmantik  zhmÐa.

Parˆdeigma Long Put

Tim  upokeÐmenhc metoq c (S0) �100

Strike (K ) �95

Premium �2

Tim  sth l xh ( ST ) �85

'Ekbash: Miktì kèrdoc �95��85 = �10. Kajarì kèrdoc �10��2 = �8.

1.5.2 SÔnoyh Apodìsewn Basik¸n Jèsewn

Oi tèsseric jemeli¸deic strathgikèc se qrhmatooikonomikˆ dikai¸mata proaÐreshc

• Long Call, Short Call, Long Put, Short Put • parousiˆzoun diaforetikˆ profÐl

kindÔnou kai apìdoshc, ta opoÐa sunoyÐzontai arijmhtikˆ ston PÐnaka 1.1 kai grafikˆ

sto Sq ma 1.1.
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Jèsh Mègisto Kèrdoc Mègisth ZhmÐa ShmeÐo Isoskèlishc ( Breakeven )

Long Call + 1 premium K + premium

Short Call premium + 1 K + premium

Long Put K � premium premium K � premium

Short Put premium K � premium K � premium

PÐnakac 1.1: SÔnoyh qarakthristik¸n apìdoshc gia basikèc jèseic seoptions

Sq ma 1.1: KampÔlec apìdoshc gia tic basikèc jèseic seoptions: Long/Short Call ,
Long/Short Put . O ˆxonac S deÐqnei thn tim  tou upokeÐmenou tÐtlou kai o katakìrufoc
thn kajar  apìdosh.

Epis mansh: PaÐgnio MhdenikoÔ AjroÐsmatoc

H diapragmˆteush dikaiwmˆtwn proaÐreshc èqei mhdenikoÔ ajroÐsmatoc qarakt ra,

kaj¸c to kèrdoc tou enìc antisumballomènou isoÔtai me thn ap¸leia tou ˆllou:

Kèrdh Katìqou Option = ZhmÐec Ekdìth (Writer ):

H idiìthta aut  upogrammÐzei ìti ta options den dhmiourgoÔn kajar  axÐa sto sÔsth-

ma, allˆ anadianèmoun kèrdh kai zhmÐec metaxÔ twn summeteqìntwn, gegonìc pou kajistˆ

krÐsimh th susthmatik  diaqeÐrish kindÔnou.
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1.6 Diaforèc metaxÔ American kai European Options

MÐa basik  taxinìmhsh twn dikaiwmˆtwn proaÐreshc aforˆ to qronikì plaÐsio e-

xˆskhshc. Ta European-style optionsaskoÔntai apokleistikˆ sth l xh, en¸ ta American-

style mporoÔn na askhjoÔn opoted pote èwc tìte. H euelixÐa thc prìwrhc exˆskhshc

prosdÐdei prìsjeth axÐa staAmerican kai kajistˆ thn apotÐmhs  touc pio apaithtik 

se sqèsh me taEuropean, gia ta opoÐa suqnˆ upˆrqoun analutikèc lÔseic.

PÐnakac Sunoptik c SÔgkrishc

Qarakthristikì EurwpaðkoÔ tÔpou AmerikanikoÔ tÔpou

Exˆskhsh Mìno sth l xh Opoted pote èwc th l xh

ApotÐmhsh
Analutikèc mèjodoi
(p.q. Black�Scholes)

Arijmhtikèc mèjodoi
(binomial,

Finite Di�erences )

Dunatìthta prìwrhc
exˆskhshc

'Oqi Nai

AxÐa
(upì Ðdiec sunj kec)

Pˆntote � tou
amerikanikoÔ tÔpou

Pˆntote � tou
eurwpaðkoÔ tÔpou

DuskolÐa
upologismoÔ

Sqetikˆ apl  Auxhmènh (lìgw epiplèon
eleujerÐac)

PÐnakac 1.2: SÔgkrish Eurwpaðk¸n kai Amerikanik¸nOptions

Praktik  ShmasÐa

H dunatìthta prìwrhc exˆskhshc sta American options epibˆllei thn efarmog 

arijmhtik¸n mejìdwn, ìpwc:

ˆ Dèntra duadik c anˆlushc (Binomial Trees) gia proseggistik  apotÐmhsh

se diakritì qrìno,

ˆ Mèjodoi peperasmènwn diafor¸n (Finite Di�erences ) gia epÐlush thc

antÐstoiqhc diaforik c exÐswshc,

ˆ Prosomoi¸seic Monte Carlo me Longsta��Schwartz gia sÔnjetec  

path-dependent peript¸seic.

AntÐjeta, ta European options mporoÔn suqnˆ na apotimhjoÔn me analutikèc lÔseic,

ìpwc to upìdeigma Black�Scholes�Merton .
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Endeiktik  Efarmog 

'Ena American call se metoq  pou anamènetai na katabˆlei mèrisma mporeÐ na askh-

jeÐ prìwra, ¸ste o kˆtoqoc na apokt sei to dikaÐwma sto mèrisma. Sthn perÐptwsh

antÐstoiqouEuropean call, h exˆskhsh eÐnai dunat  mìno sth l xh, akìmh ki an aut 

èpetai thc hmeromhnÐac apokop c (ex-dividend date).





Kefˆlaio 2

Montèla ApotÐmhshc

Dikaiwmˆtwn ProaÐreshc

To parìn kefˆlaio eisˆgei ta kÔria majhmatikˆ ergaleÐa pou qrhsimopoioÔntai sthn a-

potÐmhsh qrhmatooikonomik¸n dikaiwmˆtwn proaÐreshc. Xekinˆ me tic basikèc ènnoiec

tou stoqastikoÔ logismoÔ, ìpwc h kÐnhshBrown kai oi stoqastikèc diaforikèc exi-

s¸seic, kai suneqÐzei me jemeli¸dh apotelèsmata ìpwc o tÔpoc touItô kai h allag 

mètrou mèsw tou jewr matoc Girsanov. AkoloujeÐ h parousÐash tou upodeÐgmatoc

Black�Scholes�Merton , kaj¸c kai arijmhtikèc kai stoqastikèc mèjodoi apotÐmhshc, en¸

exetˆzontai epÐshc kai taGreeks.

33
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2.1 Stoqastikìc Logismìc kai KÐnhsh Brown

O stoqastikìc logismìc apoteleÐ epèktash tou klasikoÔ diaforikoÔ logismoÔ gia

thn perigraf  exeliktik¸n fainomènwn pou perièqoun eggen  abebaiìthta. H basik  idèa

eÐnai h eisagwg  tuqaÐwn stoiqeÐwn (ìpwc h kÐnhshBrown) sto montèlo dunamik c enìc

sust matoc. H anˆptuxh tou stoqastikoÔ logismoÔ apì ton Kiyoshi Itô apotèlese

orìshmo sthn anˆlush qrhmatooikonomik¸n agor¸n, epitrèpontac thn kataskeu  reali-

stik¸n majhmatik¸n upodeigmˆtwn gia tic timèc qrhmatooikonomik¸n proðìntwn.

2.1.1 Tupik  KÐnhsh Brown ( Wiener Process )

H Tupik  KÐnhsh Brown   Wiener Process eÐnai mia jemeli¸dhc ènnoia thc stoqa-

stik c anˆlushc kai thc majhmatik c qrhmatooikonomik c. Eis qjh apì ton Norbert

Wiener stic arqèc tou 20oÔ ai¸na kai qrhsimopoieÐtai eurèwc gia th montelopoÐhsh thc

tuqaÐac metabol c qrhmatooikonomik¸n metablht¸n, ìpwc oi timèc metoq¸n   oi sunal-

lagmatikèc isotimÐec.

Orismìc

H tupik  kÐnhsh Brown eÐnai mia stoqastik  diadikasÐaf Wt gt � 0, h opoÐa ikanopoieÐ

tic akìloujec idiìthtec:

1. Arqik  Tim : W0 = 0 sqedìn bèbaia (almost surely).

2. Kanonik  Katanom  AÔxhshc: Gia kˆje 0 � s < t , h metabol  Wt � Ws

akoloujeÐ kanonik  katanom :

Wt � Ws � N (0; t � s)

3. AnexarthsÐa AÔxhshc: Gia diadoqikˆ qronikˆ diast mata qwrÐc epikˆluyh, oi

aux seic eÐnai anexˆrthtec. Dhlad , an0 < t 0 < t 1 < � � � < t n , tìte oi metabolèc:

Wt1 � Wt0 ; Wt2 � Wt1 ; : : : ; Wtn � Wtn � 1

eÐnai anexˆrthtec tuqaÐec metablhtèc.

4. Sqedìn Bèbaih Sunèqeia: Oi diadromèc thc diadikasÐac eÐnai suneqeÐc me

pijanìthta 1, dhlad :

P(Wt eÐnai suneq c gia ìla ta t � 0) = 1
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Wstìso, oi diadromèc den eÐnai diaforÐsimec se kanèna shmeÐo tou qrìnou • kˆti

pou antanaklˆ th fusikˆ akanìnisth sumperiforˆ twn tim¸n sthn agorˆ.

Idiìthtec kai Rìloc sth Qrhmatooikonomik 

ˆ H kÐnhshBrown eÐnaimˆrtingkeðl (martingale), dhlad :

E[Wt j F s] = Ws; gia s < t

ìpou Fs eÐnai h plhroforÐa diajèsimh èwc th qronik  stigm s. H idiìthta aut 

ekfrˆzei ìti, upì to katˆllhlo pijanotikì mètro, h kalÔterh prìbleyh gia th

mellontik  tim  thc diadikasÐac eÐnai h trèqousa tim  • den upˆrqei susthmatik 

tˆsh anìdou   kajìdou.

ˆ 'Eqei stajer  kai anexˆrthth metablhtìthta kai den enswmat¸nei tˆseic   proti-

m seic.

ˆ Sth montelopoÐhsh qrhmatooikonomik¸n parag¸gwn, leitourgeÐ wc h stoqastik 

sunist¸sa se montèla apotÐmhshc ìpwc toBlack-Scholes-Merton.

ˆ Sthn prˆxh, apoteleÐ th bˆsh gia to leukì jìrubo se stoqastikèc diaforikèc

exis¸seic (bl. epìmenh enìthta).

2.1.2 Stoqastikèc Diaforikèc Exis¸seic ( SDEs)

Oi Stoqastikèc Diaforikèc Exis¸seic (Stochastic Di�erential Equations � SDEs )

apoteloÔn èna apì ta shmantikìtera ergaleÐa tou stoqastikoÔ logismoÔ, kaj¸c e-

pitrèpoun th montelopoÐhsh exeliktik¸n fainomènwn ta opoÐa ephreˆzontai tìso apì

problèyimec (deterministic) ìso kai apì aprìbleptec ( stochastic) sunist¸sec.

Se antÐjesh me tic klasikèc diaforikèc exis¸seic, oi opoÐec perigrˆfoun th dunami-

k  enìc sust matoc mèsw nteterministik¸n rujm¸n metabol c, oi SDEs enswmat¸noun

abebaiìthta sto montèlo, epitrèpontac ètsi pio realistikèc anaparastˆseic fainomènwn,

ìpwc h sumperiforˆ thc agorˆc   oi diakumˆnseic epitokÐwn.

Genik  Morf  SDE

H genik  morf  miac SDE eÐnai:

dX t = � (t; X t ) dt + � (t; X t ) dWt (2.1)

ìpou:
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ˆ X t : h stoqastik  diadikasÐa (p.q. tim  metoq c, epitìkio),

ˆ � (t; X t ): h sunˆrthsh parasurmoÔ (drift ), h opoÐa perigrˆfei thn aname-

nìmenh kateÔjunsh   tˆsh thc metablht c,

ˆ � (t; X t ): h sunˆrthsh diˆqushc (di�usion ), h opoÐa perigrˆfei to mègejoc

thc stoqastik c diakÔmanshc,

ˆ dWt : èna stoiqeÐo thc tupik c kÐnhshcBrown (Wiener process), to opoÐo eisˆgei

tuqaiìthta.

Sth qrhmatooikonomik , oi SDEs qrhsimopoioÔntai eurèwc gia thn perigraf  thc

exèlixhc twn tim¸n periousiak¸n stoiqeÐwn, ìpwc:

ˆ Sto Black-Scholes model, h tim  miac metoq cSt akoloujeÐ miaSDE me stajerì

drift kai stajerì di�usion :

dSt = �S t dt + �S t dWt

ìpou � eÐnai o anamenìmenoc rujmìc apìdoshc kai� h metablhtìthta.

ErmhneÐa twn 'Orwn

O diaforikìc ìroc dX t se miaSDE perigrˆfei th sunolik  metabol  thc stoqasti-

k c diadikasÐacX t katˆ th diˆrkeia enìc apeirostˆ mikroÔ qronikoÔ diast matoc dt.

ApoteleÐtai apì dÔo kÔriec sunist¸sec:

ˆ Nteterministik  sunist¸sa : � (t; X t ) dt, h opoÐa ekfrˆzei th mèsh proble-

pìmenh metabol  • paÐzei rìlo parìmoio me to f (t; x ) se ODEs.

ˆ Stoqastik  sunist¸sa : � (t; X t ) dWt , h opoÐa enswmat¸nei ton jìrubo pou

prokÔptei apì thn abebaiìthta thc agorˆc. O ìroc dWt den eÐnai diaforÐsimoc

katˆ th sumbatik  ènnoia, allˆ jewreÐtai mèsa apì th jewrÐa twn stoqastik¸n

oloklhrwmˆtwn.

H stoqastik  fÔsh thc dWt èqei th sunèpeia ìti oi diadromèc touX t eÐnai sqedìn

bèbaia suneqeÐc allˆ mh diaforÐsimec • qarakthristikì pou antanaklˆ thn astˆjeia kai

thn tuqaiìthta twn tim¸n sthn agorˆ.

Mèjodoi EpÐlushc SDEs

Sthn pleioyhfÐa twn peript¸sewn, oi SDEs den epilÔontai analutikˆ. Ant� autoÔ,

qrhsimopoioÔntai arijmhtikèc mèjodoi gia thn prosomoÐwsh diadrom¸n thc diadikasÐac
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X t .

Mèjodoc Euler�Maruyama

H pio apl  kai diadedomènh mèjodoc arijmhtik c prosèggishc twnSDEs eÐnai hEu-

ler�Maruyama , stoqastikì anˆlogo thc mejìdou Euler gia ODEs.

Dedomènou b matoc qrìnou� t, h prosèggish grˆfetai:

X t+� t = X t + � (t; X t )� t + � (t; X t )� Wt (2.2)

'Opou:

ˆ � Wt � N (0; � t): kanonik  tuqaÐa metablht ,

ˆ � t: to b ma metaxÔ diadoqik¸n qronik¸n shmeÐwn.

H mèjodoc epitrèpei thnprosomoÐwsh proseggistik¸n diadrom¸n thc stoqastik c

diadikasÐacX t , kai eÐnai jemeli¸dhc giaMonte Carlo efarmogèc sthn apotÐmhsh para-

g¸gwn.

Pleonekt mata:

ˆ EÔkolh sthn ulopoÐhsh,

ˆ Apotelesmatik  gia mikrˆ b mata � t,

ˆ Katˆllhlh gia megˆlhc klÐmakac upologistikèc proseggÐseic.

Meionekt mata:

ˆ Isqur  tˆxh sÔgklishc 0:5 • apaiteÐ polÔ mikrˆ b mata gia kal  akrÐbeia,

ˆ 'Oqi katˆllhlh gia ˆkamptec   èntona mh grammikècSDEs.
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2.2 TÔpoc tou Itô

O TÔpoc tou Itô epitrèpei ton upologismì tou diaforikoÔ miac sunˆrthshc pou e-

xartˆtai tìso apì ton qrìno ìso kai apì mia stoqastik  diadikasÐa, ìpwc h kÐnhsh

Brown.

ApoteleÐ ousiastikˆ th stoqastik  ekdoq  tou klasikoÔ kanìna thc alusÐdac ( chain

rule) gia sunart seic poll¸n metablht¸n, lambˆnontac upìyh tic idiaiterìthtec twn

stoqastik¸n diadikasi¸n me suneqeÐc allˆ mh diaforÐsimec troqièc.

Proôpojèseic kai DiatÔpwsh

'Estw mia stoqastik  diadikasÐa X t pou ikanopoieÐ th dunamik :

dX t = � (t; X t ) dt + � (t; X t ) dWt (2.3)

'Opou:

ˆ � (t; X t ): h sunˆrthsh parasurmoÔ (drift ),

ˆ � (t; X t ): h sunˆrthsh diasporˆc   metablhtìthtac ( volatility ),

ˆ Wt : h tupik  kÐnhshBrown (Wiener process).

'Estw t¸ra mia sunˆrthsh f (t; X t ), h opoÐa eÐnai:

- dÔo forèc suneq¸c paragwgÐsimh wc procx (dhlad  C2 sto x), - mÐa forˆ suneq¸c

paragwgÐsimh wc proct (dhlad  C1 sto t).

Tìte o tÔpoc tou Itô dÐnei:

df (t; X t ) =

 
@f
@t

+ � (t; X t )
@f
@x

+
1
2

� 2(t; X t )
@2f
@x2

!

dt + � (t; X t )
@f
@x

dWt (2.4)

ErmhneÐa twn 'Orwn

ˆ O pr¸toc ìroc entìc parenjèsewc anaparistˆ to aitiokratikì (  deterministic)

mèroc thc parag¸gishc: exartˆtai apì ton qrìno, to drift kai tic pr¸tec kai

deÔterec parag¸gouc thcf .

ˆ O ìroc 1
2 � 2 @2 f

@x2 eÐnaikajarˆ stoqastik c proèleushc , kai den emfanÐzetai

ston klasikì kanìna thc alusÐdac.
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ˆ O teleutaÐoc ìroc � @f
@xdWt ekfrˆzei th stoqastik  sunist¸sa, dhlad  th sumbol 

tou stoqastikoÔ oloklhr¸matoc mèsw tou dWt .

H eidopoiìc diaforˆ se sqèsh me ton klasikì diaforikì logismì ègkeitai sthn pa-

rousÐa tou deÔterou parag¸gou ìrou. Autì sumbaÐnei epeid  sto stoqastikì logismì:

(dWt )2 = dt (2.5)

dhlad , h diaforik  tou stoqastikoÔ ìrou Brownian motion èqei tetragwnik  su-

neisforˆ pr¸thc tˆxhc, se antÐjesh me ton klasikì logismì, ìpou jewroÔme (dt)2 � 0.

Autìc o \ an¸maloc" qarakt rac tou dWt odhgeÐ sthn tropopoÐhsh tou kanìna thc

alusÐdac • kai sunep¸c sthn anˆgkh tou tÔpou tou Itô .

2.2.1 Parˆdeigma Efarmog c: Gewmetrik  KÐnhsh Brown ( Geo-

metric Brownian Motion )

'Ena apì ta pio diadedomèna upodeÐgmata gia th stoqastik  sumperiforˆ twn tim¸n

metoq¸n eÐnai hGewmetrik  KÐnhsh Brown (Geometric Brownian Motion � GBM ).

H dunamik  thc tim c miac metoq cSt perigrˆfetai apì thn ex c stoqastik  diaforik 

exÐswsh:

dSt = �S t dt + �S t dWt (2.6)

'Opou:

ˆ � : to anamenìmeno posostì apìdoshc (drift ),

ˆ � : h metablhtìthta thc tim c ( volatility ),

ˆ Wt : h tuqaÐa kÐnhshBrown (Wiener process).

Logˆrijmoc thc Tim c � Efarmog  tou TÔpou Itô

Gia na melet soume th sumperiforˆ thc St , efarmìzoume ton tÔpo touItô sth su-

nˆrthsh f (St ) = ln St . JumÐzoume ìti giaf (St ) = ln St , èqoume:

@f
@S

=
1
S

;
@2f
@S2

= �
1

S2

Epomènwc, efarmìzontac ton tÔpo touItô sthn f (St ):
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d ln St =
�

1
St

� �S t �
1
2

�
1

S2
t

� � 2S2
t

�
dt +

1
St

� �S t dWt (2.7)

=
�

� �
1
2

� 2
�

dt + � dW t (2.8)

Oloklhr¸nontac apì 0 èwct:

ln St = ln S0 +
�

� �
1
2

� 2
�

t + �W t (2.9)

'Ara:

St = S0 � exp
��

� �
1
2

� 2
�

t + �W t

�
(2.10)

Logarijmikˆ Kanonik  Katanom 

Apì thn parapˆnw sqèsh prokÔptei ìti o ln St akoloujeÐ kanonik  katanom  me:

E[ln St ] = ln S0 +
�

� �
1
2

� 2
�

t; Var[ln St ] = � 2t

Sunep¸c, h Ðdia hSt akoloujeÐ logarijmikˆ kanonik  katanom  (lognormal

distribution ). Ta basikˆ qarakthristikˆ thc eÐnai:

ˆ H katanom  eÐnai asÔmmetrh, me dexiˆ ourˆ.

ˆ Oi timèc thc St eÐnai pˆnta jetikèc (St > 0).

ˆ Upˆrqei mh mhdenik  pijanìthta gia akraÐec aux seic • sumbatì me tic idiìthtec

twn tim¸n metoq¸n.

H anˆptuxh tou logismoÔ Itô kai h katanìhsh twn idiot twn twn stoqastik¸n e-

xis¸sewn pou basÐzontai sthn kÐnhshBrown apoteloÔn th bˆsh gia thn kataskeu 

upodeigmˆtwn apotÐmhshc qrhmatooikonomik¸n parag¸gwn.
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Sq ma 2.1: Tupik  katanom  logarijmikˆ kanonik c metablht c St



42 Kefˆlaio 2. Montèla ApotÐmhshc Dikaiwmˆtwn ProaÐreshc

2.3 To Je¸rhma tou Girsanov kai h Allag  Pijano-

tikoÔ Mètrou

H apotÐmhsh qrhmatooikonomik¸n parag¸gwn basÐzetai se jewrhtikˆ ergaleÐa pou

epitrèpoun ton kajorismì tim¸n me trìpo sunep  proc thn apousÐa eukairi¸n arbitrage.

Kentrik  idèa se autì to plaÐsio eÐnai h qr sh enìc oudèterou wc proc ton kÐn-

duno mètrou Q, sto opoÐo oi anamenìmenec apodìseic twn tÐtlwn isoÔntai me to

epitìkio qwrÐc kÐnduno kai oi timèc touc prokÔptoun wc proexoflhmènec anamenìmenec

timèc. H metˆbash apì to fusikì mètro P sto mètro Q perigrˆfetai majhmatikˆ mèsw

tou Jewr matoc tou Girsanov .

2.3.1 KÐnhtro gia Allag  Mètrou

Sto fusikì mètro P, h stoqastik  exèlixh twn qrhmatooikonomik¸n megej¸n anti-

katoptrÐzei thn pragmatik  (statistical ) sumperiforˆ thc agorˆc, perilambˆnontac to

prim kindÔnou(market price of risk) pou apaitoÔn oi ependutèc. Wstìso, sthn apotÐmhsh

parag¸gwn mac endiafèrei okajorismìc dÐkaihc tim c bˆsei apousÐacarbitrage,

kˆti pou isqÔei upì to mètro Q, ìpou oi anamenìmenec apodìseic isoÔntai mer .

2.3.2 DiatÔpwsh tou Jewr matoc

'Estw pijanì qwrÐo (
 ; F ; P) me tupik  kÐnhshBrown Wt upì to P. JewroÔme th

diadikasÐa

dX t = � dt + � dWt : (2.11)

To Je¸rhma tou Girsanov lèei ìti upˆrqei mètro Q, isodÔnamo me toP, tètoio

¸ste

dX t = r dt + � d ~Wt ; (2.12)

ìpou
~Wt = Wt +

Z t

0
� s ds (2.13)

eÐnai tupik  kÐnhshBrown upì Q kai

� t =
� � r

�
(2.14)

eÐnai htim  tou kindÔnou agorˆc (market price of risk).

H puknìthta sto qronikì orÐzonta T dÐnetai apì

dQ
dP

�
�
�
F T

= exp

 

�
Z T

0
� s dWs � 1

2

Z T

0
� 2

s ds

!

: (2.15)
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2.3.3 Efarmog  sthn ApotÐmhsh Parag¸gwn

Sto upìdeigma Black�Scholes, upì P:

dSt = �S t dt + �S t dWt : (2.16)

Upì Q (me allag  mètrou katˆ Girsanov):

dSt = rS t dt + �S t d ~Wt : (2.17)

H tim  parag¸gou me katabol  H (ST ) eÐnai

Vt = EQ
h
e� r (T � t ) H (ST )

�
�
� F t

i
: (2.18)

2.3.4 Ennoiologik  ShmeÐwsh: To Mètro Allag c kai to BSM

To je¸rhma tou Girsanov apoteleÐ to jewrhtikì upìbajro thc oudèterhc wc proc ton

kÐnduno prosèggishc, h opoÐa eÐnai o pur nac tou upodeÐgmatocBlack�Scholes�Merton .

Mèsw aut c thc allag c, ta parˆgwga mporoÔn na apotimhjoÔn wc proexoflhmènec

anamenìmenec timèc • apallagmènec apì thn abebaiìthta twn prosdok¸menwn apodìse-

wn.

To BSM montèlo, pou parousiˆzetai sto epìmeno kefˆlaio, basÐzetai pl rwc sthn

upìjesh aut c thc allag c mètrou.
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2.4 Upìdeigma Black�Scholes�Merton (BSM)

To upìdeigmaBlack�Scholes�Merton (BSM) , pou eis qjh to 1973 apì touc Fischer

Black, Myron Scholes kai Robert Merton, apoteleÐ ton jemèlio lÐjo thc sÔgqronhc

jewrÐac apotÐmhshc qrhmatooikonomik¸n parag¸gwn [2], [3]. Gia pr¸th forˆ pareÐqe

mia analutik  kai majhmatikˆ austhr  prosèggish gia thn apotÐmhsh eurwpaðk¸n

dikaiwmˆtwn proaÐreshc , basismènh se stoqastikèc diergasÐec kai sthn ènnoia

twn anaparag¸gimwn qartofulakÐwn (replicating portfolios).

Parˆ tic aplousteutikèc tou upojèseic, to BSM èqei odhg sei se plhj¸ra jewrhti-

k¸n kai praktik¸n epektˆsewn kai paramènei basikì ergaleÐo sthn oikonomik  anˆlush.

2.4.1 Jemeli¸deic Upojèseic tou Montèlou

Gia na katal xei se kleist  majhmatik  morf , to upìdeigma BSM sthrÐzetai se

orismènecidanikèc upojèseic :

1. KÐnhsh thc Tim c tou UpokeÐmenou ( S) :

H tim  S akoloujeÐ gewmetrik  Brownian kÐnhsh (GBM):

dS = �S dt + �S dW t

ìpou � eÐnai o rujmìc apìdoshc,� h metablhtìthta kai Wt Brownian motion.

2. ApousÐa kìstouc sunallag¸n   fìrwn :

H agorˆ jewreÐtai pl rwc apodotik  kai frictionless.

3. Stajerì epitìkio qwrÐc kÐnduno ( r ) :

To epitìkio eÐnai gnwstì kai stajerì katˆ th diˆrkeia zw c tou option.

4. ApousÐa eukairi¸n arbitrage :

Den upˆrqei dunatìthta exasfˆlishc kèrdouc qwrÐc rÐsko.

5. Sunèqeia tim¸n kai reustìthta :

Oi tÐtloi diapragmateÔontai suneq¸c kai qwrÐc periorismoÔc posìthtac.

6. EurwpaðkoÔ tÔpou sumbìlaia :

'Askhsh tou option gÐnetai mìno sth l xh.

7. Stajer  metablhtìthta :

H diakÔmansh twn apodìsewn tou upokeÐmenou den metabˆlletai me ton qrìno.
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2.4.2 Majhmatik  DiatÔpwsh � Kleist  Morf  Timolìghshc

Sto plaÐsio tou montèlou Black�Scholes�Merton , h tim  enìc eurwpaðkoÔ qrhmato-

oikonomikoÔ parag¸gouV (S; t), me upokeÐmeno tÐtlo tim cS kai qrìno t, ikanopoieÐ thn

akìloujh merik  diaforik  exÐswsh:

@V
@t

+
1
2

� 2S2 @2V
@S2

+ rS
@V
@S

� rV = 0

H parapˆnw PDE eÐnai to shmeÐo ekkÐnhshc; to pl recderivation dÐnetai amèswc

parakˆtw mèsw delta-hedging.

Antistˆjmish KindÔnou ( Delta-Hedging )

Exetˆzoume to qartofulˆkio

� = V (S; t) � � S; � =
@V
@S

;

¸ste na eÐnai oudètero se mikrèc metabolèc thc tim cS.

Me efarmog  tou tÔpou tou Itô sth V (S; t) prokÔptei:

dV =

 
@V
@t

+ 1
2 � 2S2 @2V

@S2
+ �S

@V
@S

!

dt + �S
@V
@S

dWt :

H metabol  tou qartofulakÐou eÐnai

d� = d V � � d S =

 
@V
@t

+ 1
2 � 2S2 @2V

@S2

!

dt:

AfoÔ to qartofulˆkio den perièqei kÐnduno, h apìdos  tou prèpei na isoÔtai mer :

d� = r (V � � S) dt:

Exis¸nontac touc ìrouc kai antikajist¸ntac th � , katal goume sth merik  diafo-

rik  exÐswsh
@V
@t

+ 1
2 � 2S2 @2V

@S2
+ rS

@V
@S

� rV = 0 ;

dhlad  thn exÐswshBlack�Scholes.
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2.4.3 Analutik  EpÐlush thc ExÐswshc Black�Scholes

H exÐswshBlack�Scholes eÐnai mia parabolik  merik  diaforik  exÐswsh (PDE) dÔo

metablht¸n, h opoÐa perigrˆfei thn exèlixh thc tim c enìc eurwpaðkoÔ qrhmatooikono-

mikoÔ parag¸gouV(S; t) wc proc ton qrìno kai thn tim  tou upokeÐmenou tÐtlouS.

H epÐlush thc exÐswshc gÐnetai sun jwc me forˆ proc ta pÐsw ston qrìno (dhlad  a-

pì th l xh proc to parìn), qrhsimopoi¸ntac wc arqik  sunj kh th gnwst  tim  tou

parag¸gou sth l xh tou sumbolaÐou.

Oriak  Sunj kh ( Terminal Condition )

H tim  tou parag¸gou th qronik  stigm  thc l xhc T eÐnai gnwst  kai prosdiorÐzetai

apì to payo� thc jèshc:

ˆ Call option: V (S; T) = max( S � K; 0)

ˆ Put option : V (S; T) = max( K � S;0)

Autèc oi sunj kec leitourgoÔn wc arqik  tim  gia thn epÐlush thc exÐswshc proc ta

pÐsw ston qrìno.

Allag  Metablht¸n ( Log-Transformation )

H exÐswshBlack�Scholes eÐnai pio eÔkola epilÔsimh an metasqhmatisteÐ se gnwst 

morf . Autì epitugqˆnetai me katˆllhlh allag  metablht¸n:

� = T � t; x = ln
�

S
K

�
; u(x; � ) = e�x + �� V(S; t)

Oi stajerèc � kai � epilègontai ètsi ¸ste h exÐswsh na aplopoieÐtai. Me katˆllhlh

epilog  aut¸n, h exÐswsh Black�Scholes metasqhmatÐzetai se mia morf  isodÔnamh me

thn klasik  exÐswsh jermìthtac:

@u
@�

=
1
2

� 2 @2u
@x2

H parapˆnw exÐswsh eÐnai gnwst  sth fusik  kai ta majhmatikˆ, kai diajètei kajie-

rwmènec teqnikèc epÐlushc.

Genik  LÔsh thc ExÐswshc Jermìthtac

H exÐswsh jermìthtac epilÔetai mèsw thc sunèlixhc thc arqik c sunj khc f (y) me
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ton pur na thc kanonik c katanom c:

u(x; � ) =
Z 1

�1
f (y) G(x � y; � ) dy

ìpou:

G(x; � ) =
1

p
2��

exp

 

�
x2

2�

!

eÐnai o pur nac thc exÐswshc jermìthtac (Gaussian kernel), dhlad  h puknìthta thc

kanonik c katanom c me mèso mhdèn kai diasporˆ� . Ermhneutikˆ, h tim  u(x; � ) anti-

stoiqeÐ sto anamenìmeno apotèlesma tou arqikoÔf (y), efìson h metablht  x akoloujeÐ

kanonik  diasporˆ apì to shmeÐoy metˆ apì qrìno � .

H qr sh thc sunèlixhc epitrèpei thn analutik  epÐlush thc exÐswshc qwrÐc arijmh-

tikèc mejìdouc.

Efarmog : Timolìghsh EurwpaðkoÔ Call Option

Gia to eurwpaðkìcall option, h oriak  sunj kh sto qrìno l xhc eÐnai:

f (ST ) = max( ST � K; 0)

Metˆ thn allag  metablht¸n, to antÐstoiqo f (y) sth logarijmik  klÐmaka gÐnetai:

f (y) = max( ey � 1; 0)

H lÔsh thc exÐswshc jermìthtac dÐnetai apì:

u(x; � ) =
Z 1

ln(1)
(ey � 1)

1
p

2��
exp

 

�
(x � y)2

2�

!

dy

Autì to olokl rwma, an kai den epilÔetai stoiqeiwd¸c, metatrèpetai se èkfrash pou

perilambˆnei th swreutik  sunˆrthsh kanonik c katanom c N (�). Epistrèfontac stic

arqikèc metablhtèc, katal goume sthn telik  morf  thc tim c:

C = S N(d1) � Ke � rT N (d2)

ìpou:
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d1 =
ln(S=K) +

�
r + 1

2 � 2
�

T

�
p

T
; d2 = d1 � �

p
T

Oi parˆmetroi ermhneÔontai wc:

ˆ S: h trèqousa tim  tou upokeÐmenou tÐtlou.

ˆ K : h tim  exˆskhshc tou dikai¸matoc ( strike price).

ˆ T: o upoleipìmenoc qrìnoc mèqri th l xh.

ˆ r : to epitìkio qwrÐc kÐnduno.

ˆ � : h metablhtìthta thc tim c tou tÐtlou.

ˆ N (�): h ajroistik  sunˆrthsh kanonik c katanom c.

Oikonomik  ErmhneÐa:

H posìthta N (d1) mporeÐ na jewrhjeÐ •upì katˆllhlec upojèseic• wc h pijanìth-

ta (upì to oudètero wc proc ton kÐnduno mètro) ìti to option ja askhjeÐ. AntÐstoiqa, h

N (d2) antistoiqeÐ sthn pijanìthta to upokeÐmeno na brÐsketai pˆnw apì toK katˆ th

l xh, lambˆnontac upìyh th metablhtìthta kai to proexoflhtikì epitìkio.

H morf  thc exÐswshc epitrèpei ton ˆmeso upologismì thc jewrhtik c tim c tou

option, dedomènwn twn paramètrwn thc agorˆc, kai apoteleÐ th bˆsh gia pl joc epe-

ktˆsewn kai proseggÐsewn se pio polÔplokec peript¸seic.

LÔsh gia Eurwpaðkì Put Option

AntÐstoiqa, h kleist  morf  gia thn tim  enìc eurwpaðkoÔ dikai¸matoc p¸lhshc ( put

option) eÐnai:

P = Ke � rT N (� d2) � SN(� d1)

H lÔsh aut  prokÔptei apì thn epÐlush thc exÐswshcBlack�Scholesme tic katˆllhlec

sunoriakèc sunj kec gia put , akolouj¸ntac thn Ðdia diadikasÐa me tocall.

Enallaktikˆ, h tim  tou put mporeÐ na exaqjeÐ mèsw thc sqèshc isotimÐacput�call

parity :

C � P = S � Ke � rT
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H parapˆnw sqèsh diasfalÐzei thn timologiak  sunèpeia metaxÔ twncall kai put op-

tions upì thn upìjesh apousÐac arbitrage, kai mporeÐ na qrhsimopoihjeÐ gia upologismì

thc miac tim c apì thn ˆllh.

2.4.4 Parathr seic, Pleonekt mata kai PeriorismoÐ tou Upo-

deÐgmatoc BSM

To upìdeigmaBlack�Scholes�Merton (BSM) apoteleÐ mia apì tic shmantikìterec je-

wrhtikèc exelÐxeic ston q¸ro twn qrhmatooikonomik¸n parag¸gwn. H suneisforˆ tou

eÐnai ditt , kaj¸c sunduˆzei majhmatik  komyìthta mepraktik  qrhsimìth-

ta , en¸ parˆllhla jètei ta jemèlia gia ektetamènh jewrhtik  anˆptuxh.

Pleonekt mata tou Montèlou

ˆ Majhmatik  Komyìthta:

H epÐlush thc exÐswshcBlack�ScholesaxiopoieÐ teqnikèc apì th fusik  • idiaÐtera

apì thn exÐswsh jermìthtac • enisqÔontac th diaqronik  axÐa thc majhmatik c

anˆlushc kai thc diajematik c prosèggishc.

ˆ Analutik  LÔsh kai Upologistik  Apodotikìthta:

To montèlo prosfèrei kleist  morf  lÔsewn gia call kai put options, epitrèpontac

gr gorh kai akrib  apotÐmhsh qwrÐc thn anˆgkh perÐplokwn arijmhtik¸n mejìdwn

• idanikì gia efarmogèc se pragmatikì qrìno kai timolìghsh megˆlhc klÐmakac.

ˆ JemelÐwsh JewrÐac kai Anaparagwg c:

To BSM eis gage thn ènnoia touself-�nancing qartofulakÐou pou antigrˆfei th

ro  tou option, jemeli¸nontac thn jewrÐa apotÐmhshc parag¸gwn kai uposth-

rÐzontac mellontikèc epektˆseic (merÐsmata, stoqastik  metablhtìthta, tuqaÐa

epitìkia).

ˆ EureÐa Qrhsimìthta sthn Prˆxh:

Parˆ tic aplousteÔseic tou, qrhsimopoieÐtai wc shmeÐo anaforˆc tìso stic qrh-

matooikonomikèc agorèc ìso kai sthn akadhmaðk  èreuna.

PeriorismoÐ kai Kritik 

ˆ Stajer  Metablhtìthta:

H paradoq  stajer c diakÔmanshc agnoeÐ fainìmena ìpwc tovolatility smile kai

volatility skew .
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ˆ AdunamÐa ApotÐmhshc American Options :

To montèlo isqÔei mìno giaEuropean options, mh mpor¸ntac na kalÔyei prìwrh

exˆskhsh.

ˆ Agnìhsh Merismˆtwn:

H basik  ekdoq  agnoeÐ plhrwmèc merismˆtwn, ektìc eˆn prostejoÔn tropopoih-

tikoÐ parˆgontec.

ˆ Idanikèc Sunj kec Agorˆc:

Upojètei pl rh reustìthta, mhdenikˆ kìsth kai apousÐa arbitrage, kˆti pou den

isqÔei realistikˆ.

Sunolik  EktÐmhsh

H analutik  uperoq  kai h jemeli¸dhc suneisforˆ tou upodeÐgmatoc

BSM to kajistoÔn shmeÐo anaforˆc gia kˆje epìmenh jewrhtik  kai praktik  prosèg-

gish. H shmasÐa tou anagnwrÐsthke kai me thn aponom  touBrabeÐou Nìmpel

OikonomÐac stouc Scholeskai Merton.

2.4.5 Parˆdeigma UpologismoÔ � Call Option

S = 100; K = 95; T = 0 :5; r = 0 :05; � = 0 :20

UpologÐzoume:

d1 =
ln(100=95) +

�
0:05 + 1

2 � 0:22
�

� 0:5

0:2
p

0:5
� 0:6102; d2 = d1 � 0:2

p
0:5 � 0:4688

Apì pÐnakec kanonik c katanom c:

N (d1) � 0:7291; N (d2) � 0:6804

Tim  call option:

C = 100 � 0:7291� 95� e� 0:05�0:5 � 0:6804� 9:87

Tim  put option :
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P = 95 � e� 0:05�0:5 � (1 � 0:6804)� 100� (1 � 0:7291) � 2:53

Elègqoume thn isodunamÐaput�call parity :

C � P � 9:87� 2:53 = 7:34

kai

S � Ke � rT = 100 � 95e� 0:05�0:5 � 7:35

opìte h sqèsh epibebai¸netai.
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2.5 Greeks sthn ApotÐmhsh Qrhmatooikonomik¸n Di-

kaiwmˆtwn ProaÐreshc

2.5.1 Eisagwg 

Sthn apotÐmhsh dikaiwmˆtwn proaÐreshc, oi posìthtec pou eÐnai gnwstèc wcGreeks

qrhsimopoioÔntai gia na perigrˆyoun thn euaisjhsÐa thc tim c enìc parag¸gou wc proc

basikèc metablhtèc thc agorˆc, ìpwc h tim  tou upokeÐmenou tÐtlou, h metablhtìthta  

o qrìnoc. O ìroc proèrqetai apì ta ellhnikˆ grˆmmata pou qrhsimopoioÔntai gia thn

anaparˆstash twn antÐstoiqwn parag¸gwn.

Ta GreeksbasÐzontai sth jewrÐa twn parag¸gwn sunart sewn kai antistoiqoÔn se

merikèc   olikèc parag¸gouc thc tim c tou option wc proc metablhtèc ìpwc:

ˆ h tim  tou upokeÐmenou periousiakoÔ stoiqeÐou (S),

ˆ o upoleipìmenoc qrìnoc (t),

ˆ h metablhtìthta ( � ),

ˆ to epitìkio qwrÐc kÐnduno (r ),

H anˆlus  touc èqei krÐsimh shmasÐa gia th dunamik  antistˆjmish kindÔnou, th

sÔnjesh kai diaqeÐrish qartofulakÐwn, kaj¸c kai th beltistopoÐhsh strathgik¸n se

pragmatikì qrìno.

2.5.2 Ta KÔria Greeks

2.5.2.1 Delta ( � ) � EuaisjhsÐa sthn tim  tou upokeÐmenou

Orismìc:

� =
@V
@S

Eidikèc peript¸seic ( Black-Scholes ):

� call = N (d1)

� put = N (d1) � 1

ErmhneÐa: Ekfrˆzei th metabol  thc tim c tou option gia kˆje monˆda metabol c

sthn tim  tou S. An � = 0 :6, tìte mia aÔxhsh �1 sto S auxˆnei thn tim  tou option

katˆ perÐpou �0.6.
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Idiìthtec:

ˆ KumaÐnetai metaxÔ[0; 1] gia calls kai [� 1; 0] gia puts.

ˆ Ekfrˆzei kai thn pijanìthta l xhc in-the-money upì sugkekrimènec upojèseic.

2.5.2.2 Gamma ( � ) � Kampulìthta thc tim c wc proc S

Orismìc:

� =
@2V
@S2

ErmhneÐa: Metrˆ pìso allˆzei h Delta kaj¸c metabˆlletai to S.

Idiìthtec:

ˆ Pˆnta jetik  gia vanilla options.

ˆ Mègisth ìtan to option eÐnaiATM kai kontˆ sth l xh.

Qr sh: H Gamma deÐqnei pìso suqnˆ prèpei na anaprosarmìzetai mia strathgik 

delta hedging. Uyhl  Gamma shmaÐnei auxhmènh metablhtìthta sthDelta kai anˆgkh

gia suqnì rebalancing.

2.5.2.3 Vega ( � ) � EuaisjhsÐa sth metablhtìthta

Orismìc:

Vega =
@V
@�

Eidik  diatÔpwsh ( Black-Scholes ):

Vega = S
p

T � � (d1)

ìpou � (d1) eÐnai h puknìthta thc kanonik c katanom c.

ErmhneÐa: Ekfrˆzei pìso allˆzei h tim  tou option gia kˆje monˆda metabol c

sthn uponooÔmenh metablhtìthta� .

Idiìthtec:

ˆ Pˆnta jetik  gia eurwpaðkˆ options.

ˆ Mègisth ìtan to option eÐnaiATM .

Qr sh: IdiaÐtera shmantik  giavolatility traders kai strathgikèc ìpwc straddles,

strangles, kaj¸c kai sthn apotÐmhsh me bˆshimplied volatility .
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2.5.2.4 Theta ( � ) � Qronik  aposÔnjesh

Orismìc:

� =
@V
@t

Eidik  diatÔpwsh ( Black-Scholes call) :

� call = �
S� (d1)�

2
p

T
� rKe � rT N (d2)

ErmhneÐa: Metrˆ thn epÐdrash thc ro c tou qrìnou sthn tim  tou option.

Idiìthtec:

ˆ Gia long jèseic, h Theta eÐnai arnhtik  (time decay).

ˆ Gia short jèseic, h Theta eÐnai jetik .

Qr sh: AxiopoieÐtai se strathgikèc calendar spreadskai short volatility gia ekme-

tˆlleush thc qronik c fjorˆc.

2.5.2.5 Rho ( � ) � EuaisjhsÐa sto epitìkio qwrÐc kÐnduno

Orismìc:

� =
@V
@r

Special casec (European optionc):

� call = KTe � rT N (d2)

� put = � KTe � rT N (� d2)

ErmhneÐa: Metrˆ pìso ephreˆzetai h tim  tou option apì metabolèc sto r .

Idiìthtec:

ˆ Rho eÐnai jetik  gia calls kai arnhtik  gia puts.

ˆ Shmantik  se peribˆllonta metaballìmenwn epitokÐwn.

Qr sh: An kai sun jwc paragnwrÐzetai, apoktˆ axÐa se makrooikonomikˆ eume-

tˆblhta peribˆllonta kai se interest rate derivatives.
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2.5.3 Sqèseic kai Allhlepidrˆseic twn Greeks

Ta diˆfora Greeksden leitourgoÔn autìnoma; antÐjeta, allhlepidroÔn me mh gram-

mikoÔc kai suqnˆ perÐplokouc trìpouc. H katanìhsh aut¸n twn allhlepidrˆsewn eÐnai

kaÐriac shmasÐac gia thn apotelesmatik , dunamik  kai poluparametrik  diaqeÐrish kin-

dÔnou, idÐwc se sÔnjeta qartofulˆkia parag¸gwn.

2.5.4 Praktik  Qr sh twn Greeks sth DiaqeÐrish KindÔnou

Sthn efarmosmènh diaqeÐrish kindÔnou, oi timèc twnGreeks qrhsimopoioÔntai apì

diaqeiristèc qartofulakÐwn, ependutèc kai analutèc kindÔnou gia thn apotÐmhsh kai pa-

rakoloÔjhsh thc euaisjhsÐac qrhmatooikonomik¸n jèsewn se basikèc paramètrouc thc

agorˆc. H axiopoÐhs  touc uposthrÐzei th diamìrfwsh strathgik¸n antistˆjmishc kai

thn posotikopoÐhsh thc èkjeshc se parˆgontec ìpwc h tim  tou upokeÐmenou, h meta-

blhtìthta   o qrìnoc èwc th l xh.

2.5.4.1 Delta Hedging

Skopìc: Exoudetèrwsh tou kindÔnou tim c tou upokeÐmenou periousiakoÔ stoiqe-

Ðou.

Prosèggish: An ènac ependut c katèqei ènalong call option me� = 0 :6, mporeÐ

na dhmiourg sei ènadelta-neutral qartofulˆkio agorˆzontac   pwl¸ntac 0.6 monˆdec

tou upokeÐmenou stoiqeÐou.

Periorismìc: ApaiteÐ suqn  anaprosarmog  (rebalancing), eidikˆ ìtan h Gamma

eÐnai uyhl .

2.5.4.2 Gamma Hedging

Skopìc: Antimet¸pish tou kindÔnou apì metabolèc thcDelta.

Prosèggish: H exisorrìphsh thc Gamma pragmatopoieÐtai mèsw agorˆc   p¸lh-

shc epiplèon ATM options . Idanik  strathgik  se sunj kec uyhl c metablhtìthtac  

gia sÔnjeta proðìnta me mh grammikˆ qarakthristikˆ.

2.5.4.3 Vega Hedging

Skopìc: ProstasÐa apì metabolèc sthn implied volatility .

Prosèggish: H katˆllhlh epilog  options me jetik    arnhtik  Vega epitrèpei

th meÐwsh thc sunolik c èkjeshc sth metablhtìthta. IdiaÐtera qr simo gia volatility
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arbitrage strategies.

2.5.4.4 Theta Strategies

Skopìc: Ekmetˆlleush thc apomeÐwshc thc axÐac twnoptions lìgw tou qrìnou.

Prosèggish: Short jèseic se strathgikèc ìpwc short straddle, short call spread

  iron condor aposkopoÔn sthn aporrìfhsh tou kèrdouc apì th meÐwsh thctime value.

Wstìso, apaitoÔn austhr  prìbleyh gia periorismènh diakÔmansh sthn tim  tou upoke-

Ðmenou.

2.5.4.5 Paradeigmatik  Anˆlush:

'Estw ìti ènac ependut c diathreÐ jèsh long se call option me ta ex c qarakthristikˆ:

� = 0 :6

� = 0 :09

� = � 0:02

Vega = 0:15

Autì shmaÐnei ìti:

ˆ H tim  tou option auxˆnetai katˆ �0.6 gia kˆje �1 aÔxhshc sto S.

ˆ H Delta auxˆnetai katˆ 0.09 monˆdec gia kˆje monˆda metabol c sto S.

ˆ H jèsh qˆnei �0.02 hmerhsÐwc lìgw qronik c fjorˆc.

ˆ H tim  ephreˆzetai katˆ �0.15 gia kˆje monˆda aÔxhshc thc uponooÔmenhc meta-

blhtìthtac.

An o ependut c epijumeÐ na diathr sei aut  th jèsh qwrÐc èkjesh sth metablhtìthta,

mporeÐ na efarmìseiVega hedging, dhmiourg¸ntac antÐrropec jèseic me arnhtik Vega.

2.5.5 Kritik  kai PeriorismoÐ twn Greeks

Parˆ th megˆlh qrhsimìthtˆ touc sthn anˆlush kai diaqeÐrish qrhmatooikonomikoÔ

kindÔnou, taGreekssunodeÔontai apì shmantikoÔc periorismoÔc, tìso jewrhtikoÔc ìso

kai praktikoÔc. H katanìhsh aut¸n twn periorism¸n eÐnai aparaÐthth gia th swst 

ermhneÐa kai efarmog  touc.
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Exˆrthsh apì Montelopoihtikèc Upojèseic

Oi upologismoÐ twnGreeksbasÐzontai se upojèseic sugkekrimènwn montèlwn, ìpwc

to Black-Scholes, oi opoÐec perilambˆnoun:

ˆ Stajer  metablhtìthta,

ˆ ApousÐa kìstouc sunallag¸n,

ˆ Suneq c diapragmˆteush kai anaprosarmog .

Sthn prˆxh, oi sunj kec autèc spˆnia throÔntai pl rwc.

Dunamik  Sumperiforˆ

Oi timèc twn Greeks metabˆllontai suneq¸c me thn exèlixh tou qrìnou kai twn

paramètrwn thc agorˆc (S, t, � ). Autì kajistˆ aparaÐthth thn suneq  parakoloÔjhsh

kai anaprosarmog  twn strathgik¸n antistˆjmishc.

Upologistik  Poluplokìthta

Se sÔnjeta parˆgwga (p.q. barrier, Asian, lookback, path-dependent options) oi

aploÐ tÔpoi twnGreeks den eÐnai efarmìsimoi. ApaitoÔntai arijmhtikèc mèjodoi ìpwc

Monte Carlo simulation, �nite di�erence methods   automatic di�erentiation .

AdunamÐa se AkraÐec Katastˆseic Agorˆc

Ta Greeksden eparkoÔn gia thn prìbleyh apìtomwn kai akraÐwn gegonìtwn, ìpwc

gewpolitikèc krÐseic, makrooikonomikˆ sok   aprosdìkhtec anakoin¸seic. Se autèc

tic peript¸seic apaitoÔntai epektˆseic tou montèlou ìpwc stochastic volatility   jump-

di�usion .
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2.6 Stoqastikèc Mèjodoi: Prosomoi¸seic Monte Carlo

H mèjodocMonte Carlo apoteleÐ èna euèlikto arijmhtikì ergaleÐo gia thn apotÐmhsh

qrhmatooikonomik¸n parag¸gwn, idÐwc se peript¸seic ìpou den eÐnai diajèsimh analutik 

lÔsh   to prìblhma perilambˆnei uyhl  poluplokìthta kai poludiˆstatec stoqastikèc

metablhtèc.

H basik  idèa thc mejìdou sthrÐzetai sth deigmatolhyÐa tuqaÐwn diadro-

m¸n thc upokeÐmenhc stoqastik c diadikasÐac kai ston upologismì tou anamenìmenou

apotelèsmatoc mèsw mèsou ìrou pˆnw se pollèc anexˆrthtec prosomoi¸seic.

Oi Monte Carlo prosomoi¸seic eÐnai idiaÐtera qr simec gia thn apotÐmhsh parag¸gwn

pou exart¸ntai apì thn poreÐa thc tim c tou upokeÐmenou (path-dependent options),

kaj¸c kai se probl mata me pollèc phgèc abebaiìthtac   se uyhlèc diastˆseic ìpou

ˆllec mèjodoi duskoleÔontai na efarmostoÔn.

2.6.1 Jewrhtik  JemelÐwsh

2.6.1.1 Stoqastikì Upìdeigma gia thn Tim  tou UpokeÐmenou

H upìjesh ìti h tim  thc metoq c St akoloujeÐ gewmetrik  kÐnhshBrown (GBM)

shmaÐnei ìti upakoÔei sthn exÐswsh:

dSt = rS t dt + �S t dWt

ìpou:

ˆ r eÐnai to suneqèc epitìkio qwrÐc kÐnduno (risk-free rate),

ˆ � eÐnai h astˆjeia (volatility ),

ˆ Wt eÐnai mÐa monodiˆstath kÐnhshBrown (  Wiener process).

H parapˆnw stoqastik  diaforik  exÐswsh ( SDE) epilÔetai mèsw touLogismoÔ

Itô , odhg¸ntac se:

St = S0 � exp
��

r �
1
2

� 2
�

t + �W t

�

Aut  h lÔsh eÐnai h bˆsh gia th dhmiourgÐa tuqaÐwn diadrom¸n touSt se èna diakritì

plègma qrìnou me b ma� t.
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2.6.1.2 DiakritopoÐhsh & ProsomoÐwsh

Sto plaÐsio twn Monte Carlo prosomoi¸sewn, h exèlixh thc tim c tou upokeÐmenou

tÐtlou St proseggÐzetai diakritˆ ston qrìno. Upojètoume ìti o qrìnoc mèqri th l xh T

diaireÐtai seN Ðsa diast mata m kouc� t = T=N.

H suneq c dunamik  thc tim c, sÔmfwna me th gewmetrik Brownian motion:

dSt = rS t dt + �S t dWt ;

proseggÐzetai me diakrit  anaparˆstash mèsw thc parakˆtw anadromik c sqèshc:

St+� t = St � exp
��

r �
1
2

� 2
�

� t + �
p

� t � Z t

�

ìpou:

ˆ Z t � N (0; 1) eÐnai anexˆrthtec tuqaÐec metablhtèc me kanonik  katanom  (leukìc

jìruboc),

ˆ r eÐnai to epitìkio qwrÐc kÐnduno,

ˆ � eÐnai h metablhtìthta tou upokeÐmenou tÐtlou.

O ìroc
�
r � 1

2 � 2
�

� t prokÔptei apì thn efarmog  tou logismoÔ Itô ston ekjetikì

metasqhmatismì thc stoqastik c exÐswshc, ¸ste na lambˆnetai upìyh h mèsh apìklish

lìgw thc kurtìthtac thc ekjetik c sunˆrthshc (correction term).

Kˆje prosomoiwmènh diadrom S(i )
t kataskeuˆzetai epanalhptikˆ gia t = 0 ; � t; 2� t; : : : ; T

me anexˆrthta deÐgmataZ t . Epanalambˆnontac th diadikasÐa giaM sunolikèc diadromèc,

apoktoÔme èna sÔnolo telik¸n tim¸nS(1)
T ; : : : ; S(M )

T .

O upologismìc thc tim c tou parag¸gou sthrÐzetai ston ektim¸meno mèso ìro thc

apoplhrwm c f (ST ), proexoflhmènoc me to epitìkio qwrÐc kÐnduno. Sugkekrimèna:

V0 = e� rT � E[f (ST )] � e� rT �
1

M

MX

i =1

f (S(i )
T )

ìpou:

ˆ f (ST ) eÐnai h sunˆrthsh apoplhrwm c tou parag¸gou (p.q. max(ST � K; 0) gia

call),

ˆ M eÐnai o sunolikìc arijmìc twn prosomoiwmènwn diadrom¸n.
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H prosèggish aut  parˆgei ènan ektimht  thc pragmatik c tim c me sfˆlma pou

mei¸netai kaj¸c auxˆnetai o arijmìc twn prosomoi¸sewn. Sugkekrimèna, to tupikì

sfˆlma sugklÐnei me rujmì tˆxhc:

O
�

1
p

M

�

pou eÐnai qarakthristikì thc klasik c statistik c ektÐmhshc mèsw mèsou ìrou ane-

xˆrthtwn deigmˆtwn.

H mèjodoc eÐnai eÔkolh sthn efarmog  kai genikˆ euèlikth, an kai apaiteÐ megˆlo

arijmì deigmˆtwn gia akrib  ektÐmhsh, eidikˆ se probl mata uyhl c diˆstashc   me

asjeneÐc apoplhrwmèc (out-of-the-money options).

2.6.2 Upologistik  UlopoÐhsh

H upologistik  ulopoÐhsh thc mejìdou Monte Carlo gia thn apotÐmhsh qrhmatooi-

konomik¸n parag¸gwn perilambˆnei ta akìlouja diakritˆ kai saf  b mata:

B ma 1: Orismìc Paramètrwn kai Arqik¸n Sunjhk¸n

ˆ KajorÐzontai oi parˆmetroi thc agorˆc kai tou parag¸gou:

� Arqik  tim  tou upokeÐmenou periousiakoÔ stoiqeÐou:S0

� Tim  exˆskhshc: K

� Et sio epitìkio qwrÐc kÐnduno:r

� Metablhtìthta: �

� Qronikìc orÐzontac: T

� Arijmìc prosomoi¸sewn: M

� Arijmìc diakrit¸n qronik¸n bhmˆtwn: N ) � t = T=N

B ma 2: DhmiourgÐa Stoqastik¸n Diadrom¸n ( Path Generation )

ˆ DhmiourgoÔntai tuqaÐec diadromècS(i )
t gia i = 1 ; 2; : : : ; M me qr sh thc diakrito-

poihmènhc gewmetrik cBrownian motion:

S(i )
t+� t = S(i )

t � exp
��

r �
1
2

� 2
�

� t + �
p

� t � Z (i )
t

�

ˆ 'Opou Z (i )
t � N (0; 1) eÐnai anexˆrthta, kanonikˆ katanemhmèna tuqaÐa megèjh.
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B ma 3: Upologismìc Apoplhrwm c se kˆje Diadrom 

ˆ Se kˆje prosomoiwmènh diadrom , upologÐzetai h apoplhrwm f (S(i )
T ). Gia pa-

rˆdeigma, giaEuropean Call Option:

f (S(i )
T ) = max( S(i )

T � K; 0)

B ma 4: EktÐmhsh thc Tim c tou Parag¸gou

ˆ UpologÐzetai o arijmhtikìc mèsoc ìroc twn apoplhrwm¸n:

�f =
1

M

MX

i =1

f (S(i )
T )

ˆ H shmerin  (proexoflhmènh) axÐa tou parag¸gou dÐnetai apì:

V0 = e� rT � �f

B ma 5: Upologismìc Sfˆlmatoc EktÐmhshc kai Empisteutik¸n Dia-

sthmˆtwn

ˆ H diakÔmansh twn apoplhrwm¸n upologÐzetai wc ex c:

s2 =
1

M � 1

MX

i =1

�
f (S(i )

T ) � �f
� 2

ˆ To empisteutikì diˆsthma me epÐpedo empistosÔnhc1 � � � 100%eÐnai:

CI = V0 � z�= 2 �
s

p
M

ìpou z�= 2 eÐnai h krÐsimh tim  apì thn tupik  kanonik  katanom  (p.q.z0:025 = 1 :96

gia 95% empisteutikì diˆsthma).

Autˆ ta b mata sunjètoun thn oloklhrwmènh upologistik  diadikasÐa Monte Carlo,

exasfalÐzontac thn axiopistÐa kai akrÐbeia twn apotelesmˆtwn thc apotÐmhshc qrhma-

tooikonomik¸n parag¸gwn.

2.6.3 Parˆdeigma: European Call Option

Dedomèna:

S0 = 100; K = 100; r = 5% = 0 :05; � = 20% = 0 :20; T = 1
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M = 100;000 prosomoi¸seic

Gia kˆje i = 1 ; : : : ; M , dhmiourgeÐtai ènaZ i � N (0; 1) kai upologÐzetai:

S(i )
T = 100 � exp

��
0:05� 0:5 � 0:22

�
+ 0 :2 � Z i

�

H apoplhrwm  eÐnai:

f (S(i )
T ) = max( S(i )

T � 100; 0)

O mèsoc ìroc twn apoplhrwm¸n proexofleÐtai wc ex c:

V0 = e� 0:05�1 �
1

M

MX

i =1

f (S(i )
T ) � 10:38

2.6.4 Epèktash se American Options : Least Squares Monte Carlo

H timolìghsh American options eÐnai pio apaithtik  se sqèsh me taEuropean options,

kaj¸c prosfèroun ston kˆtoqo th dunatìthta prìwrhc ˆskhshc se opoiod pote qronikì

shmeÐo èwc th l xh.

H idiaiterìthta aut  metatrèpei to prìblhma se z thma diaqronik c apìfashc ,

ìpou h epilog  thc bèltisthc stigm c ˆskhshc sun jwc antimetwpÐzetai me mejìdouc

backward induction.

H klasik  prosèggish Monte Carlo, pou basÐzetai se qronikˆ prowjhmènh proso-

moÐwsh (forward simulation), den eÐnai apì mình thc katˆllhlh gia thn ektÐmhsh thc

bèltisthc strathgik c pr¸imhc ˆskhshc, kaj¸c den uposthrÐzei thn antÐstrofh anˆlu-

sh pou apaiteÐtai.

2.6.4.1 H Prosèggish twn Longsta� kai Schwartz (2001)

H mèjodocLeast Squares Monte Carlo (LSM), pou protˆjhke apì touc Longsta� kai

Schwartz to 2001, sunduˆzei th stoqastik  prosomoÐwsh me palindrìmhsh, prokeimènou

na ektim sei th legìmenhtim  sunèqishc (continuation value) se kˆje qronikì b ma.

Basik  Idèa thc Mejìdou LSM

H kentrik  idèa eÐnai o upologismìc thc tim c sunèqishc mèsw palindrìmhshc ela-

qÐstwn tetrag¸nwn, qrhsimopoi¸ntac dedomèna apì tic prosomoiwmènec diadromèc thc

tim c tou upokeÐmenou tÐtlou:
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E
h
e� r � t Vt+� t

�
�
� St

i
�

dX

j =0

aj � j (St )

ìpou:

ˆ Vt+� t : proexoflhmènh mellontik  plhrwm ,

ˆ � j : sunart seic bˆshc (p.q. polu¸numa Legendre, Hermite),

ˆ aj : ektim¸menoi suntelestèc palindrìmhshc.

B ma proc B ma: Algìrijmoc LSM

ProsomoÐwsh Tim¸n

DhmiourgoÔntaiM prosomoiwmèna monopˆtia thc tim cSt apì to t = 0 èwc to T,

me diakritˆ b mata t0; t1; : : : ; tN , sÔmfwna me:

dSt = �S t dt + �S t dWt

Opisjodrìmhsh ( Backward Induction )

Gia kˆje qronikì b ma apì tN � 1 èwct1:

ˆ Epilègontai ta in-the-money paths (p.q. gia put : K > S t ).

ˆ UpologÐzetai h proexoflhmènh mellontik  plhrwm .

ˆ H plhrwm  proseggÐzetai wc sunˆrthsh tou St mèsw palindrìmhshc, ¸ste na

ektimhjeÐ h tim  sunèqishcC(St ).

Apìfash 'Askhshc

Se kˆje qronik  stigm  t i kai gia kˆje in-the-money path:

Eˆn: ImmediatePayof f > EstimatedContinuationV alue ) gÐnetai ˆskhsh.

Diaforetikˆ, h diakrˆthsh suneqÐzetai.

Upologismìc Telik c Tim c
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H telik  tim  tou option dÐnetai apì:

V0 =
1

M

MX

i =1

e� r i � Payof f i

ìpou i eÐnai h qronik  stigm  ˆskhshc sto antÐstoiqo monopˆti.

Pleonekt mata

ˆ EuelixÐa se path-dependent kai exwtikˆ optionc:

Oi Monte Carlo mèjodoi mporoÔn na qeiristoÔn peript¸seic ìpou h apoplhrwm 

exartˆtai apì thn pl rh poreÐa thc tim c, ìpwc ta Asian, barrier   lookback

options.

ˆ Efarmog  se poludiˆstata montèla:

UposthrÐzoun tautìqronh prosomoÐwsh poll¸n paragìntwn (p.q. basket options,

stoqastikˆ epitìkia, metablhtìthta).

ˆ Enswmˆtwsh empeirik¸n dedomènwn:

MporoÔn na basistoÔn se istorikˆ   mh parametrikˆ dedomèna, qwrÐc austhrèc

upojèseic gia th dunamik .

ˆ Sumbatìthta me parˆllhlh epexergasÐa:

H anexarthsÐa twn diadrom¸n epitrèpei apotelesmatik  parallhlopoÐhsh se polu-

pÔrhna   GPU peribˆllonta.

PeriorismoÐ

ˆ Rujmìc sÔgklishc:

H akrÐbeia auxˆnetai me rujmìO(1=
p

M ), opìte apaiteÐtai megˆloc arijmìc pro-

somoi¸sewn gia meÐwsh tou sfˆlmatoc.

ˆ Teqnikèc meÐwshc diakÔmanshc:

H swst  epilog  mejìdwn (p.q. antithetic variates , control variates, importance

sampling) mporeÐ na eÐnai apaithtik , idÐwc se uyhlèc diastˆseic.
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2.7 Arijmhtikèc Mèjodoi ApotÐmhshc

H apotÐmhsh qrhmatooikonomik¸n dikaiwmˆtwn proaÐreshc mporeÐ na epiteuqjeÐ me th

qr sh diakrit¸n arijmhtik¸n mejìdwn, oi opoÐec prosfèroun euelixÐa kai prosarmosti-

kìthta. Anˆmesa stic pio diadedomènec sugkatalègetai to diwnumikì montèlo (Binomial

Tree) kai oi mèjodoi peperasmènwn diafor¸n (Finite Di�erences ). Oi proseggÐseic au-

tèc kajÐstantai idiaitèrwc qr simec se peript¸seic ìpou den ufÐstantai kleistèc lÔseic,

ìpwc se amerikanikoÔ tÔpou dikai¸mata   se montèla me mh grammikèc paradoqèc.

2.7.1 Diwnumikì Montèlo ( Binomial Tree Model )

To diwnumikì montèlo eis qjh apì touc Cox, Rosskai Rubinstein kai basÐzetai sth

diakritopoÐhsh thc poreÐac thc tim c tou upokeÐmenou tÐtlou se diadoqikˆ qronikˆ b mata

(time steps). H basik  paradoq  eÐnai ìti h tim  akoloujeÐ stoqastik  diadikasÐa tÔpou

random walk, ìpou se kˆje qronikì stˆdio mporeÐ eÐte na auxhjeÐ eÐte na meiwjeÐ me

gnwstèc pijanìthtec.

H apotÐmhsh pragmatopoieÐtai sto plaÐsio thc oudeterìthtac wc proc ton kÐnduno

(risk-neutral valuation ), epitrèpontac thn proexìflhsh twn anamenìmenwn apodìsewn

qwrÐc na apaiteÐtai upokeimenik  ektÐmhsh twn ependut¸n gia ton kÐnduno.

2.7.1.1 Duadikì Montèlo Enìc B matoc

Gia thn apotÐmhsh enìc eurwpaðkoÔcall option, upojètoume èna sunjetikì qartofu-

lˆkio apoteloÔmeno apì:

ˆ mia jèsh se � metoqèc tou upokeÐmenou tÐtlou

ˆ mÐa antÐjeth jèsh (p¸lhsh) se ènacall option.

Skopìc eÐnai h exˆleiyh tou kindÔnou metabol c thc tim c tou upokeÐmenou, dhlad 

h dhmiourgÐahedged portfolio.

'Estw S0 h paroÔsa tim  thc metoq c. To montèlo upojètei ìti metˆ apì èna qronikì

b ma T, h tim  mporeÐ na gÐneiS0u   S0d, meu > 1 kai 0 < d < 1. Oi antÐstoiqec timèc

tou option eÐnaif u kai f d.

H tim  tou option f basÐzetai sthn apousÐa armpitrˆz. H axÐa tou qartofulakÐou

stic dÔo peript¸seic eÐnai:
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Vu = � S0u � f u

Vd = � S0d � f d

Gia na eÐnai to qartofulˆkio akÐnduno, apaiteÐtai:

� S0u � f u = � S0d � f d; (2.19)

pou odhgeÐ se:

� =
f u � f d

S0(u � d)
: (2.20)

H tim  tou option dÐnetai apì thn proexoflhmènh anamenìmenh axÐa:

f = e� rT (pf u + (1 � p)f d) ; (2.21)

ìpou r eÐnai to epitìkio qwrÐc kÐnduno kai

p =
erT � d
u � d

(2.22)

h oudèterh wc proc ton kÐnduno pijanìthta anìdou.

Sq ma 2.2: Diwnumikì sq ma exèlixhc thc tim c thc metoq c se èna qronikì b ma.

To diwnumikì montèlo basÐzetai sthn arq  ìti, se kˆje qronikì b ma, h tim  tou

upokeÐmenou eÐte auxˆnetai katˆu eÐte mei¸netai katˆd. H apotÐmhsh den sthrÐze-

tai stic pragmatikèc pijanìthtec, allˆ se oudèterec wc proc ton kÐnduno pijanìthtec

(risk-neutral probabilities ), oi opoÐec enswmat¸noun to epitìkio qwrÐc kÐnduno kai dia-

sfalÐzoun thn apousÐa eukairi¸n armpitrˆz. 'Etsi, h tim  tou option upologÐzetai wc h

proexoflhmènh anamenìmenh tim  twn mellontik¸n apoplhrwm¸n tou.

H mejodologÐa aut  prosdÐdei sto montèlo jewrhtik  sunèpeia kai to kajistˆ qr si-
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mo tìso se didaktikì ìso kai se upologistikì plaÐsio. Epiplèon, me n qronikˆ b mata

to montèlo dhmiourgeÐ èna diakritì plègma pijan¸n exelÐxewn pou, gia megˆlon, pro-

seggÐzei th suneq  morf  tou upodeÐgmatocBlack�Scholes.

2.7.2 Duadikì Montèlo Pollapl¸n Epipèdwn

Sthn prˆxh, to diwnumikì montèlo enìc   dÔo qronik¸n bhmˆtwn den eÐnai eparkèc

gia thn apotÐmhsh qrhmatooikonomik¸n parag¸gwn, kaj¸c den parèqei ikanopoihtik 

akrÐbeia sthn prosèggish thc stoqastik c sumperiforˆc thc tim c thc metoq c. Gia ton

lìgo autì, stic pragmatikèc efarmogèc qrhsimopoieÐtai èna diwnumikì montèlo polla-

pl¸n bhmˆtwn, sun jwc me 30   perissìtera qronikˆ epÐpeda.

Sq ma 2.3: Diwnumikì dèntro pollapl¸n epipèdwn gia apotÐmhsh dikaiwmˆtwn proaÐre-
shc.

To Sq ma 2.3 apeikonÐzei th genikeumènh morf  enìc diwnumikoÔ dèntrou, ìpwc qrhsi-

mopoieÐtai sthn apotÐmhsh dikaiwmˆtwn. Sto qronikì b mai , upˆrqoun i +1 diaforetikèc

pijanèc timèc thc metoq c, oi opoÐec dÐnontai apì:

Si;j = S0uj di � j ; ìpou j = 0 ; 1; : : : ; i (2.23)

H sqèsh u = 1
d efarmìzetai suqnˆ gia lìgouc summetrÐac ston upologismì twn

tim¸n se kˆje kìmbo tou dèntrou.
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Algebrik  'Ekfrash thc Diwnumik c Prosèggishc

H diwnumik  prosèggish (binomial model) eÐnai mia arijmhtik  mèjodoc apotÐmhshc

parag¸gwn, h opoÐa basÐzetai sth diakritopoÐhsh tou qronikoÔ orÐzonta seN b mata

diˆrkeiac t = T
N . H mèjodoc eÐnai idiaÐtera diadedomènh gia thn apotÐmhsh qrhmato-

oikonomik¸n dikaiwmˆtwn (ìpwc call kai put options), kaj¸c prosfèrei euelixÐa sthn

enswmˆtwsh paramètrwn ìpwc h prìwrh ˆskhsh (se Amerikanikˆ options) kai h katabol 

merismˆtwn.

Tim  tou dikai¸matoc ston kìmbo l xhc

Gia èna eurwpaðkì dikaÐwma p¸lhshc qwrÐc prìwrh ˆskhsh, h tim  sto telikì epÐpedo

i = N dÐnetai apì:

f N;j = max( K � SN;j ; 0) (2.24)

AntÐstoiqa, gia èna eurwpaðkì call option isqÔei:

f N;j = max( SN;j � K; 0) (2.25)

2.7.2.1 Anadromik  apotÐmhsh ( backward induction)

H tim  tou option stouc upìloipouc kìmbouc (i; j ) upologÐzetai anadromikˆ me bˆsh

thn exÐswsh oudèterhc kindunìthtac (risk-neutral valuation ):

f i;j = e� rt [pf i +1 ;j +1 + (1 � p)f i +1 ;j ] (2.26)

ìpou:

p =
ert � d
u � d

(2.27)

eÐnai h pijanìthta oudèterhc kindunìthtac.

Gia thn perÐptwsh AmerikanikoÔ option, h apotÐmhsh tropopoieÐtai wc ex c:

f i;j = max
�
immediateexercisepayo�; e� rt [pf i +1 ;j +1 + (1 � p)f i +1 ;j ]

�
(2.28)
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Parˆdeigma ( European Call Option )

H diadikasÐa apotÐmhshc enìc eurwpaðkoÔcall option akoloujeÐ ta ex c b mata:

1. Kataskeu  tou dèntrou tim¸n thc metoq c , me:

u = e�t ; d =
1
u

; t =
T
N

2. Upologismìc thc pijanìthtac oudèterhc kindunìthtac:

p =
ert � d
u � d

3. ApotÐmhsh sthn telik  qronik  perÐodo:

Vi = N;j = max(0 ; Si = N;j � K )

4. Anadromik  epagwg  ( backward induction ):

Vi;j = e� rt [pVi +1 ;j +1 + (1 � p)Vi +1 ;j ]

Parˆdeigma efarmog c:

'Estw ìti èqoume ta ex c dedomèna:

Parˆmetroc Tim 

S0 (Trèqousa tim  metoq c) 100

K (Tim  exˆskhshc) 100

r (Epitìkio qwrÐc kÐnduno) 5%

� (Metablhtìthta) 20%

T (Diˆrkeia) 1 ètoc

N (Arijmìc bhmˆtwn) 3

UpologÐzoume tic basikèc paramètrouc tou montèlou:

t =
T
N

=
1
3

� 0:3333

u = e�
p

t = e0:2�
p

1=3 � 1:1224

d =
1
u

� 0:8909

p =
ert � d
u � d

=
e0:05�1=3 � 0:8909
1:1224� 0:8909

� 0:5438
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Me bˆsh tic parapˆnw timèc, kataskeuˆzetai diadoqikˆ to diwnumikì dèntro tim¸n

thc metoq c kai sth sunèqeia, mèsw anadrom c, h apotÐmhsh tou eurwpaðkoÔcall option.

PÐnakac 2.1: Diwnumikì dèntro tim¸n gia tocall option (N = 3)

Kìmboc t = 0 t = 1 t = 2 t = 3
j = 0 11:0439 3:5007 0:0000 0:0000
j = 1 17:7139 6:5459 0:0000
j = 2 27:6312 12:2401
j = 3 41:3982

H telik  tim  tou dikai¸matoc, upologismènh sth rÐza tou dèntrou ( V0;0), eÐnai:

V0;0 � 11:04

2.7.3 Mèjodoi Peperasmènwn Diafor¸n

Genikˆ, oi mèjodoi peperasmènwn diafor¸n qrhsimopoioÔntai gia thn apotÐmhsh qrh-

matooikonomik¸n parag¸gwn mèsw prosèggishc thc (suneqoÔc qrìnou) diaforik c e-

xÐswshc pou perigrˆfei thn exèlixh thc tim c tou option me èna sÔsthma (diakritoÔ

qrìnou) diaforik¸n exis¸sewn.

Jewrhtikì Upìbajro

H mèjodoc twn peperasmènwn diafor¸n (Finite Di�erence Methods ) efarmìzetai

sthn arijmhtik  epÐlush thc parabolik c merik c diaforik c exÐswshc Black�Scholes, h

opoÐa prokÔptei apì sunduasmì thc stoqastik c anˆlushc kai thc arq c thc apousÐac

arbitrage:

@V
@t

+
1
2

� 2S2 @2V
@S2

+ rS
@V
@S

� rV = 0 ; (2.29)

ìpou:

ˆ V = V(S; t): h tim  tou dikai¸matoc wc sunˆrthsh thc tim c thc metoq c S kai

tou qrìnou t,

ˆ � : h metablhtìthta thc metoq c,

ˆ r : to epitìkio qwrÐc kÐnduno.

H exÐswsh (2.29) eÐnai anˆlogh me thn exÐswsh jermìthtac me suntelestèc metablh-

toÔc wc procS. H basik  idèa eÐnai na proseggistoÔn oi parag¸goi mèsw diafor¸n se

diakritì plègma (Si ; t j ), ìpou:
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Si = i � S; tj = j � t;

gia i = 0 ; 1; : : : ; M kai j = 0 ; 1; : : : ; N .

•

DiakritopoÐhsh thc ExÐswshc

H diakritopoÐhsh thc exÐswshc (2.29) gÐnetai me antikatˆstash twn parag¸gwn apì

peperasmènec diaforèc. Ta pio koinˆ sq mata eÐnai:

ˆ Explicit Scheme (FTCS) � Forward-Time Central-Space:

V j +1
i � V j

i

� t
+

1
2

� 2S2
i

V j
i +1 � 2V j

i + V j
i � 1

(� S)2 + rS i
V j

i +1 � V j
i � 1

2� S
� rV j

i = 0

ˆ Implicit Scheme (BTCS) � Backward-Time Central-Space:

V j +1
i � V j

i

� t
+

1
2

� 2S2
i

V j +1
i +1 � 2V j +1

i + V j +1
i � 1

(� S)2 + rS i
V j +1

i +1 � V j +1
i � 1

2� S
� rV j +1

i = 0

ˆ Crank�Nicolson (mèsoc ìroc twn dÔo):

Mèsoc ìroc twn prohgoumènwn dÔo sqhmˆtwn anˆ parˆgonta.

Apì th diakritopoÐhsh prokÔptei èna sÔsthma thc morf c:

AV j +1 = BV j + b; (2.30)

ìpou oi pÐnakecA kai B exart¸ntai apì ta sq mata qronik¸n kai qwrik¸n diafor¸n,

kai to diˆnusma b perilambˆnei tic oriakèc sunj kec.

•

Oriakèc kai Telikèc Sunj kec

ˆ Telik  sunj kh: Sto qrìno l xhc T, h tim  tou dikai¸matoc gia call option

eÐnai:

V (S; T) = max( S � K; 0)
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ˆ Oriakèc sunj kec:

V (0; t) = 0 ; V (Smax ; t) = Smax � Ke � r (T � t )

•

Parˆdeigma efarmog c ( Crank�Nicolson , Eurwpaðkì Call )

'Estw to ex c sÔnolo paramètrwn:

Parˆmetroc Tim 

S0 (Tim  metoq c s mera) 100

K (Tim  exˆskhshc) 100

r (Epitìkio qwrÐc kÐnduno) 5%

� (Metablhtìthta) 20%

T (Wrimìthta) 1 ètoc

M (Diakritˆ shmeÐa sto S) 100

N (Qronikˆ b mata) 100

H diakritopoÐhsh tou q¸rou tim¸n gÐnetai me b ma� S = Smax
M kai orÐzetai wcSi =

i � � S gia i = 0 ; 1; : : : ; M . Epilègetai Smax = 3K , ¸ste na diasfalisteÐ ìti to eÔroc

tou plègmatoc kalÔptei timèc thc metoq c ìpou h tim  tou call option proseggÐzei thn

asumptwtik  sumperiforˆ V ! S � K ìtan S ! 1 .

AntÐstoiqa, o qrìnoc diakritopoieÐtai se N b mata, me� t = T
N , kai t j = j � � t gia

j = 0 ; 1; : : : ; N .

H mèjodocCrank�Nicolson efarmìzei mèso ìro metaxÔ touexplicit kai tou implicit

sq matoc, kai odhgeÐ se tridiag¸nio sÔsthma exis¸sewn gia kˆje qronikì b ma j , thc

morf c:

AV j +1 = BV j ;

ìpou V j eÐnai to diˆnusma twn tim¸n tou option gia to qronikì epÐpedot j (ektìc

oriak¸n tim¸n), kai A, B eÐnai tridiag¸nioi pÐnakecM � 1 � M � 1 pou kajorÐzontai apì

touc ex c suntelestèc:

� i =
1
4

� t
�
� 2i 2 � ri

�
; � i = �

1
2

� t
�
� 2i 2 + r

�
; 
 i =

1
4

� t
�
� 2i 2 + ri

�

Oi pÐnakecA kai B domoÔntai wc ex c:
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ˆ O pÐnakacA èqei kentrik  diag¸nio 1� � i , upodiag¸nio � � i kai uperdiag¸nio � 
 i .

ˆ O pÐnakacB èqei kentrik  diag¸nio 1 + � i , upodiag¸nio � i kai uperdiag¸nio 
 i .

H telik  sunj kh (se t = T) efarmìzetai wc:

V N
i = max( Si � K; 0); gia i = 0 ; : : : ; M

kai oi oriakèc sunj kec eÐnai:

V j
0 = 0 ; V j

M = Smax � Ke � r (T � t j ) ; gia kˆje j:

Se kˆje qronikì b ma epilÔetai to sÔsthma me th mèjodoThomas gia tridiag¸nia

sust mata   me apl  aposÔnjesh LU. H tim  tou option sto S0 = 100 kai t = 0 (rÐza

tou plègmatoc) prosdiorÐzetai me parembol  metaxÔ twnSi pou perikleÐoun thn tim  100.

To telikì apotèlesma eÐnai:

V (100; 0) � 10:45

pou apoteleÐ thn proseggistik  tim  tou eurwpaðkoÔcall option, me auxhmènh akrÐbeia

lìgw tou arijmoÔ diakrit¸n bhmˆtwn kai thc deÔterhc tˆxhc qronik c akrÐbeiac tou

sq matoc Crank�Nicolson .

•

2.7.4 Sugkritik  Axiolìghsh

PÐnakac 2.2: SÔgkrish MejìdwnBinomial Tree kai Finite Di�erences

Qarakthristikì Binomial Tree Finite Di�erences
Efarmog  se American Options Nai Nai
AkrÐbeia Auxanìmenh meN Uyhl  (idÐwc meCrank�Nicolson )
Stajerìthta PolÔ kal  Exartˆtai apì to sq ma
Upologistikì Kìstoc Mètrio Uyhlì
Poluplokìthta UlopoÐhshc Qamhl  Mètria�Uyhl 
GenÐkeush se exwtikôptions Periorismènh Isqur 

Sumperasmatikˆ:

H mèjodoc twn peperasmènwn diafor¸n prosfèrei uyhl  akrÐbeia, stajerìthta kai

euelixÐa, eidikˆ gia sÔnjeta parˆgwga (ìpwc barrier options, paramètrouc me qronik 

exˆrthsh, k.ˆ.). To diwnumikì montèlo paramènei wstìso idiaÐtera qr simo gia gr gorh
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kai euèlikth apotÐmhsh apl¸n epilog¸n, idiaÐtera se peribˆllonta periorismènwn upolo-

gistik¸n pìrwn.
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2.8 To Fainìmeno Volatility Smile

2.8.1 Eisagwg 

H klasik  apotÐmhsh dikaiwmˆtwn proaÐreshc me to upìdeigmaBlack�Scholes�Merton

(BSM) sthrÐzetai sthn paradoq  ìti h uponooÔmenh metablhtìthta (implied volatility )

thc tim c tou upokeÐmenou paramènei stajer  se ìlh th diˆrkeia zw c tou sumbolaÐou.

Oi empeirikèc parathr seic stic agorèc parag¸gwn, wstìso, deÐqnoun ìti h upìjesh

aut  den antapokrÐnetai epark¸c sthn pragmatikìthta. H uponooÔmenh metablhtìthta

diaforopoieÐtai susthmatikˆ anˆloga me thn tim  exˆskhshc kai ton qrìno mèqri th l xh,

apokalÔptontac thn anepˆrkeia thc upìjeshc stajer c diakÔmanshc.

'Ena qarakthristikì parˆdeigma apoteleÐ to fainìmeno tou volatility smile , dhlad 

h kampÔlh thc uponooÔmenhc metablhtìthtac wc proc thn tim  exˆskhshc (strike price)

pou emfanÐzei sq ma {qamìgelou}. To fainìmeno èqei plèon anagnwristeÐ wc stajer 

empeirik  parat rhsh me shmantikèc epipt¸seic sthn apotÐmhsh, thn antistˆjmish kai th

diaqeÐrish kindÔnou.

2.8.2 Orismìc kai Grafik  Anaparˆstash

O ìroc volatility smile perigrˆfei to empeirikì eÔrhma ìti ta out-of-the-money kai

in-the-money options emfanÐzoun uyhlìterh uponooÔmenh metablhtìthta se sÔgkrish

me ta at-the-money. H uponooÔmenh metablhtìthta upologÐzetai me anastrof  tou

upodeÐgmatocBSM, ¸ste h parathroÔmenh tim  agorˆc tou option na exhgeÐtai apì thn

tim  thc metablhtìthtac.

Sq ma 2.4: Endeiktik  kampÔlhvolatility smile se sunˆrthsh me to strike price.

'Opwc faÐnetai sto Sq ma 2.4, h uponooÔmenh metablhtìthta eÐnai qamhlìterh kontˆ

sto ATM strike kai auxˆnetai proc tic timèc ITM kai OTM . To prìtupo autì den

mporeÐ na dikaiologhjeÐ apì thn upìjesh kanonikìthtac twn apodìsewn pou uiojeteÐ to

upìdeigmaBSM.
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2.8.3 AitÐec Emfˆnishc Smile

H emfˆnish tou volatility smile apodÐdetai se polloÔc parˆgontec pou antanakloÔn

tìso statistikèc idiìthtec twn agor¸n ìso kai jesmikèc sunj kec:

ˆ Skèdash thc katanom c apodìsewn: Oi apodìseic akoloujoÔn suqnˆ

katanomèc me paqÔterec ourèc (fat tails ) kai arnhtik  asummetrÐa (negative skew-

ness), antÐjeta me thn kanonik  katanom  pou upojètei toBSM.

ˆ KÐndunoc akraÐwn gegonìtwn ( jump risk ): H pijanìthta spˆniwn allˆ

shmantik¸n metabol¸n enisqÔei th z thsh gia OTM puts , auxˆnontac thn upono-

oÔmenh metablhtìthtˆ touc.

ˆ AnisorropÐa prosforˆc kai z thshc: H isqur  z thsh gia sumbìlaia

prostasÐac (p.q. portfolio insurance) ephreˆzei sugkekrimènastrikes, odhg¸ntac

se uyhlìtera premiums.

ˆ PeriorismoÐ tou upodeÐgmatoc BSM : H paradoq  stajer c metablhtìth-

tac den epitrèpei sto montèlo na enswmat¸sei tic dunamikèc prosarmogèc thc a-

gorˆc.

2.8.4 Volatility Skew kai Smirk

To volatility smile den eÐnai pˆntote summetrikì. Se pollèc agorèc parathreÐtai

asummetrÐa, gnwst  wcvolatility skew   smirk. Eidikìtera:

ˆ Reverse skew : Suqnì se metoqèc kai deÐktec, ìpou h uponooÔmenh metablhtìthta

eÐnai uyhlìterh gia OTM puts , antanakl¸ntac thn anˆgkh antistˆjmishc kindÔnou

pt¸shc.

ˆ Forward skew : Suqnì se agorèc emporeumˆtwn, ìpou oi anodikèc kin seic tim¸n

sunodeÔontai apì uyhlìterh uponooÔmenh metablhtìthta lìgw kindÔnwn èlleiyhc

  diataraq¸n sthn prosforˆ.

H morf  thc klÐshc qrhsimopoieÐtai suqnˆ apì touc market makers gia thn exagwg 

plhrofori¸n sqetikˆ me tic prosdokÐec thc agorˆc.

2.8.5 Sunèpeiec sthn ApotÐmhsh kai thn Antistˆjmish

H Ôparxhvolatility smile èqei shmantikèc sunèpeiec tìso sthn apotÐmhsh ìso kai

sth diaqeÐrish kindÔnou:
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ˆ H qr sh stajer c metablhtìthtac odhgeÐ se susthmatikèc apoklÐseic apì tic a-

goraÐec timèc, idÐwc se akraÐastrikes.

ˆ Oi strathgikèc antistˆjmishc pou basÐzontai sto BSM den lambˆnoun upìyh thn

exˆrthsh thc metablhtìthtac apì thn tim  exˆskhshc kai ton qrìno, me apotèlesma

meiwmènh apotelesmatikìthta.

ˆ O upologismìc twn GreeksapaiteÐ prosarmogèc, kaj¸c h metablhtìthta den eÐnai

exwgen c allˆ endogen¸c sundedemènh me ta qarakthristikˆ tou sumbolaÐou.

2.8.6 Sumperˆsmata

To fainìmeno volatility smile anadeiknÔei touc periorismoÔc twn pr¸twn upodeig-

mˆtwn kai thn anˆgkh pio sÔnjetwn proseggÐsewn pou na apotup¸noun th dunamik  thc

agorˆc. H katanìhsh kai enswmˆtws  tou eÐnai krÐsimh tìso se ereunhtikì ìso kai

se praktikì epÐpedo. Sto epìmeno kefˆlaio exetˆzontai montèla metablhtìthtac pou

stoqeÔoun sthn anaparagwg  tou parathroÔmenousmile/skew kai sth beltÐwsh thc

akrÐbeiac sthn apotÐmhsh.





Kefˆlaio 3

Montèla Metablhtìthtac

3.1 KÐnhtro kai Jewrhtikì PlaÐsio

'Opwc suzht jhke sthn Enìthta 2.8, h upìjesh stajer c metablhtìthtac tou BSM

apotugqˆnei na apod¸sei to smile/skew pou parathreÐtai stic agorèc.

To empeirikì smile/skew kajistˆ anagkaÐa montèla ìpou h metablhtìthta exartˆtai

apì K; T  /kai akoloujeÐ stoqastik  dunamik .

Sto parìn kefˆlaio estiˆzoume se treic oikogèneiec: topik , stoqastik  kai ubridik 

metablhtìthta, me èmfash se Dupire, Heston kai SABR.

79



80 Kefˆlaio 3. Montèla Metablhtìthtac

3.2 Topikˆ Montèla Metablhtìthtac ( Local Volatility

Models )

Jemeli¸dhc Idèa

Se antÐjesh me to upìdeigmaBlack�Scholes, ìpou h metablhtìthta jewreÐtai stajer ,

ta topikˆ montèla metablhtìthtac epitrèpoun sthn parˆmetro � na exartˆtai ntetermi-

nistikˆ apì to epÐpedo thc tim c tou upokeÐmenou tÐtlou kai apì ton qrìno, dhlad :

� = � (S; t)

Aut  h prosèggish dÐnei th dunatìthta sto montèlo na apotup¸nei tic parathroÔme-

nec anwmalÐec sthn agorˆ, ìpwc tovolatility smile , epitrèpontac thn pl rh prosarmog 

thc metablhtìthtac sthn epifˆneia twn uponooÔmenwn tim¸n (implied volatility surface ).

To Montèlo tou Dupire

To topikì montèlo metablhtìthtac tou Dupire, to opoÐo protˆjhke to 1994 sthn

ergasÐa�Pricing with a Smile� [4], eisˆgei mia enallaktik  perigraf  thc dunamik c tou

upokeÐmenou tÐtlouSt , sthn opoÐa h metablhtìthta exartˆtai nteterministikˆ apì thn

tim  tou upokeÐmenou kai ton qrìno:

dSt = rS t dt + � (St ; t) St dWt (3.1)

H parapˆnw exÐswsh apoteleÐ tropopoÐhsh thc klasik c dunamik c touBlack�Scholes,

me th diaforˆ ìti h � den eÐnai stajerˆ, allˆ sunˆrthsh twn St kai t. H prosèggish

aut  epitrèpei th montelopoÐhsh metablhtìthtac pou allˆzei anˆloga me to epÐpedo thc

tim c tou tÐtlou kai ton qrìno, ¸ste na anaparaqjeÐ to fainìmeno tou volatility smile .

H antÐstoiqh exÐswsh merik¸n parag¸gwn pou ikanopoieÐ h tim  enìc eurwpaðkoÔ

dikai¸matoc tÔpou call C = C(K; T ), me tim  exˆskhshcK kai qrìno wrÐmanshcT,

eÐnai gnwst  wc exÐswshDupire kai dÐnetai apì:

@C
@T

=
1
2

� 2(K; T ) K 2 @2C
@K2 � rK

@C
@K

+ rC (3.2)

H exÐswsh aut  prokÔptei apì thn arq  thc oudeterìthtac wc proc ton kÐnduno kai

thn upìjesh ìti to C exartˆtai mìno apì K kai T, en¸ h metablhtìthta � (K; T ) mporeÐ

na exaqjeÐ apeujeÐac apì thn agorˆ.
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Proèleush thc exÐswshc H basik  idèa eÐnai h ex c:

- Apì thn oudèterh wc proc ton kÐnduno mèjodo apotÐmhshc, h tim  enìc eurwpaðkoÔ

call option isoÔtai me thn anamenìmenh proexoflhmènh apoplhrwm :

C(K; T ) = e� rT EQ
h
(ST � K )+

i

- Jewr¸ntac ìti h ST akoloujeÐ th stoqastik  exÐswsh (3.1), h sunˆrthsh kata-

nom cf (ST ) exartˆtai apì th morf  thc � (S; t). - AntÐ na proseggÐsoume thf (ST ) me

exomoÐwsh, mporoÔme na paragˆgoume mia exÐswsh pou perigrˆfei th metabol  touC wc

proc to K kai to T.

Mèsw efarmog c tou logismoÔ twn pijan¸n mètrwn ( change of measure) kai me-

jìdwn thc jewrÐac parag¸gwn, katal goume sthn exÐswsh (3.2), h opoÐa apoteleÐ thn

antÐstrofh prosèggish:

> An gnwrÐzoume tic timècC(K; T ) gia kˆje K kai T, mporoÔme na exˆgoume th

� (K; T ) pou tic exhgeÐ.

Arijmhtikìc Upologismìc thc Topik c Metablhtìthtac Apì thn e-

xÐswsh (3.2), prokÔptei mia praktik  morf  gia ton upologismì thc topik c metablh-

tìthtac wc ex c:

� 2
loc(K; T ) =

@C
@T + rK @C

@K � rC
1
2K 2 @2C

@K2

(3.3)

'Opou:

- @C
@T: h euaisjhsÐa thc tim c wc proc ton qrìno (time decay). - @C

@K: h pr¸th

parˆgwgoc wc proc thn tim  exˆskhshc (sqetÐzetai medelta). - @2C
@K2 : h kampulìthta thc

tim c wc proc K (sqetÐzetai megamma).

Gia na efarmosteÐ sthn prˆxh:

1. Kataskeuˆzoume èna plègma(K; T ) apì timèc agorˆc. 2. Efarmìzoume exomˆlun-

sh (p.q. spline   topik  palindrìmhsh) ¸ste na mporoÔme na upologÐsoume parag¸gouc.

3. Eisˆgoume touc arijmhtikoÔc upologismoÔc sthn exÐswsh (3.3).

3.2.0.0.1 Grafik  Apeikìnish H efarmog  tou upologismoÔ se ìlo to (K; T )

parèqei th legìmenh epifˆneia topik c metablhtìthtac ( local volatility surface), h opoÐa

mporeÐ na qrhsimopoihjeÐ wc eÐsodoc se sq mataFinite Di�erences   Monte Carlo.
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Sq ma 3.1: Endeiktik  epifˆneia topik c metablhtìthtac � loc(K; T )

Idiìthtec kai Qarakthristikˆ

Ta topikˆ montèla diajètoun ta ex c qarakthristikˆ:

ˆ Akrib c prosarmog  se epifˆneia metablhtìthtac : H topik  meta-

blhtìthta epilègetai ¸ste na anaparˆgei akrib¸c tic parathroÔmenec timèc twn

vanilla options.

ˆ Nteterministik  fÔsh : Den upˆrqei stoqastikìc ìroc gia thn Ðdia th meta-

blhtìthta • exelÐssetai apìluta problèyima.

ˆ Upokatˆstash pragmatik c dunamik c : An kai to montèlo prosarmìze-

tai sta dedomèna, den antiproswpeÔei aparaÐthta thn alhjin  (real-world) stoqa-

stik  diadikasÐa tou upokeÐmenou tÐtlou.
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Pleonekt mata kai PeriorismoÐ

PÐnakac 3.1: Pleonekt mata kai AdunamÐec Topik¸n Montèlwn

Pleonèkthma Perigraf 

Akrib c bajmonìmhsh Anaparˆgei pl rwc tic timèc twn para-

throÔmenwnvanilla options

Upologistik  apotelesmatikìthta MporeÐ na enswmatwjeÐ se sq mata�-

nite di�erence   Monte Carlo

ApousÐaarbitrage H topik  metablhtìthta eÐnai sumbat 

me thn arq  mh Ôparxhc eukairi¸n ar-

mpitrˆz

Periorismìc Perigraf 

'Elleiyh stoqastik c dunamik c Den sullambˆnei metabolèc sthn meta-

blhtìthta me thn pˆrodo tou qrìnou

Kak  prìbleyh out-of-sample H efarmog  tou se exwtikˆ   mh liquid

strikes odhgeÐ se anakrÐbeiec

DuskolÐa stajer c ektÐmhshc H arijmhtik  exagwg  thc topik c me-

tablhtìthtac apì dedomèna enèqei euai-

sjhsÐa se jìrubo
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3.3 Stoqastikˆ Montèla Metablhtìthtac: To Mo-

ntèlo Heston

Eisagwg 

Ta topikˆ montèla metablhtìthtac, ìpwc tou Dupire, parèqoun euelixÐa sthn pro-

sarmog  thc timolìghshc stic parathroÔmenec timèc twn dikaiwmˆtwn. Wstìso, h basik 

touc adunamÐa eÐnai h apousÐa stoqastik c dunamik c thc metablhtìthtac. Antijètwc,

ta stoqastikˆ montèla metablhtìthtac epitrèpoun sth metablhtìthta na exelÐssetai wc

anexˆrthth stoqastik  diadikasÐa, antanakl¸ntac pio realistikˆ thn astˆjeia kai thn

abebaiìthta twn agor¸n.

To pio eurèwc qrhsimopoioÔmeno upìdeigma aut c thc kathgorÐac eÐnai toHeston

model, to opoÐo eis qjh apì ton Steven Heston to 1993 [5]. To montèlo èqei th

dunatìthta na anaparˆgei èmmesa tovolatility smile/skew qwrÐc thn anˆgkhad hoc

prosarmog¸n.

Dunamik  tou UpodeÐgmatoc

To montèlo tou Heston perigrˆfetai apì to akìloujo sÔsthma stoqastik¸n diafo-

rik¸n exis¸sewn ( SDEs) upì to oudètero wc proc ton kÐnduno mètroQ:

dSt = rS t dt +
p

vt St dW (1)
t (3.4)

dvt = � (� � vt ) dt + �
p

vt dW (2)
t (3.5)

medW (1)
t dW (2)

t = � dt , dhlad  ta dÔo Brownian motions eÐnai susqetismèna me

suntelest  � .

Parˆmetroi tou montèlou

ˆ r : epitìkio qwrÐc kÐnduno

ˆ vt : stigmiaÐa stoqastik  diakÔmansh thc tim cSt

ˆ � : taqÔthta epanaforˆc thc diakÔmanshc proc th mèsh tim 

ˆ � : makroprìjesmh mèsh tim  diakÔmanshc (long-run mean)

ˆ � : metablhtìthta thc diakÔmanshc (volatility of volatility )

ˆ � : suntelest c susqètishc metaxÔ thc tim c tou tÐtlou kai thc diakÔmanshc



85 Kefˆlaio 3. Montèla Metablhtìthtac

Qarakthristik  Sunˆrthsh kai Kleist  LÔsh

'Ena apì ta shmantikìtera pleonekt mata tou upodeÐgmatocHeston eÐnai h Ôparxh

hmi-analutik c lÔshc gia thn tim  eurwpaðk¸n dikaiwmˆtwn proaÐreshc. Sugkekrimèna,

h tim  enìc eurwpaðkoÔcall option dÐnetai apì:

C(S0; K; T ) = S0P1 � Ke � rT P2 (3.6)

ìpou oi ìroi P1 kai P2 eÐnai pijanìthtec upì to oudètero mètro, pou upologÐzontai

mèsw thc qarakthristik c sunˆrthshc � (u) tou log(ST ):

Pj =
1
2

+
1
�

Z 1

0
Re

"
e� iu log K � j (u)

iu

#

du; j = 1 ; 2

Oi qarakthristikèc sunart seic � j (u) eÐnai gnwstèc se kleist  morf  kai exart¸ntai

apì tic paramètrouc tou montèlou kai th qronik  diˆrkeia T.

Autì epitrèpei thn apotelesmatik  arijmhtik  ulopoÐhsh mèsw mejìdwn ìpwc to

FFT (Carr�Madan formula )   to Gauss�Laguerre quadrature.

Pleonekt mata kai PeriorismoÐ

PÐnakac 3.2: Pleonekt mata kai AdunamÐec tou MontèlouHeston

Pleonèkthma Perigraf 
Anaparˆgei volatility smile ProkÔptei endogen¸c mèsw thc stoqa-

stik c dunamik c
Kleist  lÔsh gia eurwpaðkˆ optionc Epitrèpei taqÔ kai akrib  upologismì
Oikonomik  ermhneÐa paramètrwn Oi parˆmetroi sqetÐzontai me ana-

menìmenh metablhtìthta kai mean-
reversion

Periorismìc Perigraf 
Poluplokìthta bajmonìmhshc ApaiteÐ beltistopoÐhsh mh grammik¸n

paramètrwn
Periorismènh euelixÐa seextreme smiles Den prosarmìzetai pl rwc se polÔ

èntonaskeweddedomèna
Upojètei suneq  agorˆ kai ˆrtia agorˆ bˆshc 'Opwc kai to BSM, parablèpei market

microstructure e�ects
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Qr sh sthn prˆxh

To upìdeigmaHeston prosfèrei ènan realistikì sumbibasmì metaxÔ analutikìthtac

kai eukamyÐac. ApoteleÐ basikì ergaleÐo se agorèc me metaballìmenh metablhtìthta,

ìpwc oi agorèc metoq¸n kai sunallˆgmatoc. QrhsimopoieÐtai kurÐwc gia thn apotÐmh-

sh eurwpaðk¸n dikaiwmˆtwn kai thn paragwg volatility surfaces, en¸ uposthrÐzei kai

epektˆseic gia exwtikˆ parˆgwga mèsw arijmhtik¸n mejìdwn. H Ôparxh hmi-analutik c

lÔshc kajistˆ to montèlo upologistikˆ apodotikì, gegonìc pou to kajistˆ katˆllhlo

tìso gia bajmonìmhsh ìso kai gia gr gorec efarmogèc se pragmatikì qrìno.
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3.4 Ubridikˆ Montèla Metablhtìthtac: To Montèlo

SABR

Eisagwg 

To montèlo SABR (Stochastic Alpha Beta Rho) apoteleÐ mÐa euèlikth prosèggish

gia th montelopoÐhsh metablhtìthtac pou sunduˆzei qarakthristikˆ stoqastik c kai

topik c dunamik c. Eis qjh apì touc Hagan, Kumar, Lesniewski Woodwardto 2002 [6]

me skopì thn apotÐmhsh parag¸gwn epÐ epitokÐwn, kai qrhsimopoieÐtai eurèwc se proðìnta

ìpwc swaptions, caplets, kai commodity options.

To montèlo SABR apodÐdei me akrÐbeia thn parathroÔmenh sumperiforˆ thc uponoo-

Ômenhc metablhtìthtac, anaparˆgontacvolatility skew kai smile se eureÐa klÐmaka tim¸n

exˆskhshc.

Dunamik  tou UpodeÐgmatoc

To montèlo perigrˆfetai apì to ex c sÔsthma stoqastik¸n diaforik¸n exis¸sewn

(SDEs), gia mia projesmiak  tim  Ft (p.q. forward swap rate   future price):

dFt = � t F �
t dW (1)

t (3.7)

d� t = �� t dW (2)
t (3.8)

medW (1)
t dW (2)

t = � dt , dhlad  ta dÔo Brownian motions eÐnai susqetismèna.

Parˆmetroi tou montèlou

ˆ � : arqik  metablhtìthta, dhl. � 0 = �

ˆ � 2 [0; 1]: ekjèthc topik c metablhtìthtac • elègqei th sqèsh thc metablhtìth-

tac me to epÐpedo tim c

ˆ � : metablhtìthta thc metablhtìthtac ( vol of vol)

ˆ � : suntelest c susqètishc metaxÔ Ft kai � t

H tim  tou � kajorÐzei th morf  tou montèlou:

- � = 0 : prosèggish tÔpou normal - � = 1 : prosèggish tÔpou lognormal (ìpwc sto

BSM) - 0 < � < 1: endiˆmesec peript¸seic meskew
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Proseggistik  LÔsh: Hagan Formula

An kai den upˆrqei kleist  morf  gia thn katanom  tou FT , oi Hagan et al. pareÐqan

mia proseggistik  exÐswsh gia thn uponooÔmenh metablhtìthta� BSM (K ) pou mporeÐ na

qrhsimopoihjeÐ se tÔpoBlack� Scholes:

� BSM (K ) �
�

(FK )(1� � )=2

(

1 +

"
(1 � � )2

24

�
log

F
K

� 2

+
(1 � � )4

1920

�
log

F
K

� 4
#)

prosarmosmèno me diorj¸seic pou perilambˆnoun ta� , � kai T (qronik  diˆrkeia).

H exÐswsh apodÐdei exairetikˆ thn empeirik  epifˆneia metablhtìthtac me qamhlì upolo-

gistikì kìstoc.

Pleonekt mata kai PeriorismoÐ

PÐnakac 3.3: Pleonekt mata kai AdunamÐec tou MontèlouSABR

Pleonèkthma Perigraf 
Akrib c prosarmog  se skew/ smile To � kai � epitrèpoun elegqìmenh klÐsh

kai kampulìthta
Qamhlì upologistikì kìstoc Proseggistik  lÔsh me qr sh tÔpou

Black
EureÐa efarmog  se epitìkia kai emporeÔmataIdanikì gia long-dated kai low-rate de-

rivativec

Periorismìc Perigraf 
ApousÐa kleistoÔ tÔpou timolìghshc ApaiteÐ proseggÐseic   exomoi¸seic
EuaisjhsÐa se paramètrouc H kak  ektÐmhsh twn� , � odhgeÐ se lan-

jasmèno skew
Den epekteÐnetai eÔkola se exoticc H qr sh tou periorÐzetai kurÐwc se

vanilla options

Qr sh sthn Prˆxh

To montèlo SABR qrhsimopoieÐtai ekten¸c sthn agorˆ parag¸gwn epÐ epitokÐwn,

kai eidikìtera sthn apotÐmhsh kai bajmonìmhsh dikaiwmˆtwn tÔpouswaption. Qˆrh sthn

eukamyÐa tou, epitrèpei thn prosarmog  thc metablhtìthtac stic parathroÔmenec timèc

thc agorˆc gia kˆje qronik  l xh ( expiry) kai gia diaforetikˆ epÐpeda tim¸n exˆskhshc

(strike).

Sthn prˆxh, gia kˆje sunduasmì diˆrkeiac kai l xhc ( tenor�expiry pair ), gÐnetai

xeqwrist  ektÐmhsh (  calibration) twn paramètrwn tou montèlou, ¸ste na apodojeÐ
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me akrÐbeia h antÐstoiqh kampÔlh uponooÔmenhc metablhtìthtac. H pl rhc epifˆneia

metablhtìthtac pou apaiteÐtai gia thn apotÐmhsh kai diaqeÐrish kindÔnou parˆgetai sth

sunèqeia mèsw katˆllhlhc parembol c ( interpolation ) epÐ enìc plègmatocstrike�tenor .
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3.5 'Allec ProseggÐseic: Jump Di�usion kai GARCH

Ektìc apì ta topikˆ, stoqastikˆ kai ubridikˆ montèla metablhtìthtac, èqoun prota-

jeÐ kai ˆllec enallaktikèc proseggÐseic pou aposkopoÔn sthn apotÔpwsh pio sÔnjetwn

qarakthristik¸n thc agorˆc, ìpwc oi apìtomec metabolèc tim¸n kai h eteroskedasti-

kìthta stic apodìseic.

3.5.1 Jump Di�usion Models

Ta upodeÐgmataJump Di�usion , ìpwc to montèlo tou Merton [7], epekteÐnoun th

stoqastik  exÐswsh thc tim c tou upokeÐmenou prosjètontac èna stoqastikì ìro pou

anaparistˆ tuqaÐa ˆlmata sthn tim :

dSt = ( � � �� )St dt + �S t dWt + St dJt

'Opou:

- Jt : kajorÐzei thn emfˆnish ˆlmatoc mèswPoisson process- � : èntash twn almˆtwn

(anamenìmena ˆlmata anˆ monˆda qrìnou) -� : mèsh sqetik  metabol  thc tim c katˆ to

ˆlma

Ta montèla autˆ epitrèpoun thn apotÐmhsh parag¸gwn me qarakthristikˆ aposu-

nèqeiac kai eÐnai katˆllhla gia agorèc me uyhl  pijanìthta aifnÐdiwn gegonìtwn (p.q.

earnings announcements, gewpolitikèc krÐseic).

3.5.2 GARCH Models

Ta upodeÐgmataGARCH (Generalized Autoregressive Conditional Heteroskedastic-

ity ), ìpwc tou Bollerslev (1986)[8], qrhsimopoioÔntai kurÐwc sth statistik  montelopo-

Ðhsh apodìsewn. AntÐ na upojètoun metablhtìthta ek twn protèrwn, thn upologÐzoun

endogen¸c bˆsei palaiìterwn apodìsewn kai diakumˆnsewn:

� 2
t = ! + �� 2

t � 1 + �� 2
t � 1

En¸ arqikˆ den sqediˆsthkan gia timolìghsh options, mporoÔn na enswmatwjoÔn se

apotimhtikˆ plaÐsia (GARCH option pricing ) kai exhgoÔn fainìmena ìpwcclustering thc

metablhtìthtac kai makroprìjesmh mn mh.

Ta GARCH-tÔpou montèla eÐnai qr sima giabacktesting strathgik¸n kai gia oiko-

nomikoÔc upologismoÔc kindÔnou (p.q.VaR), an kai den qrhsimopoioÔntai ekten¸c sthn
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timolìghsh exeidikeumènwn parag¸gwn lìgw thc èlleiyhc dunamik c prosomoÐwshc thc

agorˆc.





Kefˆlaio 4

Sullog  kai EpexergasÐa

Dedomènwn

Sta prohgoÔmena kefˆlaia parousiˆsthkan ta jewrhtikˆ jemèlia thc apotÐmhshc para-

g¸gwn: to montèlo Black�Scholes�Merton , oi mhqanismoÐ timolìghshc kai ta montèla

metablhtìthtac pou epitrèpoun thn anaparagwg  tou volatility smile . Apì autì to shme-

Ðo kai èpeita, h ergasÐa strèfetai sthn ulopoÐhsh: sth sullog  pragmatik¸n dedomènwn

agorˆc, sthn kataskeu  upologistik c upodom c kai sthn efarmog  twn montèlwn se

peribˆllon backtesting.

H posotik  anˆlush kai apotÐmhsh qrhmatooikonomik¸n dikaiwmˆtwn proaÐreshc a-

paiteÐ thn Ôparxh axiìpistwn, leptomer¸n kai qronikˆ eujugrammismènwn dedomènwn.

Wstìso, se antÐjesh me ta dedomèna tim¸n metoq¸n pou eÐnai eurèwc diajèsima, ta

dedomèna gia thn agorôptions eÐnai suqnˆ ellip , asuneq    prosbˆsima mìno mèsw e-

mporik¸n parìqwn. Gia thn kˆluyh aut c thc anˆgkhc, anaptÔqjhke mia prosarmosmènh

diadikasÐa sullog c dedomènwn, basismènh sePython.
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4.1 Arqitektonik  kai UlopoÐhsh Sullog c Dedomènwn

4.1.1 Arqitektonik  kai AutomatopoÐhsh

H diadikasÐa sullog c dedomènwn ulopoieÐtai me qr sh thc biblioj khcy�nance,

h opoÐa epitrèpei programmatistik  prìsbash stic timèc metoq¸n kai dikaiwmˆtwn pro-

aÐreshc (options) pou eÐnai diajèsimec sthn platfìrma Yahoo Finance. H sullog 

pragmatopoieÐtai gia èna sÔnolo epilegmènwn metoq¸n kai perilambˆnei:

ˆ L yh twn istorik¸n hmer siwn tim¸n ( end-of-day) gia kˆje metoq .

ˆ Anˆkthsh ìlwn twn diajèsimwn seir¸n call kai put gia kˆje hmeromhnÐa l xhc.

ˆ Apoj keush twn dedomènwn se arqeÐaCSV, organwmèna katˆ metoq  kai hmero-

mhnÐa l yhc.

H ektèlesh thc parapˆnw diadikasÐac èqei automatopoihjeÐ mèsw mhqanismoÔ sune-

qoÔc programmatismènhc ektèleshc, me th qr shGitHub Actions . Sugkekrimèna, qrh-

simopoieÐtai ènacscheduled work�ow, o opoÐoc energopoieÐtai kajhmerinˆ me qronismì

cron, prosarmosmèno sth qrhmatisthriak  drasthriìthta twn Hnwmènwn Politei¸n.

Katˆ thn ektèlesh, to antÐstoiqo Python script anaktˆ ta dedomèna apì toy�nance,

ekteleÐ basikì èlegqo plhrìthtac, kai ta apojhkeÔei se ierarqhmènh dom  katalìgwn anˆ

ticker kai hmeromhnÐa. Ta dedomèna twn optionc qwrÐzontai secalls.csv kai puts.csv

kai apojhkeÔontai entìc katalìgou me bˆsh thn hmeromhnÐa ektèleshc, p.q.

data / MSFT/options/2025-07-15/ .

Sto tèloc thc diadikasÐac, to perieqìmeno tou apojethrÐou enhmer¸netai me qr sh

git commit/push , diathr¸ntac ètsi arqeÐo twn dedomènwn anˆ hmèra kai enisqÔontac th

dunatìthta epanˆlhyhc thc anˆlushc.

H epilog  aut c thc prosèggishc aposkopeÐ sthn axiìpisth kai susthmatik  kata-

graf  dedomènwn, me èmfash sthn eukolÐa diaqeÐrishc kai sthn elaqistopoÐhsh qeiro-

kÐnhthc parèmbashc. Epiplèon, h enswmˆtwsh thc diadikasÐac sullog c sto peribˆllon

tou GitHub dieukolÔnei thn parakoloÔjhsh thc ro c kai thn tekmhrÐwsh twn epimèrouc

bhmˆtwn.

4.1.2 Epilog  TÐtlwn kai Dom  Dedomènwn

To sÔnolo twn metoq¸n epilèqjhke ¸ste na perilambˆnei uyhl c reustìthtac tÐtlouc

apì diaforetikoÔc tomeÐc thc oikonomÐac, ìpwc parousiˆzetai ston PÐnaka 4.1.
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Ticker EtaireÐa
AAPL Apple Inc.
AMZN Amazon.com Inc.
BRK.B Berkshire Hathaway Inc. (Class B)

DIS The Walt Disney Company
GOOGL Alphabet Inc. (Class A)

JNJ Johnson & Johnson
JPM JPMorgan Chase & Co.

META Meta Platforms Inc.
MSFT Microsoft Corporation
NVDA NVIDIA Corporation

PG Procter & Gamble Co.
SPY SPDR S&P 500 ETF Trust

TSLA Tesla Inc.
UNH UnitedHealth Group Inc.

V Visa Inc.
XOM Exxon Mobil Corporation

PÐnakac 4.1: Epilegmènoi tÐtloi gia sullog  dedomènwn

4.1.3 UlopoÐhsh K¸dika

O k¸dikac eÐnai grammènoc sePython kai organwmènoc ¸ste na ekteleÐ:

ˆ Anˆkthsh ìlwn twn diajèsimwn l xewn sumbolaÐwn.

ˆ L yh kai sugq¸neush twn dedomènwncalls kai puts.

ˆ Apoj keush se ierarqhmènh dom  fakèlwn anˆ hmeromhnÐa kai tÐtlo.

To basikì tm ma tou k¸dika sunoyÐzetai wc ex c:

Sq ma 4.1: Anˆkthsh kai apoj keush dedomènwnoptions

ticker = yf.Ticker("AAPL")

for expiry in ticker.options:
chain = ticker.option_chain(expiry)
calls = chain.calls.copy()
puts = chain.puts.copy()

calls["expiration"] = expiry
puts["expiration"] = expiry

calls.to_csv(f"data/AAPL/options/{expiry}/calls.csv")
puts.to_csv(f"data/AAPL/options/{expiry}/puts.csv")

Parˆllhla, sullègontai kai ta istorikˆ hmer sia dedomèna gia th metoq :
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Sq ma 4.2: Apoj keush istorik¸n tim¸n metoq c

hist = ticker.history(period="max", interval="1d")
hist.to_csv("data/AAPL/historical_prices.csv")

4.1.4 Poiìthta kai PeriorismoÐ

Parìti h Yahoo Finance apoteleÐ mia eurèwc qrhsimopoioÔmenh phg  dedomènwn,

entopÐzontai orismènoi periorismoÐ:

ˆ AdunamÐa l yhc istorik¸n dedomènwnoptions gia prohgoÔmenec hmèrec (mìno stig-

miaÐa dedomèna).

ˆ H kajustèrhsh sthn enhmèrwsh mporeÐ na ephreˆsei th qronoseirˆ.

Gia ton metriasmì aut¸n twn periorism¸n, h sullog  gÐnetai kajhmerinˆ ¸ste na

exasfalisteÐ h mègisth dunat  plhrìthta se metagenèsterh anˆlush.
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4.2 Diajesimìthta kai Kìstoc Dedomènwn Options

Se antÐjesh me ta dedomèna tim¸n metoq¸n, ta opoÐa eÐnai eÔkola kai dwreˆn diajèsima

apì pollèc phgèc, ta dedomèna giaoptions chainseÐnai sun jwc pio dÔskolo na brejoÔn

kai suqnˆ parèqontai mìno apì emporikoÔc parìqouc me uyhlì kìstoc. Autì apoteleÐ

shmantikì empìdio gia dokimèc kai peirˆmata se akadhmaðkì   ereunhtikì plaÐsio.

Gia skopoÔcbacktesting, diatÐjetai elˆqisto ulikì dwreˆn. 'Ena apì ta pio qr sima

datasetseÐnai to:

ˆ SPY Daily EOD Options Quotes (2020�2023) � diajèsimo sto Kaggle, me

hmer sia dedomèna gia tic alusÐdec dikaiwmˆtwn proaÐreshc touSPY ETF .1

To dataset autì eÐnai periorismèno, kaj¸c kalÔptei mìno to SPY ETF kai mìno gia

thn perÐodo 2020�2023, allˆ apoteleÐ mia kal  afethrÐa gia dokimèc.

Parˆllhla, sto plaÐsio thc paroÔsac ergasÐac anaptÔssetai èna dikì macdataset

mèsw thc diadikasÐac sullog c dedomènwn pou parousiˆsthke sthn prohgoÔmenh enìth-

ta. Me autìn ton trìpo dhmiourgeÐtai mia pio oloklhrwmènh bˆsh dedomènwn pou ka-

lÔptei perissìterouc tÐtlouc kai sto mèllon, gia megalÔtero qronikì orÐzonta.

H upodom  aut  uposthrÐzei thn efarmog  pou anaptÔqjhke sto plaÐsio thc erga-

sÐac. Sto epìmeno kefˆlaio parousiˆzetai p¸c ta dedomèna enswmat¸nontai sta epi-

mèroucmodules, sto peribˆllon ulopoÐhshc kai sth diadrastik  axiopoÐhsh twn para-

pˆnw datasets.

1https://www.kaggle.com/datasets/kylegraupe/spy-daily-eod-options-quotes-2020-2022/
data





Kefˆlaio 5

Arqitektonik  kai UlopoÐhsh

Sust matoc

To kefˆlaio autì parousiˆzei thn arqitektonik  kai thn teqnik  ulopoÐhsh tou su-

st matoc axiolìghshc strathgik¸n parag¸gwn. Perigrˆfontai ta basikˆ domikˆ stoi-

qeÐa logismikoÔ, oi sqediastikèc apofˆseic, kai h orgˆnwsh twnmodulespou ulopoioÔn

montèla metablhtìthtac, timolìghshc kai opisjodrìmhshc. 'Emfash dÐnetai sthn epe-

ktasimìthta, thn axiopistÐa kai ton kajarì diaqwrismì eujun¸n metaxÔ twn epipèdwn

tou sust matoc.
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5.1 UlopoÐhsh Basik¸n Modules

Sto parìn tm ma parousiˆzoume ta kÔria domikˆ stoiqeÐa logismikoÔ pou apoteloÔn

thn efarmog . H logik  èqei organwjeÐ se anexˆrthtec enìthtec ( modules) me kajarˆ

orismènainterfaces, ¸ste na diasfalÐzetai epanaqrhsimopoÐhsh kai epektasimìthta.

5.1.1 Montèla Metablhtìthtac ( Volatility Models )

H epilog  montèlwn metablhtìthtac basÐsthke kurÐwc sthn ikanìthtˆ touc na dia-

qeirÐzontai thnaraiìthta kai thn anomoiomorfÐa twn hmer siwn dedomènwnEoD. Pro-

tim jhkan mèjodoi pou diathroÔn arijmhtik  stajerìthta kai kataskeuˆzoun axiìpistec

epifˆneiec metablhtìthtac akìmh kai ìtan to diajèsimo plègma strike�expiry eÐnai pe-

riorismèno   me elleÐyeic. Autì mei¸nei ton kÐnduno uperefarmog c kai kajistˆ ta

apotelèsmata katˆllhla gia realistik  timolìghsh kai opisjodrìmhsh se pragmatikˆ

dedomèna agorˆc.

Qarakthristikˆ twn Dedomènwn ( EoD ) Ta dedomèna eÐnai hmer sia (End-of-

Day) kai proèrqontai apì istorikˆ option chains kai spot timèc. Autì shmaÐnei ìti to

plègmastrike�expiry eÐnai peperasmèno, anomoiìmorfo kai me jìrubo, en¸ oi parˆgwgoi

wc proc K kai T eÐnai arijmhtikˆ astajeÐc. Gia ton lìgo autì protim¸ntai montèla pou

leitourgoÔn axiìpista me araiˆ dedomèna.

Montèla pou Qrhsimopoi jhkan

ˆ Fixed Volatility Model : qrhsimopoieÐtai wcbaselinegia èlegqo orjìthtac kai

sugkrÐseic. Aplì sthn efarmog , epitrèpei elegqìmena peirˆmata kai benchmark-

ing ˆllwn mejìdwn   strathgik¸n.

ˆ Istorik  Metablhtìthta : upologÐzei thn pragmatopoihjeÐsa metablhtìthta

apì qronoseirèc spot, mèsw kuliìmenhc tupik c apìklishc logarijmik¸n apodìse-

wn. Prosfèrei èna mètro {ek twn ustèrwn} thc abebaiìthtac thc agorˆc kai

qrhsimopoieÐtai kurÐwc giabacktesting kai sÔgkrish me thn uponooÔmenh metablh-

tìthta.

ˆ UponooÔmenh Metablhtìthta ( Implied IV ) : exˆgetai apì tic timèc a-

gorˆc twn options mèsw antistrof c tou tÔpou Black�Scholes. ApoteleÐ deÐkth

prosdok¸menhc metablhtìthtac pou enswmat¸nei tic prosdokÐec thc agorˆc

anˆ strike kai l xh. Oi timèc thc sugkrotoÔn tic epifˆneiec IV surfaces, basikì

ergaleÐo gia anˆlush (smile, skew) kai backtesting strathgik¸n. 'Opou apousiˆzei

to akribèc strike, efarmìzetai parembol  gia sunèqeia.
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ˆ SABR : parametrikì montèlo pou epitrèpei omal  prosarmog  tou smile/ skew se

kˆje l xh, akìmh kai me araiˆ dedomèna. QrhsimopoieÐtai kurÐwc kontˆ stoATM ,

ìpou h agorˆ eÐnai pio reust , ¸ste na parèqei stajerèc kai omalèc kampÔlecIV ,

katˆllhlec gia diadrastik  optikopoÐhsh kai timolìghsh.

Montèla pou Den Qrhsimopoi jhkan

ˆ Dupire Local Volatility : apaiteÐ pukn  kai omal  epifˆneia, kˆti mh realistikì

meEoD dedomèna.

ˆ Heston : dÔskolh bajmonìmhsh paramètrwn me hmer sia dedomèna, upologistikˆ

barÔ gia diadrastikìthta.

ˆ Ubridikˆ local-stochastic kai GARCH : apaitoÔn puknìtera dedomèna  

apeujÔnontai perissìtero se realized dynamicsparˆ se IV surfaces.

Sunèpeiec SqediasmoÔ H epilog  IV / SABR exasfalÐzei isorropÐa anˆmesa se

stajerìthta, taqÔthta kai epark  pistìthta. H estÐash kontˆ sto ATM belti¸nei thn

axiopistÐa, en¸ h qr sh historical volatility parèqei shmeÐo anaforˆc gia th sÔgkrish me

tic prosdokÐec thc agorˆc.

UlopoÐhsh Montèlwn Metablhtìthtac Sth sunèqeia paratÐjentai endeikti-

kˆ apospˆsmata k¸dika pou deÐqnoun ton trìpo me ton opoÐo ulopoi jhkan ta parapˆnw

montèla. O stìqoc eÐnai na anadeiqjeÐ tìso h afhrhmènh dom  (interface) pou epibˆl-

lei omoiomorfÐa, ìso kai h praktik  efarmog  mèsw parametrik¸n montèlwn, ìpwc to

SABR. Gia to teleutaÐo, axiopoi jhke h biblioj kh QuantLib , h opoÐa perilambˆnei

ètoimec klˆseic kai sunart seic gia qrhmatooikonomik  montelopoÐhsh kai parembol 

kampul¸n metablhtìthtac.

Sq ma 5.1: Afhrhmènh klˆsh VolatilityModel

1 class VolatilityModel(ABC):

2 """

3 Abstract base class for all volatility models.

4 """

5

6 @abstractmethod

7 def get_vol(self, strike: float, T: float, day: str, expiry: str) -> float:

8 """

9 Compute the volatility for a given option contract.

10

11 Parameters:
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12 - strike (float): Option strike price

13 - T (float): Time to maturity in years

14 - day (str): Evaluation date (as a string or timestamp)

15 - expiry (str): Expiry date of the option

16

17 Returns:

18 - float: Volatility value

19 """

H sugkekrimènh ulopoÐhsh qrhsimopoieÐcaching gia thn apofug  epanupologismoÔ

twn paramètrwn SABR se kˆje kl sh. H bajmonìmhsh gÐnetai mÐa forˆ anˆ zeÔgoc

hmeromhnÐac-l xhc kai apojhkeÔetai sesabr_cache. gia stajerìterh prosarmog .

Sq ma 5.2: UlopoÐhshSABRVolatilityModel me qr sh QuantLib

1 class SABRVolatilityModel(VolatilityModel):

2 """

3 A faster SABR volatility model with calibration caching.

4 """

5

6 def __init__(self, market_data, beta: float = 0.5):

7 self.calls_df = market_data.calls_df

8 self.spot_lookup = market_data.spot

9 self.beta = beta

10 self.sabr_cache = {} # cache for fitted SABR interpolators

11

12 def get_vol(self, strike: float, T: float, day: str, expiry: str) -> float:

13 expiry_date = pd.to_datetime(expiry).normalize().date()

14 day_date = pd.to_datetime(day).normalize().date()

15 cache_key = (day_date, expiry_date)

16

17 # Use cached SABR interpolation if available

18 if cache_key in self.sabr_cache:

19 sabr = self.sabr_cache[cache_key]

20 return float(sabr(strike, allowExtrapolation=True))

21

22 # Filter relevant option data

23 df = self.calls_df[

24 self.calls_df["expiration"] == pd.Timestamp(expiry_date)

25 ].copy()

26 df = df.dropna(subset=["impliedVolatility"])

27 if df.empty:

28 return 0.2

29

30 # Get spot price

31 spot = self.spot_lookup.get(day_date, None)

32 if spot is None:

33 return 0.2

34

35 # Filter for near-the-money strikes

36 df["moneyness"] = abs(df["strike"] - spot) / spot

37 df = df[df["moneyness"] < 0.02]

38 if len(df) < 5:

39 return 0.2
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40

41 # Prepare SABR inputs

42 strikes = tuple(np.round(df["strike"].values.astype(float), 4))

43 ivs = tuple(

44 np.round(

45 pd.to_numeric(df["impliedVolatility"], errors="coerce")

46 .fillna(0.0)

47 .values,

48 6,

49 )

50 )

51

52 # Set QuantLib dates and maturity

53 ql_expiry = Date(expiry_date.day, expiry_date.month, expiry_date.year)

54 ql_eval = Date(day_date.day, day_date.month, day_date.year)

55 Settings.instance().evaluationDate = ql_eval

56 T = Actual365Fixed().yearFraction(ql_eval, ql_expiry)

57

58 if T <= 0:

59 return 0.2

60

61 # Fit SABR interpolation

62 sabr = SABRInterpolation(

63 list(strikes),

64 list(ivs),

65 T,

66 spot,

67 alpha=0.2,

68 beta=self.beta,

69 nu=0.5,

70 rho=0.0,

71 alphaIsFixed=False,

72 betaIsFixed=True,

73 nuIsFixed=False,

74 rhoIsFixed=False,

75 )

76

77 self.sabr_cache[cache_key] = sabr

78

79 return float(sabr(strike, allowExtrapolation=True))

5.1.2 Montèla Timolìghshc ( Pricing Models )

H efarmog  perilambˆnei diaforetikèc mejìdouc timolìghshc gia eurwpaðkˆ dikai¸mata,

me skopì thn sÔgkrish thc akrÐbeiac kai thc upologistik c poluplokìthtac. Kˆje

montèlo ulopoieÐtai wc anexˆrthth klˆsh pou epekteÐnei èna koinìinterface, epitrèpontac

thn eÔkolh enallag  mejìdwn sto Ðdio peribˆllon.

Montèla pou Ulopoi jhkan

ˆ Black�Scholes : analutikìc tÔpoc gia options.

ˆ Monte Carlo Simulation : stoqastik  prosomoÐwsh me dunatìthta upologismoÔ
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diasthmˆtwn empistosÔnhc.

ˆ Binomial Tree : diakritì montèlo pou uposthrÐzei kai amerikanikˆ optionc.

ˆ Finite Di�erence (Crank�Nicolson) : arijmhtik  epÐlush tou Black�Scholes

PDE gia megalÔterh euelixÐa.

'Ola ta parapˆnw axiopoioÔn thn koin  afhrhmènh klˆsh PricingModel, h opoÐa exa-

sfalÐzei eniaÐointerface gia thn timolìghsh, me paramètrouc ìpwc tim  upokeÐmenou,

strike, l xh kai tÔpoc option. Endeiktikˆ paratÐjentai parakˆtw h afhrhmènh klˆsh

kai h ulopoÐhsh touBlack�Scholes.

Sq ma 5.3: Afhrhmènh klˆsh PricingModel

1 class PricingModel(ABC):

2 def __init__(

3 self,

4 volatility_model: VolatilityModel = FixedVolatilityModel(0.2),

5 rate_provider: Optional[callable] = None,

6 ):

7 self.volatility_model = volatility_model

8 self.rate_provider = (

9 rate_provider if rate_provider is not None else get_risk_free_rate

10 )

11

12 @abstractmethod

13 def price_option(

14 self,

15 spot: float,

16 strike: float,

17 expiry: datetime,

18 option_type: str,

19 day: datetime,

20 ) -> float: ...

Sq ma 5.4: UlopoÐhshBlackScholesModel

1 class BlackScholesModel(PricingModel):

2 def price_option(

3 self,

4 spot: float,

5 strike: float,

6 expiry: datetime,

7 option_type: str,

8 day: datetime,

9 ) -> float:

10 # Get risk-free rate
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11 risk_free_rate = self.rate_provider(day)

12

13 # Time to maturity

14 T = (expiry - day).days / 365.0

15 if T <= 0:

16 return 0.0

17

18 # Volatility

19 vol = self.volatility_model.get_vol(strike, T, day, expiry)

20 if vol <= 0:

21 return 0.0

22

23 # Black-Scholes formula

24 d1 = (log(spot / strike) + (risk_free_rate + 0.5 * vol**2) * T) / (vol

* sqrt(T))

25 d2 = d1 - vol * sqrt(T)

26

27 if option_type == "call":

28 return spot * norm.cdf(d1) - strike * exp(-risk_free_rate * T) *

norm.cdf(d2)

29 elif option_type == "put":

30 return strike * exp(-risk_free_rate * T) * norm.cdf(-d2) - spot *

norm.cdf(-d1)

31 else:

32 raise ValueError("Unknown option type")

5.1.3 UlopoÐhsh Mhqan c Opisjodrìmhshc ( Backtesting Engine )

H mhqan  opisjodrìmhshc apoteleÐ ton pur na tou sust matoc axiolìghshc strathgi-

k¸n options. Sqediˆsthke me bˆsh thn epektasimìthta, thn akrÐbeia twn upologism¸n

kai th diafˆneia thc logik c, epitrèpontac th susthmatik  sÔgkrish diaforetik¸n pro-

seggÐsewn se istorikˆ dedomèna agorˆc.

Arqitektonik  kai Sqediastikˆ Prìtupa To sÔsthma akoloujeÐ thn arq 

tou diaqwrismoÔ eujun¸n me xeqwristˆ modules gia kˆje leitourgikìthta. H qr sh

sqediastik¸n protÔpwn ( Strategy, Registry, Policy Pattern ) epitrèpei thn prosj kh

nèwn strathgik¸n qwrÐc tropopoÐhsh toucore engine, thn anexˆrthth antikatˆstash

politik¸n upologismoÔ ( margin, assignment) kai thn epèktash me nèec metrikèc kindÔnou.

To diˆgramma klˆsewn (Sq ma 5.5) apeikonÐzei ta kÔriacomponents.
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Sq ma 5.5: Diˆgramma arqitektonik c sust matoc opisjodrìmhshc

SÔsthma DiaqeÐrishc Paramètrwn To sÔsthma diaqeÐrishc paramètrwn epi-

trèpei thn tupopoihmènh d lwsh, validation kai tekmhrÐwsh twn paramètrwn kˆje stra-

thgik c. Kˆje parˆmetroc orÐzetai mèsw thc klˆshc ParameterSpec, h opoÐa perilam-

bˆnei ìnoma, tÔpo dedomènwn, proepilegmènh tim , ìria tim¸n kai perigraf . H mèjodoc

validate() ekteleÐ autìmata èlegqo tÔpou kai eÔrouc, epistrèfontac thn epikurwmènh

tim    pet¸ntac exception se perÐptwsh sfˆlmatoc.

To sÔsthma exasfalÐzei:

ˆ Tupik  asfˆleia : autìmath metatrop  kai èlegqoc tÔpwn (FLOAT, INT,

PERCENTAGE, k.lp.)

ˆ 'Elegqo orÐwn : autìmath apìrriyh tim¸n ektìc epitreptoÔ eÔrouc

ˆ Proepilegmènec timèc : kˆje parˆmetroc èqei asfal  proepilog 

ˆ TekmhrÐwsh : kˆje parˆmetroc sunodeÔetai apì perigraf 

Sq ma 5.6: SÔsthmavalidation paramètrwn

1 @dataclass

2 class ParameterSpec:

3 name: str
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4 param_type: ParameterType # FLOAT, INT, PERCENTAGE, etc.

5 default: Any

6 min_value: Any = None

7 max_value: Any = None

8 description: str = ""

9 required: bool = False

10

11 def validate(self, value: Any) -> Any:

12 """Validate and convert parameter value"""

13 if value is None:

14 return self.default

15

16 # Type conversion (float, int, bool, etc.)

17 # Range validation (min_value, max_value)

18 # Return validated value or raise ValueError

19 ...

Afhrhmènh Klˆsh Strathgik¸n 'Olec oi strathgikèc klhronomoÔn apì thn

BaseStrategy , h opoÐa orÐzei to basikìinterface:

Sq ma 5.7: Afhrhmènh klˆsh BaseStrategy

1 class BaseStrategy(ABC):

2 def __init__(self, name: str, description: str = "",

3 pricing_model=None, **parameters):

4 self.name = name

5 self.description = description

6 self.pricing_model = pricing_model

7 self.config = StrategyConfig()

8 self.state = {} # Internal state for tracking

9

10 # Setup parameter specifications

11 self._setup_parameters()

12 # Validate and set parameters

13 self.config.validate_and_set(**parameters)

14

15 @abstractmethod

16 def generate_orders(self, market_data: MarketData,

17 day: datetime, expiry: datetime,

18 **kwargs) -> list[Order]:

19 """Generate orders for a given day and expiry"""

20 ...

21

22 def on_trade_close(self, trade_result: dict[str, Any]):

23 """Callback when a trade closes"""

24 ...

H klˆsh parèqei mejìdouc gia validation entol¸n, èlegqo diplìtupwn jèsewn anˆ expiry,

parakoloÔjhsh metrik¸n apìdoshc kai diaqeÐrish katˆstashc metaxÔtrades.

Parˆdeigma UlopoÐhshc: ATM Straddle Strategy H strathgik  ATM Strad-

dle apoteleÐ endeiktikì parˆdeigma thc pl rouc enswmˆtwshc ìlwn twn parapˆnw mh-

qanism¸n. H ulopoÐhsh perilambˆnei orismì paramètrwn, èlegqo timolìghshc kai para-
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gwg  entol¸n.

Sq ma 5.8: UlopoÐhshATM Straddle • Orismìc Paramètrwn

1 @register_strategy("ATMStraddle")

2 class ATMStraddleStrategy(BaseStrategy):

3 def __init__(self, name="ATMStraddle", **parameters):

4 super().__init__(

5 name=name,

6 description="Long straddle with size scaled to spot price",

7 **parameters

8 )

9

10 def _setup_parameters(self):

11 """Define parameter specifications"""

12 super()._setup_parameters() # Get common parameters

13

14 self.config.add_parameter_spec(ParameterSpec(

15 name="size_factor",

16 param_type=ParameterType.POSITIVE_FLOAT,

17 default=0.01,

18 min_value=0.001,

19 max_value=1.0,

20 description="Size as percentage of spot (0.01 = 1% of spot)"

21 ))

22

23 self.config.add_parameter_spec(ParameterSpec(

24 name="days_before_expiry",

25 param_type=ParameterType.POSITIVE_INT,

26 default=5,

27 min_value=1,

28 max_value=30,

29 description="Days before expiry to enter trade"

30 ))

31

32 self.config.add_parameter_spec(ParameterSpec(

33 name="max_price_ratio",

34 param_type=ParameterType.POSITIVE_FLOAT,

35 default=1.25,

36 min_value=1.0,

37 max_value=3.0,

38 description="Max ratio of market price to theoretical"

39 ))

H mèjodoc_setup_parameters() kaleÐtai autìmata katˆ thn arqikopoÐhsh kai orÐzei

tic prodiagrafèc paramètrwn. To sÔsthmavalidation exasfalÐzei ìti oi timèc pou pa-

rèqontai apì to UI   scripts eÐnai ègkurec prin apì thn ektèlesh.

Sq ma 5.9: UlopoÐhshATM Straddle • Paragwg  Entol¸n

1 def generate_orders(self, market_data: MarketData,

2 day: datetime, expiry: datetime,

3 **kwargs) -> list[Order]:

4 """Generate ATM straddle orders"""

5 spot = market_data.get_spot(day)

6 if spot is None:

7 return []
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8

9 # Check for duplicate expiry

10 if self._should_skip_expiry(expiry):

11 return []

12

13 # Calculate position size based on spot

14 size = max(1, int(spot * self.config.get("size_factor")))

15

16 # Get option chains

17 calls = market_data.get_option_chain(day, expiry, kind="call")

18 puts = market_data.get_option_chain(day, expiry, kind="put")

19 if calls.empty or puts.empty:

20 return []

21

22 # Find ATM strikes

23 call = market_data.pick_atm(calls, spot)

24 put = market_data.pick_atm(puts, spot)

25 if call.empty or put.empty:

26 return []

27

28 call_row, put_row = call.iloc[0], put.iloc[0]

29 call_mid = (call_row["bid"] + call_row["ask"]) / 2

30 put_mid = (put_row["bid"] + put_row["ask"]) / 2

31

32 # Pricing evaluation (uses pricing_model if available)

33 if not self._evaluate_pricing(spot, call_row, put_row,

34 call_mid, put_mid, expiry, day):

35 return []

36

37 # Create orders

38 orders = [

39 Order(symbol=call_row["contractSymbol"],

40 order_type=OrderType.CALL, side=OrderSide.BUY,

41 size=size, price=call_mid,

42 strike=call_row["strike"], expiry=expiry,

43 timestamp=day, strategy_id=self.name),

44 Order(symbol=put_row["contractSymbol"],

45 order_type=OrderType.PUT, side=OrderSide.BUY,

46 size=size, price=put_mid,

47 strike=put_row["strike"], expiry=expiry,

48 timestamp=day, strategy_id=self.name)

49 ]

50

51 # Mark expiry as active

52 if orders:

53 self._mark_expiry_active(expiry)

54

55 return self.validate_orders(orders)

H parapˆnw ulopoÐhsh anadeiknÔei ta basikˆ qarakthristikˆ tou sust matoc: prìsbash

se paramètrouc mèswself.config.get() , èlegqo diplìtupwn expiries, upologismì

jèsewn bˆsei spot, eÔreshATM strikes , proairetikì èlegqo timolìghshc kai dhmiourgÐa

epikurwmènwn entol¸n.
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Ulopoihmènec Strathgikèc To sÔsthma perilambˆnei treic klasikèc strathgi-

kèc me diaforetikˆ profÐl kindÔnou-apìdoshc. 'Olec ulopoioÔnpricing �lters gia apìrri-

yh upotimhmènwn   upertimhmènwn jèsewn, kaj¸c kai logik  diaqeÐrishcassignmentkai

rolling positions. Oi treic strathgikèc sunoyÐzontai ston PÐnaka 5.1 kai eggrˆfontai

autìmata mèsw tou@register_strategy decorator, epitrèpontac th dunamik  fìrtws 

touc apì to UI   scripts.

PÐnakac 5.1: Qarakthristikˆ ulopoihmènwn strathgik¸n

Strathgik  Jèseic ProfÐl
Covered Call Long stock, short call Paragwg  eisod matoc, mètria a-

pìdosh
ATM Straddle Long call, long put (ATM ) Long volatility , summetrik 
Strangle Long call, long put (OTM ) Qamhlì kìstoc, megˆlo

breakeven

5.1.3.1 Mhqan  UpologismoÔ P&L ( PnLEngine )

To PnLEngine eÐnai upeÔjuno gia ton akrib  upologismì kerd¸n kai zhmi¸n sth l xh,

lambˆnontac upìyh polÔplokec katastˆseic ìpwc covered positions, assignment kai

liquidation . Oi basikèc upojèseic tou montèlou eÐnai:

ˆ Snapshot model : ApotÐmhsh se mÐa tim spot katˆ th l xh

ˆ European settlement : Den upˆrqei prìwrh ˆskhsh

ˆ Assignment-�rst : Ta ITM short calls prokaloÔn assignmentprin opoiad pote

liquidation

ˆ Covered logic : Ta covered short callsden apaitoÔnmargin

ˆ Position tracking : Oi jèseic mporoÔn na diathrhjoÔn (hold)   na reustopoihjoÔn

(liquidate)

H dom  tou engine basÐzetai se enallˆximec politikèc (pluggable policies). Oi treic

basikèc politikèc pou qrhsimopoioÔntai eÐnai: (a) toMarginModel gia ton upologismì

apaitoÔmenou kefalaÐou, (b) toAssignmentPolicy gia th logik  anˆjeshc jèsewn,

kai (g) to UnderlyingResolver gia ton entopismì tou upokeÐmenou tÐtlou kˆje jèshc.

Aut  h arqitektonik  epitrèpei thn eÔkolh prosarmog  tou sust matoc se diaforetikˆ

proðìnta   agorèc.

Sq ma 5.10: Dom  tou PnLEngine

1 @dataclass

2 class PnLEngine:

3 """Portfolio P&L calculator with swappable policies"""

4
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5 margin_model: MarginModel = field(default_factory=DefaultMarginModel)

6 assignment_policy: AssignmentPolicy = field(

7 default_factory=DefaultAssignmentPolicy)

8 underlying_resolver: UnderlyingResolver = field(

9 default_factory=SimpleUnderlyingResolver)

10

11 def calculate(self, positions: list[Position],

12 spot_expiry: float,

13 force_liquidation: bool = False

14 ) -> tuple[float, float, dict]:

15 """

16 Compute total P&L, capital used, and breakdown per position.

17

18 Returns:

19 (total_pnl, total_capital, breakdown_by_position_id)

20 """

21 # Group by underlying

22 # Process options (calculate payoffs, check coverage)

23 # Process stocks (check assignment, liquidation)

24 # Return aggregated results

25 ...

To engineqwrÐzei th logik  se dÔo exeidikeumènouc upologistèc:

ˆ OptionCalculator : UpologÐzeipayo� , P&L kai margin gia options. Elègqei an

ènashort call eÐnaicoveredapì long stock.

ˆ StockCalculator : DiaqeirÐzetai th reustopoÐhsh metoq¸n, eÐte mèswassignment

(an upˆrqei ITM short call ), eÐte sthn agorˆ (forced liquidation   short covering).

Gia kˆje jèsh, to breakdown perilambˆnei:

ˆ TÔpo jèshc (buy/ sell, call/ put / stock)

ˆ P&L kai mègejoc

ˆ Premium, payo� , entry/ exit timèc

ˆ Status (assigned, liquidated, hold)

ˆ An  tan covered

5.1.3.2 Metrikèc KindÔnou ( RiskMetrics )

H klˆsh RiskMetrics upologÐzei èna sÔnolo metrik¸n apìdoshc kai kindÔnou gia thn

axiolìghsh twn strathgik¸n. Oi metrikèc perilambˆnoun:

Metrikèc Apìdoshc

ˆ Total P&L : Sunolikˆ kèrdh/zhmÐec se apìluta nomÐsmata

ˆ Win Rate : Posostì kerdofìrwn trades
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ˆ Pro�t Factor : Lìgoc kerd¸n proc zhmÐec

ˆ Total Return % : Sunolik  apìdosh wc posostì tou kefalaÐou

ˆ Average Return % : Mèsh apìdosh anˆ trade

Metrikèc KindÔnou

ˆ Sharpe Ratio : Prosarmosmènh ston kÐnduno apìdosh (excess return/ volatility )

ˆ Value at Risk (VaR) : Mègisth zhmÐa se 95% kai 99%con�dence levels

ˆ Conditional VaR (CVaR) : Anamenìmenh zhmÐa pèran touVaR (tail risk )

ˆ Maximum Drawdown : Mègisth pt¸sh apì topikì mègisto

ˆ Standard Deviation : Metablhtìthta twn apodìsewn

H mèjodoc summarize() dèqetai èna DataFrame me trades kai epistrèfei èna

RiskMetrics dataclass instanceme ìlec tic parapˆnw metrikèc. Autì epitrèpei:

ˆ SÔgkrish strathgik¸n se eniaÐa bˆsh

ˆ Anˆlush apìdoshc anˆ expiry

ˆ Sugkentrwtik  axiolìghsh se ìlo to backtest

5.1.3.3 Mhqan  Ektèleshc ( BacktestEngine )

To BacktestEngine suntonÐzei ìla ta parapˆnw componentskai ekteleÐ tic strathgikèc

se istorikˆ dedomèna. H ro  ektèleshc gia kˆje expiry eÐnai:

1. ProetoimasÐa : Fìrtwsh option chains gia to expiry, eÔresh diajèsimwn hme-

romhni¸n sunallag¸n

2. Trading Calendar : Filtrˆrisma se pragmatikèc hmèrec sunallag¸n ( NYSE

calendar) kai epilog  entry day bˆsei days_before_expiry

3. Order Generation : Kl sh thc strathgik c gia paragwg  entol¸n

4. Position Opening : Metatrop  entol¸n se jèseic me entry prices

5. Upologismìc P&L : Upologismìc kerd¸n/zhmi¸n sth l xh me to PnLEngine

6. Enhmèrwsh katˆstashc : Enhmèrwshstrategy state kai parakoloÔjhsh a-

noiqt¸n jèsewn

7. Katagraf  metrik¸n : Apoj keush apotelesmˆtwn kai upologismìc Risk-

Metrics
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To engineuposthrÐzei:

ˆ Pollaplèc strathgikèc : Ektèlesh parˆllhlwn strathgik¸n sta Ðdia dedo-

mèna

ˆ Rolling positions : Diat rhsh jèsewn metaxÔ expiries (gia Covered Call)

ˆ Forced liquidation : Telik  reustopoÐhsh ìlwn twn anoiqt¸n jèsewn

ˆ Progress tracking : Callbacks gia enhmèrwshUI katˆ thn ektèlesh

To apotèlesma epistrèfetai wc BacktestResult dataclasspou perièqei:

ˆ summary : Metrikèc kindÔnou anˆexpiry

ˆ trades : Anˆlush anˆ sunallag 

ˆ total_summary : Sugkentrwtikˆ apotelèsmata

Sq ma 5.11: Parˆdeigma ektèleshcbacktesting

1 # Initialize engine with market data

2 engine = BacktestEngine(market_data, calendar=TradingCalendar("NYSE"))

3

4 # Create strategy with parameters

5 strategy = ATMStraddleStrategy(

6 name="MyStraddle",

7 pricing_model=BlackScholesModel(volatility_model=sabr),

8 size_factor=0.01,

9 max_price_ratio=1.25,

10 days_before_expiry=5

11 )

12

13 # Run backtest across expiries

14 result = engine.run_strategy(

15 strategy=strategy,

16 expiries=expiry_dates,

17 force_liquidate=True,

18 progress_callback=update_progress

19 )

20

21 # Access results

22 print(f"Total P&L: ${result.total_pnl:,.2f}")

23 print(f"Sharpe Ratio: {result.total_summary['sharpe_ratio'].iloc[0]:.2f}")

24 print(f"Win Rate: {result.total_summary['win_rate'].iloc[0]:.1%}")

5.1.3.4 Qarakthristikˆ Arqitektonik c

H arqitektonik  tou sust matoc prosfèrei ta ex c qarakthristikˆ:

ˆ Epektasimìthta : Nèec strathgikèc prostÐjentai me 50-100 grammèc k¸dika

ˆ Testability : Kˆje component mporeÐ na dokimasteÐ anexˆrthta
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ˆ Diafˆneia : Analutikì breakdown gia kˆje jèsh kai sunallag 

ˆ EuelixÐa : Enallˆximec politikèc gia diaforetikèc agorèc   proðìnta

ˆ AxiopistÐa : Immutable results kai validation se kˆje stˆdio

5.1.3.5 Upojèseic kai PeriorismoÐ Montèlou

H mhqan  opisjodrìmhshc basÐzetai se èna sÔnolo aplopoi sewn pou dieukolÔnoun thn

ulopoÐhsh kai thn ermhneÐa twn apotelesmˆtwn. Oi kuriìterec upojèseic eÐnai:

Ektèlesh kai Kìsth Sunallag¸n

ˆ Ektèlesh sth mèsh tim  ( mid-price ) : Oi entolèc ekteloÔntai sthn pa-

reqìmenh tim  (sun jwc to mèso ìro bid/ask ) qwrÐcslippage, merik  ektèlesh  

kajustèrhsh

ˆ Mhdenikˆ kìsth sunallag¸n : Den upologÐzontai prom jeiec, tèlh, fìroi

  ˆlla kìsth

ˆ Aperiìristh reustìthta : Opoiod pote mègejoc jèshc mporeÐ na ektelesteÐ

sthn epijumht  tim  qwrÐc epÐdrash sthn agorˆ (market impact)

ˆ Aplopoihmènoc pollaplasiast c : Ta options antimetwpÐzontai wc mo-

nˆdec 1:1 me to upokeÐmeno (ìqiÖ100 ìpwc sthn pragmatikìthta)

Qronismìc kai Timolìghsh

ˆ Snapshot backtesting : Kˆje sunallag  axiologeÐtai se dÔo qronikˆ shmeÐa•mÐa

hmeromhnÐa eisìdou kai mÐa hmeromhnÐa exìdou (l xh). Den upˆrqei exˆrthsh apì

thn poreÐa thc tim c metaxÔ eisìdou kai exìdou

ˆ Eurwpaðkˆ options : Ta dikai¸mata askoÔntai mìno sth l xh, qwrÐc dunatìthta

prìwrhc ˆskhshc ( American-style)

ˆ Assignment sth l xh : H anˆjesh ( assignment) twn short calls sumbaÐnei

autìmata sth l xh an eÐnai in-the-money, qwrÐc endiˆmesa gegonìta

ˆ Hmerolìgio sunallag¸n : QrhsimopoieÐtai to hmerolìgio touNYSE gia ton

prosdiorismì twn hmer¸n sunallag¸n

Strathgik  kai Kefˆlaio

ˆ Monadik  eÐsodoc anˆ l xh : Gia kˆje hmeromhnÐa l xh, h strathgik  gen-

nˆ entolèc mìno sthn pr¸th epilèximh hmèra sunallag¸n, qwrÐc epaneisìdouc  

endiˆmesec prosarmogèc
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ˆ Aplopoihmèno margin : Ta covered short callsapaitoÔn mhdenikìmargin, en¸

gia ta uncovered short callsto apaitoÔmeno perij¸rio upologÐzetai wc

max (20%� spot � size; 10%� premium � size)

ˆ AgnooÔntai merÐsmata kai qrhmatodìthsh : Den upologÐzontai merÐsma-

ta tou upokeÐmenou, kìsth daneismoÔ giashort jèseic,   tìkoi se tameiakˆ upìloipa

ˆ Exanagkasmènh reustopoÐhsh : Sto tèloc thc opisjodrìmhshc, ìlec oi

anoiqtèc jèseic metoq¸n reustopoioÔntai sthn tim  spot qwrÐcslippage

Upologismìc P&L kai Metrik¸n

ˆ Snapshot P&L : Ta kèrdh/zhmÐec upologÐzontai sth l xh wc diaforˆ metaxÔ

payo� kai premium gia options, kai wc diaforˆ tim¸n gia metoqèc pou pwloÔntai

ˆ Seirˆ epexergasÐac : Ta options epexergˆzontai prin tic metoqèc, ¸ste na

prosdioristeÐ swstˆ h kˆluyh ( coverage) twn short calls

ˆ Sharpe Ratio : UpologÐzetai apì th seirˆ twn P&L (ìqi apodìsewn), upojèto-

ntac 252 hmèrec sunallag¸n kai epitìkio 2% ethsÐwc

ˆ VaR/CVaR : UpologÐzontai apì thn empeirik  katanom  twnP&L twn sunalla-

g¸n, qwrÐc upìjesh sugkekrimènhc jewrhtik c katanom c

Sunèpeiec kai PeriorismoÐ Oi parapˆnw aplopoi seic epitrèpoun thn taqeÐa u-

lopoÐhsh kai thn eÔkolh ermhneÐa twn apotelesmˆtwn, allˆ epibˆlloun kai periorismoÔc:

ˆ Ta apotelèsmata eÐnaiaisiìdoxa lìgw thc apousÐac kost¸n sunallag¸n kai

slippage

ˆ H aplopoÐhsh tou pollaplasiast  (1:1 antÐ Ö100) ephreˆzei ta apìluta megèjh

kerd¸n allˆ ìqi tic sqetikèc apodìseic

ˆ H mh upost rixh prìwrhc ˆskhshc mporeÐ na upoektim sei ton kÐndunoassignment

gia bajiˆ in-the-money jèseic

ˆ H agnìhsh merismˆtwn ephreˆzei kurÐwc strathgikèc me makroqrìniec metoqikèc

jèseic (p.q. Covered Call)

Parˆ touc periorismoÔc, to montèlo eÐnai katˆllhlo gia thn ekpaideutik  katanìh-

sh twn strathgik¸n kai thn sugkritik  axiolìghsh diaforetik¸n paramètrwn se

stajerì peribˆllon.

To sÔsthma qrhsimopoi jhke gia thn axiolìghsh twn tri¸n strathgik¸n se istorikˆ

dedomèna touSPY apì to 2020 èwc 2023, parˆgontac qiliˆdec sunallagèc kai anaforèc

apìdoshc pou parousiˆzontai sthn efarmog .



116 Kefˆlaio 5. Arqitektonik  kai UlopoÐhsh Sust matoc

5.2 Arqitektonik  Sust matoc

To sÔsthma akoloujeÐ mia kajar  arqitektonik  diaqwrismoÔ eujun¸n, me trÐa kÔria

epÐpeda pou epikoinwnoÔn metaxÔ touc:

5.2.1 EpÐpedo ParousÐashc

To epÐpedo parousÐashc eÐnai upeÔjuno gia th diepaf  me ton qr sth kai thn optiko-

poÐhsh apotelesmˆtwn. ApoteleÐ leptì str¸ma pou metasqhmatÐzei ta dedomèna apì

to epÐpedo logik c se katˆllhlec morfèc gia probol  (graf mata, pÐnakec, anaforèc).

H ulopoÐhs  tou kai oi leptomèreiec thc diadrastik c efarmog c parousiˆzontai sto

epìmeno kefˆlaio.

5.2.2 EpÐpedo Logik c Tomèa

To epÐpedo logik c perilambˆnei tic kÔriec klˆseic kai sunart seic pou ulopoioÔn th

qrhmatooikonomik  logik :

ˆ DiaqeÐrish dedomènwn agorˆc : fìrtwsh kai epexergasÐa dedomènwnop-

tions, filtrˆrisma me bˆsh ìgko kai poiìthta, anaz thsh ATM options kai diaqe-

Ðrish istorik¸n tim¸n.

ˆ Montèla timolìghshc : ulopoÐhshBlack-Scholes, prosomoÐwshMonte Carlo,

binomial trees kai �nite di�erence methods gia timolìghsh options.

ˆ Anˆlush metablhtìthtac : upologismìc uponooÔmenhc metablhtìthtac kai

dhmiourgÐa epifanei¸n metablhtìthtac.

ˆ Opisjodrìmhsh : ulopoÐhsh strathgik¸n options kai upologismìc metrik¸n

apìdoshc.

5.2.3 EpÐpedo Dedomènwn

Ta dedomèna organ¸nontai ierarqikˆ me kˆjeticker na èqei dikì tou fˆkelo, perièqontac

istorikèc timèc kai option chains anˆ hmeromhnÐa. H klˆsh diaqeÐrishc dedomènwn parèqei

eniaÐa diepaf  prìsbashc anexˆrthta apì thn upokeÐmenh orgˆnwsh, uposthrÐzontac

leitourgÐec ìpwc filtrˆrisma bˆsei qronikoÔ eÔrouc, anaz thsh sugkekrimènwn l xewn

kai caching gia beltistopoÐhsh apìdoshc.
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5.3 Teqnologikì Peribˆllon

To sÔsthma anaptÔqjhke qrhsimopoi¸ntac sÔgqronec teqnologÐecPython pou sundu-

ˆzoun episthmonikoÔc upologismoÔc me dunatìthtec anˆlushc kai optikopoÐhshc:

5.3.1 KÔriec TeqnologÐec

ˆ Python : epilèqjhke wc kÔria gl¸ssa programmatismoÔ lìgw tou ploÔsiou oiko-

sust matoc bibliojhk¸n gia episthmonikoÔc upologismoÔc kai qrhmatooikonomik 

anˆlush. H uyhloÔ epipèdou sÔntaxh epitrèpei th gr gorh prwtotupopoÐhsh kai

sunt rhsh polÔplokwn algorÐjmwn.

ˆ Object-Oriented Design : h arqitektonik  basÐzetai se afhrhmènec klˆseic kai

interfaces, epitrèpontac epektasimìthta mèsw klhronomikìthtac kai polumorfismo-

Ô. Ta sqediastikˆ prìtupa Strategy kai Registry dieukolÔnoun thn prosj kh nèwn

montèlwn kai strathgik¸n qwrÐc tropopoÐhsh tou pur na.

ˆ Type Annotations : qr sh tÔpwn gia autìmato èlegqo orjìthtac kai kalÔterh

tekmhrÐwsh tou k¸dika.

5.3.2 Episthmonikèc Biblioj kec

To sÔsthma axiopoieÐ èna isqurì sÔnolo bibliojhk¸n gia episthmonikoÔc upologismoÔc:

ˆ NumPy kai SciPy : jemeli¸deic biblioj kec gia arijmhtikoÔc upologismoÔc,

statistikèc sunart seic kai arijmhtik  anˆlush. QrhsimopoioÔntai ekten¸c gia

upologismoÔc metablhtìthtac, katanom¸n kai VaR/CVaR .

ˆ Pandas : diaqeÐrish kai anˆlush dedomènwn, idiaÐtera qr simh gia qronoseirèc kai

option chains. Oi domècDataFrame epitrèpoun apodotik  epexergasÐa megˆlwn

sunìlwn dedomènwn.

ˆ QuantLib-Python : prohgmènh biblioj kh qrhmatooikonomik c montelopoÐhshc

pou qrhsimopoieÐtai gia thn ulopoÐhsh touSABR montèlou metablhtìthtac, pa-

rèqontac ètoimec sunart seic parembol c kai bajmonìmhshc.

ˆ y�nance : biblioj kh gia thn anˆkthsh dedomènwn apì Yahoo Finance, qrhsimo-

poieÐtai gia th sullog  istorik¸n tim¸n kai option chains.





Kefˆlaio 6

Diadrastik  Efarmog  kai

Apotelèsmata

H diadrastik  efarmog  pou anaptÔqjhke sto plaÐsio thc paroÔsac ergasÐac apoteleÐ

mia oloklhrwmènh platfìrma gia th diereÔnhsh kai axiolìghsh strathgik¸n dikaiw-

mˆtwn proaÐreshc. H efarmog  sunduˆzei ta jewrhtikˆ montèla pou parousiˆsthkan

sta prohgoÔmena kefˆlaia me pragmatikˆ dedomèna agorˆc, parèqontac èna peribˆllon

gia thn exagwg  praktik¸n sumperasmˆtwn.

H platfìrma ulopoi jhke me qr sh tou Dash framework kai parèqei pènte jematikèc

kartèlec pou kalÔptoun diaforetikèc ptuqèc thc anˆlushc options: apì thn optikopoÐh-

sh istorik¸n tim¸n kai epifanei¸n metablhtìthtac, èwc thn prosomoÐwsh Monte Carlo

kai thn opisjodrìmhsh strathgik¸n se pragmatikˆ dedomèna.
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6.1 Ojình Tim c Metoq c

H pr¸th kartèla thc efarmog c parèqei diepaf  gia thn exereÔnhsh istorik¸n tim¸n

metoq¸n kai leitourgeÐ wc shmeÐo ekkÐnhshc gia thn katanìhsh thc sumperiforˆc enìc

upokeÐmenou tÐtlou prin apì thn anˆlush twn antÐstoiqwn parag¸gwn tou.

KÔria qarakthristikˆ:

ˆ Epilog  apì lÐsta diajèsimwn tickers kai kajorismìc qronikoÔ eÔrouc

ˆ Dunatìthta enallag c metaxÔ grammik c kai logarijmik c klÐmakac

H kartèla aut  dieukolÔnei thn arqik  apotÐmhsh thc metablhtìthtac kai twn tˆsewn tou

upokeÐmenou tÐtlou, plhroforÐec pou eÐnai krÐsimec gia thn katanìhsh thc sumperiforˆc

twn antÐstoiqwnoptions.

Sq ma 6.1: Stock price
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6.2 Epifˆneia Metablhtìthtac ( Volatility Surface )

H deÔterh kartèla estiˆzei se èna apì ta pio shmantikˆ kai polÔploka jèmata sth

jewrÐa twn parag¸gwn: thn uponooÔmenh metablhtìthta (implied volatility ). H epi-

fˆneia metablhtìthtac apoteleÐ krÐsimo ergaleÐo gia thn katanìhsh twn prosdoki¸n

thc agorˆc.

KÔria qarakthristikˆ:

ˆ Trisdiˆstath optikopoÐhsh thc IV wc sunˆrthsh tou moneynesskai qrìnou l xhc

ˆ Dunatìthta filtrarÐsmatoc sugkekrimènwn eÔrwn moneynesskai l xewn

ˆ Tomèc thc epifˆneiac pou apokalÔptoun to fainìmenovolatility smile/skew

ˆ Jermikìc qˆrthc gia eukolìterh anˆgnwsh twn tim¸n

'Opwc faÐnetai stic tomèc thc epifˆneiac (Sq ma 6.3), anadÔetai kajarˆ to fainìmeno

tou volatility smile . H kampulìthta eÐnai pio èntonh gia braquprìjesmec l xeic, gegonìc

pou antanaklˆ thn auxhmènh abebaiìthta kai euaisjhsÐa thc agorˆc se braquprìjesmo

orÐzonta.

Sq ma 6.2: Volatility Surface
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Sq ma 6.3: Volatility Surface with smile and volume
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6.3 ProsomoÐwsh Monte Carlo

H trÐth kartèla parousiˆzei tic stoqastikèc mejìdouc timolìghshc mèsw diadrastik c

efarmog c thc mejìdou Monte Carlo, anadeiknÔontac th statistik  fÔsh twn qrhmato-

oikonomik¸n agor¸n.

KÔria qarakthristikˆ:

ˆ Parametrikìc èlegqoc ìlwn twn paramètrwn tou montèlou Black-Scholes

(S; K; r; �; T )

ˆ RÔjmish arijmoÔ prosomoiwmènwn diadrom¸n kai bhmˆtwn gia exisorrìphsh a-

krÐbeiac kai taqÔthtac

ˆ Autìmatoc upologismìc diasthmˆtwn empistosÔnhc kai sfˆlmatoc ektÐmhshc

Optikopoi seic:

ˆ Grafik  apeikìnish deÐgmatoc prosomoiwmènwn diadrom¸n tim c

ˆ Istìgramma katanom c twn telik¸n tim¸n kai twn apodìsewn tou option

ˆ SÔgkrish me analutik  lÔsh Black-Scholes

Sq ma 6.4: Monte Carlo GBM Paths
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6.4 SÔgklish Upologistik¸n Mejìdwn ( Conver-

gence)

H tètarth kartèla èqei sqediasteÐ gia na exetˆsei thn akrÐbeia kai axiopistÐa twn arij-

mhtik¸n mejìdwn timolìghshc. ApoteleÐ ergaleÐo poiotikoÔ elègqou pou dieukolÔnei

thn katanìhsh twn periorism¸n kai twn dunatot twn twn diaforetik¸n upologistik¸n

proseggÐsewn.

6.4.1 Mèjodoi UpologismoÔ

Gia thn anˆlush sÔgklishc ulopoi jhkan treic arijmhtikèc mèjodoi timolìghshc Euro-

pean call options, oi opoÐec sugkrÐnontai me thn analutik  lÔshBlack-Scholes:

Monte Carlo Simulation H mèjodoc qrhsimopoieÐ stoqastikèc prosomoi¸seic me

thn teqnik  antithetic variates gia meÐwsh diasporˆc, ìpou gia kˆje tuqaÐo monopˆti

Z dhmiourgeÐtai to antÐjeto� Z . To tupikì sfˆlma mei¸netai me rujmì O(1=
p

M ),

ìpou M o arijmìc prosomoi¸sewn, kai upologÐzontai diast mata empistosÔnhc 95%

pou apeikonÐzontai wc skiasmènh perioq .

Binomial Tree DiakritopoieÐ th qronik  exèlixh se N b mata me anodik  kai kajodik 

kÐnhsh se kˆje kìmbo. H anadromik  apotÐmhsh kineÐtai apì th l xh proc ta pÐsw, me

jewrhtik  sÔgklish O(1=
p

N ) kai grammikì upologistikì kìstoc.

Finite Di�erence Method (Crank-Nicolson) EpilÔei thn exÐswshBlack-Scholes

PDE mèsw diakritopoÐhshc q¸rou kai qrìnou. To sq ma Crank-Nicolson (� = 0 :5)

epitugqˆnei stajerìthta qwrÐc periorismoÔc kai tˆxh sÔgklishc O(� t2) + O(� x2). Gia

N qronikˆ b mata orÐzontai Nx = 3
p

N qwrikˆ shmeÐa.

6.4.2 Peiramatik  DiadikasÐa kai Apotelèsmata

H anˆlush pragmatopoieÐtai se 20 logarijmikˆ katanemhmèna epÐpeda anˆlushc apì

Nmin = 10 èwc Nmax = 10;000, upologÐzontac thn tim  tou dikai¸matoc, to poso-

stiaÐo sfˆlma ènanti Black-Scholes, kai ton qrìno ektèleshc. H efarmog  prosfèrei

optikopoÐhsh sÔgkrishc tim¸n, anˆlushc sfˆlmatoc, kai mètrhshc apìdoshc.

To Sq ma 6.5 apeikonÐzei th sumperiforˆ sÔgklishc: hMonte Carlo emfanÐzei stoqasti-

kèc diakumˆnseic me stadiak  stènwsh twn diasthmˆtwn empistosÔnhc, epibebai¸nontac

th jewrhtik  prìbleyh O(1=
p

M ). To Binomial Tree parousiˆzei taqÔterh arqik 

sÔgklish kai monìtonh prosèggish, epitugqˆnontac kal  akrÐbeia apì N � 100 b mata.

H FDM Crank-Nicolson epideiknÔei exairetik  sumperiforˆ me uyhl  akrÐbeia se qamh-

lìtera epÐpeda diakritopoÐhshc, sugklÐnontac pl rwc giaN > 500 lìgw thc deutèrou
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bajmoÔ sÔgklishc. H orizìntia diakekommènh gramm Black-ScholesapoteleÐ tobench-

mark sÔgklishc, epitrèpontac thn axiolìghsh thc sqèshc upologistikoÔ kìstouc kai

akrÐbeiac.

Sq ma 6.5: SÔgklish arijmhtik¸n mejìdwn timolìghshc proc thn analutik  lÔsh Black-
Scholes. ApeikonÐzontai oi timèccall options se logarijmik  klÐmaka diakritopoÐhshc. H
skiasmènh perioq  gÔrw apì th Monte Carlo antiproswpeÔei to diˆsthma empistosÔnhc
95%.



126 Kefˆlaio 6. Diadrastik  Efarmog  kai Apotelèsmata

6.5 Opisjodrìmhsh Strathgik¸n ( Backtesting )

H pèmpth kartèla sunduˆzei ta prohgoÔmena stoiqeÐa se praktik  efarmog : thn axio-

lìghsh strathgik¸n options se istorikˆ dedomèna. H sugkekrimènh leitourgÐa gefu-

r¸nei th jewrhtik  gn¸sh me posotik¸c axiolog sima apotelèsmata.

PÐnakac RujmÐsewn O pÐnakac rujmÐsewn perilambˆnei ìlec tic paramètrouc pou

apaitoÔntai gia thn ektèlesh miac opisjodrìmhshc:

ˆ Epilog  strathgik c : Covered Call, ATM Straddle , Selective OTM Buyer

ˆ Parˆmetroi strathgik c : kˆje strathgik  parousiˆzei dunamikˆ tic dikèc

thc paramètrouc me diadrastikˆsliders kai tooltips

ˆ Qronikì eÔroc : epilog  arqik c kai telik c hmeromhnÐac, hmèrec prin th l xh

gia ˆnoigma jèsewn

ˆ Epilog  l xewn : filtrˆrisma weekly/ monthly l xewn

ˆ Montèlo metablhtìthtac : Fixed, Historical, Implied IV , SABR me rujmi-

zìmenec paramètrouc

ˆ Montèlo timolìghshc : Black-Scholes, Monte Carlo, Binomial Tree, Finite

Di�erence

Perioq  Apotelesmˆtwn H kentrik  perioq  emfanÐzei ta apotelèsmata me di-

ˆforec morfèc:

ˆ 'Endeixh proìdou : katˆ thn ektèlesh, progress barmereal-time enhmer¸seic

kai dunatìthta akÔrwshc

ˆ Grˆfhma apìdoshc : diadrastik  kampÔlh susswreutikoÔ P&L me shmeÐa su-

nallag¸n kai dunatìthta hover gia leptomèreiec

ˆ PÐnakac metrik¸n : sunoptikìc pÐnakac me metrikèc apìdoshc (Total P&L ,

Win Rate, Pro�t Factor , Sharpe Ratio) kai kindÔnou (Max Drawdown, VaR

95%/99%, CVaR, Standard Deviation)

Teqnikˆ Qarakthristikˆ H ulopoÐhsh perilambˆnei:

ˆ Profìrtwsh dedomènwn : ta dedomèna agorˆc fort¸nontai mÐa forˆ kai a-

pojhkeÔontai se cache

ˆ AsÔgqronh ektèlesh : h opisjodrìmhsh ekteleÐtai se xeqwristì thread me

thread-safe progress tracker
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ˆ Dunamik  diepaf  : oi parˆmetroi prosarmìzontai autìmata me bˆsh thn epi-

legmènh strathgik  kai montèla

H oloklhrwmènh aut  prosèggish dieukolÔnei th susthmatik  diereÔnhsh thc sqèshc

metaxÔ paramètrwn strathgik c, montèlwn timolìghshc kai telik c apìdoshc, upì prag-

matikèc sunj kec agorˆc.

Epilogèc FiltrarÐsmatoc L xewn To sÔsthma epitrèpei filtrˆrisma metaxÔ

ebdomadiaÐwn (kˆje Paraskeu ) kai mhniaÐwn l xewn (trÐth Paraskeu  m na). Ta ebdo-

madiaÐa dikai¸mata prosfèroun qamhlìtero kìstoc premium kai suqnìterec eukairÐec

eisìdou, allˆ me taqÔterh qronik  fjorˆ kai uyhlìterh euaisjhsÐa se braquprìje-

smec diakumˆnseic. Ta mhniaÐa parèqoun megalÔterh reustìthta, stenìteraspreadskai

perissìtero qrìno gia anˆptuxh jèsewn, me antˆllagma uyhlìtero arqikì kìstoc.
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6.6 Strathgikèc Dikaiwmˆtwn ProaÐreshc

Gia thn axiolìghsh tou sust matoc opisjodrìmhshc, epilèqjhkan treic antiproswpeu-

tikèc strathgikèc options pou kalÔptoun diaforetikˆ profÐl kindÔnou kai diaforetikèc

prosdokÐec agorˆc. Kˆje strathgik  ekmetalleÔetai sugkekrimèna qarakthristikˆ twn

dikaiwmˆtwn proaÐreshc kai apaiteÐ diaforetikèc sunj kec gia na apod¸sei apotelesma-

tikˆ.

6.6.1 Covered Call : Paragwg  Eisod matoc

H strathgik  Covered Call apoteleÐ mÐa apì tic pio dhmofileÐc sunthrhtikèc strathgikèc

options. Perilambˆnei thn katoq  metoq¸n tou upokeÐmenou tÐtlou kai thn tautìqronh

p¸lhsh call options me analogÐa 1 proc 1 (dhlad , èna call per mÐa metoq ) gia skopoÔc

aplopoÐhshc.

Mhqanik  thc Strathgik c Gia kˆje metoq  tou upokeÐmenou tÐtlou, pwleÐtai

ènacall option me tim  exˆskhshc sun jwc uyhlìterh apì thn trèqousa tim  thc metoq c

(out-of-the-money). To premium pou eisprˆttetai apì thn p¸lhsh tou dikai¸matoc

parèqei:

ˆ 'Ameso eisìdhma anexˆrthta apì thn kÐnhsh thc metoq c

ˆ Merik  prostasÐa apì pt¸sh thc tim c thc metoq c (èwc to Ôyoc tou premium)

ˆ Periorismì tou anodikoÔ dunamikoÔ sthn tim  exˆskhshc toucall

Parˆmetroi kai BeltistopoÐhsh Oi kÔriec parˆmetroi thc strathgik c eÐnai:

ˆ Call OTM percentage : H apìstash thc tim c exˆskhshc apì thn trèqousa

tim . MegalÔterec apostˆseic prosfèroun megalÔtero anodikì dunamikì allˆ

qamhlìtero premium.

ˆ Minimum premium : Elˆqisto apodektì premium wc posostì thc tim c meto-

q c, gia apofug  p¸lhshc as manta timhmènwn dikaiwmˆtwn.

ˆ Pricing �lter : SÔgkrish thc tim c agorˆc me jewrhtik  tim  gia apofug  p¸lh-

shc upotimhmènwn dikaiwmˆtwn.

H strathgik  eÐnai idanik  gia oudèterec proc elafr¸c anodikèc agorèc kai parèqei

stajerì eisìdhma me periorismènh metablhtìthta apotelesmˆtwn.

6.6.2 ATM Straddle : Ekmetˆlleush Metablhtìthtac

H strathgik  ATM Straddle ekmetalleÔetai megˆlec kin seic tim c anexˆrthta apì

kateÔjunsh, mèsw thc agorˆc enìccall kai enìc put me thn Ðdia tim  exˆskhshc kontˆ

sthn trèqousa tim  ( at-the-money).
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Mhqanik  thc Strathgik c H tautìqronh agorˆ call kai put dhmiourgeÐ sum-

metrikì profÐl kèrdouc-zhmÐac:

ˆ Kèrdoc apì megˆlh anodik  kÐnhsh mèsw toucall

ˆ Kèrdoc apì megˆlh kajodik  kÐnhsh mèsw touput

ˆ Mègisth zhmÐa an h tim  parameÐnei stajer  (Ôyoc sunolikoÔpremium)

ˆ ShmeÐa nekroÔ: tim  exˆskhshc� sunolikì premium

Parˆmetroi kai BeltistopoÐhsh Oi krÐsimoi parˆgontec gia thn apìdosh pe-

rilambˆnoun:

ˆ Epilog  l xhc : MakrÔterec l xeic parèqoun perissìtero qrìno allˆ me uyh-

lìtero kìstoc

ˆ Maximum price ratio : 'Orio pˆnw apì to opoÐo ta options jewroÔntai uperti-

mhmèna kai h jèsh den anoÐgei

ˆ Mègejoc jèshc : Sun jwc kajorÐzetai wc posostì thc trèqousac tim c gia

stajerì profÐl kindÔnou

H strathgik  apodÐdei kalÔtera se peribˆllonta uyhl c metablhtìthtac   prin apì

anamenìmena gegonìta (anakoin¸seic kerd¸n, rujmistikèc apofˆseic).

6.6.3 Selective OTM Buyer : Peijarqhmènh Agorˆ AxÐac

H strathgik  Selective OTM Buyer eisˆgei mia posotikˆ peijarqhmènh prosèggish sthn

agorˆ dikaiwmˆtwn, sunduˆzontac anˆlush axÐac me susthmatik  axiopoÐhsh anapotele-

smatikot twn timolìghshc.

Mhqanik  thc Strathgik c H strathgik  leitourgeÐ wc èna sÔsthma filtra-

rÐsmatoc se trÐa stˆdia:

1. Orismìc eÔrouc : KajorÐzetai èna eÔrocout-of-the-money (p.q. 2�5%) gia

thn anaz thsh upoy fiwn dikaiwmˆtwn. To eÔroc autì exisorropeÐ metaxÔ thc

pijanìthtac kèrdouc (qamhlìterh gia megalÔtero OTM ) kai tou kìstouc premium.

2. Upologismìc jewrhtik c axÐac : Gia kˆje dikaÐwma entìc tou eÔrouc, u-

pologÐzetai h jewrhtik  axÐa qrhsimopoi¸ntac to epilegmèno montèlo timolìghshc

(p.q. Black-ScholesmeSABR metablhtìthta).

3. Krit rio agorˆc : Agorˆzetai to dikaÐwma pou parousiˆzei th megalÔterh

èkptwsh (jewrhtik  - tim  agorˆc), upì ton periorismì ìti h tim  agorˆc eÐnai

kˆtw apì èna ìrio (p.q. 95%) thc jewrhtik c axÐac.
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Par�metroi kai Beltistopo—hsh Οι κύριες παράμετροι που επηρεάζουν την α-

πόδοση:

• EÔroc OTM (2–5%): Καθορίζει τον χώρο αναζήτησης. Στενότερα εύρη ευνοούν
δικαιώματα με υψηλότερη πιθανότητα κέρδους αλλά μεγαλύτερο κόστος.

• ’Orio tim c (max price ratio): Καθορίζει την επιλεκτικότητα. Χαμηλότερα όρια
(῾1.0) σημαίνουν αγορά μόνο σε έκπτωση, μειώνοντας τον αριθμό συναλλαγών αλλά

βελτιώνοντας την ποιότητα.

• TÔpoc dikai‚matoc: Η επιλογή μεταξύ calls, puts, ή και των δύο, καθορίζει
την κατευθυντική ευελιξία. Η επιλογή «και τα δύο» επιτρέπει μεγαλύτερη προσαρ-

μοστικότητα σε διαφορετικές συνθήκες αγοράς.

• MontŁlo timolìghshc: Η ακρίβεια του μοντέλου είναι κρίσιμη. Προηγμένα

μοντέλα μεταβλητότητας (όπως SABR) ταυτοποιούν αξιόπιστα τις πραγματικές ευ-
καιρίες αξίας.

Qarakthristik� kai Periorismo— Η στρατηγική διακρίνεται για:

• Epilektikìthta: Παραλείπει περιόδους όπου τα δικαιώματα είναι υπερτιμημένα,

μειώνοντας τη συχνότητα αλλά βελτιώνοντας την ποιότητα συναλλαγών

• Kateujuntik  oudeterìthta: Η δυνατότητα αγοράς calls ή puts προσφέρει
ευελιξία

• PeriorismŁnh Łkjesh: Το κεφάλαιο που διακινδυνεύεται περιορίζεται στο κα-

ταβληθέν premium

Ωστόσο, η στρατηγική αντιμετωπίζει συγκεκριμένες προκλήσεις:

• Απαιτεί σημαντικές κινήσεις τιμής για κερδοφορία λόγω της φύσης τωνOTM options

• Εξαρτάται κρίσιμα από την ακρίβεια του μοντέλου τιμολόγησης

• Σε αποδοτικές αγορές με χαμηλή μεταβλητότητα, οι ευκαιρίες μπορεί να είναι σπάνιες

• Η ταχεία χρονική φθορά των OTM options αυξάνει τον κίνδυνο πλήρους απώλειας
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6.7 ApotelŁsmata Opisjodrìmhshc

Το σύστημα χρησιμοποιήθηκε για την αξιολόγηση των τριών στρατηγικών σε ιστορικά

δεδομένα του SPY από το 2020 έως το 2023, περίοδο που περιλαμβάνει τόσο την κρίση του
COVID-19 όσο και την επακόλουθη ανάκαμψη. Η επιλογή αυτής της περιόδου επιτρέπει
την αξιολόγηση των στρατηγικών υπό ποικίλες συνθήκες αγοράς: υψηλή μεταβλητότητα,

απότομες διορθώσεις, και σταδιακή σταθεροποίηση.

6.7.1 Mejodolog—a Axiolìghshc

Για κάθε στρατηγική εκτελέστηκαν πολλαπλά πειράματα με διαφορετικούς συνδυασμούς

παραμέτρων:

• MontŁla metablhtìthtac: σύγκριση μεταξύ Fixed, Historical, Implied IV,
και SABR

• MontŁla timolìghshc: χρήση Black-Scholes ως κύριου μοντέλου, με επιλε-
κτική επαλήθευση μέσω Monte Carlo

• Epilog  l xewn: weekly και monthly για διαφορετικά χρονικά προφίλ

• Par�metroi strathgik c: συστηματική διερεύνηση του χώρου παραμέτρων

για κάθε στρατηγική

Shme—wsh gia MetrikŁc Apìdoshc Οι μετρικές που παρουσιάζονται (Total
P&L, Sharpe Ratio, Max Drawdown κτλ.) υπόκεινται σε ορισμένους περιορισμούς υ-
πολογισμού που είναι σημαντικό να ληφθούν υπόψη. Ειδικά για στρατηγικές options,
ο υπολογισμός του Sharpe Ratio είναι περίπλοκος καθώς το κεφάλαιο κινδύνου διαφέρει
ανάλογα με τη στρατηγική: η Covered Call απαιτεί πλήρη κατοχή του υποκείμενου τίτλου,
ενώ οι long options στρατηγικές (Straddle, OTM Buyer) περιορίζουν την έκθεση στο
καταβληθέν premium. Επιπλέον, η ετησιοποίηση των αποδόσεων για θέσεις βραχείας
διάρκειας και η επιλογή του risk-free rate επηρεάζουν τα αποτελέσματα. Οι αναφερόμε-
νοι δείκτες χρησιμοποιούνται ως περιγραφικά μέτρα για τη συγκριτική αξιολόγηση των

στρατηγικών, όχι ως απόλυτες μετρήσεις κινδύνου-απόδοσης.

6.7.2 Sugkritik  Parous—ash Apotelesm�twn

Για την πληρέστερη κατανόηση των αποτελεσμάτων οπισθοδρόμησης, παρουσιάζονται στη

συνέχεια τα συγκεντρωτικά αποτελέσματα των κύριων στρατηγικών υπό διαφορετικές πα-

ραμετροποιήσεις. Τα γραφήματα επιτρέπουν την άμεση σύγκριση της συμπεριφοράς των

στρατηγικών στην ίδια χρονική περίοδο και υπό τις ίδιες συνθήκες αγοράς.
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6.7.2.1 Strathgik  ATM Straddle

Η στρατηγική ATM Straddle παρουσίασε υψηλή ευαισθησία στις συνθήκες μεταβλητότη-
τας, με δραματικές διαφορές απόδοσης ανάλογα με την εξεταζόμενη περίοδο.

Per—odoc Kr—shc COVID-19 (2020�2021) Κατά την περίοδο Φεβρουαρίου 2020

έως Φεβρουαρίου 2021 (βλ. Σχ. 6.6), η στρατηγική κατέγραψε εξαιρετική απόδοση: συ-

νολικό κέρδος $420.32, απόδοση 8.7% επί του κεφαλαίου σε 196 συναλλαγές, με Sharpe
Ratio 1.45. Η απότομη αύξηση της πραγματοποιηθείσας μεταβλητότητας τον Μάρτιο 2020
παρήγαγε πολλαπλές κερδοφόρες θέσεις, επιβεβαιώνοντας τη θεωρητική πρόβλεψη ότι η

long straddle επωφελείται σημαντικά από καθεστώτα υψηλής μεταβλητότητας. Το γράφη-
μα δείχνει την απότομη άνοδο κατά την κρίση, ακολουθούμενη από σταθεροποίηση καθώς

η μεταβλητότητα υποχωρεί.
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