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PerÐlhyh

H didaktorik  aut  diatrib  epikentr¸netai sthn an�ptuxh kai pistopoÐhsh mejìdwn kai
logismikoÔ gia thn an�lush kai to sqediasmì�beltistopoÐhsh aerodunamik¸n morf¸n se u-
yhlèc kai qamhlèc taqÔthtec ro c, mèsw prostajeropoÐhshc qamhl¸n arijm¸n Mach. Peri-
lamb�nei thn an�ptuxh aitiokratik¸n mejìdwn beltistopoÐhshc, me èmfash ston upologismì
thc klÐshc thc sun�rthshc kìstouc mèsw twn suzug¸n (adjoint) teqnik¸n me prostajero-
poÐhsh all� kai stoqastik¸n plhjusmiak¸n mejìdwn, proteÐnontac nèec diatup¸seic asÔg-
qronwn Exeliktik¸n AlgorÐjmwn (EA) gia poluepexergastik� upologistik� sust mata.

Me stìqo th dhmiourgÐa eniaÐou logismikoÔ arijmhtik c epÐlushc twn exis¸sewn Navier–
Stokes gia ìlo to eÔroc twn taqut twn ro c, se proôp�rqon logismikì prìlexhc sumpiest¸n
ro¸n eis�getai h prostajeropoÐhsh qamhl¸n arijm¸n Mach. Aut  exasfalÐzei taqÔterh
sÔgklish se prosomoi¸seic ro¸n polÔ qamhl¸n taqut twn, epitrèpei thn prìlexh akìmh
kai ìtan to qwrÐc prostajeropoÐhsh logismikì apotugq�nei kai exomalÔnei�belti¸nei thn
poiìtht� thc se idiìmorfec perioqèc thc ro c (l.q. akmèc prìsptwshc   ekfug c). To
logismikì qrhsimopoieÐtai gia thn prìlexh qronik� mìnimwn   mh�mìnimwn pedÐwn ro c se
pterug¸seic strobilomhqan¸n (sumperilambanomènhc thc melèthc thc ro c tou aktinikoÔ
diakènou), agwgoÔc, memonwmènec aerotomèc   gÔrw apì olìklhro aerosk�foc kaj¸c kai
thn prosomoÐwsh ro c aèra parousÐa kapnoÔ se 3D q¸ro. To upologistikì kèrdoc apì th
qr sh prostajeropoÐhshc upertÐjetai se autì lìgw thc poluepexergasÐac.

'Oson afor� stic aitiokratikèc mejìdouc beltistopoÐhshc, jemeli¸netai h suzug c teqnik 
(diakrit  kai suneq c) me qr sh thc Ðdiac prostajeropoÐhshc kai thc poluepexergasÐac. H
proteinìmenh teqnik  epitrèpei ton aerodunamikì sqediasmì se polÔ qamhlèc taqÔthtec ro c
kai pistopoieÐtai se probl mata sqediasmoÔ�beltistopoÐhshc 2D pterug¸sewn sumpiest¸n
kai memonwmènwn aerotom¸n. To kèrdoc apì thn èntaxh thc prostajeropoÐhshc se k�je
kÔklo beltistopoÐhshc proèrqetai apì thn taqÔterh epÐlush tìso twn exis¸sewn ro c ìso
kai twn suzug¸n touc exis¸sewn.

H diakrit  suzug c teqnik  anaptÔssetai me b�sh tic diakritopoihmènec prostajeropoihmè-
nec exis¸seic ro c. Wc proc th suneq  suzug  teqnik , pragmatopoieÐtai diereÔnhsh sqetik�
me to an h prostajeropoÐhsh prèpei na efarmosteÐ stic suzugeÐc exis¸seic   na uiojeth-
joÔn oi suzugeÐc twn prostajeropoihmènwn exis¸sewn ro c. ApodeiknÔetai ìti oi dÔo autèc
parallagèc, upì proôpojèseic (kat�llhlh epilog  tou mhtr¸ou prostajeropoÐhshc), ka-
tal goun sto Ðdio apotèlesma. Kat� th diatÔpwsh twn suneq¸n suzug¸n exis¸sewn me
prostajeropoÐhsh, gÐnontai �anagkastikèc� paradoqèc sqetikèc me ton trìpo qeirismoÔ tou
mhtr¸ou prostajeropoÐhshc kai th diakritopoÐhsh. Autèc prokaloÔn mikrèc apoklÐseic
stic timèc twn parag¸gwn euaisjhsÐac thc sun�rthshc kìstouc (se idiìmorfec perioqèc thc
ro c) qwrÐc, ìmwc, epÐptwsh sth sÔgklish tou algorÐjmou beltistopoÐhshc.

'Oson afor� stic stoqastikèc plhjusmiakèc mejìdouc beltistopoÐhshc, anaptÔssetai kai
pistopoieÐtai ènac pl rwc asÔgqronoc domhmènoc EA (ADEA), eggen¸c par�llhloc. H
kat�rghsh thc ènnoiac thc geni�c aÐrei probl mata sugqronismoÔ, epitugq�nontac mègisth
ekmet�lleush twn diajèsimwn epexergast¸n. Ston ADEA o plhjusmìc diat�ssetai se 2D
domhmèno plègma kai diaqwrÐzetai se allhlokaluptìmenouc d mouc, prosdiorÐzontac ètsi
thn epikoinwnÐa metaxÔ touc all� kai thn efarmog  twn telest¸n exèlixhc. H asÔgqronh
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leitourgÐa tou algorÐjmou exasfalÐzetai apì ton trìpo allhlepÐdrashc twn d mwn. Me
thn olokl rwsh miac axiolìghshc kai th stigmiaÐa �adr�neia� enìc epexergast , lamb�noun
q¸ra endo- kai dia�dhmotikèc diergasÐec mèsw twn opoÐwn epilègetai �amèswc� to nèo �tomo
pou ja staleÐ gia axiolìghsh, epitugq�nontac th mègisth par�llhlh apìdosh. O ADEA
sundu�zetai, me èna nèo trìpo, kai me th qr sh metaprotÔpwn (teqnht¸n neurwnik¸n di-
ktÔwn) gia thn proseggistik  proaxiolìghsh upoyhfÐwn lÔsewn. Dedomènhc thc apousÐac
geni¸n h epìmenh proc axiolìghsh lÔsh proèrqetai apì èna mikrì arijmì proaxiologhmènwn,
apì topik� metaprìtupa, nèwn lÔsewn. H epiplèon epib�runsh eÐnai amelhtèa sugkrinìmenh
me to upologistikì kìstoc thc epÐlushc twn exis¸sewn Navier–Stokes, krat¸ntac diark¸c
ìlouc touc epexergastèc apasqolhmènouc.

O ADEA efarmìzetai�pistopoieÐtai se probl mata sqediasmoÔ�beltistopoÐhshc 2D pte-
rug¸sewn sumpiest¸n kai memonwmènwn aerotom¸n (me to logismikì prìlexhc ro c pou
proanafèrjhke), sto sqediasmì mikroÔ epibatikoÔ uperhqhtikoÔ aerosk�fouc me ènan   dÔ-
o stìqouc kai mia seir� majhmatik¸n sunart sewn. H efarmog  thc parallhlÐac, tìso se
epÐpedo axiolog sewn ìso kai sto logismikì axiolìghshc, mei¸nei dramatik� to kìstoc ana-
mon c tou mhqanikoÔ, kajist¸ntac thn proteinìmenh mèjodo idanik  gia biomhqanik  qr sh.

Lèxeic kleidi�: Jermikèc Strobilomhqanèc, Upologistik  Reustodunamik , Prostaje-
ropoÐhsh Qamhl¸n Arijm¸n Mach, Aerodunamik  BeltistopoÐhsh�Sqediasmìc, SuzugeÐc
Teqnikèc, SÔgqronoi kai AsÔgqronoi ExeliktikoÐ Algìrijmoi.



Abstract

This PhD thesis focuses on the development and assessment of methods for the analysis
and design–optimization of aerodynamic shapes, at high and low speed flows, using low
Mach number preconditioning. It comprises the development of deterministic optimiza-
tion methods, by laying emphasis on the computation of the objective function gradient
using the adjoint technique with the aforementioned preconditioning as well as stochastic,
population–based methods by proposing new asynchronous Evolutionary Algorithms (EA)
for multiprocessor systems.

Aiming at possessing a single CFD analysis software for all flow speeds, the precondition-
ing technique is applied to an existing software for the solution of the compressible flow
equations. It ensures faster convergence for very low Mach numbers, allows the solution
even in cases in which the non–preconditioned equations fail and provides smooth solution
at singular areas (in the vicinity of the leading and trailing edges). This software is used
to numerically predict steady and unsteady flows in turbomachines (including predictions
of tip clearance flows), ducts, isolated airfoils, flow around aircraft as well as flows in the
presence of smoke in 3D enclosures. The computational gain due to the preconditioning
is superimposed to that of multiprocessing.

Concerning the gradient–based optimization methods, the adjoint technique (discrete and
continuous) using preconditioning and parallelization is developed. The proposed tech-
nique allows the aerodynamic design at very low speed flows and is validated in design–
optimization problems of 2D turbomachinery cascades and isolated airfoils. The use of
preconditioning during the optimization cycles results to faster solutions of both the mean
flow and adjoint equations.

The discrete adjoint technique is developed using the already discretized preconditioned
flow equations. For the continuous adjoint formulation there are two possibilities, namely
either to precondition the adjoint equations or to form the adjoint to the preconditioned
flow equations. In this thesis, these two options are proved to be equivalent (by choosing
an appropriate preconditioning matrix). During the formulation of the continuous adjoint
equations, “necessary” assumptions, concerning the handling of preconditioning matrix
and the discretization, are made. These assumptions introduce a small error to the sen-
sitivity derivatives which, however, does not affect the convergence of the optimization
algorithm.

Concerning the stochastic optimization method, a fully asynchronous structured EA–AEA
is developed and assessed. The lack of generations removes synchronization problems and
allows the maximum utilization of all available processors. The population lies on the
nodes of a 2D supporting structured mesh and is divided into overlapping demes, that
determine the communication between demes and the implementation of evolutionary op-
erators. The way demes interact determines the asynchronous operation of the algorithm.
As soon as an evaluation is over and a processor is “temporarily” idle, the new candi-
date solution to undergo evaluation is “immediately” selected by means of intra– and
inter–deme procedures, giving rise to the maximum possible parallel speed–up. AEA is
coupled, in a new way, with metamodels (radial basis functions networks) for the inexact
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pre–evaluation of candidate solutions. In the absence of generations, the next candidate
solution is selected among a small number of pre–evaluated, using local metamodels, new
individuals. The cost of using metamodels is negligible compared to the evaluation cost for
the solution of Navier–Stokes equations and assures that all processors are always busy.

Design–optimization problems of 2D compressor cascades and isolated airfoils, the single
and multi–objective design of a supersonic business jet and mathematical benchmarks
are presented to assess the proposed algorithm. The parallelization both evaluations and
evaluation software reduces the wall clock time of an optimization and enables the use of
the proposed method for industrial applications.

Keywords: Thermal Turbomachines, Computational Fluid Dynamics, Low Mach Num-
ber Preconditioning, Aerodynamic Design–Optimization, Adjoint Methods, Synchronous
and Asynchronous Evolutionary Algorithms.



AntÐ Prolìgou

AntÐ �llou prolìgou, h enìthta aut  anafèretai sto Ergast rio Jermik¸n Strobilomhqa-
n¸n EMP (EJS/EMP) kai, eidikìtera, sthn ereunhtik  tou om�da thc Mon�dac Par�l-
lhlhc Upologistik c Reustodunamik c & BeltistopoÐhshc tou Tomèa Reust¸n, thc opoÐac
eÐmai mèloc ed¸ kai poll� qrìnia. H gnwrimÐa mou me ton epiblèponta th diatrib  mou An.
Kajhght  k. Kuri�ko Giann�koglou xekin� apì to 2000, tìte pou akìmh  moun prwtoet c
spoud�stria thc Sqol c Mhqanolìgwn Mhqanik¸n EMP. To endiafèron mou gia touc u-
pologistèc kai ton programmatismì kai, argìtera, gia tic upologistikèc mejìdouc gia thn
epÐlush problhm�twn mhqanikoÔ me ¸jhse na entaqj¸, apì to tèloc tou pr¸tou ètouc,
sthn ereunhtik  tou om�da. H arqik  enasqìlhsh  tan �erasiteqnik �, suneqÐsthke me thn
ekpìnhsh thc diplwmatik c mou ergasÐac upì thn epÐbley  tou kai, wc fusik  sunèqeia,
akoloÔjhse kai h ekpìnhsh thc didaktorik c mou diatrib c.

Kat� thn perÐodo thc diplwmatik c mou ergasÐac kai, sth sunèqeia, thc didaktorik c mou
diatrib c, ta teleutaÐa pènte qrìnia perÐpou, h poreÐa mou eÐnai �rrhkta sundedemènh me
aut n thc sugkekrimènhc om�dac tou EJS/EMP. To ergast rio ègine gia ìla aut� ta
qrìnia to deÔtero spÐti mou (ìpou, praktik�, pèrasa ìla aut� ta qrìnia, polÔ perissìterec
¸rec ap' ìti sto pragmatikì mou spÐti, xeqn¸ntac tic ènnoiec �argÐa�, �diakopèc� kai �arg��)
kai h sunergasÐa mou me ton k. Giann�koglou all� kai ta upìloipa mèlh thc om�dac  tan
p�ntote exairetik .

Jewr¸ ton eautì mou pragmatik� tuqerì pou eÐqa th dunatìthta na sunergast¸ mazÐ tou
kai na m�jw poll� ap' autìn. Se autìn ofeÐlw thn episthmonik  mou kat�rtish kai ton
epaggelmatismì pou plèon diakrÐnei th doulei� mou. Per�same p�ra poll� SabbatokÔriaka
suzht¸ntac   diafwn¸ntac gia nèec idèec kai mejìdouc ìpou, ofeÐlw na omolog sw, ìti oi
upodeÐxeic tou  tan p�ntote kajoristikèc. Den èleiyan ta xenÔqtia. Potè de feÔgame apì to
grafeÐo to br�du an den teleÐwne�leitourgoÔse swst� ènac algìrijmoc   otid pote �llo
den èprepe na �meÐnei pÐsw� gia thn epìmenh mèra. Autì periel�mbane giortèc kai argÐec,
kaj¸c poll� l�jh diorj¸jhkan kai algìrijmoi leitoÔrghsan swst� gia pr¸th for� se
argÐec, akìma kai paramonèc prwtoqroni�c! Endeiktik� jum�mai thn paramon  prwtoqroni�c
tou 2006, ìpou douleÔontac me ton k. Giann�koglou, lÐgo prin thn allag  tou qrìnou
brèjhke to �teleutaÐo� kajoristikì l�joc kai prwtoètrexe swst� o par�llhloc epilÔthc
Navier–Stokes me prostajeropoÐhsh, all� kai th qar� kai twn duo mac pou autì ègine to
2005 kai ìqi to 2006! All� kai pio prìsfata, thn paramon  prwtoqroni�c tou 2009 (opìte
kai eÐqe dojeÐ to keÐmeno thc diatrib c sta mèlh thc TrimeloÔc Sumbouleutik c Epitrop c)
ìtan, parèa me ton Xenof¸nta kai ton k. Giann�koglou, katafèrame na trèxoume ton pr¸to
k¸dika Euler deÔterhc t�xhc se k�rtec grafik¸n (mia nèa perioq  èreunac sthn opoÐa plèon
drasthriopoioÔmai qwrÐc aut  na sumperilamb�netai sthn paroÔsa diatrib ), kerdÐzontac to
stoÐqhma tou na gÐnei autì mèsa sto 2008. Mou èrqontai kai poll� �lla sto mualì, pou
ènac aplìc prìlogoc den arkeÐ gia na aparijm sw. 'Etsi stamat¸ k�pou ed¸ euqarist¸ntac
ton k. Giann�koglou gia thn upomon  tou, th filÐa tou kai to qrìno pou dièjese kajìlh th
di�rkeia thc diatrib c mou, mèqri kai thn teleutaÐa stigm , gia th leptomer  diìrjwsh tou
keimènou.

H sunergasÐa mou, kat� th di�rkeia thc diatrib c, kai me ta upìloipa mèlh thc ereunhtik c
om�dac, Dhm trh PapadhmhtrÐou, Panagi¸th Liakìpoulo, Jwm� Zerbogi�nnh, QarÐkleia
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GewrgopoÔlou, Gi�nnh Kampìlh, Alèxandro Zum�rh, EugenÐa Kontolèontoc, Xenof¸nta
TrompoÔkh kai Stèlio Kuri�kou  tan exairetik . An èprepe na xeqwrÐsw k�poiouc, autoÐ
eÐnai o Jwm�c me ton opoÐo, lìgw twn apait sewn twn diatrib¸n mac, sunergast kame se
jèmata upologistik c reustodunamik c, all� kai o Gi�nnhc pou bo jhse sthn exoikeÐws 
mou me �exezhthmènec� teqnologÐec upologist¸n (l.q. grid computing) kai pareÐqe bo jeia
kai gn¸seic se programmatismì se C++. Tèloc, ofeÐlw na anafèrw pìso polÔ qr simec
 tan oi sumboulèc twn palaiìterwn didaktìrwn tou EJS/EMP Dhm trh Koumpogi�nnh
(plèon Ep. Kajhght  TEI Ajhn¸n) kai Dhm trh PapadhmhtrÐou. O pr¸toc bo jhse sthn
exoikeÐwsh mou me to logismikì epÐlushc twn exis¸sewn Navier–Stokes tou ErgasthrÐou
tìte pou  moun akìmh �nèa� sthn perioq  aut  kai o deÔteroc mou pareÐqe shmantik  bo jeia
sta pr¸ta st�dia thc enasqìlhshc mou me tic suzugeÐc teqnikèc.

Pèran twn kajar� episthmonik¸n jem�twn, ja apoteloÔse par�leiyh an den anaferìmoun
kai stic prosp�jeiec ìlwn mac gia thn eÔrujmh leitourgÐa kai diark  anab�jmish�epèktash
twn upologistik¸n susthm�twn tou ErgasthrÐou Jermik¸n Strobilomhqan¸n kai thc Mo-
n�dac Par�llhlhc Upologistik c Reustodunamik c & BeltistopoÐhshc (aut� pou metaxÔ
mac apokaloÔme �Bèlh�). H epèktash touc  tan diark c me thn p�rodo tou qrìnou kai apì
sar�nta perÐpou epexergastèc pou up rqan ìtan xekÐnhsa th diatrib  mou, plèon xepernoÔn
touc triakìsiouc. An kai stic arqèc thc diatrib c oi up�rqontec upologistèc f�ntazan
polloÐ, plèon antilamb�nomai ìti qwrÐc thn exèlix  touc de ja  tan dunat  h epÐlush twn
problhm�twn meg�lhc klÐmakac pou parousi�zontai se aut . H Ôparxh, exèlixh kai sun-
t rhsh aut c thc upodom c ofeÐletai stic suneisforèc ìlwn mac kai par� to ìti aut  h
enasqìlhsh ousiastik� �èklebe� qrìno apì ton programmatismì, entoÔtoic  tan k�ti pou
p�nta èkana me idiaÐterh euqarÐsthsh, ìpwc kai k�je �llo mèloc thc om�dac. An kai oi
Panagi¸thc, Gi�nnhc  tan autoÐ pou  xeran kai �èsthnan� (elleÐyei system administrator)
ta nèa mhqan mata, ìloi emeÐc oi upìloipoi, suqn� qwrÐc tic exeidikeumènec gn¸seic ekeÐnwn,
prospajoÔsame na bohj�me me ton trìpo mac (l.q. sth sunarmolìghsh), akìma ki an autì
metafr�zontan mìno wc parèa (�ra, fob�mai, wc kajustèrhsh gia autoÔc). Jum�mai me
euqarÐsthsh akìmh kai tic ��llou tÔpou ergasÐec� pou kat� kairoÔc k�name, p�ntote mì-
noi mac, gia th sunt rhsh kai anab�jmish tou q¸rou ergasÐac mac. Den xeqn¸, èna polÔ
zestì meshmèri, arqèc kalokairioÔ pro trietÐac, th metafor� me sqoini� kai egkat�stash
klimatistik c mon�dac gia touc upologistèc sthn tar�tsa tou ktirÐou, spasmèna priìnia kai
trup�nia gia th diamìrfwsh tou q¸rou tou upologistikoÔ mac kèntrou, kìyimo kai bÐdwma
lamarin¸n, kataskeu  kai sunarmolìghsh sthrigm�twn, pèrasma kalwdi¸sewn, mon¸seic
all� kai mikrèc metakomÐseic. SÐgoura xeqn�w poll�, all� jewr¸ ìti to telikì apotèlesma
kai h sunolik  upodom  pou aut  th stigm  up�rqei, mac dikai¸nei ìlouc.

Tèloc, epijum¸ na euqarist sw kai touc �llouc dÔo Kajhghtèc tou EJS/EMP kai mèlh
thc TrimeloÔc Sumbouleutik c Epitrop c, k.k. K. PapahlioÔ kai K. Majioud�kh, gia tic
shmantikèc upodeÐxeic kai parathr seic touc sqetik� me to keÐmeno kai thn parousÐash thc
diatrib c. Touc euqarist¸ epÐshc gia to ìti antapokrÐjhkan kai oi dÔo �mesa sth diìrjwsh
tou keimènou autoÔ.

Oloklhr¸nontac, axÐzei na anaferjeÐ ìti diakrit� tm mata thc paroÔsac diatrib c uposthrÐ-
qjhkan�qrhmatodot jhkan apì mia et sia upotrofÐa apì ton Eidikì Logariasmì 'Ereunac
(ELE) kai ereunhtik� progr�mmata tou EJS/EMP me episthmonikì upeÔjuno ton k. K.
Giann�koglou. Aut�  tan (a) to upoprìgramma me tÐtlo �Jewrhtik  DiatÔpwsh tou Su-
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zugoÔc (Adjoint) Probl matoc gia tic Exis¸seic Ro c SumpiestoÔ ReustoÔ me Prosta-
jeropoÐhsh Qamhl¸n Arijm¸n Mach. Upologistik  PistopoÐhsh se Roèc Qamhl¸n kai
Uyhl¸n Taqut twn stic Strobilomhqanèc�, sto plaÐsio tou Progr�mmatoc EnÐsqushc Ba-
sik c 'Ereunac �LEUKIPPOS� tou EMP (b) to Eurwpaðkì ereunhtikì èrgo (FP6) �HISAC
Environmentally Friendly High Speed Aircraft� kai (g) ereunhtikì prìgramma me tÐtlo �A-
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Caminante, son tus huellas
el camino, y nada más;
Caminante, no hay camino,
se hace camino al andar.

Al andar se hace camino
y al volver la vista atrás
se ve la senda que nunca
se ha de volver a pisar.
Caminante, no hay camino,
sino estelas en la mar.

Antonio Machado
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Kef�laio 1

Aerodunamik  An�lush kai
Sqediasmìc

1.1 O Rìloc thc URD sthn Aerodunamik  An�lush kai sto
Sqediasmì

Kat� thn teleutaÐa eikosaetÐa tou eikostoÔ ai¸na, h montelopoÐhsh fusik¸n problhm�twn
kaj¸c kai h an�ptuxh axiìpistwn teqnik¸n epÐlushc twn merik¸n diaforik¸n exis¸sewn
(m.d.e) pou ta dièpoun èftase, ousiastik�, se epÐpedo wrimìthtac. H ep�rkeia se axiìpi-
sto kai gr goro logismikì an�lushc èdwse ¸jhsh sthn an�ptuxh teqnik¸n sqediasmoÔ,
basismènwn sqedìn apokleistik� se upologistikèc mejìdouc, periorÐzontac thn peiramatik 
pistopoÐhsh mìno kat� thn telik  (plhn ìmwc ousiastik ) f�sh tou sqediasmoÔ. Oi efarmo-
gèc sqediasmoÔ�beltistopoÐhshc sthn aerodunamik  antimetwpÐzontai apì th biomhqanÐa me
th sunduasmènh qr sh logismikoÔ CAD (Computer Aided Design) gia thn parametropoÐ-
hsh, apeikìnish kai epopteÐa touc, logismikì upologistik c mhqanik c (logismikì epÐlushc
twn exis¸sewn ro c, logismikì domik c an�lushc kataskeu¸n pou sun jwc sthrÐzetai sth
mèjodo twn peperasmènwn stoiqeÐwn, logismikì epÐlushc twn exis¸sewn tou hlektromagnh-
tismoÔ k.l.p.) kai diadikasi¸n anaz thshc bèltistwn lÔsewn (aitiokratikoÔ, stoqastikoÔ  
ubridikoÔ tÔpou). ArwgoÐ sta parap�nw eÐnai mèjodoi proergasÐac thc upologistik c pro-
somoÐwshc (me kuriìtero ekprìswpo touc to logismikì gèneshc upologistik¸n plegm�twn)
kai h poluepexergasÐa. H teleutaÐa èqei praktik� enswmatwjeÐ sthn Upologistik  Reusto-
dunamik  (URD, Computational Fluid Dynamics/CFD), apotel¸ntac plèon anapìspasto
stoiqeÐo gia thn ulopoÐhsh upologism¸n meg�lhc klÐmakac.

Esti�zontac idiaÐtera sthn URD, tonÐzetai ìti h Ôparxh logismikoÔ prìlexhc ro¸n (l.q.
enìc epilÔth twn exis¸sewn Navier–Stokes/NS) apoteleÐ aparaÐthth proôpìjesh gia thn
an�lush thc ro c kai to sqediasmì enìc aerodunamikoÔ s¸matoc1. To logismikì ofeÐlei
na eÐnai axiìpisto kai gr goro, ¸ste h an�lush afenìc men na eÐnai apodekt c akrÐbeiac,
afetèrou de na oloklhr¸netai me to �el�qisto� dunatì upologistikì kìstoc. S mera, oi
an�gkec thc aerodunamik c beltistopoÐhshc (wc proc thn prìlexh pedÐwn ro c) sth biomh-
qanÐa, ta panepist mia   ta ereunhtik� kèntra, antimetwpÐzontai me th qr sh eÐte oikeÐou

1Sthn paroÔsa diatrib , o ìroc aerodunamikì s¸ma anafèretai se pterug¸seic strobilomhqan¸n, a-
gwgoÔc, memonwmènec aerotomèc, olìklhro aerosk�foc k.o.k.

1
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(in–house) eÐte emporikoÔ logismikoÔ URD. Th genikìthta, euqrhstÐa kai filikìthta proc
to qr sth tou emporikoÔ logismikoÔ antistajmÐzei h �mesh prìsbash ston phgaÐo k¸dika, h
dunatìthta allag¸n, rujmÐsewn kai prosjhk¸n se autìn all�, kurÐwc, h akrib c gn¸sh twn
qrhsimopoioÔmenwn montèlwn ro c kai arijmhtik¸n sqhm�twn pou prosfèrei h qr sh logi-
smikoÔ aneptugmènou apì ton Ðdio ton ereunht    thn ereunhtik  om�da. Akolouj¸ntac thn
par�dosh tou ErgasthrÐou Jermik¸n Strobilomhqan¸n tou EMP (EJS/EMP), h diatrib 
sthrÐzetai se logismikì URD pou proôp rqe to opoÐo, afoÔ epekteÐnetai kai emploutÐze-
tai me trìpo pou analÔetai sth sunèqeia, uposthrÐzei tic efarmogèc beltistopoÐhshc kai
sqediasmoÔ pou akoloujoÔn.

Basikì krit rio gia thn epilog  mejodologÐac kai logismikoÔ URD ikanoÔ na antape-
xèljei stic an�gkec thc aerodunamik c beltistopoÐhshc (�ra, profan¸c, kai stic an�g-
kec an�lushc�prìlexhc pedÐwn ro c) eÐnai h perioq  tim¸n taqÔthtac   arijmoÔ Mach pou
qarakthrÐzei k�je efarmog . Prolèxeic pedÐwn ro c asumpÐestou reustoÔ, paradosiak�
antimetwpÐzontai me thn teqnik  thc diìrjwsh pÐeshc (kai parallagèc thc)   thn teqnik 
thc yeudosumpiestìthtac2. H pr¸th teqnik  ekmetalleÔetai thn apemplok  thc pÐeshc apì
thn exÐswsh thc sunèqeiac, odhg¸ntac se elleiptik�   parabolik� sust mata (an�loga me
tic aplopoi seic kai paradoqèc). H deÔterh teqnik  eis�gei ènan yeudoqronikì ìro pÐeshc
sthn exÐswsh thc sunèqeiac, epitrèpontac th qr sh teqnik¸n epÐlushc twn uperbolik¸n su-
sthm�twn. Sth jewrÐa kai stic teqnikèc epÐlushc twn uperbolik¸n susthm�twn basÐzontai,
sqedìn ex olokl rou, kai oi mèjodoi epÐlushc twn exis¸sewn ro c sumpiestoÔ reustoÔ (mèsw
teqnik¸n qronoproèlashc, time–marching). Oi mèjodoi prìlexhc pedÐwn ro c asumpÐestou
reustoÔ mporoÔn kai èqoun  dh epektajeÐ (kai apì thn ereunhtik  om�da tou EJS/EMP)
se sumpiestèc akìma kai dihqhtikèc roèc. AntÐstoiqa, h dunatìthta qr shc twn teqnik¸n
qronoproèlashc (pou èqoun jemeliwjeÐ gia tic sumpiestèc roèc) epekteÐnetai kai se sqedìn
asumpÐestec roèc (roèc polÔ qamhl¸n taqut twn) mèsw thc prostajeropoÐhshc qamhl¸n
arijm¸n Mach (Low Mach number preconditioning).

H aerodunamik  beltistopoÐhsh kai sqediasmìc basÐzontai sthn URD, ousiastik�, upì dÔo
ènnoiec. DiadikasÐec stoqastikoÔ   hmi�stoqastikoÔ qarakt ra (akìma kai gia thn, ìqi
kai tìso akraÐa gia th biomhqanÐa, perÐptwsh pou o sqediasmìc basÐzetai sthn empeirÐa tou
mhqanikoÔ, dhlad  se epanalambanìmenec dokimèc, trial and error) qrhsimopoioÔn logismikì
URD gia thn axiolìghsh twn upoy fiwn lÔsewn, kat� thn anaz thsh thc bèltisthc   twn
bèltistwn apì autèc. Epiplèon, h URD mporeÐ na uposthrÐxei diadikasÐec sqediasmoÔ pou
basÐzontai ston upologismì thc klÐshc miac sun�rthshc kìstouc, afoÔ o upologismìc autìc
ulopoieÐtai (l.q. gia thn perÐptwsh twn suzug¸n teqnik¸n pou apoteloÔn èna apì ta basik�
stoiqeÐa thc paroÔsac diatrib c) upì ton periorismì thc ikanopoÐhshc twn exis¸sewn ro c
pou analÔontai me logismikì URD.

Sthn an�lush all�, kurÐwc, sto sqediasmì�beltistopoÐhsh sthn aerodunamik , to upo-
logistikì kìstoc eÐnai exÐsou shmantikì me thn akrÐbeia twn upologism¸n. Eidikìtera, o
meiwmènoc sunolikìc qrìnoc sqediasmoÔ enìc nèou proðìntoc   diergasÐac (apì th sÔllhyh
mèqri thn telik  ulopoÐhsh) enisqÔei thn antagwnistikìtht� tou/thc. H meÐwsh tou qrì-
nou an�lushc mèsw l.q. kalÔterwn arijmhtik¸n sqhm�twn tou logismikoÔ URD brÐsketai

2Se aut  thn eisagwgik  enìthta tou KefalaÐou 1 den paratÐjentai bibliografikèc anaforèc. Au-
tèc mporoÔn na anazhthjoÔn stic epìmenec enìthtec tou Ðdiou kefalaÐou kai sta epimèrouc kef�laia thc
diatrib c.
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plèon se epÐpedo wrimìthtac. H diatrib , stoqeÔontac sth meÐwsh tou sunolikoÔ qrìnou
sqediasmoÔ gia probl mata ro c qamhl¸n taqut twn, suneisfèrei se autì mèsw thc pro-
stajeropoÐhshc qamhl¸n arijm¸n Mach, ìqi mìno sto prìblhma prìlexhc pedÐwn ro c all�
kai se autì tou upologismoÔ thc klÐshc miac sun�rthshc stìqou, gia tic an�gkec thc bel-
tistopoÐhshc. H teqnik  poluplègmatoc (multigrid), sthn opoÐa up�rqei sqetik  empeirÐa
sto EJS/EMP apoteleÐ mia diaforetik  diadikasÐa meÐwshc tou upologistikoÔ kìstouc, h
opoÐa ìmwc den emplèketai sthn paroÔsa diatrib .

H uiojèthsh enìc arijmhtikoÔ sq matoc kajorÐzetai plèon kai me krit rio thn endeqìmenh
qr sh par�llhlwn upologist¸n   poluepexergastikoÔ sust matoc. H poluepexergasÐa a-
poteleÐ basikì stoiqeÐo thc diatrib c kai ulopoieÐtai, gia to logismikì URD, me thn teqnik 
twn pollapl¸n upoqwrÐwn (subdomaining). SÔmfwna me aut , to upologistikì plègma
diamerÐzetai se epimèrouc tm mata kai h prìlexh thc ro c se kajèna apì aut� anatÐjetai
se diaforetikoÔc epexergastèc, oi opoÐoi epikoinwnoÔn periodik� antall�ssontac plhrofo-
rÐec. Genikìtera, h parallhlopoÐhsh logismikoÔ URD pragmatopoieÐtai me dÔo basikoÔc
trìpouc pou upagoreÔontai apì to qrhsimopoioÔmeno ulikì (hardware), uiojet¸ntac diafo-
retikèc teqnikèc parallhlopoÐhshc kai tic sqetikèc biblioj kec gia sust mata koin c kai
katanemhmènhc mn mhc. Sta sust mata katanemhmènhc mn mhc ent�ssontai oi sustoiqÐec
diasundedemènwn epexergast¸n (cluster computing). Ta teleutaÐa qrìnia, h poluepexerga-
sÐa èqei epektajeÐ kai se teqnikèc plègmatoc (grid computing) ekmetalleuìmenh th duna-
tìthta diasÔndeshc gewgrafik� apomakrusmènwn sustoiqi¸n epexergast¸n. Oi trèqousec
drasthriìthtec kai t�seic sthn perioq  thc poluepexergasÐac sugkentr¸nontai kurÐwc sto
episthmonikì sunèdrio Parallel CFD3, all� kai se k�je sunèdrio me jèmata sthn eurÔterh
perioq  thc URD.

1.2 SÔgqrona Probl mata Aerodunamik c BeltistopoÐhshc

Apotèlesma twn ìswn anafèrjhkan sthn prohgoÔmenh enìthta eÐnai ìti to megalÔtero
endiafèron sthn an�ptuxh kai qr sh mejìdwn kai logismikoÔ èqei ousiastik� epikentrwjeÐ
sthn èntax  touc se diadikasÐec aerodunamikoÔ sqediasmoÔ�beltistopoÐhshc. Proôpojèseic
pou plhroÔntai ¸ste aut  h metatìpish endiafèrontoc na ulopoieÐtai me epituqÐa apetèlesan
afenìc h wrÐmansh (praktik�, h ep�rkeia) algorÐjmwn kai mejìdwn prìlexhc ro¸n (all� kai
domik c an�lushc, klp) kai afetèrou h ragdaÐa an�ptuxh twn upologistik¸n susthm�twn
pou epètreye prolèxeic ro¸n se probl mata meg�lhc klÐmakac.

Mia kathgoriopoÐhsh twn parousiazìmenwn problhm�twn beltistopoÐhshc sthn aeroduna-
mik  sqetÐzetai me to stìqo pou tÐjetai, dhlad  me to an h diadikasÐa sqediasmoÔ apoblèpei
sthn eÔresh tou (kajolikoÔ) akrìtatou miac sun�rthshc pou ekfr�zei thn apìdosh enìc
sust matoc   sthn �anaparagwg ��epÐteuxh miac dedomènhc aerodunamik c sumperifor�c.
Ta probl mata thc teleutaÐac perÐptwshc, ta opoÐa stoqeÔoun sthn eÔresh l.q thc gewme-
trÐac miac aerotom c h opoÐa ikanopoieÐ mia epijumht �dedomènh tim    katanom  megèjouc,
onom�zontai probl mata antÐstrofou sqediasmoÔ.

Oi stìqoi se èna prìblhma beltistopoÐhshc exart¸ntai kai kajorÐzontai apì to an autì
afor� se eswterik    exwterik  aerodunamik . Gia par�deigma, sunhjismèna probl mata

3http://www.parcfd.org/
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eÐnai aut� thc elaqistopoÐhshc apwlei¸n ro c se pterug¸seic strobilomhqan¸n kai thc
elaqistopoÐhshc tou suntelest  opisjèlkousac me tautìqronh megistopoÐhsh (  epÐteuxh
sugkekrimènhc tim c) tou suntelest  �nwshc gia memonwmènec aerotomèc, ptèrugec   aero-
sk�fh. Ta dÔo apl� paradeÐgmata pou dìjhkan aforoÔn apokleistik� sthn aerodunamik 
epÐdosh, qwrÐc profan¸c na anafèrontai stic upìloipec ptuqèc tou k�je probl matoc. EÐ-
nai ìmwc profanèc ìti ta sÔgqrona probl mata sqediasmoÔ �ptontai poll¸n episthmonik¸n
perioq¸n. Gia par�deigma, h domik  an�lush (me qr sh, kurÐwc, logismikoÔ peperasmènwn
stoiqeÐwn) asqoleÐtai me th statik  kai dunamik  ep�rkeia twn kataskeu¸n, h epist mh
tou perib�llontoc me jèmata ekpomp¸n kausaerÐwn enìc kinht ra, h akoustik  me jèmata
aerodunamikoÔ jorÔbou, ìpwc o hqhtikìc krìtoc kat� thn uperhqhtik  pt sh, k.o.k. H
emplok  perissìterwn thc miac episthmonik¸n perioq¸n sto Ðdio prìblhma kajist� ta sÔg-
qrona probl mata ìqi mìno poll¸n stìqwn (Multi–Objective Optimization, MOO) all�
poll¸n stìqwn apì diaforetikèc episthmonikèc perioqèc (Multi–Disciplinary Optimization,
MDO). Oi mèjodoi beltistopoÐhshc pou parousi�zontai sth diatrib  aut  aforoÔn men thn
aerodunamik  beltistopoÐhsh (l.q. h suzug c teqnik  me prostajeropoÐhsh qamhl¸n arij-
m¸n Mach gia ton upologismì thc klÐshc sunart sewn kìstouc) all� asfal¸c kalÔptoun
kai thn perioq  tou MDO. Eidikìtera, oi asÔgqronoi EA pou proteÐnontai efarmìzontai, me-
taxÔ �llwn, se èna prìblhma sqediasmoÔ bèltistou uperhqhtikoÔ aerosk�fouc (Supersonic
Business Jet), all� mporoÔn na efarmosjoÔn kai se k�je �llo prìblhma MDO, upì thn
proôpìjesh ìti eÐnai diajèsimo to sqetikì logismikì axiolìghshc.

Epiplèon twn parap�nw, ta teleutaÐa qrìnia parousi�zetai èntonh enasqìlhsh me probl -
mata beltistopoÐhshc se kajest¸c abebaiìthtac (uncertainty). Aut� an koun sta legì-
mena stoqastik� probl mata beltistopoÐhshc ìpou kat� th diatÔpwsh tou probl matoc,
shmantik� stoiqeÐa autoÔ, l.q. oi sunj kec ro c,   orismèna aerodunamik� kai domik�
qarakthristik�, metab�llontai me mh�aitiokratik� problèyimo trìpo. Oi dÔo basikèc ka-
thgorÐec twn problhm�twn sqediasmoÔ�beltistopoÐhshc upì abebaiìthta, [257], eÐnai ta
probl mata stibaroÔ sqediasmoÔ (robust design) kai aut� tou sqediasmoÔ b�sei axiopistÐ-
ac (reliability–based design). Sthn pr¸th perÐptwsh, o sqediasmìc epijumeÐtai na paramènei
sqetik� anephrèastoc apì tuqìn mikrèc allagèc twn abèbaiwn posot twn en¸, sth deÔterh,
oi pijanìthtec astoqÐac tou eÐnai mikrìterec apì mia mikr �apodekt  tim .

H spoudaiìthta thc aerodunamik c beltistopoÐhshc epibebai¸netai anatrèqontac sta ereu-
nhtik� èrga pou qrhmatodotoÔntai apì thn Eurwpaðk  'Enwsh ston tomèa thc aeronautik c.
Pio sugkekrimèna, poll� (an ìqi ìla ta) ereunhtik� progr�mmata tou èktou kai èbdomou
Progr�mmatoc PlaisÐou (FP6 & FP7) perilamb�noun metaxÔ �llwn kai thn ptuq  thc a-
erodunamik c beltistopoÐhshc (eÐte wc basik  eÐte wc epimèrouc sunist¸sa). Par�deigma,
me b�sh th sqetik  empeirÐa kai summetoq  tou EJS/EMP, apoteleÐ to èrgo HISAC–
Environmentally Friendly High Speed Aircraft (FP6) to opoÐo stoqeÔei sto sqediasmì
enìc filikoÔ proc to perib�llon uperhqhtikoÔ aerosk�fouc. To èrgo apaÐthse thn emplo-
k  poll¸n episthmonik¸n kl�dwn (MDO) kaj¸c, ektìc apì tic aerodunamikèc epidìseic
(l.q. thn embèleia), endièferan h domik  an�lush (gia kajorismì kai elaqistopoÐhsh tou
b�rouc), oi epidìseic kai ekpompèc twn kinht rwn kai h elaqistopoÐhsh tou hqhtikoÔ krìtou.
H summetoq  tou EJS/EMP sto sugkekrimèno èrgo uposthrÐqjhke, metaxÔ �llwn, apì lo-
gismikì pou parousi�zetai sthn paroÔsa diatrib , en¸ mia parallag  thc proanaferjeÐsac
efarmog c MDO parousi�zetai se epìmenh enìthta.
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1.3 SÔgqronec Mèjodoi Aerodunamik c BeltistopoÐhshc

Me b�sh ta prohgoÔmena, oi sÔgqronec mèjodoi beltistopoÐhshc�sqediasmoÔ aerodunamik¸n
morf¸n kaloÔntai na antapexèljoun stic prokl seic pou tÐjentai ¸ste oi nèoi sqediasmoÐ
na antistoiqoÔn se pragmatik� (kajolik�) bèltistec lÔseic all�, kurÐwc, na entopÐzontai
me apodektì upologistikì kìstoc. Tic teleutaÐec dekaetÐec èqoun anaptuqjeÐ kai exako-
loujoÔn na anaptÔssontai di�forec mèjodoi beltistopoÐhshc sthn aerodunamik , me stìqo
to bèltisto sqediasmì morf c sunistws¸n strobilomhqan¸n (sun jwc pterugÐwn), memo-
nwmènwn pterÔgwn   kai olìklhrwn aeroskaf¸n.

Oi algìrijmoi aerodunamik c beltistopoÐhshc mporoÔn na diakrijoÔn se dÔo basikèc kath-
gorÐec: touc aitiokratikoÔc kai touc stoqastikoÔc. Oi aitiokratikoÐ algìrijmoi xekinoÔn
apì mia arqik  lÔsh kai me ton upologismì akrib¸n ( , èstw, proseggistik¸n) klÐsewn thc
sun�rthshc stìqou proqwroÔn proc th bèltisth lÔsh. 'Eqoun polÔ gr goro rujmì sÔg-
klishc all� kinduneÔoun na egklwbistoÔn se topik� akrìtata. Apì thn �llh pleur�, oi
stoqastikoÐ algìrijmoi mporoÔn na odhg soun sto olikì akrìtato, me tÐmhma ìmwc to meg�-
lo arijmì axiolog sewn pou apaitoÔntai gia na epiteuqjeÐ autì. To teleutaÐo, se orismènec
peript¸seic kajist� th qr sh touc (toul�qiston, sthn klasik  touc morf ) asÔmforh.

H qr sh aitiokratik¸n mejìdwn sthn aerodunamik  beltistopoÐhsh basÐzetai sth diajesi-
mìthta diadikasÐac�logismikoÔ upologismoÔ thc klÐshc miac sun�rthshc kìstouc. H ìdeush
proc to akrìtato gÐnetai me mejìdouc, [187, 1], ìpwc aut  thc apìtomhc kajìdou (steepest
descent), twn suzug¸n klÐsewn (conjugate gradient), thc mejìdou Newton (akriboÔc  
proseggistik c�BFGS) k.a.

H plèon endiafèrousa mèjodoc gia ton upologismì thc klÐshc miac sun�rthshc kìstouc
eÐnai h qr sh peperasmènwn diafor¸n, h opoÐa ìmwc (èstw pr¸thc t�xhc akrÐbeiac) apaiteÐ
thn epÐlush twn exis¸sewn ro c gia mia mikr  diataraq  k�je metablht c sqediasmoÔ.
To upologistikì kìstoc exart�tai apì thn akrÐbeia tou upologismoÔ twn peperasmènwn
diafor¸n (pr¸thc   deÔterhc t�xhc sq mata diafìrishc) kai aux�nei grammik� me ton arijmì
twn metablht¸n sqediasmoÔ. Epiplèon, h akrÐbeia twn upologism¸n (lìgw strogguleÔsewn,
afaÐreshc dÔo posot twn me polÔ kontinèc timèc kai kurÐwc, diaÐreshc me thn polÔ mikr 
posìthta ε) exart�tai shmantik� apì thn epilog  thc tim c thc mikr c diataraq c ε. To
meg�lo upologistikì kìstoc, kajist� apagoreutik  th qr sh peperasmènwn diafor¸n sta
sÔgqrona probl mata ta opoÐa prosdiorÐzontai apì meg�lo arijmì metablht¸n sqediasmoÔ.

AntÐjeta, empneusmènh apì th jewrÐa elègqou, h qr sh twn suzug¸n diatup¸sewn (adjoint
methods) eÐnai polÔ apodotik  kai mikrìterou kìstouc. Me autèc, h klÐsh thc sun�rthshc
stìqou upologÐzetai mèsw thc epÐlushc twn suzug¸n exis¸sewn me kìstoc antÐstoiqo autoÔ
thc epÐlushc twn exis¸sewn ro c kai, kurÐwc, anex�rthto tou pl jouc twn metablht¸n
sqediasmoÔ. H pr¸th efarmog  twn suzug¸n teqnik¸n gia to sqediasmì sth mhqanik 
twn reust¸n ègine apì ton Pironneau, [202], all� o Jameson, [118],  tan autìc pou tic
ef�rmose sthn exwterik  aerodunamik  me qr sh twn atrib¸n exis¸sewn ro c sth morf 
periorismoÔ. Sthn poreÐa, h qr sh touc epekt�jhke kai stic sunektikèc roèc, sthn exwterik 
aerodunamik  all� kai tic strobilomhqanèc, en¸ prot�jhkan kai nèec sunart seic stìqoi
oloklhrwmatik c morf c, [121, 24, 25, 98, 194, 192], dieurÔnontac ètsi to pedÐo efarmog c
thc mejìdou.
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DiakrÐnontai dÔo eÐdh suzug¸n mejìdwn, pou diafèroun ston trìpo sqhmatismoÔ twn dia-
kritopoihmènwn suzug¸n exis¸sewn, h suneq c kai h diakrit  suzug c teqnik . Sth suneq 
suzug  teqnik , apì tic exis¸seic ro c, mèsw thc suzugoÔc diatÔpwshc, lamb�nontai oi su-
zugeÐc m.d.e, oi opoÐec diakritopoioÔntai sth sunèqeia, [118, 119, 194]. AntÐjeta, h diakrit 
suzug c mèjodoc prokÔptei apì thn efarmog  thc suzugoÔc diatÔpwshc stic  dh diakrito-
poihmènec exis¸seic ro c, [98, 24]. Se k�je perÐptwsh, h an�ptuxh thc suzugoÔc mejìdou
proôpojètei �epèndush� gia th majhmatik  jemelÐwsh kai ton programmatismì thc, se bajmì
pou exart�tai apì to qrhsimopoioÔmeno montèlo ro c kai th sun�rthsh stìqo.

Ektìc apì tic peperasmènec diaforèc kai tic suzugeÐc exis¸seic, sth bibliografÐa emfanÐzon-
tai kai �llec mèjodoi gia ton upologismì klÐshc sun�rthshc kìstouc. Se autèc sugkatalè-
gontai h mèjodoc twn migadik¸n metablht¸n (h teqnik  basÐzetai se idèec pou prot�jhkan
prin dÔo perÐpou dekaetÐec, [161, 162], anajewr jhkan prìsfata, [226] kai efarmìzontai
se probl mata aerodunamik c kai domik c beltistopoÐhshc, [183, 165, 186] k.a.), h autì-
math diafìrish4, all� kai mèjodoi upologismoÔ proseggistik¸n parag¸gwn me   qwrÐc th
qr sh suzug¸n metablht¸n. Par�jesh kai anafor� sta pleonekt mata kai meionekt mata
kajemi�c mporeÐ na anazhthjeÐ, metaxÔ �llwn kai sto biblÐo [177].

Sthn kathgorÐa twn stoqastik¸n mejìdwn, sun jwc qrhsimopoioÔntai plhjusmiakèc mè-
jodoi, me touc ExeliktikoÔc AlgorÐjmouc (EA) na eÐnai oi plèon diadedomènec apì autèc.
Oi EA basÐzontai sth jewrÐa thc exèlixhc twn eid¸n (Darwin, [64]) kai mimoÔntai fusikèc
diergasÐec ìpwc h diastaÔrwsh kai h met�llaxh. H ex�plwsh kai qr sh touc sthn aero-
dunamik  beltistopoÐhsh ousiastik� xekin� th dekaetÐa tou 90, me basik� biblÐa�anafor�
stouc genetikoÔc algorÐjmouc aut� twn Goldberg, [102] kai Michalewicz, [174]. 'Htan h
epoq  pou kai h isqÔc twn upologistik¸n susthm�twn �rqise na gÐnetai shmantik   , è-
stw, ikan  na uposthrÐxei thn epanalambanìmenh kl sh logismikoÔ URD gia tic an�gkec
enìc EA. Oi EA èqoun to pleonèkthma thc �meshc prosarmog c se opoiod pote prìblhma
sqediasmoÔ qwrÐc kami� epiplèon ergasÐa, kaj¸c h qr sh touc den ephre�zetai oÔte apì
tic metablhtèc sqediasmoÔ oÔte apì allagèc thc sun�rthshc kìstouc. ArkeÐ to logismikì
URD (  opoiod pote �llo logismikì axiolìghshc upoy fiwn lÔsewn) na katasteÐ sumbatì
wc proc thn eÐsodo dedomènwn kai thn èxodo apotelesm�twn me ton EA. H stoqastikìthta
thc mejìdou anaz thshc jewrhtik� exasfalÐzei thn eÔresh tou olikoÔ akrìtatou, met� a-
pì epark  arijmì axiolog sewn. Autì bèbaia aux�nei kat� polÔ to upologistikì kìstoc,
kaj¸c mia axiolìghsh tautÐzetai me thn epÐlush twn exis¸sewn ro c, kajist¸ntac idiaÐte-
ra akrib  kai suqn�, sqedìn apagoreutik  th qr sh touc (sthn klasik  touc morf ) se
probl mata sqediasmoÔ meg�lhc klÐmakac. To prìblhma autì antimetwpÐzetai eÐte me thn
par�llhlh axiolìghsh upoy fiwn lÔsewn eÐte me th meÐwsh tou arijmoÔ twn axiolog sewn
pou apaitoÔntai gia thn eÔresh thc bèltisthc lÔshc.

H èntaxh thc polupexergasÐac se ènan EA moi�zei kai eÐnai, kat� mÐa ènnoia, idiaÐtera apl .

4H autìmath diafìrish (automatic differentiation, [208, 105]) eÐnai mia teqnik  gia ton upologismì twn
parag¸gwn miac sun�rthshc pou dÐnetai upì th morf  algorÐjmou�logismikoÔ. Eidikìtera, lamb�nontac
ènan algìrijmo upologismoÔ miac   perissotèrwn sunart sewn kìstouc pou kajorÐzontai apì orismènec
metablhtèc sqediasmoÔ, dhmiourgeÐ èna nèo logismikì�algìrijmo pou ektìc apì ta prohgoÔmena, upologÐzei
epiplèon tic parag¸gouc ìlwn twn sunart sewn kìstouc proc ìlec tic metablhtèc sqediasmoÔ. Logismik�
autìmathc diafìrishc gia algorÐjmouc se Fortran 77/90, C/C++ up�rqoun diajèsima sto diadÐktuo, [267,
271] k.a.
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'Ontac plhjusmiak  mèjodoc anÐqneushc, o EA basÐzetai sthn axiolìghsh enìc plhjusmoÔ
(antÐ miac memonwmènhc upoy fiac lÔshc) se k�je geni�. H diajesimìthta enìc arijmoÔ epe-
xergast¸n epitrèpei thn an�jesh diaforetik¸n axiolog sewn (l.q. diaforetik¸n kl sewn
tou logismikoÔ URD) se diaforetikoÔc epexergastèc. Autì den ephre�zei ton algìrijmo,
afoÔ oi axiolog seic eÐnai anex�rthtec metaxÔ touc, kai epifèrei el�qisth epib�runsh lì-
gw diepergastik c epikoinwnÐac (communication overhead). H teleutaÐa periorÐzetai sthn
apostol  twn tim¸n twn metablht¸n sqediasmoÔ se k�je epexergast  kai th l yh thc
upologisjeÐsac tim c thc sun�rthshc kìstouc apì autìn. H qr sh parallhlopoihmènwn
kwdÐkwn URD ent�ssetai �mesa se tètoiec morfèc parallhlopoÐhshc anajètontac k�je
axiolìghsh se perissìterouc apì ènan epexergastèc. Ektìc apì th qr sh poll¸n epe-
xergast¸n, h parallhlopoÐhsh enìc EA gÐnetai plèon kai me �llouc trìpouc. 'Etsi èqoun
protajeÐ oi par�llhloi EA (PEA, Parallel Evolutionary Algorithms). To nèo stoiqeÐo eÐ-
nai ìti plèon pragmatopoioÔntai epemb�seic kai sthn algorijmik  dom  tou EA, odhg¸ntac
se arketèc parallagèc PEA. Sth bibliografÐa parousi�zontai di�foroi trìpoi taxinìmhshc
twn PEA, [47, 188, 22]. An�loga me ton tÔpo tou plhjusmoÔ, diaqwrÐzontai se PEA eniaÐou
plhjusmoÔ (single–population)   poll¸n plhjusm¸n (multi–population). Sthn kathgorÐa
twn PEA poll¸n plhjusm¸n up�gontai oi katanemhmènoi kai kuyelwtoÐ EA (distributed,
cellular EA) an�loga me th topologÐa kai ton arijmì mel¸n k�je upoplhjusmoÔ. H pa-
roÔsa diatrib , metaxÔ �llwn, sumb�llei sthn �rsh empodÐwn sugqronismoÔ (sto tèloc
k�je geni�c) enìc (sÔgqronou) EA, proteÐnontac ènan asÔgqrono domhmèno EA me idiaÐtera
pleonekt mata kat� th qr sh tou se poluepexergastikì perib�llon.

Sqetik� me th meÐwsh tou apaitoÔmenou arijmoÔ axiolog sewn, qrhsimopoioÔntai upoka-
t�statec mèjodoi axiolìghshc   metaprìtupa (metamodels, surrogate evaluation models).
Sthn aerodunamik  beltistopoÐhsh, ta metaprìtupa upokajistoÔn ton akrib  all� qro-
nobìro upologismì thc sun�rthshc stìqou, pou sun jwc perilamb�nei thn epÐlush twn
exis¸sewn Navier–Stokes, me proseggistik� montèla, [189, 92]. Peraitèrw an�lush, gia ta
eÐdh kai ton trìpo èntax c touc stouc EA, parousi�zetai sto sqetikì me touc EA kef�laio
thc diatrib c.

H tautìqronh ekmet�lleush twn pleonekthm�twn stoqastik¸n kai aitokratik¸n mejìdwn
beltistopoÐhshc gÐnetai mèsw tou ubridismoÔ touc. 'Enac trìpoc ubridismoÔ eÐnai h enallag 
thc qr shc EA kai suzug¸n teqnik¸n, kaj¸c kai oi antallag  plhrofori¸n metaxÔ touc,
sto plaÐsio enìc IerarqikoÔ EA, [12, 11]. Mia basik  ierarqik  dom  (qwrÐc ìmwc na eÐnai h
monadik ) eÐnai h ekkÐnhsh thc diadikasÐac beltistopoÐhshc me ton EA, o opoÐoc analamb�nei
thn anÐqneush tou q¸rou sqediasmoÔ. AkoloujeÐ h efarmog  thc aitiokratik c mejìdou, h
opoÐa, ekmetalleuìmenh thn �upìdeixh� tou EA gia thn perioq  pou pijanìtata entopÐzetai
to akrìtato, mporeÐ na sugklÐnei me akrÐbeia kai taqÔthta s�autì.

Ektìc apì touc EA, stouc opoÐouc epikentr¸netai, metaxÔ �llwn, kai to endiafèron thc
paroÔsac diatrib c, sth bibliografÐa parousi�zontai kai �llec plhjusmiakèc mèjodoi bel-
tistopoÐhshc me polÔ ikanopoihtik� apotelèsmata, ìpwc autèc twn apoiki¸n murmhgki¸n
(Ant Colonies Optimization–ACO, [58, 70, 259, 92]), ta sm nh entìmwn (Particle Swarm
Optimization–PSO, [77]) kai h diaforik  exèlixh (Differential Evolution–DE, [227]).

H parap�nw anafor� stic aitiokratikèc kai stoqastikèc mejìdouc beltistopoÐhshc, me ta
pleonekt mata kai ta meionekt mata pou kajemi� touc parousi�zei den aposkopeÐ se sÔgkri-
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sh metaxÔ touc. K�je kathgorÐa mejìdwn apoteleÐ mia oloklhrwmènh diadikasÐa beltisto-
poÐhshc, h opoÐa èqei efarmosteÐ (kai efarmìzetai) me epituqÐa se probl mata aerodunamikoÔ
sqediasmoÔ. H epilog  mejìdou gia èna prìblhma beltistopoÐhshc den exart�tai mìno apì
ta pleonekt mata aut c all� kajorÐzetai kai apì �llouc par�gontec p.q. to prìblhma
autì kajautì, thn krÐsh tou mhqanikoÔ   akìma kai apì th diajesimìthta thc miac   thc
�llhc teqnik c.

1.4 Suneisfor� thc Diatrib c sth Sqetik  'Ereuna sto
EJS/EMP

H enìthta aut  èqei skopì, anakefalai¸nontac tic sqetikèc ereunhtikèc drasthriìthtec
tou EJS/EMP (prohgoÔmenec, ìpwc apotup¸nontai stic oloklhrwjeÐsec didaktorikèc dia-
tribèc kai to dhmosieumèno èrgo, all� kai tic trèqousec, sth morf  twn upì exèlixh dida-
ktorik¸n diatrib¸n) na ent�xei thn paroÔsa diatrib  (sth morf  epimèrouc �suneisfor¸n�)
sto genikìtero autì plaÐsio. Ta stoiqeÐa prwtotupÐac thc diatrib c emfanÐzontai se �lla
shmeÐa thc (metaxÔ twn opoÐwn kai sthn epìmenh enìthta) kai sunoyÐzontai sto teleutaÐo
kef�laio thc.

Oi ereunhtikèc drasthriìthtec tou EJS/EMP, antapokrinìmenec stic sÔgqronec apait -
seic tou aerodunamikoÔ sqediasmoÔ, perilamb�noun thn an�ptuxh tìso aitiokratik¸n ìso
kai stoqastik¸n mejìdwn beltistopoÐhshc. Gia thn upost rixh kai qr sh aut¸n twn mejì-
dwn anaptÔssetai logismikì gia thn an�lush ro¸n k�je tÔpou (sumpiestèc, asumpÐestec,
uyhl¸n, qamhl¸n taqut twn klp) kaj¸c kai logismikì gèneshc upologistik¸n plegm�twn.
Se ìla ta prohgoÔmena, shmantikì rìlo diadramatÐzei h poluepexergasÐa (cluster & grid
computing), h opoÐa stoqeÔei sth meÐwsh tou pragmatikoÔ qrìnou an�lushc   sqediasmoÔ.

H an�ptuxh logismikoÔ epÐlushc twn exis¸sewn Navier–Stokes sto EJS/EMP lamb�nei
q¸ra perÐpou ta teleutaÐa 25 qrìnia kai perilamb�nei logismikì gia sumpiestèc kai asum-
pÐestec roèc. Sthn perÐptwsh asumpÐestwn ro¸n anaptÔqjhkan�anaptÔssontai kai oi dÔo
dunatèc mejodologÐec, arqik� aut  thc diìrjwshc pÐeshc (diatribèc Nikol�ou [17], PolÐth
[19]) kai teleutaÐa, aut  thc yeudosumpiestìthtac (diatrib  Kontolèontoc [13]). To lo-
gismikì diìrjwshc pÐeshc, epekt�jhke me epituqÐa kai stic dihqhtikèc roèc, [204]. Gia thn
prìlexh sumpiest¸n ro¸n qrhsimopoieÐtai h mèjodoc thc qronoproèlashc (diatribèc Kou-
mpogi�nnh [14], Gi¸th [8], Lamprìpoulou [15], PapadhmhtrÐou [18]) gia thn epÐlush twn
qronik� mìnimwn exis¸sewn Navier–Stokes. Sto logismikì autì, to opoÐo apotèlese logi-
smikì �b�shc� gia thn paroÔsa diatrib  (kai �llec tautìqrona exelissìmenec diatribèc), h
diakritopoÐhsh twn exis¸sewn gÐnetai me thn teqnik  twn peperasmènwn ìgkwn me kentro-
kombik  diatÔpwsh kai oi ìroi metafor�c analÔontai me an�nti sq mata deÔterhc t�xhc me
perioristèc. Gia th montelopoÐhsh thc tÔrbhc qrhsimopoioÔntai di�fora montèla miac kai
dÔo diaforik¸n exis¸sewn thc bibliografÐac.

H suneisfor� thc paroÔsac diatrib c sto proanaferjèn logismikì sumpiest¸n ro¸n ègkei-
tai sthn epèktas  tou gia prìlexh sqedìn asumpÐestwn ro¸n (se polÔ qamhloÔc arijmoÔc
Mach) mèsw thc teqnik c thc prostajeropoÐhshc (preconditioning) qamhl¸n arijm¸n Mach,
[172, 239, 248]. H poreÐa pou akoloujeÐ h diatrib , eÐnai (kat� k�poion trìpo) h antÐstrofh
aut c thc diatrib c [19], ìpou to logismikì diìrjwshc pÐeshc asumpÐestwn ro¸n epekt�-
jhke stic sumpiestèc�dihqhtikèc roèc [204]. Dhlad , h paroÔsa diatrib  xekin� apì to
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logismikì sumpiest¸n ro¸n, me polÔ kal  sumperifor� stic kajar� sumpiestèc roèc, kai to
�tropopoieÐ� ètsi ¸ste na gÐnei gr goro kai axiìpisto kai stic qamhlèc taqÔthtec. Epiplèon
suneisfor� thc diatrib c sto logismikì eÐnai o emploutismìc tou gia th prìlexh qronik�
mh�mìnimwn ro¸n. Sunolik� loipìn dhmiourgeÐtai kai �sunthreÐtai� logismikì epÐlushc twn
qronik� mìnimwn kai mh�mìnimwn exis¸sewn Navier–Stokes se k�je taqÔthta ro c, ikanì na
uposthrÐxei aitiokratikèc kai stoqastikèc mejìdouc beltistopoÐhshc.

Gia thn prìlexh ro¸n (anex�rthta an gÐnetai me logismikì sumpiest¸n   asumpÐestwn ro¸n)
qrhsimopoioÔntai domhmèna plègmata kai mh�domhmèna (trÐgwna gia 2D, tetr�edra gia 3D).
Plèon up�rqei h dunatìthta qr shc kai ubridik¸n plegm�twn (diatrib  Zerbogi�nnh [9])
apoteloÔmena apì trÐgwna kai tetr�pleura gia 2D kai tetr�edra, pentaedrikèc puramÐdec,
prÐsmata trigwnik c b�shc kai ex�edra gia 3D. Gia th gènesh plègmatoc, to EJS/EMP
diajètei logismikì gèneshc mh�domhmènwn upologistik¸n qwrÐwn, me qr sh thc mejìdou
tou proelaÔnontoc met¸pou. To logismikì autì èqei epektajeÐ ètsi ¸ste na eÐnai dunat 
h gènesh ubridik¸n plegm�twn me diastrwmat¸seic kont� sta stere� toiq¸mata (diatribèc
Liakìpoulou [16], Kampìlh [11]).

Gia thn antimet¸pish problhm�twn meg�lhc klÐmakac kai th meÐwsh tou upologistikoÔ kì-
stouc  tan aparaÐthth h dunatìthta epÐlushc se poluepexergastikì perib�llon, h opoÐa
gÐnetai me th mèjodo twn pollapl¸n upoqwrÐwn (montèlo suntonist �erg�th). Arqik� qrh-
simopoi jhke to prwtokìllo epikoinwnÐac PVM, to opoÐo dedomènou ìti plèon den uposth-
rÐzetai se ìlec tic efarmogèc, od ghse sthn an�gkh prosj khc kai enallaktik c qr shc
tou prwtokìllou epikoinwnÐac MPI (sunergasÐa diatrib¸n Zerbogi�nnh [9], Kontolèontoc
[13] kai paroÔsac diatrib c).

Ston tomèa twn aitiokratik¸n mejìdwn beltistopoÐhshc, qrhsimopoioÔntai oi suzugeÐc te-
qnikèc (diakrit  kai suneq c) gia thn eÔresh thc klÐshc thc sun�rthshc stìqou se domhmèna
kai mh�domhmèna plègmata gia sumpiestèc kai asumpÐestec roèc (diatribèc PapadhmhtrÐou
[18], Zum�rh [10], Zerbogi�nnh [9], Kontolèontoc [13]). H qr sh touc perilamb�nei pro-
bl mata sqediasmoÔ se pterug¸seic strobilomhqan¸n, all� kai memonwmènec aerotomèc.
Parousi�zontai nèec sunart seic stìqou kai prwtìtupoi trìpoi gia thn apofug  upolo-
gismoÔ qwrik¸n oloklhrwm�twn gia thn eÔresh thc klÐshc thc sun�rthshc stìqou kai to
sqediasmì se atribeÐc ìso kai se sunektikèc roèc, [194, 192, 193]. An kai stic perissìterec
sqetikèc ergasÐec thc bibliografÐac, kat� th diatÔpwsh twn suzug¸n exis¸sewn ameleÐtai h
metabol  thc turb¸douc sunektikìthtac, èqei prìsfata protajeÐ diatÔpwsh pou th lamb�-
nei upìyh, epilÔontac epiplèon suzugeÐc exis¸seic gia k�je diaforik  exÐswsh tou montèlou
tÔrbhc, [263]. H diakrit  suzug c mèjodoc qrhsimopoieÐtai gia thn epÐlush tou probl matoc
bèltisthc prosarmog c plègmatoc sth lÔsh me a posteriori ektÐmhsh sf�lmatoc, [258], en¸
qrhsimopoioÔntai epikourik� kai mèjodoi autìmathc diafìrishc. TeleutaÐa, to endiafèron
èqei epikentrwjeÐ ston upologismì thc deÔterhc parag¸gou aerodunamik¸n sunart sewn
kìstouc me tic suzugeÐc teqnikèc, ¸ste gia th beltistopoÐhsh na qrhsimopoihjeÐ kai h (a-
krib c) mèjodoc Newton, [195, 196, 197].

Sthn paroÔsa diatrib , oi mèjodoi diakrit c kai suneqoÔc suzugoÔc teqnik c epekteÐnontai
gia sqediasmì kai se qamhlèc taqÔthtec. Autì epitugq�netai mèsw thc prostajeropoÐhshc
qamhl¸n arijm¸n Mach h opoÐa, ektìc apì tic exis¸seic ro c, epidr� kai stic suzugeÐc exi-
s¸seic, [30]. 'Etsi, afenìc kajÐstatai dunatìc o sqediasmìc se qamhloÔc arijmoÔc Mach
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kai afetèrou, se sÔgkrish me tic antÐstoiqec exis¸seic qwrÐc prostajeropoÐhsh, epitaqÔne-
tai h epÐlush tìso tou eujèoc ìso kai tou suzugoÔc probl matoc.

Sthn kathgorÐa twn stoqastik¸n mejìdwn beltistopoÐhshc, sto EJS/EMP dÐnetai èmfash
sthn an�ptuxh EA (diatribèc Gi¸th [8], Karak�sh [12], Kampìlh [11], GewrgopoÔlou [7]). H
enasqìlhsh me touc EA xekÐnhse prin 12 perÐpou qrìnia me thn an�ptuxh tou legìmenou ge-
nikeumènou EA (GEA) o opoÐoc peril�mbane stoiqeÐa genetik¸n algorÐjmwn kai strathgik¸n
exèlixhc. Me stìqo th meÐwsh tou upologistikoÔ kìstouc, qrhsimopoi jhkan teqnht� neu-
rwnik� dÐktua wc metaprìtupa gia thn proseggistik  pro�axiolìghsh tou plhjusmoÔ k�je
geni�c, all� kai h par�llhlh axiolìghsh upoy fiwn lÔsewn se poluepexergastikì peri-
b�llon, [91]. AkoloÔjhse h an�ptuxh twn katanemhmènwn EA (KEA) kai twn Ierarqik¸n
EA (ìpou se k�je epÐpedo qrhsimopoieÐtai diaforetikoÔ kìstouc logismikì axiolìghshc),
[134, 135, 136]. Ta teleutaÐa dÔo èth, dÐnetai èmfash sth qr sh twn Ierarqik¸n EA ìpou
se k�je epÐpedo mporeÐ na qrhsimopoieÐtai diaforetikì logismikì axiolìghshc, diaforetik 
parametropoÐhsh   akìma kai diaforetik  mèjodoc beltistopoÐhshc (p.q. stoqastik  kai
aitiokratik , dhlad  EA kai suzug c teqnik  gia ton upologismì thc klÐshc thc sun�rth-
shc stìqou), [131, 132]. To teleutaÐo apoteleÐ, se orismènec apì tic pijanèc diatup¸seic
tou, ubridismì stoqastik¸n kai aitiokratik¸n mejìdwn beltistopoÐhshc me stìqo thn ekme-
t�lleush twn pleonekthm�twn kajemÐac. Epiplèon, h par�llhlh�tautìqronh axiolìghsh
upoy fiwn lÔsewn ektìc apì poluepexergastikì perib�llon (cluster computing), epekt�-
jhke kai sth qr sh gewgrafik� apomakrusmènwn upologist¸n (grid computing). 'Ola ta
parap�nw apoteloÔn ta basik� qarakthristik� tou logismikoÔ EASY, [264]. 'Enac diafo-
retikoÔ tÔpou ubridismìc mejìdwn, epitugq�netai me touc mimhtikoÔc algorÐjmouc (Memetic
EA), [93], perioq  sthn opoÐa epÐshc drasthriopoieÐtai h ereunhtik  om�da tou EJS/EMP.

Oi proanaferjèntec EA up�gontai sthn kathgorÐa twn sÔgqronwn EA. Sthn paroÔsa dia-
trib , anaptÔssontai kai nèoi asÔgqronoi EA oi opoÐoi, katarg¸ntac thn ènnoia thc geni�c,
ekmetalleÔontai pl rwc th diajèsimh upologistik  isqÔ, [31].

1.5 Perieqìmena kai Dom  thc Diatrib c

H paroÔsa diatrib , xekin¸ntac apì to proôp�rqon logismikì kai mejìdouc tou EJS/EMP
pou anafèrjhkan sthn prohgoÔmenh enìthta, anaptÔssei mejìdouc gia thn an�lush kai
to sqediasmì�beltistopoÐhsh aerodunamik¸n morf¸n, se ìlo to eÔroc taqut twn ro c,
epidi¸kontac apodektì upologistikì kìstoc.

Eidikìtera, ìson afor� sto logismikì epÐlushc twn exis¸sewn Navier–Stokes pou basÐze-
tai sth jewrÐa twn uperbolik¸n susthm�twn kai arqik� anaptÔqjhke gia sumpiestèc roèc,
eis�getai h mèjodoc thc prostajeropoÐhshc qamhl¸n arijm¸n Mach ¸ste me èna mìno lo-
gismikì sumpiest¸n ro¸n na eÐnai dunat  h epÐlush twn exis¸sewn Navier–Stokes se ìlo to
eÔroc twn taqut twn ro c. H prostajeropoÐhsh exasfalÐzei taqÔterh sÔgklish se proso-
moi¸seic ro¸n polÔ qamhl¸n taqut twn  , akìma, kajist� dunat  th sÔgklish ekeÐ pou h
arijmhtik  epÐlush twn mh�prostajeropoihmènwn exis¸sewn ja apotÔgqane   ja odhgoÔse
se mh�apodekt� apotelèsmata. To kèrdoc apì th sunduasmènh qr sh prostajeropoÐhshc
kai poluepexergasÐac eÐnai dittì. To logismikì me thn prostajeropoÐhsh qrhsimopoieÐtai
gia thn upost rixh mejìdwn beltistopoÐhshc exasfalÐzontac meÐwsh tou upologistikoÔ kì-
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stouc kat� thn epÐlush twn exis¸sewn ro c, p.q. miac upoy fiac lÔshc sto plaÐsio enìc
EA. H an�ptuxh twn prostajeropoihmènwn exis¸sewn, h diakritopoÐhsh touc me tic parado-
qèc pou aut  eis�gei kaj¸c kai h epÐlush touc me mejìdouc qronoproèlashc, parousi�zetai
sto Kef�laio 2. Epiplèon, analÔetai o trìpoc epÐlushc qronik� mh�mìnimwn ro¸n, ìpou
me th teqnik  tou diploÔ qronikoÔ b matoc gia k�je pragmatik  qronik  stigm  epilÔetai
to prostajeropoihmèno qronik� mìnimo sÔsthma twn exis¸sewn.

Sto Kef�laio 3 gÐnetai apotÐmhsh tou kèrdouc apì th qr sh thc prostajeropoÐhshc se
mia seir� problhm�twn. Epiplèon, parousi�zontai paradeÐgmata an�lushc 2D kai 3D ro¸n,
se pterug¸seic strobilomhqan¸n, se memonwmènec aerotomèc, aerosk�fh, agwgoÔc kaj¸c
kai peript¸seic difasik¸n ro¸n parousÐa kapnoÔ.

H teqnik  thc prostajeropoÐhshc epekteÐnetai kai sto sqediasmì�beltistopoÐhsh me qr -
sh suzug¸n teqnik¸n, gia to sqediasmì se qamhlèc taqÔthtec, k�ti pou emfanÐzetai gia
pr¸th for� sth bibliografÐa. H èntaxh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach
stic suzugeÐc teqnikèc (diakrit  kai suneq c) parousi�zetai sto Kef�laio 4. Gia th dia-
krit  suzug  teqnik , h efarmog  thc prostajeropoÐhshc eÐnai �mesh, qrhsimopoi¸ntac tic
prostajeropoihmènec exis¸seic ro c se diakrit  morf . Gia th suneq  suzug  teqnik  proh-
geÐtai diereÔnhsh kai emb�junsh sqetik� me to e�n h teqnik  thc prostajeropoÐhshc prèpei
na efarmosteÐ stic suzugeÐc exis¸seic   oi suzugeÐc exis¸seic na diatupwjoÔn me afeth-
rÐa tic prostajeropoihmènec exis¸seic ro c. ApodeiknÔetai ìti oi dÔo autèc parallagèc,
upì proôpojèseic, odhgoÔn sto Ðdio apotèlesma. H an�lush perilamb�nei th majhmatik 
jemelÐwsh thc mejìdou me anafor� stic paradoqèc pou eis�gontai ¸ste oi suzugeÐc exi-
s¸seic me prostajeropoÐhsh na èqoun ta Ðdia pleonekt mata kai na diakritopoioÔntai me
antÐstoiqa sq mata me tic prostajeropoihmènec exis¸seic ro c. Epiplèon, parousi�zontai
nèec sunart seic stìqou gia sqediasmì memonwmènwn aerotom¸n kai anaptÔssetai h diadi-
kasÐa sqediasmoÔ se poluepexergastikì perib�llon. H pistopoÐhsh thc mejìdou gÐnetai se
2D pterug¸seic strobilomhqan¸n kai memonwmènec aerotomèc gia probl mata antÐstrofou
sqediasmoÔ kai elaqistopoÐhshc tou suntelest  opisjèlkousac. ApodeiknÔetai ìti, eÐte
sth diakrit  eÐte sth suneq  suzug  teqnik , h eisagwg  thc prostajeropoÐhshc epitaqÔnei
tìso thn epÐlush tou eujèoc ìso kai tou suzugoÔc probl matoc kai ousiastik� ìlh th dia-
dikasÐa sqediasmoÔ. To kèrdoc aux�nei akìma perissìtero ìtan h an�lush kai o sqediasmìc
gÐnontai se poluepexergastikì perib�llon.

To Kef�laio 5 epikentr¸netai stic stoqastikèc mejìdouc beltistopoÐhshc kai eidikìtera
touc EA. O sqediasmìc�beltistopoÐhsh me qr sh EA sun jwc eÐnai arket� qronobìroc lì-
gw tou meg�lou arijmoÔ axiolog sewn gia thn eÔresh thc bèltisthc lÔshc. To prìblhma
autì epilÔetai efarmìzontac thn teqnik  twn par�llhlwn axiolog sewn, all� kai me th
qr sh metaprotÔpwn, pou mei¸noun to sunolikì arijmì twn apaitoÔmenwn axiolog sewn.
Dedomènou ìti oi klasikoÐ (sÔgqronoi) EA se poluepexergastikì perib�llon parousi�zoun
probl mata sugqronismoÔ me thn olokl rwsh miac geni�c, ta opoÐa gÐnontai entonìtera ìtan
qrhsimopoioÔntai metaprìtupa, h diatrib  proteÐnei mia prwtìtuph parallag  asÔgqronou
EA, [31]. O proteinìmenoc AsÔgqronoc Domhmènoc EA (ADEA) eÐnai eggen¸c asÔgqronoc,
ekmetalleÔetai se mègisto bajmì th diajèsimh upologistik  isqÔ kai h qr sh tou endeÐknu-
tai idÐwc gia eterogenèc poluepexergastikì perib�llon. H an�lush perilamb�nei ìlh th
diadikasÐa h opoÐa, xekin¸ntac apì èna sÔgqrono EA, mèsw tou hmi�asÔgqronou EA, ka-
tal gei ston ADEA. Ston ADEA, o plhjusmìc topojeteÐtai se 2D orjogwnikì plègma,
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to opoÐo diaqwrÐzetai se en mèrei allhlokaluptìmenouc d mouc twn èxi atìmwn. Epiplèon,
eis�gontai nèoi telestèc diastaÔrwshc kai proteÐnetai kai nèoc trìpoc èntaxhc twn meta-
protÔpwn se autìn. O nèoc algìrijmoc arqik� pistopoieÐtai se majhmatikèc sunart seic
qamhloÔ upologistikoÔ kìstouc. Sth sunèqeia, qrhsimopoieÐtai gia to sqediasmì 2D pterÔ-
gwshc sumpiest  kai memonwmènhc aerotom c kaj¸c kai to sqediasmì mikroÔ uperhqhtikoÔ
aerosk�fouc.

H diatrib  oloklhr¸netai me to Kef�laio 6 sto opoÐo, met� apì mia sÔntomh anakefalaÐ-
wsh, parousi�zontai ta sumper�smata kai ta stoiqeÐa prwtotupÐac thc diatrib c.



Kef�laio 2

Arijmhtik  EpÐlush Exis¸sewn
Ro c � ProstajeropoÐhsh
Qamhl¸n Arijm¸n Mach

Sto kef�laio autì parousi�zontai, arqik�, oi exis¸seic ro c gia mh�sunektikèc (exis¸-
seic Euler) kai sunektikèc roèc (exis¸seic Navier–Stokes). H parousÐash perilamb�nei th
sunthrhtik  kai mh�sunthrhtik  graf  touc, anafor� sto sqetikì prìblhma idiotim¸n kai
idiodianusm�twn kai sÔntomh anafor� stic epiballìmenec oriakèc sunj kec. Sth sunèqeia,
parousi�zetai h an�ptuxh twn prostajeropoihmènwn exis¸sewn, gia qr sh se probl mata
ro c qamhl¸n arijm¸n Mach kai to pwc autèc prokÔptoun apì thn klasik  diatÔpwsh twn
exis¸sewn ro c. Gia to Ðdio jèma, prohgeÐtai sqetik  bibliografik  episkìphsh. Gia tic pro-
stajeropoihmènec exis¸seic akoloujeÐ an�lush tou sqetikoÔ idioprobl matoc kai melet�tai
h sumperifor� touc se roèc qamhloÔ arijmoÔ Mach, sugkrinìmenh me aut n twn klasik¸n
exis¸sewn ro c (dhl. aut¸n qwrÐc prostajeropoÐhsh). Shmei¸netai, ìti ìpou qrei�zetai na
oristoÔn mhtr¸a, aut� gr�fontai gia tridi�statec (3D) roèc en¸ ta antÐstoiqa gia tic di-
di�statec (2D) roèc prokÔptoun �mesa apì aut�. Epiplèon, parousi�zetai h montelopoÐhsh
thc tÔrbhc me anaforèc sta montèla dÔo exis¸sewn k−ε kai k−ω kaj¸c kai sto montèlo
miac exÐswshc twn Spalart–Allmaras pou, ed¸, qrhsimopoioÔntai kat� perÐptwsh.

AkoloujeÐ anafor� ston trìpo diakritopoÐhshc kai arijmhtik c epÐlushc twn parap�nw
merik¸n diaforik¸n exis¸sewn me thn teqnik  twn peperasmènwn ìgkwn, sto plaÐsio miac
mejìdou qronoproèlashc. H teqnik  diakritopoÐhshc kai epÐlushc mporeÐ na efarmosteÐ se
mh�domhmèna kai ubridik� plègmata. 'Olh h an�lush gÐnetai jewr¸ntac tic prostajero-
poihmènec exis¸seic ro c ¸ste na melethjoÔn oi paradoqèc kai oi allagèc pou epib�llei h
prostajeropoÐhsh. Gia thn epanafor� stic antÐstoiqec sqèseic pou dièpoun tic klasikèc e-
xis¸seic ro c, arkeÐ na upotejeÐ monadiaÐo mhtr¸o prostajeropoÐhshc. Arqik� orÐzontai oi
ìgkoi elègqou stouc opoÐouc oloklhr¸nontai oi exis¸seic, analÔetai o trìpoc upologismoÔ
twn dianusm�twn ro c, h arijmhtik  epibol  twn oriak¸n sunjhk¸n kai, tèloc, parousi�-
zontai oi mèjodoi arijmhtik c epÐlushc gia qronik� mìnimec kai mh�mìnimec roèc.

To kef�laio oloklhr¸netai me anafor� sth qr sh thc poluepexergasÐac h opoÐa apoteleÐ
shmantik  sunist¸sa thc diatrib c. AnalÔontai oi trìpoi diaqwrismoÔ tou upologistikoÔ
qwrÐou se epimèrouc qwrÐa kai oi tropopoi seic pou apaitoÔntai ¸ste na eÐnai dunat  h

13
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ektèlesh tou logismikoÔ epÐlushc twn exis¸sewn ro c se poluepexergastikì perib�llon.

2.1 Oi Exis¸seic thc Ro c

2.1.1 DiatÔpwsh

Oi exis¸seic ro c gia sunektikèc roèc sumpiestoÔ reustoÔ, se sunthrhtik  dianusmatik 
morf , gr�fontai wc

∂~U

∂t
+

∂ ~f inv
i

∂xi
− ∂ ~fvis

i

∂xi
= 0 (2.1)

me i=1, 2 gia 2D kai i=1, 2, 3 gia 3D roèc. Jewr¸ntac ìti h graf  2.1 kalÔptei qronik�
mìnimec roèc oi opoÐec, sth sunèqeia, ja epilujoÔn arijmhtik� me thn teqnik  thc qrono-
proèlashc ekmetalleuìmenoi tic idiìthtec twn uperbolik¸n exis¸sewn sto qwro-qrìno, me
t sumbolÐzetai o yeudo�qrìnoc. EpÐshc, xi = (x1, x2)   (x1, x2, x3) eÐnai oi kartesianèc
suntetagmènec gia 2D   3D probl mata, antÐstoiqa. ~U eÐnai to di�nusma twn sunthrhtik¸n
metablht¸n kai ~f inv

i , ~fvis
i eÐnai, antÐstoiqa, ta dianÔsmata atrib¸n kai sunektik¸n ro¸n

kat� th dieÔjunsh xi. Aut� dÐnontai apì tic sqèseic

~U =


%
%~u
Et

 , ~f inv
i =


%ui

%ui~u + ~δip
(Et + p)ui

 , ~fvis
i =


0
~τi

ujτij + qi

 (2.2)

ìpou % h puknìthta, ~u = [u1, u2]T gia 2D   [u1, u2, u3]T gia 3D roèc eÐnai oi kartesianèc
sunist¸sec tou dianÔsmatoc thc taqÔthtac ~u, Et =%E = p

γ−1 + 1
2%|~u|2 h olik  enèrgeia an�

mon�da ìgkou kai p h statik  pÐesh. Epiplèon, ~τi = [τi1, τi2]T gia 2D   ~τi = [τi1, τi2, τi3]T

gia 3D roèc, eÐnai to di�nusma twn sunistws¸n twn sunektik¸n t�sewn, pou orÐzontai wc

τij = µ(
∂ui

∂xj
+

∂uj

∂xi
) − 2

3
µδij

∂uk

∂xk
(2.3)

ìpou ~δi = [δi1, δi2]T gia 2D   ~δi = [δi1, δi2, δi3]T gia 3D, eÐnai to sÔmbolo tou Kronecker.
Tèloc me qi = k ∂T

∂xi
sumbolÐzetai h ro  jermìthtac kat� th dieÔjunsh xi, en¸ h sÔndesh

twn jermodunamik¸n megej¸n gÐnetai mèsw thc katastatik c exÐswshc twn teleÐwn aerÐwn
p = %RT . Oi exis¸seic thc sqèshc 2.1, an jewr soume mìno touc mh�sunektikoÔc ìrouc
(exis¸seic Euler) gr�fontai

∂~U

∂t
+

∂ ~f inv
i

∂~U

∂~U

∂xi
= 0 ⇒ ∂~U

∂t
+ Ai

∂~U

∂xi
= 0 (2.4)

ìpou Ai = ∂ ~f inv
i

∂~U
eÐnai ta Iakwbian� mhtr¸a twn atrib¸n ro¸n gia tic sunthrhtikèc meta-

blhtèc.

'Enac enallaktikìc trìpoc graf c twn exis¸sewn Euler (sqèsh 2.4) eÐnai me qr sh twn
mh�sunthrhtik¸n metablht¸n. Autìc o trìpoc graf c odhgeÐ se aploÔsterhc morf c Ia-
kwbian� mhtr¸a kai, �ra, eÐnai qr simoc sthn peraitèrw epexergasÐa touc gia thn eÔresh
idiotim¸n kai idiodianusm�twn. Me qr sh twn mh�sunthrhtik¸n metablht¸n ~V = [% ui p]T ,
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h �antÐstoiqh�1 thc deÔterhc exÐswshc thc 2.4 gr�fetai wc

∂~V

∂t
+ Ai

∂~V

∂xi
= 0 (2.5)

ìpou Ai ta Iakwbian� mhtr¸a gia tic mh�sunthrhtikèc metablhtèc. H sqèsh pou sundèei ta
mhtr¸a Ai me ta antÐstoiqa Ai eÐnai (bl. prohgoÔmenh uposhmeÐwsh)

Ai = M−1AiM (2.6)

me M = ∂~U
∂~V

to mhtr¸o metasqhmatismoÔ apì tic sunthrhtikèc stic mh�sunthrhtikèc meta-

blhtèc. Ta mhtr¸a M kai M−1, gia 3D roèc eÐnai, [116],

M =
∂~U

∂~V
=


1 0 0 0 0
u1 % 0 0 0
u2 0 % 0 0
u3 0 0 % 0

1
2 |~u|

2 %u1 %u2 %u3 1/(γ−1)

 kai (2.7)

M−1 =
∂~V

∂~U
=


1 0 0 0 0

−u1/% 1/% 0 0 0
−u2/% 0 1/% 0 0
−u3/% 0 0 1/% 0

1
2(γ−1)|~u|2 −(γ−1)u1 −(γ−1)u2 −(γ−1)u3 −(γ−1)


en¸ ta antÐstoiqa gia 2D roèc prokÔptoun an apaleifjoÔn h tètarth gramm  kai h tètarth
st lh apì ta parap�nw mhtr¸a.

2.1.2 Prìblhma Idiotim¸n kai Idiodianusm�twn

'Ena basikì b ma gia thn arijmhtik  epÐlush twn exis¸sewn eÐnai h eÔresh twn idiotim¸n kai
idiodianusm�twn thc orÐzousac A = Aini ìpwc orÐzetai sth sunèqeia. H gn¸sh twn idiotim¸n
kai idiodianusm�twn se uperbolik� probl mata sto q¸ro�qrìno epitrèpei th diatÔpwsh
sqhm�twn diakritopoÐhshc twn arijmhtik¸n ro¸n, sumbat¸n me th fusik  thc ro c. To

mhtr¸o A sundèei ta kat� kateÔjunsh Iakwbian� mhtr¸a Ai (l.q. A1 = ∂ ~f inv
1

∂~U
, A2 = ∂ ~f inv

2

∂~U
,

A3 = ∂ ~f inv
3

∂~U
gia èna 3D prìblhma) mèsw twn sunistws¸n enìc monadiaÐou dianÔsmatoc

~n k�jetou se k�je epimèrouc tm ma thc perib�llousac enìc ìgkou anafor�c, to opoÐo
diasqÐzei h atrib c ro . Me ni =(n1, n2, n3) sumbolÐzontai oi sunist¸sec tou dianÔsmatoc
~n. 'Opwc aporrèei apì th sqèsh 2.6, ta mhtr¸a A kai A èqoun Ðdiec idiotimèc kai antÐstoiqa
idiodianÔsmata. Gia to lìgo autì arkeÐ na upologisjoÔn oi idiotimèc kai ta idiodianÔsmata
tou mhtr¸ou A = Aini twn mh�sunthrhtik¸n metablht¸n, ìpou o upologismìc eÐnai pio
eÔkoloc. Oi idiotimèc upologÐzontai apì th sqèsh

det|λiI − A| (2.8)

1H qr sh eisagwgik¸n uponoeÐ to diaforetikì trìpo emf�nishc twn legìmenwn Iakwbian¸n mhtr¸wn,
afoÔ o metasqhmatismìc twn exis¸sewn ro c stic mh�sunthrhtikèc metablhtèc dÐnei, b ma proc b ma, ìti
∂ ~U
∂t

+ Ai
∂ ~U
∂xi

= 0 ⇒ ∂ ~U

∂~V

∂~V
∂t

+ Ai
∂ ~U

∂~V

∂~V
∂xi

= 0 ⇒ ∂~V
∂t

+ Ai
∂~V
∂xi

= 0



16 2. Αριθμητική Επίλυση Εξισώσεων Ροής – Προσταθεροποίηση Χαμηλών Αριθμών Mach

kai, kat� ta gnwst�, eÐnai oi

λ1,2,3 = ~u&~n

λ4,5 = ~u&~n ± c|~n| (2.9)

me c thn taqÔthta tou  qou. Epiplèon, apì tic sqèseic

~
l
i
A = λi

~
l
i

A ~ri = λi
~ri , i = 1, 5 (2.10)

mporoÔn na sqhmatisjoÔn ta mhtr¸a L−1 kai L pou perièqoun, to men L−1 ta arister�

idiodianÔsmata gramm c (
~
l
i
) tou A (èna idiodi�nusma an� gramm  tou L−1), to de L ta dexi�

idiodianÔsmata st lhc (~ri) tou A (èna idiodi�nusma an� st lh tou L). Ta mhtr¸a aut�
diagwnopoioÔn thn orÐzousa A twn mh�sunthrhtik¸n metablht¸n, h opoÐa gr�fetai wc

A = LΛL−1 (2.11)

ìpou

Λ = diag(λ1, λ2, λ3, λ4, λ5) (2.12)

Kat' analogÐa me th sqèsh 2.11, orÐzontai kai ta mhtr¸a P kai P−1 ta opoÐa diagwnopoioÔn
to mhtr¸o A twn sunthrhtik¸n metablht¸n wc

A = PΛP−1 (2.13)

ìpou ta P kai P−1 prokÔptoun wc P = ML kai P−1 = L−1M−1. Den gÐnetai peraitèrw
anafor� sth sqetik  jewrÐa (orismìc twn mhtr¸wn L, L−1, P kai P−1), afoÔ aut  mporeÐ
na brejeÐ se biblÐa Upologistik c Reustodunamik c gia to sumpiestì reustì (pq. [116]).

2.1.3 Oriakèc Sunj kec

Sthn perÐptwsh atrib¸n ro¸n, sta stere� toiq¸mata efarmìzetai h sunj kh mh�eisq¸rh-
shc, dhlad  o mhdenismìc thc k�jethc sto toÐqwma taqÔthtac. AntÐjeta, se sunektikèc
roèc, efarmìzetai h sunj kh mh�olÐsjhshc, dhlad  o mhdenismìc ìlwn twn sunistws¸n thc
taqÔthtac. Sqetik� me tic sunj kec eisìdou�exìdou, autèc exart¸ntai apì th meletoÔmenh
perÐptwsh. Eidikìtera, gia roèc gÔrw apì memonwmènec aerotomèc tÐjentai ep��peiron sun-
j kec adiat�rakthc ro c (dedomènou ìti to ìrio tou upologistikoÔ qwrÐou ekteÐnetai polÔ
makri� apì thn aerotom ). Gia melèth ro¸n se pterug¸seic strobilomhqan¸n to pl joc
twn oriak¸n sunjhk¸n sthn eÐsodo kai thn èxodo kajorÐzetai apì thn kateÔjunsh di�do-
shc thc plhroforÐac (prìshmo idiotim¸n). 'Etsi, gia roèc upohqhtik c axonik c taqÔthtac
sthn eÐsodo, ekeÐ epib�llontai h olik  pÐesh, h olik  jermokrasÐa kai h gwnÐa eisìdou thc
ro c (  gwnÐec gia 3D), en¸ sthn èxodo h statik  pÐesh. Gia roèc uperhqhtik c axonik c
taqÔthtac eisìdou, ìlec oi posìthtec ro c kajorÐzontai sthn eÐsodo tou pedÐou. Epiplèon,
sta periodik� ìria, exasfalÐzetai ìti ta megèjh ro c gia k�je zeÔgoc periodik¸n kìmbwn
eÐnai Ðdia, me thn profan  idiaiterìthta tou na efarmìzetai h periodikìthta sto di�nusma
thc taqÔthtac stic perifereiakèc pterug¸seic.
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2.2 ProstajeropoÐhsh Qamhl¸n Arijm¸n Mach

Sthn prohgoÔmenh enìthta analÔjhkan oi exis¸seic sumpiestoÔ reustoÔ. Oi antÐstoiqoi
k¸dikec epÐlushc aut¸n twn exis¸sewn eÐnai axiìpistoi kai gr goroi gia thn prìlexh ro¸n
me arijmì Mach megalÔtero perÐpou tou 0.3, dhlad  se kajar� sumpiestèc roèc. Se arketèc
peript¸seic ìmwc, èna pedÐo ro c perilamb�nei meg�lo eÔroc taqut twn, apì uyhloÔc èwc
qamhloÔc arijmoÔc Mach. Gia par�deigma, kat� thn an�lush thc ro c gÔrw apì mia ptèruga
me meg�lh gwnÐa prosbol c, èna mèroc tou pedÐou ro c mporeÐ na jewrhjeÐ asumpÐesto me
qamhloÔc arijmoÔc Mach, en¸ se �llec perioqèc tou pedÐou ta fainìmena sumpiestìthtac
eÐnai shmantik�. Oi algìrijmoi/k¸dikec epÐlushc sumpiest¸n ro¸n, ìso o arijmìc Mach
plhsi�zei sto mhdèn (asumpÐesto ìrio) parousi�zoun probl mata apodotikìthtac (kajustè-
rhsh sÔgklishc)  /kai akrÐbeiac (mh apodektèc lÔseic). H duskolÐa epÐlushc sqetÐzetai me
th meg�lh apìklish an�mesa sth taqÔthta tou reustoÔ kai stic taqÔthtec twn akoustik¸n
kum�twn, h opoÐa ousiastik� upodhl¸nei ìti to sÔsthma èqei kakì arijmì kat�stashc2.

StoqeÔontac sthn Ôparxh enìc logismikoÔ gia thn epÐlush ro¸n se ìlo to eÔroc taqut twn
(apì uyhloÔc èwc qamhloÔc arijmoÔc Mach), sth bibliografÐa emfanÐzontai dÔo diaforeti-
kèc �filosofÐec��jewr seic wc proc touc sqetikoÔc algorÐjmouc. H pr¸th je¸rhsh afor�
sthn epèktash�tropopoÐhsh twn kwdÐkwn gia asumpÐestec roèc ¸ste na lhfjeÐ upìyh h
sumpiestìthta, en¸ h deÔterh sqetÐzetai me thn epèktash twn kwdÐkwn sumpiest¸n ro¸n
proc touc qamhloÔc arijmoÔc Mach.

'Oson afor� sto logismikì epÐlushc asumpÐestwn ro¸n, oi dÔo basikèc teqnikèc pou qrh-
simopoioÔntai eÐnai autèc thc diìrjwshc pÐeshc kai thc yeudosumpiestìthtac. H teqnik 
thc diìrjwshc pÐeshc prwtoparousi�sthke apì touc Karki, Patankar, [137]. SÔmfwna me
aut n, arqik� upotÐjetai èna pedÐo pÐeshc me b�sh to opoÐo epilÔontai oi exis¸seic orm c gia
ton upologismì tou pedÐou thc taqÔthtac. Sth sunèqeia, to pedÐo thc pÐeshc diorj¸netai
epilÔontac mia exÐswsh Poisson gia thn ikanopoÐhsh thc exÐswshc thc sunèqeiac k.o.k. H
mèjodoc thc yeudosumpiestìthtac anaptÔqjhke apì ton Chorin, [55] kai sunÐstatai sthn
eisagwg  enìc ìrou teqnht c sumpiestìthtac (qronik  par�gwgoc pÐeshc, 1

β2
∂p
∂t ) sthn e-

xÐswsh thc sunèqeiac. SÔgkrish twn dÔo aut¸n teqnik¸n mporeÐ na brejeÐ stic ergasÐec
[200, 231], ìpou apodeiknÔetai ìti kai oi dÔo dÐnoun axiìpistec lÔseic sugkrinìmenec me ta
antÐstoiqa peiramatik� apotelèsmata. Oi parap�nw ergasÐec, gia ta arijmhtik� sq mata
pou qrhsimopoioÔn kai tic parousiazìmenec efarmogèc, odhgoÔntai sto sumpèrasma ìti h
teqnik  thc diìrjwshc pÐeshc upertereÐ wc proc thn akrÐbeia twn prolèxewn, en¸ oi mèjodoi
yeudosumpiestìthtac emfanÐzoun taqÔterh sÔgklish.

H deÔterh je¸rhsh, h opoÐa sugkentr¸nei kai to endiafèron thc paroÔsac diatrib c, afor�
sthn an�ptuxh mejìdwn prostajeropoÐhshc me stìqo thn epÐlush sqedìn asumpÐestwn ro¸n
me algorÐjmouc sqediasmènouc gia sumpiestèc roèc. H basik  idèa thc prostajeropoÐhshc
xekin� apì tic mejìdouc yeudosumpiestìthtac me th prosj kh teqnht¸n qronik¸n parag¸-
gwn se ìlec tic exis¸seic kai ìqi mìno se aut  thc sunèqeiac. Mia episkìphsh twn mejìdwn
prostajeropoÐhshc parousi�zetai sthn ergasÐa [139].

Apì tic pr¸tec ergasÐec sqetik� me thn prostajeropoÐhsh eÐnai aut  twn Choi, Merkle, [53]
to 1985, oi opoÐoi prìteinan ton pollaplasiasmì tou yeudo�qronikoÔ ìrou twn exis¸sewn

2Lìgoc thc mègisthc kat� apìlut  tim  idotim  proc thc el�qisth kat�apìluth tim  idiotim .
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Euler me èna diag¸nio mhtr¸o prostajeropoÐhshc. To mhtr¸o autì ousiastik� epidroÔse
mìno sthn qronik  par�gwgo thc exÐswshc thc enèrgeiac ki  tan ètsi orismèno ¸ste na
exaleÐfei th meg�lh apìklish twn idiotim¸n tou sust matoc (stiffness of the eigenvalues).

Mia pio genikeumènh melèth twn mejìdwn prostajeropoÐhshc gia thn epÐlush twn asumpÐ-
estwn all� kai twn sumpiest¸n exis¸sewn se qamhlèc taqÔthtec parousi�sthke to 1987
apì ton Turkel, [239]. Arqik�, stic asumpièstec exis¸seic, epèkteine th mejìdo thc yeu-
dosumpiestìthtac prosjètontac qronikèc parag¸gouc thc pÐeshc se ìlec tic exis¸seic.
Sth sunèqeia, proq¸rhse sthn efarmog  thc teqnik c kai stic exis¸seic ro c sumpiestoÔ
reustoÔ (me di�nusma agn¸stwn metablht¸n to [p, ~u, S]T , ìpou S h entropÐa), ìpou pol-
laplasÐase ton qronikì ìro twn exis¸sewn m�èna �antÐstoiqo� mhtr¸o prostajeropoÐhshc
autoÔ pou eÐqe prokÔyei gia tic asumpÐestec exis¸seic ro c ([p, ~u]T ). Se aut n thn ergasÐa,
all� kai se autèc pou akoloÔjhsan, [240, 241, 242] proteÐnetai mia olìklhrh �oikogèneia�
mhtr¸wn prostajeropoÐhshc.

Ektìc apì ta mhtr¸a twn Turkel, Merkle, [240, 53] sth bibliografÐa proteÐnontai kai �lla
mhtr¸a prostajeropoÐhshc. O orismìc touc poikÐllei an�loga me to di�nusma twn metablh-
t¸n wc proc tic opoÐec epilÔontai oi exis¸seic. Oi dÔo suqnìtera emfanizìmenec kathgo-
rÐec eÐnai ta mhtr¸a me qr sh tou dianÔsmatoc twn sunthrhtik¸n metablht¸n, [%, %~u,Et]T

[53, 252, 80] kai aut� me di�nusma metablht¸n to [p, ~u, S]T [248, 243, 244]. Apì aut� ta mh-
tr¸a, �lla eÐnai summetrik� [53, 248] en¸ ta perissìtera eÐnai mh�summetrik� [243, 252, 80].

Anex�rthta apì to di�nusma metablht¸n wc proc tic opoÐec epilÔontai oi exis¸seic ro c,
ìla ta mhtr¸a prostajeropoÐhshc orÐzontai wc sun�rthsh twn topik¸n megej¸n thc ro c
kai, eidikìtera, posot twn an�logwn tou M2. Se k�je perÐptwsh, h dhmiourgÐa enìc mh-
tr¸ou prostajeropoÐhshc apoblèpei sthn �rsh twn problhm�twn (dhl. th meg�lh apìklish
akoustik¸n kum�twn kai taqÔthtac reustoÔ) pou emfanÐzoun oi k¸dikec sumpiestoÔ reustoÔ
se roèc qamhl¸n taqut twn.

En¸ oi pr¸tec efarmogèc aforoÔsan tic 2D atribeÐc roèc, h mèjodoc epekt�jhke kai stic
treic diast�seic [248, 243], se sunektikèc roèc [172, 80], kai epiplèon sundu�sthke me me-
jìdouc poluplègmatoc [253]. Ta paradeÐgmata efarmog c perilamb�noun memonwmènec ae-
rotomèc, ptèrugec aeroskaf¸n, pterug¸seic strobilomhqan¸n, melèth ro¸n se jal�mouc
kaÔshc k.a.

Gia th diakritopoÐhsh twn prostajeropoihmènwn exis¸sewn me an�nti sq mata kai qr sh
monodi�statou epilÔth kat� Roe [215], oi van Leer, Lee, Roe parat rhsan ìti h èkfrash
tou dianÔsmatoc thc atriboÔc ro c prèpei na tropopoihjeÐ [248]. Aut  h tropopoÐhsh, pou
afor� mìno sto tm ma thc teqnht c sunektikìthtac (artificial dissipation) tou dianÔsma-
toc atriboÔc ro c ¸ste autì na gÐnei �antÐstoiqo� me to prostajeropoihmèno sÔsthma twn
exis¸sewn, belti¸nei kai thn arijmhtik  lÔsh. Argìtera, oi Guillard, Viozat pou melèth-
san th sumperifor� twn an�nti sqhm�twn stic qamhlèc taqÔthtec tropopoÐhsan peraitèrw
autì to sq ma, [107]. Epiplèon tropopoi seic, pou kalÔptoun roèc ìlwn twn taqut twn,
parousi�sthkan prìsfata apì touc Li, Gu, Qu [154, 155].

Epiplèon, h teqnik  thc prostajeropoÐhshc epekt�jhke gia thn an�lush qronik� mh�mìnimwn
ro¸n [246] me qr sh thc mejìdou diploÔ qronikoÔ b matoc (dual time step). Me b�sh
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aut n thn prosèggish, h epÐlush gia k�je pragmatik  qronik  stigm  jewreÐtai wc èna
qronik� mìnimo prìblhma (me embìlimouc ìrouc phg c gia th qronik  metabol ) sto opoÐo
efarmìzetai h teqnik  thc prostajeropoÐhshc.

Sth bibliografÐa emfanÐzontai pollèc akìma ergasÐec sqetikèc me th sumperifor� twn pro-
stajeropoihmènwn exis¸sewn. Autèc mporeÐ na eÐnai eÐte genikèc [251, 153] eÐte pio eidikèc,
ìpwc gia par�deigma h [43] ìpou elègqetai h epÐdrash tou lìgou epim kouc tou upologisti-
koÔ plègmatoc   h [63] ìpou parousi�zetai an�lush sqetik  me thn epÐdrash thc orjogw-
niìthtac twn idiodianusm�twn sthn poreÐa sÔgklishc.

2.2.1 DiatÔpwsh

Me afethrÐa tic exis¸seic Navier–Stokes (sqèsh 2.1), oi prostajeropoihmènec exis¸seic
prokÔptoun pollaplasi�zontac ton yeudo-qronikì ìro twn exis¸sewn me ton antÐstrofo
enìc mhtr¸ou Γ, to opoÐo onom�zetai mhtr¸o prostajeropoÐhshc (preconditioning matrix)
kai eÐnai sun�rthsh twn topik¸n megej¸n thc ro c. 'Etsi, h exÐswsh gr�fetai

Γ−1 ∂~U

∂t
+

∂ ~f inv
i

∂xi
− ∂ ~fvis

i

∂xi
= 0 (2.14)

Apì thn parap�nw sqèsh faÐnetai ìti, sth lÔsh enìc qronik� mìnimou pedÐou ro c, ìpou
o yeudo�qronikìc ìroc den ufÐstatai, h prostajeropoÐhsh den ephre�zei tic exis¸seic. An
jewr soume mìno touc mh�sunektikoÔc ìrouc, ìpwc sth sqèsh 2.4, oi prostajeropoihmènec
exis¸seic gr�fontai

Γ−1 ∂~U

∂t
+ Ai

∂~U

∂xi
= 0

⇒ ∂~U

∂t
+ ΓAi

∂~U

∂xi
= 0

⇒ ∂~U

∂t
+ AΓi

∂~U

∂xi
= 0 (2.15)

ìpou AΓi = ΓAi eÐnai ta prostajeropoihmèna Iakwbian� mhtr¸a gia tic sunthrhtikèc meta-
blhtèc. Oi prostajeropoihmènec exis¸seic Euler, me qr sh twn mh�sunthrhtik¸n metablh-
t¸n, xekin¸ntac apì thn exÐswsh 2.5, gr�fontai wc

Γ−1 ∂~V

∂t
+ Ai

∂~V

∂xi
= 0

∂~V

∂t
+ Γ Ai

∂~V

∂xi
= 0

∂~V

∂t
+ AΓi

∂~V

∂xi
= 0 (2.16)

ìpou Ai ìpwc proanafèrjhke eÐnai ta Iakwbian� mhtr¸a gia tic mh�sunthrhtikèc meta-
blhtèc kai AΓi = ΓAi eÐnai ta antÐstoiqa prostajeropoihmèna. Sth sunèqeia, o k�tw
deÐkthc Γ ja upodhl¸nei p�nta prostajeropoihmèna mhtr¸a. H sqèsh metaxÔ twn mhtr¸-
wn prostajeropoÐhshc Γ kai Γ, ¸ste na up�rqei eniaÐo apotèlesma apì thn efarmog  thc
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prostajeropoÐhshc, eÐnai

Γ = M−1ΓM

Γ−1 = M−1Γ−1M (2.17)

Gia ton kajorismì tou mhtr¸ou prostajeropoÐhshc, sth bibliografÐa èqoun protajeÐ di�-
forec ekfr�seic, ìpwc  dh anafèrjhke. Sthn paroÔsa diatrib  kai sto logismikì pou
anaptÔqjhke, qrhsimopoieÐtai to mhtr¸o pou prot�jhke apì ton Eriksson [80] kai to opoÐo,
se mh�sunthrhtik  morf , gr�fetai wc

Γ =


1 0 0 0 β
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 α

 (2.18)

ìpou α=min(1,M2) kai β=−(1 − α)/c2.

Apì th sqèsh 2.17, qrhsimopoi¸ntac tic 2.7 kai 2.17 kai met� apì tic sqetikèc pr�xeic,
prokÔptei h èkfrash tou mhtr¸ou prostajeropoÐhshc se sunthrhtikèc metablhtèc

Γ =


1 + 1

2 |~u|
2κ −κu1 −κu2 −κu3 −κ

1
2 |~u|

2κu1 1−κu2
1 −κu1u2 −κu1u3 −κu1

1
2 |~u|

2κu2 −κu1u2 1−κu2
2 −κu2u3 −κu2

1
2 |~u|

2κu3 −κu1u3 −κu2u3 1−κu2
3 −κu3

−1
2 |~u|

2[1−δ] [1−δ]u1 [1−δ]u2 [1−δ]u3 −δ

 (2.19)

ìpou κ=(γ−1)β kai δ=α+ 1
2 |~u|

2(γ−1)β.

2.2.2 To Idioprìblhma gia tic Prostajeropoihmènec Exis¸seic

Prokeimènou na analujeÐ h epÐdrash tou mhtr¸ou prostajeropoÐhshc sto sÔsthma twn
exis¸sewn, xanaôpologÐzontai oi idiotimèc kai ta idiodianÔsmata tou prostajeropoihmènou
plèon IakwbianoÔ mhtr¸ou

AΓ = Γ A = Γ Aini (2.20)

Oi nèec idiotimèc upologÐzontai apì sqèsh antÐstoiqh thc 2.8, qrhsimopoi¸ntac to prosta-
jeropoihmèno Iakwbianì mhtr¸o kai eÐnai

λ1,2,3 = ~u&~n

λ4,5 =
1
2
{(1 + a)~u&~n ±

√
[(1 − a)~u&~n]2 + 4ac2|~n|2} (2.21)

Oi nèec idiotimèc apodeiknÔetai ìti eÐnai perÐpou thc Ðdiac t�xhc megèjouc. Sto sq ma
2.1 tup¸netai o lìgoc thc mègisthc proc thn el�qisth kat' apìluth tim  idiotim  (arij-
mìc kat�stashc�condition number) sunart sei tou arijmoÔ Mach gia to �klasikì� kai to
prostajeropoihmèno sÔsthma exis¸sewn. 'Oso o arijmìc Mach plhsi�zei sto mhdèn, o lì-
goc max|λi|/min|λi| gia to �klasikì� sÔsthma aux�netai, dhl. to sÔsthma èqei kakì arijmì
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Sq ma 2.1: SÔgkrish tou lìgou (max|λi|/min|λi|) gia to prostajeropoihmèno kai to �kla-
sikì� sÔsthma se eÔroc arijm¸n Mach 0.01 ≤ M ≤ 0.1.

kat�stashc (ill–conditioned) gegonìc pou odhgeÐ sta gnwst� probl mata sÔgklishc. An-
tÐjeta, gia to prostajeropoihmèno sÔsthma, o lìgoc autìc paramènei kont� sth mon�da gia
opoiod pote arijmì Mach.

Profan¸c, oi tropopoihmènec idiotimèc ephre�zoun kai ta idiodianÔsmata tou prostajero-
poihmènou sust matoc (bl. sqèsh 2.10) ta opoÐa gia tic mh�sunthrhtikèc metablhtèc eÐnai,
gia ta arister� idiodianÔsmata

LΓ =


n1 0 −n3 −n2 −n1/c2

n2 −n3 0 n1 −n2/c2

n3 n2 −n1 0 −n3/c2

0 n1 n2 n3 − (~u&~n−λ4)
α%c2|~n|

0 −n1 −n2 −n3 − (~u&~n−λ5)
α%c2|~n|

 (2.22)

kai gia ta dexi� idiodianÔsmata

L−1
Γ =


n1 n2 n3

α%|~n|
λ4−λ5

α%|~n|
λ4−λ5

0 −n3 n2
(~u&~n−λ5)

λ4−λ5
n1

(~u&~n−λ4)
λ4−λ5

n1

n3 0 −n1
(~u&~n−λ5)

λ4−λ5
n2

(~u&~n−λ4)
λ4−λ5

n2

−n2 n1 0 (~u&~n−λ5)
λ4−λ5

n3
(~u&~n−λ4)
λ4−λ5

n3

0 0 0 α%c2|~n|
λ4−λ5

α%c2|~n|
λ4−λ5

 (2.23)

Ta parap�nw mhtr¸a gia α=1 (dhlad  me �apenergopoÐhsh� thc prostajeropoÐhshc) kata-
l goun sta antÐstoiqa tou qwrÐc prostajeropoÐhsh sust matoc (bl. [116], sel. 178�179).

2.3 MontelopoÐhsh thc TÔrbhc

Sthn paroÔsa diatrib , gia th montelopoÐhsh thc tÔrbhc, qrhsimopoioÔntai montèla miac
  dÔo diaforik¸n exis¸sewn. Eidikìtera, megalÔterh èmfash dÐnetai sto montèlo miac
exÐswshc twn Spalart kai Allmaras, [228], en¸ se k�poiec efarmogèc, kurÐwc gia lìgouc
sÔgkrishc, qrhsimopoioÔntai kai ta montèla dÔo exis¸sewn, k − ε kai k − ω, [128, 171].
Pio sugkekrimèna, ìson afor� sto montèlo tÔrbhc Spalart–Allmaras, autì efarmìzetai me
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je¸rhsh eÐte qamhl¸n arijm¸n Reynolds eÐte uyhl¸n arijm¸n Reynolds se sunduasmì me
thn teqnik  twn sunart sewn toÐqou. Oi dÔo autèc jewr seic qrhsimopoioÔntai kai gia to
k− ε, en¸ to k−ω kai oi parallagèc tou efarmìzontai mìno me je¸rhsh qamhl¸n arijm¸n
Reynolds.

2.3.1 Montèlo TÔrbhc miac Exis¸shc Spalart–Allmaras

To montèlo tÔrbhc Spalart–Allmaras (SA) [228] epilÔei mia diaforik  exÐswsh gia th meta-
blht  ν̃, apì thn opoÐa upologÐzetai h turb¸dhc sunektikìthta mèsw thc sqèshc

µt = µ̃fv1 (2.24)

ìpou

µ̃ = %ν̃, fv1 =
χ3

χ3 + c3
v1

, χ =
µ̃

µ
(2.25)

To montèlo SA arqik� diatup¸jhke gia asumpÐestec roèc. Prokeimènou na efarmosteÐ kai se
peript¸seic sumpiest¸n ro¸n, oi suggrafeÐc tou, [228], apl� proteÐnoun thn epanadiatÔpwsh
thc exÐswshc gia th metablht  µ̃=%ν̃. 'Etsi, h exÐswsh tou montèlou gia sumpiestèc roèc
gr�fetai wc, [14],

∂%µ̃

∂t
+

∂(%uiµ̃)
∂xi

=
1
σ

[
∂

∂xi

(
(µ + µ̃)

∂µ̃

∂xi

)
+ cb2

(
∂µ̃

∂xi

)2
]

+ cb1(1 − ft2)S̃%µ̃

− (cw1fw − cb1

κ2
ft2)

(
µ̃

d

)2

+ %2ft1∆u2 (2.26)

me touc suntelestèc pou emfanÐzontai sthn parap�nw exÐswsh na orÐzontai wc

S̃ = |~w| + µ̃

y2κ2
fv2

fv2 = 1 − χ

1 + χfv1

, fw = g

(
1 + c6

w3

g6 + c6
w3

)1/6

g = r + cw2(r
6 − r) , r =

µ̃

S̃%κ2y2

me |~w| to mètro tou strobilismoÔ tou pedÐou taqÔthtac kai y thn apìstash k�je kìmbou
apì to plhsièstero toÐqwma. Gia to suntelest  tou ìrou met�bashc (teleutaÐoc ìroc thc
exÐswshc 2.26) isqÔei ìti

ft1 = ct1gt exp

(
−ct2

w2
t

∆u2
[y2 + g2

t y
2
t ]

)
, gt = min(0.1,

∆u

ωt
∆x) (2.27)

ìpou yt eÐnai h apìstash enìc shmeÐou tou pedÐou ro c apì to shmeÐo met�bashc pou eÐnai
k�poio shmeÐo tou toiq¸matoc (orismèno apì to qr sth   upologismèno me k�poio empeirikì
krit rio met�bashc, blèpe [144, 238]), wt o strobilismìc tou shmeÐou met�bashc kai ∆u h
diafor� metaxÔ twn taqÔthtwn enìc shmeÐou tou pedÐou ro c kai tou shmeÐou met�bashc.
Tèloc, oi stajerèc pou emfanÐzontai stic parap�nw sqèseic lamb�noun tic timèc

σ = 2
3 , κ = 0.41, P rt = 0.9, cv1 = 7.1, cb1 = 0.1355, cb2 = 0.622,

cw1 = cb1
κ2 + 1+cb2

σ , cw2 = 0.3 , cw3 = 2, ct1 = 1, ct2 = 2, ct3 = 1.1, ct4 = 2
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Oi oriakèc sunj kec pou epib�llontai eÐnai tÔpou Dirichlet gia thn eÐsodo thc ro c, ìpou h
metablht  µ̃ lamb�nei stajer  tim  kai sunj kec adiat�rakthc ro c gia thn èxodo. Sta ste-
re� toiq¸mata, gia je¸rhsh qamhl¸n arijm¸n Reynolds (Low Reynolds, LR), epib�lletai
mhdenik  Dirichlet sunj kh µ̃=0, en¸ gia je¸rhsh uyhl¸n arijm¸n Reynolds efarmìzon-
tai oi sunart seic toÐqou (Wall Functions, WF). Eidikìtera h qrhsimopoioÔmenh èkfrash,
[254], h opoÐa prwtoparousi�sthke apì ton Spalding [229], montelopoieÐ me mia mìno exÐsw-
sh thn eswterik  perioq  tou strwtoÔ oriakoÔ upostr¸matoc, thn perioq  met�bashc kai
to logarijmikì tm ma tou turb¸douc oriakoÔ str¸matoc, wc

y+ = u+ + e−κB

[
e−κu+ − 1 − κu+ − (κu+)2

2
− (κu+)3

6

]
(2.28)

ìpou h adi�stath apìstash apì to stereì toÐqwma y+ kai taqÔthta u+ orÐzontai wc

y+ =
y%uτ

µ
, u+ =

u

uτ

me uτ thn taqÔthta trib c, y thn apìstash apì to stereì toÐqwma kai κ=0.41, B=5.5. H
oriak  sunj kh gia thn turb¸dh sunektikìthta upologÐzetai apì th sqèsh, [254],

µt = µκe−κB

[
eκu+ − 1 − κu+ − (κu+)2

2

]
(2.29)

apì thn opoÐa, mèsw thc sqèshc 2.24, lamb�netai h oriak  sunj kh thc metablht c %µ̃ wc

%µ̃ =
%µt

fv1

(2.30)

2.3.2 Montèla TÔrbhc DÔo Exis¸sewn

Oi exis¸seic twn montèlwn tÔrbhc dÔo exis¸sewn (k − ε kai k − ω) se dianusmatik  graf 
mporoÔn na ekfrastoÔn wc

∂~Ut

∂t
+

∂ ~f inv
t,i

∂xi
−

∂ ~fvis
t,i

∂xi
= St (2.31)

ìpou

~Ut =
{

%k
%ϕ

}
, ~f inv

t,i =
{

%uik
%uiϕ

}
, ~fvis

t,i =

{
(µ + µt

σk
) ∂k

∂xi

(µ + µt

σϕ
) ∂ϕ

∂xi

}
, ~St =

{
Sk

Sϕ

}
(2.32)

me k thn turb¸dh kinhtik  enèrgeia, ϕ = ε   ω thn katastrof    to rujmì di�qushc thc
turb¸douc kinhtik c enèrgeiac antÐstoiqa kai Sk, Sϕ (Sε, Sω) touc antÐstoiqouc ìrouc phg c
twn exis¸sewn.

Montèlo tÔrbhc k − ε

Sthn perÐptwsh tou montèlou k − ε [128], o suntelest c thc turb¸douc sunektikìthtac
ekfr�zetai wc sun�rthsh twn posot twn k kai ε, sÔmfwna me th sqèsh

µt = fµcµ%
k2

ε
(2.33)
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en¸ oi ìroi phg c thc sqèshc 2.32, orÐzontai wc

Sk = Pk − %ε −D, Sε = cε1f1
ε

k
Pk − cε2f2%

ε2

k
+ E (2.34)

O ìroc paragwg c Pk exart�tai apì th gènesh turb¸douc enèrgeiac G sÔmfwna me th sqèsh

Pk = µtG − 2
3
%k

∂uk

∂xk
, G =

[(
∂ui

∂xj
+

∂uj

∂xi

)
− 2

3
δij

∂uk

∂xk

]
∂ui

∂xj
(2.35)

en¸ D, E eÐnai ìroi phg c gia je¸rhsh qamhl¸n arijm¸n Reynolds. Sthn paroÔsa diatrib 
qrhsimopoieÐtai h parallag  tou Chien [52], gia thn opoÐa oi proanaferjèntec ìroi dÐnontai
apì tic sqèseic

D = 2µ
k

y2
, E = −2µ

ε

y2
exp

(
−y+

2

)
(2.36)

Tèloc, oi suntelestèc kai stajerèc pou parousi�zontai stic parap�nw exis¸seic orÐzontai
wc

fµ = 1 − exp {−0.0115y+}, f1 =1, f2 =1 − 0.22 exp {−(Ret/6)2}, y+ = (%y/µ)
√

τw/%

Ret = Re
%k2

µε
, σk = 1.0, σε = 1.3, cε1 = 1.35, cε2 = 1.8, cµ = 0.09

Sthn eÐsodo tou pedÐou ro c oi oriakèc sunj kec eÐnai tÔpou Dirichlet ìpou epib�llontai oi

timèc kin =3/2(Tuuin)2 kai εin =c
3/4
µ k

3/2
in /L, me Tu thn èntash thc tÔrbhc, uin thn taqÔthta

sthn eÐsodo kai L to m koc an�mixhc. Sthn èxodo tÐjentai sunj kec adiat�rakthc ro c. Oi
oriakèc sunj kec sto stereì toÐqwma, gia je¸rhsh qamhl¸n arijm¸n Reynolds, [52], eÐnai
k=0, ε=0.

Sthn perÐptwsh je¸rhshc uyhl¸n arijm¸n Reynolds qrhsimopoioÔntai oi sunart seic toÐ-
qou. Kat� thn efarmog  touc jewreÐtai ìti to pragmatikì stereì toÐqwma brÐsketai sto
eswterikì tou toiq¸matoc, se stajer  apìstash, h opoÐa orÐzetai ètsi ¸ste o oriakìc
kìmboc tou plègmatoc na brÐsketai sth logarijmik  perioq  tou oriakoÔ str¸matoc. Upì
aut n thn paradoq , h teqnik  twn sunart sewn toÐqou qrhsimopoieÐtai gia na kalÔyei th
montelopoÐhsh thc ro c sto �di�keno� an�mesa ston oriakì kìmbo tou plègmatoc kai tou
upotijèmenou toiq¸matoc. Gia ton upologismì thc adi�stathc taqÔthtac qrhsimopoieÐtai h
sqèsh [255]

u+ =
{

y+ an y+ < 11.6
1
κ lny+ + B an y+ ≥ 11.6

(2.37)

Oi oriakèc sunj kec gia ta k, ε dÐnontai apì tic sqèseic

k =
u2

τ√
cµ

, ε =
u3

τ

κy

Montèlo tÔrbhc k − ω

Sthn perÐptwsh tou montèlou k − ω tou Wilcox, [255], h turb¸dhc sunektikìthta upologÐ-
zetai apì th sqèsh

µt =
%k

ω
(2.38)
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kai oi ìroi phg c thc sqèshc 2.32 isoÔntai me

Sk = Pk − β∗%kω, Sω = γ
ω

k
Pk − β%ω2 (2.39)

me β=0.075, β∗=0.09, σω =σk = 0.5, γ =β/β∗ − σωκ2/
√

β∗=0.55

Epiplèon thc klasik c diatÔpwshc, qrhsimopoioÔntai dÔo �parallagèc� tou montèlou pou
prot�jhkan apì ton Menter, [171]. H pr¸th ekdoq  eÐnai to BSL–Baseline model to opoÐo
dhmiourg jhke ètsi ¸ste na ekmetalleÔetai ta pleonekt mata tou k−ω kont� sto stereì
toÐqwma kai aut� tou k−ε sto upìloipo pedÐo. To nèo montèlo prokÔptei apì thn prìsjesh�
an�mixh (blending) tou �klasikoÔ� k−ω pollaplasiasmènou me mia sun�rthsh F1 kai tou
metasqhmatismènou k−ε pollaplasiasmènou me (1 − F1). H sun�rthsh F1 orÐzetai ètsi
¸ste na lamb�nei thn tim  mon�da kont� sto stereì toÐqwma, kai mhdèn makri� apì thn
epif�neia. 'Etsi sto eswterikì mèroc tou oriakoÔ str¸matoc kai mèqri perÐpou to 50%
autoÔ epilÔetai to montèlo k−ω to opoÐo proodeutik� metatrèpetai sto metasqhmatismèno
k−ε. H deÔterh ekdoq  eÐnai to legìmeno SST–Shear Stress Transport model to opoÐo
apoteleÐ epèktash tou pr¸tou, me thn epiplèon ikanìthta na lamb�nei upìyh th metafor�
thc turb¸douc diatmhtik c t�shc sto oriakì str¸ma. Gia tic dÔo autèc parallagèc, oi ìroi
phg c xanagr�fontai wc

Sk = Pk − β∗%kω, Sω = γ
%

µt
Pk − β%ω2 + 2%(1 − F1)σω2

1
ω

∂k

∂xj

∂ω

∂xj
(2.40)

ìpou gia touc suntelestèc kai tic stajerèc isqÔei

F1 = tanh(arg4
1), arg1 = min

[
max

( √
k

β∗ωy , 500µ
%ωy2

)
, 4%σω2k

cdkωy2

]
,

cdkω = max
(
2%σω2

1
ω

∂k
∂xj

∂ω
∂xj

, 10−20
)

kai

q = F1q1 + (1 − F1)q2, q = {β, σω, σk, γ},
q1 ={0.075, 0.5, 0.5, 0.55}, q2 ={0.0828, 0.856, 1.0, 0.44}

Sthn perÐptwsh tou montèlou SST, o upologismìc thc turb¸douc sunektikìthtac gÐnetai
apì thn tropopoihmènh sqèsh

µt =
%k

max{ω,wF2/σ1}
(2.41)

ìpou

F2 = tanh arg2
2, arg2 = max

(
2
√

k

β∗ωy
,
500µ
%ωy2

)
(2.42)

Oi oriakèc sunj kec gia ìlec tic ekdoqèc tou montèlou k − ω sto stereì toÐqwma eÐnai
kw =0 kai ωw =60µ/%βy2

w me yw thn apìstash apì ton pr¸to apì to toÐqwma kìmbo. Sthn

eÐsodo epib�lletai kin =(3/2)(Tuuin)2 kai ωin =k
1/2
in /cµL.
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2.3.3 Montèla TÔrbhc kai ProstajeropoÐhsh

DieukrinÐzetai ìti oi exis¸seic tou montèlou tÔrbhc den upìkeintai se prostajeropoÐhsh. H
efarmog  thc periorÐzetai mìno stic exis¸seic mèshc ro c, ìpou diadramatÐzei kai shmantikì
rìlo me thn tropopoÐhsh twn idiotim¸n tou sust matoc. H epÐdrash thc prostajeropoÐhshc
stic exis¸seic tou montèlou tÔrbhc eÐnai èmmesh, dhlad  gÐnetai mìno mèsw twn megej¸n
twn metablht¸n thc ro c pou upologÐzontai se k�je yeudo�qronikì b ma.

2.4 DiakritopoÐhsh Exis¸sewn & Oriak¸n Sunjhk¸n

Sthn enìthta aut  parousi�zetai h diakritopoÐhsh twn exis¸sewn me thn teqnik  twn pe-
perasmènwn ìgkwn kai kentrokombik  diatÔpwsh. Arqik�, orÐzontai oi ìgkoi elègqou pou
qrhsimopoioÔntai kat� thn olokl rwsh twn exis¸sewn, gia 2D   3D roèc se mh-domhmèna
  ubridik� plègmata kai akoloujeÐ h diakritopoÐhsh twn exis¸sewn se aut�. Shmei¸netai
ìti h an�lush (me ìla ta endi�mesa st�dia kai paradoqèc) gÐnetai jewr¸ntac tic prostaje-
ropoihmènec exis¸seic ro c. EÐnai profanèc ìti an se ìla ta parak�tw, antÐ gia to mhtr¸o
prostajeropoÐhshc Γ qrhsimopoihjeÐ to monadiaÐo mhtr¸o, ìlec oi sqèseic isqÔoun kai gia
thn qwrÐc prostajeropoÐhsh diatÔpwsh. Tèloc, gÐnetai anafor� ston trìpo upologismoÔ
tou yeudo�qronikoÔ b matoc olokl rwshc. Par� to gegonìc ìti h qr sh ubridik¸n pleg-
m�twn den apoteleÐ kentrikì stoiqeÐo thc diatrib c afoÔ h sqetik  upodom  anaptÔqjhke
se �llh par�llhla exelissìmenh diatrib  [9], krÐnetai skìpimh h, èstw kai epigrammatik ,
anafor� sta basik� qarakthristik� (ìgkoi elègqou, diakritopoÐhsh klp) aut¸n, dedomènou
ìti se k�poiec apì tic efarmogèc se epìmena kef�laia, qrhsimopoioÔntai ubridik� plègmata.

2.4.1 Orismìc 'Ogkou Elègqou

Sthn perÐptwsh 2D ro¸n, to upologistikì plègma mporeÐ, genik�, na apoteleÐtai apì trigw-
nik� kai tetrapleurik� stoiqeÐa (sq ma 2.2), en¸ sthn perÐptwsh 3D ro¸n apì tetraedrik�
stoiqeÐa, pentaedrikèc puramÐdec, prismatik� kai exaedrik� stoiqeÐa (sq ma 2.3).

Sq ma 2.2: StoiqeÐa pou sunjètoun èna 2D ubridikì upologistikì plègma.

Sq ma 2.3: StoiqeÐa pou sunjètoun èna 3D ubridikì upologistikì plègma.

Ton orismì twn ìgkwn elègqou upagoreÔei h kentrokombik  diatÔpwsh. 'Etsi, oi ìgkoi
elègqou gÔrw apì k�je kìmbo tou plègmatoc, orÐzontai, en¸nontac me tejlasmènh gramm �
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epif�neia ta barÔkentra twn gÔrw stoiqeÐwn kai ta mèsa twn akm¸n pou suntrèqoun ston
kìmbo. Sto sq ma 2.4 faÐnontai ìlec oi dunatèc peript¸seic orismoÔ ìgkou elègqou se 2D
plègmata en¸ sto sq ma 2.5 faÐnetai o trìpoc sqhmatismoÔ tou ìgkou elègqou se k�je
èna apì ta stoiqeÐa enìc 3D plègmatoc.

P

Q
n

P Qn

P

Q
n

Sq ma 2.4: Orismìc ìgkou elègqou se 2D plègmata trigwnik¸n (p�nw), tetrapleurik¸n
(k�tw arister�) stoiqeÐwn   se ubridik� plègmata ta opoÐa apoteloÔntai apì trÐgwna kai
tetr�pleura (k�tw dexi�).

P

P

P P

Sq ma 2.5: Trìpoc sqhmatismoÔ ìgkou elègqou gÔrw apì ènan kìmbo 3D plègmatoc. Pa-
rousi�zetai èna tm ma tou ìgkou elègqou afoÔ h pl rhc morf  tou ja prokÔyei sussw-
reÔontac Ðdiou   diaforetikoÔ tÔpou stoiqeÐa gÔrw apì ton kìmbo P .

Se arketèc peript¸seic, 2D plègmata   tm mata aut¸n, apoteloÔmena apì trigwnik� stoi-
qeÐa, mporeÐ na proèljoun apì di�spash anisìtropwn tetrapleurik¸n stoiqeÐwn (l.q. polÔ
kont� sto stereì toÐqwma). Autì èqei wc apotèlesma, ta dhmiourgoÔmena trÐgwna na èqoun
meg�lo lìgo epim kouc (sq ma 2.6, arister�) dhmiourg¸ntac probl mata kat� thn epÐlush
[35, 14]. Prokeimènou na apofeuqjoÔn tètoia fainìmena èqei sto pareljìn protajeÐ kai
deÔteroc trìpoc upologismoÔ twn ìgkwn elègqou [35], ìpou antÐ tou barukèntrou qrhsimo-
poieÐtai to kèntro tou perigegrammènou kÔklou tou trig¸nou. Se perÐptwsh amblug¸niou
trig¸nou, ìpou to kèntro tou perigegrammènou kÔklou brÐsketai ektìc tou trig¸nou, tìte,
gia to sqhmatismì tou ìgkou elègqou, lamb�netai to mèso thc pleur�c h opoÐa brÐsketai
apènanti apì thn ambleÐa gwnÐa. Se orjog¸nia trÐgwna, to kèntro tou perigegrammènou kÔ-
klou kai to mèso thc upoteÐnousac sumpÐptoun. O enallaktikìc trìpoc orismoÔ tou ìgkou
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elègqou faÐnetai sto sq ma 2.6, dexi�.

P Q

n

P Qn

Sq ma 2.6: Orismìc ìgkou elègqou trigwnik¸n stoiqeÐwn me qr sh tou barukèntrou (ari-
ster�) kai tou kèntrou tou perigegrammènou kÔklou (dexi�).

2.4.2 Olokl rwsh Exis¸sewn Ro c se 'Ogko Anafor�c

Oi prostajeropoihmènec exis¸seic (2.14) xanagr�fontai wc

∂~U

∂t
+ Γ

(
∂ ~f inv

i

∂xi
− ∂ ~fvis

i

∂xi

)
= 0 (2.43)

kai oloklhr¸nontai ston ìgko elègqou Ω k�je kìmbou P∫
Ω

∂~U

∂t
dΩ + Γ

∫
Ω

(
∂ ~f inv

i

∂xi
− ∂ ~fvis

i

∂xi

)
dΩ = 0 (2.44)

To mhtr¸o prostajeropoÐhshc diathreÐtai ektìc tou oloklhr¸matoc ¸ste na eÐnai efikt 
h efarmog  tou jewr matoc Green–Gauss se autì. Aut  eÐnai mia pr¸th�basik  paradoq 
pou gÐnetai kat� th diakritopoÐhsh twn prostajeropoihmènwn exis¸sewn. Me efarmog  tou
jewr matoc Green–Gauss, to deÔtero qwrikì olokl rwma thc sqèshc 2.44 metatrèpetai se
epifaneiakì olokl rwma sto ìrio tou ìgkou elègqou ∂Ω, dhlad ∫

Ω

∂~U

∂t
dΩ + Γ

∫
∂Ω
(~f inv

i − ~fvis
i ) ni d∂Ω = 0 (2.45)

To epifaneiakì olokl rwma xanagr�fetai, se diakrit  morf , wc �jroisma epimèrouc ìrwn
ki ètsi h sqèsh 2.45 katal gei sth morf 

ΩP

∆tP
∆~UP + ΓP

∑
Q∈nei(P )

{~Φinv
PQ − ~Φvis

PQ} ∆∂Ω = 0 (2.46)

h opoÐa, sthn eidik  perÐptwsh ìpou to upologistikì qwrÐo apoteleÐtai mìno apì trÐgwna
gia 2D   tetr�edra gia 3D, mporeÐ na grafeÐ kai wc

ΩP

∆tP
∆~UP + ΓP

∑
Q∈nei(P )

~Φinv
PQ ∆∂Ω − ΓP

∑
T∈neiT (P )

~Φvis
P,T ∆∂Ω = 0 (2.47)

ìpou ΩP eÐnai to embadìn/ìgkoc thc upologistik c kuyèlhc gÔrw apì ton kìmbo P (sq ma
2.4 gia 2D). Me nei(P ) sumbolÐzontai oi geÐtonec tou kìmbou P , neiT (P ) eÐnai ta trÐgwna
gia 2D   tetr�edra gia 3D pou ton perib�lloun kai ~ΦPQ eÐnai to di�nusma ro c an� mon�da
m kouc pou diasqÐzei to koinì tm ma tou orÐou twn upologistik¸n kuyel¸n pou orÐzontai
gÔrw apì dÔo opoiousd pote epÐ akm c kìmbouc P kai Q.
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2.4.3 Upologismìc Dianusm�twn Ro c

O trìpoc upologismoÔ twn dianusm�twn ro c eÐnai koinìc gia 2D kai 3D roèc. Eidikìtera,
to di�nusma atriboÔc ro c eÐnai p�ntote se antistoÐqish me mia akm  tou plègmatoc kai
upologÐzetai me qr sh tou monodi�statou epilÔth Riemann kat� Roe [215]. SÔmfwna me
autìn, to di�nusma atriboÔc ro c an�mesa stouc kìmbouc P kai Q pou sundèontai me akm ,
upologÐzetai apì th sqèsh

~Φinv
PQ =

1
2

[H(~UL
PQ, ~nPQ) + H(~UR

PQ, ~nPQ)] − 1
2
|ÃPQ| (~UR

PQ − ~UL
PQ) (2.48)

ìpou |ÃPQ| eÐnai h Iakwbian  orÐzousa me tic apìlutec idiotimèc upologismènh me tic mèsec
kat� Roe timèc twn metablht¸n sto mesìkombo an�mesa stouc kìmbouc P kai Q, [215] kai
oi roèc H(~UL

PQ, ~nPQ), H(~UR
PQ, ~nPQ) orÐzontai sth sunèqeia (sqèsh 2.50). Ta ~UL

PQ,
~UR

PQ

eÐnai ta dianÔsmata twn sunthrhtik¸n metablht¸n arister� kai dexi� apì thn antÐstoiqh
diepif�neia, dhlad  to mèso tou tm matoc PQ ( l.q. ìpwc faÐnontai sto sq ma 2.7 gia 2D).
Gia pr¸thc t�xhc akrÐbeia, ta ~UL

PQ,
~UR

PQ lamb�noun tic timèc twn ~UP kai ~UQ antÐstoiqa.

QnP

RL

QnP

RL

Sq ma 2.7: 'Ogkoc elègqou gÔrw apì ton kìmbo P enìc 2D plègmatoc trigwnik¸n stoiqeÐwn.
FaÐnontai to k�jeto sto tm ma tou perigr�mmatoc tou ìgkou olokl rwshc (pou sqetÐzetai
me thn akm  PQ) monadiaÐo di�nusma ~n kaj¸c kai h arister  (L) kai dexi� (R) kat�stash
kat� thn epÐlush tou monodi�statou probl matoc Riemann metaxÔ twn kìmbwn P kai Q.

Gia deÔterhc t�xhc akrÐbeia, upologÐzontai me proekbol  sÔmfwna me tic sqèseic

~UL
PQ = ~UP +

1
2

(
−−→
PQ) ∇~UP

~UR
PQ = ~UQ − 1

2
(
−−→
PQ) ∇~UQ (2.49)

Epeid  oi proekbolèc mporeÐ na prokalèsoun uperektÐmhsh   upoektÐmhsh twn tim¸n twn
~UL

PQ,
~UR

PQ, prokeimènou na exasfalisteÐ h monotonÐa tou sq matoc, qrhsimopoioÔntai su-
nart seic periorismoÔ (limiters). Eidikìtera, sto logismikì URD pou qrhsimopoieÐtai  /kai
emploutÐzetai sthn paroÔsa diatrib , qrhsimopoioÔntai treic sunart seic periorism¸n. Au-
tèc eÐnai, oi sunart seic periorismoÔ twn van Leer–van Albada [249], [247] twn Barth–
Jespersen [36] kai tou Venkataksrishnan [250]. O trìpoc leitourgÐac twn periorist¸n ka-
j¸c kai peraitèrw an�lush touc parousi�zetai sth diatrib  [15]. Sth sunèqeia, gia lìgouc
eukolÐac stouc sumbolismoÔc, oi sqèseic analÔontai upojètontac pr¸thc t�xhc akrÐbeia,
parìlo pou se ìlec tic parousiazìmenec efarmogèc qrhsimopoieÐtai deÔterhc t�xhc akrÐbeia.
Me thn parap�nw upìjesh tÐjetai

H(~UL
PQ, ~nPQ) = H(~UP , ~nPQ)=AP

~UP

H(~UR
PQ, ~nPQ) = H(~UQ, ~nPQ)=AQ

~UQ (2.50)
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kai to di�nusma atriboÔc ro c (2.48) xanagr�fetai

~Φinv
PQ =

1
2

[AP
~UP + AQ

~UQ] − 1
2
|ÃPQ| (~UQ − ~UP ) (2.51)

Sthn perÐptwsh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach, sÔmfwna me touc Van
Leer, Roe [248] to di�nusma ro c prèpei na tropopoihjeÐ ¸ste na eÐnai sumbatì me to
prostajeropoihmèno sÔsthma exis¸sewn. Sugkekrimèna, pollaplasi�zontac to di�nusma
atriboÔc ro c (2.51) me to monadiaÐo mhtr¸o Γ−1Γ, ephre�zetai mìno o deÔteroc ìroc sto
dexÐ mèloc, o opoÐoc, upì tic paradoqèc pou eis�gei h parak�tw sqèsh, xanagr�fetai

|ÃPQ| (~UQ − ~UP ) = |Γ̃−1
PQ Γ̃PQÃPQ| (~UQ − ~UP )

' Γ̃−1
PQ |Γ̃PQÃPQ| (~UQ − ~UP )

= Γ̃−1
PQ |ÃΓPQ

| (~UQ − ~UP ) (2.52)

Sundu�zontac tic sqèseic 2.51 kai 2.52 to di�nusma ro c gia to prostajeropoihmèno sÔ-
sthma lamb�nei thn telik  tou morf 

~Φinv
PQ =

1
2

[AP
~UP + AQ

~UQ] − 1
2

Γ̃−1
PQ |ÃΓPQ

| (~UQ − ~UP ) (2.53)

h opoÐa, gia monadiaÐo mhtr¸o Γ, epanèrqetai sth sqèsh 2.51.

To di�nusma sunektik c ro c upologÐzetai me dÔo enallaktikoÔc trìpouc, ton upologismì
�kat� stoiqeÐo� (~Φvis

P,T ) plègmatoc kai ton upologismì �kat� akm � (~Φvis
PQ). Oi dÔo autèc

ekdoqèc, lamb�noun to ìnom� touc me b�sh ton algorijmikì trìpo upologismoÔ, dhlad  th
s�rwsh stoiqeÐwn   akm¸n tou plègmatoc.

O �kat� stoiqeÐo� upologismìc qrhsimopoieÐtai mìno se plègmata trigwnik¸n gia 2D   te-
traedrik¸n gia 3D stoiqeÐwn. Se aut  thn ekdoq  o upologismìc twn parag¸gwn twn
mh�sunthrhtik¸n metablht¸n ~V gÐnetai jewr¸ntac grammik  katanom  twn metablht¸n se
k�je stoiqeÐo tou plègmatoc. Eidikìtera, se trÐgwno   tetr�edro (kai ta dÔo sumbolÐzon-
tai me T ) gia ton upologismì twn parag¸gwn (∇VT )j thc metablht c j, qrhsimopoieÐtai h
sqèsh

(∇VT )j =
3   4∑
k=1

Vj,k
∂Lk

∂xk
(2.54)

ìpou Lk oi sunart seic morf c tou kìmbou k tou trig¸nou   tetraèdrou.

O �kat� akm � upologismìc eÐnai pio genikìc kai mporeÐ na qrhsimopoihjeÐ kai se ubridik�
plègmata me sunduasmì stoiqeÐwn opoiasd pote morf c. H sunoptik  tou parousÐash gÐ-
netai gia lìgouc plhrìthtac, en¸ perissìterec leptomèreiec mporoÔn na anazhthjoÔn stic
diatribèc [15], [9]. Se aut  thn ekdoq , gia thn eÔresh twn parag¸gwn twn mh�sunthrhtik¸n
metablht¸n se mia akm  (èstw aut  pou en¸nei touc kìmbouc P kai Q), qrhsimopoieÐtai h
sqèsh [253, 36]

(∇VPQ)j =
1
2
[(∇VP )j + (∇VQ)j ] −

[
1
2
[(∇VP )j + (∇VQ)j ] &~n −

Vj,Q − Vj,P

(
−−→
PQ)

]
~n (2.55)
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2.4.4 Yeudo�Qronikì B ma Olokl rwshc

Gia ton upologismì tou yeudo�qronikoÔ b matoc qrhsimopoioÔntai dÔo enallaktikoÐ trìpoi,
oi �kat� stoiqeÐo� kai �kat� akm �. 'Opwc kai sthn perÐptwsh tou arijmhtikoÔ dianÔsmatoc
sunektik c ro c, o pr¸toc trìpoc brÐskei efarmog  mìno se plègmata trigwnik¸n   tetra-
edrik¸n stoiqeÐwn en¸ o deÔteroc mporeÐ na qrhsimopoihjeÐ se plègmata me opoiond pote
sunduasmì stoiqeÐwn.

Gia thn pr¸th ekdoq  (�kat� stoiqeÐo� upologismìc) to topikì, yeudo�qronikì b ma se k�je
kìmbo (èstw P ) dÐnetai apì th genik  sqèsh

∆tP =
CFL

T inv + T vis
(2.56)

ìpou perilamb�nontai dÔo ìroi, o atrib c T inv kai o sunektikìc T vis. CFL eÐnai o arijmìc
Courant−Friedrichs−Lewy, [60] pou epilègetai ètsi ¸ste na exasfalÐzetai o taqÔteroc
dunatìc rujmìc sÔgklishc qwrÐc na diatar�ssetai h eust�jeia tou sq matoc epÐlushc. O
atrib c ìroc upologÐzetai apì thn an�lush eust�jeiac, [84] kai isoÔtai

T inv =
1

hT
(|~u| + c) (2.57)

me hT to el�qisto Ôyoc tou trigwnikoÔ   tetraedrikoÔ stoiqeÐou kai |~u| th mègisth taqÔthta
se autì. O ìroc sthn parènjesh antistoiqeÐ sth mègisth taqÔthta di�doshc thc plhroforÐ-
ac se k�je stoiqeÐo kai sthn perÐptwsh twn prostajeropoihmènwn exis¸sewn tropopoieÐtai,
qrhsimopoi¸ntac thn antÐstoiqh�prostajeropoihmènh mègisth taqÔthta di�doshc thc plh-
roforÐac, wc

T inv =
1

hT

1
2

[
(1 + a)|~u| +

√
[(1 − a)|~u|]2 + 4ac2

]
(2.58)

O sunektikìc ìroc dÐnetai apì th sqèsh (koin  kai gia prostajeropoihmènec kai mh exis¸-
seic)

T vis =
1

h2
T

2γ

ρ

(
µ

Pr
+

µt

Prt

)
(2.59)

Ston deÔtero trìpo upologismoÔ (�kat� akm � upologismìc), to yeudo�qronikì b ma dÐnetai,
[130], wc

∆tP =
CFL ΩP∑
i T

inv
i + T vis

, i = 2   3 gia 2D   3D (2.60)

ìpou ΩP to embadì/ìgkoc tou ìgkou elègqou tou kìmbou P gia ton opoÐo upologÐzetai to
yeudo�qronikì b ma. To atribèc tm ma isoÔtai me

T inv
i = (|ui| + c)ΩPi (2.61)

ìpou ΩPi oi probolèc tou ìgkou elègqou tou kìmbou P kat� thn kateÔjunsh i. O ìroc
sthn parènjesh antistoiqeÐ sth megÐsth taqÔthta di�doshc plhroforÐac an� kateÔjunsh.
Prokeimènou h èkfrash 2.60 tou yeudo�qronikoÔ b matoc na qrhsimopoihjeÐ kai gia tic
prostajeropoihmènec exis¸seic ro c, sthn paroÔsa diatrib , h sqèsh 2.61 prosarmìzetai
wc

T inv
i =

1
2

[
(1 + a)|ui| +

√
[(1 − a)ui]2 + 4ac2

]
ΩPi (2.62)
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O sunektikìc ìroc upologÐzetai apì thn koin , gia prostajeropoihmènec kai mh exis¸seic,
sqèsh

T vis = 2(µ + µt)
ΩP

%
∑

i ΩPi
(2.63)

2.4.5 Arijmhtik  Epibol  Oriak¸n Sunjhk¸n

Stere� Toiq¸mata

'Opwc proanafèrjhke, gia atribeÐc roèc, h sunj kh mh�eisq¸rhshc epib�lletai mhdenÐzon-
tac thn k�jeth sto toÐqwma taqÔthta, dhlad  ~u&~n=0. 'Etsi sto di�nusma atriboÔc ro c,
gia ènan kìmbo sto stereì toÐqwma, apomènoun mìno ìroi pÐeshc

P

Sq ma 2.8: Orismìc ìgkou elègqou
se kìmbo sto stereì toÐqwma.

~Φinv
wall =


0
p~n
0

 (2.64)

AntÐjeta, sthn perÐptwsh sunektik c ro c, h sunj -
kh mh�olÐsjhshc, epib�llei to mhdenismì ìlwn twn
sunistws¸n thc taqÔthtac, dÐnontac mhdenikèc Diri-
chlet sunj kec ui =0 ston kìmbo P tou toiq¸matoc
(sq ma 2.8).

EÐsodoc kai 'Exodoc

Gia thn eÐsodo kai èxodo (deÐktec IO) tou pedÐou ro c, sÔmfwna me to sq ma di�spashc
ro¸n (Flux Vector Spitting, [249]), lamb�netai

~Φinv
IO = A+

P
~UP + A−

P
~Uinf (2.65)

ìpou oi deÐktec P kai inf dhl¸noun ènan oriakì kìmbo kai mia upojetik  kat�stash sto
exwterikì tou qwrÐou antÐstoiqa, en¸ A eÐnai to Iakwbianì mhtr¸o twn atrib¸n ro¸n kat�
thn k�jeth sthn eÐsodo/èxodo kateÔjunsh. Lamb�nontac upìyh tic jetikèc (+) kai arnh-
tikèc (−) idiotimèc, to di�nusma ro c sthn perÐptwsh twn prostajeropoihmènwn exis¸sewn
tropopoieÐtai wc

~Φinv
IO = Γ−1(ΓA+

P )~UP + Γ−1(ΓA−
P )~Uinf ⇒

~Φinv
IO = Γ−1(ΓA)+P ~UP + Γ−1(ΓA)−P ~Uinf ⇒

~Φinv
IO = Γ−1A+

PΓ

~UP + Γ−1A−
PΓ

~Uinf (2.66)

Se peript¸seic ro¸n se perifereiakèc pterug¸seic strobilomhqan¸n, sthn èxodo thc pte-
rÔgwshc efarmìzetai h exÐswsh thc aktinik c isorropÐac

∂p

∂r
= %

u2
per

r
(2.67)

(r eÐnai h aktinik  jèsh kai uper h perifereiak  sunist¸sa thc apìluthc taqÔthtac) ¸ste
na upologisjeÐ h aktinik  katanom  thc statik c pÐeshc, me dedomènh thn tim  thc pÐeshc
sthn aktÐna podìc.



2.5. Μέθοδοι Αριθμητικής Ολοκλήρωσης στον Ψευδο–Χρόνο 33

Periodik� 'Oria

H exasf�lish thc isìthtac twn megej¸n thc ro c se k�je zeÔgoc periodik¸n kìmbwn (èstw
P kai P ′) epitugq�netai sumplhr¸nontac ta dianÔsmata ro c enìc kìmbou me aut� tou antÐ-
stoiqou periodikoÔ tou, kat� touc sqetikoÔc isologismoÔc. Se perifereiakèc pterug¸seic,
h sunj kh aut  ousiastik� antistoiqeÐ sthn �jroish twn antÐstoiqwn dianusm�twn ro c
afoÔ prohghjeÐ peristrof  touc kat� thn perifereiak  kateÔjunsh kat� gwnÐa Ðsh me to
gwniakì b ma thc pterÔgwshc.

2.5 Mèjodoi Arijmhtik c Olokl rwshc ston Yeudo�Qrìno

Gia thn olokl rwsh twn exis¸sewn ro c ston yeudo�qrìno, h dèlta diatÔpwsh wc proc
tic sunthrhtikèc metablhtèc upologÐzei th diìrjwsh ∆~UP an� yeudo�qronikì b ma gia ton
kìmbo P apì th sqèsh

ΩP

∆tP
∆~UP = −~Rm

Γ , (2.68)

ìpou ~Rm
Γ = ΓP

~Rm eÐnai to upìloipo twn exis¸sewn ro c pollaplasiasmèno me to mhtr¸o

prostajeropoÐhshc. To upìloipo ~Rm isoÔtai me

~Rm =
∑

Q∈nei(P )

{~Φinv
PQ − ~Φvis

PQ} ∆∂Ω (2.69)

ìpou upenjumÐzetai ìti nei(P ) eÐnai oi geitonikoÐ kìmboi tou kìmbou P pou sundèontai me
autìn me akm . H epÐlush gÐnetai eÐte me shmeiak� peplegmèno sq ma ìtan m =n + 1 eÐte
me rhtì sq ma, ìtan m=n, me n to metrht  twn yeudo�qronik¸n bhm�twn.

2.5.1 Shmeiak� Peplegmèno Sq ma

SÔmfwna me to shmeiak� peplegmèno sq ma epÐlushc, to upìloipo twn exis¸sewn sto
yeudo�qronikì b ma n + 1 gr�fetai, sunart sei tou upoloÐpou sto prohgoÔmeno b ma n
kai thc diìrjwshc ∆~Un+1 (∆~Un+1 = ~Un+1 − ~Un), wc

~Rn+1
Γ = ~Rn

Γ +
∂ ~RΓ

∂~U
∆~Un+1 (2.70)

'Etsi, gia ton kìmbo P , h sqèsh 2.68 lamb�nei th morf (
ΩP

∆tP
IP +

[
∂ ~RΓ

∂~U

]
P

)
∆~Un+1 = −~Rn

Γ (2.71)

ìpou to IP prokÔptei apì to monadiaÐo mhtr¸o, me monadik  mh�mhdenik  tim  sto diag¸nio

mhtr¸o aut  pou antistoiqeÐ ston kìmbo P . O ìroc
[

∂ ~RΓ

∂~U

]
P
emplèkei touc �mesouc geÐtonec

tou kìmbou P , me trìpo sumbatì me th diakritopoÐhsh. Me b�sh aut  thn emplok , to
aristerì mèloc thc exÐswshc 2.70 qwrÐzetai se diag¸niouc (DP ) kai mh�diag¸niouc ìrouc
(ZQ), wc

Dn
P ∆~Un+1

P +
∑

Q∈nei(P )

Zn
Q∆~Un+1

Q = −~Rn
Γ (2.72)
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ìpou oi DP proèrqontai apì suneisforèc tou proc epÐlush kìmbou P en¸ oi ZQ posoti-
kopoioÔn tic suneisforèc twn geitìnwn Q tou P . H parap�nw exÐswsh epilÔetai me thn
epanalhptik  mèjodo Jacobi, me jmax eswterikèc epanal yeic wc proc th diìrjwsh ∆~Un+1

P ,

∆~Un+1,j+1
P = −(Dn

P )−1

~Rn
Γ +

∑
Q∈nei(P )

Zn
Q∆~Un+1,j

Q

 , j = 1, · · · , jmax (2.73)

apì thn opoÐa telik� prokÔptoun oi nèec timèc twn roðk¸n megej¸n ~Un+1
P (~Un+1

P = ~Un
P +

∆~Un+1
P ).

2.5.2 Rhtì Sq ma

Sthn perÐptwsh rhtoÔ sq matoc h ananèwsh twn tim¸n twn roðk¸n metablht¸n gÐnetai me
th mèjodo Runge–Kutta(RK), [48, 3], me nrk b mata. O algìrijmoc epÐlushc èqei wc ex c

~Un+1,0
P = ~Un

P (2.74)

~Un+1,rk
P = ~Un

P − ark
∆tP
ΩP

~Rn+1,rk−1
Γ , rk = 1, · · · , nrk

~Un+1
P = ~Un+1,nrk

P

ìpou ark suntelestèc pou exart¸ntai apì thn t�xh�b mata thc mejìdou. An nrk = 1 kai
a1 =1 tìte h sqèsh 2.74 odhgeÐ sto pr¸thc t�xhc sq ma Euler. Sun jhc epilog  eÐnai èna
sq ma RK tètarthc t�xhc me touc suntelestèc na lamb�noun tic timèc a1 =0.11, a2 =0.2766,
a3 =0.5 kai a4 =1, [150].

2.6 Qronik� Mh�Mìnimec Exis¸seic Ro c

Gia thn prosomoÐwsh qronik� mh�mìnimwn ro¸n epilÔontai oi exis¸seic

∂~U

∂τ
+

∂~U

∂t
+

∂ ~f inv
i

∂xi
− ∂ ~fvis

i

∂xi
= 0 (2.75)

stic opoÐec, sugkritik� me tic exis¸seic 2.1, èqei prostejeÐ h metabol  ∂~U/∂τ wc proc ton
pragmatikì qrìno τ . Gia th qronik  diakritopoÐhsh, qrhsimopoieÐtai èna sq ma deÔterhc
t�xhc sto qrìno, sÔmfwna me to opoÐo h qronik  par�gwgoc twn metablht¸n thc ro c
ekfr�zetai wc (

∂~U

∂τ

)k+1

=
3~Uk+1 − 4~Uk + ~Uk−1

2∆τ
(2.76)

ìpou ∆τ to pragmatikì qronikì b ma kai k o metrht c twn pragmatik¸n qronik¸n stigm¸n.
Me je¸rhsh antÐstoiqh me aut n tou yeudo�qrìnou, k+1 eÐnai h trèqousa (proc epÐlush)
qronik  stigm  en¸ k kai k− 1 oi dÔo prohgoÔmenec qronikèc stigmèc. To pragmatikì
qronikì b ma lamb�nei tim  h opoÐa orÐzetai apì to qr sth. O ìroc tou yeudo�qronikoÔ
b matoc, ∂~U/∂t, prostÐjetai gia arijmhtikoÔc lìgouc kai qrhsimopoieÐtai gia th sÔgklish
twn exis¸sewn se k�je pragmatikì qronikì b ma.
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Gia thn epÐlush qronik� mh�mìnimwn ro¸n se qamhlèc taqÔthtec, h prostajeropoÐhsh exa-
koloujeÐ na �epidr�� sto yeudo�qronikì ìro twn exis¸sewn

∂~U

∂τ
+ Γ−1 ∂~U

∂t
+

∂ ~f inv
i

∂xi
− ∂ ~fvis

i

∂xi
= 0 (2.77)

kai, ousiastik�, gia k�je pragmatik  qronik  stigm  τ , epilÔetai to prostajeropoihmèno
sÔsthma twn exis¸sewn. Oi ìroi pou prokÔptoun apì thn pragmatik  qronik  par�gwgo,
antimetwpÐzontai wc ìroi �phg c�.

2.7 EpÐlush se Poluepexergastikì Perib�llon

To logismikì epÐlushc twn exis¸sewn Navier–Stokes pou perigr�fetai sto parìn kef�laio
èqei programmatisteÐ ¸ste na uposthrÐzei epÐlush se perib�llon par�llhlhc epexergasÐac.
Oi lìgoi pou epib�lloun thn par�llhlh ektèlesh enìc logismikoÔ URD eÐnai h endeqìmenh
adunamÐa ektèleshc enìc probl matoc meg�lhc klÐmakac se èna mìno epexergast  lìgw
periorism¸n diajèsimhc mn mhc  /kai h an�gkh gia shmantik  meÐwsh tou upologistikoÔ
kìstouc. H �logik � thc parallhlopoÐhshc tou logismikoÔ thc paroÔsac diatrib c eÐnai
aut  tou diamerismoÔ tou upologistikoÔ qwrÐou se upoqwrÐa kai h an�jesh thc epÐlushc
kajenìc ap�aut� se diaforetikì epexergast , [143].

Sth sunèqeia, upotÐjetai ìti oi diajèsimoi epexergastèc pou ja qrhsimopoihjoÔn kat� thn
par�llhlh epexergasÐa eÐnai Ðdioi, dhlad  èqoun Ðdia isqÔ kai mn mh kai eÐte eÐnai apoklei-
stik� diajèsimoi eÐte èqoun Ðdio kai stajerì upologistikì fortÐo. Upì aut n thn paradoq ,
h parallhlopoÐhsh tou logismikoÔ URD, prokeimènou na eÐnai apodotik  (dhlad , na e-
kmetalleÔetai pl rwc th diajèsimh upologistik  isqÔ all� kai na epitugq�nei th mègisth
par�llhlh epit�qunsh kat� thn epÐlush), prèpei na exasfalÐzei (a) thn isokatanom  tou
upologistikoÔ fortÐou stouc diajèsimouc epexergastèc, (b) thn elaqistopoÐhsh tou ìgkou
epikoinwnÐac metaxÔ twn upoqwrÐwn kai (g) thn elaqistopoÐhsh thc suqnìthtac epikoinwnÐac.

Dedomènhc thc mejìdou parallhlopoÐhshc pou proanafèrjhke, ta dÔo pr¸ta qarakthri-
stik� exart¸ntai apì to logismikì diamerismoÔ tou upologistikoÔ qwrÐou en¸ to teleutaÐo
afor� sto sqediasmì�programmatismì tou logismikoÔ URD. Stic dÔo upoenìthtec pou ako-
loujoÔn analÔontai h mèjodoc diamerismoÔ tou upologistikoÔ qwrÐou all� kai h ulopoÐhsh,
o programmatismìc kai oi prosj kec sto seiriakì logismikì URD prokeimènou na eÐnai e-
fikt  h ektèlesh tou se poluepexergastikì perib�llon.

2.7.1 Diamerismìc UpologistikoÔ QwrÐou

Gia to diamerismì tou upologistikoÔ qwrÐou qrhsimopoieÐtai h mèjodoc kai to logismikì
pou anaptÔqjhke sto plaÐsio thc diatrib c [8] sto EJS/EMP. Prìkeitai gia mia mèjodo
diamerismoÔ mh�domhmènwn plegm�twn kai, genikìtera, gr�fwn se mh�allhlokaluptìmena
upoqwrÐa. O diamerismìc tou upologistikoÔ qwrÐou an�getai sthn epÐlush enìc probl matoc
diamerismoÔ tou isodÔnamou gr�fou me qr sh exeliktik¸n algorÐjmwn. Prokeimènou na
epitaqunjeÐ o diamerismìc, qrhsimopoieÐtai èna poluepÐpedo sq ma sustol c tou gr�fou
kai euretikèc teqnikèc [99]. H anagwg  se gr�fo kajist� th mèjodo efarmìsimh se k�je
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tÔpo plègmatoc (�ra kai se 2D kai 3D ubridik� plègmata apoteloÔmena apì opoiond pote
sunduasmì plegmatik¸n stoiqeÐwn3).

Wc krit ria gia ton diamerismì tÐjentai o Ðsoc arijmìc plegmatik¸n stoiqeÐwn an� upoqwrÐo
kai h elaqistopoÐhsh tou orÐou (akmèc   èdrec) metaxÔ twn upoqwrÐwn. Apì ta parap�nw, h
elaqistopoÐhsh thc diepif�neiac metaxÔ twn upoqwrÐwn exasfalÐzei kai thn elaqistopoÐhsh
tou ìgkou epikoinwnÐac kat� thn epÐlush, en¸ o Ðsoc arijmìc stoiqeÐwn apoblèpei sthn
isokatanom  tou upologistikoÔ fortÐou stouc epexergastèc. To teleutaÐo eÐnai alhjèc
mìno upì thn proôpìjesh ìti k�je plegmatikì stoiqeÐo apaiteÐ to Ðdio upologistikì kìstoc
kat� thn arijmhtik  epÐlush twn exis¸sewn ro c (basik  upìjesh pou gÐnetai sth diatrib 
[8] kat� th jemelÐwsh thc mejìdou).

To logismikì diamerismoÔ plègmatoc pou perigr�fhke qrhsimopoieÐtai autoÔsio kai qwrÐc
kamÐa parèmbash kai sthn paroÔsa diatrib . Prìkeitai gia mia mèjodo h opoÐa èqei  dh
sugkrijeÐ kai axiologhjeÐ tìso sth diatrib  [8] ìso kai stic sqetikèc ergasÐec [99],[94] me
exairetik� apotelèsmata. O diamerismìc epitugq�netai se polÔ sÔntomo qrìno, q�rh sto
poluepÐpedo sq ma sustol c gr�fou kai tic euretikèc teqnikèc en¸ ta apotelèsmata eÐnai
sqedìn ta bèltista me b�sh ta tejènta krit ria.

Me b�sh ta ìsa analÔjhkan se prohgoÔmenh enìthta sqetik� me ton trìpo epÐlushc, è-
gine fanerì ìti tìso ta stoiqeÐa ìso kai kurÐwc oi akmèc tou plègmatoc diadramatÐzoun
shmantikì rìlo sto telikì kìstoc upologismoÔ. 'Etsi, to up�rqon krit rio gia Ðdio arijmì
plegmatik¸n stoiqeÐwn se k�je upoqwrÐo prèpei na anajewrhjeÐ lamb�nontac upìyh kai ( 
mìno) tic akmèc. SÔmfwna me to je¸rhma tou Euler, h susqètish twn eswterik¸n (deÐkthc
ie) kai oriak¸n akm¸n (deÐkthc be) me tic èdrec enìc plègmatoc (deÐkthc f kai ènac akèraioc
pou dhl¸nei to pl joc twn koruf¸n k�je èdrac) dÐnetai apì th genik  sqèsh, [35],

2nie + nbe =
∑
i≥3

i &nf(i)
(2.78)

h opoÐa, gia 2D plègma trigwnik¸n stoiqeÐwn xanagr�fetai proseggistik� wc 2nie≈3nf(3)
,

me nf(3)
to pl joc twn trig¸nwn. Aut  h analogÐa akm¸n�trig¸nwn (3 proc 2) eÐnai akrib c

ìso 2nieÀnbe. Me to diamerismì tou plègmatoc se upoqwrÐa kai m�lista, ìso aux�nei to
pl joc touc, h paradoq  2nieÀnbe se k�je upoqwrÐo tÐjetai se amfisb thsh. Se ubridik�
2D plègmata, h 2.78 gr�fetai wc 2nie +nbe = 3nf(3)

+4nf(4)
ìpou nf(4)

eÐnai to pl joc
twn tetrapleÔrwn. EÐnai, loipìn, profanèc ìti h isokatanom  twn plegmatik¸n stoiqeÐwn
sta epimèrouc qwrÐa den eggu�tai anagkastik� ton isomoirasmì twn akm¸n tou plègmatoc,
�ra kai thn isokatanom  tou upologistikoÔ fortÐou stouc diajèsimouc epexergastèc. Autì
ja Ðsque mìno sthn perÐptwsh ìpou k�je upoqwrÐo perieÐqe Ðso arijmì trigwnik¸n kai
tetrapleurik¸n stoiqeÐwn, k�ti to opoÐo mìno tuqaÐa ja mporoÔse na epiteuqjeÐ. Proc
aut  thn kateÔjunsh ja  tan epijumht  h prosj kh sunart sewn barÔthtac gia k�je tÔpo
stoiqeÐou k�ti to opoÐo eÐnai efiktì kai h upodom  tou logismikoÔ diamerismoÔ to epitrèpei.
To prìblhma ìmwc pou tÐjetai eÐnai o orismìc aut¸n twn sunart sewn b�sei tou �kìstouc�
upologismoÔ gia k�je stoiqeÐo, to opoÐo den eÐnai profanèc. 'Opwc gÐnetai antilhptì, to

3DieukrinÐzetai ìti me ton ìro plegmatikì stoiqeÐo dhl¸netai ekeÐno to stoiqeÐo tou upologistikoÔ
qwrÐou pou èqei thn Ðdia di�stash me to proc epÐlush prìblhma/qwrÐo. Eidikìtera se 2D qwrÐa, wc
plegmatik� stoiqeÐa nooÔntai ta trÐgwna kai ta tetr�pleura, en¸ se 3D ta tetr�edra, oi pentaedrikèc
puramÐdec, ta prÐsmata kai ta ex�edra.
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prìblhma autì enteÐnetai se 3D plègmata kai m�lista ubridik�, ìpou den eÐnai dunat  oÔte
kan h susqètish plegmatik¸n stoiqeÐwn me akmèc.

Se ìla ta parap�nw prèpei na lhfjeÐ epiplèon upìyh ìti h apìdosh apì th qr sh polu-
epexergasÐac ephre�zetai kai apì to eÐdoc twn qrhsimopoioÔmenwn epexergast¸n. Eidikì-
tera, se eterogen  sust mata diasundedemènwn epexergast¸n (ìpwc kai to sÔsthma tou
EJS/EMP), ìpou oi epexergastèc den èqoun ìloi ta Ðdia qarakthristik�, h isokatanom 
upologistikoÔ fortÐou den eggu�tai aparaÐthta kai thn �apìluth� apìdosh kaj¸c plèon
aut  exart�tai kai apì ton k�je epexergast . Se mikr� sust mata ìpou oi qr stec eÐnai
lÐgoi kai gnwrÐzoun ta qarakthristik� tou k�je mhqan matoc, jewrhtik� mporoÔn gia thn
par�llhlh epexergasÐa na epilèxoun Ðdiouc epexergastèc qwrÐc epiplèon fortÐo apì �llouc
qr stec kai na epitÔqoun exairetik  par�llhlh apìdosh. Aut  h ekdoq  bèbaia eÐnai polÔ
dÔskolo na epiteuqjeÐ, idÐwc sta sÔgqrona sust mata diasundedemènwn upologist¸n pou
eÐnai kai gewgrafik� apomakrusmèna (Grid Computing), ìpou tètoiou eÐdouc epilog  kai
sunennìhsh den eÐnai efikt    epitrept .

Ta anwtèrw sqìlia, par� to gegonìc ìti epikentr¸jhkan sth mèjodo [99], eÐnai genik�
kai isqÔoun kai gia k�je mèjodo�logismikì diamerismoÔ plegm�twn pou efarmìzei antÐstoi-
qa krit ria kat� to diamerismì, l.q. [138]. Oloklhr¸nontac, epanalamb�netai ìti telik�
h mèjodoc qrhsimopoieÐtai wc èqei gia to diamerismì opoioud pote tÔpou plegm�twn kai
krÐnontac ek tou apotelèsmatoc sumperifèretai ikanopoihtik� kaj¸c den parathr jhkan
�kajuster seic� exaitÐac autoÔ.

2.7.2 ParallhlopoÐhsh AlgorÐjmou EpÐlushc

Sqetik� me thn parallhlopoÐhsh tou logismikoÔ epÐlushc twn exis¸sewn Navier–Stokes,
aut  basÐzetai sto montèlo suntonist �erg�th4 me qr sh twn prwtokìllwn epikoinwnÐac
PVM   MPI, [88, 106]. To upìbajro kai h logik  thc parallhlopoÐhshc eÐnai ìmoia me aut 
pou qrhsimopoi jhke kai se prohgoÔmenec diatribèc sto EJS/EMP [14, 8, 15] sto antÐstoi-
qo jèma. H suneisfor� thc diatrib c sto logismikì kai sthn parallhlopoÐhsh entopÐzetai
afenìc sthn epanadiatÔpwsh�epanaprogrammatismì uparqous¸n diergasi¸n, all� kai sthn
prosj kh nèwn ¸ste na kalufjoÔn oi nèec leitourgÐec tou logismikoÔ (prostajeropoÐhsh,
mh�mìnimec roèc), ta opoÐa perigr�fontai parak�tw.

Wc proc thn pr¸th suneisfor�, pragmatopoi jhke anadi�rjrwsh/epanasÔntaxh twn f�sewn
epikoinwnÐac me stìqo thn elaqistopoÐhsh tou qrìnou antallag c mhnum�twn. Oi allagèc
autèc aforoÔn sthn ulopoÐhsh tou algorÐjmou, èginan se sunergasÐa me tic tautìqrona
exelissìmenec diatribèc [9, 10] kai den anafèrontai kaj¸c stìqoc tou keimènou den eÐnai na
upeisèljei se tètoiou eÐdouc programmatistikèc leptomèreiec.

'Oson afor� stic nèec mejìdouc pou prostèjhkan sto logismikì, h prostajeropoÐhsh qa-
mhl¸n arijm¸n Mach den eis�gei kamÐa epiplèon epikoinwnÐa. Autì giatÐ, programmatistik�,
h efarmog  thc prostajeropoÐhshc eÐnai �topik � (afor� l.q. ènan kìmbo   mia akm  kai
den emplèkei geitonik� touc stoiqeÐa) kai o upologismìc tou mhtr¸ou prostajeropoÐhshc
(to opoÐo qrhsimopoieÐtai eÐte se kìmbouc tou plègmatoc eÐte sto mèso akm¸n) mporeÐ na

4master–slave
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gÐnei memonwmèna se k�je upoqwrÐo, afoÔ k�je erg�thc diajètei ìla ta aparaÐthta dedo-
mèna. Apì thn �llh, h par�llhlh ektèlesh qronik� mh�mìnimwn ro¸n apaiteÐ epikoinwnÐa
twn ergat¸n me to suntonist  gia apostol  kai l yh dedomènwn kat� thn olokl rwsh e-
nìc pragmatikoÔ qronikoÔ b matoc kai to sugqronismì twn ergat¸n�epexergast¸n prin thn
ènarxh tou epìmenou pragmatikoÔ b matoc.

Epiplèon, se sunergasÐa me th diatrib  [9] thc opoÐac kentrikì jèma eÐnai h qr sh ubridi-
k¸n plegm�twn, h paroÔsa diatrib  suneisèfere sthn parallhlopoÐhsh twn nèwn stoiqeÐwn
tou sunolikoÔ logismikoÔ tou EJS/EMP. Eidikìtera, to logismikì epÐlushc twn exis¸se-
wn Navier–Stokes pou èqei anaptuqjeÐ sto EJS/EMP eÐnai plèon eniaÐo kai kalÔptei thn
epÐlush mìnimwn   mh�mìnimwn ro¸n uyhl¸n kai qamhl¸n taqut twn (mèsw prostajeropoÐ-
hshc) me qr sh mh�domhmènwn   ubridik¸n plegm�twn me dunatìthta prosarmog c touc sth
lÔsh, [14, 16].

H parallhlopoÐhsh tou logismikoÔ sqediasmoÔ bèltistwn aerodunamik¸n morf¸n me qr sh
suzug¸n teqnik¸n apaÐthse parallhlopoÐhsh h opoÐa akoloÔjhse to prìtupo aut c pou
proanafèrjhke gia ton epilÔth thc ro c. 'Etsi parallhlopoi jhke kai to logismikì epÐlu-
shc twn suzug¸n exis¸sewn kai dhmiourg jhke ènac kentrikìc diaqeirist c upeÔjunoc gia
th diìrjwsh thc gewmetrÐac se k�je kÔklo beltistopoÐhshc kai thn par�llhlh ektèlesh
tìso twn exis¸sewn ro c ìso kai twn suzug¸n exis¸sewn, ìpwc ja analujeÐ ekten¸c se
epìmeno kef�laio.

'Olec oi prosj kec  /kai tropopoi seic èqoun eisaqjeÐ�programmatisteÐ me trìpo ¸ste to
logismikì URD na ekteleÐtai tìso seiriak� ìso kai par�llhla, me qr sh tou prwtokìllou
epikoinwnÐac PVM   MPI , qwrÐc kamÐa peraitèrw epèmbash ston k¸dika. To mìno pou
tropopoieÐtai eÐnai oi biblioj kec sust matoc pou epilègontai kat� th met�frash tou lo-
gismikoÔ. Autì epitugq�netai mèsw miac endi�meshc �biblioj khc� pou dhmiourg jhke (bl.
kai [9, 13]) kai perièqei tic kl seic sto prwtìkollo epikoinwnÐac. 'Etsi, an�loga me tic
epilogèc tou qr sth kat� th met�frash tou logismikoÔ, autì eÐnai kat�llhlo gia seiriak 
  par�llhlh ektèlesh me PVM   MPI.

Parak�tw, anafèrontai oi basikèc ergasÐec tou suntonist  kai tou erg�th kaj¸c kai oi
apaitoÔmenec epikoinwnÐec tìso tou suntonist  me touc erg�tec ìso kai twn ergat¸n metaxÔ
touc.

O suntonist c eÐnai autìnomo tm ma k¸dika, to opoÐo ekteleÐtai seiriak� se ènan apì touc
epexergastèc ìpou ja ektelesteÐ ki ènac erg�thc. EÐnai upeÔjunoc gia to sunolikì upo-
logistikì qwrÐo kai gia thn an�jesh thc epÐlushc k�je tm matoc autoÔ se diaforetikì
epexergast �erg�th. Dedomènou ìti qeirÐzetai ìlo to upologistikì qwrÐo kai genik� ekte-
leÐtai tautìqrona me k�poio erg�th (se sugkekrimènec qronikèc stigmèc), basikìc stìqoc
kat� ton programmatismì tou eÐnai na ekteleÐ tic kat� to dunatìn el�qistec ergasÐec (mìno
tic aparaÐthtec) ¸ste na mhn ephre�zei to fortÐo tou epexergast  kai �ra thn ektèlesh thc
diergasÐac tou erg�th. Oi basikèc ergasÐec pou diekperai¸nei eÐnai:

(a) Arqik� qeirÐzetai ìlo to upologistikì qwrÐo, to diamerÐzei se tìsa upoqwrÐa ìsoi oi
diajèsimoi epexergastèc kai upologÐzei mìno ta aparaÐthta stoiqeÐa topologÐac.

(b) Mèsw kat�llhlwn kl sewn tou prwtokìllou epikoinwnÐac xekin� tic diergasÐec twn
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ergat¸n kai apostèllei dedomèna sqetik� me to proc epÐlush roðkì prìblhma (sun-
j kec ro c). Tautìqrona dhmiourgeÐ topik  arÐjmhsh gia k�je upoqwrÐo, tic lÐstec
epikoinwnÐac metaxÔ touc kai apostèllei aut� stouc erg�tec. Se autì to shmeÐo,
ousiastik� oloklhr¸netai h prokatarktik  f�sh thc ergasÐac.

(g) Me to pèrac k�je epan�lhyhc, sullègei ta epimèrouc upìloipa apì thn epÐlush twn
exis¸sewn (mètro thc sÔgklishc) se k�je erg�th, sunjètei to sunolikì upìloipo an�
exÐswsh, elègqei th sÔgklish kai apofasÐzei gia th sunèqish   ton termatismì thc
epÐlushc.

(d) An� sugkekrimèno arijmì epanal yewn pou èqei oristeÐ apì to qr sth   me thn olo-
kl rwsh twn upologism¸n, analamb�nei th sullog  twn tim¸n twn metablht¸n ro c,
thn antistoÐqis  touc sto sunolikì plègma kai thn apoj keush twn apotelesm�twn.

K�je erg�thc apì thn pleur� tou, afoÔ l�bei ta aparaÐthta dedomèna apì to suntonist ,
dhlad  tic sunj kec ro c kai to tm ma tou upoqwrÐou pou tou analogeÐ me topik  arÐjmhsh,
xekin� thn epÐlush twn exis¸sewn ro c sto upoqwrÐo tou. H epÐlush se poluepexergastikì
perib�llon epib�llei merikèc tropopoi seic kai prosj kec ston arqikì�seiriakì k¸dika.
B�sh tou trìpou diamerismoÔ tou plègmatoc pou analÔjhke parap�nw, ta prokÔptonta
upoqwrÐa diajètoun koinì ìrio akm¸n kai kìmbwn me k�je geitonikì upoqwrÐo. 'Etsi kat�
thn epanalhptik  epÐlush twn exis¸sewn eÐnai aparaÐthtec oi parak�tw epikoinwnÐec metaxÔ
twn ergat¸n:

Wc proc touc ìgkouc elègqou: H pr¸th basik  epikoinwnÐa lamb�nei q¸ra kat� ton
upologismì twn ìgkwn elègqou gia k�je kìmbo tou upologistikoÔ plègmatoc. SÔm-
fwna me ton trìpo diamerismoÔ tou plègmatoc, èna plegmatikì stoiqeÐo an kei apo-
kleistik� se èna upoqwrÐo. 'Ara, gia ènan kìmbo sto endi�meso ìrio metaxÔ upoqwrÐwn
kajèna apì aut� mporeÐ na upologÐsei mìno ekeÐno to tm ma tou ìgkou elègqou pou
tou antistoiqeÐ (an�loga me ton arijmì twn plegmatik¸n stoiqeÐwn sta opoÐa an kei
o kìmboc). 'Etsi k�je upoqwrÐo, afoÔ upologÐsei ton ìgko elègqou gia k�je kìmbo
tou epikoinwneÐ me ta geitonik� tou upoqwrÐa ¸ste na sumplhr¸sei ta �tm mata� tou
ìgkou elègqou pou tou leÐpoun stouc kìmbouc epikoinwnÐac me geitonik� upoqwrÐa.

Wc proc tic parag¸gouc roðk¸n megej¸n: AntÐstoiqh epikoinwnÐa apaiteÐtai kat� ton
upologismì twn parag¸gwn twn roðk¸n megej¸n kaj¸c, se mh�domhmèna plègmata,
oi par�gwgoi upologÐzontai se k�je trigwnikì   tetraedrikì stoiqeÐo kai suneisforèc
touc epimerÐzontai stouc treic   tèsseric kìmbouc tou. H epikoinwnÐa apaiteÐtai akìma
kai sthn perÐptwsh ìpou oi par�gwgoi upologÐzontai an� akm  plègmatoc, ìpwc l.q.
gÐnetai sta 2d   3D ubridik� plègmata.

Wc proc to qronikì b ma: Epiplèon, epikoinwnÐa apaiteÐtai gia thn eÔresh tou yeudo�
qronikoÔ b matoc olokl rwshc se k�je kìmbo, eÐte autì upologÐzetai an� plegmatikì
stoiqeÐo eÐte an� akm  se k�je upoqwrÐo.

Wc proc ta dianÔsmata ro c: Kat� ton upologismì tou dexioÔ mèlouc thc exÐswshc
2.68, apaiteÐtai epikoinwnÐa stouc oriakoÔc�metaxÔ upoqwrÐwn kìmbouc, prokeimènou
na antall�xoun plhroforÐa gia ta dianÔsmata ro c pou diasqÐzoun ton ìgko elègqou
(k�je upoqwrÐo mporeÐ na upologÐsei mìno ta dianÔsmata ro c pou diasqÐzoun to ìrio
tou ìgkou elègqou to opoÐo tou an kei).
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Wc proc thn epÐlush: Tèloc, sthn perÐptwsh epÐlushc me thn shmeiak� peplegmènh mèjo-
do Jacobi, se k�je eswterik  epan�lhyh up�rqei epikoinwnÐa twn kìmbwn pou brÐskon-
tai metaxÔ upoqwrÐwn ¸ste na l�boun ìlh thn plhroforÐa apì touc mh�diag¸niouc
ìrouc ZQ thc sqèshc 2.73.



Kef�laio 3

Prìlexh PedÐwn Ro c me
ProstajeropoÐhsh�Efarmogèc

Sto kef�laio parousi�zontai efarmogèc prìlexhc 2D   3D mìnimwn kai mh�mìnimwn ro¸n
se pterug¸seic strobilomhqan¸n, memonwmènec aerotomèc, aerosk�fh kai agwgoÔc, qrhsi-
mopoi¸ntac to logismikì me prostajeropoÐhsh qamhl¸n arijm¸n Mach (kef�laio 2)

To kef�laio xekin� me sÔgkrish tou rujmoÔ sÔgklishc all� kai twn apotelesm�twn apì
thn epÐlush me kai qwrÐc prostajeropoÐhsh. Stìqoc eÐnai h apotÐmhsh tou upologistikoÔ
kèrdouc apì th qr sh thc prostajeropoÐhshc. Dedomènou ìti to logismikì b�shc tou
anaptuqjèntoc sth diatrib  logismikoÔ apotèlese antikeÐmeno prohgoÔmenwn diatrib¸n sto
EJS/EMP, [14, 8, 15] ìpou up rxe epark c pistopoÐhs  tou se eÔroc efarmog¸n, sthn
paroÔsa diatrib  to endiafèron metatopÐzetai proc to kèrdoc pou prokÔptei apì th qr sh
thc prostajeropoÐhshc qamhl¸n arijm¸n Mach.

Stic peript¸seic ro c pou akoloujoÔn, h an�lush gÐnetai me to logismikì me prostajero-
poÐhsh kai, kat� perÐptwsh, parousi�zontai kai sugkrÐseic twn apotelesm�twn me �llouc
upologismoÔc apì th bibliografÐa   me diajèsimec peiramatikèc metr seic. 'Olec oi parou-
siazìmenec sugklÐseic dÐnontai morf  tou dekadikoÔ logarÐjmou thc nìrmac tou upoloÐpou
twn epiluìmenwn exis¸sewn.

3.1 ApotÐmhsh Kèrdouc apì th Qr sh thc ProstajeropoÐ-
hshc

Se aut  thn enìthta apotim�tai to kèrdoc apì th qr sh thc prostajeropoÐhshc se roèc
qamhl¸n arijm¸n Mach kai, gia to skopì autì, analÔontai epilegmèna probl mata ro c.
Gia lìgouc sÔgkrishc, oi upologismoÐ epanalamb�nontai me kai qwrÐc prostajeropoÐhsh
qrhsimopoi¸ntac ton epilÔth Jacobi.

3.1.1 Prìlexh Ro c se 2D PterÔgwseic Sumpiest¸n

H pr¸th efarmog  afor� thn an�lush atriboÔc ro c se mia 2D pterÔgwsh sumpiest , me
isentropikì Mach exìdou M2is =0.15 kai gwnÐa eisìdou thc ro c α1 =41◦. Leptomèreia tou
upologistikoÔ plègmatoc me perÐpou 6000 kìmbouc kai 13000 trigwnik� stoiqeÐa gÔrw apì
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thn pterÔgwsh faÐnetai sto sq ma 3.1. Sto sq ma 3.2 parousi�zetai o rujmìc sÔgklishc
ìlwn twn exis¸sewn me kai qwrÐc th qr sh thc prostajeropoÐhshc. Se k�je perÐptwsh
(kai gia ìlec oi exis¸seic) to prostajeropoihmèno sÔsthma exis¸sewn odhgeÐ se taqÔterh
sÔgklish. Sugkekrimèna, gia sÔgklish twn exis¸sewn kat� 8 t�xeic megèjouc h sÔgklish
me tic prostajeropoihmènec exis¸seic epitugq�netai 3 forèc grhgorìtera. H epÐlush twn
exis¸sewn, prostajeropoihmènwn kai mh, odhgeÐ se ìmoio pedÐo ro c, ìpwc faÐnetai sto
sq ma 3.3 ìpou parousi�zetai to pedÐo tou arijmoÔ Mach. Parìla aut�, sthn katanom 
tou suntelest  pÐeshc sto stereì toÐqwma (sq ma 3.4), to prostajeropoihmèno sÔsthma
exis¸sewn moi�zei na exomalÔnei �afÔsikec� uperakontÐseic stic akmèc prìsptwshc kai ek-
fug c tou pterugÐou. Autì ofeÐletai ston tropopoihmèno ìro thc teqnht c sunektikìthtac
kat� to sqhmatismì tou atriboÔc dianÔsmatoc ro c (exÐswsh 2.53).

Sq ma 3.1: Ro  se 2D pterÔgwsh sumpiest  (M2is = 0.15, α1 = 41◦). Leptomèreia tou
upologistikoÔ plègmatoc, pou apoteleÐtai apokleistik� apì trigwnik� stoiqeÐ, kont� sthn
pterÔgwsh. H an�nti kai kat�nti èktash tou upologistikoÔ qwrÐou faÐnetai sto sq ma 3.3.
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Sq ma 3.2: Ro  se 2D pterÔgwsh sumpiest  (M2is =0.15, α1 =41◦). SÔgkrish tou rujmoÔ
sÔgklishc twn exis¸sewn ro c me kai qwrÐc prostajeropoÐhsh.

Sq ma 3.3: Ro  se 2D pterÔgwsh sumpiest  (M2is =0.15, α1 =41◦). PedÐo kai isogrammèc
arijmoÔ Mach apì thn epÐlush me (ep�nw) kai qwrÐc (k�tw) prostajeropoÐhsh.
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Sq ma 3.4: Ro  se 2D pterÔgwsh sumpiest  (M2is = 0.15, α1 = 41◦). SÔgkrish twn
katanom¸n tou suntelest  pÐeshc pou prokÔptoun apì to logismikì epÐlushc twn exis¸sewn
Euler me kai qwrÐc prostajeropoÐhsh.

AntÐstoiqa apotelèsmata sqetik� me thn epit�qunsh thc epÐlushc, sq ma 3.6, lamb�nontai
kai gia thn perÐptwsh turb¸douc ro c se mia pterÔgwsh sumpiest  elegqìmenhc di�qushc
se sunj kec M2is = 0.07, α1 = 41◦, Re = 9×105 kai lìgo axonik c taqÔthtac puknìth-
tac AV DR = 0.91. Gia thn epÐlush qrhsimopoieÐtai to montèlo tÔrbhc miac exÐswshc twn
Spalart–Allmaras me sunart seic toÐqou. To upologistikì plègma (perÐpou 8000 kìmbwn
kai 15000 trigwnik¸n stoiqeÐwn) perilamb�nei diastrwmat¸seic gÔrw apì to stereì toÐqw-
ma (sq ma 3.5). UpenjumÐzetai ìti h exÐswsh tou montèlou thc tÔrbhc den upìkeitai se
prostajeropoÐhsh. H sÔgklish twn exis¸sewn mèshc ro c, ìmwc, eÐnai saf¸c grhgorìterh
ìtan s�autèc epidr� h prostajeropoÐhsh kai h tìte prokÔptousa lÔsh emfan¸c beltiwmènh,
sq ma 3.7. Sto sq ma 3.6 axÐzei na parathrhjeÐ h poreÐa sÔgklishc twn exis¸sewn thc
orm c kat� x kai y. 'Hdh apì tic 1000 epanal yeic, to upìloipo twn prostajeropoihmènwn
exis¸sewn èqei meiwjeÐ kat� perÐpou 10 t�xeic megèjouc. AntÐjeta, h apousÐa prostajero-
poÐhshc, ston Ðdio arijmì epanal yewn, odhgeÐ se meÐwsh tou upoloÐpou mìno kat� 4 t�xeic
megèjouc kai h klÐsh thc poreÐac sÔgklishc eÐnai polÔ mikr .

1O trìpoc epÐlushc me AV DR�p�qoc swl na ro c perigr�fetai sto par�rthma Aþ.
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Sq ma 3.5: Ro  se 2D pterÔgwsh sumpiest  (M2is =0.07, α1 =41◦, Re=9×105). Lepto-
mèreia upologistikoÔ plègmatoc kont� sthn aerotom .
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Sq ma 3.6: Ro  se 2D pterÔgwsh sumpiest  (M2is =0.07, α1 =41◦, Re=9×105). SÔgkrish
tou rujmoÔ sÔgklishc twn exis¸sewn ro c me kai qwrÐc prostajeropoÐhsh.
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Sq ma 3.7: Ro  se 2D pterÔgwsh sumpiest  (M2is =0.07, α1 =41◦, Re=9×105). SÔgkrish
thc katanom c tou suntelest  pÐeshc apì thn prokÔptousa lÔsh me to logismikì me kai
qwrÐc prostajeropoÐhsh.
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3.1.2 Prìlexh Ro c gÔrw apì 2D Memonwmènec Aerotomèc

Sthn perÐptwsh memonwmènwn aerotom¸n, to kèrdoc apì th qr sh thc prostajeropoÐhshc
gÐnetai eukolìtera emfanèc dedomènou ìti oi taqÔthtec ro c se autèc mporeÐ na eÐnai akìma
pio mikrèc. H pr¸th efarmog  se memonwmènec aerotomèc afor� sthn atrib  ro  gÔrw apì
aerotom  NACA 4415 (sq ma 3.8) se gwnÐa ep��peiro ro c α∞ =4◦ kai treic diaforetikèc
taqÔthtec ro c pou antistoiqoÔn se M∞ = 0.2, 0.05 kai 0.001. Apì ta apotelèsmata,
sq mata 3.9, 3.10 kai 3.11, eÐnai emfanèc ìti ìso o M∞ mei¸netai, to kèrdoc apì th qr sh thc
prostajeropoÐhshc megal¸nei. Pio sugkekrimèna, gia M∞=0.2, to kèrdoc apì th qr sh thc
prostajeropoÐhshc eÐnai mikrì, all� uparktì. Stic peript¸seic kai M∞ = 0.05 kai 0.001,
h prostajeropoÐhsh exasfalÐzei apì 2 wc 5 forèc taqÔterh epÐlush (gia sÔgklish 10
t�xewn megèjouc). 'Oson afor� sto suntelest  pÐeshc, oi lÔseic me thn prostajeropoÐhsh
eÐnai gia ìlec tic taqÔthtec ro c �omalèc� (qwrÐc perÐergec uperakontÐseic). AntÐjeta, me
to mh�prostajeropoihmèno sÔsthma se M∞ = 0.2 (sq ma 3.9) parousi�zontai �afÔsikec�
uperakontÐseic stic akmèc prìsptwshc kai ekfug c oi opoÐec arqÐzoun na epekteÐnontai
perissìtero sthn perÐptwsh M∞ = 0.05 (sq ma 3.10). H lÔsh gia M∞ = 0.001 eÐnai mh�
apodekt  kai parousi�zetai apl� kai mìno gia lìgouc sÔgkrishc.

Sq ma 3.8: Ro  gÔrw apì memonwmènh aerotom . Upologistikì plègma gÔrw apì thn
aerotom .
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Sq ma 3.9: Ro  gÔrw apì memonwmènh aerotom  (M∞ = 0.2, α∞ = 4◦). SÔgkrish tou
rujmoÔ sÔgklishc tou upoloÐpou thc exÐswshc sunèqeiac (arister�) kai thc katanom c tou
suntelest  pÐeshc (dexi�), me kai qwrÐc prostajeropoÐhsh.
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Sq ma 3.10: Ro  gÔrw apì memonwmènh aerotom  (M∞ = 0.05, α∞ = 4◦). SÔgkrish tou
rujmoÔ sÔgklishc tou upoloÐpou thc exÐswshc sunèqeiac (arister�) kai thc katanom c tou
suntelest  pÐeshc (dexi�), me kai qwrÐc prostajeropoÐhsh.
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Sq ma 3.11: Ro  gÔrw apì memonwmènh aerotom  (M∞ = 0.001, α∞ = 4◦). SÔgkrish tou
rujmoÔ sÔgklishc tou upoloÐpou thc exÐswshc sunèqeiac (arister�) kai thc katanom c tou
suntelest  pÐeshc (dexi�), me kai qwrÐc prostajeropoÐhsh.
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H teleutaÐa parousiazìmenh perÐptwsh sthn enìthta aut  afor� sth ro  gÔrw apì mia
summetrik  aerotom , se sunj kec M∞ = 0.02 kai α∞ = 5◦. Gia aut n thn perÐptwsh
parousi�zontai apotelèsmata gia strwt  ro  me arijmì Reynolds Re = 2000 kai turb¸dh
ro  me Re=5×105, sq mata 3.12 kai 3.13 antÐstoiqa, ìpou kai p�li to prostajeropoihmèno
sÔsthma eÐnai taqÔtero kai akribèstero wc proc to mh�prostajeropoihmèno.
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Sq ma 3.12: Ro  gÔrw apì summetrik  aerotom  (M∞ = 0.02, α∞ = 5◦, Re = 2000).
SÔgkrish tou rujmoÔ sÔgklishc tou upoloÐpou thc exÐswshc sunèqeiac (arister�) kai thc
katanom c tou suntelest  pÐeshc (dexi�), me kai qwrÐc prostajeropoÐhsh.
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Sq ma 3.13: Ro  gÔrw apì summetrik  aerotom  (M∞ = 0.02, α∞ = 5◦, Re = 5×105).
SÔgkrish tou rujmoÔ sÔgklishc tou upoloÐpou thc exÐswshc sunèqeiac (arister�) kai tou
suntelest  pÐeshc (dexi�), me kai qwrÐc prostajeropoÐhsh.
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3.2 'Elegqoc Apokìllhshc OriakoÔ Str¸matoc

Ta teleutaÐa qrìnia o èlegqoc thc apokìllhshc tou oriakoÔ str¸matoc (  èlegqoc thc ro c
ìpwc suqn� anafèretai gia suntomÐa) apoteleÐ antikeÐmeno endiafèrontoc poll¸n ereunh-
t¸n. Bèbaia, h idèa tou elègqou thc ro c den eÐnai nèa, kaj¸c ousiastik� xekin� apì thn
�anak�luyh� tou oriakoÔ str¸matoc apì ton Prandtl, [206]. O èlegqoc thc ro c mèsw tou
�qeirismoÔ��elègqou tou oriakoÔ str¸matoc stoqeÔei sthn apotrop   , èstw, kajustèrhsh
thc apokìllhs c tou, aÐrontac   periorÐzontac ta arnhtik� apotelèsmata aut c (l.q. tic
auxhmènec ap¸leiec). Gia par�deigma, se èna aerosk�foc, o èlegqoc thc ro c gÔrw apì thn
ptèruga tou odhgeÐ se shmantik  meÐwsh thc opisjèlkousac, aux�nei thn �nwsh kai genik�
belti¸nei thn apìdosh tou. Sth bibliografÐa parousi�zontai dÔo trìpoi elègqou thc apo-
kìllhshc tou oriakoÔ str¸matoc, [87, 205], o pajhtikìc èlegqoc, o opoÐoc basÐzetai sthn
tropopoÐhsh thc gewmetrÐac tou stereoÔ toiq¸matoc kai o energhtikìc èlegqoc o opoÐoc
basÐzetai sthn tropopoÐhsh thc fusik c thc ro c me kat�llhlh anarrìfhsh (suction)  
ègqush (blowing) reustoÔ se aut .

Sqetik� me ton pajhtikì èlegqo, h plèon qrhsimopoioÔmenh teqnik  eÐnai aut  twn gennh-
tri¸n din¸n (vortex generators). Oi dÐnec pou sqhmatÐzontai prokaloÔn metafor� reustoÔ
qamhl c enèrgeiac apì thn epif�neia tou s¸matoc sthn kurÐwc ro  kai to antÐstrofo, dh-
lad  metafor� reustoÔ uyhl c enèrgeiac apì thn kurÐwc ro  sthn perioq  plhsÐon tou
stereoÔ toiq¸matoc to opoÐo mporeÐ na �antèxei� thn aÔxhsh thc pÐeshc pou lamb�nei q¸ra
prin thn emf�nish thc apokìllhshc. H pr¸th susthmatik  melèth twn gennhtri¸n din¸n
ègine apì touc Schubauer, Spangenberg, [218]. 'Ektote, èqoun qrhsimopoihjeÐ epituq¸c se
arketèc efarmogèc tic aerodunamik c, [209, 156, 157, 101, 220] kai me exairetik� apotelè-
smata. Genik� oi genn triec din¸n eÐnai sqediasmènec gia na leitourgoÔn eÐte wc pajhtikèc,
me stajerì sq ma kai topojèthsh sthn epif�neia enìc s¸matoc, eÐte wc energhtikèc, me
dunatìthta metabol c sq matoc, jèshc kai dieÔjunshc wc proc thn ro  an�loga me aut ,
�suskeuèc�. Parìla aut�, merik� apì ta epiqeir mata ìswn asqoloÔntai me ston energhti-
kì èlegqo thc ro c, eÐnai ìti h topojèthsh gennhtri¸n din¸n emperièqei kindÔnouc fjor�c,
apaiteÐ epiplèon sunt rhsh en¸ se peript¸seic mh�apokollhmènwn ro¸n h parousÐa touc
(l.q. se mia ptèruga) prokaleÐ epiplèon aÔxhsh thc opisjèlkousac.

Wc proc ton energhtikì èlegqo, istorik� h pr¸th mèjodoc elègqou apokìllhshc pou qrh-
simopoi jhke  tan aut  thc anarrìfhshc, apì ton Prandtl gia thn kajustèrhsh thc apo-
kìllhshc thc ro c gÔrw apì èna kÔlindro. H anarrìfhsh ègkeitai sthn apom�krunsh tou
epibradunìmenou reustoÔ apì thn epif�neia kai thn ektrop  reustoÔ me meg�lh orm  apì
thn kurÐwc ro  proc thn epif�neia. Apì thn �llh, h ègqush basÐzetai sthn prosj kh orm c
(me prosj kh reustoÔ) sto reÔma tou reustoÔ kont� sto stereì toÐqwma. Se k�je perÐ-
ptwsh, autìc o trìpoc ro c proôpojètei th di�noixh op c sto meletoÔmeno aerodunamikì
s¸ma kai thn Ôparxh tou sqetikoÔ mhqanismoÔ gia th diakÐnhsh tou proc ègqush   anarrì-
fhsh reustoÔ. Sth bibliografÐa parousi�zontai pollèc efarmogèc energhtikoÔ elègqou se
probl mata ro¸n se agwgoÔc   kai aerotomèc, [219, 59, 42], akìma kai peript¸seic belti-
stopoÐhshc, [237, 76]. Ta teleutaÐa qrìnia h èmfash esti�zetai sth qr sh sÔnjetwn desm¸n
ro c (synthetic jets) [104, 129, 100, 78, 222, 256]. Autèc qrhsimopoioÔn thn enallassìmenh
anarrìfhsh kai emfÔshsh diamèsou miac op c gia th metafor� orm c sth ro  (momentum
transfer) me oriak  sunj kh mhdenik c ro c m�zac (zero net mass flux). Oi sÔnjetec dèsmec
ro c lamb�noun to ìnom� touc apì to gegonìc ìti h ro  makri� apì thn op  prosomoi�-
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zei me mia dèsmh pou �èrqetai na sun�tejeÐ� sth gÔrw ro . AntÐjeta, h ro  kont� sthn
op  parousi�zei qronikèc diakum�nseic, oi opoÐec ofeÐlontai sthn qronik� enallassìmenh
anarrìfhsh�emfÔshsh.

Mèqri to 2004 oi efarmogèc elègqou ro c me qr sh sÔnjetwn desm¸n ro c  tan sqetik�
�memonwmènec� kai den  tan profan c h apotÐmhsh twn mejodologi¸n pou qrhsimopoioÔntan,
[216]. Me stìqo na analujoÔn oi diadikasÐec kai upologistikèc mèjodoi gia thn efarmog 
sÔnjetwn desm¸n ro c, to kèntro ereun¸n thc NASA (NASA Langley Research Center–
LaRC) diorg�nwse to CFD Validation of Synthetic Jets and Turbulent Separation Control
(CFDVAL2004) Workshop. Se autì prot�jhkan treic diaforetikèc peript¸seic melèthc
(test cases) oi opoÐec melet jhkan peiramatik� sto kèntro ereun¸n NASA LaRC. Apì tic
ergasÐec pou parousi�sthkan�summeteÐqan sto workshop oi perissìterec perilamb�noun
th qr sh twn exis¸sewn Navier–Stokes(RANS & URANS) me qr sh diafìrwn montèlwn
tÔrbhc miac   dÔo exis¸sewn   �an�mixh� RANS–LES kai �llec qrhsimopoioÔn DNS.

Sth sunèqeia aut c thc enìthtac parousi�zetai o èlegqoc thc apokìllhshc oriakoÔ str¸ma-
toc se ènan agwgì me diamìrfwsh, pou apoteleÐ thn trÐth apì tic meletoÔmenec peript¸seic
sto proanaferjèn workshop, [266]. Stìqoc thc eÐnai o èlegqoc thc apokìllhshc tou oria-
koÔ str¸matoc kat� th melèth thc ro c p�nw apì èna s¸ma tÔpou Glauert–Goldschmied,
[219].

Oi sunj kec thc ro c eÐnai ep��peiron arijmìc Mach M∞=0.1 kai arijmìc Reynolds basi-
smènoc sth qord  thc diamìrfwshc Re=9.36×105. Wc sunj kec perib�llontoc lamb�nontai
autèc thc tupik c atmìsfairac sto epÐpedo thc j�lassac, dhlad  p∞ = 101, 325 kg/ms2

kai T∞=298 K. H qamhl  taqÔthta ro c endeÐknutai gia th qr sh thc prostajeropoÐhshc.

Gia ton èlegqo thc apokìllhshc tou oriakoÔ str¸matoc qrhsimopoieÐtai o legìmenoc ener-
ghtikìc èlegqoc thc ro c. Autìc ègkeitai sthn anarrìfhsh (suction)   ègqush (blowing)
reustoÔ sthn kÔria ro . H periodik  enallag  anarrìfhshc kai ègqushc apoteleÐ th teqni-
k  twn sÔnjetwn desm¸n ro c (synthetic jet). Sthn paroÔsa melèth, oi peript¸seic ro c  
elègqou ro c pou endiafèroun eÐnai oi ex c:

1. Prìlexh ro c qwrÐc èlegqo.

2. Prìlexh ro c elegqìmenhc mèsw qronik� mìnimhc anarrìfhshc.

3. Prìlexh ro c elegqìmenhc mèsw enallag c anarrìfhshc kai ègqushc.

Gia k�je mia apì autèc tic peript¸seic parousi�zetai sÔgkrish me ta peiramatik� apotelè-
smata, all� kai ta apotelèsmata twn upìloipwn ereunht¸n pou summeteÐqan sto workshop2.
To qrhsimopoioÔmeno upologistikì plègma eÐnai dedomèno, lamb�netai apì thn istoselÐda
tou Workshop, [266] kai apoteleÐtai apì perÐpou 116000 kìmbouc kai 230000 trigwnik�
stoiqeÐa. O èlegqoc thc apokìllhshc tou oriakoÔ str¸matoc gÐnetai me thn anarrìfhsh  
ègqush aèra sto pedÐo ro c mèsw miac op c sth diamìrfwsh. K�tw apì aut n up�rqei èna
kwdwnoeidèc doqeÐo to opoÐo qrhsimopoieÐtai gia th diakÐnhsh tou aèra, ousiastik� mèsw
miac membr�nhc pou brÐsketai sth b�sh tou (sq ma 3.15).

2Oi ergasÐec autèc emperièqontai sta praktik� tou workshop, [51].
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H peiramatik  di�taxh perilamb�nei to s¸ma an�mesa se dÔo gu�linec pl�kec, sq ma 3.14.
H ro  jewreÐtai didi�stath p�ra to gegonìc ìti h parousÐa twn pleurik¸n plak¸n ephre�zei
to pedÐo ro c sthn perioq  kont� se autèc.

Sq ma 3.14: 'Elegqoc apokìllhshc oriakoÔ str¸matoc. GewmetrÐa diamìrfwshc (arister�)
kai di�taxh peiramatik¸n metr sewn (dexi�), [266].

Sq ma 3.15: 'Elegqoc apokìllhshc oriakoÔ str¸matoc. GewmetrÐa diamìrfwshc (arister�)
kai leptomèreia sth jèsh thc op c (dexi�) apì to upologistikì plègma.

3.2.1 Prìlexh Ro c QwrÐc 'Elegqo

H pr¸th meletoÔmenh perÐptwsh afor� sthn prìlexh tou pedÐou thc mìnimhc ro c sth dedo-
mènh gewmetrÐa (agwgìc me diamìrfwsh) qwrÐc kanènan èlegqo ro c (praktik� autì shmaÐnei
mhdenik  taqÔthta sto kwdwnoeidèc doqeÐo, wc na mhn up rqe kajìlou op ).

Sto aristerì mèroc tou sq matoc 3.16 parousi�zetai h katanom  tou suntelest  pÐeshc
sthn perioq  thc diamìrfwshc h opoÐa sugkrÐnetai me ta antÐstoiqa peiramatik� apotelè-
smata. Gia aut n thn perÐptwsh, ta peir�mata epanal fjhsan afair¸ntac tic gu�linec
pleurikèc pl�kec thc di�taxhc ki ètsi sthn arister  pleur� tou sq matoc up�rqoun dÔo
peiramatikèc kampÔlec. Apì autèc apodeiknÔetai ìti oi pleurikèc pl�kec thc peiramatik c
di�taxhc ephre�zoun tic metr seic (wall effect), par� to gegonìc ìti oi upologismoÐ gÐnontai
jewr¸ntac didi�stath ro . 'Etsi, ìpwc logik� anamènetai, ta upologistik� apotelèsmata
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eÐnai polÔ pio kont� stic antÐstoiqec metr seic qwrÐc tic pleurikèc pl�kec. Akìma ìmwc
kai se sÔgkrish me tic metr seic parousÐa plak¸n oi upologismoÐ èqoun thn Ðdia morf  kai
apìklish apì to peÐrama me aut n pou parousi�sthke kai apì �llouc upologismoÔc3 (3.16
dexi�).

'Oson afor� thn prìlexh twn shmeÐwn apokìllhshc kai epanakìllhshc tou oriakoÔ str¸-
matoc (sq ma 3.17, me to sÔmbolo X) oi upologismoÐ problèpoun swst� (entìc twn orÐwn
pou problèpei kai to peÐrama) th jèsh apokìllhshc. Sqetik� me thn prìbleyh thc jèshc
epanakìllhshc, aut  apèqei men apì thn antÐstoiqh peiramatik  all� se sÔgkrish me touc
upìloipouc upologismoÔc pou epÐshc qrhsimopoÐhsan to montèlo SA eÐnai polÔ ikanopoih-
tik . Oi isogrammèc taqÔthtac sthn perioq  thc epanakìllhshc gia touc upologismoÔc kai
to peÐrama faÐnontai sto sq ma 3.18.
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Sq ma 3.16: Prìlexh ro c qwrÐc èlegqo. SÔgkrish twn upologism¸n thc paroÔsac diatri-
b c (arister�) kai �llwn ereunht¸n (dexi�) me ta peiramatik� apotelèsmata, [51].

3 'Allwn ereunht¸n ìpwc parousi�zontai sto [51].
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Sq ma 3.17: Prìlexh ro c qwrÐc èlegqo. Jèsh apokìllhshc (arister�) kai epanakìllhshc
(dexi�) tou oriakoÔ str¸matoc (sÔmbolo X) sugkrinìmenh me �llouc upologismoÔc kai ta
peiramatik� apotelèsmata apì to Ðdio workshop.
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Sq ma 3.18: Prìlexh ro c qwrÐc èlegqo. Isogrammèc taqÔthtac sthn perioq  epanakìllh-
shc tou oriakoÔ str¸matoc ìpwc prokÔptoun apì to peÐrama (ep�nw) kai ton upologismì
pou pragmatopoi jhke sthn paroÔsa diatrib  (k�tw), qwrÐc koin  klÐmaka m kouc stouc
dÔo �xonec.

3.2.2 'Elegqoc Ro c me Qronik� Mìnimh Anarrìfhsh

H deÔterh perÐptwsh prìlexhc ro c eÐnai aut  tou elègqou me th qronik� mìnimh anarrìfhsh.
Ed¸, o èlegqoc efarmìzetai sthn op  jewr¸ntac stajerì rujmì anarrìfhshc 0.01518kg/s.
Se epÐpedo ulopoÐhshc sto logismikì epÐlushc, autìc o rujmìc anarrìfhshc metafr�zetai
wc oriak  sunj kh exìdou gia thn y exÐswsh thc orm c sto k�tw (orizìntio) tm ma tou
kwdwnoeidoÔc doqeÐou.

Se aut  thn perÐptwsh elègqetai h sumperifor� tri¸n montèlwn tÔrbhc kai pio sugkekrimèna
tou Spalart-Allmaras (SA), [228], tou k−ε tou Chien (CH), [52], kai tou k−ω SST, [171],
ìla sthn ekdoq  qamhl¸n arijm¸n Reynolds. H prokÔptousec katanomèc tou suntelest 
pÐeshc apì touc treic upologismoÔc eÐnai sqedìn ìmoiec kai antÐstoiqhc morf c me touc
upologismoÔc �llwn ereunht¸n, [51] (sq ma 3.19).

H jèsh apokìllhshc tou oriakoÔ str¸matoc eÐnai perÐpou Ðdia kai gia ta trÐa montèla
tÔrbhc kai sthn Ðdia perioq  me touc upìloipouc upologismoÔc, èstw ki an den sumpÐptei
akrib¸c me thn problepìmenh apì to peÐrama perioq  (sq ma 3.20, arister�). 'Oson afor�
sth jèsh epanakìllhshc, h kalÔterh prìbleyh gÐnetai apì to montèlo k−ω SST to opoÐo
plhsi�zei perissìtero sta peiramatik� dedomèna. Akìma kai se sÔgkrish me ta upìloipa
apotelèsmata me qr sh tou montèlou tÔrbhc SST, h paroÔsa prìbleyh eÐnai kalÔterh. Oi
antÐstoiqec isogrammèc taqÔthtac sthn perioq  thc epanakìllhshc faÐnontai sto sq ma
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Sq ma 3.19: 'Elegqoc ro c me qronik� mìnimh anarrìfhsh. SÔgkrish twn upologism¸n thc
paroÔsac diatrib c (arister�) kai �llwn ereunht¸n (dexi�) me ta peiramatik� apotelèsmata,
[51].

Sq ma 3.20: 'Elegqoc ro c me qronik� mìnimh anarrìfhsh. Jèsh apokìllhshc (arister�)
kai epanakìllhshc (dexi�) tou oriakoÔ str¸matoc (sÔmbola X kai gia ta trÐa montèla
tÔrbhc) sugkrinìmenh me �llouc upologismoÔc kai ta peiramatik� apotelèsmata apì to Ðdio
workshop.
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Sq ma 3.21: 'Elegqoc ro c me qronik� mìnimh anarrìfhsh. Isogrammèc taqÔthtac sthn
perioq  epanakìllhshc tou oriakoÔ str¸matoc ìpwc prokÔptoun apì to peÐrama (ep�nw)
kai touc upologismoÔc me ta trÐa montèla tÔrbhc, SA, CH, SST (deÔtero, trÐto kai tètarto
sq ma antÐstoiqa, qwrÐc koin  klÐmaka m kouc stouc dÔo �xonec).
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3.2.3 'Elegqoc Ro c me Periodik  Enallag  Anarrìfhshc 'Egqushc

H trÐth perÐptwsh ro c afor� sthn periodik  enallag  anarrìfhshc kai ègqushc me su-
qnìthta f =135.5 Hz kai suntelest  paroq c m�zac (mass flux coefficient) Cm =0.111%4.
Kat� analogÐa me thn prohgoÔmenh perÐptwsh elègqou kai p�li h oriak  sunj kh gia thn
y exÐswsh thc orm c tÐjetai sto k�tw mèroc tou kwdwnoeidèc doqeÐou, ìpou an�loga me th
f�sh tou elègqou eÐnai eÐte sunj kh eisìdou (f�sh ègqushc) eÐte sunj kh exìdou (f�sh
anarrìfhshc).

H qronik� mèsh katanom  tou suntelest  pÐeshc se sÔgkrish me ta peiramatik� kai pro-
lèxeic �llwn upologism¸n faÐnetai sto sq ma 3.22, ìpou oi upologismoÐ (thc paroÔsac
diatrib c kai �llwn ereunht¸n) eÐnai ìmoioi. Tèloc, h exèlixh tou periodikoÔ fainomènou
thc anarrìfhshc kai ègqushc an� 1/10 thc periìdou parousi�zetai sto sq ma 3.22.
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Sq ma 3.22: 'Elegqoc ro c me periodik  enallag  anarrìfhshc ègqushc. SÔgkrish twn
upologism¸n thc paroÔsac diatrib c (arister�) kai �llwn ereunht¸n (dexi�) me ta peira-
matik� apotelèsmata apì to Ðdio workshop.

4Sthn prokeimènh perÐptwsh o suntelest c paroq c m�zac orÐzetai wc Cm =
%hu2

jet,rms
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Sq ma 3.23: 'Elegqoc ro c me periodik  enallag  anarrìfhshc ègqushc. PedÐo arijmoÔ
Mach kat� th di�rkeia miac periìdou an� 1/10 T aut c, pr¸ta h arister  st lh kai met� h
dexi�. H pr¸th eikìna (ep�nw arister�) antistoiqeÐ sth f�sh anarrìfhshc. Oi kentrikèc
eikìnec, arister� kai dexi� antistoiqoÔn stic stigmèc mègisthc paroq c anarrìfhshc kai
ègqushc antÐstoiqa.
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3.3 AllhlepÐdrash OriakoÔ Str¸matoc me KÔma KroÔshc

H epìmenh efarmog  afor� sth qronik� mh�mìnimh allhlepÐdrash oriakoÔ str¸matoc me
kÔma kroÔshc (gnwst  wc buffet) sth memonwmènh aerotom  OAT15A. Se mia dihqhtik  ro-
 , wc buffet orÐzontai oi ast�jeiec thc ro c pou prokaloÔntai apì thn allhlepÐdrash tou
oriakoÔ str¸matoc me to kÔma kroÔshc, en¸ oi domikoÐ kradasmoÐ anafèrontai suqn� me
ton ìro buffeting. Oi dÔo ìroi eÐnai allhlèndetoi (kai suqn� qrhsimopoioÔntai adiakrÐtwc)
kaj¸c to buffeting eÐnai h domik  apìkrish se mia aerodunamik  diègersh (buffet). Ta aero-
dunamik� fainìmena ta opoÐa mporoÔn na prokalèsoun diègersh miac kataskeu c sqetÐzontai
me th diakÔmansh pÐeshc se mia fusalÐda apokìllhshc, èna strìbilo   èna kÔma kroÔshc
kai thn perioq  apokìllhshc. Ta fainìmena aut� eÐnai fusik� kai autosunthroÔmena kai
mporoÔn na parathrhjoÔn tìso se memonwmènec aerotomèc, ìso kai se bajmÐdec strobilo-
mhqan¸n. Dedomènou ìti h parousÐa buffeting mei¸nei thn epitrepìmenh perioq  leitourgÐac
enìc aerodunamikoÔ s¸matoc kai eÐnai dunatì na odhg sei akìma kai sthn katastrof  tou,
sth bibliografÐa parousi�zontai trìpoi gia thn antimet¸pish tou (mh�emf�nish) me qr sh
susthm�twn elègqou, ìpwc oi genn triec din¸n   èna kinoÔmeno tm ma sthn akm  ekfug c
miac ptèrugac (flap actuator), [50, 145, 41]. H perÐptwsh ro c gÔrw apì thn OAT15A,
pou ed¸ melet�tai, an kei sthn kathgorÐa tou dihqhtikoÔ buffet me ast�jeiec thc ro c pou
proèrqontai apì thn parousÐa kÔmatoc kroÔshc kai apokollhmènou oriakoÔ str¸matoc.
To fainìmeno autì gia th sugkekrimènh aerotom  èqei melethjeÐ peiramatik� sth dihqhtik 
aerodunamik  s ragga S3 thc ONERA diast�sewn 0.8 × 0.76 m2 (sq ma 3.24), all� kai
upologistik� apì arketoÔc ereunhtèc, [68, 234, 235]. To peiramatikì montèlo thc aerotom c
OAT15A eÐqe m koc qord c c = 230 mm, lìgo p�qouc proc qord  t/c = 12.5% kai p�qoc
akm c ekfug c Ðso me 0.5%c.

H ro  gÔrw apì thn aerotom  eÐnai dihqhtik , me ep��peiron taqÔthta M∞ = 0.73, arijmì
Reynolds basismèno sth qord  Re=3×106. Oi upologismoÐ pragmatopoi jhkan gia gwnÐec
thc ep��peiron taqÔthtac apì α∞ = 2.5◦ wc α∞ = 4.5◦, me qr sh tou montèlou tÔrbhc
Spalart–Allmaras kai dedomèno shmeÐo met�bashc apì strwt  se turb¸dh ro  sto x/c=7%,
stic pleurèc uperpÐeshc kai upopÐeshc. To upologistikì plègma, leptomèreia tou opoÐou
faÐnetai sto sq ma 3.25, dhmiourg jhke me diastrwmat¸seic kont� sto stereì toÐqwma kai
thn teqnik  tou proelaÔnontoc met¸pou sto upìloipo qwrÐo kai apoteleÐtai apì perÐpou
37000 kìmbouc kai 75000 trÐgwna.

Sq ma 3.24: Dihqhtik  s ragga S3–ONERA, [272].
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Sq ma 3.25: Mh�domhmèno upologistikì plègma trigwnik¸n stoiqeÐwn gÔrw apì thn aero-
tom  OAT15A. DiakrÐnontai oi diastrwmat¸seic pou epib�llei h an�gkh eparkoÔc an�lushc
tou anaptussìmenou oriakoÔ str¸matoc.

Oi upologismoÐ xekinoÔn apì th qronik� mìnimh ro  se gwnÐa α∞ = 2.5◦ ìpou eÐnai dunat 
h sÔgkrish me ta apotelèsmata arijmhtik¸n upologism¸n thc ergasÐac [68] kai ta antÐ-
stoiqa peiramatik� [272]. 'Opwc faÐnetai sto sq ma 3.26 oi dÔo upologismoÐ dÐnoun Ðdia
apotelèsmata kai diafèroun apì to peÐrama wc proc th jèsh tou kÔmatoc.

Sq ma 3.26: Ro  gÔrw apì thn aerotom  OAT15A. Qronik� mìnimh ro  (α∞=2.5◦). SÔg-
krish suntelest  pÐeshc apì touc upologismoÔc thc paroÔsac diatrib c (arister�) kai thc
ergasÐac [68] (dexi�) me ta peiramatik� apotelèsmata.

SÔmfwna me ta peiramatik� apotelèsmata, to fainìmeno thc allhlepÐdrashc oriakoÔ str¸-
matoc me to kÔma kroÔshc prwtoemfanÐzetai se gwnÐa ep��peiron ro c α∞ = 3.25◦, all�
ta peiramatik� dedomèna eÐnai diajèsima gia gwnÐa α∞ = 3.25◦ ìpou h jèsh tou kÔmatoc
p�lletai se eÔroc 0.2c me suqnìthta 69 Hz.

Prokeimènou na elegqjeÐ kai upologistik� autì, arqik� parousi�zontai upologismoÐ se
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mikrìterec gwnÐec ro c. Eidikìtera sto sq ma 3.27 faÐnetai o rujmìc sÔgklishc twn exis¸-
sewn ro c gia treic gwnÐec α∞=2.5◦, 3◦ kai 3.5◦. En¸ gia tic dÔo pr¸tec timèc thc α∞ oi
exis¸seic sugklÐnoun epark¸c, stic α∞ =3.5◦ parathreÐtai tal�ntwsh tou upoloÐpou twn
exis¸sewn (ston yeudo�qrìno) gegonìc pou apoteleÐ èndeixh ìti èqei xekin sei to qronik�
mh�mìnimo fainìmeno thc allhlepÐdrashc oriakoÔ str¸matoc me to kÔma kroÔshc (buffet).
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Sq ma 3.27: Ro  gÔrw apì thn aerotom  OAT15A. Upìjesh qronik� mìnimhc ro c kai
qr sh antÐstoiqou logismikoÔ gia thn arijmhtik  prìlexh. Rujmìc sÔgklishc exis¸sewn
ro c gia ep��peiron gwnÐa ro c α∞ = 2.5◦ (ep�nw arister�), α∞ = 3◦ (ep�nw dexi�) kai
α∞ = 3.5◦ (k�tw). To teleutaÐo sq ma upodeiknÔei ìti se gwnÐa α∞ = 3.5◦ h upìjesh
qronik� mìnimhc ro c den eustajeÐ kai h qr sh logismikoÔ prìlexhc mh�mìnimwn ro¸n eÐnai
epibeblhmènh.

'Etsi, gia α∞ = 3.5◦ oi upologismoÐ suneqÐzontai jewr¸ntac mh�mìnimh ro . Sto sq ma
3.28 parousi�zontai h metabol  tou suntelest  �nwshc kai thc pÐeshc se 4 shmeÐa gÔrw
apì thn aerotom  (shmeÐa A, B, C, D sq matoc 3.25) me to qrìno. FaÐnetai ìti arkoÔn to
polÔ dÔo perÐodoi apì thn ènarxh tou qronik� mh�mìnimou upologismoÔ, me arqikopoÐhsh to
�asÔgklito� qronik� mìnimo pedÐo (sq ma 3.27 k�tw), ¸ste na epiteuqjeÐ periodik  prìlexh.
Apì aut� upologÐzetai h suqnìthta tou fainomènou sÔmfwna me thn paroÔsa prìlexh, h
opoÐa isoÔtai me 65.6 Hz. H tim  aut  eÐnai ikanopoihtik  sugkrinìmenh me thn peiramatik�
upologizìmenh tim  twn 69 Hz. Se �llouc arijmhtikoÔc upologismoÔc thc bibliografÐac
[68, 234], h tim  thc suqnìthtac sun jwc uperektim�tai (73 − 74 Hz).

Oi mh�mìnimoi upologismoÐ epanalamb�nontai gia α∞=4.5◦ prokeimènou na elegqjeÐ o isqu-
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Sq ma 3.28: Ro  gÔrw apì thn aerotom  OAT15A. AllhlepÐdrash oriakoÔ str¸matoc
me kÔma kroÔshc. Qronik  metabol  tou suntelest  �nwshc (arister�) kai thc pÐeshc
katagegrammènhc se 4 kìmbouc kont� sthn aerotom , gia ep��peiron gwnÐa ro c α∞=3.5◦.

rismìc tou Deck, [68] ìti upologismoÐ pou prokÔptoun α∞ = 4.5◦ plhsi�zoun perissìtero
sta peiramatik� apotelèsmata twn α∞ = 3.5◦. SugkrÐseic thc qronik� mèshc tim c tou
suntelest  pÐeshc me touc upologismoÔc tic ergasÐac [68] kai ta peiramatik� apotelèsma-
ta gia tic dÔo autèc gwnÐec faÐnontai sto sq ma 3.29 apì ìpou pr�gmati sun�getai ìti
oi upologismoÐ gia α∞ = 4.5◦ progeggÐzoun kalÔtera ta peiramatik� apotelèsmata. Autì
apodeiknÔetai kai apì tic sugkrÐseic tou rms pedÐou thc orizìntiac taqÔthtac (sq ma 3.30).

Tèloc, sta sq mata 3.31 kai 3.32 parousi�zetai h exèlixh (me diadoqikèc eikìnec tou pedÐou
tou arijmoÔ Mach) tou mh�mìnimou fainomènou se qronikèc stigmèc an� 1/8 thc periìdou gia
α∞=3.5◦ kai α∞=4.5◦, antÐstoiqa. Oi parousiazìmenec lÔseic antistoiqoÔn sta lhfjènta
apotelèsmata afoÔ èqei epiteuqjeÐ h periodik  sumperifor� thc prìlexhc.
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Sq ma 3.29: Ro  gÔrw apì thn aerotom  OAT15A. AllhlepÐdrash oriakoÔ str¸matoc me
kÔma kroÔshc. SÔgkrish qronik� mèshc tim c tou suntelest  pÐeshc me touc upologismoÔc
tic ergasÐac [68] (sumbolÐzetai wc Deck) kai ta peiramatik� apotelèsmata gia ep��peiron
gwnÐa ro c α∞=3.5◦ (arister�) kai α∞=4.5◦ (dexi�).
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$&= 3.5 o

Deck $&= 4.5 o

Sq ma 3.30: Ro  gÔrw apì thn aerotom  OAT15A. AllhlepÐdrash oriakoÔ str¸matoc
me kÔma kroÔshc. SÔgkrish tou rms pedÐou thc orizìntiac taqÔthtac twn upologism¸n
thc paroÔsac diatrib c gia gwnÐec thc ep��peiron taqÔthtac Ðsec me α∞ = 3.5◦ (ep�nw
arister�) kai α∞ = 4.5◦ (ep�nw dexi�) me ta peiramatik� gia α∞ = 3.5◦ (k�tw arister�)
kai touc upologismoÔc thc ergasÐac [68] gia 4.5◦ (k�tw dexi�). H qrwmatik  palèta eÐnai
anagkastik� diaforetik  dedomènou ìti ta dÔo k�tw sq mata èqoun lhfjeÐ autoÔsia apì
th bibliografÐa.
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Sq ma 3.31: Ro  gÔrw apì thn aerotom  OAT15A. AllhlepÐdrash oriakoÔ str¸matoc me
kÔma kroÔshc. Exèlixh fainomènou kat� th di�rkeia miac periìdou gia gwnÐa thc ep��peiron
taqÔthtac α∞ = 3.5◦. H qrwmatik  klÐmaka eÐnai koin  gia ìlec tic qronikèc stigmèc, me
timèc tou arijmoÔ Mach apì 0.1 èwc 1.3, an� 0.1.
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Sq ma 3.32: Ro  gÔrw apì thn aerotom  OAT15A. AllhlepÐdrash oriakoÔ str¸matoc me
kÔma kroÔshc. Exèlixh fainomènou kat� th di�rkeia miac periìdou gia gwnÐa thc ep��peiron
taqÔthtac α∞ = 4.5◦. H qrwmatik  klÐmaka eÐnai koin  gia ìlec tic qronikèc stigmèc, me
timèc tou arijmoÔ Mach apì 0.1 èwc 1.3, an� 0.1.
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3.4 An�lush AtriboÔc Ro c GÔrw apì Aerosk�foc

H epìmenh efarmog , afor� sthn atrib  ro  gÔrw apì èna aerosk�foc. Prìkeitai gia èna
Supersonic Bussiness Jet (SBJ) (sq ma 3.33) to opoÐo melet�tai sth f�sh apogeÐwshc, ìpou
h ep��peiron taqÔthta ro c eÐnai M∞=0.3. Oi meletoÔmenec gwnÐec thc ep��peiron taqÔthtac
kumaÐnontai apì α∞ = 5◦ wc α∞ = 25◦ me b ma 5◦. Oi upologismoÐ pragmatopoioÔntai
me to logismikì me prostajeropoÐhsh, to kèrdoc apì th qr sh thc prostajeropoÐhshc
se sÔgkrish me thn apousÐa aut c eÐnai men mikrì, gia th dedomènh taqÔthta ro c, all�
ufÐstatai.

To upologistikì plègma pou qrhsimopoi jhke gia touc upologismoÔc5 apoteleÐtai apì pe-
rÐpou 1250000 kìmbouc kai 6550000 tetr�edra. Oi parap�nw diast�seic aforoÔn m�lista
sto misì pedÐo ro c, sto opoÐo pragmatopoi jhkan oi upologismoÐ jewr¸ntac sunj kec
summetrÐac.

Sta sq mata me ta apotelèsmata pou akoloujoÔn (3.34 wc 3.38) parousi�zontai o rujmìc
sÔgklishc twn qronik� mìnimwn exis¸sewn ro c kai h epifaneiak  katanom  pÐeshc gia k�je
meletoÔmenh gwnÐa. Stic mikrèc timèc thc gwnÐac h epÐlush�sÔgklish jewr¸ntac qronik�
mìnimh ro  eÐnai ikanopoihtik . AntÐjeta, stic megalÔterec gwnÐec (20◦ kai 25◦) to upìloipo
twn exis¸sewn talantoÔtai qwrÐc epark  sÔgklish kai gi�autì oi upologismoÐ suneqÐzontai
jewr¸ntac mh�mìnimh ro . Se autèc tic dÔo peript¸seic, oi timèc tou suntelest  �nwshc
(pou faÐnontai sto sq ma 3.39) upologÐzontai me b�sh tic timèc pou el fjhsan stic te-
leutaÐec pragmatikèc qronikèc epanal yeic (mèsh tim  aut¸n), ìtan plèon eÐqe epiteuqjeÐ
periodik  prìlexh. To gegonìc autì dikaiologeÐ kai tic apoklÐseic pou parousi�zontai se
sÔgkrish me �llouc upologismoÔc6 oi opoÐoi èginan me je¸rhsh qronik� mìnimhc ro c.

Sq ma 3.33: Atrib c ro  gÔrw apì aerosk�foc. Morf  aerosk�fouc.

5Dedomèna apì sunergazìmenh ereunhtik  om�da, sto plaÐsio tou èrgou HISAC, Contract no AIP4–
CT–2005–516132, [270], pou qrhmatodot jhke apì thn Eurwpaðk  'Enwsh.

6Apotelèsmata apì sunergazìmenh ereunhtik  om�da sto plaÐsio tou èrgou HISAC.
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Sq ma 3.34: Atrib c ro  gÔrw apì aerosk�foc. PoreÐa sÔgklishc twn qronik��mìnimwn
exis¸sewn Euler kai epifaneiak  katanom  pÐeshc (aerosk�foc se k�toyh) gia gwnÐa ep��-
peiro ro c α∞=5◦.
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Sq ma 3.35: Atrib c ro  gÔrw apì aerosk�foc. PoreÐa sÔgklishc twn qronik��mìnimwn
exis¸sewn Euler kai epifaneiak  katanom  pÐeshc (aerosk�foc se k�toyh) gia gwnÐa ep��-
peiro ro c α∞=10◦.
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Sq ma 3.36: Atrib c ro  gÔrw apì aerosk�foc. PoreÐa sÔgklishc twn qronik��mìnimwn
exis¸sewn Euler kai epifaneiak  katanom  pÐeshc (aerosk�foc se k�toyh) gia gwnÐa ep��-
peiro ro c α∞=15◦.
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Sq ma 3.37: Atrib c ro  gÔrw apì aerosk�foc. PoreÐa sÔgklishc twn qronik��mìnimwn
exis¸sewn Euler kai epifaneiak  katanom  pÐeshc (aerosk�foc se k�toyh) gia gwnÐa ep��-
peiro ro c α∞=20◦.
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Sq ma 3.38: Atrib c ro  gÔrw apì aerosk�foc. PoreÐa sÔgklishc twn qronik��mìnimwn
exis¸sewn Euler kai epifaneiak  katanom  pÐeshc (aerosk�foc se k�toyh) gia gwnÐa ep��-
peiro ro c α∞=25◦.
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Sq ma 3.39: Atrib c ro  gÔrw apì aerosk�foc. SÔgkrish suntelest  �nwshc. Tetr�-
gwna: upologismoÐ paroÔsac diatrib c. KÔkloi: UpologismoÐ sunergazìmenhc Eurwpaðk c
ereunhtik c om�dac (me to dikì thc epilÔth Euler sto Ðdio plègma), sto plaÐsio tou èrgou
HISAC.
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3.5 An�lush Ro c se 3D PterÔgwsh Sumpiest 

H epìmenh efarmog  afor� sth melèth thc ro c sth memonwmènh akÐnhth pterÔgwsh axoni-
koÔ sumpiest  h opoÐa brÐsketai egkatesthmènh sto EJS/EMP. Prìkeitai gia pterÔgwsh
h opoÐa qrhsimopoi jhke gia th melèth twn fainomènwn pou anaptÔssontai sto aktinikì di�-
keno enìc axonikoÔ sumpiest  se uyhloÔc arijmoÔc Mach. H pterÔgwsh èqei sqediasteÐ apì
th SNECMA sto plaÐsio EurwpaðkoÔ ereunhtikoÔ èrgou7 gia to sugkekrimèno skopì. Oi
peiramatikèc metr seic pragmatopoi jhkan sto plaÐsio deÔterou EurwpaðkoÔ ereunhtikoÔ
èrgou 8.

H peiramatik  di�taxh brÐsketai egkatesthmènh sto EJS/EMP kai apoteleÐtai apì to a-
krofÔsio eisìdou, to speiroeidèc kèlufoc, th meletoÔmenh pterÔgwsh kai ènan axonikì
sumpiest  (sq ma 3.40). To tm ma twn metr sewn (sq ma 3.41) perilamb�nei thn akÐnhth
pterÔgwsh h opoÐa eÐnai prosarmosmènh sto exwterikì kèlufoc, en¸ h sqetik  kÐnhsh dh-
miourgeÐtai apì thn peristrof  tou eswterikoÔ tump�nou. To peristrefìmeno tm ma tou
tump�nou ekteÐnetai apì 6.85%cax an�nti wc 1.98%cax kat�nti thc akm c prosbol c. O lì-
goc twn aktin¸n tou eswterikoÔ proc to exwterikì tÔmpano isoÔtai me 0.75 (rhub = 0.244 m,
rshr = 0.324 m). Gia tic peiramatikèc metr seic, [71, 72, 73], h taqÔthta peristrof c tou
tump�nou eÐnai N =6540 rpm, en¸ metr seic pragmatopoi jhkan kai gia akÐnhto tÔmpano.

Sq ma 3.40: K�toyh peiramatik c di�taxhc, [166, 73].

H pterÔgwsh apoteleÐtai apì 19 pterÔgia qord c c = 0.1m topojethmèna se gwnÐa klÐshc
51.4◦, me lìgo Ôyouc proc qord  0.8, mègisto p�qoc 4.58%c kai stereìthta 1.065. H ro 
sthn pterÔgwsh eÐnai ro  uyhl c taqÔthtac me mègisth tim  tou arijmoÔ Mach sthn eÐsodo

7Advanced Civil Core Compressor Aerodynamics, AER2-CT92-0039, 1/1/1993-30/9/1996.
8Assessment of the Physical Processes and Code Evaluation for Turbomachinery Flows, BRPR-CT97-

0610 1/1/1998- 31/8/2000.
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Sq ma 3.41: Tm ma metr sewn peiramatik c di�taxhc, [72].

perÐpou 0.6, h opoÐa odhgeÐ se arijmì Reynolds thc ro c perÐpou Re=1.1×106. H tim  thc
paroq c eÐnai thc t�xhc twn 13 kg/sec.

Oi parìntec upologismoÐ gÐnontai me qr sh tou montèlou tÔrbhc Spalart–Allmaras (SA)
qamhl¸n arijm¸n Reynolds. H èntash thc turb¸douc kinhtik c enèrgeiac sthn eÐsodo e-
pib�lletai Ðsh me 1.5% kai o lìgoc thc turb¸douc proc moriak  sunektikìthta me 20. Wc
oriakèc sunj kec, sthn eÐsodo epib�llontai oi aktinikèc katanomèc thc olik c pÐeshc kai
twn gwni¸n thc ro c sthn aktinik  kai perifereiak  dieÔjunsh. Sthn èxodo, wc oriak 
sunj kh, epib�lletai h aktinik  katanom  thc statik c pÐeshc, h opoÐa upologÐzetai epana-
lhptik� mèsw thc exÐswshc aktinik c isorropÐac me dedomènh thn tim  thc statik c pÐeshc
sthn aktÐna podìc. Sthn perÐptwsh ro c me peristrefìmeno tÔmpano, se autì epib�lletai
oriak  sunj kh tÔpou Dirichlet gia thn apìluth taqÔthta h opoÐa isoÔtai me thn taqÔthta
peristrof c (U =ωrhub =167 m/s).

Oi upologismoÐ pou parousi�zontai parak�tw perilamb�noun 4 peript¸seic ro c, gia dÔo
Ôyh aktinikoÔ diakènou (t/c=2% kai t/c=4%), akÐnhto kai peristrefìmeno tÔmpano. Gia
autèc tic peript¸seic eÐnai diajèsima apotelèsmata apì tic peiramatikèc metr seic, [71, 72].
Epiplèon, h pterÔgwsh aut  èqei melethjeÐ upologistik� kai sth didaktorik  diatrib  tou
PolÐth, [19] ìpou, se sÔgkrish me thn paroÔsa diatrib , oi upologismoÐ èginan me logi-
smikì epÐlushc twn 3D exis¸sewn Navier–Stokes me thn teqnik  thc diìrjwshc pÐeshc,
me qr sh tou montèlou tÔrbhc k−ε me sunart seic toÐqou kai qr sh domhmènwn upologi-
stik¸n plegm�twn. Se antÐjesh sthn paroÔsa diatrib  oi upologismoÐ gÐnontai me qr sh
tou montèlou tÔrbhc SA qamhl¸n arijm¸n Reynolds, logismikì qronoproèlashc kai mh�
domhmèna upologistik� plègmata. Up�rqoun, dhlad , ousi¸deic diaforèc kai wc proc ton
algìrijmo epÐlushc twn exis¸sewn ro c kai ta sunaf  sq mata diakritopoÐhshc, wc proc
to qrhsimopoioÔmeno montèlo tÔrbhc all� kai wc proc th qwrik  diakritopoÐhsh, dhlad  to
upologistikì plègma. H qr sh mh�domhmènwn plegm�twn (sthn paroÔsa diatrib ) epitrèpei
th dhmiourgÐa plègmatoc diathr¸ntac akèraia th morf  thc pterÔgwshc (se antÐjesh me to
�pinched� akropterÔgio thc diatrib c [19]).

Eidikìtera, ìson afor� ta upologistik� plègmata, gia th melèth twn parap�nw peript¸sewn
ro c dhmiourg jhkan dÔo plègmata, èna gia k�je Ôyoc aktinikoÔ diakènou. Prìkeitai gia
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mh�domhmèna/ubridik� plègmata pou dhmiourg jhkan me logismikì tou EJS/EMP, [16, 11].
ApoteloÔntai apì:

1. ex�edra gÔrw apì to pterÔgio,

2. prÐsmata trigwnik c b�shc me diastrwmat¸seic kont� sto tÔmpano kai to kèlufoc,

3. tetr�edra sto kurÐwc tm ma tou qwrÐou,

4. mia �z¸nh� pentaedrik¸n puramÐdwn an�mesa se ex�edra kai tetr�edra.

Ta dÔo plègmata (èna apì aut� faÐnetai sto sq ma 3.42) perilamb�noun perÐpou 327000
ex�edra, 6300 pentaedrikèc puramÐdec, 410000 prÐsmata, 790000 tetr�edra kai 1100000 kìm-
bouc9. Oi diast�seic autèc eÐnai polÔ megalÔterec apì autèc twn plegm�twn thc diatrib c
[19], to opoÐo eÐnai anamenìmeno dedomènou ìti sthn paroÔsa diatrib  oi upologismoÐ gÐnon-
tai me je¸rhsh qamhl¸n arijm¸n Reynolds. Autì bèbaia kajÐstatai dunatì kurÐwc lìgw
thc ep�rkeiac upologistik c isqÔoc kai mn mhc se sÔgkrish me ta pro dekaetÐac dedomèna,
tìte dhlad  pou èginan oi upologismoÐ thc diatrib c [19].

Oi diast�seic tou plègmatoc kajistoÔn epitaktik  th qr sh poluepexergasÐac. Eidikìtera,
oi upologismoÐ (perÐpou 5000 epanal yeic, sÔgklish kat� perÐpou 8 t�xeic megèjouc) èginan
diasp¸ntac to sunolikì qwrÐo se 24   60 upoqwrÐa (an�loga me touc diajèsimouc epexer-
gastèc). O qrìnoc epÐlushc sthn perÐptwsh twn 60 upoqwrÐwn se 10 upologistèc 2×quad
core Xeon, 8 GB RAM  tan perÐpou 5 ¸rec me epilÔth Jacobi.

3.5.1 Prìlexh Ro c sthn EÐsodo kai sthn 'Exodo

Sta sq mata pou akoloujoÔn (3.43 wc 3.62) parousi�zontai ta apotelèsmata sthn eÐsodo
kai thn èxodo tou pedÐou ro c, gia ta dÔo Ôyh aktinikoÔ diakènou, akÐnhto kai peristre-
fìmeno tÔmpano. DieukrinÐzetai ìti oi jèseic (diatomèc) eisìdou kai exìdou sta opoÐa an-
tistoiqoÔn oi ekeÐ diajèsimec peiramatikèc metr seic brÐskontai se jèseic 40%cax an�nti
kai 138%cax kat�nti thc akm c prìsptwshc, antÐstoiqa. Sta upologistik� plègmata pou
dhmiourg jhkan, to epÐpedo eisìdou topojeteÐtai pio mprost�, se jèsh 90%cax an�nti thc
akm c prosbol c, ¸ste h epibol  twn oriak¸n sunjhk¸n ekeÐ na mhn ephre�zei to pedÐo
sthn �ousiastik � eÐsodo thc pterÔgwshc.

Ta apotelèsmata twn megej¸n thc ro c pou parousi�zontai antistoiqoÔn stic mèsec kat�
thn perifereiak  kateÔjunsh aktinikèc katanomèc aut¸n kai sugkrÐnontai me ta antÐstoi-
qa apotelèsmata apì th diatrib  [19] all� kai ta peiramatik� [71, 72]. Ta megèjh pou
parousi�zontai eÐnai h olik  pÐesh, h gwnÐa ro c sthn perifereiak  kateÔjunsh kaj¸c
kai h axonik  kai perifereiak  sunist¸sa thc taqÔthtac. Oi sunist¸sec thc taqÔthtac
pou parousi�zontai eÐnai adiastatopoihmènec me thn taqÔthta peristrof c tou tump�nou
(U = 2πN

60 rhub =167m/sec) anex�rthta an prìkeitai gia akÐnhto   peristrefìmeno tÔmpano.
Epiplèon parousi�zetai kai h aktinik  katanom  tou suntelest  apwlei¸n olik c pÐeshc
(Pressure Loss Coefficient, PLC), o opoÐoc upologÐzetai apì th sqèsh

PLC(r) =
ptinl

(r) − pt(r)
ptinl

(r) − pinl(r)
(3.1)

9Apì dÔo plègmata, gia ta dÔo Ôyh aktinikoÔ diakènou, autì gia t/c=4% eÐnai megalÔtero kat� 10000
kìmbouc kai 15000 prÐsmata.
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Sq ma 3.42: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Upologistikì qwrÐo pou antistoi-
qeÐ se èna b ma thc pterÔgwshc kai mh�domhmèno plègma gia thn prìlexh thc ro c.

ìpou ta megèjh pou emfanÐzontai antistoiqoÔn stic mèsec kat� thn perifereiak  kateÔjunsh
timèc gia k�je aktinik  jèsh. Apì ton orismì tou suntelest  apwlei¸n, eÐnai profanèc ìti
autìc lamb�nei mhdenik  tim  sthn eÐsodo kai, gi�autì to lìgo, parousi�zetai mìno h aktinik 
katanom  tou sthn èxodo thc pterÔgwshc. Epiplèon, oi arnhtikèc timèc tou suntelest 
apwlei¸n pou faÐnontai sta diagr�mmata ofeÐlontai kai autèc ston trìpo orismoÔ tou.

Kat� thn perifereiak  olokl rwsh enìc megèjouc se mia dedomènh diatom  enìc mh�domhmè-
nou, ubridikoÔ plègmatoc gÐnontai, anagkastik�, orismènec paradoqèc. Eidikìtera, arqik�
entopÐzontai oi aktinikèc jèseic gia k�je mia apì tic opoÐec ja oloklhrwjeÐ perifereiak�
èna mègejoc thc ro c. Autèc oi jèseic den eÐnai kat� an�gkh Ðdiec stic diatomèc eisìdou kai
exìdou (o trìpoc gèneshc plègmatoc den eggu�tai k�ti tètoio). 'Etsi epilègontai oi aktinikèc
jèseic sto periodikì tm ma thc eisìdou kai diathroÔntai Ðdiec kai gia touc upologismoÔc sthn
èxodo ¸ste na eÐnai efiktìc orismìc tou suntelest  apwlei¸n olik c pÐeshc (sqèsh 3.1).
Gia k�je aktinik  jèsh r, h perifereiak  olokl rwsh (lamb�nontac upìyh kai thn paroq 
m�zac) ousiastik� gÐnetai se mia aktinik  �z¸nh� (apì to mèso thc apìstashc thc trèqousac
aktinik c jèshc me thn prohgoÔmenh kai thn epìmenh aktinik  jèsh) ¸ste na lhfjeÐ upìyh
h epÐdrash ìlwn twn kìmbwn tou mh�domhmènou plègmatoc pou aut  emperièqei.

Sta parak�tw sq mata, me suneq  gramm  faÐnontai ta apotelèsmata twn upologism¸n
thc paroÔsac diatrib c, me diakekommènh ta antÐstoiqa thc diatrib c tou PolÐth [19] kai me
diakrit� shmeÐa oi peiramatikèc metr seic pou èginan sto EJS/EMP.

Arqik�, ìson afor� sto pedÐo eisìdou h taÔtish twn apotelesm�twn eÐnai exairetik , ìpwc
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anamènontan, kaj¸c ta parousiazìmena megèjh �mesa   èmmesa epib�llontan wc oriakèc
sunj kec (olik  pÐesh kai gwnÐa ro c �mesh epibol , en¸ oi taqÔthtec kajorÐzontai èmmesa
dedomènou ìti prèpei na diathreÐtai h tim  thc paroq c). Oi polÔ mikrèc diaforèc pou
parathroÔntai se orismèna shmeÐa gia thn olik  pÐesh ofeÐlontai kurÐwc sthn poluwnumik 
èkfrash parembol c me thn opoÐa aut  upologÐzetai, all� kai ston trìpo epibol c twn
oriak¸n sunjhk¸n (bl. kef�laio 2, ideatìc kìmboc sthn eÐsodo).

Sqetik� me to pedÐo exìdou, ta apotelèsmata eÐnai ikanopoihtik� sugkrinìmena me ta an-
tÐstoiqa peiramatik�. Epiplèon, se sÔgkrish kai me ta upologistik� apotelèsmata thc
diatrib c [19], stic perissìterec peript¸seic oi parìntec upologismoÐ plhsi�zoun perissì-
tero sta antÐstoiqa peiramatik� metroÔmena megèjh. Autì gÐnetai perissìtero emfanèc stic
perioqèc kont� stic aktÐnec podìc kai kefal c, ìpou to montèlo qamhl¸n arijm¸n Reynolds
(paroÔsa diatrib ) dÐnei kalÔterh prìlexh twn megej¸n thc ro c sugkrinìmeno me tic sunar-
t seic toÐqou, k�ti genik� anamenìmeno. Eidik�, gia thn perÐptwsh tou akÐnhtou tump�nou,
h sÔmptwsh twn perissotèrwn megej¸n me ta antÐstoiqa peiramatik� eÐnai exairetik .

ApoklÐseic, se sÔgkrish me ta peiramatik� apotelèsmata, parousi�zoun kai oi dÔo upolo-
gismoÐ sthn prìlexh gwnÐa ro c stic mikrèc aktÐnec (sq mata 3.44, 3.49). H diafor� aut 
ofeÐletai kurÐwc ston trìpo upologismoÔ thc aktinik c katanom c thc gwnÐac, kaj¸c prì-
keitai gia èna mègejoc me meg�lh perifereiak  anomoiomorfÐa to opoÐo oloklhr¸netai kat�
thn perifereiak  kateÔjunsh. Autì ofeÐletai sthn Ôparxh tou strobÐlou tou aktinikoÔ
diakènou, kai stic �adunamÐec� twn montèlwn tÔrbhc na prolèxoun thn an�mixh thc ro c. H
diafor� sth gwnÐa ro c ofeÐletai kurÐwc sthn axonik  sunist¸sa thc taqÔthtac (sq mata
3.45, 3.50) kaj¸c h prìlexh thc perifereiak c sunist¸sac aut c eÐnai polÔ kal  (sq mata
3.46, 3.51).

Sqetik� me to suntelest  apwlei¸n (sq mata 3.47, 3.52), oi parìntec upologismoÐ prolè-
goun me ikanopoihtik  akrÐbeia tic timèc autoÔ gia Ôyoc aktinikoÔ diakènou t/c = 4%. Gia
aktinikì di�keno t/c = 2% parousi�zetai upoektÐmhsh thc tim c tou se sqèsh me thn upe-
rektÐmhsh thc diatrib c [19], all� genik� oi parìntec upologismoÐ plhsi�zoun perissìtero
stic peiramatikèc timèc.

Gia to peristrefìmeno tÔmpano, oi apoklÐseic stic timèc thc gwnÐac eÐnai sqedìn antÐstoiqec
me autèc gia to akÐnhto tÔmpano. OfeÐlontai sthn axonik  sunist¸sa thc taqÔthtac, ìpou
h upoektÐmhsh stic mikrèc aktÐnec, anagk�zei (lìgw tou fainomènou thc stènwshc) th ro 
se epit�qunsh stic megalÔterec aktÐnec (sq mata 3.55, 3.60) ¸ste na diathrhjeÐ h paroq 
m�zac. 'Oson afor� sto suntelest  apwlei¸n (sq mata 3.57, 3.62), oi parìntec upologismoÐ
eÐnai polÔ pio kont� stic peiramatikèc metr seic se sÔgkrish me touc upologismoÔc thc
diatrib c [19].
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Sq ma 3.43: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. Akti-
nikèc katanomèc thc perifereiak� oloklhrwmènhc olik c pÐeshc sthn eÐsodo (arister�) kai
thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac diatrib c. Dia-
kekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic sto EJS/EMP
[71, 72].
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Sq ma 3.44: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. Akti-
nikèc katanomèc thc perifereiak� oloklhrwmènhc gwnÐac ro c sthn perifereiak  kateÔjunsh
sthn eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologi-
smìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit�
shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.45: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c = 2%. A-
ktinikèc katanomèc thc perifereiak� oloklhrwmènhc axonik c taqÔthtac sthn eÐsodo (ari-
ster�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.46: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c = 2%. A-
ktinikèc katanomèc thc perifereiak� oloklhrwmènhc perifereiak c taqÔthtac sthn eÐsodo
(arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.47: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. Akti-
nik  katanom  tou suntelest  apwlei¸n olik c pÐeshc sthn èxodo thc pterÔgwshc. Suneq c
gramm : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c
[19]. Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.48: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. Akti-
nikèc katanomèc thc perifereiak� oloklhrwmènhc olik c pÐeshc sthn eÐsodo (arister�) kai
thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac diatrib c. Dia-
kekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic sto EJS/EMP
[71, 72].
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Sq ma 3.49: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. Akti-
nikèc katanomèc thc perifereiak� oloklhrwmènhc gwnÐac ro c sthn perifereiak  kateÔjunsh
sthn eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologi-
smìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit�
shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.50: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c = 4%. A-
ktinikèc katanomèc thc perifereiak� oloklhrwmènhc axonik c taqÔthtac sthn eÐsodo (ari-
ster�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.51: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c = 4%. A-
ktinikèc katanomèc thc perifereiak� oloklhrwmènhc perifereiak c taqÔthtac sthn eÐsodo
(arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.52: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. Akti-
nik  katanom  tou suntelest  apwlei¸n olik c pÐeshc sthn èxodo thc pterÔgwshc. Suneq c
gramm : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c
[19]. Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.53: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc olik c pÐeshc sthn eÐsodo (a-
rister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.54: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc gwnÐac ro c sthn perifereiak 
kateÔjunsh sthn eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gram-
m : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19].
Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.55: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc axonik c taqÔthtac sthn eÐsodo
(arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.56: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc perifereiak c taqÔthtac sthn
eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc
paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa:
metr seic sto EJS/EMP [71, 72].
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Sq ma 3.57: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. Aktinik  katanom  tou suntelest  apwlei¸n olik c pÐeshc sthn èxodo thc pterÔgwshc.
Suneq c gramm : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc
diatrib c [19]. Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.58: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc olik c pÐeshc sthn eÐsodo (a-
rister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.59: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc gwnÐac ro c sthn perifereiak 
kateÔjunsh sthn eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gram-
m : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19].
Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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Sq ma 3.60: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc axonik c taqÔthtac sthn eÐsodo
(arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc paroÔsac
diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa: metr seic
sto EJS/EMP [71, 72].
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Sq ma 3.61: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. Aktinikèc katanomèc thc perifereiak� oloklhrwmènhc perifereiak c taqÔthtac sthn
eÐsodo (arister�) kai thn èxodo (dexi�) thc pterÔgwshc. Suneq c gramm : upologismìc
paroÔsac diatrib c. Diakekommènh gramm : upologismìc diatrib c [19]. Diakrit� shmeÐa:
metr seic sto EJS/EMP [71, 72].
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Sq ma 3.62: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. Aktinik  katanom  tou suntelest  apwlei¸n olik c pÐeshc sthn èxodo thc pterÔgwshc.
Suneq c gramm : upologismìc paroÔsac diatrib c. Diakekommènh gramm : upologismìc
diatrib c [19]. Diakrit� shmeÐa: metr seic sto EJS/EMP [71, 72].
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3.5.2 Prìlexh Ro c sto Aktinikì Di�keno

Gia th melèth thc ro c pou prokaleÐ�ep�gei h parousÐa aktinikoÔ diakènou sthn pterÔgwsh
tou sumpiest , upologÐzetai to pedÐo tou suntelest  olik c pÐeshc se trÐa axonik� epÐpe-
da tou pedÐou ro c. Ta epÐpeda aut� brÐskontai se axonik  apìstash 33.5%cax (epÐpedo
A), 78.2%cax (epÐpedo B) kai 114.5%cax (epÐpedo C) kat�nti thc akm c prosbol c thc
pterÔgwshc (sq ma 3.63). O suntelest c olik c pÐeshc upologÐzetai apì th sqèsh

Cpt =
ptinl

− pt

ptinl
− pinl

(3.2)

ìpou ptinl
pinl oi mèsec timèc thc olik c kai statik c pÐeshc eisìdou, antÐstoiqa. H sÔgkrish

twn apotelesm�twn apì touc dÔo upologismoÔc kai to peÐrama (mìno gia peristrefìmeno
tÔmpano) parousi�zontai sta sq mata 3.64�3.75. Gia thn katanìhsh twn sqhm�twn, dieu-
krinÐzetai ìti sto upologistikì plègma thc diatrib c [19] h pterÔgwsh brÐsketai sta �kra
tou qwrÐou, se antÐjesh me to upologistikì plègma pou qrhsimopoi jhke stouc parìntec
upologismoÔc ìpou h pterÔgwsh brÐsketai sto mèso tou.

 

!

C

Sq ma 3.63: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Jèseic twn tri¸n egk�rsiwn to-
m¸n A, B, C, ìpou sth sunèqeia ja parousiastoÔn katanomèc tou suntelest  olik c pÐeshc.

Ta apotelèsmata gia akÐnhto tÔmpano apì touc parìntec upologismoÔc kai autoÔc thc
diatrib c [19] eÐnai ìmoia tìso optik� ìso kai se epÐpedo arijmhtik¸n tim¸n. Sto epÐpedo A
(sq mata 3.64, 3.67), akìma den eÐnai emfan c o strìbiloc tou aktinikoÔ diakènou, o opoÐoc
eÐnai pl rwc sqhmatismènoc sto epÐpedo B (sq mata 3.65, 3.68). Oi diaforèc gia ta dÔo
Ôyh aktinikoÔ diakènou ègkeintai sth jèsh kai sthn èktash tou strobÐlou. Sto epÐpedo
C (sq mata 3.66, 3.69) o strìbiloc katalamb�nei megalÔterh èktash kai èqei metakinhjeÐ
proc thn pleur� uperpÐeshc tou diplanoÔ pterugÐou.

Gia to peristrefìmeno tÔmpano, ta dÔo upologistik� apotelèsmata eÐnai ìmoia kai me Ðdiec
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timèc tou suntelest  olik c pÐeshc. Se sÔgkrish me ta peiramatik� apotelèsmata para-
threÐtai omoiìthta sta pedÐa all� me diaforetikèc timèc. Oi diaforèc autèc ermhneÔontai
apì ton trìpo orismoÔ tou suntelest  olik c pÐeshc, ìpou lamb�nontai upìyh oi mèsec
timèc pÐeshc sto epÐpedo eisìdou. Oi timèc autèc den eÐnai Ðdiec, dedomènou ìti oi jèseic
twn epipèdwn eisìdou peir�matoc kai upologism¸n den eÐnai Ðdiec. 'Omwc, apì th morf  twn
isogramm¸n, eÐnai emfanèc ìti oi upologismoÐ prolègoun polÔ kal� th jèsh kai thn èktash
tou strobÐlou tou aktinikoÔ diakènou.

Gia Ôyoc aktinikoÔ diakènou t/c = 2% o strìbiloc èqei  dh emfanisteÐ apì to epÐpedo A
(sq ma 3.70). Sto epÐpedo B (sq mata 3.71, 3.74), oi diaforopoi seic wc proc th jèsh
kai thn èktash tou strobÐlou gia ta dÔo Ôyh aktinikoÔ diakènou eÐnai perissìtero emfaneÐc
ap�ìti gia thn perÐptwsh me akÐnhto tÔmpano.

Sq ma 3.64: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. PedÐo
suntelest  olik c pÐeshc sthn egk�rsia tom  A tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).

Sq ma 3.65: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. PedÐo
suntelest  olik c pÐeshc sthn egk�rsia tom  B tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).
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Sq ma 3.66: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=2%. PedÐo
suntelest  olik c pÐeshc sthn egk�rsia tom  C tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).
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Sq ma 3.67: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. PedÐo
suntelest  olik c pÐeshc sthn egk�rsia tom  A tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).

Sq ma 3.68: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. PedÐo
suntelest  olik c pÐeshc sthn egk�rsia tom  B tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).

Sq ma 3.69: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. AkÐnhto tÔmpano, t/c=4%. PedÐo
suntelest  olik c pÐeshssthn egk�rsia tom  C tou parìntoc upologismoÔ (arister�) kai
tou upologismoÔ thc diatrib c [19] (dexi�).
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Sq ma 3.70: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  A tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).

Sq ma 3.71: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  B tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).

Sq ma 3.72: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
2%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  C tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).
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Sq ma 3.73: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  A tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).

Sq ma 3.74: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  B tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).

Sq ma 3.75: PterÔgwsh axonikoÔ sumpiest  EJS/EMP. Peristrefìmeno tÔmpano, t/c =
4%. PedÐo suntelest  olik c pÐeshc sthn egk�rsia tom  C tou parìntoc upologismoÔ
(arister�), tou upologismoÔ thc diatrib c [19] (kèntro) kai twn metr sewn sto EJS/EMP
(dexi�).
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3.6 ProsomoÐwsh Ro c Aèra ParousÐa KapnoÔ

H teleutaÐa parousiazìmenh perÐptwsh afor� se prìlexh pedÐou ro c aèra parousÐa kapnoÔ
(Par�rthma Bþ). Prìkeitai gia th melèth prosomoÐwshc thc leitourgÐac tou aerismoÔ se
perÐptwsh purkagi�c sthn apob�jra enìc stajmoÔ metrì upì kataskeu  sthn Ell�da. H
melèth epikentr¸netai ston upologismì thc sugkèntrwshc kapnoÔ sto q¸ro tou stajmoÔ,
apì thn opoÐa ousiastik� kajorÐzetai kai h asfal c ekkènwsh tou apì touc epib�tec10.

Me skopì na gÐnei katanoht  h gewmetrÐa tou q¸rou, akoloujeÐ mia sÔntomh anafor� sta
basik� qarakthristik� tou stajmoÔ. O stajmìc apoteleÐtai apì dÔo upìgeia epÐpeda, to
epÐpedo thc apob�jrac kai to epÐpedo èkdoshc/elègqou eisithrÐwn kai èqei kentrik  apo-
b�jra. Aut  qwrÐzetai apì tic s raggec me surìmenec pìrtec kai, �ra, h sunallag  aèra
metaxÔ apob�jrac kai s raggac jewreÐtai amelhtèa. H apob�jra sundèetai me to uper-
keÐmeno epÐpedo mèsw dÔo skal¸n, oi opoÐec qrhsimopoioÔntai tìso se kanonikèc ìso kai
se sunj kec èktakthc an�gkhc. Ep�nw apì tic surìmenec pìrtec tic apob�jrac up�rqoun
stìmia aerismoÔ ta opoÐa, se kanonik  leitourgÐa, qrhsimeÔoun sthn prosagwg  klimati-
zìmenou aèra sthn apob�jra. Se perÐptwsh purkagi�c ta Ðdia stìmia ja qrhsimopoihjoÔn
gia thn apagwg  kapnoÔ apì thn apob�jra (me dunatìthta anarrìfhshc 8m3/s apì k�je
pleur� thc apob�jrac, sunolik� 16m3/s), ìpwc ja parousiasteÐ sth sunèqeia.

Me b�sh ta prohgoÔmena, to upologistikì qwrÐo gia tic prosomoi¸seic (sq mata 3.76,
3.77) dhmiourg jhke lamb�nontac upìyh tic idiaiterìthtec tou stajmoÔ. 'Etsi, ektìc apì
ta dÔo epÐpeda tou stajmoÔ dhmiourg jhke akìmh èna trÐto epÐpedo pou eÐnai to epÐpedo tou
drìmou. H apob�jra èqei m koc 50m kai pl�toc 10m kai eÐnai pl rwc apomonwmènh apì tic
s raggec. To sunolikì qwrÐo perilamb�nei ta anoÐgmata metaxÔ twn epipèdwn, sk�lec apì
thn apob�jra proc to epÐpedo èkdoshc/elègqou eisithrÐwn kai ta stìmia tou sust matoc
aerismoÔ ta opoÐa jewreÐtai ìti diatrèqoun ìlo to m koc thc apob�jrac.

Ta epimèrouc tm mata tou stajmoÔ (epÐpeda, anoÐgmata, sk�lec) dhmiourg jhkan xeqwrist�
kai to telikì qwrÐo proèkuye apì th sÔnjesh aut¸n. ApoteleÐtai ex olokl rou apì exaèdra
kai èqei perÐpou 600000 kìmbouc.

Sth sunèqeia parousi�zontai ta apotelèsmata apì dÔo prosomoi¸seic gia qronik� mìnimh kai
mh�mìnimh ro . H qronik� mìnimh prosomoÐwsh apoblèpei ston èlegqo thc leitourgÐac tou
sust matoc aerismoÔ en¸ h mh�mìnimh melet� thn perÐptwsh purkagi�c kai epikentr¸netai
sthn eÔresh thc sugkèntrwshc kapnoÔ sto q¸ro tou stajmoÔ11. Se k�je perÐptwsh, h
an�lush gÐnetai me qr sh tou montèlou tÔrbhc k−ε ìpou èqoun lhfjeÐ epiplèon upìyh
ìroi barÔthtac stic epiluìmenec exis¸seic ro c. Sthn perÐptwsh thc mh�mìnimhc ro c ìpou
up�rqei kai h parousÐa kapnoÔ epilÔetai epiplèon mia exÐswsh gia th sugkèntrwsh kapnoÔ.

Stic surìmenec pìrtec apob�jrac (pou jewroÔntai kleistèc) tÐjentai oriakèc sunj kec ste-
reoÔ toiq¸matoc. Sta stìmia tou sust matoc aerismoÔ (èxodoc) epib�lletai tim  statik c
pÐeshc tètoia ¸ste na exasfalÐzetai h apagwg  thc problepìmenhc posìthtac aèra/kapnoÔ.

10H qrhmatodìthsh thc melèthc aut c ègine apì thn HM A.E. sto plaÐsio sunergasÐac me to EJS/EMP.
11H asfal c ekkènwsh tou q¸rou proupojètei h sugkèntrwsh kapnoÔ na eÐnai mikrìterh tou 1% se

Ôyoc mikrìtero tou 185cm. Epiplèon, oi qrìnoi ekkènwshc isoÔntai me 5 lept� gia to pr¸to epÐpedo kai 2
lept� gia k�je epìmeno epÐpedo.
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Sq ma 3.76: Upologistikì qwrÐo kai plègma gia to meletoÔmeno stajmì metrì. Epifaneiakì
plègma apoteloÔmeno apì tetrapleurik� stoiqeÐa, pou katal gei se 3D plègma exaedrik¸n
stoiqeÐwn.

Sq ma 3.77: Leptomèreia tou upologistikoÔ qwrÐou sto stajmì metrì ìpou faÐnontai ta
anoÐgmata kai oi sk�lec apì thn apob�jra proc sto epÐpedo èkdoshc/elègqou eisithrÐwn.

3.6.1 ProsomoÐwsh Qronik� Mìnimhc Ro c

H pr¸th prosomoÐwsh pou parousi�zetai afor� ston upologismì tou mìnimou pedÐou ro c
sto stajmì me to sÔsthma aerismoÔ se kat�stash apagwg c aèra apì thn apob�jra. Aut 
h perÐptwsh anaparist� th leitourgÐa tou sust matoc aerismoÔ se kat�stash èktakthc
an�gkhc all� qwrÐc purkagi�. Sto sq ma 3.78 parousi�zetai to pedÐo taqut twn se dÔo
tomèc tou stajmoÔ, sta anoÐgmata pou brÐskontai kai oi sk�lec.

Autì pou axÐzei na parathr sei kaneÐc eÐnai oi polÔ qamhlèc taqÔthtec ro c pou anaptÔsson-
tai sto pedÐo, gegonìc pou kajist� epibeblhmènh th qr sh thc prostajeropoÐhshc qamhl¸n
arijm¸n Mach.
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Sq ma 3.78: ProsomoÐwsh leitourgÐac aerismoÔ sto stajmì metrì se perÐptwsh an�gkhc.
Qronik� mìnimh ro . PedÐo taqut twn se dÔo egk�rsiec tomèc tou stajmoÔ sthn perioq 
pou brÐskontai oi sk�lec.

3.6.2 ProsomoÐwsh PeristatikoÔ Purkagi�c

Gia thn prosomoÐwsh peristatikoÔ purkagi�c, jewreÐtai h ekd lwsh purkagi�c sunolik c
ekluìmenhc enèrgeiac 1MW , h opoÐa anaptÔssetai grammik� entìc 5 lept¸n kai paramènei
stajer  gia ta epìmena 5 lept�. Dhlad , o sunolikìc qrìnoc prosomoÐwshc eÐnai 10 lept�
me pragmatikì qronikì b ma 1 sec (360 epilÔseic twn exis¸sewn ro c). O rujmìc èklushc
jermìthtac sunart sei tou qrìnou dÐnetai sto sq ma 3.79.
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Sq ma 3.79: ProsomoÐwsh peristatikoÔ purkagi�c. Di�gramma rujmoÔ èklushc jermìthtac
apì thn estÐa thc purkagi�c kat� th di�rkeia thc prosomoÐwshc.

O qrìnoc anÐqneushc thc purkagi�c sthn apob�jra (qrìnoc pou apaiteÐtai mèqri o kapnìc
na ft�sei stouc aniqneutèc kapnoÔ) eÐnai perÐpou 30sec. Se autì to di�sthma jewreÐtai ìti
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den up�rqei kajìlou aerismìc sto q¸ro. Oi anemist rec pou ja anal�boun thn apagwg 
tou aèra apì thn apob�jra mèsw twn anoigm�twn twn aeragwg¸n ft�noun sth mègisth
taqÔthta touc 90sec met� thn anÐqneush thc purkagi�c (dhlad  met� to tèloc tou deÔterou
leptoÔ). 'Etsi, kat� th di�rkeia aut¸n twn 90sec, h apagwg  aèra aux�nei grammik� apì 0
wc 16m3/sec, en¸ met� paramènei stajer . Gia ta epìmena trÐa lept�, h purkagi� suneqÐzei
thn an�ptux  thc mèqri to 1MW ìpou kai paramènei stajer  gia ta epìmena 5 lept�.

H purkagi� topojeteÐtai sto mèso thc apob�jrac metaxÔ twn anoigm�twn gia tic dÔo sk�-
lec12. Sta sq mata pou akoloujoÔn (3.80�3.84) parousi�zontai ta apotelèsmata thc sug-
kèntrwshc kapnoÔ sto diam kec epÐpedo summetrÐac se endi�mesec qronikèc stigmèc thc
prosomoÐwshc.

Met� to pr¸to leptì, o kapnìc oriak� ft�nei sthn orof  tou epipèdou thc apob�jrac
(sq ma 3.80). O kapnìc suneqÐzei na anaptÔssetai kai na exapl¸netai sthn orof  kinoÔme-
noc proc ta anoÐgmata twn dÔo skal¸n. Met� to trÐto leptì ki en¸ to sÔsthma aerismoÔ
eÐnai se pl rh leitourgÐa ( dh apì to deÔtero leptì), o kapnìc èqei ft�sei sta ìria twn
anoigm�twn (sq ma 3.81). Apì th dexi� pleur�, o kapnìc sunant� to empìdio thc k�tw
pleur�c thc sk�lac en¸ apì thn �llh pleur� arqÐzei na pern� sto p�nw epÐpedo. Sto tèloc
tou pèmptou leptoÔ, ìpou o rujmìc èklushc jermìthtac ft�nei sth mègisth tim  tou, up�r-
qei kapnìc sthn arister  sk�la (sq ma 3.82) se sugkèntrwsh polÔ mikrìterh thc oriak�
apodekt c tim c.

Me thn p�rodo tou qrìnou, o kapnìc suneqÐzei na apl¸netai sthn apob�jra all� kai na
anebaÐnei sta an¸tera epÐpeda, mìno ìmwc apì thn arister  pleur� (sq mata 3.83, 3.84). H
dexi� sk�la se ìlh th di�rkeia thc prosomoÐwshc paramènei anephrèasth.

Sq ma 3.80: ProsomoÐwsh peristatikoÔ purkagi�c. Sugkèntrwsh kapnoÔ th qronik  stigm 
τ =1 min.

12H jèsh aut  jewreÐtai apì tic plèon dusmeneÐc kaj¸c h purkagi� brÐsketai kont� kai sta dÔo anoÐgmata
kai �ra o kapnìc mporeÐ na per�sei �gr gora� sto ep�nw epÐpedo.
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Sq ma 3.81: ProsomoÐwsh peristatikoÔ purkagi�c. Sugkèntrwsh kapnoÔ th qronik  stigm 
τ =3 min.

Sq ma 3.82: ProsomoÐwsh peristatikoÔ purkagi�c. Sugkèntrwsh kapnoÔ th qronik  stigm 
τ =5 min.

Sq ma 3.83: ProsomoÐwsh peristatikoÔ purkagi�c. Sugkèntrwsh kapnoÔ th qronik  stigm 
τ =7 min.

Sq ma 3.84: ProsomoÐwsh peristatikoÔ purkagi�c. Sugkèntrwsh kapnoÔ th qronik  stigm 
τ =9 min.
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Kef�laio 4

SuzugeÐc Teqnikèc me
ProstajeropoÐhsh Qamhl¸n
Arijm¸n Mach

Sto kef�laio autì parousi�zetai h epèktash twn suzug¸n teqnik¸n gia ton upologi-
smì twn paragwg¸n sunart sewn kìstouc se probl mata aerodunamikoÔ sqediasmoÔ�
beltistopoÐhshc se qamhlèc taqÔthtec mèsw prostajeropoÐhshc qamhl¸n arijm¸n Mach
stic isqÔousec exis¸seic ro c. To kef�laio xekin� me mia genikìterh eisagwg  stic su-
zugeÐc teqnikèc, ìpwc parousi�zontai sth diejn  bibliografÐa, me idiaÐterec anaforèc stic
mejìdouc kai to sqetikì logismikì pou èqei anaptuqjeÐ sto EJS/EMP, [18, 194]. To logi-
smikì autì pou afor� eÐte sth suneq , [18], eÐte sth diakrit , [10], suzug  teqnik  apoteleÐ
th b�sh gia thn eisagwg  kai qr sh thc prostajeropoÐhshc stic suzugeÐc teqnikèc, [29, 30],
sthn paroÔsa diatrib .

H epèktash twn suzug¸n teqnik¸n gia sqediasmì se qamhlèc taqÔthtec kalÔptei kai tic
dÔo parallagèc aut¸n, th diakrit  kai th suneq  mèjodo. Dedomènou ìti, sthn perÐptwsh
thc diakrit c suzugoÔc mejìdou h eisagwg  thc prostajeropoÐhshc eÐnai sqedìn �mesh,
megalÔterh èmfash dÐnetai sth suneq  diatÔpwsh. Gia thn teleutaÐa, arqik� analÔontai oi
sunart seic kìstouc pou ja qrhsimopoihjoÔn kai sth sunèqeia, parousi�zetai h suzug c
diatÔpwsh me prostajeropoÐhsh.

AkoloÔjwc, lamb�nei q¸ra diereÔnhsh kai emb�junsh wc proc to an h teqnik  thc prosta-
jeropoÐhshc prèpei na efarmosteÐ stic suzugeÐc exis¸seic   an oi suzugeÐc exis¸seic prèpei
na diatupwjoÔn me afethrÐa tic prostajeropoihmènec exis¸seic ro c. Par� to gegonìc ìti
h f�sh thc diereÔnhshc prohgeÐtai thc f�shc thc diatÔpwshc, epilègetai na parousiasteÐ
met� apì aut n ¸ste na apofeuqjoÔn perittèc epanal yeic.

AkoloujeÐ h perigraf  tou algorÐjmou sqediasmoÔ gia ektèlesh se poluepexergastikì pe-
rib�llon. To kef�laio oloklhr¸netai me thn parousÐash efarmog¸n sqediasmoÔ�beltisto-
poÐhshc aerodunamik¸n morf¸n gia tic opoÐec qrhsimopoieÐtai h proteinìmenh mèjodoc. H pi-
stopoÐhsh perilamb�nei to sqediasmì pterug¸sewn strobilomhqan¸n all� kai memonwmènwn
aerotom¸n, se atribeÐc kai sunektikèc roèc. Epiplèon, parousi�zetai h dipl  epit�qunsh thc
diadikasÐac sqediasmoÔ (a) apì th qr sh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach
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kai (b) apì th qr sh poluepexergastikoÔ sust matoc.

4.1 Bibliografik  Episkìphsh

H suzug c teqnik  prwtoqrhsimopoi jhke se probl mata aerodunamik c beltistopoÐhshc
to 1984 apì ton Pironneau, [202], gia probl mata dunamik¸n ro¸n me elleiptikèc exis¸seic.
Ousiastik� ìmwc, h pr¸th efarmog  stic uperbolikèc exis¸seic ro c ègine apì ton Jameson
o opoÐoc, to 1988, [118], anèptuxe kai prìteine th suneq  suzug  teqnik  gia tic exis¸seic
Euler. Apì thn an�lush pou parousi�zetai, apodeiknÔetai ìti oi suzugeÐc exis¸seic èqoun
ìmoia poluplokìthta me tic exis¸seic ro c kai �ra to kìstoc gia ènan kÔklo sqediasmoÔ
eÐnai sqedìn dipl�sio tou kìstouc epÐlushc twn exis¸sewn ro c. Efarmogèc thc mejìdou
sto sqediasmì memonwmènwn pterÔgwn, parousi�zontai lÐgo argìtera apì ton Ðdio, [119].

H ereunhtik  om�da tou Jameson (Reuther, Alonso, Pierce, Martinelli, Kim k.a.) sunèqise
na asqoleÐtai me th suneq  suzug  mèjodo epekteÐnont�c th sto sqediasmì se uperhqhtikèc
roèc kai se poluepexergastikì perib�llon [120, 213]. Epiplèon, anaptÔqjhke h suzug c
diatÔpwsh twn exis¸sewn Navier–Stokes gia sqediasmì se sunektikèc roèc [121], en¸ u-
p rxe peraitèrw epèktash stic mh�mìnimec roèc, [180]. Oi efarmogèc pou parousi�zontai
perilamb�noun to sqediasmì pterÔgwn aeroskaf¸n me stìqo dedomènh katanom  pÐeshc, thn
elaqistopoÐhsh tou suntelest  opisjèlkousac me dedomèno suntelest  �nwshc, [140, 141],
  kai ton periorismì twn kroustik¸n kum�twn, [108]   tou hqhtikoÔ krìtou, [23].

En¸, oi perissìterec apì tic parap�nw ergasÐec (Jameson k.a.) aforoÔsan efarmogèc
thc suneqoÔc suzugoÔc teqnik c se domhmèna plègmata,  dh apì to 1997 oi Anderson,
Venkatakrishnan, [24] parousÐasan thn epèktash thc teqnik c se mh�domhmèna plègmata
kai sunektikèc roèc. H Ðdia ergasÐa, ektìc apì th suneq  perilamb�nei kai thn an�ptuxh
thc diakrit c suzugoÔc teqnik c, en¸ probaÐnei kai se sugkrÐseic twn parag¸gwn apì tic
dÔo suzugeÐc teqnikèc kai tic peperasmènec diaforèc.

Stic arqikèc diatup¸seic thc suneqoÔc suzugoÔc teqnik c [119, 121] h èkfrash thc para-
g¸gou thc sun�rthshc kìstouc wc proc tic metablhtèc sqediasmoÔ perieÐqe qwrik� oloklh-
r¸mata ta opoÐa apaitoÔsan arketì qrìno upologismoÔ. To 2003 o Jameson [122] prìteine
mia nèa diatÔpwsh thn opoÐa onìmase “reduced gradient formula”. Se aut  th diatÔpwsh, h
opoÐa aforoÔse mìno atribeÐc roèc, oi par�gwgoi euaisjhsÐac upologÐzontai mìno sta ìria
tou upoqwrÐou.

Proc thn Ðdia kateÔjunsh oi Papadimitriou, Giannakoglou, [194] prìteinan mia pio genik 
diatÔpwsh, gia di�forec sunart seic kìstouc all� kai gia sunektikèc roèc. Epiplèon ple-
onèkthma aut c thc diatÔpwshc, ektìc apì to ìti h èkfrash thc parag¸gou exart�tai mìno
apì epifaneiak� oloklhr¸mata, eÐnai ìti den exart�tai apì metabolèc qwrik¸n posot twn
pou aforoÔn sto plègma (l.q. metrik¸n). Autì kajist� th diatÔpwsh anex�rthth tou tÔpou
tou plègmatoc tou upologistikoÔ qwrÐou kai, �ra, mporeÐ na efarmosteÐ tìso se domhmèna
ìso kai se mh�domhmèna plègmata.

Ektìc apì tic peript¸seic sqediasmoÔ memonwmènwn aerotom¸n   kai olìklhrwn aeroska-
f¸n stic opoÐec arqik� efarmìsthke, h suneq c suzug c teqnik  epekt�jhke kai sto sqedia-
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smì pterug¸sewn strobilomhqan¸n me stìqo thn elaqistopoÐhsh tou suntelest  apwlei¸n
olik c pÐeshc, [193, 192], agwg¸n�exarthm�twn autokin twn, all� kai sth beltistopoÐhsh
morf c olìklhrou autokin tou, [190, 191]. Stic dÔo teleutaÐec ergasÐec, h diatÔpwsh twn
suzug¸n exis¸sewn gÐnetai apì tic asumpÐestec exis¸seic ro c kai qrhsimopoieÐtai gia ton
upologismì topologik¸n kai epifaneiak¸n parag¸gwn euaisjhsÐac.

'Oson afor� sth diakrit  suzug  teqnik , h an�ptuxh thc ègine arqik� apì touc Elliott,
Peraire to 1996, gia atribeÐc roèc se mh�domhmèna plègmata, [81]. Oi Ðdioi suggrafeÐc
epèkteinan th diatÔpwsh stic sunektikèc roèc, [82], en¸ prìteinan kai sqetik  diatÔpwsh
gia to sqediasmì aeroskaf¸n, [83]. Thn Ðdia perÐpou perÐodo, h diakrit  suzug c teqnik 
epekteÐnetai stic turb¸deic roèc apì touc Anderson, Bonhaus, Nielsen gia sqediasmì (2D)
aerotom¸n, [25], kai (3D) pterÔgwn, [184]. Se autèc tic ergasÐec uiojeteÐtai h paradoq 
thc mhdenik c metabol c twn metablht¸n tou montèlou tÔrbhc (turb¸douc sunektikìthtac  
k�je �llhc posìthtac pou autì eis�gei) kaj¸c den diatup¸netai kai den epilÔetai suzug c
exÐswsh tou montèlou tÔrbhc.

Epiplèon, gia th diakrit  suzug  teqnik  shmantik  eÐnai h an�ptuxh apì ton Giles kai thn
ereunhtik  tou om�da (Pierce, Duta k.a). AutoÐ, parìti arqik� asqol jhkan me th majhmati-
k  jemelÐwsh kai melèth kai twn dÔo teqnik¸n, [95, 96], telik� epikentr¸jhkan sth diakrit 
suzug  teqnik , qrhsimopoi¸ntac tìso tic exis¸seic Euler ìso kai tic Navier–Stokes, [97].
Oi efarmogèc touc perilamb�noun roèc exwterik c aerodunamik c gia elaqistopoÐhsh twn
kroustik¸n kum�twn [98], all� kai roèc (mìnimec kai mh�mìnimec) se pterug¸seic strobi-
lomhqan¸n, ìpou wc stìqoi tÐjentai h elaqistopoÐhsh twn apwlei¸n kai h el�ttwsh twn
talant¸sewn twn pterugÐwn lìgw kum�twn [45, 75, 46].

Sth bibliografÐa mporoÔn akìma na brejoÔn ergasÐec ìpou parousi�zontai, upì proôpojè-
seic, oi analutikèc lÔseic twn suzug¸n exis¸sewn, [185].

Anex�rthta apì tic protim seic twn ereunht¸n proc th diakrit    th suneq  suzug  teqnik ,
orismènoi ap�autoÔc proq¸rhsan kai se sugkrÐseic an�mesa stic dÔo teqnikèc. Gia par�-
deigma, stic ergasÐec [181, 182] twn Nadarajah, Jameson parousi�zetai sÔgkrish an�mesa
sth suneq  kai sth diakrit  suzug  mèjodo gia atribeÐc kai sunektikèc roèc antÐstoiqa.
H sÔgkrish perilamb�nei th diatÔpwsh, thn efarmog  twn oriak¸n sunjhk¸n, tic parag¸-
gouc euaisjhsÐac kai th sÔgklish. Apì autèc tic sugkrÐseic prokÔptei ìti oi par�gwgoi
euaisjhsÐac pou upologÐzontai me th diakrit  suzug  teqnik  eÐnai pio akribeÐc apì autèc
thc suneqoÔc suzugoÔc teqnik c (sugkrinìmenec me tic antÐstoiqec pou upologÐzontai me th
mèjodo twn peperasmènwn diafor¸n). Bèbaia, h diafor� sthn akrÐbeia eÐnai polÔ mikr  kai
meioÔtai akìma perissìtero ìso aux�nei h di�stash tou upologistikoÔ plègmatoc. Epiplèon
aut  h diafor� den ephre�zei to rujmì sÔgklishc. Tèloc apodeiknÔetai ìti to upologistikì
kìstoc gia ton upologismì twn suzug¸n metablht¸n eÐnai megalÔtero me th diakrit  suzu-
g  teqnik , an kai autì exart�tai shmantik� apì ton trìpo programmatismoÔ. SÔgkrish,
ìson afor� sth majhmatik  jemelÐwsh twn dÔo teqnik¸n, parousi�zetai kai sthn ergasÐa
[96] (Giles, Pierce). Oi suggrafeÐc katal goun sto ìti h diakrit  teqnik  emfanÐzei pe-
rissìtera pleonekt mata apì th suneq  teqnik  gia ennoiologikoÔc kai praktikoÔc lìgouc
(conceptual and pragmatic reasons), gegonìc pou exhgeÐ kai th metèpeita enasqìlhsh touc
me th diakrit  teqnik .
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Gia thn epit�qunsh thc sunolik c diadikasÐac beltistopoÐhshc sqediasmoÔ èqei protajeÐ h
legìmenh one shot mèjodoc [148, 111]. SÔmfwna me aut , oi exis¸seic thc ro c, oi suzugeÐc
exis¸seic kai h exÐswsh diìrjwshc twn tim¸n twn metablht¸n sqediasmoÔ epilÔontai tau-
tìqrona. To sunolikì upologistikì kìstoc thc diadikasÐac sqediasmoÔ eÐnai, kat� polloÔc
suggrafeÐc, èna mikrì pollapl�sio tou kìstouc epÐlushc twn exis¸sewn ro c.

Mia lÐgo diaforetik  teqnik  pou sunant�tai sth bibliografÐa kai upì proôpojèseic mei¸nei
to upologistikì kìstoc eÐnai h qr sh mh�akrib¸n (proseggistik¸n) parag¸gwn thc klÐshc
thc sun�rthshc kìstouc (incomplete gradient), [176, 177, 178, 224, 225]. SÔmfwna me aut 
th mèjodo, antÐ thc akriboÔc parag¸gou upologÐzetai mia proseggistik  par�gwgoc afoÔ
paraleifjoÔn orismènoi �mh�shmantikoÐ� ìroi (sun jwc, prìkeitai gia ìrouc twn opoÐwn o
upologismìc apaiteÐ polÔ qrìno). An�loga me th diatÔpwsh mporeÐ na apaiteÐtai   ìqi h
epÐlush twn suzug¸n exis¸sewn   na apaitoÔntai oi timèc twn suzug¸n metablht¸n sto ìrio
tou qwrÐou. Parìti oi proseggistikèc timèc thc parag¸gou apoklÐnoun apì tic pragmati-
kèc, stic sqetikèc ergasÐec proteÐnontai algìrijmoi me kal  apìdosh wc proc th sunolik 
diadikasÐa bèltistou sqediasmoÔ.

'Enac diaforetikìc trìpoc epit�qunshc thc diadikasÐac sqediasmoÔ se qamhlèc taqÔthtec
ro c emfanÐzetai stic ergasÐec [29, 30] kai eÐnai h an�ptuxh pou ègine sto plaÐsio thc pa-
roÔsac diatrib c. Se antÐjesh me ta prohgoÔmena (ta sqetik� me ton upologismì proseg-
gistik¸n parag¸gwn), h diatrib  esti�zei ston upologismì twn akrib¸n parag¸gwn thc
sun�rthshc kìstouc, ìtan h ro  diamorf¸netai se polÔ mikrèc taqÔthtec (sqedìn asumpÐ-
estec roèc). Gia to lìgo autì, oi suzugeÐc exis¸seic gia th suneq  all� kai th diakrit 
teqnik  diatup¸nontai apì tic antÐstoiqec prostajeropoihmènec exis¸seic ro c (Euler  
Navier–Stokes). 'Etsi, ìqi mìno kajÐstatai dunatìc o sqediasmìc se polÔ qamhlèc taqÔ-
thtec ro c, all� h epibol  thc prostajeropoÐhshc epitaqÔnei thn epÐlush twn exis¸sewn
ro c kai twn suzug¸n exis¸sewn, �ra kai to sunolikì sqediasmì�beltistopoÐhsh.

Sta ìsa anafèrjhkan parap�nw perilamb�nontai kai ergasÐec apì thn pragmatopoioÔmenh è-
reuna sto EJS/EMP. Ektìc aut¸n, anagnwrÐzontai akìmh dÔo perioqèc endiafèrontoc stic
opoÐec, an kai den esti�zei h paroÔsa diatrib , eÐnai profanèc ìti h proteinìmenh diadikasÐa
prostajeropoÐhshc qamhl¸n arijm¸n Mach mporeÐ na �metemfuteuteÐ� kai na prosarmosteÐ
�mesa.

H mia perioq  endiafèrontoc afor� sth qr sh thc suzugoÔc teqnik c, eÐte sth suneq 
eÐte sth diakrit  ekdoq  thc, gia ton upologismì paragwg¸n euaisjhsÐac deÔterhc t�xhc,
dhlad  tou mhtr¸ou Hess gia sugkekrimènec sunart seic kìstouc. H èreuna aut , [195, 196,
197] pou eÐnai se exèlixh, wc proc th suneq  diatÔpwsh emfanÐzetai gia pr¸th for� sth
bibliografÐa, en¸ up�rqoun el�qistec ergasÐec pou parousi�zoun antÐstoiqec diatup¸seic
me th diakrit  teqnik , [221, 232]. H eÔresh tou akriboÔc mhtr¸ou Hess epitrèpei th qr sh
mejìdou Newton (antÐ thc mejìdou thc apìtomhc kajìdou) kai to endiafèron esti�zetai
sto upologistikì kìstoc.

H deÔterh perioq  endiafèrontoc afor� sthn �rsh thc paradoq c perÐ amelhtèwn metabol¸n
twn turbwd¸n posot twn. H diatÔpwsh suzugoÔc exÐswshc gia aut  tou montèlou tÔrbhc
(gia to montèlo Spalart–Allmaras), [10, 263] èqei  dh deiqjeÐ ìti epitrèpei ton akrib  u-
pologismì parag¸gwn euaisjhsÐac en¸ h proanaferjeÐsa paradoq  (h opoÐa gÐnetai stic
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perissìterec mejìdouc pou anaptÔssontai kai sunant¸ntai sth bibliografÐa) odhgeÐ, kat�
perÐptwsh, se shmantikèc apoklÐseic wc proc thn tim  twn parag¸gwn.

4.2 Eisagwg  stic SuzugeÐc Teqnikèc�DiadikasÐa Sqedia-
smoÔ

'Estw ìti epijumeÐtai o sqediasmìc�beltistopoÐhsh enìc aerodunamikoÔ s¸matoc (l.q. miac
aerotom c) me b�sh èna proepilegmèno krit rio. To krit rio autì, majhmatik� tautÐze-
tai me thn elaqistopoÐhsh thc tim c miac sun�rthshc F . Epiplèon, jewreÐtai ìti h proc
sqediasmì aerotom  parametropoieÐtai me k�poio trìpo (polu¸numa Bézier–Bernstein, b-
Splines, NURBS k.a.), o opoÐoc kajorÐzei to di�nusma ~b twn metablht¸n sqediasmoÔ pou
monos manta orÐzoun to sq ma thc aerotom c. H sun�rthsh kìstouc diatup¸netai wc

F = F (~U,~b) (4.1)

ìpou ~U eÐnai to di�nusma twn metablht¸n thc ro c (ìpwc parousi�sthke sto kef�laio 2)
kai ~b=[b1, b2, ..., bN ]T oi N metablhtèc sqediasmoÔ.

Gia th diakrit  mèjodo h opoÐa pr¸th parousi�zetai, h sqèsh 4.1 ekfr�zei th diakritopoih-
mènh graf  thc sun�rthshc kìstouc. An l.q. prìkeitai gia mia oloklhrwmatik  posìthta,
h diakritopoihmènh graf  enèqei thn efarmog  miac mejìdou arijmhtik c olokl rwshc. O-
poiad pote allag  twn metablht¸n sqediasmoÔ ~b prokaleÐ allag  thc morf c�gewmetrÐac
thc aerotom c, �ra kai tou pedÐou ro c ~U gÔrw apì aut . H metabol  δF thc sun�rthshc
kìstouc lìgw thc metabol c δ~b twn tim¸n twn metablht¸n sqediasmoÔ (kai tou pedÐou ro c)
gr�fetai wc

δF =
∂F

∂~U
δ~U +

∂F

∂~b
δ~b (4.2)

Oi exis¸seic tou pedÐou ro c, qrhsimopoi¸ntac to di�nusma tou upoloÐpou twn diakritopoi-
hmènwn exis¸sewn ~R, gr�fontai

~R = ~R(~U,~b) = 0 (4.3)

H metabol  tou pedÐou ro c lìgw metabol c twn metablht¸n sqediasmoÔ eÐnai

δ ~R =
∂ ~R

∂~U
δ~U +

∂ ~R

∂~b
δ~b = 0 (4.4)

kai exakoloujeÐ na isoÔtai me mhdèn kaj¸c oi exis¸seic ro c ikanopoioÔntai tìso prin
ìso kai met� th metabol  thc morf c thc aerotom c pou prokl jhke apì th metabol  δ~b.
Dedomènou ìti δ ~R = 0, h exÐswsh 4.4, mporeÐ na pollaplasiasjeÐ me èna di�nusma ~Ψ kai
na prostejeÐ sthn exÐswsh 4.2 thc metabol c thc sun�rthshc, kìstouc dhmiourg¸ntac th
legìmenh epauxhmènh sun�rthsh kìstouc. H metabol  aut c gr�fetai

δFaug =
∂F

∂~U
δ~U +

∂F

∂~b
δ~b + ~ΨT

(
∂ ~R

∂~U
δ~U +

∂ ~R

∂~b
δ~b

)
Anadiat�ssontac touc ìrouc, prokÔptei

δFaug =

(
∂F

∂~U
+ ~ΨT ∂ ~R

∂~U

)
δ~U +

(
∂F

∂~b
+ ~ΨT ∂ ~R

∂~b

)
δ~b (4.5)
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Sthn exÐswsh 4.5 epilègetai to di�nusma ~Ψ me trìpo ¸ste na mhdenÐzetai o pr¸toc ìroc tou
dexioÔ mèlouc, dhlad  na isqÔei ìti(

∂F

∂~U

)
+ ~ΨT

(
∂ ~R

∂~U

)
= 0

  (
∂ ~R

∂~U

)T

~Ψ +
(

∂F

∂~U

)T

= 0 (4.6)

Me autìn ton trìpo h metabol  thc epauxhmènhc sun�rthshc kìstouc kajÐstatai anex�rthth
thc metabol c twn metablht¸n thc ro c δ~U . H exÐswsh 4.6 onom�zetai diakrit  suzug c
(adjoint)   duadik  (dual) exÐswsh kai to ~Ψ apoteleÐ to pedÐo twn suzug¸n   duadik¸n
metablht¸n. Me thn ikanopoÐhsh�epÐlush twn suzug¸n exis¸sewn h sqèsh 4.5 gr�fetai

δFaug = δF =

(
∂F

∂~b
+ ~ΨT ∂ ~R

∂~b

)
δ~b (4.7)

kai epanadiatup¸netai ¸ste na ekfr�sei thn epijumht  klÐsh thc sun�rthshc kìstouc wc
proc tic metablhtèc sqediasmoÔ, wc

δF

δ~b
=

∂F

∂~b
+ ~ΨT ∂ ~R

∂~b
(4.8)

Gia th suneq  suzug  mèjodo, h epauxhmènh sun�rthsh kìstouc prokÔptei apì thn prìsjesh
tou oloklhr¸matoc tou ginomènou twn exis¸sewn ro c me to pedÐo twn suzug¸n metablht¸n
~Ψ1 sth sun�rthsh kìstouc, wc

Faug = F +
∫

Ω

~ΨT

(
∂ ~fi

∂xi

)
dΩ (4.9)

H metabol  thc Faug gr�fetai

δFaug = δF +
∫

Ω

~ΨT δ

(
∂ ~fi

∂xi

)
dΩ (4.10)

ìpou oi ìroi pou perièqoun metabolèc twn suzug¸n metablht¸n kai tou stoiqei¸douc ìgkou
dΩ eÐnai mhdenikoÐ, kaj¸c pollaplasi�zontai me tic exis¸seic ro c oi opoÐec sth qronik�

mìnimh lÔsh ikanopoioÔntai, dhlad  tic ∂ ~fi

∂xi
= 0. Gia th metabol  δF thc sun�rthshc

kìstouc, �kat�analogÐa� me th sqèsh 4.2, isqÔei

δF = δFb(δ~b) + δFU (δ~U) (4.11)

ìpou o pr¸toc ìroc exart�tai apì th metabol  twn tim¸n twn metablht¸n sqediasmoÔ kai
o deÔteroc apì th metabol  tou pedÐou ro c. Jewr¸ntac tic atribeÐc exis¸seic ro c kai

1DieukrinÐzetai ìti to di�nusma ~Ψ, sthn perÐptwsh thc suneqoÔc suzugoÔc teqnik c, antistoiqeÐ stic
exis¸seic ro c kai den prèpei na sugqèetai me autì pou qrhsimopoi jhke kat� thn an�lush thc diakrit c
suzugoÔc teqnik c, to opoÐo antistoiqoÔse se ìlec tic kombikèc timèc pollaplasiasmènec me to pl joc
twn m.d.e thc ro c.
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akolouj¸ntac thn an�ptuxh pou parousi�zetai sth diatrib  [18]2, lamb�netai h suneq c
suzug c exÐswsh

∂~Ψ
∂t

− AT
i

∂~Ψ
∂xi

= 0 (4.12)

en¸ h telik  èkfrash thc metabol c thc sun�rthshc kìstouc dÐnetai apì th sqèsh

δFaug = δFb(δ~b) +
∫

Sw

[Ψi+1p − ~ΨT ~f inv
i ] δ(nidS) −

∫
Sw

∂~UT

∂xk
AT ~ΨδxkdS (4.13)

apì thn opoÐa upologÐzetai h klÐsh thc sun�rthshc kìstouc wc proc tic metablhtèc sqe-
diasmoÔ.

H klÐsh thc sun�rthshc kìstouc, upologismènh mèsw eÐte thc diakrit c eÐte thc suneqoÔc
suzugoÔc diatÔpwshc, mporeÐ, sth sunèqeia, na qrhsimopoihjeÐ se opoiad pote mèjodo ka-
jìdou gia th diìrjwsh�ananèwsh thc gewmetrÐac tou proc sqediasmì aerodunamikoÔ sq ma-
toc. Eidikìtera, gia thn perÐptwsh thc apìtomhc kajìdou pou qrhsimopoieÐtai sthn paroÔsa
diatrib , h diadikasÐa ananèwshc twn tim¸n tou ~b gr�fetai wc

~bnew = ~bold − η

(
dF

d~b

)
(4.14)

me η to b ma thc kajìdou pou kajorÐzetai apì to qr sth.

DiadikasÐa SqediasmoÔ me th Suzug  Teqnik 

Me b�sh ta parap�nw, to pr¸to b ma gia to sqediasmì�beltistopoÐhsh enìc aerodunamikoÔ
s¸matoc eÐnai o kajorismìc thc sun�rthshc kìstouc F proc elaqistopoÐhsh. Sthn paroÔsa
diatrib  qrhsimopoioÔntai dÔo sunart seic kìstouc, oi opoÐec ja oristoÔn kai majhmatik�
se epìmenh enìthta. H pr¸th perÐptwsh sqediasmoÔ eÐnai o legìmenoc antÐstrofoc sqe-
diasmìc, ìpou prokajorÐzetai h epijumht  katanom  pÐeshc ptar sto stereì toÐqwma tou
s¸matoc (l.q. tic pleurèc uperpÐeshc kai upopÐeshc miac aerotom c). H deÔterh perÐptwsh
sqediasmoÔ afor� se memonwmènec aerotomèc, me stìqo thn elaqistopoÐhsh tou suntelest 
opisjèlkousac me dedomènh tim  tou suntelest  �nwshc.

'Eqontac kajorÐsei th sun�rthsh kìstouc, apaiteÐtai epilog  tou gewmetrikoÔ montèlou pou
kajorÐzei thn parametropoÐhsh. Sthn an�ptuxh pou akoloujeÐ gÐnetai qr sh twn kampul¸n
Bézier–Bernstein qwrÐc bèbaia na apokleÐetai h qr sh kai k�poiou �llou montèlou (pq. b–
Splines, NURBS klp). 'Estw, gia lìgouc genikìthtac, ìti to montèlo thc parametropoÐhshc
ekfr�zetai wc B(~b). Tèloc, prèpei na epileqjeÐ h mèjodoc beltistopoÐhshc (ed¸, ìpwc
proanafèrjhke, qrhsimopoieÐtai h mèjodoc thc apìtomhc kajìdou) pou ja qrhsimopoihjeÐ
sto bhmatikì algìrijmo epÐlushc.

O algìrijmoc sqediasmoÔ�beltistopoÐhshc (èstw gia mia aerotom ) èqei wc ex c:

B ma 0: Epilog  arqik c lÔshc ~bn me n=0, h opoÐa antistoiqeÐ se mia arqik  (pijanìn kai
tuqaÐa) aerotom .

2H an�ptuxh aut  ed¸ paraleÐpetai all�, se epìmenh enìthta, ja akolouj sei ekten c an�lush gia tic
prostajeropoihmènec exis¸seic ro c pou endiafèroun thn paroÔsa diatrib .
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B ma 1: Q�raxh perigr�mmatoc trèqousac aerotom c efarmìzontac to montèlo parame-
tropoÐhshc B(~bn).

B ma 2: DhmiourgÐa upologistikoÔ plègmatoc gÔrw apì thn aerotom , arijmhtik  epÐlush
twn exis¸sewn ro c se autì gia tic dedomènec sunj kec ro c kai upologismìc tou
dianÔsmatoc twn metablht¸n thc ro c ~Un. GnwrÐzontac to pedÐo ro c, eÐnai �mesoc
o upologismìc thc apìklishc thc pÐeshc p apì thn pÐesh�stìqo kat� m koc tou ste-
reoÔ toiq¸matoc   twn suntelest¸n �nwshc kai opisjèlkousac klp, an�loga me th
sun�rthsh kìstouc pou èqei epilegeÐ.

B ma 3: EpÐlush twn suzug¸n exis¸sewn (exis¸seic 4.6) sto Ðdio upologistikì plègma,
qrhsimopoi¸ntac to proôp�rqon pedÐo ro c kai upologismìc tou suzugoÔc pedÐou ~Ψn.

B ma 4: Ananèwsh twn tim¸n twn paramètrwn sqediasmoÔ pou kajorÐzoun th morf  thc
aerotom c efarmìzontac th mèjodo thc apìtomhc kajìdou (exÐswsh 4.14), qrhsimo-
poi¸ntac thn klÐsh thc sun�rthshc kìstouc pou upologÐsjhke apì thn 4.8.

B ma 5: Efarmog  krithrÐwn sÔgklishc kai epistrof  sto b ma 1 me (n ← n + 1), an h
mèjodoc den èqei sugklÐnei akìmh, sÔmfwna me proapofasismèno krit rio sÔgklishc.

4.3 Diakrit  kai Suneq c Suzug  Teqnik �SÔgkrish

'Opwc proanafèrjhke  dh apì thn eisagwg  (Kef�laio 1), up�rqei h dunatìthta na diatu-
pwjoÔn dÔo eÐdh suzug¸n teqnik¸n, h diakrit  kai h suneq c suzug  teqnik . H diafor�
touc ègkeitai ston trìpo me ton opoÐo, apì tic exis¸seic ro c, prokÔptoun oi suzugeÐc
exis¸seic, sth diakrit  touc morf .

Eidikìtera, sthn perÐptwsh thc diakrit c suzugoÔc teqnik c, h suzug c diatÔpwsh epib�l-
letai stic diakritopoihmènec exis¸seic ro c me apotèlesma tic diakritopoihmènec suzugeÐc
exis¸seic (sq ma 4.1 arister�). AntÐjeta, gia th suneq  suzug  teqnik , oi suzugeÐc e-
xis¸seic prokÔptoun apì thn efarmog  thc suzugoÔc diatÔpwshc stic exis¸seic ro c kai
autèc sth sunèqeia diakritopoioÔntai (sq ma 4.1 dexi�).

H basik  aut  diafor� wc proc th diatÔpwsh, ousiastik� kajorÐzei kai ta sqetik� �pleone-
kt mata�meionekt mata� thc miac diatÔpwshc wc proc thn �llh. Pio sugkekrimèna, h sune-
q c suzug c teqnik  proôpojètei arket  pro�ergasÐa gia th jemelÐwsh thc kai thn eÔre-
sh thc èkfrashc thc parag¸gou thc sun�rthshc kìstouc. K�je allag  thc sun�rthshc
kìstouc apaiteÐ nèa jemelÐwsh  , èstw, kat�llhlh tropopoÐhsh thc prohgoÔmenhc. Se an-
tÐjesh, h efarmog  thc diakrit c suzugoÔc teqnik c eÐnai �mesh, all� apaiteÐ megalÔterh
mn mh gia thn apoj keush mhtr¸wn pou èqoun upologisteÐ kat� thn epÐlush twn exis¸sewn
ro c.

Epiplèon, o algìrijmoc epÐlushc twn diakrit¸n suzug¸n exis¸sewn èqei thn Ðdia akrib¸c
sumperifor� kai ekmetalleÔetai ìlec tic idiìthtec tou antÐstoiqou algorÐjmou epÐlushc
twn exis¸sewn ro c. Apì thn �llh pleur�, o algìrijmoc epÐlushc twn suzug¸n m.d.e
pou prokÔptoun apì th suneq  suzug  diatÔpwsh dhmiourgeÐtai exarq c kai �ra up�rqei
dunatìthta epilog c thc mejìdou diakritopoÐhshc, h opoÐa mporeÐ na eÐnai diaforetik  apì
aut  twn exis¸sewn ro c. Sun jwc, bèbaia, protim�tai sq ma diakritopoÐhshc twn suzug¸n
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Sq ma 4.1: SÔgkrish diakrit c (arister�) kai suneqoÔc (dexi�) suzugoÔc teqnik c.

exis¸sewn ìmoio me autì twn exis¸sewn ro c, ¸ste na apofeuqjoÔn �asumbatìthtec� ston
upologismì thc parag¸gou thc sun�rthshc kìstouc.

4.4 Oi MeletoÔmenec Sunart seic Kìstouc

Sthn enìthta aut , analÔontai oi sunart seic kìstouc F proc elaqistopoÐhsh pou qrhsimo-
poioÔntai sta probl mata beltistopoÐhshc pou analÔontai sthn paroÔsa diatrib . Prìkei-
tai gia probl mata antÐstrofou sqediasmoÔ (se memonwmènec aerotomèc  /kai pterug¸seic
strobilomhqan¸n) kai elaqistopoÐhshc tou suntelest  opisjèlkousac me dedomèno suntele-
st  �nwshc (gia memonwmènec aerotomèc). Oi peript¸seic pou epilèqjhkan eÐnai endeiktikèc
kai ja mporoÔsan eÔkola, ant�aut¸n, na qrhsimopoihjoÔn �llec sunart seic kìstouc.

4.4.1 AntÐstrofoc Sqediasmìc

Se probl mata antÐstrofou sqediasmoÔ, ìpou stìqoc eÐnai mia epijumht  katanom  pÐeshc
sto sÔnolo   tm ma tou stereoÔ toiq¸matoc, h F orÐzetai wc

F =
1
2

∫
Sw

(p − ptar)
2 dS (4.15)

ìpou Sw eÐnai to ìrio tou stereoÔ toiq¸matoc to opoÐo elègqetai ex olokl rou apì tic
metablhtèc sqediasmoÔ, ptar h pÐesh�stìqoc se k�je shmeÐo tou orÐou Sw kai p h kata-
nom  statik c pÐeshc thc trèqousac lÔshc. H metabol  thc sun�rthshc kìstouc h opoÐa
prokaleÐtai apì metabol  twn metablht¸n sqediasmoÔ ~b, gr�fetai

δF =
∫

Sw

(p − ptar) δpdS +
1
2

∫
Sw

(p − ptar)
2 δ(dS) (4.16)

ìpou o ìroc δ(dS)=φ1(δ~b) exart�tai�kajorÐzetai apì thn parametropoÐhsh.
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4.4.2 ElaqistopoÐhsh Suntelest  Opisjèlkousac

Sthn perÐptwsh pou epijumeÐtai o sqediasmìc memonwmènhc aerotom c me el�qisto suntele-
st  opisjèlkousac (cd) kai dedomènh tim  tou suntelest  �nwshc (cl=cltar), h F orÐzetai
wc

F = (cl − cltar)
2 + βc2

d (4.17)

ìpou to β eÐnai posìthta orismènh apì to qr sth me skopì thn posotik  susqètish twn
suntelest¸n �nwshc kai opisjèlkousac. H metabol  thc F dÐnetai apì th sqèsh

δF = 2(cl − cltar)δcl + 2βcdδcd (4.18)

me

cd,l =
1
$

∫
Sw

(g1cosa∞ + g2sina∞) dS (4.19)

ìpou a∞ h ep��peiron gwnÐa ro c, $ = 1
2%|~u∞|2c, c h qord  kai (g1, g2) = (f1, f2) gia cd  

(g1, g2) = (f2,−f1) gia cl, ìpou f1, f2 eÐnai oi dun�meic pou askoÔntai sthn aerotom  kat�
th x1 kai th x2 dieÔjunsh, antÐstoiqa. Sthn perÐptwsh atriboÔc ro c, oi dun�meic autèc
tautÐzontai me tic dun�meic pÐeshc, opìte h exÐswsh 4.19 gia touc suntelestèc �nwshc kai
opisjèlkousac xanagr�fetai

cinv
d,l =

1
$

∫
Sw

p (q1cosa∞ + q2sina∞) dS (4.20)

kai h metabol  aut¸n

δcinv
d,l =

1
$

∫
Sw

δp (q1cosa∞ + q2sina∞) dS

+
1
$

∫
Sw

p cosa∞ δ(q1dS) +
1
$

∫
Sw

p sina∞ δ(q2dS)

ìpou (q1, q2) = (n1, n2) gia to cd   (q1, q2) = (t1, t2) gia to cl, ~t = (t1, t2) = (n2,−n1) eÐnai
to efaptomenikì sto stereì toÐqwma monadiaÐo di�nusma, en¸ h posìthta δ(qidS)=φ2(δ~b)
exart�tai apì thn parametropoÐhsh thc aerotom c. Sthn perÐptwsh sunektik¸n ro¸n, stic
dun�meic pou askoÔntai sthn aerotom  upeisèrqontai kai oi diatmhtikèc t�seic, dhlad 
fi = pni − τijnj , me i, j = 1, 2. Tìte, h metabol  twn suntelest¸n �nwshc kai opisjèlkou-
sac gr�fetai

δcd,l = δcinv
d,l −

1
$

∫
Sw

(δτkk qkcosa∞+δτmm qmsina∞+δτkm(qmcosa∞+qksina∞)) dS

− 1
$

∫
Sw

(τkk cosa∞ + τkm sina∞) δ(qkdS) (4.21)

− 1
$

∫
Sw

(τmm sina∞ + τkm cosa∞) δ(qmdS)

ìpou ta k,m lamb�noun tic timèc k=1, m=2 gia to cd kai k=2, m=1 gia to cl.
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4.5 H Diakrit  Suzug c Teqnik  me ProstajeropoÐhsh

H diakrit  suzug c teqnik  me prostajeropoÐhsh basÐzetai sth diakritopoihmènh morf  twn
prostajeropoihmènwn exis¸sewn ro c. Jewr¸ntac wc sun�rthsh kìstouc thn F = F (~U,~b)
(sqèsh 4.1), h metabol  thc lìgw metabol c δ~b twn ~b dÐnetai apì th sqèsh 4.2

δF =
∂F

∂~U
δ~U +

∂F

∂~b
δ~b

se diakrit  morf , to upìloipo twn prostajeropoihmènwn exis¸sewn ro c dÐnetai apì th
sqèsh

~RΓ = Γ~R = ~0 (4.22)

kai h metabol  tou wc proc tic metablhtèc sqediasmoÔ gr�fetai wc

δ ~RΓ =
∂ ~RΓ

∂~U
δ~U +

∂ ~RΓ

∂~b
δ~b

=

(
Γ

∂ ~R

∂~U
+ ~R

∂Γ

∂~U

)
δ~U +

(
Γ

∂ ~R

∂~b
+ ~R

∂Γ

∂~b

)
δ~b = 0 (4.23)

Sthn parap�nw sqèsh emfanÐzontai metabolèc tou mhtr¸ou prostajeropoÐhshc Γ wc proc
to pedÐo ro c kai tic metablhtèc sqediasmoÔ (ìroi ∂Γ/∂ ~U kai ∂Γ/∂~b, antÐstoiqa). Gia touc
ìrouc autoÔc den apaiteÐtai kamÐa paradoq  oÔte epiplèon upologismoÐ kaj¸c pollaplasi�-
zontai me to upìloipo twn exis¸sewn ~R kai, sth qronik� mìnimh lÔsh, isqÔei ~RΓ = ~R = 0.
'Etsi, h sqèsh 4.23 xanagr�fetai

δ ~RΓ = Γ
∂ ~R

∂~U
δ~U + Γ

∂ ~R

∂~b
δ~b = 0 (4.24)

Dedomènou ìti δ ~RΓ =0, h exÐswsh 4.23 mporeÐ na pollaplasiasjeÐ me èna di�nusma ~Ψ kai
na prostejeÐ sthn 4.22 dÐnontac thn epauxhmènh sun�rthsh kìstouc

δFaug =
∂F

∂~U
δ~U +

∂F

∂~b
δ~b + ~ΨT

(
Γ

∂ ~R

∂~U
δ~U + Γ

∂ ~R

∂~b
δ~b

)

  anadiat�ssontac touc ìrouc

δFaug =

(
∂F

∂~U
+ ~ΨT Γ

∂ ~R

∂~U

)
δ~U +

(
∂F

∂~b
+ ~ΨT Γ

∂ ~R

∂~b

)
δ~b (4.25)

Gia thn apaloif  tou ìrou pou exart�tai apì th metabol  twn roðk¸n megej¸n δ~U epilÔetai
h exÐswsh (

∂F

∂~U

)
+ ~ΨT Γ

(
∂ ~R

∂~U

)
= 0

  (
∂ ~R

∂~U

)T

~ΨΓ +
(

∂F

∂~U

)T

= 0 (4.26)
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H teleutaÐa sqèsh eÐnai h suzug c exÐswsh twn prostajeropoihmènwn exis¸sewn gia th
diakrit  ekdoq  kai epilÔetai wc proc tic prostajeropoihmènec suzugeÐc metablhtèc

~ΨΓ = ΓT ~Ψ (4.27)

Me thn ikanopoÐhsh/epÐlush twn diakrit¸n suzug¸n exis¸sewn me prostajeropoÐhsh, h
sqèsh 4.25 lamb�nei th morf 

δFaug =

(
∂F

∂~b
+ ~ΨT

Γ

∂ ~R

∂~b

)
δ~b (4.28)

apì thn opoÐa upologÐzetai �mesa h klÐsh thc sun�rthshc kìstouc wc

dF

d~b
=

dFaug

d~b
=

∂F

∂~b
+ ~ΨT

Γ

∂ ~R

∂~b
(4.29)

4.6 H Suneq c Suzug c Teqnik  me ProstajeropoÐhsh

Sthn enìthta aut  parousi�zetai h an�ptuxh thc suneqoÔc suzugoÔc teqnik c me prostaje-
ropoÐhsh. H an�lush xekin� apì tic prostajeropoihmènec exis¸seic ro c kai, qrhsimopoi¸n-
tac wc b�sh an�lush antÐstoiqh aut c pou anaptÔqjhke sth diatrib  [18], katal gei sth
suzug  diatÔpwsh twn prostajeropoihmènwn exis¸sewn ro c kai ton trìpo diakritopoÐhshc
touc.

4.6.1 DiatÔpwsh

H epauxhmènh sun�rthsh kìstouc gia tic prostajeropoihmènec exis¸seic thc sqèshc 2.15,
gr�fetai wc

δFaug = δF +
∫

Ω

~ΨT δ

[
Γ

(
∂ ~fi

∂xi

)]
dΩ (4.30)

 

δFaug = δF +
∫

Ω

~ΨT δΓ
∂ ~fi

∂xi
dΩ +

∫
Ω

~ΨT Γ δ

(
∂ ~fi

∂xi

)
dΩ (4.31)

ìpou ~fi = ~f inv
i − ~fvis

i . Sto qwrikì olokl rwma thc sqèshc 4.30 emfanÐzetai h metabol 
twn prostajeropoihmènwn exis¸sewn, ìpwc autèc parousi�sthkan sto kef�laio 2. Kat�
th diatÔpwsh kai peraitèrw an�ptuxh thc epauxhmènhc sun�rthshc kìstouc den gÐnetai
kamÐa paradoq  sqetik� me th diaqeÐrish tou ìrou δΓ, kaj¸c sth qronik� mìnimh lÔsh twn

exis¸sewn Navier–Stokes isqÔei ∂ ~fi

∂xi
=0, gegonìc pou mhdenÐzei to pr¸to olokl rwma sto

dexÐ mèloc thc sqèshc 4.31, h opoÐa telik� gr�fetai

δFaug = δF +
∫

Ω

~ΨT
Γ δ

(
∂ ~fi

∂xi

)
dΩ (4.32)

ìpou me ~ΨΓ sumbolÐzetai to ginìmeno twn suzug¸n metablht¸n me to mhtr¸o prostajero-
poÐhshc, dhlad  ~ΨΓ =ΓT ~Ψ, to opoÐo sth sunèqeia ja anafèretai wc to prostajeropoihmèno
di�nusma twn suzug¸n metablht¸n. Apì touc enapomeÐnantec ìrouc thc exÐswshc 4.32, o
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pr¸toc ìroc, dhlad  h metabol  thc sun�rthshc kìstouc, kajorÐzetai apì to prìblhma sqe-
diasmoÔ ìpwc parousi�sthke sthn prohgoÔmenh enìthta. Gia thn an�lush tou teleutaÐou
ìrou, qrhsimopoieÐtai h sqèsh

δ

(
∂Φ
∂xi

)
=

∂(δΦ)
∂xi

− ∂Φ
∂xk

∂(δxk)
∂xi

(4.33)

h opoÐa anaptÔqjhke apì touc PapadhmhtrÐou kai Giann�koglou kai parousi�zetai sth dia-
trib  [18] kai thn ergasÐa [194] kai ekfr�zei th metabol  thc parag¸gou miac opoiasd pote
roðk c posìthtac Φ sunart sei thc parag¸gou thc metabol c δΦ kai twn parag¸gwn twn
metabol¸n twn suntetagmènwn twn kìmbwn tou upologistikoÔ qwrÐou. Kat� sunèpeia, to
qwrikì olokl rwma thc sqèshc 4.32 analÔetai wc∫

Ω

~ΨT
Γ δ

(
∂ ~fi

∂xi

)
dΩ =

∫
Ω

~ΨT
Γ

∂(δ ~fi)
∂xi

dΩ −
∫

Ω

~ΨT
Γ

∂ ~fi

∂xk

∂(δxk)
∂xi

dΩ (4.34)

Oloklhr¸nontac kat� par�gontec, prokÔptei∫
Ω

~ΨT
Γ δ

(
∂ ~fi

∂xi

)
dΩ = −

∫
Ω

δ ~fT
i

∂~ΨΓ

∂xi
dΩ +

∫
Si,o,w

~ΨT
Γ δ ~finidS (4.35)

+
∫

Ω

∂

∂xi

(
~ΨT

Γ

∂ ~fi

∂xk

)
δxkdΩ −

∫
Sw

~ΨT
Γ

∂ ~fi

∂xk
δxknidS

ìpou me Si, So kai Sw sumbolÐzontai h eÐsodoc, h èxodoc kai to stereì toÐqwma, antÐstoi-
qa. To teleutaÐo olokl rwma orÐzetai mìno sto stereì toÐqwma ìpou isqÔei δxk 6= 0, �ra
exart�tai apì thn parametropoÐhsh, dhlad  δxk=φ3(δ~b). Peraitèrw an�ptuxh thc sqèshc
4.35 apaiteÐ xeqwrist  an�lush twn atrib¸n kai twn sunektik¸n ìrwn.

H Metabol  twn Atrib¸n 'Orwn

Gia tic atribeÐc roèc, h sqèsh 4.35 xanagr�fetai antikajist¸ntac to ~fi me ~f inv
i , dhlad ∫

Ω

~ΨT
Γ δ

(
∂ ~f inv

i

∂xi

)
dΩ = −

∫
Ω

δ ~f invT
i

∂~ΨΓ

∂xi
dΩ +

∫
Si,o,w

~ΨT
Γ δ ~f inv

i nidS (4.36)

+
∫

Ω

∂

∂xi

(
~ΨT

Γ

∂ ~f inv
i

∂xk

)
δxkdΩ −

∫
Sw

~ΨT
Γ

∂ ~f inv
i

∂xk
δxknidS

To pr¸to qwrikì olokl rwma tou dexioÔ mèlouc thc parap�nw exÐswshc, me qr sh thc
sqèshc δ ~f inv

i =Aiδ~U , xanagr�fetai wc

−
∫

Ω
δ ~f invT

i

∂~ΨΓ

∂xi
dΩ = −

∫
Ω

δ~UT AT
i

∂~ΨΓ

∂xi
dΩ (4.37)

ìpou upenjumÐzetai ìti Ai eÐnai ta Iakwbian� mhtr¸a kai ~U to di�nusma twn sunthrhtik¸n
metablht¸n ro c. To pr¸to epifaneiakì olokl rwma, analÔetai qwrist� gia thn eÐsodo,
èxodo kai ta stere� toiq¸mata tou pedÐou ro c. Gia thn eÐsodo kai thn èxodo gr�fetai wc∫

Si,o

~ΨT
Γ δ ~f inv

i nidS =
∫

Si,o

δ~UT AT ~ΨT
ΓdS (4.38)
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me A = Aini, en¸ gia to stereì toÐqwma, ìpou epib�lletai h sunj kh mh�eisq¸rhshc,
uini =0, isqÔei∫

Sw

~ΨT
Γ δ ~f inv

i nidS =
∫

Sw

ΨΓi+1ni δpdS +
∫

Sw

[ΨΓi+1p − ~ΨT
Γ

~f inv
i ] δ(nidS) (4.39)

me ΨΓi+1ni = ΨΓ2n1 +ΨΓ3n2. H parap�nw sqèsh prokÔptei anaptÔssontac thn oriak 

sunj kh sto toÐqwma ~f inv
i ni ={0, p~n, 0}T (sqèsh 2.64). Gia to deÔtero qwrikì olokl rwma

tou dexioÔ mèlouc thc exÐswshc 4.36 isqÔei∫
Ω

∂

∂xi

(
~ΨT

Γ

∂ ~f inv
i

∂xk

)
δxkdΩ =

∫
Ω

∂~ΨT
Γ

∂xi

∂ ~f inv
i

∂xk
δxkdΩ

+
∫

Ω

~ΨT
Γ

∂

∂xi

(
∂ ~f inv

i

∂xk

)
δxkdΩ (4.40)

ìpou o teleutaÐoc ìroc thc exÐswshc isoÔtai me to mhdèn, lìgw thc ikanopoÐhshc twn exi-

s¸sewn ro c. Me qr sh thc sqèshc ∂ ~fi

∂xk
=Ai

∂ ~U
∂xk

, to enapomeÐnan olokl rwma lamb�nei th
morf  ∫

Ω

∂

∂xi

(
~ΨT

Γ

∂ ~f inv
i

∂xk

)
δxkdΩ =

∫
Ω

∂~UT

∂xk
Ai

T ∂~ΨΓ

∂xi
δxkdΩ (4.41)

en¸ o teleutaÐoc ìroc (epifaneiakì olokl rwma) thc sqèshc 4.36 gr�fetai

−
∫

Sw

~ΨT
Γ

∂ ~f inv
i

∂xk
δxknidS = −

∫
Sw

∂~UT

∂xk
AT ~ΨΓδxkdS (4.42)

Antikajist¸ntac tic exis¸seic 4.37 wc 4.42 sthn 4.36, to qwrikì olokl rwma tou ìrou

~ΨT
Γ δ

(
∂ ~f inv

i
∂xi

)
lamb�nei thn telik  tou morf 

∫
Ω

~ΨT
Γ δ

(
∂ ~f inv

i

∂xi

)
dΩ = −

∫
Ω

(
δ~UT − ∂~UT

∂xk
δxk

)
AT

i

∂~ΨΓ

∂xi
dΩ +

∫
Si,o

δ~UT AT ~ΨT
ΓdS

+
∫

Sw

ΨΓi+1ni δpdS +
∫

Sw

[ΨΓi+1p − ~ΨT
Γ

~f inv
i ] δ(nidS)

−
∫

Sw

∂~UT

∂xk
AT ~ΨΓδxkdS (4.43)

H Metabol  twn Sunektik¸n 'Orwn

Gia tic sunektikèc roèc, h sqèsh 4.35 xanagr�fetai, antikajist¸ntac to ~fi me ~fvis
i , wc

−
∫

Ω

~ΨT
Γ δ

(
∂ ~fvis

i

∂xi

)
dΩ =

∫
Ω

δ ~fvisT
i

∂~ΨΓ

∂xi
dΩ −

∫
Si,o,w

~ΨT
Γ δ ~fvis

i nidS (4.44)

−
∫

Ω

∂

∂xi

(
~ΨT

Γ

∂ ~fvis
i

∂xk

)
δxkdΩ +

∫
Sw

~ΨT
Γ

∂ ~fvis
i

∂xk
δxknidS



4.6. Η Συνεχής Συζυγής Τεχνική με Προσταθεροποίηση 111

Gia to pr¸to qwrikì olokl rwma thc parap�nw sqèshc, pou perièqei tic metabolèc twn
sunektik¸n dianusm�twn ro c isqÔei∫

Ω
δ ~fvisT

i

∂~ΨΓ

∂xi
dΩ =

∫
Ω

δτij(
∂ΨΓj+1

∂xi
+ uj

∂ΨΓ4

∂xi
)dΩ

+
∫

Ω
δuiτij

∂ΨΓ4

∂xi
dΩ +

∫
Ω

δqi
∂ΨΓ4

∂xi
dΩ (4.45)

ìpou h metabol  twn t�sewn δτij , qrhsimopoi¸ntac th sqèsh 4.33 gia th sÔndesh thc meta-
bol c thc parag¸gou me thn par�gwgo thc metabol c kai tic metabolèc twn suntetagmènwn,
gr�fetai wc

δτij = µeff

[(
∂(δui)
∂xj

+
∂(δuj)

∂xi

)
− 2

3
δij

∂(δuk)
∂xk

]
−

µeff

[(
∂ui

∂xk

∂(δxk)
∂xj

+
∂uj

∂xk

∂(δxk)
∂xi

)
− 2

3
δij

∂ul

∂xk

∂(δxk)
∂xl

]
(4.46)

me µeff = µ + µt na sumbolÐzei th fainìmenh sunektikìthta, gia th genik  perÐptwsh ì-
pou melet¸ntai kai turb¸deic roèc. Sqetik� me th fainìmenh sunektikìthta gÐnontai dÔo
paradoqèc. H sunektikìthta µ jewreÐtai anex�rthth thc jermokrasÐac kai, gia turb¸deic
roèc, h metabol  thc turb¸douc sunektikìthtac ameleÐtai. H metabol  tou jermokrasiakoÔ
dianÔsmatoc ro c gr�fetai wc∫

Ω
δqi

∂ΨΓ4

∂xi
dΩ =

∫
Ω

k

(
∂(δT )
∂xi

− ∂T

∂xk

∂(δxk)
∂xi

)
∂ΨΓ4

∂xi
dΩ (4.47)

me k to suntelest  jermik c agwgimìthtac. H 4.47, me olokl rwsh kat� par�gontec gia
touc dÔo ìrouc, xanagr�fetai∫

Ω
δqi

∂ΨΓ4

∂xi
dΩ = −

∫
Ω

kδT
∂

∂xi

(
∂ΨΓ4

∂xi

)
dΩ +

∫
Sw

kδT
∂ΨΓ4

∂xi
nidS

+
∫

Ω

∂qi

∂xk

∂ΨΓ4

∂xi
δxkdΩ +

∫
Ω

k
∂T

∂xk

∂

∂xi

(
∂ΨΓ4

∂xi

)
δxkdΩ

−
∫

Sw

k
∂T

∂xk

∂ΨΓ4

∂xi
δxk nidS (4.48)

To pr¸to epifaneiakì olokl rwma thc sqèshc 4.44 analÔetai peraitèrw wc

−
∫

Si,o,w

~ΨΓ δ ~fvisT
i nidS = −

∫
Sw

[(ΨΓi+1 + uiΨΓ4)δτij + ΨΓ4τijδui + ΨΓ4δqj ] njdS (4.49)

Sthn parap�nw exÐswsh, ìloi oi ìroi pou perièqoun taqÔthtec   metabolèc taqut twn mpo-
roÔn na paraleifjoÔn, lìgw thc sunj khc mh�olÐsjhshc, odhg¸ntac sthn

−
∫

Si,o,w

~ΨΓ δ ~fvisT
i nidS = −

∫
Sw

ΨΓi+1δτijnjdS −
∫

Sw

ΨΓ4δqjnjdS (4.50)

Gia sunektikèc roèc, sto stereì toÐqwma isqÔei h sunj kh τijninj = 0 [194, 18] (h opoÐa
isodunameÐ me thn ∂un

∂n = 0), h metabol  thc opoÐac gr�fetai

δτijninj + τijδ(ninj) = 0 (4.51)
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H 4.51, an qrhsimopoihjeÐ ston pr¸to ìro thc 4.50 dÐnei

−
∫

Sw

ΨΓi+1δτijnjdS = −
∫

Sw

ΨΓi+1

ni
[δτijninj + τijδ(ninj)] dS +

∫
Sw

ΨΓi+1

ni
τijδ(ninj)dS

(4.52)
O deÔteroc ìroc thc 4.50 gr�fetai wc

−
∫

Sw

ΨΓ4δqjnjdS = −
∫

Sw

ΨΓ4δ(qjnjdS) +
∫

Sw

ΨΓ4qjδ(njdS) (4.53)

Oi exis¸seic 4.31 kai 4.34 wc 4.53 dÐnoun thn telik  èkfrash gia thn epauxhmènh sun�rthsh
kìstouc δFaug wc

δFaug = δF −
∫

Ω

(
δ~U − ∂~U

∂xk
δxk

)T(
AT

i

∂~ΨΓ

∂xi

)
dΩ −

∫
Ω

(
δ~V − ∂~V

∂xk
δxk

)T

~KdΩ

−
∫

Sw

∂~UT

∂xk
AT ~ΨΓδxkdS +

∫
Sw

ΨΓi+1niδpdS +
∫

Sw

[ΨΓi+1p − ~ΨT
Γ

~f inv
i ] δ(nidS)

+
∫

Si,o

δ~UT (AT ~ΨΓ)dS +
∫

Sw

k δT
∂ΨΓ4

∂xi
ni dS −

∫
Sw

ΨΓ4δ(qjnjdS)

+
∫

Sw

ΨΓ4qjδ(njdS) −
∫

Sw

∂ui

∂xk
τ

(ΨΓ)
ij δxknjdS +

∫
Sw

ΨΓi+1

ni
τijδ(ninj)dS

−
∫

Sw

k
∂T

∂xk

∂ΨΓ4

∂xi
δxk ni dS +

∫
Sw

~ΨΓ
∂ ~fvis

i

∂xk
δxk ni dS (4.54)

ìpou me ~K sumbolÐzetai to di�nusma twn ìrwn di�qushc twn suzug¸n exis¸sewn kai orÐzetai
sth sunèqeia (sqèsh 4.57).

SuzugeÐc Exis¸seic me ProstajeropoÐhsh Qamhl¸n Arijm¸n Mach

Sthn exÐswsh 4.54, h apaloif  twn qwrik¸n oloklhrwm�twn pou perièqoun ìrouc ∂~U

∂~b
=

δ~U− ∂~U
∂xk

δxk gÐnetai mèsw thc ikanopoÐhshc twn prostajeropoihmènwn suzug¸n exis¸sewn

∂~Ψ
∂t

− AT
i

∂~ΨΓ

∂xi
− M−T ~K = 0  

∂~Ψ
∂t

− AT
i

∂(ΓT ~Ψ)
∂xi

− M−T ~K = 0 (4.55)

ìpou upenjumÐzetai ìti M = ∂~U
∂~V

. Upojètontac ìti to mhtr¸o prostajeropoÐhshc ΓT mporeÐ

na �bgei èxw� apì thn merik  par�gwgo (paradoq ), h exÐswsh 4.55 telik� gr�fetai

∂~Ψ
∂t

− AT
Γi

∂~Ψ
∂xi

− M−T ~K = 0 (4.56)

me AΓ = ΓA (ìpwc orÐsthke sto kef�laio 2). Oi sunist¸sec tou dianÔsmatoc twn ìrwn
di�qushc ~K eÐnai

K1 = −T

%

∂

∂xj

(
k
∂ΨΓ4

∂xj

)
, Ki+1 =

∂τ
(ΨΓ)
ij

∂xj
− τij

∂ΨΓ4

∂xj
, K4 =

T

p

∂

∂xj

(
k
∂ΨΓ4

∂xj

)
(4.57)

me i = 1, 2 (2D).
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Me τ
(ΨΓ)
ij sumbolÐzontai oi �suzugeÐc t�seic�, oi opoÐec orÐzontai wc

τ
(ΨΓ)
ij = µeff

(
∂ΨΓj+1

∂xi
+ uj

∂ΨΓ4

∂xi
+

∂ΨΓi+1

∂xj
+ ui

∂ΨΓ4

∂xj

)
− 2

3
µeffδij

(
∂ΨΓk+1

∂xk
+ uk

∂ΨΓ4

∂xk

)
H onomasÐa �suzugeÐc t�seic� prokÔptei apì to gegonìc ìti ta τ

(ΨΓ)
ij perièqoun parag¸gouc

twn suzug¸n metablht¸n �kat' analogÐa� me tic sunektikèc t�seic pou perièqoun parag¸gouc
twn roðk¸n megej¸n.

EÐnai profanèc ìti h sqèsh 4.55 qwrÐc touc sunektikoÔc ìrouc, dhlad  h

∂~Ψ
∂t

− AT
Γi

∂~Ψ
∂xi

= 0 (4.58)

apoteleÐ stic suzugeÐc exis¸seic me prostajeropoÐhsh gia atribeÐc roèc.

Oriakèc Sunj kec

Oi oriakèc sunj kec eisìdou�exìdou prokÔptoun apaleÐfontac apì thn exÐswsh 4.54 ta
epikampÔlia oloklhr¸mata eisìdou kai exìdou pou perièqoun ìrouc δ~U , �ra

δ~UT (AT ~ΨΓ) = 0 (4.59)

Oi oriakèc sunj kec gia ta stere� toiq¸mata exart¸ntai apì th sun�rthsh kìstouc. Eidi-
kìtera, se probl mata antÐstrofou sqediasmoÔ, ìpou h sun�rthsh kìstouc dÐnetai apì th
sqèsh 4.15, h oriak  sunj kh se perÐptwsh atrib¸n ro¸n ja eÐnai

(p − ptar) + ΨΓi+1 ni = 0 (4.60)

Sthn perÐptwsh sunektik¸n ro¸n, o ìroc −
∫
Sw

ΨΓi+1

ni
[δτijninj + τijδ(ninj)] dS thc 4.52 a-

paleÐfetai epib�llontac ΨΓ2
n1

= ΨΓ3
n2

sto stereì ìrio. H prohgoÔmenh sqèsh, sunduazìmenh
me thn exÐswsh 4.60, odhgeÐ sthn oriak  sunj kh gia ta stere� toiq¸mata se sunektikèc
roèc

ΨΓi+1 = −(p − ptar) ni, i = 1, 2 (4.61)

Exet�zontac tic sqèseic 4.60 kai 4.61, parathreÐtai ìti, ìtan h mèjodoc sugklÐnei, dhl.
p = ptar, h sunj kh gia mh�sunektikèc roèc gr�fetai ΨΓ2n1 +ΨΓ3n2 = 0 h opoÐa, gia
tic suzugeÐc exis¸seic, eÐnai isodÔnamh thc sunj khc mh�eisq¸rhshc gia tic sunist¸sec thc
taqÔthtac sto eujÔ prìblhma. Epiplèon, h sunj kh gia sunektikèc roèc dÐnei ΨΓ2 =ΨΓ3 =0,
h opoÐa eÐnai isodÔnamh thc sunj khc mh�olÐsjhshc.

Apì thn �llh pleur�, se probl mata elaqistopoÐhshc tou suntelest  opisjèlkousac gia
dedomènh tim  tou suntelest  �nwshc, h sunj kh gia mh�sunektikèc roèc eÐnai[

2
$

(cl − cltar)(n2cosa∞ − n1sina∞) +
2
$

βcd(n1cosa∞ + n2sina∞)
]

+ ΨΓi+1 ni = 0

(4.62)
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en¸ gia sunektikèc roèc isqÔoun oi epìmenec dÔo sunj kec

ΨΓ2 =
2
$

(cl − cltar)sina∞ − 2
$

βcdcosa∞

ΨΓ3 = − 2
$

(cl − cltar)cosa∞ − 2
$

βcdsina∞ (4.63)

Anex�rthta apì th sun�rthsh F , ta oloklhr¸mata pou perièqoun ìrouc δT kai δ(qjnjdS)
prosdiorÐzoun thn oriak  sunj kh toÐqou gia to ΨΓ4, h opoÐa exart�tai apì thn oriak 
sunj kh thc jermokrasÐac. Eidikìtera, h sunj kh stajer c jermokrasÐac sta stere� toi-
q¸mata odhgeÐ sth mhdenik  Dirichlet sunj kh ΨΓ4 = 0, en¸ gia adiabatikèc sunj kec

epib�lletai mhdenik  sunj kh tÔpou Neumann, ∂ΨΓ4
∂xi

ni =0.

Telik  'Ekfrash Metabol c thc Faug�Par�gwgoi EuasjhsÐac

Met� thn ikanopoÐhsh twn suzug¸n exis¸sewn kai twn oriak¸n sunjhk¸n touc, oi enapo-
meÐnantec ìroi thc exÐswshc 4.54 dÐnoun thn telik  èkfrash gia th metabol  thc sun�rthshc
kìstouc

δFaug = δFb(δ~b) +
∫

Sw

[ΨΓi+1p − ~ΨT
Γ

~f inv
i ] δ(nidS)

−
∫

Sw

∂~UT

∂xk
AT ~ΨΓδxkdS +

∫
Sw

~ΨT
Γ

∂ ~fvis
i

∂xi
δxk ni dS

+
∫

Sw

ΨΓi+1

ni
τijδ(ninj)dS +

∫
Sw

ΨΓ4qiδ(nidS)

−
∫

Sw

∂ui

∂xk
τ

(ΨΓ)
ij δxknjdS −

∫
Sw

∂T

∂xk
k

∂ΨΓ4

∂xi
δxk ni dS (4.64)

ìpou gia probl mata antÐstrofou sqediasmoÔ

δFb(δ~b) =
1
2

∫
Sw

(p − ptar)
2 δ(dS) (4.65)

en¸ gia probl mata elaqistopoÐhshc tou suntelest  opisjèlkousac

δFb(δ~b) =
2
$

(cl − cltar)
[
−

∫
Sw

p sina∞ δ(n1dS)+
∫

Sw

p cosa∞ δ(n2dS)
]
+

2
$

(cl − cltar)
[∫

Sw

(τ1k sina∞−τ2k cosa∞) δ(nkdS)
]
+

2
$

βcd

[∫
Sw

p cosa∞ δ(n1dS)+
∫

Sw

p sina∞ δ(n2dS)
]
−

2
$

βcd

[∫
Sw

(τ1k cosa∞+τ2k sina∞) δ(nkdS)
]

(4.66)

Sthn exÐswsh 4.64, oi metabolèc pou perièqoun ìrouc ni, nj , dS ekfr�zontai wc δ(nidS)=
φ2(δ~b) (ìpwc orÐsthke nwrÐtera) kai δ(ninj)=φ4(δ~b). Me qr sh kat�llhlwn sunart sewn
φ1 wc φ4 oi opoÐec exart¸ntai apì thn parametropoÐhsh (Par�rthma Gþ), upologÐzetai h

klÐsh δF
δbi

= δFaug

δbi
gia th qr sh sth mèjodo thc apìtomhc kajìdou (sqèsh 4.14).
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4.6.2 DiakritopoÐhsh kai Arijmhtik  EpÐlush

Gia th diakritopoÐhsh twn prostajeropoihmènwn suzug¸n exis¸sewn, qrhsimopoieÐtai h te-
qnik  twn peperasmènwn ìgkwn me kentrokombik  diatÔpwsh, ìpwc kai sto eujÔ prìblhma.
'Etsi, h olokl rwsh se ìgkouc anafor�c thc exÐswshc 4.56 dÐnei∫

Ω

∂~Ψ
∂t

dΩ +
∫

Ω

(
−AT

Γi

∂~Ψ
∂xi

− M−T ~K

)
dΩ = 0 (4.67)

h opoÐa se diakrit  morf  gr�fetai wc

ΩP

∆tP
∆~ΨP +

∑
Q∈nei(P )

{~ΦΨ,inv
PQ + ~ΦΨ,vis

PQ } ∆∂Ω = 0 (4.68)

ìpou P ènac kìmboc ston ìgko elègqou Ω tou opoÐou oloklhr¸nontai oi suzugeÐc exis¸seic
kai Q ènac geitonikìc kìmboc o opoÐoc sundèetai me ton P me akm . To atribèc di�nusma

ro c gia tic suzugeÐc exis¸seic (~ΦΨ,inv
PQ ), qrhsimopoi¸ntac èna sq ma antÐstoiqo me autì

tou Roe gia to eujÔ prìblhma, dÐnetai apì th sqèsh

~ΦΨ,inv
PQ =

1
2

(−AT
ΓP

~ΨP − AT
ΓQ

~ΨQ) − 1
2
|ÃΓPQ

T | (~ΨQ − ~ΨP ) (4.69)

To sunektikì di�nusma ro c ~ΦΨ,vis
PQ , kat' analogÐa me to eujÔ prìblhma, upologÐzetai eÐte

jewr¸ntac grammik  katanom  twn parag¸gwn twn suzug¸n metablht¸n se k�je trigwnikì
stoiqeÐo eÐte me �kat� akm � upologismì ìpou oi par�gwgoi upologÐzontai apì th sqèsh 2.55.
To yeudo�qronikì b ma pou qrhsimopoieÐtai kat� thn epÐlush eÐnai Ðdio me autì pou èqei
upologisjeÐ gia to eujÔ prostajeropoihmèno prìblhma kai h epÐlush tou sust matoc gÐnetai
me to Ðdio sq ma (l.q. Jacobi) me to opoÐo epilÔetai kai to eujÔ prìblhma.

4.7 DiereÔnhsh�Emb�junsh sthn ProstajeropoÐhsh sth Su-
neq  Suzug  Teqnik 

H enìthta aut  embajÔnei ston trìpo eisagwg c thc prostajeropoÐhshc sth suneq  su-
zug  teqnik . Eidikìtera, analÔei tic dÔo pijanèc ekdoqèc, th suzug  diatÔpwsh twn pro-
stajeropoihmènwn exis¸sewn ro c kai thn prostajeropoÐhsh twn suzug¸n exis¸sewn pou
prokÔptoun apì tic exis¸seic ro c qwrÐc prostajeropoÐhsh. Oi dÔo autèc ekdoqèc, upì
proôpojèseic, apodeiknÔetai ìti mporoÔn na tautistoÔn.

4.7.1 Ekdoq  1: Suzug c DiatÔpwsh twn Prostajeropoihmènwn Exis¸-
sewn Ro c

H suzug c diatÔpwsh twn prostajeropoihmènwn exis¸sewn apoteleÐ thn ekdoq  pou a-
nalÔjhke ekten¸c sthn prohgoÔmenh enìthta. Pio sugkekrimèna, h epauxhmènh sun�rthsh
kìstouc diatup¸jhke pollaplasi�zontac tic prostajeropoihmènec exis¸seic ro c me to di�-
nusma ~Ψ (exÐswsh 4.30), dhlad  h prostajeropoÐhsh summeteÐqe exarq c sth diatÔpwsh. H
an�lush loipìn xekin� apì tic prostajeropoihmènec exis¸seic ro c (gia lìgouc aplìthtac
qrhsimopoioÔntai oi atribeÐc exis¸seic)

∂~U

∂t
+ ΓAi

∂~U

∂xi
= 0
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kai katal gei sth suzug  touc diatÔpwsh, h opoÐa eÐnai

∂~Ψ
∂t

− Ai
T ΓT ∂~Ψ

∂xi
= 0

 
∂~Ψ
∂t

− (ΓAi)T ∂~Ψ
∂xi

= 0 (4.70)

4.7.2 Ekdoq  2: ProstajeropoÐhsh Qamhl¸n Arijm¸n Mach twn Suzu-
g¸n Exis¸sewn

Wc enallaktik  ekdoq , eÔloga proteÐnetai h ek twn ustèrwn prostajeropoÐhsh thc su-
zugoÔc exÐswshc ìpwc aut  prokÔptei apì thn klasik  suneq  diatÔpwsh (dhlad  apì tic
exis¸seic ro c qwrÐc prostajeropoÐhsh). Se aut n thn perÐptwsh, uiojet¸ntac dhlad  thn
klasik  suzug  diatÔpwsh, [18], h suzug c exÐswsh katal gei sth

∂~Ψ
∂t

− Ai
T ∂~Ψ

∂xi
= 0

sthn opoÐa ja efarmosteÐ, ek twn ustèrwn, h prostajeropoÐhsh qamhl¸n arijm¸n Mach.
Qrhsimopoi¸ntac thn Ðdia logik  me aut  tou eujèoc probl matoc, o yeudo�qronikìc ìroc
pollaplasi�zetai me ton antÐstrofo tou mhtr¸ou D−T , to opoÐo epilègetai wc mhtr¸o
prostajeropoÐhshc twn suzug¸n exis¸sewn. Autì to mhtr¸o D (pèran tou an�strofou
pou, eulìgwc, eis�getai) den èqei kat' an�gkh sqèsh me to Γ. 'Ara, h prostajeropoihmènh
exÐswsh thc 4.71 eÐnai

D−T ∂~Ψ
∂t

− Ai
T ∂~Ψ

∂xi
= 0

h opoÐa xanagr�fetai wc

∂~Ψ
∂t

−DT Ai
T ∂~Ψ

∂xi
= 0

 
∂~Ψ
∂t

− (AiD)T ∂~Ψ
∂xi

= 0 (4.71)

4.7.3 'Elegqoc TaÔtishc twn DÔo Ekdoq¸n

H exÐswsh 4.71 eÐnai h ekdoq  thc arister c prostajeropoÐhshc gia tic suzugeÐc exis¸seic,
en¸ h 4.70 h dexi� prostajeropoÐhsh gia thn Ðdia exÐswsh. Oi dÔo pijanèc ekdoqèc gia thn
eisagwg  thc prostajeropoÐhshc stic suzugeÐc exis¸seic tautÐzontai an upotejeÐ AD=ΓA
 , gia tic mh�sunthrhtikèc metablhtèc, A D = Γ A3. Mia tètoia epilog  k�je �llo par�
aujaÐreth eÐnai, kaj¸c exasfalÐzei ìti ta mhtr¸a AD kai ΓA èqoun tic Ðdiec idiotimèc �ra
h prostajeropoÐhsh ja dra �omoÐwc� sto eujÔ kai sto suzugèc prìblhma. Autì genik�
eÐnai epijumhtì, afoÔ oi idiotimèc tou mhtr¸ou ΓA eÐnai pio sugkentrwmènec apì autèc tou
A (kef�laio 2, sq ma 2.1) kai odhgoÔn se taqÔterh sÔgklish tic exis¸seic ro c. Opìte,
oi sugkentrwmènec idiotimèc tou AD ja exasfalÐzoun taqÔterh sÔgklish kai twn suzug¸n
exis¸sewn. Me b�sh thn parap�nw upìjesh isìthtac to mhtr¸o D upologÐzetai apì th
sqèsh

D = A
−1 Γ A (4.72)

3AD = ΓA ⇒ M−1AMM−1DM = M−1ΓMM−1AM ⇒ A D = Γ A
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ìpou to iakwbianì mhtr¸o A kai to mhtr¸o prostajeropoÐhshc Γ twn mh�sunthrhtik¸n
metablht¸n orÐzontai wc

A =


~u&~n %n1 %n2 0
0 ~u&~n 0 n1/%
0 0 ~u&~n n2/%
0 %c2n1 %c2n2 ~u&~n



kai Γ =


1 0 0 β
0 1 0 0
0 0 1 0
0 0 0 α


Met� apì pr�xeic prokÔptei ìti

D =



1 %n1~u&~n(α−1)
(~u&~n)2−c2

%n2~u&~n(α−1)
(~u&~n)2−c2

(~u&~n)2(α−1)
(~u&~n)2−c2

0 n2
2 + n2

1
(~u&~n)2−αc2

(~u&~n)2−c2
−n1n2 + n1n2

(~u&~n)2−αc2

(~u&~n)2−c2
−n1~u&~n(α−1)

(~u&~n)2−c2

0 −n1n2 + n1n2
(~u&~n)2−αc2

(~u&~n)2−c2
n2

1 + n2
2

(~u&~n)2−αc2

(~u&~n)2−c2
−n2~u&~n(α−1)

(~u&~n)2−c2

0 %c2n1~u&~n(α−1)
(~u&~n)2−c2

%c2n2~u&~n(α−1)
(~u&~n)2−c2

−α(~u&~n)2−c2

(~u&~n)2−c2


(4.73)

Apì ta parap�nw apodeiknÔetai ìti mporeÐ na oristeÐ mhtr¸o D pou, efarmìzontac dexi�
prostajeropoÐhsh stic suzugeÐc exis¸seic, epifèrei ta Ðdia apotelèsmata me to mhtr¸o
arister c prostajeropoÐhshc Γ. O upologismìc tou D apì to D eÐnai profan c, dhlad 
D = MDM−1. Sto mhtr¸o D faÐnetai na up�rqei prìblhma sthn hqhtik  kat�stash ìpou
M =1 (arijmìc Mach) kai |~u|=c to opoÐo ìmwc sthn pragmatikìthta den ufÐstatai kaj¸c
h posìthta α èqei orisjeÐ wc α=max(1,M2). Dhlad , sthn hqhtik  perÐptwsh, to mhtr¸o
Γ isoÔtai ex orismoÔ me to monadiaÐo mhtr¸o, je¸rhsh h opoÐa profan¸c uiojeteÐtai kai gia
to D, dhlad  ìtan M =1 tìte D = I.

4.8 Sqediasmìc se Poluepexergastikì Perib�llon

O sqediasmìc aerodunamik¸n morf¸n pou anaptÔqjhke stic prohgoÔmenec enìthtec kai to
sqetikì logismikì pou ton ulopoieÐ èqei programmatisteÐ ¸ste na eÐnai dunat  h ektèlesh
tou se poluepexergastikì perib�llon. Oi basikèc arqèc thc par�llhlhc epexergasÐac gia
thn epÐlush twn exis¸sewn ro c (diamerismìc upoqwrÐwn, montèlo suntonist �erg�th) è-
qoun  dh perigrafeÐ sthn enìthta 2.7. Parìla aut�, o sqediasmìc aerodunamik¸n morf¸n,
perilamb�nei epiplèon thn epÐlush twn suzug¸n exis¸sewn, thn parametropoÐhsh thc morf c
k.a. 'Etsi, se pr¸th f�sh, o algìrijmoc sqediasmoÔ xekin� seiriak�, ìpou ènac kentrikìc
diaqeirist c analamb�nei thn parametropoÐhsh thc aerotom c, th gènesh plègmatoc gÔrw
apì aut  kai to diamerismì tou se upoqwrÐa. O arijmìc touc kajorÐzetai sun jwc apì
ton arijmì twn diajèsimwn epexergast¸n kai th di�stash tou plègmatoc. Sth sunèqeia,
o diaqeirist c dÐnei entol  sto suntonist  thc epÐlushc twn exis¸sewn ro c, o opoÐoc me
th seir� tou anajètei thn epÐlush stouc erg�tec (me b�sh ta ìsa èqoun perigrafeÐ sthn
enìthta 2.7). Me thn olokl rwsh thc arijmhtik c epÐlushc twn exis¸sewn ro c, o diaqei-
rist c sullègei ta apotelèsmata kai dÐnei entol  sto suntonist  thc epÐlushc twn suzug¸n
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exis¸sewn gia thn epÐlush touc. H epÐlus  touc basÐzetai kai aut  sto montèlo suntonist �
erg�th, ìpou oi apaitoÔmenec epikoinwnÐec eÐnai ìmoiec me autèc twn exis¸sewn ro c, me th
diafor� ìti aforoÔn stic suzugeÐc metablhtèc antÐ sta roðk� megèjh. Me thn olokl rwsh
thc epÐlushc kai twn suzug¸n exis¸sewn, o kentrikìc diaqeirist c analamb�nei th sullog 
twn apotelesm�twn, ton upologismì thc klÐshc thc sun�rthshc kìstouc kai, sunep¸c, th
dhmiourgÐa thc nèac�ananewmènhc gewmetrÐac. O sunolikìc algìrijmoc�diadikasÐa (sq ma
4.2) epanalamb�netai gia ton epìmeno kÔklo beltistopoÐhshc, k.o.k.

 !"#$%&  '. ()*+ 

,- ./)%/%&

 !"#$%& 0$1$234 

 '. ,- ./)%/%&

564-%& .#62,78)+

9!)#)2:%,;+ <#"%&+ 

0$4=/8&%&+ <;%8)$+ / 

>:;/?@%&, A##72* 

5-@,-8/"7+
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Sq ma 4.2: Algìrijmoc sqediasmoÔ aerodunamik¸n morf¸n me qr sh suzug¸n teqnik¸n kai
prostajeropoÐhshc, se poluepexergastikì perib�llon.
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4.9 Efarmogèc�PistopoÐhsh

Sthn enìthta aut  parousi�zontai oi efarmogèc kai h pistopoÐhsh thc proteinìmenhc me-
jìdou gia thn eisagwg  thc prostajeropoÐhshc stic suzugeÐc exis¸seic. Perilamb�nontai
probl mata sqediasmoÔ pterug¸sewn strobilomhqan¸n all� kai memonwmènwn aerotom¸n,
se atribeÐc kai sunektikèc roèc. Wc sunart seic kìstouc qrhsimopoioÔntai autèc pou pa-
rousi�sthkan sthn enìthta 4.4. 'Etsi ta meletoÔmena probl mata sqediasmoÔ eÐnai eÐte
probl mata antÐstrofou sqediasmoÔ me dedomènh katanom  pÐeshc eÐte probl mata ela-
qistopoÐhshc tou suntelest  opisjèlkousac me dedomèno suntelest  �nwshc (mìno gia
memonwmènec aerotomèc).

Sthn parousÐash twn apotelesm�twn pou akoloujeÐ melet¸ntai to kèrdoc sth sunolik 
diadikasÐa sqediasmoÔ apì th qr sh thc prostajeropoÐhshc stic exis¸seic ro c kai tic su-
zugeÐc exis¸seic, all� kai h ditt  epit�qunsh apì sunduasmènh qr sh prostajeropoÐhshc
kai poluepexergasÐac. Epiplèon, elègqontai oi paradoqèc tic opoÐec eis�gei h prostajero-
poÐhsh sugkrÐnontac thn akrÐbeia upologismoÔ twn parag¸gwn euaisjhsÐac me th suneq ,
th diakrit  teqnik  me prostajeropoÐhsh kai tic peperasmènec diaforèc. Gia ìlec tic parou-
siazìmenec efarmogèc, o sqediasmìc pragmatopoieÐtai me thn proteinìmenh suzug  teqnik 
(diakrit  h suneq ) me prostajeropoÐhsh kai, se ìti akoloujeÐ, autì ja jewreÐtai dedomè-
no ektìc an dhl¸netai k�ti diaforetikì (memonwmènoi upologismoÐ qwrÐc prostajeropoÐhsh
l.q. gia lìgouc sÔgkrishc).

Se ìlec tic peript¸seic, h parametropoÐhsh twn aerodunamik¸n morf¸n gÐnetai me dÔo kam-
pÔlec Bézier, qwrist� gia thn pleur� uperpÐeshc kai thn pleur� upopÐeshc. Oi gewmetrÐec
(shmeÐa elègqou) twn aerotom¸n kat� thn ènarxh thc beltistopoÐhshc eÐnai tuqaÐec (sun -
jwc summetrikèc gia tic sqediazìmenec memonwmènec aerotomèc).

Gia tic peript¸seic antÐstrofou sqediasmoÔ, h sun�rthsh kìstouc upologÐzetai me epÐlush
thc ro c se mia gnwst  aerotom . 'Etsi stic meletoÔmenec peript¸seic, ektìc apì thn
katanom  tou suntelest  pÐeshc (stìqoc) eÐnai epiplèon gnwst  kai h gewmetrÐa apì thn
opoÐa autìc proèkuye (aerotom  anafor�c). Profan¸c o sqediasmìc ja mporoÔse na gÐnei
gnwrÐzontac apl� kai mìno thn katanom  pÐeshc.

Dedomènou ìti, se k�poiec apì tic efarmogèc pou akoloujoÔn, parousi�zontai sugkrÐseic
wc proc to rujmì sÔgklishc twn exis¸sewn ro c kai twn suzug¸n exis¸sewn me kai qwrÐc
prostajeropoÐhsh, dieukrinÐzetai ìti kat� thn arijmhtik  epÐlush twn exis¸sewn (eujèoc
kai suzugoÔc probl matoc) qrhsimopoieÐtai o epilÔthc Jacobi.

4.9.1 AntÐstrofoc Sqediasmìc PterÔgwshc Sumpiest �Atrib c Ro 

H pr¸th efarmog  afor� ston antÐstrofo sqediasmì miac 2D pterÔgwshc sumpiest  me gw-
nÐa klÐshc 32◦ kai lìgo b matoc proc qord  0.75, se atrib  ro . H gewmetrÐa thc aerotom c
parametropoieÐtai me 46 shmeÐa elègqou, 23 gia k�je pleur� (upopÐeshc kai uperpÐeshc). Ta
shmeÐa pou brÐskontai kont� stic akmèc prìsptwshc kai ekfug c diathroÔntai stajer� e-
n¸ gia ta upìloipa shmeÐa elègqou stajerèc paramènoun oi axonikèc suntetagmènec touc,
katal gontac telik� se èna prìblhma me 32 metablhtèc sqediasmoÔ. Oi sunj kec ro c
eÐnai: gwnÐa eisìdou thc ro c sthn pterÔgwsh α1 =50◦ kai isentropikìc arijmìc Mach sthn
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èxodo thc M2is =0.1. O sqediasmìc pragmatopoieÐtai me th suneq  suzug  teqnik  me pro-
stajeropoÐhsh kai ta apotelèsmata parousi�zontai sta sq mata 4.3, 4.4 kai 4.5. Se aut�
faÐnetai sÔgkrish thc gewmetrÐac kai tou suntelest  pÐeshc thc bèltisthc aerotom c me thn
aerotom  anafor�c kai thn aerotom  ènarxhc thc beltistopoÐhshc, h poreÐa sÔgklishc thc
tim c thc sun�rthshc�kìstouc (se dekadikì log�rijmo me anagwg  sthn tim  kìstouc tou
pr¸tou kÔklou) kai to pedÐo tou arijmoÔ Mach thc ro c sth bèltisth pterÔgwsh. Sto sq -
ma 4.3, up�rqei ousiastik� pl rhc taÔtish twn kampul¸n gia thn aerotom  anafor�c kai thn
prokÔptousa�bèltisth aerotom  kai gi�autì den mporoÔn na anagnwristoÔn wc diaforetikèc
kampÔlec.

Prokeimènou na katasteÐ safèc to kèrdoc apì th qr sh thc prostajeropoÐhshc sth suno-
lik  diadikasÐa sqediasmoÔ, oi upologismoÐ, gia ènan kÔklo beltistopoÐhshc, epanalamb�-
nontai me kai qwrÐc prostajeropoÐhsh. H sÔgkrish thc rujmoÔ sÔgklishc twn exis¸sewn
ro c kai twn suzug¸n exis¸sewn me kai qwrÐc prostajeropoÐhsh (sq ma 4.6) apodeiknÔei
ìti h prostajeropoÐhsh, ektìc apì tic exis¸seic ro c (pou analÔjhkan kai se prohgoÔ-
menh enìthta) epifèrei shmantikì kèrdoc kai stic suzugeÐc exis¸seic. To kèrdoc autì (wc
proc ton upologistikì qrìno pou apaiteÐtai gia ènan kÔklo beltistopoÐhshc) se upologist 
P4, 3000MHz, 2GB RAM parousi�zetai ston pÐnaka 4.1. An sto kèrdoc lìgw prosta-
jeropoÐhshc upertejeÐ kai to kèrdoc apì th qr sh poluepexergasÐac tìte gia èna kÔklo
beltistopoÐhshc se 16 upologistèc apaitoÔntai mìlic 50 deuterìlepta. 'Etsi, gia to sugke-
krimèno prìblhma sqediasmoÔ, me qr sh prostajeropoÐhshc kai poluepexergasÐac h telik 
lÔsh epitugq�netai met� apì 85 kÔklouc beltistopoÐhshc se perÐpou 70 lept�, mìno.
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Sq ma 4.3: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest , atrib c ro  (α1 = 50◦,
M2is = 0.1). Aerotom  anafor�c, prokÔptousa�bèltisth aerotom  kai aerotom  ènarxhc
beltistopoÐhshc (arister�) kai oi antÐstoiqec katanomèc tou suntelest  pÐeshc sta stere�
toiq¸mata (dexi�).
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Sq ma 4.4: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest , atrib c ro  (α1 =50◦, M2is =
0.1). Exèlixh thc tim c thc sun�rthshc�kìstouc, anhgmènhc sto kìstoc tou pr¸tou kÔklou.

Sq ma 4.5: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest , atrib c ro  (α1 =50◦, M2is =
0.1). PedÐo kai isogrammèc arijmoÔ Mach thc ro c sth bèltisth pterÔgwsh.

PÐnakac 4.1: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest , atrib c ro  (α1 =50◦, M2is =
0.1). SÔgkrish apaitoÔmenou upologistikoÔ qrìnou gia ènan kÔklo beltistopoÐhshc me kai
qwrÐc prostajeropoÐhsh.

Seiriak  Ektèlesh Par�llhlh Ektèlesh
(16 CPUs)

Me ProstajeropoÐhsh 19 min 50 sec
QwrÐc ProstajeropoÐhsh 32 min 90 sec
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Sq ma 4.6: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest , atrib c ro  (α1 =50◦, M2is =
0.1). SÔgkrish tou rujmoÔ sÔgklishc twn exis¸sewn ro c (arister�) kai twn suzug¸n
exis¸sewn (dexi�) me kai qwrÐc prostajeropoÐhsh, se ènan kÔklo beltistopoÐhshc.

4.9.2 AntÐstrofoc Sqediasmìc Memonwmènwn Aerotom¸n�Atrib c Ro 

H epìmenh perÐptwsh afor� ston antÐstrofo sqediasmì memonwmènhc aerotom c se atrib 
ro  kai sunj kec ep��peiron ro c M∞ = 0.1 kai α∞ = 3◦. O sqediasmìc pragmatopoieÐtai
kai me tic dÔo suzugeÐc teqnikèc, th diakrit  kai th suneq  suzug , me prostajeropoÐhsh.
Gia thn parametropoÐhsh thc aerotom c qrhsimopoi jhkan 30 shmeÐa elègqou (15 gia k�je
pleur�) ta opoÐa metab�llontan tìso kat� thn orizìntia (x) ìso kai kat� thn katakìrufh
(y) dieÔjunsh (exaÐresh apoteloÔn ta akÐnhta shmeÐa sthn akm  prìsptwshc kai ekfug c).

H prokÔptousa�bèltisth aerotom  kai o suntelest c pÐeshc sta toiq¸mata thc sugkri-
nìmena me ta antÐstoiqa megèjh anafor�c parousi�zontai sto sq ma 4.7. Sto Ðdio sq ma
faÐnontai epÐshc h aerotom  apì thn opoÐa xekÐnhse h beltistopoÐhsh kai h katanom  pÐe-
shc aut c. H taÔtish thc prokÔptousac aerotom c me thn aerotom  anafor�c eÐnai pl rhc,
par� to gegonìc ìti h aerotom  ènarxhc thc beltistopoÐhshc briskìtan makri� apì aut n.
Parìti o sqediasmìc pragmatopoi jhke kai me tic dÔo suzugeÐc teqnikèc, oi prokÔptousec
lÔseic (gia sqediasmì me th diakrit  kai th suneq  suzug  mèjodo) eÐnai Ðdiec se epÐpedo
grafik c apeikìnishc kai gia to lìgo autì apotup¸netai mìno h mia apì autèc. Gia thn
telik �bèltisth, lÔsh to pedÐo tou arijmoÔ Mach faÐnetai sto sq ma 4.10. Epiplèon, h
omoiìthta twn lÔsewn apì tic dÔo teqnikèc, faÐnetai sta shmeÐa elègqou thc bèltisthc lÔ-
shc (sq ma 4.8 arister�) all� kai sthn telik  tim c thc sun�rthshc�kìstouc (sq ma 4.8
dexi�). Eidikìtera, oi dÔo teqnikèc sugklÐnoun sqedìn sthn Ðdia tim  sun�rthshc kìstouc a-
kolouj¸ntac lÐgo diaforetik  poreÐa, h opoÐa ofeÐletai stic diaforetikèc timèc tou b matoc
kajìdou pou qrhsimopoi jhkan kat� thn efarmog  thc mejìdou thc apìtomhc kajìdou.

Tèloc, sto sq ma 4.9 parousi�zetai sÔgkrish twn parag¸gwn euaisjhsÐac ìpwc autèc
upologÐzontai apì tic dÔo suzugeÐc teqnikèc me prostajeropoÐhsh kai tic peperasmènec
diaforèc (me ε = 10−7). Apì tic 60 timèc pou tup¸nontai, oi pr¸tec 30 antistoiqoÔn sthn
pleur� uperpÐeshc kai oi upìloipec 30 sthn pleur� upopÐeshc. Gia k�je pleur� ta pr¸ta
15 shmeÐa antistoiqoÔn stic parag¸gouc wc proc thn tetmhmènh x kai ta upìloipa 15 wc
proc thn tetagmènh y. H taÔtish twn parag¸gwn euaisjhsÐac pou prokÔptoun apì tic
suzugeÐc teqnikèc me tic peperasmènec diaforèc eÐnai exairetik , eidik� gia thn perÐptwsh



4.9. Εφαρμογές–Πιστοποίηση 123

thc diakrit c mejìdou. 'Oson afor� stic parag¸gouc euaisjhsÐac apì th suneq  suzug 
mèjodo, mikrèc diaforèc parathroÔntai mìno sta shmeÐa elègqou polÔ kont� stic akmèc
prìsptwshc kai ekfug c. Oi diaforèc autèc, pèran twn idiomorfi¸n thc ro c se aut�
ta shmeÐa, dikaiologoÔntai kai apì tic paradoqèc pou èqoun gÐnei kat� th diatÔpwsh kai
diakritopoÐhsh twn suneq¸n suzug¸n exis¸sewn me prostajeropoÐhsh.
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Sq ma 4.7: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞ = 3◦,
M∞ = 0.1). Aerotom  anafor�c, prokÔptousa�bèltisth aerotom  kai aerotom  ènarxhc
beltistopoÐhshc qwrÐc koin  klÐmaka stouc dÔo �xonec (arister�) kai oi antÐstoiqec kata-
nomèc tou suntelest  pÐeshc sta stere� toiq¸mata (dexi�).
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Sq ma 4.8: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞ = 3◦,
M∞ = 0.1). SÔgkrish shmeÐwn elègqou sthn prokÔptousa�bèltisth aerotom  (arister�)
kai exèlixh thc tim c thc sun�rthshc kìstouc (dexi�) me th suneq  kai th diakrit  suzug 
teqnik  me prostajeropoÐhsh.
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Sq ma 4.9: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=3◦, M∞=
0.1). SÔgkrish parag¸gwn euaisjhsÐac, upologismènwn me th suneq  kai th diakrit  suzug 
teqnik  me prostajeropoÐhsh kai th mèjodo twn peperasmènwn diafor¸n.

Sq ma 4.10: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=3◦, M∞=
0.1). PedÐo kai isogrammèc arijmoÔ Mach thc ro c gÔrw apì th bèltisth aerotom .

H teleutaÐa perÐptwsh sqediasmoÔ se atrib  ro  afor� ston antÐstrofo sqediasmì me-
monwmènhc aerotom c se polÔ qamhl  taqÔthta ep��peiron ro c M∞ = 0.001 kai gwnÐa
α∞=6◦. Se aut n thn perÐptwsh, h qr sh thc prostajeropoÐhshc gÐnetai idiaitèrwc aisjh-
t  an sugkrijeÐ o rujmìc sÔgklishc twn exis¸sewn ro c kai twn suzug¸n exis¸sewn me kai
qwrÐc prostajeropoÐhsh (sq ma 4.11). Ektìc apì thn taqÔterh epÐlush, sthn prokeimènh
perÐptwsh h prostajeropoÐhsh eÐnai aparaÐthth gia thn ulopoÐhsh tou sqediasmoÔ, kaj¸c
oi mh�prostajeropoihmènec exis¸seic den sugklÐnoun epark¸c. 'Etsi, h ìpoia prosp�jeia
sqediasmoÔ qwrÐc prostajeropoÐhsh ja emperieÐqe to rÐsko tou upologismoÔ �lanjasmènwn�
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parag¸gwn euaisjhsÐac lìgw aneparkoÔc sÔgklishc twn exis¸sewn ki ètsi, akìma ki an
oloklhr¸nontan me epituqÐa, ja apaitoÔse polÔ perissìterouc kÔklouc sqediasmoÔ.

Ta apotelèsmata thc diadikasÐac sqediasmoÔ parousi�zontai sto sq ma 4.12. H anapa-
ragwg  thc gewmetrÐac anafor�c kai thc katanom c pÐeshc eÐnai exairetik , par� thn �a-
pìstash� thc arqik c gewmetrÐac apì th gewmetrÐa anafor�c. H sÔgklish thc tim c thc
sun�rthshc kìstouc faÐnetai sto sq ma 4.13.

Epiplèon, sto sq ma 4.14 faÐnetai sÔgkrish twn parag¸gwn euaisjhsÐac me tic dÔo suzu-
geÐc teqnikèc kai tic peperasmènec diaforèc. Par� to gegonìc ìti o sqediasmìc ègine me th
suneq  suzug  teqnik , gia lìgouc sÔgkrishc èginan upologismoÐ twn parag¸gwn kai me
th diakrit  mèjodo se mia endi�mesh aerotom , h opoÐa proèkuye kat� th di�rkeia tou sqe-
diasmoÔ. Tèloc, to pedÐo tou arijmoÔ Mach thc ro c sth bèltisth aerotom  parousi�zetai
sto sq ma 4.15.
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Sq ma 4.11: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=6◦, M∞=
0.001). SÔgkrish tou rujmoÔ sÔgklishc twn exis¸sewn ro c (arister�) kai twn suzug¸n
exis¸sewn (dexi�) me kai qwrÐc prostajeropoÐhsh, se ènan kÔklo beltistopoÐhshc.
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Sq ma 4.12: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞ = 6◦,
M∞ = 0.001). Aerotom  anafor�c, prokÔptousa�bèltisth aerotom  kai aerotom  ènar-
xhc beltistopoÐhshc qwrÐc koin  klÐmaka stouc dÔo �xonec (arister�) kai oi antÐstoiqec
katanomèc tou suntelest  pÐeshc sta stere� toiq¸mata (dexi�).
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Sq ma 4.13: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=6◦, M∞=
0.001). Exèlixh thc tim c thc sun�rthshc kìstouc, anhgmènhc sto kìstoc tou pr¸tou
kÔklou.
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Sq ma 4.14: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=6◦, M∞=
0.001). SÔgkrish parag¸gwn euaisjhsÐac upologismènwn me th suneq  kai th diakrit 
suzug  teqnik  me prostajeropoÐhsh kai th mèjodo twn peperasmènwn diafor¸n.
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Sq ma 4.15: AntÐstrofoc sqediasmìc memonwmènhc aerotom c, atrib c ro  (α∞=6◦, M∞=
0.001). PedÐo kai isogrammèc arijmoÔ Mach thc ro c gÔrw apì th bèltisth aerotom .

4.9.3 AntÐstrofoc Sqediasmìc PterÔgwshc Sumpiest �Turb¸dhc Ro 

H epìmenh efarmog  afor� ston antÐstrofo sqediasmì pterÔgwshc sumpiest  me gwnÐa
klÐshc 22◦ kai lìgo b matoc proc qord  0.55, se turb¸dh ro , me th suneq  suzug  teqnik 
me prostajeropoÐhsh. Oi sunj kec ro c eÐnai α1 = 41◦, M2is = 0.15 kai arijmìc Reynolds
basismènoc sth qord  Re=9.5×105. Gia th montelopoÐhsh thc tÔrbhc qrhsimopoieÐtai to
montèlo miac exÐswshc twn Spalart–Allmaras.

H gewmetrÐa thc aerotom c parametropoieÐtai me 12 shmeÐa elègqou twn kampul¸n Bézier
pou metab�llontai mìno wc proc thn katakìrufh (perifereiak ) dieÔjunsh kai an amelhjoÔn
ta stajer� shmeÐa thc akm c prìsptwshc kai ekfug c, to pl joc twn metablht¸n sqedia-
smoÔ eÐnai 8. Par� to sqetik� mikrì pl joc metablht¸n sqediasmoÔ, se sÔgkrish me tic
�llec efarmogèc pou parousi�zontai, h perÐptwsh aut  epilèqjhke ètsi ¸ste na elegqjeÐ
h basik  paradoq  kat� thn opoÐa ameloÔntai oi metabolèc thc turb¸douc sunektikìthtac,
gia th suneq  suzug  diatÔpwsh gia turb¸deic roèc.

Apì ta apotelèsmata, apodeiknÔetai ìti aut  h paradoq , sthn paroÔsa efarmog , den
ephre�zei th diadikasÐa sqediasmoÔ kaj¸c up�rqei pl rhc anaparagwg  thc gewmetrÐac
anafor�c kai tou suntelest  pÐeshc met� apì perÐpou 70 kÔklouc beltistopoÐhshc (sq mata
4.16, 4.17 kai 4.18). Autì gÐnetai akìma pio shmantikì, an analogisteÐ kaneÐc ìti h aerotom 
ènarxhc thc beltistopoÐhshc eÐnai �sqetik�� makri� apì thn telik �bèltisth lÔsh, ìpwc
faÐnetai kai sto sq ma 4.16 (k�tw) ìpou, ektìc apì tic dÔo autèc aerotomèc, apotup¸nontai
kai ta sqetik� shmeÐa elègqou (dieukrinÐzetai ìti h parametropoÐhsh gÐnetai se mhdenik 
gwnÐa strof c kai to pterÔgio topojeteÐtai sth �swst � gwnÐa klÐshc prin th dhmiourgÐa
tou plègmatoc).
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Sq ma 4.16: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest  (α1 =41◦, M2is =0.15, Re=
9.5×105). Aerotom  anafor�c kai prokÔptousa�bèltisth aerotom  (p�nw arister�) kai oi
antÐstoiqec katanomèc tou suntelest  pÐeshc sta stere� toiq¸mata (p�nw dexi�). ShmeÐa
elègqou sthn arqik  kai prokÔptousa�bèltisth aerotom  (k�tw).
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Sq ma 4.17: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest  (α1 =41◦, M2is =0.15, Re=
9.5×105). Exèlixh thc tim c thc sun�rthshc�kìstouc, anhgmènhc sto kìstoc tou pr¸tou
kÔklou.
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Sq ma 4.18: AntÐstrofoc sqediasmìc pterÔgwshc sumpiest  (α1 =41◦, M2is =0.15, Re=
9.5×105). PedÐo kai isogrammèc arijmoÔ Mach thc ro c sth bèltisth pterÔgwsh.

4.9.4 AntÐstrofoc Sqediasmìc Summetrik c Aerotom c�Turb¸dhc Ro 

H teleutaÐa efarmog  antÐstrofou sqediasmoÔ afor� se mia summetrik  aerotom  se tur-
b¸dh ro . Oi sunj kec ep��peiron ro c eÐnai M∞=0.1, gwnÐa α∞=3◦ kai arijmìc Reynolds
Re = 106. O sqediasmìc gÐnetai me th suneq  suzug  teqnik  me prostajeropoÐhsh qwrÐc
na epilÔetai suzug c exÐswsh gia thn exÐswsh tou montèlou tÔrbhc Spalart–Allmaras.

Apì th sÔgkrish twn parag¸gwn euaisjhsÐac pou upologÐzontai me th suneq  suzug 
teqnik  me prostajeropoÐhsh kai tic peperasmènec diaforèc (sq ma 4.20 arister�) parath-
roÔntai apoklÐseic twn tim¸n. Autèc, ofeÐlontai afenìc stic paradoqèc tic opoÐec eis�gei
h prostajeropoÐhsh sth diatÔpwsh twn suzug¸n exis¸sewn kai th diakritopoÐhsh touc kai
afetèrou sthn paradoq  thc mhdenik c metabol c thc turb¸douc sunektikìthtac (ìpwc faÐ-
netai kai sthn ergasÐa [263]). Parìla aut�, oi mh�akribeÐc timèc parag¸gwn euaisjhsÐac
den ephre�zoun to sqediasmì oÔte ìson afor� sthn prokÔptousa�bèltisth aerotom  kai
to suntelest  pÐesh se sqèsh me tic timèc anafor�c (sq ma 4.19), oÔte kai sthn poreÐa
sÔgklishc thc sun�rthshc kìstouc (sq ma 4.20 dexi�).

Pijanìtata, h epÐlush thc suzugoÔc exÐswshc gia thn exÐswsh tou montèlou tÔrbhc ja
beltÐwne tic parag¸gouc euaisjhsÐac kai �ra ja epit�qune th diadikasÐa sqediasmoÔ (ligì-
teroi apaitoÔmenoi kÔkloi beltistopoÐhshc), ìmwc k�ti tètoio xefeÔgei apì to plaÐsio thc
paroÔsac diatrib c (melet�tai sth diatrib  [10]).
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Sq ma 4.19: AntÐstrofoc sqediasmìc summetrik c aerotom c (α∞ = 3◦, M∞ = 0.1,
Re = 106). Aerotom  anafor�c kai prokÔptousa�bèltisth aerotom  qwrÐc koin  klÐma-
ka stouc dÔo �xonec (arister�) kai oi antÐstoiqec katanomèc tou suntelest  pÐeshc sta
stere� toiq¸mata (dexi�).
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Sq ma 4.20: AntÐstrofoc sqediasmìc summetrik c aerotom c (α∞ = 3◦, M∞ = 0.1, Re =
106). SÔgkrish parag¸gwn euaisjhsÐac upologismènwn me th suneq  suzug  teqnik  me
prostajeropoÐhsh kai th mèjodo twn peperasmènwn diafor¸n (arister�). Exèlixh thc tim c
thc sun�rthshc�kìstouc, anhgmènhc sto kìstoc tou pr¸tou kÔklou.

Sq ma 4.21: AntÐstrofoc sqediasmìc summetrik c aerotom c (α∞ = 3◦, M∞ = 0.1, Re =
106). PedÐo kai isogrammèc arijmoÔ Mach thc ro c sth bèltisth aerotom .
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4.9.5 ElaqistopoÐhsh Suntelest  Opisjèlkousac me Dedomèno Sunte-
lest  'Anwshc

Oi teleutaÐec efarmogèc aforoÔn se sqediasmì memonwmènwn aerotom¸n me stìqo thn ela-
qistopoÐhsh tou suntelest  opisjèlkousac gia dedomèno suntelest  �nwshc.

Sthn pr¸th apì tic dÔo peript¸seic pou akoloujoÔn, o sqediasmìc gÐnetai me th diakrit 
suzug  teqnik  me sunj kec ep��peiron ro c M∞ = 0.01, α∞ = 3◦ kai arijmì Reynolds
Re = 500. H proc sqediasmì aerotom  parametropoieÐtai me 8 shmeÐa elègqou Bézier se
k�je pleur�. Sth sun�rthsh kìstouc (sqèsh 4.17), o epijumhtìc suntelest c �nwshc
lamb�nei thn tim  cltar = 0.087 o suntelest c β pou susqetÐzei touc suntelestèc �nwshc
kai opisjèlkousac epilègetai Ðsoc me β=0.05. Profan¸c prìkeitai gia strwt  ro .

H arqik  kai h prokÔptousa�bèltisth aerotom  apì to sqediasmì, ta antÐstoiqa shmeÐa
elègqou kaj¸c kai to pedÐo tou arijmoÔ Mach gia th bèltisth gewmetrÐa parousi�zontai
sta sq mata 4.22, 4.23. H sÔgkrish twn parag¸gwn euaisjhsÐac me th diakrit  suzug 
teqnik  kai tic peperasmènec diaforèc (sq ma 4.24) deÐqnei exairetik  taÔtish.

H sÔgklish thc diadikasÐac sqediasmoÔ ìpou epitugq�netai beltÐwsh tou suntelest  opi-
sjèlkousac, all� kai thc sunolik c sun�rthshc kìstouc faÐnetai sto sq ma 4.25. Sh-
mei¸netai ìti h arqik  gewmetrÐa eÐnai tuqaÐa epilegmènh (kai arket� diaforetik  aut c pou
proèkuye apì th beltistopoÐhsh) kai gi�autì to lìgo kai den ikanopoieÐ thn epijumht  tim 
tou suntelest  �nwshc sthn arq  thc beltistopoÐhshc. Stouc pr¸touc kÔklouc, parath-
reÐtai apìtomh pt¸sh thc tim c thc sun�rthshc�kìstouc F h opoÐa sundèetai kurÐwc me th
gr gorh epÐteuxh thc epijumht c tim c tou suntelest  �nwshc (toul�qiston proseggisti-
k�). Sth sunèqeia, h sun�rthsh F kai o suntelest c �nwshc paramènoun sqedìn stajer�
en¸ o suntelest c opisjèlkousac exakoloujeÐ na mei¸netai (sq ma 4.25).
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Sq ma 4.22: Sqediasmìc memonwmènhc aerotom c me th diakrit  suzug  teqnik  me prosta-
jeropoÐhsh (M∞ =0.01, α∞ =3◦, Re=500). Arqik  kai prokÔptousa�bèltisth aerotom 
qwrÐc koin  klÐmaka stouc dÔo �xonec kai antÐstoiqa shmeÐa elègqou.
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Sq ma 4.23: Sqediasmìc memonwmènhc aerotom c me th diakrit  suzug  teqnik  me prosta-
jeropoÐhsh (M∞=0.01, α∞=3◦, Re=500). PedÐo kai isogrammèc arijmoÔ Mach thc ro c
gÔrw apì th bèltisth aerotom .
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Sq ma 4.24: Sqediasmìc memonwmènhc aerotom c me th diakrit  suzug  teqnik  me prosta-
jeropoÐhsh (M∞ = 0.01, α∞ = 3◦, Re = 500). SÔgkrish parag¸gwn euaisjhsÐac upologi-
smènwn me th diakrit  suzug  teqnik  kai th mèjodo twn peperasmènwn diafor¸n.
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Sq ma 4.25: Sqediasmìc memonwmènhc aerotom c me th diakrit  suzug  teqnik  me prostaje-
ropoÐhsh (M∞=0.01, α∞=3◦, Re=500). ElaqistopoÐhsh tou suntelest  opisjèlkousac
(p�nw arister�), sÔgklish tou suntelest  �nwshc sthn epijumht  tim  (p�nw dexi�) kai
exèlixh thc tim c thc sun�rthshc�kìstouc F =(cl − 0.087)2+0.05 c2

d (k�tw).

O deÔteroc sqediasmìc pragmatopoieÐtai me th suneq  suzug  teqnik  se aerotom  h opoÐa
parametropoieÐtai me 10 shmeÐa elègqou an� pleur�. Oi sunj kec ep��peiron ro c eÐnai
M∞ = 0.05, α∞ = 1◦ kai Re = 1000, dhlad  strwt  ro . Par� th qamhl  taqÔthta
ro c kai th mikr  gwnÐa prosbol c, �ra kai tic qamhlèc timèc twn suntelest¸n �nwshc
kai opisjèlkousac, o sqediasmìc pragmatopoieÐtai qwrÐc kanèna prìblhma epitugq�nontac
thn epijumht  tim  tou suntelest  �nwshc cltar = 0.0263 (me β = 1) kai beltistopoi¸ntac
to suntelest  opisjèlkousac kat� 0.007. Ta apotelèsmata parousi�zontai sta sq mata
4.26, 4.27 kai 4.28.
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Sq ma 4.26: Sqediasmìc memonwmènhc aerotom c me th suneq  suzug  teqnik  me prosta-
jeropoÐhsh (M∞=0.05, α∞=1◦, Re=1000). Arqik  kai prokÔptousa�bèltisth aerotom 
qwrÐc koin  klÐmaka stouc dÔo �xonec kai antÐstoiqa shmeÐa elègqou.

Sq ma 4.27: Sqediasmìc memonwmènhc aerotom c me th suneq  suzug  teqnik  me prosta-
jeropoÐhsh (M∞=0.05, α∞=1◦, Re=1000). PedÐo kai isogrammèc arijmoÔ Mach thc ro c
gÔrw apì th bèltisth aerotom .
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Sq ma 4.28: Sqediasmìc memonwmènhc aerotom c me th suneq  suzug  teqnik  me prostaje-
ropoÐhsh (M∞=0.05, α∞=1◦, Re=1000). ElaqistopoÐhsh tou suntelest  opisjèlkousac
(p�nw), sÔgklish tou suntelest  �nwshc sthn epijumht  tim  (kèntro) kai exèlixh thc tim c
thc sun�rthshc�kìstouc F =(cl − 0.0263)2+c2

d (k�tw).
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4.10 AnakefalaÐwsh�Sqìlia�Sumper�smata

Sthn enìthta aut  sunoyÐzontai ta sumper�smata apì thn eisagwg  thc prostajeropoÐ-
hshc qamhl¸n arijm¸n Mach stic suzugeÐc teqnikèc kai th qr sh twn prostajeropoihmè-
nwn suzug¸n exis¸sewn gia ton upologismì thc klÐshc thc sun�rthshc kìstouc, kat� to
sqediasmì�beltistopoÐhsh aerodunamik¸n morf¸n se qamhlèc taqÔthtec.

Arqik�, èqontac wc dedomèno to kèrdoc apì thn prostajeropoÐhsh twn exis¸sewn ro c
(Kef�laio 2), h idèa  tan h eisagwg  thc prostajeropoÐhshc kai stic suzugeÐc exis¸seic.
'Etsi ja epitaqÔnontan h arijmhtik  epÐlush kai twn suzug¸n exis¸sewn kai genik� ja  tan
dunatìc o sqediasmìc se qamhloÔc arijmoÔc Mach.

Se pr¸th f�sh diatup¸jhkan oi prostajeropoihmènec diakritèc suzugeÐc exis¸seic, oi opoÐ-
ec proèkuyan �mesa apì th diakritopoihmènh morf  twn prostajeropoihmènwn exis¸sewn
ro c. Gia th suneq  suzug  teqnik , apait jhke diereÔnhsh wc proc ton an èprepe na
prostajeropoihjoÔn oi suzugeÐc exis¸seic   an h suzug c diatÔpwsh ja efarmìzontan stic
prostajeropoihmènec exis¸seic ro c. ApodeÐqjhke ìti oi duo autèc ekdoqèc mporoÔn na tau-
tistoÔn kai analÔjhkan oi paradoqèc pou eis�gontai kat� th diatÔpwsh kai diakritopoÐhsh
twn suzug¸n exis¸sewn me prostajeropoÐhsh.

Dedomènou ìti h qr sh thc prostajeropoÐhshc stic suzugeÐc teqnikèc parousi�zetai gia
pr¸th for� bibliografÐa, h proteinìmenh mejodologÐa pistopoi jhke se èna pl joc efar-
mog¸n sqediasmoÔ�beltistopoÐhshc, me stìqo ton èlegqo thc apìdoshc kai thc akrÐbeiac
thc mejìdou.

Tìso sth suneq  ìso kai sth diakrit  suzug  teqnik , h prostajeropoÐhsh epitaqÔnei
thn arijmhtik  epÐlush twn suzug¸n exis¸sewn. Se sunduasmì me thn epit�qunsh kai
twn exis¸sewn ro c, to kèrdoc se èna kÔklo beltistopoÐhshc eÐnai dittì. Autì èqei wc
apotèlesma thn epit�qunsh kai thc sunolik c diadikasÐac sqediasmoÔ. An se autì prostejeÐ
kai to kèrdoc apì th qr sh thc poluepexergasÐac, tìte o apaitoÔmenoc qrìnoc sqediasmoÔ
mei¸netai akìma perissìtero (l.q. perÐpou mia ¸ra gia atribeÐc 2D roèc, me epÐlush eujèoc
kai suzugoÔc probl matoc se 16 epexergastèc).

Ektìc apì thn epit�qunsh thc epÐlushc, h prostajeropoÐhsh kajist� dunat  thn epÐlush
se polÔ qamhlèc taqÔthtec ro c, ekeÐ pou oi mh�prostajeropoihmènec exis¸seic (ro c  
suzugeÐc) ja apotÔgqanan   ja odhgoÔsan se mh�apodekt� apotelèsmata.

'Oson afor� sthn akrÐbeia upologismoÔ twn parag¸gwn euaisjhsÐac, sthn perÐptwsh thc
diakrit c suzugoÔc teqnik c h taÔtis  touc me tic peperasmènec diaforèc eÐnai exairetik .
Gia th suneq  suzug  teqnik  parathroÔntai mikrèc apoklÐseic stic timèc twn parag¸gwn
se sÔgkrish me tic peperasmènec diaforèc kurÐwc sta idiìmorfa shmeÐa thc ro c (akmèc
prìsptwshc kai ekfug c). Autèc oi apoklÐseic ofeÐlontai stic paradoqèc kat� th diatÔpwsh
twn suneq¸n suzug¸n exis¸sewn (exagwg  mhtr¸ou ΓT apì th merik  par�gwgo, sqèsh
4.55) kai th diakritopoÐhsh touc. Parìla aut�, krÐnontac apì to apotèlesma, apodeiknÔetai
ìti autèc oi paradoqèc kai apoklÐseic stic timèc twn parag¸gwn den èqoun epÐptwsh sth
sÔgklish tou sunolikoÔ algorÐjmou sqediasmoÔ�beltistopoÐhshc.



Kef�laio 5

SÔgqronoi kai AsÔgqronoi
ExeliktikoÐ Algìrijmoi

Sto kef�laio autì perigr�fontai oi stoqastikèc mèjodoi beltistopoÐhshc pou anaptÔqjh-
kan kai qrhsimopoi jhkan sto plaÐsio thc diatrib c. Eidikìtera, h an�lush xekin� me mia
sÔntomh bibliografik  episkìphsh twn Exeliktik¸n AlgorÐjmwn (EA) (eÐdh, teqnikèc, pa-
rallhlopoÐhsh) kai amèswc met� parousi�zontai ta basik� qarakthristik� tou Genikeumènou
ExeliktikoÔ AlgorÐjmou (GEA�logismikì EASY, [264, 8, 12, 11]) pou èqei anaptuqjeÐ sto
EJS/EMP.

Sth sunèqeia, to endiafèron entopÐzetai stic legìmenec asÔgqronec parallagèc twn EA, me
idiaÐtera pleonekt mata se sqèsh me th qr sh poluepexergastik¸n susthm�twn kai perigr�-
fontai oi nèec mèjodoi pou prot�jhkan kai anaptÔqjhkan sthn paroÔsa diatrib . Prìkeitai
gia to domhmèno exeliktikì algìrijmo (DEA) kai ton asÔgqrono domhmèno exeliktikì al-
gìrijmo (ADEA).

Sthn teleutaÐa enìthta tou kefalaÐou parousi�zontai h pistopoÐhsh kai oi efarmogèc ìlwn
twn parap�nw mejìdwn. H pistopoÐhsh twn mejìdwn gÐnetai se majhmatik� probl mata
beltistopoÐhshc ta opoÐa, lìgw mikroÔ upologistikoÔ kìstouc, mporoÔn na epanalhfjoÔn
pollèc forèc ¸ste na up�rxei saf c eikìna gia th sumperifor� kai tic epidìseic twn al-
gorÐjmwn. Oi nèec mèjodoi sugkrÐnontai me to GEA   �llec mejìdouc thc bibliografÐac.
Sth sunèqeia, oi mèjodoi efarmìzontai sto sqediasmì aerodunamik¸n morf¸n, aerotom¸n
kai pterug¸sewn strobilomhqan¸n, all� kai ton prokatarktikì sqediasmì mikroÔ uperh-
qhtikoÔ aerosk�fouc.

5.1 Eisagwg  stouc ExeliktikoÔc AlgorÐjmouc

5.1.1 Bibliografik  Episkìphsh

Genik�

H istorÐa twn exeliktik¸n algorÐjmwn xekin� apì th dhmosÐeush tou biblÐou perÐ exèlixhc
twn eid¸n tou Darwin, [64]. Se autì gÐnetai anafor� stic arqèc thc fusik c epilog c
(natural selection), mia diadikasÐa me thn opoÐa oi organismoÐ pou prosarmìzontai eukolì-
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tera sto perib�llon èqoun perissìterec pijanìthtec na epibi¸soun kai na anaparaqjoÔn,
en¸ sqoli�zontai oi diergasÐec thc diastaÔrwshc kai thc met�llaxhc.

H pr¸th anafor� stouc genetikoÔc algorÐjmouc (genetic algorithms GA) emfanÐzetai to
1975 apì ton Holland, sto biblÐo [117] ìpou parousi�zetai ènac trìpoc efarmog c thc exe-
liktik c diadikasÐac gia thn epÐlush problhm�twn anaz thshc thc bèltisthc lÔshc. EÐqan
prohghjeÐ oi parousi�seic tou exeliktikoÔ programmatismoÔ (evolutionary programming)
[86] kai twn strathgik¸n exèlixhc (evolution strategies) [212]. Argìtera prot�jhke kai o
genetikìc programmatismìc (genetic programming), [61, 146, 147]. Oi parap�nw mèjodoi
an koun sthn eurÔterh kathgorÐa twn EA. EniaÐa antimet¸pish ìlwn aut¸n twn mejìdwn,
pou parousi�zoun arket� koin� qarakthristik�, gÐnetai sta biblÐa [32, 33].

'Enac EA diaqeirÐzetai èna plhjusmì atìmwn, ìpou k�je �tomo antiproswpeÔei mia upoy fia
lÔsh enìc dedomènou probl matoc. Se k�je �tomo apodÐdetai mia tim  katallhlìthtac ( 
tim  thc sun�rthshc kìstouc). To sÔnolo ton atìmwn apartÐzei th legìmenh geni� tou
EA, h opoÐa anane¸netai me efarmog  exeliktik¸n diergasi¸n. Autèc perilamb�noun thn
epilog  (selection), th diastaÔrwsh (crossover) kai th met�llaxh (mutation). H ananèwsh
tou plhjusmoÔ kai epanaxiolìghsh twn atìmwn pou ton apartÐzoun, odhgeÐ sthn eÔresh
kalÔterhc lÔshc, me th p�rodo twn geni¸n. Shmantikèc anaforèc ston tomèa twn GA kai
twn EA genikìtera apoteloÔn ta biblÐa twn Goldberg, [102] kai Michalewicz, [174].

Me b�sh kai ta ìsa perigr�fhsan parap�nw, to basikì pleonèkthma enìc EA eÐnai h du-
natìthta exereÔnhshc kai anÐqneushc ìlou tou q¸rou twn metablht¸n sqediasmoÔ pou ja
odhg sei sthn eÔresh tou olikoÔ akrot�tou. Autì, tautìqrona apoteleÐ kai to basikì
meionèkthma twn EA, kaj¸c gia thn eÔresh thc bèltisthc lÔshc apaiteÐtai arket� meg�-
loc arijmìc axiolog sewn. 'Etsi, an analogisteÐ kaneÐc ìti sta probl mata aerodunamik c
beltistopoÐhshc wc logismikì axiolìghshc sun jwc qrhsimopoieÐtai h �akrib � all� kai qro-
nobìra epÐlush twn exis¸sewn ro c, h qr sh twn EA kajÐstatai sqedìn apagoreutik  wc
�kajhmerinì� ergaleÐo sqediasmoÔ sth biomhqanÐa.

Oi trìpoi antimet¸pishc autoÔ tou probl matoc pou parousi�zontai sth bibliografÐa sqe-
tÐzontai me:

1. th qr sh proseggistik¸n montèlwn axiolìghshc (metaprotÔpwn),

2. th qr sh par�llhlwn EA,

3. th qr sh ierarqik¸n EA,

4. ton ubridismì EA me aitiokratikèc mejìdouc beltistopoÐhshc,

5. sunduasmì merik¸n   ìlwn apì tic tèsseric proanaferjeÐsec teqnikèc.

'Enac basikìc trìpoc diaqwrismoÔ twn EA, o opoÐoc ja analujeÐ sth sunèqeia eÐnai oi
sÔgqronoi kai asÔgqronoi EA. Stouc sÔgqronouc EA, pou apoteloÔn kai th suntriptik 
pleioyhfÐa twn mejìdwn thc bibliografÐac, oi exeliktikèc diergasÐec efarmìzontai se olì-
klhro ton plhjusmì miac geni�c, mìlic aut  oloklhrwjeÐ. AntÐjeta, stouc asÔgqronouc
EA den ufÐstatai h ènnoia thc geni�c kai k�je �tomo anane¸netai �anex�rthta� apì ta upì-
loipa. H ex�leiyh thc ènnoiac thc geni�c kat� thn exèlixh, anaireÐ thn an�gkh sugqronismoÔ
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me to pèrac k�je geni�c, o opoÐoc praktik� mporeÐ na epibarÔnei thn par�llhlh apìdosh
kajist¸ntac anenergoÔc k�poiouc epexergastèc, endeqomènwc gia arketì di�sthma. Dedo-
mènou ìti, suqn�, oi asÔgqronoi EA anafèrontai sth bibliografÐa kai wc par�llhloi EA,
h sqetik  episkìphsh ja eÐnai koin , upì ton tÐtlo �Par�llhloi EA (PEA)�.

EA kai Proseggistik� Montèla Axiolìghshc

Wc proseggistik� montèla axiolìghshc   metaprìtupa (metamodels) orÐzontai montèla qa-
mhloÔ (upologistikoÔ) kìstouc ta opoÐa upologÐzoun me proseggistikì trìpo thn tim  thc
sun�rthshc kìstouc, qrhsimopoi¸ntac mejìdouc parembol c   proekbol c antÐ tou logi-
smikoÔ   thc diadikasÐac pou na epilÔei to fusikì prìblhma.

Ta metaprìtupa qrhsimopoioÔntai se sunduasmì me touc EA se di�forec peript¸seic: (a) u-
yhlì kìstoc upologismoÔ sun�rthshc kìstouc, (b) apousÐa akriboÔc sun�rthshc kìstouc,
(g) Ôparxh �jorÔbou�   abebaiìthtac ston EA kai (d) probl mata poll¸n topik¸n akro-
t�twn. Apì autèc tic peript¸seic, oi opoÐec analÔontai diexodik� sthn ergasÐa [127], to
endiafèron sta probl mata aerodunamik c ègkeitai kurÐwc sthn pr¸th perÐptwsh. 'Etsi, ta
metaprìtupa qrhsimopoioÔntai gia thn antikat�stash twn akrib¸n axiolog sewn me mejì-
douc URD.

'Enac pr¸toc diaqwrismìc twn EA pou uposthrÐzontai apì metaprìtupa, an�loga me ton
trìpo kataskeu c kai qr shc twn teleutaÐwn se sqèsh me ton EA, eÐnai se autoÔc pou qrh-
simopoioÔn aposundedemèna (off–line) kai sundedemèna (on–line) me thn exèlixh metaprìtupa.
Sthn pr¸th ekdoq , to metaprìtupo ekpaideÔetai anex�rthta apì thn exèlixh, [201, 44] su-
n jwc afor� ìlo ton plhjusmì kai anane¸netai me epanaxiolìghsh thc proteinìmenhc apì
to metaprìtupo lÔshc me to akribèc prìtupo (l.q. tou logismikoÔ URD). H ananèwsh tou
gÐnetai katìpin elègqou twn epidìse¸n tou, dhlad  me b�sh thn apìklish twn proseggÐsewn
apì tic timèc thc akriboÔc sun�rthshc kìstouc. Sth deÔterh ekdoq , ta sundedemèna me thn
exèlixh metaprìtupa (on–line), ekpaideÔontai kat� th di�rkeia thc exèlixhc, [198, 91, 189].
H efarmog  touc ston EA mporeÐ na gÐnei me enallag  (stajer c   metablht c suqnìth-
tac) geni¸n qr shc tou proseggistikoÔ kai tou akriboÔc protÔpou, [126]. Epiplèon, èqei
protajeÐ h epilog  enìc   perissotèrwn atìmwn ta opoÐa ektìc apì thn prosèggish tou
metaprotÔpou axiologoÔntai kai me to akribèc prìtupo, [90, 92]. Aut  h teqnik  èqei a-
naptuqjeÐ sto EJS/EMP kai anafèretai wc proseggistik  proaxiolìghsh (PPA, inexact
pre–evaluation, IPE), [92]. H epilog  aut¸n twn atìmwn mporeÐ na gÐnei me di�forouc
trìpouc, an kai apodeiknÔetai ìti epitugq�netai kalÔterh apìdosh me epanaxiolìghsh twn
kalÔterwn me b�sh to metaprìtupo atìmwn. H apìdosh aux�nei akìma perissìtero ìtan
to metaprìtupo ekpaideÔetai topik� gia k�je mèloc tou plhjusmoÔ lamb�nontac upìyh ta
qarakthristik� twn geitonik¸n proc autì mel¸n, [92, 134, 135, 189].

Ta pio suqn� sunantoÔmena sth bibliografÐa metaprìtupa eÐnai oi mèjodoi epifanei¸n a-
pìkrishc, ta statistik� montèla (diergasÐec Gauss) kai ta teqnht� neurwnik� dÐktua. En-
deiktikèc efarmogèc me qr sh   kai sÔgkrish metaprotÔpwn parousi�zontai stic ergasÐec,
[198, 92, 79, 210, 189, 214]. Peraitèrw an�lush gia th qr sh kai ta eÐdh twn metaprotÔpwn
parousi�zetai stic diatribèc [8, 12, 11].
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Par�llhloi EA (PEA)

H basik  idèa gia touc par�llhlouc EA eÐnai o diaqwrismìc twn diergasi¸n pou epiteleÐ
o EA se epimèrouc diergasÐec kai h par�llhlh ulopoÐhs  touc se polloÔc epexergastèc.
Aut  h �diaÐrei kai basÐleue� (divide–and–conquer, [47]) prosèggish mporeÐ na efarmosteÐ me
polloÔc trìpouc stouc EA. Sth bibliografÐa parousi�zontai arketèc ergasÐec stic opoÐec
epiqeireÐtai taxinìmhsh twn PEA, me plèon shmantikèc tic [47, 188, 22].

'Enac basikìc trìpoc diaqwrismoÔ twn PEA sqetÐzetai me ton tÔpo tou plhjusmoÔ, ìpou
diakrÐnontai oi PEA eniaÐou plhjusmoÔ (single–population) kai oi PEA poll¸n plhjusm¸n
(multi–population).

H parallhlopoÐhsh twn EA eniaÐou plhjusmoÔ gÐnetai me to montèlo suntonist �erg�th
(master–slave). Se aut  thn perÐptwsh, h parallhlÐa efarmìzetai se epÐpedo axiolog se-
wn, dhlad  oi proc axiolìghsh upoy fiec lÔseic apostèllontai stouc diajèsimouc epexer-
gastèc, en¸ oi exeliktikèc diergasÐec (epilog , diastaÔrwsh, met�llaxh) lamb�noun q¸ra
ston eniaÐo plhjusmì.

Sqetik� me touc PEA poll¸n plhjusm¸n, autoÐ diaqwrÐzontai ek nèou se kathgorÐec, an�lo-
ga me ton trìpo diaqwrismoÔ tou plhjusmoÔ kai to pl joc twn mel¸n k�je upo�plhjusmoÔ.
DiakrÐnontai oi kathgorÐec twn PEA me èna �tomo (leptìkokko   leptomerèc, fine–grained)
  arket� �toma (qontrìkokko   adromerèc, coarse–grained) an� upo�plhjusmì. Sthn pr¸-
th kathgorÐa an koun oi legìmenoi EA kuttarik c dom c (cellular EA) kai sth deÔterh oi
katanemhnènoi EA (distributed EA).

Stouc algorÐjmouc kuttarik c dom c, mia sun jhc di�taxh tou plhjusmoÔ eÐnai aut  enìc
orjogwnikoÔ plègmatoc. Oi exeliktikèc diergasÐec periorÐzontai se mia mikr  geitoni� tou
plègmatoc, en¸ h allhlok�luyh touc exasfalÐzei thn epikoinwnÐa metaxÔ twn mel¸n tou
plhjusmoÔ. H idanik  perÐptwsh parallhlÐac enìc tètoiou algorÐjmou eÐnai h Ôparxh enìc
epexergast  gia k�je mèloc tou plhjusmoÔ.

Stouc katanemhmènouc EA k�je upo�plhjusmìc axiologeÐtai kai exelÐssetai se diaforetikì
epexergast . Oi upo�plhjusmoÐ   d moi epikoinwnoÔn kai antall�ssoun �toma periodik�
(migration). Se aut n thn perÐptwsh, apaiteÐtai o orismìc epiplèon paramètrwn sqetik� me
th suqnìthta thc antallag c kai thn epilog  twn atìmwn proc antallag . H epit�qunsh
thc epÐlushc eÐnai dedomènh, afoÔ to mègejoc twn d mwn eÐnai mikrìtero apì autì tou su-
nolikoÔ plhjusmoÔ. To shmantikì ìmwc kai autì pou kajorÐzetai apì tic proanaferjeÐsec
paramètrouc eÐnai h apìdosh tou algorÐjmou se sqèsh me ton klasikì EA.

Me b�sh ta parap�nw, h parallhlopoÐhsh enìc EA (me opoiod pote apì touc proana-
ferjèntec trìpouc) apoblèpei sthn kalÔterh apìdosh tou algorÐjmou tìso apì pleur�c
telik c�bèltisthc lÔshc ìso kai apì pleur�c qrìnou upologismoÔ. Parìla aut� kat� thn
parallhlopoÐhsh enìc sÔgqronou EA (èstw, gia lìgouc eukolìterhc katanìhshc, me thn
teqnik  suntonist �erg�th) to kèrdoc sto qrìno upologismoÔ den eÐnai sun jwc to mègi-
sto dunatì. Autì ofeÐletai sto legìmeno prìblhma sugqronismoÔ (synchronization). O
suntonist c perimènei thn olokl rwsh twn axiolog sewn ìlwn twn mel¸n tou plhjusmoÔ
miac geni�c ¸ste, mèsw twn exeliktik¸n diergasi¸n, na proqwr sei sthn epìmenh geni�. An
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loipìn gia opoiod pote lìgo h axiolìghsh enìc mèlouc kajuster sei (l.q. apokollhmènh
ro  gÔrw apì aerotom  pou apaiteÐ perissìtero qrìno gia sÔgklish twn exis¸sewn ro c),
tìte mporeÐ na kajuster sei olìklhroc o algìrijmoc. To prìblhma epilÔetai jewrhtik�,
an o arijmìc twn qrhsimopoioÔmenwn epexergast¸n eÐnai Ðsoc   akèraio pollapl�sio twn me-
l¸n tou plhjusmoÔ. K�ti tètoio afenìc den eggu�tai thn pl rh axiopoÐhsh twn diajèsimwn
epexergast¸n kai afetèrou to prìblhma gÐnetai megalÔtero an upotejeÐ h qr sh proseg-
gistik c proaxiolìghshc kat� th di�rkeia miac geni�c ìpou axiologoÔntai mìno lÐga �toma
tou plhjusmoÔ (�ra oi upìloipoi diajèsimoi epexergastèc paramènoun anenergoÐ). Ousia-
stik  epÐlush tou probl matoc sugqronismoÔ epitugq�netai an anairejeÐ o sugqronismìc,
dhlad  me thn uiojèthsh enìc asÔgqronou EA, [22, 31]. H apousÐa geni¸n kai h aposÔndesh
thc exèlixhc apì autèc exaleÐfei ta probl mata sugqronismoÔ kai odhgeÐ se polÔ kalÔterh
axiopoÐhsh thc diajèsimhc upologistik c isqÔoc, �ra kai mègisth par�llhlh apìdosh tou
algorÐjmou.

Ta parap�nw isqÔoun gia thn par�llhlh epexergasÐa tìso se diasundedemènouc (cluster
computing) ìso kai se gewgrafik� apomakrusmènouc epexergastèc (grid computing), [159,
158].

Arketèc forèc sth bibliografÐa o ìroc PEA qrhsimopoieÐtai gia na dhl¸sei kai ènan asÔg-
qrono EA (AEA). Gia par�deigma se mia apì tic pr¸tec ergasÐec sqetik� me touc AEA, o
Mühlenbein, [179], o opoÐoc qrhsimopoieÐ ton ìro �par�llhloc genetikìc algìrijmoc� antÐ
tou AEA diaforopoieÐ ton algìrijmì tou apì ènan tupikì GA. Ta �toma tou plhjusmoÔ
dianèmontai sto 2D q¸ro kai oi diadikasÐec diastaÔrwshc epimerÐzontai se geitonièc autoÔ.
Epiplèon, k�je �tomo tou plhjusmoÔ mporeÐ na belti¸sei thn katallhlìthta tou mèsw to-
pik c mejìdou anarrÐqhshc lìfou (hill climbing) kajìlh th di�rkeia thc zw c tou. Thn Ðdia
perÐpou perÐodo me ton [179] emfanÐzetai kai o asÔgqronoc algìrijmoc ASPARAGOS, [103],
ìpou h topologik  di�taxh tou plhjusmoÔ prosomoi�zei me sk�la me enwmèna �kra sto p�-
nw kai k�tw mèroc thc, en¸ kai ed¸ ta �toma tou plhjusmoÔ belti¸noun thn katallhlìthta
touc mèsw thc mejìdou anarrÐqhshc lìfou.

Oi Manderick, Spiessens, [164], qrhsimopoÐhsan ènan leptìkokko PEA me ta �toma tou
plhjusmoÔ na diat�ssontai se 2D plègma, ìpou kai ed¸ oi diergasÐec epilog c kai dia-
staÔrwshc lamb�noun q¸ra se geitonièc tou plègmatoc. Parat rhsan ìti h apìdosh tou
algorÐjmou qeirotereÔei me thn aÔxhsh tou megèjouc thc geitoni�c (mel¸n pou thn apar-
tÐzoun). Oi Hart, [109], kai Alba, [21], ef�rmosan thn �Ðdia� idèa se qontrìkokkouc PEA
me touc upoplhjusmoÔc na dianèmontai se 2D plègma. Se autèc tic ergasÐec oi asÔgqronoi
algìrijmoi parousi�zoun polÔ kalÔterh apìdosh apì thn, antÐstoiqh, sÔgqronh ekdoq 
touc. 'Alloi proteinìmenoi AEA kai melètec sqetik� th shmasÐa tou q¸rou�geitonÐac apì
thn opoÐa gÐnetai h epilog  twn mel¸n tou plhjusmoÔ gia th diastaÔrwsh se kuttarik c
dom c EA emfanÐzontai stic ergasÐec [160, 37, 89].

O AEA pou parousi�zetai sthn paroÔsa diatrib , [31], kai ja analujeÐ ekten¸c sth su-
nèqeia, apoteleÐ ènan teleÐwc diaforetikì algìrijmo apì ìsouc èqoun parousiasteÐ mèqri
stigm c. MporeÐ h di�taxh tou plhjusmoÔ na gÐnetai se 2D plègma b�shc prosomoi�zontac
se EA kuttarik c dom c (ìpwc arketoÐ AEA sth bibliografÐa), ìmwc o trìpoc diaqwrismoÔ
se d mouc, h morfologÐa touc kai o trìpoc twn exeliktik¸n telest¸n eÐnai polÔ diaforeti-
koÐ.
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Se k�je perÐptwsh, oi proteinìmenoi AEA stoqeÔoun sth mègisth dunat  par�llhlh apì-
dosh se poluepexergastik� sust mata (sun jwc thc logik c Multiple Instruction stream,
Multiple Data stream- MIMD).

IerarqikoÐ EA

'Enac �lloc trìpoc gia thn aÔxhsh thc apìdoshc enìc EA eÐnai mèsw thc qr shc ierarqi-
k¸n mejìdwn anaz thshc (IerarqikoÐ EA, IEA), [113, 136, 132, 131]. Stouc IEA, h qr sh
montèlwn qamhl c kai uyhl c akrÐbeiac gÐnetai se diaforetik� epÐpeda (sun jwc dÔo) ana-
z thshc. Gia par�deigma, se ènan IEA, sto qamhlì epÐpedo qrhsimopoieÐtai to logismikì
axiolìghshc qamhl c akrÐbeiac kai kìstouc me stìqo thn exereÔnhsh tou q¸rou sqedia-
smoÔ, en¸ sto uyhlì epÐpedo gÐnetai ekmet�lleush aut c thc plhroforÐac me qr sh tou
akriboÔc kai akriboÔ logismikoÔ. Autì profan¸c proôpojètei thn epikoinwnÐa metaxÔ twn
dÔo epipèdwn gia antallag  plhrofori¸n.

Enallaktik�, se k�je epÐpedo enìc IEA mporeÐ na qrhsimopoihjeÐ diaforetikìc arijmìc
metablht¸n sqediasmoÔ. Gia par�deigma, eÐnai dunat  h parametropoÐhsh miac aerotom c me
diaforetikì arijmì shmeÐwn elègqou, dhlad  poll� shmeÐa sto an¸tato epÐpedo kai ligìtera
sto kat¸tato.

'Enac trÐtoc trìpoc ierarqik c axiolìghshc eÐnai h qr sh diaforetik c mejìdou se k�je
epÐpedo. 'Etsi, sto èna epÐpedo qrhsimopoioÔntai EA kai sto �llo mia �llh plhjusmiak   
mia aitiokratik  mèjodoc beltistopoÐhshc.

Ubridismìc�SunduasmoÐ

O ubridismìc EA kai aitiokratik¸n mejìdwn beltistopoÐhshc stoqeÔei sthn tautìqronh
ekmet�lleush twn pleonekthm�twn twn dÔo mejìdwn. 'Enac sun jhc trìpoc ubridismoÔ
eÐnai h enallag  qr shc EA kai suzug¸n teqnik¸n [207, 132]. Autì ìpwc proanafèrjhke
apoteleÐ mia pijan  parallag  enìc ierarqikoÔ EA. Se aut  thn perÐptwsh o EA eÐnai
upeÔjunoc gia thn anÐqneush tou q¸rou sqediasmoÔ kai thn �upìdeixh� thc perioq c tou
akrot�tou sto opoÐo mporeÐ plèon na sugklÐnei, polÔ gr gora, mia aitiokratik  mèjodoc.

Bèbaia, ta teleutaÐa qrìnia, oi parousiazìmenoi EA teÐnoun na sundu�zoun dÔo   perissìte-
ra apì ta parap�nw qarakthristik�. Eidik� ston tomèa thc aerodunamik c beltistopoÐhshc,
h epijumÐa sqediasmoÔ se logikì upologistikì qrìno kajist� anagkaÐa th qr sh par�llh-
lwn EA. AutoÐ, kat� perÐptwsh, sundu�zontai me metaprìtupa, ierarqikoÔc EA, ubridik�
sq mata   kai ìla mazÐ.

5.1.2 Orismìc Probl matoc BeltistopoÐhshc

'Estw ìti epijumeÐtai h elaqistopoÐhsh M sunart sewn thc morf c,

min~f(~x) = min{f1(~x), ..., fM (~x)} (5.1)

upì touc Mc periorismoÔc anisì-isìthtac

cj(~x) ≤ cthres
j , j = 1, ...,Mc (5.2)
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ìpou ~x eÐnai to di�nusma twn metablht¸n sqediasmoÔ pou an kei sto RN kai orÐzetai apì
ta an¸tera, bi

upp kai kat¸tera, bi
low, ìria kajemi�c metablht c sqediasmoÔ. cj eÐnai oi Mc

sunart seic periorism¸n.

5.1.3 DiaqeÐrish Periorism¸n

Oi periorismoÐ 5.2 lamb�nontai upìyh, apodÐdontac èna bajmì poin c se ìlec tic sunist¸sec
fm thc dianusmatik c sun�rthshc kìstouc se ìsec upoy fiec lÔseic ~x parabi�zoun toul�qi-
ston ènan apì touc tejèntec periorismoÔc, [102, 175]. Gia thn upoy fia lÔsh ~x kai kajènan
apì touc Mc periorismoÔc anisoðsìthtac (j ∈ [1,Mc]), sqèsh 5.2, eÐte autìc ikanopoieÐtai
eÐte ìqi, antistoiqÐzetai ènac ìroc poin c Pj . Epeid  oi ìroi poin c droun pollaplasiastik�,
sthn perÐptwsh pou o periorismìc j ikanopoieÐtai, h tim  tou Pj lamb�nei thn tim  mon�da
(oudètero stoiqeÐo tou pollaplasiasmoÔ). Sthn perÐptwsh mh�ikanopoioÔmenou periorismoÔ
epilègetai wc sun�rthsh poin c mia ekjetik c morf c sun�rthsh. 'Etsi, gia j ∈ [1,Mc], oi
ìroi poin c orÐzontai wc

Pj =


1 an cj(~x) ≤ cthres

j

exp
(

αj
cj−cthres

j

cdead
j −cthres

j

)
an cthres

j < cj(~x) < cdead
j

∞ an cj(~x) ≥ cdead
j

(5.3)

ìpou pèran tou pragmatikoÔ orÐou twn apodekt¸n lÔsewn cthres
j pou orÐsthke sthn 5.2,

eis�getai apì to qr sth kai èna deÔtero ìrio an� periorismì, to cdead
j , me cdead

j > cthres
j .

H qr sh twn dÔo aut¸n orÐwn an� periorismì qalar¸nei thn epibol  tou periorismoÔ epi-
trèpontac ton entopismì bèltistwn lÔsewn me energoÔc periorismoÔc anisoðsìthtac mèsw
prosèggis c touc apì th mh�apodekt  perioq  tou q¸rou twn lÔsewn. O qr sthc kajorÐzei
epiplèon to rujmì apìsbeshc thc ekjetik c poin c, mèsw epilog c thc tim c thc paramètrou
αj . H tim  thc poin c Pj pollaplasi�zei ìlec tic timèc twn ~f(~x)   fm(~x) oi opoÐec, sth
sunèqeia, ja jewreÐtai ìti eÐnai oi  dh pollaplasiasmènec me th sun�rthsh poin c dhlad 

fm(~x) = fm(~x)
Mc∏
j=1

Pj , m = 1,M (5.4)

Sthn perÐptwsh pou k�poioc periorismìc tÐjetai sthn morf  cj >cthres
j (dhl. èqei antÐjeth

kateÔjunsh apì aut  thc sqèshc 5.2) tìte me kat�llhlec majhmatikèc pr�xeic tÐjetai sth
morf  thc sqèshc 5.2 wc −cj <−cthres

j kai o peraitèrw qeirismìc tou eÐnai ìmoioc me autìn
pou perigr�fhke parap�nw. Tèloc, opoiosd pote periorismìc isìthtac, ìpou o periorismìc
kaleÐtai na l�bei mia sugkekrimènh�epijumht  tim  c=cdes, metatrèpetai se dÔo periorismoÔc
anisìthtac wc

c1 < cdes + δε

c2 > cdes − δε

ìpou δε mia polÔ mikr  jetik  tim  pou kajorÐzetai apì to qr sth.

5.1.4 Probl mata Poll¸n Stìqwn � Mètwpo Pareto

Sthn perÐptwsh ìpou M ≥ 1, h elaqistopoÐhsh twn M sunart sewn thc sqèshc 5.1 pro-
ôpojètei thn tautìqronh elaqistopoÐhsh ìlwn twn sunart sewn fm(~x). Gia th sÔgkrish



144 5. Σύγχρονοι και Ασύγχρονοι Εξελικτικοί Αλγόριθμοι

dÔo lÔsewn, èstw ~x1 kai ~x2 thc 5.1, qrhsimopoioÔntai krit ria kuriarqÐac [173, 67]. 'Etsi
an fm(~x1) ≤ fm(~x2) kai fm(~x1) < fm(~x2) gia toul�qiston ènan stìqo m ∈ [1,M ], tìte
h ~x1 kuriarqeÐ sth ~x2 kai sumbolÐzetai me ~x1 Â ~x2. O sumbolismìc ~x1 � ~x2 (  ~x2 � ~x1)
qrhsimopoieÐtai gia na kajorÐsei dÔo mh�kuriarqoÔmena �toma, ìpou kanèna apì ta dÔo den
kuriarqeÐ sto �llo. H beltistopoÐhsh me polloÔc stìqouc apoblèpei ston upologismì twn
mh�kuriarqoÔmenwn mel¸n tou plhjusmoÔ (Pa) ta opoÐa apoteloÔn tic kat� Pareto, [199],
bèltistec lÔseic.

O Algìrijmoc SPEA II

O algìrijmoc SPEA II, [261] qrhsimopoieÐtai gia thn apìdosh (bajmwt c) tim c katallh-
lìthtac se k�je �tomo tou plhjusmoÔ (plhjusmìc gonèwn, apogìnwn kai epilèktwn), me
b�sh thn opoÐa ja epilègoun ta mh�kuriarqoÔmena mèlh tou met¸pou Pareto. H apìdosh
tim c gÐnetai se treic f�seic, wc

1. Arqik�, se k�je �tomo tou plhjusmoÔ apodÐdetai mia tim  �isqÔoc� (strength S(i)) h
opoÐa isoÔtai me ton arijmì twn atìmwn sta opoÐa kuriarqeÐ (sq ma 5.1, arister�).

2. Gia k�je �tomo tou plhjusmoÔ upologÐzetai mia pr¸th�genik  tim  kìstouc (raw
fitness R(i)) ajroÐzontac tic timèc isqÔoc twn atìmwn apì ta opoÐa autì kuriarqeÐtai
(sq ma 5.1, dexi�).

3. Gia k�je �tomo upologÐzetai h apìstash tou apì ta upìloipa, sto q¸ro twn stìqwn.
Oi apost�seic katat�ssontai se aÔxousa seir� kai lamb�netai h k�iost  (ìpou to
k isoÔtai me thn tetragwnik  rÐza tou sunìlou tou plhjusmoÔ � goneÐc, apìgonoi,
epÐlektoi), h opoÐa ekfr�zei thn puknìthta thc geitoni�c k�je atìmou (antÐstrofh
thc apìstashc). 'Etsi, h telik  tim  kìstouc gia k�je �tomo prokÔptei wc �jroisma
thc genik c tim c kìstouc kai thc puknìthtac thc geitoni�c tou.

f1

f2

3

6

7

6

4

0

0

0

0

0

1

1

1

2

3

f1

f2

0

0

0

0

0

9
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27

19

28

22

19

4

13
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Sq ma 5.1: O algìrijmoc SPEA II se prìblhma elaqistopoÐhshc dÔo stìqwn. Apìdosh
tim c isqÔoc (arister�) kai upologismìc genik c tim c kìstouc (dexi�).

5.1.5 Eisagwg  kai Qr sh MetaprotÔpwn

O sunduasmìc EA kai metaprotÔpwn gÐnetai me thn teqnik  thc proseggistik c proaxiolì-
ghshc (PPA) kai qr sh teqnht¸n neurwnik¸n diktÔwn. Eidikìtera, o algìrijmoc (exèlixh)
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Sq ma 5.2: DÐktuo Aktinik¸n Sunart sewn B�shc (DASB).

xekin� axiolog¸ntac me to akribèc prìtupo ìla ta mèlh tou plhjusmoÔ. Ta apotelèsma-
ta apojhkeÔontai sth b�sh dedomènwn (BD). 'Otan sumplhrwjeÐ ènac dedomènoc arijmìc
axiolog sewn (o opoÐoc epilègetai me b�sh thn poluplokìthta tou proc epÐlush probl ma-
toc) xekin� h epÐdrash tou metaprotÔpou. Se k�je nèa geni�, to metaprìtupo ekpaideÔetai
topik� gia k�je mèloc tou plhjusmoÔ (me plhroforÐa pou lamb�nei apì th BD) kai qrh-
simopoieÐtai gia thn apìdosh proseggistik c tim c sth sun�rthsh kìstouc fm(~x). Sth
sunèqeia epilègontai èna   perissìtera �toma (o arijmìc touc kajorÐzetai apì to qr sth),
ta plèon �uposqìmena�(kalÔtera) me b�sh thn prosèggish tou metaprotÔpou, ta opoÐa epa-
naxiologoÔntai kai me to akribèc upologistikì prìtupo. Mìno oi lÔseic�apotelèsmata me to
akribèc prìtupo apojhkeÔontai sth BD, ¸ste to metaprìtupo na ekpaideÔetai apokleistik�
kai mìno apì �swst ��akrib  plhroforÐa.

Wc metaprìtupa, sthn paroÔsa ergasÐa, qrhsimopoioÔntai ta teqnht� neurwnik� dÐktua kai
eidikìtera ta dÐktua aktinik¸n sunart sewn b�shc (DASB, Radial Basis Function Netw-
orks - RBFN), [56, 110]. 'Ena DASB eÐnai èna pl rwc sundedemèno dÐktuo pou apoteleÐtai
apì trÐa epÐpeda kai h grafik  tou apeikìnish gia M krummèna epÐpeda kai mia èxodo (gia
prìblhma enìc stìqou) faÐnetai sto sq ma 5.2. To DASB pragmatopoieÐ arqik� th mh�
grammik  apeikìnish apì to epÐpedo eisìdou sto krufì epÐpedo kai, sth sunèqeia, th grammi-
k  apeikìnish apì to krufì epÐpedo sto epÐpedo exìdou. H majhmatik  an�lush tou trìpou
leitourgÐac enìc DASB, xefeÔgei apì to plaÐsio thc diatrib c kai mporeÐ na anazhthjeÐ
eÐte sta sqetik� biblÐa pou anafèrjhkan nwrÐtera eÐte stic diatribèc [12, 8]

5.1.6 Genikeumènoc Exeliktikìc Algìrijmoc

Sthn enìthta aut  perigr�fetai o Genikeumènoc Exeliktikìc Algìrijmoc (GEA) pou ana-
ptÔssetai sto EJS/EMP (logismikì EASY, [264, 8, 12, 11]). Stìqoc eÐnai na parousiasteÐ
h �logik � leitourgÐac enìc EA ¸ste sthn poreÐa na fanoÔn oi diaforèc me ton proteinìmeno
sthn paroÔsa diatrib  algìrijmo. O GEA apetèlese th b�sh gia ton programmatismì tou
nèou logismikoÔ kai, se arketèc peript¸seic, qrhsimopoieÐtai wc mètro sÔgkrishc gia ton
èlegqo thc apìdoshc tou nèou algorÐjmou.

Sthn perigraf  pou akoloujeÐ, parousi�zetai h �apl ��tupik  morf  GEA, h opoÐa proso-
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moi�zei th leitourgÐa enìc EA. DieukrinÐzetai, ìti o GEA eÐnai ènac ierarqikìc katanemhmènoc
EA me qr sh metaprotÔpwn, stoiqeÐa ta opoÐa sthn paroÔsa f�sh den endiafèroun.

Algìrijmoc GEA

GEA1. [Axiolìghsh Apogìnwn]
Axiolìghsh k�je mèlouc tou plhjusmoÔ twn apogìnwn gia ton upologismì twn tim¸n
thc sun�rthshc kìstouc ~f(~x).

GEA2. [Apìdosh Tim c Katallhlìthtac]
Me thn olokl rwsh twn axiolog sewn se k�je �tomo apodÐdetai mia tim  katallh-
lìthtac. Aut , gia probl mata enìc stìqou, antistoiqeÐ sthn tim  thc sun�rthshc
kìstouc. Gia probl mata poll¸n stìqwn, h tim  katallhlìthtac gia èna sugkekrimè-
no �tomo prokÔptei apì tic timèc thc sun�rthshc kìstouc, tìso tou Ðdiou tou atìmou
ìso kai twn upoloÐpwn atìmwn tou plhjusmoÔ, ìpwc ja perigrafeÐ sth sunèqeia.

GEA3. [DiaqeÐrish Epilèktwn]
Ananèwsh tou plhjusmoÔ twn epilèktwn me epilog  twn kalÔterwn atìmwn apì touc
axiologhjèntec apogìnouc kai ton prohgoÔmeno plhjusmì twn epilèktwn.

GEA4. [Epilog  Gonèwn]
Ananèwsh tou plhjusmoÔ twn gonèwn apì to up�rqon sÔnolo gonèwn all� kai autì
twn apogìnwn, lamb�nontac proairetik� upìyh to mègisto arijmì geni¸n pou mporeÐ
na epibi¸nei èna �tomo.

GEA5. [Anaparagwg ]
DhmiourgÐa tou nèou sunìlou twn apogìnwn. Gia th dhmiourgÐa kajenìc apogìnou
sundu�zontai �toma pou èqoun epilegeÐ apì ton plhjusmì twn gonèwn   (me mikr 
pijanìthta) kai twn epilèktwn. K�je nèoc apìgonoc pou prokÔptei upìkeitai se
met�llaxh me mia mikr  pijanìthta.

GEA6. ['Elegqoc TermatismoÔ]
An ikanopoieÐtai k�poio krit rio termatismoÔ (mègisto pl joc axiolog sewn, sune-
qizìmenh adunamÐa beltÐwshc tou kalÔterou atìmou epÐ pollèc genièc, klp.) tìte
o algìrijmoc stamat�. Diaforetik� epistrèfei sto b ma GEA1 kai suneqÐzei touc
upologismoÔc gia thn epìmenh geni�.

5.2 Domhmènoc Exeliktikìc Algìrijmoc

Sthn enìthta aut  perigr�fetai o Domhmènoc Exeliktikìc Algìrijmoc (DEA), o opoÐoc
apoteleÐ exèlixh tou GEA kai moir�zetai orismèna apì ta qarakthristik� enìc EA kutta-
rik c dom c. Eidikìtera, sto DEA, o plhjusmìc tìso twn gonèwn ìso kai twn apogìgwn
diat�ssetai epÐ 2D domhmènou plègmatoc. Aut  h di�taxh�dom , pèra apì ìti prosdÐdei thn
onomasÐa tou algorÐjmou, kajorÐzei touc exeliktikoÔc telestèc, telestèc epilog c gonèwn,
diastaÔrwshc klp. oi opoÐoi ed¸ lamb�noun q¸ra metaxÔ upoy fiwn lÔsewn�mel¸n tou
plhjusmoÔ pou brÐskontai se geitonikoÔc kìmbouc tou plègmatoc.

Met� th basik  perigraf  twn topologik¸n qarakthristik¸n tou DEA, analÔetai o sqe-
tikìc sÔgqronoc algìrijmoc kai o trìpoc efarmog c twn exeliktik¸n telest¸n. Epiplèon,
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Sq ma 5.3: DEA. Topologik  di�taxh enìc 6×4 plègmatoc. Me maÔro shmei¸nontai oi
goneÐc. Plègma apogìnwn kai uperuywmèno plègma gonèwn (arister�). K�toyh sunoli-
koÔ plègmatoc, ìpou k�je maÔroc kÔkloc antistoiqeÐ se ènan gonèa kai ènan apìgono pou
uperkalÔptetai apì ton gonèa (dexi�).

parousi�zetai mia enallaktik  hmi�asÔgqronh ekdoq  tou algorÐjmou. UpenjumÐzetai ì-
ti h t�sh na dhmiourghjeÐ, telik�, ènac pl rwc asÔgqronoc algìrijmoc upagoreÔetai apì
thn an�gkh akÔrwshc thc ènnoiac twn geni¸n, me stìqo th megistopoÐhsh thc par�llhlhc
apìdoshc tou algorÐjmou.

5.2.1 TopologÐa�Perigraf  AlgorÐjmou

Basikì qarakthristikì tou DEA eÐnai h topologik  di�taxh tou plhjusmoÔ tìso twn go-
nèwn ìso kai twn apogìgwn. Pio sugkekrimèna, o plhjusmìc twn apogìgwn eÐnai topoje-
thmènoc se èna 2D domhmèno plègma b�shc diast�sewn n1×n2(= Nmesh). To plègma autì
jewreÐtai ìti eÐnai periodikì proc ìlec tic dieujÔnseic, to opoÐo, se sunduasmì me ton trìpo
efarmog c twn exeliktik¸n telest¸n proôpojètei ìti ta n1 kai n2 prèpei na eÐnai zugoÐ
arijmoÐ. O plhjusmìc twn gonèwn isoÔtai p�nta me to 1/4 tou plhjusmoÔ twn apogìnwn
kai topojeteÐtai se èna �uperuywmèno� plègma diast�sewn µ1×µ2(=µ), gia to opoÐo isqÔei
µ1 = n1

2 kai µ2 = n2
2 . To plègma autì antistoiqeÐ stouc perittoÔc kìmbouc tou plègmatoc

twn apogìnwn kai proc tic dÔo dieujÔnseic (sq ma 5.3) kai profan¸c eÐnai periodikì. Sthn
an�lush thc mejìdou pou akoloujeÐ, o ìroc plègma (  sunolikì plègma   plègma b�shc)
ja dhl¸nei to plègma twn apogìnwn kaj¸c oi diast�seic tou plègmatoc twn gonèwn kai
oi sqetikèc jèseic touc me touc apogìnouc eÐnai pl rwc kajorismènec. Epiplèon, gia to
plègma twn apogìnwn uiojeteÐtai èna suneqèc (se seir�) sÔsthma arÐjmhshc, sÔmfwna me
to opoÐo, h arÐjmhsh xekin� apì to k�tw arister� mèloc tou plhjusmoÔ, oloklhr¸netai sto
p�nw dexi� kai o metrht c aux�netai kat� thn katakìrufh dieÔjunsh.

O DEA ulopoieÐtai se 5 b mata antÐstoiqa me aut� tou GEA ta opoÐa perigr�fontai para-
k�tw. H ektèlesh tou se perib�llon par�llhlhc epexergasÐac upodhl¸nei thn tautìqronh
axiolìghsh mèrouc twn upoy fiwn lÔsewn miac geni�c.

Algìrijmoc DEA

DEA1. [Axiolìghsh] Ta mèlh tou plhjusmoÔ twn apogìnwn thc trèqousac geni�c axiolo-
goÔntai, èna proc èna, me seir� pou kajorÐzetai apì thn suneq  arÐjmhsh pou touc èqei
dojeÐ. Prin apì k�je axiolìghsh prohgeÐtai èlegqoc thc b�shc dedomènwn sqetik�
me pijan  progenèsterh axiolìghs  touc. Sthn perÐptwsh ektèleshc se perib�llon
par�llhlhc epexergasÐac, arqik� apostèllontai proc axiolìghsh oi NCPU pr¸toi
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apìgonoi, dhlad  tìsoi ìsoi kai oi diajèsimoi epexergastèc. Me thn olokl rwsh
miac axiolìghshc, �ra thn apeleujèrwsh enìc epexergast , to epìmeno kat� seir�
mèloc apostèlletai gia axiolìghsh, kai autì suneqÐzetai èwc ìtou oloklhrwjeÐ h
axiolìghsh ìlwn twn mel¸n tou plhjusmoÔ twn apogìnwn. Sthn perÐptwsh qr shc
PPA (IPE), stouc diajèsimouc epexergastèc apostèllontai gia axiolìghsh mìno ta
NIPE 'kalÔtera' kat� to metaprìtupo mèlh. Profan¸c aut  h perÐptwsh emperièqei
ton kÐnduno ellipoÔc axiopoÐhshc twn diajèsimwn epexerg�stwn sthn perÐptwsh pou
NIPE < NCPU . Apì thn �llh, h sunj kh NIPE ≥ NCPU pou ja exasf�lize thn
pl rh axiopoÐhsh twn epexergast¸n kat� th f�sh thc PPA den ikanopoieÐtai sqedìn
potè kaj¸c h tim  NIPE eÐnai sun jwc mikr  (tim  pou epilègetai apì to qr sth me
krit ria ton arijmì twn mel¸n tou plhjusmoÔ, thn poluplokìthta tou proc epÐlush
probl matoc k.a.) en¸, antÐjeta, gia ton arijmì twn epexergast¸n NCPU protim¸ntai
meg�lec timèc gia lìgouc epit�qunshc thc epÐlushc.

DEA2. [Apìdosh Tim c Katallhlìthtac & DiaqeÐrish Epilèktwn] Met� to pèrac thc
axiolìghshc miac geni�c apodÐdetai mia tim  katallhlìthtac gia k�je apìgono kai
ananèwnetai o plhjusmìc twn epilèktwn.

DEA3. [Efarmog  Telest¸n Exèlixhc] H efarmog  twn telest¸n exèlixhc odhgeÐ sth
dhmiourgÐa thc nèac geni�c. Perilamb�nei thn epilog  gonèwn (ananèwsh plhjusmoÔ
gonèwn), th diastaÔrwsh (ananèwsh plhjusmoÔ apogìnwn) kai th met�llaxh, o trìpoc
efarmog c twn opoÐwn analÔetai sthn upo�enìthta pou akoloujeÐ.

DEA4. ['Elegqoc TermatismoÔ] An ikanopoieÐtai k�poio krit rio termatismoÔ (mègisto pl -
joc axiolog sewn, suneqizìmenh adunamÐa beltÐwshc tou kalÔterou atìmou klp.) tìte
o algìrijmoc stamat�. Diaforetik� epistrèfei sto b ma 1 kai suneqÐzei touc upolo-
gismoÔc sthn epìmenh geni�.

5.2.2 Telestèc Exèlixhc

Oi telestèc exèlixhc pou qrhsimopoioÔntai ston DEA kai eidikìtera h epilog  gonèwn kai
h diastaÔrwsh eÐnai �rrhkta sundedemènoi me thn topologik  di�taxh gonèwn kai apogìnwn
sto 2D domhmèno plègma.

Epilog  Gonèwn

O telest c epilog c gonèwn kajorÐzei�anane¸nei ton plhjusmì ton gonèwn met� to pèrac
k�je geni�c. Dedomènou ìti oi sqetikèc jèseic gonèwn kai apogìnwn p�nw sto plègma eÐnai
exarq c kajorismènec, k�je nèoc gonèac prokÔptei met� apì diagwnismì1 twn tess�rwn
atìmwn tou sunìlou apogìnwn pou brÐskontai sthn �mesh geitoni� tou. O trìpoc orismoÔ
thc geitoni�c k�je gonèa parousi�zetai sto sq ma 5.4 en¸ den up�rqei epik�luyh metaxÔ twn
geitoni¸n. Gia thn epilog �ananèwsh enìc gonèa sugkrÐnontai oi timèc katallhlìthtac twn
tess�rwn apogìnwn thc geitoni�c tou. Apì tic tèsseric autèc timèc kratoÔntai h bèltisth
kai h qeirìterh. 'Epeita, me pijanotikì diagwnismì, epilègetai wc gonèac ènac apì touc dÔo
apogìnouc, me safèc prob�disma sth epilog  tou bèltistou.

1tournament selection
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Sq ma 5.4: DEA. Orismìc geitoni�c gonèa se èna 4×4 plègma. Me orjog¸nio parallhlì-
grammo orÐzontai oi geitonièc tou p�nw arister� kai k�tw dexi� gonèa.

DiastaÔrwsh kai Met�llaxh

'Opwc proanafèrjhke, sto DEA h kwdikopoÐhsh pou qrhsimopoieÐtai eÐnai h duadik  kai
gia th dhmiourgÐa enìc apogìnou emplèkontai dÔo goneÐc me diastaÔrwsh enìc shmeÐou2

[8]. Shmantikì par�gonta gia th diastaÔrwsh apoteleÐ h epilog  twn dÔo gonèwn pou ja
summet�sqoun se aut . H epilog  gÐnetai me b�sh th sqetik  jèsh apogìnou kai gonèwn
sto plègma. DiakrÐnontai tèsseric trìpoi epilog c �ra kai tÔpoi diastaÔrwshc, oi opoÐoi
analÔontai sth sunèqeia. AxÐzei na shmeiwjeÐ ìti to bèltisto �tomo tou plhjusmoÔ den
antikajÐstatai kat� th diadikasÐa thc diastaÔrwshc. Epiplèon, stouc tÔpouc diastaÔrwshc
pou akoloujoÔn, h epibol  thc periodikìthtac tou plègmatoc jewreÐtai profan c sthn
perÐptwsh pou o proc ananèwsh apìgonoc brÐsketai se k�poio �kro autoÔ.

DiastaÔrwsh tÔpou A
H diastaÔrwsh tÔpou A lamb�nei q¸ra sthn perÐptwsh pou oi goneÐc kai o apìgonoc brÐ-
skontai sthn Ðdia gramm    st lh tou plègmatoc. Gia autìn ton tÔpo up�rqoun dÔo ekdoqèc,
mia gia thn perÐptwsh ìpou goneÐc kai apìgonoc brÐskontai sthn Ðdia gramm  (tÔpoc A1)
kai mia gia thn perÐptwsh Ðdiac st lhc (tÔpoc A2). 'Etsi, sthn pr¸th ekdoq , o apìgonoc
proèrqetai apì diastaÔrwsh tou aristeroÔ (DutikoÔ) kai dexioÔ (AnatolikoÔ) gonioÔ, en¸
sth deÔterh ekdoq  apì diastaÔrwsh tou p�nw (Bìreiou) kai k�tw (Nìtiou) gonioÔ, ìpwc
parousi�zetai kai sto sq ma 5.5, arister� kai dexi� antÐstoiqa.

A 

!

"

Sq ma 5.5: DEA. DiastaÔrwsh tÔpou A. Parallagèc A1 (arister�) kai A2 (dexi�).

2one point crossover
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DiastaÔrwsh tÔpou B

H diastaÔrwsh tÔpou B lamb�nei q¸ra sthn perÐptwsh pou o apìgonoc brÐsketai an�mesa
se tèsseric goneÐc kai up�rqoun kai gi' autìn dÔo ekdoqèc (tÔpoc B1, B2). O apìgonoc
proèrqetai apì diastaÔrwsh twn dÔo gonèwn pou brÐskontai sthn Ðdia diag¸nio, dhlad 
tou p�nw�arister� (BoreioDutikoÔ) me ton k�tw�dexi� (NotioAnatolikoÔ) gia thn ekdoq 
B1 kai tou k�tw�arister� (NotioDutikoÔ) me ton p�nw�dexi� (BoreioAnatolikoÔ) gia thn
ekdoq  B2, ìpwc sto sq ma 5.6.

! 

"#

!#

" 

Sq ma 5.6: DEA. DiastaÔrwsh tÔpou B. Parallagèc B1 (arister�) kai B2 (dexi�).

DiastaÔrwsh tÔpou Γ
H diastaÔrwsh tÔpou Γ, efarmìzetai sthn perÐptwsh pou h jèsh tou proc dhmiourgÐa apo-
gìnou sto plègma tautÐzetai me th jèsh k�poiou gonèa. Se aut n thn perÐptwsh, o apìgonoc
proèrqetai apì th diastaÔrwsh tou gonèa pou brÐsketai sthn Ðdia jèsh sto plègma me autìn
kai tou prohgoÔmenou, se suneq  arÐjmhsh, gonèa ìpwc sto sq ma 5.7.

Sq ma 5.7: DEA. DiastaÔrwsh tÔpou G.

DiastaÔrwsh tÔpou ∆
H teleutaÐa perÐptwsh diastaÔrwshc (tÔpou ∆) prìkeitai gia diastaÔrwsh dÔo tuqaÐwn
gonèwn, ìpwc sumbaÐnei sthn perÐptwsh tou klasikoÔ EA. H pijanìthta diastaÔrwshc
tÔpou D eÐnai sun jwc polÔ mikr  kai orÐzetai apì to qr sth. 'Ara eÐnai efikt  akìma
kai h apenergopoÐhsh thc se perÐptwsh pou o qr sthc epijumeÐ diastaÔrwsh ex olokl rou
kajorizìmenh apì thn topologÐa tou plègmatoc.

Met�llaxh

H leitourgÐa tou telest  met�llaxhc eÐnai ìmoia me aut  tou GEA gia metablhtèc me duadik 
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kwdikopoÐhsh, dhlad  se k�poio tuqaÐo shmeÐo tou qrwmos¸matoc èna yhfÐo tou all�zei
tim  apì 0→1   apì 1→0, lq.

011011000101 → 011011010101
 

011011000101 → 010011000101

5.2.3 Hmi�AsÔgqronoc DEA

O algìrijmoc pou perigr�fhke nwrÐtera an kei sthn kathgorÐa twn sÔgqronwn algorÐjmwn
kai se perÐptwsh ektèleshc tou se poluepexergastikì perib�llon emfanÐzontai probl mata
ellipoÔc axiopoÐhshc twn diajèsimwn epexergast¸n (ta opoÐa analÔjhkan nwrÐtera sthn
anafor� gia touc PEA). StoqeÔontac sthn epÐlush aut¸n twn problhm�twn, anaptÔqjhke
o Hmi�AsÔgqronoc DEA (HADEA) tou opoÐou h ektèlesh gÐnetai apokleistik� se po-
luepexergastikì perib�llon. Ston HADEA tropopoieÐtai h ènnoia thc geni�c kaj¸c èna
mèloc tou plhjusmoÔ eÐnai dunatì na proèljei apì diastaÔrwsh mel¸n pou, me th logik 
tou sÔgqronou algorÐjmou, an koun se diaforetikèc �genièc�. Eidikìtera, ston HADEA,
ìla ta mèlh tou plhjusmoÔ twn apogìnwn proc axiolìghsh topojetoÔntai se mia lÐsta
me b�sh thn suneq  arÐjmhsh touc. Epiplèon, orÐzetai apì to qr sth ènac mh�mhdenikìc
arijmìc Nrest <Nmesh o opoÐoc dhl¸nei ton arijmì twn mh axiologhmènwn mel¸n pou prèpei
na up�rqoun sth lÐsta ¸ste na efarmostoÔn oi telestèc exèlixhc. O algìrijmoc xekin�
ìpwc kai o DEA, ìpou mèlh tou tuqaÐa arqikopoihmènou plhjusmoÔ, tìsa ìsa o arijmìc
twn diajèsimwn epexergast¸n, apostèllontai proc axiolìghsh. K�je for� pou èna mè-
loc epistrèfei, shmei¸netai wc axiologhmèno kai to epìmeno sth lÐsta apostèlletai gia
axiolìghsh. 'Otan sth lÐsta apomènoun Nrest mh axiologhmèna mèlh tìte arqÐzei h efar-
mog  twn telest¸n exèlixhc. Arqik� anane¸nontai ìloi oi goneÐc lamb�nontac plhroforÐa
tìso apì mèlh pou mìlic axiolog jhkan all� kai apì palaiìtera/mh axiologhmèna mèlh.
Oi nèoi goneÐc diastaur¸nontai gia na anane¸soun ìsouc apì touc apogìnouc èqoun  dh
axiologhjeÐ. Me antÐstoiqo trìpo (dhlad  sta  dh axiologhmèna mèlh) efarmìzetai kai o
telest c thc met�llaxhc. Ta mèlh tou plhjusmoÔ xanatÐjentai ìla wc mh axiologhmèna kai
oi axiolog seic suneqÐzontai.

5.3 AsÔgqronoc Domhmènoc Exeliktikìc Algìrijmoc

OAsÔgqronoc Domhmènoc Exeliktikìc Algìrijmoc (ADEA, [31]) apoteleÐ exèlixh tou DEA
ìpou èqoun epèljei arketèc allagèc wc proc th leitourgÐa tou algorÐjmou. To basikì
kÐnhtro gia th dhmiourgÐa tou ADEA eÐnai h epijumÐa enìc pl rwc asÔgqronou algìrijmou
pou ja ekmetalleÔetai pl rwc touc diajèsimouc epexergastèc.

Ousiastik�, to mìno koinì touc stoiqeÐo eÐnai h qr sh 2D domhmènou plègmatoc sto opoÐo
topojeteÐtai o plhjusmìc. Ston ADEA to plègma diamerÐzetai se, en mèrei, epikaluptì-
menouc d mouc sugkekrimènhc topologÐac kai idiot twn. Oi d moi apoteloÔntai apì ènan
pìlo ston opoÐo apojhkeÔontai ta basik� stoiqeÐa k�je d mou (ìpwc ja analujoÔn sth
sunèqeia) kai pènte pr�ktorec oi opoÐoi analamb�noun tic axiolog seic twn upoy fiwn lÔ-
sewn. O algìrijmoc tou ADEA eÐnai pl rwc asÔgqronoc kaj¸c me thn olokl rwsh miac
axiolìghshc (dhl. apeleujèrwsh enìc epexergast ) akoloujeÐ mia seir� endo� kai dia�
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dhmotik¸n diergasi¸n b�sei twn opoÐwn epilègetai o pr�ktorac apì ton opoÐo ja proèljei
h epìmenh upoy fia lÔsh proc axiolìghsh.

5.3.1 Basik� StoiqeÐa TopologÐac�Perigraf  AlgorÐjmou

'Opwc proanafèrjhke, o plhjusmìc tou ADEA topojeteÐtai se 2D domhmèno plègma dia-
st�sewn n1×n2 sto opoÐo isqÔei periodikìthta (ìpwc kai sto DEA), �ra ta n1 kai n2

eÐnai zugoÐ arijmoÐ. To plègma diamerÐzetai se d mouc ìpwc faÐnetai sto sq ma 5.8. K�je
d moc (o opoÐoc sth sunèqeia ja sumbolÐzetai wc Dp) apoteleÐtai apì èxi kìmbouc, ènan
pìlo (pole) kai pènte pr�ktorec�aniqneutèc (agents). MetaxÔ twn d mwn up�rqei merik 
epik�luyh tètoia ¸ste oi tèsseric pr�ktorec k�je d mou na an koun kai se èna geitonikì
d mo, en¸ mìno o ènac an kei ex olokl rou s�èna d mo. Me b�sh ton trìpo diaqwrismoÔ
tou plègmatoc se d mouc, se èna plègma n1 × n2, o arijmìc twn pìlwn ja eÐnai Ðsoc me
Npoles = Nmesh/4 kai o arijmìc twn praktìrwn Nagents = 3Nmesh/4, me Nmesh = n1n2.
Mìno oi pr�ktorec (eÐte autoÐ an koun ex olokl rou s�ena d mo eÐte moir�zontai metaxÔ
dÔo d mwn) analamb�noun thn axiolìghsh upoy fiwn lÔsewn3. Oi pìloi eÐnai autoÐ pou
qarakthrÐzoun kai antiproswpeÔoun ton k�je d mo (se autoÔc apojhkeÔontai plhroforÐec
sqetikèc me to bèltisto �tomo tou d mou) kai summetèqoun stic endo� kai dia�dhmotikèc
diergasÐec an�deixhc tou pr�ktora ap' ìpou ja proèljei h epìmenh upoy fia lÔsh proc
axiolìghsh.

A2

A1

A5 A4

A3 P2P1

P3

Sq ma 5.8: ADEA. Topologik  di�taxh enìc 6×6 plègmatoc (endeiktik�). Oi pìloi sh-
mei¸nontai me maÔro qr¸ma kai me suneq  kai diakekommènh gramm  faÐnontai treic d moi.
Gia to d mo tou pìlou P1, o pr�ktorac A3 an kei stouc d mouc P1 kai P2, en¸ o A5 eÐnai
o mìnoc pou an kei ex olokl rou sto d mo P1.

H genik  dom  tou algorÐjmou èqei wc ex c:

3Sthn perigraf  tou algorÐjmou, h ènnoia tou pr�ktora tautÐzetai me to �tomo�upoy fia lÔsh pou
sqhmatÐzetai sth sugkekrimènh jèsh plègmatoc b�shc kai apostèlletai proc axiolìghsh stouc epexerga-
stèc.
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Algìrijmoc ADEA

ADEA1. ['Enarxh] Me thn ènarxh tou algorÐjmou, arijmìc praktìrwn Ðsoc me ton arijmì
twn diajèsimwn epexergast¸n, tuqaÐa epilegmènwn, apostèllontai proc axiolìghsh.
Sth genik  perÐptwsh ìpou Nagents ≥NCPU , tìte up�rqoun anenergoÐ pr�ktorec oi
opoÐoi perimènoun na apostaloÔn gia axiolìghsh.

ADEA2. [Antikat�stash Pìlou] Me thn olokl rwsh miac axiolìghshc akoloujeÐ mia
seir� apì endo�dhmotikèc diergasÐec prokeimènou na apofasisteÐ an o pr�ktorac pou
mìlic epèstreye prèpei na antikatast sei ton   touc pìlo(uc) me touc opoÐouc sundè-
etai topologik�.

ADEA3. [Epilog  Nèou Pr�ktora gia to Sqhmatismì Apogìnou] Prìkeitai gia mia seir�
dia�dhmotik¸n diergasi¸n, mèsw twn opoÐwn epilègetai o nèoc pr�ktorac ston opoÐo ja
sqhmatisteÐ o apìgonoc�upoy fia lÔsh pou ja staleÐ proc axiolìghsh sto diajèsimo
epexergast . K�je d moc apokt� mia tim  proteraiìthtac (b�sei thc hlikÐac kai thc
tim c katallhlìthtac/sun�rthshc kìstouc) se sqèsh me touc upìloipouc. Wc nèoc
pr�ktorac gia to sqhmatismì apogìnou epilègetai o megalÔterhc hlikÐac pr�ktorac
tou d mou me th megalÔterh proteraiìthta.

ADEA4. [Efarmog  Telest¸n Exèlixhc] Efarmìzontai oi telestèc exèlixhc sto d mo me
th megalÔterh proteraiìthta gia dhmiourgÐa tou nèou pr�ktora. O trìpoc diastaÔ-
rwshc eÐnai empneusmènoc apì touc telestèc met�llaxhc pou qrhsimopoioÔntai sth
mèjodo thc diaforik c exèlixhc en¸ o trìpoc epibol c thc met�llaxhc kajorÐzetai
apì th qr sh pragmatik c kwdikopoÐhshc.

ADEA5. [Apostol  Nèou Pr�ktora gia Axiolìghsh] O nèoc pr�ktorac pou epilèqjhke
kai dhmiourg jhke stic dÔo prohgoÔmenec f�seic apostèlletai proc axiolìghsh sto
diajèsimo epexergast .

ADEA6. ['Elegqoc SÔgklishc] 'Elegqoc sÔgklishc kai epistrof  sto b ma 2   termati-
smìc tou algorÐjmou.

5.3.2 Antikat�stash Pìlou

Me thn olokl rwsh thc axiolìghshc enìc pr�ktora ~xagent, prèpei na apofasisteÐ to kat�
pìso autìc ja antikatast sei ton   touc pìlouc me touc opoÐouc sundèetai. H apìfash
aut  lamb�netai sto plaÐsio miac endo�dhmotik c diergasÐac h opoÐa basÐzetai sth sÔgkrish
tou ~xagent me to ~xpole (gia k�je ènan apì touc d mouc apì touc d mouc stouc opoÐouc
mporeÐ na an kei o ~xagent). Se probl mata enìc stìqou, h sÔgkrish eÐnai profan c kai
thn tim  tou pìlou katalamb�nei ìpoio ek twn ~xagent, ~xpole dÐnei kalÔterh�mikrìterh tim 
sun�rthshc kìstouc. Se probl mata perissìterwn stìqwn, h sÔgkrish gÐnetai me krit ria
kuriarqÐac. 'Etsi, o pr�ktorac ~xagent, antikajist� ton pìlo, ~xpole, an kuriarqeÐ se autìn,
dhl. ~xagentÂ~xpole, en¸ o pìloc paramènei Ðdioc sthn antÐjeth perÐptwsh, dhl. ~xpoleÂ~xagent.
Sthn perÐptwsh ìpou den up�rqei apìluth kuriarqÐa, wc epiplèon krit rio qrhsimopoieÐtai
to kat� pìso o pr�ktorac  /kai o pìloc an koun sto sÔnolo Pa tou mètwpo Pareto. 'Etsi,
o pr�ktorac ~xagent, antikajist� ton pìlo, ~xpole, an autìc an kei sto Pareto en¸ o pìloc
ìqi, dhl. ~xagent ∈ Pa & ~xpole /∈ Pa. 'Otan kai oi dÔo an koun, ~xagent ∈ Pa & ~xpole ∈ Pa,  
den an koun, ~xagent /∈ Pa & ~xpole /∈ Pa, sto Pareto , o pr�ktorac, ~xagent, antikajist� ton
pìlo, ~xpole, me pijanìthta 50%. Se ìlec tic �llec peript¸seic, o pìloc paramènei Ðdioc.
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5.3.3 Epilog  Nèou Pr�ktora gia to Sqhmatismì Apogìnou

H epilog  tou nèou pr�ktora gia to sqhmatismì apogìnou�nèa upoy fia lÔsh pou ja apo-
staleÐ gia axiolìghsh gÐnetai mèsw dia�dhmotik¸n diergasi¸n kai o nèoc pr�ktorac epilè-
getai apì to d mo me th megalÔterh tim  proteraiìthtac. H ènnoia�tim  thc proteraiìthtac
apodÐdetai se k�je pìlo kai apoteleÐtai apì dÔo epimèrouc proteraiìthtec, thn proteraiì-
thta lìgw hlikÐac, Prage

p kai thn proteraiìthta lìgw tim c thc sun�rthshc kìstouc, Prcost
p

wc
Prp = Prage

p Prcost
p (5.5)

Gia k�je pr�ktora k orÐzetai mia hlikÐa Ak wc h diafor� tou arijmoÔ thc teleutaÐac a-
xiolìghshc tou sugkekrimènou pr�ktora apì ton arijmì thc trèqousac axiolìghshc, dhl.
Ak =Currevals−Evalk. H hlikÐa tou pìlou p gia ton d mo Dp upologÐzetai wc mèsh tim 
twn hliki¸n twn praktìrwn autoÔ tou d mou, dhlad 

Ap =
1
5

∑
k∈Dp

Ak (5.6)

H proteraiìthta lìgw hlikÐac gia k�je pìlo, dÐnetai apì to lìgo thc mèshc hlikÐac tou
pìlou proc th mègisth mèsh hlikÐa metaxÔ ìlwn twn pìlwn wc

Prage
p =

Ap

max(A1, ..., ANpoles
)

(5.7)

Gia ton upologismì thc proteraiìthtac lìgw tim c thc sun�rthshc kìstouc qrhsimopoioÔn-
tai krit ria dÔnamhc kai kuriarqÐac, empneusmèna apì ton algìrijmo SPEA [261]. Arqik�,
se k�je pìlo apodÐdetai mia tim  isqÔoc Sp h opoÐa isoÔtai me ton arijmì twn pìlwn stouc
opoÐouc kuriarqeÐ, dhlad  Sp ∈ [0, Npoles − 1]. Sth sunèqeia, apodÐdetai se k�je pìlo mia
pr¸th�genik  tim  kìstouc ajroÐzontac th dÔnamh twn pìlwn apì touc opoÐouc kuriarqeÐtai,

Rp =
∑
p∗Âp

Sp∗ (5.8)

Epiplèon, gia k�je pìlo p upologÐzetai h apìstas  tou sto q¸ro twn stìqwn apì touc
upìloipouc pìlouc. Oi apost�seic katat�ssontai se aÔxousa seir� kai epilègetai h k�ost ,
dp, sÔmfwna me [261]. Telik�, h puknìthta thc geitoni�c k�je pìlou orÐzetai wc

Dp =
1

dp + 2
(5.9)

kai h proteraiìthta lìgw tim c thc sun�rthshc kìstouc dÐnetai apì th sqèsh

Prcost
p =

Φp

Φmax − Φmin
, Φp = Dp + Rp (5.10)

ìpou Φp h telik �leptomer c tim  kìstouc, Φmax =max{Φ1, ...,ΦNpoles
} kai

Φmin =min{Φ1, ...,ΦNpoles
}.

H megalÔterh tim  proteraiìthtac, upologizìmenh apì th sqèsh 5.5, upodeiknÔei ton d mo
ap� ìpou ja epileqjeÐ o nèoc pr�ktorac gia to sqhmatismì tou apogìnou pou ja staleÐ gia
axiolìghsh. Apì touc 5 pr�ktorec tou d mou, epilègetai autìc me th megalÔterh hlikÐa
(dhl. autìc pou èqei polÔ �¸ra� na axiologhjeÐ), upì thn proôpìjesh ìti den axiologeÐtai.
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5.3.4 Telestèc Exèlixhc

DiastaÔrwsh

'Opwc anafèrjhke kai sthn arqik  perigraf  tou ADEA, gia tic metablhtèc sqediasmoÔ
qrhsimopoieÐtai pragmatik  kwdikopoÐhsh. To sq ma diastaÔrwshc eÐnai empneusmèno apì
ton trìpo orismoÔ tou dokimastikoÔ dianÔsmatoc ston Algìrijmo Diaforik c Exèlixhc
(Differential Evolution, [227]) kai efarmìzetai mèsa ston d mo pou epilèqjhke nwrÐtera.
Pio sugkekrimèna, gia th dhmiourgÐa tou nèou pr�ktora proc axiolìghsh, sthn tim  tou
pìlou prostÐjetai èna posostì thc diafor�c dÔo praktìrwn tou d mou, sÔmfwna me to
sq ma

~xk = ~xpole + ω (~xk1 − ~xk2) , k1, k2 ∈ Dp & k1 6= k2 (5.11)

ìpou ω eÐnai mia tuqaÐa tim  sto di�sthma [0, 1].

Met�llaxh

Sqetik� me ton telest  met�llaxhc, autìc kajorÐzetai apì thn pragmatik  kwdikopoÐhsh
kai efarmìzetai me pijanìthta thc opoÐac h tim  exart�tai apì ton trèqonta arijmì axiolo-
g sewn. Arqik�, h tim  tou pr�ktora gia k�je metablht  sqediasmoÔ xi

k adiastatopoieÐtai
me b�sh to kat¸tero kai an¸tero ìrio thc [bi

low, bi
upp] wc x̂i

k = (xi
k − bi

low)/(bi
upp − bi

low),
upìkeitai se met�llaxh sÔmfwna me to sq ma

x̂i
k = x̂i

k (1 + ωmut), an ωmut < 0.5
x̂i

k = x̂i
k (1 − ωmut), an ωmut ≥ 0.5 (5.12)

me ωmut mia tuqaÐa tim  sto [0, 1] kai telik� epanèrqetai sth diastat  tim  thc xi
k =bi

low +
x̂i

k (bi
upp − bi

low).

Exasf�lish OrÐwn

Sthn perÐptwsh pou h prokÔptousa tim  xi
k opoiasd pote metablht c sqediasmoÔ (met� touc

telestèc diastaÔrwshc kai met�llaxhc) parabi�zei ta prokajorismèna ìri� thc [bi
low, bi

upp],
epib�lletai to sq ma diìrjwshc

xi
k = bi

low + |xi
k − bi

low|, an xi
k < bi

low

xi
k = bi

upp − |xi
k − bi

upp|, an xi
k > bi

upp (5.13)

ìsec forèc qrei�zetai mèqric ìtou h tim  xi
k brejeÐ mèsa sta prokajorismèna ìria.

5.3.5 Prosarmog  thc PPA ston ADEA

'Opwc perigr�fhke nwrÐtera stouc sÔgqronouc algorÐjmouc, h PPA efarmìzetai gia ton
upologismì thc tim c thc sun�rthshc fm(~x) gia ìla ta �toma miac geni�c. Katìpin, ta NIPE

kalÔtera (me b�sh thn proaxiolìghsh) �toma thc geni�c epilègontai gia na axiologhjoÔn
kai me to akribèc prìtupo. Ston ADEA, ìpwc autìc analÔjhke parap�nw, antÐstoiqh qr sh
thc PPA den eÐnai efikt  kaj¸c den up�rqei h ènnoia thc geni�c. UpenjumÐzetai ìti me thn
olokl rwsh miac axiolìghshc, o antÐstoiqoc epexergast c stigmiaÐa kajÐstatai anenergìc
èwc ìtou (mèsw twn èndo� kai dia�dhmotik¸n diergasi¸n) epilegeÐ kai dhmiourghjeÐ to nèo
proc axiolìghsh �tomo, ston pr�ktora pou epilèqjhke proc toÔto. Sthn perÐptwsh thc
qr shc PPA, to b ma ADEA 4 tou algorÐjmou thc enìthtac 5.3.1 tropopoieÐtai wc ex c:
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ADEA 4a) DhmiourgÐa NIPE praktìrwn (~xagent) mèsw exeliktik¸n telest¸n (sqèseic
5.11, 5.12 kai 5.13).

ADEA 4b) EkpaÐdeush kai qr sh tou metaprotÔpou gia thn ektÐmhsh thc tim c thc su-
n�rthshc fm(~x) gia kajènan apì autoÔc touc pr�ktorec. H ekpaÐdeush gia k�je
pr�ktora gÐnetai me ta plhsièstera sto q¸ro twn metablht¸n sqediasmoÔ �toma apì
th b�sh dedomènwn.

ADEA 4g) Epilog  tou �kalÔterou� pr�ktora, me b�sh thn ektÐmhsh tou metaprotÔpou,
gia axiolìghsh me to akribèc prìtupo.

5.4 PistopoÐhsh�Efarmogèc

Sthn enìthta aut  parousi�zontai efarmogèc gia thn pistopoÐhsh tou ADEA. Arqik�, h
pistopoÐhsh gÐnetai se probl mata elaqistopoÐhshc majhmatik¸n sunart sewn, ta opoÐa,
lìgw mikroÔ upologistikoÔ kìstouc, mporoÔn na epanalhfjoÔn pollèc forèc kai �ra na
up�rqei saf c eikìna gia th sumperifor� kai tic epidìseic tou algorÐjmou. Sth sunè-
qeia, o ADEA efarmìzetai se probl mata sqediasmoÔ aerodunamik¸n morf¸n (pterÔgw-
shc sumpiest  kai memonwmènhc aerotom c), en¸ wc teleutaÐo par�deigma, parousi�zetai o
sqediasmìc�prokatarktik  diastasiolìghsh mikroÔ uperhqhtikoÔ aerosk�fouc se probl -
mata enìc   dÔo stìqwn. to teleutaÐo eÐnai èna prìblhma poll¸n episthmonik¸n perioq¸n
(MDO).

Sta parousiazìmena apotelèsmata o ADEA sugkrÐnetai me èna klasikì (tupikì, sÔgqro-
no) EA (o opoÐoc emfanÐzetai wc tEA   Conv.EA) kai �llec mejìdouc sth bibliografÐa.
Epiplèon, se èna apì ta probl mata sqediasmoÔ parousi�zetai sÔgkrish ìlwn twn mejìdwn
DEA, dhlad  tou ADEA me tic sÔgqronec kai hmi�asÔgqronec parallagèc tou.

Sta majhmatik� probl mata, oi upologismoÐ�beltistopoi seic epanalamb�nontai arketèc
forèc (25, 30, an�loga me thn perÐptwsh) qrhsimopoi¸ntac diaforetikèc genn triec tuqaÐwn
arijm¸n, Random Number Generator (RNG), oi opoÐec ousiastik� eÐnai upeÔjunec gia thn
arqikopoÐhsh tou plhjusmoÔ. Se èna sÔgqrono EA, h epan�lhyh thc beltistopoÐhshc me
Ðdia tim  RNG odhgeÐ se Ðdio apotèlesma. K�ti tètoio den isqÔei ston ADEA, exaitÐac thc
asÔgqronhc leitourgÐac tou algorÐjmou (diaforetik  allhlouqÐa upoy fiwn lÔsewn), all�
kai pijan¸n allag¸n sto fortÐo k�poiou epexergast .

5.4.1 Majhmatikèc Sunart seic

Sun�rthsh Ackley

H pr¸th efarmog  sunÐstatai sthn elaqistopoÐhsh thc tim c thc sun�rthshc tou Ackley,
[20],

f(~x) = −20 exp

0.2

√∑N
i=1 x2

i

N

 − exp

(∑N
i=1 cos(2πxi)

N

)
+ 20 + e (5.14)

sth genikeumènh thc morf , [32], me N =30 metablhtèc sqediasmoÔ kai xi ∈ [−32.768, 32.768].
Prìkeitai gia mh�diaqwrÐsimh sun�rthsh, me poll� topik� akrìtata kai el�qisth tim  f(~x)=
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0 gia xi = 0. H sun�rthsh epilègetai gia sÔgkrish tou ADEA m�ènan klasikì EA, all�
kai gia na elegqjoÔn o rìloc thc proteraiìthtac kai thc epÐdrashc twn metaprotÔpwn. Gia
ton ADEA qrhsimopoieÐtai plègma 10×10 (75 pr�ktorec kai 25 pìloi) kai 20 epexerga-
stèc. H beltistopoÐhsh epanalamb�netai 30 forèc me ìrio axiolog sewn tic 10000. H mèsh
sÔgklish apì tic 30 beltistopoi seic parousi�zetai sto sq ma 5.9 ìpou sugkrÐnetai me thn
antÐstoiqh sÔgklish enìc klasikoÔ EA. Gia ton Ðdio arijmì axiolog sewn o ADEA epitug-
q�nei kalÔterh tim  thc sun�rthshc (mèsh tim  fmean =0.8963, tupik  apìklish s=0.3861)
sugkrinìmenoc m�èna klasikì EA (fmean =1.8732, s=0.5366). Prokeimènou na epibebaiwjeÐ
h egkurìthta thc �optik c� parat rhshc, pragmatopoieÐtai èna t–test gia ton èlegqo twn
mèswn tim¸n twn dÔo mejìdwn. H lambanìmenh tim  t0 =8.0925 pr�gmati apodeiknÔei ìti o
ADEA eÐnai shmantik� kalÔteroc apì ènan klasikì EA.

Sth sunèqeia, elègqetai h shmasÐa tou orismoÔ thc proteraiìthtac gia thn epilog  tou
pr�ktora apì ton opoÐo ja prokÔyei h nèa upoy fia lÔsh gia axiolìghsh. 'Etsi, antÐ thc
proteinìmenhc mejodologÐac (orismì hlikÐac, proteraiìthtac k.l.p.), oi 30 beltistopoi seic
epanalamb�nontai me tuqaÐa epilog  tou nèou pr�ktora. H grafik  apeikìnish twn apotele-
sm�twn me kai qwrÐc proteraiìthta faÐnetai sto sq ma 5.10, arister�. 'Opwc parousi�zetai
ston pÐnaka 5.1, apì th sÔgkrish twn mèswn tim¸n me t–test, apodeiknÔetai ìti o orismìc
kai h qr sh thc ènnoiac thc proteraiìthtac eÐnai polÔ shmantik  kai apoteleÐ kajoristik 
par�metro thc apìdoshc tou proteinìmenou algorÐjmou. Tèloc, ìson afor� sthn epÐdrash
twn metaprotÔpwn (sq ma 5.10, dexi�), gia to dedomèno arijmì axiolog sewn kai me qr -
sh metaprotÔpwn o ADEA epitugq�nei timèc thc sun�rthshc fmean =0.0214, dhlad  polÔ
kont� sth lÔsh. EÐnai profanèc ìti, gia mia majhmatik  sun�rthsh, to (sqedìn amelhtèo)
kìstoc kataskeu c tou metaprotÔpou eÐnai sugkrÐsimo me to (pragmatik� amelhtèo) kìstoc
axiolìghshc, se antÐjesh me ta probl mata aerodunamik c.
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Sq ma 5.9: ElaqistopoÐhsh sun�rthshc Ackley. SÔgkrish poreÐac sÔgklishc ADEA me
ènan klasikì EA. O orizìntioc �xonac (arijmìc axiolog sewn) ousiastik� antistoiqeÐ sto
upologistikì kìstoc.
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Sq ma 5.10: ElaqistopoÐhsh sun�rthshc Ackley. 'Elegqoc thc epÐdrashc thc proteraiìth-
tac (arister�) kai thc proseggistik c proaxiolìghshc (dexi�).
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PÐnakac 5.1: ElaqistopoÐhsh sun�rthshc Ackley. 'Elegqoc thc shmasÐac thc proteraiìth-
tac. Oi upologismoÐ me proteraiìthta kai tuqaÐa epilog  gÐnontai me to Ðdio upologistikì
kìstoc.

Me proteraiìthta TuqaÐa Epilog 
fmean 0.8963 1.6939
fmin 0.1958 1.0416
fmax 1.4394 2.3727

s 0.3861 0.3447
t0 8.4386

Prìblhma ElaqistopoÐhshc DÔo Stìqwn ZDT3

H deÔterh majhmatik  efarmog  apoblèpei sthn eÔresh tou met¸pou Pareto tou probl ma-
toc dÔo stìqwn

min

{
f1(~x) = x1

f2(~x) = g(x2, . . . , xN )h(f1(x1), g(x2, . . . , xN ))
(5.15)

ìpou

g(x2, . . . , xN ) = 1 + 9
N∑

i=2

xi/(N − 1) (5.16)

h(f1, g) = 1 −
√

f1/g − (f1/g) sin(10πf1)

me N =30 kai 0<xi < 1, xi ∈ [0, 1]. To mètwpo prokÔptei analutik� gia g(~x)= 1 kai eÐnai
asuneqèc sto q¸ro twn stìqwn. H sun�rthsh aut  epilèqjhke prokeimènou na elegjeÐ
h ikanìthta tou algorÐjmou gia eÔresh enìc asuneqoÔc met¸pou, all� kai na melethjeÐ
h allhlepÐdrash twn d mwn kat� th di�rkeia thc beltistopoÐhshc. Jètontac wc an¸tato
epitreptì ìrio axiolog sewn tic 25000, pragmatopoi jhkan 30 beltistopoi seic se 18 e-
pexergastèc, me plègma ADEA 10×10. Gia k�je beltistopoÐhsh upologÐzetai o deÐkthc
uperìgkou [262](sq ma 5.11) me shmeÐo anafor�c to (f1, f2)=(5, 3). O deÐkthc autìc metr�
to q¸ro ston opoÐo to mètwpo kuriarqeÐ (dhlad  ìso megalÔter  tim  èqei o deÐkthc tìso
kalÔterh eÐnai h prosèggish tou met¸pou). Ston pÐnaka 5.2 parousi�zontai oi mèsec timèc
tou en lìgw deÐkth apì tic 30 beltistopoi seic kai h sÔgkrish touc mèsw enìc t–test. H ka-
lÔterh prosèggish tou met¸pou Pareto apì kajèna algìrijmo se sÔgkrish me to analutikì
mètwpo faÐnontai sto sq ma 5.12. EÐnai emfanèc kai apodeiknÔetai kai apì to statistikì
tèst ìti o ADEA epitugq�nei kalÔterh lÔsh gia to dedomèno arijmì axiolog sewn.

H poreÐa exèlixhc tou met¸pou (gia thn perÐptwsh thc kalÔterhc prosèggishc) faÐnetai sto
sq ma 5.13, ìpou tup¸netai h jèsh tou met¸pou twn mh�kuriarqoÔmenwn lÔsewn kai twn
25 pìlwn met� apì 3000, 7000, 10000, 15000, 20000 kai 25000 axiolog seic. O arijmìc twn
mel¸n tou met¸pou, gia autèc tic axiolog seic, pou proèrqontai apì k�je d mo faÐnetai sto
sq ma 5.14, ìpou eÐnai emfan c h summetoq  ìlwn twn d mwn (se posostì pou all�zei kat�
th di�rkeia thc beltistopoÐhshc) sth dhmiourgÐa tou telikoÔ met¸pou. Sthn prokeimènh
perÐptwsh, met� tic 25000 axiolog seic, ta perissìtera mèlh tou met¸pou proèrqontai apì
ton 1o d mo. Ta mèlh tou met¸pou pou proèrqontai ap�autìn to d mo faÐnontai sto sq ma
5.15.
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f1

f2 (f1max,f2max)

Sq ma 5.11: Orismìc deÐkth uperìgkou IH se èna eikonikì prìblhma dÔo stìqwn. To �nw
dexi� ìrio, (f1max, f2max), tou uperìgkou kajorÐzetai apì to qr sth. Ex orismoÔ, meg�lh
tim  tou IH antistoiqeÐ se kalÔterh prosèggish tou met¸pou Pareto.

PÐnakac 5.2: Prìblhma elaqistopoÐhshc dÔo stìqwn ZDT3. DeÐkthc uperìgkou kai t–test
an�mesa ston ADEA kai ènan klasikì EA met� apì 25000 axiolog seic.

ADEA Klasikìc EA
IHmean 18.0318 17.8584

s 0.5106 0.4559
t0 13.8750

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

Async.EA
Conv. EA

Exact Front

-0.8

-0.75

-0.7

-0.65

-0.6

-0.55

-0.5

-0.45

-0.4

 0.82  0.83  0.84  0.85  0.86

f 2

f1

Async.EA
Conv. EA

Exact Front

Sq ma 5.12: Prìblhma elaqistopoÐhshc dÔo stìqwn ZDT3. ProseggÐseic met¸pou Pareto
upologismèno apì ton ADEA kai ènan klasikì EA met� 25000 axiolog seic sugkrinìmenec
me to akribèc mètwpo Pareto (arister�). Leptomèreia tou teleutaÐou tm matoc tou met¸pou
(dexi�).



5.4. Πιστοποίηση–Εφαρμογές 161

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

3000 Evaluations

Poles
Current Front

Exact Front
-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

7000 Evaluations

Poles
Current Front

Exact Front

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

10000 Evaluations

Poles
Current Front

Exact Front
-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

15000 Evaluations

Poles
Current Front

Exact Front

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

20000 Evaluations

Poles
Current Front

Exact Front
-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

f 2

f1

25000 Evaluations

Poles
Current Front

Exact Front

Sq ma 5.13: Prìblhma elaqistopoÐhshc dÔo stìqwn ZDT3. PoreÐa met¸pou twn mh�
kuriarqoÔmenwn lÔsewn kat� th di�rkeia thc beltistopoÐhshc. Me tetr�gwno faÐnontai
oi jèseic twn pìlwn.
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Sq ma 5.14: Prìblhma elaqistopoÐhshc dÔo stìqwn ZDT3. Arijmìc twn mel¸n tou met¸-
pou twn mh�kuriarqoÔmenwn lÔsewn pou proèrqontai apì k�je d mo (apì touc 5×5 = 25
sunolik�) met� apì 3000, 7000, 10000, 15000, 20000 kai 25000 axiolog seic.
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Sq ma 5.15: Prìblhma elaqistopoÐhshc dÔo stìqwn ZDT3. Mh�kuriarqoÔmena mèlh proer-
qìmena apì ton d mo 1 kai ton antÐstoiqo pìlo met� apì 3000, 15000 kai 25000 axiolog seic.
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Sqediasmìc Bèltistou DoqeÐou PÐeshc

H teleutaÐa efarmog  stic majhmatikèc sunart seic sqetÐzetai me ton upì periorismoÔc
sqediasmì enìc kulindrikoÔ doqeÐou pÐeshc me hmisfairik� kap�kia (sq ma 5.16). To prì-
blhma autì parousi�sthke kai epilÔjhke gia pr¸th for� to 1990 apì ton Sandgren [217]
me thn teqnik  branch and bound. LÔseic autoÔ tou probl matoc parousi�zontai sth bi-
bliografÐa me qr sh diafìrwn mejìdwn, ìpwc oi epauxhmènoi pollaplasiastèc Lagrange
(ALM, [133]), parallagèc genetik¸n algorÐjmwn (GeneAS, [66]) me pijanotikèc epilogèc
(GA, [57]), parallag  thc mejìdou diaforik c exèlixhc (εDE, [230]) kai mèjodoi basismènec
sth jewrÐa sm nouc entìmwn (CPSO , [112]).

L

RR

Th Ts

Sq ma 5.16: Sqediasmìc doqeÐou pÐeshc. Gewmetrik� stoiqeÐa.

Stìqoc eÐnai h elaqistopoÐhsh thc sun�rthshc

f(~x) = 0.6224x̃1x3x4 + 1.7781x̃2x
2
3 + 3.1661x̃2

1x4 + 19.84x̃2
1x3 (5.17)

h opoÐa perilamb�nei to kìstoc ulikoÔ, morfopoÐhshc kai sugkìllhshc. To prìblhma orÐ-
zetai qrhsimopoi¸ntac N = 4 metablhtèc sqediasmoÔ, to p�qoc tou kulindrikoÔ tm matoc
x̃1 = Ts, tou kefalioÔ x̃2 = Th, thn eswterik  aktÐna x3 = R kai to m koc tou kulindri-
koÔ tm matoc x4 = L. Oi dÔo pr¸tec metablhtèc sqediasmoÔ lamb�noun timèc oi opoÐec
eÐnai akèraia pollapl�sia twn 0.0625 in pou eÐnai kai ta diajèsima p�qh lamarin¸n, dhl.
(x̃1, x̃2)=0.0625(k1, k2). Ousiastik� o ADEA upologÐzei tic timèc k1, k2 kai x3, x4 me ìria
1<k1,2 <99 kai 10<x3,4 <200. Ta k1,2 prèpei na eÐnai akèraiec timèc, k�ti pou profan¸c
den mporeÐ na egguhjeÐ o algìrijmoc. Gia to lìgo autì, sto logismikì axiolìghshc, prin
ton upologismì thc sun�rthshc kìstouc oi timèc twn k1, k2 pou proèkuyan apì ton ADEA
metatrèpontai se akèraiec apaleÐfontac to dekadikì touc tm ma. Epiplèon, to prìblhma
upìkeitai stouc parak�tw 4 gewmetrikoÔc periorismoÔc

c1(~x) = −x̃1 + 0.0193x3 ≤ 0
c2(~x) = −x̃2 + 0.00954x3 ≤ 0

c3(~x) = −πx2
3x4 −

4
3
πx3

3 + 1296000 ≤ 0

c4(~x) = x4 − 240 ≤ 0

Gia thn epÐlush, oi upologismoÐ�beltistopoi seic epanal fjhkan 30 forèc, me an¸tato
ìrio axiolog sewn tic 10000, gia di�forec diast�seic plègmatoc ADEA se 20 epexerga-
stèc. H mèsh sÔgklish tou algorÐjmou apotup¸netai sto sq ma 5.17 kai antistoiqeÐ se
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fmean = 6116.008, me bèltisth epitugqanìmenh tim  thn fmin = 6059.7146. H sÔgkrish
tou ADEA me ta apotelèsmata �llwn mejìdwn sth bibliografÐa faÐnetai ston pÐnaka 5.3.
DieukrinÐzetai ìti oi timèc twn periorism¸n eÐnai sth morf  ci(~x)≤0, �ra h emf�nish jetik¸n
posot twn upodhl¸nei parabÐash tou periorismoÔ. Apì ton pÐnaka faÐnetai ìti h bèltisth
lÔsh tou ADEA eÐnai kalÔterh apì tic perissìterec lÔseic sth bibliografÐa kai el�qista
qeirìterh mìno aut c thc mejìdou εDE, [230]. Ektìc apì th lÔsh aut  kajaut  shman-
tik  par�metroc apoteleÐ kai o arijmìc twn axiolog sewn ston opoÐo aut  epiteÔqjhke.
'Etsi gia ton ADEA kai th mèjodo εDE apaitoÔntai 10000 axiolog seic se antÐjesh me tic
mejìdouc GA kai CPSO pou epitugq�noun men arket� kalèc lÔseic, all� apaitoÔn 80000
kai 200000 antÐstoiqa. Apì thn �mesh sÔgkrish twn ADEA kai εDE, apodeiknÔetai ìti
o proteinìmenoc algìrijmoc eÐnai kalÔteroc, kaj¸c epitugq�nei susthmatik� kalèc lÔseic
apì tic 2000 axiolog seic se antÐjesh me tic 5000 thc mejìdou εDE, [230].
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Sq ma 5.17: Sqediasmìc doqeÐou pÐeshc. Mèsh poreÐa sÔgklishc tou ADEA tic pr¸tec
5000 axiolog seic.

PÐnakac 5.3: Sqediasmìc doqeÐou pÐeshc. SÔgkrish bèltisthc lÔshc ADEA (apì tic 25) me
tic bèltistec lÔseic �llwn mejìdwn thc bibliografÐac.

Mèjodoc ADEA CPSO εDE GA GeneAS ALM B&B
'Etoc 2008 2007 2006 2002 1997 1994 1988
x̃1 0.8125 0.8125 N/A 0.8125 0.9375 1.125 1.125
x̃2 0.4375 0.4375 N/A 0.4375 0.5000 0.625 0.625
x3 42.0984 42.0912 N/A 42.0973 48.3290 58.291 47.700
x4 176.6366 176.7465 N/A 176.654 112.679 43.690 117.701

c1(~x) -4.3 10−8 -0.000139 N/A -0.00002 -0.00475 0.000016 -0.2043
c2(~x) -0.03588 -0.035949 N/A -0.03589 -0.03894 -0.06890 -0.1699
c3(~x) -0.000052 -116.3827 N/A -27.8860 -3652.87 -21.2201 54.226
c4(~x) -63.3634 -63.2535 N/A -63.3459 -127.321 -196.310 -122.299
f(~x) 6059.7146 6061.0777 6059.7143 6059.9463 6410.3811 7198.0428 8129.1036
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5.4.2 Sqediasmìc 2D PterÔgwshc Sumpiest 

H pr¸th mh�majhmatik  perÐptwsh sqediasmoÔ afor� sto sqediasmì 2D pterÔgwshc sum-
piest  me stìqo thn elaqistopoÐhsh tou suntelest  apwlei¸n olik c pÐeshc ω = (pt1 −
pt2)/0.5ρ1V

2
1 , ìpou pt eÐnai h olik  pÐesh, ρ h puknìthta kai V h taqÔthta. Oi deÐktec 1

kai 2 upodhl¸noun thn eÐsodo kai thn èxodo thc pterÔgwshc, antÐstoiqa. O sqediasmìc
gÐnetai gia isentropikì Mach exìdou thc ro c M2,is =0.45, gwnÐa eisìdou thc ro c a1 =47◦

kai arijmì Reynolds basismèno sth qord  Rec = 8.4 105. H pterÔgwsh èqei stajer  gw-
nÐa klÐshc 30◦, lìgo b matoc proc qord  Ðso 0.68 kai AV DR = 0.89. H gewmetrÐa thc
pterÔgwshc parametropoieÐtai me dÔo kampÔlec Bézier twn 9 shmeÐwn elègqou (mia gia k�-
je pleur�). Ta shmeÐa sthn akm  prìsptwshc kai ekfug c paramènoun stajer�, en¸ ta
upìloipa metakinoÔntai kat� thn k�jeth sth qord  dieÔjunsh. Wc logismikì axiolìghshc
(to ferìmeno wc �akribèc prìtupo�), qrhsimopoieÐtai to logismikì epÐlushc twn exis¸sewn
Navier–Stokes me prostajeropoÐhsh pou parousi�sthke sto kef�laio 2 me qr sh tou mo-
ntèlou tÔrbhc Spalat–Allmaras. Gia epÐlush me je¸rhsh qamhl¸n arijm¸n Reynolds oi
diast�seic tou upologistikoÔ plègmatoc eÐnai thc t�xhc twn 20000 kìmbwn kai 40000 tri-
gwnik¸n stoiqeÐwn. Prokeimènou na apofeuqjeÐ h dhmiourgÐa polÔ lept¸n, mh�apodekt¸n
aerotom¸n tÐjentai treic gewmetrikoÐ periorismoÐ p�qouc (T )

T (0.30c)≥0.08c, T (0.60c)≥0.07c, T (0.90c)≥0.01c (5.18)

me c to m koc thc qord c. Kat� thn epibol  twn periorism¸n b�sh thc sqèshc 5.3 tÐjetai
α = 3 kai cdead

j /cthres
1 = 0.8. O èlegqoc twn gewmetrik¸n periorism¸n gÐnetai met� thn

parametropoÐhsh kai dhmiourgÐa thc nèac upoy fiac lÔshc, ¸ste an k�poioc ap�autoÔc
parabi�zetai na mhn proqwr sei sthn akrib �qronobìra an�lush me to logismikì epÐlushc.
Autìc o èlegqoc, èqei wc apotèlesma to sunolikì kìstoc an� axiolìghsh na kumaÐnetai
apì k�ti polÔ mikrì mèqri to kìstoc thc epÐlushc twn exis¸sewn Navier–Stokes. Bèbaia,
kai to Ðdio to kìstoc thc epÐlushc twn exis¸sewn Navier–Stokes endèqetai na diafèrei apì
axiolìghsh se axiolìghsh an�loga me tic diast�seic tou upologistikoÔ plègmatoc kai th
gewmetrÐa thc pterÔgwshc (l.q. �perÐergh� gewmetrÐa pterÔgwshc ja apaiteÐ perissìterec
epanal yeic tou epilÔth Jacobi gia th sÔgklish). Epiplèon, twn gewmetrik¸n periorism¸n,
tÐjetai ènac epiplèon periorismìc sqetik� me th gwnÐa strof c thc ro c (megalÔterh apì
22◦). Profan¸c o èlegqoc autoÔ tou periorismoÔ gÐnetai me thn olokl rwsh thc epÐlushc
twn exis¸sewn Navier–Stokes.

Se pr¸th f�sh, stoqeÔontac ston èlegqo thc epÐdrashc tou plègmatoc b�shc tou ADEA,
h beltistopoÐhsh epanalamb�netai 4 forèc, se 20 epexergastèc, gia diast�seic plegm�twn
6×6, 8×8, 10×10, 12×12 kai ìrio axiolog sewn tic 2000. H poreÐa sÔgklishc se k�je
perÐptwsh, kaj¸c kai h bèltisth gewmetrÐa thc pterÔgwshc faÐnontai sto sq ma 5.18, en¸
ston pÐnaka 5.4 faÐnetai h prokÔptousa tim  tou suntelest  apwlei¸n (bèltisth lÔsh)
gia k�je di�stash plègmatoc. Sthn prokeimènh perÐptwsh, h kalÔterh tim  prokÔptei apì
di�stash plègmatoc 8×8, en¸ polÔ kontin  eÐnai kai h tim  thc lÔshc gia plègma 12×12.

H bèltisth lÔsh eÐnai akìma kalÔterh an qrhsimopoihjoÔn metaprìtupa met� tic 200 axio-
log seic, sq ma 5.19 (arister�). 'Hdh apì tic 1000 axiolog seic o algìrijmoc me qr sh
twn metaprotÔpwn epitugq�nei polÔ kalÔterh lÔsh (ω =0.01298) ap�ìti qwrÐc aut� se di-
pl�sio arijmì axiolog sewn. Sto Ðdio sq ma, 5.19 (dexi�), elègqetai h apìdosh tou ADEA
se sÔgkrish me tic prohgoÔmenec parallagèc DEA (sÔgqronou kai hmi�asÔgqronou), ìpou
faÐnetai ìti epitugq�nei polÔ kalÔterh bèltisth lÔsh.



5.4. Πιστοποίηση–Εφαρμογές 167

 0.013

 0.0135

 0.014

 0.0145

 0.015

 0.0155

 0.016

 0.0165

 0.017

 0.0175

 0  500  1000  1500  2000

P
t L

os
s 

C
oe

ff.

Evaluations

 6x6  Mesh
 8x8  Mesh

10x10 Mesh
12x12 Mesh

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

-0.1  0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

y-
ax

is

x-axis

Sq ma 5.18: Sqediasmìc 2D pterÔgwshc sumpiest . PoreÐa sÔgklishc ADEA gia di�forec
diast�seic plègmatoc b�shc (arister�) kai bèltisth pterÔgwsh (dexi�).

PÐnakac 5.4: Sqediasmìc 2D pterÔgwshc sumpiest . 'Elegqoc thc epÐdrashc tou plègmatoc
b�shc pou qrhsimopoieÐ o ADEA sth bèltisth lÔsh.

Plègma ω
ADEA
6×6 0.01331
8×8 0.01310

10×10 0.01333
12×12 0.01312
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Sq ma 5.19: Sqediasmìc 2D pterÔgwshc sumpiest . 'Elegqoc thc epÐdrashc thc qr shc
metaprotÔpwn (arister�) kai sÔgkrish ADEA me Hmi-AsÔgqronou kai SÔgqronou DEA
(dexi�).

H sÔgkrish tou ADEA me èna sÔgqrono EA ìson afor� ston apaitoÔmeno qrìno gia th
beltistopoÐhsh parousi�zetai ston pÐnaka 5.5. Gia th sÔgkrish aut , antÐ tou epilÔth
twn exis¸sewn Navier–Stokes qrhsimopoi jhke mia oloklhrwmatik  mèjodoc tou oriakoÔ
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str¸matoc, [74]. QrhsimopoioÔntai 8 epexergastèc kai tÐjetai an¸tato ìrio 5000 axiolog -
sewn. H beltistopoÐhsh epanalamb�netai gia treic diaforetikèc genn triec tuqaÐwn arijm¸n
(RNG) kai treic diast�seic plègmatoc tou ADEA. Gia to sÔgqrono EA, oi diast�seic tou
plhjusmoÔ gonèwn kai apogìnwn dÐnontai wc pollapl�sia tou 8 ((µ, λ) = (64, 128)) ¸ste
na exasfalisteÐ jewrhtik� h axiopoÐhsh ìlwn twn epexergast¸n (kai �ra na exaleifjoÔn
probl mata sugqronismoÔ). Se k�je perÐptwsh, h beltistopoÐhsh me ton ADEA oloklh-
r¸netai taqÔtera kai odhgeÐ, gia perÐpou stajerì arijmì axiolog sewn se kalÔterh lÔsh
apì aut n tou sÔgqronou EA. Oi diaforèc ston arijmì twn axiolog sewn ofeÐlontai sthn
parousÐa periorism¸n oi opoÐec (ìpwc proanafèrjhke) ìtan den ikanopoioÔntai akur¸noun
thn epakìloujh axiolìghshc mèsw thc prìlexhc tou pedÐou ro c (katagr�fontai mìno oi
epituqeÐc axiolog seic). O mikrìteroc arijmìc axiolog sewn gia ton ADEA (perissìte-
rec apotuqhmènec lÔseic) pijanìn apoteleÐ èndeixh kalÔterhc exereÔnhshc/anÐqneushc tou
q¸rou twn metablht¸n sqediasmoÔ.

PÐnakac 5.5: Sqediasmìc 2D pterÔgwshc sumpiest . SÔgkrish apaitoÔmenou qrìnou belti-
stopoÐhshc metaxÔ ADEA kai enìc klasikoÔ�sÔgqronou EA.

RNG1 RNG2 RNG3
Axiol./Qrìnoc Axiol./Qrìnoc Axiol./Qrìnoc

SÔgqronoc EA (64, 128) 4864 / 31 4845 / 29.5 4965 / 30
ADEA 8×8 4758 / 28 4728 / 27.5 4802 / 28

10×10 4735 / 27.5 4751 / 28 4758 / 28.5
12×12 4705 / 28 4750 / 27.5 4732 / 28

Tèloc, h epit�qunsh apì thn par�llhlh epexergasÐa faÐnetai ston pÐnaka 5.6. Gia thn pe-
rÐptwsh plègmatoc ADEA 10×10, oi upologismoÐ epanal fjhkan me qr sh 4, 6, 8, 15 kai
24 epexergast¸n. O apaitoÔmenoc qrìnoc gia thn olokl rwsh thc beltistopoÐhshc kai o
arijmìc twn axiolog sewn faÐnontai epÐshc ston pÐnaka. Gia th mètrhsh thc epit�qunshc
lìgw parallhlÐac jewreÐtai ìti o qrìnoc thc beltistopoÐhshc se ènan epexergast  isoÔtai
me 53.5×4 = 214 min ki ìti o arijmìc twn axiolog sewn eÐnai Ðdioc se ìlec tic peript¸-
seic (par� tic mikrèc diaforèc pou sthn pragmatikìthta emfanÐzontai). 'Etsi, h par�llhlh
epit�qunsh apì th qr sh tou ADEA eÐnai t�xhc tou 94% gia touc 24 epexergastèc. Pro-
fan¸c h tim  aut  ja  tan akìmh megalÔterh an to upologistikì kìstoc an� axiolìghsh
 tan polÔ megalÔtero (l.q. upologismoÐ me logismikì axiolìghshc ton epilÔth exis¸sewn
Navier–Stokes).

PÐnakac 5.6: Sqediasmìc 2D pterÔgwshc sumpiest . Upologismìc qrìnou kai par�llhlhc
epit�qunshc tou ADEA me b�sh ton arijmì twn epexergast¸n.

CPUs Qrìnoc (min) Axiolog seic Parallel Speed–up
1 214 - -
4 53.5 4752 100%
6 38 4750 93.33%
8 28 4758 95%
15 15 4758 95.33%
24 9.5 4741 93.8%
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5.4.3 Sqediasmìc 2D Memonwmènhc Aerotom c

H epìmenh perÐptwsh afor� sto sqediasmì memonwmènhc aerotom c gia elaqistopoÐhsh tou
suntelest  opisjèlkousac kai megistopoÐhsh tou suntelest  �nwshc. Oi sunj kec ep��-
peiron ro c eÐnai M∞ = 0.15, α∞ = 6◦ Rec = 3 × 106. H aerotom  parametropoieÐtai me
dÔo kampÔlec Bézier me 7 shmeÐa elègqou h kajemi�. H beltistopoÐhsh gÐnetai me logismi-
kì epÐlushc twn exis¸sewn Navier–Stokes me prostajeropoÐhsh qamhl¸n arijm¸n Mach
kai qr sh tou montèlou tÔrbhc Spalart–Allmaras qamhl¸n arijm¸n Reynolds, upì touc
periorismoÔc p�qouc

T (0.15c)≥0.06c, T (0.35c)≥0.08c, T (0.60c)≥0.07c, T (0.85c)≥0.02c (5.19)

O trìpoc qeirismoÔ twn periorism¸n eÐnai ìmoioc me autìn pou perigr�fhke nwrÐtera. Kai se
aut  thn perÐptwsh elègqetai h epÐdrash tou plègmatoc ADEA sth lÔsh. Oi upologismoÐ
gÐnontai se 24 epexergastèc me an¸tato ìrio axiolog sewn 2000. Oi proseggÐseic tou
met¸pou Pareto gia k�je mia di�stash plègmatoc ADEA faÐnontai sto sq ma 5.20. Apì
to sq ma autì den eÐnai profanèc poi� di�stash plègmatoc eÐnai kalÔterh. An apì autèc
tic lÔseic apomonwjoÔn oi mh�kuriarqoÔmenec (�Pareto twn Pareto�) to prokÔpton mètwpo
eÐnai autì tou sq matoc 5.21 (arister�). Treic lÔseic (gewmetrÐec aerotom¸n) apì autì
faÐnontai sth dexi� pleur� tou sq matoc 5.21. Autì to mètwpo apoteleÐtai apì ta 150
mèlh apì ta opoÐa ta perissìtera proèrqontai apì to plègma di�stashc 6×6, pÐnakac 5.7.
Apì to apotèlesma autì, apodeiknÔetai ìti kai oi mikrèc diast�seic plègmatoc odhgoÔn se
ikanopoihtik� apotelèsmata. Profan¸c to sumpèrasma autì den eÐnai genikì, exart�tai apì
to exetazìmeno prìblhma kai ephre�zetai apì th stoqastikìthta tou algorÐjmou. 'Etsi,
me b�sh kai ta apotelèsmata thc prohgoÔmenhc enìthtac, den mporeÐ na exaqjeÐ akribèc
sumpèrasma sqetik� me thn epÐdrash thc di�stashc tou plègmatoc b�shc tou ADEA sth
lÔsh.
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Sq ma 5.20: Sqediasmìc 2D memonwmènhc aerotom c. ProseggÐseic met¸pou mh�
kuriarqoÔmenwn lÔsewn gia di�forec diast�seic plègmatoc ADEA.
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Sq ma 5.21: Sqediasmìc 2D memonwmènhc aerotom c. Mètwpo mh�kuriarqoÔmenwn lÔsewn
apì th metepexergasÐa twn prohgoÔmenwn met¸pwn mh�kuriarqoÔmenwn lÔsewn an� di�sta-
sh plègmatoc (arister�) kai treic gewmetrÐec aerotom c (dexi�).

PÐnakac 5.7: Sqediasmìc 2D memonwmènhc aerotom c. Proèleush mel¸n tou met¸pou twn
mh�kuriarqoÔmenwn lÔsewn pou proèkuye apì th metepexergasÐa twn met¸pwn gia di�forec
diast�seic plègmatoc b�shc ADEA.

Plègma Arijmìc
ADEA Mel¸n
6×6 64
8×8 56

10×10 1
12×12 19

5.4.4 Sqediasmìc MikroÔ UperhqhtikoÔ Aerosk�fouc

H teleutaÐa efarmog  tou ADEA, afor� sto sqediasmì mikroÔ uperhqhtikoÔ aerosk�fouc
(Supersonic Business Jet–SBJ). Prìkeitai gia èna prìblhma beltistopoÐhshc pou sundu�-
zei pollèc episthmonikèc perioqèc (MDO), ìpou se k�je mia apì autèc qrhsimopoioÔntai
empeirik� montèla upologismoÔ. Gia par�deigma, oi upologismoÐ aerodunamik¸n megej¸n
(suntelestèc �nwshc kai opisjèlkousac) proèrqontai apì empeirikèc sqèseic antÐ thc epÐ-
lushc twn exis¸sewn ro c gÔrw apì to aerosk�foc. H an�lush epidìsewn tou aerosk�fouc
perigr�fetai analutik� sto par�rthma Dþ. Oi metablhtèc sqediasmoÔ eÐnai 12 kai aforoÔn
stoiqeÐa thc pt shc, thn posìthta kausÐmou kai gewmetrik� qarakthristik� thc ptèrugac
kai tou ouraÐou pterugÐou. Eidikìtera, gia thn eujeÐa pt sh metablhtèc apoteloÔn o arij-
mìc Mach kai to uyìmetro pt shc. Gia thn ptèruga, h epif�nei� thc se k�toyh, oi gwnÐec
opisjìklishc sthn akm  prosbol c kai ekfug c, h eklèptunsh kai o lìgoc mègistou p�qouc
proc qord . Gia to k�jeto ouraÐo pterÔgio, oi gwnÐec opisjìklishc sth akm  prosbol c kai
ekfug c, h eklèptunsh kai o lìgoc mègistou p�qouc proc qord . Tèloc, h sqetik  me to
kaÔsimo metablht  sqediasmoÔ eÐnai to sunolikì tou b�roc. Ta ìria touc parousi�zontai
ston pÐnaka Dþ.1 tou parart matoc Dþ.

Sthn efarmog  aut , antimetwpÐzontai trÐa probl mata sqediasmoÔ:
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1. ElaqistopoÐhsh b�rouc apogeÐwshc (prìblhma enìc stìqou)

2. MegistopoÐhsh embèleiac (prìblhma enìc stìqou)

3. MegistopoÐhsh embèleiac me tautìqronh elaqistopoÐhsh b�rouc apogeÐwshc (prìblh-
ma dÔo stìqwn)

upì touc periorismoÔc tou m kouc apogeÐwshc kai thc taqÔthtac prosèggishc,

BFL ≤ 2000 m

Vappr ≤ 72 m/sec (5.20)

Kat� perÐptwsh, wc epiplèon periorismoÐ tÐjentai kai h embèleia   to b�roc apogeÐwshc.
Gia par�deigma, kat� thn elaqistopoÐhsh tou b�rouc apogeÐwshc, epijumeÐtai h diat rhsh
thc embèleiac p�nw apì k�poia tim . AntÐstoiqa, kat� th megistopoÐhsh thc embèleiac to
b�roc den prèpei na uperbaÐnei mia prokajorismènh tim .

Oi upologismoÐ�beltistopoi seic èqoun epanalhfjeÐ 30 forèc an� perÐptwsh sqediasmoÔ, me
di�forec diast�seic plègmatoc b�shc ADEA (8×8, 8×10, 10×10), se 10 kai 20 epexergastèc.
Sta sq mata pou akoloujoÔn faÐnontai mìno oi bèltistec lÔseic gia k�je perÐptwsh.

Pio sugkekrimèna, kat� thn elaqistopoÐhsh tou b�rouc apogeÐwshc, me ton epiplèon pe-
riorismì h embèleia na eÐnai megalÔterh twn 6000 km, h bèltisth lÔsh eÐnai 40265.7 kg.
H poreÐa sÔgklishc tou ADEA kai h grafik  apeikìnish tou prokÔptontoc�bèltistou a-
erosk�fouc faÐnontai sto sq ma 5.22. Ta antÐstoiqa apotelèsmata gia th megistopoÐhsh
thc embèleiac, me epiplèon periorismì to b�roc apogeÐwshc na mhn xepern� ta 70000 kg,
parousi�zontai sto sq ma 5.23. Oi timèc twn epidìsewn twn aeroskaf¸n gia tic dÔo au-
tèc peript¸seic sqediasmoÔ enìc stìqou apotup¸nontai ston pÐnaka 5.8. Apì thn optik 
parat rhsh twn katìyewn twn dÔo aeroskaf¸n, dexi� pleur� sqhm�twn 5.22 kai 5.23, pa-
rathreÐtai ìti to aerosk�foc gia el�qisto b�roc apogeÐwshc èqei ptèruga �sqedìn� dèlta
(delta wing) kai sqetik� mikrì m koc, se antÐjesh me to aerosk�foc gia mègisth embèleia
pou èqei megalÔtero m koc kai beloeid  ptèruga (arrow wing). Autì to sumpèrasma afor�
to sugkekrimèno prìblhma sqediasmoÔ pou antimetwpÐzetai me to dedomèno algìrijmo upo-
logismoÔ epidìsewn kai den genikeÔetai gia ìla ta aerosk�fh. Tèloc, to mètwpo Pareto apì
beltistopoÐhsh dÔo stìqwn parousi�zetai sto sq ma 5.23. Se autì, ta dÔo akraÐa shmeÐa
tou praktik� antistoiqoÔn stic dÔo lÔseic pou el fjhsan apì tic prohghjeÐsec epilÔseic
twn dÔo problhm�twn enìc stìqou.

PÐnakac 5.8: Sqediasmìc mikroÔ uperhqhtikoÔ aerosk�fouc (SBJ). ParousÐash epidìsewn
aeroskaf¸n pou proèkuyan epilÔontac probl mata enìc stìqou, thc elaqistopoÐhshc tou
b�rouc apogeÐwshc kai (qwrist�) thc megistopoÐhshc thc embèleiac.

ElaqistopoÐhsh MegistopoÐhsh
B�rouc ApogeÐwshc Embèleiac

TOW [kg] 40265.7 59797.4
R [km] 6000.61 7667.3

Vappr [m/s] 71.99 71.98
BFL [m] 1615.5 1999.25



172 5. Σύγχρονοι και Ασύγχρονοι Εξελικτικοί Αλγόριθμοι

 40

 42

 44

 46

 48

 50

 52

 54

 56

 58

 0  1000  2000  3000  4000  5000

T
O

W
 [t

n]

Evaluations

Sq ma 5.22: Sqediasmìc mikroÔ uperhqhtikoÔ aerosk�fouc (SBJ). Sqediasmìc enìc stì-
qou, thc elaqistopoÐhshc tou b�rouc apogeÐwshc. PoreÐa sÔgklishc ADEA (arister�) kai
k�toyh prokÔptontoc aerosk�fouc (dexi�).
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Sq ma 5.23: Sqediasmìc mikroÔ uperhqhtikoÔ aerosk�fouc (SBJ). Sqediasmìc enìc stì-
qou, thc megistopoÐhshc thc embèleiac. PoreÐa sÔgklishc ADEA (arister�) kai k�toyh
prokÔptontoc aerosk�fouc (dexi�).
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Sq ma 5.24: Sqediasmìc mikroÔ uperhqhtikoÔ aerosk�fouc (SBJ). Mètwpo Pareto pou
upologÐsthke ìtan wc stìqoi etèjhsan h megistopoÐhsh thc embèleiac kai h elaqistopoÐhsh
tou b�rouc apogeÐwshc.
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Kef�laio 6

EpÐlogoc�Sumper�smata

H paroÔsa didaktorik  diatrib  epikentr¸jhke sthn an�ptuxh kai pistopoÐhsh mejìdwn kai
logismikoÔ gia thn an�lush kai to sqediasmì�beltistopoÐhsh aerodunamik¸n morf¸n se u-
yhlèc kai qamhlèc taqÔthtec ro c, mèsw prostajeropoÐhshc qamhl¸n arijm¸n Mach. 'Enac
apì touc stìqouc pou exarq c tèjhke  tan na mporoÔn na kalÔptontai, me eniaÐo logismikì,
ìlec oi peript¸seic ro c, apì qamhlèc upohqhtikèc (sqedìn asumpÐestec) wc kai uperhqh-
tikèc. To logismikì autì basÐsjhke sthn teqnik  thc qronoproèlashc (time–marching)
ekmetalleuìmeno pl rwc thn empeirÐa sth diaqeÐrish twn uperbolik¸n susthm�twn twn exi-
s¸sewn ro c kai to proôp�rqon sto EJS/EMP logismikì.

Katebl jh prosp�jeia ¸ste oi parousiazìmenec efarmogèc na perilamb�noun eurÔ f�sma
peript¸sewn qronik� mìnimwn   mh�mìnimwn ro¸n se pterug¸seic strobilomhqan¸n, agw-
goÔc, memonwmènec aerotomèc   gÔrw apì olìklhro aerosk�foc kaj¸c kai th montelopoÐhsh
peristatikoÔ purkagi�c me kapnì se kleistoÔc q¸rouc.

Apì thn pleur� thc an�ptuxhc mejìdwn sqediasmoÔ�beltistopoÐhshc, parousi�sthkan ai-
tiokratikèc mèjodoi basismènec sthn klÐsh thc sun�rthshc kìstouc, h opoÐa upologÐzetai
me qr sh suzug¸n teqnik¸n kai thn upìyh prostajeropoÐhsh qamhl¸n arijm¸n Mach, all�
kai stoqastikèc mèjodoi proteÐnontac nèec diatup¸seic par�llhlwn asÔgqronwn Exelikti-
k¸n AlgorÐjmwn (EA). To sqetikì logismikì pou anaptÔqjhke efarmìsthke se probl mata
sqediasmoÔ�beltistopoÐhshc 2D pterug¸sewn sumpiest¸n kai memonwmènwn aerotom¸n, sto
sqediasmì mikroÔ epibatikoÔ uperhqhtikoÔ aerosk�fouc me ènan   dÔo stìqouc kai mia seir�
majhmatik¸n sunart sewn apì th sqetik  bibliografÐa. Sta parousiazìmena probl mata
aerodunamik c beltistopoÐhshc, wc logismikì axiolìghshc qrhsimopoieÐtai to logismikì e-
pÐlushc twn exis¸sewn ro c me prostajeropoÐhsh qamhl¸n arijm¸n Mach.

Shmantik  par�metroc se ìlec tic efarmogèc eÐnai h qr sh thc poluepexergasÐac. H qr -
sh thc  tan pragmatik� epibeblhmènh gia thn an�lush problhm�twn meg�lhc klÐmakac me
uyhlèc apait seic se mn mh kai qrìno ektèleshc. Epiplèon, stoqeÔei sth meÐwsh tou prag-
matikoÔ qrìnou an�lushc (l.q gia qronik� mh�mìnimec roèc)   sqediasmoÔ ìpou exet�zontan�
epilÔontan pollèc upoy fiec lÔseic mèqri ton entopismì thc bèltisthc.

Gia touc upologismoÔc pou parousi�sthkan sth diatrib  qrhsimopoi jhke h upologistik 
platfìrma thc Mon�dac Par�llhlhc Upologistik c Reustodunamik c & BeltistopoÐhshc
tou EJS/EMP h opoÐa apoteleÐtai apì treic sustoiqÐec diasundedemènwn epexergast¸n.
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H pr¸th sustoiqÐa upologist¸n perilamb�nei 22 kìmbouc Pentium 4 (32bit, 35 pur nec)
kai sunolik  mn mh RAM 35GB. H deÔterh sustoiqÐa apoteleÐtai apì 32 kìmbouc (64bit,
Pentium 4 kai Xeon, 80 pur nec) kai sunolik  mn mh 105GB. H trÐth sustoiqÐa basÐzetai
se teqnologÐa blade servers (DELL Poweredge) kai apoteleÐtai apì 22 diepexergastikoÔc
kìmbouc (64bit, 2 Quad Core Xeon an� kìmbo, 174 pur nec sÔnolo) kai sunolik  mn mh
256GB. 'Olec oi sustoiqÐec fèroun leitourgikì sÔsthma Linux (Fedora Core 7 oi dÔo pr¸-
tec, Redhat Enterprise 5 h trÐth) kai h epikoinwnÐa touc pragmatopoieÐtai me to prwtìkollo
TCP/IP. H par�llhlh epexergasÐa uposthrÐzetai me qr sh twn par�llhlwn prwtokìllwn
PVM kai MPI. Oi treÐc sustoiqÐec, epiplèon, en¸nontai se plègma (grid) epexergast¸n me
trìpo kai logismikì pou perigr�fetai analutik� sth diatrib  [16].

6.1 Sumper�smata kai Sqìlia

Epimèrouc anakefalai¸seic, sqìlia kai ta sumper�smata sta opoÐa katèlhxe h paroÔsa
diatrib  ìson afor� sth qr sh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach stic exi-
s¸seic ro c kai sthn an�ptuxh aitiokratik¸n kai stoqastik¸n mejìdwn gia to sqediasmì�
beltistopoÐhsh se ìlo to eÔroc taqut twn ro c, sunoyÐzontai stic epìmenec enìthtec.

6.1.1 ProstajeropoÐhsh Qamhl¸n Arijm¸n Mach stic Exis¸seic Ro c

Aposkop¸ntac sthn Ôparxh eniaÐou logismikoÔ arijmhtik c epÐlushc twn exis¸sewn Navier–
Stokes gia ìlo to eÔroc twn taqut twn ro c, sto proôp�rqon logismikì epÐlushc sumpiestoÔ
reustoÔ tou EJS/EMP, eis qjh h teqnik  thc prostajeropoÐhshc qamhl¸n arijm¸n Mach.
Me autì ton trìpo dhmiourg jhke eniaÐo logismikì gia thn prìlexh ro¸n anex�rthta apì
ton arijmì Mach, sto opoÐo mporeÐ na suntaqjeÐ opoiad pote mellontik  beltÐwsh kai
prosj kh. H parat rhsh aut  anafèretai sto profanèc pleonèkthma thc sunt rhshc kai
exèlixhc enìc mìno logismikoÔ (b�shc, toul�qiston) gia thn an�lush pedÐwn ro c.

H qr sh thc prostajeropoÐhshc stic exis¸seic ro c exasfalÐzei taqÔterh sÔgklish kat�
thn epÐlush ro¸n polÔ qamhl¸n taqut twn  , akìmh kajist� dunat  thn prìlexh ro¸n se
taqÔthtec stic opoÐec to qwrÐc prostajeropoÐhsh logismikì apotugq�nei   odhgeÐ se mh�
apodekt  lÔsh (l.q. taqÔthtec ro c mikrìterec tou M∞ =0.05). Epiplèon, h tropopoÐhsh
tou dianÔsmatoc atriboÔc ro c kat� th diakritopoÐhsh twn prostajeropoihmènwn exis¸sewn
exomalÔnei�belti¸nei thn poiìthta thc prìlexhc se idiìmorfec perioqèc thc ro c (l.q. stic
akmèc prìsptwshc   ekfug c, ìpou ètsi ki alli¸c h ro  èqei polÔ mikr  taqÔthta), akìmh
kai stic uyhlìterec taqÔthtec ro c.

H kentrokombik  diatÔpwsh peperasmènwn ìgkwn pou qrhsimopoieÐtai ston epilÔth twn e-
xis¸sewn Navier–Stokes thc diatrib c, sÔmfwna me thn opoÐa ta dianÔsmata atriboÔc ro c
pou diarrèoun ta ìria k�je ìgkou elègqou upologÐzontai an� akm  tou plègmatoc, apodeÐ-
qjhke pleonektik  wc proc tic tropopoi seic pou epèbale h qr sh thc prostajeropoÐhshc.
Stic efarmogèc pou parousi�sjhkan qrhsimopoi jhkan mh�domhmèna plègmata kai m�lista
ubridik� (ta opoÐa l.q., gia 3D efarmogèc, apoteloÔntan apì sunduasmì tetraèdrwn, tri-
gwnik¸n prism�twn, exaèdrwn kai pentaedrik¸n puramÐdwn) ìpou, h diaqeÐrish twn atrib¸n
ìrwn �ra kai thc prostajeropoÐhshc me s�rwsh twn akm¸n oudemÐa epib�runsh prokaleÐ.
ArkeÐ h s�rwsh twn akm¸n tou plègmatoc, anex�rthta tou eÐdouc twn stoiqeÐwn pou to
apoteloÔn, ¸ste na efarmosteÐ h prostajeropoÐhsh.
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Sto upologistikì kèrdoc apì th qr sh thc prostajeropoÐhshc upertÐjetai kai to kèrdoc apì
thn poluepexergasÐa. 'Etsi, to logismikì me prostajeropoÐhsh qrhsimopoieÐtai wc logismikì
axiolìghshc gia thn upost rixh mejìdwn beltistopoÐhshc�sqediasmoÔ. Pio sugkekrimèna,
eÐnai idanikì gia qr sh sto plaÐsio EA, ìpou to logismikì an�lushc kaleÐtai gia èna meg�lo
arijmì upoyhfÐwn lÔsewn, afoÔ h epit�qunsh thc epÐlushc gia k�je axiolìghsh mei¸nei kai
ton apaitoÔmeno qrìno gia thn eÔresh thc bèltisthc lÔshc.

6.1.2 Aitiokratikèc Mèjodoi BeltistopoÐhshc � SuzugeÐc Teqnikèc me
ProstajeropoÐhsh Qamhl¸n Arijm¸n Mach

'Oson afor� stic aitiokratikèc mejìdouc, h diatrib  epikentr¸jhke sth jemelÐwsh thc suzu-
goÔc teqnik c me qr sh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach gia ton upologismì
thc klÐshc thc sun�rthshc kìstouc kat� to sqediasmì�beltistopoÐhsh se ìlo to eÔroc ta-
qut twn ro c. H jemelÐwsh perilamb�nei kai tic dÔo pijanèc ekdoqèc tic suzugoÔc teqnik c,
th suneq  kai th diakrit  kai parousi�zetai sth bibliografÐa gia pr¸th for�.

'Oson afor� sth diakrit  suzug  teqnik , h eisagwg  thc prostajeropoÐhshc gÐnetai �me-
sa me afethrÐa tic  dh diakritopoihmènec prostajeropoihmènec exis¸seic ro c. Wc proc th
suneq  suzug  mèjodo, h prostajeropoÐhsh qamhl¸n arijm¸n Mach deÐqjhke ìti mporeÐ
na efarmosteÐ me dÔo trìpouc: thn ek twn ustèrwn prostajeropoÐhsh twn suzug¸n exis¸-
sewn pou prokÔptoun apì tic exis¸seic ro c   th diatÔpwsh twn suzug¸n exis¸sewn apì
tic prostajeropoihmènec exis¸seic ro c. H sqetik  diereÔnhsh kai emb�junsh pou prag-
matopoi jhke apodeiknÔei ìti, upì proôpojèseic (l.q. thn kat�llhlh epilog  tou telest 
prostajeropoÐhshc se kajemi� perÐptwsh), oi dÔo trìpoi prostajeropoÐhshc odhgoÔn sto
Ðdio apotèlesma.

Kat� th diatÔpwsh twn suneq¸n suzug¸n exis¸sewn me prostajeropoÐhsh, gÐnontai �anag-
kastikèc� paradoqèc oi opoÐec sqetÐzontai me ton trìpo qeirismoÔ tou mhtr¸ou prostajero-
poÐhshc (l.q. dieukolÔnontac thn exagwg  tou mhtr¸ou prostajeropoÐhshc apì tic merikèc
parag¸gouc) kai th diakritopoÐhs  touc. Oi paradoqèc autèc apodeiknÔetai ìti den èqoun
ousiastik  epÐptwsh sthn prìlexh twn parag¸gwn gia tic an�gkec thc beltistopoÐhshc.

Oi upologizìmenec par�gwgoi euaisjhsÐac me tic suzugeÐc teqnikèc me prostajeropoÐhsh eÐ-
nai akribeÐc, sugkrinìmenec me tic peperasmènec diaforèc. Eidikìtera, h sÔmptwsh twn tim¸n
twn parag¸gwn eÐnai sqedìn apìluth gia th diakrit  teqnik . Sthn perÐptwsh thc sune-
qoÔc suzugoÔc teqnik c parousi�zontai mikrèc apoklÐseic (kurÐwc se idiìmorfec perioqèc
thc ro c ìpwc autèc kont� stic akmèc prìsptwshc   ekfug c pterug¸sewn   aerotom¸n),
oi opoÐec pijanìn ofeÐlontai stic parap�nw paradoqèc. Apì tic efarmogèc apodeiknÔetai
ìti, ìpwc proanafèrjhke, autèc oi apoklÐseic den ephre�zoun th sÔgklish tou algorÐjmou
beltistopoÐhshc�sqediasmoÔ.

H èntaxh thc prostajeropoÐhshc stic suzugeÐc teqnikèc (suneq  kai diakrit ), epitaqÔnei
thn arijmhtik  epÐlush twn suzug¸n exis¸sewn. 'Etsi, to kèrdoc apì thn prostajeropoÐhsh
se k�je kÔklo beltistopoÐhshc eÐnai dittì kai ep�llhlo, proerqìmeno apì thn oikonomikì-
terh epÐlush tìso twn exis¸sewn ro c ìso kai twn suzug¸n touc exis¸sewn. H epit�qunsh
enìc kÔklou beltistopoÐhshc epifèrei epit�qunsh kai sth sunolik  diadikasÐa thc beltisto-
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poÐhshc, me profan  kèrdh opoted pote qrhsimopoieÐtai gia tic an�gkec thc biomhqanÐac.

Peraitèrw meÐwsh tou qrìnou sqediasmoÔ epitugq�netai me tautìqronh qr sh thc poluepe-
xergasÐac. H parallhlopoÐhsh twn suzug¸n exis¸sewn eÐnai �mesh kai ulopoieÐtai me Ðdio
trìpo me autìn twn exis¸sewn ro c.

6.1.3 Stoqastikèc Mèjodoi BeltistopoÐhshc � AsÔgqronoc Domhmènoc
Exeliktikìc Algìrijmoc (ADEA)

'Oson afor� stic stoqastikèc mejìdouc beltistopoÐhshc, parousi�sthke ènac pl rwc asÔg-
qronoc domhmènoc EA (ADEA), eggen¸c par�llhloc, o opoÐoc, lìgw apousÐac thc ènnoiac
thc geni�c, exaleÐfei ta probl mata sugqronismoÔ pou emfanÐzoun oi klasikoÐ (sÔgqronoi)
EA. 'Etsi, ekmetalleÔetai se mègisto bajmì th diajèsimh upologistik  isqÔ (l.q. epit�qun-
sh apì th qr sh parallhlÐac thc t�xhc tou 93.8% se 24 epexergastèc).

Ston proteinìmeno ADEA o plhjusmìc diat�ssetai se 2D domhmèno plègma kai diaqw-
rÐzetai se d mouc twn 6 kìmbwn (me ènan pìlo kai 5 pr�ktorec axiolìghshc o kajènac),
ekmetalleuìmenoc tic idiìthtec twn katanemhmènwn EA. O trìpoc diaqwrismoÔ se d mouc
(Ôparxh enìc koinoÔ pr�ktora axiolìghshc metaxÔ dÔo d mwn) kai h merik  allhlok�luy 
touc kajorÐzei èmmesa thn epikoinwnÐa metaxÔ aut¸n.

O trìpoc me ton opoÐo dom jhke o proteinìmenoc ADEA ton diaforopoieÐ epark¸c apì
tic parallagèc twn �llwn asÔgqronwn EA pou èqoun parousiasteÐ me skopì thn epÐteuxh
stìqwn antÐstoiqwn me autoÔc thc paroÔsac mejìdou. H Ôparxh plègmatoc b�shc kajo-
rÐzei sugkekrimènh dom  sthn efarmog  twn telest¸n epilog c gonèwn kai diastaÔrwshc.
H omadopoÐhsh se d mouc me th morf  pou ed¸ proteÐnetai kai h sqetik  jèsh aut¸n epÐ
tou plègmatoc diaforopoieÐ ton parìnta ADEA apì touc katanemhmènouc EA. O trìpoc
allhlok�luyhc twn d mwn eis�gei èna bolikì sq ma epikoinwnÐac metaxÔ touc, epitrèpon-
tac se tèsseric apì touc pènte pr�ktorec axiolìghshc na an koun se dÔo d mouc (morf 
antallag c plhroforÐac) kai ston enapomènonta èna na periorÐzetai ston oikeÐo d mo. H pe-
riodikìthta se k�je kateÔjunsh plègmatoc exasfalÐzei �bèltisth� ro  plhroforÐac metaxÔ
twn d mwn.

H epilog  tou pr�ktora apì ton opoÐo ja proèljei h upoy fia lÔsh proc axiolìghsh
se èna stigmiaÐa diajèsimo epexergast , gÐnetai mèsw miac seir�c èndo� kai dia�dhmotik¸n
diergasi¸n. Oi diergasÐec autèc, kat� th di�rkeia twn opoÐwn orÐzontai oi ènnoiec thc hlikÐac
kai thc proteraiìthtac, exasfalÐzoun thn polÔ kal  apìdosh tou algorÐjmou. Epiplèon,
shmantikì stoiqeÐo tou algorÐjmou eÐnai o telest c diastaÔrwshc. H diastaÔrwsh lamb�nei
q¸ra apokleistik� sto d mo pou epilèqjhke gia na sqhmatisjeÐ ekeÐ to nèo �tomo kai
qrhsimopoieÐ telestèc h leitourgÐa twn opoÐwn prosomoi�zei se autoÔc pou qrhsimopoioÔn
oi algìrijmoi diaforik c exèlixhc.

O ADEA sundu�zetai, me èna nèo trìpo, kai me th qr sh metaprotÔpwn (teqnht¸n neurw-
nik¸n diktÔwn) gia thn proseggistik  proaxiolìghsh upoyhfÐwn lÔsewn. Dedomènou ìti
den ufÐstatai h ènnoia thc geni�c, gia th qr sh metaprotÔpwn, o pr�ktorac pou ja d¸sei
thn epìmenh upoy fia lÔsh gia axiolìghsh dhmiourgeÐ èna mikrì arijmì nèwn lÔsewn, tic
axiologeÐ stigmiaÐa me topikì metaprìtupo kai apostèllei ston eleÔjero epexergast  ekeÐnh
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thn upoy fia lÔsh h opoÐa faÐnetai na upertereÐ kat� to metaprìtupo. Apì tic efarmogèc
f�nhke ìti h qr sh metaprotÔpwn topik c isqÔoc (l.q. diktÔwn aktinik¸n sunart sewn
b�shc pou ekpaideÔontai me mikrì arijmì geitonik¸n lÔsewn oi opoÐec ètuqe na axiologh-
joÔn kat� ta prohgoÔmena b mata tou EA) eÐnai idiaÐtera pleonektik . O mikrìc arijmìc
deigm�twn ekpaÐdeushc kajist� taqÔtath thn ekpaÐdeush k�je metaprotÔpou kai ètsi, prag-
matik�, to di�sthma anamon c tou epexergast  o opoÐoc mìlic olokl rwse thn prohgoÔmenh
axiolìghsh (mèqri na tou anatejeÐ h epìmenh) eÐnai amelhtèoc. M�lista, ja mporoÔse me
asf�leia na qarakthrisjeÐ wc mhdenikìc gia pragmatik� probl mata beltistopoÐhshc ìpou
to logismikì axiolìghshc èqei uyhlì kìstoc. Me ton trìpo autì, o qrìnoc anamon c (dhl.
h paramon  se adr�neia) enìc epexergast  eÐnai o el�qistoc dunatìc kai idÐwc stic peript¸-
seic pou to upologistikì kìstoc k�je axiolìghshc eÐnai idiaÐtera uyhlì, h anamon  aut 
krÐnetai ousiastik� amelhtèa.

Apì tic efarmogèc�pistopoÐhsh tou algorÐjmou apodeiknÔetai ìti o ADEA parousi�zei
kalÔterh apìdosh ènanti twn klasik¸n EA. Sta probl mata sqediasmoÔ, h parallhlÐa
efarmìzetai se dÔo epÐpeda, tìso se epÐpedo axiolog sewn ìso kai sto Ðdio to logismikì
axiolìghshc diplasi�zontac to kèrdoc apì th qr sh poluepexergasÐac kai epitaqÔnontac
th sunolik  diadikasÐa sqediasmoÔ.

6.2 StoiqeÐa PrwtotupÐac thc Diatrib c

Ta prwtìtupa stoiqeÐa thc diatrib c mporoÔn na sunoyistoÔn sta parak�tw:

• Eisagwg  kai qr sh thc prostajeropoÐhshc stic suzugeÐc exis¸seic gia sqediasmì se
ìlo to eÔroc twn taqut twn ro c. H mejodologÐa perilamb�nei th diatÔpwsh tìso twn
diakrit¸n ìso kai twn suneq¸n suzug¸n exis¸sewn me prostajeropoÐhsh kai den èqei
parousiasteÐ sth bibliografÐa sto pareljìn, me exaÐresh, profan¸c, tic dhmosieÔseic
pou aporrèoun apì thn paroÔsa diatrib  [29, 30].

• DhmiourgÐa asÔgqronou domhmènou EA (ADEA), o opoÐoc, lìgw apousÐac gene¸n
�ra kai sugqronismoÔ, ekmetalleÔetai pl rwc th diajèsimh upologistik  isqÔ. O
ADEA ulopoieÐ èna prwtìtupo trìpo katanom c thc anÐqneushc se geitonikoÔc, al-
lhlokaluptìmenouc d mouc. 'Opwc anafèretai sthn ergasÐa [31] all� kai, fusik�,
sthn paroÔsa diatrib  epiplèon stoiqeÐo prwtotupÐac tou ADEA eÐnai o trìpoc efar-
mog c twn exeliktik¸n telest¸n. AutoÐ lamb�noun q¸ra se èna d mo kai to sq ma
diastaÔrwshc prokÔptei qrhsimopoi¸ntac idèec twn diaforik¸n exeliktik¸n mejìdwn.

• H asÔgqronh leitourgÐa tou algorÐjmou jemeli¸netai ston trìpo allhlepÐdrashc
metaxÔ twn d mwn. Me thn olokl rwsh miac axiolìghshc kai th stigmiaÐa �adr�neia�
tou epexergast  apì ton opoÐo pro lje, lamb�noun q¸ra endo� kai dia�dhmotikèc
diergasÐec mèsw twn opoÐwn epilègetai �amèswc� (se amelhtèo qrìno) to nèo �tomo
pou ja staleÐ gia axiolìghsh. Autèc oi diergasÐec, pèran tou ìti exasfalÐzoun th
mègisth dunat  ekmet�lleush thc upologistik c isqÔoc, diadramatÐzoun shmantikì
rìlo kai sthn apìdosh tou ADEA.

• H topologik  di�taxh tou ADEA parapèmpei se EA kuttarik c dom c (cellular EA,
fine–grained). Parìla aut� ston ADEA dÐnetai diaforetik  di�stash sthn ènnoia
thc epikoinwnÐac metaxÔ twn atìmwn, kaj¸c aut  apoteleÐ tm ma thc efarmog c twn
exeliktik¸n telest¸n.
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• Eisagwg  thc proseggistik c proaxiolìghshc ston ADEA, h opoÐa epitrèpei thn
apotelesmatikìterh anaz thsh thc bèltisthc lÔshc. H prwtotupÐa ègkeitai sthn ei-
sagwg  kai qr sh twn metaprotÔpwn sto plaÐsio enìc asÔgqronou algorÐjmou ìpwc
o ADEA. Se èna sÔgqrono EA, kat� thn proseggistik  proaxiolìghsh, h tim  thc
sun�rthshc kìstouc ìlwn twn atìmwn tou plhjusmoÔ proseggÐzetai apì to metaprì-
tupo. Sth sunèqeia, èna   perissìtera �toma, sun jwc ta plèon uposqìmena me b�sh
to metaprìtupo, epilègontai gia axiolìghsh me to akribèc logismikì axiolìghshc. K�-
ti antÐstoiqo den mporeÐ na gÐnei ston ADEA afoÔ den ufÐstatai h ènnoia thc geni�c.
Gia to lìgo autì, ìtan efarmìzetai to metaprìtupo, sth f�sh thc diastaÔrwshc dh-
miourgoÔntai perissìtera tou enìc nèa �toma. Gia aut� ta �toma ekpaideÔetai èna
metaprìtupo to opoÐo �paremb�llei� tic timèc thc sun�rthshc kìstouc. To kalÔtero
apì aut� apostèlletai gia axiolìghsh me to akribèc montèlo sto diajèsimo epexerga-
st . O qrìnoc pou apaiteÐtai gia th dhmiourgÐa twn nèwn atìmwn kai thn ekpaÐdeush
tou neurwnikoÔ diktÔou, eÐnai as mantoc kai ousiastik� amelhtèoc sugkrinìmenoc me
to upologistikì kìstoc miac axiolìghshc.

6.3 Prot�seic gia Mellontik  'Ereuna

AkoloujeÐ sÔntomh par�jesh ereunhtik¸n perioq¸n oi opoÐec ja mporoÔsan na apotelèsoun
th �fusik  sunèqeia� twn jem�twn pou diapragmateÔetai h paroÔsa diatrib :

(a) 'Opwc faÐnetai sta prohgoÔmena, h diatrib  xekÐnhse �anagkastik�� (upì thn ènnoia ìti
apoteloÔse proapaitoÔmeno thc epèktashc stic suzugeÐc teqnikèc) apì thn an�ptuxh
logismikoÔ epÐlushc thc exis¸sewn Navier–Stokes me prostajeropoÐhsh qamhl¸n a-
rijm¸n Mach. Ektim�tai ìti, me thn olokl rwsh kai twn tautìqrona exelissìmenwn
�llwn diatrib¸n sto EJS/EMP, autì to logismikì epÐlushc fj�nei plèon sto epiju-
mhtì epÐpedo plhrìthtac èqontac epark¸c pistopoihjeÐ. Parìla aut�, anagnwrÐzontai
kai proteÐnontai orismènec dr�seic gia to mèllon, ìpwc:

• H èntaxh thc teqnik c tou poluplègmatoc (multigrid), ìpwc prot�jhke sth dia-
trib  Lamprìpoulou [15] sto logismikì pou  dh fèrei thn prostajeropoÐhsh. H
up�rqousa �biblioj kh� me ta upoprogr�mmata thc mejìdou tou poluplègmatoc
prèpei arqik� na epektajeÐ ¸ste na qeirÐzetai kai ubridik� plègmata, miac kai to
logismikì thc proanaferjeÐsac diatrib c qeirÐzontan mìno trigwnik� (2D) kai
tetraedrik� (3D) stoiqeÐa. Sth sunèqeia, axÐzei na enswmatwjeÐ kai h prosta-
jeropoÐhsh. An kai programmatistik� to egqeÐrhma moi�zei (kai eÐnai) sqetik�
aplì, èqei endiafèron na diereunhjeÐ o trìpoc efarmog c thc prostajeropoÐh-
shc sta arai� plègmata. SÔmfwna me th diatrib  [15]   thn ergasÐa [151], sto
araiì plègma oi ìgkoi elègqou sqhmatÐzontai me th susswm�twsh ìgkwn elèg-
qou tou puknoÔ plègmatoc (agglomeration multigrid). EÐnai, loipìn, endiafèron
na elegqjeÐ o trìpoc dr�shc thc prostajeropoÐhshc stic �eikonikèc� akmèc tou
araioÔ plègmatoc, dedomènhc thc topik c dr�shc thc prostajeropoÐhshc (afoÔ
qrhsimopoieÐtai o topikìc arijmìc Mach).

• H parallhlopoÐhsh tou logismikoÔ epÐlushc twn exis¸sewn ro c (arqik� qwrÐc
kai, met�, me prostajeropoÐhsh) stic epexergastikèc mon�dec kart¸n grafik¸n
(Graphics Processing Units, GPUs), ¸ste na gÐnei ekmet�lleush twn arket¸n
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pur nwn pou autèc diajètoun, [40]. Prìkeitai gia mia idiaÐtera nèa perioq  èreu-
nac, ìpou  dh drasthriopoieÐtai h om�da tou EJS/EMP. IdiaÐtero endiafèron
parousi�zei h parakoloÔjhsh thc teqnologÐac twn GPUs, ¸ste to logismikì
na mporeÐ �kopa kai eÔkola na parakoloujeÐ thn exèlixh tou ulikoÔ.

(b) Wc proc tic suzugeÐc mejìdouc, h qr sh thc prostajeropoÐhshc qamhl¸n arijm¸n Mach
pou eis�gei h diatrib  kaleÐtai na parakolouj sei k�je sqetik  exèlixh pou pragma-
topoieÐtai diejn¸c all� kurÐwc sto EJS/EMP. Endeiktik� anafèrontai:

• H epèktash thc qr shc thc prostajeropoÐhshc se logismikì (suneq¸n kai dia-
krit¸n) suzug¸n mejìdwn gia 3D efarmogèc. Anaferìmaste sthn epèktash tou
(qwrÐc prostajeropoÐhsh) logismikoÔ suzug¸n mejìdwn gia 3D roèc pou ana-
ptÔqjhke sth diatrib  PapadhmhtrÐou [18].

• H epèktash thc qr shc thc prostajeropoÐhshc kai stic suzugeÐc teqnikèc gia ton
upologismì parag¸gwn euaisjhsÐac deÔterhc t�xhc (anaferìmaste se mejìdouc
pou prìsfata anaptÔqjhkan sto EJS/EMP, [195, 196, 197]). Profan¸c, h
sqetik  ergasÐa mporeÐ na pragmatopoihjeÐ eÐte gia th suneq  eÐte gia th diakrit 
ekdoq  thc suzugoÔc mejìdou. H mèqri t¸ra empeirÐa se autèc tic mejìdouc
sto EJS/EMP anèdeixe thn idiaÐterh euaisjhsÐa touc sthn akrib  parag¸gish
twn iakwbian¸n mhtr¸wn twn atrib¸n ro¸n. Sthn proteinìmenh epèktash, to
endiafèron ègkeitai sto ìti ja qrhsimopoioÔntai kai prèpei na paragwgÐzontai me
akrÐbeia ta prostajeropoihmèna iakwbian� mhtr¸a.

• H epèktash thc qr shc thc prostajeropoÐhshc kai sthn perÐptwsh qrhsimopoÐ-
hshc thc suzugoÔc exÐswshc tou montèlou tÔrbhc, sto prìtupo thc prìsfathc
ergasÐac tou EJS/EMP [263] gia to montèlo Spalart–Allmaras.

(g) Sthn perioq  twn exeliktik¸n algorÐjmwn, fusik  sunèqeia tou proteinìmenou ADEA
apoteloÔn:

• H epèktash thc parallhlopoÐhshc ¸ste na mporeÐ na qrhsimopoieÐ gewgrafik�
apomakrusmènouc upologistèc   sustoiqÐec upologist¸n (teqnik  upologism¸n
se plègma upologistik¸n pìrwn, grid computing), [158].

• H diereÔnhsh �llwn peript¸sewn domhmènwn plegm�twn b�shc gia ton ADEA,
ìpwc l.q. h qrhsimopoÐhsh enìc 3D plègmatoc b�shc, epanakajorÐzontac th
morf  twn (3D, plèon) d mwn.

• H anadìmhsh tou ADEA ¸ste na apeujÔnei tic axiolog seic kai stic mon�dec
epexergasÐac kart¸n grafik¸n (tic GPUs), me b�sh thn idèa pou proanafèrjh-
ke.

DhmosieÔseic

Apotelèsmata thc èreunac thc paroÔsac didaktorik c diatrib c èqoun, mèqri t¸ra, dhmo-
sieujeÐ se diejn  episthmonik� periodik�   sta praktik� diejn¸n episthmonik¸n sunedrÐwn.
AkoloujeÐ sqetikìc kat�logoc.
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Par�rthma Aþ

Exis¸seic Ro c me Metablhtì
P�qoc Swl na Ro c

Se orismènec apì tic parousiazìmenec peript¸seic ro c se 2D pterug¸seic strobilomhqa-
n¸n, stic sunj kec ro c emfanÐzetai o lìgoc tou ginomènou puknìthtac axonik c taqÔthtac
sthn eÐsodo kai sthn èxodo thc pterÔgwshc (AV DR). Prìkeitai gia yeudo�3D roèc me
metablhtì p�qoc swl na ro c h = h(x1). Stic efarmogèc pou uiojeteÐtai p�qoc swl na
ro c, h tim  tou jewreÐtai stajer  prin thn akm  prìsptwshc kai met� thn akm  ekfug c,
en¸ an�mes� touc metab�lletai grammik� me thn axonik  apìstash.

Kat� thn epÐlush 2D ro¸n me p�qoc swl na ro c, oi exis¸seic ro c thc sqèshc 2.1 xana-
gr�fontai

∂(h~U)
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+
∂(h~f inv

i )
∂xi

− ∂(h~fvis
i )

∂xi
= ~Sh (Aþ.1)

ìpou oi ìroi ~U , ~f inv
i , ~fvis

i eÐnai autoÐ pou orÐsthkan sth sqèsh 2.2 kai o epiplèon ìroc phg c
lìgw tou p�qouc tou swl na ro c isoÔtai me
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H sqèsh 2.3 gia tic sunektikèc t�seic xanagr�fetai wc
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Par�rthma Bþ

Melèth Ro¸n ParousÐa KapnoÔ

H paroÔsa diatrib  sumperilamb�nei apotelèsmata apì melèth ro¸n se q¸rouc me parousÐa
kapnoÔ, o opoÐoc proèrqetai apì kaÔsh k�poiou ulikoÔ se shmeÐo aut¸n. Se autèc tic
peript¸seic pèran twn exis¸sewn ro c kai aut¸n tou montèlou tÔrbhc epilÔetai kai mia
exÐswsh metafor�c�di�qushc gia th sugkèntrwsh kapnoÔ. Epiplèon, stic exis¸seic orm c,
enèrgeiac kai twn exis¸sewn tou montèlou tÔrbhc k − ε prostÐjentai ìroi barÔthtac (se
antÐjesh me tic roèc se memonwmènec aerotomèc   pterug¸seic strobilomhqan¸n ìpou oi
barutikèc dun�meic eÐnai amelhtèec sugkritik� me tic upìloipec anaptussìmenec dun�meic).

Bþ.1 Prosj kh 'Orwn BarÔthtac

Exis¸seic Ro c

Kat� thn epÐlush ro¸n parousÐa kapnoÔ, oi exis¸seic ro c thc sqèshc 2.1 xanagr�fontai

∂~U

∂t
+

∂ ~f inv
i

∂xi
− ∂ ~fvis

i

∂xi
= ~Sbf (Bþ.1)

ìpou oi ìroi ~U , ~f inv
i , ~fvis

i eÐnai autoÐ pou orÐsthkan sth sqèsh 2.2 kai o epiplèon ìroc lìgw
barÔthtac kai thc parousÐac fwti�c isoÔtai me

~Sbf =


0

%gi

%uigj + Qfire

Vfire

 (Bþ.2)

me g thn epit�qunsh thc barÔthtac, Qfire thn ekluìmenh isqÔ apì thn parousÐa fwti�c kai
Vfire ton ìgko thc fwti�c.

Exis¸seic Montèlou TÔrbhc

Kat� thn prosomoÐwsh ro¸n parousÐa kapnoÔ, gia th montelopoÐhsh thc tÔrbhc qrhsimo-
poieÐtai to montèlo k−ε me je¸rhsh sunart sewn toÐqou. H parousÐa barÔthtac prostÐjetai
stouc ìrouc phg c tou montèlou (sqèsh 2.34) oi opoÐoi xanagr�fontai wc

Sk = Pk + Pb − %ε −D

Sε = cε1f1
ε
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k
+ E
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ìpou D=0, E=0 kai

Pb = −gi
µt

Prt

1
%

∂%

∂xi
(Bþ.3)

me Prt =0.9 ton turb¸dh arijmì Prandtl.

Bþ.2 ExÐswsh Sugkèntrwshc KapnoÔ

H sugkèntrwsh kapnoÔ C upologÐzetai apì thn epÐlush thc exÐswshc

∂(%C)
∂t

+
∂(%uiC)

∂xi
=

∂

∂xi

[(
µ +

µt

Sc

) ∂C

∂xj

]
+ ṁsmoke (Bþ.4)

ìpou C = %smoke
% h sugkèntrwsh tou kapnoÔ, Sc = 0.56 o arijmìc Schmidt kai ṁsmoke o

rujmìc paragwg c kapnoÔ pou orÐzetai wc

ṁsmoke =
Qfire

ηcombHuVfire
(1 + s) (Bþ.5)

me Qfire thn ekluìmenh isqÔ, Vfire ton ìgko thc fwti�c, ηcomb to bajmì apìdoshc thc
kaÔshc, Hu th jermogìno ikanìthta tou kausÐmou kai s to stoiqeiometrikì lìgo aèra�
kausÐmou. Oi timèc twn parap�nw posot twn anagr�fontai ston pÐnaka Bþ.1.

PÐnakac Bþ.1: Melèth ro¸n aèra parousÐa kapnoÔ. Arijmhtikèc timèc qrhsimopoioÔmenwn
posot twn.

Vfire [m3] 1
ηcomb 0.98

Hu [J/kg] 20 × 106

s 17.2



Par�rthma Gþ

ParametropoÐhsh Aerotom¸n

Sto par�rthma autì perigr�fetai o trìpoc parametropoÐhshc aerodunamik¸n morf¸n pou
qrhsimopoieÐtai kat� to sqediasmì touc me qr sh aitiokratik¸n   stoqastik¸n mejìdwn
beltistopoÐhshc. Sto pr¸to tm ma parousi�zetai to sq ma parametropoÐhshc to opoÐo
basÐzetai sta polu¸numa Bézier–Bernstein [85, 69, 65, 1, 3] (kampÔlec Bézier).

Sth sunèqeia h an�lush epikentr¸netai ston upologismì twn metabol¸n gewmetrik¸n po-
sot twn, posìthtec φ1 wc φ4 pou orÐsthkan sto kef�laio 4 gia to sqediasmì me qr sh
suzug¸n metablht¸n. Oi sunart seic autèc perilamb�noun metabolèc tou m kouc tìxou
dS, tou k�jetou sto ìrio dianÔsmatoc nidS, twn suntetagmènwn xj thc aerotom c kai thc
posìthtac ninj p�nw sthn aerotom  kai upologÐzontai me b�sh to sq ma parametropoÐhshc.

Gþ.1 KampÔlec Bézier

Oi suntetagmènec xj(t), j = 1, 2 (dhl. x1(t), x2(t)) miac parametrik c kampÔlhc Bézier
bajmoÔ K upologÐzontai apì th sqèsh, [85],

xj(t) =
K∑

i=0

Bi,K(t)Xij , t ∈ [0, 1] (Gþ.1)

ìpou Bi,K(t) ta polu¸numa Bernstein

Bi,K(t) =
(

K
i

)
ti(1 − t)K−i (Gþ.2)

me (i = 0, ...,K) ta K+1 shmeÐa elègqou kai Xij tic suntetagmènec aut¸n.

Sthn paroÔsa ergasÐa, h parametropoÐhsh miac aerotom c gÐnetai me qr sh dÔo kampul¸n
Bézier, qwrist� gia tic pleurèc uperpÐeshc kai upopÐeshc. Mia bohjhtik  idiìthta miac
kampÔlhc Bézier eÐnai ìti h par�gwgìc thc sto pr¸to kai teleutaÐo shmeÐo thc kajorÐzetai
apì ta shmeÐa elègqou kai sugkekrimèna h kampÔlh ef�ptetai sta X1,j − X0,j kai XK,j −
XK−1,j sta �kra. 'Ara, h exasf�lish thc sunèqeiac thc pr¸thc parag¸gou stic akmèc
prìsptwshc kai ekfug c (an epijumeÐtai) epitugq�netai me thn topojèthsh twn dÔo pr¸twn
kai dÔo teleutaÐwn shmeÐwn sthn Ðdia eujeÐa. Epiplèon pleonèkthma thc kampÔlhc eÐnai
h epoptik  diasÔndesh kampÔlhc kai shmeÐwn elègqou kaj¸c aut  emperièqetai sto kurtì
polÔgwno pou sqhmatÐzetai apì ta shmeÐa elègqou.

187



188 Γʹ. Παραμετροποίηση Αεροτομών

X0,j Xk,j

X1,j

Xk-1,j

Sq ma Gþ.1: KampÔlh Bézier me 7 shmeÐa elègqou.

Gþ.2 Metabolèc Gewmetrik¸n Posot twn

'Estw metabol  twn metablht¸n sqediasmoÔ kat� δ~b. H metabol  aut  prokaleÐ allag 
sth morf �gewmetrÐa thc aerotom c (sq ma Gþ.2). Jewr¸ntac ìti A kai B eÐnai dÔo diado-
qik� shmeÐa (ousiastik� kìmboi tou upologistikoÔ plègmatoc) sthn kampÔlh, oi timèc thc
paramètrou t gia aut� eÐnai t kai t + dt, antÐstoiqa. Sth nèa gewmetrÐa, gia Ðdiec timèc thc
paramètrou t, ta nèa shmeÐa eÐnai ta A∗, B∗. Ousiastik� jewreÐtai ìti to A metakineÐtai sto
A∗ kai to B sto B∗. H metabol  aut  èqei wc apotèlesma th metabol  tou stoiqei¸douc
m kouc tìxou apì dS se dS∗ all� kai tou monadiaÐou k�jetou dianÔsmatoc apì ~n se ~n∗.
Oi suntetagmènec twn shmeÐwn A, B sÔmfwna me ton orismì twn kampul¸n Bézier (sqèsh

A

BdS

B*

A*

dS*
 b

n

n*

Sq ma Gþ.2: Allag  gewmetrÐac pou prokaleÐtai apì metabol  twn metablht¸n sqediasmoÔ.

Gþ.1) eÐnai

xjA =
K∑

i=0

Bi,K(t)Xij kai xjB =
K∑

i=0

Bi,K(t)Xij (Gþ.3)
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en¸ gia ta A∗, B∗, met� th metabol  twn suntetagmènwn twn shmeÐwn elègqou kat� δXij

isqÔei

xjA∗ =
K∑

i=0

Bi,K(t)(Xij + δXij) kai xjB∗ =
K∑

i=0

Bi,K(t)(Xij + δXij) (Gþ.4)

Me b�sh tic sqèseic Gþ.3, Gþ.4, h metabol  twn suntetagmènwn thc aerotom c δxj me th
metabol  twn suntetagmènwn twn shmeÐwn elègqou upologÐzetai wc

δxj =
K∑

i=0

Bi,K(t)δXij (Gþ.5)

Gia ta stoiqei¸dh m kh an�mesa sta dÔo shmeÐa prin kai met� th metabol  twn shmeÐwn
elègqou isqÔei

dxjAB = xjB − xjA =
K∑

i=0

[Bi,K(t + dt) − Bi,K(t)]Xij

= dt

K∑
i=0

Ḃi,K(t)Xij (Gþ.6)

kai

dxjAB∗ = xjB∗ − xjA∗ =
K∑

i=0

[Bi,K(t + dt) − Bi,K(t)](Xij + δXij)

= dt

K∑
i=0

Ḃi,K(t)(Xij + δXij) (Gþ.7)

ìpou Ḃi,K(t)= d
dtBi,K(t). Apì aut� upologÐzontai kai ta dS, dS∗ wc

(dS)2 = (dxjAB)2 = (dt)2
(

K∑
i=0

Ḃi,K(t)Xij

)2

(Gþ.8)

(dS∗)2 = (dxjAB∗)2 = (dt)2
(

K∑
i=0

Ḃi,K(t)(Xij + δXij)

)2

(Gþ.9)

H metabol  tou dS me th metabol  twn shmeÐwn elègqou upologÐzetai apì thn exÐswsh twn
sqèsewn

δ((dS)2) = (dS∗)2 − (dS)2 (Gþ.10)

δ((dS)2) = 2 dS δ(dS) (Gþ.11)

kai me qr sh twn Gþ.7, Gþ.8, gr�fetai wc

δ(dS) =
(dt)2

dS
ẋj

K∑
i=0

Ḃi,K(t)δXij (Gþ.12)
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ìpou ẋj = dxj

dt =
∑K

i=0 Ḃi,K(t)Xij .

Ta monadiaÐa dianÔsmata ~n kai ~n∗, gia 2D roèc, upologÐzontai apì tic sqèseic

~n = (n1, n2) =
(
−dx2AB

dS
,
dx1AB

dS

)
~n∗ = (n∗

1, n
∗
2) =

(
−dx2AB∗

dS
,
dx1AB∗

dS

)
(Gþ.13)

Oi metabolèc twn sunistws¸n n1, n2 tou ~n me th metabol  twn shmeÐwn elègqou upologÐ-
zontai wc

δn1 = n∗
1 − n1 = − dt

dS

(
(1 − n2

1)
K∑

i=0

Ḃi,K(t)δXi2 + n1n2

K∑
i=0

Ḃi,K(t)δXi1

)

δn2 = n∗
2 − n2 =

dt

dS

(
(1 − n2

2)
K∑

i=0

Ḃi,K(t)δXi1 + n1n2

K∑
i=0

Ḃi,K(t)δXi2

)
(Gþ.14)

Me qr sh twn parap�nw upologÐzontai kai oi metabolèc δ(ni nj) gia i 6=j, mèsw thc sqèshc

δ(ninj) = niδ(nj) + δ(ni)nj (Gþ.15)

Tèloc, metabolèc thc posìthtac nidS upologÐzontai apì th sqèsh

δ(nidS)=niδ(dS) + δnidS (Gþ.16)

ìpou gia ta δ(dS) kai δni qrhsimopoioÔntai oi exis¸seic Gþ.12 kai Gþ.14, antÐstoiqa.



Par�rthma Dþ

Upologismìc Epidìsewn
EpibatikoÔ UperhqhtikoÔ
Aerosk�fouc

Sto par�rthma autì parousi�zetai o algìrijmoc an�lushc epidìsewn enìc mikroÔ epibati-
koÔ uperhqhtikoÔ aerosk�fouc (Supersonic Business Jet, SBJ) o opoÐoc, sto plaÐsio enìc
algorÐjmou beltistopoÐhshc, pragmatopoieÐtai gia k�je sÔnolo tim¸n twn metablht¸n sqe-
diasmoÔ pou monos manta kajorÐzei èna tètoio aerosk�foc. Sto sqediasmì�beltistopoÐhsh
mèsw stoqastik¸n mejìdwn (Kef�laio 5), to logismikì pou antistoiqeÐ ston algìrijmo pou
akoloujeÐ kaleÐtai gia k�je upoy fia lÔsh ¸ste na diastasiolog sei to aerosk�foc kai na
upologÐsei tic epidìseic tou, oi opoÐec apoteloÔn stìqouc   periorismoÔc tou probl matoc.

EpishmaÐnetai ìti h ulopoÐhsh enìc tètoiou algorÐjmou an�lushc kai upologismoÔ epidìsewn
enìc SBJ, den apoteleÐ kentrikì jèma thc diatrib c, all� h dhmiourgÐa kai qr sh tou sqeti-
koÔ logismikoÔ epitrèpei thn pistopoÐhsh twn mejìdwn beltistopoÐhshc pou anaptÔqjhkan
se èna realistikì prìblhma (enìc   perissotèrwn stìqwn, me periorismoÔc), to opoÐo èqei,
par� ìla aut�, apodektì upologistikì kìstoc an� axiolìghsh. Jematik� de, an kei sthn
episthmonik  perioq  thc diatrib c.

H diatÔpwsh tou probl matoc upologismoÔ epidìsewn SBJ, [114, 149] sundu�zei polloÔc
episthmonikoÔc kl�douc (multi–disciplinary problem), afoÔ perilamb�nei aerodunamik  an�-
lush, an�lush b�rouc, sust matoc prìwshc klp., pou ed¸ ulopoioÔntai me empeirikoÔc tÔ-
pouc. Se epìmeno st�dio, autoÐ oi tÔpoi ja mporoÔsan na antikatastajoÔn apì akribèstera�
akribìtera montèla, p.q. logismikì an�lushc domik¸n stoiqeÐwn, epilÔth ro c me qr sh twn
exis¸sewn ro c, all� kai na prostejoÔn kai nèoi stìqoi (pq. o periorismìc tou hqhtikoÔ
krìtou).

Dþ.1 DiatÔpwsh Probl matoc � Metablhtèc SqediasmoÔ

Stìqoc eÐnai o sqediasmìc enìc mikroÔ uperhqhtikoÔ aerosk�fouc (SBJ) me dunatìthta
metafor�c èwc 12 atìmwn. O ìroc �mikrì aerosk�foc�, qrhsimopoieÐtai gia na dhl¸sei, ìqi
mìno ta gewmetrik� qarakthristik� autoÔ, all� kai to mikrì b�roc tou. An kai mikrì, epi-
jumeÐte na èqei meg�lh embèleia, ¸ste na mporeÐ na qrhsimopoihjeÐ gia makrinèc apost�seic
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(uperatlantikèc pt seic). To mikrì tou b�roc, èrqetai se antÐjesh me thn epidÐwxh meg�-
lhc embèleiac, kaj¸c o profan c trìpoc gia aÔxhsh thc embèleiac pt shc eÐnai h aÔxhsh
thc posìthtac tou kausÐmou �ra tou sunolikoÔ b�rouc apogeÐwshc. H sunolik  apostol 
(f�keloc pt shc) tou aerosk�fouc eÐnai tupik  kai perilamb�nei thn apogeÐwsh, thn eujeÐa
orizìntia pt sh, thn k�jodo, pijan  anamon  kai thn prosgeÐwsh (sq ma Dþ.1). Epiplèon,

1
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Sq ma Dþ.1: F�keloc pt shc - Apostol  aerosk�fouc

epib�llontai periorismoÐ sqetik� me to apaitoÔmeno m koc apogeÐwshc all� kai thn taqÔ-
thta prosèggishc h opoÐa emmèswc kajorÐzei to apaitoÔmeno m koc prosgeÐwshc, ¸ste na
mporeÐ na qrhsimopoi sei ìso to dunatìn perissìtera aerodrìmia.

Gia to sqediasmì qrhsimopoioÔntai 12 eleÔjerec metablhtèc, oi opoÐec aforoÔn stoiqeÐa thc
pt shc, thn posìthta kausÐmou kai gewmetrik� qarakthristik� thc ptèrugac kai tou ouraÐou
pterugÐou. Eidikìtera, gia thn eujeÐa pt sh (deÐkthc cr), sta zhtoÔmena tou sqediasmoÔ
eÐnai o arijmìc Mach (Mcr) kai to uyìmetro pt shc (zcr). Gia thn ptèruga (deÐkthc w),
h epif�nei� thc se k�toyh (Sw), oi gwnÐec opisjìklishc sthn akm  prosbol c (ΛLEw) kai
ekfug c (ΛTEw), h eklèptunsh (λw) kai o lìgoc mègistou p�qouc proc qord  ((t/c)w). Gia
to k�jeto ouraÐo pterÔgio (deÐkthc v), oi gwnÐec opisjìklishc sth akm  prosbol c (ΛLEv)
kai ekfug c (ΛTEv), h eklèptunsh (λv) kai o lìgoc mègistou p�qouc proc qord  ((t/c)v).
Tèloc, gia to kaÔsimo (deÐkthc fuel) wc metablht  sqediasmoÔ uiojeteÐtai to sunolikì
tou b�roc (Wfuel). Ta ìria twn metablht¸n sqediasmoÔ pou qrhsimopoioÔntai kat� th
diadikasÐa beltistopoÐhshc, faÐnontai ston pÐnaka Dþ.1.

'Ena basikì qarakthristikì tou aerosk�fouc eÐnai ìti to èqei mìno k�jeto ouraÐo pterÔgio
kai ìqi orizìntio (sto prìtupo tou Concorde [269]).

Anatrèqontac sta antÐstoiqa progr�mmata thc NASA, faÐnetai ìti met� to 2000, progr�m-
mata ìpwc to Supersonic Transport (SST)   to di�doqì tou Supersonic Business Jet (SBJ)
metexelÐqjhsan sto prìgramma High Speed Civil Transport (HSCT). DusepÐluta probl -
mata sqetik� me ton hqhtikì krìto, ìmwc, periìrisan to mègejoc tou aerosk�fouc sto
sqediasmì tou opoÐou stìqeue to HSCT epistrèfontac ousiastik� se autì pou plèon apo-
kaleÐtai Supersonic Business Jet (SBJ). To teleutaÐo [163], anafèretai se SBJ gia metafor�
8 èwc 10 epibat¸n (antÐ twn 250 − 300 pou arqik� stìqeue to HSCT) me Mcr ∈ [1.6, 2.0]
kai embèleia 3500 − 4500Nm (antÐ Mcr ∈ [2.0, 2.4] kai embèleia 5000 − 6500Nm).
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PÐnakac Dþ.1: Metablhtèc sqediasmoÔ.
Metablht  El�qisth tim  Mègisth tim  Mon�dec

Mcr 1.6 2 -
zcr 13000 18000 m
Sw 100 200 m2

ΛLEw 45 70 (o)
ΛTEw −5 15 (o)
λw 0.05 0.5 -

(t/c)w 0.04 0.06 -
ΛLEv 45 70 (o)
ΛTEv −5 15 (o)
λv 0.05 0.5 -

(t/c)v 0.06 0.08 -
Wfuel 15000 30000 kg

Dþ.2 Algìrijmoc EpÐlushc

O algìrijmoc upologismoÔ twn epidìsewn enìc aerosk�fouc, to opoÐo perigr�fetai apì
èna sÔnolo tim¸n twn 12 metablht¸n tou pÐnaka Dþ.1, skiagrafeÐtai sto sq ma Dþ.2. Gia to
sugkekrimèno uyìmetro pt shc, upologÐzontai ta qarakthristik� thc atmìsfairac (puknì-
thta, jermokrasÐa). Katìpin, upologÐzontai ta gewmetrik� qarakthristik� thc atr�ktou,
thc ptèrugac kai tou k�jetou ouraÐou pterugÐou me b�sh tic kajorismènec gewmetrikèc po-
sìthtec. AkoloujeÐ o upologismìc thc ¸shc kai tou sunolikoÔ b�rouc tou aerosk�fouc,
mèsw epanalhptik c diadikasÐac èwc ìtou ikanopoihjeÐ h apaÐthsh isìthtac thc �nwshc me
to b�roc kai thc opisjèlkousac me thn ¸sh, kat� thn eujeÐa pt sh. Gia to skopì autì,
arqikopoieÐtai h ¸sh sto epÐpedo thc j�lassac. Ap' aut n, se sunduasmì me tic sunj kec
kai to uyìmetro pt shc upologÐzetai h ¸sh tou kinht ra kai ta gewmetrik� qarakthristik�
autoÔ, qrhsimopoi¸ntac empeirikèc sqèseic. AkoloujeÐ nèa upìjesh gia to sunolikì b�roc
apogeÐwshc, sunart sei tou opoÐou upologÐzontai ta b�rh twn epimèrouc tmhm�twn tou a-
erosk�fouc. Ta b�rh aut� ajroÐzontai gia na d¸soun to sunolikì b�roc apogeÐwshc, h
tim  tou opoÐou diorj¸netai mèqri h diadikasÐa na sugklÐnei. 'Eqontac, plèon, to sunolikì
b�roc tou aerosk�fouc kai ìla ta gewmetrik� tou qarakthristik�, akoloujeÐ o upologi-
smìc twn aerodunamik¸n megej¸n. UpologÐzetai h �nwsh kai o suntelest c �nwshc kat�
thn eujeÐa pt sh. Sth sunèqeia, upologÐzetai o suntelest c opisjèlkousac kai h exÐswsh
thc opisjèlkousac me thn ¸sh dÐnei mia nèa tim  gia thn ¸sh (�ra kai thn ¸sh sto epÐpe-
do thc j�lassac). Me th nèa aut  tim  epanalamb�nontai ta parap�nw b mata kai ìtan
sugklÐnei kai aut  h diadikasÐa, eÐnai plèon gnwst  h ¸sh kai ìla ta qarakthristik� tou
aerosk�fouc, opìte apomènei mìno o upologismìc twn epidìsewn tou (m koc apogeÐwshc,
embèleia, taqÔthta prosèggishc). Stic upoenìthtec pou akoloujoÔn, analÔontai ekten¸c
oi basikèc sqèseic pou qrhsimopoioÔntai gia ton upologismì twn epimèrouc posot twn (ge-
wmetrik� megèjh, b�rh, aerodunamikoÐ upologismoÐ klp) se k�je b ma tou algorÐjmou pou
perigr�fhke prohgoumènwc.
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Sq ma Dþ.2: Algìrijmoc upologismoÔ epidìsewn tou aerosk�fouc gia dedomènec timèc twn
metablht¸n sqediasmoÔ.

Dþ.2.1 Tupik  Atmìsfaira

Gia th montelopoÐhsh thc atmìsfairac, upotÐjetai ìti o aèrac sumperifèretai wc tèleio
aèrio, dhlad 

p = %RT (Dþ.1)
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me stajer� teleÐou aerÐou thn R=287.04 J/kg/K. Gia uyìmetro èwc 11000 m (tropìsfai-
ra), h jermokrasÐa metab�lletai grammik� wc proc to Ôyoc sÔmfwna me th sqèsh

T = T0 − Bz (Dþ.2)

ìpou T0 =288.15 K eÐnai h apìluth jermokrasÐa sto epÐpedo thc j�lassac kai B=−dT
dz =

0.0065 K/m eÐnai o stajerìc rujmìc thc metabol c thc jermokrasÐac me to uyìmetro.
Dedomènou ìti h metabol  thc pÐeshc me to uyìmetro dÐnetai apì th sqèsh

dp

dz
= −%g (Dþ.3)

prokÔptei ìti

p = p0

(
1 − Bz

T0

) g
RB

= p0

(
T

T0

) g
RB

(Dþ.4)

ìpou p0 = 101325 Pa eÐnai h pÐesh sto epÐpedo thc j�lassac kai g = 9.80665 m/s2 h
epit�qunsh thc barÔthtac. O lìgoc thc puknìthtac proc thn puknìthta sto epÐpedo thc
j�lassac eÐnai

σ =
%

%0
=

(
T

T0

)( g
RB

−1)
(Dþ.5)

Gia uyìmetro megalÔtero apì 11000 m kai èwc 25000 m (stratìsfaira), h jermokrasÐa
paramènei stajer  kai Ðsh me T =216.65 K. H pÐesh ekeÐ prokÔptei wc

p = p11e
−(g/RT )(z−z11) (Dþ.6)

ìpou p11 h pÐesh se uyìmetro z11 = 11000 m, ìpwc upologÐzetai apì th sqèsh Dþ.4. Oi
metabolèc thc jermokrasÐac, thc pÐeshc kai thc puknìthtac sunart sei tou uyomètrou,
faÐnontai sto sq ma Dþ.3.

Dþ.2.2 Upologismìc Gewmetrik¸n Megej¸n tou Aerosk�fouc

O upologismìc twn gewmetrik¸n megej¸n tou aerosk�fouc diastasiologeÐ thn �trakto,
thn ptèruga kai to k�jeto ouraÐo pterÔgio.

'Atraktoc

H diastasiolìghsh thc atr�ktou gÐnetai lamb�nontac upìyh ta qarakthristik� �llwn SBJ
pou parousi�zontai sth bibliografÐa. 'Etsi, h �traktoc apofasÐzetai na èqei kuklik  dia-
tom  diamètrou 2.15 m, �ra kulindrik  morf  sto kurÐwc tm ma thc h opoÐa sumplhr¸netai
me dÔo kwnik� tm mata (emprìsjio kai opÐsjio), sq ma Dþ.4. To emprìsjio tm ma upolo-
gÐzetai ètsi ¸ste to aerosk�foc na brÐsketai pl rwc mèsa ston k¸no Mach en¸ gia to
opÐsjio tm ma h gwnÐa klÐshc tou den prèpei na xepern� tic 10o − 12o prokeimènou na apo-
feuqjoÔn fainìmena apokìllhshc thc ro c. Me b�sh ta parap�nw, ta m kh tou emprìsjiou
kai opÐsjiou tm matoc thc atr�ktou upologÐzontai apì tic sqèseic

Lf1 =
Df

2
/tan(0.3 arcsin(1/Mcr)) (Dþ.7)

Lf4 =
Df

2
/tan(12o)
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Sq ma Dþ.3: Katanomèc jermodunamik¸n megej¸n Tupik c Atmìsfairac: JermokrasÐa (e-
p�nw arister�), pÐesh (ep�nw dexi�) kai puknìthta (k�tw) sunart sei tou uyomètrou.

Df

Lf2Lf1 Lf3 Lf4

12o

Sq ma Dþ.4: GewmetrÐa atr�ktou sunolikoÔ m kouc Lf =Lf1 +Lf2 +Lf3 +Lf4 .

'Ara to opÐsjio tm ma èqei stajerì m koc Lf4 ' 5m, en¸ to emprìsjio exart�tai apì ton
arijmì Mach pt shc. SÔmfwna me ta ìria tou Mcr, to Lf1 ja kumaÐnetai apì 6.35m wc
6.67m. H morf  tou teleutaÐou, gia treic timèc tou Mcr (mèsa sta tejènta ìria), faÐnetai
sto sq ma Dþ.5.

Mcr=1.6                Mcr=1.8                Mcr=2.0

Sq ma Dþ.5: 'Atraktoc: Morf  emprìsjiou tm matoc thc atr�ktou gia treic timèc tou
arijmoÔ Mach sÔmfwna me th sqèsh Dþ.7. Sq ma upì klÐmaka.

To kulindrikì tm ma thc kurÐwc atr�ktou qwrÐzetai se dÔo tm mata. To pr¸to tm ma
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apoteleÐ to q¸ro gia touc epib�tec (kampÐna, j�lamoc epibat¸n) en¸ to deÔtero tm ma
qrhsimopoieÐtai gia thn apoj keush tou kausÐmou (  mèrouc autoÔ). 'Etsi, an upotejeÐ ìti
to deÔtero tm ma perilamb�nei ìlo to kaÔsimo (dhlad  o ìgkoc tou prèpei na isoÔtai me
autìn tou kausÐmou) tìte to m koc tou ja dÐnetai apì th sqèsh

Lf3 =
4Vfuel

πD2
f

(Dþ.8)

ìpou o ìgkoc eÐnai Vfuel =Wfuel/%fuel. To kaÔsimo, exart�tai apì ton tÔpo tou kinht ra kai
sun jeic timèc thc puknìthtac %fuel kumaÐnontai metaxÔ 770 me 820kg/m3. Eidikìtera, gia to
kaÔsimo Jet A-1, to opoÐo apoteleÐ tupikì kaÔsimo gia aerosk�fh, eÐnai %fuel =807.5kg/m3.
To m koc tou jal�mou twn epibat¸n kajorÐzetai apì thn tejeÐsa apaÐthsh metafor�c 12
atìmwn kai prodiagrafèc �neshc (uphresÐec pr¸thc jèshc) an� epib�th. 'Etsi ed¸ ektim�-
tai ìti to el�qisto m koc eÐnai Lf2 = 10m. Gia touc 12 epib�tec problèpontai dÔo seirèc
èxi kajism�twn pr¸thc jèshc (me b ma 1m). Epiplèon, me b�sh touc kanonismoÔc, gia
arijmì epibat¸n mikrìtero tou 20, epib�lletai h Ôparxh miac exìdou kindÔnou (Type III
510×915mm)1, en¸ sto sunolikì q¸ro sunektim�tai h Ôparxh q¸rou kouzÐnac, aposkeu¸n
kai WC. Mia pijan  diamìrfwsh tou jal�mou epibat¸n, me b�sh th sqetik  bibliografÐa
[163], ja mporoÔse na eÐnai aut  tou sq matoc Dþ.6. An kai eikonizìmenh sto sq ma �tra-
ktoc èqei elleiptik  diatom , h diafor� thc apì thn proteinìmenh kuklik  eÐnai ousiastik�
mikr . Tèloc, qr simo mègejoc gia touc aerodunamikoÔc upologismoÔc, ìpwc ja faneÐ sth

A G

G

T

C
B

G:  Galley    T:  Toilet    B:  Baggage    A:  Avionics Bay    C:  Clothes Rack

Sq ma Dþ.6: 'Atraktoc: Diamìrfwsh tou jal�mou epibat¸n ìpwc parousi�zetai sthn er-
gasÐa [163].

sunèqeia, eÐnai h sunolik  epif�neia thc atr�ktou, pou upologÐzetai apì th sqèsh

Sf = πDf

Lf2 + Lf3 +
1
2

√
D2

f

4
+ L2

f1
+

√
D2

f

4
+ L2

f4

 (Dþ.9)

Ptèruga

Se èna prìblhma beltistopoÐhshc, oi metablhtèc sqediasmoÔ pou aforoÔn sthn ptèruga
(gwnÐec opisjìklishc sthn akm  prosbol c kai ekfug c, eklèptunsh kai lìgoc mègistou
p�qouc proc qord ) kajorÐzoun kai ta upìloipa qarakthristik�, apì gewmetrikèc sqèseic.
'Etsi gia th qord  sth rÐza, èqoume (sq ma Dþ.7)

crw =

√
Sw(tanΛLEw − tanΛTEw)

1 − λ2
w

(Dþ.10)

1FAR 25 (section 25.807)
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ctipw

bw

 TEw

 LEw

 0.25w

Df

crw

Sw

Sq ma Dþ.7: GewmetrÐa ptèrugac kai basik� gewmetrik� sÔmbola. Apì ta eikonizìmena,
metablhtèc sqediasmoÔ eÐnai h epif�neia thc k�toyhc Sw, oi gwnÐec opisjìklishc sthn akm 
prosbol c, ΛLEw kai ekfug c, ΛTEw kai h eklèptunsh ctipw/crw (lìgoc thc qord c sto
akropterÔgio proc th qord  sth rÐza). H diakekommènh gramm  eÐnai o �xonac summetrÐac
thc atr�ktou kai ousiastik� to shmeÐo�rÐza ap�ìpou xekin� h ptèruga.

ìpou λw = ctipw
crw

, gia to ekpètasma

bw =
2Sw

crw(1 + λw)
(Dþ.11)

kai gia to lìgo epim kouc

ARw =
b2
w

Sw
(Dþ.12)

H gwnÐa opisjìklishc sto 25% tou m kouc thc qord c, mègejoc pou qrhsimopoieÐtai kat�
ton upologismì tou b�rouc thc ptèrugac, orÐzetai apì th sqèsh [236]

tanΛ0.25w = tanΛTEw − 0.75
4

ARw

1 − λw

1 + λw
(Dþ.13)

Epiplèon, gia touc upologismoÔc aerodunamik¸n megej¸n epib�lletai o upologismìc thc
breqìmenhc epif�neiac thc ptèrugac (dhlad  thc sunolik c epif�neiac thc ptèrugac pou
�brèqetai� apì ton aèra)

Swetw = 2(1 + 0.2 (t/c)w)Sexpw (Dþ.14)

ìpou h ektijèmenh epif�neia (embadìn k�toyhc tou tm matoc thc ptèrugac pou exèqei apì
thn �trakto) eÐnai

Sexpw = Sw −
Df

2
(2crw −

Df

2
tanΛLEw +

Df

2
tanΛTEw) (Dþ.15)
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K�jeto ouraÐo pterÔgio

Gia to k�jeto ouraÐo pterÔgio, ìpwc kai gia thn ptèruga, apì tic �tìsec� metablhtèc sqe-
diasmoÔ se èna prìblhma beltistopoÐhshc, kajorÐzontai oi gwnÐec opisjìklishc sthn akm 
prosbol c kai ekfug c, h eklèptunsh tou kai o lìgoc tou mègistou p�qouc proc th qord .
GÐnetai h paradoq  ìti h epif�neia thc pl�giac ìyhc tou isoÔtai me 10% thc k�toyhc thc
epif�neiac thc ptèrugac, dhlad 

Sv = 0.1 Sw (Dþ.16)

ctipv

crv

bv
 TEv

 LEv
 0.25v

Df

Sv

Sq ma Dþ.8: GewmetrÐa k�jetou ouraÐou pte-
rugÐou kai basikoÐ sumbolismoÐ. QwrÐc klÐma-
ka.

en¸ ta upìloipa gewmetrik� megèjh, ìpwc
orÐzontai sto sq ma Dþ.8, upologÐzontai a-
pì sqèseic antÐstoiqec me autèc thc ptèru-
gac. 'Etsi, gia th qord  sth rÐza tou k�je-
tou pterugÐou isqÔei

crv =

√
2Sv(tanΛLEv − tanΛTEv)

1 − λ2
v

gia to Ôyoc

bv =
2Sv

crv(1 − λ2
v)

(Dþ.17)

kai gia th breqìmenh epif�nei� tou

Swetv = 2(1 + 0.2 (t/c)v)Sv (Dþ.18)

Dþ.2.3 Upologismìc�Diastasiolìghsh Kinht rwn kai KelÔfwn

Gia ton upologismì kai th diastasiolìghsh tou kinht ra, ìpwc proanafèrjhke sthn pe-
rigraf  tou algorÐjmou, arqik� upotÐjetai mia tim  gia thn ¸sh T0 [N ] sto epÐpedo thc
j�lassac. O upologismìc thc ¸shc stic sunj kec thc eujeÐac pt shc gÐnetai apì empei-
rikèc sqèseic [167] oi opoÐec sundèoun to lìgo thc ¸shc T [N ] proc thn ¸sh sto epÐpedo
thc j�lassac me to uyìmetro kai thn taqÔthta pt shc. Eidikìtera, gia kinht ra diploÔ
reÔmatoc (turbofan) me mikrì lìgo par�kamyhc (low bypass ratio), isqÔei

T
T0

= 0.6
pcr

p0

(
1 +

γ − 1
2

M2
cr

) γ
γ−1

(Dþ.19)

AntÐstoiqa, empeirik  sqèsh [167] qrhsimopoieÐtai kai gia thn eidik  katan�lwsh kausÐmou

SFC = 2.83 & 10−5 (0.9 + 0.3Mcr)
√

Tcr

T0
[kg/N/sec] (Dþ.20)

Sto sq ma Dþ.9 parousi�zetai h ex�rthsh tou lìgou T
T0

kai thc eidik c katan�lwshc kau-
sÐmou SFC apì ton arijmì Mach kai to uyìmetro pt shc. Sthn perÐptwsh tou SFC, gia
Ôyh megalÔtera twn 11000 m ìpou h jermokrasÐa paramènei stajer  h kampÔlh eÐnai mia.
Ta gewmetrik� qarakthristik� tou kinht ra upologÐzontai ki aut� apì empeirikèc sqèseic
kai exart¸ntai apì thn ¸sh sto epÐpedo thc j�lassac wc

Deng = c1 T k1
0

Leng = c2 T k2
0 (Dþ.21)
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Sq ma Dþ.9: Lìgoc ¸shc proc ¸sh sto epÐpedo thc j�lassac (arister�) kai eidik  katan�-
lwsh kausÐmou (dexi�) me b�sh tic empeirikèc sqèseic Dþ.19 kai Dþ.20. H teleutaÐa kampÔlh
afor� pt sh sth stratìsfaira (dhl. gia Ôyh megalÔtera twn 11000 m).

ìpou c1, c2, k1, k2 stajerèc. Sqetik� me ta gewmetrik� qarakthristik� tou kelÔfouc
tou kinht ra kai tou agwgoÔ eisìdou, aut� upologÐzontai apì ta antÐstoiqa megèjh tou
kinht ra, dhlad 

Lin = 4 Deng , Lnac = Lin + Leng , Dnac = 1.1 Deng (Dþ.22)

Dþ.2.4 Upologismìc B�rouc

To sunolikì b�roc2 apogeÐwshc (TOW ) tou aerosk�fouc upologÐzetai ajroÐzontac to
b�roc tou �deiou apì kaÔsima aerosk�fouc (ZFW ) kai to b�roc tou kausÐmou (Wfuel),
dhlad 

TOW = ZFW + Wfuel (Dþ.23)

To b�roc tou �deiou apì kaÔsima aerosk�fouc, apoteleÐtai apì ta b�rh epibat¸n (Wpayl)
kai plhr¸matoc (Wcrew), to leitourgikì b�roc (Wop) kai to b�roc �deiou aerosk�fouc
(Wempty) wc

ZFW = Wpayl + Wcrew + Wop + Wempty (Dþ.24)

Gia ton upologismì twn bar¸n plhr¸matoc kai epibat¸n prèpei na upotejeÐ èna mèso b�roc
gia k�je �tomo. Gia to pl rwma èqoume Ncrew =3, upologÐzontac ton kubern th, ton sug-
kubern th kai ènan ipt�meno frontist . O arijmìc twn mel¸n tou plhr¸matoc kajorÐzetai
apì kanonismoÔc, all� kai apì to eÐdoc thc leitourgÐac gia thn opoÐa proorÐzetai. 'Etsi,
epeid  prìkeitai gia aerosk�foc meg�lhc embèleiac (kai di�rkeiac pt shc) prèpei na up�r-
qoun dÔo pilìtoi. 'Oso gia touc ipt�menouc frontistèc, arkeÐ ènac an� 10 − 15 epib�tec
pr¸thc jèshc, �ra ed¸ apaiteÐtai mìno ènac. Gia touc epib�tec, ìpwc èqei proanaferjeÐ,
isqÔei Npas = 12. Sto sqediasmì twn meg�lwn aeroskaf¸n, k�je �tomo upologÐzetai ìti
zugÐzei 80kg kai metafèrei qeiraposkeuèc kai aposkeuèc b�rouc 7 kg kai 20 kg antÐstoiqa.
Ed¸, k�je epib�thc   mèloc plhr¸matoc upologÐzetai me sunolikì b�roc 100kg. 'Ara

Wcrew + Wpayl = 100 (Ncrew + Npas) = 1500 [kg] (Dþ.25)

2To b�roc, ìpwc parousi�zetai sthn enìthta aut  metr�tai se kg kai ousiastik� tautÐzetai me th m�za.
Protim�tai, parìla aut�, h qrhsimopoÐhsh tou ìrou b�rouc prokeimènou h an�lush na eÐnai sumbat  me th
sqetik  bibliografÐa, l.q. sto biblÐo [236], selÐda 235 ìpou dhl¸netai �Weight [lb or kg]�
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To leitourgikì b�roc pou ousiastik� apoteleÐ tic prom jeiec neroÔ, faghtoÔ kai exoplismoÔ
asfaleÐac, antistoiqeÐ se perÐpou 17kg an� epib�th kai 10kg gia to ìlo to pl rwma. Ed¸,
upotÐjetai ìti

Wop = 210 [kg] (Dþ.26)

To b�roc �deiou aerosk�fouc apoteleÐtai apì to b�roc tou aerodunamikoÔ plaisÐou (�-
traktoc�Wf , ptèruga�Ww, ouraÐo pterÔgio�Wv), to b�roc tou sust matoc prosgeÐwshc
(Wgear), to b�roc tou sust matoc prìwshc (pou kajorÐzetai apì to b�roc kai ton arijmì
twn kinht rwn, Wprop =Neng Weng) kai to b�roc tou stajeroÔ exoplismoÔ tou aerosk�fouc
(Wfe, hlektrik�, udraulik� sust mata, sust mata plo ghshc klp), dhlad 

Wempty = Ww + Wv + Wf + Wgear + Neng Weng + Wfe (Dþ.27)

Apì aut�, ta b�rh tou sust matoc prosgeÐwshc kai tou stajeroÔ exoplismoÔ, me b�sh
dedomèna apì antÐstoiqa aerosk�fh kai th sqetik  bibliografÐa [211], upologÐzontai kat'
analogÐa proc to sunolikì b�roc apogeÐwshc. 'Ara

Wgear = 0.04 TOW (Dþ.28)

kai
Wfe = 0.08 TOW (Dþ.29)

Ta b�rh tou aerodunamikoÔ plaisÐou upologÐzontai qrhsimopoi¸ntac sqèseic pou dÐnontai
sth [268]. 'Etsi, gia thn ptèruga isqÔei

Ww = 20.6 Sw + 5.387 & 10−6 Nult b3
√

TOW &ZFW (1 + 2λ)
(t/c)w cos2Λ0.25w Sexpw (1 + λ)

(Dþ.30)

me ton �apìluto� suntelest  fìrtishc 3 (ultimate load factor) Nult = 4.5, gia to ouraÐo
pterÔgio,

Wv = 12.8Sv + 24 & 10−5
Nult b3

v (8 + 0.09 TOW
Sexpw

)

(t/c)v cos2Λ0.25v

(Dþ.31)

kai gia thn �trakto
Wf = (5.1314 + 0.498 If ) Sf (Dþ.32)

me

If =

{
Ip an Ip > Ib

I2
p+I2

b

2Ib
diaforetik�

(Dþ.33)

Oi deÐktec pÐeshc (Ip�pressure index) kai k�myhc (Ib�bending index) upologÐzontai apì tic
sqèseic, [268]

Ip = 10−4(pcr − pcab)Df

Ib = 1.3 & 10−4 WIb
NultLf

D2
f

WIb
= ZFW − Ww − NweWeng

3Apìlutoc suntelest c fìrtishc eÐnai o oriakìc suntelest c fìrtishc (analogÐa �nwshc proc to b�roc)
pollaplasiasmènoc me 1.5 gia megalÔterh asf�leia ton domik¸n stoiqeÐwn. Eidikìtera, ta domik� stoiqeÐa
arqÐzoun na ufÐstantai fjorèc ston oriakì suntelest  fìrtishc en¸ apotugq�noun pl rwc ston apìluto
suntelest  fìrtishc.
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ìpou pcab h pÐesh sthn kampÐna twn epibat¸n h opoÐa jewreÐtai4Ðsh me aut  se uyìmetro
2000 m kai Nwe eÐnai o arijmìc ton kinht rwn pou eÐnai �demènoi� sthn ptèruga. Tèloc, to
b�roc k�je kinht ra exart�tai apì thn ¸sh tou sto epÐpedo thc j�lassac (T0) [268], wc

Weng = 3.5 & 10−2 T 0.9255
0 (Dþ.34)

Dþ.2.5 Upologismìc Aerodunamik¸n Megej¸n

Suntelest c �nwshc

O suntelest c �nwshc dÐnetai apì thn analogÐa tou Polhamus [203], sÔmfwna me thn opoÐa
h �nwsh upologÐzetai wc �jroisma thc dunamik c �nwshc (potential lift) kai thc �nwshc
pou sqetÐzetai me thn Ôparxh apokollhmènwn strobÐlwn sthn akm  prosbol c (vortex lift).
SÔmfwna me aut n eÐnai

cL =
L

1
2%crV 2

crSw
=

πARw

2
sina cosa

(
cosa +

sina cosa

cosΛLEw

− sina

2cosΛLEw

)
(Dþ.35)

ìpou a h gwnÐa prosbol c sthn eujeÐa pt sh kai L h �nwsh. H sqèsh Dþ.35 gia sugkekri-
mèno lìgo epim kouc (ARw =2) kai gwnÐa opisjìklishc sthn akm  prosbol c (ΛLEw =55o),
apeikonÐzetai grafik� sto sq ma Dþ.10. Se aut n th f�sh thc an�lushc, h parap�nw sqè-
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Sq ma Dþ.10: Suntelest c �nwshc sunart sei thc gwnÐac prosbol c a gia ΛLEw =55o kai
ARw =2 apì 0−40o (arister�) kai leptomèreia sto di�sthma 0−14o (dexi�).

sh qrhsimopoieÐtai �antÐstrofa�, dhlad  gia ton upologismì thc gwnÐac prosbol c kat�
thn eujeÐa pt sh ìtan o suntelest c cL èqei upologisjeÐ. Shmei¸netai ìti h gwnÐa a den
upeisèrqetai se �llo shmeÐo tou upologismoÔ. Eidikìtera, to b�roc kat� thc ènarxh thc
pt shc (gWbc) exis¸netai me thn �nwsh (L), dhl.

L = gWbc ⇒
1
2
%crV

2
crSwcL = gWbc (Dþ.36)

me Vcr =
√

γRTcrMcr thn taqÔthta pt shc. To b�roc kat� thn ènarxh thc pt shc eÐnai

Wbc = TOW − W 0−2
fuel ≈ 0.95TOW (Dþ.37)

afoÔ gÐnetai h prosèggish ìti W 0−2
fuel ≈ 0.05TOW (eÐnai to b�roc tou kausÐmou pou apaiteÐtai

gia to tm ma 0−2 thc apostol c tou aerosk�fouc, dhlad  thn ekkÐnhsh, thn troqodrìmhsh,

4FAR 25 (section 25.841)
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thn apogeÐwsh kai thn �nodo sto uyìmetro pt shc). GnwrÐzontac to suntelest  �nwshc,
apì th sqèsh Dþ.36 upologÐzetai h gwnÐa prosbol c kat� thn pt sh. Sthn an�lush aut 
(me ta dedomèna ìria twn metablht¸n sqediasmoÔ, pÐnakac Dþ.1) oi prokÔptousec timèc gia
th gwnÐa prosbol c eÐnai 1−2o, opìte h upìjesh tic exÐswshc twn dun�mewn b�rouc kai
�nwshc jewreÐtai asfal c (dhlad  oi dun�meic mporoÔn na jewrhjoÔn perÐpou suneujeiakèc
kai na amelhjoÔn ta sunhmÐtona kateÔjunshc, gi�autì prohg jhke kai h parat rhsh ìti h
gwnÐa a den emplèketai se �llouc upologismoÔc).

Suntelest c opisjèlkousac

O suntelest c opisjèlkousac tou aerosk�fouc sqhmatÐzetai apì to suntelest  opisjèl-
kousac mhdenik c �nwshc ston opoÐo upertÐjetai h epag¸menh opisjèlkousa lìgw �nwshc,
wc

cD =
D

1
2%crV 2

crSw
= cD0 + Kc2

L (Dþ.38)

me D thn opisjèlkousa kai K suntelest  pou exart�tai apì ton arijmì Mach pt shc,
dhlad 

K =

{ 1
πARwe , gia Mcr < 1

ARw(M2
cr−1)

4ARw

√
M2

cr−1 −2
cosΛLEw , gia Mcr > 1 (Dþ.39)

me to suntelest  e (suntelest c Oswald) na orÐzetai [211] wc

e = 4.61(1 − 0.045AR0.68
w )cosΛ0.15

LEw
− 3.1 , gia ΛLEw > 30o (Dþ.40)

O suntelest c opisjèlkousac mhdenik c �nwshc, an�loga me tic sunj kec pt shc, exar-
t�tai apì thn opisjèlkousa lìgw katebasmènwn troq¸n (cDgear), kum�twn (cDwave) kai
diatmhtik¸n t�sewn (cDvisc), wc

cD0 =
{

cDvisc + cDgear gia katebasmènouc troqoÔc kai Mcr < 1
cDvisc + cDwave gia Mcr ≥ 1

(Dþ.41)

ìpou o suntelest c opisjèlkousac lìgw twn katebasmènwn troq¸n èqei stajer  tim 
cDgear =0.02.

H opisjèlkousa lìgw kum�twn eÐnai h dÔnamh pÐeshc apì thn Ôparxh kroustik¸n kum�twn,
kajorÐzetai apì thn katanom  ìgkou tou aerosk�fouc kai upologÐzetai apì th sqèsh, [211]

cDwave =
9π

2Sw

(
Amax

Lf

)2

Ewd

[
1 − 0.386(Mcr − 1.2)0.57(1 −

πΛ0.77
LEw

100
)

]
(Dþ.42)

ìpou Amax to embadìn thc mègisthc tom c tou aerosk�fouc kai Ewd ènac empeirikìc sun-
telest c pou lamb�nei timèc sto di�sthma 1.8−2.2 (ed¸ tÐjetai Ewd = 2). O suntelest c
opisjèlkousac lìgw diatmhtik¸n t�sewn dÐnetai apì to ajroÐsma

cDvisc =
∑

i

Sweti

Si
cfi

(Dþ.43)

ìpou o suntelest c trib c cfi
, gia k�je stoiqeÐo i (�ktrakto, ptèruga, ouraÐo pterÔgio

kai kèlufoc kinht ra) eÐnai upologismènoc gia turb¸dh ro . Eidikìtera, o upologismìc
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tou suntelest  trib c gÐnetai apì to suntelest  trib c gia asumpÐestec roèc lamb�nontac
epiplèon upìyh thn epÐdrash tou arijmoÔ Mach 5 sÔmfwna me th sqèsh

cfi
= cinc

fi

r0.2
R

rT
(Dþ.44)

ìpou o suntelest c trib c gia asumpÐestec roèc isoÔtai me

cinc
fi

=
0.074

(Rei)0.2
(Dþ.45)

O arijmìc Reynolds Rei = Rei(Lchar) thc ro c upologÐzetai apì th sqèsh Rei = %V Lchar
µ ,

ìpou to qarakthristikì m koc kat� perÐptwsh eÐnai to Lf gia thn �trakto, to Lnac gia
to kèlufoc tou kinht ra kai h mèsh aerodunamik  qord  gia thn ptèruga kai to ouraÐo
pterÔgio. H genik  sqèsh upologismoÔ thc mèshc aerodunamik c qord c eÐnai

cj =
2crj (1 + λj + λ2

j )
3(1 + λj)

(Dþ.46)

ìpou j≡w gia thn ptèruga kai j≡v gia to k�jeto ouraÐo pterÔgio.

Gia thn eujeÐa uperhqhtik  pt sh, o suntelest c opisjèlkousac mhdenik c �nwshc upologÐ-
zetai apì th deÔterh sqèsh thc exÐswshc Dþ.41 kai o sunolikìc suntelest c opisjèlkousac
apì thn Dþ.38. Sth sunèqeia, h opisjèlkousa D exis¸netai me thn sunolik  ¸sh Ttot tou
aerosk�fouc,

1
2
%crV

2
crSwcD = NengT (Dþ.47)

ìpou Neng =2   3 ìpwc proanafèrjhke. Apì thn parap�nw sqèsh xanaôpologÐzetai h ¸sh
gia k�je kinht ra, �ra kai h ¸sh sto epÐpedo thc j�lassac thc opoÐac h tim  diorj¸netai
kai oi upologismoÐ b�rouc kai aerodunamik¸n megej¸n epanalamb�nontai sÔmfwna me ton
algìrijmo tou sq matoc Dþ.2.

Dþ.2.6 Epidìseic

Embèleia

H embèleia tou aerosk�fouc upologÐzetai apì thn exÐswsh Brequet

R =
V

gSFC

cL

cD
ln

(
Wbc

Wec

)
(Dþ.48)

5H ex�rthsh tou suntelest  trib c apì ton arijmì Mach eÐnai mikr  stouc qamhloÔc arijmoÔc Mach, al-
l� gÐnetai shmantik  se uyhloÔc arijmoÔc Mach. O trìpoc upologismìc tou lìgou cf/cinc

f parousi�sthke

apì touc Sommer kai Short [223], onom�zetai mèjodoc T
′
kai sthrÐzetai sto ìti h �aerodunamik  jèrmansh�

(aerodynamic heating) metab�llei tic idiìthtec tou reustoÔ. Jewr¸ntac pl rwc turb¸dh ro , h jermo-
krasÐa tou toiq¸matoc upologÐzetai apì th jermokrasÐa sto uyìmetro pt shc wc Tw

Tcr
= (1 + 0.178M2

cr).
O lìgoc thc fainìmenhc asumpÐesthc jermokrasÐac orÐzetai wc

rT = T
′

Tcr
= 1 + 0.035M2

cr + 0.45( Tw
Tcr

− 1) kai antÐstoiqa, o lìgoc tou fainìmenou arijmoÔ Reynolds

rR = Re
′

Recr
= %

′

%cr

µcr

µ
′ = Tcr

T
′

µcr

µ
′ me %

′

%cr
= Tcr

T
′ jewr¸ntac stajer  pÐesh sto oriakì str¸ma, en¸ h sune-

ktikìthta upologÐzetai apì ton tÔpo tou Sutherland. 'Etsi o suntelest c trib c gia sumpiestèc roèc

dÐnetai apì th sqèsh cf = Tcr

T
′ c

′inc
f , me c

′inc
f ton asumpÐesto suntelest  trib c upologismènoc se arijmì

Reynolds Re
′
wc c

′inc
f = 0.074

Re
′0.2 . 'Ara o lìgoc tou sumpiestoÔ proc ton asumpÐesto suntelest  trib c eÐnai

cf

cinc
f

=
r0.2
R
rT

.
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ìpou to b�roc kat� thn ènarxh thc pt shc upologÐzetai apì th sqèsh Dþ.37 en¸ to b�roc
sto tèloc thc pt shc ektim�tai Ðso me

Wec ≈ TOW − 0.95Wfuel (Dþ.49)

TaqÔthta prosèggishc

H taqÔthta prosèggishc (Vappr), h opoÐa apoteleÐ shmantik  par�metro pou kajorÐzei to
m koc prosgeÐwshc, exart�tai apì thn taqÔthta apokìllhshc (Vs). Eidikìtera, me b�sh
touc kanonismoÔc6 apoteleÐ pollapl�sio thc wc

Vappr = 1.3Vs (Dþ.50)

Wc taqÔthta apokìllhshc (se dedomènh gwnÐa prosbol c) orÐzetai h el�qisth taqÔthta
gia thn opoÐa h ptèruga dhmiourgeÐ epark  �nwsh gia thn pt sh kai exart�tai apì th
fìrtish ptèrugac (W/Sw) kai to mègisto suntelest  �nwshc cLmax . Gia ton upologismì thc
taqÔthtac apokìllhshc jewreÐtai ìti h �nwsh isoÔtai me to b�roc kai o suntelest c �nwshc
èqei thn mègisth tim  tou (upologÐzetai apì th sqèsh Dþ.35 gia mègisth gwnÐa prosbol c
14o). Sthn prokeimènh perÐptwsh, wc b�roc lamb�netai to mègisto b�roc prosgeÐwshc
(MLW ). Autì upologÐzetai wc posostì tou sunolikoÔ b�rouc apogeÐwshc kai, eidikìtera,
apoteleÐ to 80 − 100% autoÔ (sto sugkekrimèno prìblhma sqediasmoÔ tÐjetai MLW =
0.8TOW ), ¸ste na eÐnai efikt  endeqìmenh anagkastik  prosgeÐwsh sqedìn amèswc met�
thn apogeÐwsh [211],

Vs =

√
g &MLW

1
2%0SwcLmax

(Dþ.51)

M koc apogeÐwshc

Sth bibliografÐa emfanÐzontai di�foroi trìpoi upologismoÔ tou m kouc apogeÐwshc [5],
[211], [125] k.a.. Sth sugkekrimènh an�lush qrhsimopoieÐtai h jewrÐa tou �isorrophmènou
m kouc apogeÐwshc��BFL (Balanced Field Length), ìpwc parousi�zetai apì ton Raymer
[211]. 'Etsi, arqik� orÐzetai to m koc troqodrìmhshc (ground roll), dhlad  h apìstash pou
dianÔei to aerosk�foc mèqri th stigm  pou apokoll�tai apì to èdafoc (se taqÔthta Ðsh me
to 110%−120% thc taqÔthtac apokìllhshc) kai to m koc uperp dhshc empodÐou (obstacle
clearance distance), dhlad  h apìstash pou apaiteÐtai apì thn apokìllhsh èwc ìtou to
aerosk�foc ft�sei se Ôyoc 35 ft(=10.7 m).

To isorrophmèno m koc apogeÐwshc (BFL) eÐnai to m koc pou apaiteÐtai gia thn apogeÐwsh
sthn perÐptwsh astoqÐac enìc kinht ra (gia aerosk�fh me dÔo   perissìterouc kinht rec)
th qeirìterh, gia thn apogeÐwsh, qronik  stigm  kai antapokrÐnetai stouc kanonismoÔc
tou FAR 25. Eidikìtera, kat� th f�sh thc troqodrìmhshc up�rqei mia krÐsimh taqÔthta
�apìfashc� (decision speed, V1) sthn opoÐa, an astoq sei ènac kinht rac, to aerosk�foc
mporeÐ eÐte na fren�rei kai na stamat sei eÐte na suneqÐsei thn apogeÐwsh. An up�rxei
astoqÐa kinht ra prin thn taqÔthta V1 tìte to aerosk�foc stamat�, en¸ diaforetik� o
pilìtoc upoqreoÔtai na to apogei¸sei. Gia ton upologismì tou BFL h apogeÐwsh qwrÐzetai
se dÔo f�seic, th f�sh thc epit�qunshc apì mhdenik  taqÔthta mèqri thn taqÔthta astoqÐac

6FAR 23 (section 23.73)
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enìc kinht ra kai th f�sh thc kÐnhshc wc Ôyoc 10.7 m, en¸ h analutik  sqèsh [236] èqei
wc

BFL =
0.863

1 + 2.3∆γ

(
TOW

Sw%cLclimb

+ hto

)(
1

T /(g &TOW ) − U
+ 2.7

)
+

∆Sto√
σ

(Dþ.52)

ìpou hto=10.7 m, ∆Sto=200 m, U =0.01cLmax+0.02 gia katebasmèna flap, T =0.75 NengT0

h mèsh ¸sh kat� thn apogeÐwsh kai ∆γ=γclimb−γmin, en¸

γclimb =arcsin
(Neng − 1)T0 −D

g &TOW
kai γmin =


0.024 an Neng = 2
0.027 an Neng = 3
0.030 an Neng = 4

(Dþ.53)

eÐnai oi gwnÐec anìdou kai mia el�qisth gwnÐa, antÐstoiqa. H opisjèlkousa (D) kai o
suntelest c �nwshc (cLclimb

) upologÐzontai me b�sh ta megèjh thc apogeÐwshc. Eidikìtera,
h taqÔthta kat� thn apogeÐwsh eÐnai Vto = 1.2Vtos , me thn taqÔthta apokìllhshc kat� th
apogeÐwsh Ðsh me

Vtos =

√
gTOW

1
2%0SwcLmax

(Dþ.54)

Epiplèon, gia ton upologismì thc opisjèlkousac qrhsimopoieÐtai h sqèsh D= 1
2%0V

2
toSwcD,

ìpou o suntelest c opisjèlkousac upologÐzetai gia upohqhtik  taqÔthta kai perilamb�nei
thn opisjèlkousa lìgw katebasmènwn troq¸n.
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Dþ.3 Basik� SÔmbola kai DeÐktec

SÔmbola

a gwnÐa prosbol c (angle of attack)
A embadì tom c aerosk�fouc (cross-sectional area)
AR lìgoc epim kouc (Aspect Ratio)
b ekpètasma (span)
BFL m koc apogeÐwshc (Balanced Field Length)
c qord 
cL suntelest c �nwshc
cD suntelest c opisjèlkousac
cD0 suntelest c opisjèlkousac mhdenik c �nwshc
cf suntelest c trib c
D di�metroc
g epit�qunsh thc barÔthtac
L m koc
M arijmìc Mach
MLW mègisto b�roc apogeÐwshc (Maximum Landing Weight)
p pÐesh
R stajer� teleÐou aerÐou
R embèleia
S epif�neia
(t/c) lìgoc p�qouc proc qord  (thickness ratio)
T jermokrasÐa
T ¸sh
TOW b�roc apogeÐwshc (Take–off Weight)
V taqÔthta
V ìgkoc
W b�roc
z uyìmetro
ZFW b�roc �deiou apì kaÔsima aerosk�fouc (Zero Fuel Weight)
Λ gwnÐa opisjìklishc   gwnÐa bèlouc (sweep angle)
λ eklèptunsh (taper ratio)
% puknìthta
σ lìgoc puknìthtac proc thn puknìthta sto epÐpedo thc j�lassac
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DeÐktec

bc ènarxh pt shc (beginning of cruise)
cr eujeÐa pt sh (cruise)
ec tèloc pt shc (end of cruise)
eng kinht rac
exp ektijèmenh (exposed)
f �traktoc (fuselage)
fuel kaÔsimo
in eÐsodoc
LE akm  prosbol c (leading edge)
nac kèlufoc kinht ra (nacelle)
TE akm  ekfug c (trailing edge)
v k�jeto ouraÐo pterÔgio (vertical tail)
w ptèruga (wing)
wet breqìmenh (wetted)
0 epÐpedo j�lassac (sea level)
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