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Eisagwg 

Skopìc aut c thc ergasÐac eÐnai h melèth thc exÐswshc thc jermìthtac sth
mÐa kai stic dÔo diast�seic. Ja asqolhjoÔme me tic ektim seic sfalm�twn
pou prokÔptoun apì tic arijmhtikèc proseggistikèc lÔseic thc exÐswshc thc
jermìthtac kaj¸c kai me upologistik� paradeÐgmata pou epibebai¸noun tic je-
wrhtikèc ektim seic. Sto pr¸to kef�laio, ja anaptÔxoume basikoÔc orismoÔc
kai Jewr mata anagkaÐa gia ta epìmena kef�laia. Sto deÔtero kef�laio, ja
orÐsoume tic asjeneÐc lÔseic, thn Ôparxh, th monadikìthta touc kaj¸c kai
thn omalìthta. Sto trÐto kai tètarto kef�laio, ja asqolhjoÔme me th qr -
sh mejìdwn eÔreshc proseggistik¸n lÔsewn, sth mÐa kai stic dÔo diast�seic
antÐstoiqa, kaj¸c kai me tic ektim seic sfalm�twn pou prokÔptoun. Tèloc,
sto pèmpto kef�laio, ja parousi�soume k�poia upologistik� paradeÐgmata
pou proèkuyan me th qr sh upologistik¸n programm�twn kai ètsi ja doÔme
tic ektim seic sfalm�twn kai tic lÔseic pou prokÔptoun arijmhtik�.

Analutikìtera, sto pr¸to kef�laio, ja orÐsoume basik� Jewr mata kai
ènnoiec kurÐwc p�nw stouc q¸rouc Sobolev kai Hilbert touc opoÐouc ja qreia-
stoÔme kai sta epìmena kef�laia miac kai oi ektim seic mac ja eÐnai mèsa se
autoÔc touc q¸rouc.

Sto deÔtero kef�laio, ja asqolhjoÔme me tic parabolikèc exis¸seic kai
ja melet soume thn Ôparxh kai monadikìthta twn asjen¸n lÔsewn kaj¸c kai
tic ektim seic pou prokÔptoun an�loga me thn omalìtht� touc (beltiwmènh
omalìthta, uyhlìterh omalìthta, �peirh diaforisimìthta).

Sto trÐto kef�laio, ja parousi�soume to prìblhma sunoriak¸n sunjhk¸n
Dirichlet gia th monodi�stath perÐptwsh thc exÐswshc thc jermìthtac. Me th
qr sh thc mejìdou peperasmènwn stoiqeÐwn (Galerkin), peperasmènwn diafo-
r¸n kai me th qwroqronik  mèjodo peperasmènwn stoiqeÐwn ja melet soume
thn arijmhtik  epÐlush thc exÐswshc thc jermìthtac me par�llhlh qr sh thc
θ-mejìdou kai an�lush eust�jei�c thc.

Sto tètarto kef�laio, ja parousi�soume to prìblhma sunoriak¸n sun-
jhk¸n Dirichlet gia th disdi�stath perÐptwsh thc exÐswshc thc jermìthtac,
ìpou p�li me th qr sh thc mejìdou peperasmènwn stoiqeÐwn Galerkin gia
thn proc ta pÐsw mèjodo Euler, gia th mèjodo Crank-Nicolson kai gia �llec
mejìdouc, ja proqwr soume se arijmhtik  epÐlush tou probl matoc kai se
ektim seic sfalm�twn gia thn ek�stote perÐptwsh.

Tèloc, sto pèmpto kef�laio, ja parousi�soume ta apotelesmata kai tic
ektim seic sfalm�twn stic L2 kai H1 nìrmec me th qr sh algorÐjmou sto
prìgramma MATLAB kai sto logismikì FreeFem++ gia sugkekrimènec lÔ-
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seic thc exÐswshc thc jermìthtac. To kef�laio autì, perilamb�nei di�forec
grafikèc apeikonÐseic metaxÔ aut¸n kai graf mata thc jermìthtac pou pro-
kÔptoun apì to logismikì FreeFem++ gia tic di�forec qwroqronikèc timèc.

EUQARISTIES:
Arqik�, ja  jela na euqarist sw jerm� ton epiblèponta kajhght  aut c
thc ergasÐac, Dr.KwnstantÐno QrusafÐno, gia thn polÔtimh bo jei� tou sthn
pragmatopoÐhsh aut c thc diplwmatik c, gia to endiafèron pou èdeixe ¸ste na
èqoume to bèltisto apotèlesma kai gia thn parìtruns  tou kai th dunatìthta
pou mou èdwse na m�jw poll� kai kainoÔria pr�gmata tìso se jewrhtikì ìso
kai se efarmosmèno epÐpedo, qr sima kai shmantik� gia tic metèpeita spoudèc
mou. Sth sunèqeia, ja  jela na euqarist sw touc goneÐc mou gia thn atèr-
monh hjik  touc upost rixh ìla aut� ta qrìnia kai gia thn st rix  touc sto
na spoud�sw autì pou agap¸ kai sto na pragmatopoi sw ta mellontik� mou
sqèdia kai tic proswpikèc mou epidi¸xeic. Tèloc, euqarist¸ ìlouc touc fÐlouc
mou kai idiaÐtera ton Baggèlh kai th Souz�na pou  tan p�nta sto pleurì mou
kai pÐsteuan se mèna kai me parìtrunan se dÔskolec stigmèc kai periìdouc
�gqouc.

Thn ptuqiak  mou ergasÐa thn afier¸nw sth mn mh thc giagi�c mou Ale-
x�ndrac.
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Kef�laio 1

BasikoÐ OrismoÐ

Se autì to kef�laio ja asqolhjoÔme me th diatÔpwsh basik¸n orism¸n kai
Jewrhm�twn kurÐwc sqetik¸n me touc q¸rouc Sobolev, kaj¸c ja mac qreia-
stoÔn sta epìmena kef�laia gia th melèth twn parabolik¸n merik¸n diafori-
k¸n exis¸sewn.

1.1 GenikoÐ OrismoÐ

ORISMOS 1.1.1. 'Estw X pragmatikìc grammikìc q¸roc, tìte h apeikì-
nish ‖‖ : X → [0,∞] kaleÐtai nìrma dedomènou ìti:

1. ‖u+ v‖ ≤ ‖u‖+ ‖v‖ gia ìla ta u, v ∈ X

2. ‖λu‖ = |λ|‖u‖ gia ìla ta u ∈ X, λ ∈ R

3. ‖u‖ = 0 an kai mìno an u = 0.

ORISMOS 1.1.2. 'Enac q¸roc Banach eÐnai ènac grammikìc q¸roc me
nìrma o opoÐoc eÐnai pl rhc pou shmaÐnei ìti k�je akoloujÐa Cauchy se autìn
eÐnai sugklÐnousa.

1.2 AsjeneÐc Par�gwgoi

ORISMOS 1.2.1. 'Estw C∞c (U) o q¸roc twn apeÐrwc diaforÐsimwn su-
nart sewn φ : U → R me sumpag  forèa sto U . KaloÔme dokimastik 
sun�rthsh φ mia sun�rthsh pou an kei ston C∞c (U).

6



'Estw ìti mac dÐnetai mÐa sun�rthsh u pou an kei ston C1(U). Tìte ean
φ an kei ston C∞c (U), parathroÔme apì thn olokl rwsh kat� mèlh ìti∫

U
uφxidx = −

∫
U
uxiφdx (i = 1, . . . , n). (1.1)

Den up�rqoun oriakoÐ ìroi kaj¸c h φ èqei sumpag  forèa sto U ki ètsi
mhdenÐzetai kont� sto sÔnoro ∂U .

Pio genik�, ean to k eÐnai jetikìc akèraioc, u ∈ Ck(U) kai α = (α1, ..., αn)
eÐnai ènac poludeÐkthc t�xhc |α| = α1 + · · ·+ αn = k, tìte∫

U
uDαφdx = (−1)|α|

∫
U
Dαuφdx.

Aut  h isìthta isqÔei afoÔ

Dαφ =
∂α1

∂x1
α1
· · · ∂αn

∂xn
αn
φ

kai mporoÔme na efarmìsoume thn (1.1) |α| forèc.

ORISMOS 1.2.2. 'Estw u, v ∈ L1
loc(U) kai α eÐnai ènac poludeÐkthc. Lème

ìti to v eÐnai h αiost  asjen c merik  par�gwgoc tou u kai gr�foume
Dαu = v, dedomènou ìti∫

U
uDαφdx = (−1)|α|

∫
U
vφdx (1.2)

gia ìlec tic dokimastikèc sunart seic φ ∈ C∞c (U).

Me �lla lìgia, e�n mac dojeÐ mÐa u kai sumbeÐ na up�rqei sun�rthsh v pou
na ikanopoieÐ thn (1.2) gia ìlec tic φ, lème ìti Dαu = v me thn asjen  ènnoia.
An den up�rqei tètoia sun�rthsh v, tìte to u de diajètei αiost  asjen  merik 
par�gwgo.

LHMMA 1.2.3. (Monadikìthta twn asjen¸n parag ģwn): MÐa asjen c
αiost  merik  par�gwgoc tou u, e�n up�rqei, eÐnai monadik� orismènh se èna
sÔnolo mètrou mhdèn.

Apìdeixh: 'Estw ta v, v′ ∈ L1
loc(U) ikanopoioÔn∫

U
uDαφdx = (−1)|α|

∫
U
vφdx = (−1)|α|

∫
U
v′φdx
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gia ìlec tic φ ∈ C∞c (U). Tìte∫
U

(v − v′)φdx = 0

gia ìlec tic φ ∈ C∞c (U), �ra v − v′ = 0 sqedìn pantoÔ.

1.3 OrismoÐ Q¸rwn Sobolev

ORISMOS 1.3.1. O q¸roc Sobolev W k,p(U) apoteleÐtai apì ìlec tic to-
pik� ajroÐsimec sunart seic u : U → R ¸ste gia k�je α me |α| ≤ k,to Dαu
up�rqei me thn asjen  ènnoia kai an kei ston Lp(U).

PARATHRHSEIS :

• Lp(U) =
{
u metr simh sto U kai

∫
U |u|

pdx <∞, 1 ≤ p <∞
}

• E�n p = 2 gr�foume Hk(U) = W k,2(U) (k = 0, 1, ...).
To Hk(U) orÐzei ènan q¸ro Hilbert.

• H0(U) = L2(U)

ORISMOS 1.3.2. E�n u ∈W k,p(U), orÐzoume th nìrma tou wc:

‖u‖Wk,p(U) :=


(∑

|α|≤k

∫
U
|Dαu|dx

) 1
p

(1 ≤ p <∞)∑
|α|≤k ess supU |Dαu| (p =∞)

ShmeÐwsh: O q¸roc H1
0 orÐzetai wc ex c:

H1
0 (U) = {u ∈ H1(U) | u = 0 p�nw sto ∂U}

ìpou H1(U) = {u ∈ L2(U) |
∫
U

(
|∂u
∂x
|2 + |∂u

∂y
|2
)
dxdy <∞}.

ORISMOS 1.3.3. 'Estw {um}∞m=1, u ∈ W k,p(U). Lème ìti h um sug-
klÐnei sto u ston W k,p(U) kai gr�foume um → u ston W k,p(U) dedomènou

ìti limm→∞ ‖um − u‖Wk,p(U) = 0. Gr�foume ìti um → u ston W k,p
loc (U) kai

ennooÔme ìti um → u ston W k,p(V ) ∀ V ⊂⊂ U .
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ORISMOS 1.3.4. OrÐzoume wcW k,p
0 (U) thn kleistìthta tou C∞c (U) ston

W k,p(U).

SQOLIO: Dαu = 0 p�nw sto sÔnoro ∂u, ∀ |α| ≤ k − 1.

JEWRHMA 1.3.5. (Idiìthtec twn asjen¸n parag ģwn): 'Estw u, v ∈
W k,p(U) , |α| ≤ k. Tìte

a. Dαu ∈W k−|α|,p(U) kai Dβ(Dαu) = Dα(Dβu) = Dα+βu
gia ìla ta α, β me |α|+ |β| ≤ k.

b. Gia k�je λ, µ ∈ R , λu + µv ∈ W k,p(U) kai Dα(λu+ µv) = λDαu +
µDαv, |α| ≤ k.

g. E�n to V eÐnai anoiqtì uposÔnolo tou U , tìte to u ∈W k,p(V ).

d. E�n ζ ∈ C∞c (U), tìte ζu ∈W k,p(U) kai

Dα(ζu) =
∑
β≤α

(
α

β

)
DβζDα−βu (tÔpoc Leibniz)

ìpou
(
α
β

)
= α!

β!(α−β)!

Apìdeixh: Bl.[2, Kef�laio 5, sel.247]

JEWRHMA 1.3.6. (Q¸roi Sobolev wc sunarthsiakoÐ q¸roi): Gia k�je
k = 1, ... kai 1 ≤ p ≤ ∞, o q¸roc Sobolev W k,p(U) eÐnai ènac q¸roc Banach.

Apìdeixh: Bl.[2, Kef�laio 5, sel.249]

1.4 Prosèggish

Ta trÐa parak�tw Jewr mata aforoÔn se proseggÐseic apì omalèc sunar-
t seic kai oi apodeÐxeic touc brÐskontai sto kef�laio [5] sel.250 − 254 tou
biblÐou L.Evans, Partial Differential Equations, AMS publications, Graduate
Text in Mathematics.

JEWRHMA 1.4.1. (Topik  prosèggish omal¸n sunart sewn): 'Estw ìti
u ∈W k,p(U) gia k�poia 1 ≤ p <∞ kai jètoume uε = ηε ∗ u sto Uε.
Tìte
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1. uε ∈ C∞(Uε), ∀ε > 0

2. uε → u ston W k,p
loc (U), kaj¸c ε→ 0.

Shmei¸seic:

* Ousiastik� autì to Je¸rhma mac lèei ìti up�rqoun omalèc sunart seic
twn opoÐwn h sunèlixh sunteleÐ sthn kataskeu  miac akoloujÐac omal¸n
sunart sewn.

* Uε = {x ∈ U |dist(x, ∂U) > ε}.

JEWRHMA 1.4.2. (Genik  prosèggish omal¸n sunart sewn): 'Estw U
fragmèno kai èstw epÐshc ìti u ∈ W k,p(U) gia k�poia 1 ≤ p < ∞. Tìte
up�rqoun sunart seic um ∈ C∞(U) ∩W k,p(U) tètoiec ¸ste um → u ston
W k,p(U).

JEWRHMA 1.4.3. 'Estw ìti U eÐnai fragmèno kai ∂U eÐnai C1.'Estw
ìti u ∈ W k,p(U) gia k�poia 1 ≤ p < ∞. Tìte up�rqoun sunart seic um ∈
C∞ ¯(U) tètoiec ¸ste um → u ston W k,p(U).

1.5 Epekt�seic

JEWRHMA 1.5.1. (Je¸rhma Epèktashc): 'Estw ìti U eÐnai fragmèno
kai ∂U eÐnai C1. E�n epilèxoume èna fragmèno anoiqì sÔnolo V tètoio ¸ste
U ⊂⊂ V , tìte up�rqei ènac fragmènoc grammikìc telest c E : W 1,p(U) →
W 1,p(Rn) ètsi ¸ste gia k�je u ∈W 1,p(U) na isqÔoun ta ex c:

1. Eu = u sqedìn pantoÔ ston U

2. Eu èqei upost rixh metaxÔ tou V , kai

3. ‖Eu‖W 1,p(Rn) ≤ C‖u‖W 1,p(U)

ìpou h stajer� C exart�tai mìno apì ta p, U, V .

Apìdeixh: Bl.[2, Kef�laio 5, sel.254]

ORISMOS 1.5.2. KaloÔme Eu mÐa epèktash tou u ston Rn.
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1.6 'Iqnoi

JEWRHMA 1.6.1. (Je¸rhma 'Iqnouc): 'Estw ìti U eÐnai fragmèno kai
∂U eÐnai C1.
Tìte up�rqei ènac fragmènoc grammikoc telest c T : W 1,p(U) → Lp(∂U)
tètoioc ¸ste:

1. Tu = u|∂U an u ∈W 1,p(U) ∩ C(Ū)

2. ‖Tu‖Lp(∂U) ≤ C‖u‖W 1,p(U)

gia k�je u ∈W 1,p(U) me th stajer� C na exart�tai mìno apì ta p, U .

Apìdeixh: Bl.[2, Kef�laio 5, sel.258]

ORISMOS 1.6.2. KaloÔme Tu to Ðqnoc tou u p�nw sto ∂U .

JEWRHMA 1.6.3. 'Estw ìti U eÐnai fragmèno kai ∂U eÐnai C1. 'Estw
epÐshc ìti u ∈ W 1,p(U). Tìte u ∈ W 1,p

0 (U) an kai mìno an Tu = 0 p�nw sto
∂U .

Apìdeixh: Bl.[2, Kef�laio 5, sel.259]

1.7 DÔo Basik� Jewr mata gia touc Q¸rouc

Sobolev

JEWRHMA 1.7.1. (Ektim seic gia ton W 1,p
0 ,1 ≤ p < n):

'Estw ìti U eÐnai èna fragmèno, anoiqtì uposÔnolo tou Rn. 'Estw u ∈
W 1,p

0 (U) gia k�poia 1 ≤ p < n. Tìte èqoume thn ektÐmhsh ‖u‖Lq(U) ≤
C‖Du‖Lp(U) gia k�je q ∈ [1, p∗] me th stajer� C na exart�tai mìno apì ta
p, q, n kai U .

Apìdeixh: Bl.[2, Kef�laio 5, sel.265]

JEWRHMA 1.7.2. (Je¸rhma Sump�geiac Rellich-Kondrachov):
'Estw ìti U eÐnai èna fragmèno, anoiqtì uposÔnolo tou Rn kai ∂U eÐnai C1.
'Estw epÐshc ìti 1 ≤ p < n. Tìte W 1,p(U) ⊂⊂ Lq(U), ∀ 1 ≤ q < p∗.
(Dhlad  o W 1,p(U) ensfhn¸netai sumpag¸c ston Lq(U) ∀ 1 ≤ q < p∗.)

Apìdeixh: Bl.[2, Kef�laio 5, sel.272]
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1.8 'Alloi Q¸roi Sunart sewn

Oi parak�tw orismoÐ, kaj¸c kai ta Jewr mata, èqoun na k�noun me k�poiouc
�llouc q¸rouc sunart sewn touc opoÐouc ja qreiastoÔme sth sunèqeia. Oi a-
podeÐxeic twn Jewrhm�twn sto tèloc thc paragr�fou brÐskontai sto kef�laio
[5.9] tou biblÐou L.Evans, Partial Differential Equations, AMS publications,
Graduate Text in Mathematics.

ORISMOS 1.8.1. OrÐzoume wc H−1(U) ton duikì q¸ro tou H1
0 (U).

SQOLIO: Ousiatik� h f an kei ston H−1(U) dedomènou ìti h f èna fragmè-
no grammikì sunarthsoeidèc ston H1

0 (U).

ShmeÐwsh: Ja gr�foume 〈 , 〉 gia na orÐsoume to zeÔgocH−1(U) kaiH1
0 (U).

ORISMOS 1.8.2. E�n f ∈ H−1(U), orÐzoume th nìrma

‖f‖H−1(U) = sup
{
〈f, u〉|u ∈ H1

0 (U), ‖u‖H1
0 (U) ≤ 1

}
.

ORISMOS 1.8.3. O q¸roc Lp(0, T ;X) apoteleÐtai apì ìlec tic metr si-
mec sunart seic ~u : [0, T ]→ X me

1. ‖~u‖Lp(0,T ;X) :=

(∫ T

0
‖~u(t)‖pdt

) 1
p

<∞ gia 1 ≤ p <∞ kai

2. ‖~u‖L∞(0,T ;X) := ess sup0≤t≤T ‖~u(t)‖ <∞.

ORISMOS 1.8.4. O q¸roc C([0, T ];X) perièqei ìlec tic suneqeÐc sunar-
t seic ~u : [0, T ]→ X me

‖~u‖C([0,T ];X) := max
0≤t≤T

‖~u(t)‖ <∞.

ORISMOS 1.8.5. 'Estw ~u ∈ L1(0, T ;X). Lème ìti to ~v ∈ L1(0, T ;X)
eÐnai h asjen c par�gwgoc tou ~u kai gr�foume ~u′ = ~v dedomènou ìti∫ T

0
φ′(t)~u(t)dt = −

∫ T

0
φ(t)~v(t)dt

gia ìlec tic bajmwtèc dokimastikèc sunart seic φ ∈ C∞c (0, T ).
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ORISMOS 1.8.6. • O q¸roc Sobolev W 1,p(0, T ;X) apoteleÐtai apì
ìlec tic sunart seic ~u ∈ Lp(0, T ;X) ètsi ¸ste to ~u′ na up�rqei me thn
asjen  ènnoia kai na an kei ston Lp(0, T ;X). Epiplèon

‖~u‖W 1,p(0,T ;X) :=


(∫ T

0
‖~u(t)‖p + ‖~u′(t)‖pdt

) 1
p

(1 ≤ p <∞)

ess sup0≤t≤T (‖~u(t)‖+ ‖~u′(t)‖) (p =∞)

• Gr�foume H1(0, T ;X) = W 1,2(0, T ;X).

JEWRHMA 1.8.7. 'Estw ~u ∈W 1,p(0, T ;X) gia k�poia 1 ≤ p ≤ ∞. Tìte

• ~u ∈ C([0, T ];X) (èpeita apì pijanì epanaprosdiorismì se èna sÔnolo
mètrou mhdèn)

• ~u(t) = ~u(s) +

∫ t

s
~u′(τ)dτ ∀ 0 ≤ s ≤ t ≤ T

• Epiplèon èqoume thn ektÐmhsh

max
0≤t≤T

‖~u(t)‖ ≤ C‖~u‖W 1,p(0,T ;X)

me th stajer� C na exart�tai mìno apì to T .

JEWRHMA 1.8.8. 'Estw ìti ~u ∈ L2(0, T ;H1
0 (U)) me to ~u′ ∈ L2(0, T ;H−1(U)).

Tìte:

• ~u ∈ C([0, T ];L2(U)) (èpeita apì pijanì epanaprosdiorismì se èna sÔnolo
mètrou mhdèn).

• H apeikìnish t 7→ ‖~u(t)‖2L2(U) eÐnai apìluta suneq c me

d

dt
‖~u(t)‖2L2(U) = 2〈~u′(t), ~u(t)〉

gia sqedìn pantoÔ 0 ≤ t ≤ T .

• Epiplèon èqoume thn ektÐmhsh

max
0≤t≤T

‖~u(t)‖L2(U) ≤ C(‖~u‖L2(0,T ;H1
0 (U)) + ‖~u′‖L2(0,T ;H−1(U)))

ìpou h stajer� C exart�tai mìno apì to T .

JEWRHMA 1.8.9. (ApeikonÐseic se kalÔterouc q¸rouc):
'Estw ìti U eÐnai anoiqtì kai fragmèno kai ∂U eÐnai omalì. 'Estw m ènac
mh arnhtikìc akèraioc. An upojèsoume ìti ~u ∈ L2(0, T ;Hm+2(U)) me ~u′ ∈
L2(0, T ;Hm(U))
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• Tìte ~u ∈ C([0, T ];Hm+1(U))(èpeita apì pijanì epanaprosdiorismì se
èna sÔnolo mètrou mhdèn).

• Epiplèon èqoume thn ektÐmhsh

max
0≤t≤T

‖~u(t)‖Hm+1(U) ≤ C(‖~u‖L2(0,T ;Hm+2(U)) + ‖~u′‖L2(0,T ;Hm(U)))

ìpou h stajer� C exart�tai mìno apì to T,U,m.
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Kef�laio 2

Parabolikèc Exis¸seic

Se autì to kef�laio, ja melet soume, mèsw thc qr shc energeiak¸n mejì-
dwn, tic deÔterhc t�xhc parabolikèc merikèc diaforikèc exis¸seic kai kat�
b�sh, thn exÐswsh thc jermìthtac pou apoteleÐ to pio genikì par�deigma pa-
rabolik c exÐswshc. EpÐshc, ja melethjoÔn h Ôparxh kai h monadikìthta twn
asjen¸n lÔsewn en¸ en tèlei ja anaferjoÔme kai sthn omalìtht� touc.

2.1 OrismoÐ

1. Parabolikèc exis¸seic

Se autì to kef�laio upojètoume ìti to U eÐnai èna anoiqtì, fragmèno u-
posÔnolo tou Rn kai jètoume UT = U × (0, T ] gia k�poion orismèno qrìno
T > 0.
Ja exet�soume pr¸ta to prìblhma arqik¸n/sunoriak¸n tim¸n

ut + Lu = f, UT
u = 0, ∂U × [0, T ]
u = g, U × {t = 0}

(2.1)

ìpou f : UT → R kai g : U → R eÐnai dosmènec kai u : ŪT → R eÐnai
h �gnwsth u = u(x, t). To gr�mma L sumbolÐzei gia k�je qronik  stigm 
t èna deÔterhc t�xhc merikì diaforikì telest  pou gr�fetai eÐte sth morf 
apìklishc (2.2) eÐte sth morf  mh-apìklishc (2.3)

Lu = −
n∑

i,j=1

(aij(x, t)uxi)xj +
n∑
i=1

bi(x, t)uxi + c(x, t)u (2.2)
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Lu = −
n∑

i,j=1

aij(x, t)uxixj +
n∑
i=1

bi(x, t)uxi + c(x, t)u (2.3)

gia dosmènouc suntelestèc aij , bi, c (i = 1, . . . , n).

ORISMOS 2.1.1. Lème ìti o merikìc diaforikìc telest c
∂

∂t
+ L eÐnai

(omoiìmorfa) parabolikìc e�n up�rqei mÐa stajer� θ > 0 tètoia ¸ste gia ìla
ta (x, t) ∈ UT , ξ ∈ Rn na isqÔei h sqèsh

n∑
i,j=1

aij(x, t)ξiξj ≥ θ|ξ|2.

PARATHRHSH : MporoÔme na parathr soume ìti gia k�je kajorismèno qrì-
no 0 ≤ t ≤ T o telest c L eÐnai ènac omoiìmorfa elleiptikìc telest c sthn
qwrik  metablht  x kaj¸c ja isqÔei h sqèsh

∑n
i,j=1 a

ij(x)ξiξj ≥ θ|ξ|2.

'Ena profanèc par�deigma twn parap�nw exis¸sewn paÐrnoume jètontac aij ≡

0, aii ≡ k, bi ≡ c ≡ f ≡ 0 ìpou L = −∆ kai ètsi h MDE
∂

∂t
+ Lu gÐnetai

h exÐswsh jermìthtac. H exÐswsh thc jermìthtac dhlad  eÐnai thc morf c
∂u

∂t
− k∂

2u

∂x2
= 0⇔ ut − kuxx = 0, ìpou k o suntelest c jermik c di�qushc.

Genik�, oi deÔterhc t�xhc parabolikèc exis¸seic perigr�foun se fusikèc e-
farmogèc thn exèlixh tou qrìnou thc puknìthtac k�poiac posìthtac u, èstw
miac qhmik c sugkèntrwshc, metaxÔ thc perioq c tou U . O deÔterhc t�xhc
ìroc

∑n
i,j=1 a

ijuxixj perigr�fei th di�qush, o pr¸thc t�xhc ìroc
∑n

i=1 b
iuxi

perigr�fei th metafor� kai o mhdenik c t�xhc ìroc cu perigr�fei th dhmiour-
gÐa   thn ex�ntlhsh.

2. AsjeneÐc lÔseic

Jewr¸ntac thn perÐptwsh ìpou to L eÐnai thc morf c (2.2), prospajoÔme
na broÔme mia kat�llhlh asjen  lÔsh gia to prìblhma arqik¸n tim¸n (2.1).
Upojètoume t¸ra ìti
aij , bi, c ∈ L∞(UT ) (i, j = 1, . . . , n)
f ∈ L2(UT )
g ∈ L2(U)
kai ìti isqÔei p�nta sthn upìjes  mac ìti aij = aji, (i, j = 1, . . . , n), dhlad 
to elleiptikì mèroc tou telest  L an¸terhc t�xhc eÐnai summetrikì. OrÐzoume
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ton qronik� exarthmèno digrammikì tÔpo

B[u, v; t] :=

∫
U

n∑
i,j=1

aij(·, t)uxivxj +

n∑
i=1

bi(·, t)uxiv + c(·, t)uvdx

gia u, v ∈ H1
0 (U) kai 0 ≤ t ≤ T sqedìn pantoÔ.

Gia na gÐnei katanohtìc o epìmenoc orismìc thc asjenoÔc lÔshc jewroÔme
proswrin� ìti h u = u(x, t) eÐnai sthn pragmatikìthta mÐa omal  lÔsh tou
parabolikoÔ probl matoc (2.1).
T¸ra susqetÐzoume me to u mia apeikìnish ~u : [0, T ] → H1

0 (U) orismènh apì
to [~u(t)](x) := u(x, t) (x ∈ U, 0 ≤ t ≤ T ). Me �lla lìgia, ja jewr soume
to u ìqi wc mia sun�rthsh tou x kai t mazÐ, all� san mia apeikìnish ~u tou t
mèsa ston q¸ro H1

0 (U) twn sunart sewn tou x.

Epistrèfontac sto prìblhma (2.1) ac orÐsoume ìmoia thn ~f : [0, T ]→ L2(U)
wc [~f(t)](x) := f(x, t) (x ∈ U, 0 ≤ t ≤ T ). Tìte e�n orÐsoume mÐa sun�rthsh

v ∈ H1
0 (U), mporoÔme na pollaplasi�soume thn MDE

∂u

∂t
+ Lu = f me

to v kai na oloklhr¸soume kat� mèlh gia na broÔme (~u′, v) + B[~u, v; t] =

(~f, v),

(
′ =

d

dt

)
ìpou gia k�je 0 ≤ t ≤ T to zeÔgoc ( , ) dhl¸nei to

eswterikì ginìmeno ston L2(U). 'Epeita, parathroÔme ìti

ut = g0 +
n∑
j=1

gjxj (2.4)

ston UT gia g0 := f −
∑n

i=1 b
iuxi − cu kai gj :=

∑n
i=1 a

ijuxi (j = 1, ..., n).
Kat� sunèpeia h (2.4) kai oi orismoÐ (1.8.1,1.8.2) tou pr¸tou kefalaÐou orÐ-
zoun ìti to dexÐ mèloc thc (2.4) an kei ston q¸ro Sobolev H−1(U) me

‖ut‖H−1(U) ≤

 n∑
j=0

‖gj‖2L2(U)

1/2

≤ C
(
‖u‖H1

0 (U) + ‖f‖L2(U)

)
.

Aut  h ektÐmhsh proteÐnei ousiastik� ìti eÐnai logikì na y�qnoume gia mÐa
asjen  lÔsh me ~u′ ∈ H−1(U) gia sqedìn pantoÔ me qrìno 0 ≤ t ≤ T , ìpou
sthn perÐptwsh aut  o ìroc (~u′, v) mporeÐ na ekfrasteÐ xan�, aut  th for�
wc < ~u′, v >, me <,> na eÐnai to zeÔgoc twn H−1(U) kai H1

0 (U). 'Olh aut 
h parap�nw melèth upokineÐ ton parak�tw orismì.

ORISMOS 2.1.2. Lème ìti mÐa sun�rthsh

~u ∈ L2(0, T ;H1
0 (U))
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me

~u′ ∈ L2(0, T ;H−1(U))

eÐnai mÐa asjen c lÔsh tou parabolikoÔ probl matoc arqik¸n/sunoriak¸n
tim¸n (2.1) dedomènou ìti

• < ~u′, v > +B[~u, v; t] = (~f, v) gia k�je v ∈ H1
0 (U) kai gia sqedìn pantoÔ

me qrìno 0 ≤ t ≤ T kai

• ~u(0) = g.

SQOLIO: Apì to Je¸rhma 1.8.8 tou pr¸tou kefalaÐou, parathroÔme ìti to
~u ∈ C([0, T ];L2(U)) kai sunep¸c h isìthta ~u(0) = g èqei nìhma.

2.2 'Uparxh Asjen¸n LÔsewn

1. ProseggÐseic Galerkin

Jèloume na dhmiourg soume mÐa asjen  lÔsh tou parabolikoÔ probl matoc
(2.1) kataskeu�zontac pr¸ta lÔseic sugkekrimènwn peperasmènhc di�stashc
proseggÐsewn tou (2.1) kai met� na per�soume sta ìria. Autì kalèitai mèjo-
doc Galerkin.
Pio sugkekrimèna, ac upojèsoume ìti oi sunart seic wk = wk(x), (k = 1, . . . , n)
eÐnai omalèc :
{wk}∞k=1 eÐnai mÐa orjog¸nia b�sh tou H1

0 (U),
{wk}∞k=1 eÐnai mÐa orjog¸nia b�sh tou L2(U).
'Estw m ènac jetikìc akèraioc. Ja y�xoume gia mÐa sun�rthsh ~um : [0, T ]→
H1

0 (U) thc morf c

~um(t) :=

m∑
k=1

dkm(t)wk, (2.5)

ìpou epilègoume touc suntelestèc dkm(t) (0 ≤ t ≤ T, k = 1, ...,m) ètsi ¸ste

dkm(0) = (g, wk) (2.6)

kai

(~u′m, wk) +B[~um, wk; t] = (~f, wk) (0 ≤ t ≤ T, k = 1, ...,m). (2.7)

To ( , ) orÐzei to eswterikì ginìmeno ston L2(U). Sunep¸c, y�qnoume mia
sun�rthsh ~um thc morf c (2.5) pou ikanopoieÐ thn proèktash (2.7) tou pro-
bl matoc (2.1) p�nw ston peperasmènhc di�stashc upìqwro pou èqei epektajeÐ
apo to {wk}mk=1.

18



JEWRHMA 2.2.1. (Kataskeu  proseggistik¸n lÔsewn):
Gia k�je akèraio m = 1, 2, . . . up�rqei mÐa monadik  sun�rthsh ~um thc mor-
f c (2.5) pou ikanopoieÐ tic (2.6), (2.7).

Apìdeixh: Upojètontac ìti h ~um èqei th dom  (2.5), parathroÔme pr¸ta
apì thn sqèsh { {wk}∞k=1 eÐnai mÐa orjog¸nia b�sh tou L2(U)} ìti

(~u′m, wk) = dkm
′
(t). (2.8)

Epiplèon,

B[~um, wk; t] =

m∑
l=1

ekl(t)dlm(t) (2.9)

gia ekl(t) := B[wl, wk; t] (k, l = 1, ...m). Ac gr�youme sth sunèqeia fk(t) :=
(~f(t), wk)(k = 1, ...,m). Tìte h (2.7) gÐnetai to grammikì sÔsthma thc sun -
jouc diaforik c exÐswshc (SDE)

dkm
′
(t) +

m∑
l=1

ekl(t)dlm(t) = fk(t) (k = 1, ...,m) (2.10)

upì thc arqikèc sunj kec (2.6). SÔmfwna me th basik  jewrÐa Ôparxhc gia
tic sun jeic diaforikèc exis¸seic, up�rqei mÐa monadik  apìluta suneq c su-
n�rthsh ~dm(t) = (d1

m(t), ..., dmm(t)) pou ikanopoieÐ tic (2.6), (2.10) gia sqedìn
pantoÔ 0 ≤ t ≤ T . Tìte h ~um pou orÐzetai apì thn (2.5) lÔnei thn (2.7) gia
sqedìn pantoÔ 0 ≤ t ≤ T .

2. Energeiakèc ektim seic

JEWRHMA 2.2.2. Up�rqoun stajerèc β > 0 kai γ ≥ 0 tètoiec ¸ste

β‖u‖2H1
0 (U) ≤ B[u, u] + γ‖u‖L2(U)

gia ìla ta u ∈ H1
0 (U), sqedìn gia ìla ta t ∈ [0, T ].

Apìdeixh: SÔmfwna me th sunj kh
∑n

i,j=1 a
ij(x)ξiξj ≥ θ|ξ|2 gia tic ellei-

ptikèc exis¸seic (ìpwc anafèrjhke sthn par�grafo 2.1) èqoume

θ

∫
U

n∑
i,j=1

aijuxiuxjdx = B[u, u]−
∫
U

n∑
i=1

biuxiu+ cu2dx

≤ B[u, u] +
n∑
i=1

‖bi‖L∞
∫
U
|Du||u|dx+ ‖c‖L∞

∫
U
u2dx.
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T¸ra apì thn anisìthta Cauchy me to ε parathroÔme∫
U
|Du||u|dx ≤ ε

∫
U
|Du|2dx+

1

4ε

∫
U
u2dx (ε > 0).

Eis�goume thn ektÐmhsh aut  sthn pio parap�nw sqèsh kai èpeita epilègoume

ε tìso mikrì ¸ste ε
∑n

i=1 ‖bi‖L∞ <
θ

2
. 'Etsi

θ

2

∫
U
|Du|2dx ≤ B[u, u] +

C

∫
U
u2dx gia k�poia kat�llhlh stajer� C. Epiplèon apì thn anisìth-

ta Poincaré èqoume ìti ‖u‖L2(U) ≤ C‖Du‖L2(U). EÔkola akoloujeÐ ìti

β‖u‖2H1
0 (U) ≤ B[u, u] + γ‖u‖2L2(U) gia kat�llhlec stajerèc β > 0, γ ≥ 0.

ShmeÐwsh (Anisìthta tou Gronwall): 'Estw ìti oi suneqeÐc sunart seic
u, κ : [0, T ]→ [0,∞) kai to K > 0 ikanopoioÔn th sqèsh

u(t) ≤ K +

∫ t

0
u(s)κ(s)ds

gia ìla ta t ∈ [0, T ]. Tìte

u(t) ≤ K exp

(∫ t

0
κ(s)ds

)
.

JEWRHMA 2.2.3. Up�rqei mÐa stajer� C pou exart�tai mìno apì ta U, T
kai touc suntelestèc tou L ètsi ¸ste na isqÔei

max0≤t≤T ‖~um(t)‖L2(U) + ‖~um‖L2(0,T ;H1
0 (U)) + ‖~um′‖L2(0,T ;H−1(U))

≤ C(‖~f‖L2(0,T ;L2(U)) + ‖g‖L2(U))
(2.11)

gia m = 1, 2, ...

Apìdeixh: Pollaplasi�zontac thn exÐswsh (2.7) me dkm(t), ajroÐzontac gia
k = 1, . . . ,m kai anakal¸ntac thn (2.5) prokÔptei

(~u′m, ~um) +B[~um, ~um; t] = (~f, ~um) (2.12)

gia sqedìn pantoÔ 0 ≤ t ≤ T . 'Opwc apodeÐxame sto Je¸rhma 2.2.2, up�rqoun
stajerèc β > 0, γ ≥ 0 tètoiec ¸ste

β‖~um‖2H1
0 (U) ≤ B[~um, ~um; t] + γ‖~um‖2L2(U) (2.13)
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sqedìn gia ìla ta 0 ≤ t ≤ T,m = 1, ... Epiplèon,

|(~f, ~um)| ≤ 1

2
‖~f‖

2

L2(U) +
1

2
‖~um‖2L2(U) kai (~u′m, ~um) =

d

dt
(
1

2
‖~um‖2L2(U)) gia

sqedìn pantoÔ 0 ≤ t ≤ T .
Kata sunèpeia h (2.12) apodÐdei thn anisìthta

d

dt
(‖~um‖2L2(U)) + 2β‖~um‖2H1

0 (U) ≤ C1‖~um‖2L2(U) + C2‖~f‖
2

L2(U) (2.14)

gia sqedìn pantoÔ 0 ≤ t ≤ T kai gia kat�llhlec stajerèc C1 kai C2 .
T¸ra gr�foume

η(t) := ‖~um(t)‖2L2(U) (2.15)

kai

ξ(t) := ‖~f(t)‖
2

L2(U). (2.16)

H (2.14) sunep�getai η′(t) ≤ C1η(t) + C2ξ(t) gia sqedìn pantoÔ 0 ≤ t ≤ T .
Sunep¸c h diaforik  morf  thc anisìthtac Gronwall dÐnei thn ektÐmhsh

η(t) ≤ eC1t

(
η(0) + C2

∫ t

0
ξ(s)ds

)
(0 ≤ t ≤ T ). (2.17)

Ef�oson η(0) = ‖~um(0)‖2L2(U) ≤ ‖g‖2L2(U) apì thn (2.6), paÐrnoume apì tic

(2.15)-(2.17) thn ektÐmhsh

max
0≤t≤T

‖~u(t)‖2L2(U) ≤ C
(
‖g‖2L2(U) + ‖~f‖2L2(0,T ;L2(U))

)
.

Epistrèfontac p�li sthn anisìthta (2.14), oloklhr¸noume apì to 0 sto T
kai efarmìzoume thn parap�nw anisìthta gia na broÔme

‖~um‖2L2(0,T ;H1
0 (U)) =

∫ T

0
‖~um‖2H1

0 (U)dt

≤ C
(
‖g‖2L2(U) + ‖~f‖2L2(0,T ;L2(U))

)
.

PaÐrnoume opoiod pote v ∈ H1
0 (U) me ‖v‖H1

0 (U) ≤ 1 kai gr�foume v = v1 +v2

ìpou v1 ∈ span{wk}mk=1 kai (v2, wk) = 0 (k = 1, ...,m).
Ef�oson oi sunart seic {wk}∞k=0 eÐnai orjog¸niec stonH

1
0 (U) �ra ‖v1‖H1

0 (U) ≤
‖v‖H1

0 (U) ≤ 1. Qrhsimopoi¸ntac thn (2.7) sumperaÐnoume gia sqedìn pantoÔ
0 ≤ t ≤ T ìti

(~u′m, v
1) +B[~um, v

1; t] = (~f, v1).
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Tìte, qrhsimopoi¸ntac thn (v2, wk) = 0,∀k = 1, ...,m, h (2.5) dÐnei th sqèsh

< ~u′m, v >= (~u′m, v) = (~u′m, v
1) = (~f, v1)−B[~um, v

1; t].

Kat� sunèpeia,

| < ~u′m, v > | ≤ C(‖~f‖L2(U) + ‖~um‖H1
0 (U))

afoÔ ‖v1‖H1
0 (U) ≤ 1. 'Etsi

‖~u′m‖H−1(U) ≤ C(‖~f‖L2(U) + ‖~um‖H1
0 (U))

kai �ra∫ T

0
‖~u′m‖2H−1(U)dt ≤

∫ T

0
C(‖~f‖L2(U) + ‖~um‖H1

0 (U))dt

≤ C(‖g‖2L2(U) + ‖~f‖2L2(0,T ;L2(U))).

3. 'Uparxh kai monadikìthta

JEWRHMA 2.2.4. ('Uparxh asjenoÔc lÔshc):
Up�rqei mÐa lÔsh tou probl matoc (2.1)

Apìdeixh: SÔmfwna me thn energeiak  ektÐmhsh (2.11), parathroÔme ìti h
akoloujÐa {~um}∞m=1 eÐnai fragmèmh ston L2(0, T ;H1

0 (U)) kai ìti h {~u′m}∞m=1

eÐnai fragmènh ston L2(0, T ;H−1(U)). Sunep¸c up�rqei mia upakoloujÐ-
a {~uml

}∞l=1 ⊂ {~um}∞m=1 kai mÐa sun�rthsh ~u ∈ L2(0, T ;H1
0 (U)) me ~u′ ∈

L2(0, T ;H−1(U)) ètsi ¸ste{
~uml

⇀ u asjen¸c ston L2(0, T ;H1
0 (U)),

~u′ml
⇀ ~u′ asjen¸c ston L2(0, T ;H−1(U)).

(2.18)

Sth sunèqeia, jètoume ènan akèraio N kai epilègoume mÐa sun�rthsh ~v ∈
C1([0, T ];H1

0 (U)) pou èqei th morf 

~v(t) =

N∑
k=1

dk(t)wk (2.19)
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ìpou oi {dk}Nk=1 omalèc sunart seic kai {wk}∞k=1 orjokanonik  b�sh tou
H1

0 (U). Epilègoume m ≥ N , pollaplasi�zoume thn (2.7) me to dk(t), ajroÐ-
zoume k = 1, . . . , N kai met� oloklhr¸noume wc proc to t gia na broÔme∫ T

0
< ~u′, ~v > +B[~um, ~v; t]dt =

∫ T

0
(~f,~v)dt. (2.20)

Jètoume m = ml kai kaloÔme thn (2.18) gia na broÔme pern¸ntac se asjen 
ìria ìti∫ T

0
< ~u′, ~v > +B[~u,~v; t]dt =

∫ T

0
(~f,~v)dt. (2.21)

Aut  h isìthta tìte isqÔei gia ìlec tic sunart seic ~v ∈ L2(0, T ;H1
0 (U))

kaj¸c sunart seic thc morf c (2.19) eÐnai puknèc se autìn ton q¸ro.(Bl.
[4])
Sugkekrimèna,

< ~u′, v > +B[~u, v; t] = (~f, v) (2.22)

gia k�je v ∈ H1
0 (U) kai sqedìn pantoÔ 0 ≤ t ≤ T . Apì to Je¸rhma 1.8.8,

blèpoume ìti epiplèon ~u ∈ C([0, T ];L2(U)).
Prokeimènou na apodeÐxoume ìti ~u(0) = g parathroÔme pr¸ta apì thn

(2.21) ìti∫ T

0
− < ~v′, ~u > +B[~u,~v; t]dt =

∫ T

0
(~f,~v)dt+ (~u(0), ~v(0)) (2.23)

gia k�je ~v ∈ C1([0, T ];H1
0 (U)) me ~v(T ) = 0. OmoÐwc, apì thn (2.20) sumpe-

raÐnoume ìti∫ T

0
− < ~v′, ~um > +B[~um, ~v; t]dt =

∫ T

0
(~f,~v)dt+ (~um(0), ~v(0)). (2.24)

Jètoume m = ml kai �llh mia for� to efarmìzoume sthn (2.18) gia na broÔme∫ T

0
− < ~v′, ~u > +B[~u,~v; t]dt =

∫ T

0
(~f,~v)dt+ (g,~v(0)) (2.25)

afoÔ ~uml
(0) → g ston L2(U). Kaj¸c to ~v(0) eÐnai tuqaÐo sugkrÐnontac tic

(2.23) kai (2.25) katal goume ìti ~u(0) = g.
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JEWRHMA 2.2.5. (Monadikìthta twn asjen¸n lÔsewn):
MÐa asjen c lÔsh tou probl matoc (2.1) eÐnai monadik .

Apìdeixh: ArkeÐ na elègxoume ìti h mình asjen c lÔsh tou (2.1) me ~f ≡
g ≡ 0 eÐnai h

~u ≡ 0. (2.26)

Gia na to apodeÐxoume autì,parathroÔme ìti jètontac ~v = ~u sthn tautìthta
(2.22) (gia ~f ≡ 0) isqÔei apì to Je¸rhma 1.8.8 ìti

d

dt

(
1

2
‖~u‖2L2(U)

)
+B[~u, ~u; t] =< ~u′, ~u > +B[~u, ~u; t] = 0. (2.27)

AfoÔ

B[~u, ~u; t] ≥ β‖~u‖2H1
0 (U) − γ‖~u‖

2
L2(U) ≥ −γ‖~u‖

2
L2(U)

h anisìthta tou Gronwall kai h (2.27) dÐnoun thn (2.26).

2.3 Omalìthta

Gia na katano soume k�pwc giatÐ oi beltiwmènec upojèseic omalìthtac twn
dedomènwn ja mporoÔsan na odhg soun se beltiwmènh omalìthta gia th lÔsh,
ac upojèsoume proswrin� ìti h u = u(x, t) eÐnai mia omal  lÔsh tou probl -
matoc arqik¸n tim¸n gia thn exÐswsh jermìthtac:{

ut −∆u = f ston Rn × (0, T ]
u = g p�nw ston Rn × {t = 0},

kai ac upojèsoume epÐshc ìti to u phgaÐnei sto mhdèn kaj¸c |x| → ∞ epar-
k¸c gr gora ¸ste na dikaiolog sei touc akìloujouc upologismoÔc. 'Epeita
upologÐzoume gia 0 ≤ t ≤ T :∫

Rn

f2dx =

∫
Rn

(ut −∆u)2dx

=

∫
Rn

u2
t − 2∆uut + (∆u)2dx

=

∫
Rn

u2
t + 2Du ·Dut + (∆u)2dx.

(2.28)
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T¸ra 2Du · Dut =
d

dt
(|Du|2) kai kat� sunèpeia

∫ t

0

∫
Rn

2Du · Dutdxds =∫
Rn

|Du|2dx |s=ts=0.

Epiplèon∫
Rn

f2dx =

∫
Rn

(∆u)2dx

=

n∑
i,j=1

∫
Rn

uxixiuxjxjdx = −
n∑

i,j=1

∫
Rn

uxixixjuxjdx

=

n∑
i,j=1

∫
Rn

uxixjuxixjdx =

∫
Rn

|D2u|2dx

�ra ∫
Rn

(∆u)2dx =

∫
Rn

|D2u|2dx.

QrhsimopoioÔme tic dÔo anisìthtec parap�nw sthn sqèsh (2.28) kai oloklh-
r¸noume wc proc ton qrìno gia na p�roume

sup
0≤t≤T

∫
Rn

|Du|2dx+

∫ T

0

∫
Rn

u2
t + |D2u|2dxdt

≤ C
(∫ T

0

∫
Rn

f2dxdt+

∫
Rn

|Dg|2dx
)
.

'Etsi blèpoume ìti mporoÔme na ektim soume tic L2 nìrmec tou ut kai tou D2u
mèsa ston Rn × (0, T ) se sqèsh me th L2 nìrma thc f p�nw ston Rn × (0, T )
kai thc L2 nìrmac tou Dg p�nw ston Rn. Met�, diaforÐzoume thn MDE se
sqèsh me to t kai jètoume ũ := ut. Tìte{

ũt −∆ũ = f̃ ston Rn × (0, T ]
ũ = g̃ p�nw ston Rn × {t = 0}

gia f̃ := ft, g̃ := ut(·, 0) = f(·, 0) + ∆g .
Pollaplasi�zontac me ũ, oloklhr¸nontac kat� mèlh kai epikaloÔmenoi thn
anisìthta Gronwall katal goume sto

sup
0≤t≤T

∫
Rn

|ut|2dx+

∫ T

0

∫
Rn

|Dut|2dxdt

≤ C
(∫ T

0

∫
Rn

f2
t dxdt+

∫
Rn

|D2g|2 + f(·, 0)dx

)
.

(2.29)
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All�

max
0≤t≤T

‖f(·, 0)‖L2(Rn) ≤ C(‖f‖L2(Rn×(0,T )) + ‖ft‖L2(Rn×(0,T ))) (2.30)

sÔmfwna me to Je¸rhma 1.8.7. Epiplèon gr�fontac −∆u = f −ut brÐskoume
ìti ∫

Rn

|D2u|2dx ≤ C
∫
Rn

f2 + u2
tdx. (2.31)

Sundu�zontac tic (2.29)-(2.31) odhgoÔmaste sthn ektÐmhsh

sup
0≤t≤T

∫
Rn

|ut|2 + |D2u|2dx+

∫ T

0

∫
Rn

|Dut|2dxdt

≤ C
(∫ T

0

∫
Rn

f2
t + f2dxdt+

∫
Rn

|D2g|2dx
)

gia k�poia stajer� C.

Ta parak�tw Jewr mata aforoÔn sthn omalìthta twn asjen¸n lÔsewn ~u
sto prìblhma arqik¸n/sunoriak¸n tim¸n gia tic deÔterhc t�xhc parabolikèc
exis¸seic. Oi apodeÐxeic touc brÐskontai sto kef�laio [7.1.3.] tou biblÐou
L.Evans, Partial Differential Equations, AMS publications, Graduate Text
in Mathematics.

JEWRHMA 2.3.1. (Beltiwmènh omalìthta):

• Ac upojèsoume ìti g ∈ H1
0 (U), ~f ∈ L2(0, T ;L2(U)).

'Estw epÐshc ìti ~u ∈ L2(0, T ;H1
0 (U)) me ~u′ ∈ L2(0, T ;H−1(U)) eÐnai h

asjen c lÔsh tou probl matoc
ut + Lu = f, UT
u = 0, ∂U × [0, T ]
u = g, U × {t = 0}

~u ∈ L2(0, T ;H2(U)) ∩ L∞(0, T ;H1
0 (U)), ~u′ ∈ L2(0, T ;L2(U))

kai èqoume thn ektÐmhsh

ess sup0≤t≤T ‖~u(t)‖H1
0 (U) + ‖~u‖L2(0,T ;H2(U)) + ‖~u′‖L2(0,T ;L2(U))

≤ C
(
‖~f‖L2(0,T ;L2(U)) + ‖g‖H1

0 (U)

)
me th stajer� C na exart�tai mìno apì ta U, T kai touc suntelestèc tou
L.
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• Epiprìsjeta, e�n g ∈ H2(U), ~f ′ ∈ L2(0, T ;L2(U))

tìte

~u ∈ L∞(0, T ;H2(U)), ~u′ ∈ L∞(0, T ;L2(U)) ∩ L2(0, T ;H1
0 (U)),

~u′′ ∈ L2(0, T ;H−1(U))

me thn ektÐmhsh

ess sup0≤t≤T (‖~u(t)‖H2(U) + ‖~u′(t)‖L2(U)) + ‖~u′‖L2(0,T ;H1
0 (U))

+‖~u′′‖L2(0,T ;H−1(U)) ≤ C
(
‖~f‖H1(0,T ;L2(U)) + ‖g‖H2(U)

)
.

JEWRHMA 2.3.2. (Uyhlìterh omalìthta):

'Estw ìti g ∈ H2m+1(U),
dk ~f

dtk
∈ L2(0, T ;H2m−2k(U)) (k = 0, . . . ,m). 'E-

stw epÐshc ìti isqÔoun oi akìloujec m-iost c t�xhc sunj kec sumbatìthtac g0 := g ∈ H1
0 (U), g1 := ~f(0)− Lg0 ∈ H1

0 (U)

. . . , gm :=
dm−1 ~f

dtm−1
(0)− Lgm−1 ∈ H1

0 (U)

Tìte
dk~u

dtk
∈ L2(0, T ;H2m+2−2k(U)) (k = 0, ...,m+ 1) kai èqoume thn ektÐ-

mhsh

m+1∑
k=0

∥∥∥∥dk~udtk
∥∥∥∥
L2(0,T ;H2m+2−2k(U))

≤ C

 m∑
k=0

∥∥∥∥∥dk ~fdtk
∥∥∥∥∥
L2(0,T ;H2m−2k(U))

+ ‖g‖H2m+1(U)


me th stajer� C na exart�tai mìno apì ta m,U, T kai touc suntelestèc tou
L.

JEWRHMA 2.3.3. ('Apeirh diaforisimìthta):
'Estw g ∈ C∞(ŪT ) kai oi m-iost c t�xhc sunj kec sumbatìthtac isqÔoun
gia m = 0, 1, . . . . Tìte to parabolikì prìblhma arqik¸n/sunoriak¸n tim¸n
(2.1) èqei mÐa monadik  lÔsh u ∈ C∞(ŪT ).
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Kef�laio 3

ProseggÐseic gia thn
exÐswsh thc jermìthtac sth
mÐa di�stash

Se autì to kef�laio, ja melet soume thn exÐswsh thc jermìthtac sth mÐa
di�stash kaj¸c kai touc arijmhtikoÔc trìpouc epÐlus c thc kai tic ektim -
seic sfalm�twn pou prokÔptoun. Ja asqolhjoÔme me tic di�forec mejìdouc
epÐlushc, ìpwc me th mèjodo twn peperasmènwn stoiqeÐwn, th mèjodo twn
peperasmènwn diafor¸n kai thn qwroqronik  mèjodo twn peperasmènwn stoi-
qeÐwn en¸ ja anaferjoÔme kai sthn an�lush eust�jeiac thc θ-mejìdou.

3.1 H ExÐswsh thc Jermìthtac

To prìblhma mac se autì to kef�laio eÐnai na broÔme mÐa sun�rthsh u =
u(x, t) gia x ∈ [0, 1] kai t > 0 pou ikanopoieÐ th merik  diaforik  exÐswsh

ut + Lu = f 0 < x < 1, t > 0 (3.1)

me oriakèc sunj kec

u(0, t) = u(1, t) = 0 t > 0 (3.2)

kai arqik  sunj kh

u(x, 0) = u0(x) 0 ≤ x ≤ 1. (3.3)

H parap�nw MDE eÐnai h exÐswsh thc jermìthtac ìpwc orÐsthke sto proh-
goÔmeno kef�laio en¸ L o diaforikìc telest c pou mporeÐ na grafeÐ kai sth
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morf 

Lu = −ν ∂
2u

∂x2
. (3.4)

H u(x, t) perigr�fei th jermokrasÐa sto shmeÐo x kai ston qrìno t metallik c
r�bdou monadiaÐou m kouc pou katalamb�nei to di�sthma [0, 1] k�tw apì tic
akìloujec sunj kec. H jermik  thc agwgimìthta eÐnai stajer  kai Ðsh me to
ν > 0, ta �kra thc diathroÔntai se stajer  jemokrasÐa mhdèn bajm¸n kai se
qrìno t = 0 h jermokrasÐa thc sto shmeÐo x perigr�fetai apì thn u0(x). H
f(x, t) anaparist� thn paragwg  jermìthtac an� mon�da m kouc sto shmeÐo
x kai se qrìno t. Ed¸, jewroÔme ìti h ogkometrik  puknìthta ρ kai h eidik 

jermìthta an� mon�da m�zac cp eÐnai stajerèc kai monadiaÐec, alli¸c to
∂u

∂t
ja èprepe na pollaplasiasteÐ me to ρcp sthn (3.1).

MÐa lÔsh tou probl matoc (3.1)-(3.3) dÐnetai apì seirèc Fourier. Gia
par�deigma, e�n ν = 1 kai f ≡ 0 ,h lÔsh eÐnai

u(x, t) =

∞∑
n=1

cne
(−nπ)2tsin(nπx) (3.5)

ìpou oi suntelestèc cn eÐnai oi hmÐtona Fourier suntelestèc tou arqikoÔ de-
domènou u0(x)

cn = 2

∫ 1

0
u0(x)sin(nπx)dx, n = 1, 2, ...

E�n antÐ twn sunoriak¸n sunjhk¸n (3.2) Dirichlet jewr soume sunj kec
Neumann, dhlad 

ux(0, t) = ux(1, t) = 0, t > 0 (3.6)

h antÐstoiqh lÔsh sthn prokeimènh perÐptwsh ja eÐnai

u(x, t) =
d0

2
+

∞∑
n=1

dne
(−nπ)2tcos(nπx), n = 1, 2, ...

ìpou dn oi sunhmÐtona Fourier suntelestèc tou arqikoÔ dedomènou u0(x). Au-
tèc oi ekfr�seic upodhl¸noun ìti h lÔsh exasjeneÐ ekjetik� gr gora ston
qrìno. 'Ena pio genikì par�deigma mporeÐ na orisjeÐ afor¸ntac sth sumperi-
for� thc enèrgeiac ston qrìno, orismènhc apì thn posìthta

E(t) =

∫ 1

0
u2(x, t)dx.
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Pr�gmati, pollaplasi�zontac thn (3.1) me u kai oloklhr¸nontac wc proc x
sto di�sthma [0, 1] paÐrnoume∫ 1

0

∂u

∂t
(x, t)u(x, t)dx− ν

∫ 1

0

∂2u

∂x2
(x, t)u(x, t)dx

=
1

2

∫ 1

0

∂u2

∂t
(x, t)dx+ ν

∫ 1

0

(
∂u

∂x
(x, t)

)2

dx− ν
[
∂u

∂x
(x, t)u(x, t)

]x=1

x=0

=
1

2
E′(t) + ν

∫ 1

0

(
∂u

∂x
(x, t)

)2

dx

èqontac qrhsimopoi sei olokl rwsh kat� mèlh, tic oriakèc sunj kec (3.2)  
(3.6) kai enallag  diafìrishc - olokl rwshc. Mèsw thc anisìthtac Cauchy-
Schwarz prokÔptei∫ 1

0
f(x, t)u(x, t)dx ≤

√
F (t)

√
E(t)

ìpou F (t) =

∫ 1

0
f2dx. Tìte

E′(t) + 2ν

∫ 1

0

(
∂u

∂x
(x, t)

)2

dx ≤ 2
√
F (t)

√
E(t).

Lìgw thc anisìthtac Poincaré me (a, b) = (0, 1) èqoume

E′(t) + 2
ν

(Cp)2
E(t) ≤ 2

√
F (t)

√
E(t).

Me thn anisìthta tou Young èqoume

2
√
F (t)

√
E(t) ≤ γE(t) +

1

γ
F (t)

èqontac jèsei γ =
ν

C2
p

. Sunep¸c, E′(t) + γE(t) ≤ 1
γF (t)   isodÔnama

(eγtE(t))′ ≤ 1
γ e

γtF (t). Tìte, oloklhr¸nontac apì 0 e¸c t paÐrnoume

E(t) ≤ e−γtE(0) +
1

γ

∫ t

0
eγ(s−t)F (s)ds. (3.7)

Pio sugkekrimèna, ìtan h f ≡ 0 h (3.7) deÐqnei ìti h enèrgeia E(t) exasjeneÐ
ekjetik� gr gora ston qrìno.
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PARATHRHSH : MÐa stoiqei¸dhc perÐptwsh thc anisìthtac Young eÐnai h
anisìthta me ekjèth to 2,

αβ ≤ α2

2
+
β2

2

pou prokaleÐ kai thn anisìthta Young me to δ (δ > 0, α, β ≥ 0),

αβ ≤ δα2 +
β2

4δ
.

3.2 Mèjodoc Peperasmènwn Diafor¸n

Gia na lujeÐ h exÐswsh thc jermìthtac arijmhtik� eÐnai sun jwc aparaÐthth
h di�krish twn metablht¸n x kai t. Xekin¸ntac me th metablht  x orÐzoume
me to ui(t) mia prosèggish thc u(xi, t), i = 0, ..., n kai proseggÐzoume to
prìblhma Dirichlet (3.1)-(3.3) wc ex c:

u̇i(t)−
ν

h2
(ui−1(t)− 2ui(t) + ui+1(t)) = fi(t), i = 1, ..., n− 1,∀t > 0

u0(t) = un(t) = 0, ∀t > 0

ui(0) = u0(xi), ∀i = 0, ..., n

ìpou h �nw teleÐa upodeiknÔei thn par�gwgo se sqèsh me ton qrìno kai
fi(t) = f(xi, t). Autì sthn pragmatikìthta eÐnai mia hmi-diakritopoÐhsh tou
probl matoc (3.1)-(3.3) kai eÐnai èna sÔsthma apì sun jeic diaforikèc exis¸-
seic thc parak�tw morf c{

~̇u(t) = −νAfd~u(t) + ~f(t), ∀t > 0
~u(0) = ~u0

(3.8)

ìpou ~u(t) = [u1(t), ..., un−1(t)]T eÐnai to di�nusma twn agn¸stwn, ~f(t) =
[f1(t), ..., fn−1(t)]T , ~u0 = [u0(x1), ..., u0(xn−1)]T kai Afd tridiag¸nioc pÐ-
nakac, ìpou Afd = 1/h2tridn−1(−1, 2,−1). EpÐshc, èqoume upojèsei ìti
u0(x0) = u0(xn) = 0 pou eÐnai logik� sunepèc me tic oriakèc sunj kec (3.2).

Gia thn olokl rwsh thc (3.8) se sqèsh me ton qrìno ja qrhsimopoi soume
th θ-mèjodo. OrÐzoume me vk thn tim  thc metablht c v ston qrìno tk = k∆t
gia ∆t > 0 tìte h θ-mèjodoc gia thn qronik  olokl rwsh tou (3.8) eÐnai

~uk+1 − ~uk

∆t
= −νAfd(θ~uk+1 + (1− θ)~uk) + θ ~fk+1 + (1− θ)~fk, k = 0, 1, ...

~u0 = ~u0
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(3.9)

  isodÔnama

(I + νθ∆tAfd)~u
k+1 = (I − ν(1− θ)∆tAfd)~uk + ~gk+1 (3.10)

ìpou ~gk+1 = ∆t(θ ~fk+1 + (1− θ)~fk) kai I o monadiaÐoc pÐnakac t�xhc n− 1.
Gia kat�llhlec timèc thc paramètrou θ h (3.10) sumpÐptei me gnwstèc me-

jìdouc. Gia par�deigma gia θ = 0 h (3.10) sumpÐptei me thn proc ta emprìc
mèjodo Euler kai paÐrnoume rht� ~uk+1, alli¸c èna grammikì sÔsthma me sta-
jerì pÐnaka I + νθ∆tAfd qrei�zetai na lujeÐ se k�je qronikì b ma.

'Oson afor� sthn eust�jeia, èstw ìti f ≡ 0 (�ra ~gk = ~0 ∀k > 0), ètsi
¸ste apì thn (3.5) h akrib c lÔsh u(x, t) teÐnei sto mhdèn gia k�je x kaj¸c
t→∞. Tìte ja perimèname ìti h diakrit  lÔsh ja eÐqe thn Ðdia sumperifor�
ìpou kai ja kaloÔsame to sq ma mac (3.10) asumptwtik� eustajèc.

An θ = 0 apì th (3.10) èqoume ìti

~uk = (I − ν∆tAfd)
k~u0, k = 1, 2, ...

kai katal goume sÔmfwna me thn an�lush twn sugklinous¸n pin�kwn ìti
~uk → ~0 kaj¸c k →∞ an kai mìno an

ρ(I − ν∆tAfd) < 1. (3.11)

Oi idiotimèc tou Afd dÐnontai apì th sqèsh

µi =
4

h2
sin2(iπh/2), i = 1, · · · , n− 1.

Tìte h (3.11) ikanopoieÐtai an kai mìno an

∆t <
1

2ν
h2.

'Opwc anamenìtan h proc ta emprìc mèjodoc Euler eÐnai upì ìrouc eustaj c
kai to qronikì b ma ∆t fjÐnei ìpwc to tetr�gwno tou diast matoc h tou
plègmatoc.

Gia θ = 1 h (3.10) sumpÐptei me thn proc ta pÐsw mèjodo Euler kai èqoume

~uk = [(I + ν∆tAfd)
−1]k~u0 k = 1, 2, ...

Ef�oson ìlec oi idiotimèc tou pÐnaka (I + νθ∆tAfd)
−1 eÐnai pragmatikèc, je-

tikèc kai austhr� mikrìterec tou 1 gia k�je tim  tou ∆t, autì to sq ma ja
eÐnai apìluta eustajèc. Genikìtera, h θ-mèjodoc eÐnai apìluta eustaj c gia
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ìlec tic timèc 1/2 ≤ θ ≤ 1 kai upì ìrouc eustaj c e�n 0 ≤ θ < 1/2.(Bl. [3])
Se ìti èqei sqèsh me thn akrÐbeia thc θ-mejìdou, mporoÔme na anafèroume
ìti to topikì sf�lma thc eÐnai t�xhc ∆t + h2 an θ 6= 1

2 en¸ gia θ = 1
2 eÐnai

t�xhc ∆t2 + h2. H mèjodoc pou antistoiqeÐ sto θ = 1
2 suqn� kaleÐtai mèjo-

doc Crank-Nicolson kai eÐnai sunep¸c apìluta eustaj c kai deÔterhc t�xhc
akrib c se sqèsh me to ∆t kai to h.

3.3 Mèjodoc Peperasmènwn StoiqeÐwn

H qwrik  diakritopoÐhsh tou (3.1)-(3.3) mporeÐ na epiteuqjeÐ, epÐshc, qrhsi-
mopoi¸ntac th mèjodo peperasmènwn stoiqeÐwn Galerkin. Akolouj¸ntac thn
Ðdia diadikasÐa pou pragmatopoi jhke sto deÔtero kef�laio, arqik�, gia k�je
t > 0 pollaplasi�zoume thn (3.1) me mÐa dokimastik  sun�rthsh v = v(x)
kai oloklhr¸noume sto (0, 1). 'Epeita, jètontac V = H1

0 (0, 1) kai ∀t > 0
y�qnoume gia mÐa sun�rthsh t→ u(x, t) ∈ V (u(t) ∈ V ) ¸ste∫ 1

0

∂u(t)

∂t
vdx+ α(u(t), v) = F (v), ∀v ∈ V (3.12)

me u(0) = u0. Ed¸, to α(u(t), v) =

∫ 1

0
ν(∂u(t)/∂x)(∂v/∂x)dx kai to F (v) =∫ 1

0
f(t)vdx, eÐnai h digrammik  morf  kai to grammikì sunarthsoeidèc antÐ-

stoiqa pou sqetÐzontai me ton elleiptikì telest  L kai to dexÐ mèloc thc f .
'Estw Vh ènac kat�llhloc peperasmènhc di�stashc upìqwroc tou V . Jew-
roÔme ton akìloujo sqhmatismì Galerkin: ∀t > 0, up�rqei uh(t) ∈ Vh tètoia
¸ste ∫ 1

0

∂uh(t)

∂t
vhdx+ α(uh(t), vh) = F (vh) ∀vh ∈ Vh (3.13)

ìpou uh(0) = u0h kai u0h ∈ Vh mia prosèggish tou u0. To prìblhma (3.13)
anafèretai wc mia hmi-diakritopoÐhsh tou (3.12) afoÔ eÐnai mìno mia qwrik 
diakritopoÐhsh thc exÐswshc jermìthtac.

Akolouj¸ntac parìmoia diadikasÐa ìpwc kai sthn par�grafo [3.1] gia na
broÔme thn energeiak  ektÐmhsh paÐrnoume thn akìloujh a priori ektÐmhsh gia
th diakrit  lÔsh uh(t) tou (3.13)

Eh(t) ≤ e−γtEh(0) +
1

γ

∫ t

0
eγ(s−t)F (s)ds
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ìpou Eh(t) =

∫ 1

0
u2
h(x, t)dx.

'Oson afor� sth diakritopoÐhsh thc (3.13) me th mèjodo twn peperasmènwn
stoiqeÐwn eis�goume ton peperasmènwn stoiqeÐwn q¸ro Vh me thn b�sh {φj}.
Tìte, h lÔsh uh thc (3.13) mporeÐ na anazhthjeÐ sth morf 

uh(t) =

Nh∑
j=1

uj(t)φj

ìpou {uj(t)} eÐnai oi �gnwstoi suntelestèc kai Nh h di�stash tou Vh. Sune-
p¸c, apì thn (3.13) paÐrnoume

∫ 1

0

Nh∑
j=1

u̇j(t)φjφidx+ α

 Nh∑
j=1

uj(t)φj , φi

 = F (φi), i = 1, · · · , Nh

ìpou eÐnai

Nh∑
j=1

u̇j(t)

∫ 1

0
φjφidx+

Nh∑
j=1

uj(t)α(φj , φi) = F (φi), i = 1, · · · , Nh.

Qrhsimopoi¸ntac ton Ðdio sumbolismì me thn (3.8) paÐrnoume

M~̇u(t) +Afe~u(t) = ~ffe(t) (3.14)

ìpou Afe = (α(φj , φi)), ~ffe(t) = (F (φi)) kaiM = (mij) =

(∫ 1

0
φjφidx

)
gia

i, j = 1, ..., Nh. O M kaleÐtai pÐnakac m�zac. To sÔsthma twn SDE (3.14)
mporeÐ na grafeÐ se kanonik  morf  wc

~̇u(t) = −M−1Afe~u(t) +M−1 ~ffe(t). (3.15)

Gia na lujeÐ to (3.15) proseggistik� mporoÔme kai se aut n thn perÐptwsh na
efarmìsoume th θ-mèjodo kai na p�roume

M
~uk+1 − ~uk

∆t
+Afe[θ~u

k+1 + (1− θ)~uk] = θ ~fk+1
fe + (1− θ)~fkfe. (3.16)

'Opwc sun jwc, o �nw deÐkthc k ennoeÐ ìti h posìthta kont� upologÐzetai se
qrìno tk. 'Opwc kai sthn perÐptwsh twn peperasmènwn diafor¸n, gia θ=0,1
kai 1/2 paÐrnoume antÐstoiqa thn proc ta emprìc mèjodo Euler, thn proc ta
pÐsw mèjodo Euler kai thn Crank-Nicolson, ìpou h Crank-Nicolson mèjodoc
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eÐnai h mình pou eÐnai deÔterhc t�xhc akrib c se sqèsh me to ∆t. Gia k�je k
h (3.16) eÐnai èna grammikì sÔsthma tou opoÐou o pÐnakac eÐnai

K =
1

∆t
M + θAfe.

AfoÔ o M kai o Afe eÐnai summetrikoÐ kai jetik� orismènoi pÐnakec, o pÐnakac
K eÐnai epÐshc summetrikìc kai jetik� orismènoc. 'Etsi, h paragontopoÐhsh
Cholesky K = HTH ìpou o H �nw trigwnikìc mporeÐ na pragmatopoihjeÐ
sto t = 0. Sunep¸c, se k�je qronikì b ma ta dÔo epìmena grammik� trigw-
nik� sust mata, me mègejoc Nh to kajèna, prèpei na lujoÔn me upologistikì
kìstoc N2

h/2 flops. HT~y =

[
1

∆t
M − (1− θ)Afe

]
~uk + θ ~fk+1

fe + (1− θ)~fkfe
H~uk+1 = ~y

PARATHRHSH : 'Otan θ = 0, mia kat�llhlh diagwnopoÐhsh tou M ja epè-
trepe thn aposundesh tou sust matoc exis¸sewn (3.16). H diadikasÐa prag-
matopoieÐtai me th gnwst  mèjodo mass lumping ìpou o M proseggÐzetai
apì èna mh idi�zonta diag¸nio pÐnaka M̃ . Sthn perÐptwsh twn grammik¸n pe-
perasmènwn stoiqeÐwn o M̃ mporeÐ na brejeÐ qrhsimopoi¸ntac thn sÔnjeth
trapezoeid  fìrmoula p�nw stouc kìmbouc {xi} gia na ektimhjoÔn ta olo-

klhr¸mata

∫ 1

0
φjφidx paÐrnontac m̃ij = hδij , i, j = 1, ..., Nh.

3.3.1 An�lush eust�jeiac thc θ-mejìdou

Efarmìzwntac th θ-mèjodo sto prìblhma Galerkin (3.13) prokÔptei(
uk+1
h − ukh

∆t
, vh

)
+ α(θuk+1

h + (1− θ)ukh, vh) (3.17)

= θF k+1(vh) + (1− θ)F k(vh) ∀vh ∈ Vh

gia k ≥ 0 kai me u0
h = u0h, F

k(vh) =
∫ 1

0 f(tk)vh(x)dx . Ef�oson endia-
ferìmaste gia thn an�lush eust�jeiac, mporoÔme na jewr soume thn eidik 
perÐptwsh ìpou F = 0. Epiplèon, ja epikentrwjoÔme sthn perÐptwsh ìpou
θ = 1.(

uk+1
h − ukh

∆t
, vh

)
+ α(uk+1

h , vh) = 0, ∀vh ∈ Vh.
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Jètontac vh = uk+1
h paÐrnoume(

uk+1
h − ukh

∆t
, uk+1

h

)
+ α(uk+1

h , uk+1
h ) = 0.

Apì ton orismì tou α(·, ·) prokÔptei ìti

α(uk+1
h , uk+1

h ) = ν

∥∥∥∥∥∂uk+1
h

∂x

∥∥∥∥∥
2

L2(0,1)

. (3.18)

Epiplèon, shmei¸noume ìti

‖uk+1
h ‖2

L2(0,1)
+ 2ν∆t

∥∥∥∥∥∂uk+1
h

∂x

∥∥∥∥∥
2

L2(0,1)

≤ ‖ukh‖
2

L2(0,1). (3.19)

AkoloujeÐ ìti ∀n ≥ 1

n−1∑
k=0

‖uk+1
h ‖2

L2(0,1)
+ 2ν∆t

n−1∑
k=0

∥∥∥∥∥∂uk+1
h

∂x

∥∥∥∥∥
2

L2(0,1)

≤
n−1∑
k=0

‖ukh‖
2

L2(0,1)

kai paÐrnoume

‖unh‖
2
L2(0,1) + 2ν∆t

n−1∑
k=0

∥∥∥∥∥∂uk+1
h

∂x

∥∥∥∥∥
2

L2(0,1)

≤ ‖u0h‖2L2(0,1) (3.20)

pou deÐqnei ìti to sq ma eÐnai apìluta eustajèc. Akolouj¸ntac thn Ðdia
diadikasÐa e�n f 6= 0 prokÔptei

‖unh‖
2
L2(0,1) + 2ν∆t

n−1∑
k=0

∥∥∥∥∥∂uk+1
h

∂x

∥∥∥∥∥
2

L2(0,1)

≤ C(n)

(
‖un0h‖

2
L2(0,1) +

n∑
k=1

∆t‖fk‖2L2(0,1)

) (3.21)

ìpou C(n) eÐnai mia stajer� anex�rthth kai apì to h kai apì to ∆t.

PARATHRHSH : To Ðdio eÐdoc anisot twn eust�jeiac (3.20) kai (3.21) mporeÐ
na prokÔyei e�n to α(·, ·) eÐnai mÐa pio genik  digrammik  morf  dedomènou ìti
eÐnai suneqèc kai piestikì.
Gia na mporèsoume na pragmatopoi soume thn an�lush eust�jeiac thc θ-
mejìdou gia k�je θ ∈ [0, 1] prèpei pr¸ta na d¸soume ton orismì twn idiotim¸n
kai twn idiodianusm�twn thc digrammik c morf c.

36



ORISMOS 3.3.1. Onom�zoume to λ mÐa idiotim  kai to w ∈ V to antÐstoiqo
idiodi�nusma gia th digrammik  morf  α(·, ·) : V × V 7−→ R e�n

α(w, v) = λ(w, v) ∀v ∈ V

ìpou to (·, ·) orÐzei to sÔnhjec ginìmeno ston L2(0, 1).

E�n h digrammik  morf  α(·, ·) eÐnai summetrik  kai piestik , tìte èqei
�peirec pragmatikèc jetikèc idiotimèc pou sqhmatÐzoun mia mh fragmènh ako-
loujÐa. Epiprìsjeta, ta idiodianÔsmat� touc (pou onom�zontai kai idiosunar-
t seic) sqhmatÐzoun mia b�sh gia ton q¸ro V . Se èna diakritì epÐpedo to
antÐstoiqo zeug�ri λh ∈ R, wh ∈ Vh ikanopoieÐ thn exÐswsh

α(wh, vh) = λh(wh, vh) ∀vh ∈ Vh. (3.22)

Apì algebrik c skopi�c, to prìblhma (3.22) mporeÐ na grafeÐ wc

Afe ~w = λhM ~w,

(ìpou ~w eÐnai to di�nusma twn tim¸n tou plègmatoc tou wh) kai mporeÐ na je-
wrhjeÐ wc èna genikeumèno prìblhma idiotim¸n. 'Olec oi idiotimèc λ1

h, · · · , λ
Nh
h

eÐnai jetikèc. Ta antÐstoiqa idiodianÔsmata w1
h, · · · , w

Nh
h sqhmatÐzoun mia b�-

sh gia ton upìqwro Vh kai mporoÔn na epilegoÔn ètsi ¸ste na eÐnai orjokano-
nik� dhlad  (wih, w

j
h) = δij ,∀i, j = 1, ..., Nh. Pio sugkekrimèna, opoiad pote

sun�rthsh vh ∈ Vh mporeÐ na anaparastajeÐ wc

vh(x) =

Nh∑
j=1

vjw
j
h(x).

Ac upojèsoume t¸ra ìti θ ∈ [0, 1] kai ìti h digrammik  morf  α(·, ·) eÐnai
summetrik . Par�olo pou to telikì apotèlesma eust�jeiac isqÔei kai sth
mh summetrik  perÐptwsh, h apìdeixh pou akoloujeÐ den mporeÐ na efarmosjeÐ
afoÔ se aut n thn perÐptwsh ta idiodianÔsmata de ja sqhmatÐzoun plèon b�sh
gia ton Vh. 'Estw {wjh} ta idiodianÔsmata tou α(·, ·) twn opoÐwn h epèktash
sqhmatÐzei mia orjokanonik  b�sh gia ton Vh. AfoÔ se k�je qronik  stigm 
to ukh ∈ Vh mporoÔme na ekfr�soume to ukh wc

ukh(x) =

Nh∑
j=1

ukjw
j
h(x).
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Jewr¸ntac ìti F = 0 sthn (3.17) kai paÐrnontac vh = wih, brÐskoume

1

∆t

Nh∑
j=1

[uk+1
j − ukj ]

(
wjh, w

i
h

)

+

Nh∑
j=1

[θuk+1
j + (1− θ)ukj ]α(wjh, w

i
h) = 0, i = 1, ..., Nh.

AfoÔ wjh oi idiosunart seic tou α(·, ·) paÐrnoume

α(wjh, w
i
h) = λjh(wjh, w

i
h) = λjhδij = λih

ètsi ¸ste

uk+1
i − uki

∆t
+ [θuk+1

i + (1− θ)uki ]λih = 0.

LÔnontac aut  thn exÐswsh se sqèsh me to uk+1
i èqoume

uk+1
i = uki

[1− (1− θ)λih∆t]

[1 + θλih∆t]
.

Gia na eÐnai h mèjodoc eustaj c prèpei na isqÔei∣∣∣∣1− (1− θ)λih∆t

1 + θλih∆t

∣∣∣∣ < 1

to opoÐo sunep�getai

2θ − 1 > − 2

λih∆t
.

An θ ≥ 1/2 aut  h anisìthta ikanopoieÐtai gia opoiad pote tim  tou ∆t.
AntÐjeta, an θ < 1/2 prèpei na èqoume

∆t <
2

(1− 2θ)λih
.

Ef�oson aut  h sqèsh prèpei na isqÔei gia ìlec tic idiotimèc λih thc digrammik c
morf c, arkeÐ na apait soume na ikanopoieÐtai gia th megalÔterh apì autèc,
ìpou upojètoume ìti eÐnai h λNh

h . Sunep¸c, an θ ≥ 1/2 h θ-mèjodoc eÐnai
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apìluta eustaj c (dhlad  eustaj c gia k�je ∆t), en¸ an 0 ≤ θ < 1/2 h
θ-mèjodoc eÐnai eustaj c mìno an

∆t ≤ 2

(1− 2θ)λNh
h

.

MporeÐ na deiqjeÐ ìti up�rqoun dÔo jetikèc stajerèc c1 kai c2, anex�rthtec
tou h ¸ste

c1h
−2 ≤ λNh

h = c2h
−2.

SÔmfwna me autì, èqoume ìti an 0 ≤ θ < 1/2 h mèjodoc eÐnai eustaj c an kai
mìno an

∆t ≤ C1(θ)h2 (3.23)

gia kat�llhlh stajer� C1(θ) anex�rthth apì to h kai to ∆t. Me an�logh
apìdeixh, mporeÐ na deiqjeÐ ìti an qrhsimopoihjeÐ mia yeudo-fasmatik  pro-
sèggish Galerkin gia to prìblhma (3.12), h θ-mèjodoc eÐnai apìluta eustaj c
an θ ≥ 1/2, en¸ gia 0 ≤ θ < 1/2 eÐnai eustaj c mìno an isqÔei ìti

∆t ≤ C2(θ)N−4 (3.24)

gia kat�llhlh stajer� C2(θ) anex�rthth apì to N kai to ∆t. H diafor�
metaxÔ twn sqèsewn (3.23) kai (3.24) ofeÐletai sto gegonìc ìti h megalÔterh
idiotim  thc fasmatik c akrÐbeiac tou pÐnaka, megal¸nei san O(N4) se sqèsh
me to bajmì tou proseggistikoÔ poluwnÔmou. SugkrÐnontac th lÔsh tou
probl matoc (3.17) me ekeÐnh tou probl matoc (3.13), me kat�llhlh qr sh
tou apotelèsmatoc eust�jeiac (3.21) kai tou sf�lmatoc qrìnou mporeÐ na
apodeiqjeÐ to parak�tw apotèlesma sÔgklishc

‖u(tk)− ukh‖L2(0,1) ≤ C(u0, f, u)(∆tp(θ) + hr+1), ∀k ≥ 1

ìpou to r parist�nei ton bajmì poluwnÔmou tou peperasmènwn stoiqeÐwn
q¸rou Vh, to p(θ) = 1 an θ 6= 1/2 en¸ p(1/2) = 2 kai C eÐnai mia stajer� pou
exart�tai apì ta orÐsmat� thc (upojètontac ìti eÐnai epark¸c omal�) all� ìqi
apì to h kai to ∆t. Eidikìtera, an f ≡ 0 paÐrnoume thn parak�tw beltiwmènh
ektÐmhsh

‖u(tk)− ukh‖L2(0,1) ≤ C

[(
h√
tk

)r+1

+

(
∆t

tk

)p(θ)]
‖u0‖L2(0,1)

gia k ≥ 1, θ = 1   θ = 1/2.
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3.4 Qwroqronik  Mèjodoc Peperasmènwn Stoi-

qeÐwn

MÐa enallaktik  prosèggish gia th qronik  diakritopoÐhsh basÐzetai sth qr -
sh miac mejìdou Galerkin pou diakritopoieÐ kai qwrikèc kai qronikèc metablh-
tèc.

Ac upojèsoume pwc lÔnoume thn exÐswsh jermìthtac gia x ∈ [0, 1] kai
t ∈ [0, T ]. Ac orÐsoume me Ik = [tk−1, tk] to k-iostì qronikì di�sthma gia
k = 1, ..., n me ∆tk = tk − tk−1. Epiplèon, ∆t = maxk ∆tk. To orjog¸nio
parallhlìgrammo Sk = [0, 1] × Ik eÐnai h eponomazìmenh qwroqronik  pl�ka
(slab). Se k�je qronikì epÐpedo tk, jewroÔme mia diamèrish Thk tou (0,1) se
mk upodiast mataKk

j = [xkj , x
k
j+1], j = 0, ...,mk−1. Jètoume hkj = xkj+1−xkj

kai orÐzoume hk = maxj h
k
j kai h = maxk h

k.

EpÐshc, susqetÐzoume to Sk me mia qwroqronik  diamèrish Sk =
⋃mk
j=1R

k
j

ìpou Rkj = Kk
j × Ik kai Kk

j ∈ Thk . H qwroqronik  pl�ka Sk qwrÐzetai ètsi

se orjog¸nia parallhlìgramma Rkj .
Gia k�je qwroqronik  pl�ka Sk o qwroqronikìc peperasmènwn stoiqeÐwn q¸-
roc eÐnai

Qq(Sk) =
{
v ∈ C0(Sk), v|Rk

j
∈ P1(Kk

j )× Pq(Ik), j = 0, ...,mk − 1
}

ìpou sun jwc q = 0   q = 1. Tìte, o q¸roc autìc sto [0,1]×[0, T ] orÐzetai
wc ex c:

Vh,∆t =
{
v : [0, 1]× [0, T ]→ R : v|Sk

∈ Yh,k, k = 1, ..., n
}

ìpou

Yh,k = {v ∈ Qq(Sk) : v(0, t) = v(1, t) = 0 ∀t ∈ Ik} .

O arijmìc twn bajm¸n eleujerÐac tou Vh,∆t eÐnai Ðsoc me (q+ 1)(mk − 1). Oi
sunart seic ston Vh,∆t eÐnai grammikèc kai suneqeÐc ston q¸ro en¸ ston qrìno
eÐnai polu¸numa bajmoÔ q. Autèc oi sunart seic eÐnai genikìtera asuneqeÐc
sta qronik� epÐpeda tk kai oi diamerÐseic T kh den parab�llontai sthn epaf 
metaxÔ suneqìmenwn qronik¸n epipèdwn. Gia autì to lìgo uiojetoÔme ton
parak�tw sumbolismì

vk± = lim
τ→0

v(tk ± τ), [vk] = vk+ − vk−.

H diakritopoÐhsh tou probl matoc (3.12) qrhsimopoi¸ntac suneq  peperasmè-
na stoiqeÐa bajmoÔ 1 ston q¸ro kai asuneq  peperasmèna stoiqeÐa bajmoÔ
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q ston qrìno (se suntomografÐa cG(1)dG(q) mèjodoc) pragmatopoieÐtai brÐ-
skontac U ∈ Vh,∆t tètoio ¸ste

n∑
k=1

∫
Ik

[(
∂U

∂t
, V

)
+ α(U, V )

]
dt

+
n−1∑
k=1

([Uk], V k
+) + (U0

+, V
0

+) =

∫ T

0
(f, V )dt, ∀V ∈ V 0

h,∆t

ìpou

V 0
h,∆t = {v ∈ Vh,∆t : v(0, t) = v(1, t) = 0 ∀t ∈ [0, T ]}

me U0
− = u0h, U

k = U(x, tk) kai to (u, v) =
∫ 1

0 uvdx ekfr�zei to bajmwtì gi-
nìmeno tou L2(0, 1). H sunèqeia tou U se k�je shmeÐo tk epib�lletai sunep¸c
mìno me thn asjen  ènnoia.

Gia na kataskeuastoÔn oi algebrikèc exis¸seic gia to �gnwsto U , qrei�-
zetai na epektajeÐ se mÐa b�sh ston qrìno kai ton q¸ro. H eniaÐa qwro-
qronik  b�sh sun�rthsh φkjl(x, t) mporeÐ na grafeÐ wc φkjl(x, t) = φkj (x)ψl(t),

j = 1, ...,mk − 1, l = 0, ..., q, ìpou φkj eÐnai h sun jhc grammik  b�sh sun�r-
thsh kai ψl eÐnai h l-iost  b�sh sun�rthsh tou Pq(Ik).

'Otan q = 0 h lÔsh U eÐnai stajer  ston qrìno. Se aut n thn perÐptwsh,

Uk(x, t) =

Nk
h∑

j=1

Ukj φ
k
j (x), x ∈ [0, 1], t ∈ Ik

ìpou Ukj = Uk(xj , t),∀t ∈ Ik. 'Estw

Ak = (αij) = (α(φkj , φ
k
i )), Mk = (mij) = ((φkj , φ

k
i ))

~f = (fi) =

(∫
Sk

f(x, t)φki (x)dxdt

)
, Bk,k−1 = (bij) = ((φkj , φ

k−1
i ))

ìpou orÐzoun antÐstoiqa ton pÐnaka akamyÐac (stiffness matrix), ton pÐnaka
m�zac (mass matrix), to di�nusma dedomènwn kai ton pÐnaka probol c (proje-
ction matrix) metaxÔ twn V k−1

h kai V k
h sto qronikì epÐpedo tk.

Tìte, jètontac ~Uk = (Ukj ), se k�je k-iostì qronikì epÐpedo h mèjodoc
cG(1)dG(0) apaiteÐ th lÔsh tou parak�tw grammikoÔ sust matoc

(Mk + ∆tkAk)~U
k = Bk,k−1

~Uk−1 + ~fk
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pou ousiastik� eÐnai to sq ma thc proc ta pÐsw diakritopoÐhshc Euler me
tropopoihmèno to dexÐ mèloc.

'Otan q = 1 h lÔsh eÐnai grammik  ston qrìno. Gia eukolÐa ston sum-
bolismì jètoume Uk(x) = U−(x, tk) kai Uk−1(x) = U+(x, tk−1). Epiplèon,
upojètoume ìti h qwrik  diamèrish Thk den all�zei me to qronikì epÐpedo kai
jètoume mk = m gia k�je k = 0, ..., n. Tìte, mporoÔme na gr�youme

U|Sk
= Uk−1(x)

tk − t
∆tk

+ Uk(x)
t− tk−1

∆tk
.

Sunep¸c, h mèjodoc cG(1)dG(1) odhgeÐ sth lÔsh tou parak�tw 2× 2 sust -
matoc me agn¸stouc ta ~Uk = (Uki ) kai ~Uk−1 = (Uk−1

i ), i = 1, ...,m− 1

(
−1

2
Mk +

∆tk

3
Ak

)
~Uk−1 +

(
1

2
Mk +

∆tk

6
Ak

)
~Uk = ~fk−1 +Bk,k−1

~Uk−1
−

(
1

2
Mk +

∆tk

6
Ak

)
~Uk−1 +

(
1

2
Mk +

∆tk

3
Ak

)
~Uk = ~fk

ìpou

~fk−1 =

∫
Sk

f(x, t)φki (x)ψk1 (t)dxdt, ~fk =

∫
Sk

f(x, t)φki (x)ψk2 (t)dxdt

kai ψk1 (t) =
(tk − t)

∆tk
, ψk2 (t) =

(t− tk−1)

∆tk
eÐnai oi dÔo b�seic sunart seic tou

P1(Ik).

Upojètontac ìtiVh,k−1 * Vh,k eÐnai dunatìn na apodeiqjeÐ ìti

‖u(tn)− Un‖L2(0,1) ≤ C(u0h, f, u, n)(∆t2 + h2) (3.25)

ìpou C eÐnai mia stajer� pou exart�tai apì ta orÐsmat� thc (upojètontac ìti
eÐnai epark¸c omal�) all� ìqi apì ta h kai ∆t.

SQOLIO: 'Ena pleonèkthma sth qr sh twn qwroqronik¸n peperasmènwn
stoiqeÐwn eÐnai h dunatìthta ektèleshc enìc qwroqronikoÔ plègmatoc pro-
sarmostikìthtac se k�je qronik  pl�ka basismènh se mia ektÐmhsh sf�lma-
toc.
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Kef�laio 4

ProseggÐseic gia thn
exÐswsh thc jermìthtac
stic dÔo diast�seic

Se autì to kef�laio ja asqolhjoÔme me th mèjodo peperasmènwn stoiqeÐwn
Galerkin gia thn proseggistik  lÔsh tou probl matoc arqik¸n-sunoriak¸n
tim¸n thc exÐswshc thc jermìthtac

ut −∆u = f, sto Ω, gia t > 0

u = 0, p�nw sto sÔnoro ∂Ω, gia t > 0

me u(·, 0) = v sto Ω

(4.1)

ìpou Ω eÐnai èna qwrÐo ston Rd me omalì sÔnoro ∂Ω kai ìpou isqÔei ìti

u = u(x, t), ut orÐzei to
∂u

∂t
kai ∆ =

∑d
j=1

∂2

∂x2
j

h Laplasian . EpÐshc, ja

melet soume tic mejìdouc ektÐmhshc twn sfalm�twn pou prokÔptoun.

4.1 BasikoÐ TÔpoi kai Jewr mata

Gia to skopì autì tou kefalaÐou ja qreiastoÔme k�poiec basikèc sqèseic kai
Jewr mata pou prokÔptoun apì to elleiptikì prìblhma sunoriak¸n tim¸n
Dirichlet thc exÐswshc Poisson,

−∆u = f, sto Ω, me u = 0 p�nw sto ∂Ω. (4.2)
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Arqik�, ja orÐsoume mÐa prosèggish thc lÔshc u thc (4.2) wc mÐa sun�rthsh
uh pou an kei se èna peperasmènhc di�stashc grammikì q¸ro Sh sunart -
sewn tou x me orismènec proseggistikèc idiìthtec. Aut  h sun�rthsh, sthn
aploÔsterh perÐptwsh mÐa grammik  sun�rthsh se k�poia diamèrish tou Ω,
ja eÐnai mÐa lÔsh enìc peperasmènou sust matoc grammik¸n algebrik¸n e-
xis¸sewn. Ja deÐxoume loipìn basikèc ektim seic sfalm�twn gia aut  thn
proseggistik  lÔsh sthn energeiak  nìrma kai sthn L2(Ω) nìrma.

'Opwc kai sth monodi�stath perÐptwsh, qrhsimopoi¸ntac èna metabolikì
tÔpo ìpwc sthn sqèsh (4.1) suneqÐzoume gia th diakritopoÐhsh tou paraboli-
koÔ probl matoc pr¸ta sthn qwrik  metablht  x, to opoÐo èqei wc apotèlesma
mia proseggistik  lÔsh uh(·, t) ston peperasmènwn stoiqeÐwn q¸ro Sh wc mÐa
lÔsh enìc peperasmènhc di�stashc sust matoc sun jwn diaforik¸n exis¸-
sewn. 'Epeita, orÐzoume èna olik� diakritì sq ma diakritopoi¸ntac autì to
sÔsthma ston qrìno me di�forec proseggÐseic peperasmènwn diafor¸n. Autì
odhgeÐ se mÐa proseggistik  lÔsh U thc (4.1) pou an kei ston Sh se diakrit�
qronik� epÐpeda. Ta sf�lmata ektÐmhshc prokÔptoun gia tic qwrikèc kai tic
olik� diakritèc lÔseic.

Gia ton orismì thc peperasmènwn stoiqeÐwn lÔshc tou (4.2), jewroÔme
genikìtera thn prosèggish twn omal¸n sunart sewn sto Ω ìpou mhdenÐzetai
p�nw sto ∂Ω.

'Estw Ω èna kurtì pedÐo se epÐpedo me omalì sÔnoro ∂Ω kai èstw Th na
orÐzei mia diamèrish tou Ω se trÐgwna τ ètsi ¸ste h koruf  tou k�je trig¸nou
na keÐtai sto eswterikì miac pleur�c enìc �llou trig¸nou kai tètoio ¸ste h
ènwsh twn trig¸nwn na kajorÐzei èna polugwnikì pedÐo Ωh ⊂ Ω me sunoriakèc
korufèc p�nw sto ∂Ω. 'Estw ìti to h orÐzei to mègisto m koc twn pleur¸n
thc trigwnopoÐhshc Th. Sunep¸c, to h eÐnai mÐa par�metroc pou mei¸netai
kaj¸c h trigwnopoÐhsh gÐnetai kalÔterh. Ja upojèsoume pwc oi gwnÐec twn
trigwnopoi sewn eÐnai k�tw fragmènec apì mÐa jetik  stajer�, anex�rthth
apì to h, kai ìti k�poiec forèc oi trigwnopoi seic eÐnai sqedìn omoiìmorfec
me thn ènnoia tou ìti ta trÐgwna tou Th eÐnai ousiastik� tou Ðdiou megèjouc,
to opoÐo ekfr�zoume apait¸ntac h perioq  tou τ ∈ Th na eÐnai k�tw fragmènh
apì to ch2, me c > 0, anex�rthto apì to h.

'Estw t¸ra to Sh na orÐzei tic suneqeÐc sunart seic thc kleistìthtac Ω̄
tou Ω pou eÐnai grammikèc se k�je trÐgwno tou Th kai pou mhdenÐzontai èxw apì
to Ωh. 'Estw ìti {Pj}Nh

j=1 eÐnai oi eswterikèc korufèc tou Th. MÐa sun�rthsh
ston Sh eÐnai tìte monadik� orismènh apì tic timèc thc sta shmeÐa Pj kai ètsi
exart�tai apì tic paramètrouc Nh. 'Estw Φj h sun�rthsh puramÐdac ston Sh
pou paÐrnei thn tim  1 sto Pj all� mhdenÐzetai stic �llec korufèc. Tìte h
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{Φj}Nh
j=1 dhmiourgeÐ mia b�sh gia ton Sh kai k�je χ ston Sh anaparÐstatai wc

χ(x) =

Nh∑
j=1

αjΦj(x), αj = χ(Pj).

MÐa dosmènh omal  sun�rthsh v sto Ω h opoÐa mhdenÐzetai p�nw sto ∂Ω
mporeÐ t¸ra na proseggisteÐ apì, gia par�deigma, thn paremb�llousa thc Ihv
ston Sh, thn opoÐa orÐzoume wc to stoiqeÐo tou Sh pou sumpÐptei me th v stic
eswterikèc korufèc,

Ihv(x) =

Nh∑
j=1

v(Pj)Φj(x). (4.3)

Genikìtera, gia èna Ω ⊂ Rd orÐzoume me ‖ · ‖ th nìrma ston L2 = L2(Ω) kai
me ‖ · ‖r th nìrma ston q¸ro Sobolev Hr = Hr(Ω) = W r

2 (Ω), ètsi ¸ste gia
sunart seic pragmatik¸n tim¸n v na isqÔei

‖v‖ = ‖v‖L2 =

(∫
Ω
v2dx

)1/2

kai gia r jetikì akèraio

‖v‖r = ‖v‖Hr =

∑
|α|≤r

‖Dαv‖2
1/2

(4.4)

ìpou me α = (α1, ..., αd), to D
α = (∂/∂x1)α1 · · · (∂/∂xd)αd orÐzei mÐa par�-

gwgo t�xhc |α| =
∑d

j=1 αj sto x, ¸ste to �jroisma sthn sqèsh (4.4) na
perièqei ìlec autèc tic parag¸gouc t�xhc to polÔ r. JumÐzoume ìti gia su-
nart seic ston H1

0 (Ω), dhlad  oi sunart seic v me ∇v = gradv ston L2 kai
pou mhdenÐzontai sto sÔnoro, ‖∇v‖ kai ‖v‖1 eÐnai isodÔnamec nìrmec.

c‖v‖1 ≤ ‖∇v‖ ≤ ‖v‖1, ∀v ∈ H1
0 , c > 0. (4.5)

Qrhsimopoi¸ntac autì to sumbolismì sto Ω, ta parak�tw sf�lmata ektÐ-
mhshc gia thn paremb�llousa pou orÐsthkan sthn (4.3) eÐnai, gia v ∈ H2∩H1

0 ,

‖Ihv − v‖ ≤ Ch2‖v‖2 kai ‖∇(Ihv − v)‖ ≤ Ch‖v‖2. (4.6)
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Epistrèfontac t¸ra sth genik  perÐptwsh tou Ω ston Rd èstw ìti mac dÐnetai
oikogèneia {Sh} peperasmènhc di�stashc upoq¸rwn tou H1

0 ¸ste gia k�poion
akèraio r ≥ 2 kai gia mikrì h na isqÔei

inf
χ∈Sh

{‖v − χ‖+ h‖∇(v − χ)‖} ≤ Chs‖v‖s, 1 ≤ s ≤ r (4.7)

ìtan v ∈ Hs ∩ H1
0 . O arijmìc r anafèretai wc t�xh akrÐbeiac thc oikogè-

neiac {Sh}. To parap�nw par�deigma twn tmhmatik� grammik¸n sunart sewn
se epÐpedo pedÐo (d = 2) antistoiqeÐ se r = 2. Sthn perÐptwsh r > 2 , o
Sh suqn� apoteleÐtai apì tmhmatik� polu¸numa bajmoÔ to polÔ r − 1 se mia
trigwnopoÐhsh Th ìpwc parap�nw. Gia par�deigma, gia r = 4 sthn perÐptwsh
twn tmhmatik� kubik¸n poluwnumik¸n upoq¸rwn. EpÐshc, sth genik  perÐ-
ptwsh ektim seic ìpwc sthn (4.7) suqn� apokt¸ntai ekjètontac ènan telest 
parembol c Ih : Hr ∩H1

0 → Sh ètsi ¸ste

‖Ihv − v‖+ h‖∇(Ihv − v)‖ ≤ Chs‖v‖s, 1 ≤ s ≤ r. (4.8)

ShmeÐwsh: E�n h oikogèneia {Sh} basÐzetai se oikogèneia sqedìn omoiì-
morfwn trigwnopoi sewn Th kai o Sh apoteleÐtai apì tmhmatik� polu¸numa
bajmoÔ to polÔ r − 1, tìte to èna èqei thn antistrèyimh idiìthta

‖∇χ‖ ≤ Ch−1‖χ‖, ∀χ ∈ Sh. (4.9)

Oi bèltistec t�xeic stic opoÐec oi sunart seic kai oi klÐseic touc mporoÔn
na proseggisjoÔn upì thn upìjesh (4.7), eÐnai oi O(hr) kai O(hr−1), anti-
stoÐqwc, kai t¸ra ja kataskeu�soume proseggÐseic aut¸n twn t�xewn gia
th lÔsh tou probl matoc (4.2). Gia autìn ton skopì ja gr�youme arqik�
to prìblhma se asjen  morf , pollaplasi�zontac thn elleiptik  exÐswsh me
mÐa omal  sun�rthsh φ pou mhdenÐzetai sto sÔnoro (arkeÐ na apait soume
φ ∈ H1

0 ), oloklhr¸nontac se ìlo to Ω kai efarmìzontac ton tÔpo tou Green
sto aristerì mèloc ¸ste na p�roume telik�

(∇u,∇φ) = (f, φ), ∀φ ∈ H1
0 (4.10)

ìpou qrhsimopoi same ta eswterik� ginìmena tou L2

(v, w) =

∫
Ω
vwdx, (∇v,∇w) =

∫
Ω

d∑
j=1

∂v

∂xj

∂w

∂xj
dx. (4.11)

46



Sth mèjodo peperasmènwn stoiqeÐwn jètoume t¸ra to proseggistikì prìblh-
ma tou na broÔme mÐa sun�rthsh uh ∈ Sh tètoia ¸ste

(∇uh,∇χ) = (f, χ), ∀χ ∈ Sh. (4.12)

ShmeÐwsh: Wc apotèlesma twn (4.10) kai (4.12)

(∇(uh − u),∇χ) = 0, ∀χ ∈ Sh (4.13)

dhlad  to sf�lma sth diakrit  lÔsh eÐnai orjog¸nio ston Sh sunart sei tou
eswterikoÔ ginìmenou Dirichlet (∇v,∇w).

'Oson afor� sth b�sh {Φj}Nh
1 gia ton peperasmènwn stoiqeÐwn q¸ro Sh to

diakritì prìblhma mporeÐ na dhlwjeÐ wc ex c: BreÐte touc suntelestèc αj
sthn uh(x) =

∑Nh
j=1 αjΦj(x) ¸ste

Nh∑
j=1

αj(∇Φj ,∇Φk) = (f,Φk), k = 1, ..., Nh.

Se sumbolismì pin�kwn autì mporeÐ na ekfrasteÐ wc

Aα = ~f

ìpou A = (ajk) eÐnai o pÐnakac akamyÐac me stoiqeÐa ta ajk = (∇Φj ,∇Φk),
~f = (fk) to di�nusma me stoiqeÐa ta fk = (f,Φk) kai α to di�nusma twn
agn¸stwn αj . H di�stash aut¸n twn dianusm�twn isoÔtai meNh, dhlad  me th
di�stash tou Sh. O pÐnakac akamyÐac A eÐnai ènac pÐnakac Gram kai sunep¸c
jetik� orismènoc kai antistrèyimoc ètsi ¸ste to diakritì mac prìblhma na
èqei monadik  lÔsh. Gia na doÔme ìti o A = (Ajk) eÐnai jetik� orismènoc

d∑
j,k=1

ajkξjξk = ‖∇(

d∑
j=1

ξjΦj)‖2 ≥ 0.

Ed¸ h isìthta isqÔei mìno an ∇
(∑d

j=1 ξjΦj

)
≡ 0 ¸ste

(∑d
j=1 ξjΦj

)
= 0

apì thn sqèsh (4.5) kai sunep¸c ξj = 0, j = 1, ..., Nh.
'Otan o Sh apoteleÐtai apì tmhmatik� poluwnumikèc sunart seic, ta stoi-

qeÐa tou A mporoÔn na upologistoÔn akrib¸c. Par�ola aut�, an h f den èqei
k�poia sugkekrimènh apl  morf , ta stoiqeÐa (f,Φj) thc ~f prèpei na upolo-
gistoÔn apì k�poio tetragwnikì tÔpo.
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Parak�tw akoloujeÐ h prosèggish tou sf�lmatoc metaxÔ twn lÔsewn tou
diakritoÔ kai suneqoÔc probl matoc. Autèc oi ektim seic, ìpwc proanafèr-
jhke, eÐnai bèltisthc t�xhc sÔmfwna me th sqèsh (4.7). Ed¸, ìpwc kai sth
sunèqeia jewroÔme dedomèno ìti oi dhl¸seic twn anisot twn upojètoun pwc
to u eÐnai epark¸c kanonikì gia tic nìrmec sta dexi� ¸ste na eÐnai peperasmè-
nec.

JEWRHMA 4.1.1. 'Estw ìti h (4.7) isqÔei kai èstw uh kai u oi lÔseic
tou (4.12) kai tou (4.2) antÐstoiqa. Tìte, gia 1 ≤ s ≤ r isqÔei ìti

‖uh − u‖ ≤ Chs‖u‖s kai ‖∇uh −∇u‖ ≤ Chs−1‖u‖s.

Apìdeixh: Bl.[3, Kef�laio 1, sel.5]

ExaitÐac tou metabolikoÔ sqhmatismoÔ thc mejìdou Galerkin, oi fusikèc ekti-
m seic sfalm�twn ekfr�zontai se L2- basismènec nìrmec. Parajètoume thn
ektÐmhsh sf�lmatoc thc mègisthc - nìrmac gia tmhmatik� grammikèc proseggi-
stikèc sunart seic se epÐpedo pedÐo Ω, ìpou L∞ = L∞(Ω) kaiW r

∞ = W r
∞(Ω)

kai

‖v‖L∞ = sup
x∈Ω
|u(x)|, ‖v‖W r

∞ = max
|α|≤r

‖Dαv‖L∞ .

To sf�lma sthn paremb�llousa pou eis qjhke kai parap�nw eÐnai deÔterhc
t�xhc kai sth mègisth - nìrma ¸ste

‖Ihv − v‖L∞ ≤ Ch2‖u‖W 2
∞
, v ∈W 2

∞ ∩H1
0 . (4.14)

Sugkrinìmenh me aut  thn ektÐmhsh, h akìloujh ektÐmhsh gia to elleipti-
kì prìblhma perièqei èna logarijmikì par�gonta, o opoÐoc den ephre�zei me
ousiastikì trìpo thn t�xh tou sf�lmatoc.

JEWRHMA 4.1.2. 'Estw Ω ⊂ R2 kai èstw ìti o Sh apoteleÐtai apì tmh-
matik� grammikèc peperasmènwn stoiqeÐwn sunart seic, kai ìti h oikogèneia
Th eÐnai sqedìn omoiìmorfh. 'Estw uh kai u oi lÔseic tou (4.12) kai (4.2)
antÐstoiqa. Tìte

‖uh − u‖L∞ ≤ Ch2lh‖u‖W 2
∞
, lh = log

1

h
. (4.15)

Apìdeixh: Bl.[3, Kef�laio 1, sel.6]
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4.2 ProseggÐseic gia thn ExÐswsh thc Jermì-

thtac

'Epeita apì tic eisagwgikèc sqèseic kai epexhg seic thc pr¸thc paragr�fou
autoÔ tou kefalaÐou, epistrèfoume sto prìblhma arqik¸n tim¸n (4.1) gia thn
exÐswsh thc jermìthtac. Ja proqwr soume, ìpwc kai prohgoumènwc, se dÔo
b mata me ton orismì kai thn an�lush thc proseggistik c lÔshc. Arqik�,
ja proseggÐsoume thn u(x, t) wc mia sun�rthsh uh(x, t), h opoÐa, gia k�je
dedomèno t, an kei se ènan peperasmènhc di�stashc grammikì q¸ro Sh su-
nart sewn tou x tou tÔpou pou jewr jhke parap�nw. Aut  h sun�rthsh ja
eÐnai mia lÔsh enìc h - anex�rthtou peperasmènou sust matoc sun jwn diafo-
rik¸n exis¸sewn ston qrìno kai anafèretai wc qwrik� diakrit    hmidiakrit 
lÔsh. To qwrik� diakritì prìblhma, (ìpwc kai sthn elleiptik  perÐptwsh
sthn prohgoÔmenh par�grafo), basÐzetai se mia metabolik  morf  thc (4.1).
Sth sunèqeia, ja diakritopoi soume to sÔsthma autì sthn qronik  metablht 
gia na paraqjeÐ èna olik� diakritì qronikoÔ b matoc sq ma gia thn proseg-
gistik  lÔsh thc (4.1). Aut  h diakritopoÐhsh ston qrìno ja gÐnei mèsw miac
peperasmènwn diafor¸n prosèggishc thc qronik c parag¸gou. Wc to prw-
tarqikì b ma gia th qwrik  hmidiakrit  proseggistik  lÔsh sto prìblhma
arqik¸n tim¸n mac, ja gr�youme to prìblhma se asjen  morf , pollaplasi�-
zontac thn exÐswsh thc jermìthtac me mÐa omal  sun�rhsh φ pou mhdenÐzetai
sto sÔnoro (∂Ω), oloklhr¸nontac sto Ω kai efarmìzontac ton tÔpo tou Gre-
en sto deÔtero ìro gia na p�roume telik�, me (v, w) kai (∇v,∇w) ìpwc sthn
(4.11)

(ut, φ) + (∇u,∇φ) = (f, φ), ∀φ ∈ H1
0 , t > 0.

'Epeita, mporoÔme na jèsoume to proseggistikì prìblhma gia na broÔme thn
uh(t) = uh(·, t), pou an kei ston Sh, gia k�je t, ètsi ¸ste

(uh,t, χ) + (∇uh,∇χ) = (f, χ), χ ∈ Sh, t > 0, uh(0) = vh (4.16)

ìpou vh eÐnai k�poia prosèggish thc v ston Sh.
SÔmfwna me th b�sh {Φj}Nh

1 gia ton Sh, to hmidiakritì prìblhma tÐjetai

wc ex c: BreÐte touc suntelestèc αj(t) sthn uh(x, t) =
∑Nh

j=1 αj(t)Φj(x) ètsi
¸ste

Nh∑
j=1

α′j(t)(Φj ,Φk) +

Nh∑
j=1

αj(t)(∇Φj ,∇Φk) = (f,Φk), k = 1, ..., Nh
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kai me γj tic sunist¸sec thc dosmènhc arqik c prosèggishc vh, αj(0) = γj
gia 1, ..., Nh. Se sumbolismì pin�kwn èqoume

Mα′(t) +Aα(t) = ~f(t), t > 0, α(0) = γ

ìpou M = (mjk) eÐnai o pÐnakac m�zac me stoiqeÐa ta mjk = (Φj ,Φk),

A = (ajk) o pÐnakac akamyÐac me ajk = (∇Φj ,∇Φk), ~f = fk to di�nusma
me stoiqeÐa fk = (f,Φk), α(t) to di�nusma twn agn¸stwn αj(t) kai γ = (γk).
H di�stash ìlwn aut¸n twn antikeimènwn isoÔtai me Nh, th di�stash dhlad 
tou Sh. Ef�oson ìpwc kai o pÐnakac akamyÐac A ètsi kai o pÐnakac m�zac M
eÐnai pÐnakac Gram kai �ra jetik� orismènoc kai antistrèyimoc, to parap�nw
sÔsthma twn SDE gr�fetai wc ex c

α′(t) +M−1Aα(t) = M−1 ~f(t), t > 0, α(0) = γ

kai �ra profan¸c èqei monadik  lÔsh gia t jetikì.
Sth sunèqeia ja apodeÐxoume thn ektÐmhsh ston L2 gia to sf�lma metaxÔ

twn lÔsewn tou hmidiakritoÔ kai tou suneqoÔc probl matoc.

JEWRHMA 4.2.1. 'Estw uh kai u oi lÔseic twn (4.16) kai (4.1). Tìte

‖uh(t)− u(t)‖ ≤ ‖vh − v‖+ Chr(‖v‖r +

∫ t

0
‖ut‖rds), t ≥ 0.

Ed¸ apaitoÔme h lÔsh tou suneqoÔc probl matoc na èqei thn èmmesh ka-
nonikìthta pou ennoeÐtai apì thn parousÐa twn norm¸n sta dexi� kai ìti to
v mhdenÐzetai sto ∂Ω. EpÐshc, an h (4.8) isqÔei kai vh = Ihv, tìte o pr¸toc
ìroc sta dexi� ja kuriarqeÐtai apì to deÔtero. To Ðdio isqÔei an vh = Phv,
ìpou Ph orÐzei thn orjogwnik  probol  tou v p�nw ston Sh sunart sei tou
eswterikoÔ ginomènou tou L2, afoÔ aut  h lÔsh eÐnai h kalÔterh prosèggish
tou v ston Sh sunart sei thc L2 nìrmac. Gia thn apìdeixh tou Jewr ma-
toc 4.2.1 eis�goume thn elleiptik    Ritz probol  Rh p�nw ston Sh wc thn
orjogwnik  probol  sunart sei tou eswterikoÔ ginomènou (∇v,∇w) ¸ste

(∇Rhv,∇χ) = (∇v,∇χ), ∀χ ∈ Sh, v ∈ H1
0 . (4.17)

Autìc o orismìc mporeÐ na ekfrasteÐ lègontac pwc to Rhv eÐnai h peperasmè-
nwn stoiqeÐwn prosèggish thc lÔshc tou antÐstoiqou elleiptikoÔ probl ma-
toc me akrib  lÔsh v. Wc �mesh sunèpeia tou Jewr matoc 4.1.1 èqoume thn
parak�tw ektÐmhsh sf�lmatoc.

LHMMA 4.2.2. Estw ìti h (4.7) isqÔei. Tìte, me Rh orismèno apì thn
(4.17) èqoume

‖Rhv − v‖+ h‖∇(Rhv − v)‖ ≤ Chs‖v‖s, v ∈ Hs ∩H1
0 , 1 ≤ s ≤ r.
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Apìdeixh Jewr matoc 4.2.1.:
Sto basikì b ma thc apìdeixhc ja sugkrÐnoume th lÔsh tou hmidiakritoÔ pro-
bl matoc me thn elleiptik  probol  thc akriboÔc lÔshc. Sunep¸c, gr�foume

uh − u = θ + ρ, ìpou θ = uh −Rhu, ρ = Rhu− u. (4.18)

O deÔteroc ìroc eÐnai eÔkola fragmènoc lìgw tou L mmatoc 4.2.2 kai twn
profan¸n ektim sewn eust�jeiac thc lÔshc (Bl. Kef�laio 2)

‖ρ(t)‖ ≤ Chr‖u(t)‖r ≤ Chr(‖v‖r +

∫ t

0
‖ut‖rds). (4.19)

Gia na ektimhjeÐ to θ, shmei¸noume ìti apì touc orismoÔc èqoume

(θt, χ) + (∇θ,∇χ)
= (uh,t, χ) + (∇uh,∇χ)− (Rhut, χ)− (∇Rhu,∇χ)
= (f, χ)− (Rhut, χ)− (∇u,∇χ) = (ut −Rhut, χ),

(4.20)

 

(θt, χ) + (∇θ,∇χ) = −(ρt, χ), ∀χ ∈ Sh, t > 0, (4.21)

ìpou qrhsimopoi same to gegonìc ìti o telest c Rh antimetatÐjetai me qro-
nik  diaforopoÐhsh. Ef�oson, to θ an kei ston Sh, epilègoume χ = θ sthn
(4.21) kai katal goume sth sqèsh

(θt, θ) + ‖∇θ‖2 = −(ρt, θ). (4.22)

Ed¸ o pr¸toc ìroc isoÔtai me
1

2
(
d

dt
)‖θ‖2 kai o deÔteroc eÐnai mh arnhtikìc.

AfoÔ to ‖θ‖ mporeÐ na mhn eÐnai diaforÐsimo ìtan θ = 0, prosjètoume èna ε2

gia na p�roume

1

2

d

dt
‖θ‖2 =

1

2

d

dt
(‖θ‖2 + ε2) ≤ ‖ρt‖‖θ‖, ε > 0.

Autì deÐqnei ìti

(‖θ‖2 + ε2)1/2 d

dt
(‖θ‖2 + ε2)1/2 ≤ ‖ρt‖‖θ‖,

kai �ra afoÔ ‖θ‖ ≤ (‖θ‖2 + ε2)1/2, met� thn olokl rwsh kai af nontac to
ε→ 0

‖θ(t)‖ ≤ ‖θ(0)‖+

∫ t

0
‖ρt‖ds. (4.23)
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Ed¸

‖θ(0)‖ = ‖vh −Rhv‖ ≤ ‖vh − v‖+ ‖Rhv − v‖ ≤ ‖vh − v‖+ Chr‖v‖r

kai ‖ρt‖ = ‖Rhut−ut‖ ≤ Chr‖ut‖r, ¸ste to epijumhtì fr�gma gia to ‖θ(t)‖
na akolouj sei.

Sthn parap�nw apìdeixh k�name qr sh sthn sqèsh (4.22) to gegonìc tou
ìti to ‖∇θ‖2 eÐnai mh arnhtikì. Me mÐa �llh antimet¸pish autoÔ tou ìrou,
mporoÔme na deÐxoume ìti h epÐdrash twn arqik¸n dedomènwn p�nw sto sf�lma
sugklÐnei sto mhdèn ekjetik� kaj¸c megal¸nei to t. Sthn pragmatikìthta,
me λ1 th mikrìterh idiotim  tou −∆, me oriakèc sunj kec Dirichlet, èqoume

‖∇v‖2 ≥ λ1‖v‖2, ∀v ∈ H1
0 (4.24)

kai �ra h (4.22) dÐnei

1

2

d

dt
‖θ‖2 + λ1‖θ‖2 ≤ ‖ρt‖‖θ‖,

  (d/dt)‖θ‖+ λ1‖θ‖ ≤ ‖ρt‖ kai �ra

‖θ(t)‖ ≤ e−λ1t‖θ(0)‖+

∫ t

0
e−λ1(t−s)‖ρt(s)‖ds

≤ e−λ1t‖vh − v‖+ Chr(e−λ1t‖v‖r +

∫ t

0
e−λ1(t−s)‖ut(s)‖rds).

Qrhsimopoi¸ntac to pr¸to mèroc thc (4.19) katal goume sto ìti me vh
kat�llhla epilegmèno

‖uh(t)− u(t)‖ ≤ Chr(e−λ1t‖v‖r + ‖u(t)‖r +

∫ t

0
e−λ1(t−s)‖ut(s)‖rds).

T¸ra ja anafèroume sunoptik� mia �llh prosèggish thc apìdeixhc tou Je-
wr matoc 4.2.1, douleÔontac thn exÐswsh me to θ se morf  telest . Pr¸ta,
ìpwc kai sto kef�laio [3] , apì thn arq  tou Duhamel , h lÔsh thc exÐswshc
(4.1) mporeÐ na grafeÐ wc

u(t) = E(t)v +

∫ t

0
E(t− s)f(s)ds. (4.25)

Ed¸ E(t) eÐnai o telest c lÔshc thc omogenoÔc exÐswshc, h perÐptwsh ìpou
f ≡ 0 thc (4.1), dhlad , o telest c pou paÐrnei tic arqikèc timèc u(0) = v
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sth lÔsh u(t) ston qrìno t. Autìc o telest c mporeÐ na jewrhjeÐ kai wc mia
hmiom�da e∆t ston L2 pou dhmiourgeÐtai apì th Laplasian , jewroÔmenh ìpwc
orÐzetai ston D(∆) = H2 ∩H1

0 . MÐa diakrit  Laplasian  ∆h : Sh → Sh

(∆hψ, χ) = −(∇ψ,∇χ), ∀ψ, χ ∈ Sh, (4.26)

ìpou autì to an�logo tou tÔpou tou Green xek�jara orÐzei ∆hψ =
∑Nh

j=1 djΦj

apì

Nh∑
j=1

dj(Φj ,Φk) = −(∇ψ,∇Φk), k = 1, ..., Nh

afoÔ o pÐnakac tou sust matoc eÐnai o jetik� orismènoc pÐnakac m�zac M .
O telest c −∆h eÐnai autosuzug c kai jetik� orismènoc ston Sh sunart sei
tou (·, ·). EpÐshc to ∆h sundèetai me touc �llouc telestèc me th sqèsh

∆hRh = Ph∆. (4.27)

Gia

(∆hRhv, χ) = −(∇Rhv,∇χ) = −(∇v,∇χ) = (∆v, χ) = (Ph∆v, χ), ∀χ ∈ Sh.

Me autì to sumbolismì h hmidiakrit  exÐswsh paÐrnei th morf 

(uh,t, χ)− (∆huh, χ) = (Phf, χ), ∀χ ∈ Sh, t > 0,

 , afoÔ oi par�gontec sta arister� an koun ìloi ston Sh, uh,t−∆huh = Phf .
Qrhsimopoi¸ntac thn (4.27) èqoume gia to θ

θt −∆hθ = (uh,t −∆huh)− (Rhut −∆hRhu) =
Phf + (Ph −Rh)ut − Ph(ut −∆u) = Ph(I −Rh)ut = −Phρt

 

θt −∆hθ = −Phρt, t > 0. (4.28)

Me Eh(t) orÐzoume to diakritì an�logo tou telest  E(t) pou proanafèrjhke,
dhlad  ton telest  lÔshc tou omogenoÔc hmidiakritoÔ probl matoc

uh,t −∆huh = 0, t > 0, uh(0) = vh.

To an�logo tou (4.25) mac lèei tìte ìti h sqèsh (4.28) upodhl¸nei ìti

θ(t) = Eh(t)θ(0)−
∫ t

0
Eh(t− s)Phρt(s)ds. (4.29)
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Shmei¸noume ìti h Eh(t) eÐnai stajer  ston L2   pio sugkekrimèna

‖Eh(t)vh‖ ≤ e−λ1t‖vh‖ ≤ ‖vh‖, vh ∈ Sh, t ≥ 0. (4.30)

Sthn pragmatikìthta, epilègontac χ = uh sthn omogen  morf  (4.16) kai
qrhsimopoi¸ntac thn (4.24) èqoume

1

2

d

dt
‖uh‖2 + λ1‖uh‖2 ≤

1

2

d

dt
‖uh‖2 + ‖∇uh‖2 = 0, t > 0

to opoÐo eÔkola deÐqnei th sqèsh (4.30). AfoÔ h Ph èqei monadiaÐa nìrma ston
L2, h (4.29) upodhl¸nei thn (4.23), apì thn opoÐa akoloujeÐ to Je¸rhma 4.2.1
ìpwc parap�nw. H epijumht  ektÐmhsh gia to θ eÐnai �ra mia sunèpeia thc
ektÐmhshc stajerìthtac gia thn Eh(t) sunduasmènh me to sf�lma ektÐmhshc
gia to elleiptikì prìblhma efarmosmèno sto ρt = (Rh − I)ut.
Me parìmoio trìpo ja apodeÐxoume to parak�tw Je¸rhma pou afor� sthn
ektÐmhsh sf�lmatoc gia thn klÐsh.

JEWRHMA 4.2.3. Upì tic upojèseic tou Jewr matoc 4.2.1 èqoume

‖∇uh(t)−∇u(t)‖ ≤ C‖∇vh −∇v‖

+Chr−1

(
‖v‖r + ‖u(t)‖r + (

∫ t

0
‖ut‖2r−1ds)

1/2

)
gia t ≥ 0.

Apìdeixh: 'Opwc kai prohgoumènwc gr�foume to sf�lma sth morf  (4.18).
Apì to L mma 4.2.2

‖∇ρ(t)‖ = ‖∇(Rhu(t)− u(t))‖ ≤ Chr−1‖u(t)‖r.

Gia na mporèsoume na ektim soume to ∇θ, qrhsimopoioÔme xan� thn (4.21),
t¸ra gia χ = θt. PaÐrnoume

‖θt‖2 +
1

2

d

dt
‖∇θ‖2 = −(ρt, θt) ≤

1

2
‖ρt‖2 +

1

2
‖θt‖2

ètsi ¸ste (d/dt)‖∇θ‖2 ≤ ‖ρt‖2  

‖∇θ(t)‖2 ≤ ‖∇θ(0)‖2 +

∫ t

0
‖ρt‖2ds

≤ (‖∇(vh − v)‖+ ‖∇(Rhv − v)‖)2 +

∫ t

0
‖ρt‖2ds.

(4.31)
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'Ara lamb�nontac up�oyin to L mma 4.2.2 èqoume ìti

‖∇θ(t)‖2 ≤ 2‖∇(vh − v)‖2 + Ch2r−2(‖v‖2r +

∫ t

0
‖ut‖2r−1ds) (4.32)

to opoÐo oloklhr¸nei thn apìdeixh.

SQOLIO: E�n vh = Ihv ìpwc sthn (4.8)   vh = Rhv, tìte ‖∇vh − ∇v‖ ≤
Chr−1‖v‖r, ¸ste o pr¸toc ìroc sta dexi� sto Je¸rhma 4.2.3 na kuriarqeÐtai
apì to deÔtero.

Sthn perÐptwsh thc sqedìn omoiìmorfhc oikogèneiac trigwnopoi sewn Th tou
epÐpedou pedÐou  , pio genik�, ìtan h antÐstrofh ektÐmhsh (4.9) isqÔei, mÐa ke-
tÐmhsh gia to sf�lma sthn klÐsh mporeÐ na parjeÐ �mesa apì to apotèlesma
tou Jewr matoc 4.2.1. Sthn pragmatikìthta, paÐrnoume, gia χ aujaÐreto ston
Sh

‖∇uh(t)−∇u(t)‖ ≤ ‖∇(uh(t)− χ)‖+ ‖∇χ−∇u(t)‖
≤ Ch−1‖uh(t)− χ‖+ ‖∇χ−∇u(t)‖
≤ Ch−1‖uh(t)− u(t)‖+ Ch−1(‖χ− u(t)‖+ h‖∇χ−∇u(t)‖).

(4.33)

Ed¸, apì thn proseggistik  upìjesh (4.7), èqoume, me kat�llhlo χ ∈ Sh

‖χ− u(t)‖+ h‖∇χ−∇u(t)‖ ≤ Chr‖u(t)‖r

kai �ra, apì to Je¸rhma 4.2.1, gia kat�llhlh epilog  tou vh

‖∇uh(t)−∇u(t)‖ ≤ Chr−1(‖v‖r +

∫ 1

0
‖ut(s)‖rds).

K�noume thn parak�tw parat rhsh gia ton ìro θ = uh − Rhu sthn (4.18):
Upojètoume ìti èqoume epilèxei vh = Rhv ¸ste θ(0) = 0. Tìte, mazÐ me thn
(4.32) èqoume apì thn (4.31)

‖∇θ(t)‖ ≤ C
(∫ t

0
‖ρt‖2ds

)1/2

≤ Chr
(∫ t

0
‖ut‖2rds

)1/2

. (4.34)

'Ara h klÐsh tou θ eÐnai t�xhc O(hr), en¸ h klÐsh tou olikoÔ sf�lmatoc
mporeÐ na eÐnai mìno t�xhc O(hr−1), gia mikrì h. Sunep¸c, h ∇uh eÐnai ka-
lÔterh prosèggish sth ∇Rhu apì ìti sth ∇u. Autì eÐnai èna par�deigma
enìc fainomènou pou anafèretai k�poiec forèc kai wc upersÔgklish. Wc èna
aplì par�deigma miac efarmog c miac tètoiac ektÐmhshc, ja upodeÐxoume en
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suntomÐa pwc mporeÐ na qrhsimopoihjeÐ gia na deÐxei èna shmantik� bèltisthc
t�xhc ìrio sf�lmatoc sth mègisth - nìrma. JewroÔme th sumpag  kat�stash
pou perigr�fhke sthn arq  tou kefalaÐou [4] me Ω èna epÐpedo omalì kurtì
pedÐo (d = 2) kai ton Sh na apoteleÐtai apo tmhmatik� grammikèc sunart -
seic (r = 2) se mia sqedìn omoiìmorfh trigwnopoÐhsh tou Ω. Tìte, apì to
Je¸rhma 4.1.2 anakal¸ntac ton sumbolismì lh = log(1/h) èqoume

‖ρt(t)‖L∞ = ‖Rhu(t)− u(t)‖L∞ ≤ Ch2lh‖u(t)‖W 2
∞
. (4.35)

Stic dÔo diast�seic, h anisìthta tou Sobolev sqedìn fr�ssei th mègisth -
nìrma apì th nìrma ston H1, kai mporeÐ na deiqjeÐ ìti gia sunart seic ston
upìqwro Sh isqÔei

‖χ‖L∞ ≤ Cl1/2h ‖∇χ‖, ∀χ ∈ Sh.

Efarmìzontac sto θ, autì deÐqnei , apì thn (4.34) (me r = 2), ìti

‖θ(t)‖L∞ ≤ Ch2l
1/2
h

(∫ t

0
‖ut‖22ds

)1/2

kai ètsi mporoÔme na katal xoume gia to sf�lma sto parabolikì prìblhma
ìti

‖uh(t)− u(t)‖L∞ ≤ ‖ρ(t)‖L∞ + ‖θ(t)‖L∞ ≤ C(t, u)h2lh.

4.2.1 Mèjodoc Galerkin gia thn proc ta pÐsw mèjodo
Euler

Ja melet soume th diakritopoÐhsh sunart sei kai thc qronik c metablht c.
'Estw k to qronikì b ma kai Un h prosèggish ston Sh thc u(t) sto t =
tn = nk. Aut  mèjodoc orÐzetai antikajist¸ntac thn qronik  par�gwgo
sthn sqèsh (4.16) me mÐa proc ta pÐsw diafor� phlÐko, dhlad  me ∂̄Un =
(Un − Un−1)/k

(∂̄Un, χ)+(∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 1, U0 = vh. (4.36)

Gia Un−1 dosmèno orÐzei thn Un èmmesa apì thn exÐswsh

(Un, χ) + k(∇Un,∇χ) = (Un−1 + kf(tn), χ), ∀χ ∈ Sh
h opoÐa eÐnai o tÔpoc peperasmènwn stoiqeÐwn miac elleiptik c exÐswshc thc
morf c (I − k∆)u = g. Me sumbolismì ìpwc kai sthn hmidiakrit  perÐptwsh,
mporeÐ na grafeÐ

(M + kA)αn = Mαn−1 + k ~f(tn)

ìpou M + kA eÐnai jetik� orismèno kai �ra antistrèyimo.
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JEWRHMA 4.2.4. Me Un kai u tic lÔseic twn (4.36) kai (4.1), antÐstoiqa,
èqoume, an ‖vh − v‖ ≤ Chr‖v‖r,

‖Un − u(tn)‖ ≤ Chr(‖v‖r +

∫ tn

0
‖ut‖rds) + k

∫ tn

0
‖utt‖ds, n ≥ 0.

Apìdeixh: Se analogÐa me thn (4.18) gr�foume

Un − u(tn) = (Un −Rhu(tn)) + (Rhu(tn)− u(tn)) = θn + ρn

kai ρn = ρ(tn) eÐnai fragmènh ìpwc sthn (4.19). Aut  th for�, o upologismìc
pou antistoiqeÐ sthn (4.20) dÐnei

(∂̄θn, χ) + (∇θn,∇χ) = −(ωn, χ), ∀χ ∈ Sh, n ≥ 1 (4.37)

ìpou

ωn = Rh∂̄u(tn)−ut(tn) = (Rh− I)∂̄u(tn) + (∂̄u(tn)−ut(tn)) = ωn1 +ωn2 .

Epilègontac χ = θn, èqoume (∂̄θn, θn) ≤ ‖ωn‖‖θn‖   ‖θn‖2 − (θn−1, θn) ≤
k‖ωn‖‖θn‖ ¸ste

‖θn‖ ≤ ‖θn−1‖+ k‖ωn‖ (4.38)

kai apì epanalambanìmenh efarmog  prokÔptei

‖θn‖ ≤ ‖θ0‖+ k

n∑
j=1

‖ωj‖ ≤ ‖θ0‖+ k

n∑
j=1

‖ωj1‖+ k

n∑
j=1

‖ωj2‖. (4.39)

Ed¸, ìpwc kai prin, to θ0 = θ(0) eÐnai fragmèno. Gr�foume

ωj1 = (Rh − I)k−1

∫ tj

tj−1

utds = k−1

∫ tj

tj−1

(Rh − I)utds,

kai paÐrnoume

k
n∑
j=1

‖ωj1‖ ≤
n∑
j=1

∫ tj

tj−1

Chr‖ut‖rds = Chr
∫ tn

0
‖ut‖rds.

Epiplèon,

kωj2 = u(tj)− u(tj−1)− kut(tj) = −
∫ tj

tj−1

(s− tj−1)utt(s)ds, (4.40)
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¸ste

k
n∑
j=1

‖ωj2‖ ≤
n∑
j=1

‖
∫ tj

tj−1

(s− tj−1)utt(s)ds‖ ≤ k
∫ tn

0
‖utt‖ds.

MazÐ oi ektim seic mac oloklhr¸noun thn apìdeixh tou Jewr matoc.

Gia na deÐxoume mia ektÐmhsh gia to ∇θ mporoÔme na epilèxoume χ = ∂̄θn

sthn (4.37) gia na p�roume ∂̄‖∇θn‖2 ≤ ‖ωn‖2,  , an ∇θ(0) = 0

‖∇θn‖2 ≤ k
n∑
j=1

‖ωj‖2 ≤ Ch2s

∫ tn

0
‖ut‖2sdt+ Ck2

∫ tn

0
‖utt‖2dt (4.41)

gia 1 ≤ s ≤ r. MazÐ me th dedomènh ektÐmhsh gia ∇ρ autì deÐqnei me s =
r − 1, ‖∇(Un − u(tn))‖ ≤ C(u)(hr−1 + k). An k�poioc qrhsimopoi sei to
parap�nw Je¸rhma mazÐ me thn antÐstrofh anisìthta (4.9) paÐrnei thn asjen 
ektÐmhsh ‖∇(Un − u(tn))‖ ≤ C(u)(hr−1 + kh−1). Shmei¸noume, epÐshc, ìti
me s = r sthn (4.41), mporeÐ na katal xoume sthn ektÐmhsh mègisthc - nìrmac
‖Un − u(tn)‖L∞ ≤ C(u)lh(hr + k). Lìgw thc mh summetrik c epilog c thc
diakritopoÐhshc ston qrìno, h proc ta pÐsw mèjodoc Euler (Galerkin) eÐnai
mìno pr¸thc t�xhc sto k.

4.2.2 Mèjodoc Galerkin gia thn Crank-Nicolson

Ed¸, h hmidiakrit  exÐswsh diakritopoieÐtai me èna summetrikì trìpo gÔrw apì
to shmeÐo tn− 1

2
= (n − 1

2)k pou par�gei miac deÔterhc t�xhc akrib  mèjodo

ston qrìno. Pio sugkekrimèna, orÐzoume thn Un ston Sh anadromik� gia n ≥ 1
apì th sqèsh

(∂̄Un, χ) + (∇U
n + Un−1

2
,∇χ) = (f(tn− 1

2
), χ), ∀χ ∈ Sh (4.42)

me U0 = vh. H exÐswsh gia thn Un mporeÐ na grafeÐ se morf  pin�kwn wc
ex c

(M +
1

2
kA)αn = (M − 1

2
kA)αn−1 + k ~f(tn− 1

2
)

me jetik� orismèno pÐnakaM+ 1
2kA. To sf�lma ektÐmhshc dÐnetai sto epìmeno

Je¸rhma.
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JEWRHMA 4.2.5. 'Estw Un kai u oi lÔseic twn (4.42) kai (4.1) antÐ-
stoiqa kai èstw ‖vh − v‖ ≤ Chr‖v‖r. Tìte èqoume gia n ≥ 0

‖Un−u(tn)‖ ≤ Chr(‖v‖r +

∫ tn

0
‖ut‖ds) +Ck2

∫ tn

0
(‖uttt‖+ ‖∆utt‖)ds.

Apìdeixh: Ef�oson to ρn eÐnai fragmèno ìpwc parap�nw, arkeÐ na jewr -
soume θn. 'Eqoume

(∂̄θn, χ) + (∇θ
n + θn−1

2
,∇χ) = −(ωn, χ), χ ∈ Sh, n ≥ 1

ìpou t¸ra

ωn = (Rh − I)∂̄u(tn) + (∂̄u(tn)− ut(tn− 1
2
))

−∆(u(tn− 1
2
)− 1

2
(u(tn) + u(tn−1))) = ωn1 + ωn2 + ωn3 .

Epilègontac aut n th for� χ = (θn + θn−1)/2 sthn exÐswsh gia to θn, brÐ-
skoume

(∂̄θn,
1

2
(θn + θn−1)) ≤ 1

2
‖ωn‖(‖θn‖+ ‖θn−1‖)

 

‖θn‖2 − ‖θn−1‖2 ≤ k‖ωn‖(‖θn‖+ ‖θn−1‖)

ètsi ¸ste èpeita apì apaloif  enìc koinoÔ par�gonta èqoume

‖θn‖ ≤ ‖θn−1‖+ k‖ωn‖.

'Epeita apì epanalambanìmenec efarmogèc autì dÐnei

‖θn‖ ≤ ‖θ0‖+ k
n∑
j=1

(‖ωj1‖+ ‖ωj2‖+ ‖ωj3‖).

AfoÔ θ0 kai ωj1 ektim¸ntai ìpwc prin, mènei na fr�xoume touc ìrouc sta ωj2
kai ωj3. Ed¸

k‖ωj2‖ = ‖u(tj)− u(tj−1)− kut(tj− 1
2
)‖

=
1

2
‖
∫ t

j− 1
2

tj−1

(s− tj−1)2uttt(s)ds+

∫ tj

t
j− 1

2

(s− tj)2uttt(s)ds‖

≤ Ck2

∫ tj

tj−1

‖uttt‖ds,
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kai omoÐwc

k‖ωj3‖ = k‖∆(u(tj− 1
2
)− 1

2
(u(tj) + u(tj−1)))‖ ≤ Ck2

∫ tj

tj−1

‖∆utt‖ds.

'Ola ta parap�nw mazÐ dÐnoun

k
k∑
j=1

(‖ωj2‖+ ‖ωj3‖) ≤ Ck
2

∫ tn

0
(‖uttt‖+ ‖∆utt‖)ds

to opoÐo oloklhr¸nei kai thn apìdeixh.

4.2.3 'Allec mèjodoi ektÐmhshc sfalm�twn

'Enac �lloc trìpoc gia na epitÔgqoume deÔterhc t�xhc akrÐbeia sth diakrito-
poÐhsh tou qrìnou eÐnai proseggÐzontac thn qronik  par�gwgo sth diaforik 
exÐswsh me mia deÔterhc t�xhc proc ta pÐsw diafor� phlÐko. Jètontac

D̄Un = ∂̄Un +
1

2
k∂̄2Un =

(3
2U

n − 2Un−1 + 1
2U

n−2)

k

èqoume apì thn epèktash Taylor, gia mÐa omal  sun�rthsh u

D̄u(tn) = ut(tn) +O(k2), k → 0.

Sunep¸c, jètoume to diakritì prìblhma

(D̄Un, χ) + (∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 2. (4.43)

Shmei¸noume pwc gia kajorismèno n aut  h exÐswsh katèqei trÐa qronik�
epÐpeda kai ìqi dÔo ìpwc oi prohgoÔmenec mèjodoi mac. 'Etsi, prèpei na perio-
rÐsoume th qr sh thc gia n ≥ 2 kaj¸c de jèloume na qrhsimopoi soume thn
Un me arnhtikì n. Me U0 = vh dosmèno, qrei�zetai epÐshc na orÐsoume thn
U1 me k�poia mèjodo kai epilègoume na to k�noume katèqontac èna b ma apì
thn proc ta pÐsw mèjodo Euler, dhlad , jètoume

(∂̄U1, χ) + (∇U1,∇χ) = (f(t1), χ), ∀χ ∈ Sh. (4.44)

ShmeÐwsh: H (4.43) se morf  pin�kwn gr�fetai

(
3

2
M + kA)αn = 2Mαn−1 − 1

2
Mαn−2 + k ~f(tn)

gia n ≥ 2 me suntelest  pÐnaka tou αn p�li jetik� orismèno.

T¸ra èqoume to akìloujo O(hr + k2) sf�lma ektÐmhshc
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JEWRHMA 4.2.6. Me Un kai u tic lÔseic twn (4.43) kai (4.1), me U0 =
vh kai U1 orismènh apì thn (4.44), èqoume, e�n ‖vh − v‖ ≤ Chr‖v‖r,

‖Un − u(tn)‖ ≤ Chr(‖v‖r +

∫ tn

0
‖ut‖rds)

+Ck

∫ k

0
‖utt‖ds+ Ck2

∫ tn

0
‖uttt‖ds, n ≥ 0.

Apìdeixh: Bl.[3, Kef�laio 1, sel.17]

Sta parap�nw sq mata qronik c diakritopoÐhshc qrhsimopoi same èna sta-
jerì qronikì b ma k. Ja kleÐsoume autì to kef�laio me èna par�deigma
metablhtoÔ qronikoÔ b matoc thc proc ta pÐsw mejìdou Euler.

'Estw ìti 0 = t0 < t1 < · · · < tn < · · · eÐnai mÐa diamèrish tou jetikoÔ
�xona tou qrìnou kai jètoume kn = tn− tn−1. Tìte mporoÔme na jewr soume
thn prosèggish Un thc u(tn) orismènh apì thn sqèsh

(∂̄nU
n, χ) + (∇Un,∇χ) = (f(tn), χ), ∀χ ∈ Sh, n ≥ 1 (4.45)

me U0 = vh, ìpou ∂̄nU
n = (Un − Un−1)/kn. 'Eqoume thn parak�tw ektÐmhsh

sf�lmatoc pou an�getai se aut n tou Jewr matoc 4.2.4 gia stajer� qronik�
b mata.

JEWRHMA 4.2.7. 'Estw Un kai u oi lÔseic twn (4.45) kai (4.1), me
U0 = vh ¸ste ‖vh − v‖ ≤ Chr‖v‖r. Tìte èqoume gia n ≥ 0

‖Un − u(tn)‖ ≤ Chr(‖v‖r +

∫ tn

0
‖ut‖rds) +

n∑
j=1

kj

∫ tj

tj−1

‖utt‖ds.

Apìdeixh: Bl.[3, Kef�laio 1, sel.19]

PARATHRHSH : O tÔpoc thc ektÐmhshc sf�lmatoc tou Jewr matoc 4.2.7
proteÐnei thn qr sh mikrìterwn qronik¸n bhm�twn ìtan to ‖utt‖ eÐnai mega-
lÔtero.
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Kef�laio 5

Upologistik� paradeÐgmata
gia thn exÐswsh thc
jermìthtac

Se autì to kef�laio, qrhsimopoi same dÔo diaforetik� progr�mmata gia thn
ektÐmhsh twn sfalm�twn sthn exÐswsh thc jermìthtac. Gia th monodi�stath
peript¸sh jewr same wc arqikì prìblhma thn exÐswsh thc jermìthtac (3.1)
sto qwroqronikì pedÐo (0, 1) × (0, 1) kai gia th disdi�stath perÐptwsh thn
exÐswsh thc jermìthtac (4.1) me x ∈ [0, 1], y ∈ [0, 1], t ∈ [0, 1]. H f èqei
epileqjeÐ me tètoio trìpo ¸ste h akrib c lÔsh tou probl matoc na eÐnai u =
sin(2πx)cos(2πt) gia th monodi�stath perÐptwsh kai u = x(x − 1) · y(y −
1) · e−t gia th disdi�stath perÐptwsh thc exÐswshc thc jermìthtac. Sthn
par�grafo [5.1] paratÐjentai ta arijmhtik� apotelèsmata kai oi ektim seic
sfalm�twn sthn L2(0, 1) nìrma pou proèkuyan apì k¸dika sto MATLAB.
Sthn par�grafo [5.2], parathroÔme tic ektim seic sfalm�twn sthn L2(0, 1) kai
sthnH1(0, 1) nìrma pou proèkuyan apì th qr sh tou logismikoÔ FreeFem++.
To FreeFem++, ìpwc ja doÔme kai parak�tw, eÐnai basismèno sth mèjodo twn
peperasmènwn stoiqeÐwn kai ja mac d¸sei epÐshc ta graf mata thc jermìthtac
gia ta diaforetik� qwroqronik� b mata.

5.1 Ektim seic Sfalm�twn sto MATLAB

Sto pr¸to prìgramma, to MATLAB, upologÐsame thn uh pou prokÔptei, dh-
lad  thn proseggistik  lÔsh tou probl matoc, kaj¸c kai thn akrib  lÔsh
tou sto pedÐo (0, 1) × (0, 1). 'Epeita, upologÐsame to sf�lma pou prokÔptei
lìgw thc diafor�c thc proseggistik c kai thc pragmatik c lÔshc. To sf�l-
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ma pou upologÐsame se aut n thn perÐptwsh afor� sth monodi�stath exÐswsh
thc jermìthtac kai eÐnai shmeiakì, dhlad  upologÐsthke sto telikì qronikì
shmeÐo t = 1. Ousiastik�, upologÐsame to sf�lma sthn L2(0, 1) nìrma gia
di�fora qwrik� b mata, dhlad  gia di�fora h. Parak�tw paratÐjetai o k¸-
dikac sto MATLAB me ton opoÐo upologÐzetai h proseggistik  lÔsh u, h
pragmatik  lÔsh ur, kaj¸c kai h ektÐmhsh sf�lmatoc sto t = 1 gia tic dia-
foretikèc diamerÐseic tou qwrikoÔ pedÐou. Profan¸c, ìso perissìtera eÐnai
ta b mata, tìso mikrìtero eÐnai to sf�lma, afoÔ h prosèggis  mac ja eÐnai
pio kont� sthn pragmatik  lÔsh. H mèjodoc onom�sthke thetameth afoÔ
qrhsimopoieÐtai h θ-mèjodoc gia th lÔsh thc exÐswshc thc jermìthtac. H
qwrik  diakritopoÐhsh thc mejìdou basÐzetai se tmhmatik� grammik� pepera-
smèna stoiqeÐa. Oi par�metroi thc mejìdou eÐnai: to di�nusma st lh l pou
perilamb�nei ta �kra tou qwrikoÔ diast matoc (α=l(1),b=l(2)) kai tou qro-
nikoÔ diast matoc (t0=l(3),T=l(4)), to di�nusma st lh n pou perilamb�nei
ton arijmì twn bhm�twn se q¸ro kai qrìno, oi u0 kai f pou ousiastik� eÐnai
oi sunart seic u0h kai f , h stajer� nu pou antiproswpeÔei ton suntelest 
jermik c agwgimìthtac, oi oriakèc sunj kec Dirichlet bc(1), bc(2) kai h tim 
thc paramètrou theta.

function [u,x]=thetameth(l,n,u0,f,bc,nu,theta)
nx=n(1);h=(l(2)-l(1))/nx;
x=[l(1):h:l(2)];
t=l(3); u0=sin(2*pi*x);
uold=(eval(’u0’))’;
t=l(4);ur=sin(2*pi*x)*cos(2*pi*t);
nt=n(2);k=(l(4)-l(3))/nt;
e=ones(nx+1,1);
K=spdiags([(h/(6*k)-nu*theta/h)*e,(2*h/(3*k)+2*nu*theta/h)*e,...
(h/(6*k)-nu*theta/h)*e],-1:1,nx+1,nx+1);
B=spdiags([(h/(6*k)+nu*(1-theta)/h)*e,(2*h/(3*k)-nu*2*(1-theta)/h)*e,...
(h/(6*k)+nu*(1-theta)/h)*e],-1:1,nx+1,nx+1);
K(1,1)=1; K(1,2)=0; B(1,1)=0; B(1,2)=0;
K(nx+1,nx+1)=1; K(nx+1,nx)=0; B(nx+1,nx+)=0; B(nx+1,nx)=0;
[L,U]=lu(K);
t=l(3);
x=[l(1)+h:h:l(2)-h];
f=-2*pi*sin(2*pi*x).*sin(2*pi*t)+4*(pi*pi)*sin(2*pi*x).*cos(2*pi*t);
fold=(eval(’f’))’;
fold=h*fold;
fold=[bc(1);fold;bc(2)];
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for time=l(3)+k:k:l(4)
t=time;
fnew=(eval(’f’))’;
fnew=h*fnew;
fnew=[bc(1);fnew;bc(2)];
b=theta.*fnew+(1-theta).*fold+B*uold;
y=L\b;
u=U\y;
uold=u;
end
err=0;
for i=1:length(x)-1
err=err+(h/2)*((u(i)-ur(i))*(u(i)-ur(i))+(u(i+1)-ur(i+1))*(u(i+1)-ur(i+1)));
end
x=[l(1):h:l(2)];
return

Ton parap�nw k¸dika ton trèxame gia α = l(1) = 0, b = l(2) = 1, t0 = l(3)
= 0, T = l(4) = 1, afoÔ jewr same wc qwroqronikì pedÐo to (0, 1) × (0, 1)
en¸, gia to di�nusma n=(n(1),n(2)) pou afor� ston arijmì twn qwrik¸n kai
qronik¸n bhm�twn, dokim�same diaforetik� h gia thn ulopoÐhsh tou k¸dika,
me n(1)=1/h kai n(2)=1/k, ìpou h to qwrikì kai k to qronikì b ma. Se ìlec
tic peript¸seic jewr same ìti h=k. H u0h sto prìblhm� mac prokÔptei mhde-
nÐzontac sthn lÔsh thc exÐswshc u = sin(2πx)cos(2πt) ton qrìno t kai sune-
p¸c paÐrnoume u0h = sin(2πx), en¸, h f prokÔptei lÔnontac thn exÐswsh thc
jermìthtac, kai isoÔtai me f = −2πsin(2πx)sin(2πt) + 4π2sin(2πx)cos(2πt)
ìpwc dÐnetai kai ston k¸dika parap�nw. Oi oriakèc sunj kec Dirichlet bc(1),
bc(2) eÐnai Ðsec me 0 kaj¸c gia x = 0 kai gia x = 1, u(0, t) = u(1, t) = 0. Gia
th lÔsh thc exÐswshc jewr same epÐshc, ìti nu=1. 'Oson afor� sth stajer�
θ(theta), trèxame ton k¸dika gia θ = 1 afoÔ asqolhj kame me thn proc ta
pÐsw mèjodo Euler, opìte ta apotelèsmata gia tic ektim seic twn sfalm�twn
prokÔptoun èqontac jewr sei wc θ = 1. Par�ola aut�, jèsame kai θ = 1/2
¸ste na doÔme kai ta apotelèsmata pou dÐnei h mèjodoc Crank-Nicolson kai
parathr same mikrèc diaforèc se sqèsh me thn proc ta pÐsw mèjodo Euler.
Ja mporoÔsame na shmei¸soume ìti gia θ = 1/2 ta apotelèsmata  tan lÐgo
kalÔtera apì ìti gia θ = 1, kurÐwc ìtan jewr same megalÔtera qwrik� b ma-
ta h gia th diakritopoÐhsh tou q¸rou.
Parak�tw, ja doÔme analutik� ta apotelèsmata pou proèkuyan gia tic di�-
forec timèc tou h kaj¸c kai dÔo grafikèc parast�seic pou apeikonÐzoun thn
proseggistik  lÔsh se sqèsh me tic qwrikèc metablhtèc gia ta di�fora h kai
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gia tic θ = 1 (Sq ma 5.2), θ = 1/2 (Sq ma 5.3).

h err=error2

1
4 0.0137
1
8 0.0011
1
16 7.9705 · 10−5

1
32 5.1448 · 10−6

1
64 3.2258 · 10−7

1
128 2.0162 · 10−8

1
256 1.2600 · 10−9

1
512 7.8750 · 10−11

Me b�sh ta stoiqeÐa tou parap�nw pÐnaka, parathroÔme pwc kaj¸c mikraÐnei
to h, dhlad  ousiastik� ìso perissìtera b mata èqoume, tìso pio mikrì eÐnai
to sf�lma. Jewr¸ntac ton tÔpo

‖error(1, h)‖L2(0,1) ≤ ch2

katal xame sto ìti to phlÐko twn diadoqik¸n tetrag¸nwn twn sfalm�twn

‖err(1, h/2)‖L2(0,1)

‖err(1, h)‖L2(0,1)
=
‖error(1, h/2)‖2L2(0,1)

‖error(1, h)‖2
L2(0,1)

→ 0.0625.

Autì eÐnai logikì kaj¸c gia to ‖error(1, h)‖2L2(0,1) = ‖err(1, h)‖L2(0,1) isqÔei

‖err(1, h)‖L2(0,1) ≤ ch4

�ra

‖err(1, h/2)‖L2(0,1) ≤ c
(
h

2

)4

= c
h4

16
.

Sunep¸c,

‖err(1, h/2)‖L2(0,1)

‖err(1, h)‖L2(0,1)
≤ 1

16
= 0.0625.

Kaj¸c aux�netai o arijmìc twn bhm�twn (dhlad  gia h polÔ mikrì), o arijmìc
autìc stajeropoieÐtai. Ston parak�tw pÐnaka paratÐjentai ta apotelèsmata

tou
‖err(1, h/2)‖L2(0,1)

‖err(1, h)‖L2(0,1)
gia tic diaforetikèc diadoqikèc timèc tou qwrikoÔ b -

matoc h.
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||err(1, h/2)||/||err(1, h)||
0.0803
0.0725
0.0645
0.0627
0.0625
0.0625
0.0625

Gia thn ektÐmhsh twn sfalm�twn qrhsimopoi same ton kanìna tou trapezÐou,
ìpou eÐnai mia teqnik  prosèggishc gia ton upologismì tou orismènou olo-

klhr¸matoc

∫ b

a
f(x)dx pou dÐnei ìti

∫ b

a
f(x)dx ≈ (b− a)

f(a) + f(b)

2
. Sthn

perÐptws  mac, jèlontac na upologÐsoume to sf�lma sthn L2(0, 1) nìrma kai
qrhsimopoi¸ntac ton kanìna tou trapezÐou gia thn prosèggish tou oloklh-
r¸matoc èqoume:

‖error(1)‖2L2(0,1) = ‖uh(1)− u(1)‖2L2(0,1)

=

∫ 1

0
|uh(1)− u(1)|2dx =

N−1∑
j=1

∫ xj+1

xj

|uh(1)− u(1)|2dx

=
N−1∑
j=1

h

2

(
|uh(1, xj)− u(1, xj)|2 + |uh(1, xj+1)− u(1, xj+1)|2

)
.

ìpou se algorijmik  morf  gr�fetai ìpwc sthn eikìna (5.1). Dhlad , arqi-
kopoi¸ntac to sf�lma kai prosjètontac se k�je qronikì b ma kai to proh-
goÔmeno sf�lma, katal goume sto telikì sf�lma sto qronikì shmeÐo t = 1,
èqontac qrhsimopoi sei ton kanìna tou trapezÐou gia thn prosèggish tou

oloklhr¸matoc
N−1∑
j=1

∫ xj+1

xj

|uh(1)− u(1)|2dx.

Sq ma 5.1: Algìrijmoc sto MATLAB gia ton upologismì tou sf�lmatoc.
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Sq ma 5.2: Proseggistik  lÔsh uh(u) se sqèsh me ta x gia ta di�fora h kai
gia θ = 1.

Sq ma 5.3: Proseggistik  lÔsh uh(u) se sqèsh me ta x gia ta di�fora h kai
gia θ = 1/2.
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5.2 Ektim seic Sfalm�twn sto FreeFem++

To FreeFem++ eÐnai èna logismikì pou qrhsimopoieÐtai gia thn arijmhtik 
epÐlush twn merik¸n diaforik¸n exis¸sewn kai basÐzetai sth mèjodo twn pe-
perasmènwn stoiqeÐwn. Mèsw tou FreeFem++ lÔsame to prìblhma (4.1) kai
upologÐsame ta sf�lmata L2(0, 1) kai H1(0, 1). EpÐshc, proc to tèloc tou ke-
falaÐou paratÐjentai kai ta graf mata pou prokÔptoun gia thn exÐswsh thc
jermìthtac mèsw tou FreeFem++ gia ta diaforetik� qwroqronik� b mata.
To FreeFem++ qrhsimopoieÐ, ìpwc ja doÔme kai ston parak�tw k¸dika, thn
entol  mesh Th = square(n,m), h opoÐa trigwnopoieÐ to monadiaÐo tetr�gwno,
dhmiourg¸ntac èna n ×m plègma sto monadiaÐo tetr�gwno [0, 1]2. O q¸roc
twn peperasmènwn stoiqeÐwn dhmiourgeÐtai me thn entol  fespace Vh(Th,P1)
sthn perÐptws  mac, kaj¸c o tÔpoc antistoiqeÐ sthn qr sh tmhmatik� gram-
mik¸n suneq¸n peperasmènwn stoiqeÐwn stic dÔo diast�seic (P1), me Th to
mègejoc tou plègmatoc kai Vh ton q¸ro twn peperasmènwn stoiqeÐwn. H
exÐswsh thc jermìthtac lÔjhke me th mèjodo twn peperasmènwn stoiqeÐwn
sto q¸ro kai me peperasmènec diaforèc sto qrìno. EpÐshc, qrhsimopoi jhke
h proc ta pÐsw mèjodoc Euler gia th qronik  diakritopoÐhsh.
H f kai h arqik  lÔsh uu gia t = 0 eÐnai f = −x(x − 1) · y(y − 1) · e−t −
2e−t · (y(y − 1) + x(x− 1)) kai u0h = x(x− 1) · y(y − 1) antÐstoiqa, en¸ to
prìgramma upologÐzei kai ta sf�lmata L2(0, 1) kai H1(0, 1) èqontac up�oyin
ìti

‖u‖L2(Ω) =

(∫
Ω
|u(x, y)|2dxdy

)1/2

, ‖u‖H1(Ω) =
(
‖u‖2L2(Ω) + ‖∇u‖2L2(Ω)

)1/2
.

O parak�tw pÐnakac perièqei tic ektim seic sfalm�twn gia tic diaforetikèc
timèc tou qwrikoÔ tetragwnikoÔ plègmatoc n × n kai gia ta antÐstoiqa qro-
nik� b mata dt.

dt n× n L2 error H1 error
1
4 4× 4 0.00246889 0.00569875
1
8 8× 8 0.000646578 0.00144943
1
16 16× 16 0.000155321 0.000325624
1
32 32× 32 0.000034446 0.0000609535
1
64 64× 64 0.00000650447 0.00000803792
1

128 128× 128 0.00000104535 0.00000581068
1

256 256× 256 0.000000696634 0.00000430141
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Sto parak�tw sq ma apeikonÐzetai o k¸dikac sto FreeFem++ pou k�nei touc
parap�nw upologismoÔc twn sfalm�twn gia to dosmèno prìblhma kai gia ta
diaforetik� qwrik� kai qronik� b mata, en¸ me thn entol  plot dÐnei par�llh-
la to gr�fhma thc jermìthtac sthn ek�stote perÐptwsh.

Sq ma 5.4: Algìrijmoc sto FreeFem++ gia th lÔsh u = x(x− 1) · y(y− 1) ·
e−tthc exÐswshc thc jermìthtac (4.1) kai thn ektÐmhsh twn sfalm�twn.

ParathroÔme ìti ta sf�lmata, kai stic dÔo nìrmec, eÐnai p�ra polÔ kont� sto
mhdèn, akìma kai sthn perÐptwsh twn megalÔterwn qwroqronik¸n bhm�twn.
Autì sumbaÐnei, kaj¸c èqoun qrhsimopoihjeÐ polu¸numa qamhloÔ bajmoÔ gia
ton upologismì thc lÔshc, ta opoÐa oloklhr¸nontai sqedìn qwrÐc sf�lma
(afoÔ eÐnai tìso kont� sto mhdèn, jewreÐtai sqedìn mhdenikì). Par�ola au-
t�, ta apotelèsmata mac deÐqnoun thn polÔ kal  prosèggish twn lÔsewn se
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sqèsh me tic pragmatikèc, èqontac tìso amelhtèa sf�lmata.
Stic parak�tw selÐdec, parathroÔme ta graf mata thc jermìthtac pou prokÔ-
ptoun gia ta di�fora qwroqronik� b mata, xekin¸ntac apì mikrèc timèc (4×4)
kai diplasi�zontac ton arijmì twn bhm�twn k�je for� ft�nontac mèqri kai me-
g�lec timèc (512×512). EÐnai profan c h stadiak  beltÐwsh twn grafhm�twn
kai h kalÔterh apeikìnish thc jermìthtac me thn aÔxhsh tou qwrikoÔ tetra-
gwnikoÔ plègmatoc n×n, kaj¸c up�rqei oloèna kai kalÔterh prosèggish thc
pragmatik c lÔshc.
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Sq ma 5.5: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 4 × 4 qwrikì
plègma kai gia qronikì b ma dt = 1/4.

Sq ma 5.6: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 8 × 8 qwrikì
plègma kai gia qronikì b ma dt = 1/8.
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Sq ma 5.7: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 16 × 16 qwrikì
plègma kai gia qronikì b ma dt = 1/16.

Sq ma 5.8: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 32 × 32 qwrikì
plègma kai gia qronikì b ma dt = 1/32.
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Sq ma 5.9: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 64 × 64 qwrikì
plègma kai gia qronikì b ma dt = 1/64.

Sq ma 5.10: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 128×128 qwrikì
plègma kai gia qronikì b ma dt = 1/128.
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Sq ma 5.11: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 256×256 qwrikì
plègma kai gia qronikì b ma dt = 1/256.

Sq ma 5.12: Gr�fhma thc exÐswshc thc jermìthtac (4.1) gia 512×512 qwrikì
plègma kai gia qronikì b ma dt = 1/512.
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MporoÔme na melet soume kai th monodi�stath perÐptwsh thc exÐswshc thc
jermìthtac, ìpwc kai sth par�grafo [5.1], ìpou dhlad  h lÔsh thc exÐswshc
eÐnai h u = sin(2πx)cos(2πt). Ektel¸ntac autì to par�deigma sto Free-
Fem++, ousiastik� jewroÔme ìti h metablht  y sthn prokeimènh perÐptwsh
eÐnai mÐa stajer�. Sunep¸c, èqoume ìti f kai h arqik  lÔsh uu gia t = 0 eÐnai
f = −2πsin(2πx)sin(2πt) + 4π2sin(2πx)cos(2πt) kai u0h = sin(2πx) antÐ-
stoiqa, en¸ to prìgramma upologÐzei kai ta sf�lmata L2(0, 1) kai H1(0, 1).
O parak�tw pÐnakac perièqei tic ektim seic sfalm�twn gia tic diaforetikèc
timèc tou qwrikoÔ plègmatoc n× n kai gia ta antÐstoiqa qronik� b mata dt.

dt n× n L2 error H1 error
1
4 4× 4 0.225242 0.768637
1
8 8× 8 0.082444 0.357327
1
16 16× 16 0.0296123 0.152383
1
32 32× 32 0.0114553 0.0673099
1
64 64× 64 0.0048478 0.031169
1

128 128× 128 0.00220039 0.0149322
1

256 256× 256 0.00104405 0.00729934

Sq ma 5.13: Grafik  par�stash twn sfalm�twn L2, H1 sunart sei tou b -
matoc h.
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Sth sunèqeia, ìpwc kai sthn par�grafo [5.1], diair¸ntac diadoqik� ta sf�l-
mata kai sÔmfwna me ton tÔpo

‖error(1, h)‖H1(0,1) ≤ ch2

katal xame sta parak�tw phlÐka. Ousiastik�, ìso megal¸nei to qwrikì plèg-

ma n×n, parathroÔme ìti h tim  sÔgklishc tou phlÐkou
‖error(1, h/2)‖H1(0,1)

‖error(1, h)‖H1(0,1)

aux�netai kai teÐnei ston arijmì 0.5.

‖error (1, h/2) ‖
‖error(1, h)‖

0.464
0.426
0.442
0.463
0.479
0.489

Autì eÐnai logikì, afoÔ èqoume

‖error(1, h/2)‖H1(0,1) ≤ c
(
h

2

)2

≤ ch
2

2

kai

‖error(1, h)‖H1(0,1) ≤ ch2.

'Ara

‖error (1, h/2) ‖H1(0,1)

‖error(1, h)‖H1(0,1)
→ 1

2
.

Stic epìmenec selÐdec, parathroÔme to gr�fhma thc jermìthtac gia thn e-
xÐswsh (3.1) kai gia ta diaforetik� qwroqronik� b mata.
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Sq ma 5.14: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 4 × 4 qwrikì
plègma kai gia qronikì b ma dt = 1/4.

Sq ma 5.15: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 8 × 8 qwrikì
plègma kai gia qronikì b ma dt = 1/8.
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Sq ma 5.16: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 16× 16 qwrikì
plègma kai gia qronikì b ma dt = 1/16.

Sq ma 5.17: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 32× 32 qwrikì
plègma kai gia qronikì b ma dt = 1/32.
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Sq ma 5.18: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 64× 64 qwrikì
plègma kai gia qronikì b ma dt = 1/64.

Sq ma 5.19: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 128×128 qwrikì
plègma kai gia qronikì b ma dt = 1/128.
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Sq ma 5.20: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 256×256 qwrikì
plègma kai gia qronikì b ma dt = 1/256.

Sq ma 5.21: Gr�fhma thc exÐswshc thc jermìthtac (3.1) gia 512×512 qwrikì
plègma kai gia qronikì b ma dt = 1/512.
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