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ApagoreÔetai h antigraf , apoj keush kai dianom  thc paroÔsac ergasÐac, ex olokl -
rou   tm matoc aut c, gia emporikì skopì. Epitrèpetai h anatÔpwsh, apoj keush kai diano-
m  gia skopì mh kerdoskopikì, ekpaideutik c   ereunhtik c fÔshc, upì thn proôpìjesh na
anafèretai h phg  proèleushc kai na diathreÐtai to parìn m numa. Erwt mata pou aforoÔn
th qr sh thc ergasÐac gia kerdoskopikì skopì prèpei na apeujÔnontai proc ton suggrafèa.

Oi apìyeic kai ta sumper�smata pou perièqontai se autì to èggrafo ekfr�zoun ton
suggrafèa kai den prèpei na ermhneujeÐ ìti antiproswpeÔoun tic epÐshmec jèseic tou EjnikoÔ
Metsìbiou PoluteqneÐou.



PerÐlhyh

O skopìc aut c thc diplwmatik c ergasÐac  tan na melet sei ta kurt� sÔnola, tic kurtèc
sunart seic kai tic idiìthtèc touc. H kurtìthta eÐnai èna polÔ shmantikì qarakthristikì,
tou opoÐou h Ôparxh mac exasfalÐzei pollèc qr simec idiìthtec, gi’autì kai brÐskei efarmog 
se poll� pedÐa twn majhmatik¸n kai �llwn episthm¸n. Dìjhkan oi apodeÐxeic se shmantik�
jewr mata ìpwc eÐnai to je¸rhma Karajeodwr , to Mazur, to Krein-Milman kai h probol 
se kleistì kurtì sÔnolo. EpÐshc, diereun jhke h sunèqeia kai h paragwgisimìthta twn
kurt¸n sunart sewn.



Abstract

The purpose of this thesis was to study convex sets, convex functions and their properties.
Convexity is a very important feature, the existence of which brings many useful properties
and that’s why it has applications in many fields of mathematics and other sciences. Proofs
of important theorems were given like Caratheodory theorem, Mazur theorem, Krein-
Milman theorem and the projection on a closed convex set. Moreover, convex functions
were investigated from the aspect of continuity and differentiability.



EuqaristÐec

Ja  jela na euqarist sw ton kajhght  mou, k. D. KrabbarÐth, gia thn projumÐa me thn
opoÐa dèqthke na anal�bei thn epÐbleyh thc diplwmatik c mou kai th bo jei� tou kaj’ìlh
th di�rkeia thc sunergasÐac mac.

Iw�nnhc Gewrgar�c
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Kef�laio 1

Kurt� SÔnola

Se autì to kef�laio ja parousi�soume k�poia basik� qarakthristik� twn kurt¸n sunìlwn.
'Opou den dieukrinÐzetai, jewroÔme ìti eÐmaste ston Rn me thn eukleÐdia nìrma.

1.1 Orismìc kai Basikèc Idiìthtec

Xekin�me me ton orismì tou kurtoÔ sunìlou:

Orismìc 1.1.1. 'Ena sÔnolo C ⊆ Rn lègetai kurtì an ∀x, x′ ∈ C kai ∀λ ∈ [0, 1] èqoume
λx+ (1− λ)x′ ∈ C.

H gewmetrik  ermhneÐa tou orismoÔ eÐnai ìti to eujÔgrammo tm ma pou en¸nei opoiad -
pote duo shmeÐa x, x′ enìc kurtoÔ sunìlou (sumbolizìmeno wc [x, x′] := {λx + (1 − λ)x′ :
0 6 λ 6 1}) brÐsketai ex olokl rou sto sÔnolo.

K�poia paradeÐgmata kurt¸n sunìlwn eÐnai:
1. Ta kurt� sÔnola se mia di�stash eÐnai akrib¸c ta diast mata.
2. 'Ena sÔnolo A ⊆ Rn eÐnai afinikì an λA + µA ⊆ A ∀λ, µ ∈ R, λ + µ = 1.

'Enac afinikìc q¸roc sto Rn eÐnai èna uperepÐpedo tou Rn an èqei di�stash n − 1.
K�je uperepÐpedo kai genikìtera k�je afinikìc q¸roc eÐnai profan¸c kurt� sÔnola. 'Estw
uperepÐpedo Hs,r = {x ∈ Rn : ⟨s, x⟩ = r}. Autì orÐzei ton kleistì hmÐqwro {x ∈ Rn :
⟨s, x⟩ 6 r} kai ton anoiqtì hmÐqwro {x ∈ Rn : ⟨s, x⟩ < r} oi opoÐoi epÐshc eÐnai kurt�
sÔnola.

3. 'Enac k¸noc K eÐnai èna sÔnolo tètoio ¸ste h hmieujeÐa {λx : λ > 0} perièqetai
sto K, ìtan x ∈ K. 'Enac kurtìc k¸noc eÐnai ènac k¸noc pou eÐnai kurtìc. 'Ena aplì
par�deigma kurtoÔ k¸nou eÐnai to mh arnhtikì orjomìrio (orthant) tou Rn

Ω+ := {x = (ξ1, . . . , ξn) : ξi > 0 gia i = 1, . . . , n}

1



KEF�ALAIO 1. KURT�A S�UNOLA 2

DiadikasÐec pou diathroÔn thn kurtìthta se sÔnola

Prìtash 1.1.2. 'Estw {Cj}j∈J mia tuqaÐa oikogèneia kurt¸n sunìlwn. Tìte h tom 
C := ∩{Cj : j ∈ J} eÐnai kurtì sÔnolo.

Apìdeixh. 'Estw x, x′ ∈ C. Tìte gia k�je j ∈ J isqÔei x, x′ ∈ Cj ki epeid  to Cj eÐnai
kurtì, [x, x′] ⊆ Cj gia k�je j ∈ J , �ra [x, x′] ∈ C.

Parat rhsh: Se antÐjesh me thn tom , h ènwsh kurt¸n sunìlwn sun jwc den eÐnai
kurtì sÔnolo.

Prìtash 1.1.3. An C,D ⊆ Rn eÐnai kurt� sÔnola kai µ ∈ R, tìte C +D kai µC eÐnai ki
aut� kurt�.

Apìdeixh. 'Estw λ, ξ > 0 tètoia ¸ste λ + ξ = 1. Lìgw thc kurtìthtac twn C,D èqoume
λC+ξC ⊆ C kai λD+ξD ⊆ D. Sunep¸c λ(C+D)+ξ(C+D) = (λ+ξ)C+(λ+ξ)D ⊆ C+D.
'Ara C +D kurtì.
'Omoia λ(µC) + ξ(µC) = µ(λC + ξC) ⊆ µC. 'Ara µC kurtì.

Genikìtera, gia µ1, µ2 pragmatikoÔc arijmoÔc kai C,D kurt� to sÔnolo µ1C + µ2D
eÐnai kurtì.

Prìtash 1.1.4. Gia i = 1, . . . , k èstw Ci ⊆ Rni kurt� sÔnola. Tìte to C1 × · · · × Ck

eÐnai kurtì sÔnolo.

To antÐstrofo isqÔei epÐshc; To C1 × · · · × Ck eÐnai kurtì an kai mìno an k�je Ci

eÐnai kurtì, ìpwc faÐnetai kai apì thn epìmenh idiìthta. JumÐzoume thn ènnoia thc afinik c
apeikìnishc: Mia apeikìnish A : Rn → Rm lègetai afinik  ìtan

A(λx+ (1− λ)x′) = λA(x) + (1− λ)A(x′)

gia k�je x kai x′ sto Rn kai k�je λ ∈ R. Autì shmaÐnei ìti h x 7→ A(x) − A(0) eÐnai
grammik , opìte mia afinik  apeikìnish qarakthrÐzetai apì mia grammik  apeikìnish A0 kai
èna shmeÐo y0 := A(0) ∈ Rm:

A(x) = A0x+ y0 gia k�je x ∈ Rm.

Prìtash 1.1.5. 'Estw h afinik  apeikìnish A : Rn → Rm kai C èna kurtì sÔnolo tou
Rn. H eikìna A(C) tou C mèsw thc A eÐnai kurtì sÔnolo ston Rm.

An D eÐnai kurtì sÔnolo ston Rm, tìte h antÐstrofh eikìna A−1(D) eÐnai kurtì sÔnolo
ston Rn.

Apìdeixh. Gia x, x′ ∈ Rn h eikìna tou tm matoc [x, x′] eÐnai to tm ma [A(x), A(x′)] ⊂ Rm, to
opoÐo apodeiknÔei ton pr¸to isqurismì, all� kai to deÔtero: Pr�gmati, an x, x′ eÐnai tètoia
¸ste ta A(x) kai A(x′) eÐnai kai ta duo sto kurtì sÔnolo D, tìte k�je shmeÐo tou tm matoc
[x, x′] èqei thn eikìna tou sto [A(x), A(x′)] ⊂ D.
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Parak�tw orÐzoume to eswterikì kai thn kleistìthta enìc sunìlou gia na d¸soume sth
sunèqeia k�poiec qr simec topologikèc idiìthtec twn kurt¸n sunìlwn.

Orismìc 1.1.6. 'Estw A ⊆ Rn. Onom�zoume eswterikì tou A to sÔnolo

intA := {x ∈ Rn : ∃ρ > 0 ¸ste B(x, ρ) ⊆ A}1

Ta shmeÐa pou apoteloÔn to intA onom�zontai eswterik� shmeÐa tou A.

Orismìc 1.1.7. 'Estw A ⊆ Rn. Onom�zoume kleistìthta tou A to sÔnolo

A := {x ∈ Rn : B(x, ε) ∩A ̸= ∅, ∀ε > 0}

  isodÔnama
A := {x ∈ Rn : ∃(xn)n me xn ∈ A∀n ∈ N ¸ste xn → x}

Ta shmeÐa pou apoteloÔn to A onom�zontai oriak� shmeÐa tou A.

Prìtash 1.1.8. An C kurtì, tìte kai to intC eÐnai kurtì.

Apìdeixh. 'Estw x, y ∈ intC, λ ∈ [0, 1] kai z = λx+ (1− λ)y. AfoÔ x, y ∈ intC up�rqoun
ε1, ε2 > 0 me B(x, ε1) ⊆ C kai B(y, ε2) ⊆ C. Jètoume ε = min{ε1, ε2} ki ètsi B(x, ε) ⊆ C
kai B(y, ε) ⊆ C.
Isqurismìc: B(z, ε) ⊆ C kai �ra z ∈ intC.
'Estw w ∈ B(z, ε). Tìte ∥w − z∥ < ε. Jètoume u = w − z, x1 = x+ u, y1 = y + u. Tìte
∥u∥ < ε kai ∥x1 − x∥ = ∥x+ u− x∥ = ∥u∥ < ε �ra x1 ∈ B(x, ε), dhlad  x1 ∈ C. OmoÐwc
y1 ∈ C.
Opìte, w = z+u = λx+(1−λ)y+λu+(1−λ)u = λ(x+u)+(1−λ)(y+u) = λx1+(1−λ)y1.
Dhlad  w ∈ C.

Prìtash 1.1.9. An C kurtì, tìte kai to C eÐnai kurtì.

Apìdeixh. 'Estw x, y ∈ C, λ ∈ [0, 1] kai z = λx+(1−λ)y. AfoÔ x ∈ C, up�rqei (xn)n ⊆ C
¸ste xn → x kai omoÐwc afoÔ y ∈ C, up�rqei (yn)n ⊆ C ¸ste yn → y. Epeid  to C eÐnai
kurtì, gia to dedomèno λ èqoume zn = λxn+(1−λ)yn ∈ C. Epiplèon zn → λx+(1−λ)y = z
�ra z ∈ C.

1.2 KurtoÐ SunduasmoÐ kai Kurtèc J kec

GnwrÐzoume apì th grammik  �lgebra ìti grammikìc sunduasmìc twn stoiqeÐwn tou

Rn onom�zetai to stoiqeÐo
k∑

i=1

λixi, ìpou λi ∈ R. Ja orÐsoume t¸ra mia eidik  perÐptwsh

grammikoÔ sunduasmoÔ, ton kurtì sunduasmì.

1Συμβολίζουμε με B(x, ρ) το σύνολο των σημείων που απέχουν από το x απόσταση μικρότερη του
ρ.
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Orismìc 1.2.1. Onom�zoume kurtì sunduasmì twn stoiqeÐwn x1, . . . , xk ston Rn èna
stoiqeÐo thc morf c

k∑
i=1

λixi, ìpou
k∑

i=1

λi = 1 kai λi > 0 gia i = 1, . . . , k.

Orismìc 1.2.2. 'Estw A ⊆ Rn. Onom�zoume kurt  j kh tou A thn tom  ìlwn twn
kurt¸n uposunìlwn tou Rn pou perièqoun to A,

convA := ∩{C ⊆ Rn : C kurtì kai A ⊆ C}.

H kurt  j kh mporeÐ na perigrafeÐ kai wc to sÔnolo ìlwn twn kurt¸n sunduasm¸n.
Ja to apodeÐxoume parak�tw me th bo jeia thc epìmenhc prìtashc:

Prìtash 1.2.3. An to C ⊆ Rn eÐnai kurtì, tìte perilamb�nei k�je kurtì sunduasmì
stoiqeÐwn tou, dhlad  gia k�je k ∈ N, gia ìla ta x1, . . . , xk ∈ C kai gia ìla ta λ1, . . . , λk ∈

[0, 1] me
k∑

i=1

λi = 1 isqÔei
k∑

i=1

λixi ∈ C.

Apìdeixh. Ja to deÐxoume me epagwg . Gia k = 1 èqoume λ1 = 1 kai �ra λ1x1 = x1 ∈ C.
'Estw ìti h prìtash isqÔei gia k�poio k ∈ N. Ja deÐxoume ìti isqÔei kai gia to k+1. 'Estw

x1, . . . , xk+1 ∈ C, λ1, . . . , λk+1 ∈ [0, 1] me
k+1∑
i=1

λi = 1 kai jètoume z = λ1x1+ . . .+λk+1xk+1.

Gia λk+1 = 1 èqoume λ1 = . . . = λk = 0. 'Ara z = λk+1xk+1 = xk+1 ∈ C.
Gia 0 6 λk+1 < 1 èqoume λ1 + . . . + λk = 1 − λk+1 ∈ (0, 1]. 'Ara to z gr�fetai z =

(1 − λk+1)

(
λ1

1− λk+1
x1 + . . .+

λk

1− λk+1
xk

)
+ λk+1xk+1. Jètoume z1 =

λ1

1− λk+1
x1 +

. . . +
λk

1− λk+1
xk. To z1 eÐnai kurtìc sunduasmìc k stoiqeÐwn tou C, �ra apì epagwgik 

upìjesh z1 ∈ C. Epomènwc to z gr�fetai z = (1− λk+1)z1 + λk+1xk+1, dhlad  an kei sto
eujÔgrammo tm ma [z1, xk+1] ki afoÔ to C eÐnai kurtì, èqoume ìti z ∈ C.

Prìtash 1.2.4. 'Estw A ⊆ Rn. Tìte h kurt  j kh tou A tautÐzetai me to sÔnolo twn
kurt¸n sunduasm¸n twn stoiqeÐwn tou A.

Apìdeixh. Jètoume B = {
k∑

i=1

λixi : k ∈ N, x1, . . . , xk ∈ A,

k∑
i=1

λi = 1, λi ∈ [0, 1]}. Jèloume

na deÐxoume ìti B = convA.
•B ⊆ convA

Pr�gmati, to sÔnolo convA eÐnai ex orismoÔ kurtì pou perièqei to A. Apì thn prìtash
1.2.3 èqoume ìti to convA perièqei ìlouc touc kurtoÔc sunduasmoÔc twn stoiqeÐwn tou.
Epeid  A ⊆ convA èqoume ìti to convA ja perièqei kai ìlouc touc kurtoÔc sunduasmoÔc
twn stoiqeÐwn tou A.
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•convA ⊆ B
ParathroÔme ìti A ⊆ B. Epeid  convA = ∩{C ⊆ Rn : C kurtì kai A ⊆ C}, arkeÐ na

deiqjeÐ ìti to B eÐnai kurtì.
'Estw z1, z2 ∈ B kai λ ∈ [0, 1]. 'Estw z = λz1 + (1 − λ)z2. Ja deÐxoume ìti z ∈ B.

Ta z1, z2 wc stoiqeÐa tou B gr�fontai z1 =

k∑
i=1

λixi me xi ∈ A,
k∑

i=1

λi = 1, λi ∈ [0, 1] kai

z2 =
m∑
i=1

µiyi me yi ∈ A,
m∑
i=1

µi = 1, µi ∈ [0, 1]. Kai to z gÐnetai:

z = λz1 + (1− λ)z2 = λ
k∑

i=1

λixi + (1− λ)
m∑
i=1

µiyi =
k∑

i=1

λλixi +
m∑
i=1

(1− λ)µiyi.

AfoÔ
k∑

i=1

λλi+
m∑
i=1

(1−λ)µi = λ
k∑

i=1

λixi+(1−λ)
m∑
i=1

µi = λ+(1−λ) = 1 kai λλi, (1−λ)µi >

0 shmaÐnei ìti z ∈ B, dhlad  B kurtì.

'Estw èna sÔnolo A ⊆ Rn. Gia k�je jetikì akèraio k onom�zoume Ak to sÔnolo ìlwn
twn kurt¸n sunduasm¸n k stoiqeÐwn tou A. 'Etsi èqoume A = A1 ⊂ A2 ⊂ · · · ⊂ Ak ⊂ · · · .
Ta Ak den eÐnai ìla kurt�, ìmwc h ènws  touc eÐnai kurt  kai sumpÐptei me thn kurt  j kh
tou A. SÔmfwna me to jèwrhma Karajeodwr  to k de qrei�zetai na ft�sei to +∞, all�
arkeÐ na p�rei thn tim  n+1, dhlad  An+1 = convA. Parak�tw ja apodeÐxoume to je¸rhma,
afoÔ pr¸ta d¸soume mia qr simh gia thn apìdeix  tou prìtash.

Prìtash 1.2.5. 'Estw k > n+2 kai x1, . . . , xk ∈ Rn diaforetik� an� dÔo. Tìte up�rqoun

µ1, . . . , µk ∈ R ìqi ìla mhdèn, tètoia ¸ste
k∑

i=1

µi = 0 kai
k∑

i=1

µixi = 0.

Apìdeixh. Gia k�je i = 1, . . . , k − 1 jètoume yi = xi − xk ̸= 0. Epeid  y1, . . . , yk−1 ∈ Rn

kai k − 1 > n + 1 èqoume ìti ta y1, . . . , yk−1 eÐnai grammik¸c exarthmèna. 'Ara up�rqoun
λ1, . . . , λk−1 ∈ R ìqi ìla mhdèn ¸ste

λ1y1 + . . .+ λk−1yk−1 = 0 ⇔
λ1(x1 − xk) + . . .+ λk−1(xk−1 − xk) = 0 ⇔

λ1x1 + . . .+ λk−1xk−1 − (λ1 + . . .+ λk − 1)xk = 0

Jètoume µ1 = λ1, . . . , µk−1 = λk−1, µk = −(λ1+. . .+λk−1). Tìte
k∑

i=1

µi = 0,
k∑

i=1

µixi = 0

kai toul�qiston èna ek twn µ1, . . . , µk−1 den eÐnai mhdèn.

Je¸rhma (K. Karajeodwr ) 1.2.6. 'Estw A ⊆ Rn. Tìte

convA = {
k∑

i=1

λixi : x1, . . . , xk ∈ A,
k∑

i=1

λi = 1, λi ∈ [0, 1], 1 6 k 6 n+ 1}.
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Dhlad  k�je stoiqeÐo thc kurt c j khc tou A eÐnai kurtìc sunduasmìc to polÔ n + 1
stoiqeÐwn tou A.

Apìdeixh. 'Estw z ∈ convA. Tìte up�rqoun k ∈ N, x1, . . . , xk ∈ A, λ1, . . . , λk ∈ [0, 1] me
k∑
i

λi = 1, ¸ste z =
k∑

i=1

λixi. Ac upojèsoume ìti k > n + 1. Ja deÐxoume tìte ìti to z

mporeÐ na grafeÐ kai wc kurtìc sunduasmìc k − 1 stoiqeÐwn tou A. AfoÔ k > n + 2, apì

thn prìtash 1.2.5 up�rqoun µ1, . . . , µk ∈ R ìqi ìla mhdèn, ¸ste
k∑

i=1

µi = 0 kai
k∑

i=1

µixi = 0.

Epomènwc gia k�je λ ∈ R mporoÔme na gr�youme
k∑

i=1

(λi−λµi) = 1 kai
k∑

i=1

(λi−λµi)xi = z.

Jètoume λ = min{λi

µi
: µi > 0}. Tìte gia k�je i = 1, . . . , k isqÔei λi − λµi > 0.

Pr�gmati, an µi 6 0 ⇔ λµi 6 0 ⇔ −λµi > 0 ⇔ λi − λµi > 0. An µi > 0, tìte

λi − λµi > 0⇔ λi > λµi ⇔
λi

µi
> λ pou isqÔei apì thn epilog  tou λ.

'Ara, to z =

k∑
i=1

(λi − λµi)xi eÐnai kurtìc sunduasmìc k stoiqeÐwn tou A. Epeid 

λ =
λi0

µi0

⇔ λi0 − λµi0 = 0 gia k�poio i0 ∈ {1, . . . , k}, mporoÔme na gr�youme

z =
k∑

i=1
i̸=i0

(λi − λµi)xi me #{xi : i = 1, . . . , k kai i ̸= i0} = k − 1.

1.3 Kleistèc Kurtèc J kec

Orismìc 1.3.1. 'Ena sÔnolo eÐnai kleistì an perièqei k�je oriakì tou shmeÐo.

Ta perissìtera apì ta kurt� sÔnola pou mac apasqoloÔn eÐnai kleist�. Gi’autì eÐnai
skìpimo na d¸soume ton orismì thc kleist c kurt c j khc.

Orismìc 1.3.2. 'Estw A ⊆ Rn. Onom�zoume kleist  kurt  j kh tou A thn tom  ìlwn
twn kleist¸n kurt¸n uposunìlwn tou Rn pou perièqoun to A,

convA := ∩{C ⊆ Rn : C kleistì kurtì kai A ⊆ C}.

'Enac �lloc trìpoc na perigr�youme thn kleist  kurt  j kh apodeiknÔetai parak�tw.

Prìtash 1.3.3. H kleist  kurt  j kh convA tou orismoÔ 1.3.2 eÐnai h kleistìthta
convA thc kurt c j khc tou A.
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Apìdeixh. Epeid  to convA eÐnai kleistì sÔnolo pou perièqei to A, perièqei kai to convA
epÐshc. AntÐstrofa, paÐrnoume èna kleistì kurtì sÔnolo C pou perièqei to A. Wc kurtì, to
C perièqei to convA. Wc kleistì, perièqei epÐshc to convA. AfoÔ to C to p rame tuqaÐa,
sumperaÐnoume ìti ∩C = convA ⊃ convA.

1.4 AkraÐa ShmeÐa kai AkraÐa UposÔnola

Orismìc 1.4.1. 'Estw C ⊆ Rn kurtì. 'Ena shmeÐo x ∈ C onom�zetai akraÐo shmeÐo tou
C an den up�rqoun x1 ̸= x2 sto C kai λ ∈ (0, 1), ¸ste x = λx1 + (1− λ)x2. To sÔnolo twn
akraÐwn shmeÐwn tou C sumbolÐzetai me extC.

ParadeÐgmata
1. Se èna eujÔgrammo tm ma [x, x′] ta akraÐa shmeÐa eÐnai ta x, x′.
2. Se èna trÐgwno ta akraÐa shmeÐa eÐnai oi 3 korufèc tou.
3. Se ènan hmÐqwro den up�rqoun akraÐa shmeÐa.
4. Sthn kleist  monadiaÐa mp�la B(0, 1) me thn eukleÐdia nìrma ta akraÐa shmeÐa eÐnai

k�je shmeÐo me nìrma Ðsh me 1.

JumÐzoume k�poia qr sima stoiqeÐa gia th sump�geia.

Orismìc 1.4.2. 'Ena sÔnolo A eÐnai sumpagèc an gia k�je akoloujÐa (αn)n me αn ∈ A
∀n ∈ N, up�rqei α ∈ A kai upakoloujÐa (αkn)n thc (αn)n me αkn → α.

Prìtash 1.4.3. 'Estw A sumpagèc kai f : A → R suneq c, tìte h f lamb�nei mègisth
kai el�qisth tim .

Parak�tw apodeiknÔoume mia qr simh topologik  idiìthta tou extA.

Prìtash 1.4.4. An A ⊆ Rn eÐnai sumpagèc kai kurtì, tìte extA ̸= ∅.

Apìdeixh. JewroÔme th sun�rthsh ϕ(x) = ∥x∥2. Epeid  to A eÐnai sumpagèc, apì thn
prìtash 1.4.3 up�rqei x̄ ∈ A pou megistopoieÐ thn ϕ. Upojètoume ìti up�rqoun x1, x2 ∈ A
tètoia ¸ste x̄ = 1/2(x1 + x2). An upojèsoume ìti x1 ̸= x2, tìte

∥x̄∥2 = ∥1
2
(x1 + x2)∥2 <

1

2
(∥x1∥2 + ∥x2∥2) 6

1

2
(∥x̄∥2 + ∥x̄∥2) = ∥x̄∥2

to opoÐo eÐnai �topo. Sunep¸c x1 = x2 = x̄, dhlad  x̄ ∈ extA.

Je¸rhma (H. Minkowski) 1.4.5. 'Estw C sumpagèc, kurtì sto Rn. Tìte to C eÐnai h
kurt  j kh twn akraÐwn shmeÐwn tou: C = conv(extC).
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Orismìc 1.4.6. 'Estw A ⊆ Rn. 'Ena mh kenì, kleistì, kurtì sÔnolo F ⊆ A lègetai
akraÐo tou A an ikanopoieÐ thn ex c idiìthta:

(x1, x2) ∈ A×A
∃λ ∈ (0, 1) : λx1 + (1− λ)x2 ∈ F

}
=⇒ [x1, x2] ⊆ F

ParadeÐgmata:
1. Se k�je kurtì sÔnolo C ta ∅, C, kaj¸c kai k�je x0 ∈ extC eÐnai akraÐa uposÔnol�

tou. To C eÐnai to monadikì akraÐo uposÔnolo di�stashc dimC, en¸ ta akraÐa shmeÐa eÐnai
ta monadik� akraÐa uposÔnola di�stashc 0.

2. Se èna trÐgwno me korufèc ta x0, x1, x2 ta akraÐa uposÔnol� tou eÐnai to ∅, ta
{x0}, {x1}, {x2}, ta [x0, x1], [x1, x2], [x2, x0], kaj¸c kai to Ðdio to trÐgwno.

3. Sthn kleist  mp�la B(0, 1) ta akraÐa uposÔnola eÐnai to ∅, ta akraÐa shmeÐa {x} me
∥x∥ = 1 kai h Ðdia h mp�la B(0, 1).

1.5 Probol  se Kleist� Kurt� SÔnola

Orismìc 1.5.1. 'Estw mh kenì A ⊆ Rn. 'Estw x ∈ Rn. OrÐzoume thn apìstash tou x
apì to A wc

d(x,A) := inf {d(x, α) : α ∈ A}.

Den isqÔei genik� ìti up�rqei α0 ∈ A me d(x, α0) = d(x,A). Gia par�deigma, èstw
A = (0, 1) kai x = 2. Tìte d(x,A) = 1, ìmwc den up�rqei α ∈ A me d(x, α) = 1. Sthn
epìmenh prìtash ja apodeÐxoume ìti arkeÐ to A na eÐnai kleistì gia na up�rqei tètoio α0.

Prìtash 1.5.2. 'Estw mh kenì A ⊆ Rn kleistì. Tìte gia k�je x ∈ Rn up�rqei α ∈ A,
¸ste d(x,A) = d(x, α).

Apìdeixh. Epeid  d(x,A) := inf {d(x, α) : α ∈ A}, èpetai ìti up�rqei (αn)n ⊆ A ¸ste

d(x, αn)→ d(x,A) (1.1)

'Ara h (αn)n eÐnai fragmènh, diìti

∥αn∥ 6 ∥αn − x+ x∥ 6 ∥αn − x∥+ ∥x∥ 6 d(x, αn) + ∥x∥ (1.2)

H (d(x, αn))n eÐnai fragmènh wc sugklÐnousa. 'Ara up�rqei M > 0 tètoio ¸ste

d(x, αn) 6 M, ∀n ∈ N (1.3)

'Ara apì (1.2) kai (1.3) èqoume ∥αn∥ 6 M + ∥x∥ gia k�je n ∈ N.
'Ara apì je¸rhma Bolzano - Weierstrass up�rqei upakoloujÐa (αkn)n thc (αn)n kai

α ∈ Rn ¸ste αkn → α  
d(αkn , x)→ d(α, x) (1.4)
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Epeid  A kleistì, èqoume α ∈ A. ParathroÔme ìti h (d(αkn , x))n eÐnai upakoloujÐa thc
(d(αn, x))n kai �ra apì (1.1)

d(αkn , x)→ d(x,A) (1.5)

Apì (1.4) kai (1.5) èpetai ìti d(x,A) = d(x, α).

L mma 1.5.3. 'Estw A ⊆ Rn kurtì, x ∈ Rn, α0 ∈ A. Ta epìmena eÐnai isodÔnama:

(1) d(x,A) = d(x, α0)

(2) ⟨x− α0, α− α0⟩ 6 0, ∀α ∈ A

Apìdeixh. (1) ⇒ (2) AfoÔ d(x, α0) = d(x,A) = inf{d(x, α) : α ∈ A} isqÔei d(x, α0) 6
d(x, α) gia k�je α ∈ A. 'Estw α ∈ A kai λ ∈ (0, 1]. Tìte (1− λ)α0 + λα ∈ A, epeid  to A
eÐnai kurtì. 'Ara

d(x, α0) 6 d(x, (1− λ)α0 + λα)⇔
∥x− α0∥2 6 ∥x− (1− λ)α0 + λα∥2 ⇔
∥x− α0∥2 6 ∥(x− α0)− λ(α− α0)∥2 ⇔

⟨x− α0, x− α0⟩ 6 ⟨(x− α0)− λ(α− α0), (x− α0)− λ(α− α0)⟩ ⇔
⟨x− α0, x− α0⟩ 6 ⟨x− α0, x− α0⟩+ 2⟨x− α0,−λ(α− α0)⟩+ ⟨λ(α− α0), λ(α− α0)⟩ ⇔

0 6 −2λ⟨x− α0, α− α0⟩+ λ2∥α− α0∥2 ⇔
0 6 −2⟨x− α0, α− α0⟩+ λ∥α− α0∥2

PaÐrnontac to ìrio ìtan λ→ 0 èqoume ìti

0 6 −2⟨x− α0, α− α0⟩ ⇔
⟨x− α0, α− α0⟩ 6 0

(2)⇒ (1) ArkeÐ na deÐxoume ìti d(x, α0) 6 d(x, α), ∀α ∈ A. Pr�gmati,

d(x, α0) 6 d(x, α)⇔
∥x− α0∥2 6 ∥x− α∥2

∥x− α0∥2 6 ∥(x− α0) + (α0 − α)∥2 ⇔
∥x− α0∥2 6 ⟨(x− α0) + (α0 − α), (x− α0) + (α0 − α)⟩ ⇔
∥x− α0∥2 6 ∥x− α0∥2 + 2⟨α0 − α, x− α0⟩+ ∥α0 − α∥2 ⇔

0 6 2⟨x− α0, α0 − α⟩+ ∥α0 − α∥2 ⇔
0 6 −2⟨x− α0, α− α0⟩+ ∥α0 − α∥2 pou isqÔei

Prìtash 1.5.4. 'Estw mh kenì A ⊆ Rn kleistì kai kurtì. Tìte gia k�je x ∈ Rn up�rqei
monadikì α0 ∈ A, ¸ste d(x,A) = d(x, α0).
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Apìdeixh. Epeid  to A eÐnai kleistì, apì thn prìtash 1.5.2 èqoume ìti up�rqei α ∈ A me
d(x, α) = d(x,A). Upojètoume ìti up�rqoun dÔo tètoia shmeÐa α1, α2 ∈ A ¸ste d(x, α1) =
d(x, α2) = d(x,A). Apì to l mma 1.5.3 èqoume ⟨x−α1, α2−α1⟩ 6 0 kai ⟨x−α2, α1−α2⟩ =
⟨α2 − x, α2 − α1⟩ 6 0. Prosjètontac kat� mèlh tic anisìthtec èqoume

⟨α2 − α1, α2 − α1⟩ 6 0 ⇔
∥α2 − α1∥2 6 0 ⇔
∥α2 − α1∥ = 0 ⇔

α2 = α1

ParathroÔme ìti h idiìthta tou kleistoÔ mac dÐnei thn Ôparxh tou α0. H monadikìtht�
tou ìmwc exasfalÐzetai apì thn kurtìthta tou A.

Tèloc, dÐnoume ton orismì thc probol c.

Orismìc 1.5.5. 'Estw mh kenì A ⊆ Rn kleistì kai kurtì. OrÐzoume thn probol  tou
Rn sto A na eÐnai h apeikìnish pA : Rn → A ìpou gia k�je x ∈ Rn, pA(x) eÐnai to mona-
dikì shmeÐo tou A me thn idiìthta ∥x − pA(x)∥ = d(x,A) dhlad  to pA eÐnai to monadikì
plhsièstero sto x shmeÐo tou A.



Kef�laio 2

Basik� Jewr mata se Q¸rouc
Banach

2.1 Diaqwristik� Jewr mata

'Estw E ènac q¸roc Banach. UpenjumÐzoume ìti grammikì sunarthsiakì onom�zoume
mia grammik  apeikìnish orismènh sto E   ènan upìqwrì tou me timèc sto R. Ja d¸soume
t¸ra ton orismì gia to uperepÐpedo.

Orismìc 2.1.1. 'Ena uperepÐpedo eÐnai èna sÔnolo thc morf c

H = {x ∈ E : f(x) = α}

ìpou f eÐnai èna grammikì sunarthsiakì p�nw sto E, ìqi tautotik� mhdèn kai α ∈ R. Lème
ìti to H eÐnai èna uperepÐpedo me exÐswsh [f = α].

Prìtash 2.1.2. To uperepÐpedo me exÐswsh [f = α] eÐnai kleistì an kai mìno an to f
eÐnai suneqèc.

Apìdeixh. EÐnai fanerì ìti an to f eÐnai suneqèc, tìte to H eÐnai kleistì. AntÐstrofa ac
upojèsoume ìti to H eÐnai kleistì. To sumpl rwma {H tou H eÐnai anoiqtì kai mh kenì
(afoÔ f ̸= 0). 'Estw x0 ∈ {H kai ac upojèsoume pq ìti f(x0) < α. 'Estw r > 0 tètoio
¸ste B(x0, r) ⊂ {H ìpou

B(x0, r) = {x ∈ E : ∥x− x0∥ < r}.

Tìte
f(x) < α ∀x ∈ B(x0, r). (2.1)

Pr�gmati ac upojèsoume ìti f(x1) > α gia k�poio x1 ∈ B(x0, r). To eujÔgrammo tm ma

{xt = (1− t)x1 + tx0, t ∈ [0, 1]}

11



KEF�ALAIO 2. BASIK�A JEWR�HMATA SE Q�WROUS BANACH 12

perièqetai stoB(x0, r) kai �ra f(xt) ̸= α∀t ∈ [0, 1]. Ex�llou, f(xt) = α gia t =
f(x1)− α

f(x1)− f(x0)
,

pou eÐnai �topo kai �ra isqÔei h (2.1). ProkÔptei apì thn (2.1) ìti

f(x0 + rz) < α ∀z ∈ B(0, 1).

Epomènwc to f eÐnai suneqèc kai isqÔei ∥f∥ < 1

r
(α− f(x0))

Orismìc 2.1.3. 'Estw A ⊂ E kai B ⊂ E. Lème ìti to uperepÐpedo H me exÐswsh [f = α]
diaqwrÐzei ta A kai B me thn eureÐa ènnoia an

f(x) 6 α ∀x ∈ A kai f(x) > α ∀x ∈ B.

Lème ìti to H diaqwrÐzei ta A kai B me th sten  ènnoia an up�rqei ε > 0 tètoio ¸ste

f(x) 6 α− ε ∀x ∈ A kai f(x) > α+ ε ∀x ∈ B.

Parak�tw ja diatup¸soume tic duo gewmetrikèc morfèc tou jewr matoc Hahn-Banach.

Je¸rhma (Hahn-Banach, pr¸th gewmetrik  morf ) 2.1.4. 'Estw A ⊂ E kai
B ⊂ E duo sÔnola kurt�, mh ken� kai xèna. Upojètoume ìti to A eÐnai anoiqtì. Tìte up�rqei
èna kleistì uperepÐpedo pou diaqwrÐzei ta A kai B me thn eureÐa ènnoia.

Je¸rhma (Hahn-Banach, deÔterh gewmetrik  morf ) 2.1.5. 'Estw A ⊂ E kai
B ⊂ E duo sÔnola kurt�, mh ken� kai xèna. Upojètoume ìti to A eÐnai kleistì kai ìti to
B eÐnai sumpagèc. Tìte up�rqei èna kleistì uperepÐpedo pou diaqwrÐzei ta A kai B me th
sten  ènnoia.

2.2 Je¸rhma Mazur

Je¸rhma (Mazur) 2.2.1. 'Estw E q¸roc Banach kai X èna sqetik� sumpagèc uposÔ-
nolo tou E. Tìte to convX eÐnai epÐshc sqetik� sumpagèc uposÔnolo tou E.

Apìdeixh. 'Estw V mia perioq  tou 0 sto E. Tìte up�rqei mia kurt  perioq  tou 0 ,W , sto
E ètsi ¸ste

W +W ⊂ V. (2.2)

An to X eÐnai èna sqetik� sumpagèc uposÔnolo tou E, tìte up�rqoun telik� poll� shmeÐa
x1, . . . , xn sto X ètsi ¸ste

X ⊂ {x1, . . . , xn}+W.

An eÐnai x ∈ convX tìte sÔmfwna me thn Prìtash 1.2.4 to x eÐnai kurtìc sunduasmìc
stoiqeÐwn y1, . . . , yn sto X:

x =
m∑
i=1

tiyi.
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Up�rqoun tìte m suntelestèc j1, . . . , jm ètsi ¸ste

yi − xji ∈W, i = 1, . . . ,m.

Epomènwc,

x−
m∑
i=1

tixji =

m∑
i=1

ti(yi − xji) ∈W.

PaÐrnoume
convX ⊂ conv{x1, . . . , xn}+W. (2.3)

'Estw W ′ kurt  perioq  tou 0 sto E tìte up�rqei èna t > 0 ètsi ¸ste

{x1, . . . , xn} ⊂ tW ′.

ExaitÐac thc kurtìthtac tou W ′ tìte kai k�je kurtìc sunduasmìc twn x1, . . . , xn an kei
sto tW ′. SÔmfwna p�li me thn Prìtash 1.2.4 isqÔei

conv{x1, . . . , xn} ⊂ tW ′.

dhlad  to conv{x1, . . . , xn} eÐnai periorismèno sto E kai wc uposÔnolo tou sp{x1, . . . , xn}
an kei telik� kai sto dianusmatikì upìqwro sp{x1, . . . , xn} tou E. 'Etsi h conv{x1, . . . , xn}
eÐnai sqetik� sumpag c se autì ton upìqwro. Up�rqoun epomènwc telik� poll� shmeÐa
z1, . . . , zp sthn conv{x1, . . . , xn} ètsi ¸ste

conv{x1, . . . , xn} ⊂ {z1, . . . , zp}+W.

Apì (2.2) kai (2.3) prokÔptei

convX ⊂ {z1, . . . , zp}+ V,

dhlad  h convX eÐnai sqetik� sumpag c sto E.

Pìrisma 2.2.2. 'Estw E q¸roc Banach kai X ⊂ E sqetik� sumpagèc. Tìte isqÔei kai
gia k�je uposÔnolo Y tou E ìti

conv(X + Y ) = convX + convY.

An to Y eÐnai kai sqetik� sumpagèc tìte epiplèon isqÔei

conv(X ∪ Y ) = conv[convX ∪ convY ].

2.3 Je¸rhma Krein-Milman

Prìtash 2.3.1. 'Estw X q¸roc Banach kai K èna mh kenì kai kleistì uposÔnolo tou
X.
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(1) An {Ai : i ∈ I} eÐnai mia oikogèneia apì akraÐa uposÔnola tou K me ∩i∈IAi = A ̸= ∅
tìte to A eÐnai akraÐo uposÔnolo tou K.

(2) An A ⊂ B ⊂ K ¸ste to B eÐnai akraÐo uposÔnolo tou K kai to A akraÐo uposÔnolo tou
B, tìte to A eÐnai akraÐo uposÔnolo tou K.

Apìdeixh. (1) To A eÐnai kleistì kai akraÐo uposÔnolo touK wc tom  kleist¸n kai kurt¸n.
'Estw z ∈ A kai 0 < λ < 1, x, y ∈ K ¸ste z = λx+ (1− λ)y. Tìte z ∈ Ai gia k�je i ∈ I
kai �ra x, y ∈ Ai, ∀i ∈ I. Sunep¸c, x, y ∈ ∩i∈IAi = A kai �ra to A eÐnai akraÐo uposÔnolo
tou K.

(2) 'Estw 0 < λ < 1, x, y ∈ K kai z ∈ A ¸ste z = λx+(1−λ)y. AfoÔ A ⊂ B, èqoume
ìti z ∈ B kai epeid  to B eÐnai akraÐo uposÔnolo tou K, èqoume ìti x, y ∈ B. Epeid  to
A eÐnai akraÐo uposÔnolo tou B, èpetai ìti x, y ∈ A. 'Ara to A eÐnai akraÐo uposÔnolo tou
K.

PARATHRHSH. Apì to (2) thc prohgoÔmenhc prìtashc èqoume �mesa kai to ex c: An
A ⊂ K akraÐo uposÔnolo tou K, tìte extA ⊂ extK.

Je¸rhma (Krein-Milman) 2.3.2. 'EstwX q¸roc Banach kaiK èna mh kenì sumpagèc
kurtì uposÔnolo tou X. Tìte K = conv(extK).

Apìdeixh. DeÐqnoume kat’arq n ìti extK ̸= ∅. Jètoume

A = {A ⊂ K : A akraÐo uposÔnolo tou K}.

BHMA 1. H oikogèneia A perièqei èna elaqistikì stoiqeÐo wc proc thn ⊂ dhlad 
up�rqei A ∈ A ¸ste gia k�je B ∈ A me B ⊂ A èqoume ìti B = A.

Apìdeixh. OrÐzoume A < B ⇔ B ⊂ A gia k�je A,B ∈ A. H < eÐnai sqèsh merik c
di�taxhc sto A. Prèpei na deiqjeÐ ìti h A perièqei èna megistikì (wc proc thn <) stoiqeÐo.
Ja efarmìsoume to l mma Zorn. 'Estw C = {Ai : i ∈ I} mia alusÐda sthn A. ArkeÐ na
deiqjeÐ ìti h C èqei �nw fr�gma sthn A. Jètoume A = ∩i∈IAi. Tìte to A eÐnai mh kenì.
Pr�gmati h oikogèneia C (epeid  eÐnai alusÐda) èqei thn idiìthta thc peperasmènhc tom c,
apoteleÐtai apì kleist� sÔnola kai to K eÐnai sumpagèc. 'Ara ∩i∈IAi ̸= ∅. EpÐshc, apì
prìtash 2.3.1 èqoume ìti A ∈ A kai profan¸c A > Ai, ∀i ∈ I afoÔ A ⊂ Ai, ∀i ∈ I

BHMA 2. K�je elaqistikì stoiqeÐo thc A eÐnai monosÔnolo.

Apìdeixh. Upojètoume proc apagwg  se �topo ìti up�rqei A elaqistikì stoiqeÐo thc A
me toul�qiston duo diaforetik� shmeÐa x, y ∈ A. GnwrÐzoume ìti up�rqei x∗ ∈ X∗ ¸ste
x∗(x) ̸= x∗(y) kai èstw x∗(x) < x∗(y). Epeid  to A eÐnai sumpagèc (wc kleistì uposÔnolo
tou sumpagoÔc K) èqoume ìti up�rqei α ∈ R ¸ste α = sup

z∈A
x∗(z) kai epiplèon to sÔnolo

B = {z ∈ A : x∗(z) = α} eÐnai mh kenì. Ja deÐxoume ìti to B eÐnai akraÐo uposÔnolo tou
A. 'Estw y1, y2 ∈ A kai λ ∈ (0, 1) me λy1 + (1− λ)y2 ∈ B. Tìte x∗(λy1 + (1− λ)y2) = α.
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Epeid  to x∗ eÐnai grammikì, èqoume isodÔnama λ(x∗(y1) − x∗(y2)) = α − x∗(y2). 'Ara
x∗(y1) > x∗(y2). Me ton Ðdio trìpo, an jèsoume λ′ = 1− λ deÐqnoume ìti x∗(y1) 6 x∗(y2).
'Ara x∗(y1) = x∗(y2) = α. Epomènwc to B eÐnai akraÐo uposÔnolo tou A kai �ra apì thn
prìtash 2.3.1 èqoume ìti to B eÐnai akraÐo uposÔnolo tou K, dhlad  B ∈ A. Epeid  x /∈ B,
èqoume ìti B ∈ A kai B $ A, �topo afoÔ to A eÐnai elaqistikì akraÐo uposÔnolo tou
K.

Apì ta prohgoÔmena b mata èqoume ìti extK ̸= ∅, afoÔ an {x} eÐnai akraÐo uposÔnolo
tou K tìte profan¸c x ∈ extK.

ProqwroÔme t¸ra na deÐxoume ìti K = conv(extK).

BHMA 3. K = convextK.

Apìdeixh. Jètoume L = convextK. Tìte to L eÐnai kleistì uposÔnolo tou K kai �ra sum-
pagèc kai kurtì wc kleistìthta tou kurtoÔ sunìlou convextK. Upojètoume proc apagwg 
se �topo ìti L $ K. Tìte up�rqei x ∈ K \ L. Apì to diaqwristikì je¸rhma up�rqei
x∗ ∈ X∗ ¸ste

sup
z∈L

x∗(z) < x∗(x).

'Estw α = sup{x∗(y) : y ∈ K} kai B = {y ∈ K : x∗(y) = α}. 'Opwc kai sto B ma 2, to B
eÐnai akraÐo uposÔnolo tou K. Epeid  to B eÐnai sumpagèc kurtì apì ta duo pr¸ta b mata
èqoume ìti extB ̸= ∅. Epeid  ìmwc to B eÐnai akraÐo uposÔnolo tou K, apì thn parat rhsh

extB ⊂ extK ⊂ L.

Autì ìmwc eÐnai adÔnato afoÔ an y ∈ extB tìte x∗(y) = α, en¸ an y ∈ L, x∗(y) < x∗(x) 6
α. 'Ara K = conv(extK).

2.4 Probol  se Kleistì Kurtì SÔnolo se Q¸-

ro Hilbert

Sth sunèqeia me H sumbolÐzoume ènan q¸ro Hilbert.

Je¸rhma 2.4.1. 'Estw K ⊂ H èna kleistì, kurtì kai mh kenì. Tìte gia k�je f ∈ H
up�rqei u ∈ K monadikì tètoio ¸ste

∥f − u∥ = min
v∈K
∥f − v∥ (2.4)

Epiplèon to u qarakthrÐzetai apì thn idiìthta:{
u ∈ K

⟨f − u, v − u⟩ 6 0 ∀v ∈ K
(2.5)

SumbolÐzoume u = PKf=probol  tou f p�nw sto K.
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Apìdeixh. 'Uparxh.
'Estw (vn) mia elaqistopoihtik  akoloujÐa gia thn (2.4) dhlad  vn ∈ K kai

dn = ∥f − vn∥ → d = inf
v∈K
∥f − v∥.

Ja deÐxoume ìti h (vn) eÐnai Cauchy. Efarmìzontac thn tautìthta tou parallhlogr�mmou
me a = f − vn, b = f − vm paÐrnoume∥∥∥∥f − vn + vm

2

∥∥∥∥2 + ∥∥∥∥vn − vm
2

∥∥∥∥2 = 1

2
(d2n + d2m).

Epeid 
vn + vm

2
∈ K, isqÔei

∥∥∥∥f − vn + vm
2

∥∥∥∥ > d. Epomènwc,

∥∥∥∥vn − vm
2

∥∥∥∥2 6 1

2
(d2n + d2m)− d2 kai lim

m,n→∞
∥vn − vm∥ = 0.

Sunep¸c, vn → u ∈ K kai d = ∥f − u∥.
IsodunamÐa twn (2.4) kai (2.5).

'Estw u ∈ K pou ikanopoieÐ thn (2.5) kai èstw w ∈ K. IsqÔei

v = (1− t)u+ tw ∈ K gia t ∈ (0, 1]

kai �ra
∥f − u∥ 6 ∥f − [(1− t)u+ tw]∥ = ∥(f − u)− t(w − u)∥.

Epomènwc,
∥f − u∥2 6 ∥f − u∥2 − 2t⟨f − u,w−⟩+ t2∥w − u∥2

dhlad  2⟨f − u,w− u⟩ 6 t∥w− u∥2. 'Otan t→ 0 paÐrnoume thn (2.5). AntÐstrofa, èstw u
pou ikanopoieÐ thn (2.5). 'Eqoume tìte

∥u− f∥2 − ∥v − f∥2 = 2⟨f − u, v − u⟩ − ∥u− v∥2 6 0 ∀v ∈ K

apì ìpou prokÔptei h (2.4).

Monadikìthta.
'Estw u1 kai u2 pou ikanopoioÔn thn (2.5). 'Eqoume

⟨f − u1, v − u1⟩ 6 0 ∀v ∈ K (2.6)

⟨f − u2, v − u2⟩ 6 0 ∀v ∈ K (2.7)

Antikajist¸ntac v = u2 sthn (2.6) kai v = u1 sthn (2.7) paÐrnoume me prìsjesh ∥u1 −
u2∥2 6 0.
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Je¸rhma 2.4.2. 'Estw M ⊂ H ènac grammikìc kleistìc upìqwroc kai f ∈ H. Tìte to
u = PMf qarakthrÐzetai me {

u ∈M
⟨f − u, v⟩ = 0 ∀v ∈M

(2.8)

Epiplèon, o PM eÐnai ènac grammikìc telest c.

Apìdeixh. Lìgw thc (2.5) èqoume

⟨f − u, v − u⟩ 6 0 ∀v ∈M

kai �ra
⟨f − u, tv − u⟩ 6 0 ∀v ∈M, ∀t ∈ R,

opìte
⟨f − u, v⟩ = 0 ∀v ∈M.



Kef�laio 3

Kurtèc Sunart seic sto R

Se autì to kef�laio ja asqolhjoÔme me tic kurtèc sunart seic orismènec se èna di�sthma
I tou R.

3.1 Orismìc

Orismìc 3.1.1. Mia sun�rthsh f : I → R onom�zetai kurt  an ∀x, x′ ∈ I kai ∀λ ∈ [0, 1]

f(λx+ (1− λ)x′) 6 λf(x) + (1− λ)f(x′).

H f onom�zetai austhr� kurt  an ∀x, x′ ∈ I me x ̸= x′ kai ∀λ ∈ [0, 1]

f(λx+ (1− λ)x′) < λf(x) + (1− λ)f(x′).

H gewmetrik  ermhneÐa tou orismoÔ eÐnai ìti to eujÔgrammo tm ma pou en¸nei ta shmeÐa
(x, f(x)) kai (x′, f(x′)) brÐsketai p�nw apì to gr�fhma thc f . K�poioi isodÔnamoi orismoÐ
thc kurtìthtac thc f : I → R eÐnai ìti isqÔei

(aþ)

f(x) 6 b− x

b− a
f(a) +

x− a

b− a
f(b)

gia k�je a, b, x ∈ I me a < x < b. To dexÐ mèroc thc anisìthtac mporeÐ na grafeÐ

f(a) +
f(b)− f(a)

b− a
(x− a).

(bþ)
f(λa+ µb) 6 λf(a) + µf(b)

gia k�je a, b ∈ I kai gia k�je λ, µ ∈ R tètoia ¸ste λ, µ > 0, λ+ µ = 1.

18
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Prìtash 3.1.2. 'Estw f : I → R. Tìte

f(

n∑
i=1

λixi) 6
n∑

i=1

λif(xi)

gia n ∈ N, xi ∈ I, λi > 0 (1 6 i 6 n),

n∑
i=1

λi = 1.

Apìdeixh. Me epagwg  sto n. Gia n = 1 profanèc. 'Estw ìti isqÔei gia n = k. Ja deÐxoume

tìte ìti isqÔei kai gia n = k + 1. 'Estw x1, . . . , xk+1 ∈ I, λ1, . . . , λk+1 ∈ [0, 1] me
k+1∑
i=1

= 1.

DiakrÐnoume 3 peript¸seic:
•λk+1 = 1

Tìte afoÔ λi > 0 kai
k+1∑
i=1

λi = 1 èpetai ìti λi = 0 gia k�je i = 1, . . . , k kai �ra

f

(
k+1∑
i=1

λixi

)
= f(xk+1) =

k+1∑
i=1

λif(xi)

•λk+1 = 0

Tìte
k∑

i=1

λi = 1 kai

f

(
k+1∑
i=1

λixi

)
= f

(
k∑

i=1

λixi

)
6

k∑
i=1

λf(xi) =
k+1∑
i=1

λf(xi)

•0 < λk+1 < 1

ParathroÔme ìti
k+1∑
i=1

λixi =
k∑

i=1

λixi + λk+1xk+1 = (1 − λk+1)

(
k∑

i=1

λi

1− λk+1
xi

)
+

λk+1xk+1 ìpou
k∑

i=1

λi

1− λk+1
xi eÐnai kurtìc sunduasmìc, diìti

k∑
i=1

λi

1− λk+1
= 1. Epeid  f

kurt , èpetai ìti

f

(
k+1∑
i=1

λixi

)
= f

(
(1− λk+1)

k∑
i=1

λi

1− λk+1
xi + λk+1xk+1

)

6 (1− λk+1)f

(
k∑

i=1

λi

1− λk+1
xi

)
+ λk+1f(xk+1) (3.1)
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en¸ apì epagwgik  upìjesh èqoume ìti isqÔei

f

(
k∑

i=1

λi

1− λk+1
xi

)
6

k∑
i=1

λi

1− λk+1
f(xi) (3.2)

Apì (3.1) kai (3.2) èqoume ìti

f

(
k+1∑
i=1

λixi

)
6 (1− λk+1)f

(
k∑

i=1

λi

1− λk+1
xi

)
+ λk+1f(xk+1)

6 (1− λk+1)

k∑
i=1

λi

1− λk+1
f(xi) + λk+1f(xk+1)

=
k+1∑
i=1

λif(xi)

Je¸rhma 3.1.3. 'Estw f : I → R kurt  kai a, b, x ∈ I, a < x < b. Tìte

f(x)− f(a)

x− a
6 f(b)− f(a)

b− a
6 f(b)− f(x)

b− x
.

An h f eÐnai austhr� kurt , tìte isqÔei h austhr  anisìthta.

Apìdeixh. AfoÔ h f eÐnai kurt , èqoume

f(x) 6 b− x

b− a
f(a) +

x− a

b− a
f(b).

Apì aut  thn anisìthta sumperaÐnoume

f(x)− f(a) 6 a− x

b− a
f(a) +

x− a

b− a
f(b) =

x− a

b− a
[f(b)− f(a)]

to opoÐo apodeiknÔei thn pr¸th anisìthta. OmoÐwc apodeiknÔetai kai h deÔterh.

H gewmetrik  ermhneÐa thc anisìthtac eÐnai ìti h klÐsh tou graf matoc thc f megal¸nei,
kaj¸c kinoÔmaste proc ta dexi�.

3.2 Sunèqeia - Paragwgisimìthta

'Estw f : I → R kurt  kai c ∈ intI. 'Estw [a, b] ⊂ I tètoio ¸ste a < c < b. Apì to
je¸rhma 3.1.3 èqoume

f(c)− f(a)

c− a
6 f(x)− f(c)

x− c
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gia x ∈ (c, b]. EpÐshc apì to je¸rhma 3.1.3 èqoume ìti h sun�rthsh x 7→ f(x)− f(c)

x− c
eÐnai

aÔxousa sto (c, b]. Dhlad  h dexi� par�gwgoc

f ′
+(c) := lim

x→c+

f(x)− f(c)

x− c

up�rqei. Me parìmoio trìpo apodeiknÔoume kai ìti h arister  par�gwgoc f ′
−(c) up�rqei.

An a < c < d < b, tìte gia epark¸c mikrì h > 0 èqoume

f(c)− f(c− h)

h
6 f(c+ h)− f(c)

h
6 f(d)− f(d− h)

h
.

PaÐrnontac to ìrio lim
h→0+

, èqoume

f ′
−(c) 6 f ′

+(c) 6 f ′
−(d).

'Etsi èqoume apodeÐxei to akìloujo je¸rhma.

Je¸rhma 3.2.1. 'Estw f : I → R kurt . Tìte h f èqei dexi� kai arister  par�gwgo se
k�je shmeÐo tou intI kai oi f ′

− kai f ′
+ eÐnai aÔxousec sto intI. An c ∈ intI, èqoume

f ′
−(c) 6 f ′

+(c)

kai
f(x) > f(c) + f ′

−(c)(x− c), f(x) > f(c) + f ′
+(c)(x− c)

gia k�je x ∈ I.

JumÐzoume ìti h f : I → R onom�zetai Lipschitz sto I0 ⊂ I an up�rqei K > 0 tètoio
¸ste |f(x)− f(y)| 6 K|x− y| gia k�je x, y ∈ I0. Aut  h sunj kh sunep�getai kai ìti h f
eÐnai suneq c kai omoiìmorfa suneq c sto I0.

Je¸rhma 3.2.2. 'Estw f : I → R kurt  kai [a, b] ⊂ intI. Tìte

(1) H f eÐnai Lipschitz sto [a, b].

(2) H f eÐnai suneq c sto intI.

Apìdeixh. Up�rqoun c, d ∈ I tètoia ¸ste c < a < b < d. Apì to je¸rhma 3.2.1 èqoume

f ′
+(a) 6 f ′

+(x) 6
f(x)− f(y)

x− y
6 f ′

−(y) 6 f ′
−(b)

gia a 6 x 6 y 6 b. Epomènwc |f(x) − f(y)| 6 K|x − y| ìpou K := max(|f ′
+(a)|, |f ′

−(b)|.
Autì apodeiknÔei to (1); to (2) eÐnai �mesh sunèpeia tou (1).
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Shmei¸noume ìti h f den eÐnai aparaÐthta Lipschitz sto I akìma kai an h f eÐnai fragmènh
kai ìti h f den eÐnai aparaÐthta suneq c sto I akìma kai an to I eÐnai kleistì kai peperasmèno.

Mia sun�rthsh pou eÐnai Lipschitz se èna di�sthma [a, b] eÐnai apolÔtwc suneq c sto
[a, b]; eÐnai gnwstì ìti mia tètoia sun�rthsh eÐnai paragwgÐsimh sqedìn pantoÔ. 'Epetai apì
to je¸rhma 3.2.2 ìti mia kurt  sun�rthsh eÐnai paragwgÐsimh sqedìn pantoÔ. Parak�tw ja
apodeÐxoume mia isqurìterh idiìthta twn kurt¸n sunart sewn qwrÐc th qr sh thc sunj khc
thc apìluthc sunèqeiac. JumÐzoume ìti mia sun�rthsh f lègetai dexi� suneq c (ant.
arister� suneq c) se èna shmeÐo x tou pedÐou orismoÔ thc, an isqÔei

f(x) = lim
z→x+

f(z) (ant. f(x) = lim
z→x−

f(z)).

Je¸rhma 3.2.3. 'Estw f : I → R kurt . Tìte

(1) Sto intI h f ′
− eÐnai arister� suneq c kai h f ′

+ eÐnai dexi� suneq c.

(2) Up�rqei mìno arijm simo pl joc shmeÐwn pou h f den eÐnai paragwgÐsimh.

Apìdeixh. (1) Lìgw thc sunèqeiac thc f sto intI (je¸rhma 3.2.2) èqoume gia k�je x, y, z ∈
intI me x < z < y

f(y)− f(x)

y − x
= lim

z→x+

f(y)− f(z)

y − z
> lim

z→x+
f ′
+(z).

PaÐrnontac to ìrio lim
y→x+

èqoume

f ′
+(x) > lim

z→x+
f ′
+(z).

AfoÔ h f ′
+ eÐnai aÔxousa (je¸rhma 3.2.1) èqoume

f ′
+(x) 6 lim

z→x+
f ′
+(z).

SumperaÐnoume ìti f ′
+(x) = lim

z→x+
f ′
+(z), to opoÐo deÐqnei th dexi� sunèqeia thc f ′

+. H

arister  sunèqeia thc f ′
− apodeiknÔetai parìmoia.

(2) Apì je¸rhma 3.2.1 gia k�je x, y, z ∈ intI me x < y < z èqoume

f ′
+(x) 6 f ′

−(y) 6 f ′
+(z).

An h f ′
+ eÐnai suneq c sto y èqoume

f ′
+(y) = lim

x→y−
f ′
+(x) = lim

z→x+
f ′
+(z) = f ′

−(y)

to opoÐo shmaÐnei ìti h f eÐnai paragwgÐsimh sto y. Epomènwc ta shmeÐa tou intI ìpou
h f den eÐnai paragwgÐsimh eÐnai aut� pou h aÔxousa sun�rthsh f ′

+ èqei asunèqeia. Autì
apodeiknÔei to (2) diìti gnwrÐzoume ìti mia aÔxousa sun�rthsh èqei mìno arijm simo pl joc
asuneqei¸n.
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3.3 Kentrik  Kurtìthta

Orismìc 3.3.1. Mia sun�rthsh f : I → R onom�zetai kentrik� kurt  an gia k�je a, b ∈ I
isqÔei

f

(
a+ b

2

)
6 1

2
[f(a)− f(b)]. (3.3)

Je¸rhma 3.3.2. 'Estw f : I → R kentrik� kurt  kai suneq c. Tìte h f eÐnai kurt .

Apìdeixh. DeÐqnoume pr¸ta me epagwg  wc proc n ìti an N = 2n kai a1, . . . , aN ∈ I tìte

f

(
a1 + . . .+ aN

N

)
6 1

N

N∑
i=1

f(ai). (3.4)

Apì thn (3.3) èpetai ìti h (3.4) isqÔei gia n = 1. Upojètoume ìti isqÔei gia n = k. Ja
deÐxoume ìti isqÔei gia n = k + 1. 'Estw a1, . . . , a2k , a2k + 1, . . . , a2k+1 ∈ I. Tìte

f

 1

2k+1

2k+1∑
i=1

ai

 = f

1

2
· 1
2k

2k∑
i=1

ai +
1

2
· 1
2k

2k∑
i=1

a2k+j


6 1

2
f

 1

2k

2k∑
i=1

ai

+
1

2
f

 1

2k

2k∑
i=1

a2k+j


6 1

2
· 1
2k

2k∑
i=1

f(ai) +
1

2
· 1
2k

2k∑
i=1

f(a2k+j)

=
1

2k+1

2k+1∑
i=1

f(ai)

Sth sunèqeia ja deÐxoume ìti an h (3.4) isqÔei gia N = m > 2 tìte isqÔei kai gia
N = m− 1. Pr�gmati, an a1, . . . , am−1 ∈ I, orÐzoume

am =
1

m− 1
(a1 + . . .+ am−1)

kai parathroÔme ìti

am =
1

m
(a1 + . . .+ am).

Tìte, efarmìzontac thn (3.4) gia ta a1, . . . , am èqoume

f(am) = f

(
a1+, . . . , am

m

)
6 1

m

m−1∑
i=1

f(ai) +
1

m
f(am),
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ap’ìpou paÐrnoume

f(am) 6 1

m− 1

m−1∑
i=1

f(ai).

Dhlad  h (3.4) isqÔei gia N = m−1. SumperaÐnoume ètsi ìti h (3.4) isqÔei gia k�je N ∈ N.
'Estw t¸ra a, b ∈ I kai k, n ∈ N me k < n. Apì thn (3.4) blèpoume ìti

f

(
k

n
a+

n− k

n
b

)
6 1

n
(kf(a) + (n− k)f(b)) =

k

n
f(a) +

n− k

n
f(b),

dhlad  gia λ ∈ Q, 0 < λ < 1

f(λa+ (1− λ)b) 6 λf(a) + (1− λ)f(b) (3.5)

Lìgw thc sunèqeiac thc f sumperaÐnoume ìti h (3.5) isqÔei kai an λ ∈ R, 0 < λ < 1. 'Ara h
f kurt .

3.4 ParagwgÐsimec Kurtèc Sunart seic

Je¸rhma 3.4.1. 'Estw I anoiqtì di�sthma kai f : I → R duo forèc paragwgÐsimh sun�r-
thsh. Tìte h f eÐnai kurt  an kai mìno an f ′′(x) > 0 gia k�je x ∈ I.

Apìdeixh. 'Estw ìti h f eÐnai kurt . Apì to je¸rhma 3.2.1 h f ′ eÐnai aÔxousa, epomènwc
f ′′(x) > 0 gia k�je x ∈ I.

AntÐstrofa, èstw ìti f ′′ > 0 sto I. An x < y ∈ I kai 0 < λ < 1, qrhsimopoi¸ntac
to je¸rhma mèshc tim c brÐskoume ξ1, ξ2 me x < ξ1 < λx + (1 − λ)y < ξ2 < y kai ξ3 me
ξ1 < ξ3 < ξ2, tètoia ¸ste

f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y)

= λ[f(λx+ (1− λ)y)− f(x)] + (1− λ)[f(λx+ (1− λ)y)− f(y)]

= λ(1− λ)(y − x)f ′(ξ1) + (1− λ)λ(x− y)f ′(ξ2)

= λ(1− λ)(y − x)(ξ1 − ξ2)f
′′(ξ3) 6 0.

Dhlad  h f eÐnai kurt .

Apì thn apìdeixh prokÔptei ìti h f eÐnai austhr� kurt  an f ′′(x) > 0 gia k�je x ∈ I.
To antÐstrofo den isqÔei: h sun�rthsh x 7→ x4 eÐnai austhr� kurt  sto R, all� f ′′(0) = 0.
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Anisìthtec

To je¸rhma 3.4.1 mac bohj�ei na d¸soume poll� apl� paradeÐgmata kurt¸n sunart sewn
kai mèsw aut¸n twn sunart sewn mporoÔme na apodeÐxoume anisìthtec pou pollèc forèc de
faÐnontai kai tìso aplèc me thn pr¸th mati�. Gia par�deigma h anisìthta

xλyµ 6 λx+ µy (3.6)

isqÔei gia k�je x, y > 0 kai λ, µ > 0 me λ+ µ = 1. Gia na apodeÐxoume aut n thn anisìthta
mporoÔme na qrhsimopoi soume to gegonìc ìti h sun�rthsh x 7→ ex eÐnai (austhr�) kurt 
sth morf 

exp(λ log x+ µ log y) 6 λ exp(log x) + µ exp(log y).

H (3.6) emfanÐzetai polÔ suqn� stic morfèc

x1/py1/q 6 1

p
x+

1

q
y (3.7)

kai

xy 6 xp

p
+

yq

q

ìpou x, y > 0, p, q > 1 kai 1/p+ 1/q = 1 Sthn perÐptwsh p = q = 2 h (3.7) eÐnai h gnwst 

anisìthta
√
xy 6 1

2
(x+ y).

3.5 Jewr mata gia Oloklhr¸mata

Je¸rhma 3.5.1. 'Estw f : (a, b)→ R. Tìte h f eÐnai kurt  an kai mìno an anaparÐstatai
sth morf 

f(x) = f(c) +

∫ x

c
g(t) dt, c, x ∈ (a, b) (3.8)

ìpou g : (a, b)→ R eÐnai mia aÔxousa dexi� suneq c sun�rthsh.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai kurt  kai jewroÔme c, x ∈ (a, b). Exet�zoume
thn perÐptwsh c < x (ìmoia ergazìmaste kai gia thn perÐptwsh x < c. Apì ta jewr mata
3.2.1 kai 3.2.3 oi f ′

+ kai f ′
− up�rqoun kai eÐnai aÔxousec kai h f ′

+ eÐnai dexi� suneq c en¸ h
f ′
+ eÐnai arister� suneq c. Lìgw monotonÐac eÐnai kai oi duo Riemann oloklhr¸simec.

JewroÔme tuqoÔsa diamèrish P = {c = y0 < y1 < . . . < ym = x} tou [c, x]. Parath-
roÔme ìti

f ′
−(yk−1) 6 f ′

+(yk − 1) 6 f(yk)− f(yk−1)

yk − yk−1
6 f ′

−(yk) 6 f ′
+(yk)

gia k�je k = 1, . . . ,m.
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Gr�foume Ξ1 gia thn epilog  shmeÐwn {y0, . . . , ym−1} kai Ξ2 gia thn epilog  shmeÐwn
{y1, . . . , ym}. Tìte ta antÐstoiqa ajroÐsmata Riemann ikanopoioÔn tic anisìthtec∑

(f ′
−, P,Ξ1) 6

∑
(f ′

+, P,Ξ1)

6
m∑
k=1

[f(yk)− f(yk−1)] = f(x)− f(c)

6
∑

(f ′
−, P,Ξ2) 6

∑
(f ′

+, P,Ξ2).

PaÐrnontac to pl�toc thc P na teÐnei sto 0, blèpoume ìti∫ x

c
f ′
−(t) dt 6

∫ x

c
f ′
+(t) dt 6 f(x)− f(c) 6

∫ x

c
f ′
−(t) dt 6

∫ x

c
f ′
+(t) dt.

Epomènwc,

f(x) = f(c) +

∫ x

c
f ′
+(t) dt = f(c) +

∫ x

c
f ′
−(t) dt.

Gia thn antÐstrofh kateÔjunsh ac upojèsoume ìti h (3.8) isqÔei gia k�poia aÔxousa
(suneq  apì dexi�) sun�rthsh g. 'Estw x, y ∈ (a, b) me x < y kai λ ∈ (0, 1). Jètoume
z = λx+ (1− λ)y. Tìte

f(z)− λf(x)− (1− λ)f(y) = λ[f(z)− f(x)]− (1− λ)[f(y)− f(z)]

= λ

∫ z

x
g(t) dt− (1− λ)

∫ y

z
g(t) dt

6 λ(z − x)g(z)− (1− λ)(y − z)g(z).

H teleutaÐa posìthta isoÔtai me 0, giatÐ z − x = (λ− 1)(x− y) kai y − z = λ(y − x).

'Estw f : [a, b]→ R kurt  kai a1, . . . , an ∈ [a, b]. Tìte èqoume

f

(
a1 + . . .+ an

n

)
6 1

n

n∑
i=1

f(ai).

H anisìthta aut  mac lèei ìti h tim  thc f sto mèso ìro n arijm¸n eÐnai mikrìterh   Ðsh
apì to mèso ìro twn antÐstoiqwn tim¸n. Ja deÐxoume t¸ra to an�logo jèwrhma gia th mèsh
tim  miac sun�rthshc.

Je¸rhma (anisìthta tou Jensen) 3.5.2. 'Estw f : (a, b)→ R kurt  sun�rthsh kai
g : [c, d]→ (a, b) suneq c. Tìte

f

(
1

d− c

∫ d

c
g(x) dx

)
6 1

d− c

∫ d

c
f(g(x)) dx.
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Apìdeixh. Jètoume

p :=
1

d− c

∫ d

c
g(x) dx.

Tìte p ∈ (a, b). Apì to je¸rhma 3.2.1 èqoume

f(y) > f(p) + f ′
+(p)(y − p)

gia k�je y ∈ (a, b) epomènwc

f(g(x)) > f(p) + f ′
+(p)(g(x)− p)

gia k�je x ∈ [c, d]. Oloklhr¸nontac thn teleutaÐa anisìthta apì to c wc to d paÐrnoume to
zhtoÔmeno.

3.6 H Suzug c Sun�rthsh

Je¸rhma 3.6.1. Mia sun�rthsh f : R→ R eÐnai kurt  an kai mìno an up�rqei sun�rthsh
g : R→ R ∪ {+∞} tètoia ¸ste

f(x) = sup
y∈R

[xy − g(y)]

gia k�je x ∈ R.

Apìdeixh. (⇐) 'Eqoume
f(x) = sup

g(y)<+∞
[xy − g(y)]

Blèpoume ìti h f eÐnai to kat� shmeÐo supremum miac sullog c kurt¸n sunart sewn kai
�ra eÐnai kurt .

(⇒) OrÐzoume sun�rthsh g : R→ R ∩ {+∞} me

g(y) = sup
x∈R

[xy − f(x)].

'Estw x0 ∈ R Gia k�je y ∈ R,
g(y) > x0y − f(x0)

dhlad 
x0y − g(y) 6 f(x0).

Epomènwc
sup
y∈R

[x0y − g(y)] 6 f(x0). (3.9)

Jètoume y0 := f ′
+(x0). Apì to je¸rhma 3.2.1 gia k�je x ∈ R

f(x) > f(x0) + f ′
+(x0)(x− x0) = f(x0) + y0(x− x0)
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dhlad 
xy0 − f(x) 6 x0y0 − f(x0).

'Epetai
g(y0) = x0y0 − f(x0)

ki ètsi
x0y0 − g(y0) = f(x0). (3.10)

Sundu�zontac tic (3.9) kai (3.10) paÐrnoume to zhtoÔmeno.

H sun�rthsh g ìpwc orÐsthke sto prohgoÔmeno je¸rhma onom�zetai suzug c thc f .
H f kai h g sqhmatÐzoun èna zeÔgoc sunart sewn pou ikanopoieÐ thn anisìthta

f(x) + g(y) 6 xy

gia k�je x, y ∈ R.



Kef�laio 4

Kurtèc Sunart seic se q¸ro
Banach

Se autì to kef�laio ja asqolhjoÔme me kurtèc sunart seic orismènec se ènan q¸ro Banach
p�nw sto R. Parak�tw me X sumbolÐzoume ènan q¸ro Banach me nìrma.

4.1 K�tw hmisunèqeia

Orismìc 4.1.1. 'Estw A èna sÔnolo kai f : A→ R. To epigr�fhma epi(f) thc f eÐnai to
sÔnolo

{(x, λ) ∈ A× R : f(x) 6 λ}.

Orismìc 4.1.2. 'Estw f : X → R kai x0 ∈ Q. H f onom�zetai k�tw hmisuneq c sto x0
an gia k�je akoloujÐa {xn} tou X isqÔei

xn → x0 ⇒ limf(xn) > f(x0).

An h f eÐnai k�tw hmisuneq c gia k�je x0 ∈ X ja lème ìti h f eÐnai k�tw hmisuneq c sto
X.

Mia suneq c sun�rthsh eÐnai k�tw hmisuneq c.

Je¸rhma 4.1.3. 'Estw f : X → R. Oi epìmenec prot�seic eÐnai isodÔnamec:

(aþ) H f eÐnai k�tw hmisuneq c.

(bþ) To {x ∈ X : f(x) 6 λ} eÐnai kleistì gia k�je λ ∈ R.

(gþ) To {x ∈ X : f(x) > λ} eÐnai anoiqtì gia k�je λ ∈ R.

(dþ) To epi(f) eÐnai kleistì.

29
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Apìdeixh. (aþ)⇔ (bþ)'Estw ìti h f eÐnai k�tw hmisuneq c. Upojètoume ìti xn ∈ f−1((−∞, λ])
kai ìti xn → x. Ja deÐxoume ìti f(x) 6 λ, opìte to f−1((−∞, λ]) eÐnai kleistì. 'Estw
ìti f(x) > λ kai èstw λ1 ∈ R me f(x) > λ1 > λ. Epeid  h f eÐnai k�tw hmisuneq c
èqoume limf(xn) > f(x), �ra up�rqei upakoloujÐa {xkn} thc {xn} me f(xkn) > λ1 gia
k�je n, �topo giatÐ upojèsame ìti f(xn) 6 λ gia k�je n. 'Ara gia k�je λ ∈ R, to
f−1((∞, λ]) = {x ∈ X : f(x) 6 λ} eÐnai kleistì.

Gia to antÐstrofo upojètoume ìti f−1((∞, λ]) eÐnai kleistì gia k�je λ ∈ R. An h
f den eÐnai k�tw hmisuneq c, up�rqei x ∈ X kai akoloujÐa {xn} tou X ¸ste xn → x
kai limf(xn) < f(x) kai èstw limf(xn) 6 λ1 < λ2 < f(x). Apì tic upojèseic autèc
èqoume ìti up�rqei upakoloujÐa {xkn} thc xn ¸ste f(xkn) < λ2 < f(x) gia k�je n. 'Etsi
èqoume xkn ∈ f−1((−∞, λ2]), xkn → x kai x /∈ f−1((−∞, λ2]), �topo giatÐ upojèsame ìti
f−1((−∞, λ]) eÐnai kleistì gia k�je λ. 'Ara h f eÐnai �nw hmisuneq c sto X.

(bþ)⇔ (gþ) To sumpl rwma anoiktoÔ sunìlou eÐnai kleistì kai antÐstrofa.

(aþ)⇔ (dþ) OrÐzoume F : X ×R→ R me F (x, λ) = f(x)−λ. H F eÐnai k�tw hmisuneq c
an kai mìno an h f eÐnai k�tw hmisuneq c. Apì thn (bþ) h k�tw hmisunèqeia thc F shmaÐnei ìti
to {(x, λ) : F (x, λ) 6 λ1} gia k�je λ1 ∈ R eÐnai kleistì. Autì apodeiknÔei to zhtoÔmeno,
kaj¸c {(x, λ) : F (x, λ) 6 λ1} = {(x, λ) : (x, λ+ λ1) ∈ epi(f)} = epi(f)− (0, λ1).

'Enac enallaktikìc orismìc gia thn k�tw hmisunèqeia miac f : X → R se èna shmeÐo
α ∈ X eÐnai gia k�je K ∈ R,K < f(α) na up�rqei perioq  U tou α ¸ste f(U) > K.

4.2 Kurtìthta

AntÐstoiqa me ton orismì pou d¸same gia tic kurtèc sunart seic se èna di�sthma I èqoume
kai ton akìloujo orismì gia tic sunart seic pou eÐnai orismènec se ènan q¸ro Banach.

Orismìc 4.2.1. Mia sun�rthsh f : X → R onom�zetai kurt  an ∀x, x′ ∈ X kai ∀λ ∈ (0, 1)

f(λx+ (1− λ)x′) 6 λf(x) + (1− λ)f(x′).

Je¸rhma 4.2.2. H sun�rthsh f : X → R eÐnai kurt  an kai mìno to epi(f) eÐnai kurtì
sÔnolo.

Apìdeixh. 'Estw ìti h f eÐnai kurt  kai ìti (x1, y1), (x2, y2) ∈ epi(f) ìpou x1, x2 ∈ X kai
y1, y2 ∈ R. Gia k�je λ ∈ (0, 1) èqoume

λ(x1, y1) + (1− λ)(x2, y2) = (λx1 + (1− λ)x2, λy1 + (1− λ)y2) ∈ epi(f),

giatÐ y1 > f(x1), y2 > f(x2), epomènwc

λy1 + (1− λ)y2 > λf(x1) + (1− λ)f(x2) > f(λx1 + (1− λ)x2),
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afoÔ h f eÐnai kurt . Gia to antÐstrofo upojètoume ìti to epi(f) eÐnai kurtì sÔnolo. Tìte
gia k�je x1, x2 kai λ ∈ (0, 1) èqoume ìti (x1, f(x1)), (x2, f(x2)) ∈ epi(f), epomènwc

λ(x1, f(x1)) + (1− λ)(x2, f(x2)) =

= (λx1 + (1− λ)x2, λf(x1) + (1− λ)f(x2)) ∈ epi(f),

�ra
f(λx1 + (1− λ)x2) 6 λf(x1) + (1− λ)f(x2)

kai epomènwc h f eÐnai kurt .

Orismìc 4.2.3. To ousi¸dec pedÐo orismoÔ miac kurt c sun�rthshc f : X → R eÐnai to
sÔnolo

dom(f) := {x ∈ X : f(x) < +∞}.

To dom(f) eÐnai kurtì uposÔnolo touX giatÐ eÐnai grammik  eikìna tou kurtoÔ sunìlou
epi(f). H di�stash thc f eÐnai h di�stash tou dom(f).

Orismìc 4.2.4. 'Estw f : X → R kai x0, x ∈ X. H par�gwgoc kat� kateÔjunsh thc f
sto x0 kat� thn kateÔjunsh x orÐzetai

f ′(x0;x) := lim
ε→0+

f(x0 + εx)− f(x0)

ε

an up�rqei to ìrio.

4.3 Sunèqeia

Orismìc 4.3.1. Mia sun�rthsh f : X → R onom�zetai topik� �nw (ant. k�tw) fragmènh
se èna shmeÐo α ∈ X an up�rqei perioq  tou α sthn opoÐa h f eÐnai �nw (ant. k�tw)
fragmènh .

Je¸rhma 4.3.2. 'Estw f : X → R kurt  sun�rthsh topik� �nw fragmènh sto α ∈ X.
Tìte:

(aþ) H f eÐnai topik� �nw fragmènh se k�je shmeÐo tou int(dom(f)).

(bþ) H f eÐnai suneq c sto int(dom(f)).

Apìdeixh. H melèth thc f eÐnai isodÔnamh me th melèth thc x 7→ f(x+α), epomènwc mporoÔme
qwrÐc bl�bh thc genikìthtac na upojèsoume ìti α = 0. 'Estw U mia perioq  tou 0 sthn
opoÐa h f eÐnai �nw fragmènh, dhlad  f(x) 6 M < +∞ gia x ∈ U .

(aþ) 'Estw x0 ∈ int(dom(f)). Up�rqei λ > 1 tètoio ¸ste λx0 ∈ int(dom(f)). To
sÔnolo

W := x0 +

(
1− 1

λ

)
U
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eÐnai mia perioq  tou x0. An y ∈W , èqoume

y = x0 +

(
1− 1

λ

)
u

gia k�poio u ∈ U , dhlad 

f(y) = f

(
1

λ
(λx0) +

(
1− 1

λ

)
u

)
6 1

λ
f(λx0) +

(
1− 1

λ

)
f(u)

6 1

λ
f(λx0) +

(
1− 1

λ

)
M

kai èpetai ìti h f eÐnai topik� �nw fragmènh sto x0.

(bþ) 'Estw 0 < ε < 1. To sÔnolo X ′ := ε(U ∩ (−U)) eÐnai perioq  tou 0. Gia k�je
x ∈ X ′ èqoume x/ε ∈ U , dhlad  f(x/ε) 6 M ki ètsi

f(x) = f

(
(1− ε) · 0 + ε · 1

ε
x

)
6 (1− ε)f(0) + εf

(
1

ε
x

)
6 f(0) + ε[M − f(0)].

'Eqoume epÐshc −x/ε ∈ U , dhlad 

f(0) = f

(
1

1 + ε
x+

ε

1 + ε

(
−1

ε
x

))
6 1

1 + ε
f(x) +

ε

1 + ε
f

(
−1

ε
x

)
6 1

1 + ε
f(x) +

ε

1 + ε
M.

Epomènwc |f(x) − f(0)| 6 ε(M − f(0)). SumperaÐnoume ìti h f eÐnai suneq c sto 0. Sun-
du�zontac autì to apotèlesma me to (aþ) èpetai to zhtoÔmeno.

'Estw A ⊂ X. Mia sun�rthsh f : X → R onom�zetai Lipschitz sto A an gia k�je
x, y ∈ A up�rqei K > 0 tètoio ¸ste |f(x)− f(y)| 6 K∥x− y∥.

H f : X → R onom�zetai topik� Lipschitz sto A ⊂ X an gia k�je α ∈ A up�rqei
perioq  U tou α tètoia ¸ste h f eÐnai Lipschitz sto U ∩A.

Je¸rhma 4.3.3. 'Estw f : X → R kurt  sun�rthsh. An h f eÐnai topik� �nw fragmènh
se k�poio shmeÐo tou X, tìte h f eÐnai topik� Lipschitz sto int(dom(f))

Apìdeixh. 'Estw α ∈ int(dom(f)). Apì to 4.3.2 prokÔptei ìti h f eÐnai suneq c sto α.
Dhlad  up�rqoun r0 > 0 kai m,M ∈ R tètoia ¸ste m 6 f(x) 6 M gia k�je shmeÐo x thc
kleist c mp�lac B(α, r0). 'Estw 0 < r < r0 kai x, y ∈ B(α, r). Jètontac ∥x− y∥ = σ kai
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z = y + [(r0 − r)/σ](y − x), èqoume y = λz + (1 − λ)x ìpou λ = σ/(σ + r0 − r). AfoÔ
∥z−α∥ 6 ∥y−α∥+r0−r 6 r0, èqoume z ∈ B(α, r0). Epomènwc f(y) 6 λf(z)+(1−λ)f(x)
dhlad 

f(y)− f(x) 6 λ(f(z)− f(x)) 6 λ(M −m) 6 M −m

r0 − r
∥x− y∥

to opoÐo mporeÐ na grafeÐ

|f(x)− f(y)| 6 M −m

r0 − r
∥x− y∥

gia k�je x, y ∈ B(α, r), to opoÐo oloklhr¸nei thn apìdeixh.

4.4 ParagwgÐsimec Kurtèc Sunart seic

'Estw X ′ o duðkìc tou X. 'Estw f : X → R kai x0 shmeÐo tou X ìpou h f eÐnai peperasmènh.
Tìte èqoume touc parak�tw duo orismoÔc.

Orismìc 4.4.1. H f onom�zetai Frechet-paragwgÐsimh (  apl� paragwgÐsimh) sto x0 an
up�rqei x′ ∈ X ′ tètoio ¸ste

lim
x→x0

f(x)− f(x0)− ⟨x− x0, x
′⟩

∥x− x0∥
= 0

ìpou to x′ eÐnai monadikì. Onom�zetai Frechet par�gwgoc (  apl� par�gwgoc) thc f sto x0
kai sumbolÐzetai me f ′(x0)   df(x0).

Orismìc 4.4.2. H f onom�zetai Gateaux-paragwgÐsimh sto x0 an up�rqei x′ ∈ X ′ tètoio
¸ste gia k�je x ∈ X

lim
x→0

f(x0 + εx)− f(x0)

ε
= ⟨x, x′⟩

ìpou to x′ eÐnai monadikì. Onom�zetai Gateaux-diaforikì thc f sto x0. To sumbolÐzoume
me ∇f(x0).

H Frechet-diaforisimìthta sunep�getai Gateaux-diaforisimìthta, all� to antÐstrofo
den isqÔei. IsqÔei ìmwc gia kurtèc sunart seic ston Rn.

Je¸rhma 4.4.3. 'Estw f : Rn ← R duo forèc suneq¸c paragwgÐsimh. OrÐzoume ton
Hessian pÐnaka H(x) thc f sto x wc ex c:

H(x) :=


∂2f

∂x21(x)
. . .

∂2f

∂x1∂xn
(x)

...
. . .

...
∂2f

∂xn∂x1
(x) . . .

∂2f

∂x2n
(x)


ìpou x ∈ Rn. Tìte

f kurt ⇔ H(x) eÐnai jetik� hmiorismènoc gia k�je x ∈ Rn.
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Apìdeixh. Apì ton orismì thc kurtìthtac èqoume, f kurt  ⇔ gia k�je x, y ∈ Rn h sun�r-
thsh g : t 7→ f(x + ty) apì to R sto R eÐnai kurt . Apì to je¸rhma 3.4.1 h g eÐnai kurt 
an kai mìno an g′′(t) > 0 gia k�je t ∈ R. 'Eqoume

g′(t) =

n∑
i=1

∂f

∂xi
(x+ ty)yi

g′′(t) =

n∑
i,j=1

∂2f

∂xi∂xj
(x+ ty)yiyj = (H(x+ ty)y|y).

Epomènwc
f kurt  ⇔ (H(x+ ty)y|y) > 0 ìtan x, y ∈ Rn, t ∈ R

to opoÐo apodeiknÔei to zhtoÔmeno.
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