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Abstract

This thesis explores gravitational theories with the presence of torsion. In the first chapter, after a brief intro-
duction to the tetrad and differential forms formalisms, we study Einstein-Cartan theory, a minimal extension
of General Relativity that assumes a non-vanishing torsion. More specifically, the Lagrangian formulation of
Einstein-Cartan theory is given in terms of the decomposition of the torsion tensor into its irreducible compo-
nents.

In the second chapter, the theory of Quantum Electrodynamics is considered in contorted spacetimes, with
a dual purpose. The first is to show that in such a theory, spin is connected to torsion, much like mass is
connected to curvature in General Relativity. More specifically, spin densities (more specifically, fermions) act
as sources for torsion. The second is to show that, by making a reasonable assumption, torsion can instead
be physically realized as an axion in a torsion-free spacetime.

In the third chapter we extend our considerations on Einstein-Cartan theory. Our starting point is the Holst
term and its significance in the formulation of Loop Quantum Gravity as a generator of the Ashtekar variables.
We consider the case where the "torsionful" Holst term is added to the Einstein-Cartan action and show that
this leads to inconsistencies. To fix this, we "complete" the Holst term by adding an additional term to the
action in order to form the Nieh-Yan term, a topological invariant. Then, we give another argument as to why
the vanishing of the Nieh-Yan term must be imposed as a constraint, which leads to torsion being realized
as an axion. Finally, we comment on the fact that the existence of the anomalous chiral current leads to
the introduction of a Chern-Simons term. Thus, Einstein-Cartan theory can be transformed into a dynamical
Chern-Simons theory without torsion.

Finally, in the fourth chapter we consider a string-inspired model, in which the field strength of the Kalb-
Ramond field takes on the role of torsion and thus behaves analogously with the torsion in Einstein-Cartan
theory, producing an axionic degree of freedom. This theory is explored further, showing how, due to the
anomalies present in the string theory, gravitational wave condensates in the early universe can explain in-
flation. This is done through an alternative cosmological model to Λ-Cold Dark Matter (ΛCDM), called the
Running Vacuum Model.

In the last (fifth) chapter, the analysis is taken one step further, by considering the higher order O(a′) correc-
tions to the heterotic string effective action. In this case, the action is subject to field redefinition ambiguities.
By imposing unitarity and interpretation of the Kalb-Ramond field-strength as torsion, one can show that,
although in 10D these requirements are conflicting, in 4D they are not. Thus, we get a 4D action, quadratic
in the Kalb-Ramond field strength, which we integrate out of the path-integral. This leads to an extra term
compared to the previous analysis, a non-minimal derivative coupling of the axion to the Ricci tensor. We end
our discussion by showing that this extra term has subleading effects in the condensate and, thus, inflation.
The work done in this chapter is novel and has been published in [1].
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Πεϱίληψη

Αυτή η Μεταπτυχιακή Εϱγασία εξεϱευνά ϐαϱυτικές ϑεωϱίες µε στϱέψη. Στο πϱώτο κεϕάλαιο, µετά από µια
σύντοµη εισαγωγή στον ϕοϱµαλισµό των τετϱάδων και διαϕοϱικών µοϱϕών, µελετάµε την Θεωϱία Einstein-Cartan,
µια ελάχιστη επέκταση της Γενικής Σχετικότητας που υποϑέτει µία µη-µηδενική στϱέψη. Πιο συγκεκϱιµένα, ο
ΛαγκϱαντϹιανός ϕοϱµαλισµός της ϑεωϱίας Einstein-Cartan δίνεται συναϱτήσει των µη αναγώγιµων κοµµατιών του
τανυστή στϱέψης.

Στο δεύτεϱο κεϕάλαιο, η Θεωϱία της Κϐαντικής Ηλεκτϱοδυναµικής µελετάται σε καµπύλους χωϱοχϱόνους µε
στϱέψη, µε διττό σκοπό. Πϱώτον, είναι να δειχϑεί ότι σε µια τέτοια ϑεωϱία, όπως η µάϹα συνδέεται µε την
καµπυλότητα, έτσι και η στϱέψη συνδέεται µε το σπιν. Πιο συγκεκϱιµνένα, οι ϕεϱµιονικές πυκνότητες σπιν δϱουν
σαν πηγές για την στϱέψη. ∆εύτεϱον, είναι να δειχϑεί ότι, κάνοντας µια λογική υπόϑεση, η στϱέψη µποϱεί να
εµϕανιστεί ϕυσικά ως ένα αξιόνιο που κινείται σε έναν χώϱο χωϱίς στϱέψη.

Στο τϱίτο κεφάλαιο επεκτείνουµε την µελέτη µας πάνω στην ϑεωρία Einstein-Cartan. Το σηµείο εκκίνησής µας εί-
ναι ο όϱος Holst και η σηµασία του στον ϕορµαλισµό της Θεωρίας Loop Quantum Gravity ως γεννήτρια συνάϱτηση
των µεταβλητών Ashtekar. Μελετάµε την πεϱίπτωση όπου ο όϱος Holst µε στϱέψη προστίθεται στην δϱάση της
ϑεωρίας Einstein-Cartan και δείχνουµε ότι αυτό οδηγεί σε ασυνέπειες. Για να επιδιορθώσουµε αυτό το γεγονός,
"ολοκληρώνουµε" τον όϱο Holst, προσθέτοντας έναν επιπλέον όϱο στην δϱάση για να δηµιουργήσουµε τον όϱο
Nieh-Yan, ένα τοπολογικό αναλλοίωτο. ΄Επειτα, δίνουµε ένα επιπλέον επιχείϱηµα για το γιατί ο όϱος Nieh-Yan
πϱέπει να µηδενίζεται και να εφαρµοστεί ως δεσµός στο ολοκλήρωµα διαδροµής, κάτι το οποίο οδηγεί στην στϱέψη
να εµφανίζεται ως ένα αξιόνιο. Τέλος, σχολιάζουµε το γεγονλός ότι η ύπαϱξη του ανώµαλου χειραλικού ϱεύµατος
οδηγεί στην εισαγωγή ενός όϱου Chern-Simons. ΄Ετσι, η Θεωρία Einstein-Cartan µποϱεί να µετασχηµατιστεί σε
µια δυναµική Θεωρία Chern-Simons χωϱίς στϱέψη.

Στο τέταϱτο κεϕάλαιο µελετάµε ένα µοντέλο εµπνευσµένο από την Θεωϱία Χοϱδών, στο οποίο η δύναµη του πεδίου
Kalb-Ramond field λαµϐάνει τον ϱόλο την στϱέψη και συµπεϱιϕέϱεται αντίστοιχα µε την στϱέψη στην Θεωϱία
Einstein-Cartan, παϱάγοντας έναν αξιονικό ϐαϑµό ελευϑεϱίας. Αυτή η ϑεωϱία µελετάται πεϱαιτέϱω, δείχοντας ότι,
λόγω της ανωµαλίας που υπάϱχει στην Θεωϱία Χοϱδών, συµπυκνώµατα ϐαϱυτικών κυµάτων στο πϱώιµο σύµπαν
µποϱούν να εξηγήσουν τον κοσµολογικό πληϑωϱισµό. Αυτό γίνεται µέσω ενός εναλλακτικού µοντέλου στο Λ-Cold
Dark Matter (ΛCDM), το λεγόµενο Μοντέλο Τϱεχούµενου Κενού (Running Vacuum Model).

Στο τελευταίο (πέµπτο) κεφάλαιο, η ανάλυση µας πάει ένα ϐήµα παϱακάτω, µε την µελέτη των διορθώσεων τάξης
O(a′) στην ενεργό δϱάση της Θεωρίας Χοϱδών. Σε αυτήν την πεϱίπτωση, η δϱάση υπόκειται σε ασάϕειες επαναορισ-
µού πεδίου. Απαιτώντας µοναδιαίοτητα και ερµηνεία της δύναµης του πεδίου Kalb-Ramond ως στϱέψη, αν και στις
10 διαστάσεις αυτό είναι αδύνατον, στις 4 διαστάσεις µποϱούµε να δείξουµε ότι είναι εϕικτό. ΄Ετσι, παίϱνουµε µια
δϱάση στις 4 διαστάσεις, τετραγωνική στην δύναµη του πεδίου Kalb-Ramond, την οποία µποϱούµε να ολοκληρώ-
σουµε στο ολοκλήρωµα διαδροµής. Αυτό οδηγεί σε έναν επιπλέον όϱο συγκριτικά µε την προηγούµενή µας
ανάλυση, µια µή-ελάχιστη σύϹευξη µεταξύ των παϱαγώγων του αξιονίου και του τανυστή Ricci. Κλείνουµε δείχνον-
τας ότι αυτός ο καινούριος όϱος έχει αµελητέα επίδραση στο συµπύκνωµα ϐαρυτικών κυµάτον και, άϱα, στον
πληθωρισµό. Η δουλειά αυτού του Κεφαλαίου είναι νέα και πρωτότυπη και έχει δηµοσιευτεί [1].
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Conventions

For convenience and clarity, we write out here all the conventions used in this thesis. Throughout the text,
these conventions are also mentioned, and further comments are made. For the metric, we use a (−,+,+,+)
signature:

ηab = diag(−1,+1,+1,+1)

For the Levi-Civita symbol, we choose
ϵ0123 = +1

ϵ0123 = −1

The Levi-Civita tensor is related to the Levi-Civita symbol as:

ηµνρσ =
√
−gϵµνρσ

ηµνρσ =
1√
−g

ϵµνρσ

which, in turn, means that the contraction of two Levi-Civita tensors is given as

ηµνρση
µ′ν′ρ′σ′

= ϵµνρσϵ
µ′ν′ρ′σ′

= −δµ
′ν′ρ′σ′

µνρσ

where δµ′ν′ρ′σ′

µνρσ is the generalized Kronecker delta, defined as the determinant:

δµ1...µD
ν1...νD =

∣∣∣∣∣∣∣
δµ1
ν1 · · · δµ1

νD
...

. . .
...

δµD
ν1 · · · δµD

νD

∣∣∣∣∣∣∣
Furthermore, the volume element is given by the relation

dxµ ∧ dxν ∧ dxρ ∧ dxσ = −ηµνρσ
√
−g dDx

The covariant derivative is taken to be
∇µv

ν = ∂µv
ν + Γνµλ v

λ

∇µων = ∂µων − Γλµνωλ

The torsion tensor is defined as
Tλµν = Γ

λ

µν − Γ
λ

νµ

The bars drawn above the gamma symbols (and any other quantity in the text) indicate the presence of torsion.
The above conventional choices dictate that the contorsion tensor is defined as

Kλ
µν =

1

2
(Tλµν + Tµ

λ
ν + Tν

λ
µ)

The curvature tensor is defined as

Rρσµν = ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ

1
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Finally, Greek indices µ, ν, . . . etc. are used for curved spacetime and Latin indices a, b, c, . . . etc. are used for
flat (Minkowski) spacetime. For the spatial part of the curved spacetime indices, i, j, . . . etc. are used, while
for the spatial part of the flat indices, A,B, . . . etc. are used. Symmetrization of indices is indicated using
parentheses, while antisymmetrization of indices is indicated using square brackets. Both symmetrization and
antisymmetrization contain a normalization factor. For example, in the case of antisymmetrization, we have

T[µ1...µn] =
1

n!

∑
P∈Sn

sign(P )TµP (1)µP (2)...µP (n)
,

where the symbol P denotes permutations. Odd (even) permutations have sign Podd(even) = −1(+1). Finally,
the Hodge dual for a p-form A in D-dimensional space is defined to be

∗A =
1

(D − p)!
Aµ1...µp ηµ1...µp...µD

dxµp+1 ∧ · · · ∧ dxµD

In the case of the Riemann curvature tensor and the gauge field strength, the dual tensor is usually represented
using a tilde:

R̃µνρσ =
1

2
ηµνλκR

λκ
ρσ

F̃µν =
1

2
ηµνρσF

ρσ
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Chapter 1. Einstein-Cartan Theory

Chapter 1

Einstein-Cartan Theory

The theory of General Relativity has proven itself to be one of the most successful physical theories we have.
Today, more than a hundred years after its initial formulation, the predictions of General Relativity are still
being confirmed experimentally to stunning accuracy. However, there is still a big drawback to this theory: it
is not Quantum. General Relativity is a purely classical theory. It is widely believed that there is an underlying
theory in which even gravity is quantized, and General Relativity is nothing but the macroscopic limit of that
theory. There are many ongoing efforts to construct a quantum theory of gravity. Two of the most notable
ones are String Theory and Loop Quantum Gravity. Both of these theories are extremely complex with a lot of
depth, but their experimental testing has proven to be challenging. It is then perhaps useful to take a step back
and explore a more minimalistic approach, or rather, take a smaller step in reconciling General Relativity with
Quantum Field Theory. One such step is to generalize Einstein’s theory. How? Well, in our standard theory of
curved spacetime, only the mass/energy of the objects considered plays a role. However, we know that there
are more intrinsic properties to matter. The most important and obvious one is the spin of the particles. In
fact, spin arises as a quantum number from the representations of the Poincaré group, which describes the
symmetries of Minkowski (flat) spacetime [2]. It is logical, then, to try to minimally extend the General Theory of
Relativity to include spin. This chapter will be an introduction to such a theory, called Einstein-Cartan theory,
where spin is minimally included by assuming that the torsion, unlike General Relativity, is non-zero.

1.1 Tetrad Formalism

In order to incorporate torsion in our existing theory of General Relativity, it is useful to express it in a different,
yet equivalent formalism, called the tetrad or vielbein1 formalism, which involves constructing an orthonormal
four-vector basis at each point on the spacetime manifold. Let (M, g) be the spacetime Riemannian manifold
with metric g. The standard expression for the metric in a chart U ⊆ M (a local "patch" of spacetime) with
local coordinates {xµ} is

g = gµνdx
µdxν (1.1.1)

where gµν are the component functions of the metric g and dxµdxν is the symmetric product2 of dxµ and dxν ,
which are the one-forms of the coordinate coframe (dxµ). In general, the component functions of the metric are
dependent on the local coordinates xµ of spacetime, i.e. gµν = gµν(x). Knowing that spacetime is locally flat,
however, makes it possible to find an alternative formalism in which the expression of the metric is dependent
on the Minkowski metric3 ηab of the tangent space of the manifold at each point. This is the so-called tetrad
formalism.

1Vielbein comes from the German words "viele" ("many") and "beine" ("legs"). In four spacetime dimensions, vierbein is sometimes used
instead, where vier ("four") replaces viele.

2The symmetric product is defined to be
dxµdxν =

1

2
(dxµ ⊗ dxν + dxν ⊗ dxµ)

where ⊗ is the tensor product of two tensors. We can then do a quick manipulation and renaming of indices to show that

g = gµνdx
µdxν =

1

2
(gµνdx

µ ⊗ dxν + gνµdx
ν ⊗ dxµ) = gµνdx

µ ⊗ dxν

3The convention ηab = diag(−1,+1,+1,+1) is used, like in most texts dealing with General Relativity.
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Chapter 1. Einstein-Cartan Theory 1.1. Tetrad Formalism

1.1.1 Tetrads

The tetrad formalism is essentially a change of basis from the coordinate frame to a general orthonormal frame
on our manifold. Following [3], we can imagine setting up an orthonormal basis of vectors êa|p at each point
p ∈ M on the spacetime manifold. Since the basis is orthonormal and spacetime is locally flat, at each point
we have that the component functions in this basis are nothing more than the Minkowski metric components:

g(êa|p, êb|p) = ηab|p

By repeating this process at all points of the chart we’re on we get an orthonormal frame êa and the above
condition becomes

g(êa, êb) = ηab (1.1.2)

We follow standard notational conventions and use Latin indices a, b, c, d, . . . etc. when flat spacetime is
considered. The coordinate frame is labeled as êµ ≡ ∂µ ≡ ∂

∂xµ and is connected to this new frame êa via a basis
transformation:

êµ = êµ
a êa (1.1.3)

The new basis (frame) êa is called a tetrad or vierbein basis, while the transformation matrix êµ
a = êµ

a(x)
(which is dependent on spacetime points x) is called a tetrad field or vierbein field. The inverse of the tetrad
field is denoted by (êµ

a)−1 = êµa and satisfies the orthogonality conditions

êµ
a êµb = δab (1.1.4)

êµa êν
a = δµν (1.1.5)

where δ denotes the Kronecker delta. By the vector-covector duality the dual of (1.1.3) is

êµ = êµa ê
a (1.1.6)

where êµ ≡ dxµ are the coordinate coframe one-forms, i.e.

dxµ = êµa ê
a (1.1.7)

Therefore, the metric can be written as (eq. (1.1.1))

g = gµν(ê
µ
a ê

a) (êνb ê
b) = gµν(ê

µ
a ê

ν
b) (ê

a êb)

By applying condition (1.1.2), we get that

g(êa, êb) =gµν ê
µ
c ê
ν
d ê

c êd êa êb = ηab ⇒
⇒ g(êa, êb) = gµν ê

µ
c ê
ν
d δ

c
a δ

d
b = ηab ⇒ gµν ê

µ
a ê

ν
b = ηab

By inverting this last relation we get that the components of the metric can be expressed as

gµν = ηabêµ
a êν

b (1.1.8)

The tetrad fields êµa(x) can be considered as components of a (1, 1) tensor e on a "mixed" frame with both
curved and flat spacetime components:

e = êµ
adxµ ⊗ êa (1.1.9)

If we consider a vector v we can express it into either the curved or the flat basis:

v = vµêµ

v = vaêa
(1.1.10)

By acting into either of these with the tetrad tensor e, we get the same vector but in the different basis. Thus, the
tetrad tensor is something akin to an "identity map", in the sense that its action upon a geometrical object (such
as a vector) does not change it. Instead, it simply acts as a change of basis operator. The vector transformation
law (and its inverse) that occur are

va = êµ
avµ

vµ = êµav
a

(1.1.11)
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Chapter 1. Einstein-Cartan Theory 1.1. Tetrad Formalism

1.1.2 Local Lorentz Transformations

When we are working with tensors with curved (Greek) spacetime indices, these transform under general coor-
dinate transformations (the group of diffeomorphisms). We saw that the tetrads play the role of an orthonormal,
locally flat coordinate system. Thus, we can also consider coordinate transformations between different tetrad
bases. The only requirement that needs to be fulfilled is that the transformation must preserve orthogonality.
Since tetrads are considered locally in patches of flat spacetime with the Minkowski metric, Lorentz transfor-
mations are exactly the type of transformations we’re looking for. As such, we have that a change of tetrad
basis can be expressed as

êa′ = Λaa′(x)êa (1.1.12)

where Λaa′(x) denote the component functions of the Lorentz transformation tensor. Of course, the Minkowski
metric remains invariant under Lorentz transformations:

Λaa′Λ
b
b′ηab = ηa′b′

Due to the local nature of these Lorentz transformations, we call these Local Lorentz Transformations. Essen-
tially, we now have a "rule" to transform both (upper and lower) Latin and Greek indices. Therefore, assuming
we have a tensor T aµbν with all 4 types of indices, it transforms as

T a
′µ′

b′ν′ = Λa
′

a
∂xµ

′

∂xµ
Λbb′

∂xν

∂xν′ T
aµ
bν (1.1.13)

The curved spacetime (Greek indices) coordinates changes are called General Coordinate Transformations.

1.1.3 The Spin Connection

We know that the covariant derivative of a vector expressed in the curved basis is

∇µv
ν = ∂µv

ν + Γ
ν

µλ v
λ (1.1.14)

where the bar on top of the symbol Γνµλ is used to indicate that this is not the usual Christoffel symbol of the
Levi-Civita connection as it is not symmetric, i.e.

Γ
λ

µν − Γ
λ

νµ ̸= 0

which means that there is a non-vanishing torsion and we consider a general affine connection. Similarly, the
bar over the derivative symbol ∇ indicates that the torsionful (from here on, contorted) connection is being
considered. Now, suppose that the vector v is expressed in the flat basis. We can assume that there is a
connection ω such that the covariant derivative is expressed in the same way as before, i.e. as

∇µv
a = ∂µv

a + ωµ
a
b v

b (1.1.15)

This new connection coefficient ωµab that is related to the Latin indices is called the spin connection4. The bar
indicates the presence of torsion as before. We can express the spin connection coefficients in terms of the Γ
symbols by expressing the tensor ∇v in the two different bases. For the curved basis, we have that

∇v = (∇µv
ν)dxµ ⊗ ∂ν = (∂µv

ν + Γ
ν

µλ v
λ)dxµ ⊗ ∂ν (1.1.16)

For the flat basis, we have that

∇v = (∇µv
a)dxµ ⊗ êa = (∂µv

a + ωµ
a
b v

b)dxµ ⊗ êa (1.1.17)

We know that êa = êρa êρ = êρa ∂ρ and va = êν
avν and thus Equation (1.1.17) becomes

∇v = [∂µ(êν
avν) + ωµ

a
b (êν

bvν)]dxµ ⊗ (êρa ∂ρ)

which gives us
∇v = (vν êρa∂µêν

a + ∂µv
ρ + ωµ

a
b êν

bvν êρa)dx
µ ⊗ ∂ρ

4The placement of the index µ is purely conventional. A different notational convention would be to place it on the right, i.e. to have
ωa

bµ instead.
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Chapter 1. Einstein-Cartan Theory 1.1. Tetrad Formalism

where we have done the contraction êνaêaρ = δρν . By relabeling the indices ρ −→ ν −→ λ we get that
∇v = (∂µv

ν + vλêνa∂µêλ
a + ωµ

a
b êλ

bvλêνa)dx
µ ⊗ ∂ν (1.1.18)

Then, by comparing equations (1.1.16) and (1.1.18) we find that
Γ
ν

µλ v
λ = vλêνa∂µêλ

a + ωµ
a
b êλ

bvλêνa

and since this must hold for every vλ, we have that the relation between the affine and spin connection
coefficients is:

Γ
ν

µλ = êνa∂µêλ
a + ωµ

a
b êλ

bêνa (1.1.19)

We can easily invert this and solve for the spin connection coefficients:

ωµ
a
b = êλb êν

a Γ
ν

µλ − êλb ∂µêλ
a (1.1.20)

Now, if we multiply both sides with êσb we get that
ωµ

a
bêσ

b = êλb êν
a êσ

b Γ
ν

µλ − êλb êσ
b ∂µêλ

a = êν
a Γ

ν

µσ − ∂µêσ
a

By rearranging the terms in one side we get
∂µêσ

a − êν
a Γ

ν

µσ + ωµ
a
bêσ

b = 0

We may recognize this relation as a "covariant derivative" of the tetrad field êσa, i.e.
∇µêν

a = ∂µêν
a − êσ

a Γ
σ

µν + ωµ
a
bêν

b

where we have relabeled the indices ν ↔ σ. The term "covariant derivative" here is not used here only to refer to
the usual covariant derivative encountered in General Relativity, which only considers the affine connection Γ
in relation to Greek indices, but in a broader/generalized sense where Latin indices are considered with regards
to the spin connection ω. Therefore, the above result is simply that the covariant derivative of the tetrad field
vanishes:

∇µêν
a = ∂µêν

a − êσ
a Γ

σ

µν + ωµ
a
bêν

b = 0 (1.1.21)

The above relation can be used as an initial assumption (axiom) which ultimately acts as a defining relation for
the spin connection. That’s why it is called the tetrad postulate. As our starting point was different, however,
this result is somehow expected, since êνa are the components of the tensor e, which as we saw is the "identity
map". Another important question regarding the spin connection coefficients is the way they transform. Just
like the Γ symbols, which arise from the affine connection, we do not expect the spin connection coefficients to
be the components of a tensor. Our starting point to find this transformation law is the fact that the covariant
derivative of a vector v in the flat basis must be Lorentz invariant [4]. Therefore, if

∇µv
a = ∂µv

a + ωµ
a
bv
b

then
∇µv

a′ = Λa
′

a∇µv
a (1.1.22)

must hold. We have that
∇µv

a′ = ∇µ(Λ
a′
a v

a) = (∇µΛ
a′
a)v

a + Λa
′

a∇µv
a′

and thus the only way for our Lorentz invariance condition to hold is if

∇µΛ
a′
a = 0 (1.1.23)

We know how to take covariant derivatives of (1, 1)-tensors (and, in general, (k, l)-tensors) and so we calculate
the covariant derivative of Λa′b, which we know should be zero:

∇µΛ
a′
b = ∂µΛ

a′
b + ωµ

a′
cΛ

c
b − ωµ

c
bΛ

a′
c = 0 (1.1.24)

where the upper index has a positive correction term and the lower index has a negative one. We multiply with
Λbb′ and get

Λbb′∂µΛ
a′
b + ωµ

a′
c Λ

b
b′Λ

c
b − ωµ

c
b Λ

b
b′Λ

a′
c = 0 ⇒

Λbb′∂µΛ
a′
b + ωµ

a′
b′ − ωµ

c
b Λ

b
b′Λ

a′
c = 0

and thus
ωµ

a′
b′ = ωµ

c
b Λ

b
b′Λ

a′
c − Λbb′∂µΛ

a′
b (1.1.25)

It can be seen clearly that the spin connection coefficients must not transform like a tensor in order for the
covariant derivative of a vector to transform properly.
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Chapter 1. Einstein-Cartan Theory 1.2. Differential Forms Viewpoint

1.2 Differential Forms Viewpoint

Our new formulation, involving Latin (flat) indices, allows us to employ a very powerful computational tool:
the exterior algebra of differential forms. We know that an object like Xµ is a one-form, an anti-symmetric
object like Aµν is a 2-form and so on. But what about an object like Xµ

a? At first glance, one would say
that this is not a differential form. However, the fact that a is a Latin (flat) index allows us to make a very
important change in viewpoint: We can see Xµ

a as a vector-valued one-form! For each value of the lower index
µ, Xµ

a is a four-vector by its second, upper flat index a. In this spirit, any tensor that has any number of
lower Greek indices that are completely antisymmetric and any number of Latin indices can be viewed as a
tensor-valued differential form. For example, the tensor Aµνab, where µ, ν are antisymmetric, can be thought
of as a (1, 1)-tensor valued 2-form. As such, "ordinary" differential forms like Xµ are simply scalar-valued
differential forms. By application of this "rule", the spin connection coefficients ωµab are (1, 1)-tensor-valued
one-forms. This means that we can "suppress" the Greek index by writing the spin connection coefficient as a
one-form5

ωab = ωµ
a
b dx

µ (1.2.1)

where the bold symbol has been used to indicate the one-form as a geometric object and not as simply its
component functions. We know that the exterior derivative of a one-form Xµ is a 2-form given by:

(dX)µν = ∂µXν − ∂νXµ

and so for a four-vector valued one-form Xµ
a we have that

(dX)µν
a
= ∂µXν

a − ∂νXµ
a (1.2.2)

However, this derivative does not suit our needs. That’s because, while it transforms like a 2-form under
General Coordinate Transformations (Greek indices), it does not transform like a four-vector under Local
Lorentz Transformations (Latin indices). To amend this, we must introduce a new derivative operator, the
exterior covariant derivative, which is defined to be

(DX)µν
a
= (dX)µν

a
+ (ω ∧X)µν

a
= ∂µXν

a − ∂νXµ
a + ωµ

a
bXν

b − ων
a
bXµ

b (1.2.3)

where ∧ symbolizes the wedge product of differential forms and the bar indicates a connection for a non-
vanishing torsion is used. We can show that this is equal to

(DX)µν
a
= ∇µXν

a −∇νXµ
a + TσµνXσ

a (1.2.4)

In bold notation, suppressing the Greek indices, the exterior covariant derivative of a vector-valued p-form is
expressed as:

(DX)a = (DX
a
) = dXa + ωab ∧Xb (1.2.5)

This definition of the exterior covariant derivative can be extended to any tensor-valued p-form Xa...
b..., as

given in [5]:

(DX)a...b... = (dX)a...b... + (ωac ∧Xc...
b...) + · · · − (−1)p(Xa...

d... ∧ ωdb)− · · · (1.2.6)

To sum up, we have done two things:

1. We have changed our viewpoint, by viewing tensors of mixed Greek and Latin indices as tensor-valued
differential forms of Greek indices. This allows us to unclutter our notation and keep only the Latin (flat)
indices by representing these differential forms as geometric objects and not as their component functions
(thus suppressing all Greek indices).

2. We have defined a suitable derivative operator (the exterior covariant derivative) for tensor-valued differ-
ential forms that incorporates the spin connection.

We will thoroughly use the notation and tools introduced above in the rest of the text.
5Since the index µ gets contracted anyway, it becomes clearer why there are different notations for its placement. In most cases, we’ll

be using the contracted forms of the connection coefficients.

7



Chapter 1. Einstein-Cartan Theory 1.3. The Cartan Structure Equations

1.3 The Cartan Structure Equations

Now that we have established our formalism in terms of vierbeins and differential forms, we can go ahead and
express many notions of General Relativity we’re familiar with in these new terms.

1.3.1 Metric Compatibility

The metric compatibility condition of General Relativity is expressed as the vanishing of the covariant derivative
of the metric6

∇g = 0 (1.3.1)
In vielbein notation, this is expressed as

∇λgµν = ∇λ(ê
a
µê
b
νηab) = êaµê

b
ν∇ληab = 0

where the vielbein fields were moved outside the covariant derivative due to the tetrad postulate. The covariant
derivative of a quantity without curved (Greek) indices coincides with the exterior covariant derivative, as one
may check, and thus the metric compatibility condition takes the form:

Dηab = 0 ⇒ ∇µηab =���*0
∂µηab − ωµ

c
a ηcb − ωµ

c
b ηac = −ωµab − ωµba = 0

which translates to the two Latin indices being antisymmetric:

ωµab = −ωµba (1.3.2)

or, equivalently
ωab = −ωba (1.3.3)

1.3.2 Torsion

We know that torsion in General Relativity is a tensor with components7

Tλµν = Γ
λ

µν − Γ
λ

νµ (1.3.4)

We want to express this in terms of Latin indices. We have8:

Tλµν = êλaT
a
µν (1.3.5)

From equation (1.1.19) we have that

Γ
λ

µν = êλa∂µêν
a + ωµ

a
c êν

cêλa

and thus

Tλµν = êλa∂µêν
a + ωµ

a
c êν

cêλa − êλa∂ν êµ
a − ων

a
c êµ

cêλa ⇒
Tλµν = êλa(∂µêν

a − ∂ν êµ
a + ωµ

a
c êν

c − ων
a
c êµ

c)
(1.3.6)

By comparing equations (1.3.5) and (1.3.6) we find that

T aµν = ∂µêν
a − ∂ν êµ

a + ωµ
a
c êν

c − ων
a
c êµ

c (1.3.7)

We recognize this as the exterior covariant derivative of the vector-valued one-form êa (see Equation (1.2.3)).
Thus, we can write

T a = Dêa = dêa + ωab ∧ êb (1.3.8)
This is called Cartan’s first structure equation.

6In this thesis, we explore metric-compatible theories with non-zero torsion. However, the most general geometries we can consider
are not metric compatible. In such a case, the non-vanishing part of the metric compatibility condition is a tensor called non-metricity
tensor. Theories that consider the general case where both torsion and non-metricity are present are called metric-affine theories. In string
effective actions, the dilaton plays the role of a special kind of non-metricity, called Weyl non-metricity.

7Since the connection coefficients Γ aren’t tensors, we typically do not adhere strictly to index notation and write the top index directly
above the first lower index. However, as the difference of these two Γ symbols is a tensor, we are obliged to choose a placement for the
upper index. Here, we follow the convention of placing it in the left side, rather than the right side.

8In other sources, Tλ
µν = −êλaTa

µν is used instead. This conventional minus can be traced back to the convention used by
the author in the covariant derivative definition. More specifically, while here we use ∇µων = ∂µων − Γλ

µνωλ other sources use
∇µων = ∂µων − Γλ

νµωλ instead. To preserve the final result (Equation (1.3.8)), the introduction of this minus is necessary.
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Chapter 1. Einstein-Cartan Theory 1.3. The Cartan Structure Equations

1.3.3 Curvature

We can work similarly with the curvature tensor. In General Relativity, the curvature tensor is given by

R
ρ
σµν = ∂µΓ

ρ

νσ − ∂νΓ
ρ

µσ + Γ
ρ

µλΓ
λ

νσ − Γ
ρ

νλΓ
λ

µσ (1.3.9)

We can change two of the indices to flat and express the curvature in terms of the spin connection as

R
a
bµν = ∂µων

a
b − ∂νωµ

a
b + ωµ

a
cων

c
b − ων

a
cωµ

c
b (1.3.10)

Proof

We know that we can pass onto flat indices by using the vielbeins:

R
ρ
σµν = êρa êσ

bR
a
bµν (1.3.11)

Now, by using Equation (1.1.19) we get that:

∂µΓ
ρ

νσ = ∂µ(ê
ρ
a∂ν êσ

a + ων
a
c êσ

cêρa) =

= (∂µê
ρ
a)(∂ν êσ

a) + êρa(∂µ∂ν êσ
a) + (∂µων

a
c) êσ

cêρa + ων
a
c (∂µêσ

c)êρa + ων
a
c êσ

c(∂µê
ρ
a)

and

∂νΓ
ρ

µσ = ∂ν(ê
ρ
a∂µêσ

a + ωµ
a
c êσ

cêρa) =

= (∂ν ê
ρ
a)(∂µêσ

a) + êρa(∂ν∂µêσ
a) + (∂νωµ

a
c) êσ

cêρa + ωµ
a
c (∂ν êσ

c)êρa + ωµ
a
c êσ

c(∂ν ê
ρ
a)

as well as

Γ
ρ

µλΓ
λ

νσ = (êρa∂µêλ
a + ωµ

a
c êλ

cêρa)
(
êλb∂ν êσ

b + ων
b
d êσ

dêλb

)
= êρaê

λ
b∂µêλ

a∂ν êσ
b + êρa êσ

d êλb ων
b
d ∂µêλ

a+

+ êλ
cêλb︸ ︷︷ ︸
=δcb

êρa ωµ
a
c∂ν êσ

b + êλ
c êλb︸ ︷︷ ︸
=δcb

êρa êσ
d ωµ

a
c ων

b
d =

= êρaê
λ
b∂µêλ

a∂ν êσ
b + êρa êσ

d êλb ων
b
d ∂µêλ

a + êρa ωµ
a
b∂ν êσ

b + êρa êσ
d ωµ

a
b ων

b
d

and

Γ
ρ

νλΓ
λ

µσ = (êρa∂ν êλ
a + ων

a
c êλ

cêρa)
(
êλb∂µêσ

b + ωµ
b
d êσ

dêλb

)
= êρaê

λ
b∂ν êλ

a∂µêσ
b + êρa êσ

d êλb ωµ
b
d ∂ν êλ

a + êρa ων
a
b∂µêσ

b + êρa êσ
d ων

a
b ωµ

b
d

and so we have that

R
ρ
σµν = (∂µê

ρ
a)(∂ν êσ

a) +((((((
êρa(∂µ∂ν êσ

a) + (∂µων
a
c) êσ

cêρa + ων
a
c (∂µêσ

c)êρa + ων
a
c êσ

c(∂µê
ρ
a)

− (∂ν ê
ρ
a)(∂µêσ

a)−((((((
êρa(∂ν∂µêσ

a)− (∂νωµ
a
c) êσ

cêρa − ωµ
a
c (∂ν êσ

c)êρa − ωµ
a
c êσ

c(∂ν ê
ρ
a)

+ êρaê
λ
b∂µêλ

a∂ν êσ
b + êρa êσ

d êλb ων
b
d ∂µêλ

a + êρa ωµ
a
b∂ν êσ

b + êρa êσ
d ωµ

a
b ων

b
d

− êρaê
λ
b∂ν êλ

a∂µêσ
b − êρa êσ

d êλb ωµ
b
d ∂ν êλ

a − êρa ων
a
b∂µêσ

b − êρa êσ
d ων

a
b ωµ

b
d

After rearranging some terms and renaming some indices, we get

R
ρ
σµν = êρa êσ

b

[
∂µων

a
b − ∂νωµ

a
b + ωµ

a
c ων

c
b − ων

a
c ωµ

c
b

]
+

[
(∂µê

ρ
a)(∂ν êσ

a)− (∂ν ê
ρ
a)(∂µêσ

a)

]
+êσ

c

[
ων

a
c (∂µê

ρ
a)− ωµ

a
c (∂ν ê

ρ
a)

]
+
(((((((((((((((

êρa

[
ων

a
c (∂µêσ

c)− ωµ
a
c (∂ν êσ

c)

]
+
(((((((((((((((

êρa

[
ωµ

a
b(∂ν êσ

b)− ων
a
b(∂µêσ

b)

]
+ êρaê

λ
b

[
(∂µêλ

a)(∂ν êσ
b)− (∂ν êλ

a)(∂µêσ
b)

]
+ êρa êσ

d êλb

[
ων

b
d (∂µêλ

a)− ωµ
b
d (∂ν êλ

a)

]
To proceed with the computations, we require a useful identity. We have that

∂µ(ê
λ
aêτ

a) = (∂µêτ
a)êλa + êτ

a(∂µê
λ
a)

9



Chapter 1. Einstein-Cartan Theory 1.3. The Cartan Structure Equations

but also
∂µ(ê

λ
aêτ

a) = ∂µδ
λ
τ = 0

and thus
(∂µêτ

a)êλa = −êτ a(∂µêλa) (1.3.12)

which means that we can exchange vielbeins in the derivative while getting a minus sign. Having this in
mind, we have that

êρa

[
êλb(∂µêλ

a)(∂ν êσ
b)− êλb(∂ν êλ

a)(∂µêσ
b)

]
= êρa

[
− êλ

a(∂µê
λ
b)(∂ν êσ

b) + êλ
a(∂ν ê

λ
b)(∂µêσ

b)

]
= δρλ

[
− (∂µê

λ
b)(∂ν êσ

b) + (∂ν ê
λ
b)(∂µêσ

b)

]
=

[
− (∂µê

ρ
b)(∂ν êσ

b) + (∂ν ê
ρ
b)(∂µêσ

b)

]
Similarly, we have that

êρa êσ
d

[
êλb ων

b
d (∂µêλ

a)− êλb ωµ
b
d (∂ν êλ

a)

]
= êρa êσ

d

[
− êλ

a ων
b
d (∂µê

λ
b) + êλ

a ωµ
b
d (∂ν ê

λ
b)

]
= δρλ êσ

d

[
− ων

b
d (∂µê

λ
b) + ωµ

b
d (∂ν ê

λ
b)

]
= êσ

d

[
− ων

b
d (∂µê

ρ
b) + ωµ

b
d (∂ν ê

ρ
b)

]
and so if we replace back in the expression for the curvature tensor we get

R
ρ
σµν = êρa êσ

b

[
∂µων

a
b − ∂νωµ

a
b + ωµ

a
c ων

c
b − ων

a
c ωµ

c
b

]
+
(((((((((((((((([
(∂µê

ρ
a)(∂ν êσ

a)− (∂ν ê
ρ
a)(∂µêσ

a)

]
+ êσ

c
hhhhhhhhhhhhhh

[
ων

a
c (∂µê

ρ
a)− ωµ

a
c (∂ν ê

ρ
a)

]
+
((((((((((((((((([
− (∂µê

ρ
b)(∂ν êσ

b) + (∂ν ê
ρ
b)(∂µêσ

b)

]
+ êσ

d
hhhhhhhhhhhhhhh

[
− ων

b
d (∂µê

ρ
b) + ωµ

b
d (∂ν ê

ρ
b)

]
We observe that all terms besides the first equal zero and thus

R
ρ
σµν = êρaêσ

b(∂µων
a
b − ∂νωµ

a
b + ωµ

a
cων

c
b − ων

a
cωµ

c
b) (1.3.13)

Therefore, by direct comparison of Equations (1.3.11) and (1.3.13) we get that

R
a
bµν = ∂µων

a
b − ∂νωµ

a
b + ωµ

a
cων

c
b − ων

a
cωµ

c
b

This is the desired result.
We recognize the first two terms of the curvature relation as the exterior derivative of ω and the last two terms
as the wedge product of ω with itself. Thus, we have an equivalent expression of

R
a
b = dωab + ωac ∧ ωcb (1.3.14)

This is called Cartan’s second structure equation.

1.3.4 The Bianchi Identities

By taking multiple exterior covariant derivatives of the tetrad one-form, we get the Bianchi identities, known
from General Relativity, in our new formalism. The exterior covariant derivative of the torsion form is

DT a = D
2
êa = Ddêa +D(ωab ∧ êb)

We have that

Ddêa =���*
0

d2êa + ωab ∧ dêb = ωab ∧ dêb

and
D(ωab ∧ êb) = d(ωab ∧ êb) + ωab ∧ ωbc ∧ êc = dωab ∧ êb − ωab ∧ dêb + ωab ∧ ωbc ∧ êc

and so
DT a =�����

ωab ∧ dêb + dωab ∧ êb −�����
ωab ∧ dêb + ωab ∧ ωbc ∧ êc

= dωab ∧ êb + ωab ∧ ωbc ∧ êc = (dωab + ωac ∧ ωcb) ∧ êb

10



Chapter 1. Einstein-Cartan Theory 1.3. The Cartan Structure Equations

where we have relabeled the indices of the second term b↔ c. Thus, we arrive at the relation

DT a = D
2
êa = Ra

b ∧ êb (1.3.15)

This reduces to Bianchi’s first identity of General Relativity when torsion is zero. This can be made obvious if
we write this identity in index notation:

Rρ[σµν] = ∇[σT
ρ
µν] + Tλ[σµT

ρ
ν]λ (1.3.16)

or, expressed in terms of the torsionless covariant derivative,

Rρ[σµν] = ∇[σT
ρ
µν] +Kρ

[σ|κT
κ
µν] (1.3.17)

where K is the contorsion tensor, to be defined in the next subsection. Notice how the curvature tensor no
longer satisfies a cyclic identity. Now, note that the proof of the first Bianchi identity presented above made no
assumptions about êa besides it being a vector-valued differential form. Therefore, the formula is valid for any
vector valued p-form λa:

D
2
λa = Ra

b ∧ λb (1.3.18)

Now, consider taking an additional exterior covariant derivative, i.e. calculating D
3
λa. We can calculate this

in two different ways. First,

D
3
λa = D(D

2
λa) = D(Ra

b ∧ λb) = (DRa
b ∧ λb) + (Ra

b ∧Dλb) (1.3.19)

However, we also have
D

3
λa = D

2
(Dλa) = Ra

b ∧Dλb (1.3.20)
where we used Dλa instead of λa on Equation (1.3.18). By comparing Equations (1.3.19) and (1.3.20) we
conclude that

DRa
b ∧ λb = 0

Since λa can be an arbitrary vector value p-form, we choose it to be a vector valued 0-form, i.e. a vector field
λa = Xa. By doing this, the wedge product simplifies to an ordinary product:

(DRa
b)X

b = 0

Since this equality must hold for an arbitrary such vector field, we conclude that

DRa
b = 0

must hold. By using the exterior covariant derivative formula, we get that this relation is:

DRa
b = dRa

b + ωac ∧Rc
b −Ra

c ∧ ωcb = 0 (1.3.21)

This reduces to Bianchi’s second (differential) identity of General Relativity [3], as can be seen by writing it in
index notation:

∇[λR
ρσ
µν] + Tκ[λµR

ρσ
ν]κ = 0 (1.3.22)

or, written in terms of the torsionless covariant derivative,

∇[λR
ρσ
µν] +Kρ

[λ|κR
κσ
µν] +Kσ

[λ|κR
ρκ
µν] = 0 (1.3.23)

where, again, K is the contorsion, to be defined shortly. We can calculate DRa
b:

DRa
b = D(dωab + ωac ∧ ωcb) = D(dωab) +D(ωac ∧ ωcb)

We have that

D(dωab) =�����:0
(d2ωab) + (ωac ∧ dωcb)− (dωac ∧ ωcb) = (ωac ∧ dωcb)− (dωac ∧ ωcb) = d(ωac ∧ ωcb)

and
D(ωac ∧ ωcb) = d(ωac ∧ ωcb) + (ωac ∧ ωcd ∧ ωdb) + (ωac ∧ ωcd ∧ ωdb)

= d(ωac ∧ ωcb) + 2(ωac ∧ ωcd ∧ ωdb)

and thus we get
DRa

b = 2d(ωac ∧ ωcb) + 2(ωac ∧ ωcd ∧ ωdb)

Bianchi’s second identity can therefore be written as

DRa
b = d(ωac ∧ ωcb) + (ωac ∧ ωcd ∧ ωdb) = 0 (1.3.24)

11



Chapter 1. Einstein-Cartan Theory 1.4. The Contorsion Tensor

1.4 The Contorsion Tensor

Assuming a contorted connection Γλµν it is possible to show that [6]

Γλµν = Γλµν +
1

2
(Tλµν + Tµ

λ
ν + Tν

λ
µ) (1.4.1)

where the Γλµν are the Christoffel symbols of conventional General Relativity which do not include torsion:

Γλµν = Γλνµ (1.4.2)

and Tλµν are the components of the torsion tensor. Therefore, it is is possible to split the affine connection in
two parts, a torsion free part Γλµν and a contorted part Kλ

µν :

Γλµν = Γλµν +Kλ
µν (1.4.3)

where the contorted part Kλ
µν is a tensor (as it is defined in terms of the torsion tensor), which we call the

contorsion tensor9

Kλ
µν =

1

2
(Tλµν + Tµ

λ
ν + Tν

λ
µ) (1.4.4)

The torsion tensor is antisymmetric in its lower indices:

Tλµν = −Tλνµ (1.4.5)

and based on that we can easily show that the contorsion tensor is anti-symmetric in its first and third indices:

Kλµν = −Kνµλ (1.4.6)

Analogously, the contorted spin connection ωab can be split it into a torsionless part ωab and a part Ka
b

containing all the information about the torsion:

ωab = ωab +Ka
b ⇒ ωµ

a
b = ωµ

a
b +Ka

µb (1.4.7)

where Ka
b is again the contorsion, this time expressed using Latin indices. The torsionless part is defined to

be such that
Dêa = dêa + ωab ∧ êb = 0 (1.4.8)

i.e. the torsion contribution from ωab is zero. It is easy then to show that

D = D +Ka
b∧ (1.4.9)

Note that we have defined a bar-less exterior covariant derivative D, which is defined like D, but with ωab
instead of ωab. This, in turn, gives us that ωab is anti-symmetric:

ωab = −ωba (1.4.10)

by the metric compatibility condition, as before. The torsion one-form is defined by the contraction10

Ka
c = Ka

bc ê
b = Ka

µc dx
µ (1.4.11)

9It turns out that there are four different expressions for the contorsion tensor, which are based into two conventional choices:
i The choice of the definition of the covariant derivative: Either ∇µων = ∂µων −Γλ

µνωλ (Choice (1a)) or ∇µων = ∂µων −Γλ
νµωλ (Choice

(1b))

ii The choice of the definition of the torsion tensor: Either Tλ
µν = Γ

λ
µν − Γ

λ
νµ (Choice (2a)) or Tλ

µν = Γ
λ
νµ − Γ

λ
µν (Choice (2b))

Then, according to our combination of conventional choices, we get different expressions for the contorsion tensor components:
i (1a) & (2a): Kλµν = 1

2
(Tλµν + Tµλν + Tνλµ) & anti-symmetric in 1st and 3rd indices: Kλµν = −Kνµλ (we’re using this one)

ii (1a) & (2b): Kλµν = − 1
2
(Tλµν + Tµλν + Tνλµ) & anti-symmetric in 1st and 3rd indices: Kλµν = −Kνµλ

iii (1b) & (2a): Kλµν = 1
2
(Tλµν − Tµλν − Tνλµ) & anti-symmetric in 1st and 2nd indices: Kλµν = −Kµλν

iv (1b) & (2b): Kλµν = − 1
2
(Tλµν − Tµλν − Tνλµ) & anti-symmetric in 1st and 2nd indices: Kλµν = −Kλνµ

10The index contracted is the one that doesn’t possess any symmetry. Similarly, in the other conventions we described, the contorsion
one-form is defined by contracting the lower index that doesn’t have any symmetries.

12



Chapter 1. Einstein-Cartan Theory 1.4. The Contorsion Tensor

where the components Ka
bc are given by:

Kabc =
1

2
(Tabc + Tbac + Tcab) (1.4.12)

Since the first and third indices are antisymmetric,

Kabc = −Kcba (1.4.13)

it follows that the components of the contorsion one-form are anti-symmetric:

Kab = −Kba (1.4.14)

Furthermore, by the defining Equation (1.3.8) for torsion and Equation (1.4.8) it is trivial to show that

T a = Ka
b ∧ êb (1.4.15)

thus confirming that the information about the torsion is contained entirely in the contortion. Furthermore,
we have that

2(Kabc −Kacb) = Tabc + Tbac + Tcab − Tacb − Tcab − Tbac = 2Tabc

and thus we get the property
T abc = 2Ka

[bc] = (Ka
bc −Ka

cb) (1.4.16)

Having all of the above in mind, we can define a torsionless curvature 2-form as [5]

Ra
b = dωab + ωac ∧ ωcb (1.4.17)

which (obviously) satisfies the Bianchi identity

DRa
b = 0 (1.4.18)

By expanding Equation (1.3.14) we get that

R
a
b = d(ωab +Ka

b) + (ωac +Ka
c) ∧ (ωcb +Kc

b)

= dωab + ωac ∧ ωcb︸ ︷︷ ︸
=Ra

b

+dKa
b + ωac ∧Kc

b +Ka
c ∧ ωcb︸ ︷︷ ︸

DKa
b

+Ka
c ∧Kc

b

and thus the contorted curvature 2-form can be expressed in terms of the torsionless curvature 2-form and the
contorsion one-form:

R
a
b = Ra

b +DKa
b +Ka

c ∧Kc
b (1.4.19)

Using this formula to replace the torsionful Riemann curvature 2-form in the second Bianchi identity gives us
a Bianchi-like equation that relates the contorsion with the torsion-free Riemann tensor:

D2Ka
b = Ka

c ∧Kc
b −Rc

b ∧Ka
c (1.4.20)

In index notation, this identity can be written as

2∇[µ∇νK
ρ
λ]σ = Rρκ[µνK

κ
λ]σ −Rκσ[µνK

ρ
λ]κ (1.4.21)

This equation vanishes identically in the absence of torsion. We finish this section by writing out the de-
composition of the torsionful Riemann tensor into the torsion-free Riemann tensor and torsion part in index
notation:

R̄abcd = Rabcd +∇cKadb −∇dKacb +KaceK
e
db −KadeK

e
cb (1.4.22)

The appropriate contractions lead to similar relations for the torsionful Ricci tensor and Ricci scalar:

R̄ab = Rab +∇bKac
c −∇cKab

c +Kac
eKc

be −Kab
eKc

ce (1.4.23)

R̄ = R+ 2∇aK
ab
b +KabcKacb −Kab

bKac
c (1.4.24)
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Chapter 1. Einstein-Cartan Theory 1.5. Lagrangian Formulation of Einstein-Cartan Theory

1.5 Lagrangian Formulation of Einstein-Cartan Theory

In this section, we derive the Lagrangian that describes the theory of General Relativity with non-zero torsion,
i.e. the Einstein-Cartan theory. We then decompose the torsion tensor into its irreducible components and
give the Einstein-Cartan action in terms of those components.

1.5.1 The Einstein-Cartan Action

In General Relativity, the Einstein Equations in the absence of matter are derived from the so-called Einstein-
Hilbert action:

SEH =
1

16πG

∫
R
√
−g d4x (1.5.1)

where R is the (torsionless) Ricci scalar and G is Newton’s constant of gravitation. In our contorted theory,
it makes sense to simply replace the torsionless Ricci scalar with the contorted Ricci scalar R. Therefore, the
starting point for the action in a contorted gravity theory is

SEC =
1

16πG

∫
R
√
−g d4x (1.5.2)

We will show (by following [7]) that this term can be rewritten in differential form notation as

SEC =
1

16πG

∫
Rab ∧ ∗(êa ∧ êb) (1.5.3)

Proof

First of all, we have that the curvature form can be written as the contraction of the Riemann curvature
tensor:

Rab =
1

2
Rabµνdx

µ ∧ dxν

Furthermore, the asterisk denotes the Hodge dual, which for a p-form A in D-dimensional space is defined
to be

∗A =
1

(D − p)!
Aµ1...µp ηµ1...µp...µD

dxµp+1 ∧ · · · ∧ dxµD (1.5.4)

where η is used to denote the Levi-Civita tensor

ηµ1...µD
=

√
−g ϵµ1...µD

(1.5.5)

Therefore, we can see that
∗(êa ∧ êb) =

1

2
êaρêbσηρσκλ dx

κ ∧ dxλ (1.5.6)

and thus we get

SEC =
1

16πG

∫ [
1

2
Rabµνdx

µ ∧ dxν
]
∧
[
1

2
êaρêbσηρσκλ dx

κ ∧ dxλ
]

=
1

16πG

∫
1

4
Rabµν ê

aρêbσηρσκλdx
µ ∧ dxν ∧ dxκ ∧ dxλ

Then, by using the relation11

dxµ1 ∧ · · · ∧ dxµD = −
√
−g ηµ1...µD dDx (1.5.7)

we get that
SEC = − 1

16πG

∫
1

4
Rabµν êa

ρêb
σηρσκλη

µνκλ√−g d4x

For the contraction of the Levi-Civita tensors, we have the identity

ην1...νDη
µ1...µD = (−1)D−1(D − p)! δµ1...µD

ν1...νD (1.5.8)

14



Chapter 1. Einstein-Cartan Theory 1.5. Lagrangian Formulation of Einstein-Cartan Theory

where we have adopted the convention ϵ0123 = +1 and δµ1...µD
ν1...νD is the generalized Kronecker delta symbol

defined as the determinant:

δµ1...µD
ν1...νD =

∣∣∣∣∣∣∣
δµ1
ν1 · · · δµ1

νD
...

. . .
...

δµD
ν1 · · · δµD

νD

∣∣∣∣∣∣∣ (1.5.9)

Having the above relations in mind, we apply for D = 4, p = 2 and get that

ηρσκλη
µνκλ = −2(δµρ δ

ν
σ − δµσδ

ν
ρ ) (1.5.10)

and thus the action can be written as

SEC =
1

16πG

∫
1

2
Rabµν êa

ρêb
σ(δµρ δ

ν
σ − δµσδ

ν
ρ )
√
−g d4x =

1

16πG

∫
1

2
Rabµν(êa

µêb
ν − êa

bν êb
µ)
√
−g d4x

=
1

16πG

∫
1

2
(Rabab −Rabba)

√
−g d4x =

1

16πG

∫
Rabab

√
−g d4x

We can recognize Rabab as the Ricci curvature scalar:

R = Rabη
ab = Rcacbη

ab = Rcbcb (1.5.11)

and thus we have shown that
SEC =

1

16πG

∫
R
√
−g d4x

as desired.

By expanding the curvature 2-form in Equation (1.5.3), we get three terms:

SEC =
1

16πG

∫
(Rab +DKab +Kac ∧Kc

b) ∧ ∗(êa ∧ êb) (1.5.12)

The first term is the familiar Einstein-Hilbert action from General Relativity:

SG1 = SEH =
1

16πG

∫
Rab ∧ ∗(êa ∧ êb) (1.5.13)

The second term turns out to be a surface term

SG2 =
1

16πG

∫
DKab ∧ ∗(êa ∧ êb) =

1

16πG

∫
d(Kab ∧ ∗(êa ∧ êb)) =

1

16πG

∫
∂M

(Kab ∧ ∗(êa ∧ êb)) (1.5.14)

and thus doesn’t contribute to the equations of motion and can be ignored.

Proof

We’ll convert both sides of the equation to tensor notation and show that they’re equal. For the left hand

11The negative sign on the right hand side would not be required if one adopted the ϵ0123 = +1 convention instead.
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side, we have that∫
DKab ∧ ∗(êa ∧ êb) =

∫
∇µKaνbdx

µ ∧ dxν ∧
(
1

2
êaρêbσηρσκλdx

κ ∧ dxλ
)

=

∫
1

2
∇µKaνbê

aρêbσηρσκλ dx
µ ∧ dxν ∧ dxκ ∧ dxλ︸ ︷︷ ︸
=−

√
−gηµνκλd4x

= −
∫

1

2
∇µKaνbê

aρêbσ ηρσκλη
µνκλ︸ ︷︷ ︸

=−2(δµρ δνσ−δ
µ
σδνρ )

√
−g d4x

=

∫
∇µKaνb(δ

µ
ρ δ
ν
σ − δµσδ

ν
ρ )ê

aρêbσ
√
−g d4x

=

∫
(∇ρKaσb −∇σKaρb) ê

aρêbσ
√
−g d4x

=

∫ (
∇ρK

a
σ
b −∇σK

a
ρ
b
)
êa
ρêb

σ√−g d4x

=

∫
(∇ρK

ρ
σ
σ −∇σK

ρ
ρ
σ)

√
−g d4x

=

∫
(∇ρK

ρ
σ
σ +∇σK

σ
ρ
ρ)

√
−g d4x

=

∫
2∇ρK

ρ
σ
σ√−g d4x

where we have used the fact that the contorsion is antisymmetric in its first and third indices. Then, by
using the fact that [3]:

∇ρK
ρ
σ
σ =

1√
−g

∂ρ
(√

−gKρ
σ
σ
)

(1.5.15)

we get that ∫
DKab ∧ ∗(êa ∧ êb) = 2

∫
∂ρ
(√

−gKρ
σ
σ
)
d4x (1.5.16)

Now, let us consider the right hand side. First of all, we have that

Kab ∧ ∗(êa ∧ êb) = Kaνbdx
ν ∧

(
1

2
êaρêbσηρσκλdx

κ ∧ dxλ
)

=
1

2
Ka

ν
bêa

ρêb
σηρσκλdx

ν ∧ dxκ ∧ dxλ

=
1

2
Kρ

ν
σηρσκλdx

ν ∧ dxκ ∧ dxλ

Next, we use the identity
ηρσκλ =

√
−gϵρσκλ (1.5.17)

and then we take the exterior derivative. Therefore, the integral becomes:∫
d(Kab ∧ ∗(êa ∧ êb)) =

∫
1

2
∂µ
(√

−gKρ
ν
σ
)
ϵρσκλdx

µ ∧ dxν ∧ dxκ ∧ dxλ

= −
∫

1

2
∂µ
(√

−gKρ
ν
σ
)
ϵρσκλ

√
−gηµνκλd4x

= −
∫

1

2
∂µ
(√

−gKρ
ν
σ
)
ηρσκλη

µνκλd4x

=

∫
∂µ
(√

−gKρ
ν
σ
)
(δµρ δ

ν
σ − δµσδ

ν
ρ )d

4x

=

∫ [
∂ρ
(√

−gKρ
σ
σ
)
− ∂σ

(√
−gKρ

ρ
σ
)]
d4x

=

∫ [
∂ρ
(√

−gKρ
σ
σ
)
+ ∂σ

(√
−gKσ

ρ
ρ
)]
d4x

16



Chapter 1. Einstein-Cartan Theory 1.5. Lagrangian Formulation of Einstein-Cartan Theory

Where in the last step we have again used the antisymmetry properties of the contorsion tensor. Thus, the
right hand side becomes ∫

d(Kab ∧ ∗(êa ∧ êb)) = 2

∫
∂ρ
(√

−gKρ
σ
σ
)
d4x (1.5.18)

This is equal to the expression we got for the left hand side. Therefore, the two sides are indeed equal. In
this form, the applicability of Stokes’ theorem is also obvious.

Finally, the last term contains all torsion-related information

SG3
=

1

16πG

∫
(Kac ∧Kc

b) ∧ ∗(êa ∧ êb) (1.5.19)

If we return to our previous notation, this term can be written as

SG3 =
1

16πG

∫
∆
√
−g d4x (1.5.20)

where ∆ is a factor that comes from contractions of the contorsion tensor:

∆ = KµλνKµνλ −Kµν
νKµλ

λ = −TλλµT ννµ − 1

2
TλµνTµνλ +

1

4
T νλµTνλµ (1.5.21)

Proof

Starting from the action term given in Equation (1.5.19), we have that∫
(Kac ∧Kc

b) ∧ ∗(êa ∧ êb) =

∫
KaµcK

c
νbdx

µ ∧ dxν
(
1

2
êaρêbσηρσκλdx

κ ∧ dxλ
)

= −
∫

1

2
KaµcK

c
νbê

aρêbσ
√
−gηρσκληµνκλd4x

=

∫
KaµcK

c
νb(δ

µ
ρ δ
ν
σ − δµσδ

ν
ρ )ê

aρêbσ
√
−g d4x

=

∫
(KaρcK

c
σb −KaσcK

c
ρb) ê

aρêbσ
√
−g d4x

=

∫
(Kρ

ρcK
c
σ
σ −Kρ

σcK
c
ρ
σ)

√
−g d4x

Therefore,

∆ = Kλ
λµK

µ
ν
ν −Kλ

νµK
µ
λ
ν = Kλ

λµK
µν
ν −KλνµKµλν = KµλνKµνλ −Kµν

νKµλ
λ

where we changed the indices ρ→ λ, c→ µ, σ → ν. Then, we can use the defining relation of the contorsion,
given by Equation (1.4.4), which we write here again for convenience:

Kλ
µν =

1

2
(Tλµν + Tµ

λ
ν + Tν

λ
µ)

Then, the first term in ∆ can be computed as:

KλνµKµλν =
1

4
(Tλνµ + T νλµ + Tµλν)(Tµλν + Tλµν + Tνµλ)

=
1

4
(TλνµTµλν︸ ︷︷ ︸+�����

TλνµTλµν + TλνµTνµλ+T
νλµTµλν + T νλµTλµν +T

νλµTνµλ

+�����
TµλνTµλν + TµλνTλµν + TµλνTνµλ︸ ︷︷ ︸)

The canceled terms can be shown to be opposite to one another after renaming the indices and swapping
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Chapter 1. Einstein-Cartan Theory 1.5. Lagrangian Formulation of Einstein-Cartan Theory

them. The underbracketed and underbraced terms can also be seen to be the same. Therefore, we get

KλνµKµλν =
1

4
(2TλνµTµλν︸ ︷︷ ︸+2TλνµTνµλ+T νλµTµλν︸ ︷︷ ︸+T νλµTνµλ + TµλνTλµν)

=
1

4
(TλνµTµλν + TλνµTνµλ + T νλµTνµλ)

=
1

4
(TλµνTµνλ + TλνµTνµλ + T νλµTνµλ)

where now the underbraced and underbracketed terms are opposite. Finally, we have that

KλνµKµλν =
1

4
(TλµνTµνλ︸ ︷︷ ︸+TλνµTνµλ︸ ︷︷ ︸+T νλµTνµλ) = +

1

2
TλµνTµνλ −

1

4
T νλµTνλµ

where, once again, the underbraced terms are equal. We can now move on and calculate the second term of
∆:

Kλ
λµK

µν
ν =

1

4
(Tλλµ + Tλ

λ
µ +���*

0
Tµ

λ
λ)(���:0

Tµνν + T νµν + Tν
µν)

=
1

4

(
TλλµT

νµ
ν + TλλµTν

µν + Tλ
λ
µT

νµ
ν + Tλ

λ
µTν

µν
)

= TλλµT
νµ
ν = −TλλµT ννµ

Where in the first line the cancelled terms equal zero because we are summing over antisymmetric indices of
the torsion tensor, while the four terms appearing in the second line are all the same and thus get summed.
Therefore, the expression for ∆ becomes:

∆ = Kλ
λµK

µν
ν −KλνµKµλν = −TλλµT ννµ − 1

2
TλµνTµνλ +

1

4
T νλµTνλµ

which is the result we were looking for.

Therefore, the full gravitational action is

SEC =
1

16πG

∫
(R+∆)

√
−g d4x (1.5.22)

1.5.2 The Decomposition of the Torsion Tensor

We can use the symmetries of the torsion tensor to further split the quantity ∆. The torsion tensor is a four-
dimensional rank-3 tensor with 48 components. Its antisymmetry in the first and third components dictates
that the number of independent components of the torsion tensor is 24. That is because, for Tabc there are
16 total combinations of a and c and only 6 of these are independent because of the antisymmetry in those
indices. For each of those, we have 4 components (different b values) for a total of 4 × 6 = 24 components12.
We can check (through Young Tableaux13) that the decomposition of the torsion tensor in irreducible parts is
[8]

6 ⊗ 4 = 4A ⊕ 20 = 4A ⊕ 4B ⊕ 16 (1.5.23)
where we have labeled the two different "4" parts of the decomposition to discern them. The three parts the
torsion tensor decomposes into are [9] the trace vector, the pseudotrace axial vector and the traceless tensor.
The trace vector is defined as:

Tµ =
1

3
T νµν (1.5.24)

and is the first 4 component of the decomposition. The pseudotrace axial vector is defined as:

Sµ =
1

3!
ηνρσµT

νρσ (1.5.25)

and is the second 4 component. Now, if we define the one-form

S = Sdê
d =

1

3!
ηabcdTabcê

d (1.5.26)

12Another way to consider this is to view Tabc as an anti-symmetric 2-tensor for each value of a. Each anti-symmetric 2-tensor has 6
independent components, and thus four of them (one for each value of b) have 4× 6 = 24 independent components.

13Since we’re decomposing in SO(1, 3) there are additional rules we must take into account [8].
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and take its Hodge dual, we may find that
∗S = H (1.5.27)

where H symbolizes the 3-form made from the totally antisymmetric part of the torsion tensor:

Hµνρ = T[µνρ] (1.5.28)

and so
H = T[abc]ê

a ∧ êb ∧ êc (1.5.29)

We can then easily verify that
S = ∗H (1.5.30)

This result can also be obtained by application of the formula [7]:

∗(∗A) = (−1)p(D−p)+D−1A (1.5.31)

for a p-form A in D dimensions. Finally, the third irreducible part of the torsion tensor is the tensor qµνρ which
is the traceless part of the torsion tensor,

qµνρ = Tµνρ − (T νgµρ − T ρgµν) + ηµνρσSσ (1.5.32)

whose trace and pseudotrace vanish by definition, as can be easily verified:

qνρν = 0 (1.5.33)

ηµνρσq
νρσ = 0 (1.5.34)

The traceless torsion tensor is antisymmetric in its last two indices, just like the torsion tensor. The latter can
then be written as14

Tµνρ = (T νgµρ − T ρgµν)− ηµνρσSσ + qµνρ (1.5.40)

It is then easy to show that the totally antisymmetric part of the torsion tensor is

Hµνρ = T[µνρ] = −ηµνρσSσ (1.5.41)

This will become relevant later on, when we examine a string-inspired model. Having the above decomposition
of the torsion tensor in mind, we are immediately interested in calculating ∆ in terms of the irreducible
components of the torsion tensor. We find that

∆ = −6TµT
µ +

3

2
SµS

µ +
1

2
qλµνqλµν (1.5.42)

Proof

In order to calculate this result, we need to make use of Equation (1.5.21) which we repeat here:

∆ = −TλλµT ννµ − 1

2
TλµνTµνλ +

1

4
T νλµTνλµ (1.5.43)

We will calculate the three terms appearing one by one and then take their sum. For the first term, we have

14There is one more convention for the decomposition of the torsion tensor:

Tµνρ =
1

3
(T νgµρ − T ρgµν)−

1

6
ηµνρσSσ + qµνρ (1.5.35)

where we have defined
Tµ = T ν

µν (1.5.36)
and

Sµ = ηνρσµT
νρσ (1.5.37)

This convention is used in [9]. In this convention, we get that

∆ = −
2

3
TµT

µ +
1

24
SµS

µ −
1

4
qλµνqλµν (1.5.38)

and
Kλµν =

1

3
(Tλgµν − T νgµλ)−

1

12
ηλµνρSρ +

1

2
qλµν (1.5.39)
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that
−TλλµT ννµ = TλµλT

ν
ν
µ = 3TµT

ν
ν
µ = 3TµT ννµ = −3TµT νµν = −9TµT

µ (1.5.44)

For the second term, we have that

TλµνTµνλ =
[
(Tµgλν − T νgλµ)− ηλµνρSρ + qλµν

]
[(Tνgµλ − Tλgµν)− ηµνλκS

κ + qµνλ]

=

[
(Tµgλν − T νgλµ)(Tνgµλ − Tλgµν)

]
+

���������������:0[
(Tµgλν − T νgλµ) (−ηµνλκSκ)

]

+

���������������:0[
(Tνgµλ − Tλgµν)

(
−ηλµνρSρ

) ]
+
������������:0[
(Tµgλν − T νgλµ)qµνλ

]
+
�����������:0[
(Tνgµλ − Tλgµν)q

λµν

]
+
[
−ηλµνρSρ + qλµν

]
[−ηµνλκSκ + qµνλ]

Keeping in mind that q is a totally antisymmetric tensor, we note that the terms above vanish either due
to symmetric-antisymmetric parts being contracted or due to the vanishing trace of q. Proceeding with the
calculations, we have that

TλµνTµνλ =

[
(Tµgλν − T νgλµ)(Tνgµλ − Tλgµν)

]
+

[
ηµνλκη

µνλρ︸ ︷︷ ︸
=−6δρκ

SρS
κ

]

−������:0
ηλµνρSρqµνλ −�������:0

ηµνλκS
κqλµν + qλµνqµνλ

=

[
TµTν g

λνgµλ︸ ︷︷ ︸
=δνµ

−TµTλ gλνgµν︸ ︷︷ ︸
=δλµ

−T νTν gλµgµλ︸ ︷︷ ︸
=4

+T νTλ g
λµgµν︸ ︷︷ ︸
=δλν

]

− 6SρS
ρ + qλµνqµνλ

Therefore, we get
TλµνTµνλ = −3TµT

µ − 6SρS
ρ + qλµνqµνλ (1.5.45)

Finally, let us turn our attention to qλµνqµνλ. By combining the vanishing pseudotrace and the antisymmetry
property of the last two indices of qλµν , we can easily show that it satisfies the cyclic identity:

qλµν + qµνλ + qνλµ = 0 (1.5.46)

We can now multiply this with qλµν and thus get

qλµνqλµν + qλµνqµνλ + qλµνqνλµ = 0

Then, we have that qλµνqνλµ = −qλµνqνµλ = qλνµqνµλ and therefore the above equation becomes

qλµνqλµν + 2qλµνqµνλ = 0

From where we finally get that

qλµνqµνλ = −1

2
qλµνqλµν (1.5.47)

This means that
TλµνTµνλ = −3TµT

µ − 6SρS
ρ − 1

2
qλµνqλµν (1.5.48)

Therefore, the second term in ∆ can be written as

−1

2
TλµνTµνλ =

3

2
TµT

µ + 3SµS
µ +

1

4
qλµνqλµν (1.5.49)
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For the third term, we follow the same procedure as before:

T νλµTνλµ = TλµνTλµν

=
[
(Tµgλν − T νgλµ)− ηλµνρSρ + qλµν

]
[(Tµgλν − Tνgλµ)− ηλµνκS

κ + qλµν ]

=

[
(Tµgλν − T νgλµ)(Tµgλν − Tνgλµ)

]
+

���������������:0[
(Tµgλν − T νgλµ) (−ηλµνκSκ)

]

+

��������������:0[
(Tµgλν − Tνgλµ)

(
−ηλµνρSρ

)]
+
������������:0[
(Tµgλν − T νgλµ)qλµν

]
+
�����������:0[
(Tµgλν − Tνgλµ)q

λµν

]
+
[
−ηλµνρSρ + qλµν

]
[−ηλµνκSκ + qλµν ]

where the terms that vanish do so either because of contraction between symmetric and antisymmetric parts
or because q is traceless. Proceeding with the calculations, we get that

T νλµTνλµ =

[
(Tµgλν − T νgλµ)(Tµgλν − Tνgλµ)

]
+
[
−ηλµνρSρ + qλµν

]
[−ηλµνκSκ + qλµν ]

=

[
TµTµ g

λνgλν︸ ︷︷ ︸
=4

−TµTν gλνgλµ︸ ︷︷ ︸
δνµ

−TµT ν gλνgλµ︸ ︷︷ ︸
δµν

+T νTν g
λµgλµ︸ ︷︷ ︸
=4

]

+

[
ηλµνρηλµνκ︸ ︷︷ ︸
=ηλµνρηλµνκ

SκSρ

]
−������:0
ηλµνρSρqλµν −�������:0

ηλµνκS
κqλµν + qλµνq

λµν

= 6TµT
µ + ηλµνρηλµνκ︸ ︷︷ ︸

=−6δρκ

SκSρ + qλµνq
λµν

= 6TµT
µ − 6SρS

ρ + qλµνq
λµν

Thus, the third term is
1

4
T νλµTνλµ =

3

2
TµT

µ − 3

2
SρS

ρ +
1

4
qλµνqλµν (1.5.50)

Adding it all together, we get that

∆ = −TλλµT ννµ − 1

2
TλµνTµνλ +

1

4
T νλµTνλµ

= −6TµT
µ +

3

2
SµS

µ +
1

2
qλµνqλµν

which is the result we set out to prove.

Finally, we shall calculate the contorsion in terms of the irreducible parts of the torsion tensor. We find that

Kλµν = (Tλgµν − T νgµλ)− 1

2
ηλµνρSρ +

1

2
qλµν (1.5.51)

Proof

We start from the expression for the contorsion tensor in terms of the torsion tensor:

Kλµν =
1

2
(Tλµν + Tµλν + T νλµ)

and the expression for the torsion tensor in terms of its irreducible components. We have that

Tλµν = (Tµgλν − T νgλµ)− ηλµνρSρ + qλµν

Tµλν = (Tλgµν − T νgµλ)− ηµλνρSρ + qµλν

= (Tλgµν − T νgλµ) + ηλµνρSρ − qλµν

21



Chapter 1. Einstein-Cartan Theory 1.5. Lagrangian Formulation of Einstein-Cartan Theory

T νλµ = (Tλgνµ − Tµgνλ)− ηνλµρSρ + qνλµ

= (Tλgµν − Tµgνλ)− ηλµνρSρ + qλµν

We now simply take the sum:

Kλµν =
1

2

[
(���Tµgλν − T νgλµ)− ηλµνρSρ + qλµν

+ (Tλgµν − T νgλµ) +����ηλµνρSρ −H
HHqλµν

+ (Tλgµν −���Tµgνλ)−����ηλµνρSρ +
HHHqλµν

]
=

1

2

[
2(Tλgµν − T νgλµ)− ηλµνρSρ + qλµν

]
Therefore, we get

Kλµν = (Tλgµν − T νgµλ)− 1

2
ηλµνρSρ +

1

2
qλµν

thus completing the proof.

This expression for the contorsion will be useful when we look into Quantum Electrodynamics in curved space-
time with torsion in the next chapters. Then, we will see that the fermions couple to the totally antisymmetric
part of the contorsion, which turns out to be the irreducible part Sλ of the torsion tensor.
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Chapter 2. Quantum Electrodynamics in Einstein-Cartan Theory

Chapter 2

Quantum Electrodynamics in
Einstein-Cartan Theory

In this chapter, we will study Quantum Electrodynamics in curved spacetime with non-vanishing torsion
(Einstein-Cartan theory). We already have a description (the action) for an Einstein-Cartan spacetime with
torsion. In this chapter, we’ll add an electromagnetic field alongside a fermion field coupled to it while it’s in a
contorted and curved background spacetime. We’ll then proceed to find the equations of motion and see that
the presence of torsion modifies the Dirac equation. Finally, by making some additional assumptions we’ll see
how torsion can give rise to an axion with which the fermion interacts.

2.1 The Contorted QED Action

In the previous chapter, we presented the gravitational action that describes a contorted curved spacetime. To
describe Quantum Electrodynamics (QED) in such a background spacetime, we need to add two more action
terms: A term that couples the fermions to the electromagnetic field in a contorted and curved spacetime, and
a term describing the electromagnetic field itself. To do this, however, we must define a suitable covariant
derivative that acts on spinors.

2.1.1 The Gravitational Covariant Derivative of Spinors

The proper covariant derivative for spinors is called the gravitational covariant derivative and is defined as [5]:

Dψ = dψ − i

4
ωabσ

abψ ⇔ Dµψ = ∂µψ − i

4
ωµabσ

abψ (2.1.1)

Dψ = dψ +
i

4
ωabψσ

ab ⇔ Dµψ = ∂µψ +
i

4
ωµabψσ

ab (2.1.2)

where σab is defined in terms of the γ matrices in flat space15:

σab =
i

2
[γa, γb] (2.1.3)

2.1.2 Action for Spinors in Contorted Curved Spacetime

To express a spinor field coupled to the electromagnetic field in a contorted curved spacetime background, we
just need to adjust the known action of free fermion fields in Minkowski spacetime, given as,

SFlatQED =
i

2

∫
(ψγµ∂µψ − ∂µψγ

µψ) d4x =

∫
1

2
(iψγµ∂µψ + h.c.) d4x (2.1.4)

to account for the coupling to the electromagnetic field and the gravitational background. This is done simply
by replacing the partial derivative with a covariant derivative:

Dµ = Dµ − ieAµ (2.1.5)

15These are the familiar gamma matrices used in Quantum Field Theories. Gamma matrices with Greek indices, which will be encountered
later in the text, are dependent on the spacetime coordinates, unlike the Latin index ones, which are constant.
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where Dµ is the gravitational covariant derivative, Aµ is the photon field and e2 = 4πα, where α is the fine
structure constant (the coupling constant of QED). Finally, we need to replace d4x with

√
−g d4x in order to

have diffeomorphism invariance. Therefore, our QED in contorted spacetime reads as

SCurved+TorsionQED =
1

2

∫
(iψγµ(Dµψ) + h.c.)

√
−g d4x (2.1.6)

When we expand this, we get

SCurved+TorsionQED =
1

2

∫ [
iψγµ[(Dµ − ieAµ)ψ] + h.c.

]√
−g d4x

=
1

2

∫ [
iψγµDµψ + eψγµψAµ + h.c.

]√
−g d4x

=
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x

We can now split the gravitational covariant derivative into the parts with and without torsion. More specifically,
for ωµab = ωµab +Kaµb equations (2.1.1) and (2.1.2) become:

Dµψ = Dµψ − i

4
Kaµbσ

abψ (2.1.7)

Dµψ = Dµψ +
i

4
Kaµbψσ

ab (2.1.8)

The resulting action after the split therefore can easily be shown to have the following three terms:

SCurved+TorsionQED =
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x

+
1

8

∫
ψ{γc, σab}ψKacb

√
−g d4x

By using the identity [5]
{γc, σab} = 2ϵabcdγ

dγ5 (2.1.9)

we find that

SCurved+TorsionQED =
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x

+
1

4

∫
ϵabcdψγ

dγ5ψKacb

√
−g d4x

The first two terms are the action terms for QED in curved spacetime without torsion:

SCurvedQED =
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x (2.1.10)

We now focus on the third term that contains the torsion,

STorsionQED =
1

4

∫
ϵabcdψγ

dγ5ψKacb

√
−g d4x

= −1

4

∫
ϵacbdψγdγ

5ψKacb

√
−g d4x

(2.1.11)

From equation (1.5.51) it is trivial to show that

ϵacbdKacb = 3Sd (2.1.12)

Thus, only the pseudotrace part of the torsion tensor couples to fermions, giving us

1

4

∫
ϵabcdψγ

dγ5ψKacb

√
−g d4x = −3

4

∫
Sµψγ

µγ5ψ
√
−gd4x
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Furthermore, we recognize
(j5)µ = ψγµγ5ψ (2.1.13)

as the fermionic axial current. Therefore, the action term that contains the coupling of the fermions to the
torsion can be written as

−3

4

∫
Sµψγ

µγ5ψ
√
−g d4x = −3

4

∫
Sµ(j

5)µ
√
−g d4x = −3

4

∫
S ∧ ∗j5

Proof

We want to show that the term involving the torsion can be written in differential form notation as indicated
above. To do that, we’ll first use the definition for the Hodge dual (Equation (1.5.4)):

−3

4

∫
S ∧ ∗j5 = −3

4

∫
Sµdx

µ ∧ 1

3!
(j5)ρηρνκλdx

ν ∧ dxκ ∧ dxλ

= −3

4

∫
1

3!
Sµ(j

5)ρ ηρνκλdx
µ ∧ dxν ∧ dxκ ∧ dxλ︸ ︷︷ ︸

=−
√
−gηµνκλd4x

= +
3

4

∫
1

3!
Sµ(j

5)ρ ηρνκλη
µνκλ︸ ︷︷ ︸

=−6δµρ

√
−gd4x

= −3

4

∫
Sµ(j

5)µ
√
−g d4x

and we have thus proven what we wanted.

and so the action becomes

SCurved+TorsionQED = SCurvedQED + STorsionQED = SCurvedQED − 3

4

∫
S ∧ ∗j5 (2.1.14)

2.1.3 The Electromagnetic Field Action

We must now consider the action for the electromagnetic field. Obviously, we choose:

SEM = −1

4

∫
FµνF

µν√−g d4x (2.1.15)

which can be rewritten in terms of differential forms as

SEM = −1

2

∫
F ∧ ∗F (2.1.16)

However, we have not yet made the definition of the field strength Fµν clear. In Minkowski (flat) spacetime, we
would define

F = dA ⇒ Fµν = ∂µAν − ∂νAµ (2.1.17)

In curved spacetime, we usually follow the prescription of replacing partial derivatives with covariant ones.
Therefore, in the case of the electromagnetic field strength tensor, for curved spacetime without torsion, we
have

Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ (2.1.18)

and, as we can see, this expression reduces to the flat spacetime one because the Christoffel symbols are
symmetric. However, in the presence of torsion, there is an extra torsion term:

F̄µν = ∇̄µAν − ∇̄νAµ = ∂µAν − ∂νAµ + TλµνAλ = Fµν + TλµνAλ (2.1.19)

It is then obvious that in such a case FµνFµν is no longer invariant under U(1) gauge transformations Aµ →
Aµ + ∂µΛ(x). Therefore, if we were to choose a non-minimal action for the electromagnetic field, where a
coupling of Aµ to torsion is present, we would either have to give up on gauge invariance (which is problematic
in terms of theoretical consistency of the theory and also contradicts experimental results) or we’d have to
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modify the gauge properties of the vector potential and add a mass to torsion (which can also be problematic,
see [5] for a short discussion and further references). This incompatibility of torsion with gauge bosons was
first pointed out by Kibble [10] and, since then, the dominant point of view is that for massless gauge theories
one should forgo the usual prescription of replacing partial derivatives with covariant derivatives in order to
preserve gauge symmetry [11], i.e. we will be using (2.1.17). In contrast, for massive vector fields one should
adopt a coupling with torsion by using the torsionful covariant derivative. For further arguments for this
minimal coupling procedure, see [12].

2.1.4 The Gravitational Action

In the previous chapter we saw that the torsion part of the gravitational action is expressed through the scalar
∆. Then, we saw that in the fermion interaction term, only the completely antisymmetric part of the torsion,
Sµ, contributes. We can split ∆ into a part that contains the antisymmetric part of the torsion and a part that
contains the trace and traceless parts:

∆ =
3

2
SdS

d + ∆̂ (2.1.20)

With this in mind, the gravitational action breaks up into three components:

SEC =
1

16πG

∫
(R+ ∆̂)

√
−g d4x+

3

32πG

∫
SdS

d√−g d4x (2.1.21)

The last term can be rewritten as ∫
SdS

d√−g d4x =

∫
S ∧ ∗S

and thus the gravitational action is

SEC =
1

16πG

∫
(R+ ∆̂)

√
−g d4x+

3

32πG

∫
S ∧ ∗S (2.1.22)

2.2 The Equations of Motion

We can now write the full action that includes the background gravity, the electromagnetic field and the fermion
interacting with both:

S =
1

16πG

∫
(R+ ∆̂)

√
−g d4x+

3

32πG

∫
S ∧ ∗S − 1

2

∫
F ∧ ∗F

+
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
S ∧ ∗j5

(2.2.1)

By varying with respect to Aµ, Sµ, Tµ, qµνλψ,ψ and the metric we get the Maxwell equations, the torsion equa-
tions of motion, a modified Dirac equation and modified Einstein equations.

2.2.1 The Maxwell Equations

Let us initially consider varying the action with respect to the electromagnetic field Aµ. Most terms do not
contain such terms and thus their variation is zero. The only terms that contribute are

SMaxwell = e

∫
(ψγµψAµ)

√
−g d4x− 1

2

∫
F ∧ ∗F

= e

∫
(ψγµψAµ)

√
−g d4x− 1

4

∫
FµνF

µν√−g d4x
(2.2.2)

Variation of this action gives the usual Maxwell equations, which in differential form notation are written as [5]

dF = 0 (2.2.3)

d ∗ F = ∗j (2.2.4)
where

jµ = eψγµψ (2.2.5)
is the four-current, i.e. the Noether current of QED.
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2.2.2 The Torsion Equations of Motion

Now, let us vary the total action S with respect to the antisymmetric part of the torsion Sµ. Again, only the
terms containing Sµ contribute and therefore the action that has non-zero variation with respect to Sµ is

STorsion =
3

32πG

∫
S ∧ ∗S − 3

4

∫
S ∧ ∗j5

=
3

32πG

∫
SµS

µ√−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

=
3

32πG

∫
gµνSµSν

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

(2.2.6)

By varying this action with respect to Sµ we get the torsion equation of motion:

Sµ = 4πGψγµγ
5ψ = 4πGj5µ (2.2.7)

In differential form notation, this can be written as

S = 4πGj5 (2.2.8)

Now, let us prove this result.

Proof

We start with the action

STorsion =
3

32πG

∫
gµνSµSν

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

The variation of STorsion with respect to Sµ is given by

δSTorsion = STorsion[Sµ + δSµ]− STorsion[Sµ]

where the square brackets indicate the functional dependence of the action on the torsion axial trace vector
Sµ. We, therefore, ought to calculate STorsion[Sµ + δSµ]:

STorsion[Sµ + δSµ] =
3

32πG

∫
gµν(Sµ + δSµ)(Sν + δSν)

√
−g d4x− 3

4

∫
(Sµ + δSµ)ψγ

µγ5ψ
√
−g d4x

= STorsion[Sµ] +
3

32πG

∫
gµν(SµδSν + SνδSµ)

√
−g d4x

− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x+O(δS2)

We ignore terms that are of second order in the variation of the torsion, and thus we have

δSTorsion =
3

32πG

∫
gµν(SµδSν + SνδSµ)

√
−g d4x− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x

=
3

16πG

∫
SµδSµ

√
−g d4x− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x

=

∫ [
3

16πG
Sµ − 3

4
ψγµγ5ψ

]
δSµ

√
−g d4x

The variational principle dictates that

δSTorsion =

∫
δSTorsion
δSµ

δSµ

with the equations of motion being:
δSTorsion
δSµ

= 0

In our case,
δSTorsion
δSµ

=
3

16πG
Sµ − 3

4
ψγµγ5ψ
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and thus the equation of motion for torsion is:

3

16πG
Sµ − 3

4
ψγµγ5ψ = 0

This can be simplified to give
Sµ = 4πGψγµγ

5ψ = 4πGj5µ

which is the desired relation.

This formula encapsulates the relation between spin and gravity that is characteristic of Einstein-Cartan
theories. On the left-hand of the equation we have the one-form S, a geometric quantity related to torsion, and
on the right-hand side we have axial fermionic current, which contains spinors, i.e. the spin 1

2 representations
of the Lorentz group. Next, we vary the action with respect to Tµ and qµνλ. The only term in the action that
contains these fields is the term containing:

∆̂ = −6TµT
µ +

1

2
qλµνqλµν (2.2.9)

Variation with respect to these terms is trivial and gives

Tµ = 0 (2.2.10)

qµνλ = 0 (2.2.11)

Therefore, the trace and traceless part of the torsion do not play a role in this theory.

2.2.3 The Modified Dirac Equation

Next, varying with respect to the spinor field ought to give us the equation of motion for this kind of field. We,
of course, expect this equation to be a generalized form of the Dirac equation that accounts for the curvature
and torsion present. We will vary with respect to ψ, as is usually done, in order to get this equation. Of course,
only the terms of the action containing ψ contribute to the variation and therefore the relevant action is

SFermion =
1

2

∫ [
iψγµDµψ − iDµψγ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
S ∧ ∗j5

=
1

2

∫ [
iψγµDµψ − iDµψγ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

(2.2.12)

By varying with respect to ψ we get the modified Dirac equation

iγµDµψ − 3

4
Sµγ

µγ5ψ = 0 (2.2.13)

We will now show the derivation of this equation.

Proof

Once again, variation with respect to ψ is given by

δSFermion = SFermion[ψ + δψ]− S[ψ]

and
δSFermion =

∫
δSFermion

δψ
δψ

and we demand that
δSFermion

δψ
= 0
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Let us perform the computations. We have that

SFermion[ψ + δψ] =
1

2

∫ [
i(ψ + δψ)γµDµψ − i[Dµ(ψ + δψ)]γµψ

]√
−g d4x

+ e

∫
(ψ + δψ)γµψAµ

√
−g d4x− 3

4

∫
Sµ(ψ + δψ)γµγ5ψ

√
−g d4x

= SFermion[ψ] +
1

2

∫ [
iδψγµDµψ − i(Dµδψ)γ

µψ

]√
−g d4x

+ e

∫
δψγµψAµ

√
−g d4x− 3

4

∫
Sµδψγ

µγ5ψ
√
−g d4x

For the term involving the covariant derivative of the variation δψ, we can do a partial integration:

−1

2

∫
i(Dµδψ)γ

µψ
√
−g d4x =

1

2������������:0∫
Dµ(iδψγ

µψ)
√
−g d4x+

1

2

∫
iDµ(γ

µψ)δψ
√
−g d4x

where the total derivative term cancels as it can be show to be a boundary term through Stokes’ theorem,
and therefore we have that

δSFermion =
1

2

∫ [
iδψγµDµψ + iDµ(γ

µψ)δψ

]√
−g d4x

+ e

∫
δψγµψAµ

√
−g d4x− 3

4

∫
Sµδψγ

µγ5ψ
√
−g d4x

We have that
Dµ(γ

µψ) = (Dµγ
µ)ψ + γµDµψ

It is possible to show, using the metric compatibility condition, that [13]

Dµγ
ν = 0 (2.2.14)

and thus we get that
Dµ(γ

µψ) = γµDµψ

and therefore the variation of the action becomes

δSFermion =

∫ [
iγµDµψ + eγµψAµ − 3

4
Sµγ

µγ5ψ

]
δψ

√
−g d4x

=

∫ [
iγµDµψ − ieγµψiAµ − 3

4
Sµγ

µγ5ψ

]
δψ

√
−g d4x

=

∫ [
iγµDµψ − 3

4
Sµγ

µγ5ψ

]
δψ

√
−g d4x

Demanding that the variation of the action vanishes we get the modified Dirac equation

iγµDµψ − 3

4
Sµγ

µγ5ψ = 0

which is the desired result.

We can now replace Sµ in the modified Dirac equation with the axial current, just as we found from the torsional
equation of motion. We get that the modified Dirac equation can be written as

iγµDµψ − 3πGψγµγ5ψγµγ5ψ = 0 (2.2.15)

Hence, the Dirac equation becomes a non-linear equation. This non-linearity comes from the term in the action
where the torsion couples to the axial current. If one keeps in mind the torsional equation of motion, that term
turns into a four-fermion interaction term, a characteristic of Einstein-Cartan theories.
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2.2.4 The Einstein Equations & the Stress-Energy Tensor

Finally, varying with respect to the metric gives us the Einstein equations

Gµν = 8πGTµν (2.2.16)

with the difference with the usual General Relativity formulation being that the stress-energy tensor Tµν now
contains additional terms due to the presence of torsion. More specifically, we have [5]

Tµν = TAµν + Tψµν + TSµν

where [14]

TAµν = FµλFν
λ − 1

4
gµνFλρF

λρ (2.2.17)

is the familiar stress-energy tensor for the electromagnetic field from torsion-less gravity. Moreover,

Tψµν = −1

2

[
iψγ(µDν)ψ − i(D(µψ)γν)ψ

]
+

3

4
S(µψγν)γ

5ψ (2.2.18)

is the symmetric stress-energy tensor for an on-shell fermion, which includes a torsion contribution. We shall
derive this result.

Proof

The derivation of the on-shell fermion part of the stress-energy tensor comes from the part of the action that
contains the spinor ψ, i.e. from the same part that gave us the modified Dirac equation:

SFermion =
1

2

∫ [
iψγµDµψ − iDµψγ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

The stress-energy tensor for an on-shell fermion is defined as

Tψµν = − 2√
−g

δSFermion
δgµν

(2.2.19)

and thus to derive the stress-energy tensor we must find the variation of SFermion with respect to δgµν .
Before taking the variation of this action, we expand the gravitational covariant derivatives according to
(2.1.1) and (2.1.2) and get that

SFermion =
1

2

∫ [
iψγµ∂µψ − i∂µψγ

µψ +
1

4
ψ {γµ, ωµ}ψ

]√
−g d4x

+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

where ωµ = ωµabσ
ab. We must now take the variation with respect to the metric. The presence of spinors

inevitably leads to a dependence on the metric through vielbeins. Therefore, to vary with the metric it is
necessary to have knowledge of the variation of the vielbeins with respect to the metric. That dependence is
quite complicated and given as a series in powers of the variation of the metric. In first order approximation,
that dependence is [15]:

δ(êµa) =
1

2
gνρê

ρ
aδg

µν (2.2.20)

δ(êµ
a) =

1

2
gνρêρ

aδgµν (2.2.21)

One might be tempted to use the metric to raise/lower an index of the varied metric. However, that would
be a grave mistake as in such a process the variation of the metric used to raise/lower an index is ignored.
As such, we stress that gνρδgµν ̸= δgµρ. This fact should become obvious if we point out that gµρ = δµρ ⇒
δgµρ = 0. Thus, if the metric could lower/raise indices on the variation of the metric we would get δ(êµa) = 0,
which of course is inconsistent. We therefore understand that only quantities that have a vanishing variation
(such as Kronocker’s δ and the Levi-Civita symbol ϵ) can act on the variation of the metric. Another quantity
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dependent on the metric is the volume element
√
−g, which transforms as [3]

δ
√
−g =

1

2

√
−ggµνδgµν (2.2.22)

Finally, the gamma matrices with curved indices actually have a dependence from the metric as well:

γµ = êµaγ
a

where γa are the flat spacetime gamma matrices that are constant and thus

δγµ = γaδêµa = γa
(
1

2
gνρê

ρ
aδg

µν

)
=

1

2
γνδg

µν

and therefore the gamma matrices in curved spacetime are varied as

δγµ =
1

2
γνδg

µν (2.2.23)

Having the above in mind we can vary the fermionic action with respect to the metric:

δSFermion =
1

2

∫ [(
iψ(δγµ)∂µψ − i∂µψ(δγ

µ)ψ

)√
−g +

(
iψγµ∂µψ − i∂µψγ

µψ

)
(δ
√
−g)

]
d4x

+
1

2

∫
1

4

[
ψδ({γµ, ωµ})ψ

√
−g + ψ({γµ, ωµ})ψ(δ

√
−g)

]
d4x

+ e

∫ [
ψ(δγµ)ψAµ

√
−g + ψγµψAµ(δ

√
−g)

]
d4x

− 3

4

∫ [
Sµψ(δγ

µ)γ5ψ
√
−g + Sµψγ

µγ5ψ(δ
√
−g)

]
d4x

By expanding (δ
√
−g) we notice that the terms proportional to the variation of the volume element can be

expressed in terms of the fermionic lagrangian L:

1

2

∫
L gµνδgµν =

1

2

∫ [(
iψγµ∂µψ − i∂µψγ

µψ

)
(δ
√
−g)

]
d4x+

1

2

∫
1

4

[
ψ({γµ, ωµ})ψ(δ

√
−g)

]
d4x

+ e

∫ [
ψγµψAµ(δ

√
−g)

]
d4x− 3

4

∫ [
Sµψγ

µγ5ψ(δ
√
−g)

]
d4x

where

L =
1

2

[
iψγµDµψ − iDµψγ

µψ

]√
−g + e(ψγµψAµ)

√
−g − 3

4
Sµψγ

µγ5ψ
√
−g

=
1

2

[
iψγµ(Dµ − ieAµ)ψ − i(Dµ + ieAµ)ψγ

µψ

]√
−g − 3

4
Sµψγ

µγ5ψ
√
−g

=
1

2

[
iψγµDµψ − i(Dµψ)γµψ

]√
−g − 3

4
Sµψγ

µγ5ψ
√
−g

It is trivial to show that L vanishes "on-shell", i.e. if the equations of motion (the modified Dirac equation)
hold and therefore this term is zero for on-shell fermions, which is exactly what we’re interested in. Thus,
the varied action (now considering on-shell fermions) is

δSFermion =
1

2

∫ [
iψ(δγµ)∂µψ − i∂µψ(δγ

µ)ψ +
1

4
ψδ({γµ, ωµ})ψ

]√
−g d4x

+ e

∫
(ψ(δγµ)ψAµ)

√
−g d4x− 3

4

∫
Sµψ(δγ

µ)γ5ψ
√
−g d4x

The next step is calculating δ({γµ, ωµ}). We have that

{γµ, ωµ} = γµωµabσ
ab + ωµabσ

abγµ
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and thus its variation is

δ({γµ, ωµ}) =
[
(δγµ)ωµabσ

ab + γµ(δωµab)σ
ab + (δωµab)σ

abγµ + ωµabσ
ab(δγµ)

]
= {γµ, δωµ}+ {δγµ, ωµ}

By replacing this expression into the varied action we get that

δSFermion =

∫ [
1

2

(
iψ(δγµ)Dµψ− i(Dµψ)(δγµ)ψ

)
− 3

4
Sµψ(δγ

µ)γ5ψ

]√
−g d4x+ 1

8

∫
ψ {γµ, δωµ}ψ

√
−g d4x

We now need to calculate the variation of the spin connection, δωµ = (δωµab)σ
ab. From Equation (1.1.20)

we know that
ωµab = ηacê

λ
b êν

c Γνµλ − ηacê
λ
b ∂µêλ

c

To take the variation of the spin connection we must know the variation of the Christoffel symbols with
respect to the metric. This is given as [3]

δΓνµλ =
1

2
gνρ
[
∇µδgλρ +∇λδgµρ −∇ρδgµλ

]
(2.2.24)

The important information regarding to the variation of the Christoffel symbols is that that it’s a tensor
symmetric in its two lower indices. Having this in mind, we can go ahead and vary the spin connection:

δωµab = ηac(δê
λ
b)êν

c Γνµλ + ηacê
λ
b(δêν

c)Γνµλ + ηac ê
λ
bêν

c (δΓνµλ)− ηac(δê
λ
b) (∂µêλ

c)− ηacê
λ
b ∂µ(δêλ

c)

where we have used the fact that partial derivatives commute with functional derivatives. Let us focus on
the last term. We have that

−ηacêλb ∂µ(δêλc) = −ηacêλb ∂µ(
1

2
gσρêρ

cδgλσ)

= −1

2
ηacê

λ
b

[
(∂µg

σρ)êρ
c(δgλσ) + gσρ(∂µêρ

c)(δgλσ) + gσρêρ
c∂µ(δgλσ)

]
By also expanding the vielbeins variations in the rest of the terms, we get that

δωµab =
1

2
ηacê

ρ
b êν

c Γνµλ(gσρδg
λσ) +

1

2
ηacê

λ
b êρ

cΓνµλ(g
σρδgνσ) + ηac ê

λ
bêν

c (δΓνµλ)

− 1

2
ηacê

ρ
b(∂µêλ

c)(gσρδg
λσ)− 1

2
ηacê

λ
b êρ

c(∂µg
σρ)(δgλσ)−

1

2
ηacê

λ
b(∂µêρ

c)(gσρδgλσ)︸ ︷︷ ︸
− 1

2
ηacê

λ
b êρ

cgσρ∂µ(δgλσ)

Now, we focus on the underbraced term. We will use the very useful property:

δgρσ = −gσµgρνδgµν (2.2.25)

This result is easy to show and follows from the fact that δ(gµνgνρ) = δ(δµρ ) = 0. Therefore, we have that

−1

2
ηacê

λ
b(∂µêρ

c)(gσρδgλσ) = +
1

2
ηacê

λ
b(∂µêρ

c)(gσρgσξgλκδg
κξ) =

1

2
ηacê

λ
b(∂µêρ

c)(δρξgλκδg
κξ)

=
1

2
ηacê

λ
b(∂µêρ

c)(gλκδg
κρ) =

1

2
ηacê

ρ
b(∂µêλ

c)(gκρδg
κλ)
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where in the last step we renamed the indices λ ↔ ρ. Having this in mind, we rewrite the variation of the
spin connection,

δωµab =
1

2
ηacê

ρ
b êν

c Γνµλ(gσρδg
λσ) +

1

2
ηacê

λ
b êρ

cΓνµλ(g
σρδgνσ) + ηac ê

λ
bêν

c (δΓνµλ)

−
((((((((((((1

2
ηacê

ρ
b(∂µêλ

c)(gσρδg
λσ)− 1

2
ηacê

λ
b êρ

c(∂µg
σρ)(δgλσ) +((((((((((((1

2
ηacê

ρ
b(∂µêλ

c)(gκρδg
κλ)

− 1

2
ηacê

λ
b êρ

cgσρ∂µ(δgλσ)

and observe that the two terms involving the partial derivative of the vielbein cancel out. We can then
regroup the remaining terms as

δωµab =− ηac

[
1

2
êλb êρ

c

(
(∂µg

σρ)(δgλσ) + gσρ∂µ(δgλσ)

)
︸ ︷︷ ︸

=∂µ(gσρδgλσ)

−1

2
êρb êν

c Γνµλ(gσρδg
λσ)− 1

2
êλb êρ

cΓνµλ(g
σρδgνσ)

]

+ ηac ê
λ
bêν

c (δΓνµλ)

The inverse of Equation (2.2.25) is
δgκλ = −gσκgρλδgρσ (2.2.26)

We use this relation to lower the indices of the variation on the second term:

−1

2
êρb êν

c Γνµλ(gσρδg
λσ) =

1

2
êρb êν

c Γνµλ(gσρg
λκgσξδgκξ) =

1

2
êρb êν

c Γνµλ(δ
ξ
ρg
λκδgκξ)

=
1

2
êρb êν

c Γνµλ(g
λκδgκρ)

and therefore the variation of the spin connection is

δωµab =− ηac

[
1

2
êλb êρ

c∂µ(g
σρδgλσ) +

1

2
êρb êν

c Γνµλ(g
λκδgκρ)︸ ︷︷ ︸

ν↔ρ&λ↔κ

− 1

2
êλb êρ

cΓνµλ(g
σρδgνσ)︸ ︷︷ ︸

ν↔κ

]

+ ηac ê
λ
bêν

c (δΓνµλ)

We now make the index renaming indicated in the underbraces above. We get that

δωµab =− ηac

[
1

2
êλb êρ

c∂µ(g
σρδgλσ) +

1

2
êνb êρ

c Γρµκ(g
λκδgλν)︸ ︷︷ ︸

λ↔σ

− 1

2
êλb êρ

cΓκµλ(g
σρδgκσ)︸ ︷︷ ︸

ν↔σ

]

+ ηac ê
λ
bêν

c (δΓνµλ)

Another renaming of indices (indicated above) results in

δωµab =− ηac

[
1

2
êλb êρ

c∂µ(g
σρδgλσ) +

1

2
êνb êρ

c Γρµκ(g
σκδgσν)︸ ︷︷ ︸

ν↔λ

−1

2
êλb êρ

cΓκµλ(g
σρδgκσ)

]

+ ηac ê
λ
bêν

c (δΓνµλ)

A final renaming of indices results in

δωµab =− ηac

[
1

2
êλb êρ

c∂µ(g
σρδgλσ) +

1

2
êλb êρ

c Γρµκ(g
σκδgσλ)−

1

2
êλb êρ

cΓκµλ(g
σρδgκσ)

]
︸ ︷︷ ︸

= 1
2 ê

λ
b êρc∇µ(gσρδgλσ)

+ ηac ê
λ
bêν

c (δΓνµλ)
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where we observe that the quantity in the brackets is the covariant derivative of (gσρδgλσ). By making use
of the metric compatibility condition, the metric commutes with the covariant derivative and thus the final
expression for the variation of the spin connection is

δωµab = −1

2
ηacê

λ
b êρ

cgσρ∇µ(δgλσ) + ηac ê
λ
bêν

c (δΓνµλ) (2.2.27)

We are now ready to calculate the term ψ {γµ, δωµ}ψ
√
−g. We have that

ψ {γµ, δωµ}ψ
√
−g = ψ

{
γc, σab

}
ψêµcδωµab

√
−g

After using identity (2.1.9) we get

ψ {γµ, δωµ}ψ
√
−g = 2ϵabcdψγ

dγ5ψêµcδωµab
√
−g

We replace the expression for the variation of the spin connection and get

ψ {γµ, δωµ}ψ
√
−g =− ϵabcdψγ

dγ5ψêµcηamê
λ
b êρ

mgσρ∇µ(δgλσ)
√
−g

+ 2ϵabcdψγ
dγ5ψêµcηam ê

λ
bêν

m (δΓνµλ)
√
−g

It is quite easy to perform the contractions with the vielbeins and the metrics and get

ψ {γµ, δωµ}ψ
√
−g =− ϵσλµd︸ ︷︷ ︸ψγdγ5ψ∇µ (δgλσ)︸ ︷︷ ︸√−g

+ 2 ϵν
λµ
d︸ ︷︷ ︸ψγdγ5ψ (δΓνµλ)︸ ︷︷ ︸√−g

We know that both the variation of the metric and the variation of the Christoffel symbols are symmetric
under exchange of their indices. Therefore, contraction with the Levi-Civita symbol results in the vanishin
of both terms,

ψ {γµ, δωµ}ψ
√
−g = 0 (2.2.28)

and thus the term that includes the variation of the spin connection does not contribute at all. We can now
go back and rewrite the varied action:

δSFermion =

∫ [
1

2

(
iψ(δγµ)Dµψ − i(Dµψ)(δγµ)ψ

)
− 3

4
Sµψ(δγ

µ)γ5ψ

]√
−g d4x

where we now replace the variation of the gamma matrices and get

δSFermion =

∫
1

2

[
1

2

(
iψγνDµψ − i(Dµψ)γνψ

)
− 3

4
Sµψγνγ

5ψ

]√
−gδgµν d4x

It is now useful to notice that if Aµν is an arbitrary tensor and Bµν is a symmetric tensor, then

AµνB
µν =

1

2
(AµνB

µν +AµνB
µν) =

1

2
(AµνB

µν +AνµB
νµ) =

1

2
(Aµν +Aνµ)B

µν = A(µν)B
µν

Therefore, since δgµν is symmetric, we have that the final form of the variation of the fermionic action is

δSFermion =

∫
1

2

[
1

2

(
iψγ(νDµ)ψ − i(D(µψ)γν)ψ

)
− 3

4
S(µψγν)γ

5ψ

]√
−gδgµν d4x (2.2.29)

We can now employ the definition of the stress-energy tensor, given in Equation (2.2.19) and find that

Tψµν = −1

2

[
iψγ(µDν)ψ − i(D(µψ)γν)ψ

]
+

3

4
S(µψγν)γ

5ψ

which is the result we wanted.

Finally,

TSµν = − 3

16πG
(SµSν −

1

2
gµνSλS

λ) (2.2.30)

is the stress-energy torsion attributed to the torsion.
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Proof

This part of the stress-energy tensor originates from the torsion-only parts of the action, i.e. from

ST =
3

32πG

∫
gµνSµSν

√
−g d4x

Since we consider Sµ to be an independent variable, only gµν and
√
−g have a non-zero variation. Therefore,

δST =
3

32πG

∫ [
(δgµν)SµSν

√
−g + gµνSµSν(δ

√
−g)

]
d4x

We can now use the property

δ
√
−g = −1

2

√
−ggµνδgµν (2.2.31)

which is easily obtained by Equations (2.2.22) & (2.2.25). This gives us:

δST =
3

32πG

∫ [
SµSν

√
−g(δgµν)− 1

2
gλσSλSσ

√
−ggµν(δgµν)

]
d4x

=
3

32πG

∫ [
SµSν −

1

2
gλσSλSσgµν

]√
−g(δgµν)d4x

Thus, the variation of the torsion action is

δST =
3

16πG

∫
1

2

[
SµSν −

1

2
SλS

λgµν

]√
−g(δgµν)d4x (2.2.32)

We now apply the definition of the stress-energy tensor (2.2.19) and find that

TSµν = − 3

16πG
(SµSν −

1

2
gµνSλS

λ)

which is the desired relation.

2.3 Anomaly and Axions

In the previous section, we derived the classical equations of motion for our system. From Equations (2.2.8)
and (2.2.13) we get that the axial current j5µ = ψγµγ

5ψ is conserved. This would, in turn, imply that the torsion
is conserved, i.e.

d ∗ S = 0 (2.3.1)
This can easily be seen as we have that

S = Sλdx
λ

and thus, by definition of the Hodge dual,

∗S =
1

(4− 1)!
Sληλµνρdx

µ ∧ dxν ∧ dxρ

Then, by definition of the exterior derivative,

d ∗ S =
1

3!
∂σS

ληλµνρdx
σ ∧ dxµ ∧ dxν ∧ dxρ

and by direct substitution of Equation (2.2.7) we get that

d ∗ S =
1

3!
4πG∂σ(j

5)ληλµνρdx
σ ∧ dxµ ∧ dxν ∧ dxρ = 0

which vanishes, due to the conservation of the axial current. Therefore, the torsion is shown to be conserved
as claimed. However, it is known from Quantum Electrodynamics that the axial current is not conserved when
we pass onto a quantum theory due to an anomaly that shows up in the one-loop level. More specifically, the
axial current has a non-vanishing divergence given by [5]

d ∗ j5 = − e2

4π2
F ∧ F − 1

96π2
tr(R ∧ R) (2.3.2)
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or, written in components,

∇j5 =
e2

8π2
Fµν(∗Fµν)−

1

192π2
Rρσµν(∗Rρσµν) (2.3.3)

where

∗Fµν =
1

2

√
−g ϵµνλκFλκ (2.3.4)

and

∗Rρσµν =
1

2

√
−g ϵµνλκRρσ

λκ (2.3.5)

are the dual quantities to Fµν and Rρσµν . At this point, it must be stressed that we’re dealing with a semi-
classical approach to the effects of torsion in Quantum Electrodynamics. That means that, in the absence of
a quantum theory of gravity itself, we use a classical theory of gravity (i.e. we consider a classical geometric
background) and consider its effects to the matter fields. Hence, while the axial current non-conservation
implies that the torsion field is not conserved either, we do not actually know the quantum behavior of S. This
means that there might be more contributions due to quantum effects we aren’t aware of. A possible route to
take is to hypothesize that torsion is conserved (i.e. Equation (2.3.1) holds) even though the axial current is not
conserved. We will give arguments supporting this hypothesis in the next chapter. This hypothesis can then
be shown [5] to lead to the replacement of torsion by a (scalar) axion field ϕ, to which the fermion field couples.
To show this, we will follow the path integral formalism and apply the conservation of torsion (Equation (2.3.1))
as a constraint [5]. The full path integral for the quantization of the system is

Z =

∫
DgDψDψDS eiS[g,ψ,ψ,S] (2.3.6)

where S[g, ψ, ψ,S] is the action functional dependent on the metric, the spinor and the torsion. We are only
interested on the torsion part of the path integral:

ZS =

∫
DS exp

[
i

∫ ( 3

32πG

∫
S ∧ ∗S − 3

4

∫
S ∧ ∗j5

)]
(2.3.7)

By making use of the constraint (Equation (2.3.1)) the torsion is replaced by an axion and we get the following
result:

ZCS =

∫
Dϕ exp

[
i

∫ (
− 1

2
(∂µϕ)(∂

µϕ)− 1

2f2ϕ
j5µ(j

5)µ − 1

fϕ
j5µ(∂

µϕ)

)√
−g d4x

]
(2.3.8)

Proof

To enforce Equation (2.3.1) as a constraint, we introduce a functional delta function to the path integral:

ZCS =

∫
DS δ(d ∗ S) exp

[
i

∫ ( 3

32πG

∫
S ∧ ∗S − 3

4

∫
S ∧ ∗j5

)]
(2.3.9)

This delta functional can be written in integral form as16

δ(d ∗ S) =

∫
DΦei

∫
Φd∗S (2.3.10)

Therefore, the torsion path integral becomes

ZCS =

∫
DSDΦ exp

[
i

∫ (
3

32πG

∫
S ∧ ∗S − 3

4

∫
S ∧ ∗j5 +Φd ∗ S

)]
(2.3.11)

We can write this path integral in index notation as

ZCS =

∫
DSDΦ exp

[
i

∫ (
3

32πG
SµS

µ − 3

4
Sµψγ

µγ5ψ +Φ∂µS
µ

)√
−g d4x

]
(2.3.12)
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Now, we integrate the last term by parts and get

ZCS =

∫
DSDΦ exp

[
i

∫ (
3

32πG
SµS

µ − 3

4
Sµψγ

µγ5ψ − (∂µΦ)S
µ

)√
−g d4x

]
=

∫
DSDΦ exp

[
i

∫ (
3

32πG
SµS

µ −
[
3

4
j5µ + (∂µΦ)

]
Sµ
)√

−g d4x
]

=

∫
DSDΦ exp

[
i

∫
3

32πG

(
SµS

µ − 32πG

3

[
3

4
j5µ + (∂µΦ)

]
Sµ
)√

−g d4x
]

=

∫
DSDΦ exp

[
i

∫
3

32πG

(
SµS

µ −
[
8πGj5µ +

32πG

3
(∂µΦ)

]
︸ ︷︷ ︸

=2bµ(x)

Sµ
)√

−g d4x
]

Now, it is possible to complete the square:

ZCS =

∫
DSDΦ exp

[
i

∫
3

32πG

(
SµS

µ − 2bµS
µ + bµb

µ − bµb
µ

)√
−g d4x

]
=

∫
DSDΦ exp

[
i

∫
3

32πG

(
(Sµ − bµ)

2 − bµb
µ

)√
−g d4x

]
We therefore have a gaussian path integral over the torsion field, which gives a constant which can be
absorbed by the measure DΦ. Therefore,

ZCS =

∫
DΦ exp

[
−i
∫

3

32πG
bµb

µ√−g d4x
]

Now, all that’s left is to calculate bµbµ. We have that

bµb
µ =

1

4

[
8πGj5µ +

32πG

3
(∂µΦ)

] [
8πG(j5)µ +

32πG

3
(∂µΦ)

]
=

1

4

[
(8πG)2j5µ(j

5)µ +

(
32πG

3

)2

(∂µΦ)(∂
µΦ) + j5µ

16 · 32π2G2

3
(∂µΦ)

]

We also rescale Φ by setting Φ =
√

3
16πGϕ and get

ZCS =

∫
Dϕ exp

[
i

∫
−
(
3πG

2
j5µ(j

5)µ +
1

2
(∂µϕ)(∂

µϕ) +
√
3πGj5µ(∂

µϕ)

)√
−g d4x

]
Finally, we set the constant fϕ = 1√

3πG
and get that the path integral for the torsion has become

ZCS =

∫
Dϕ exp

[
i

∫ (
− 1

2
(∂µϕ)(∂

µϕ)− 1

2f2ϕ
j5µ(j

5)µ − 1

fϕ
j5µ(∂

µϕ)

)√
−g d4x

]
(2.3.13)

which is the desired result.

We recognize the presence of a pseudoscalar field ϕ with a kinetic term and a coupling to the fermionic axial
current. These are the exact characteristics that define an axionic field. Effectively, we see that QED on
contorted spacetime is shown to be equivalent to QED in a spacetime without torsion coupled to an axion.

2.4 Summary

Up to this point, we have built up the formalism of Einstein-Cartan theory for curved spacetime with torsion
and have considered a minimal model of Quantum Electrodynamics in such a background. Classically, torsion
is conserved and it has no dynamical character. However, we can argue that at the quantum level, torsion

16This is in complete analogy with the more familiar delta function

δ(x) =

∫
dk

2π
eikx
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can acquire a dynamical character by being turned into an axion due to the anomaly in the axial current of
QED. This is a very interesting result for a minimal model. However, models beyond the minimal one can be
considered. For example, we can consider a non-minimal model where the torsion couples classically to the
electromagnetic field. This would, in turn, require a modification to the gauge transformation properties of
the vector potential and a mass to be given to torsion (see [5] for further references). This is another way of
obtaining a propagating torsion.

In general, Einstein-Cartan theory has many more points of interest besides those discussed in this text. For
example, it is worth exploring exactly how spin affects the Einstein equations. As it turns out, since torsion
is not classically dynamical, it does not propagate and the Einstein equations are the same as in General
Relativity in vacuum. In fermionic matter, spin does play a role in altering the geometry of spacetime, but the
contributions are important only when the spin densities are extreme, such as in neutron stars and, of course,
black holes. This, in turn, raises a big interest in Cosmological models that include torsion and are based in
Einstein-Cartan theories (as discussed, for example, here [16]). An important characteristic of such models
is the avoidance of singularities, both in the Big Bang and in black holes. More specifically, the Big Bang is
replaced by a so-called Big Bounce [17], which happens after a period of contraction of the universe. Similarly,
black holes do not collapse into a singularity, but reach a bounce and a new, growing universe is formed on
the other side of the event horizon. Thus, the physics at the center of a black hole, which in the context of
General Relativity is an unknown parameter, is restored to a classical level.
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Chapter 3

Extensions of Einstein-Cartan Theory

In this chapter we will expand on the theory developed in the previous chapters. More specifically, we will
examine extensions of Einstein-Cartan theory that include topological terms. Our starting point will be a
discussion about the Holst term, a term that vanishes on-shell in the absence of torsion and is widely used
in the formulation of Loop Quantum Gravity. We will then see that the Holst term is part of the Nieh-Yan
term, a torsional topological invariant. The Nieh-Yan invariant is the divergence of the pseudovector torsion
we saw in the previous chapter and exactly the term we hypothesized to vanish. Here, we will give arguments
that strongly support this hypothesis. Finally, we will see how the anomaly in the axial current leads to the
addition of a Chern-Simons term in the action, thus turning our initial Einstein-Cartan theory into a dynamical
Chern-Simons theory.

3.1 The Holst Action in Torsion-free Theories

It is important to digress a little and talk about the historical developments that led to the consideration of
the Holst term. As such, we will talk about the development of a Hamiltonian theory of General Relativity,
achieved by the "ADM" or "3 + 1" split, and the Ashtekar variables that reformulated the theory into a form
that could be canonically quantized. We will then showcase how the Holst action leads to the "generalized"
Ashtekar variables.

3.1.1 Hamiltonian General Relativity

In 1959, Richard Arnowitt, Stanley Deser and Charles W. Misner [18] made a breakthrough in developing a
Hamiltonian formulation of General Relativity. This so called "ADM split" or "3 + 1 split" involves the splitting
of the metric into space and time components. More specifically, the metric gµν breaks into three parts [19]:

qij = gij (3.1.1)
Ni = gi0 (3.1.2)

N =
√
−g00 (3.1.3)

The function N is called the Lapse function, while the vector Ni is called the Shift function. The metric qij is
the three-metric. We are using Latin indices i, j, . . . etc to denote the spatial part of the curved greek indices
µ, ν, . . . etc. The meaning of these three components is the following: If we consider spacetime as a foliation
of hypersurfaces of t = constant, qij is the induced three-dimensional metric on these hypersurfaces and can
be used to raise and lower the three-dimensional latin indices i, j, k, . . . etc. Furthermore, the Lapse function
measures the proper-time elapsed between a point on a hypersurface at time t and a point on a hypersurface
at time t+ dt along the normal to the surface. Finally, the Shift function measures the separation between the
spatial coordinates from one hypersurface to the other. An equivalent definition for the Lapse function is

g00 = −N2 +NiN
i (3.1.4)

Having this in mind, the line element in terms of the ADM variables is written as

ds2 = −(N2 −NiN
i)dt2 + 2Nidx

idt+ qijdx
idxj (3.1.5)

Furthermore, the t = constant hypersurfaces have an extrinsic curvature

kij =
1

2N

(
q̇ij −D(iNj)

)
(3.1.6)
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where D is an appropriately chosen covariant derivative of the t = constant hypersurface manifold. It can then
be shown That the Einstein-Hilbert action can be written in the form

SEH =

∫
N(kijk

ij − k2 +R[q])
√
qdtd3x (3.1.7)

Where k = kii and R[q] is the Ricci curvature of the three-metric qij . Going back to the original ADM variables,
the action becomes

SEH =
1

16πG

∫ [
(gikgjl − gijgkl)(q̇ij −D(iNj))(q̇kl −D(kNl))

4N
+NR[q]

]
√
qdtd3x (3.1.8)

The benefit of this reformulation is that, in this form, Ṅ and Ṅi are absent from the action. This means that
the only conjugate momentum to be defined as non-vanishing is that of the three-metric:

πij =
∂L

∂q̇ij
=

√
q(kij − kqij) =

√
qGijklkkl (3.1.9)

where
Gijkl =

1

2
√
q
(gikgjl + gilgjk − gijgkl) (3.1.10)

is called the DeWitt supermetric. Let us now turn our attention to the fact that Ṅ and Ṅi do not appear in the
action. We interpret this fact as the Lapse and Shift functions not being dynamical, and view the vanishing
conjugate momenta as constraint equations:

πN ≈ 0 (3.1.11)
πNi ≈ 0 (3.1.12)

These constraints are called primary constraints in Dirac’s terminology (a useful source is [20]). If Hc is the
canonical Hamiltonian that we get from the Legendre transformation H = πij q̇ij −L, then we ought to add the
primary constraints as Lagrange multipliers and construct the "full" Hamiltonian HT = Hc + λiCi, where λi
are the Lagrange multiplier coefficients and Ci are the constraints. Then, we demand that the Poisson brackets
of the the primary constraints with the full Hamiltonian vanish. This can lead to more constraints, which are
called secondary constraints. Note that we have used ≈ in the constraint equations above. This is done to
indicate that the constraints are weakly zero, in the sense that their Poisson bracket with some other quantity
can be non-zero. Having this in mind, it turns out that the primary constraints related to the Lapse and Shift
functions give us the secondary constraints

C = Gijklπ
ijπkl −√

qR[q] ≈ 0 (3.1.13)

which is called the scalar or hamiltonian constraint and

Ci = Diπ
ij ≈ 0 (3.1.14)

which is called the vector or diffeomorphism constraint. Now, we may continue and express the action (3.1.8) in
terms of the conjugate momentum as

SEH =
1

16πG

∫ (
πij q̇ij −NC − 2N iCi

)
dtd3x (3.1.15)

In this form, we are able to immediately discern the Hamiltonian density of the theory:

Hc = NC + 2N iCi ≈ 0 (3.1.16)

We immediately notice that the Hamiltonian of the theory vanishes weakly as it is given entirely in terms of
the constraints, with the Lapse and Shift functions acting as Lagrange multipliers. Since the Hamiltonian is
only weakly vanishing, the equations of motion can still be found by taking the appropriate Poisson brackets.
In this sense, the dynamics of the theory are encoded in the constraints. The constraints that appear here are
first-class constraints. This means that their Poisson brackets with all other constraints and the Hamiltonian
vanish. Dirac conjectured that all first-class constraints in a Hamiltonian system act as generators of gauge
transformations. However, this conjecture has been proven to hold only under additional assumptions. Luckily,
these additional assumptions hold for all physical theories (for details, see [21]).
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3.1.2 Ashtekar Variables

The ADM split served as a basis of formulating a Hamiltonian theory of General Relativity. However, in this form,
it was extremely hard to proceed into a quantization procedure for the theory as the constraint equations were
non-polynomial in the field variables. Therefore, progress in the Canonical Quantization of General Relativity
halted for over 20 years. It wasn’t until 1986 that Abhay Ashtekar [22] managed to find a new set of variables
that resulted in constraint equations linear in those variables. We begin by considering the expression of the
three-metric in terms of vielbeins, also called dreibeins or triads since we’re now in three dimensions.

qij = eAie
B
jδAB (3.1.17)

We are using capital Latin indices A,B, . . . etc. to denote the spatially flat (Euclidean) indices. Having intro-
duced these, we can define the triad version of the extrinsic curvature as

kiA = ejAk
i
j (3.1.18)

Since k must be symmetric, we get the constraint

Gk = ϵkijk
iAkjA ≈ 0 (3.1.19)

Ashtekar considered then the connection
AAi = ωAi + ikAi (3.1.20)

where ωAi is the (torsionless) spin connection of the triad, and the "Ashtekar electric field"

EiA =
1

2
ϵABCϵ

ijkeBje
C
k (3.1.21)

and showed that

{AAi(x), AjB(y)} = 0 (3.1.22)
{EAi(x), EjB(y)} = 0 (3.1.23)
{AAi(x), EjB(y)} = iδABδ

j
i δ

(3)(x⃗− y⃗) (3.1.24)
(3.1.25)

Therefore, the connection and the Ashtekar electric field are canonically conjugate variables. Furthermore, the
constraints are tremendously simplified when expressed in terms of the new variables and are now polynomial.

C = ϵABCF
A
ijE

BjECk (3.1.26)
Ci = FAijE

j
A (3.1.27)

where F is the curvature associated with the Ashtekar connection, i.e.

FAij = ∂iA
A
j − ∂jA

A
i + ϵABCA

B
iA

C
j (3.1.28)

Furthermore, the constraint Gk can now be written as

GA = DiE
Ai ≈ 0 (3.1.29)

which is the familiar Gauss constraint encountered in Yang-Mills theories, and specifically an SU(2) Yang-
Mills theory. Thus, Ashtekar’s new variables allow us to reformulate General Relativity much like an SU(2)
Yang-Mills theory.

3.1.3 The Barbero-Immirzi Parameter

Ashtekar’s new variables may have cast General Relativity into an SU(2) gauge theory, ready to be quantized,
however they also came with a caveat: this theory of General Relativity was complex and thus required extra
reality conditions to be satisfied in order to recover the original theory, which is real. As a solution, Barbero
and Immirzi (for more historical context, see [23]) contributed and showed that instead of i one could use
an arbitrary parameter b, which was later called the Barbero-Immirzi parameter. This parameter could take
on real values, which meant that the reality conditions did not need to be imposed. The trade-off was that
the scalar/Hamiltonian constraint then takes on a more complicated form, which depends on this parameter
(albeit it still remains polynomial, as desired).

C = EiAE
j
B

(
ϵC

ABFCij − 2(1 + β2)kA[i k
B
j]

)
(3.1.30)

On the other hand, the vector/diffeomorphism constraint is not dependent on this parameter and thus remains
unchanged.
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3.1.4 The Self-Dual Action

Ashtekar’s new variables were initially conceived on a purely Hamiltonian context. Later [23], Joseph Samuel
and Theodore Jacobson with Lee Smolin independently showed that the action that results in Ashtekar’s new
variables was the so-called self-dual action, which is given as

SG =
1

16πG

∫
F ab ∧ ∗(êa ∧ êb) (3.1.31)

Here, F ab is the curvature 2-form that’s related to the self-dual part of the spin connection, i.e.

F a
b = dAa

b +Aa
c ∧Ac

b (3.1.32)

where the self-dual connection is given as

Aµ
ab =

1

2

(
ωµ

ab − i

2
ϵabcdω

cd
µ

)
(3.1.33)

This action can also be written as the scalar Ricci curvature of the self-dual Riemann tensor, denoted as +R:

S =
1

16πG

∫
+R

√
−g d4x

=
1

16πG

∫ (
R− iR̃

)√
−g d4x

=
1

16πG

∫ (
R− i

2
ηµνρσRµνρσ

)√
−g d4x

(3.1.34)

It is worth noting that the dual Ricci scalar R̃ = 1
2η
µνρσRµνρσ vanishes due to the symmetries of the Riemann

tensor. Therefore, the classical equations of motion remain unchanged.

3.1.5 The Holst Action

The self-dual action is nothing more than the special case (β = −i) of the more general Holst action, introduced
by Holst in 1996 [24]:

SH =
1

16πG

∫ (
R+ βR̃

)√
−g d4x

=
1

16πG

∫ (
R+

β

2
ηµνρσRµνρσ

)√
−g d4x

=
1

16πG

∫
R
√
−g d4x+

β

32πG

∫
ϵµνρσRµνρσd

4x

(3.1.35)

where β is the Barbero-Immirzi parameter. The Holst action breaks down into the Einstein-Hilbert action and
the Holst term:

SH =
1

16πG

∫
R
√
−g d4x︸ ︷︷ ︸

Einstein−Hilbert

+
β

16πG

∫
R̃
√
−g d4x︸ ︷︷ ︸

Holst

(3.1.36)

It is then quite easy to show that the Holst action can be written in terms of differential forms as17

SH =
1

16πG

∫
Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸

Einstein−Hilbert

+
β

16πG

∫
∗Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸
Holst

(3.1.38)

or, written more compactly,

SH =
1

16πG

∫
(Rab + β ∗Rab) ∧ ∗(êa ∧ êb) (3.1.39)

Just as in the self-dual case, the Holst term vanishes on-shell because the dual Ricci curvature scalar vanishes
due to the symmetries of the Riemann tensor. Therefore, the classical equations of motion remain unchanged
with the addition of the Holst term to the action.

17Alternatively, an equivalent form for this action is

SH =
1

16πG

∫
(êa ∧ êb) ∧ ∗Rab −

β

16πG

∫
(êa ∧ êb) ∧Rab (3.1.37)

To see the equivalence of the two expressions, simply use the property [25] Ap ∧ ∗Bq = Bq ∧ ∗Ap for two p-forms, as well as the fact
that the Hodge dual of a Hodge dual is given as ∗(∗A) = (−1)p(D−p)+D−1A and thus for a 2-form there is a sign difference.
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3.2 The Holst Action in the Presence of Torsion

Equipped with the background from the previous section, we are ready to move on and examine what happens
to the Holst action when torsion is present.

3.2.1 The Einstein-Cartan-Holst Action

The Holst action in the presence of torsion becomes

SECH =
1

16πG

∫ (
Rab + β ∗Rab

)
∧ ∗(êa ∧ êb) (3.2.1)

or, equivalently,
SH =

1

16πG

∫
Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸

Einstein−Cartan

+
β

16πG

∫
∗Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸

Holst−Torsion

(3.2.2)

We have already seen (equations (1.5.22), (1.5.21) and (1.5.42)) that the Einstein-Cartan action can be written
as

SEC =
1

16πG

∫
(R+∆)

√
−g d4x

where ∆ is given as

∆ = KµλνKµνλ −Kµν
νKµλ

λ = −TλλµT ννµ − 1

2
TλµνTµνλ +

1

4
T νλµTνλµ

or, in terms of the irreducible components of the torsion tensor, as

∆ = −6TµT
µ +

3

2
SσS

σ +
1

2
qλµνqλµν

Now, we will follow a similar process for the Holst-Torsion term. We have that

SHT =
β

16πG

∫
∗Rab ∧ ∗(êa ∧ êb)

=
β

16πG

∫
∗(Rab +DKab +Kac ∧Kc

b) ∧ ∗(êa ∧ êb)

(3.2.3)

Once again, we get three terms. The first term is, of course, the Holst term in the absence of torsion, which
vanishes on-shell:

SHT1
=

β

16πG

∫
∗Rab ∧ ∗(êa ∧ êb) =

β

32πG

∫
ϵµνρσRµνρσd

4x (3.2.4)

The second term is a surface term, which, as we will see, is the Nieh-Yan topological invariant:

SHT2 =
β

16πG

∫
∗DKab ∧ ∗(êa ∧ êb) =

3β

32πG

∫
∂µ(

√
−gSµ)d4x (3.2.5)

Proof

It is quite easy to see that
DKab =

1

2
∇µKa

ν
bdx

µ ∧ dxν (3.2.6)

and therefore
∗DKab =

1

4
∇µKa

ν
bηµνκλdx

κ ∧ dxλ (3.2.7)

Furthermore, we know that
∗(êa ∧ êb) =

1

2
êaρêbσηρσξζ dx

ξ ∧ dxζ (3.2.8)
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The integral can thus be written as∫
∗DKab ∧ ∗(êa ∧ êb) =

1

8

∫
êaρêbσ∇µKa

ν
bηµνκληρσξζdx

κ ∧ dxλdxξ ∧ dxζ

= −1

8

∫
êa
ρêb

σ∇µKaνbηµνκληρσξζη
κλξζ√−g d4x

=
1

4

∫
∇µKρνσ(δκρ δ

λ
σ − δκσδ

λ
ρ )ηµνκλ

√
−g d4x

=
1

4

∫
∇µKρνσ(ηµνρσ − ηµνσρ)

√
−g d4x

=
1

2

∫
(∇µKρνσ)ηµνρσ

√
−g d4x

=
1

2

∫
∇µ(Kρνσηµνρσ)

√
−g d4x

=
1

2

∫
∇µ(Kρνση

µνρσ)
√
−g d4x

where the Levi-Civita tensor gets inside the covariant derivative because its covariant derivative is zero. We
have that

Sµ =
1

3
ηρνσµK

ρνσ

and so we get that ∫
∗DKab ∧ ∗(êa ∧ êb) =

3

2

∫
∇µS

µ√−g d4x

=
3

2

∫
∂µ[

√
−gSµ]d4x

Thus,
∫
∗DKab ∧ ∗(êa ∧ êb) is a surface term.

The third term is the term that contains all information about torsion.

SHT3
=

β

16πG

∫
∗(Kac ∧Kc

b) ∧ ∗(êa ∧ êb) (3.2.9)

We can calculate this term in tensor notation and show that

SHT3
=

β

16πG

∫
∆̃
√
−g d4x (3.2.10)

where ∆̃ is given as
∆̃ = KλµρKλ

νσηµρνσ (3.2.11)

Proof

We have that
∗(Kac ∧Kc

b) =
1

2
Ka

µ
cK

cν
bηµνκλdx

κ ∧ dxλ (3.2.12)
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and so ∫
∗(Kac ∧Kc

b) ∧ ∗(êa ∧ êb) =

∫ (
1

2
Ka

µ
cK

cν
bηµνκλdx

κ ∧ dxλ
)(

1

2
êaρêbσηρσξζdx

ξ ∧ dxζ
)

=
1

4

∫
êaρêbσKa

µ
cK

cν
bηµνκληρσξζdx

κ ∧ dxλ ∧ dxξ ∧ dxζ

= −1

4

∫
êa
ρêb

σKaµ
cK

cνbηµνκληρσξζη
κλξζ√−g d4x

=
1

2

∫
Kρµ

cK
cνσηµνκλ(δ

κ
ρ δ
λ
σ − δκσδ

λ
ρ )
√
−g d4x

=
1

2

∫
Kρµ

cK
cνσ(ηµνρσ − ηµνσρ)

√
−g d4x

=

∫
Kρµ

cK
cνσηµνρσ

√
−g d4x

= −
∫
KλµρKλ

νσηµνρσ
√
−g d4x

=

∫
KλµρKλ

νσηµρνσ
√
−g d4x

We can then calculate ∆̃ in terms of the irreducible components of the torsion tensor, which we remind the
reader are given by equation (1.5.40):

Tµνρ = (T νgµρ − T ρgµν)− ηµνρσSσ + qµνρ

The result we obtain is

∆̃ = −6TµSµ +
1

4
ηµρνσq

λµρqλ
νσ (3.2.13)

Proof

We need to calculate the quantity
∆̃ = KλµρKλ

νσηµρνσ (3.2.14)

in terms of the irreducible components of the torsion tensor. We begin by giving an expression for Kλµρ

Kλµρ = (Tλgµρ − T ρgµλ)− 1

2
ηλµρκSκ +

1

2
qλµρ (3.2.15)

Therefore, we may calculate

Kλµρηµρνσ =

[
(��

��*
0

Tλgµρ − T ρgµλ)− 1

2
ηλµρκSκ +

1

2
qλµρ

]
ηµρνσ

= −T ρgµληµρνσ − 1

2
ηλµρκηµρνσSκ +

1

2
qλµρηµρνσ

= −T ρgµληµρνσ − 1

2
ηµρλκηµρνσSκ +

1

2
qλµρηµρνσ

= −T ρgµληµρνσ + (δλν δ
κ
σ − δλσδ

κ
ν )Sκ +

1

2
qλµρηµρνσ

= −T ρgµληµρνσ + (δλνSσ − δλσSν) +
1

2
qλµρηµρνσ
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Next, we multiply by Kλ
νσ and thus get

KλµρKλ
νσηµρνσ = −T ρgµλKλ

νσηµρνσ + (δλνSσ − δλσSν)Kλ
νσ +

1

2
qλµρηµρνσKλ

νσ

= −T ρKµνσηµρνσ + (Kν
νσSσ −�����:0

Kσ
νσSν) +

1

2
qλµρηµρνσKλ

νσ

= −T ρKµνσηµνσρ +Kν
νσSσ +

1

2
qλµρηµρνσKλ

νσ

= −3T ρSρ +

[
(Tνg

νσ − Tσgνν)−
1

2�
������:0

gνλ′ηλ
′νσζSζ +

1

2�
��*

0
qν
νσ

]
Sσ +

1

2
qλµρηµρνσKλ

νσ

= −3T ρSρ + (Tσ − 4Tσ)Sσ +
1

2
qλµρηµρνσKλ

νσ

= −6T ρSρ +
1

2
qλµρηµρνσ

[
(����:0
Tλg

νσ −����:0
Tσgνλ)−

1

2
gλλ′ηλ

′νσζSζ +
1

2
qλ
νσ

]
= −6T ρSρ −

1

4
qλµρSζgλ′ληµρνση

λ′ζνσ +
1

4
ηµρνσq

λµρqλ
νσ

= −6T ρSρ +
1

2������������:0

qλµρSζgλ′λ(δ
λ′

µ δ
ζ
ρ − δλ

′

ρ δ
ζ
µ) +

1

4
ηµρνσq

λµρqλ
νσ

= −6T ρSρ +
1

4
ηµρνσq

λµρqλ
νσ

All the quantities that vanish are due to either symmetric and antisymmetric parts being multiplied or the
vanishing trace of the traceless torsion tensor. Therefore, we have that

∆̃ = KλµρKλ
νσηµρνσ = −6T ρSρ +

1

4
ηµρνσq

λµρqλ
νσ

We have therefore proved our result.

With this result in mind, the third term of the Holst-Torsion action is

SHT3
=

β

16πG

∫ (
−6TµSµ +

1

4
ηµρνσq

λµρqλ
νσ

)√
−g d4x (3.2.16)

Thus, we understand that, in the presence of torsion, the Holst term is no longer vanishing, but has a con-
tributing term, which is torsional in origin. These extra terms alter the classical equations of motion of our
system.

3.2.2 Quantum Electrodynamics in the Einstein-Cartan-Holst Theory

We can examine what changes in the theory we laid out in Chapter 2 with the addition of the Holst term. Since
the only addition we made was in the torsional sector (since the torsionless Holst term vanishes on-shell), only
the equations of motion that contain the irreducible components of the torsion tensor will change. Let us write
the part of the total action that contains all such terms (with the addition of the Einstein-Cartan-Holst action
terms):

SECH−Torsion =
1

16πG

∫
(∆ + β∆̃)

√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

=
1

16πG

∫ (
−6TµT

µ +
3

2
SµS

µ +
1

2
qλµνqλµν − 6βTµSµ +

β

4
ηµρνσq

λµρqλ
νσ

)√
−g d4x

− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

(3.2.17)

Variation of this action with respect to the three irreducible components of the torsion tensor will give us the
new equations of motion. For convenience, let us write the pieces of the action that give non-zero variation for
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each of the three components.

SECH−T =
1

16πG

∫
(−6TµT

µ − 6βTµSµ)
√
−g d4x (3.2.18)

SECH−S =
1

16πG

∫ (
3

2
SµS

µ − 6βTµSµ − 3

4
Sµψγ

µγ5ψ

)√
−g d4x (3.2.19)

SECH−q =
1

16πG

∫ (
1

2
qλµνqλµν +

β

4
ηµρνσq

λµρqλ
νσ

)√
−g d4x (3.2.20)

We can then show that the equations of motion are

Tµ = −β
2
Sµ (3.2.21)

Sµ − 2βTµ = 4πGj5µ (3.2.22)

qλµν +
β

2
ηρσ

µνqλρσ = 0 (3.2.23)

Proof

For the vector trace of the torsion tensor, we start with the action

SECH−T =
1

16πG

∫
(−6TµT

µ − 6βTµSµ)
√
−g d4x

=
1

16πG

∫
gµν(−6TµTν − 6βTνSµ)

√
−g d4x

The variation of SECH−T with respect to Tµ is given by

δSECH−T = SECH−T [Tµ + δTµ]− SECH−T [Tµ]

where the square brackets indicate the functional dependence of the action on the torsion trace vector Tµ.
We, therefore, ought to calculate SECH−T [Tµ + δTµ]:

SECH−T [Tµ + δTµ] = − 3

8πG

∫
gµν [(Tµ + δTµ)(Tν + δTν) + β(Tν + δTν)Sµ]

√
−g d4x

= SECH−T [Sµ]−
3

8πG

∫
gµν [(TµδTν + TνδTµ) + βSµδTν ]

√
−g d4x+O(δT 2)

We ignore terms that are of second order in the variation of the torsion trace vector, and thus we have

δSECH−T = − 3

8πG

∫
gµν [(TµδTν + TνδTµ) + βSµδTν ]

√
−g d4x

= − 3

8πG

∫
(2Tµ + βSµ)δTµ

√
−g d4x

The variational principle dictates that

δSECH−T =

∫
δSECH−T

δTµ
δTµ

with the equations of motion being:
δSECH−T

δTµ
= 0

Thus, the equation of motion for the trace of the torsion tensor is:

Tµ = −β
2
Sµ
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which is the desired relation. For the axial vector trace of the torsion tensor, we start with the action

SECH−S =
1

16πG

∫ (
3

2
gµνSµSν − 6βTµSµ

)√
−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x

The variation of SECH−S with respect to Sµ is given by

δSECH−S = SECH−S [Sµ + δSµ]− SECH−S [Sµ]

where the square brackets indicate the functional dependence of the action on the torsion axial trace vector
Sµ. We, therefore, ought to calculate SECH−S [Sµ + δSµ]:

SECH−S [Sµ + δSµ] =
1

16πG

∫ [
3

2
gµν(Sµ + δSµ)(Sν + δSν)− 6β(Sµ + δSµ)T

µ

]√
−g d4x

− 3

4

∫
(Sµ + δSµ)ψγ

µγ5ψ
√
−g d4x

= SECH−S [Sµ] +
1

16πG

∫ [
3

2
gµν(SµδSν + SνδSµ)− 6βTµδSµ

]√
−g d4x

− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x+O(δS2)

We ignore terms that are of second order in the variation of the torsion, and thus we have

δSECH−S =
1

16πG

∫ [
3

2
gµν(SµδSν + SνδSµ)− 6βTµδSµ

]√
−g d4x

− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x

=
1

16πG

∫
[3Sµ − 6βTµ] δSµ

√
−g d4x− 3

4

∫
δSµψγ

µγ5ψ
√
−g d4x

=

∫ [
3

16πG
(Sµ − 2βTµ)− 3

4
ψγµγ5ψ

]
δSµ

√
−g d4x

Therefore, the modified equation of motion is

3

16πG
(Sµ − 2βTµ)− 3

4
ψγµγ5ψ = 0

This can be simplified to give
Sµ − 2βTµ = 4πGψγµγ

5ψ = 4πGj5µ

which is the desired relation. Finally, for the traceless part of the torsion tensor, we have that

SECH−q =
1

16πG

∫ (
1

2
qλµνqλµν +

β

4
ηµρνσq

λµρqλ
νσ

)√
−g d4x

=
1

16πG

∫
qλµν

(
1

2
qλµν +

β

4
ηµνρσqλ

ρσ

)√
−g d4x

=
1

16πG

∫
gλλ

′
gµµ

′
gνν

′
(
1

2
qλ′µ′ν′qλµν +

β

4
ηµνρσqλ′µ′ν′qλ

ρσ

)√
−g d4x

We can now calculate

SECH−q[qλµν + δqλµν ] =
1

16πG

∫
gλλ

′
gµµ

′
gνν

′
[
1

2
(qλ′µ′ν′ + δqλ′µ′ν′)(qλµν + δqλµν)

+
β

4
ηµν

ρσ(qλ′µ′ν′ + δqλ′µ′ν′)(qλρσ + δqλρσ)

]√
−g d4x

= SECH−q[qλµν ] +
1

16πG

∫
gλλ

′
gµµ

′
gνν

′
[
1

2
(qλ′µ′ν′δqλµν + qλµνδqλ′µ′ν′)

+
β

4
ηµν

ρσ(qλ′µ′ν′δqλρσ + qλρσδqλ′µ′ν′)

]√
−g d4x+O(δq2)
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Therefore, the variation of the action is

δSECH−q =
1

16πG

∫ [
1

2
(qλµνδqλµν + qλ

′µ′ν′
δqλ′µ′ν′)

+
β

4
(ηµν

ρσqλµνδqλρσ + ηµ
′ν′ρσqλ

′

ρσδqλ′µ′ν′)

]√
−g d4x

=
1

16πG

∫ [
qλµνδqλµν +

β

4
(ηµν

ρσqλµνδqλρσ + ηρσµνqλρσδqλµν)

]√
−g d4x

=
1

16πG

∫ [
qλµνδqλµν +

β

4
(ηµν

ρσqλµνδqλρσ + ηρσ
µνqλρσδqλµν)

]√
−g d4x

By renaming the indices µν ↔ ρσ in the second term, we get

δSECH−q =
1

16πG

∫ [
qλµνδqλµν +

β

4
(ηρσ

µνqλρσδqλµν + ηρσ
µνqλρσδqλµν)

]√
−g d4x

=
1

16πG

∫ [
qλµνδqλµν +

β

2
ηρσ

µνqλρσδqλµν

]√
−g d4x

=
1

16πG

∫ [
qλµν +

β

2
ηρσ

µνqλρσ
]
δqλµν

√
−g d4x

Therefore, the equations of motion give

qλµν +
β

2
ηρσ

µνqλρσ = 0 (3.2.24)

First, let us take a look at the equation of motion (3.2.23) for q. First of all, we confirm that for β = 0 we recover
the Einstein-Cartan equation of motion (2.2.11). Secondly, we notice a serious problem: while qλµν is a tensor,
ηρσ

µνqλρσ is a pseudotensor. These quantities cannot be proportional as they transform differently under the
full Lorentz group (that includes parity) transformations. Therefore, the only solution to this equation of motion
that is consistent with full Lorentz symmetry is qλµν = 0. However, this effort to salvage this model is futile,
as we will immediately see. Let us solve the system of equations (3.2.21) and (3.2.22). We obtain the following
equations

Sµ =
4πG

β2 + 1
j5µ (3.2.25)

Tµ = − 2βπG

β2 + 1
j5µ (3.2.26)

Here, we can make two key observations. First, for β = 0, i.e. in the absence of the Holst term, we recover
the Einstein-Cartan theory equations of motion, given by equations (2.2.7) and (2.2.10). Second, and most
importantly, we notice that the vector trace part of the torsion tensor is proportional to the axial current.
However, the axial current j5µ is a pseudovector, while Tµ is a vector. This is the same issue that came up in
the equation of motion for q. However, this time, there is no solution that is consistent with Lorentz symmetry.
Hence, we may conclude that the Einstein-Cartan-Holst model is inconsistent, or rather, incomplete, under
the assumption that we want our theory to be symmetric under parity.

3.3 The Nieh-Yan Term

So far, we’ve considered Einstein-Cartan theory, beginning with the Holst action, and saw how torsion couples
with fermions. Then, we argued that the addition of the Holst term in a theory without torsion is crucial, as it
forms the basis and allows the quantization of gravity in the Loop Quantum Gravity approach. However, when
we examined the addition of the Holst term in the presence of Torsion, we saw that, not only does it not vanish
on-shell anymore, but also the extra terms that arise are inconsistent with Lorentz invariance. This leads us
to consider adding additional terms to the action, in order to "restore" the vanishing of the additional terms in
Einstein-Cartan theory, much like the Holst term vanishes in General Relativity.

49



Chapter 3. Extensions of Einstein-Cartan Theory 3.3. The Nieh-Yan Term

3.3.1 The Nieh-Yan Modification

Curiously, it turns out that the Holst-Torsion term is part of a term called Nieh-Yan term, which is a torsional
topological invariant:

SNY =
1

16πG

∫
∗Rab ∧ ∗(êa ∧ êb) + T a ∧ T a (3.3.1)

As a topological term, the Nieh-Yan term can be written as a total derivative:

SNY =
1

16πG

∫
d(êa ∧ T a) (3.3.2)

Proof

It is quite easy to see why this is a topological term. We remind ourselves that according to the first Bianchi
identity (equation (1.3.15)) we have

DT a = Rab ∧ êb (3.3.3)

Then, we can take the wedge product (from the right) with êa:

DT a ∧ êa = Rab ∧ êb ∧ êa

We can then use the property [25] Ap ∧ ∗Bp = Bp ∧ ∗Ap for two p-forms, since on the right-hand side of
the above equation both Rab and (êb ∧ êa) are 2-forms. In our case, Ap = Rab and ∗Bp = êb ∧ êa. This
means that we have

∗(∗Bp) = ∗(êb ∧ êa) (3.3.4)

The Hodge dual of a Hodge dual is given as ∗(∗A) = (−1)p(D−p)+D−1A and thus for a 2-form such as ∗Bp

there is a sign difference, i.e. ∗(∗Bp) = −Bp. This means that

Bp = − ∗ (êb ∧ êa) = + ∗ (êa ∧ êb) (3.3.5)

where in the last equality we used the property Ap ∧Bq = (−1)pqBq ∧Ap with p = q = 1. Therefore, we get
that

DT a ∧ êa = ∗(êa ∧ êb) ∧ ∗Rab = ∗Rab ∧ ∗(êa ∧ êb)

where, again, we used the property Ap ∧Bq = (−1)pqBq ∧Ap, this time with p = q = 2. To proceed, we use
the definition of the exterior covariant derivative (equation (1.2.6)) and get that

DT a = dT a + ωab ∧ T b (3.3.6)

and, therefore,

DT a ∧ êa = dT a ∧ êa + ωab ∧ T b ∧ êa

= dT a ∧ êa + ωab ∧ êa ∧ T b

where there is no sign difference when swapping the order because p = 2, q = 1 ⇒ pq = 2. Now, we use
Cartan’s first structure equation (equation (1.3.8)):

T a = dêa + ωab ∧ êb ⇒ ωab ∧ êb = T a − dêa ⇒ ωba ∧ êb = dêa − T a ⇒ ωab ∧ êa = dêb − T b

and thus get that

∗Rab ∧ ∗(êa ∧ êb) = DT a ∧ êa = dT a ∧ êa + dêb ∧ T b − T b ∧ T b

= −êa ∧ dT a + dêa ∧ T a − T a ∧ T a

= d(êa ∧ T a)− T a ∧ T a

where in the last line we used the property [25] d(Ap ∧Bq) = dA ∧B + (−1)pA ∧ dB. Therefore, we end
up with

∗Rab ∧ ∗(êa ∧ êb) + T a ∧ T a = d(êa ∧ T a) (3.3.7)

thus proving that the Nieh-Yan term is a total derivative.
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Comparing the Nieh-Yan term with the Holst-Torsion term, we realize that∫
∗DKab ∧ ∗(êa ∧ êb) =

∫
d(êa ∧ T a) =

3

2

∫
∂µ[

√
−gSµ]d4x (3.3.8)

and ∫
T a ∧ T a = −

∫
∗(Kac ∧Kc

b) ∧ ∗(êa ∧ êb) =

∫ (
6TµSµ − 1

4
ηµρνσq

λµρqλ
νσ

)√
−g d4x (3.3.9)

Therefore, adding this "counterterm" simply cancels the additional torsion contributions coming from the Holst
term, leaving us with the total derivative of Sµ.

3.3.2 Quantum Electrodynamics in Einstein-Cartan-Nieh-Yan Theory

For the equations of motion, let us assume that the Holst-Torsion term and the torsion counterterm appear
with different coefficients, i.e. that we start from the action

SECNY =
1

16πG

∫
Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸

Einstein−Cartan

+
β

16πG

∫
∗Rab ∧ ∗(êa ∧ êb)︸ ︷︷ ︸

Holst−Torsion

+
α

16πG

∫
T a ∧ T a︸ ︷︷ ︸

Nieh−Y an−Counterterm

(3.3.10)

Since, as we said, this Nieh-Yan-Counterterm is the same as ∆̃, but with a different coefficient, the equations
of motion are the same, but now with β → β − α, i.e.

Sµ =
4πG

(β − α)2 + 1
j5µ (3.3.11)

Tµ = − 2(β − α)πG

(β − α)2 + 1
j5µ (3.3.12)

qλµν +
(β − α)

2
ηρσ

µνqλρσ = 0 (3.3.13)

It thus becomes obvious that for α = β the equations of motion reduce to those of Einstein-Cartan theory.
Therefore, we have confirmed that the Holst term in General Relativity must be replaced with the Nieh-Yan term
in Einstein-Cartan theory in order to get the same effect. In fact, the Nieh-Yan term is much more "attractive"
than the Holst term, in the sense that the Holst term is not a true topological invariant (it just vanishes on-shell
and can’t be written as a total derivative), while the Nieh-Yan term is.

3.3.3 Promoting the Barbero-Immirzi Parameter to a Field

It is now interesting to consider the case where the Barbero-Immirzi parameter is promoted to a field. In such
a case, Einstein-Cartan theory is modified in a clear way, since the Nieh-Yan term ceases to be topological.
Before proceeding, however, it is important to motivate our decision to promote the Barbero-Immirzi parameter
to a field. Consider the part of our action describing the Dirac spinor in a curved spacetime background with
torsion, coupled to the photon:

SCurved+TorsionQED =
1

2

∫
(iψγµ(Dµψ) + h.c.)

√
−g d4x (3.3.14)

This action is invariant under chiral transformations of the form

ψ′ = eiaγ
5

ψ (3.3.15)

ψ′ = ψe−iaγ
5

(3.3.16)

where a is some parameter of the transformation. The quantum theory is given by the corresponding path-
integral:

Z =

∫
DgDψDψDS eiS

Curved+Torsion
QED [g,ψ,ψ,S] (3.3.17)
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However, under chiral transformations, the measure DψDψ does not remain invariant. This is the source of
the anomaly: the path integral picks up an extra term due to this non-invariance of the measure. For a curved
spacetime with torsion, the measure changes as [26]

DψDψ → DψDψei
∫
a
(

e2

8π2 F
µν F̃µν− 1

192π2R
ρσµνR̃ρσµν+

3Λ2

4π2 ∇µS
µ
)√

−g d4x (3.3.18)

where Λ is a regulator. We thus see that we have a quadratic divergence that is proportional to the Nieh-Yan
invariant. Therefore, in our effective action we now have a term of the form

SEff−NY =
1

16πG

∫ (
3β

2
+

12aGΛ2

π

)
∇µS

µ√−g d4x (3.3.19)

It is then possible to absorb the quadratic divergence if β is promoted to a field via a redefinition of the form

β′(x) =
3

2
β(x) +

12aGΛ2

π
(3.3.20)

Therefore, the promotion of the Barbero-Immirzi parameter to a field is well motivated. Let us now study
this theory. Our starting action is the same as the one of Einstein-Cartan theory, with the addition of a
coupling term between the Barbero-Immirzi field and the Nieh-Yan term, which only contains the axial vector
Sµ. Therefore, all fields besides Sµ and the new field β(x) remain unaffected, yielding the same equations of
motion. The total action is then:

S =
1

16πG

∫
(R+ ∆̂)

√
−g d4x+

3

32πG

∫
S ∧ ∗S +

3

32πG

∫
β(x)∇µS

µ√−g d4x− 1

2

∫
F ∧ ∗F

+
1

2

∫ [
iψγµDµψ − i(Dµψ)γ

µψ

]√
−g d4x+ e

∫
(ψγµψAµ)

√
−g d4x− 3

4

∫
S ∧ ∗j5

(3.3.21)

Let us consider the part of the action that contains Sµ:

SS =
3

32πG

∫
SµS

µ√−g d4x− 3

4

∫
Sµψγ

µγ5ψ
√
−g d4x+

3

32πG

∫
β(x)∇µS

µ√−g d4x (3.3.22)

We can do a partial integration on the last term:
3

32πG

∫
β(x)∇µS

µ√−g d4x =
3

32πG

∫
∇µ(β(x)S

µ)
√
−g d4x− 3

32πG

∫
∇µβ(x)S

µ√−g d4x (3.3.23)

The surface term can then be dropped. Therefore, we get

SS =
3

32πG

∫ [
SµS

µ −
(
∂µβ + 8πGψγµγ5ψ

)
Sµ
]√

−g d4x (3.3.24)

Then, we can consider the path integral for this part of the action, and "complete the square" in order to
integrate Sµ out. We have

SS =
3

32πG

∫ [(
Sµ − 1

2

(
∂µβ + 8πGψγµγ5ψ

))2

− 1

4

(
∂µβ + 8πGψγµγ5ψ

) (
∂µβ + 8πGψγµγ

5ψ
)]√

−g d4x

(3.3.25)
Thus, the quadratic term may be integrated out in the path integral and we’re left with the source term:

Sb =
3

32πG

∫ [
−1

4
∂µβ∂

µβ − 4πG∂µβ(j
5)µ − 16π2G2(j5)µ(j

5)µ
]√

−g d4x (3.3.26)

We can rescale β such that we have a canonical kinetic term:

β → 8

√
πG

3
β (3.3.27)

and thus the effective action becomes

Sb =

∫ [
−1

2
∂µβ∂

µβ −
√
3πG∂µβ(j

5)µ − 3πG

2
(j5)µ(j

5)µ
]√

−g d4x (3.3.28)

This is exactly the action we got in Chapter 2 (Equation (2.3.8)) after enforcing the condition d ∗ S = 0 in the
path integral, thus making the Barbero-Immirzi field an axion. Therefore, our analysis so far has essentially
offered us a strong motivation to enforce the constraint d ∗ S = 0 in the path integral, which at first seemed
like an arbitrary decision, as well as an equivalent process, that of adding the Nieh-Yan term and promoting
the Barbero-Immirzi parameter to a field.
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3.3.4 From Einstein-Cartan to Chern-Simons Modified Gravity

We may now perform a partial integration on the second term:

−
√
3πG

∫
∂µβ(j

5)µ
√
−g d4x = −

√
3πG

∫
∇µ(β(j

5)µ)
√
−g d4x+

√
3πG

∫
β∇µ(j

5)µ
√
−g d4x (3.3.29)

Therefore, we have

Sb =

∫ [
−1

2
∂µβ∂

µβ +
√
3πGβ∇µ(j

5)µ − 3πG

2
(j5)µ(j

5)µ
]√

−g d4x (3.3.30)

Then, by using the fact that the non-conservation of the chiral current at the quantum level is given by the
anomaly,

∇µ(j
5)µ =

e2

8π2
Fµν F̃µν −

1

192π2
RρσµνR̃ρσµν (3.3.31)

we get that the Barbero-Immirzi field couples to the anomaly:

Sb =

∫ [
−1

2
∂µβ∂

µβ − 3πG

2
(j5)µ(j

5)µ +
√
3πGβ

(
e2

8π2
Fµν F̃µν −

1

192π2
RρσµνR̃ρσµν

)]√
−g d4x (3.3.32)

Then, we use the fact that the torsionful and torsionless Pontryagin densities differ by a total derivative,

R̄ab ∧ R̄ba = Rab ∧Rba + d
[
2Ka

b ∧Rba +Ka
b ∧DKb

a +
2
3K

a
b ∧Kb

c ∧Kc
a

]
(3.3.33)

in order to shift the coupling of the axion field from G(A, ω̄) to G(A,ω) by adding a local counterterm. The
final action is therefore

Sb =

∫ [
−1

2
∂µβ∂

µβ − 3πG

2
(j5)µ(j

5)µ +
√
3πGβ

(
e2

8π2
Fµν F̃µν −

1

192π2
RρσµνR̃ρσµν

)]√
−g d4x (3.3.34)

This coupling of the axion field to the anomaly is exactly what gives us Chern-Simons modified gravity. It is
worth noting that, although the coupling of the axion field to the anomaly in the final action is independent
of the presence of fermions, we had to consider a theory with fermions initially in order to get this term.
Otherwise, its presence would be extremely hard to motivate. Finally, we mention that the constraint d ∗ S = 0
is compatible with the prediction of most string theories. The case of heterotic string theory, which we will
explore in the next chapter, is an exception, as it requires d ∗ S = G(A,ω), where G(A,ω) symbolizes the
so-called Green-Schwarz anomaly.

3.4 Chern-Simons Modified Gravity

In this section, we go through the basics of the Chern-Simons modification to General Relativity. This is a
well-studied topic [27, 28] that has gathered a lot of attention as a parity-violating model of gravity. We ended
up with Chern-Simons theory by starting with a gravitational theory with torsion and fermions. It is worth
noting that the reverse process is also possible [29]. Broadly speaking, the general form of a Chern-Simons
modified gravity theory action is

S = SEH + SCS + Sb + Sm (3.4.1)

where SEH is the Einstein-Hilbert action, SCS is the so-called Chern-Simons term, i.e. the coupling of the
axion b(x) to the Hirzebruch (also known as gravitational Pontryagin) invariant RµνρσR̃µνρσ, Sb is the term
that contains the kinetic term of the axion, as well as any self-interaction potentials it may have, and Sm is the
action for the rest of the matter that may be present in the theory.

3.4.1 The Hirzebruch & Pontryagin Topological Densities

It is quite obvious that the term of interest in the Chern-Simons action is the term that couples the axion with
the gravitational and gauge anomalies. Therefore, we focus our attention to the anomalies term, which is built
from the Hirzebruch and Pontryagin topological densities [30]:

√
−g
(
e2

8π2
Fµν F̃µν −

1

192π2
RρσµνR̃ρσµν

)
=

√
−g∇µ

(
e2

8π2
Kµgauge(ω,A)−

1

192π2
Kµg (ω,A)

)
(3.4.2)
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As we can see, this term is a total derivative. The (gravitational and gauge) anomaly current densities Kµg and
Kµgauge can be expressed as a function of the spin (or affine) connection ω (or Γ) and the gauge fields A. More
specifically, we have

√
−g
(
RµνρσR̃

µνρσ
)
=

√
−g∇µKµg (ω) = ∂µ

(√
−gKµg (ω)

)
= 2∂µ

[
ϵµνλρ

(
ων

ab∂λωρab +
2

3
ων

abωλa
cωρcb

)]
=

√
−g∇µKµg (Γ) = ∂µ

(√
−gKµg (Γ)

)
= ∂µ

[
ϵµβγδ

(
Γνβσ∂γΓ

σ
δν +

2

3
ΓνβσΓ

σ
γλΓ

λ
δν

)]
(3.4.3)

and
√
−gFµν F̃µν =

√
−g∇µK

µ
gauge = 2∂µ

[
ϵµναβ

(
AIν∂aA

I
β +

2

3
f IJKAIνA

J
αA

K
β

)]
(3.4.4)

where I, J,K are the (flat) non-abelian gauge group indices. Thus, the Chern-Simons action we obtain starting
from Einstein-Cartan theory is

SB =

∫ [
1

2κ2
R− 1

2
∂µβ ∂

µβ +
1

2

√
3

2
κβ

(
e2

8π2
Fµν F̃µν −

1

192π2
RρσµνR̃ρσµν

)]√
−g d4x (3.4.5)

where we did a partial integration on the last term. Therefore, the action can be split into three parts:

SB = SEH + Sb + SCS (3.4.6)

where SEH = 1
2κ2

∫
R
√
−g d4x is the standard Einstein-Hilbert action, Sb = − 1

2

∫
∂µb ∂

µb
√
−g d4x is the axion

kinetic energy term and the last term, SCS , which is the axion & gravitational anomaly term given by

SCS =
1

2

√
3

2
κ

∫
β(x)∇µ

(
e2

8π2
Kµgauge(ω,A)−

1

192π2
Kµg (ω,A)

)√
−g d4x (3.4.7)

From now on, we focus on the case where the gauge fields are vanishing, i.e. in the purely gravitational
Chern-Simons action:

SCS = −
√

3

2

κ

384π2

∫
β(x)∇µK

µ
g

√
−g d4x = −

√
3

2

κ

384π2

∫
β(x)RρσµνR̃ρσµν

√
−g d4x (3.4.8)

3.4.2 The Cotton & Stress-Energy Tensors

Having this action, we can examine what the stress-energy tensor is. For the axions, the "matter" stress-energy
tensor is found using the standard definition:

T βµν = − 2√
−g

δSβ
δgµν

= ∂µβ∂νβ − 1

2
gµν∂ρβ∂

ρβ (3.4.9)

In the absence of the gravitational Chern-Simons term, we would get the usual Einstein equations. However,
in our case, this new term can also be varied with respect to the metric and give a non-trivial result. More
specifically, variation of the Chern-Simons term gives us the Cotton tensor, which is defined as

Cµν = − 1

4
√
−g

δSC
δgµν

(3.4.10)

where
SC =

∫
βRµνρσR̃

µνρσ√−g d4x (3.4.11)

such that SCS = −
√

3
2

κ
384π2SC . After calculating the variation, we get that the Cotton tensor is

Cµν = ∇λ∇ρ

[
βR̃ρ(µν)λ

]
(3.4.12)

In less compact notation, we may show that

Cµν =
1

2

[
(∇λ∇ρβ)

(
R̃ρµνλ + R̃ρνµλ

)
+ (∇ρβ) (η

ρµκσ∇σRκ
ν + ηρνκσ∇σRκ

µ)
]

(3.4.13)
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where we have used the identities ∇ρ(R̃ρµνλ) = 0 and ∇λ(R̃ρµνλ) = ηρµκσ∇σRκν . An important property of
the Cotton tensor is that it is traceless:

gµνCµν = 0 (3.4.14)

This is very easy to see as

gµνCµν = ∇λ∇ρ

[
βR̃ρµµ

λ
]
=

1

2
∇λ∇ρ

[
β ηρµκσRκσµ

λ
]
=

1

2
∇λ∇ρ

[
β ηρµκσR[κσµ]

λ
]
= 0 (3.4.15)

due to the first Bianchi identity. The Einstein equations then take the form:

Rµν − 1

2
gµνR =

√
3

2

κ3

48π2
Cµν + κ2Tµνb (3.4.16)

In standard gravity theories, it is the matter stress-energy tensor that gets conserved, i.e. ∇µT
µν
b = 0. However,

it is easy to check that the Cotton tensor is not conserved. In fact, we get that

∇µCµν = −1

8
∂νβRρλσκR̃ρλσκ (3.4.17)

It becomes obvious, then, that the conservation of the matter stress-energy tensor breaks down in this scenario.
This, indeed, makes sense, as the matter field (the axions) now exchange energy with the gravitational field,
something that doesn’t appear in standard General Relativity. Instead, there is a modified, more general
stress-energy tensor that gets conserved and is defined as

κ2T̃µνtotal = κ2

(√
3

2

κ

48π2
Cµν + Tµνβ

)
(3.4.18)

with the conservation law then being
∇µT̃

µν
total = 0 (3.4.19)

In the next chapter, we will explore how Heterotic String Theory leads to a Chern-Simons theory in 4D, and
how that ultimate leads to inflation without an inflaton field that’s usually employed in the literature.
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Chapter 4

String-inspired Inflation due to Torsion

In the previous chapters, we developed a theory for classical gravity with torsion and examined how contorted
gravity gives rise to a dynamical axion when interactions with QED are considered. In this chapter, we’ll
consider a string-inspired model and show how the torsion arising in this model affects the inflation of the
universe.

4.1 The Effective String Action

In this section, we will outline our string-inspired model, which consists of an effective string action in four
spacetime dimensions. Our main point of interest is the Kalb-Ramond field. We argue that this field plays
the role of torsion and gives rise to an axion, which couples to both gravitational and Yang-Mills anomalies,
in complete analogy with the case examined in the previous chapters. This, in turn, leads to a modification in
our definition of the stress-energy tensor.

4.1.1 Kalb-Ramond Field and Torsion

For completeness’ sake, we give a small summary of the origin of torsion in string theory and present the
model we will work with. A deeper dive in string theory is out of the scope of this text and the derivation of the
results presented in this section can be found in standard textbooks such as [31] and [32]. It is known that
any string theory model predicts the existence of three massless gravitational fields which form the so-called
gravitational multiplet [5]: the spin-0 (scalar) Dilaton Φ, the spin-1 antisymmetric Kalb-Ramond field Bµν and
the spin-2 symmetric graviton field gµν . We devote our attention to the Kalb-Ramond field, which has a U(1)
gauge symmetry [30]

Bµν −→ Bµν + ∂[µθν] (4.1.1)

As a consequence, the action (at least in the low energy regime) depends on the field strength of the Kalb-
Ramond field, rather than the field itself. The field strength is defined as

Hµνρ = ∂[µBνρ] (4.1.2)

which is completely antisymmetric and thus forms a 3-form, i.e.

H = dB (4.1.3)

It is, therefore, an immediate consequence that the following Bianchi identity holds:

dH = 0 (4.1.4)

or, in index notation,
∂[µHνρσ] = 0 (4.1.5)

Anomaly cancellation considerations dictate that the field strength of the Kalb-Ramond field has to be modified
by the addition of so-called Lorentz and gauge Chern-Simons 3-form terms:

H = dB +
a′

8κ
(Ω3L − Ω3Y ) (4.1.6)
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where a is the Regge slope, κ =
√
8πG and Ω3L,Ω3Y are the Lorentz and gauge Chern-Simons terms respec-

tively, given as

Ω3L = tr
(
ω ∧ dω +

2

3
ω ∧ ω ∧ ω

)
= ωac ∧ dωca +

2

3
ωac ∧ ωcd ∧ ωda

(4.1.7)

and

Ω3Y = tr
(
A ∧ dA+

2

3
A ∧A ∧A

)
= AI ∧ dAI +

2

3
fIJKAI ∧AJ ∧AK

(4.1.8)

where F = dA+A∧A is the Yang-Mills field strength 2-form and a, b, c, d are Lorentz (flat) indices and I, J,K
are gauge group (Euclidean flat) indices. The Bianchi identity is thus modified and becomes

dH =
a′

8κ
Tr (R ∧R− F ∧ F ) (4.1.9)

where R is the curvature and F is the Yang-Mills field strength. The effective action for the bosonic string in
four spacetime dimensions can be written as an expansion in powers of the Regge slope a′. In zeroth-order,
and after assuming that the Dilaton is irrelevant, i.e. Φ ≈ 0 (via some stabilization mechanism [30]), we get
that the relevant action has the form [5]

SB =

∫ (
1

2κ2
R− 1

6
HλµνHλµν

)√
−g d4x (4.1.10)

where Hλµν = κ−1Hλµν . Direct comparison with the action (1.5.22) indicates that the Kalb-Ramond field
strength plays the role of torsion in this effective field theory. We can thus define the contorted connection to
be

Γλµν = Γλµν +
κ√
3
Hλ

µν (4.1.11)

where κ√
3
Hλ

µν plays the role of contorsion. Therefore, the torsion tensor is proportional to the (modified)
Kalb-Ramond field strength, since T abc = 2Ka

[bc]. More specifically, we get that

Tµνλ =
2κ√
3
Hµνλ (4.1.12)

The action can then be written as
SB =

∫
1

2κ2
R̄
√
−g dDx (4.1.13)

The Bianchi identity (4.1.9) considered above can be written in index notation as [5]

ηµνλρ∇µHνλρ = − a′

16κ

(
RµνλρR̃

µνλρ − Fµν F̃
µν
)
≡ G(ω,A) (4.1.14)

where the covariant derivative is taken with the torsion-free Christoffel symbols (hence the absence of an
overbar), G(ω,A) is the anomaly and the quantities with the "tilde" over them are the dual quantities, defined
as

R̃µνρσ =
1

2
ηµνλκR

λκ
ρσ

F̃µν =
1

2
ηµνρσF

ρσ
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4.1.2 Torsion Induced Axion & Chern-Simons Gravity

In the previous section, we showcased a string inspired model that gives rise to contorted gravity in four
spacetime dimensions. These results tell us that this theory is completely analogous with the one studies in
the first two chapters. Here, the Kalb-Ramond field strength Hλµν plays the role of torsion and the Bianchi
identity (4.1.14) replaces Equation (2.3.1) as the constraint we use. Therefore, in a completely analogous
procedure, we can enforce the constraint given by the Bianchi equation in the path integral formulation. We
have the partition function:

Z =

∫
DgDH eiS[g,H] =

∫
DgµνDHλµνe

i
∫
( 1

2κ2R− 1
6HλµνHλµν)

√
−gd4x (4.1.15)

We focus our attention to the Kalb-Ramond field strength part of the path integral and impose the constraint
as a delta function:

ZH =

∫
DHλµνδ(η

µνρσ∇µHνρσ − G(ω,A))e−i
∫

1
6HλµνHλµν√−g d4x (4.1.16)

The constraint can be written as

δ(ηµνρσ∇µHνρσ − G(ω,A)) =

∫
Dbei

∫
b(x)[ηµνρσ∇µHνρσ−G(ω,A)]

√
−g d4x (4.1.17)

We now use the property ηµνρσ∇µHνρσ = 1√
−g∂µ(

√
−g ηµνρσHνρσ) and get that∫

Dbei
∫ [

b(x)
√
−gηµνρσ∇µHνρσ−b(x)

√
−gG(ω,A)

]
d4x =

∫
Dbei

∫ [
b(x)��√

−g 1

��
√

−g
∂µ(

√
−g ηµνρσHνρσ)−b(x)

√
−gG(ω,A)

]
d4x

We can now integrate by parts and get that

δ(ηµνρσ∇µHνρσ − G(ω,A)) =

∫
Dbe−i

∫ [
∂µb(x)η

µνρσ Hνρσ+b(x)G(ω,A)
]√

−g d4x (4.1.18)

and thus the partition function is

ZH =

∫
DbDHλµνe

−i
∫
[ 16HλµνHλµν+∂µb(x)η

µνρσ Hνρσ+b(x)G(ω,A)]
√
−g d4x (4.1.19)

We can now complete the squares:

ZH =

∫
DbDHλµνe

−i
∫
[ 16 (HλµνHλµν+6∂µb(x)η

µνρσHνρσ±9∂µb ∂
µλ ηµνρσηλνρσ)+bG(ω,A)]

√
−g d4x (4.1.20)

and carry out the integration on H, absorbing the resulting constant in the measure Db:

ZH =

∫
Dbe

−i
∫ [

− 3
2∂µb ∂

λb ηµνρσηλνρσ+bG(ω,A)

]
√
−g d4x

(4.1.21)

We have that ηµνκρηλνκρ = −6δλµ and thus

ZH =

∫
Dbe

−i
∫ [

9∂µb ∂
µb+bG(ω,A)

]
√
−g d4x

(4.1.22)

In order to normalize the kinetic term of the b field, we redefine it to be b −→ 1
3
√
2
b and thus

ZH =

∫
Dbe

−i
∫ [

1
2∂µb ∂

µb+ 1
3
√

2
bG(ω,A)

]
√
−g d4x

(4.1.23)

and thus the full action becomes:

SB =

∫ (
1

2κ2
R− 1

2
∂µb ∂

µb− a′
√
2

192κ
b
(
RµνρσR̃

µνρσ − Fµν F̃
µν
))√

−g d4x (4.1.24)

We can easily observe that this is simply a Chern-Simons theory, discussed in the previous Chapter. The
equations of motion are

Rµν − 1

2
gµνR =

a′κ
√
2

24
Cµν + κ2Tµνb (4.1.25)

and the modified stress-energy tensor that is being conserved is

κ2T̃µνtotal = κ2

(
a′
√
2

24κ
Cµν + Tµνb

)
(4.1.26)
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4.2 Gravitational Wave Condensate Induced Inflation

In this section, we’ll see how gravitational waves in the early universe can be a suitable explanation for a period
of inflation for the universe. To that end, we’ll use the so-called Running Vacuum Model as our Cosmological
model of the universe. Then, we’ll consider gravitational wave perturbations and quantize them on a classical
background in order to calculate the vacuum expectation value of the gravitational Chern-Simons term. Our
endgoal will be the calculation of the vacuum energy density of this model, which we’ll show that in the context
of the Running Vacuum Model can explain the inflation of our universe without the need for additional fields
commonly considered, such as the inflaton field.

4.2.1 Running Vacuum Model

It is widely known that matter only makes up about 5% of the energy in the universe. Another 26% is attributed
to what is known as "dark matter", i.e. a form of matter that does not appear to interact with ordinary matter
but has a gravitational effect. This dark matter is widely assumed to be "cold" or, in other words, moving slowly
compared to the speed of light. The final 68% of the universe’s energy is the so-called "dark energy", which
is thought to be responsible for the observed accelerating expansion of the universe. This dark energy arises
from the cosmological constant Λ of the Einstein equations. The mathematical model that is considered to be
the "standard model" of cosmology, currently used in experiments, takes all of the above into account and is
called the ΛCDM model (Λ-Cold Dark Matter). However, in recent years, the ΛCDM model has proven to not
be perfect. The biggest threat to the ΛCDM is the discrepancy present in the measurements of the Hubble
constant, known as the "Hubble tension". While the possibility of the Hubble tension being of statistical nature
has not been excluded, it is instructive, if not necessary, to consider other cosmological models that can explain
the current experimental data. One of these models is the "Running Vacuum Model" (from here on RVM). In
the ΛCDM model, the vacuum energy density is given as

ρΛ =
Λ

8πG
(4.2.1)

and is a constant. In the RVM, it is assumed that the vacuum energy density "runs" smoothly with cosmic time.
Hence, we have a "running" vacuum energy density ρRVM (t). The RVM model originates from arguments and
calculations made in the context of the Renormalization Group in Quantum Field Theory in curved spacetime.
However, for our purposes it suffices to consider it as a purely phenomenological model. In this model, we can
assume that the running vacuum energy density can be expressed as a perturbative expansion of even powers
of the Hubble parameter [33]:

ρRVM (H) =
Λ(H2)

8πG
=

3

8πG

(
c0 + νH2 + β

H4

H2
I

+ · · ·
)

(4.2.2)

where c0, ν, β18 are real constants and HI ∼ 10−5MPl is the inflationary scale, with MPl being the Planck
mass. At early times, H is large and thus the H4 term dominates. This term admits H = HI as a solution,
hence we obtain an inflationary spacetime. As the universe evolves, the value of H gets smaller, and the H4

term can become negligible compared to the H2 or H0 contributions to the vacuum energy density. Thus, a
natural and graceful exit from inflation is viable. However, as we will see in our case, the situation is a bit more
complicated.

4.2.2 Gravitational Wave Condensate

Lets consider tensor perturbations of the FLRW metric:

ds2 = −dt2 + a2(t)(δij + hij)dx
idxj (4.2.3)

It is well known that these tensor perturbations are gravitational waves, which come in two different polariza-
tions. In the so-called linear polarization basis, the tensor perturbation can be expressed as [34]

hij = h+ϵ
(+)
ij + h×ϵ

(×)
ij (4.2.4)

The polarization tensors are defined as

ϵ
(+)
ij = [e1(k⃗)]i[e1(k⃗)]j − [e2(k⃗)]i[e2(k⃗)]j (4.2.5)

ϵ
(×)
ij = [e1(k⃗)]i[e2(k⃗)]j − [e1(k⃗)]j [e2(k⃗)]i (4.2.6)

18In the original source, α is used instead of β for the coefficient of the H4 term. The change in this text has been made to avoid
confusion, as this parameter appears alongside the scale factor a.

59



Chapter 4. String-inspired Inflation due to Torsion 4.2. Gravitational Wave Condensate Induced Inflation

where

e3(k⃗) =
k⃗

|⃗k|
(4.2.7)

and the three unit vectors e1, e2, e3 are orthogonal to each other. We have the freedom to choose the z-axis as
the direction of the propagation of the gravitational wave and thus the unit vectors take the values

e1 = (1, 0, 0) (4.2.8)
e2 = (0, 1, 0) (4.2.9)
e3 = (0, 0, 1) (4.2.10)

As such, the perturbation tensor now can be written as a traceless, symmetric tensor:

h =

h+ h× 0
h× −h+ 0
0 0 0

 (4.2.11)

Assuming an action of the form

S =

∫ (
R

2κ2
− 1

2
(∂µb)(∂

µb)−AbRCS

)√
−g d4x (4.2.12)

where RCS = RµνρσR̃
µνρσ is the gravitational Chern-Simons term and A = a′

√
2

192κ . The linearized Einstein
equations take the form:

□h+ = +
4Aκ2

a2

(
2ȧḃ+ ab̈

)
∂t∂zh× +

4Aκ2ḃ

a
∂2t ∂zh× − 4Aκ2ḃ

a3
∂3zh× (4.2.13)

□h× = −4Aκ2

a2

(
2ȧḃ+ ab̈

)
∂t∂zh+ − 4Aκ2ḃ

a
∂2t ∂zh+ +

4Aκ2ḃ

a3
∂3zh+ (4.2.14)

where the box operator is defined as
□ = −∂2t − 3

ȧ

a
∂t +

1

a2
∂2z (4.2.15)

We can easily see that these two polarizations are coupled to each other due to the presence of the KR-axion
field that couples to the CS-term. We can get a pair of decoupled polarizations by switching to the chiral basis:

hL,R =
1√
2
(h+ ± ih×) (4.2.16)

In this basis, the wave equations (4.2.13) & (4.2.14) become

□hL = −4iAκ2

a2

(
2ȧḃ+ ab̈

)
∂t∂zhL − 4iAκ2ḃ

a
∂2t ∂zhL +

4iAκ2ḃ

a3
∂3zhL (4.2.17)

□hR = +
4iAκ2

a2

(
2ȧḃ− ab̈

)
∂t∂zhR +

4iAκ2ḃ

a
∂2t ∂zhR − 4iAκ2ḃ

a3
∂3zhR (4.2.18)

Furthermore, we can calculate the gravitational Chern-Simons term in terms of the perturbation h up to second
order [34]:

RCS =
4i

a3

[
(∂2zhL∂z∂thR + a2∂2t hL∂z∂thR + aȧ∂thL∂z∂thR)− (L↔ R)

]
+O(h4) (4.2.19)

As we can see, this term would vanish if the two polarizations satisfied the same equation. However, that
is not the case for these gravitational waves as the wave equations of the two polarizations differ in sign, as
seen above, due to contributions from the Cotton tensor. Hence, the CS-term survives. This phenomenon is
called "cosmological birefringence" [34]. We can now treat the gravitational wave perturbations as quantum
operators, i.e. we can proceed into a second quantization scheme for the tensor perturbation. We saw that this
perturbation can be analyzed into two scalar polarization fields and thus we only need to quantize those. This
process is done in detail in [34]19. After quantization, we’re in position to calculate the vacuum expectation

19The authors here find a factor of two difference in their result compared to earlier efforts, as they include more terms. This correction
will be applied in this text when referencing the value of ⟨RCS⟩I from older sources.
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value of the gravitational CS-term during inflation. In the inflationary era, we have that the scale factor is
approximately

a(t) ∼ exp(HIt) (4.2.20)

where HI is the Hubble parameter, which is approximately constant. The result reads [34]

⟨RCS⟩I = −NI
Aκ4µ4

π2
˙̄bIH

3
I (4.2.21)

where NI is the density of gravitational wave sources during inflation and µ is the UV energy cutoff of the
effective field theory we’re working with, while ḃI symbolizes the axion field during the inflation era, which can
be approximately calculated to be [35]

˙̄bI ∼
√
2ϵMPlHI (4.2.22)

where ϵ is a phenomenological parameter that we fix as

ϵ ∼ 10−2 (4.2.23)

This means that, in total, the condensate ⟨RCS⟩I is proportional to H4
I . Integrating this we get an expression

for the axion field:
b̄I(t) = b̄I(0) +

√
2ϵHtMPl (4.2.24)

The initial condition b̄(0) cannot be predicted in the context of our effective field theory, but requires the full
string theory model. Nonetheless, it is possible [30] to find a range of phenomenologically acceptable values. A
suitable choice is [35]

b̄(0) ∼ 10MPl (4.2.25)

4.2.3 Vacuum Energy Density

We now want to calculate the various contributions to the vacuum energy density. First of all, there are two
contributions coming from the axion field and the gravitational anomaly. This can be seen from Equation
(4.1.25), where the modified stress energy tensor is comprised of two parts: one for the axionic matter, and the
Cotton tensor for the gravitational anomaly. Each of these parts contributes to the vacuum energy density. In
our gravitational quantization scheme, a rough approach to calculate the vacuum energy density is to calculate
the modified stress-energy tensor over the quantized gravitational wave perturbations. This can be done for
the Cotton tensor, which is given in terms of the Riemann tensor and its derivatives. This is done in [35] and
the resulting vacuum energy density related to the Cotton tensor is found to be

ρgCS = −1.484ϵM2
PlH

2
I (4.2.26)

Then, the conservation law (3.4.19) relates the Cotton tensor to the axionic stress-energy tensor, leading us to
the relation

ρb ≃ −2

3
ρgCS (4.2.27)

where ρb is the vacuum energy density related to the axionic matter. Thus, we find that [35]

ρb ≃ ϵM2
PlH

2
I (4.2.28)

and, in total,
ρb + ρgCS =

1

3
ρgCS ≃ −0.496ϵM2

PlH
2
I (4.2.29)

i.e. a negative quantity. However, this is not the full picture, the reason being that we had not proceeded
into our quantization scheme when we produced Equation (4.1.25). The proper approach is to expand the
gravitational Chern-Simons term around its vacuum expectation value and write the action as [30]:

S =

∫ (
R

2κ2
− 1

2
(∂µb)(∂

µb)− a′
√
2

192κ
b̄(x)⟨RµνρσR̃µνρσ⟩I −

a′
√
2

192κ
: b(x)RµνρσR̃

µνρσ :

)
√
−g d4x (4.2.30)

We can see that this adds an extra term to the action, a linear potential term for the axion that contains the
gravitational wave condensate ⟨RCS⟩I [36]:

SΛ = −
∫ (

a′
√
2

192κ
b̄(x)⟨RµνρσR̃µνρσ⟩I

)√
−g d4x = −

∫ (
8.6× 1010

√
ϵ
|b̄(0)|
MPl

H4
I

)√
−g d4x (4.2.31)
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Therefore, another vacuum energy density term is produced, one that was initially overlooked:

ρΛ = 8.6× 1010
√
ϵ
|b̄(0)|
MPl

H4 (4.2.32)

The full vacuum energy density expression is the sum of all the above:

ρvac(H) = ρb + ρgCS + ρΛ = −1

2
ϵM2

PlH
2 + 8.6× 1010

√
ϵ
|b̄(0)|
MPl

H4 (4.2.33)

In this sense, the gravitational waves that produce the condensate drive inflation.

4.2.4 Inflation

We can easily see that the final expression of the vacuum energy density is consistent with the Running Vacuum
Model with constants c0 = 0, ν < 0 and β > 0. In this subsection we’ll show how such an expression for the
vacuum energy density leads to inflation. Let us assume a vacuum energy density of the form (4.2.2) with
c0 = 0, ν < 0 and β > 0. The conservation of the total stress-energy tensor of vacuum matter and radiation
[36] leads to the differential equation

Ḣ +
3

2
(1 + ωm)H2

(
1− ν − β

H2

H2
I

)
= 0 (4.2.34)

where ωm = pm
ρm

and the subscript "m" refers to both matter and radiation. Solving this equation, we get a
solution for the Hubble parameter as a function of the FLRW scale factor a(t):

H(a) =

(
1− ν

β

) 1
2 HI√

Da3(1−ν)(1+ωm) + 1
(4.2.35)

where D > 0 is an integration constant.

Proof

We will prove this final expression by solving the differential equation (4.2.34). We have that:

Ḣ +
3

2
(1 + ωm)H2

(
1− ν − β

H2

H2
I

)
= 0 ⇒ dH

dt
+

3

2
(1 + ωm)(1− ν)H2

(
1− β

1− ν

H2

H2
I

)
= 0

We can then use the fact that d
dt =

da
dt

d
da = ȧ d

da and get that

dH

dt
+

3

2
(1 + ωm)(1− ν)H2

(
1− β

1− ν

H2

H2
I

)
= 0 ⇒ ȧ

dH

da
+

3

2
(1 + ωm)(1− ν)H2

(
1− β

1− ν

H2

H2
I

)
= 0

We know that the Hubble parameter H is defined as H = ȧ
a , so we can replace ȧ in the above equation, and

also proceed to divide by H2:

ȧ
dH

da
+

3

2
(1 + ωm)(1− ν)H2

(
1− β

1− ν

H2

H2
I

)
= 0 ⇒ a

H

dH

da
+

3

2
(1 + ωm)(1− ν)

(
1− β

1− ν

H2

H2
I

)
= 0

Proceeding, we can define a normalized Hubble parameter, H̃ = H
HI

, thus getting the equation:

a

H̃

dH̃

da
+

3

2
(1 + ωm)(1− ν)

(
1− β

1− ν
H̃2

)
= 0

This is the equation we need to solve. This is a first order differential equation, so we just need to separate
the two variables:

dH̃

H̃
(
1− β

1−ν H̃
2
) = −3

2
(1 + ωm)(1− ν)

da

a
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We can then write the left part as:

1

H̃
(
1− β

1−ν H̃
2
) =

1− β
1−ν H̃

2 + β
1−ν H̃

2

H̃
(
1− β

1−ν H̃
2
) =

1

H̃
+

β

1− ν

H̃(
1− β

1−ν H̃
2
)

and thus the differential equation becomes:

dH̃

H̃
+

β

1− ν

H̃(
1− β

1−ν H̃
2
)dH̃ = −3

2
(1 + ωm)(1− ν)

da

a

In this form, we can easily perform the integration of both sides:∫
dH̃

H̃
+

β

1− ν

∫
H̃(

1− β
1−ν H̃

2
)dH̃ = −3

2
(1 + ωm)(1− ν)

∫
da

a

To solve this integral, it is conveniant to make the following change of variable:

β

1− ν
H̃2 = Ĥ2 ⇒ H̃ =

√
1− ν

β
Ĥ ⇒ dH̃ =

√
1− ν

β
dĤ

Then, the differential equation becomes:∫
dĤ

Ĥ
+

∫
Ĥ(

1− Ĥ2
)dĤ = −3

2
(1 + ωm)(1− ν)

∫
da

a

We can also write ĤdĤ = 1
2dĤ

2 and thus get the differential equation:∫
dĤ

Ĥ
+

1

2

∫
1(

1− Ĥ2
)dĤ2 = −3

2
(1 + ωm)(1− ν)

∫
da

a

In this form, the integration can be performed immediately, giving us the solution:

ln Ĥ + ln

(
1√

1− Ĥ2

)
= −3

2
(1 + ωm)(1− ν) ln a+ C

where C is a constant of integration. We can write C = lnD and thus the equation above can be rewritten
as:

ln

(
Ĥ√

1− Ĥ2

)
= ln

(
Da−

3
2 (1+ωm)(1−ν)

)
Thus, we get that:

Ĥ√
1− Ĥ2

= Da−
3
2 (1+ωm)(1−ν) ⇒ 1√

1
Ĥ2

− 1
= Da−

3
2 (1+ωm)(1−ν) ⇒ 1

Ĥ2
− 1 = Da3(1+ωm)(1−ν)

Finally, we revert back to the original Hubble parameter, which is given as Ĥ2 = β
1−ν

(
H
HI

)2
and thus get:

1− ν

β

1(
H
HI

)2 = Da3(1+ωm)(1−ν) + 1 ⇒
(
H

HI

)2

=
1− ν

β

1

Da3(1+ωm)(1−ν) + 1

Finally, by simply taking the square root in both sides of the equation we get the final result:

H =

√
1− ν

β

HI√
Da3(1+ωm)(1−ν) + 1

We have, therefore, proved the desired equation.
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Since v is negative and ωm = 0 in the vacuum, the power of a in the superscript is positive. If we consider
a≪ 1, as is the case in the early universe, we get that Da3(1−v)(1+ωm) ≪ 1 also, i.e. it is neglectable, resulting
in a mostly constant Hubble parameter H ≃ HI .

4.2.5 Metastability of the Condensate-Induced Inflation

We have seen in a previous subsection that, post linearization, the Pontryagin term is given at leading order as
an O(h2) term, which is given by equation (4.2.19). In terms of conformal time,

RCS =
4i

a4

[
∂2zhL∂zh

′
R + h′′L∂zh

′
R − ∂2zhR∂zh

′
L − h′′R∂zh

′
L

]
+O(h4). (4.2.36)

We saw that the evaluation of the vacuum expectation value of this term is nonzero, and gives us a condensate
that induces a linear potential for b that drives inflation. However, we omitted an important detail of the
discussion: the ordering of the quantum operators in (4.2.36). More specifically, each of the four terms that
appear has two different possible orderings for the operators, as explored in [37]. By going into Fourier space
for both hL and hR, we can represent the various orderings of quantum operators as:

R̂CS =
4

a4

∫
d3k⃗d3k⃗′

(2π3)
ei(k⃗+k⃗

′)·x⃗
[
k2k′lk⃗′

(
OwP1

(
ĥL,⃗kĥ

′
R,k⃗′

)
−OwP2

(
ĥR,⃗kĥ

′
L,k⃗′

))
− k′lk⃗′

(
OwP3

(
ĥ′′
L,⃗k
ĥ′
R,k⃗′

)
−OwP4

(
ĥ′′
R,⃗k

ĥ′
L,k⃗′

)) ] (4.2.37)

where
OwP

(
ΠNi=1ϕ̂i

)
=
∑
P

wP

(
ϕ̂i1 . . . ϕ̂iN

)
P
,
∑
P

wP = 1 , (4.2.38)

represents the various quantum ordering of some scalar operators ϕi, where each permutation of the operators
is weighted by wP. In our case,

2∑
Pi=1

wPi
= 1 , ∀ i = 1, . . . , 4 (4.2.39)

In this scenario, the operator R̂CS is (in general) non-hermiatian, i.e.

R̂CS − R̂†
CS = −2iImR̂CS ̸= 0 (4.2.40)

This, in turn, means that in the general case the condensate will have both a real and imaginary part. The
case of a hermitian R̂CS is given in the subcase of symmetric ordering for the product of two operators, where
wP = 1

2 , i.e.

OwP= 1
2

(
ϕ̂1 ϕ̂2

)
=

1

2

(
ϕ̂1 ϕ̂2 + ϕ̂2 ϕ̂1

)
(4.2.41)

Furthermore, it turns out that the real part of the operator is independent of the quantum ordering scheme
chosen. Therefore, the analysis and results of the previous sections hold for any ordering scheme. It is only
the existence (and magnitude) of the imaginary part that are affected by the choice of quantum ordering. Each
quantum ordering scheme corresponds to a fundamental quantum theory, and all of these theories have the
same classical limit, which is not fundamental. Before we consider which quantum ordering scheme might be
physical, it is worth determining the resulting effects of an imaginary part of the condensate. It is easy to see
that the path integral of the theory, which expresses the amplitude of the probability that the system remains
in the initial ground state (which is the inflationary ground state in our case), can be written as [37]

Z = ⟨0|0⟩ ∼ e−⟨RCS⟩ b
∫
dS
d4x

√
−g [. . .] (4.2.42)

where [. . .] denotes the gravitational wave perturbation path-integral without the gravitational Chern-Simons
terms, and b denotes the axion background value, about which gravitational wave perturbations in the path
integral are considered. This is a Hartree-Fock approximation, and

∫
dS
d4x

√
−g denotes the approximately de

Sitter four-volume during inflation. Hence, we see that an exponential damping factor is introduced, which
sets a finite lifetime for this state. This means that an imaginary part to the condensate means that we get
a mechanism to exit inflation. Therefore, this prompts us to consider that the symmetric ordering, although
appealing (minimized vacuum energy, stable vacuum, hermitian operator associated with a real function)
might not be the correct approach. Since our theory is based on a truncated effective action, we cannot exclude
the possibility that non-hermitian operators are a possibility and contain physical content (in our case, a
mechanism to exit inflation).
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4.3 Summary

In this chapter we considered a string-inspired model in which the field strength of the Kalb-Ramond field
plays the role of torsion. We showed that, in a completely analogous way to the Einstein-Cartan theory, this
torsion field induces an axionic field. The big difference, however, is the presence of a gravitational anomaly
(with a string-theoretical origin), which couples to this new axionic field, giving us a new term. This term gives
rises to the Cotton tensor and leads to the modification of the Einstein equations. The Cotton tensor is not
conserved, as it expresses the exchange of energy between the axions and the gravitational field itself. Thus, it
is necessary to define a new, generalized stress-energy tensor which includes the Cotton tensor.

Having all of the above in mind, we then explored how such a string-inspired theory can lead to a cosmological
model that explains inflation without the need to introduce a special field, such as the inflaton. To do this, we
worked in the so-called Running Vacuum Model of cosmology, which assumes that the vacuum energy density
is a function of even powers of the Hubble parameter. Then, working on our string-inspired model, we examined
the presence of gravitational waves in the early universe. The reason for this specific choice is the difference in
behavior exhibited by the two different polarizations of gravitational waves. This left/right asymmetry leads to a
non-vanishing anomaly term (Pontryagin term), and thus, in a second quantization scheme these gravitational
waves form a condensate, which contributes a higher order term (H4) to the vacuum energy density, besides
another H2 one. This RVM-type vacuum energy density is then shown to lead to inflation in a natural way.

Finally, we argued that the condensate-induced inflation is metastable, due to the presence of an imaginary
part in the condensate. This imaginary part can be traced back to the choice of quantum ordering of the
operators comprising the linearized Pontryagin term. The imaginary part of the condensate acts as a damping
factor in the path-integral, thus providing a natural way to exit the inflationary period.

Of course, this string-inspired theory and the resulting cosmological model can be extended beyond the in-
flationary era of the universe, up until the modern era. In [30], the later eras of the universe are explored in
this kind of string-inspired theory and RVM cosmology. At the end of inflation, fermionic matter is generated.
The presence of the Kalb-Ramond axion field (which is induced by the presence of torsion) can be shown to
explain the matter/antimatter asymmetry observed in the universe, and also to break both Lorentz and CPT
symmetries. Furthermore, it is also possible for the axion to acquire a mass in later stages of the universe,
making it a candidate for Dark Matter. Therefore, in this model of the universe, torsion plays a central role
in its evolution. This is in complete disagreement with our conventional, standard theories, which are based
on General Relativity and assume a vanishing torsion. Unfortunately, the presence of torsion is not something
that has been experimentally detected yet. However, if that day ever comes, the implications of its presence
have already been shown to be of utmost importance to the universe as we know it today and our presence
itself.
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Chapter 5

The O(a′) Heterotic String Action

In the previous chapter, we examined the heterotic string effective action in leading order. By applying the
Bianchi identity, we introduced higher order O(a′) terms. However, we ignored other O(a′) terms that may be
part of the effective action. In this chapter, we revisit the heterotic string effective action and explore the other
possible contributions. The content of this chapter follows [1].

5.1 The Heterotic String Effective Action in 10D

The heterotic string effective action is originally considered in 10D. As before, we will consider the case where
the dilaton varies slowly or has been stabilized (e.g. by means of an appropriate, string-loop-induced potential)
to some constant value Φ0, which, without loss of generality, we may set to zero. The effective string action
then is:

SB = S0 + a′S1, (5.1.1)

where
S0 =

∫ (
1

2κ2
R− 1

6
HµνλHµνλ

)√
−g dDx, (5.1.2)

is the leading term and [5]

S1 =

∫ {
1

16κ2
(
RµνλρR

µνλρ + λ1RµνR
µν + λ2R

2
)
+

− 1

8

[(
1− 1

3
√
3

)
HµνκHλρ

κRµνλρ + λ3HµλρHν
λρRµν + λ4HµνλHµνλR

]
+

+
κ2

24

[(
1− 2

9
√
3

)
HµνλHµ

ρσHνρ
κHλσκ + λ5HµλρHνλρHνκσHµκσ + λ6(HµνλHµνλ)2

]
+
λ7
2
∇µHµλρ∇νHνλρ

}√
−g dDx ,

(5.1.3)

with ∇µ denoting the (torsion-free) gravitational covariant derivative, is the a′ perturbative correction to the
action20. The coefficients λ1, . . . λ7 are not uniquely identified due to field redefinition ambiguities present
in the theory, which leave the perturbative S-matrix invariant [5, 38–42]. In what follows we shall fix these
redefinitions, with the aim of arriving at the most general string effective action to order O(a′) based on the
graviton and antisymmetric tensor fields (having stabilised the dilaton). Motivated by the desire to apply it to
phenomenologically realistic cosmologies, in (3+1)-dimensional spacetimes after string compactification [32],
and in particular the StRVM Cosmology, we shall impose unitarity and a torsional interpretation of the totally
antisymmetric tensor field strength, features which have been used in that approach [30, 35, 43, 44].

20There are 2 more terms of the form ∇H∇H we may construct, namely ∇γHαβδ∇δHαβγ and ∇δHαβγ∇δHαβγ . However, these can
both be “converted" to ∇µHµλρ∇νHνλρ via partial integrations modulo total derivative terms. Note that in the case of ∇δHαβγ∇δHαβγ

especially, we need to make use of the Bianchi identity ∇[δHαβγ] = 0 to achieve this (the reader should note at this stage that the O(a′)
corrections, due to the GS mechanism, in the Bianchi identity (4.1.9), are ignored, when the identity is implemented in the aforementioned
four-derivative terms ∇H∇H, as a result of the truncation of the respective effective action to four spacetime derivatives, which we assume
throughout this work).
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5.1.1 Field Redefinition Ambiguities & Unitary Effective Action

In this section, we shall discuss the most general O(a′) low-energy string effective action, compatible with
the D(= 10)-dimensional string theory (although we perform the analysis in general number of spacetime
dimensions D, nonetheless we have in mind the low-energy theory corresponding to realistic superstring, and
in particular heterotic [32], string theories). According to the equivalence theorem [45–50], the perturbative
scattering (S-)matrices of quantum field theories linked through local field redefinitions, are the same. This
is what we make use of in our search for the most general effective action that describes StRVM embedded
in realistic string theories, serving as consistent Ultra Violet (UV) completions of the model, compatible with
quantum gravity. The equivalence theorem is valid, and thus consistent with the intuition that field redefini-
tions are a mere change of variables in a path integral, provided that: the redefinitions are local, invertible (i.e.
non singular), and they do not affect the boundary conditions of the system, nor the spectrum of its asymptotic
particle states. The S-matrix associated with the the effective action (5.1.1) ((5.1.2), (5.1.3)) remains invariant
under the following transformations of the graviton gµν and Kalb-Ramond Bµν fields,

g′µν = gµν + a′Tµν ,

B′
µν = Bµν + a′Fµν (5.1.4)

where

Tµν = B1Rµν +B2Rgµν +B3κ
2HµαβHν

αβ +B4κ
2gµνHαβγHαβγ ,

Fµν = B5∇αHα
µν . (5.1.5)

It is obvious that only the O(a′0) terms yield O(a′) terms under this transformation, while O(a′) terms yield
only higher order O(a′2) terms. The transformed O(a′) action thus reads:

S′ = S0 + a′(δS0 + S1),

where δS0 can be calculated to be

δS0 =
1

2κ2

∫ (
1

2
RT − TµνRµν −

κ2

6
HµνλHµνλT + κ2HµλρHν

λρTµν + 2κ2Fνλ∇µHµνλ

)√
−g dDx

=

∫ [
1

4κ2
(B1 + (D − 2)B2)R

2 − B1

2κ2
RµνR

µν +
1

4

(
B3 + (D − 2)B4 −

B1

3
− (D − 6)

3
B2

)
HµνλHµνλR

+
1

2
(B1 −B3)HµλρHν

λρRµν +
κ2

2
B3HµλρHνλρHνκσHµκσ − κ2

12
(B3 + (D − 6)B4) (HµνλHµνλ)2

+B5∇µHµλρ∇νHνλρ

]√
−g dDx.

(5.1.6)

This, in turn, means that the O(a′) action becomes

(δS0 + S1) =

∫ {
1

16κ2

RµνλρRµνλρ + (λ1 − 8B1)︸ ︷︷ ︸
λ̂1

RµνR
µν + (λ2 + 4B1 + 4(D − 2)B2)R

2︸ ︷︷ ︸
λ̂2

+

− 1

8

[(
1− 1

3
√
3

)
HµνκHλρ

κRµνλρ + (λ3 − 4B1 + 4B3)︸ ︷︷ ︸
λ̂3

HµλρHν
λρRµν+

+

(
λ4 − 2B3 − 2(D − 2)B4 +

2

3
B1 +

2(D − 6)

3
B2

)
︸ ︷︷ ︸

λ̂4

HµνλHµνλR

]
+

+
κ2

24

[(
1− 2

9
√
3

)
HµνλHµ

ρσHνρ
κHλσκ + (λ5 + 12B3)︸ ︷︷ ︸

λ̂5

HµλρHνλρHνκσHµκσ+

+ (λ6 − 2B3 − 2(D − 6)B4)︸ ︷︷ ︸
λ̂6

(HµνλHµνλ)2
]
+

(
λ7
2

+B5

)
︸ ︷︷ ︸

λ̂7

∇µHµλρ∇νHνλρ

}√
−g dDx.

(5.1.7)
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Therefore, the seven coefficients λ1, . . . λ7 are specified within a five parameter space spanned by B1, . . . , B5.
One particular set of coefficients that yields a unitary action that matches string amplitudes is given by [5]:
λ1 = −4, λ2 = 1, λ3 = −2, λ4 = 1

3 , λ5 = −3, λ6 = 2
3 , λ7 = 0. Plugging these in, we get the most general O(a′)

effective string action in D spacetime dimensions:

(δS0 + S1)General =

∫ {
1

16κ2
(
RµνλρR

µνλρ − (8B1 + 4)RµνR
µν + (1 + 4B1 + 4(D − 2)B2)R

2
)
+

− 1

8

[(
1− 1

3
√
3

)
HµνκHλρ

κRµνλρ + (4B3 − 4B1 − 2)HµλρHν
λρRµν+

+

(
1

3
+

2

3
B1 +

2(D − 6)

3
B2 − 2B3 − 2(D − 2)B4

)
HµνλHµνλR

]
+

+
κ2

24

[(
1− 2

9
√
3

)
HµνλHµ

ρσHνρ
κHλσκ + (12B3 − 3)HµλρHνλρHνκσHµκσ+

+

(
2

3
− 2B3 − 2(D − 6)B4

)
(HµνλHµνλ)2

]
+B5∇µHµλρ∇νHνλρ

}√
−g dDx.

(5.1.8)

We may restrict these transformations such that the resulting action remains unitary by preserving the Gauss-
Bonnet combination (B1 = B2 = 0) and removing the ∇µHµλρ∇νHνλρ term (B5 = 0). Thus, we obtain:

(δS0 + S1)Unitary =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

− 1

8

[(
1− 1

3
√
3

)
HµνκHλρ

κRµνλρ + (4B3 − 2)HµλρHν
λρRµν+

+

(
1

3
− 2B3 − 2(D − 2)B4

)
HµνλHµνλR

]
+

+
κ2

24

[(
1− 2

9
√
3

)
HµνλHµ

ρσHνρ
κHλσκ + (12B3 − 3)HµλρHνλρHνκσHµκσ+

+

(
2

3
− 2B3 − 2(D − 6)B4

)
(HµνλHµνλ)2

]}√
−g dDx,

(5.1.9)

which is the most general unitary heterotic string effective action that matches string amplitudes in D dimen-
sions.

5.1.2 Quadratic Generalized Curvature Invariants

We will now show (as it has already been done in [41] for example) that the condition of unitarity is incompatible
with the Kalb-Ramond field strength having the role of torsion in general D dimensions. To do that, we need to
categorize the quadratic curvature invariants in the generalized curvature scheme, i.e. in the case where Hµνλ

assumes the role of torsion. We thus define a contorted connection by

Γ̄λµν = Γλµν +
κ√
3
Hλ

µν , (5.1.10)

such that the torsion tensor is given as Tµνλ = 2κ√
3
Hµνλ. In this scheme, the leading term in the effective action

can be written as (see Appendix (B) for more details)

S0 =

∫ (
1

2κ2
R− 1

6
HµνλHµνλ

)√
−g dDx

=

∫
1

2κ2
R̄
√
−g dDx.

(5.1.11)

where R̄ is the generalized Ricci scalar. In quadratic order, there are 6 different scalar invariants we may
construct, which correspond to the different ways one may contract the generalized Riemann tensor (which is
less symmetric than the Levi-Civita connection Riemann tensor), namely:

R̄µνλρR̄
µνλρ, R̄µνλρR̄

µλνρ, R̄µνλρR̄
λρµν , R̄µνR̄

µν , R̄µνR̄
νµ, R̄2. (5.1.12)
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This “basis" of invariants is not unique, and in fact it is more convenient to work in a different basis, that of
[51]:

Ḡ+
1 = R̄2, (5.1.13)

Ḡ+
2 = R̄µνλρR̄

µνλρ, (5.1.14)
Ḡ+

3 = R̄µνλρR̄
λρµν , (5.1.15)

Ḡ+
4 = R̄µνλρR̄

λρµν − 4R̄µνR̄
νµ + R̄2, (5.1.16)

Ḡ+
5 = R̄µνλρR̄

µνλρ − 4R̄µνR̄
µν + R̄2, (5.1.17)

Ḡ+
6 = −4(R̄µνλρR̄

µνλρ − 4R̄µνλρR̄
µλνρ + R̄µνλρR̄

λρµν). (5.1.18)

In this basis, the two Gauss-Bonnet-like terms Ḡ+
4 , Ḡ

+
5 appear explicitly. We may calculate all these scalar

invariants (which are valid for a connection with general torsion) in our specific case, where the torsion is
totally antisymmetric and the Bianchi identity ∇[ρHµνλ] = 0 also holds.21 By doing that, we get (modulo total
derivatives if we assume that these terms are part of an action):

Ḡ+
1 = R2 − 2

3
κ2HµνλHµνλR+

1

9
κ4(HµνλHµνλ)2, (5.1.19)

Ḡ+
2 = RµνλρR

µνλρ +
2

3
κ2HµνκHλρ

κRµνλρ − 4

3
κ2HµλρHν

λρRµν +
4

3
κ2(∇λH

µνλ)(∇ρHµνρ)

− 2

9
κ4HµνλHµ

ρσHνρ
κHλσκ +

2

9
κ4HµλρHνλρHνκσHµκσ,

(5.1.20)

Ḡ+
3 = RµνλρR

µνλρ − 2κ2HµνκHλρ
κRµνλρ +

4

3
κ2HµλρHν

λρRµν − 4

3
κ2(∇λH

µνλ)(∇ρHµνρ)

− 2

9
κ4HµνλHµ

ρσHνρ
κHλσκ +

2

9
κ4HµλρHνλρHνκσHµκσ,

(5.1.21)

Ḡ+
4 = RµνλρR

µνλρ − 4RµνR
µν +R2 − 2κ2HµνκHλρ

κRµνλρ + 4κ2HµλρHν
λρRµν − 2

3
κ2HµνλHµνλR

− 2

9
κ4HµνλHµ

ρσHνρ
κHλσκ −

2

9
κ4HµλρHνλρHνκσHµκσ +

1

9
κ4(HµνλHµνλ)2,

(5.1.22)

Ḡ+
5 = RµνλρR

µνλρ − 4RµνR
µν +R2 +

2

3
κ2HµνκHλρ

κRµνλρ +
4

3
κ2HµλρHν

λρRµν − 2

3
κ2HµνλHµνλR

− 2

9
κ4HµνλHµ

ρσHνρ
κHλσκ −

2

9
κ4HµλρHνλρHνκσHµκσ +

1

9
κ4(HµνλHµνλ)2,

(5.1.23)

Ḡ+
6 =

64

9
κ4HµνλHµ

ρσHνρ
κHλσκ −

32

9
κ4HµλρHνλρHνκσHµκσ. (5.1.24)

In this form, it becomes clear that Ḡ+
1 , Ḡ

+
2 , Ḡ

+
3 cannot be a part of a unitary action, because no linear com-

bination eliminates the problematic terms for both the graviton and the Kalb-Ramond field22. Therefore, the
most general unitary action in the generalized curvature scheme (with H as torsion) is given by the linear
combination 1

κ2 (A4Ḡ
+
4 +A5Ḡ

+
5 +A6Ḡ

+
6 ), where A4, A5, A6 are suitable constants:

SGCS =

∫ {
1

κ2
(A4 +A5)(RµνλρR

µνλρ − 4RµνR
µν +R2)+

+

(
−2A4 +

2

3
A5

)
HµνκHλρ

κRµνλρ +

(
4A4 +

4

3
A5

)
HµλρHν

λρRµν − 2

3
(A4 +A5)HµνλHµνλR

+
2

9
κ2 (32A6 −A4 −A5)HµνλHµ

ρσHνρ
κHλσκ −

2

9
κ2 (16A6 +A4 +A5)HµλρHνλρHνκσHµκσ+

+
1

9
κ2(A4 +A5)(HµνλHµνλ)2

}√
−g dDx.

(5.1.25)
21In our string context, the anomaly terms in the Bianchi identity (4.1.9) contribute terms of higher order in a′ to the effective action,

hence they are ignored here.
22In the term Ḡ+

1 the problematic term is R2. While this term does not spoil unitarity if replaced by a coupling to a scalar field (as is
done in the Starobinsky model), this extra scalar degree of freedom is not present in the gravitational multiplet of the string and we thus
consider it unwanted in the context of the effective string action.

69



Chapter 5. The O(a′) Heterotic String Action 5.1. The Heterotic String Effective Action in 10D

5.1.3 The Incompatibility Between Unitarity and Torsion

Our goal now is to see if the unitary string action (5.1.9) can be matched to this action. First of all, we can
equate the terms not parametrized by B3, B4 and get the conditions

A4 +A5 =
1

16
, (5.1.26)

−2A4 +
2

3
A5 = −1

8

(
1− 1

3
√
3

)
, (5.1.27)

2

9
(32A6 −A4 −A5) =

1

24

(
1− 2

9
√
3

)
, (5.1.28)

which may be solved to give

A4 =
1

16
− 1

64
√
3
, (5.1.29)

A5 =
1

64
√
3
, (5.1.30)

A6 =
1

64

(
1

2
− 1

12
√
3

)
. (5.1.31)

With this solution, the action becomes

SGCS =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

(
−1

8
+

1

24
√
3

)
HµνκHλρ

κRµνλρ +

(
1

4
− 1

24
√
3

)
HµλρHν

λρRµν − 1

24
HµνλHµνλR

+ κ2
[
1

24

(
1− 2

9
√
3

)]
HµνλHµ

ρσHνρ
κHλσκ + κ2

(
− 1

24
+

√
3

648

)
HµλρHνλρHνκσHµκσ

+ κ2
(

1

144

)
(HµνλHµνλ)2

}
√
−g dDx.

(5.1.32)

Comparison with (5.1.9) shows that no choice of B3, B4 can yield (5.1.32) (a particularly easy way to see this
is to try to match both HµλρHν

λρRµν and HµλρHνλρHνκσHµκσ. This, then, leads to contradicting solutions
for the value of B3). In other words, in D > 4 dimensions we have to choose between a unitary action and
interpreting the Kalb-Ramond field strength as torsion [41, 42].

5.1.4 Solving the Incompatibility Between Unitarity and Torsion in 4D

We now want to stress out that this incompatibility does not necessarily apply in the case of D = 4. There, due
to over-antisymmetrization, the following dimensionally dependent identities hold:

(HµνλHµνλ)2 = 6HµνλHµ
ρσHνρ

κHλσκ, (5.1.33)
HµλρHνλρHνκσHµκσ = 2HµνλHµ

ρσHνρ
κHλσκ, (5.1.34)

HµνκHλρ
κRµνλρ = 2HµλρHν

λρRµν − 1

3
HµνλHµνλR. (5.1.35)

Thus, the basis of independent terms is reduced in D = 4. This is the crucial fact that will allow us to interpret
H as torsion in a unitary action. One way to confirm the above identities is to replace H with its dual in D = 4,
i.e.

Hµνλ = ηµνλρVρ . (5.1.36)
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We may use these identities to simplify the actions (5.1.9) and (5.1.25) (post-compactification to (3+1)-dimensions)
and obtain23:

(δS0 + S1)
D=4
Unitary =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

− 1

8

[(
4B3 −

2

3
√
3

)
HµλρHν

λρRµν +

(
1

9
√
3
− 2B3 − 16B4

)
HµνλHµνλR

]
+

+
κ2

24

[(
−1− 2

9
√
3
+ 12B3 − 48B4

)
HµνλHµ

ρσHνρ
κHλσκ

]}√
−g d4x,

(5.1.37)

and24

SD=4
GCS =

∫ {
1

κ2
(A4 +A5)(RµνλρR

µνλρ − 4RµνR
µν +R2) +

8

3
A5

(
HµλρHν

λρRµν − 1

3
HµνλHµνλR

)}√
−g d4x.

(5.1.38)
We can then match the two actions by choosing

B4 = − 1

84

(
1

4
+

5

9
√
3

)
, (5.1.39)

B3 =
1

14

(
1− 1

9
√
3

)
, (5.1.40)

A4 =
1

112

(
17

2
− 11

3
√
3

)
, (5.1.41)

A5 = − 3

224

(
1− 22

9
√
3

)
. (5.1.42)

In this case, the resulting unitary effective string action, where H is assumed to play the role of torsion, reads

(δS0 + S1)
D=4
Unitary, Torsion =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

− 1

8

(
2

7

(
1− 22

9
√
3

))[
HµλρHν

λρRµν − 1

3
HµνλHµνλR

]}√
−g d4x.

(5.1.43)

The full action can be written in terms of the generalized curvature as

S =

∫ [
1

2κ2
R̄+

a′

κ2
(
A4Ḡ

+
4 +A5Ḡ

+
5

)]√
−g d4x

=

∫ [
1

2κ2
R̄+

a′

κ2
[
A4

(
R̄µνλρR̄

λρµν − 4R̄µνR̄
νµ + R̄2

)
+A5

(
R̄µνλρR̄

µνλρ − 4R̄µνR̄
µν + R̄2

)]]√
−g d4x

=

∫ [
1

2κ2
R̄+

a′

κ2

[
1

16
R̄2 +

3

224

(
17

3
− 22

9
√
3

)(
R̄µνλρR̄

λρµν − 4R̄µνR̄
νµ
)

− 3

224

(
1− 22

9
√
3

)(
R̄µνλρR̄

µνλρ − 4R̄µνR̄
µν
) ]]√

−g d4x

(5.1.44)
In D = 4, the Gauss-Bonnet combination is a total derivative, which we may ignore. Thus, the full effective
action reads:

S =

∫ [
1

2κ2
R− 1

6
HµνλHµνλ + a′

(
11

126
√
3
− 1

28

)(
HµλρHν

λρRµν − 1

3
HµνλHµνλR

)]√
−g d4x. (5.1.45)

Since Ḡ+
4 is the Gauss-Bonnet combination in an Einstein-Cartan manifold, it is easy to see, from (5.1.38) and

(5.1.44), that the effective string action is characterized by a single quadratic curvature invariant, namely Ḡ+
5 ,

which provides the non-vanishing HHR terms. In the next section we shall discuss the emergence of dynamical
axion fields from the totally antisymmetric torsion interpretation of the Green-Schwarz-modified Kalb-Ramond
field strength (4.1.6), following [5] (or [30] in the StRVM context).

23It should be noted that, since the field redefinitions are performed in the D = 10-dimensional low-energy heterotic string effective
action, we should set D = 10 in equation (5.1.9). Then, we may proceed with the compactification to D = 4 dimensions, and only
afterwards we apply the dimensionally dependent identities to the (3+1)-dimensional action. Note that the processes of field redefinition
and compactification do not “commute", in the sense that if we compactify first and then do the field redefinitions in D = 4, we obtain an
action with different coefficients. For more details, see Appendix (C)

24Interestingly, the invariant Ḡ+
6 vanishes in 4D for a totally antisymmetric torsion. The invariant Ḡ+

4 , being the Gauss-Bonnet
combination with torsion (Euler density in Einstein-Cartan spacetimes), reduces to the ordinary Gauss-Bonnet combination in the absence
of torsion (Euler density in Einstein (General Relativity) spacetimes).
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5.1.5 A Comment on the Non-Existence of Parity-Odd invariants

Before proceeding, it is worth making a short comment about parity-odd quadratic invariants in the context
of our study of quadratic generalized curvature invariants. These are invariants that involve two generalized
curvature tensors and the Levi-Civita tensor. Thus, their existence, number and explicit form are strongly
dependent on the number of spacetime dimensions. It is trivial to see, for example, that such invariants do
not exist in any odd number of dimensions, since the number of indices in those is odd and a scalar cannot be
formed. In even number of dimensions, such invariants exist up until D = 8, because that is the maximum
number of free indices two generalized curvature tensors have. Therefore, the absence of such invariants in
10D Heterotic string action should not be a surprise, since they simply do not exist. In D = 4, the number of
parity-odd invariants is four [51]:

Ḡ−
7 = R̄ηµνλρR̄

µνλρ = R̄ ˜̄R, (5.1.46)

Ḡ−
8 = ηµνκσR̄µνλρR̄κσ

λρ = R̄µνλρ
˜̄Rµνλρ, (5.1.47)

Ḡ−
9 = ηλρκσR̄µνλρR̄

µνκσ, (5.1.48)

Ḡ−
10 = ηλρκσR̄µνλρR̄κσ

µν = R̄µνλρ
˜̄Rλρµν , (5.1.49)

where we have assumed a general torsion. Note that Ḡ−
8 is the topological Pontryagin term, a total derivative.

If we specify our torsion to be the totally antisymmetric tensor Hµνλ, which also satisfies the Bianchi identity
∇[ρHµνλ] = 0, these four parity-odd quadratic invariants are evaluated to be (modulo total derivative terms)

Ḡ−
7 = 0, (5.1.50)

Ḡ−
8 = RµνλρR̃

µνλρ, (5.1.51)
Ḡ−

9 = RµνλρR̃
µνλρ, (5.1.52)

Ḡ−
10 = RµνλρR̃

µνλρ. (5.1.53)

Therefore, we find that all of these invariants either collapse to the torsionless Pontryagin term or vanish, which
shows that there are no terms that the effective string action (at order O(a′)) does not account for due to its
original formulation being in higher dimensions.

5.2 Axion-like Fields from the H-Torsion

Having derived equation (5.1.45), we are now aiming to show how axions arise through the Bianchi identity,
much like in the previous chapter.

5.2.1 Enforcing the Bianchi Identity as a Constraint in the Path-Integral

First, we rewrite the D = 4 effective action (5.1.45) in a more conventient form, with generic coefficient of the
higher-order corrections, as:

S =

∫ (
1

2κ2
R− 1

6
HµνλHµνλ +A

(
Hµ

λρHνλρR
µν − 1

3
HµνλHµνλR

))√
−g d4x, (5.2.1)

where

A = a′
(

11

128
√
3
− 1

28

)
≃ 0.015 a′ , (5.2.2)

in the heterotic string case. In D = 4, we saw that the Bianchi identity (4.1.9) can be contracted with the
Levi-Civita tensor ηµνλρ, so that it can be expressed, in tensor notation, as the scalar identity

ηµνλρ∇µHνλρ =− a′

16κ

(
RµνλρR̃

µνλρ − Fµν F̃
µν
)

≡ G(ω,A).
(5.2.3)

We can now impose the Bianchi identity (4.1.14) as a constraint in the path integral of the action (5.2.1),
following [5, 30]. We do this by inserting the identity as a delta functional in the path integral:

Z =

∫
DgDHδ(ηµνλρ∇µHνλρ − G(ω,A))eiS . (5.2.4)
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We can express this delta functional as a path integral of a pseudoscalar Lagrange multiplier field b(x):25

δ(ηµνρσ∇µHνρσ − G(ω,A)) =

∫
Db e−i

∫ [
∂µb(x)η

µνλρ Hνλρ+b(x)G(ω,A)
]√

−g d4x, (5.2.5)

where we have performed a partial integration to move the partial derivative to b and discarded the total
derivative term. Thus our effective action becomes

SEff =

∫ (
1

2κ2
R− 1

6
HµνλHµνλ +A

(
Hµ

λρHνλρR
µν − 1

3
HµνλHµνλR

)
− ∂σb(x)η

σµνλHµνλ − b(x)G(ω,A)

)√
−g d4x.

(5.2.6)

This action is still quadratic in H and, therefore, can be integrated out analytically. To this end, we first write
it in the form:

SEff =

∫ (
1

2κ2
R− 1

2
HαβγKµνλ

αβγHµνλ + JµνλHµνλ − b(x)G(ω,A)

)√
−g d4x, (5.2.7)

where
Jµνλ = −ησµνλ ∂σb = +ηµνλσ ∂σb , (5.2.8)

and
Kµνλ

αβγ =
1

3

(
δ
[µ
[αδ

ν
βδ
λ]
γ] +A

(
2Rδ

[µ
[αδ

ν
βδ
λ]
γ] − 6R[µ

[αδ
ν
βδ
λ]
γ]

))
. (5.2.9)

The path integral then takes the (schematic) form

Z =

∫
DgDbei

∫
[ 1
2κ2R−b(x)G(ω,A)]

√
−g d4x

∫
DHλµνe

i
∫
[− 1

2HKH+JH]
√
−g d4x, (5.2.10)

and we can proceed to integrate out H. We perform a Wick rotation to a Euclidean version of the path integral:

ZH =

∫
DHe

∫
([ 12HKH−JH]

√
−g d4x)

E = N (detK)−
1
2 e−

∫
([ 12JK

−1J]
√
−g d4x)

E , (5.2.11)

where N is a normalization constant. We may define a tensor Qµνλαβγ such that

Kµνλ
αβγ =

1

3
Qµνλαβγ , (5.2.12)

and so detK = C detQ, where C is a (formally infinite) field-independent “constant", with no physical signif-
icance, which can be absorbed in the path-integral normalization constant N , and thus canceled when one
computes normalized correlation functions, which are physically relevant. We can then write

ZH = NC︸︷︷︸
=Ñ

(detQ)−
1
2 e−

∫
([ 12JK

−1J]
√
−g d4x)

E , (5.2.13)

such that the overall factor of 1
3 gets absorbed into the path-integral normalization constant. Then, we can use

the identity
detQ = eln detQ = eTr lnQ, (5.2.14)

where Tr denotes the functional trace of an operator. The computation follows standard treatments in quantum
field theory [50, 52, 53], generalized here to covariant three-rank tensors. To this end, we view Qµνλαβγ(x) as
the eigenfunction of a tensor operator Q acting on the tensor field Hµνλ(x):

(QH)αβγ(x) = Qµνλαβγ(x)Hµνλ(x). (5.2.15)

We can expand the operator Q as
Q =

∫ √
−g d4z Qµνλαβγ(z)|z⟩⟨z|, (5.2.16)

and any function of Q is expanded as

f(Q) =

∫ √
−g d4z f(Qµνλαβγ(z))|z⟩⟨z|. (5.2.17)

25The partition function (5.2.4) is parity (P ) even, while the CS anomaly G(ω,A) is parity odd. Hence, the field b(x) must be a
pseudoscalar so that the right-hand-side of (5.2.5) below is parity even, thus matching the even-parity nature of its left-hand side.
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The kernel is then defined as

⟨x|f(Q)|y⟩ =
∫ √

−g d4z f(Qµνλαβγ(z))⟨x|z⟩⟨z|y⟩, (5.2.18)

and, since ⟨x|z⟩ = δ(4)(x− z), we obtain the following expression for the kernel:

⟨x|f(Q)|y⟩ = f(Qµνλαβγ(x))δ
(4)(x− y). (5.2.19)

The functional trace is then defined as

Trf(Q) =

∫ √
−g d4x tr⟨x|f(Q)|x⟩ = δ(4)(0)

∫ √
−g d4x trf(Qµνλαβγ(x)), (5.2.20)

where the trace tr is over the internal (tensor) indices). In our case, the function f is the natural logarithm and
thus

Tr lnQ = δ(4)(0)

∫ √
−g d4x tr ln (Qµνλαβγ(x)). (5.2.21)

We can approximately calculate this expression by noticing that Q is the identity tensor plus an O(A) ∼ O(a′)
correction:

Qµνλαβγ =

(
δ
[µ
[αδ

ν
βδ
λ]
γ]︸ ︷︷ ︸

Iµνλ
αβγ

+A
(
2Rδ

[µ
[αδ

ν
βδ
λ]
γ] − 6R[µ

[αδ
ν
βδ
λ]
γ]

)
︸ ︷︷ ︸

Q̃µνλ
αβγ

)
. (5.2.22)

This allows us to expand ln (Qµνλαβγ(x)) to order O(A) ∼ O(a′) as

ln (Qµνλαβγ(x)) = ln
(
Iµνλαβγ +AQ̃µνλαβγ

)
≃ AQ̃µνλαβγ . (5.2.23)

On taking the trace, then, we obtain
tr ln (Qµνλαβγ(x)) ≃ 2AR. (5.2.24)

Thus, we have calculated the (divergent) one-loop correction at order O(A) ∼ O(a′) to be

Tr lnQ = δ(4)(0)

∫
2AR

√
−g d4x. (5.2.25)

Therefore, the path integral takes the form∫
DHe

∫
[ 12HKH−JH]

√
−g d4x = e−

1
2 Tr lnKe−

∫
([ 12JK

−1J]
√
−g d4x)

E = e−
∫
([ 12JK

−1J+δ(4)(0)AR]
√
−g d4x)

E . (5.2.26)

We can then Wick rotate back to Minkowski space and write the full path integral as:

Z =

∫
DgDbei

∫
[ 1
2κ2R−b(x)G(ω,A)+ 1

2JK
−1J+δ(4)(0)AR]

√
−g d4x. (5.2.27)

Finally, we shall determine the inverse of Kµνλ
αβγ . Schematically, we have that,

K =
1

3
(I +AQ̃), (5.2.28)

where
I ≡ δ

[µ
[αδ

ν
βδ
λ]
γ] (5.2.29)

is the identity operator and
Q̃ ≡ 2A

(
Rδ

[µ
[αδ

ν
βδ
λ]
γ] − 3R[µ

[αδ
ν
βδ
λ]
γ]

)
(5.2.30)

is a perturbation to the identity operator of order O(a′). Therefore (again, schematically), the inverse is

K−1 =
3

I +AQ̃
≃ 3(I −AQ̃+A2Q̃2 + · · · ). (5.2.31)

Since A ∝ a′, we only keep the ∝ A term in the expansion. Therefore, we have to this order in a′:

(K−1)µνλαβγ ≃ 3
(
δ
[µ
[αδ

ν
βδ
λ]
γ] −A

(
2Rδ

[µ
[αδ

ν
βδ
λ]
γ] − 6R[µ

[αδ
ν
βδ
λ]
γ]

))
= 3(Iµνλαβγ −AQ̃µνλαβγ). (5.2.32)

74



Chapter 5. The O(a′) Heterotic String Action 5.2. Axion-like Fields from the H-Torsion

Before proceeding with calculating JK−1J , and thus the resulting effective action in terms of metric and axion
b fields, we should now give, for completeness, the modification of the duality equation between H and b due
to the higher-order corrections of the effective action (5.2.1), proportional to the coefficient A ((5.2.2)). This can
be achieved by studying the saddle points of the corresponding path integral over the H-field for the action
(5.2.7), (5.2.8). The latter correspond to the classical equations of motion of the action with respect to the field
strength Hµνλ, which read:

Hµνλ = (K−1) αβγ
µνλ Jαβγ , (5.2.33)

where Jαβγ is given in (5.2.8), and the inverse (K−1) αβγ
µνλ in (5.2.32), (5.2.30), to linear order in A ∝ a′ (cf.

(5.2.2)). After some straightforward algebraic manipulations, we finally arrive at:

Hµνλ = 3
(
1− 2AR

)
Jµνλ + 18ARσ [µ Jνλ]σ +O(A2)

(5.2.8)
= 3

(
1− 2AR

)
ηµνλρ ∂

ρb+ 18A Rσ [µ ηνλ]σρ ∂
ρb+O(A2)

= 3ηµνλρ ∂
ρb+ 6A

(
3Rσ [µ ηνλ]σρ −Rηµνλρ

)
∂ρb+O(A2)

= 3ηµνλρ ∂
ρb+ 6A (−ηρνλσRµσ + ηρµλσRν

σ − ηρµνσRλ
σ −Rηµνλρ) ∂

ρb+O(A2) , (5.2.34)

Then, we can use the Schouten identity, namely the fact that overantisymmetrized objects vanish:

η[µνλσRρ]
σ = ηµνλσRρ

σ − ηρνλσRµ
σ + ηρµλσRν

σ − ηρµνσRλ
σ − ηµνλρR = 0 , (5.2.35)

to obtain
Hµνλ = 3ηµνλρ ∂

ρb− 6AηµνλσRρ
σ∂ρb+O(A2) , (5.2.36)

which is consistent with the generic result that a three form in (3+1)-dimensional spacetimes is dual to a vector
Vµ, in the sense of the relation

Hµνλ = ηµνλσ Vσ ⇒ Vκ = −1

6
ηµνλκHµνλ . (5.2.37)

Indeed, from (5.2.34), (5.2.37), we can calculate the dual vector as

Vκ = 3∂κb− 6ARρ
κ∂ρb , (5.2.38)

and, as a consistency check, we observe that this properly reproduces H when its dual is taken. For A = 0 this
yields ∂σb ∝ ησµνρHµνρ, while for A ̸= 0 we observe that one obtains modifications of the duality relation which
amount to a direction dependent term, proportional to components of the Ricci tensor contracted with ∂µb. In
the context of our StRVM, we are interested in (3+1)-dimensional Einstein spaces, for which Rµν = R

4 gµν , for
which (5.2.36) reduces to

HEinstein
µνρ = 3

(
1− 1

2
AR

)
ηµνρσ ∂

σb+O(A2) , (5.2.39)

which amounts to a modification of the duality equation between H and b by a global rescaling factor depending
on the (torsion-free) scalar curvature, of the maximally-symmetric Einstein spacetime. As we shall discuss later
on in the article, the quantity |AR| ≪ 1 during the RVM inflationary scenario, so any singular behaviour is
avoided in this case. After this digression, we can now proceed to calculate JK−1J , which is a necessary step
for obtaining the effective action in terms of the axion field. We have that

Jαβγ(K−1)λµναβγJλµν = 3Jαβγ(Jαβγ −A(2RJαβγ − 6Rα
λJλβγ))

= 3JαβγJαβγ − 6A(RJαβγJαβγ − 3Rα
λJαβγJλβγ).

(5.2.40)

We calculate

JαβγJλβγ = ∂ρb∂
σbηραβγησλβγ = −2∂ρb∂

σb(δρσδ
α
λ − δρλδ

α
σ ) = 2∂λb∂

αb− 2∂ρb∂
ρbδαλ , (5.2.41)

and, by extension,
JαβγJαβγ = −6∂ρb∂

ρb. (5.2.42)

Therefore, we have finally:

1

2
Jαβγ(K−1)λµναβγJλµν = −9∂µb∂

µb+ 18A∂µb∂νbR
µν . (5.2.43)
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The resulting effective action is therefore given by:

SE =

∫ ((
1

2κ2
+ δ(4)(0)A

)
R− 9∂µb∂

µb+ 18A∂µb∂νbR
µν − bG(ω,A)

)√
−g d4x. (5.2.44)

On rescaling b→ 1
3
√
2
b we finally obtain an effective action with canonical kinetic terms for the KR axion field:26

SE =

∫ [(
1

2κ2
+ δ(4)(0)a′

(
11

126
√
3
− 1

28

))
R− 1

2
∂µb∂

µb+
a′

κ

√
2

96
b
(
RµνλρR̃

µνλρ − Fµν F̃
µν
)
+

+ a′
(

11

126
√
3
− 1

28

)
∂µb∂νbR

µν

]√
−g d4x. (5.2.45)

On replacing δ(4)(0) ∼ Λ4, where Λ is an UV cutoff energy scale, we observe that the coefficient of the Einstein-
Hilbert (scalar-curvature) term in the effective action (5.2.45), is positive, and so unitarity is guaranteed. In
string effective field theories, the UV cutoff is the string mass scale,

Λ =Ms = (a′)−1/2 , (5.2.46)

whose value is bounded from above byMPl [32]. Using (5.2.46), the final form of the string-inspired effective ac-
tion (5.2.45), containing terms of fourth order in derivatives, and respecting unitarity and torsion interpretation
of Hµνρ, reads:

SE =

∫ [
1

2κ2

(
1 +

κ2

a′

(
11

63
√
3
− 1

14

))
R− 1

2
∂µb∂

µb+
a′

κ

√
2

96
b
(
RµνλρR̃

µνλρ − Fµν F̃
µν
)
+

− a′

2

(
1

14
− 11

63
√
3

)
∂µb∂νbR

µν

]√
−g d4x. (5.2.47)

Therefore, we observe that the effects of keeping the complete four-derivative O(a′) terms in the effective action
of the bosonic massless string multiplet, under the assumption of constant dilaton, are:

• Renormalization of the coefficient of the Ricci scalarR, and thus Newton’s constant. The effective Newton’s
constant is smaller than the one before the O(a′) corrections are taken into account.

• Introduction of a non-minimal derivative coupling of the KR axion b with the Ricci tensor, which maintains
the shift-symmetry of the axion, as it should, given that such terms originate from a path integration of
the H-field strength, which is classically related to b via ∂σb ∝ ησµνρHµνρ.

It is worth noting that, when expressed in terms of the dimensionless b̃(x) ≡ κ b(x) axion field, the coefficients of
the four-space-time derivative terms, that is, the CS anomalous terms and the non-minimal derivative coupling
term, are both proportional to order a′/κ2 ≲ 1. However, the relative magnitude of these terms can only be
determined once we know the corresponding contributions at specific cosmological eras, which we shall do in
the next section. Since we’re working in an EFT/perturbative approach, the ghosts introduced by both the CS
and the non-minimal derivative coupling term can be ignored as long as we stay below the UV cutoff [34, 37].

5.2.2 Calculating the Equations of Motion

We now proceed to calculate the equations of motion. It will be convenient in what follows to use the following
generic form of our effective action (5.2.47):

SE =

∫ [
1

2q2
R− 1

2
∂µb∂

µb+
ϵ

8
bRµνλρR̃

µνλρ − λ

2
∂µb∂νbR

µν

]√
−g d4x, (5.2.48)

with

λ = a′
(

1

14
− 11

63
√
3

)
< 0 ,

1

2q2
=

1

2κ2

[
1− κ2

a′
λ

a′

]
,

ϵ =
a′

κ

√
2

12
. (5.2.49)

26We follow here the conventions and normalizations of [5], which differ from those of [30] by a rescaling of a′ by a factor
√
3.
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For completeness we note that, on using the Ricci-tensor identity

Rµν ∇νb =
[
∇µ, ∇ν

]
∇νb ,

and integrating by parts in the last (the λ-dependent ) term on the right-hand of (5.2.48), one can show that
this higher-order term can be written in the form:∫

∇µb∇νbR
µν√−g d4x =

∫
∇µ(∇νb∇µ∇νb−∇µb□b)

√
−g d4x︸ ︷︷ ︸

=Boundary term

+

∫ [
(□b)2 − (∇µ∇νb)(∇µ∇νb)

]√
−g d4x,

(5.2.50)
where □ = ∇ρ∇ρ is the (torsion-free) gravitationally covariant d’ Alembertian, and the boundary terms are
dropped, assuming standard boundary conditions for fields in this Universe. Variation of the effective action
(5.2.48) with respect to the metric gives equations of the form:

1

2q2
Gµν =

ϵ

2
Cµν +

λ

2
Θµν +

1

2
T bkinµν , (5.2.51)

where Gµν is the Einstein tensor, T bkinµν is the axion stress-energy tensor (corresponding to the axion kinetic
term only in (5.2.48)),

T bkinµν = ∂µb ∂νb−
1

2
gµν∂αb ∂

αb , (5.2.52)

Cµν is (a variant of) the Cotton tensor (or more precisely the C-tensor) [5, 27, 28], given as

Cµν = ∇σ

(
∇ρb R̃

ρ(µν)σ
)
, (5.2.53)

and Θµν is the tensor that arises after variation of ∂µb∂νbRµν , given as

Θµν = ∇σ

(
(∇µ∇νb)∇σb

)
− 2Rσ(µ(∇ν)b)(∇σb)− gµν

[
(∇σb)∇σ□b+

1

2
(□b)2 +

1

2
(∇σ∇ρb)(∇σ∇ρb)

]
. (5.2.54)

The parameter q in (5.2.49) plays the rôle of the reduced Planck constant, renormalized by the a′ corrections.
So from now on, we replace (in all the subsequent analysis)

q → κ . (5.2.55)

Variation with respect to b gives the scalar equation of motion:

∇µ

(
∂µb+ λRµν∂νb+

ϵ

8
Kµ
)
= 0, (5.2.56)

with Kµ being the (gravitational) Chern-Simons current,

∇µKµ = RαβγδR̃
αβγδ. (5.2.57)

We next proceed to discuss the effects of the higher-order term (5.2.50) on the running-vacuum GW-condensate
inflationary scenario of [30, 34].

5.3 Implications for the Condensate-Induced Inflation

Having arrived at the effective action (5.2.48) to fourth-derivative order, we are now well equipped to revisit
the stringy running vacuum model cosmology (StRVM) [30, 35, 43, 44, 54], and see how the higher-order
terms affect the relevant conclusions on the physics of the associated inflation. To this end we should first
demonstrate that inflation is an admissible solution of the pertinent cosmological equations of motion, as was
the case of the initial StRVM. The scalar equation of motion (5.2.56) takes the form of a conserved current
equation:

∇µJ
µ = 0 , Jµ = ∂µb+ λRµν∂νb+

ϵ

8
Kµ . (5.3.1)

Therefore, we obtain
∇µJ

µ =
1√
−g

∂µ(
√
−gJµ) = 0 ⇒ ∂µ(

√
−gJµ) = 0 (5.3.2)
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On assuming a (spatially-flat) background of an expanding isotropic and homogeneous Friedman-Lemaitre-
Robertson-Walker (FLRW) universe, with scale factor a(t), in which the axion-like fields depend only on cosmic
time t, b = b(t), the expression for the current simplifies to

Jµ = ∂µb+ λRµ0∂0b+
ϵ

8
Kµ (5.3.3)

which means that (5.3.2) becomes

0 = ∂0(
√
−gJ0) + ∂i(

√
−gJ i) = ∂0(

√
−gJ0) (5.3.4)

where J i = λRi0∂0 b +
ϵ
8K

i, and the last equality stems from the assumption of isotropy and homogeneity in
the Universe [30], which implies

∂i

(√
−g J i

)
= 0 . (5.3.5)

Solving equation (5.3.4), we get:
J0 =

C√
−g

, (5.3.6)

where C is a constant. Hence, we obtain

J0 = ∂0b+ λR00∂0b+
ϵ

8
K0 = −ḃ+ λR00ḃ+

ϵ

8
K0 =

C√
−g

, (5.3.7)

because ∂0b = ḃ and ∂0b = −ḃ (in our metric signature convention). So we have that

ḃ = − C√
−g (1− λR00)

+
ϵ

8 (1− λR00)
K0 (5.3.8)

The constant C can be set to 0 if one considers an inflationary spacetime [30]. Furthermore, on an FLRW
background, we have that during inflation, a ∼ exp(H t), with H = HI ≃ constant the approximately constant
Hubble parameter, for which the cosmological data imply [55]:

H = HI ≃ constant ≲ 10−5 κ−1 . (5.3.9)

Thus, the time-time component of the Ricci tensor equals approximately:

R00 = −3
ä

a
≃ −3H2 , (5.3.10)

and thus
ḃ =

ϵ

8 (1 + 3λH2)
K0 (5.3.11)

In the presence of primordial GW-perturbations the gravitational CS (gCS) anomaly term in (5.2.48) can con-
dense at the end of the axion-dominated (pre-inflationary) stiff era [30]. This can drive the Universe to an
inflationary phase, characterised by approximately constant gCS-anomaly condensate and Hubble parameter
H, and a linear axion b potential in (5.2.48), breaking the axion shift symmetry. This leads to a metastable
inflation [30, 34, 37], due to the existence of imaginary parts in the condensate [37], which lead to a finite-
life time inflationary era, and eventual exit from it. However, although, from a purely dynamical systems
point of view [34, 56] it appears that it is the b-field that drives inflation, this is deceptive. The condensate
itself is a non-linear function of the (slowly varying) Hubble parameter H, depending on fourth- (and higher
(even)-) order powers of it. In this sense, it is such non-linearities of the gravitational sector that drive an
inflation of RVM type [57–61].27 To estimate the gCS condensation, the authors of [34], whose approach we
follow here, considered tensor perturbations in the context of the effective gravitational Lagrangian (5.2.48),
with λ = 0. They quantize them within an effective weak gravitational field theory action [66, 67], following a
canonical-quantization approach to estimate the condensate, to leading (linear) order in a perturbative expan-
sion in the small parameter ḃH2 ≪ 1. In the presence of the λ-dependent correction terms (5.2.50) in (5.2.48),
higher-order corrections proportional to (ḃ)2 are expected in the condensate, which will be shown below to be
subleading. For the λ = 0 case, as argued in [30], and also confirmed by the dynamical-system analysis of the

27For completeness, we mention that the inflationary exit in such cosmologies, which in general do not require external inflaton fields,
is characterised by prolonged reheating periods [62, 63], and perhaps early-matter dominance epoch, preceeding standard radiation. This
may affect primordial-black-hole populations and thus gravitational-wave profiles during early radiation era, with potentially detectable
signatures in future intrerferometers [64, 65].
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StRVM inflation of [34], and will also be reviewed below, when there is a gravitational anomaly condensate, a
spontaneous-Lorentz-violating solution of the b-axion equations of motion exists in which ⟨K0⟩ ≃ constant. We
parametrize such constant quantity by [30, 34]

ḃ = (2 ε)1/2 κ−1H , (5.3.12)

during inflation, where ε (not to be confused with ϵ in (5.2.49)) is a numerical coefficient, which in the study
of [37] is found to be of order O(10−2), and the Hubble parameter H ≈ HI = constant, satisfying (5.3.9).
As we shall demonstrate below, the order of magnitude of (5.3.12) will not be affected by the presence of the
λ-dependent term in (5.2.48), whose contributions to gCS condensate are extremely suppressed. To see this,
we should use perturbation theory in ḃ when evaluating the gCS condensate, following [34]. To this end,
formally we consider weak tensor (GW) perturbations to the FLRW metric, and work in the transverse-traceless
(TT) gauge [66, 67], which implies that only their spatial components, hij , i, j = 1, 2, 3, are present in the
(gauge-fixed) effective action. The respective (3+1)-dimensional line-element is of the form:

ds2 = −dt2 + a2(t)
(
δij + hij

)
dxi dxj , (5.3.13)

with a(t) the scale factor. In the helicity (L,R) basis, the metric reads:

gµν =


−1 0 0 0

0 a2(t)
(
1 + hL(t,z)+hR(t,z)√

2

)
ia2(t)

(
1 + hL(t,z)−hR(t,z)√

2

)
0

0 ia2(t)
(
1 + hL(t,z)−hR(t,z)√

2

)
a2(t)

(
1− hL(t,z)+hR(t,z)√

2

)
0

0 0 0 a2(t)

 (5.3.14)

The helicity basis hL, hR is related to the real linear polarization basis h+, h× as

hL =
h+ + ih×√

2
, hR =

h+ − ih×√
2

(5.3.15)

We consider the GW perturbations hij to be small, propagating along the z direction for concreteness. We thus
obtain the following expression for the gCS condensate, in the linearised approximation, in conformal time (the
derivative with respect to which are denoted by primes) [34, 68, 69]:

⟨Rµνρσ R̃µνρσ⟩ = − 2i

a4
[
⟨∂2zhL∂zh′R⟩+ ⟨h′′L∂zh′R⟩ − ⟨∂2zhR∂zh′L⟩ − ⟨h′′R∂zh′L⟩

]
, (5.3.16)

As discussed in [34], the quantity inside the square brackets [. . . ] on the right-hand-side is independent of the
scale factor a of the Universe, thus the gravitational CS condensate (5.3.16) is inversely proportional to the
fourth power of the scale factor a. To estimate (5.3.16), we first need to determine solutions to the linearized
GW equations, in the modified effective action (5.2.48), which read:[

−
(
1 + λκ2ḃ2

)
∂2t −

(
3
ȧ

a

(
1 + λκ2ḃ2

)
+ 2λκ2ḃb̈

)
∂t +

1

a2
∂2z

]
hL(t, x)

= −2iϵκ2
[
1

a2

(
2ȧḃ− ab̈

)
∂t∂z +

1

a
ḃ∂2t ∂z −

1

a3
ḃ∂3z

]
hL(t, x) , (5.3.17)

[
−
(
1 + λκ2ḃ2

)
∂2t −

(
3
ȧ

a

(
1 + λκ2ḃ2

)
+ 2λκ2ḃb̈

)
∂t +

1

a2
∂2z

]
hR(t, x)

= 2iϵκ2
[
1

a2

(
2ȧḃ− ab̈

)
∂t∂z +

1

a
ḃ∂2t ∂z −

1

a3
ḃ∂3z

]
hR(t, x) . (5.3.18)

We observe from (5.3.17), (5.3.18) that the presence of the Chern-Simons coupling causes the equations for
left and right waves to be different, a phenomenon known as cosmological birefringence. On the other hand,
as expected, the λ-dependent corrections (5.2.50) do not exhibit that property. Thus, such terms alone (i.e. in
the absence of the gravitational anomaly CS term, when ϵ = 0) yield zero contributions to (5.3.16). Of course,
as we shall argue below, there are non-trivial, but suppressed λ-dependent corrections if ϵ ̸= 0. To estimate
those corrections we should first solve, following [34, 37] the above equations, in order to determine the so-
called mode functions for the two GW polarizations. Then, upon canonical quantization of hL,R, which now
become quantum operators ĥL,R, we can estimate the vacuum expectation value of (5.3.16) with respect to an
appropriate quantum vacuum state, which, as in the λ = 0 case of [34, 37], is taken to be the Bunch-Davies
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vacuum. This procedure will lead to a non-vanishing vacuum, approximately constant, expectation value for
the Pontryagin term (5.3.16) during the inflationary period (indicated by the suffix “I”) [30, 34, 37]:

a4 ⟨Rµνρσ R̃µνρσ⟩I = constant ̸= 0 , (5.3.19)

which, due to the above discussion, is expected to be proportional to ϵ. Below we provide a rather heuristic
approach for the estimation of the order of the λ-dependent-term contribution to the gCS condensate (for a
more rigorous approach, see Appendix D). To this end, we first assume an approximately constant ḃ during
inflation, in which H ≃ HI = constant, with the magnitude of HI given by observations [55], (5.3.9). In such a
case, terms involving b̈ in the chiral GW equations of motion (5.3.17), (5.3.18) can be ignored. By redefining

a(t) → aλ(t) = a(t)

√
1 + λκ2ḃ2 (5.3.20)

the equations (5.3.17), (5.3.18), after straightforward manipulations, can be approximated by:[
− ∂2t − 3

ȧλ

aλ
∂t +

1

(aλ)2
∂2z

]
hL(t, x)

≃ −2i ϵκ2 ḃ

√
1 + λκ2ḃ2

[
2

ȧλ

(aλ)2
∂t∂z +

1

aλ
∂2t ∂z −

1 + λκ2ḃ2

(aλ)3
∂3z

]
hL(t, x) , (5.3.21)

[
− ∂2t − 3

ȧλ

aλ
∂t +

1

(aλ)2
∂2z

]
hR(t, x)

≃ 2i ϵκ2 ḃ

√
1 + λκ2ḃ2

[
2

ȧλ

(aλ)2
∂t∂z +

1

aλ
∂2t ∂z −

1 + λκ2ḃ2

(aλ)3
∂3z

]
hR(t, x) , (5.3.22)

As discussed in Appendix D (cf. (D.0.12)), for the StRVM Cosmological model of [30, 34, 37, 43], the quantity
λκ2ḃ2 = O(10−11) ≪ 1. On the other hand, upon taking the Fourier transform of the GW linear polarizations
hL,R, assuming propagation along the z direction, we may replace the 1

a∂z by ika , where k is the magnitude of
the momentum vector of the GW polarization. We then have [30, 34] ka ≲ µ, where µ is the UV cutoff, identified
with the string scale [32] Ms, in the context of the StRVM, (5.2.46). For phenomenological reasons, specifically
in order for the inflation in the StRVM to have a lifetime in the order of 50-60 e-foldings [55], the following
constraint must be in operation, as implied by a dynamical-system analysis of the StRVM condensate-induced
inflation [34],

κMs ≃ 0.2 , (5.3.23)

which is also in agreement with the study in [30]. On account of (5.2.46), (5.3.23), (5.3.12) and (5.3.9), then,
we obtain that the dimensionless terms ϵ(ka )κ

2ḃ ≲ 8.3× 10−7. Thus the λ-dependent terms on the right-hand
side of the wave equations (5.3.21), (5.3.22) may be ignored. In this approximation, the resulting equations,
which are expressed in terms of aλ(t) ((5.3.20)), become equivalent to the corresponding wave equations of [34].
Following, then, that analysis, we may estimate the corresponding parity-violating condensate (5.3.16) in our
modified gravitational theory (5.2.48), as:

⟨Rµνρσ R̃µνρσ⟩ = − 2i

a4
(1− λκ2ḃ2)2

[
⟨∂2zhL∂zh′R⟩+ ⟨h′′L∂zh′R⟩ − ⟨∂2zhR∂zh′L⟩ − ⟨h′′R∂zh′L⟩

]
, (5.3.24)

where we kept first-order terms in a series expansion in powers of λ, and we took into account the afore-
mentioned property of the gravitational CS anomaly condensate to depend on the inverse fourth power of the
(rescaled) aλ ((5.3.20)). From (5.3.24), we therefore observe that the λ-dependent corrections will be suppressed
compared to the λ = 0 results of [30, 34, 37], and thus the corresponding results, regarding the inflationary
era, remain valid to an excellent approximation. We now remark that in the λ = 0 case, which constitutes
the zeroth order correction in the λ (i.e. Regge-slope a′ expansion in the string effective action [32], the ar-
gumentation of [36], which was confirmed by the detailed analysis of [37], indicates that the gCS condensate
(5.3.19) is proportional to the proper number density of GW sources NI during the RVM inflationary era. In [34,
37] the Chern-Simons condensate has been estimated within a weak quantum-gravity path-integral formalism
about a FLRW background. In view of our result (5.3.24), then, in our modified effective action (5.2.47), the
corresponding gCS anomaly condensate will be given by:

⟨Rµνρσ R̃µνρσ⟩λI = ⟨Rµνρσ R̃µνρσ⟩λ=0
I (1− 2λκ2ḃ2) = NI (1− 2λκ2ḃ2)

ϵ

8π2
κ4 µ4 ḃ H3 + . . . , (5.3.25)
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to leading order in the slow-roll parameter a′ κH ḃ ≪ 1 of the double perturbative expansion, in powers of a′
and ḃ, where H is the approximately constant Hubble parameter during inflation, satisfying the observational
bound (5.3.9). As already mentioned the validity of (5.2.55) is understood. Thus, from (5.3.25), one observes
that the effects of the presence of the λ-dependent terms in the modified gravitational action (5.2.48), as
compared to the λ = 0 case of [30, 34, 43], is merely a very mild screening (reduction) of the strength of the
effect of the GW source terms N ′

I ≃ NI(1−2λκ2 ḃ2). The quantity µ in (5.3.25) is an UV cutoff of the GW modes,
and the . . . denote corrections implied by the last term of the integrand of (5.2.48), which we have just seen
that they are subleading. The existence of this condensate means that, at a quantum level, the gravitational
Chern-Simons term in the effective action can be expanded about the condensate as∫

d4x
√
−gbRµνρσ R̃µνρσ =

∫
d4x

√
−gb ⟨Rµνρσ R̃µνρσ⟩+

∫
d4x

√
−g : bRµνρσ R̃

µνρσ : (5.3.26)

where the
∫
d4x

√
−g : bRµνρσ R̃

µνρσ : represent quantum fluctuations, for which ⟨: · · · :⟩ = 0. As explained in
[34], we can then write a “re-classicalised" effective action that has the form

SE =

∫ [
1

2κ2
R− 1

2
∂µb∂

µb +
ϵ

8
b⟨Rµνρσ R̃µνρσ⟩+

ϵ

8
: bRµνρσ R̃

µνρσ : −λ
2
∂µb∂νbR

µν

]√
−g d4x. (5.3.27)

The key here is the addition of a linear-axion (monodromy) potential term ∼ b⟨Rµνρσ R̃µνρσ⟩, which, as we will
see, drives inflation. The metric equations of motion become

1

2κ2
Gµν +

ϵ

16
⟨Rµνρσ R̃µνρσ⟩gµν =

ϵ

2
Cµν +

λ

2
Θµν +

1

2
T bkinµν , (5.3.28)

while the scalar equation of motion read:

∇µ

(
∂µb+ λRµν∂νb+

ϵ

8
Kµ
)
= − ϵ

8
⟨Rµνρσ R̃µνρσ⟩ (5.3.29)

On expanding the effective action (5.3.26) about the condensate, implies in general

K0 = ⟨K0⟩+ : K0 : , (5.3.30)

where, as already mentioned, the : · · · : denote quantum fluctuations, characterised by a zero vacuum expec-
tation value, ⟨: · · · :⟩ = 0.28 A constant condensate K0 (which spontaneously violates Lorentz symmetry [30],
if we view the condensate as a vacuum expectation value of the topological current ⟨K0⟩ = constant ̸= 0) is
consistent with inflation, characterized by H = ȧ/a = constant and ä/a = constant, which, on account of
(5.3.11), would also imply ḃ = constant, as in the case of [30]. The reader should notice that (5.3.12) implies
a H4 scaling of the Chern-Simons condensate (5.3.25) during inflation. On concentrating on the condensate
(which behaves classically), and ignoring the fluctuations, we obtain from (5.3.2), (5.3.1):

d

dt
⟨K0(t)⟩+ 3H ⟨K0⟩ = ⟨Rµνρσ R̃µνρσ⟩λI

(5.3.11),(5.3.25)
= NI (1− 2λκ2ḃ2)

ϵ2

64π2
κ4 µ4 H3(

1 + 3λH2
) ⟨K0⟩

≃ NI (1− 2λκ2ḃ2) (1− 3λH2)
ϵ2

64π2
κ4 µ4H3 (5.3.12)≃ NI (1− 3.04λH2)

ϵ2

64π2
κ4 µ4H3 ,

(5.3.31)

where we expanded to linear order in λ. Eq. (5.3.31) can be solved to yield at a time tbegin < t < tend during
inflation, where tbegin (tend) denotes the onset (end) of the inflationary era:

⟨K0(t)⟩ = ⟨K0(tbegin)⟩ exp
(
− 3H (tend − tbegin)

[
1−NI (1− 3.04λH2)

ϵ2

192π2
κ4 µ4H2

])
(5.3.32)

The exponent vanishes, as is expected for a condensate, for

1 = NI (1− 3.04λH2)
ϵ2

192π2
(κµ)4H2 (5.2.49)≃ 18.55× 10−7 NI (1− 3.04λH2)κ2H2

⇒ NI = 5.4× 105
(
κ−2H−2 + 3.04

λ

κ2

)
(5.3.9)⇒ NI ≳ 5.4× 1015 , (5.3.33)

28In the case of the gravitational CS term, the quantum fluctuations do not contribute to the equations of motion of graviton in the FLRW
background.
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given that 3.04 λ
κ2 ≪ κ−2H−2 ∼ 1010, due to (5.2.49), (5.3.9). This provides a justification for the (approximate)

constancy of K0 employed in our argumentation above. The initial value then of K0(tbegin) at the onset of the
RVM inflation in (5.3.32) is determined from (5.3.11) by using the parametrization (5.3.12) on the left hand
side, along with the dynamical-system-analysis estimate of the order of the parameter ε = O(10−2) [37]. We
thus observe that the higher-order λ-dependent corrections in the effective action (5.2.48) do not affect at all
the lower bound of NI , as compared to the λ = 0 case, due to the extreme weakness of those terms. Eq. (5.3.33)
is compatible with the corresponding result in [34], based on a dynamical system analysis, where one finds:

NI

Nstiff
∼ 7× 1016 , (5.3.34)

which ensures continuity of the value of the Chern-Simons anomaly condensate during the transition from
the stiff to inflationary eras (Nstiff denotes the assumed numerical density of sources during the stiff era that
precedes the inflationary epoch in the StRVM [30, 37, 43]). The equality in (5.3.33) is satisfied in order of
magnitude by Nstiff = O(10−1). So the conclusions of the previous approach of [30, 34] remain qualitatively
and quantitatively correct, upon the validity of (5.3.9), which is supported by the Planck-data phenomenology
of inflation [55]. A final remark we would like to make concerns the consistency of the condensate inflation
with classical field theory considerations. Indeed, despite the fact that the condensate is the result of quantum
GW primordial excitations, which condense, nonetheless its value remains consistent with the Euler-Lagrange
(classical) equation of motion for the axion-like field b, after the formation of the condensate, in a FLRW
background:

b̈+ 3Hḃ =
ϵ

8
⟨Rµνρσ R̃µνρσ⟩λI

(5.3.31)≃ NI (1− 2λκ2ḃ2)
ϵ2

64π2
κ4 µ4 ḃ H3 ≃ NI

ϵ2

64π2
κ4 µ4 ḃ H3 , (5.3.35)

where in the last line we ignored the subleading λ-dependent contributions. To check the validity of this
equation, during the condensate-induced inflation, we rewrite it, for (approximately) constant, i.e. ḃ = 0, as:

3 ≃ NI
ϵ2

64π2
κ4 µ4H2 . (5.3.36)

Using (5.3.9), we obtain from (5.3.36):

NI ≳ 1.4× 1015 , (5.3.37)

which is remarkably consistent with the bound (5.3.33), if one takes into account the theoretical uncertainties
involved, due to the dominant rôle of GW modes near the UV cutoffMs in the formation of the gCS anomaly con-
densate (5.3.19). The above result indicates that higher-derivative and higher-than-quadratic curvature terms
in the string effective action, which were naively expected to play an important rôle for modes with momenta
near the UV cutoff, will not affect (in order of magnitude) the analysis of [30, 34, 43] for a primordial GW-
condensate-induced inflation, which was based on lowest non-trivial order O(a′) string effective actions with
gravitational anomalies. The consistency of the condensate approach from many, rather distinct, viewpoints,
ranging from dynamical-system analysis, to weak quantum-gravity effective field theory, offers a non-trivial
support to this.

5.4 Summary

In this chapter, we have revisited the String-inspired Running Vacuum Model (StRVM) of Cosmology, proposed
in [30, 34, 37, 43, 44], by considering the most general low-energy effective gravitational action quartic in space-
time derivatives of graviton and antisymmetric-tensor fields (assuming a stabilised dilaton to a constant value,
which sets the scale for the string coupling, and hence the relevant phenomenology). In (3+1)-dimensional
spacetimes we have shown that it is possible to impose simultaneously unitarity (i.e. a Gauss-Bonnet-quadratic
curvature scheme, which ensures absence of graviton ghosts), and torsional interpretation of the field strength
of the antisymmetric tensor field, which behaves as a totally antisymmetric component of spacetime torsion.
By studying carefully the potential field redefinitions leading to the above features, we have managed to arrive
at an appropriate basis of structures, which contains only one extra term of fourth-order in derivatives, as
compared to the effective action of the StRVM, of the form

Sextra
λ = λ

∫
d4x

√
−g ∂µb ∂νbRµν , λ ∝ a′ ,

where Rµν denotes the torsion-free Ricci tensor of the spacetime geometry, and b is the massless axion-like
field. The latter is dual (in the (3+1)-dimensional spacetime after string compactification) to the field strength
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(and totally antisymmetric torsion) Hµνρ in the sense of (5.2.36), when order a′ terms in the effective action
are taken into account. Nonetheless, for Einstein spaces (as is the inflationary spacetime of interest here) this
modified duality relation maintains the essential structure of the duality relation between H and b, but now
includes a global proportionality scalar factor, dependent on the scalar spacetime curvature (cf. (5.2.39)),

HEinstein
µνρ = 3

(
1− 0.015 a′

2
R
)
ηµνρσ ∂

σb .

We have explained in the main text the way the above λ-dependent term Sextra
λ arises, after path-integrating

the torsion Hµνρ field in the partition function with respect to the generalised four-derivative effective action
(5.1.45). The axion field is introduced in the path integral as a Bianchi-identity constraint-implementing
Lagrange multiplier field, which is originally non-dynamical. The dynamics of b(x) arises after the (Gaussian)
path-integration over the H-torsion. The parameter λ ∝ a′ = M−2

s , and this implies that the contribution of
the parity-even term in the parity-odd gravitational anomaly condensate is negligible, for the values of string
scale Ms required for the correct phenomenology of the StRVM inflation [34]. This leads to the conclusion that
the analysis of the StRVM, which ignored such λ-dependent contributions was complete, in view of the extreme
suppression of these terms. We have also discussed a remarkable consistency of the anomaly-condensate-
induced inflation in the context of the StRVM, which stems perhaps from the exactness of the anomaly term
per se. Indeed, we have shown how the value of the gravitational anomaly condensate, as estimated by a
weak-chiral-GW quantum tensor perturbations effective field theory, is consistent with the satisfaction of the
classical Euler-Lagrange equations of motion of the axion b(x) field, thereby pointing towards a “classical”
nature of the anomaly condensate. As discussed in [30], this is also consistent with a spontaneous violation
of Lorentz symmetry due to the formation of a vacuum epxectation value of the temporal component of the
topological current corresponding to the Chern-Simons gravitational anomaly term, as a consequence of the
GW-induced anomaly condensation.
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Conclusion and Further Work

In this thesis, we have explored theories with torsion. Starting from the very basics of Einstein-Cartan theory,
we saw the geometric structure of theories with torsion. Then, we proceeded to see how fermionic matter can
act as a source for torsion, similar to how mass acts as a source for curvature. We then proceeded to examine
the parity-odd Holst term in the context of Einstein-Cartan theory and showed that it is rather preferred to
complete it into the Nieh-Yan term, a topological invariant. We finished our exploration of Einstein-Cartan
theory by showing how torsion can be transformed into an axion, by making a reasonable assumption.

After that, we explored the heterotic string effective action, first in leading order, and then including all O(a′)
corrections. We found that one can draw parallels between this theory and Einstein-Cartan theory, as the
Kalb-Ramond field strength can be interpreted as a totally antisymmetric torsion tensor. By focusing on the
cosmology of this model, and more specifically in the tensor perturbations of the FLRW metric, we saw that
the Pontryagin term has a nonzero vacuum expectation value, and thus forms a condensate, which turns out
to be proportional to H4. This effectively generates a linear potential for the axion, which drives inflation.
The condensate can have an imaginary part, which signifies a finite-lifetime, thus giving an exit mechanism
from the inflationary period. Finally, the extra O(a′) term, which was initially omitted from the discussion, is
shown to produce subleading effects in the calculation of the condensate, thus confirming the validity of the
phenomenology followed initially. The derivation of this extra term is rather interesting. The O(a′) effective
string action contains multiple terms, but is subject to field redefinitions. We first restricted ourselves to
field redefinitions yielding unitary actions. Then, we also demanded the Kalb-Ramond field strength to be
interpreted as torion. In 10D, this has been shown to be impossible. Curiously, however, in 4D it turns out to
be possible. This process ends up yielding a single extra term for the axion in the effective action.

It is worth examining prospects for further work in the future. First, the new term was only examined in the
context of its contribution to the inflationary period. Its effects during other cosmological eras have not been
studied, although it is highly likely they are trivial since it is a perturbative term. However, one should note
that, since it couples to the Ricci tensor, scalar perturbations of the metric might become relevant. Finally,
another avenue worth exploring is the action (5.1.44), in the context of Einstein-Cartan theory, i.e. having
the full torsion tensor. At leading order in Einstein-Cartan theory, the equations of motion for the irreducible
components qµνλ and Tµ yield zero, and hence the equivalence between Einstein-Cartan theory and the effective
string model we have is strong. It is worth exploring whether this equivalence may hold in quadratic order for
some specific action. The only way for that to happen is if the extra terms cancel or are total derivatives. It is
worth mentioning that we should also include the invariant Ḡ+

6 in the action, since it gives non-trivial results
if the other irreducible components are kept.

In conclusion, this thesis has aimed to bridge the gap and draw parallels between Einstein-Cartan theory and
the low-energy heterotic string effective action. At the same time, it has attempted to showcase a physically
interesting property of both theories, that of the generation of an axion and a Chern-Simons term that lead to
inflation due to the parity-violating nature of the Pontryagin term. Future work will attempt to bridge the gap
between the two theories further, by considering quadratic actions in the context of Einstein-Cartan theory.
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Appendix A

The Gauss-Bonnet Term as a Total
Derivative: Three Proofs

In General Relativity, the Riemann tensor has three independent contractions: RabcdRabcd, RabRab and R2.
The O(R2) action can therefore be written as a combination of these three terms, which can be arranged in the
Gauss-Bonnet combination, which is a topological invariant in 4 spacetime dimensions:

G = RabcdR
abcd − 4RabR

ab +R2 (A.0.1)

Below we show that the Gauss-Bonnet combination a total derivative in 4D.

A.1 Schouten Identity Proof

The Gauss-Bonnet term can be written in differential form notation as the 4-form:

G = Rab ∧Rcd ∧ ∗(êa ∧ êb ∧ êc ∧ êd) = ηabcdR
ab ∧Rcd (A.1.1)

We can then use Cartan’s second equation (1.3.14), i.e.

Rab = dωab + ωac ∧ ωcb (A.1.2)

and get that

G = ηabcd(dω
ab + ωae ∧ ωeb) ∧ (dωcd + ωcf ∧ ωfd)

= ηabcd(dω
ab ∧ dωcd︸ ︷︷ ︸
G1

+dωab ∧ ωcf ∧ ωfd + ωae ∧ ωeb ∧ dωcd︸ ︷︷ ︸
G2

+ωae ∧ ωeb ∧ ωcf ∧ ωfd︸ ︷︷ ︸
G3

)

The first term can easily be written as a total derivative, since

G1 = d(ωab ∧ dωcd) = dωab ∧ dωcd +������:0
ωab ∧ d2ωcd (A.1.3)

The second term can be written as a single expression after renaming indices and moving dω to the front:

G2 = 2dωab ∧ ωcf ∧ ωfd (A.1.4)

Hence, we have simplified our expression to the form:

G = ηabcd
(
d(ωab ∧ dωcd) + 2dωab ∧ ωcf ∧ ωfd + ωae ∧ ωeb ∧ ωcf ∧ ωfd

)
(A.1.5)

To simplify this further, we must use dimensionally dependent identities, since this term is not a total derivative
in the general case. To obtain dimensionally dependent identities, we use the fact that overantisymmetrization
of indices yields vanishing results. This is also sometimes referred to a Schouten identity. In our case, we
have:

η[abcdδ
f
e] = 0 (A.1.6)

which, after expanding, gives us a total of 5 terms:

ηabcdδ
f
e − ηabceδ

f
d + ηabdeδ

f
c − ηacdeδ

f
b + ηbcdeδ

f
a = 0 (A.1.7)
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We can then multiply this Schouten identity with ωaf ∧ωeb ∧ωci ∧ωid in order to obtain a scalar identity. We
may calculate and find that

ηabcdδ
f
eω

a
f ∧ ωeb ∧ ωci ∧ ωid = ηabcdω

a
e ∧ ωeb ∧ ωcf ∧ ωfd = G3 (A.1.8)

−ηabceδfdω
a
f ∧ ωeb ∧ ωci ∧ ωid = −ηabcdωae ∧ ωbf ∧ ωfe ∧ ωcd ≡ −G4 (A.1.9)

ηabdeδ
f
cω

a
f ∧ ωeb ∧ ωci ∧ ωid = G4 (A.1.10)

−ηacdeδfbω
a
f ∧ ωeb ∧ ωci ∧ ωid = G3 (A.1.11)

ηbcdeδ
f
aω

a
f ∧ ωeb ∧ ωci ∧ ωid = ηbcdeω

a
a ∧ ωeb ∧ ωci ∧ ωid = 0 (A.1.12)

Therefore, the scalar identity becomes
G3 = G4 (A.1.13)

However, we have that
P ab = ωae ∧ ωbf ∧ ωfe = P ba (A.1.14)

and therefore G4 must vanish, leaving us with the identity

G3 = ηabcdω
a
e ∧ ωeb ∧ ωcf ∧ ωfd = 0 (A.1.15)

A quick way to convince ourselves that this is true is to expand the sums of this term. Since ηabcd is involved,
the only nonzero terms are all the permutations of terms where all indices are different. Let us examine the
a = 0, b = 1, c = 2, d = 3 term:

η0123ω
0
e ∧ ωe1 ∧ ω2

f ∧ ωf3 = +1(ω0
2 ∧ ω21 + ω0

3 ∧ ω31) ∧ (ω2
0 ∧ ω03 + ω2

1 ∧ ω13) (A.1.16)

Hence, we get a sum of four 4-forms. However, it is readily seen that in all terms the same 1-form (e.g.
ω0

2) appears twice. As the wedge product of two 1-forms that are the same vanishes, this tells us that
η0123ω

0
e ∧ ωe1 ∧ ω2

f ∧ ωf3 = 0. Similar reasoning can be applied to all other terms, which are permutations
in 0123 of this term, to arrive at a similar result, thus giving us the fact that the quartic in ω term vanishes. It
is worth pointing out that the only assumptions we made were that ω is a 1-form with 2 Lorentz indices and
that it is antisymmetric in those two indices. Thus, this vanishing identity applies to all such 1-forms (e.g. the
contorsion 1-form). Therefore, we now have

G = ηabcd
(
d(ωab ∧ dωcd) + 2dωab ∧ ωcf ∧ ωfd

)
(A.1.17)

In order to show that the last term is a total derivative, we first need to notice that

ηabcdd(ω
ab ∧ ωcf ∧ ωfd) = ηabcd(dω

ab ∧ ωcf ∧ ωfd + 2ωab ∧ ωcf ∧ dωfd) (A.1.18)

Then, we use the Schouten identity (A.1.7) once again, this time contracting with ωab ∧ ωcf ∧ dωed, and get

ηabcdδ
f
eω

ab ∧ ωcf ∧ dωed = ωab ∧ ωcf ∧ dωfd (A.1.19)

−ηabceδfdω
ab ∧ ωcf ∧ dωed = ωab ∧ ωcf ∧ dωfd (A.1.20)

ηabdeδ
f
cω

ab ∧ ωcf ∧ dωed = 0 (A.1.21)

−ηacdeδfbω
ab ∧ ωcf ∧ dωed = −dωab ∧ ωcf ∧ ωfd (A.1.22)

ηbcdeδ
f
aω

ab ∧ ωcf ∧ dωed = −dωab ∧ ωcf ∧ ωfd (A.1.23)

Therefore, the Schouten identity gives us

ωab ∧ ωcf ∧ dωfd = dωab ∧ ωcf ∧ ωfd (A.1.24)

and thus
ηabcdd(ω

ab ∧ ωcf ∧ ωfd) = 3ηabcd(dω
ab ∧ ωcf ∧ ωfd) (A.1.25)

Therefore, putting it all together, we have finally proven that the Gauss-Bonnet term can be written as a total
derivative of a Chern-Simons 3-form:

G = ηabcdR
ab ∧Rcd = ηabcdd

(
ωab ∧ dωcd +

2

3
ωab ∧ ωcf ∧ ωfd

)
(A.1.26)
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A.2 Clifforms Proof

Here, we will show an alternative way to prove that the Gauss-Bonnet term is a total derivative. Instead of
using the Schouten identity, we will use the so-called Clifforms (Clifford-valued differential forms), as done in
[70, 71]. We define

ω =
1

4
σabω

ab (A.2.1)

where σab is the commutator of two gamma matrices:

σab =
i

2
[γa, γb] (A.2.2)

We can then show that

G3 = ηabcdω
a
e ∧ ωeb ∧ ωcf ∧ ωfd ∝ Tr[γ5ω ∧ ω ∧ ω ∧ ω] (A.2.3)

and
ηabcdd(ω

ab ∧ ωcf ∧ ωfd) ∝ Tr[γ5(dω ∧ ω ∧ ω + 2ω ∧ ω ∧ dω)] (A.2.4)
Besides a tremendous simplification in notation, this approach offers a remarkable property: we can use the
properties of the trace and of differential forms. It is then almost trivial to prove what we desire. For example,
on the first (quartic in ω term: First, we use the trace cyclic property to move the last ω to the front:

Tr[γ5(ω ∧ ω ∧ ω) ∧ ω] = Tr[ω ∧ γ5(ω ∧ ω ∧ ω)] = Tr[γ5ω ∧ (ω ∧ ω ∧ ω)]

where we have also used the fact that γ5 commutes with ω. Then, because ω and (ω ∧ ω ∧ ω) are both odd
forms (1-form and 3-form respectively), we may exchange them by introducing a minus sign:

Tr[γ5ω ∧ (ω ∧ ω ∧ ω)] = −Tr[γ5(ω ∧ ω ∧ ω) ∧ ω] = −G3

However, this is just minus of our original quantity. Therefore, this term vanishes identically, i.e. G3 = 0. For
the other term, a simple use of the cyclic property of the trace yields

Tr[γ5ω ∧ (ω ∧ ω ∧ ω)] = Tr[3γ5(dω ∧ ω ∧ ω)] (A.2.5)

which implies the dimensionally-dependent identity (A.1.24), thus proving that the Gauss-Bonnet term is a
total derivative of a Chern-Simons 3-form. It is worth commenting that, in this formalism, the dimensionally
dependent nature of our computations enters through the number of gamma matrices.

A.3 Transgression Formula Proof

A third way to prove the identity is using the so-call transgression formula. This proof is contained in [25]. Let
us consider a family of connections given by

ωabt = tωab (A.3.1)
The corresponding curvature is given by

Rab
t = tdωab + t2ωac ∧ ωcb (A.3.2)

and the Gauss-Bonnet term is
Gt = ηabcdR

ab
t ∧Rcd

t (A.3.3)
By the Fundamental Theorem of Calculus, we get that∫ 1

0

dGt

dt
dt = Gt

∣∣
t=1

−Gt

∣∣
t=0

(A.3.4)

However, t = 0 corresponds to a zero connection and hence zero curvature, while t = 1 corresponds to our
desired connection and hence curvature and Gauss-Bonnet term:

G =

∫ 1

0

dGt

dt
dt (A.3.5)

Therefore, we need to first calculate dGt

dt . We have

Ġt =
dGt

dt
= ηabcd

d

dt
Rab
t ∧Rcd

t + ηabcdR
ab
t ∧ d

dt
Rcd
t = 2ηabcd

d

dt
Rab
t ∧Rcd

t (A.3.6)

87



Appendix A. The Gauss-Bonnet Term as a Total Derivative: Three Proofs A.3. Transgression Formula Proof

Using the fact that ω̇ab = ωab, we can show that

Dtω̇
ab
t = dωab + 2tωac ∧ ωcb =

dRab
t

dt
(A.3.7)

Therefore, we get
Ġt = 2ηabcdDtω̇

ab ∧Rcd
t (A.3.8)

Then, we use the fact that,
Dt(ω̇

ab ∧Rcd
t ) = Dtω̇

ab ∧Rcd
t − ω̇ab ∧����:0

DtR
cd
t (A.3.9)

due to the second Bianchi identity, and get that

Ġt = 2ηabcdDt(ω̇
ab ∧Rcd

t ) = 2Dt(ηabcdω̇
ab ∧Rcd

t ) = 2ηabcdd(ω̇
ab ∧Rcd

t ) (A.3.10)

where we have used the fact that Dtηabcd = dηabcd = 0 as well as the fact that the covariant derivative acting
on a scalar reduces to the exterior derivative. Hence, we may now replace Rcd

t and get that

Ġt = ηabcdd
(
2tωab ∧ ωcd + 2t2ωab ∧ ωcf ∧ ωfd

)
(A.3.11)

Then, we can integrate and find

G =

∫ 1

0

Ġtdt = ηabcdd

(
ωab ∧ ωcd +

2

3
ωab ∧ ωcf ∧ ωfd

)
(A.3.12)

thus proving the fact that the Gauss-Bonnet term is the derivative of a Chern-Simons 3-form.
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Appendix B

Decomposition of the Generalized
(Contorted) Curvature Tensors and Useful
Identities

Let us assume a torsionful connection of the form:

Γ̄λµν = Γλµν +
κ√
3
Hλ

µν , (B.0.1)

In this case, κ√
3
Hλ

µν plays the role of the contorsion tensor Kλ
µν . The torsion tensor Tλµν is given in terms

of the contorsion tensor as
T abc = 2Ka

[bc] = (Ka
bc −Ka

cb). (B.0.2)

Therefore, in our case, for a totally antisymmetric contorsion, the torsion tensor is given as

Tµνλ =
2κ√
3
Hµνλ. (B.0.3)

We can then use the above to “decompose" the generalized curvature (torsionful Riemann) tensor into the usual
(Levi-Civita connection) Riemann tensor and the totally antisymmetric torsion H using the relations:

R̄µνλρ = Rµνλρ +
κ√
3
(∇λHµνρ −∇ρHµλν) +

κ2

3
(HµλσHσ

ρν −HµρσHσ
λν) (B.0.4)

R̄µν = Rµν −
κ√
3
∇λHµν

λ +
κ2

3
Hµλ

σHλ
νσ (B.0.5)

R̄ = R− κ2

3
HµνλHµνλ (B.0.6)

For a totally antisymmetric torsion tensor, the first Bianchi identity for the Levi-Civita Riemann tensor,
Rµ[νλρ] = 0, results in:

Hκ
µνHκλρRµλνρ =

1

2
Hκ

µνHκλρRµνλρ (B.0.7)

The second Bianchi identity, ∇[σ|Rµν|λρ] = 0, results in∫
Rµνλρ∇ρHµνλ√−g d4x =

∫
∇ρ(RµνλρHµνλ)

√
−g d4x (B.0.8)

Through partial integrations and commuting covariant derivatives, we also get∫
∇λHµνρ∇ρHµνλ√−g d4x =

∫
∇λ(Hµνρ∇ρHµνλ −Hµνλρ∇dHµνρ)

√
−g d4x

+

∫
∇λHµνλ∇ρHµνρ

√
−g d4x−

∫
Hµ

λρHνλρR
µν√−g d4x

+

∫
Hκ

µνHκλρRµνλρ
√
−g d4x

(B.0.9)
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The Bianchi identity for the Kalb-Ramond field strength, ∇[ρHµνλ] = 0, results in:

Hµ
ρσHµνλ∇σHνλρ = 0 (B.0.10)

and ∫
∇ρHµνλ∇ρHµνλ√−g d4x =

∫
∇ρ(Hµνλ∇ρHµνλ − 3Hµρν∇λHµνλ)

√
−g d4x

+ 3

∫
∇λHµνλ∇ρHµνρ

√
−g d4x− 3

∫
Hµ

λρHνλρR
µν√−g d4x

+ 3

∫
Hκ

µνHκλρRµνλρ
√
−g d4x

(B.0.11)
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Appendix C

Field Redefinitions Directly in D=4 Field
Theory Effective Actions, Beyond String
Theory

In this Appendix, for completeness, we shall give the result of the field redefinitions (5.1.4), (5.1.5) directly to a
D = 4 field theory action, which has formally the same form as the O(α′) string action (5.1.1) ((5.1.2), (5.1.3))
but here it represents a four-dimensional four-derivative field theory action, independent of strings, for which
the standard S-matrix equivalence theorems [45–50] apply. In such a case the parameter

√
α′ =

1

M
, (C.0.1)

may be identified with the inverse of an energy scale below which the effective field theory is valid, i.e. an UV
cutoff, not related to the string case. Below we shall outline the relevant differences between the two formalisms,
and show that in the context of a cosmological model, like the StRVM, the basic conclusions are not affected in
order of magnitude. Should one perform the field redefinitions directly in D = 4, there are different identities
for the torsion terms that can be used, as compared to the D > 4 case studied in section 5.1.1. In this case,
the expression (C.0.2) becomes

(δS0 + S1)
D=4
Unitary =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

− 1

8

[(
4B3 −

2

3
√
3

)
HµλρHν

λρRµν +

(
1

9
√
3
− 2B3 − 4B4

)
HµνλHµνλR

]
+

+
κ2

24

[(
−1− 2

9
√
3
+ 12B3 + 24B4

)
HµνλHµ

ρσHνρ
κHλσκ

]}√
−g d4x,

(C.0.2)

and matching with (5.1.38), yields

B4 = −1

2
B3 +

1

24
+

1

108
√
3
, (C.0.3)

B3 = +
1

8
+

1

9
√
3
, (C.0.4)

A4 = +
11

128
− 1

96
√
3
, (C.0.5)

A5 = − 3

128
+

1

96
√
3
. (C.0.6)

instead of (5.1.39).
The resulting unitary effective string action where Hµνρ also plays the role of torsion reads

(δS0 + S1)
D=4
Unitary, Torsion =

∫ {
1

16κ2
(
RµνλρR

µνλρ − 4RµνR
µν +R2

)
+

− 1

8

(
1

2
− 2

9
√
3

)[
HµλρHν

λρRµν − 1

3
HµνλHµνλR

]}√
−g d4x .

(C.0.7)
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Since in D = 4 the Gauss-Bonnet quadratic-curvature combination is a total derivative, which is thus ignored,
the full effective action reads:

S =

∫ [
1

2κ2
R− 1

6
HµνλHµνλ + α′

(
1

36
√
3
− 1

16

)(
HµλρHν

λρRµν − 1

3
HµνλHµνλR

)]√
−g d4x . (C.0.8)

The reader can compare directly (C.0.8) with (5.1.45), and the difference arises in both, the magnitude and
signature of, the coefficient of the O(α′) terms.

The resulting effective action (in terms of the axion fields, that arise after the H-torsion path integration)
maintains its generic form (5.2.48), but now with

λ = α′
(
1

8
− 1

18
√
3

)
= 0.093α′ > 0 ,

1

2q2
=

1

2κ2

[
1− κ2

α′
λ

α′

]
=

1

2κ2

(
1− 0.093

κ2

α2

)
, (C.0.9)

ϵ =
α′

κ

√
2

12
,

where now α′ is given by (C.0.1), related to the UV cutoff scale of the effective theory, which is not the string
scale. As this is a gravitational theory, it is natural to identify M with the effective Planck scale q (C.0.9). Due
to the positive nature of the parameter λ in this case, we observe that the effective Planck energy scale q−1

is smaller than the bare one, κ−1. In fact to maintain unitarity of the theory (q2 > 0) we need to impose the
constraint:

10.76κ−2 >M2 (C.0.10)

which is naturally satisfied if we impose the transplanckian conjecture, according to which no energy scale
in our effective field theory should exceed the Planck scale. The opposite happens in section 5.2, (5.2.49),
where, because of the negative nature of the respective parameter λ, the effective Planck energy scale q (which
is always positive for any λ < 0) is larger than the bare κ−1. In the context of the D=4 dimensional StRVM, with
the improved effective action (5.2.48), the value of 0 < λ = 0.093 1

M2 is such that, with the natural identification
M =MPl = q−1, the λ-dependent term in (5.2.48) still makes subleading contributions to the gCS condensate
in the context of the StRVM, for which (5.3.12), (5.3.9) are valid.
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Appendix D

Conformal-time Analysis of λ-dependent
Corrections to the gCS Condensate

Going into conformal time, the wave equations for the chiral GW modes (5.3.21), (5.3.22) become:(
1 + λκ2

(
b′

a

)2
)
h′′L +

(
2
a′

a
+ 2λκ2

b′

a

b′′

a

)
h′L − ∂2zhL =

2iϵκ2

a2
∂z
(
b′′h′L + b′h′′L − b′∂2zhL

)
(D.0.1)

(
1 + λκ2

(
b′

a

)2
)
h′′R +

(
2
a′

a
+ 2λκ2

b′

a

b′′

a

)
h′R − ∂2zhR = −2iϵκ2

a2
∂z
(
b′′h′R + b′h′′R − b′∂2zhR

)
(D.0.2)

Going into Fourier modes:

hL,R(η, x⃗) =

∫
d3k

(2π)
3
2

eik⃗·x⃗hL,R,⃗k(η), (D.0.3)

and substituting, we get(
1 + λκ2

(
b′

a

)2
)
h′′
L,⃗k

+

(
2
a′

a
+ 2λκ2

b′

a

b′′

a

)
h′
L,⃗k

+ k2hL,⃗k = −2kϵκ2

a2
lk⃗

(
b′′h′

L,⃗k
+ b′h′′

L,⃗k
+ k2b′hL,⃗k

)
(D.0.4)

(
1 + λκ2

(
b′

a

)2
)
h′′
R,⃗k

+

(
2
a′

a
+ 2λκ2

b′

a

b′′

a

)
h′
R,⃗k

+ k2hR,⃗k =
2kϵκ2

a2
lk⃗

(
b′′h′

R,⃗k
+ b′h′′

R,⃗k
+ k2b′hR,⃗k

)
(D.0.5)

where lk⃗ = +1 and l−k⃗ = −1. By bringing all terms to one side, we get:[
1 + λκ2

(
b′

a

)2

+ 2ϵκ2lk⃗
k

a2
b′

]
h′′
L,⃗k

+

[
2
a′

a
+ 2λκ2

b′

a

b′′

a
+ 2ϵκ2lk⃗

k

a2
b′′
]
h′
L,⃗k

+ k2
[
1 + 2ϵκ2lk⃗

k

a2
b′
]
hL,⃗k = 0

(D.0.6)[
1 + λκ2

(
b′

a

)2

− 2ϵκ2lk⃗
k

a2
b′

]
h′′
R,⃗k

+

[
2
a′

a
+ 2λκ2

b′

a

b′′

a
− 2ϵκ2lk⃗

k

a2
b′′
]
h′
R,⃗k

+ k2
[
1− 2ϵκ2lk⃗

k

a2
b′
]
hR,⃗k = 0

(D.0.7)
These can be rewritten as

h′′
L,R,⃗k

+
1

κ
PL,R,⃗kh

′
L,R,⃗k

+ k2QL,R,⃗khL,R,⃗k = 0 (D.0.8)

where

PL,R,⃗k = 2
κa

′

a + λκ3 b
′

a
b′′

a + lL,Rϵκ
3lk⃗

k
a2 b

′′

1 + λκ2
(
b′

a

)2
+ 2lk⃗ lL,Rϵκ

2 k
a2 b

′
(D.0.9)

QL,R,⃗k =
1 + 2lk⃗ lL,Rϵκ

2 k
a2 b

′

1 + λκ2
(
b′

a

)2
+ 2lk⃗ lL,Rϵκ

2 k
a2 b

′
(D.0.10)

The reader should note that the potentially dangerous modes with momenta i.e. k that lead to the cancel-
lation between

0 ≃ λκ2
(
b′

a

)2

+ 2lk⃗ lL,Rϵκ
2 k

a2
b′
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for lk⃗lL,R = −1 in the denominators of PL,⃗k, PR,⃗k are superhorizon (frozen) modes (k < aH ), since they satisfy
k ≃ 0.053 aH, hence this condition is never met by the subhorizon modes (k > aH ) that contribute to the
formation of the condensate [34]. In any case, the difference between L,R modes (birefringence) persists for
all subhorizon modes k.

Taking into account that k/a ≲ µ =Ms, as appropriate for the UV cutoff of a string-effective theory like the
current one (cf. (5.2.46)), we can estimate, using (5.3.12):

ϵκ2
k

a
ḃ =

√
2

12

a′

κ
κ2
k

a
ḃ ≲

10−1

M2
SMPl

µḃ =
10−1

MSMPl
10−1MPlH =

H

MS
10−2 ≲ 10−6 (D.0.11)

λκ2ḃ2 = 10−1a′κ2ḃ2 =
10−1

M2
SM

2
Pl

10−2M2
PlH

2 = 10−3 H
2

M2
S

≲ 10−11 (D.0.12)

which allows us to approximate Q:

Q ≃
(
1 + 2lL,Rϵκ

2lk⃗
k

a2
b′
)(

1− λκ2
(
b′

a

)2

− 2lk⃗ lL,Rϵκ
2 k

a2
b′

)

≃ 1− λκ2
(
b′

a

)2(
1 + 2lk⃗ lL,Rϵκ

2 k

a2
b′
)
− 4l2

k⃗
l2L,Rϵ

2κ4
(
k

a

)2(
b′

a

)2

+ . . . ,

(D.0.13)

where lL = +1 and lR = −1 and the . . . denote higher-order terms in our small-parameter expansion. Define

zL,R = e
1
2κ

∫ η P
L,R,k⃗

dη̃ (D.0.14)

such that 1
κPL,R,⃗k = 2

z′
L,R,k⃗

z
L,R,k⃗

and the equations become

h′′
L,R,⃗k

+ 2
z′
L,R,⃗k

zL,R,⃗k
h′
L,R,⃗k

+ k2QL,R,⃗khL,R,⃗k = 0 (D.0.15)

Then, if we define
ψL,R,⃗k = zL,R,⃗khL,R,⃗k, (D.0.16)

then, ψL,R,⃗k satisfies the equation
ψ′′
L,R,⃗k

+ ω2
L,R,⃗k

ψL,R,⃗k = 0 (D.0.17)

where

ω2
L,R,⃗k

= k2QL,R,⃗k −
z′′
L,R,⃗k

zL,R,⃗k
(D.0.18)

We can perturbatively expand QL,R and find that

QL,R,⃗k = 1− λκ2
(
b′

a

)2

+O(λϵ) (D.0.19)

or, in cosmic time,
QL,R,⃗k = 1− λκ2ḃ2 +O(λϵ) (D.0.20)

Furthermore, we have that
z′′
L,R,⃗k

zL,R,⃗k
=
P 2
L,R,⃗k

4κ2
+
P ′
L,R,⃗k

2κ
(D.0.21)

and we can show that
z′′
L,R,⃗k

zL,R,⃗k
=
a′′

a
+ ϵκ2klk⃗ lL,R∆1 + λκ2b′(∆1 +∆2) +O(λϵ) (D.0.22)

where

∆1 =
1

a

[
2

(
a′

a

)2
b′

a
− 2

a′

a

b′′

a
− 2

b′

a

a′′

a
+
b′′′

a

]
(D.0.23)

and

∆2 =
1

a

[
−
(
a′

a

)2
b′

a
+
b′

a

a′′

a
+
a

b′

(
b′′

a

)2
]

(D.0.24)
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In cosmic time t, we have that
∆1 = a

[ ...
b +Hb̈−

(
H2 +

ä

a

)
ḃ

]
(D.0.25)

and

∆2 = a

[
ä

a
ḃ+H2ḃ+

b̈2

ḃ
+ 2Hb̈

]
. (D.0.26)

Hence,

z′′
L,R,⃗k

zL,R,⃗k
= a2

[(
H2 +

ä

a

)
+ ϵκ2

(
k

a

)
lk⃗ lL,R

( ...
b +Hb̈−H2ḃ− ä

a
ḃ

)
+ λκ2ḃ

(
...
b +

b̈2

ḃ
+ 3Hb̈

)]
(D.0.27)

Therefore, overall, we can evaluate ω2
L,R,⃗k

= k2QL,R,⃗k −
z′′
L,R,k⃗

z
L,R,k⃗

in cosmic time:

ω2
L,R,⃗k

= a2

[(
k

a

)2 (
1− λκ2ḃ2

)
−
(
H2 +

ä

a

)
− ϵκ2

(
k

a

)
lk⃗ lL,R

( ...
b +Hb̈−H2ḃ− ä

a
ḃ

)

− λκ2ḃ

(
...
b +

b̈2

ḃ
+ 3Hb̈

)] (D.0.28)

This can be rewritten as:

ω2
L,R,⃗k

= a2

[(
k

a

)2

−
(
H2 +

ä

a

)
−ϵκ2

(
k

a

)
lk⃗lL,R

( ...
b +Hb̈−H2ḃ− ä

a
ḃ

)
−λκ2ḃ

(
...
b +

b̈2

ḃ
+ 3Hb̈+

(
k

a

)2

ḃ

)]
(D.0.29)

and so we have that (D.0.17) can be written as

ψ′′
L,R,⃗k

+ ω2
L,R,⃗k

ψL,R,⃗k = 0 ⇒ ψ̈L,R,⃗k +Hψ̇L,R,⃗k +
ω2
L,R,⃗k

a2
ψL,R,⃗k = 0 (D.0.30)

i.e.,

ψ̈L,R,⃗k +Hψ̇L,R,⃗k +

[(
k

a

)2

−
(
H2 +

ä

a

)
− ϵκ2

(
k

a

)
lk⃗ lL,R

( ...
b +Hb̈−H2ḃ− ä

a
ḃ

)

− λκ2ḃ

(
...
b +

b̈2

ḃ
+ 3Hb̈+

(
k

a

)2

ḃ

)]
ψL,R,⃗k = 0 . (D.0.31)

For ḃ ≃ const and ä
a ≃ H2 we have that

ψ̈L,R,⃗k +Hψ̇L,R,⃗k +

[(
k

a

)2

− 2H2 + 2ϵκ2
(
k

a

)
lk⃗ lL,RH

2ḃ− λκ2
(
k

a

)2

ḃ2

]
ψL,R,⃗k = 0 . (D.0.32)

or, equivalently

ψ̈L,R,⃗k +Hψ̇L,R,⃗k +

[(
k

a

)2 (
1− λκ2ḃ2

)
− 2H2 + 2ϵκ2

(
k

a

)
lk⃗ lL,RH

2ḃ

]
ψL,R,⃗k = 0 . (D.0.33)

We rescale 1
ã =

√
1−λκ2ḃ2

a (cf. (5.3.20)) and get:

ψ̈L,R,⃗k +Hψ̇L,R,⃗k +

[(
k

ã

)2

− 2H2 + 2ϵκ2
1√

1− λκ2ḃ2

(
k

ã

)
lk⃗ lL,RH

2ḃ

]
ψL,R,⃗k = 0 , (D.0.34)

which, upon expanding, becomes

ψ̈L,R,⃗k +Hψ̇L,R,⃗k +

[(
k

ã

)2

− 2H2 + 2ϵκ2
(
k

ã

)
lk⃗ lL,RH

2ḃ+O(ϵλ)

]
ψL,R,⃗k = 0 . (D.0.35)

This is nothing other than the corresponding wave equations of chiral GW linear polarizations of [34], expressed
in terms of the rescaled scale factor aλ (5.3.20). Following the canonical quantization approach of that work,
then, in the evaluation of the gravitational CS condensate for weak ḃ, leads to (5.3.24) in the text.
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