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PERIEQ�OMENA 1

To parìn èrgo eÐnai qwrismèno se dÔo mèrh. Sto pr¸to mèroc epiqeireÐtai mia analutik 

parousÐash twn basik¸n arq¸n pou jemelÐwsan thn sÔgqronh fusik . H perigraf  aut 

xekin� me existìrhsh thc kat�stashc sto q¸ro thc fusik c apì th dekaetÐa tou '30 kai

suneqÐzei mèqri na oloklhrwjeÐ h sÔgqronh eikìna gia thn swmatidiak  fusik , dhlad  to

Standard Model to opoÐo faÐnetai na upakoÔei telik� h Fusik  Uyhl¸n Energei¸n.

To deÔtero mèroc tou parìntoc eÐnai afierwmèno sth melèth thc mejìdou thc epanakano-

nikopoÐhshc me telikì stìqo thn eÐsodo thc sun�rthshc b ta, me diexodik  efarmog  thc

apokthjeÐsac gn¸shc sthn kbantik  hlektrodunamik  kai gia thn deÔterh t�xh thc jewrÐac

diataraq¸n.



2 PERIEQ�OMENA

This diploma thesis is separated in two parts. The objective of the first part is the
descriptive exhibition of the disciplines that found the nowadays status of physics, as well
as the way Standard Model, our modern picture of High Energy Physics was introduced.
Then the second part is dedicated to the study of the fundamental method of renormali-
zation. Our final purpose is the introduction among our mathematical tools of β function,
which has a deep physical meaning.



Kef�laio 1

SQETIKISTIKES EXISWSEIS

1.1 Kbantomhqanik 

Oi katast�seic fusik¸n susthm�twn parist�nontai sthn kbantomhqanik  me dianÔsmata tou
q¸rou Hilbert, en¸ ta fusik� megèjh parist�nontai me telestèc. Oi prot�seic autèc a-
poteloÔn basik� ermhneutik� axi¸mata thc kbantomhqanik c, ta opoÐa axÐzei na doÔme se
perissìterh leptomèreia.
H kbantomhqanik  basÐzetai stic akìloujec jemeli¸deic antistoiqÐec an�mesa se majhmatik�
kai fusik� megèjh:

• H kat�stash enìc fusikoÔ sust matoc parist�netai apì èna di�nusma ψ tou q¸-
rou Hilbert. Ta dianÔsmata |ψ⟩ kai λ|ψ⟩, ìpou λ migadikìc arijmìc, parist�noun thn
Ðdia kat�stash, epomènwc eÐnai akribèstero na poÔme ìti h kat�stash enìc fusikoÔ
sust matoc parist�netai apì mia dèsmh dianusm�twn tou q¸rou Hilbert. Apì ta mèlh
thc dèsmhc aut c sun jwc epilègoume to di�nusma ekeÐno to opoÐo eÐnai kanonikopoi-
hmèno sth mon�da, dhlad  ikanopoieÐ th sqèsh ⟨ψ|ψ⟩ = 1, ètsi ¸ste na dieukolÔnetai
o upologismìc pijanot twn ìpwc ja doÔme parak�tw.

• Oi parathrÐsimec fusikèc posìthtec parist�nontai apì ermitianoÔc telestèc
tou q¸rou Hilbert, oi opoÐoi afoÔ eÐnai ermitianoÐ èqoun pragmatikèc idiotimèc, en¸ ta
kanonikopoihmèna idiodianÔsmata k�je tètoiou telest  sqhmatÐzoun èna pl rec orjo-
kanonikì sÔsthma sto q¸ro Hilbert, to opoÐo mporeÐ na qrhsimeÔsei wc b�sh gia thn
an�ptuxh opoioud pote dianÔsmatoc tou q¸rou Hilbert.

Pèran thc anagkaiìthtac diat rhshc tou analloÐwtou twn metasqhmatism¸n tou Lorentz,
h kbantomhqanik  jewrÐa upagoreÔetai apì tic parak�tw arqèc. ExaitÐac thc spoudaiìthtac
touc ja anaferjoÔn pr¸tec.

1. Gia èna domèno fusikì sÔsthma up�rqei exÐswsh kat�stashc Φ pou sunoyÐzei ìlec
tic gnwstèc paramètrouc tou sust matoc. Sthn arqik  mac je¸rhsh tou enìc sqe-

3
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tikistikoÔ swmatidÐou, antimetwpÐzoume thn kumatosun�rthsh ψ(qi · · · , si · · · , t) wc
sumfwnh anapar�stash sun�rthshc kat�stashc. H kumatosun�rthsh aut  den èqei
�meso fusikì perieqìmeno; wstìso,

|ψ(q1 · · · qn, s1 · · · sn, t)|2 > 0

ermhneÔetai wc thn pijanìthta to sÔsthma na èqei timèc (q1 · · · sn) gia dedomèno
qrìno t. Epomènwc aut  h pijanìthta apaiteÐ na eÐnai to �jroisma ìlwn twn sunei-
sfor¸n gia to |ψ|2 kai gia ìlec tic timèc twn q1 · · · sn se dedomènh qronik  stigm  t,
peperasmèno gia ìlec tic fusik� apodektèc kumatosunart seic ψ.

2. 'Ena fusikì sÔsthma eÐnai mia idiokat�stash tou telest  Ω e�n

ΩΦn ≡ ωnΦn (1.1)

ìpou Φn eÐnai h n-wst  idiokat�stash pou antistoiqeÐ sthn idiotim  ωn. Gia èna
ermitianì telest , ωn eÐnai pragmatikìc. Mia sÔmfwnh anapar�stash thc (1.1) eÐnai

Ω(q, s, t)ψn(q, s, t) ≡ ωnψn(q, s, t).

3. Kat� thn an�ptuxh mporoÔn na grafoÔn katast�seic, oi opo Ðec gia mia tuqaÐa ku-
matosun�rthsh   sun�rthsh kat�stashc gia èna fusikì sÔsthma mporoÔn telik� na
epektajoÔn se èna pl rec kanonikopoihmèno sÔsthma idiosunart sewn ψn enìc pl -
rouc sust matoc antimetatijèmenwn telest¸n (Ωn). Gr�foume epomènwc,

ψ ≡
∑

anψn

en¸ h kanonikopoÐhsh dÐnetai∑∫
(dq1 · · · )ψ∗

n(qi · · · , s · · · , t)ψm(qi · · · , s · · · , t) ≡ δnm

en¸ to |an|2 antistoiqeÐ sth pijanìthta to sÔsthma na brÐsketai sthn n-wst  idioka-
t�stash.

4. To apotèlesma thc mètrhshc miac fusik c posìthtac mporeÐ na eÐnai opoiad pote apì
tic idiotimèc thc. Sugkekrimèna gia èna fusikì sÔsthma pou perigr�fetai apì thn
kumatosun�rthsh

ψ ≡
∑

anψn,

me
Ωψn ≡ ωnψn,



1.2. MH SQETIKISTIK�ES EXIS�WSEIS - EX�ISWSH SCHROEDINGER 5

mètrhsh thc posìthtac Ω dÐnei san apotèlesma thn idiotim  ωn me pijanìthta |an|2.
Sunep¸c h mèsh tim  thc posìthtac Ω se tautìsima sust mata dÐnetai wc

⟨Ω⟩ψ ≡
∑∫

(dq1 · · · )ψ∗
n(qi · · · , s · · · , t)Ωψm(qi · · · , s · · · , t) ≡

∑
|an|2ωn

5. H qronik  exèlixh tou fusikoÔ sust matoc ekfr�zetai mèsw thc exÐswshc Schrodinger

i~
∂ψ

∂t
≡ Hψ (1.2)

kai ìpou h qamiltonian  H eÐnai grammikìc ermitianìc telest c. Tautìqrona den em-
fanÐzei qronik  ex�rthsh afoÔ eÐnai

∂H

∂t
≡ 0

kai epomènwc oi idiotimèc tou eÐnai pijanèc st�simec katast�seic tou sust matoc. H
arq  thc upèrjeshc �llwste ed¸ prokÔptei apì thn grammikìthta tou H en¸ h diat -
rhsh thc pijanìthtac èqei wc ex c:

d

dt

∑∫
ψ∗ψ(dq1 · · · ) ≡

i

~
∑∫

(dq1 · · · )[(Hψ)∗ψ − ψ∗(Hψ)] ≡ 0 (1.3)

Shmei¸noume ìti h qronoanex�rthth exÐswsh Schrodinger, akoloujeÐ th majhmatik  dom 
exis¸sewn idiotim¸n kai èqoun wc prìtupo touc tic exis¸seic idiotim¸n gia m trec

AX = αX,

ìpou to zhtoÔmeno sthn ousÐa eÐnai to Ðdio. H dr�sh thc m trac dÐnei thn aploÔsterh morf :
ta af nei par�llhla me ton eautì touc afoÔ ta pollaplasi�zei apl¸c me ènan arijmì, thn
idiotim  α.

1.2 Mh sqetikistikèc exis¸seic - ExÐswsh Schroedinger

To aploÔstero fusikì sÔsthma apoteleÐtai apì èna apomonwmèno eleÔjero swmatÐdio, gia
to opoÐo h mh sqetikistik  qamiltonian  eÐnai:

H =
p⃗2

2m
(1.4)

H met�bash sth kbantomhqanik  gÐnetai me touc telestèc

Ĥ → i
∂

∂t
p̂→ −i∇

(1.5)
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kai epomènwc odhgoÔmaste sthn mh sqetikistik  exÐswsh Schrodinger:

i~
∂ψ(x⃗, t)

∂t
=

−~2∇2

2m
ψ(x⃗, t) (1.6)

Proqwr¸ntac sunant�tai h posìthta ρ = |ψ|2, h opoÐa ermhneÔetai wc puknìthta pijanìth-
tac kai |ψ|2dx h pijanìthta eÔreshc enìc swmatidÐou se stoiqeÐo ìgkou d3x. H anagkaiìthta
melèthc kinoÔmenwn swmatidÐwn, odhgeÐ sthn eisagwg  thc ènnoiac thc puknìthtac ro c  
alli¸c reÔma pijanìthtac j miac dèsmhc swmatidÐwn. Apì thn paradoq  thc diat rhshc thc
pijanìthtac kai to Je¸rhma Gauss eÐnai:

∂

∂t

∫
V
ρdV =

∫
S
j⃗n̂dS =

∫
∇⃗j⃗dV (1.7)

O pr¸toc kai teleutaÐoc ìroc thc exÐswshc (1.7) dÐnoun thn exÐswsh sunèqeiac:

∂

∂t
ρ+ ∇⃗j⃗ = 0 (1.8)

ProsdiorÐzoume epomènwc to reÔma pijanìthtac j, afoÔ tìso h ψ ìso kai h migadik  suzug c
thc ikanopoioÔn thn exÐswsh Schrodinger:

1

2m
∇2ψ + i

∂

∂t
ψ = 0  

1

2m
ψ∗∇2ψ + iψ∗ ∂

∂t
ψ = 0

1

2m
∇2ψ∗ − i

∂

∂t
ψ∗ = 0  

1

2m
ψ∇2ψ∗ − iψ

∂

∂t
ψ∗ = 0 (1.9)

Afair¸ntac th deÔterh apì th pr¸th:

1

2m
(ψ∗∇2ψ − ψ∇2ψ∗) + i(ψ∗ ∂

∂t
ψ + ψ

∂

∂t
ψ∗) = 0

1

2m
∇(ψ∗∇ψ − ψ∇ψ∗) + i

∂

∂t
(ψψ∗) = 0

∇
[
− i

2m
(ψ∗∇ψ − ψ∇ψ∗)

]
+

∂

∂t(ψψ∗)
(1.10)

Sunep¸c prokÔptei ìti h puknìthta pijanìthtac eÐnai ρ = |ψ|2, en¸ to reÔma pijanìthtac
eÐnai j = − i

2m(ψ∗∇ψ − ψ∇ψ∗).

1.3 Sqetikistikèc Exis¸seic - ExÐswsh Klein-Gordon

H exagwg  tou sqetikistikoÔ analìgou, thc exÐswshc Klein-Gordon, ja gÐnei antÐstoiqa
paÐrnontac th sqetikistik  sqèsh enèrgeiac - orm c, gia eleÔjero swmatÐdio qwrÐc spin kai
�ra bajmwtì swmatÐdio. EÐnai:

E2 = p2 +m2 (1.11)
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ìmoia antikajist¸ntac me touc antÐstoiqouc kbantomhqanikoÔc telestèc: Ê = Ĥ = i ∂∂t , p̂ =
−i∇ droÔme p�nw sth kumatosun�rthsh ϕ(x):

Ĥ2φ = (p̂2 +m2)φ( ∂2
∂t2

−∇2
)
φ+m2φ = 0

(∂µ∂µ +m2)φ = 0, Klein-Gordon (1.12)

Ta parap�nw fusik� eÐnai aparaÐthta gia thn perigraf  swmatidÐwn pou kinoÔntai se sqe-
tikistikèc taqÔthtec•. Mia jewrÐa pou prospajeÐ na perigr�yei ta stoiqeÐa thc Ôlhc ja
prèpei na upakoÔei tìso sthn eidik  sqetikìthta ìso kai sthn kbantik  jewrÐa.
AntÐstoiqa, ja dojoÔn kai ta reÔmata pijanìthtac, pollaplasi�zontac thn Klein- Gordon
me −iφ∗ kai th suzug  thc me iφ kai prosjètontac:( ∂2

∂t2
−∇2

)
φ+m2φ = 0 → −iφ∗

( ∂2
∂t2

−∇2
)
φ− im2φ∗φ = 0( ∂2

∂t2
−∇2

)
φ∗ +m2φ∗ = 0 → −iφ

( ∂2
∂t2

−∇2
)
φ∗ + im2φφ∗ = 0

−i
(
φ∗ ∂

2

∂t2
φ− φ

∂2

∂t2
φ∗
)
+ i(φ∗∇2φ− φ∇2φ∗) = 0

∂

∂t

[
i
(
φ∗ ∂

∂t
φ− φ

∂

∂t
φ∗
)]

+ ∇⃗[−i(φ∗∇⃗φ− φ∇⃗φ∗)] = 0 (1.13)

Proèkuye dhlad  h exÐswsh sunèqeiac. Gr�fontac aut  se sqetikistikì sumbolismì, ja
èqoume: [ ∂

∂t

(
iφ∗ ∂

∂t
φ
)
+ ∇⃗(−iφ∗∇⃗φ)

]
−
[ ∂
∂t

(
iφ
∂

∂t
φ∗)∇⃗(−iφ∇⃗φ∗)

]
= 0

∂µ
(
iφ∗ ∂

∂t
φ,−iφ∗∇⃗φ

)
− ∂µ

(
iφ
∂

∂t
φ∗,−iφ∇⃗φ∗) = 0

∂µ(iφ
∗∂µφ)− ∂µ(iφ∂

µφ∗) = 0

∂µ[i(φ
∗∂µφ− φ∂µφ∗)] = 0

∂µj
µ = 0 (1.14)

ìpou jµ = (ρ, j⃗) = i(φ∗∂µφ− φ∂µφ∗).
Sta parap�nw faÐnetai èqei qrhsimopoihjeÐ o kat�llhloc sumbolismìc pou katadeiknÔei thn
Lorentz analloi¸thta twn fusik¸n nìmwn pou perigr�foume (bl. kai Par�rthma A). H pe-
rigraf  twn fusik¸n nìmwn se plaÐsio eidik c sqetikìthtac proupojètei ìti ìloi èqoun thn
Ðdia morf  se ìla ta sust mata Lorentz, dhlad  se opoiod pote sÔsthma anafor�c to opoÐo
èqei mia omoiìmorfh sqetik  taqÔthta. Mia tautìshmh Ðswc ermhneÐa twn parap�nw eÐnai
ìti sthn eidik  sqetikìthta epiplèon h taqÔthta tou fwtìc eÐnai Ðdia se ìla ta sust mata
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Lorentz.
H efarmog  sthn Klein-Gordon:

φ = Neip⃗x⃗−iEt = Ne−p·x (1.15)

kai ètsi loipìn to reÔma j :

jµ = 2pµ|N |2 ≡ (ρ, j⃗) ≡ (2|N |2E, 2|N |2)p⃗) (1.16)

antikajist¸ntac th parap�nw lÔsh Ex. (1.15) prokÔptei:

E = ±
√
p⃗2 +m2 (1.17)

dhlad  to swm�tio tugq�nei kai arnhtik¸n energei¸n. Sugkekrimèna, gia k�je jetik  e-
nèrgeia prokÔptei kai antÐstoiqh arnhtik  enèrgeia, gegonìc pou sunèkleine sthn t�sh tou
sust matoc na proqwr� se ìlo kai qamhlìterec enèrgeiec, me to hlektrìnio na aktinobo-
leÐ suneq¸c enèrgeia. Tautìqrona, h puknìthta pijanìthtac ρ exart�tai apì thn enèrgeia
E, kai epomènwc prokÔptei kai arnhtik  puknìthta pijnatìthtac. H arnhtik  puknìthta
pijanìthtac èqei prokÔyei apì th deÔterh t�xhc qronik  par�gwgoc thc Klein-Gordon. Te-
lik� h Klein-Gordon mèsw kat�llhlhc mejìdou (deÔterh kb�ntwsh) ja apodeiqjeÐ qr simh
gia th perigraf  sqetikistik¸n swmatidÐwn. Ousiastik�, h teqnik  eÐnai na epikalestoÔ-
me grammikìthta ìpwc ègine kai me thn Schrodinger, me tautìqrono sebasmì sto Lorentz
analloÐwto.

1.4 ExÐswsh Dirac

Me b�sh ta prohgoÔmena, h exÐswsh prèpei an eÐnai grammik  sto ∂
∂t kai gia na eÐnai sunal-

loÐwth grammik  kai sto ∇ . Sunep¸c sth genik  morf :

[
iγµ

∂

∂xµ
− α

]
ψ(x) = 0 (1.18)

'Ara h ψ prèpei na ikanopoieÐ thn Klein-Gordon :[ ∂

∂xµ

∂

∂xµ
+m2

]
ψ(x) = 0 (1.19)

Xekin¸ntac apì th genik  morf , parathroÔme ìti isqÔei: u2+v2 = (−iu−v)(iu−v) . 'Ara
h genik  exÐswsh (1.18) ja grafeÐ:(

− iγµ
∂

∂xµ
− α

)(
iγν

∂

∂xν
− α

)
ψ(x) = 0 (1.20)
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UpologÐzontac, me b�sh thn idiìthta thc metajetikìthtac twn parag¸gwn ∂µ, ∂ν , dhlad 
[∂µ, ∂ν ] = 0 kai diathr¸ntac thn seir� twn suntelest¸n γµ, γν prokÔptei:[1
2

(
− iγµ

∂

∂xµ

)(
iγν

∂

∂xν

)
+

1

2

(
iγν

∂

∂xν

)(
− iγµ

∂

∂xµ

)
+ iαγµ

∂

∂xµ
− iαγν

∂

∂xν
+ α2

]
ψ = 0[1

2
γµγν∂µ∂ν +

1

2
γνγµ∂ν∂µ + α2

]
ψ(x) = 0[1

2
(γµγν + γνγµ)∂µ∂ν + α2

]
ψ(x) = 0 (1.21)

H apaÐthsh eÐnai apl , prèpei gia na eÐnai Ðdia me thn Ex. (1.19) na eÐnai:

α2 = m2 kai o antimetajèthc {γµ, γν} ≡ γµγν + γνγµ = 2gµν µ, ν = 0, 1, 2, 3 (1.22)

H parap�nw ikanopoieÐtai gia 4× 4 pÐnakec Dirac. Mia sugkekrimènh epilog  pin�kwn Dirac
eÐnai:

γ0 =

(
1 0
0 −1

)
, γj =

(
0 σj

−σj 0

)
, j = 1, 2, 3 (1.23)

kai k�je epimèrouc ìroc eÐnai 2 × 2 pÐnakec. Kai σ oi pÐnakec tou Pauli:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
kai 1 =

(
1 0
0 1

)
K�poiec shmantikèc idiìthtec twn γ pin�kwn dÐnontai akoloÔjwc:

(γ0)† = γ0, (γ0)
2
= I, (γj)

†
= −γj , (γj)

2
= −1, j = 1, 2, 3

h Ôparxh pin�kwn Pauli eÐnai exaÐqousac shmasÐac, kaj¸c dÐnoun thn dunatìthta perigraf c
eleÔjerou swmatidÐou me spin-12 . Epiplèon h epilog  aut  twn pin�kwn den eÐnai monadik .
IsodÔnamec anaparast�seic twn pin�kwn Pauli prokÔptoun apì to metasqhmatismì twn γµ

me ènan tuqaÐo apoklÐnonta pÐnaka S:

γ′
µ
= S−1γµS

H telik  morf  pou èjese axiwmatik� o Dirac eÐnai:

[iγµ∂µ −m]ψ(x) = 0, exÐswsh Dirac (1.24)

kai ψ(x) to pedÐo 4-sunistws¸n gnwstì kai wc spÐnorac Dirac:

ψ(x) =


ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)
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'Allh exÐsou gnwst  morf  thc exÐswshc tou Dirac prokÔptei pollaplasi�zontac thn me γ0.
Ja eÐnai:

[iγ0∂0 + iγ∇−m]ψ(x) = 0

[i(γ0)
2
∂0 + iγ0γ∇− γ0m]ψ(x) = 0

i
∂

∂t
ψ(x) = [−iα∇+ βm]ψ(x), exÐswsh Dirac (1.25)

ìpou α kai β ermitianoÐ pÐnakec: α = γ0γ =

(
0 σ
σ 0

)
, β = γ0 =

(
I 0
0 −I

)

1.4.1 ErmhneÐa thc exÐswshc Dirac

Sto metaxÔ f�nhke ìti o duismìc sthn exÐswsh Dirac eÐnai profanèc kai pagkìsmio qara-
kthristikì thc kbantik c jewrÐac pedÐou:
H kumatosun�rthsh mporeÐ na eÐnai eÐte summetrik  eÐte antisummetrik  kat� thn antallag 
dÔo swmatidÐwn. Ti telik� ja eÐnai h k�je kumatosun�rthsh, apotèlese er¸thma gia ton
diaqwrismì twn swmatidÐwn se mpìzìnia, gia ta opoÐa h kumatosun�rthsh eÐnai �rtia kai
fermiìnia, gia ta opoÐa prokÔptei peritt  kumatosun�rthsh. EÐnai empeirik� diapisteumèno
ìti swmatÐdia me akèraio spÐn eÐnai mpozìnia en¸ swmatÐdia me hmiakèraio spÐn eÐnai fermiìnia.
'Ena apì ta kÔria epiteÔgmata thc kbantik c jewrÐac pedÐou  tan h jaumast  apìdeixh aut c
thc sÔndeshc "spÐn kai statistik c ".(

Bosons(integer spin): symmetric wave functionψ(1, 2)
Fermions ( ( 1/2)- integer spin): antisymmetric wave functionψ(1, 2)

)
⇒
(

ψ(2, 1)
−ψ(2, 1)

)
'Eqoume dhlad  breÐ thn exÐswsh kai apomènei na doÔme ean ta apotelèsmata mac èqoun
telik� thn apaitoÔmenh sunoq  kai thn zhtoÔmenh fusik  ermhneÐa. Gia to skopì autì,
ja upologistoÔn ta antÐstoiqa reÔmata. Qrhsimopoi¸ntac to suzug  spÐnora Dirac: ψ+ =
(ψ∗)T = (ψ1

∗ψ2
∗ψ3

∗ψ4
∗) , ikanopoieÐ thn Dirac. EpÐshc gÐnetai qr sh thc (AB)+ = B+A+.

'Ara h Dirac kai h suzug c thc :

iγ0∂0ψ + iγj∂jψ −mψ = 0, j = 1, 2, 3

−i(∂0ψ+)γ0 − i(∂jψ
+)(−γj)−mψ+ = 0 (1.26)

èqei qajeÐ, ìmwc h sunalloÐwthta sthn suzug  par�stash thc Dirac. Gia na gÐnei sunal-
loÐwth, ja prèpei na parameÐnei o pr¸toc ìroc me to prìshmo pou èqei, en¸ sto deÔtero ìro
ja prèpei na metablhjeÐ to prìshmo twn γ pin�kwn. 'Omwc eÐnai:

γ0γj = −γjγ0 (1.27)
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Pollaplasi�zontac th suzut  Dirac me γ0 apì dexi�, gÐnetai:

−i∂0ψ+γ0γ0 − i∂jψ
+(−γjγ0)−mψ+γ0 = 0

−i∂0ψ+γ0γ0 − i∂jψ
+(γ0γj)−mψ+γ0 = 0 (1.28)

H Dirac èqei èrjei se sunalloÐwth morf  all� den ikanopoieÐtai plèon apì ton ψ+ spÐnora.
Tautìqrona ìmwc èqei eisaqjeÐ ènac nèoc spÐnorac, o opoÐoc sumbolÐzetai me ψ̄ kai eÐnai:

ψ̄ = ψ+γ0 (1.29)

H suzug c Dirac eÐnai plèon:

i(∂µψ̄)γ
µ +mψ̄ = 0 (1.30)

Gia thn eÔresh twn reum�twn, ja pollaplasiasteÐ h Dirac apì arister� me ψ̄ kai th suzug 
thc apì dexi� me ψ.

iψ̄γµ(∂µψ)−mψ̄ψ = 0

i(∂µψ̄)γ
µψ +mψ̄ψ = 0

prosjètontac kat� mèlh:

ψ̄γµ(∂µψ) + (∂µψ̄)γ
µψ = 0

∂µ(ψ̄γ
µψ) = 0 (1.31)

kai h opoÐa apoteleÐ thn exÐswsh sunèqeiac, me antÐstoiqo reÔma pijanìthtac:

jµ = ψ̄γµψ = (ρ,ψ) = (ψ̄γ0ψ, ψ̄γjψ), j = 1, 2, 3

H idiaÐtera endiafèrousa ermhneÐa tou reÔmatoc pijanìthtac gia thn exÐswsh Dirac èqei :

ρ = ψ̄γ0ψ = ψ+γ0γ0ψ = ψ+ψ

ρ = (ψ1
∗ψ2

∗ψ3
∗ψ4

∗)


ψ1

ψ2

ψ3

ψ4


ρ =

4∑
i=1

|ψ|2

Dhlad  pleìn h puknìthta pijanìthtac eÐnai pleìn jetik� orismènh.
Metaferìmenoi sto q¸ro twn orm¸n ja katal xoume sthn anagkaiìthta eisagwg c twn
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antiswmatidÐwn. Sugkekrimèna, h Dirac jètontac se isqÔ ton metasqhmatismì i∂µ → pµ ja
grafeÐ:

[γµpµ −m]ψ(x) = 0 (1.32)

Gia swmatÐdio Dirac se hremÐa, pµ = (E, 0, 0, 0), eÐnai:

γ0p0ψ −mψ = 0

γ0γ0p0ψ = mγ0ψ

p0ψ = mγ0ψ

E


ψ1

ψ2

ψ3

ψ4

 = m


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1




ψ1

ψ2

ψ3

ψ4


E

(
ψ1

ψ2

)
= m

(
ψ1

ψ2

)
E

(
ψ3

ψ4

)
= −m

(
ψ3

ψ4

)
(1.33)

Dhlad , up�rqoun dÔo lÔseic jetik c enèrgeiac E=m kai �llec dÔo lÔseic arnhtik c e-

nèrgeiac E=-m. K�nontac th genÐkeush kai gr�fontac thn Dirac wc ψ =

(
ψA
ψB

)
, ìpou

ψA =

(
ψ1

ψ2

)
kai ψB =

(
ψ3

ψ4

)
:

[γµpµ −m]ψ = 0

(γ0p0 − γp−m)ψ = 0[(
I 0
0 −I

)
E −

(
0 σ

−σ 0

)
p−m

(
I 0
0 I

)](
ψA
ψb

)
= 0(

E 0
0 −E

)(
ψA
ψB

)
=

(
mI σp
σp mI

)(
ψA
ψB

)
(E −m)ψA = σpψB

(E +m)ψB = σpψA
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Epomènwc, gia swmatÐdio se hremÐa p = 0, katal gei kaneÐc sthn perÐptwsh thc prohgoÔme-
nhc exÐswshc (bl. Ex. (1.33) ). Gia p ̸= 0, ìmwc h lÔsh wc proc ψB eÐnai:

ψB =
σp

E +m
ψA

(E −m)ψA = σp
σp

E +m
ψA

(E −m)(E +m)ψA = (σp)(σp)ψA

'Omwc genik� isqÔei: (σα)(σβ) = αβI + iσ(α × β) opìte ja eÐnai: (σp)(σp) = p2I kai
�ra:

(E2 −m2)ψA = p2ψB (1.34)

E = ±
√
m2 + p2

O Dirac epikaloÔmenoc thn apagoreutik  arq  tou Pauli (h opoÐa leeÐ oti dÔo hlektrìnia
den mporoÔn na brÐskontai sthn Ðdia kbantik  kat�stash), prosp�jhse na exhg sei giatÐ
ta hlektrìnia pou parathroÔme desmeÔontai stic jetikèc energeiakèc katast�seic. O Dirac
prìteine loipìn thn ex c ex ghsh: upost rixe oti oi katast�seic arnhtik c enèrgeiac eÐnai
gem�tec apì �j�lassa� hlektronÐwn. Epeid  akrib¸c aut  h j�lassa eÐnai suneq¸c ekeÐ,
kai eÐnai apìluta omoiìmorfh den askeÐ kamÐa dÔnamh sta geitonik� �toma kai hlektrìnia kai
epomènwc den gÐnetai aisjht . Kanèna fermiìnio den mporeÐ na metap d sei se aut  th j�las-
sa kateilhmmènwn arnhtik¸n katast�sewn, epeid  h Ðdia h apagoreutik  arq  tou Pauli to
empodÐzei. Apì thn �llh pleur�, h j�lassa kateilhmmènwn katast�swn tou Dirac, eÐnai to
kenì thc jewrÐac mac. EÐnai h basik  mac kat�stash. Ti sumbaÐnei loipìn ìtan prosfèroume
se èna apì ta hlektrìnia thc j�lassac arket  enèrgeia ¸ste na katal xei se mia apì tic
jetikèc energeiakèc katast�seic? H apousÐa tou hlektronÐou autoÔ ermhneÔetai san kajarì
jetikì fortÐo se ekeÐnh thn jèsh kai epomènwc h apousÐa thc arnhtik c dÔnamhc ja emfani-
zìtan san jetik  enèrgeia. Epomènwc h op  mèsa sth j�lassa arnhtik¸n hlektronÐwn ja
emfanizìtan san sunhjismèno swmatÐdio me jetik  enèrgeia kai jetikì fortÐo. H op  aut 
mporeÐ na odhg sei sthn kat�lhyh thc apì èna fermiìnio jetik c enèrgeiac |E|, odhg¸ntac
tautìqrona sthn apeleujèrwsh enèrgeiac Ðshc me 2|E|.
Telik� h exÐswsh Dirac èpaye na eÐnai monoswmatidiak  exÐswsh, kaj¸c plèon perigr�fei
stic tèsseric sunist¸sec tou spÐnora kai to swmatÐdio all� kai to antiswmatÐdio tou. H
mình sunep c prosèggish eÐnai na jewr soume to spÐnora ψ wc èna pedÐo, ìpou to mètro
|ψ|2 ja mac dÐnei to pl joc twn swmatidÐwn kai antiswmatidÐwn se èna sugkekrimèno shmeÐo.
Akìmh to pedÐo autì prèpei na eÐnai èna kbantikì pedÐo kai wc tètoio ja prèpei na antimetw-
pisteÐ. M�lista, arqik� o Dirac pÐsteue ìti ta antiswmatÐdia aut�  tan ta pozitrìnia.
Telik�, h ènwsh sqetikìthtac kai kbantik c mhqanik c èfere k�poia epimèrouc stoiqeÐa,
pou kanèna qwrist� den mporeÐ na exasfalÐsei: thn Ôparxh antiswmatidÐwn, mia apìdeixh
thc apagoreutik c arq c tou Pauli (to opoÐo se mh sqetikistik  kbantomhqanik  apoteleÐ
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eidik  sunj kh), kai to gnwstì TCPje¸rhma. Epomènwc h sugkekrimènh idiìthta apote-
leÐ qarakthristikì tou mhqanikoÔ mac sust matoc kai ìqi tou swmatidiakoÔ montèlou pou
qrhsimopoioÔme.

1.4.2 LÔseic thc exÐswshc Dirac

H exÐswsh Dirac apì thn exÐswsh (1.35) eÐqe wc ex c:

i
∂

∂t
ψ(x) = [−iα∇+ βm]ψ(x) (1.35)

Amèswc anagnwrÐzetai mia exÐswsh idiotim¸n ìpou h Hamiltonian tou Dirac eÐnai:

HD = −iα∇+ βm (1.36)

H prosp�jeia eÔreshc lÔsewn gia eleÔjera swm�tia akoloujeÐ to Ðdio skeptikì. Gr�foume
to spÐnora Dirac wc ex c:

ψ(x) = u(p) · (epÐpedo kÔma)

ψ(x) = u(p)e−ipx (1.37)

me to u(p) na eÐnai kai autìc spÐnorac tess�rwn sunistws¸n, ìpwc akrib¸c kai h ψ(x). Oi
lÔseic tou u(p) prokÔptoun apì thn epÐlush thc exÐswshc idiotim¸n thc enèrgeiac. Dhlad :

HDu = Eu (1.38)

ìpou h Hamiltonian paÐrnei mia apì tic prohgoÔmenec morfèc (bl. Ex.(1.36) ). 'Ara h
exÐswsh Dirac mporeÐ na grafeÐ se mia apì tic parak�tw morfèc:

(−iα∇+ βm)u(p) = Eu(p)

(1.25) ⇒ (γp+mI)u(p) = Eγ0u(p)

(1.31) ⇒ (γµpµ −m)u(p) = 0 (1.39)

'Opwc èqoume anafèrei up�rqoun tèsseric anex�rthtec lÔseic twn parap�nw, dÔo me jetik 
enèrgeia (swmatÐdia) kai dÔo me arnhtik  enèrgeia (antiswmatÐdia). AntÐstoiqa up�rqoun
kai dÔo anaparast�seic gia touc pÐnakec γ. H standard anapar�stash (kajierwmènh)  
anapar�stash Dirac - Pauli kai h anapar�stash Weyl   chiral (idiìstrofh).
Sth sunèqeia ja parousi�soume tic perissìtero diadedomènec anaparast�seic twn pin�kwn
Dirac all� tautìqrona ja doÔme pwc prokÔptoun shmantikèc jewr seic thc swmatidiak c
fusik c, an�logh thc epilog c pÐnaka γ.
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1.5 Anapar�stash Dirac - Pauli (Kajierwmènh)

Se aut  thn anapar�stash eÐnai:

α =

(
0 σ
σ 0

)
, β =

(
I 0
0 −I

)
(1.40)

kai antÐstoiqa sqhmatÐzetai:

γ = βα =

(
0 σ

−σ 0

)
, γ0 = β =

(
I 0
0 −I

)
, γ5 = iγ0γ1γ2γ3 =

(
0 I
I 0

)
(1.41)

me ton γ0 na eÐnai diag¸nioc.
H perigraf  aut  eÐnai idiaÐtera bolik  gia perigraf  swmatidÐwn se hremÐa. Pr�gmati, gia
swmatÐdia se hremÐa (p = 0) h exÐswsh idiotim¸n thc Hamiltonian eÐnai:

mIu(p) = Eγ0u(p)(
m 0
0 m

)
u(p) =

(
E 0
0 −E

)
u(p) (1.42)

me dÔo spÐnorec jetik c kai dÔo spÐnorec arnhtik c enèrgeiac. Oi akìloujoi:

u1(p) =


1
0
0
0

 , u2(p) =


0
1
0
0

 , E > 0 (1.43)

u3(p) =


0
0
1
0

 , u4(p) =


0
0
0
1

 , E < 0 (1.44)

'Estw loipìn ènac tuqaÐoc spÐnorac Dirac se hremÐa. Ja gr�fetai wc akoloÔjwc:

ψ(t) =




α
0
0
0

+


0
β
0
0


e−iEt +




0
0
c
0

+


0
0
0
d


 eiEt

ψ =

(
φ
0

)
e−iEt +

(
0
χ

)
eiEt (1.45)
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me φ kai χ spÐnorec dÔo sunistws¸n.
'Estw t¸ra swmatÐdia ta opoÐa den brÐskontai se hremÐa kai p ̸= 0. H (1.45) ja grafeÐ:

u(p) =

(
φ
χ

)
(1.46)

Apì thn exÐswsh idiotim¸n gia thn enèrgeia eÐnai loipìn:

(γp+m)

(
φ
χ

)
= Eγ0

(
φ
χ

)
[(

0 σ
−σ 0

)
p+

(
m 0
0 m

)](
φ
χ

)
= E

(
I 0
0 −I

)(
φ
χ

)
(

m σp
−σp m

)(
φ
χ

)
=

(
Eφ
−Eχ

)
{

mφ+ σpχ = Eφ
−σpφ+mχ = −Eχ

}
φ =

σp

E −m
χ, χ =

σp

E +m
φ (1.47)

AfoÔ prìkeitai kai p�li gia dÔo lÔseic jetik c kai dÔo lÔseic arnhtik c enèrgeiac, ja eÐnai
omoÐwc:

φ = φ(s), χ = χ(s)

me s = 1, 2:

φ(1) =

(
1
0

)
, φ(2) =

(
0
1

)
kai antÐstoiqa:

χ(1) =

(
1
0

)
, χ(2) =

(
0
1

)
opìte telik� o spÐnorac u ja p�rei th morf :

u(1,2) =

(
φ(1,2)

σp
E+mφ

(1,2)

)
, u(3,4) =

 σp
E−mχ

(1,2)

χ(1,2)

 (1.48)

AnalÔontac ton par�gonta σ · p, isqÔei:

σ · p = σ1p1 + σ2p2 + σ3p3

σ · p =

(
0 1
1 0

)
p1 +

(
0 −i
i 0

)
p2 +

(
1 0
0 −1

)
p3

σ · p =

(
p3 p1 − ip2

p1 + ip2 −p3

)
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u(1) = N


1
0
p3

E+m
p1+ip2
E+m

 , u(2) = N


0
1

p1−ip2
E+m
−p3
E+m

 , E > 0

u(3) = N ′


−p3

−E+m
−(p1+ip2)
−E+m

1
0

 , u(4) = N ′


−(p1−ip2)
−E+m
p3

−E+m

0
1

 , E < 0

ìpou N,N ′ par�gontec kanonikopoÐhshc. Prèpei:

u(r)+u(s) = 2Eδrs, r, s = 1, 2

u(r)+u(s) = −2Eδrs, r, s = 3, 4 (1.49)

H pr¸th ex�gei:

u(1)+u(1) = 2E

N2
(

1 0 p3
E+m

p1−ip2
E+m

)
1
0
p3

E+m
p1+ip2
E+m

 = 2E

1 +
p1

2 + p2
2 + p3

2

(E +m)2
=

2E

N2

E2 +m2 + 2Em+ p2

(N)2

2E2 + 2Em

(E +m)2
=

2E

N2

N =
√
E +m

akolouj¸ntac thn Ðdia diadikasÐa kai gia th deÔterh apì tic (1.49), eÐnai:

N =
√
E +m, N ′ =

√
−E +m (1.50)
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'Enac spÐnorac Dirac ja èqei epomènwc th morf :

ψ(x) =
√
E +m




1
0
p3

E+m
p1+ip2
E+m

+


0
1

p1−ip2
E+m
−p3
E+m


 e−ipx

+
√
−E +m




−p3
−E+m

−(p1+ip2)
−E+m

1
0

+


−(p1−ip2)
−E+m
p3

−E+m

0
1


 eipx (1.51)

H graf  aut  apoteleÐ th lÔsh thc exÐswshc Dirac sÔmfwna me thn anapar�stash twn Dirac
- Pauli.

1.5.1 Helicity

H parap�nw diadikasÐa apok�luye �llh mia shmantik  sumbol  tou sumbolismoÔ Dirac. Apì
touc upologismoÔc proèkuye abÐasta o diplìc ekfulismìc thc enèrgeiac. Sugkekrimèna, gia
k�je tim  thc èqoume dÔo lÔseic gia swmatÐdia kai dÔo lÔseic gia antiswmatÐdia. Ed¸
prokÔptei kai h an�gkh eisagwg c miac nèac ènnoiac, thc elikìthtac (helicity). To mègejoc
autì metatÐjetai me touc telestèc thc Hamiltonian kai thc orm c. Oi idiotimèc pou ja
prokÔyoun ja mporèsoun na diaqwrÐsoun tic ekfulismènec katast�seic.

λ =
S · p
|p|

=
1

2
σ · p̂ (1.52)

H fusik  shmasÐa thc elikìthtac, eÐnai h probol  tou spin sthn kateÔjunsh thc kÐnhshc
tou swmatidÐou.
O telest c ja oristeÐ wc akoloÔjwc:

1

2
Σ · p̂ =

(
1
2σ · p̂ 0
0 1

2σ · p̂

)
(1.53)

H sÔndesh me thn elÐkwsh eÐnai profan c. O telest c metatÐjetai me thn Hamiltonian:[
H,

1

2
Σ · p̂

]
=
[
γp+m,

1

2
Σ · p̂

]
[
H,

1

2
Σ · p̂

]
=

(
m σp

−σp m

)(
1
2σ · p̂ 0
0 σ · p̂

)
−
(

1
2σ · p̂ 0
0 σ · p̂

)(
m σp

−σp m

)
ApodeiknÔetai epÐshc:(

m σp
−σp m

)(
1
2σ · p̂ 0
0 σ · p̂

)
=

(
1
2mσ · p̂ 1

2σpσ · p̂
−1

2σpσ · p̂ 1
2mσ · p̂

)
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kai epÐshc: (
1
2σ · p̂ 0
0 σ · p̂

)(
m σp

−σp m

)
=

(
1
2mσ · p̂ 1

2σpσ · p̂
−1

2σpσ · p̂ 1
2mσ · p̂

)
Sunep¸c, telik� oi telestèc metatÐjetai:[

H,
1

2
Σ · p̂

]
= 0 (1.54)

kai me akrib¸c ìmoio trìpo: [
p,

1

2
Σ · p̂

]
= 0 (1.55)

Sunep¸c o telest c 1
2Σ · p̂ eÐnai o zhtoÔmenoc telest c. EÐnai anagkaÐa, loipìn h sÔmbash

epilog c tou p kat� m koc tou �xona z (antÐstoiqa sthn kbantik  mhqanik , isqÔei h Ðdia
sÔmbash gia to spin).

'Etsi gia p = (0, 0, p) kai gia φ(1,2), χ(1,2) =

(
1
0

)
 

(
0
1

)
ja eÐnai:

1

2
σ · p̂

(
1
0

)
=

1

2
σ3

(
1
0

)
=

1

2

(
1
0

)
(1.56)

1

2
σ · p̂

(
0
1

)
=

1

2
σ3

(
0
1

)
=

1

2

(
0
1

)
(1.57)

Dhlad , oi idiotimèc thc elÐkwshc λ = ±1
2 antistoiqoÔn se probol  tou spin par�llhla me

thn kateÔjunsh thc kÐnhshc tou swmatidÐou
(
1
2

)
  antipar�llhla

(
− 1

2

)
kai �rjhke o ener-

geiakìc ekfulismìc. Epipleìn oi katast�seic jetik c elÐkwshc orÐzontai wc �dexiìstrofes�
kai oi katast�seic arnhtik c elÐkwshc wc �aristerìstrofes�.

1.6 Anapar�stash Weyl (Chiral)

Se aut n thn anapar�stash ja eÐnai:

α =

(
σ 0
0 −σ

)
,

(
0 I
I 0

)
(1.58)

kai antÐstoiqa oi γ pÐnakec eÐnai:

γ = βα =

(
0 −σ
σ 0

)
, γ0 = β =

(
0 I
−I 0

)
, γ5 =

(
I 0
0 −I

)
(1.59)
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Se antÐjesh me thn anapar�stash Dirac - Pauli, h anapar�stash aut  èqei diag¸nio pÐnaka
ton γ5 opìte autìc kai endeÐknutai gia thn perigraf  twn katast�sewn diaforetik c elÐkw-
shc.
OrÐzetai o spÐnorac:

u =

(
uR
uL

)
(1.60)

H exÐswsh Dirac ja gÐnei:

(γ0p0 − γp−m)

(
uR
uL

)
= 0(

0 −σ
σ 0

)
p

(
uR
uL

)
=

[(
0 I
I 0

)
E −

(
m 0
0 m

)](
uR
uL

)
'H diaforetik�: (

0 −σp
σp 0

)(
uR
uL

)
=

(
−m E
E −m

)(
uR
uL

)
{
−σpuL = −muR + EuL
σpuR = EuR −muL

}
Sto ìrio m = 0 , to opoÐo isqÔei gia ta netrÐna , eÐnai:

σpuL = −EuL
σpuR = EuR (1.61)

H sqèsh enèrgeiac - orm c ìmwc gÐnetai, gia m=0 :

E2 = p2 (1.62)

'Ara:
E = ±|p| (1.63)

Dhlad  mia lÔsh jetik c kai mia lÔsh arnhtik c enèrgeiac.
H lÔsh jetik c enèrgeiac dÐnei:

σpuR = |p|uR
1

2
σ · p̂uR =

1

2
uR

AntÐstoiqa apì th deÔterh exÐswsh:

σpuL = −|p|uL
1

2
σ · p̂uL = −1

2
uL



1.6. ANAPAR�ASTASH WEYL (CHIRAL) 21

H ermhneÐa twn parap�nw eÐnai profan c (bl. kai Ex. (1.56), (1.57) ). O uR perigr�fei
dexiìstrofa swmatÐdia

(
λ = 1

2

)
kai o uL aristerìstrofa swmatÐdia

(
λ = −1

2

)
H lÔsh thc arnhtik c enèrgeiac E = −|p| dÐnei:

1

2
σ · p̂uR = −1

2
uR (1.64)

1

2
σ · p̂uL = −1

2
uL (1.65)

'Ara, ed¸ o uR perigr�fei aristerìstrofa antiswmatÐdia
(
λ = −1

2

)
kai o uL dexiìstrofa

antiswmatÐdia
(
λ = 1

2

)
.

Telik� gia na problhjeÐ gia par�deigma thn aristerìstrofh sunist¸sa uL enìc spÐnora
Dirac u, ja prèpei na qrhsimopoihjeÐ o pÐnakac:(

0 0
0 1

)
=

1

2
(I− γ5)

Pr�gmati eÐnai:
1

2
(I− γ5)u =

1

2
(I− γ5)

(
uR
uL

)
=

(
0
uL

)
'OrÐzontai epomènwc oi probolikoÐ telestèc, oi opoÐoi dÐnoun thn aristerìstrofh   dexiì-
strofh sunist¸sa gia k�je spÐnora, wc ex c:

PL =
1

2
(I− γ5) =

(
0 0
0 1

)
, PLu =

(
0
uL

)
(1.66)

PR =
1

2
(I+ γ5) =

(
1 0
0 0

)
, PRu =

(
uR
0

)
(1.67)

Epiplèon gia touc probolikoÔc telestèc isqÔoun oi akìloujec idiìthtec:

PL
2 = PL, PR

2 = PR, PLPR = PRPL = 0, PL + PR = I (1.68)

Apì thn �llh, ènac ìroc m�zac anameignÔei tic dexiìstrofec kai tic aristerìstrofec suni-
st¸sec enìc spÐnora Dirac (ψR = PRψ,ψL = PLψ). Epomènwc ta parap�nw perigr�foun
epark¸c ta netrÐna, en¸ gia th perÐptwsh twn maz¸n idiaÐterh èmfash ja dojeÐ se epìmenec
paragr�fouc. Epiplèon, axÐzei na shmeiwjeÐ ìti oi dÔo perigrafèc eÐnai apolÔtwc isodÔnamec.
Up�rqei dunatìthta met�bashc apì thn mia perigraf  sthn �llh:

γDP
µ = U−1γW

µU

ìpou o pÐnakac U eÐnai:

U =
1√
2

(
I I
I −I

)
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1.7 Eikìna Feynman - Stuckelberg

'Eqoume deÐ, ìti oi dÔo pr¸tec lÔseic thc Dirac dÐnontai:

ψ(1,2) = u(1,2)(p)e−px (1.69)

Autèc oi exis¸seic aforoÔn thn perigraf  eleÔjerou e− me enèrgeia E > 0 kai orm  p.
AntÐstoiqa gr�fontai kai oi �llec dÔo•lÔseic arnhtik c enèrgeiac:

ψ(3,4) = u(3,4)(p)e−ipx (1.70)

Perigr�foun to antiswmatÐdio tou hlektronÐou, dhlad  to pozitrìnio. H eikìna Feynman -
Stuckelberg lèei:(

swmatÐdia me E<0 pou
diadÐdontai pÐsw sto qrìno

)
≡
(

antiswmatÐdia me E>0 pou
diadÐdontai mprost� sto qrìno

)
afoÔ eÐnai �llwste:

e−iEt = e−i(−E)(−t)

'Etsi k�je eiserqìmeno swmatÐdio antistoiqÐzetai sto exerqìmeno antiswmatÐdio tou, dhlad 
swmatÐdio me antÐjeto tetr�nusma orm c kai antÐjeto fortÐo. AntÐstoiqa ta exerqìmena
swmatÐdia isodunamoÔn me eiserqìmena antiswmatÐdia. An�loga isqÔei kai h antistrof  tou
spin enìc swmatidÐou. Antijètwc h elÐkwsh den parathreÐtai antistrof  afoÔ exart�tai apì
to spin all� kai apì thn orm  tou swmatidÐou, �ra paramènei amet�blhth.

1.8 eikìna Feynman - Stuckelberg

KrÐnetai loipìn aparaÐthto na uiojet soume ènan k�pwc pio bolikì sumbolismì gia na mpo-
rèsoume na perigr�youme kai na xeqwrÐsoume ta swmatÐdia apì ta antiswmatÐdia. H eikìna
Feynman - Stuckelberg mac lèei to ex c: èna pozitrìnio enèrgeiac E kai orm c p perigr�fetai
apì mia apì tic lÔseic pou br kame gia -E, -p opìte uiojetoÔme to sumbolismì:

u(3,4)(−p)e−i(−p)x ≡ v(2,1)(p)eipx (1.71)

EpÐshc apì thn exÐswsh Dirac gia touc spÐnorec u paÐrnoume:

(pµγµ −m)u(p) = 0

(−pµγµ −m)u(−p) = 0

kai prokÔptei h Dirac gia touc spÐnorec v:

(pµγµ +m)v(p) = 0 (1.72)
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1.9 Hlektromagnhtismìc mèsa apì sqetikistikì plaÐ-
sio perigraf c

Ta akìlouja apoteloÔn mia efarmog  thc exÐswshc Dirac. H anagkaiìthta pou prokÔptei
eÐnai h eisagwg  enìc dunamikoÔ mèsa sto opoÐo kinoÔntai ta swmatÐdia. Qarakthristikì
par�deigma apoteleÐ h perigraf  thc kÐnhshc enìc hlektronÐou mèsa se èna hlektromagnhtikì
pedÐo, sto mh sqetikistikì ìrio. 'Estw loipìn to exwterikì hlektromagnhtikì pedÐo Aµ =
(A0,A) .
H arqik� eleÔjerh Hamiltonian tou Dirac arqik� tropopoieÐtai ¸ste na sumperil�bei thn
el�qisth zeÔxh me to hlektromagnhtikì pedÐo. Dhlad :

pµ → pµ − qAµ   i∂µ → i∂µ − qAµ (1.73)

kai telik� h Hamiltonian gÐnetai:

HD = αp+ βm→ α(p− qA)+ βm+ qA0

HD = απ + βm+ qA0 (1.74)

ìpou jèsame:
π = p− qA (1.75)

Qrhsimopoi¸ntac thn anapar�stash Dirac - Pauli kai jètontac ìpwc eÐpame u = (φχ)T kai
lÔnontac to prìblhma idiotim¸n thc enèrgeiac:

HD

(
φ
χ

)
= E

(
φ
χ

)
(1.76)

(bl. §1.5)

HD =

(
m σπ
σπ −m

)
− eA0

(
I 0
0 I

)
=

(
m− eA0 σπ
σπ −m− eA0

)
opìte h 1.76 gÐnetai:(

m− eA0 σπ
σπ −m− eA0

)(
φ
χ

)
= E

(
φ
χ

)
= E

(
φ
χ

)
(1.77)

me telik  lÔsh:

χ =
σ · π

E +m+ eA0
φ (1.78)

Antikajist¸ntac se mia apì tic dÔo wc proc φ:

(m− eA0)φ+ σπ
σ · π

E +m+ eA0
φ = Eφ (1.79)
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Sto sqetikistikì ìrio anamènetai sÔmfwna me thn exÐswsh (1.46) na mhdenÐzetai o ìroc wc
proc χ. Sto mh sqetikistikì ìrio h enèrgeia gr�fetai sth morf :

E = m+K

kai sto mh sqetikistikì ìrio h enèrgeia hremÐac upertereÐ kat� polu twn upoloÐpwn para-
gìntwn:

2m≫ K + eA0

kai telik�:
(σ · π)(σ · π)

2m
φ = (E −m)φ (1.80)

isqueÐ epipleìn:
(σ · π)(σ · π) = π2 + iσ · (π × π) (1.81)

kai antikajist¸ntac upologÐzoume:

π × π = (p+ eA)× (p+ eA) = e(p×A+A× p) me telestik  anapar�stash

π × π = −ie(∇×A+A×∇) = −ie(∇×A) = −ieB
(1.82)

opìte h (1.79) dÐnei: [ 1

2m
(p+ eA)2 +

e

2m
σ ·B − eA0

]
φ = (E −m)φ (1.83)

1.10 Exis¸seic Maxwell

EÐnai kairìc loipìn na exetastoÔn kai swmatÐdia me spin 1. Tètoia gia par�deigma eÐnai ta
fwtìnia ta opoÐa perigr�fontai kal� apì tic exis¸seic Maxwell.

∇ ·B = 0

∇×E +
∂

∂t
B = 0 Nìmoc Faraday

∇ ·E = ρ Nìmoc Gauss

∇×B − ∂

∂t
E = j Nìmoc Ampere (1.84)

Sto sqetikistikì plaÐsio oi exis¸seic Maxwell prèpei na eÐnai Lorentz analloÐwtec. Sune-
p¸c ìmoia me thn perigr�f  gia to hlektromagnhtikì pedÐo, jewroÔme to tetr�nusma tou
dunamikoÔ:

Aµ = (A0,A)
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kai oi antÐstoiqec perigrafèc gia to hlektrikì kai to magnhtikì pedÐo eÐnai:

E = −∇A0 − ∂

∂t
B

B = ∇×A (1.85)

kai oi omogeneÐc exis¸seic Maxwell gr�fontai:

∇ ·B = ∇ · (∇×A) = 0

∇×E +
∂

∂t
B = ∇×

(
−∇A0 − ∂

∂t
B
)
+
∂

∂t
(∇×A) = 0

Ta dexi� mèlh twn exis¸sewn gia to hlektrikì kai to magnhtikì pedÐo eÐnai oi sunist¸sec
tou hlektromagnhtikoÔ tanust  tou pedÐou:

Fµν = ∂µAν − ∂νAµ (1.86)

Dhlad :

F 0i = ∂0Ai − ∂iA0 = −Ei

F ij = ∂iAj − ∂jAi = εijkB
k

mia eÐnai:

Fµν =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

 (1.87)

en¸

Fµν = gµρF
ρσgσν =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 (1.88)

Sth sunèqeia anaforik� me tic mh omogeneÐc exis¸seic Maxwell. 'Omoia autèc perièqontai
sth sqetikistik� analloÐwth èkfrash:

∂µF
µν = jν

ìpou

jν = (ρ, j)
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ìpou telik� oi exis¸seic Maxwell sunoyÐsthkan me sqetikistik� analloÐwto trìpo stic ex c
dÔo:

Fµν = ∂µAν − ∂νAµ

∂µF
µν = jν (1.89)

ParathreÐtai tautìqrona kai to ex c: H pr¸th ek twn dÔo exis¸sewn see sqetikistik�
analloÐwth morf  èqei rht  anafor� sto dunamikì Aµ. H ex�rthsh ìmwc aut  mporeÐ na
apalhfjeÐ, me diathroÔmenh tautìqrona thn analloi¸thta. Pr�gmati apì thn teleutaÐa
mporoÔme na ex�goume thn isodÔnamh thc:

∂λFµν + ∂µF νλ + ∂νF λµ = 0 (1.90)

Sthn sunèqeia orÐzoume ton duadikì tanust :

˜Fµν =
1

2
εµνρσFρσ =


0 −B1 −B2 −B3

B1 0 E3 −E2

B2 −E3 0 E1

B3 E2 −E1 0

 (1.91)

parathroÔme pwc isqÔei:
∂µ ˜Fµν = 0

kai katal goume na gr�foume tic exis¸seic Maxwell se sqetikistik� analloÐwth morf  kai
qwrÐc thn èkfrash pedÐou, wc:

∂µ ˜Fµν = 0

∂µF
µν = jν (1.92)

kai telik� epalhjeÔetai gia mia akìmh for� h diat rhsh tou reÔmatoc:

∂νj
ν = 0 (1.93)

1.11 BajmÐda Lorentz

AkoloÔjwc, pragmatopoieÐtai mia eisagwg  ston metasqhmatismì bajmÐdac. 'Estw:

Aµ → A′µ = Aµ + ∂µχ, (1.94)

ìpou χ mia aujaÐreth sun�rthsh tou x. O tanust c tou pedÐou (�ra kai to hlektrikì kai
to magnhtikì pedÐo) paramènei analloÐwtoc k�tw apì autì to metasqhmatismì. Pr�gmati oi
diorj¸seic gia to Hlektromagnhtikì pedÐo:

Fµν → F ′µν = Fµν + (∂µ∂ν − ∂ν∂µ)χ = Fµν
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Antikajist¸ntac ton tanust  prokÔptei h sqetikistik� analloÐwth exÐswsh gia to pedÐo apì
(1.86):

∂µ(∂
µAν − ∂νAµ) = jν (1.95)

∂ν∂
νAµ − ∂µ(∂νA

ν) = jµ

K�nontac qr sh thc eleujerÐac epilog c pou mac dÐnei h sun�rthsh χ stouc metasqhma-
tismoÔc bajmÐdac, dialègoume th χ tètoia ¸ste to Aµ na ikanopoieÐ th sunj kh bajmÐdac
Lorentz:

∂µA
µ = 0 (1.96)

opìte h exÐswsh gia to pedÐo gÐnetai apì Ex. (1.95), (1.96):

∂ν∂
νAµ = jµ

Epomènwc sth bajmÐda Lorentz oi exis¸seic Maxwell ja gÐnoun:

∂ν∂
νAµ = jµ

gia ∂µA
µ = 0

(1.97)

Tautìqrona, suneqÐzei na up�rqei h dunatìthta tou metasqhmatismoÔ bajmÐdac:

Aµ → A′µ = Aµ + ∂µΛ

me sebasmì omwc sthn sunj kh Lorentz thc (1.96) kai apì (1.94), gÐnetai telik�:

∂µ∂
µΛ = 0 (1.98)

Epomènwc h sunj kh Lorentz exakoloujeÐ na ikanopoieÐtai. SunoyÐzontac:

∂ν∂
νAµ = jµ

∂µA
µ = 0

∂µ∂
µΛ = 0

(1.99)

1.11.1 BajmÐda Coulomb

Sto kenì h exÐswsh gia to pedÐo Aµ, ja gÐnei:

∂ν∂
νAµ = 0 (1.100)

Oi lÔseic thc parap�nw exÐswshc kat� ta gnwst� ja eÐnai:

Aµ = εµ(p)e−ipx (1.101)
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To tetr�nusma Πµ(p) onom�zetai di�nusma pìlwshc tou fwtonÐou.
Proqwr¸ntac lÐgo parak�tw, an antikatastajeÐ h lÔsh aut  sth bajmÐda Lorentz, ja eÐnai:

pµε
µ = 0 (1.102)

H sunj kh aut  ìmwc periorÐzei ton arijmì twn anex�rthtwn metablht¸n tou Πµ se treÐc.
Pèra ìmwc apì thn epibol  thc sunj khc Lorentz, epilègoume mia sun�rthsh Λ, ìpwc:

Λ = iλe−ipx (1.103)

sunep¸c tìte o metasqhmatismìc bajmÐdac, èqei wc ex c:

εµ → ε′
µ
= Πµ + λpµ (1.104)

SuneqÐzontac thn antÐstrofh diadikasÐa me prin kai ìpwc epishm�njhke sthn exÐswsh (1.102),
epilègoume:

ε0 = 0

opìte telik� h sunj kh Lorentz gr�fetai allÐwc :

(1.102) ⇒ ε · p = 0 (1.105)

Odhghj kame epomènwc ston orismì thc bajmÐdac Coulomb (bajmÐda aktinobolÐac).

A0 = 0

∇·A = 0 (1.106)

Telik� apì tic Ex. (1.102) kai (1.105) ja up�rqoun mìno dÔo anex�rthta dianÔsmata pìlwshc
ta opoÐa eÐnai k�jeta sto di�nusma thc orm c p tou fwtonÐou.
'Ara èqei perigrafeÐ me epituqÐa èna eleÔjero fwtìnio, orm c p kai me di�nusma pìlwshc
e(1,2) kai tèloc sundèetai me èna swmatÐdio me spin 1.

1.12 Mon�dec

'Opwc k�je kef�laio pou sèbetai ton eautì tou ètsi kai ed¸ ja afier¸soume merikèc grammèc
gia anafor� sto sÔsthma mon�dwn. Oi atomikoÐ fusikoÐ eis gagan to hlektroniobìlt (eV),
dhlad  thn enèrgeia pou apokt� èna hlektrìnio ìtan epitaqÔnetai mèsa apì mia diafor�
dunamikoÔ tou 1 Volt: 1 eV= 1.6 × 10−19 Joules. Oi orm  èqei mon�dec eV/c, kai h
m�za metriètai se eV/c2. Sth pragmatikìthta sth fusik  uyhl¸n energeÐwn gÐnetai h ex c
aplopoÐhsh: jètoume c=~=1. Enswmat¸nontai sunep¸c sto tèloc ta c kai ~ san mon�dec.
Diaforetik� lème ìti o qrìnoc metriètai se ekatost� kai h m�za kai h enèrgeia se antÐstrofa
ekatost�. Oi mon�dec qrìnou eÐnai o qrìnoc pou qrei�zetai to f¸c na taxidèyei 1 ekatostì
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kai h mon�da enèrgeiac eÐnai h enèrgeia enìc fwtonÐou tou opoÐou to m koc kÔmatoc eÐnai 2π
ekatost�.
Oi mon�dec mètrhshc tou hlektrikoÔ fortÐou mporeÐ na dojeÐ me tic akìloujec morfèc:

F =
1

4πϵ0

q1q2
r2

(SI)

me to hlektrikì fortÐo na metriètai se Coulomb. Pio sÔgqronec ergasÐec, oi opoÐec ba-
sÐzontai sto Gaussian sÔsthma, metroÔn to fortÐo se hlektrostatikèc mon�dec (esu), kai
epomènwc o nìmoc Coulomb gr�fetai

F =
q1q2
r2

(G)

Sto pedÐo ìmwc twn stoiqeiwd¸n swmatidÐwn protim�tai to sÔsthma twn Heaviside - Lorentz,
me ton nìmo Coulomb na paÐrnei th morf 

F =
1

4π

q1q2
r2

(HL)

Mia kal  aÐsjhsh thc fusik c mac dÐnei h èkfrash twn apotelesm�twn me th bo jeia thc
stajer�c lept c uf c, wc

α =
e2

~c
=

1

137

  ìtan metr�tai to fortÐo se mon�dec twn Heaviside - Lorentz kai jètontac c = ~ = 1,
gr�fetai

α =
e2

4π
.

Me th stajer� lept c uf c ja asqolhjoÔme ektenèstera parak�tw.





Kef�laio 2

GAUGE THEORIES

Asfal c epèktash thc QED jewr jhke h kbantik  jewrÐa pedÐou, h o-
poÐa epitrèpei plèon touc upologismoÔc twn allhlepidr�sewn kouark
kaj¸c kai leptonÐwn. San plèon sÔgqronh faÐnetai h epèktash aut¸n
twn jewrÐan se gauge jewrÐec. H asjen c kai isqur  allhlepÐdrash,
mporoÔn pleìn na perigrafoÔn apì gauge jewrÐec, thn enwpoihmènh h-
lektrasjen c jewrÐa kai thn kbantik  qrwmodunamik . Prìkeitai gia
jewrÐec epanakanonikopoi simec, gia tic opoÐec ja anaferjoÔme sth su-
nèqeia.

2.1 Formalismìc Lagrange klassik c mhqanik c

Oi jewrÐec pou perigr�foun thn fÔsh eÐnai oi jewrÐec bajmÐdac. H sÔndesh metaxÔ summe-
tri¸n kai nìmwn diat rhshc mporeÐ kalÔtera na suzhthjeÐ sto plaÐsio tou Lagrange forma-
lismoÔ. SÔmfwna me to deutero nìmo tou NeÔtwna h kÐnhsh swmatidÐou m�zac m, p�nw sto
opoÐo askeÐtai dÔnamh F perigr�fetai wc:

F = ma,

ìpou a eÐnai h epit�qunsh tou swmatidÐou.
An h dÔnamh eÐnai epiplèon diathrhtik  F = −∇U tìte mporeÐ na perigrafeÐ wc h bajmÐda
enìc bajmwtoÔ dunamikoÔ kai tìte o nìmoc tou NeÔtwna gr�fetai:

m
dv

dt
= −∇U. (2.1)

Mia enallaktik  graf , thc klassik c mhqanik c, apoteleÐ h exÐswsh Lagrange:

L = T − V (2.2)

31
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ìpou T eÐnai h kinhtik  enèrgeia tou swmatidÐou:

T =
1

2
mv2 (2.3)

H Lagrange eÐnai sun�rthsh twn suntetagmènwn qi (èstw, q1 = x, q2 = y, q3 = z) kai twn
qronik¸n touc parag¸gwn q̇i(q̇1 = vx, q̇2 = vy, q̇3 = vz). Sto Lagrangian formalismì o
nìmoc thc kÐnhshc perigr�fetai me thn exÐswshEuler-Lagrange:

d

dt

(∂L
∂q̇i

)
=
∂L

∂qi
. (2.4)

OrÐzoume th dr�sh enìc sust matoc:

S =

∫
t1

t2

L(q, q̇) (2.5)

H arq  el�qisthc dr�shc upagoreÔei ìti apì ìlouc tic dunatèc diadromèc to swmatÐdio ja
epilèxei ekeÐnh gia thn opoÐa elaqistopoieÐtai h dr�sh. Qr simh eÐnai h akìloujh melèth miac
mikr c metabol c sth diadrom  tou swmatidÐou:

q(t) → q′(t) = q(t) + δq(t) (2.6)

me sunoriakèc sunj kec:

δq(t1) = δq(t2) = 0 (2.7)

O upologismìc èqei wc ex c:

S → S′ =

∫
t1

t2m

2

( d
dt
(q + δq)

)2
(2.8)

S′ =

∫
t1

t2(m
2
q̇2 +mq̇δq̇ − [V (q) + δqV ′(q)]

)
dt+O(δq2) (2.9)

S′ = S +

∫
t1

t2

mq̇δq̇ − δqV ′(q)dt (2.10)

S′ = S + δS (2.11)

δS =

∫
t1

t2

mq̇δq̇ − δqV ′(q)dt (2.12)
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Me thn efarmogh twn sunoriak¸n sunjhk¸n:∫
t1

t2

(mq̇δq̇)dt = mq̇δq|t1
t2 −

∫
t1

t2

mδqq̈dt = −
∫
t1

t2

mδqq̈dt (2.13)

δS = −
∫
t1

t2

[mδqq̈ + δqV ′(q)]dt = 0 (2.14)

mq̈ = −V ′(q). (2.15)

pou eÐnai h Ðdia perigraf  me to nìmo tou NeÔtwna. ApaloÐfetai epomènwc stadiak� h
axiwmatik  perigraf  thc kÐnhshc mèsw twn dun�mewn kai oristikopoieÐtai h perigraf  mèsw
twn dunamik¸n allhlepÐdrashc. Autì ja sumb�llei peraitèrw sthn eisagwg  thc ènnoiac
tou pedÐou.

2.1.1 Exis¸seic Euler - Lagrange

'Ena swmatÐdio, apì th fÔsh tou, eÐnai mia entopismènh ontìthta; antikeÐmeno thc klassik c
mhqanik c eÐnai o upologismìc thc jèshc sunart sei tou qrìnou: x(t), y(t), z(t). 'Ena pedÐo,
apì thn �llh pleur�, entopÐzetai se mia perioq  tou q¸rou; sth jewrÐa pedÐou to kÔrio
endiafèron strèfetai wc proc ton upologismì enìc   perissotèrwn sunart sewn jèshc kai
qrìnou: ϕi(xµ). Jewr¸ntac epomènwc ìti o formalismìc gia th Lagrangian epekteÐnetai
an�loga se èna suneqèc sÔsthma suntetagmènwn me suneq¸c paragwgÐsimec suntetagmènec,
sunep�getai gia th Lagrange (tupik� Lagrangian puknìthta) L(φ, ∂µφ) (bl. Ex.(2.4) ):

∂µϕi ≡
∂ϕi
∂xµ

(2.16)

H arister  pleur� thc Ex. (2.4) periel�mbane mìno qronikèc parag¸gouc; epomènwc mia
sqetikistik  jewrÐa prèpei na antimetwpÐzei ìmoia tic qwrikèc kai qronikèc parag¸gouc me
òsouc ìrouc � kai telik� oi exis¸seic Euler-Lagrange genikeÔontai:

∂µ

( ∂L

∂(∂µϕi)

)
=
∂L

∂ϕi
. (2.17)

H dr�sh ja èqei wc ex c (gia touc akìloujouc upologismoÔc qrhsimopoieÐtai mia sunist¸sa
pedÐou):

S =

∫
L(φ, ∂µφ, x

µ)d4x (2.18)

Efarmìzoume xan� thn arq  twn metabol¸n gia ta x kai φ:

xµ → x′
µ
= xµ + δxµ (2.19)
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φ(xµ) → φ′(xµ) = φ(xµ) + δφ(xµ) (2.20)

kai h metabol  sth dr�sh:

δS =

∫
L(φ′, ∂µφ

′, x′
µ
)d4x′ −

∫
L(φ, ∂µφ, x

µ)d4x (2.21)

kai d4x′ = J(x
′

x )d
4x, me J(x

′

x ) thn Jacobian tou metasqhmatismoÔ. Ed¸ loipìn ja eÐnai:

J
(x′
x

)
= det

(∂x′µ
∂xλ

)
= det(δλ

µ + ∂λδx
µ) = 1 + ∂µ(δx

µ) (2.22)

'Ara h metabol  sth dr�sh eÐnai:

δS =

∫
L(φ′, ∂µφ

′, x
′µ)
(
∂µ(δx

µ)
)
d4x−

∫
L(φ, ∂µφ, x

µ)d4x (2.23)

δS =

∫ (
L′ − L′ + L(φ′, ∂µφ

′, x′
µ
)∂µ(δx

µ)
)
d4x (2.24)

kai

δL =
∂L

∂φ
δφ+

∂L

∂(∂φ)
δ(∂φ) +

∂L

∂xµ
δxµ (2.25)

en¸ ìpwc faÐnetai apì thn (2.77), (2.20) ja eÐnai δ(∂µφ) = ∂µδφ. Opìte:

δS =

∫ (
∂L

∂φ
δφ+

∂L

∂(∂µφ)
∂µ(δφ) +

∂L

∂xµ
+ L∂µ(Lδx

µ)

)
d4x (2.26)

δS =

∫
R

(
∂L

∂φ
δφ+

∂L

∂(∂µφ)
∂µ(δφ) + ∂µ(Lδx

µ)

)
d4x (2.27)

O trÐtoc ìroc apoteleÐ tèleio diaforikì. Tautìqrona mporoÔme na gr�youme kai ton deÔtero
ìro sac tèleio diaforikì me th bo jeia tou kanìna thc alusÐdac:

∂L

∂(∂µφ)
∂µ(δφ) = ∂µ

[
∂L

∂(∂µφ)
(δφ)

]
−

[
∂µ

∂L

∂(∂µφ)

]
δφ (2.28)

'Ara h (2.27) gÐnetai:

δS =

∫
R

(
∂L

∂φ
δφ−

[
∂µ

∂L

∂(∂µφ)

]
δφ+ ∂µ

[ ∂L

∂(∂φ)
(δφ)

]
+ ∂µ(Lδx

µ)

)
d4x

δS =

∫
R

((
∂L

∂φ
−

[
∂µ

∂L

∂(∂µφ)

])
δφ

)
d4x+

∫
R
∂µ

([
∂L

∂(∂µφ)
(δφ)

]
+ (Lδxµ)

)
d4x.
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O teleutaÐoc ìroc mporeÐ na grafeÐ me th bo jeia tou Jewr matoc Gauss ¸c ex c:

δS =

∫
R

((
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
δφ

)
d4x+

∫
∂R

[
∂L

∂(∂µφ)
δφ+ Lδxµ

]
dσµ (2.29)

Jètontac se isqÔ kai ed¸ tic sunoriakèc sunj kec:

δφ = 0, δxµ = 0 (2.30)

kai epomènwc mhdenÐzetai o deÔteroc ìroc.
All� apì thn arq  thc el�qisthc dr�shc mhdenÐzetai kai o pr¸toc ìroc. Sunep¸c:

∂L

∂φ
− ∂µ

∂L

∂(∂µφ)
= 0 (2.31)

èqei prokÔyei h perÐfhmh exÐswsh Euler-Lagrange kai perigr�fei to pedÐo φ. O upologismìc
thc exÐswshc Euler-Lagrange gia k�je Lagrangian apoteleÐ mia akìma epal jeush.

2.1.2 Pragmatikì pedÐo - Exagwg  thc Klein-Gordon

PaÐrnontac wc Lagrangian thn:

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 (2.32)

dÐnei:

∂L

∂φ
= −m2φ,

∂L

∂(∂φ)
=

1

2

(
∂

∂(∂α)
gµν∂µφ∂νφ

)
=

1

2

(
gµν∂νφδµ

α + gµν∂µφδν
α
)

kai telik�
∂µ∂

µφ+m2φ = 0 (2.33)

gnwst  kai wc Klein-Gordon.

2.1.3 Migadikì pedÐo - Exagwg  thc Dirac

Se aut  thn perÐptwsh h upì exètash Lagrangian eÐnai:

L = iψ̄γµ(∂µψ)−mψ̄ψ = −i(∂µψ̄)γµψ −mψ̄ψ (2.34)

kai epomènwc h Euler-Lagrange ja èqei:

∂L

∂ψ̄
= −mψ, ∂L

∂(∂µψ̄)
= −iγµψ, ∂L

∂ψ
= −mψ̄, ∂L

∂(∂µψ)
= iψ̄γµ
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iγµ(∂µψ)−mψ = 0, i(∂µψ̄)γ
µ +mψ̄ = 0

Oi teleutaÐec exis¸seic eÐnai oi exis¸seic Dirac gia ta pedÐa ψ, ψ̄ .
H L sth sqetikistik  kbantik  jewrÐa pedÐou, ìpwc orÐsthke, lamb�netai axiwmatik�. H
Lagkratzian  gia èna sugkekrimèno sÔsthma eÐnai monadik ; o pollaplasiasmìc thc Lag-
kratzian c me mia stajer�   h prìsjesh s�ut  miac apìklishc, ∂µMµ, ìpouMµ eÐnai opoia-
d pote sun�rthsh thc ϕi kai ∂µϕi. Oi ìroi autoÐ ja apaleifjoÔn kat� thn efarmog  thc
Euler-Lagrange, ìpwc �llwste ja faneÐ kai sth sunèqeia.

2.1.4 Exis¸seic Maxwell

AxioshmeÐwto endiafèron parousi�zei h exagwg  twn exis¸sewn Maxwell me thn parap�nw
jewrÐa. H Lagrangian gia aut  th perÐptwsh:

L = −1

4
FµνF

µν − jµA
µ (2.35)

kai me Fµν = ∂µAν − ∂νAµ. AkoloujoÔn oi upologismoÐ:

∂L

∂Aν
= − ∂

∂Aν
gµρjµAρ = −gµρjµδρν = −jν (2.36)

∂L

∂(∂µAν)
= −1

4

∂

∂(∂µAν)

[
(∂ρAσ − ∂σAρ)(∂

σAρ − ∂ρAσ)
]
=

= −1

4

∂

∂(∂µAν)
(∂ρAσ − ∂σaρ)(g

ρβgσα∂βAα − gσαgρβ∂αAβ) =

= −1

4

∂

∂(∂µAν)
gσαgρβ(∂ρAσ∂βAα − ∂ρAσ∂αAβ − ∂σAρ∂βAα + ∂σAρ∂αAβ) =

= −1

2
gσαgρβ(δρ

µδσ
ν∂βAα − δρ

µδσ
ν∂αAβ − δρ

νδσ
µ∂betaAα + δρ

νδσ
µ∂αAβ) =

= −(∂µAν − ∂νAµ) (2.37)

'Ara

− jν + ∂µF
µν = 0 (2.38)

pou afor� tic mh omogeneÐc exis¸seic Maxwell. Sth sunèqeia thc anafor�c aut c ja ako-
louj soun epiplèon stoiqeÐa thc kbantik c hlektrodunamik c.
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2.2 Je¸rhma Noether

H sÔndesh metaxÔ summetrÐac kai nìmwn diat rhshc epitugq�netai mèsw tou Jewr matoc No-
ether. Mil¸ntac gia summetrÐec ed¸ ennooÔme th diat rhsh thc posìthtac
thc dr�shc analloÐwthc k�tw apì metasqhmatismoÔc twn suntetagmènwn
tou qwrìqronou xµ kai tou pedÐou φ . Genikìtera h Ôparxh summetrÐac sqetÐzetai
me th diat rhsh orismènwn posot twn ìpwc p.q. enèrgeiac, orm c kai stroform c. Epish-
maÐnoume akìmh ìti ìla ta akìlouja aformìntai apì thn arq  twn metabol¸n, h opoÐa se
aut  thn perÐptwsh ja katadeÐxei thn dunat  Ôparxh k�poiac summetrÐac.
Xekin¸ntac kai p�li me tic metabolèc twn x kai φ:

xµ → x
′µ = xµ + δxµ (2.39)

φ(x) → φ′(x) = φ(x) + δφ(x)

φ(x′) → φ′(x′) = φ(x′) + δφ(x′)
(2.40)

Ousiastik� h teleutaÐa metatrop  prèpei na genikeuteÐ sthn akìloujh:

φ(x) → φ′(x′) = φ(x′) + ∆φ(x) (2.41)

kai isqÔei:

∆φ(x) = φ′(x′)− φ(x′)− φ(x) ⇒
∆φ(x) = δφ+ (∂µφ)δx

µ ⇒
∆φ(x) = δφ+ (δφ)δxµ

(2.42)

IsqÔei sunep¸c ìti h dr�sh den metabl jhke.
Sth sunèqeia exet�zontai oi idiìthtec tou q¸rou anafor�c R. Sugkekrimèna den apaitoÔme
mhdenismì twn metabol¸n δφ = 0, δxµ = 0 sto sÔnoro kai epomènwc apì thn (2.29):

δS =

∫
R

((
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
δφ

)
d4x+

∫
∂R

[
∂L

∂(∂µφ)
δφ+ Lδxµ

]
dσµ ⇒

δS =

∫
R

[(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
δφ

]
d4x+

∫
∂R

[
∂L

∂(∂µφ)
[δφ+ (∂νφ)δx

ν ]−

[
∂L

∂(∂µφ)
(∂νφ)− Lδν

µ

]
δxν

]
dσµ (2.43)

Sthn teleutaÐa èqei prosjafairejeÐ o ìroc ∂L
∂(∂µφ)

(∂νφ)δx
ν .

O pr¸toc ìroc pou brÐsketai sthn agkÔlh sto epifaneiakì olokl rwma, ìpwc parathroÔme,
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ekfr�zei thn olik  metabol ∆φ ìpwc orÐsthke parap�nw. OrÐzetai sth sunèqeia o tanust c
enèrgeiac -orm c:

θν
µ =

∂L

∂(∂µφ)
(∂νφ)− Lδν

µ (2.44)

Sunep¸c h metabol  thc dr�shc gr�fetai:

δS =

∫
R

[(∂L
∂φ

− ∂µ
∂L

∂(∂µφ)

)
δφ
]
d4x+

∫
∂R

[ ∂L

∂(∂µφ)
∆φ− θν

µδxν
]
dσµ (2.45)

Upojètontac ìti h dr�sh eÐnai analloÐwth k�tw apì mia om�da metasqhmatism¸n twn xµ kai
φ. EpÐshc upojètontac pwc to pedÐo φ ikanopoieÐ tic exis¸seic Euler - Lagrange, to pr¸to
olokl rwma thc (2.45) mhdenÐzetai. H apaÐthsh tou mhdenismoÔ thc dr�shc odhgeÐ gia tic
apeirostèc metabolèc: ∫

∂R

[ ∂L

∂(∂µφ)
∆φ− θν

µδxν
]
dσµ = 0

kai epeid  akrib¸c oi par�metroi δων eÐnai tuqaÐec, ja isqÔei:∫
∂R
Jν

µdσµ = 0 (2.46)

ìpou to diathroÔmeno reÔma Noether ja eÐnai:

Jµ
ν =

∂L

∂(∂µφ)
Φν − θκ

µXν
κ (2.47)

Efarmìzontac to Je¸rhma Gauss gia th perioq  R:

(2.46) ⇒
∫
R
∂µJν

µd4x = 0

∂µJν
µ = 0 (2.48)

Epomènwc xekin¸ntac apì thn apaÐthsh gia thn analloi¸thta thc dr�shc k�tw apì apeiro-
stoÔc metasqhmatismoÔc δω kai enisqÔontac tautìqrona thn isqÔ tou arq c aut c, apodeÐ-
qjhke telik� h Ôparxh enìc diathroÔmenou reÔmatoc Jν

µ. Epomènwc èqoume thn epikr�thsh
tou sq matoc:(

pedÐo φ ikanopoÐhsh thc E. - L.
)
≡
(
Ôparxh diathroÔmenou reÔmatoc

)
Jewr¸ntac, sth sunèqeia, stajerì qrìno genniètai èna diathroÔmeno sto q¸ro fortÐo pou
antistoiqeÐ sthn J0 sunist¸sa tou reÔmatoc.

Qν =

∫
V
∂ν

0d3x (2.49)



2.2. JE�WRHMA NOETHER 39

To parap�nw apotèlesma èqei prokÔyei wc olokl rwsh sto q¸ro V thc Ex. (2.48):∫
V
∂µJν

µd3x = 0

∫
V
∂0Jν

0d3x+

∫
V
∂iJν

id3x = 0 (2.50)

Efarmìzontac to Je¸rhma Stokes xan� sto deÔtero mèloc thc Ex. (2.50) prokÔptei èna
epifaneiakì olokl rwma. To olokl rwma autì mhdenÐzetai paÐrnontac thn epif�neia olo-
kl rwshc polÔ makri�. 'Ara:

∂0Jν
0d3x = 0

d

dt

∫
V
Jν

0d3x =
d

dt
Qν = 0 (2.51)

epomènwc èqei prokÔyei èna diathroÔmeno fortÐo. Autì eÐnai kai to Je¸rhma thc Noe-
ther. Sugkentrwtik�:

∂µJν
µ = 0,

d

dt
Qν = 0 (2.52)

Oi efarmogèc tou Jewr matoc eÐnai pollèc sth fusik  stoiqeiwd¸n swmatidÐwn.

2.2.1 Melèth tou J. Noether gia th summetrÐa metatìpishc sto
q¸ro - diat rhsh enèrgeiac kai orm c

Jewr¸ntac analloÐwth th dr�sh k�tw apì metatopÐseic sto q¸ro kai sto qrìno, ja isqÔei:

∆xµ = εµ,∆φ = 0 ⇒ (??) ⇒ Xν
µ = δν

µ,Φµ = 0 (2.53)

Epomènwc to diathroÔmeno reÔma ja eÐnai apì thn (Ex. (2.47) ):

Jν
µ = −θνµ (2.54)

kai apì thn Ex.(2.51)o antÐstoiqoc nìmoc diat rhshc Noether èqei:

d

dt

∫
V
θν

0d3x = 0 (2.55)

H posìthta ìmwc Pν =
∫
V θν

0d3x onom�zetai tetraorm  tou pedÐou ϕ, ìpwc ja apodeiqjeÐ.
O tanust c enèrgeiac - orm c epomènwc eÐnai:∫

θ0
0d3x =

∫ [ ∂L

∂(∂0φ)
(∂0φ)− L

]
d3x =

∫ [∂L
∂φ̇

φ̇− L
]
d3x (2.56)
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'Omwc h sÔndesh thc Hamiltonian kai thc Lagrangian èqei:

H =
∑
i

piq̇i − L =
∑
i

∂L

∂q̇i
q̇i − L (2.57)

kai epomènwc to olokl rwma thc (2.56) den eÐnai tÐpote �llo apì thn èkfrash thc Hamil-
tonian kai epomènwc èkfrash thc enèrgeiac tou pedÐou φ. Epomènwc gia th perÐptwsh twn
pedÐwn, h posìthta ∂φ∂xµ eÐnai èna tetr�nusma k�tw apì touc metasqhmatismoÔc Lorentz
akrib¸c ìpwc kai h tetraorm . Epomènwc, èstw èna sÔsthma tou opoÐou h Lagrangian kai
sunep¸c kai h dr�sh den exart�tai apì to xµ, tìte ja èqoume diat rhsh thc enèrgeiac kai
thc orm c.
'Estw gia par�deigma h Lagrangian tou pedÐou Klein-Gordon. DÐnetai:

LKG =
1

2
∂µφ∂

µφ− 1

2
m2φ2 (2.58)

'Ara o tanust c enèrgeiac - orm c, ìpwc faÐnetai kai apì thn (2.44):

θµν = ∂µφ∂νφ− gµνL (2.59)

O tanust c enèrgeiac - orm c pou èqei epilegeÐ eÐnai summetrikìc wc proc thn enallag  twn
µ, ν. K�ti tètoio ìmwc den eÐnai aparaÐthto na sumbaÐnei. Ja mporoÔsame gia par�deigma na
prosjèsoume ènan ìro:

∂µf
λµν , ìpou fλµν = −fµλν   ∂µ∂λf

λµν = 0 (2.60)

opìte mporoÔme pia na orÐsoume thn posìthta:

Tµν = θµν + ∂λf
λµν (2.61)

h posìthta aut  onom�zetai kanonikìc telest c enèrgeiac - orm c.

2.2.2 Melèth J. Noether gia th summetrÐa wc proc tic strofèc
sto q¸ro - diat rhsh stroform c

Mia epipleìn efarmog  tou nìmou Noether ègkeitai sthn perÐptwsh pou h dr�sh eÐnai anal-
loÐwth k�tw apì strofèc sto q¸ro. Me b�sh to analloÐwto thc dr�shc:

δxi = εijxj , εij = −εji, i, j,= 1, 2, 3 (2.62)

∆φ = 0 (2.63)
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'Opwc gÐnetai fanerì apì thn Ex. (2.62) oi metatopÐseic sto q¸ro kai sto qrìno eÐnai
upoom�da thc om�dac Lorentz, genikeÔontac epomènwc:

δxµ = εν
µxν , εµν = −ενµ (2.64)

Kai epomènwc oi metasqhmatismoÐ paÐrnoun th morf :

δxµ = Xρσ
µερσ, Xρσ

µ =
1

2
(δρ

µxσ − δσ
µxρ),∆φ = 0 (2.65)

Efarmìzontac sth sunèqeia ton tÔpo gia to diathroÔmeno reÔma Noether (èqontac qrhsi-
mopoi sei ton kanonikì tanust  enèrgeiac - orm c kai ìqi ton tanust  pou anafèretai ston
tÔpo) ja isqÔei (2.54) , (2.61):

Jµρσ = −TκµXκρσ = −1

2
(Tµρxσ − Tµσxρ) (2.66)

H diat rhsh tou reÔmatoc faÐnetai apì:

∂µJ
µρσ = −1

2

(
(∂µT

µρ)xσ + Tµρδµ
σ − (∂µT

µσ)xρ − Tµσδµ
ρ
)

(2.67)

All� ∂µTµρ = ∂µT
µσ = 0 apì upologismoÔc sÔmfwna me tihn (2.61) kai epomènwc:

∂µJ
µρσ = −1

2
(T σρ − T ρσ) = 0 (2.68)

Telik�, to diathroÔmeno fortÐo eÐnai:

Mµν =

∫
(T 0µxν − T 0νxµ)d3x (2.69)

To stoiqeÐo gia µ = 0 eÐnai h stroform  tou sust matoc. Dhlad , sÔmfwna me to J.
Noether:

d

dt
Mµν = 0 (2.70)

Sugke•ntrwtik� ja lègame ìti h apaÐthsh analloi¸thtac thc Lagrange kai sth sunèqeia h
diat rhsh thc dr�shc k�tw apì strofèc sto q¸ro, mac od ghse me th bo jeia tou Jew-
r matoc thc Noether sthn diat rhsh reÔmatoc kai diat rhsh fortÐou gia to sÔsthm� mac.
H stroform  ja eÐnai mia diathroÔmenh posìthta. 'Allwste h diat rhsh thc stroform c
epèballe th qr sh tou kanonikoÔ tanust  enèrgeiac - orm c (bl. Ex. (2.66 ) ), dhlad  th
summetropoÐhsh tou tanust  mac.
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2.3 OlikoÐ metasqhmatismoÐ bajmÐdac

K�noume loipìn mia mikr  par�kamyh gia na exhghjoÔn oi olikoÐ metasqhmatismoÐ bajmÐdac
kai mèsa apì autoÔc na anadeiqjeÐ h axÐa twn topik¸n metasqhmatism¸n bajmÐdac. Mèqri
t¸ra oi summetrÐec pou èqoume sunant sei eÐnai h summetrÐa wc proc tic strofèc kai h sum-
metrÐa wc proc th metatìpish se q¸ro Minkowski. Oi antÐstoiqec diathroÔmenec posìthtec
up rxan h stroform  kai h enèrgeia - orm .
H fusik  apaiteÐ kai thn Ôparxh miac epiprìsjethc diathroÔmenhc posìthtac. H diat rhsh
tou hlektrikoÔ fortÐou krÔbei mia epiprìsjeth summetrÐa. H zhtoÔmenh summetrÐa epib�llei
me thn seir� thc thn metabol  tou pedÐou Φµ, afoÔ ìlec oi pijanèc peript¸seic sqetikèc
me to Xν

µ èqoun  dh exetasteÐ. 'Amesa diereun�tai h Ôparxh perissotèrwn tou enìc baj-
mwt¸n pedÐwn. H pr¸th perÐptwsh, twn dÔo bajmwt¸n pedÐwn sunep�getai th melèth enìc
migadikoÔ pedÐou ϕ. Autì to pedÐo perigr�fetai apì thn Lagrangian Klein-Gordon, h opoÐa
exet�sthke parap�nw (bl. Ex.(2.58) ). IsqÔei:

L = ∂µφ∂
µφ∗ −m2φφ∗ (2.71)

ap' ìpou prokÔptei h Klein-Gordon gia ta dÔo pedÐa:

∂µ∂
µφ+m2φ = 0, ∂µ∂

µφ∗ +m2φ∗ = 0 (2.72)

Y�qnoume mia summetrÐa thc Lagrangian kai h opoÐa ja sundèetai mèsw tou Je¸rhmatoc
thc Noether me th diat rhsh tou (hlektrikoÔ) fortÐou. Parathr¸ntac th Lagrangian,
diapist¸netai ìti aut  paramènei analloÐwth k�tw apì to metasqhmatismì:

φ→ φ′ = e−iαφ, φ∗ → φ
′∗ = eiαφ∗ (2.73)

ìpou α eÐnai mia pragmatik  aujaÐreth stajer� 1 . Pr�gmati eÐnai:

L→ L′ = e−iα(∂µφ)e
iα(∂µφ∗)−m2e−iαφeiαφ∗ = ∂µφ∂

µφ∗ −m2φφ∗ = L

ParathroÔme oti o metasqhmatismìc pr¸tou eÐdouc, ìpwc orÐsthke den exart�tai apì to
qwrìqrono. Sunep¸c kai to zhtoÔmeno, eÐnai na brejeÐ mia �eswterik  summetrÐa�. EÐnai:

Φ = −iφ, Φ∗ = iφ∗, X = 0. (2.76)

1AxÐzei se autì to shmeÐo na anaferjoÔme stouc metasqhmatismoÔc autoÔc, gnwstoÔc wc metasqhmati-
smoÐ pr¸tou eÐdouc   gauge metasqhmatismoÐ (metasqhmatismoÐ f�shc ousiastik�). Jewr¸ntac apeirostèc
metabolèc eiα ≈ 1 + iα :

δφ = −iαφ, δφ∗ = iαφ∗ (2.74)

kai sunep¸c:
δ(∂µφ) = −iα∂µφ, δ(∂µφ

∗) = −iα∂µφ
∗ (2.75)
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Efarmìzontac to J. Noether (Ex. (2.47) ) paÐrnoume to diathroÔmeno reÔma:

Jµ =
∂L

∂(∂µφ)
(−iφ) + ∂L

∂(∂µφ∗)
iφ∗ (2.77)

Antikajist¸ntac th Lagrangian:

Jµ = −iφ∂µφ∗ + iφ∗∂µφ = i(φ∗∂µφ− φ∂µφ∗) (2.78)

H diat rhsh tou reÔmatoc apodeiknÔetai jewr¸ntac dÔo Klein-Gordon kai tic opoÐec ja
ikanopoioÔn ta pedÐa. Wc akoloÔjwc:

∂µJ
µ = i(∂µφ

∗∂µφ+ φ∗∂µ∂
µφ− ∂µφ∂

µφ∗ − φ∂µ∂
µφ∗)

∂µJ
µ = i(φ∗∂µ∂

µφ− φ∂µ∂
µφ∗) = i(−φ∗m2φ+ φm2φ∗) = 0 (2.79)

Telik�, h diathroÔmenh posìthta dÐnetai:

Q =

∫
J0dV = i

∫ (
φ∗ ∂

∂t
φ− φ

∂

∂t
φ∗) (2.80)

H posìthta aut  eÐnai to diathroÔmeno hlektrikì fortÐo, ìpwc anafèretai kai sthn arq 
thc paragr�fou. Prìkeitai gia posìthta pou den eÐnai kbantwmènh (den perièqei th stajer�
tou Plank ~. EpÐshc o parap�nw orismìc apodeiknÔei oti prìkeitai gia posìthta pou den
exart�tai apì to qrìno (dhlad  dQ

dt = 0).

2.3.1 Eisagwg  thc om�dac U(1)

IdiaÐtero endiafèron apokt� h eisagwg  om�dwn summetrÐac. Sugkekrimèna, h Lagrangian
ja eÐnai (bl. Ex.(2.71) ) gia dÔo bajmwt� pedÐa φ1, φ2

L =
1

2
∂µφ1∂

µφ1 +
1

2
∂µφ2∂

µφ2 −
1

2
m2(φ1

2 + φ2
2) (2.81)

An�loga, jewroÔme ta dÔo pedÐa wc stoiqeÐa enìc dianusmatikoÔ pedÐou φ mèsa se q¸ro me
dianÔsmata b�shc i kai j:

φ = iφ1 + jφ2 (2.82)

Epomènwc, h Lagrangian xanagr�fetai wc ex c:

L =
1

2
∂µφ∂

µφ− 1

2
m2φ ·φ (2.83)

Oi metasqhmatismoÐ xanagr�fontai epÐshc:

φ→ φ′ = φ1
′ + iφ2

′ = e−iα(φ1 + iφ2)

φ∗ → φ
′∗ = φ1

′ − iφ2
′ = eiα(φ1 − iφ2)

(2.84)
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Telik� prokÔptei:
φ1

′ = φ1cosα+ φ2sinα (2.85)

φ2
′ = −φ1sinα+ φ2cosα (2.86)

Me th morf  pin�kwn epomènwc: (
φ1

′

φ2
′

)
O metasqhmatismìc pr¸tou eÐdouc apoteleÐ mia strof  kat� α ston eswterikì dusdi�stato
q¸ro tou pedÐou φ. Oi strofèc autèc apoteloÔn stoiqeÐa thc om�dac SO(2). Epiplèon, ìmwc
o pÐnakac tou metasqhmatismoÔ eÐnai Unitary:

U†U = 1 → (2.87)(
cosα sinα
−sinα cosα

)(
cosα −sinα
sinα cosα

)
=

(
1 0
0 1

)
Prìkeitai epomènwc gia thn om�da U(1) 2. IsqÔei SO(2) ∼ U(1). Telik�, h Lagrangian èqei
U(1) summetrÐa kai perissìterh èmfash ja dwjeÐ se epìmenh enìthta.

2.3.2 Topikèc jewrÐec bajmÐdac

Sunep¸c, ìpwc akrib¸c upagoreÔei to J. Noether,  tan h eÔresh miac diathroÔmenhc po-
sìthtac Q h opoÐa prìkuye apì to analloÐwto thc Lagrangian (analloÐwto dr�shc) k�tw
apì touc metasqhmatismoÔc U(1). H ènnoia ìmwc thc eswterik c summetrÐac, pou eis qjei,
anaireÐ to qwroqronikì analloÐwto thc jewrÐac mac. PaÐrnontac to α wc stajer� kai anex�r-
thto tou qwrìqronou, prokÔptei �meso pl gma thc jewrÐac thc Sqetikìthtac. Jewr¸ntac,
sunep¸c to α wc qwroqronik� exartìmenh, epanexet�zoume: (O epìmenoc metasqhmatismìc
pou ja eisaqjeÐ, onom�zetai topikìc metasqhmatismìc bajmÐdac (metasqhmatismìc deutèrou
eÐdouc) )

2.3.3 ExÐswsh Klein-Gordon

'Omoia me prin (bl. Ex. (2.73) ):
φ→ φ′ = e−iαφ (2.88)

Gia polÔ mikrèc metabolèc tou α isqÔei:

δφ = −iαφ (2.89)

∂µφ→ ∂µφ− iα∂µφ− i(∂µα)φ (2.90)

δ∂µφ = −iα∂µφ− i(∂µα)φ (2.91)

2bl. Par�rthma A
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'Omoia gia to suzugèc:

δφ∗ = iαφ∗, δ∂µφ
∗ = iα∂µφ

∗ + i(∂µα)φ
∗ (2.92)

Parathr¸ntac tic parag¸gouc gia ta dÔo pedÐa, prokÔptei oti h par�gwgoc thc φ den me-
tasqhmatÐzetai akrib¸c ìpwc h φ, dhlad  den prìkeitai gia sunalloÐwto metasqhmatismì.
All� epipleìn ja prokÔyei mia �llh shmantik  plhroforÐa. ExaitÐac twn ìrwn pou prìeku-
yan apì th parag¸ghsh tou α h Lagrangian den paramènei pia analloÐwth. ApodeiknÔetai:

δL = δ(∂µφ∂
µφ∗ −m2φφ∗)

δL = δ(∂µφ)∂
µφ∗+∂µφδ(∂

µφ∗)−m2δ(φφ∗)

δL = [−iα∂µφ− i(∂µα)φ]∂
µφ∗ + ∂µφ[iα∂

µφ∗ + i(∂µα)φ∗]−m2 · 0
δL = (∂µα)(− iφ∂µφ∗ + iφ∗∂µφ)

δL = (∂µα)J
µ (2.93)

Dokim�zontac na epanèljei h Lagrangian sthn analloÐwth morf  ja prostejeÐ o ìroc:

L1 = −eJµAµ = −ie(φ∗∂µφ− φ∂µφ∗)Aµ (2.94)

'Htan epomènwc anagkaÐa h eisagwg  tou tetradianÔsmatoc: Aµ, to opoÐo apokt� sÔzeuxh
me to diathroÔmeno reÔma. H posìthta e èqei prostejeÐ ¸ste h posìthta eAµ na apokt�
mon�dec Ðdiec me autèc tou ∂

∂xµ . Sth sunèqeia, exet�zetai epomènwc o metasqhmatismìc tou
Aµ. Efìson to Aµ ja anaireÐ ton ìro sto δL , ja eÐnai:

Aµ → Aµ +
1

e
∂µα (2.95)

'Ara h metabol  sthn L1 ja eÐnai:

δL1 = −e(δJµ)Aµ − eJµ(δAµ)

δL1 = −e(δJµ)Aµ − Jµ(∂µα) (2.96)

En¸, h metabol  sthn olik  Lagrangian ja eÐnai:

δL = δL+ δL1 = (∂µα)J
µ − e(δJµ)Aµ − Jµ(∂µα) = −e(δJµ)Aµ (2.97)

H ex�leiyh ìmwc tou zhtoÔmenou ìrou, od ghse tautìqrona sth dhmiourgÐa enìc epiprìsje-
tou, o opoÐoc me th seir� tou ja exaleifjeÐ me th prìsjesh enìc nèou, wc akoloÔjwc:

δJµ = iδ(φ∗∂µφ− φ∂µφ∗) = i[(δφ∗)∂µφ+φ∗(δ∂µφ)− (δφ)∂µφ∗ − φ(δ∂µφ∗)]

δJµ = i[(iαφ∗)∂µφ+ φ∗[−iα∂µφ− i(∂µα)φ]− (−iαφ)∂µφ∗ − φ[iα∂µφ∗ + i(∂µα)φ∗]]

δJµ = 2φφ∗(∂µα) (2.98)
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'Ara:

δL = −2eAµ(∂
µα)φφ∗ (2.99)

Gia na exaleifjeÐ autìc o ìroc ja prèpei na prostejeÐ sth Lagrangian o akìloujoc ìroc:

L2 = e2(Aµ)
2φ∗φ = e2AµA

µφ∗φ (2.100)

H metabol  tou ìrou autoÔ upologÐzetai:

δL2 = 2e2AµδA
µφ∗φ = 2eAµ(∂

µα)φ∗φ (2.101)

Apì tic exis¸seic (2.99), (2.101):

δLtot = δL+ δL1 + δL2 = 0 (2.102)

All� kai h olik  Lagrangian Ltot = L+L1+L2 eÐnai plèon analloÐwth k�tw apì topikoÔc
U(1) metasqhmatismoÔc bajmÐdac. Sunoptik�, h analloÐwthta aut  epiteÔqjhke me thn
prosj kh enìc nèou pedÐou Aµ, to opoÐo suzeugnÔetai me to reÔma Jµ tou migadikoÔ pedÐou
φ. ProkÔptei abÐasta loipìn ìti prèpei na up�rqei kai ènac ìroc pou ja anafèretai sto
pedÐo Aµ apokleistik�. O ìroc autìc faÐnetai na eÐnai kai o kinhtikìc ìroc gai to pedÐo
Aµ. Akolouj¸ntac thn Ðdia strathgik  kai me b�sh thn analloÐwthta thc (2.102), prèpei
o nèoc ìroc pou ja prostejeÐ na af nei thn Lagrangian analloÐwth. OrÐzoume epomènwc
(ekmetalleuìmenoi idiìthtec tou dianusmatikoÔ logismoÔ) thn tetradi�stath apìklish:

Fµν = ∂µAν − ∂νAµ (2.103)

Pr�gmati, parathreÐtai h analloÐwthta tou ìrou:

Fµν → F ′
µν = ∂µ

(
Aν +

1

e
∂να

)
− ∂ν

(
Aµ +

1

e
∂µα

)
= Fµν (2.104)

O nèoc ìroc pou ja prostejeÐ eÐnai:

L3 = −1

4
FµνFµν (2.105)

Xanagr�foume epomènwc thn (2.102):

Ltot = L+ L1 + L2 + L3  

Ltot = (∂µφ)(∂
µφ∗)− ie(φ∗∂µφ− φ∂µφ∗)Aµ + e2AµA

µφ∗φ−m2φ∗φ− 1

4
FµνFµν

(2.106)
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Anadiat�ssontac epomènwc touc ìrouc:

Ltot = [(∂µ + ieAµ)φ] · [(∂µ − ieAµ)φ∗]−m2φ∗φ− 1

4
FµνFµν  

Ltot = (Dµφ)(D
µφ∗)−m2φ∗φ− 1

4
FµνFµν (2.107)

SugkrÐnontac thn (2.71) me thn (2.107) parathreÐtai pwc pèran tou kinhtikoÔ ìrou gia to
pedÐo Aµ pou èqei prostejeÐ, èqei antikatastajeÐ epiprìsjeta kai h par�gwgoc ∂µ me thn
antÐstoiqh sunalloÐwth 3 par�gwgo Dµ ìpou:

Dµφ = (∂µ + ieAµ)φ (2.110)

2.3.4 Eisagwg  tou hlektromagnhtikoÔ pedÐou

H parap�nw diadikasÐa apok�luye stadiak� thn eisagwg  tou hlektromagnhtikoÔ pedÐou.
Peraitèrw apìdeixh apoteloÔn ta akìlouja. JewroÔme tic exis¸seic Euler-Lagrange:

∂Ltot
∂Aµ

− ∂ν
∂Ltot

∂(∂νAµ)
= 0

ieφ(∂µ − ieAµ)φ∗ − (∂µ + ieAµ)φieφ∗ − ∂νF
µν

∂νF
µν = −ie(φ∗∂µφ− φ∂µφ∗) + 2e2Aµφ∗φ

∂νF
µν = −ie(φ∗Dµφ− φDµφ∗)

∂νF
µν = −eJµ (2.111)

ìpou Jµ eÐnai to antÐstoiqo sunalloÐwto reÔma

Jµ = −i(φ∗Dµφ− φDµφ∗) (2.112)

3H sunalloÐwth par�gwgoc apodeiknÔetai wc ex c:

δ(Dµφ) = δ(∂µφ) + ie(δAµ)φ+ ieAµ(δφ)  

δ(Dµφ) = −iα∂µφ− i(∂µα)φ+ ie
1

e
(∂µα)φ− ieAµiαφ  

δ(Dµφ) = −iα(∂µ + ieAµ)φ  

δ(Dµφ) = −iα(Dµφ) (2.108)

dhlad  metasqhmatÐzetai ìpwc akrib¸c h (2.89). Gia th sunalloÐwth par�gwgo tou φ∗:

Dµφ∗ = (∂µ − ieAµ)φ∗

δ(Dµφ∗) = iα(Dµφ∗) (2.109)

kai èqei oristeÐ kai h sunalloÐwth par�gwgoc tou φ∗
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kai to antÐstoiqo sunalloÐwto reÔma:

Q =

∫
J0dV = −i

∫
(φ∗D0φ− φD0φ∗)dV (2.113)

'Eqoume epomènwc tic mh omogeneÐc exis¸seic Maxwell.
O tanust c Fµν pou eis qjei me thn (2.103) eÐnai o tanust c tou hlektromagnhtikoÔ pedÐou.
To hlektromagnhtikì dunamikì Aµ, allhlepidr� me to reÔma Jµ, me èntash e, dhlad  to
fortÐo tou pedÐou φ. Shmei¸netai, pwc (2.107) den upodeiknÔei ìro m�zac gia to pedÐo Aµ.
GnwrÐzoume, pwc o fore�c tou hlektromagnhtikoÔ pedÐou, to fwtìnio, eÐnai �mazo.
Epibebai¸netai �mesa pwc h Lagrangian (2.107) kai h apaÐthsh gia analloÐwto dÐnoun �maza
pedÐa bajmÐdac. 'Estw ìroc m�zac:

L4 =
1

2
mA

2AµA
µ (2.114)

SÔmfwna me touc U(1) metasqhmatismoÔc bajmÐdac:

L4 → L′
4 =

1

2
mA

2
(
Aµ +

1

e
∂µα

)(
Aµ +

1

e
∂µα

)
(2.115)

L′
4 =

1

2
mA

2AµA
µ +

mA
2

e2
Aµ∂

µα+
1

e2
∂µα∂

µα ̸= L4 (2.116)

K�je ìroc m�zac gia to Aµ pedÐo bajmÐdac, aporrÐptetai. Apì thn anagkaiìthta aut  ja
anadujeÐ o mhqanismìc Higgs pou ja suzhthjeÐ se �llh par�grafo.

2.3.5 ExÐswsh Dirac

Sth sunèqeia exet�zontac thn perÐptwsh twn fermionÐwn kai thc allhlepÐdrashc fermionÐwn
me ta fwtìnia, prèpei na eis�goume th Lagrange tou Dirac:

L = iψ̄γµ∂µψ −mψ̄ψ (2.117)

kai aut  eÐnai analloÐwth k�tw apì topikoÔc U(1) metasqhmatismoÔc.

δψ = −iαψ, δψ̄ = iαψ̄

δ(∂µψ) = −iα∂µψ − i(∂µα)ψ, δ(∂µψ̄) = iα∂µψ̄ + i(∂µα)ψ̄

δL = (∂µα)ψ̄γ
µψ (2.118)

EpÐshc apì to Je¸rhma Noether, to diathroÔmeno reÔma eÐnai:

Jµ =
∂L

∂(∂µψ)
(−iψ) = ψ̄γµψ (2.119)
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kai to antÐstoiqo diathroÔmeno fortÐo:

Q =

∫
ψ̄γ0ψdV =

∫
ψ†γ0γ0ψdV =

∫
ψ†ψdV (2.120)

'Omoia me prin (bl. Ex.(2.112) ):
δL = (∂µα)J

µ (2.121)

Gia thn akÔrwsh tou ìrou pou èqei prokÔyei apì thn parag¸gish tou α ja prostejeÐ o
akìloujoc ìroc:

L1 = −eJµAµ = −eψ̄γµψAµ (2.122)

'Ara h Lagrangian ja p�rei th morf :

L = iψ̄γµ∂µψ −mψ̄ψ +−eJµAµ = −eψ̄γµψAµ (2.123)

ìpou to gauge pedÐo Aµ metasqhmatÐzetai:

Aµ → Aµ +
1

e
∂µα   δAµ =

1

e
∂µα

H sunolik  metabol  sth Lagrange eÐnai:

δL+ δL1 = (∂µα)J
µ − (∂µα)J

µ − e(δJµ)Aµ = −e(δJµ)Aµ (2.124)

IsqÔei ìmwc:

δJµ = (δψ̄)γµψ + ψ̄γµ(δψ)

δJµ = iαψ̄γµψ − ψ̄γµiαψ = 0 (2.125)

O kinhtikìc ìroc ja prostejeÐ kai p�li:

L2 = −1

4
FµνFµν (2.126)

sunep¸c, h olik  Lagrangian eÐnai:

Ltot = iψ̄γµ(Dµψ)−mψ̄ψ − 1

4
FµνFµν (2.127)

me th sunalloÐwth par�gwgo na dÐnetai apì thn (2.110). Epomènwc perigr�fetai h allhlepÐ-
drash hlektrik� fortismènwn fermionÐwn me to hlektromagnhtikì pedÐo. H apaÐthsh gia thn
analloi¸thta tou topikoÔ metasqhmatismoÔ, h opoÐa efarmìzetai sthn eleÔjerh Lagrangian
tou Dirac, anapar�gei ìlh thn hlektrodunamik  kai prosdiorÐzei epiprìsjeta to reÔma pou
par�getai apì ta swmatÐdia Dirac.
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ShmeÐwsh: H jewrÐa pou anaptÔqjhke krÔbei ta ex c: h diafor� metaxÔ olikoÔ kai topikoÔ
gauge metasqhmatismoÔ anakÔptei ìtan upologÐzoume parag¸gouc twn pedÐwn [ ex. (2.118)]:

∂µψ → e−iλ
[
∂µ − i(∂µλ)

]
ψ, (2.128)

ìpou λ(x) ≡ −α(x) oi pollaplasiastèc Lagrange. Dhlad  antÐ gia èna aplì par�gonta
f�shc, dialègoume ènan epiplèon ìro lamb�nontac upìyh kai to ∂µλ. H antikat�stash tou
∂µ apì to Dµ, epomènwc eÐnai mia apl  teqnik  gia na metatrèpoume mia olik  analloÐwth
Lagrangian se mia topik� analloÐwth; to opoÐo kaleÐtai el�qisth sÔzeuxh [bl. ex. (2.123)].
All� h sunalloÐwth par�gwgoc eis�gei èna nèo dianusmatikì pedÐo (Aµ), to opoÐo apaiteÐ th
dik  tou eleÔjerh Lagrangian; epomènwc, me skopì th diat rhsh thc topik c analloi¸thtac,
to gauge pedÐo prèpei na eÐnai �mazo. Autì odhgeÐ sth telik  èkfrash (2.127); prìkeitai
dhlad  gia th Lagkratzian  thc kbantik c hlektrodunamik c - pedÐa Dirac (hlektrìnia kai
pozitrìnia) na allhlepidroÔn me pedÐaMaxwell (fwtìnia). H idèa thc topik c analloi¸thtac
xekÐnhse me thn ergasÐa tou Hermann Weyl to 1919. Wstìso, h isqÔ thc den  tan gnwst 
mèqri tic arqèc thc dekaetÐac tou '70. Sugkekrimèna, o olikìc metasqhmatismìc f�shc (2.88)
mporeÐ na jewrhjeÐ san pollaplasiasmìc tou ψ me èna monadiaÐo 1× 1 di�nusma:

ψ → Uψ, (2.129)

ìpou 4

U †U = 1

2.4 Mh abelianèc topikèc summetrÐec bajmÐdac

5 Sth sÔgqronh fusik  stoiqeiwd¸n swmatidÐwn up�rqoun pollèc om�dec summetrÐac. W-
stìso, h epèktash thc mh-Abelian c Gauge jewrÐac se uyhlìterhc t�xhc om�dec summetrÐac
 rje me thn ergasÐa twn Yang-Mills. H jewrÐa twn Yang-Mills eÐqe san skopì na epekteÐnei
thn analloi¸thta thc jewrÐac Heisenberg stic isqurèc allhlepidr�seic. H mikr  diafor�
m�zac metaxÔ prwtonÐou kai netronÐou, 1.29MeV/c2, ja antapokrinìtan sto sp�simo summe-
trÐac twn hlektromagnhtik¸n allhlepidr�sewn. Gia na antapokrinìtan h jewrÐa èprepe na
brejeÐ mia �mazh isotriplèta gia ta dianusmatik� (spin 1) swmatÐdia. Telik� h mh-Abelian 
Gauge jewrÐa èkane thn emf�nish thc, mèsw thc qrwmodunamik c jewrÐac (SU(3)) kai twn

4bl. Par�rthma A
5 Parìti h jewrÐa twn Yang-Mills eÐnai empneusmènh apì thn Ðdia idèa me th jewrÐa tou Weyl (dhlad :

mia olik  analloi¸thta ja èqei isqÔ kai topik�), h efarmog  thc epèdeixe aut  th for� idiaÐterh shmasÐa
sta ex c: (1) sto topikì metasqhmatismì gia ta pedÐa gauge, kai (2) thn èkfrash tou Fµν me ìrouc tou
Aµ. Kai oi dÔo ìroi prokÔptoun apì to gegonìc ìti h om�da summetrÐac sth sugkekrimènh perÐptwsh
eÐnai mh-Abelian  (2 × 2 pÐnakec den antimetÐjentai, en¸ oi 1 × 1 mporoÔn). Gia na tonÐsoume th diafor�,
anaferìmaste sthn upìjeshWeyl san Abelian  Gauge jewrÐa, kai sthn Yang-Mills san mh-Abelian  Gauge
jewrÐa.
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antÐstoiqwn summetri¸n stic isqurèc allhlepidr�seic all� kai me thn summetrÐa isospÐn -
uperfortÐou stic asjen c allhlepidr�seic.
H enìthta aut  apoteleÐ eisagwg  sth genÐkeush thc mejologÐac pou akoloujeÐtai sth je-
wrÐa om�dwn.
'Estw, loipìn h Lagrangian analloÐwth k�tw apì mia om�da metasqhmatism¸n:

ψ → ψ′ = Uψ (2.130)

Gia na parameÐnei analloÐwth h Lagrangian eis�goume èna kat�llhlo pedÐo Aµ kai sÔmfwna
me thn teleutaÐa parat rhsh, h sunalloÐwth par�gwgoc antikajÐsta thn pr¸terh par�gwgo

∂µψ → Dµψ = (∂µ − igAµ)ψ (2.131)

me g h antÐstoiqh stajer� zeÔxhc. H Lagrangian paramènei analloÐwth ìtan h sunalloÐwth
par�gwgoc metasqhmatÐzetai k�tw apì thn om�da aut , akrib¸c ìpwc kai h ψ. Dhlad :

Dµψ → D′µψ′ = U(Dµψ) (2.132)

To pedÐo Aµ metasqhmatÐzetai:

(∂µ − igA′µ)ψ′ = U(∂µ − igAµ)ψ

(∂µ − igA′µ)Uψ = U(∂µ − igAµ)ψ

∂µ(Uψ)− igA′µUψ = U∂µψ − igUAµψ

−igA′µUψ = U∂µψ − [(∂µ)ψ + U∂µψ]− igUAµψ

−igA′µUψU−1 =− (∂µU)ψU−1 − igUAµψU−1

−igA′µUU−1 =− (∂µU)U−1 − igUAµU−1

A′µ =
i

g
(∂µU)U−1 + UAµU−1 (2.133)

2.4.1 Topik  SU(2) summetrÐa bajmÐdac

Mia �mesh genÐkeush se om�da megalÔterhc summetrÐac (megalÔterou bajmoÔ) apoteleÐ h
je¸rhsh strof¸n ston trisdi�stato eswterikì q¸ro. Tìte to pedÐo èqei treÐc sunist¸sec.
Prìkeitai epomènwc gia pedÐo pou èqei treÐc sunist¸sec:

φ =

 φ1

φ2

φ3

 (2.134)

Epomènwc h apaÐthsh gia analloÐwthta k�tw apì to metasqhmatismì, èqei wc ex c (p.q.
strof  z �xona): φ1

φ2

φ3

→

 φ′
1

φ′
2

φ′
3

 =

 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

 φ1

φ2

φ3

 (2.135)
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Prìkeitai gia thn om�da SO(3),   thn isomorfik  thc SU(2). O pÐnakac metasqhmatismoÔ
thc om�dac aut c ja dÐnetai 6:

U = ei
τi
2
θi(x), i = 1, 2, 3 (2.136)

Jewr¸ntac apeirostèc paramètrouc:

U = I+ i
τi
2
θi(x), i = 1, 2, 3 (2.137)

Apì thn exÐswsh (2.135):

φ→ φ′ =
[
I+ i

τi
2
θi(x)

]
φ =

(
1 +

i

2
θ · τ

)
φ (2.138)

kai h sunalloÐwth par�gwgoc ja grafeÐ:

Dµ = ∂µ − ig2
τi
2
Wµ

i = ∂µ − ig2
τ

2
W µ (2.139)

Ta treÐa pedÐa bajmÐdac antapokrÐnontai stouc treic genn torec thc om�dac. H sunalloÐwth
par�gwgoc ja metasqhmatÐzetai ìpwc akrib¸c kai to φ:

Dµφ→ D′
µφ

′ = UDµφ (2.140)

D′
µφ

′ = (∂µ − ig2
τ

2
W ′

µ)(1 +
i

2
θτ )φ (2.141)

6bl. Par�rthma A, Ex. (75)
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gia W ′
µ = W µ + δW µ kai paÐrnontac ìti: (τ · δW µ)(θ · τ ) = 0 afoÔ prìkeitai gia

apeirostèc paramètrouc, tìte h Ex. (2.140) metasqhmatÐzetai:

D′
µφ

′ = [∂µ − ig2
τ

2
(W µ+δW µ)]

(
1 +

i

2
θτ
)
φ

D′
µφ

′ =
[
∂µ
i

2
(∂µθ)τ − ig2

τ

2
W µ − ig2

τ

2
δW µ −

g2
4
(τ ·W µ)(θτ )

]
φ+

i

2
θτ (∂µφ)

UDµφ =
(
1 +

i

2
θτ
)(
∂µ − ig2

τ

2
W µ

)
φ

UDµφ =
[
∂µ − ig2

τ

2
W µ +

i

2
θτ∂µ +

g2
4
(θ · τ )(τ ·W µ)

]
φ

D′
µφ

′ = UDµφ[
∂µ +

i

2
(∂µθ)τ − ig2

τ

2
W µ − ig2

τ

2
δW µ +

g2
4
(τ ·W µ)(θ · τ )

]
φ+

i

2
θτ (∂µφ)

=
[
∂µ − ig2

τ

2
W µ +

i

2
θτ∂µ +

g2
4
(θ · τ )(τ ·W µ)

]
φ

i

2
(∂µθ)τ − ig2

τ

2
δW µ +

g2
4
(τ ·W µ)(θ · τ ) = g2

4
(θ · τ )(τ ·W µ)

−ig2
τ

2
δW µ =

g2
4
(θ · τ )(τ ·W µ)−

i

2
(∂µθ)τ − g2

4
(τ ·W µ)(θ · τ )

τ · δW µ =
1

g2
(∂µθ)τ +

i

2
[(θ · τ )(τ ·W µ)− (τ ·W µ)(θ · τ )]

IsqÔei:
(c · a)(c · b) = a · b+ ic · (a× b) (2.142)

kai sunep¸c:
(θ · τ )(τ ·W µ) = θ ·W µ + iτ · (θ ×W µ) (2.143)

−(τ ·W µ)(θ · τ ) = −W µ · θ − iτ · (W µ × θ)
−(τ ·W µ)(θ · τ ) = −θ ·W µ) + iτ · (θ ×W µ) (2.144)

'Ara h (??) gÐnetai:

τ · δW µ =
1

g2
(∂µθ)τ +

i

2
[2iτ · (θ ×W µ)]

τ · δW µ = τ
[ 1
g2

(∂µθ)− (θ ×W µ)
]

(2.145)

'Ara o metasqhmatismìc gia ta trÐa pedÐa èqei:

W µ →W ′
µ =W µ +

1

g2
(∂µθ)− (θ ×W µ) (2.146)
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kai se dianusmatik  morf :

Wµ
i →W ′

µ
i
+Wµ

i +
1

g2
(∂µθi)− εijkθjWµ

k (2.147)

ParathreÐtai ìti diaforetikìc nìmoc metasqhmatismoÔ klÐjhke prohgoumènwc apì th summe-
trÐa engU(1) gia th perigraf  tou hlektromagnhtikoÔ pedÐou apì ìti apaiteÐ h SU(2) gia ta
trÐa pedÐa (bl. Ex. (2.95) ). H diafor� entopÐzetai pio sugkekrimèna ston ìro −εijkθjWµ

k

kai o opoÐoc emperièqei th Mh Abelianìthta thc SU(2).
Apomènei epomènwc h eÔresh thc Lagrangian kai epomènwc h eÔresh tou kinhtikoÔ ìrou. 'E-
qontac san klassikì par�deigma thn antimet¸pish thc U(1) gia to hlektromagnhtikì pedÐo,
apomènei na analogistoÔme ta ex c:

Dµ = ∂µ − igAµ (2.148)

ParathreÐtai epomènwc to ex c:

[Dµ,Dν ] = [∂µ − igAµ, ∂ν − igAν ] = −ig(∂µAν − ∂νAµ − ig[Aµ, Aν ]) (2.149)

E�n to pedÐo bajmÐdac oristeÐ:

Gµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] (2.150)

ja eÐnai antÐstoiqa:
[Dµ,Dν ] = −igGµν (2.151)

Gia thn U(1) Abelian  summetrÐa, ja eÐnai:

[Aµ, Aν ] = 0 (2.152)

Sunep¸c prokÔptei o tanust c tou hlektromagnhtikoÔ pedÐou (G ≡ F):

[Dµ,Dν ] =
[
∂µ − ig2

τ

2
W µ, ∂ν − ig2

τ

2
W ν

]
(2.153)

= −ig2
(
∂µ
τ

2
W ν − ∂ν

τ

2
W µ − ig2

[τ
2
W µ,

τ

2
W ν

])
(2.154)

EÐnai: [τ
2
W µ,

τ

2
W ν

]
=

1

4
[(τ ·W µ)(τ ·W ν)− (τ ·W ν)(τ ·W µ)][τ

2
W µ,

τ

2
W ν

]
=

1

4
[W µ ·W ν + iτ · (W µ ×W ν)−W ν ·W µ − iτ · (W ν ×W µ)][τ

2
W µ,

τ

2
W ν

]
= i
τ

2
(W µ ×W ν)

(2.155)
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Telik�:
[Dµ,Dν ] = −ig2

τ

2
[∂µW ν − ∂νW µ + g2(W µ ×W ν)] (2.156)

kai gia ton antÐstoiqo tanust , ja eÐnai:

W µν = ∂µW ν − ∂νW µ + g2(W µ ×W ν) (2.157)

kai se dianusmatik  morf :

Wµν
i = ∂µWν

i − ∂νWµ
i + g2εijkWµ

jWν
k (2.158)

Genik�, ja èqoume dedomènou tou metasqhmatismoÔ (2.130):

φ→ Uφ, Dµφ→ UDµU
−1Uφ (2.159)

'Ara, ja isqÔei:
Dµ → UDµU

−1 (2.160)

AntÐstoiqa, loipìn:

[Dµ,Dν ] → U [Dµ,Dν ]U
−1

−igGµν → −igUGµνU−1 (2.161)

Sthn perÐptwsh tou hlektromagnhtismoÔ ja èqoume:

UFµνU
−1 = Fµν (2.162)

Opìte blèpoume p¸c o ìroc autìc paramènei analloÐwtoc k�tw apì thn U(1) summetrÐa.
'Ara o kinhtikìc ìroc eÐnai:

−1

4
FµνFµν (2.163)

o opoÐoc eÐdame  dh ìti eÐnai analloÐwtoc sthn sugkekrimènh bajmÐda.
Sthn perÐptwsh thc SU(2) summetrÐac o ìroc pou paramènei analloÐwtoc eÐnai:

− 1

4
Tr(WµνWµν) = −1

4
Wµν,iWµν

i, i = 1, 2, 3 (2.164)

Pr�gmati:

−1

4
Tr(WµνWµν) → −1

4
Tr(UWµνU−1UWµνU

−1) = −1

4
Tr(UWµνWµνU

−1)

= −1

4
Tr(U−1UWµνWµν) = −1

4
Tr(WµνWµν) (2.165)
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apoteleÐ ton kinhtikì ìro pou prèpei na prostejeÐ sthn Lagrangian gia thn epÐteuxh thc
SU(2) summetrÐac.
Epomènwc, mporoÔme plèon na perigr�youme allhlepidr�seic mpozonÐwn me ta pedÐa k�tw
apì thn SU(2) summetrÐa, me thn Lagrangian na èqei wc ex c:

LKG =
1

2
(Dµφ)(D

µφ)† − m2

2
φ†φ− 1

4
W µνW µν (2.166)

AntÐstoiqa, h perigraf  allhlepidr�sewn fermionÐwn me ta trÐa pedÐa k�tw apì thn SU(2)
summetrÐa:

LD = iψ̄γµ(Dµψ)−mψ̄ψ − 1

4
W µνW µν (2.167)

2.4.2 Mh Abelianìthta pedÐwn

Mia shmantik  efarmog  thc mh Abelianìthtac thc SU(2) om�dac metasqhmatism¸n eÐnai
ìti mporoÔn ta Ðdia na apotelèsoun phg  tou eautoÔ touc, ìpwc ja faneÐ akoloÔjwc. Ac
p�roume gia to skopì autì th Lagrangian Klein - Gordon. Oi exis¸seic kÐnhsehc gia ta
pedÐaW i

µν ja prokÔyoun paÐrnontac tic exis¸seic Euler - Lagrange gia ta pedÐa mac. EÐnai:

∂L

∂W i
µ
− ∂ν

∂L

∂(∂νW i
µ)

= 0 (2.168)

Ousiastik� paragwgÐzetai mìnon o kinhtikìc ìroc afoÔ oi �lloi dÐnoun mhdèn. K�nontac mia
an�lush twn ìrwn:

W iµνW i
µν = (∂µW iν − ∂νW iµ + g2εijkW

jµW kν)× (∂µW
i
ν − ∂νW

i
µ + g2εijkWµ

jWν
k)

W iµνW i
µν = ∂µWν

i(∂µW iν − ∂νW iµ + g2εijkW
jµW kν)− ∂νWµ

i(∂µW iν − ∂νW iµ + g2εijkW
jµW kν) + g2εijkWµ

jWν
k(∂µW iν − ∂νW iµ + g2εijkW

jµW kν)

'Etsi oi E - L mac dÐnoun telik�:

∂νW i
µν + g2εijkW

jνW k
µν = 0

∂νW i
µν = −g2εijkW jνW k

µν (2.169)

Katal xame se polÔ shmantik� sumper�smata: Aut  h exÐswsh eÐnai antÐstoiqh twn exis¸-
sewn Maxwell ston hlektromagnhtismì. EkeÐ mporoÔme na jumhjoÔme pwc eÐqame breÐ:

∂νFµν = 0 (2.170)

to opoÐo mac èdwse:

∇ · E = 0,
∂

∂t
E −∇×B = 0 (2.171)

tou opoÐou h fusik  ermhneÐa eÐnai ìti to hlektromagnhtikì pedÐo apousÐa Ôlhc den leitourgeÐ
wc phg  tou eautoÔ tou. Antijètwc to Wµν mporeÐ na energ sei wc phg  gia ton eautì tou.
Autì to gegonìc antikatoptrÐzei th mh Abelianìthta thc jewrÐac mac.
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2.4.3 'Elleiyh ìrwn m�zac

Sthn di�rkeia aut c thc upoenìthtac ja exet�soume thn teleutaÐa par�metro thc Lagrangian
touc ìrouc m�zac. Sugkekrimèna ènac ìroc thc morf c:

Lm = m2WµW
µ (2.172)

ja  tan anamenìmenoc. 'Eqei  dh apodeiqjeÐ ìmwc ìti ènac tètoioc ìroc den paramènei a-
nalloÐwtoc k�tw apì touc SU(2) metasqhmatismoÔc bajmÐdac. AporrÐptetai loipìn ènac
ìroc m�zac. Up�rqei wstìso akìma h dunatìthta na epib�lloume ad hoc ìrouc m�zac, qw-
rÐc wstìso na mporèi na apofeuqjeÐ h diadikasÐa thc epakanonikopoÐhshc se aut  th
perÐptwsh. H mình sunep c je¸rhsh isqÔei mèsw tou mhqanismoÔ Higgs sth parap�nw
jewrÐa.

2.4.4 H SU(3) topik  summetrÐa bajmÐdac

EpekteÐnontac, exèqontoc endiafèrontoc jewreÐtai kai h an�ptuxh thc SU(3) summetrÐac. H
SU(3) èqei oqt¸ genn torec (n2 − 1 = 8) kai oqt¸ pedÐa bajmÐdac. O pÐnakac metasqhmati-
smoÔ ja eÐnai o akìloujoc:

U = ei
λα
2
εα(x) (2.173)

ìpou α = 1, 2, . . . , 8. Oi genn torec thc om�dac λα
2 , ikanopoioÔn thn �lgebra:[λα

2
,
λb
2

]
= ifαbc

λc
2

(2.174)

ìpou oi stajerèc dom c eÐnai:

f123 = 1, f458 = f678 =

√
3

2
, f147 = f516 = f246 = f257 = f345 = f637 =

1

2
kai ìloi oi upìloipoi mhdèn

(2.175)

AntÐstoiqa oi genn torec λα
2 eÐnai oi 3× 3 ermitianoÐ pÐnakec:

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 (2.176)
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To pedÐo ψ ja metasqhmatÐzetai wc ex c:

ψ → ψ′ = Uψ = ei
λα
2
εα(x)ψ (2.177)

kai h sunalloÐwth par�gwgoc:

∂µ → Dµ = ∂µ − ig3
λα
2
Gµ

α (2.178)

me Gµ
α ta oqt¸ pedÐa bajmÐdac kai o nìmoc metasqhmatismoÔ:

Gµ
α → G′

µ
α
= Gµ

α +
1

g3
∂µεα − fαbcεbGµ

c (2.179)

O tanust c twn pedÐwn ja orÐzetai omoÐwc:

[Dµ,Dν ] = −ig3
λα
2
Gµν

α (2.180)

ìpou
Gµν

α = ∂µGν
α∂νGµ

α + g3fαbcGµ
bGν

c (2.181)

kai tèloc o kinhtikìc ìroc pou ja prostejeÐ:

Lkin = −1

4
Gµν

αGαµν (2.182)

(ìroc m�zac den up�rqei).



Kef�laio 3

KBANTIKH JEWRIA PEDIOU

3.1 Pragmatikì pedÐo Klein-Gordon

H perigraf  bajmwt¸n swmatidÐwn apoteloÔse akìmh prìblhma. To skeptikì pou akolou-
j jhke kai petuqe meg�lhc apodosq c  tan h je¸rhsh tou φ(x) kumatosun�rthsh perigr�fei
pedÐo kai ìqi swmatÐdio. To φ(x) ja eÐnai sÐgoura kbantikì pedÐo, afoÔ h Klein - Gordon den
èqei antÐkrusma sthn klassik  fusik . Wstìso o arqikìc qeirismìc ja afor� to klassikì
pedÐo φ(x). Sunep¸c, xekin¸ntac apì thn Klein - Gordon (aut  th for� jewr¸ntac to φ(x)
wc bajmwtì pedÐo ìmwc):

(∂µ∂µ +m2)φ = 0 (3.1)

Apì ton tanust  enèrgeiac - t�shc, ja brejeÐ h enèrgeia tou φ(x):

H =

∫
θ00d3x =

1

2

∫
[(∂0φ)

2 + (∇φ)2 + (mφ)2]d3x > 0 (3.2)

An antÐstoiqa, to φ(x) antistoiqeÐ se migadikì bajmwtì pedÐo:

H =
1

2

∫
[(∂0φ)(∂0φ

∗) + (∇φ)(∇φ∗) +m2φ∗φ]d3x > 0 (3.3)

Opìte jewr¸ntac arnhtikèc enèrgeiec kai to φ na ekfr�zei pedÐo, to prìblhma èqei lujeÐ.
Sth sunèqeia, ja prèpei na ermhneutoÔn kai oi jetik� orismènec enèrgeiec tou pedÐou kaj¸c
epÐshc p¸c autèc sundèontai me tic enèrgeiec twn monoswmatidiak¸n katast�sewn, pou e-
mhneÔthkan se prohgoÔmeno kef�laio. Ed¸ loipìn faÐnetai h anagkaÐothta erm neushc tou
φ(x) wc kbantikì pedÐo. 'Ara to pedÐo, ja eÐnai plèon ermitianìc telest c.

φ(x) → φ̂(x) (3.4)

AnaptÔsssontac ton telest  autì kat� Fourier eÐnai:

ˆφ(x) =

∫
d3k

(2π)32ωk
[α̂(k)e−ikx + α̂+(k)eikx] (3.5)

59
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ìpou ωk =
√
k2 +m2 kai α̂(k), α̂+(k) eÐnai epÐshc telestèc. Tèloc o par�gontac èxw

apì thn agkÔlh eÐnai to Lorentz analloÐwto stoiqeÐo tou q¸rou twn f�sewn. Sunep¸c to
analloÐwto stoiqeÐo tou q¸rou twn f�sewn, enèrgeiac k0 ja eÐnai:

d4k

(2π)4
2πδ(k2 −m2)θ(k0) =

d4k

(2π)3
δ(k0

2 − ωk
2)θ(k0) = (3.6)

=
d4k

(2π)3
δ[(k0 − ωk)(k0 + ωk)]θ(k0) = (3.7)

=
d4k

(2π)3
1

2k0
[δ(k0 − ωk) + δ(k0 + ωk)]θ(k0) = (3.8)

=
d3k

(2π)3
dk0
2k0

δ(k0 − ωk) =
d3k

(2π)32ωk
(3.9)

3.1.1 Sqèseic met�jeshc gia ton telesth φ̂

Apì tic sqèseic met�jeshc tou Heisenberg, eÐnai gnwstì ìti isqÔoun oi parak�tw sqèseic,
gia touc telestèc thc kbantomhqanik c:

[xi, pj ] = iδij , i, j = 1, 2, 3 (3.10)

[xi, xj ] = [pi, pj ] = 0 (3.11)

Sth jewrÐa pedÐou ìmwc, to pedÐo φ(x) = φ(x, t) ja paÐxei èna rìlo an�logo thc jèshc.
Sunep¸c to φ(x) ja perilamb�nei èna sÔsthma �peirwn bajm¸n eleujerÐac, kaj¸c gia k�je
qronik  stigm  t to φ ja èqei apì mia anex�rthth tim  se k�je shmeÐo tou q¸rou.
To suneqèc tou pedÐou φ, ja proseggisteÐ qwrÐzontac to q¸ro se keli� stoiqei¸dh ìgkou
δVr, en¸ φr(t) en¸ èstw φr(t) h mèsh tim  tou pedÐou sto kelÐ r th qronik  stigm  t. EÐnai
anagkaÐa epÐshc, h anafor� tou orismoÔ thc orm c sthn klassik  fusik , antÐstoiqa ja
eÐnai:

pr(t) =
∂L

∂φ̇r(t)
= δVrπr(t) (3.12)

'Opou π(x) h kanonik  tetraorm  tou pedÐou, h opoÐa orÐzetai:

π(x, t) =
∂L

∂φ̇(x, t)
(3.13)

telik� oi antÐstoiqec sqèseic met�jeshc eÐnai:

[φr(t), ps(t)] = iδrs (3.14)

[φr(t), φs(t)] = [pr(t), ps(t)] = 0 (3.15)
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antikajist¸ntac thn orm  p me thn kanonik  orm  π ja eÐnai:

[φ(x, t), π(x′, t)] =iδ(x− x′)

[φ(x, t), φ(x′, t)] = [π(x, t), π(x′, t)] = 0 (3.16)

Oi parap�nw genikeÔontai kai gia diaforetikoÔc qrìnouc. 'Etsi h mètrhsh tou pedÐou φ se
dÔo diaforetik� shmeÐa tou qwrìqronou x = (x, t)kai x′ = (x′, t′), me thn proôpìjesh ìti
(x− x′)2 < 0   (t− t′)2 < (x− x′)2, tìte ja isqÔei:

[φ(x), φ′(x)] = 0 (3.17)

3.1.2 SÔndesh spin-statistik c

Arqik�, anagkast kame na egkataleÐyoume thn Klein - Gordon kaj¸c eÐqame prìblhma me tic
arnhtikèc enèrgeiec kai puknìthtec pijanìthtac. Me th je¸rhsh ìmwc tou φ wc kbantikoÔ
pedÐou - telest , to prìblhma twn arnhtik¸n energei¸n epilÔjhke kai ìla faÐnetai plèon na
apoktoÔn pl rec kai kajarì fusikì nìhma. H Klein - Gordon dhmiourg jhke akrib¸c gia
na perigrafoÔn swmatÐdia me spin mhdèn. Epomènwc apomènei na apodeÐxoume p¸c h Klein
- Gordon me thn qr sh tou telestikoÔ pedÐou, ìntwc perigr�fei swmatÐdia (kai ta opoÐa
apoteloÔn ta kb�nta tou pe•diou φ), ta opoÐa akoloujoÔn th statistik  Bose - Einstein
kai epomènwc onom�zontai mpozìnia. Apì tic sqèseic met�jeshc pou èqoun  dh upologisteÐ
kai efìson h kat�stash α+(k)|n(k) ja mac d¸sei thn kat�stash |n(k) + 1⟩ kai epomènwc
ja isqÔei:

α+(k)|n(k)⟩ = c+(n(k))|n(k) + 1⟩ (3.18)

  analutikìtera:

α+(ki)|n(k1), n(k2), . . . , n(ki), . . .⟩ = c+(n(ki))|n(k1), n(k2), . . . , n(ki) + 1, . . .⟩

ìpou c+(n(k)) kat�llhloc suntelest c ètsi ¸ste oi katast�seic na eÐnai kanonikopoihmènec.
Opìte ja eÐnai:

|c+(n(k))|2⟨n(k) + 1|n(k) + 1⟩ = ⟨n(k)|α(k)α+(k)|n(k)⟩
= (2π)32ωk[n(k) + 1]⟨n(k)|n(k)⟩

|c+(n(k))|2 = (2π)32ωk[n(k) + 1] (3.19)

Me thn Ðdia logik  orÐzoume kai to telest  c−(n(k)) ¸ste:

α(k)|n(k)⟩ = c−(n(k))|n(k)− 1⟩ (3.20)

kai

|c−(n(k))|2⟨n(k)− 1|n(k)− 1⟩ = ⟨n(k)|α+(k)α(k)|n(k)⟩
= (2π)32ωkn(k)⟨n(k)|n(k)⟩

|c−(n(k))|2 = (2π)32ωkn(k) (3.21)



62 KEF�ALAIO 3. KBANTIKH JEWRIA PEDIOU

opìte sunolik� èqoume:

α(ki)|n(k1), n(k2), . . . , n(ki), . . .⟩√
(2π)32ωkn(ki)|n(k1), n(k2), . . . , n(ki) + 1, . . .⟩

kai

α+(ki)|n(k1), n(k2), . . . , n(ki), . . .⟩
√

(2π)32ωk[n(ki) + 1]|n(k1), n(k2), . . . , n(ki) + 1, . . .⟩

H kat�stash kenoÔ ìpwc orÐsame kai pio p�nw den perièqei kanèna swmatÐdio kamÐac orm c,
opìte loipìn mporoÔme na gr�youme:

|0⟩ = |0, 0, . . .⟩ (3.22)

Mia tuqaÐa kat�stash h opoÐa perièqei n(k1) swmatÐdia orm c k1 , n(k2) swmatÐdia orm c
k2, ktl kai mporeÐ na grafeÐ:

|n(k1), n(k2), . . . , ⟩ =
∏
i

[ 1√
(2π)32ωk[n(ki) + 1]

[α+(ki)]
n(ki)

]
|0⟩ (3.23)

'Opwc mporoÔme na doÔme den up�rqei periorismìc gia to n(k) . Epomènwc mporeÐ na up�rqoun
ìsa swmatÐdia jèloume me thn Ðdia orm  kai epomènwc ta swmatÐdia pou perigr�fei h Klein
- Gordon eÐnai mpozìnia. 'Enac �lloc trìpoc pou mporoÔme na diatup¸soume to parap�nw
eÐnai ìti h kat�stash dÔo bajmwt¸n swmatidÐwn paramènei analloÐwth me thn enallag  touc.

3.1.3 Sqèseic met�jeshc gia touc telestèc α(k), α†(k)

Sqèseic met�jeshc akoloujoÔn kai oi telestèc α(k), α†(k), pou apokalÔfjhkan me to
an�ptugma Fourier tou pedÐou φ

3.2 Migadikì pedÐo Klein - Gordon

To migadikì bajmwtì pedÐo Klein - Gordon perigr�fei èna pedÐo me hlektrikì fortÐo. H pe-
rigraf  tou pedÐou autoÔ proupojètei thn kb�ntws  tou. Prìkeitai gia pedÐo mh ermiteianì,
�ra ja perigr�fetai me dÔo diaforetikoÔc telestèc α kai β+:

φ(x) =

∫
d3k

(2π)32ωk
[α(k)e−ikx + b+(k)eikx] (3.24)

φ+(x) =

∫
d3k

(2π)32ωk
[b(k)e−ikx + α+(k)eikx] (3.25)
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'Ara oi exis¸seic (3.16) eÐnai plèon:

[α(k), α+(k′)] = (2π)32ωkδ(k − k′) (3.26)

[b(k), b+(k′)] = (2π)32ωkδ(k − k′) (3.27)

Oi parap�nw telestèc eÐnai telestèc katastrof c kai dhmiourgÐac. Ja af soume touc te-
lestèc autoÔc na dr�soun p�nw sto fortÐo kai sthn Hamiltonian.

Q = i

∫
φ+ ∂

∂t
φ− ∂

∂t
φ+φd3x (3.28)

kai me th bo jeia twn exis¸sewn (3.24):

∂

∂t
φ =

∫
d3k

(2π)32ωk
(−ik0)[α(k)e−ikx − b+(k)eikx] (3.29)

'Ara:

φ+ ∂

∂t
φ =∫

d3k

(2π)3(2ωk)
2 (−ik0)[b(k)e

−ikx + a+(k)eikx]× [α(k)e−ikx − b+(k)eikx]

φ+
( ∂
∂t
φ
)
=

∫
d3k

(2π)3(2ωk)
2 (−ik0)[b(k)α(k)e

−2ikx − b(k)b+(k)

+α+(k)α(k)− α+(k)b+(k)e2ikx] (3.30)

ìmoia kai gia ton deÔtero ìro: ( ∂
∂t
φ+
)
φ =

∫
d3k

(2π)3(2ωk)
2 (−ik0)[b(k)α(k)e−2ikx + b(k)b+

(k)− α+(k)α(k)− α+(k)b+(k)e2ikx] (3.31)

kai telik� antikajist¸ntac sthn èkfrash tou frotÐou (me ωk = k0):

Q =

∫
d3k

(2π)3(2ωk)
[α+(k)α(k)− b+(k)b(k)] (3.32)

Epiplèon h Hamiltonian eÐnai

H =

∫
d3k

(2π)3(2ωk)
ωk[α

+(k)α(k) + b+(k)b(k)] (3.33)
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Sunep¸c ta α, α+ kai b, b+ mporoÔn na ermhneutoÔn wc telestèc katastrof c kai dhmiourgÐac
swmatidÐwn kai antiswmatidÐwn, ta opoÐa èqoun antÐjeto fortÐo all� Ðdia m�za. Sunep¸c,
orÐzontac touc arijmhtikoÔc telestèc swmatidÐwn kai antiswmatidÐwn:

Nα(k) = α+(k)α(k) (3.34)

Nb = b+(k)b(k) (3.35)

Oi ekfr�seic epomènwc gia to fortÐo kai thn enèrgeia ja gÐnoun:

Q =

∫
d3k

(2π)3(2ωk)
[Nα(k)−Nb(k)] (3.36)

H =

∫
d3k

(2π)3(2ωk)
ωk[Nα(k) +Nb(k)] (3.37)

opìte kai h enèrgeia eÐnai p�ntote jetik� orismènh.

3.3 PedÐo Dirac

H diadikasÐa pou ja perigrafeÐ gia to kbantikì an�logo tou pedÐouDirac eÐnai ìmoia me ekeÐnh
pou efarmìsthke kat� thn kb�ntwsh tou pedÐou Klein - Gordon. JumÐzoume ìti to prìblhma
thc Dirac  tan h adunamÐa perigraf c monoswmatidiak¸n katast�sewn. H Lagrangian apì
thn opoÐa prokÔptei h exÐswsh Dirac eÐnai:

L = iψ̄γµ∂µψ −mψ̄ψ (3.38)

Apì aut n, ja èqoume gia thn kanonik  orm  tou pedÐou:

π(x) =
∂L

∂ψ̇
=

∂L

∂(∂0ψ)
= iψ̄γ0 = iψ+γ0γ0 = iψ+(x) (3.39)

H enèrgeia loipìn, ja dÐnei:

H = πψ̇ − L = iψ+∂0ψ−iψ+γ0(γ0∂0 + γ(i)∂(i))ψ −mψ+γ0ψ

H = ψ+γ0(−iγ(i)∂(i) +m)ψ (3.40)

Apì thn exÐswsh Dirac prokÔptei loipìn:

(−iγi∂i +m)ψ = iγ0∂0ψ (3.41)

'Ara

H = ψ+γ0iγ0∂0ψ (3.42)

H = ψ+i
∂

∂t
ψ (3.43)
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H èkfrash gia thn enèrgeia deÐqnei pwc lÔseic arnhtik c enèrgeiac ja èqoun arnhtik  su-
neisfor� sth Hamiltonian kai h enèrgeia   alli¸c den eÐnai jetik� orismènh. Epomènwc ja
prèpei na proqwr soume se kb�ntwsh gia na p�roume jetikèc timèc gia thn enèrgeia (an-
tÐstoiqa sthn KG h enèrgeia  tan jetik  mìno me thn je¸rhsh tou φ wc pedÐou). Ed¸
katadeiknÔetai kai o amig¸c kbantikìc qarakt rac thc Dirac. Me b�sh ta prohgoÔmena
suneqÐzoume kai jewroÔme to pedÐo Dirac wc kbantikì telest . Ja eÐnai loipìn sunart sei
twn epÐpedwn lÔsewn thc Dirac:

ψ(x) =

∫
d3k

(2π)3
m

k0

∑
s=1,2

[αs(k)u
(s)(k)e−ikx + bs

+(k)v(s)(k)eikx] (3.44)

ψ̄(x) =

∫
d3k

(2π)3
m

k0

∑
s=1,2

[αs
+(k)ū(s)(k)eikx + bs(k)v̄

(s)(k)e−ikx] (3.45)

ìpou ed¸ u(1,2) kai v(1,2) oi spinoriakèc lÔseic thc Dirac jetik c kai arnhtik c enèrgeiac.
'Epiplèon α, b+ oi telestèc katastrof c kai dhmiourgÐac gia tic jetikèc kai arnhtikèc antÐ-
stoiqa lÔseic thc enèrgeiac. 'Eqoume p�rei touc telestèc diaforetikoÔc problèpontac kai
thn mh ermiteian  (dhlad  fortismènh) perÐptwsh. Antikajist¸ntac loipìn sthn Hamilto-
nian èqoume:

i
∂

∂t
ψ = i

∫
d3k

(2π)3
m

k0

∑
s=1,2

(−ik0)[αs(k)u(s)(k)e−ikx − bs
+(k)v(s)(k)eikx] (3.46)

'Ara:

ψ+i
∂

∂t
ψ =

∫
d3k

(2π)3
m

k0

∑
s=1,2

[αs
+(k)u+(s)(k)eikx + bs(k)v

+(s)(k)e−ikx]

× d3k′

(2π)3
m

k′0

∑
s=1,2

(−ik′0)[αs′(k′)u(s
′)(k′)e−ik

′x − bs′
+(k′)v(s

′)(k′)eik
′x]

∑
s,s′=1,2

d3k

(2π)3
d3k′

(2π)3
m2

k0k′0
k′0[αs

+(k)αs′
+(k′)u+(s)(k)u(s

′)(k′)ei(k−k
′)x

αs
+(k)bs′

+(k′)u+(s)(k)v(s
′)(k′)ei(k+k

′)x

bs(k)αs′(k
′)v+(s)(k)u(s

′)(k′)e−i(k+k
′)x

−bs(k)bs′+(k′)v+(s)(k)v(s
′)(k′)e−i(k−k

′)x]

Qrhsimopoi¸ntac tic sunj kec kanonikopoÐhshc metaxÔ twn spinoriak¸n lÔsewn:

u(s)+(p)u(s
′)(p) = v(s)+(p)v(s

′)(p) =
E

m
δss′ , u(s)+(p)v(s

′)(p) = 0 (3.47)
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Ja èqoume telik�:

H =

∫
d3k′

(2π)3
m

k0
k0
∑
s

[αs
+(k)αs(k)− bs(k)bs

+(k)] (3.48)

Parak�tw akolouj  h je¸rhsh twn sqèsewn met�jeshc. SÔmfwna me thn je¸rhsh twn
sqèsewn met�jeshc pou eÐqame jewr sh sthn Klein- Gordon proèkuye h statistik  Bose -
Einstein gia ta swmatÐdia mac. H an�lush mac kai na parameÐnei h enèrgeia jetik� orismènh
ja mac odhg sei stic akìloujec:

{αs(k), αs′+(k′)} = {bs(k), bs′+(k′)} = (2π)3
k0
m
δ3(k − k′)δss′

{αs(k), αs(k′)} = {αs+(k), αs′+(k′)} = 0

{bs(k), bs(k′)} = {bs+(k), bs′+(k′)}

(3.49)

'Etsi gia thn parap�nw Hamiltonian ja èqoume, paÐrnontac kanonik  di�taxh telest¸n (qrh-
simopoi¸ntac th sqèsh antimet�jeshc gia ta b):

H =

∫
ψ+i

∂

∂t
ψd3x =

∫
d3k

(2π)3
m

k0
k0
∑
s

[αs
+(k)αs(k) + bs

+(k)bs(k)]

H =

∫
d3k

(2π)3
m

k0
k0
∑
s

[Ns(k)− N̄s(k) (3.50)

'Opou blèpoume ìti h parap�nw èkfrash eÐnai jetik� orismènh. EpilÔjhke loipìn ètsi me
ton orismì sqèsewn antimet�jeshc to prìblhma jetik� orismènhc enèrgeiac. Gia to olikì
diathroÔmeno fortÐo t¸ra ja èqoume:

Q =

∫
d3xψ+(x)ψ(x) =

∫
d3k

(2π)3
m

k0
k0
∑
s

[Ns(k)− N̄s(k)] (3.51)

'Opou ed¸ eÐnai pia faner  h analogÐa me tic prohgoÔmenec analÔseic mac gia thn exÐswsh
Klein - Gordon. Ed¸ loipìn èqoume touc dÔo arijmhtikoÔc telestèc Ns(k) gia ta swma-
tÐdia kai N̄s(k) gia ta antiswmatÐdia, antÐstoiqa me touc telestèc α+ kai b+ dhmiourgÐac
swmatidÐwn kai antiswmatidÐwn. H antistoiqÐa eÐnai plèon pl rhc.

3.3.1 sÔndesh spin - statistik c

Ac p�me na k�npume ìpwc kai prohgoumènwc thn antistoiqÐa spin kai statistik c. Dhlad 
na broÔme ti eÐdouc swmatÐdia perigr�fei h exÐswsh mac. Gia par�deigma apì tic sqèseic
antimet�jeshc pou br kame èqoume:

{αs+(k), αs′+(k)} = 0

αs
+(k), αs′

+(k′) = 0 (3.52)

αs
+(k) · αs′+(k′) = −αs′+(k′) · αs+(k) (3.53)
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H dr�sh p�nw sth kat�stash kenoÔ:

αs
+(k)αs′

+(k)|0⟩ = −αs′+(k)αs+(k)|0⟩
|1(k, s), 1(k′, s′)⟩ = −|1(k′, s′, 1(k, s)⟩ (3.54)

Dhlad  h kumatosun�rthsh dÔo swmatidÐwn eÐnai antisummetrik  wc proc thn enallag 
touc. Par qjei dhlad  h apagoreutik  arq  tou Pauli. 'Eqei prokÔyei wc �mesh sunèpeia
twn sqèsewn antimet�jeshc pou jèsame kai thc kbantik c jewrÐac pedÐou. 'Etsi loipìn h
exÐswsh Dirac perigr�fei fermiìnia.

3.4 To hlektromagnhtikì pedÐo

Ta jemeli¸dh pedÐa thc fÔshc jewroÔme pwc eÐnai ta bajmwt� pedÐa, me hmiakèraio spin
(leptìnia kai quark) kai ta dianusmatik� pedÐa bajmÐdac (asjen , hlektromagnhtik� kai i-
squr�), me spin akèraio arijmì. Eidikìtera ta teleutaÐa prokÔptoun apì thn anapaÐthsh
gia analloi¸thta thc Lagrange k�tw apì touc apaitoÔmenouc metasqhmatismoÔc bajmÐdac.
AsqoloÔmaste epomènwc me thn kb�ntwsh pedÐwn bajmÐdac kai me thn kb�ntwsh tou hle-
ktromagnhtikoÔ pedÐou, ìpwc upagoreÔei h kbantik  hlektrodunamik  jewrÐa (QED) . To
hlektromagnhtikì pedÐo eÐnai �mazo kai èqei dÔo bajmoÔc eleujerÐac. H sunalloÐwth pe-
rigraf  tou eÐdame pwc apaiteÐ thn èkfrash tou me•sw tou tetranÔsmatoc Aµ. Sunep¸c,
prokÔptoun dÔo peript¸seic. ekfr�zontac thn kb�ntwsh tou pedÐou mèsw twn dÔo suni-
stws¸n, jewr¸ntac autèc wc fusikèc posìthtec, q�noume se sunalloi¸thta. An ìmwc
proqwr soume sthn kb�ntwsh me diat rhsh thc sunalloÐwthc perigraf c, ja meÐnoume me
dÔo �qrhstec sunist¸sec. Sthn sunèqeia ja faneÐ o upologismìc kai gia tc dÔo peript¸seic.
O antisummetrikìc tanust c Fµν eÐdame pwc gr�fetai:

Fµν = ∂µAν − ∂νAµ (3.55)

Me Lagrangian:

L = −1

4
FµνF

µν (3.56)

Oi omogeneÐc exis¸seic Maxwell ikanopoioÔntai autìmata. Gia tic �llec dÔo mh omogeneÐc
ja isqÔei:

∂µF
µν = 0 (3.57)

Oi exis¸seic autèc prokÔptoun apì thn arq  twn metabol¸n.
'Opou to Aµ jewreÐtai to dunamikì pedÐo, Gia dosmèno hlektromagnhtikì pedÐo to Aµ

den eÐnai monadikì. 'Opwc eÐdame o metasqhmatismìc:

Aµ → A′
µ = Aµ + ∂µα(x) (3.58)
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af nei analloÐwto to tanust  Fµν. Dialègontac t¸ra kat�llhlo α(x) ¸ste:

∂µ∂
µα(x) = −∂µAµ (3.59)

ja prokÔyei ìpwc èqoume  dh deÐ: ∂µA′µ = 0 kai prokÔptei h sunj kh (sunj kh Lorentz):

∂µA
µ = 0 (3.60)

'Ena dianusmatikì dunamikì to opoÐo ikanopoieÐ thn parap�nw sunj kh lème ìti an kei sth
bajmÐda Lorentz (  sunalloÐwth bajmÐda). 'Opwc eÐnai fanerì, me th sunj kh aut  èqoume
katafèrei na mei¸soume ton arijmì twn anex�rthtwn sunistws¸n tou Aµ apì tèsseric se
treÐc. 'Omwc kai p�li to Aµ den eÐnai monadikì. Thn Ðdia sunj kh ikanopoieÐ kai to A′

µ

efìson ∂µ∂µα(x) = 0 . MporoÔme loipìn na dialèxoume to α(x) na ikanopoièi thn:

∂0α(x) = −φ (3.61)

Tìte èqoume φ′ = 0 kai ètsi prokÔptei ∇A′ = 0. Ta dunamik� pou upakouoÔn se aut n thn
sunj kh:

φ = 0, ∇A = 0 (3.62)

lème ìti aut� akrib¸c an koun sthn bajmÐda Coulomb. ParathroÔme loipìn t¸ra pwc sth
bajmÐda aut , èqoun meÐnei mon�qa dÔo anex�rthtec sunist¸sec gia to Aµ. Autì eÐnai kai to
fusikì hlektromagnhtikì pedÐo.

3.4.1 bajmÐda Coulomb

'Opwc eÐpame kai pio p�nw:

L = −1

4
FµνF

µν = −1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ) =
1

2
(E2 −B2)

ja eÐnai epomènwc gia thn kanonik  orm :

π0 =
∂L

∂Ȧ0

=
∂L

∂(∂0A0)
= 0 (3.63)

πi =
∂L

∂Ȧi
=

∂L

∂(∂0Ai)
= −∂0Ai + ∂iA0 = Ei (3.64)

MporoÔme loipìn t¸ra na deqjoÔme tic sqèseic met�jeshc Ðsou qrìnou ìpwc kai pio prÐn
gia ta mpozonik� pedÐa kai ètsi ja èqoume:

[Ai(x, t), Aj(x′, t)] = [πi(x, t), πj(x′, t)] = 0, i, j = 0, 1, 2, 3 (3.65)
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An p�me ìmwbc t¸ra na p�roume tic antÐstoiqec sqèseic met�jeshc kai gia ta πi kai Ai, ja
èqoume (afoÔ Ai = −Ai):

[Ai(x, t), π
j(x′, t)] = −[Ai(x, t), πj(x′, t)] = iδijδ

3(x− x′) (3.66)

Autèc ìmwc oi sqèseic met�jeshc den eÐnai sumbatèc me th sunj kh thc bajmÐdac Coulomb.
Pr�gmati autì gÐnetai fanerì e�n deqtoÔme:

∇A = 0 (3.67)

tìte apì tic parap�nw sqèseic met�jeshc, efarmìzontac ton telest  thc apìklishc kai gia
ta dÔo mèlh:

[∇A(x, t), πj(x′, t)] = i∂iδ3(x− x′) ̸= 0 (3.68)

Gia na ikanopoioÔn loipìn oi sqèseic autèc thn sunj kh Lorentz ja antikatastajeÐ to δij
me ènan tanust  deÔterhc t�xhc ∆ij , ton opoÐo ja upologÐsoume akoloÔjwc.
Gr�foume epomènwc thn sun�rthsh δ sthn oloklhrwtik  thc morf :

δ3(x− x′) =
1

(2π)3

∫
d3k expik(x−x′) (3.69)

Gr�fontac epomènwc xan� tic parap�nw sqèseic met�jeshc, ja eÐnai:

[Ai(x, t), πj(x′, t)] = −i∆ij 1

(2π)3

∫
d3k expik(x−x′) (3.70)

kai paÐrnontac thn apìklish:

[∇A(x, t), πj(x′, t)] =
1

(2π)3

∫
d3k
(∑

i

ki∆
ij
)
expik(x−x′) (3.71)

Sunep¸c èqoume an�gei to prìblhma mac ston mhdenismì tou parap�nw ìrou. O mìnoc
trìpoc na sumbeÐ autì eÐnai an deqtoÔme:

∆ij = δij −
kikj

k2
(3.72)

kai oi telikèc sqèseic met�jeshc ja eÐnai:

[Ai(x, t), Aj(x′, t)] = [πi(x, t), πj(x′, t)] = 0

[Ai(x, t), πj(x′, t)] = i
(
δij −

∂i∂j
∇2

)
δ3(x− x′) (3.73)
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'Opwc kai prÐn doulèyame me thn Dirac kai thn KG, ja prospaj soume na ekfr�soume ta
swmatÐdia thc jewrÐac mac (ta fwtìnia), mèsa apì tic lÔseic thc Hamiltonian.
Xekin¸ntac gr�foume thn exÐswsh Maxwell me th bo jeia thc sunj khc Lorentz:

∂µ∂µA
ν = 0 (3.74)

Epib�llontac kai th sunj kh Coulomb ja p�roume:

∂µ∂µA = 0 (3.75)

pou aut  eÐnai akrib¸c h KG gia �mazo pedÐo. Gr�foume th lÔsh thc antÐstoiqa sunart sei
twn jemeliwd¸n lÔsewn e±ikx , en¸ oi suntelestèc ja eÐnai dianÔsmata (di�nusma pìlwshc
) ϵλ(k). ja èqoume loipìn se pl rh analogÐa me thn perÐptwsh tou pedÐou KG:

A(x) =

∫
d3k

(2π)32k0

∑
λ=1,2

ϵλ(k)[α(λ)(k)e−ikx + α(λ)+(k)eikx] (3.76)

'Eqoume:

k2 = 0, k0 = |k| (3.77)

Efarmog  thc sunj khc Coulomb kai p�li ja mac d¸sei:

∇A = 0

−ik · ϵ(λ)(k) = 0 (3.78)

Sunep¸c to λ ja mporeÐ na p�rei mon�qa dÔo timèc. H parap�nw sunj kh epÐshc deÐqnei
pwc gia mia dedomènh kateÔjunsh di�doshc k̂ = k

|k| , ta ϵ
λ(k) ja eÐnai k�jeta se aut n.

Epiplèon mporoÔme na dialèxoume ta dianÔsmata aut� na eÐnai akìma kai orjog¸nia metaxÔ
touc. Dhlad :

ϵλ(k) · ϵλ′(k) = δλλ′ (3.79)

AntÐstoiqa loipìn me to pedÐo Klein - Gordon ja broÔme tic sqèseic met�jeshc gia touc
telestèc α(λ)(k) kai α(λ)+(k). 'Etsi loipìn antistrèfontac ta anaptÔgmata gia to pedÐo
Aµ kai thn orm  tou lÔnontac wc proc touc dÔo autoÔc telestèc ja broÔme telik¸c tic
antÐstoiqec sqèseic met�jeshc:

[α(λ)(k), α(λ)+(k′)] = 2k0(2π)
3δλλ′δ

3(k − k′)

[α(λ)(k), α(λ′)(k′)] = [α(λ)+(k), α(λ′)+(k′)] = 0
(3.80)

Up�rqei dhlad  apìluth antistoiqÐa me thn perÐptwsh tou pedÐou Klein - Gordon. 'Etsi kai
ed¸ loipìn oi dÔo autoÐ telestèc eÐnai antÐstoiqa telestèc katastrof c kai dhmiourgÐac twn
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kb�ntwn tou hlektromagnhtikoÔ pedÐou, dhlad  fwtonÐwn. Gia na faneÐ akìmh pio kajar�
gr�foume tic ekfr�seic thc enèrgeiac. Gia thn Hamiltonian loipìn ja èqoume:

H =
1

2

∫
d3x(E2 +B2) =

1

2

∫
d3x(Ȧ

2
+ (∇×A)2) (3.81)

autì isqÔei afoÔ sthn bajmÐda aktinobolÐac eÐnai E = −Ȧ. Ja prèpei loipìn t¸ra na p�me
kai na upologÐsoume to (∇×A)2. Ja èqoume:

∇×A = εijk∂jAk

(∇×A)2 = εijkεimn∂jAk∂mAn

(∇×A)2 = (δjmδkn − δjnδkm)∂jAk∂mAn

(∇×A)2 = (∂jAk)(∂jAk)− (∂jAk)(∂kAj) (3.82)

UpologÐzontac t¸ra to deÔtero ìro:

(∂jAk)(∂kAj) = ∂j(Ak∂kAj)−Ak(∂j∂kAj)

(∂jAk)(∂kAj) = ∂j(Ak∂kAj)−Ak∂k(∇A)

(∂jAk)(∂kAj) = ∂j(Ak∂kAj) (3.83)

To teleutaÐo b ma brÐskei isqÔ lìgw thc sunj khc aktinobolÐac. Epomènwc mporoÔme na
gr�youme ton ìro autì san olikì diaforikì. 'Omwc paÐrnontac to olokl rwma gia thn
enèrgeia, o ìroc autìc exafanÐzetai. Epistrèfoume loipìn sthn Ex. (3.82):

(∂jAk)(∂jAk) = ∂j(Ak∂jAk)−Ak(∂j∂jAk) (3.84)

P�li ed¸ emfanÐzetai epomènwc èna olikì diaforikì. 'Opwc kai to prohgoÔmeno ìmwc mpo-
roÔme na to exafanÐsoume kat� thn olokl rwsh, ekmetalleuomènoi to je¸rhma Gauss kai
paÐrnontac epif�neia olokl rwshc sto �peiro. Telik�:

(∇×A)2 = −A∇2A (3.85)

Sunep¸c h Hamiltonian gia to hlektromagnhtikì pedÐo gÐnetai:

H =
1

2

∫
d3x(Ȧ

2 −A∇2A) (3.86)



72 KEF�ALAIO 3. KBANTIKH JEWRIA PEDIOU

Antikajist¸ntac kai thn èkfrash tou pedÐou sthn teleutaÐa:

Ȧ =

∫
d3k

(2π)32k0

∑
λ=1,2

ε(λ)(k)(−ik0)[α(λ)(k)e−ikx − α(λ)+(k)eikx]

Ȧ
2
=

∫
d3kd3k′

(2π)64k0k′0

∑
λ,λ′

ε(λ)(k)ε(λ
′)(k′)(−ik0)(−ik′0)[α(λ)(k)e−ikx − α(λ)+(k)eikx][α(λ′)(k′)e−ik

′x − α(λ′)+(k′)eik
′x]

Ȧ
2
=

∫
d3kd3k′

(2π)64k0k′0

∑
λ,λ′

ε(λ)(k)ε(λ
′)(k′)(−ik0)(−ik′0)[α(λ)(k)α(λ′)(k′)e−i(k+k

′)x − α(λ)(k)α(λ′)+(k′)e−i(k−k
′)x − α(λ)+(k)α(λ′)(k′)ei(k−k

′)x + α(λ)+(k)α(λ′)+(k′)ei(k+k
′)x

Ȧ
2
= −

∫
d3k

(2π)34(k0)2

∑
λ=1,2

[ε(λ)(k)]2(k0)
2
[
[α(λ)(k)]2e−2ikx − α(λ)(k)α(λ)+(k)− α(λ)+(k)α(λ)(k) + [α(λ)+(k)]2e2ikx

]
OmoÐwc gia ton �llo ìro:

∇A =

∫
d3k

(2π)32k0

∑
λ=1,2

ε(λ)(k)(ik)[α(λ)(k)e−ikx − α(λ)+(k)eikx]

(3.87)

∇2A = −
∫

d3k

(2π)34(k0)2

∑
λ=1,2

ε(λ)(k)|(k)|2[α(λ)(k)e−ikx + α(λ)+(k)eikx]

A∇2A = −
∫

d3kd3k′

(2π)62k02k′0

∑
λ,λ′

ε(λ)(k)ε(λ
′)(k′)|k′|2[α(λ)(k)e−ikx + α(λ)+(k)eikx][α(λ′)(k′)e−ik

′x + α(λ′)+(k′)eik
′x]

A∇2A = −
∫

d3k

(2π)34(k0)2

∑
λ=1,2

[ε(λ)(k)]2|k|2
[
[α(λ)(k)]2e−2ikx + α(λ)(k)α(λ)+(k) + α(λ)+(k)α(λ)(k) + [α(λ)+(k)]2e2ikx

]
kai h Hamiltonian ja eÐnai:

H =
1

2

∫
d3k

(2π)34(k0)2

∑
λ=1,2

[ε(λ)(k)]2
[
− (k0)

2
[
[α(λ)(k)]2e−2ikx − α(λ)(k)α(λ)+(k)− α(λ)+(k)α(λ)(k) + [α(λ)+(k)]2e2ikx

]
+ |k|2

[
[α(λ)(k)]2e−2ikx + α(λ)(k)α(λ)+(k) + α(λ)+(k)α(λ)(k) + [α(λ)+(k)]2e2ikx

]]
all�

k0 = |k| (3.88)

kai h sunj kh gia ta dianÔsmata pìlwshc eÐnai

ε(λ)(k) · ε(λ′)(k) = δλλ′ (3.89)

opìte h Hamiltonian ja eÐnai telik¸c:

H =
1

2

∫
d3k

(2π)32k0
k0
∑
λ=1,2

[α(λ)(k)α(λ)+(k) + α(λ)+(k)α(λ)(k)] (3.90)
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kai afair¸ntac thn enèrgeia tou kenoÔ:

H =
∑
λ=1,2

∫
d3k

(2π)32k0
k0[α

(λ)+(k)α(λ)(k)] (3.91)

orÐzetai epomènwc o arijmhtikìc telest c swmatidÐwn (fwtonÐwn ), o opoÐoc ìpwc faÐnetai
eÐnai p�nta jetik� orismènoc, �ra jetik� orismènh ja eÐnai kai h enèrgeia tou pedÐou. Dhlad :

H =
∑
λ=1,2

∫
d3k

(2π)32k0
k0N

(λ)(k) (3.92)

o N (λ)(k) dÐnei thn arijmhtik  puknìthta fwtonÐwn orm c k kai stic kateujlunseic pìlwshc
λ = 1, 2. 'Eqoume loipìn sqhmatÐzei mia kbantik  hlektrodunamik  jewrÐa. 'Eqoume katafè-
rei na epitÔqoume kb�ntwsh mìno se 2 apì tic 4 sunist¸sec tou Aµ , oi opoÐec antistoiqoÔn
stouc 2 bajmoÔc eleujerÐac tou �mazou hlektromagnhtikoÔ pedÐou. H sunj kh Coulomb
ìmwc pou epib�llame katastrèfei to sunalloÐwto. H sunj kh Lorentz pou ja exetasteÐ
sth sunèqeia diathreÐ th sunalloi¸thta.

3.5 bajmÐda Lorentz

Arqik� ìla ta parap�nw prèpei na perigrafoÔn me sunalloÐwto trìpo. Pr¸to mac mèlhma
loipìn eÐnai na gr�youme tic sqèseic met�jeshc Ðsou qrìnou me sunalloÐwto trìpo. Eis�-
gontac stic sqèseic mac th metrik  Minkowski, ja èqoume tic sqèseic mikroaitiìthtac:

[Aµ(x, t), πν(x
′, t)] = igµνδ

3(x− x′) (3.93)

[Aµ(x, t), Aν(x
′, t)] = [πµ(x, t), πν(x

′, t)] = 0 (3.94)

ìpou h tetraorm  tou pedÐou bajmÐdac eÐnai:

πµ =
∂L

∂Ȧµ
(3.95)

'Omwc ìpwc eÐdame kai prin eÐnai:

π0 =
∂L

∂Ȧ0

= 0 (3.96)

kai epomènwc h pr¸th sqèsh met�jeshc gia to A0 den ikanopoieÐtai. Tautìqrona o metajè-
thc tou me to π0 eÐnai mhdenikìc kai �ra to A0 den ja eÐnai plèon mia dunamik  metablht  -
telest c kai ètsi èqoume th sunalloi¸thta.
ProkÔptei epomènwc h an�gkh eÔreshc miac kainoÔrgiac Lagrange kai h opoÐa ja dÐnei mh



74 KEF�ALAIO 3. KBANTIKH JEWRIA PEDIOU

mhdenik  tim  gia to π0. Gia na ikanopoioÔntai kai oi exis¸seic Maxwell ja qrhsimopoi sou-
me thn Lagrangian Maxwell kai epiplèon mia sunalloÐwth sunj kh: th sunj kh Lorentz.
Pr�gmati:

L = −1

4
FµνFµν −

1

2
(∂µA

µ)2 (3.97)

Tìte:
∂L

∂(∂µAν)
= −∂µAν + ∂νAµ − gµν∂µAν ,

∂L

∂Aµ
= 0 (3.98)

PaÐrnontac t¸ra tic exis¸seic Euler - Lagrange gia to pedÐo Aµ, ja èqoume:

∂µ∂
µAν = 0 (3.99)

Oi opoÐec eÐnai oi Euler-Lagrange.
O ìroc pou prostèjhke onom�zetai �ìroc kajorismoÔ bajmÐdas� kai genik� h sugkekrimènh
mèjodoc eÐnai idiaÐtera qr simh sth metaqèÐrish mh Abelian¸n jewrÐwn bajmÐdac (h U(1) pou
melet�me eÐnai Abelian ). Se autì to shmeÐo upologÐzoume xan� th π0 kai ja èqoume lìgw
bajmÐdac Lorentz:

π0 =
∂L

∂Ȧ0

= −∂µAµ = 0 (3.100)

To apotèlesma tou upologismoÔ upertonÐzei ìti den mporeÐ na jewrhjeÐ wc mia telestik 
exÐswsh kai p�nta k�tw apì th sunj kh Lorentz all� prèpei na up�rqei mia pio asjen 
apaÐthsh. ApaitoÔme epomènwc gia fusikèc katast�seic mìno, èstw |ψ⟩, o telest c ∂µAµ

na èqei mhdenik  anamenìmenh tim . Autì shmaÐnei:

⟨ψ|∂µAµ|ψ⟩ = 0, quadmìno se fusikèc katast�seic (3.101)

Gr�foume tic lÔseic twn exis¸sewn Maxwell se morf  epÐpedwn kum�twn. Ja èqoume:

Aµ(x) =

∫
d3k

(2π)32k0

∑
λ=0,1,2,3

εµ
(λ)(k)[α(λ)(k)e−ikx + α(λ)+(k)eikx] (3.102)

kai sthn teleutaÐa exÐswsh emfanÐzontai tèssera dianÔsmata pìlwshc. Kanonikopoi¸ntac
autèc tic tèsseric katast�seic (jewr¸ntac to εµ(0)(k) qronoeidèc kai ta upìloipa qwroeid ),
ja eÐnai:

εµ
(λ)εµ

(λ′)µ = εµ
(λ)gµνεν

(λ′) = ε0
(λ)ε0

(λ′) − ε1
(λ)ε1

(λ′) − ε2
(λ)ε2

(λ′) − ε3
(λ)ε3

(λ′) = gλλ
′

Ac jewr soume t¸ra èna fwtìnio me tetraorm :

kµ =
(
k0 0 0 k

)
(3.103)
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kai epomènwc gia tic katast�seic pìlwshc ja eÐnai:

ε0 =


1
0
0
0

 , ε1 =


0
1
0
0

 , ε2 =


0
0
1
0

 , ε3 =


0
0
0
1


ìpou ja isqÔei:

k · ε(1,2) = 0 (3.104)

Fwtìnia me pìlwsh ε0 onom�zontai �bajmwt��   �qronoeid �, aut� me pìlwsh ε3 lègontai
�diam kh�, en¸ ta ε1 kai ε2 eÐnai ta gnwst� mac �egk�rsia�. Ta qronoeid  kai diam kh fwtìnia
eÐnai profan¸c kai ta mh fusik�. T¸ra ja prospaj soume ìpwc kai stic prohgoÔmenec
peript¸seic, na broÔme sqèseic met�jeshc gia touc telestèc α kai α+. Apì th Lagrangian
pou èqoume jewr sei, paÐrnoume gia thn kanonik  orm :

πµ =
∂L

∂Ȧµ
= Fµ0 − gµ0∂nuA

ν (3.105)

Autì dhlad  shmaÐnei:

π0 = −Ȧ0 +∇A, πi = ∂iA0 − Ȧi (3.106)

Me b�sh aut�, ja èqoume gia tic sqèseic met�jeshc Ðsou qrìnou:

[Ȧµ(x, t), Aν(x
′, t)] = igµνδ

3(x− x′) (3.107)

Apì thn èkfrash pou èqoume deqteÐ gia to pedÐo Aµ , ja èqoume:

Ȧµ =

∫
d3k

(2π)32k0

∑
λ=0,1,2,3

εµ
(λ)(k)(−ik0)[α(λ)(k)e−ikx − α(λ)+(k)eikx]

Antikajist¸ntac t¸ra aut� sthn èkfrash tou metajèth:

[α(λ)(k), α(λ′)+(k′)] = −gλλ′2k0(2π)3δ3(k − k′) (3.108)

'Oloi oi upìloipoi metajètec mhdenÐzontai. Kat� ta gnwst� mporoÔme na ermhneÔsoume touc
parap�nw telestèc, wc telestèc katastrof c kai dhmiourgÐac fwtonÐwn ìpwc èqoume proa-
nafèrei. H antÐstoiqh ermhneÐa stic qronoeideÐc sunist¸sec emfanÐzei probl mata. Pr�gmati
efìson gia thn metrik  Minkowski isqÔei:

g00 = 1 (3.109)

tìte gia touc qronoeideÐc telestèc ja èqoume:

[α(0)(k), α(0)+(k′)] = −2k0(2π)
3δ3(k − k′) (3.110)
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Oi upìloipoi telestèc den emfanÐzoun prìblhma giatÐ ta stoiqeÐa thc metrik c  tan ìla -1.
Ed¸ ìmwc o metajèthc mac gÐnetai arnhtikìc.
Gia par�deigma jewr¸ntac thn kat�stash gia èna mìno bajmwtì fwtìnio, ja èqoume thn
dr�sh tou telest  dhmiourgÐac sthn kat�stash kenoÔ:

|1⟩ =
∫

d3k

(2π)32k0
eikxα(0)+(k)|0⟩ (3.111)

PaÐrnontac th nìrma:

⟨1|1⟩ =
∫

d3k

(2π)32k0

d3k′

(2π)32k′0
ei(k−k

′)x⟨0|α(0)(k)α(0)+(k)|0⟩

'Omwc ìpwc èqoume apì to metajèth twn telest¸n katastrof c kai dhmiourgÐac:

⟨0|α(0)(k)α(0)+(k)|0⟩ = ⟨0| − 2k0(2π)
3δ3(k − k′) + α(0)+(k)α(0)(k)|0⟩

Apì th sunj kh pou èqoume deqteÐ gia th basik  kat�stash, ¸ste na mhn up�rqoun arnhtikèc
idiotimèc:

α(0)(k)|0⟩ = 0 (3.112)

P�irnoume telik¸c:

⟨1|1⟩ = −
∫

d3k

(2π)32k0

d3k′

(2π)32k′0
ei(k−k

′)x2k0(2π)
3δ3(k − k′)⟨0|0⟩

⟨1|1⟩ = −
∫

d3k

(2π)32k0
⟨0|0⟩ (3.113)

blèpoume dhlad  ìti h kat�stash aut  èqei arnhtik  nìrma. To prìblhma ìpwc faÐnetai
proèrqetai apì arnhtikì prìshmo tou metajèth twn telest¸n katastrof c kai dhmiourgÐac.
ParathroÔme ìmwc pwc kai o upologismìc thc enèrgeiac emfanÐzei probl mata. Pr�gmati:

H =

∫
d3k

(2π)32k0
k0

{ ∑
λ=1,2,3

[α(λ)+(k)α(λ)(k)]− α(0)+(k)α(0)(k)
}

(3.114)

Dhlad  paÐrnoume arnhtik  suneisfor� sthn enèrgeia apì ta bajmwt� fwtìnia. Ja anag-
kastoÔme loipìn na qrhsimopoi soume ton telest  arijmhtik c puknìthtac twn fwtonÐwn.
Sugkekrimèna o telest c arijmhtik c puknìthtac fwtonÐwn gia thn qroonoeid  perÐptwsh
èqei arnhtikì prìshmo.
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3.6 Oloklhr¸mata diadrom c

Oloklhr¸nontac autì to kef�laio, exet�zoume ton formalismì twn oloklhrwm�twn diadro-
m c, pou ousiastik� apoteleÐ ta majhmatik� thc kbantik c jewrÐac pedÐou. 'Ena qarakthri-
stikì par�deigma apoteleÐ to peÐrama dipl c sqism c. 'Estw to hlektrìnio proerqìmeno apì
thn phg  S kai sto drìmo tou proc ton aniqneut  O mèsa se qrìno T pern� apì mèsa apì
ojình A, h opoÐa eÐnai efodiasmènh me dÔo sqismèc A1 kai A2. To pl�toc anÐqneushc tou
hlektronÐou ston aniqneut  O dÐnetai sÔmfwna me thn kbantik  mhqanik  apì thn upèrjesh
twn plat¸n twn dÔo aut¸n drìmwn, dhlad  S → A1 → O kai S → A2 → O. An suneqÐsoume
dhmiourg¸ntac sqismèc sthn ojình, o upologismìc me b�sh thn arq  thc upèrjeshc ja eÐnai
to �jroisma twn plat¸n pijanìthtac gia tic treÐc autèc peript¸seic. Epagwgik� loipìn, to
zhtoÔmeno pl�toc dÐnetai:

A(anÐqneush sto O se qrìno T) =
∑
i

A(S → Ai → O)

3.7 Diagr�mmata Feynmann

Up�rqei mia genik  arq  sth swmatidiak  fusik , h opoÐa fèrei to ìnoma diastauroÔmenh
summetrÐa (crossing symmetry). Upojèste gia par�deigma mia antÐdrash thc morf c

A+B → C +D.

Opoiod pote apì aut� ta swmatÐdia mporeÐ na metaferjeÐ sthn �llh pleur� thc antÐdrashc,
dedomènou ìti kat' epèktash metatrèpetai sto antiswmatÐdio tou. Epomènwc kai h prokÔ-
ptousa sun�rthsh na eÐnai epÐshc dunat . 'Ara,

A→ B + C +D

A+ C → B +D

C +D → A+B

Epipleìn kai h antÐstrofh sun�rthsh epÐshc eÐnai efikt  C+D → A+B, to opoÐo praktik�
diaforopoieÐtai b�sei thc arq c diat rhshc antidr¸ntwn-proðìntwn. Pr�gmati, ìpwc ja
doÔme, oi upologismoÐ pou mesolaboÔn se autèc tic antidr�seic eÐnai tautìshmoi. MporoÔme
�llwste na touc jewr soume san diaforetik  d lwsh thc Ðdiac jemeli¸douc diadikasÐac.
Up�rqei ìmwc mia basik  adunamÐa pou upoj�lptetai. H diat rhsh thc enèrgeiac mporeÐ na
askeÐ bèto sthn pramatopoÐhsh thc antÐdrashc, pou mporeÐ na eÐnai epitrept  wc proc tic
upìloipec paramètrouc. MporoÔme epÐshc na dhl¸soume ìti h diastauroÔmenh (  antÐstrofh)
antÐdrash mporeÐ na eÐnai dunamik� epitrept , all� mporeÐ na mhn eÐnai kinhmatik� epitrept .





Kef�laio 4

MEGALOENOPOIHMENES
JEWRIES

4.1 An�gkh enopoÐhshc

Force Strength Theory Mediator
Strong 10 Chromodynamics Gluon

Electromagnetic 10−2 Electrodynamics Photon
Weak 10−13 Flavordynamics WandZ

Gravitational 10−42 Geometrodynamics Graviton

Oi dun�meic upakoÔoun se mia ekjetik  morf  ìpwc

e−(r/α)/r2,

ìpou to α eÐnai to eÔroc. Gia th dÔnamh Coulomb kai gia to nìmo thc pagkìsmiac èlxhc
tou Newton to eÔroc eÐnai, α= ∞, en¸ gia thn isqur  dÔnamh to α eÐnai perÐpou 10−13 cm
(1fermi). H stajer� lept  uf c, apoteleÐ shmantik  ènnoia thc kbantik c jewrÐac pèdÐou.
ApoteleÐ ousiastik� adi�stato mètro thc isqÔc thc dÔnamhc. Epomènwc, sugkrÐnoume thn
enèrgeia kat� thn allhlepÐdrash dÔo hlektronÐwn me thn enèrgeia hremÐac tou hlektronÐou.

α =
1

4π

e2

(~/mc)
/mc2 =

e2

4π~c
≈ 1

137
.

H stajer� lept c uf c apì thn �llh, exart�tai apì to fortÐo. SugkrÐnoume, gia par�deig-
ma, thn energì diatom  thc skèdashc Thomson fwtonÐwn apì hlektrìnia me thn skèdash
Rutherford. H energìc diatom  gia fwtìnia meg�lou m kouc kÔmatoc, dÐnetai ¸c:

σTH =
8π

3
(
α

me
)
2
=

2

3
α2(4πRe

2),
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ìpou to Re eÐnai to m koc kÔmatoc Compton. Fusik�, aut  h tim  thc energoÔ diatom c
mporeÐ na prokÔyei kai apì thn klassik  fusik . Apì thn �llh, h diaforik  energìc diatom 
Rutherford hlektronÐou apì pur na fortÐou Ze, dÐnetai:

dσR
dΩ

=
Z2α2

4E2

1

sin4(θ/2)
.

O suntelest c α dÐnei thn pijanìthta aporrìfhshc   apobol c enìc fwtonÐou. Sta dia-
gr�mmata Feynman, k�je aporrìfhsh   apobol  fwtonÐou apì èna fortÐo e qwrist�, dÐnetai
apì èna suntelest  e  

√
α kai pou tautìqrona anaparist� to pl�toc pijanìthtac gia th

sugkekrimènh allhlepÐdrash.
AntÐstoiqa mporeÐ na isquristeÐ kaneÐc ìti to qr¸ma twn kou�rk apoteleÐ to antÐstoiqo

fortÐo twn isqur¸n allhlepidr�sewn. Ta gklouìnia anaparist¸ntac ta fwtìnia twn isqu-
r¸n allhlepidr�sewn, qarakthrÐzontai me th seir� touc apì th stajer� allhlepÐdrashc as.
H as eÐnai ìmoia to tetr�gwno tou fortÐou pou fèrei to qr¸ma, diairemèno me 4π. H asum-
ptwtik  sumperifor� thc kampÔlhc thc stajer�c as gia isqurèc allhlepidr�seic apoteleÐ
kai shmeÐo anafor�c gia th qr sh jewrÐac diataraq¸n.
Qreiazìtan epomènwc mia exÐswsh, h opoÐa ja mporoÔse na peril�bei kai thn perigraf  uyhl�
sqetikistik¸n swmatidÐwn. Stic arqèc thc dekaetÐac tou 1930 èkane thn emf�nish thc mia
nèa jewrÐa. H kbantik  hlektrodunamik  (Quantum Electrodynamics   QED, sto ex c)
anaptÔqjhke ¸ste na peril�bei tic allhlepidr�seic fwtonÐwn kai hlektronÐwn. H idèa tou
Maxwell gia enopoÐhsh hlektrismoÔ kai magnhtismoÔ, shmatodìthse thn aparq  miac nèac
poreÐac gia thn fusik . Me th seir� tou kai o Einstein prosp�jhse na en¸sei th dÔnamh
thc barÔthtac me thn hlektrodunamik  se mia enopoihmènh jewrÐa pedÐou. H prosp�jeia den
apèdwse karpoÔc, wstìso od ghse touc Glashow, Weinberg kai Salam sthn diatÔpwsh thc
jewrÐa touc gia enopoÐhsh twn asjen¸n dun�mewn me tic hlektromagnhtikèc. H jewrÐa touc
xekin� me tèsseric �mazouc diadìtec all� kaj¸c proqwr� treÐc apì autoÔc apaitoÔn m�za
(ta W kai to Z), mèsw tou mhqanismoÔ Higgs kai èna paramènei �mazo, to fwtìnio.
Stic arqèc thc dekaetÐac tou ebdom nta ègine to epìmeno meg�lo b ma ènwshc thc isqur c
dÔnamhc (me b�sh thn arq  thc qrwmodunamik c) me thn hlektrasjen  dÔnamh (ìpwc aut n
thn diamìrfwsan oi GWS). 'Ektote, èqoun gÐnei pollèc ergasÐec, proteÐnontac jewrÐec me-
galoenopoÐhshc.
Parathr jhke epÐshc,  dh apì arketa nwrÐc, ìti mia jewrÐa bajmÐdac perigr�fetai pl -
rwc apì om�dec kai tic anaparast�seic touc. GnwrÐzoume, ìti to Standard Model èqei tic
akìloujec om�dec: SU(3) ⊗ SU(2) ⊗ U(1). H idèa loipìn pou brÐsketai pÐsw apì tic me-
galoenopoihmènec jewrÐec eÐnai ìti up�rqei mia om�da megalÔterh apì aut  tou Standard
Model. Dhlad :

G ⊃ SU(3)C ⊗ SU(2)L ⊗ U(1)Y (4.1)

ìpou oi deÐktec anafèrontai sta fortÐa ta opoÐa gennoÔntai mèsa apì thn apaÐthsh analloÐ-
wtou k�tw apì tic antÐstoiqec om�dec metasqhmatism¸n, se sumfwnÐa me to J. Noether. To
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fortÐo apoteleÐ diathroÔmenh posìthta. Tautìqrona, to fortÐo prèpei na antimetwpÐzetai wc
mia stajer� zeÔxhc pou faner¸nei thn èntash twn allhlepidr�sewn twn pedÐwn bajmÐdac me
ta antÐstoiqa swmatÐdia pou èqoume eis�gei. 'Etsi h enopoÐhsh thc hlektrasjenoÔc jewrÐac
me thn asjen  dÔnamh, dhlad  to ginìmeno SU(2)L × U(1)Y kai kat� sunèpeia h enopoÐhsh
twn dÔo stajer¸n zeÔxhc se mia stajer�, sto fortÐo twn hlektrasjen¸n dun�mewn kai h
perigraf  thc sto plaÐsio tou Kajierwmènou ProtÔpou eÐnai douleÐa twn Weinberg - Salam
.
H pleon sÔgqronh morf  tou Standard Model pou tuqaÐnei peiramatik c epibebaÐwshc a-
koloujeÐ parak�tw. 'Olh h Ôlh apoteleÐtai apì treÐa eÐdh stoiqeiwd¸n swmatidÐwn: ta
leptìnia, ta kouark kai touc foreÐc. Up�rqoun èxi leptìnia, ta opoÐa taxinomoÔntai sÔmfw-
na me to fortÐo touc (Q) kai touc treic leptonikoÔc touc arijmoÔc. UpakouoÔn epomènwc
sto kanìna twn trei¸n oikogenei¸n (  genne¸n).

l Q Le lµ Lτ
e −1 1 0 0
νe 0 1 0 0

µ −1 0 1 0
νµ 0 0 1 0

τ −1 0 0 1
ντ 0 0 0 1

Up�rqoun epÐshc èxi antileptìnia, me ìla ta prìshma anestrammèna. Sunep¸c up�rqoun 12
leptìnia. Ta fermiìnia thc jewrÐac mporoÔn na entaqjoÔn sto akìloujo qwrismì trei¸n
genne¸n:

fermions →



1h genne� →;

{
leptons → (e, νe);
quarks → (u, d).

2h genne� →;

{
leptons → (µ, νµ);
quarks → (c, s).

3h genne� →.

{
leptons → (τ, ντ );
quarks → (t,b).

(4.2)

H jewrÐa perilamb�nei (bl. Eisagwg ) ta akìlouja mpozìnia:

bosons → (fwtìnio γ,W+, Z0,W−, 8 gluons, higgs swm�tio )

'Omoia up�rqoun èxi geÔseic twn kouark , ta opoÐa kathgoriopoioÔntai sÔmfwna me to
fortÐo, th paraxenÐa(S), gohteÐa (C), omorfi� (B) kai al jeia (T). Ta kou�rk upakoÔoun
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epÐshc to kanìna twn tri¸n geni¸n.

q Q D U S C B T
d −1

3 −1 0 0 0 0 0
u 2

3 0 1 0 0 0 0
s −1

3 0 0 −1 0 0 0
c 2

3 0 0 0 1 0 0
b −1

3 0 0 0 0 −1 0
τ 2

3 0 0 0 0 0 1

P�li ìla ta prìshma eÐnai anestrammèna sto pÐnaka twn antikou�rk. Sto metaxÔ, k�je
kou�rk kai antikou�rk up�rqei se trÐa qr¸mata, opìte up�rqoun sunolik� 36.
Tèloc, k�je allhlepÐdrash fèrei touc foreÐc thc: to fwtìnio gia thn hlektromagnhtik 
allhlepÐdrash, ta dÔo W kai to èna Z gia thn asjen  dÔnamh, to gkrabitìnio gia thn
barÔthta kai h isqur  dÔnamh me to gklouìnio.

Ja xekin soume thn an�lush mac me to polÔ shmantikì aujìrmhto sp�simo summetrÐac
bajmÐdac.
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4.2 Aujìrmhto sp�simo ektetamènhc summetrÐac baj-
mÐdac kai Je¸rhma Goldstone

Sthn perÐptwsh aut  h Lagrangian tou sust matoc mac ja eÐnai:

L = T − V = (∂µφ)(∂
µφ)∗ − [µ2φ∗φ+ λ(φ∗φ)2] (4.3)

ìpou ed¸ o ìroc tou λ , eÐnai ènac ìroc allhlepÐdrashc tou pedÐou me ton eautì tou. 'Opwc
faÐnetai eÔkola, h Lagrangian aut  eÐnai analloÐwth k�tw apì U(1) olikoÔc metasqhmati-
smoÔc bajmÐdac, dhlad  k�tw apì metasqhmatismoÔc thc morf c:

φ→ φ′ = expiα φ, (α = stajer�) (4.4)

Y�qnoume na broÔme th basik  kat�stash thc jewrÐac mac (kenì). Proc toÔto, den èqoume
par� na paragwgÐsoume th dunamik  enèrgeia kai na broÔme thn el�qisth tim  thc. Ja èqoume
loipìn:

∂V

∂φ
= φ∗(µ2 + 2λφ∗φ) (4.5)

Ed¸ loipìn ja prèpei na diakrÐnoume dÔo peript¸seic. E�n jewr soume µ2 > 0, λ > 0 , tìte
èqoume el�qisto gia φ∗ = φ = 0. E�n ìmwc p�roume thn perÐptwsh ìpou µ2 < 0, λ > 0,
tìte paÐrnoume èna topikì mègisto gia φ = 0 kai el�qisto gia:

|φ|2 = −µ
2

2λ
≡ υ2   gia |φ| = υ (4.6)

Sthn kbantik  jewrÐa pedÐou ìpou to φ jewreÐtai wc telest c, h sunj kh aut  anafèretai
wc anamenìmenh tim  tou φ wc proc to kenì, kai eÐnai:

|⟨0|φ|0⟩|2 = υ2 (4.7)

To dunamikì V faÐnetai sto parak�tw sq ma, sunart sei twn dÔo eswterik¸n bajmwt¸n
φ1 kai φ2 (eÐnai φ = φ1 + iφ2). Ta el�qista tou V brÐskontai kat� m koc tou kÔklou
|φ| = υ. Autì eÐnai kai to sÔnolo twn ken¸n thc jewrÐac mac. H k�je mÐa kat�stash kenoÔ
prokÔptei apì tic upìloipec mèsw peristrof¸n.
Ta fusik� pedÐa ta opoÐa antistoiqoÔn se dihghrmènec katast�seic gÔrw apì to kenì, prag-
matopoioÔntai efarmìzontac mikrèc diataraqèc gÔrw apì autì, dhlad  gÔrw apì to |φ| = υ
kai ìqi gÔrw apì to φ = 0. MporoÔme loipìn sthn sunèqeia na doulèyoume me polikèc
suntetagmènec:

φ(x) = ρ(x) (4.8)

ìpou autì pou èqoume k�nei eÐnai na ekfr�soume to migadikì pedÐo sunart sei twn dÔo
bajmwt¸n pedÐwn ρ(x), θ(x). Autì pou èqoume t¸ra na k�noume eÐnai na epilèxoume mÐa apì
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tic katast�seic kenoÔ gia th jewrÐa mac kai p�nw se aut  na ektelèsoume tic kbantikèc mac
diegèrseic. Epilègoume loipìn wc to kenì:

⟨0|φ|0⟩ = υ (4.9)

ìpou υ eÐnai pragmatikìc arijmìc. Tìte ja èqoume:

⟨0|ρ|0⟩ = υ, ⟨0|θ|0⟩ = 0 (4.10)

kai ètsi me thn eklog  aut  tou kenoÔ thc jewrÐac mac, èqoume sp�sei ousiastik� th sum-
metrÐa thc basik c kat�stashc sth Lagrangian. H eklog  tou kenoÔ mèsa apì to dunatì
sÔnolo ken¸n eÐnai to aujìrmhto sp�simo thc summetrÐac. T¸ra loipìn mporoÔme na mil -
soume kai gia ta fusik� pedÐa thc jewrÐac mac. Aut� ìpwc anafèrame pio p�nw ja eÐnai
diegèrseic gÔrw apì to kenì. Gr�foume loipìn:

φ(x) = [ρ′(x) + υ]eiθ(x) (4.11)

'Opou t¸ra, ta fusik� pedÐa mac ρ′ kai θ èqoune kai ta dÔo mhdenikèc anamenìmenec timèc wc
proc to kenì. EÐnai dhlad :

⟨0|ρ′|0⟩ = 0, ⟨0|θ|0⟩ = 0 (4.12)

Ac p�me loipìn t¸ra na gr�youme th Lagrange sunart sei twn pedÐwn aut¸n. Gia ton
kinhtikì ìro T ja eÐnai:

T = (∂µφ)(∂
µφ)∗ = (∂µ[ρ

′(x) + υ]eiθ(x))(∂µ[ρ′(x) + υ]eiθ(x))

T = [∂µρ
′ + i(ρ′ + υ)∂µθ][∂

µρ′ − i(ρ′ + υ)∂µθ]

T = ∂µρ
′∂µρ′ + (ρ′ + υ)2∂µθ∂

µθ (4.13)

'Oson afor� to dunamikì ìro thc Lagrange V , ja èqoume:

V = µ2φ∗φ+ λ(φ∗φ)2 = µ2(ρ′ + υ)2 + λ(ρ′ + υ)4

V = −2λυ2(ρ′ + υ)2 + λ(ρ′ + υ)4

V = −2λυ2(ρ′
2
+ υ2 + 2υρ′) + λ(ρ′

4
+ 4ρ′

3
υ + 6ρ′

2
υ2 + 4ρ′υ3 + υ4)

V = λρ′
4
+ 4λρ′

3
υ + 4λρ′

2
υ2 − λυ4 (4.14)

'Ara h nèa Lagrangian, met� thn epibol  thc diataraq c ja gÐnei telik�:

L = T − V = ∂µρ
′∂µρ′ + (ρ′ + υ)2∂µθ∂

µθ − (4λυ2)ρ′
2 − λρ′

4 − 4λρ′
3
υ + λυ4

L = [∂µρ
′∂µρ′ − (4λυ2)ρ′

2
] + [υ2∂µθ∂

µθ] + (ρ′
2
+ 2υρ′)∂µθ∂

µθ − λρ′
4 − 4λρ′

3
υ + λυ4

(4.15)
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H an�lush twn ìrwn thc Lagrangian ja anadeÐxei shmantik� sumper�smata. Mèsa sthn
pr¸th agkÐlh perièqontai oi kinhtikoÐ ìroi kai oi ìroi m�zac (tetr�gwno m�zac). Antijètwc
to pedÐo θ emfanÐzei kinhtikì ìro all� apousi�zei ìroc m�zac. 'Etsi to pedÐo θ eÐnai �mazo. Oi
upìloipoi ìroi eÐnai ìroi m�zac allhlepÐdrashc tou pedÐo ρ′ kai θ metaxÔ touc all� kai ìroi
trÐthc kai tètarthc allhlepÐdrashc tou ρ′ me ton eautì tou. Tèloc sth teleutaÐa exÐswsh
emfanÐzetai kai mia stajer�. Ta apotelèsmata mac, deÐqnoun p¸c èqoume sp�sei thn U(1)
summetrÐa. Ta dÔo mazik� mpozìnia, dhlad  ta ρ kai θ èqoun •dwsei th jèsh touc se èna ρ′

kai èna �mazo pedÐo θ. 'Eqoume dhlad :

prin to aujìrmhto sp�simo :2 mazik� pedÐa

met� to aujìrmhto sp�simo :1 mazikì (mρ′ =
√
8λυ2) kai 1 �mazo mθ = 0

MporoÔme na apod¸soume sta apotelèsmata mac kai perissìterh fusik  upìstash anaferì-
menoi sto sq ma tou dunamikoÔ, jewr¸ntac pwc diegèrseic kat� thn aktinik  dieÔjunsh (ρ′)
ìpou to dunamikì parousi�zei kampulìthta, odhgeÐ sthn an�ptuxh dun�mewn epanafor�c oi
opoÐec kostÐzoun se enèrgeia, h opoÐa me th seir� thc shmaÐnei mh mhdenik  m�za gia to pedÐo
ρ′. AntÐjeta diegèrseic kat� th gwniak  dieÔjunsh ìpou to dunamikì paramènei stajerì,
den kostÐzoun se enèrgeia sto sÔsthma. Gia autì to lìgo to pedÐo θ den apaiteÐ na èqei
m�za. To swmatÐdio loipìn θ eÐnai gnwstì wc mpozìnio Goldstone. Tèloc
shmantikì shmeÐo thc ìlhc diadikasÐac eÐnai ìti to fainìmeno autì apokt� genik  isqÔ. To
aujìrmhto sp�simo summetrÐac dhlad  odhgeÐ sthn Ôparxh enìc �mazou
swmatidÐou, tou mpozonÐou Goldstone.
Tèloc axÐzei na anafèroume pwc sta Ðdia akrib¸c apotelèsmata ja eÐqame katal xei, ean eÐ-
qame qrhsimopoi sei gia thn perigraf  thc diadikasÐac ìqi thn polik  morf  all� ta fusik�
pedÐa mac  tan ta ex c:

φ = υ +
φ1 + iφ2√

2
(4.16)

ìpou
⟨0|φ1|0⟩ = 0, ⟨0|φ2|0⟩ = 0 (4.17)

opìte paÐrnoume to pr¸to mazikì (m1 =
√
4λυ2) kai to deÔtero �mazo (m2 = 0).

4.3 Aujìrmhto sp�simo topik c U(1) summetrÐac baj-
mÐdac, mhqanismìc Higgs

Ac proqwr soume t¸ra lÐgo parak�tw kai ac doÔme ti sumbaÐnei sth perÐptwsh aujìrmhtou
spasÐmatoc miac topik c summetrÐac bajmÐdac. Se analogÐa me thn parap�nw perÐptwsh ac
jewr soume kai ed¸ topik U(1) summetrÐa bajmÐdac. Tìte h Lagrangian ja eÐnai analloÐwth
k�tw apì touc metasqhmatismoÔc:

φ→ φ′ = eiα(x)φ (4.18)
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EpÐshc, me b�sh ta ìsa èqoune leqjeÐ se prohgoÔmeno kef�laio, h Lagrangian ja èqei gia
thn epÐteuxh tou analloÐwtou th morf :

L = (∂µ + ieAµ)φ(∂
µ − ieAµ)φ∗ − [µ2φ∗φ+ λ(φ∗φ)2]− 1

4
FµνFµν (4.19)

P�li ja prèpei na prosdiorÐsoume to kenì thc jewrÐac mac. BrÐskoume to el�qisto thc
dunamik c enèrgeiac (o trÐtoc ìroc sth Lagrangian eÐnai apl� kinthikìc ìroc gia to hle-
ktromagnhtikì pedÐo). 'Opwc kai prohgoumènwc ja eÐnai:

∂V

∂φ
= φ∗(µ2 + 2λφ∗φ) (4.20)

Kai gia µ2 > 0 paÐrnoume thn tetrimmènh jewrÐa enìc fortismènou bajmwtoÔ swmatidÐou
m�zac µ kai fortÐou e, pou allhlepidr� me to �mazo hlektromagnhtikì pedÐo. H endiafèrousa
ìmwc fusik  ja prokÔyei e�n jewr soume µ2 < 0. Tìte se antistoiqÐa me ta ìsa èqoume
pei parap�nw ja p�roume to kenì thc jewrÐac mac sthn perioq :

|φ| = υ√
2
=
(
− µ2

2λ

)1/2
(4.21)

Dhlad :

⟨0|φ|0⟩ = υ√
2

(4.22)

JewroÔme t¸ra to pedÐo φ sth morf :

φ =
φ′

1 + iφ′
2√

2
(4.23)

En¸ metaferìmenoi sta fusik� pedÐa kai ektel¸ntac to aujìrmhto sp�simo summetrÐac,
dialègontac dhlad  èna apì ta poll� ken� gia th jewrÐa mac kai ektel¸ntac diegèrseic
gÔrw apì autì, ja èqoume:

φ =
υ + φ1 + iφ2√

2
(4.24)

ìpou
⟨0|φ1|0⟩ = 0, ⟨0|φ2|0⟩ = 0 (4.25)

H Lagrangian loipìn, ja gÐnei sunart sei twn fusik¸n pedÐwn:

L = (∂µ + ieAµ)φ(∂
µ − ieAµ)φ∗ − [µ2φ∗φ+ λ(φ∗φ)2]− 1

4
FµνFµν (4.26)

AnalÔontac k�je ìro xeqwrist�, ja èqoume, xekin¸ntac apì ton kinhtikì ìro thc Lagran-
gian:

T = (∂µ + ieAµ)φ(∂
µ − ieAµ)φ∗ − 1

4
FµνFµν (4.27)
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O deÔteroc ìroc paramènei wc èqei.
Gia ton pr¸to ìro èqoume:

(∂µ + ieAµ)
(υ + φ1 + iφ2√

2

)
(∂µ − ieAµ)

(υ + φ1 − iφ2√
2

)
=

=
1

2

[
[(∂µφ1 − eφ2Aµ) + i(∂µφ2 + eφ1Aµ + eυAµ)]× [(∂µφ1 − eφ2A

µ)− i(∂µφ2 + eφ1A
µ + eυAµ)] =

]
(4.28)

=
1

2

[
∂µφ1 − eφ2Aµ)

2 + (∂µφ2 + eφ1Aµ + eυAµ)
2] =

(4.29)

=
1

2
(∂µφ1)

2 +
1

2
(∂µφ2)

2 +
1

2
e2υ2AµA

µ + eυ(∂µφ2)Aµ

(4.30)

+
1

2
[(eφ2Aµ)

2 + (eφ1Aµ)
2] + e2υφ1(Aµ)

2 − e(∂µφ1)φ2A
µ + e(∂µφ2)φ1A

mu

(4.31)

Gr�fontac touc ìrouc thc dunamik c enèrgeiac:

V = µ2φ∗φ+ λ(φ∗φ)2 = −λυ2φ∗φ+ λ(φ∗φ)2 (4.32)

EÐnai:

φ∗φ =
(υ + φ1 − iφ2√

2

)(υ + φ1 + iφ2√
2

)
=

1

2
[(υ + φ1)

2 + (φ2)
2]

1

2
[υ2 + (φ)2 + 2υφ1 + (φ2)

2] (4.33)

(φ∗φ)2 =
1

4
[υ4 + (φ1)

4 + 4υ2(φ1)
2 + (φ2)

4 + 2υ2(φ1)
2 + 4υ3φ1 + 2υ2(φ2)

2 (4.34)

4υ(φ1)
3 + 2(φ1)

2(φ2)
2 + 4υφ1(φ2)

2] (4.35)

−λυ2φ∗φ = −λ
[1
2
υ4 +

1

2
υ2(φ1)

2 + υ3φ1 +
1

2
υ2(φ2)

2
]

(4.36)

λ(φ∗φ)2 = λ
[υ4
4

+
1

4
(φ1)

4 +
6

4
υ2(φ1)

2 +
1

4
(φ2)

4 +
1

2
υ2(φ2)

2 + υ3φ1 + υ(φ1)
3 (4.37)

+
1

2
(φ1)

2(φ2)
2 + υφ1(φ2)

2
]

(4.38)
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Opìte:

V = −λ
[1
2
υ4 +

1

2
υ2(φ1)

2 + υ3φ1 +
1

2
υ2(φ2)

2
]

+λ
[υ4
4

+
1

4
(φ1)

4 +
6

4
υ2(φ1)

2 +
1

4
(φ2)

4 +
1

2
υ2(φ2)

2 + υ3φ1

υ(φ1)
3 +

1

2
(φ1)

2(φ2)
2 + υφ1(φ2)

2
]

V =
λ

4
(φ1)

4 +
λ

4
(φ2)

4 + λυ(φ1)
3 + λυ2(φ1)

2 +
λ

2
(φ1)

2(φ2)
2 + λυφ1(φ2)

2 − λ
υ4

4
(4.39)

'Etsi loipìn h Lagrangian sunart sei twn fusik¸n pedÐwn ja gr�fetai:

L =
[1
2
(∂µφ1)

2 +
1

2
(∂µφ2)

2 − λυ2(φ1)
2
]
−
[1
4
FµνFµν −

1

2
e2υ2AµA

µ
]

eυ(∂µφ2)Aµ (4.40)

+
[1
2
[(eφ2Aµ)

2 + (eφ1Aµ)
2] + e2υφ1(Aµ)

2 − e(∂µφ1)φ2A
µ (4.41)

+e(∂µφ2)φ1A
µ
]

(4.42)

−
[λ
4
(φ1)

4 +
λ

4
(φ2)

4 + λυ(φ1)
3 +

λ

2
(φ1)

2(φ2)
2 + λυφ1(φ2)

2
]

(4.43)

+λ
υ4

4
(4.44)

Se autì to shmeÐo apaiteÐtai mia an�lush twn ìrwn pou mac proèkuyan. Arqik� èqoume dÔo
kinhtikoÔc ìrouc gia ta dÔo fusik� pedÐa mac φ1 kai φ2. AutoÐ faÐnontai sthn pr¸th agkÔlh.
Se aut n up�rqei epÐshc ènac ìroc m�zac gia to pedÐo φ1. Sugkekrimèna: m2 = 2λυ2. To
pedÐo φ2 paramènei �mazo (mpozìnio Goldstone ). Sth deÔterh agkÔlh èqoume anafor� sto
pedÐo Aµ. EkeÐ up�rqei ènac kinhtikìc ìroc gia to pedÐo autì kaj¸c kai ènac ìroc m�zac. H
m�za tou pedÐou Aµ eÐnai: mA

2 = e2υ2. O akrib¸c epìmenoc ìroc eÐnai ènac ìroc mÐxhc twn
pedÐwn Aµ kai φ2, ènac tètoioc ìroc ìmwc eÐnai genik� anepijÔmhtoc. Autì to gegonìc k�nei
to φ2 plèon na mhn sumperifèretai wc èna fusikì pedÐo. Oi epìmenoi ìroi pou efanÐzontai
eÐnai ìroi allhlepÐdrashc twn pedÐwn metaxÔ touc kai me ton eautì touc, deÔterhc, trÐthc
kai tètarthc t�xhc. Tèloc emfanÐzetai kai mia stajer�.
Gurn¸ntac loipìn t¸ra ston anepijÔmhto ìro mÐxhc, skeftìmaste e�n ja mporoÔsame me
k�poio trìpo na ton exafanÐsoume. H diadikasÐa epitugq�netai mèsw tou metasqhmatismoÔ
bajmÐdac. EÐnai dhlad :

φ→ eiα(x)φ (4.45)

pou gia apeirostoÔc metasqhmatismoÔc isqÔei:

φ→ (1 + iα)φ (4.46)
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EpÐshc ìpwc orÐsame parap�nw:

φ =
υ + φ1 + iφ2√

2
(4.47)

Opìte
υ + φ1 + iφ2√

2
→ (1 + iα)

υ + φ1 + iφ2√
2

φ1 → φ1 − αφ2

φ2 → φ2 + αφ1 + αυ
(4.48)

'Opwc faÐnetai apì ed¸ to pedÐo φ2 akoloujeÐ ènan mh omogen  metasqhmatismì. O metasqh-
matismìc autìc antistoiqeÐ kai se peristrof  all� kai se metatìpish ston eswterikì q¸ro
φ1, φ2. 'Etsi loipìn ja prèpei na to exafanÐsoume. JewroÔme loipìn kai p�li ìti up�rqei
èna kat�llhlo α to opoÐo mporoÔme na dialèxoume ètsi ¸ste na epitÔqoume φ2 = 0. Tìte
loipìn lème ìti douleÔoume sth fusik    monadiak  b�jmÐda ìpou to ìnoma prokÔptei lìgw
emf�nishc sth bajmÐda aut  mìno fusik¸n pedÐwn. Sth fusik  bajmÐda loipìn h Lagrangian
gr�fetai:

L =
[1
2
(∂µφ1)

2 − λυ2(φ1)
2
]
−
[1
4
FµνFµν −

1

2
e2υ2AµA

µ
]

(4.49)

+
[1
2
(eφ1Aµ)

2 + e2υφ1(Aµ)
2
]
−
[λ
4
(φ1)

4 + λυ(φ1)
3
]
+ λ

υ4

4
(4.50)

H Lagrangian aut  perièqei plèon dÔo fusik� pedÐa. 'Ena pedÐo bajmÐdac Aµ kai èna baj-
mwtì pedÐo φ1. Plèon kai ta dÔo pedÐa mac èqoun apokt sei m�za.
Me th metafor� loipìn sth monadiak  bajmÐda, to anepijÔmhto bajmwtì pedÐo (mpozìnio
Goldstone) φ2, èqei exafanisteÐ kai sth jèsh tou to pedÐo bajmÐdac thc topik c
summetrÐac bajmÐdac (ed¸ fwtìnio) èqei apokt sei m�za. Autì to fai-
nìmeno eÐnai gnwstì wc mhqanismìc Higgs. AxÐzei ed¸ epÐshc na shmei¸soume
pwc o sunolikìc arijmìc twn bajm¸n eleujerÐac tou sust matoc èqei diathrhjeÐ. Arqik�
eÐqame 1 bajmì eleujerÐac gia k�je mazikì bajmwtì swmatÐdio kai 2 gia to �mazo fwtìnio.
SÔnolo 4 bajmoÐ eleujerÐac. Met� to sp�simo èqoume 1 bajmì gia to èna mazikì bajmwtì
pedÐo mac (φ2 ) kai 3 bajmoÔc gia to mazikì fwtìnio (2 egk�rsiec kai 1 diam khc). SÔnolo
4 bajmoÐ eleujerÐac. Tèloc, ja prèpei na anafèroume pwc to pedÐo φ2 to opoÐo eisag�me wc
diataraq  sthn kat�stash kenoÔ thn opoÐa epilèxame gia to aujìrmhto sp�simo summetrÐac,
onom�zetai swmatÐdio Higgs.

4.4 Aujìrmhto sp�simo topik c SU(2) summetrÐac baj-
mÐdac

Ac efarmìsoume t¸ra to aujìrmhto sp�simo kai to mhqanismì Higgs se mia megalÔterh
topik  summetrÐa bajmÐdac. 'Estw loipìn ìti h Lagrangian mac eÐnai analloÐwth k�tw apì
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thn topik  SU(2) ≈ O(3) summetrÐa bajmÐdac. Sth perÐptwsh thc O(3) summetrÐac mporoÔme
na ergastoÔme ìpwc kai prÐn me èna pedÐo tri¸n sunistws¸n. Sugkekrimèna:

φ =

 φ1

φ2

φ3

 (4.51)

Sth perÐptwsh t¸ra thc up�rxewc thc isodÔnamhc topik c summetrÐac me thn parap�nw,
dhlad  SU(2) mporoÔme na proqwr soume sthn an�lush qrhsimopoi¸ntac gia to φ thn ex c
morf :

Φ =

(
Φ+

Φ0

)
, ìpou

{
Φ+ = 1√

2
(φ1 + iφ2);

Φ0 = 1√
2
(φ3 + iφ4).

(4.52)

H SU(2) topik� analloÐwth Lagrangian ja eÐnai:

L = (DµΦ)(D
µΦ)+ − [µ2Φ+Φ+ λ(Φ+Φ)2]− 1

4
W µνW µν (4.53)

'Opou ìpwc èqoume breÐ se prohgoÔmenh par�grafo:

Dµ = ∂µ − ig2
τi
2
Wµ

i = ∂µ − ig2
τ

2
W µ (4.54)

W µν = ∂µW ν − ∂νW µ + g2(W µ ×W ν) (4.55)

Kat� ta gnwst�, y�qnoume to el�qisto thc dunamik c enèrgeiac gia na broÔme to kenì thc
jewrÐac mac. EÐnai:

∂V

∂Φ
= Φ+(µ2 + 2λΦ+Φ) (4.56)

'Opwc kai prin dialègoume thn perÐptwsh ìpou µ2 < 0 kai tìte eÐnai:

Φ+Φ =
υ2

2
= −µ

2

2λ

⟨0|Φ|0⟩ = υ√
2

(4.57)

pou isqÔei gia to kenì thc jewrÐac mac.
ProqwroÔme sto aujìrmhto sp�simo summetrÐac mac. Prèpei na dialèxoume se poi� apì
tic tèsseric sunist¸sec tou pedÐou Φ ja d¸soume anamenìmenh tim  wc proc to kenì. Mia
pijan  eklog  eÐnai na p�rei thn anamenìmenh tim  h trÐth tou sunist¸sa. Opìte kai oi
anamenìmenec timèc wc proc to kenì twn sunistws¸n tou Φ ja eÐnai:

⟨0|φ1|0⟩ = ⟨0|φ2|0⟩ = ⟨0|φ4|0⟩ = 0, ⟨0|φ3|0⟩ = υ (4.58)
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Diaforetik� mporoÔme na gr�youme:

⟨0|Φ|0⟩ ≡= Φ0 =

(
⟨0|Φ+|0⟩
⟨0|Φ0|0⟩

)
=

1√
2

(
0
υ

)
(4.59)

H summetrÐa èqei sp�sei sth basik  kat�stash thc jewrÐac mac. Sth sunèqeia ja mil soume
gia ta fusik� pedÐa thc jewrÐac. Ta pedÐa aut� den eÐnai �lla, apì ta pedÐa pou prokÔptoun
apì tic kbantikèc diegèrseic thc basik c kat�stashc tou kenoÔ.
Gia th diègersh isqÔei:

Φ′ = Φ0 +Φ =
1√
2

(
φ1 + iφ2

υ + φ3 + iφ4

)
(4.60)

Ta tèssera aut� pedÐa anaptussìmena mèsa sth Lagrangian emfanÐzoun ìrouc sÔzeuxhc twn
parag¸gwn touc me touc ìrouc twn pedÐwn bajmÐdac. Epipleìn prìblhma apoteleÐ to ìti
paramènoun �maza bajmwt� swmatÐdia. Sunep¸c, apofainìmaste ìti sta pedÐa aut� prèpei
na apodwjeÐ h idiìthta twn would-be Goldstone bosons. Dialègoume sthn sunèqeia ènan
kat�llhlo metasqhmatismì bajmÐdac kai èpeita douleÔoume sthn monadiak  bajmÐda, ìpou
ekeÐ ja emfanistoÔn mìno ta epijumht� fusik� pedÐa. Met� to metasqhmatismì epomènwc ja
isqÔei:

φ1, φ2, φ4 → 0, φ3 → h(x) (4.61)

ExafanÐsthkan epomènwc ìla ta would-be Goldstone bosons kai èmeine mon�qa to pedÐo
Higgs. Gr�fontac t¸ra xan� th diataraq  gÔrw apì th monadiak  bajmÐda eÐnai telik�:

Φ =
1√
2

(
0

υ + h(x)

)
(4.62)

H Lagrangian sth basik  aut  kat�stash ja eÐnai:

L = (DµΦ)(D
µΦ)+ − [µ2Φ+Φ+ λ(Φ+Φ)2]− 1

4
W µνW µν (4.63)

Efarmìzontac th diataraq  ja èqoume gia k�je ìro qwrist�:

(DµΦ)(D
µΦ)+ =

[(
∂µ − ig2

τ

2
W µ

)
Φ
][(

∂µ − ig2
τ

2
W µ

)
Φ
]+

(4.64)

ìpou ed¸:

τW µ = τ1Wµ
1 + τ2Wµ

2 + τ3Wµ
3

τW µ =

(
0 1
1 0

)
Wµ

1 +

(
0 −i
i 0

)
Wµ

2 +

(
1 0
0 −1

)
Wµ

3

τW µ =

(
Wµ

3 Wµ
1 − iWµ

2

Wµ
1 + iWµ

2 −Wµ
3

)
(4.65)
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Kai ètsi o epiplèon ìroc sth Lagrangian ja gÐnei:

DµΦ =
(
∂µ − ig2

τ

2
W µ

)
Φ =

[(
∂µ 0
0 ∂µ

)
− i

g2
2

(
Wµ

3 Wµ
1 − iWµ

2

Wµ
1 + iWµ

2 −Wµ
3

)]
Φ

DµΦ =
1√
2

(
∂µ − ig22 Wµ

3 −ig22 (Wµ
1 − iWµ

2)
−ig22 (Wµ

1 + iWµ
2) ∂µ + ig22 Wµ

3

)(
0

υ + h(x)

)
DµΦ =

1√
2

(
−ig22 (Wµ

1 − iWµ
2)(υ + h)

∂µh+ ig22 Wµ
3(υ + h)

)
DµΦ =

1√
2

(
−g2

2 Wµ
2(υ + h)− ig22 Wµ

1(υ + h)
∂µh+ ig22 Wµ

3(υ + h)

)
(4.66)

'Etsi antÐstoiqa ja èqoume:

(DµΦ)
+ =

1√
2

(
−g2

2 W
2µ(υ + h) + ig22 W

1µ(υ + h) ∂µh− ig22 W
3µ(υ + h)

)
(4.67)

O kinhtikìc ìroc ja gÐnei:

(DµΦ)(D
µΦ)+ (4.68)

=
1

2

[
− g2

2
Wµ

2(υ + h)− g2
2
Wµ

1(υ + h)
][

− g2
2
W 2µ(υ + h) +

g2
2
W 1µ(υ + h)

]
(4.69)

+
[
∂µh+ i

g2
2
Wµ

3(υ + h)
][
∂µh− i

g2
2
W 3µ(υ + h)

]
(4.70)

(DµΦ)(D
µΦ)+ (4.71)

1

2

[g2
2
Wµ

2(υ + h)
]2

+
[g2
2
Wµ

1(υ + h)
]2

+ (∂µh)
2 +

[g2
2
Wµ

3(υ + h)
]2

(4.72)

(DµΦ)(D
µΦ)+ (4.73)

=
1

2
(∂µh)

2 +
(g2)

2υ2

8
[(Wµ

1)2 + (Wµ
2)2 + (Wµ

3)2] (4.74)

+
(g2)

2υ2

8
(2υh+ h2)[(Wµ

1)2 + (Wµ
2)2 + (Wµ

3)2] (4.75)

'Opou ed¸ diakrÐnoume ènan kinhtikì ìro gia to pedÐo Higgs kai treÐc ìrouc m�zac gia ta treÐa
pedÐa bajmÐdac. Up�rqoun tèloc kai di�foroi ìroi allhlepÐdrashc twn pedÐwn bajmÐdac me to
swmatÐdio Higgs. Proqwr¸ntac t¸ra parak�tw, to upìloipo skèloc thc kinhtik c enèrgeiac
sth Lagrangian, o kinhtikìc ìroc gia ta pedÐa bajmÐdac, paramènei anephrèastoc.
Gia th dunamik  enèrgeia ja isqÔei:

V = µ2Φ+Φ+ λ(Φ+Φ)2 = −λυ2Φ+Φ+ λ(Φ+Φ)2 (4.76)

V =
λ

4
h4 + λυh3 + λυ2h2 − λ

υ4

4
(4.77)
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Gr�fontac ìlouc touc ìrouc epomènwc sth fusik  b�sh ja eÐnai:

L = T − V =
[1
2
(∂µh)

2 − 1

4
W µνW µν

]
(4.78)

+
[(g2)2υ2

8
[(Wµ

1)2 + (Wµ
2)2 + (Wµ

3)2]− λυ2h2
]
+

(g2)
2

8
(2υh+ h2)[(Wµ

1)2 + (Wµ
2)2 + (Wµ

3)2] +
λ

4
h4 + λυh3 − λ

υ4

4
(4.79)

Parathr¸ntac ta apotelèsmata thc perigraf c thc Lagrangian isqÔei gia th pr¸th agkÔlh,
ìti up�rqoun tèsseric kinhtikoÐ ìroi twn pedÐwn. Sth deÔterh agkÔlh up�rqoun oi tèsseric
ìroi m�zaac gia ta trÐa pedÐa bajmÐdac kai to swmatÐdio Higgs. Tèloc up�rqoun kai oi ìroi
allhlepÐdrashc twn pedÐwn trÐthc kai tètarthc t�xhc kaj¸c kai mia stajer�. Oi m�zec twn
pedÐwn pou brèjhkan eÐnai:

MW 1 =MW 2 =MW 3 =
υg2
2
, mh =

√
2λυ (4.80)

'Eqoume loipìn parousi�sei to aurjìrmhto sp�simo summetrÐac. Mènei na doÔme p¸c ja
enswmat¸soume to mhqanismì autì sth jewrÐa tou Kajierwmènou ProtÔpou.
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4.5 Montèlo Weinberg - Salam SU(2)L × U(1)Y

Arqik�, ja mac apasqol sei h perigraf  twn fermionÐwn. H Lagrangian tou Dirac eÐnai:

L = iψ̄γµ∂µψ −mψ̄ψ (4.81)

Jewr¸ntac mhdenik  m�za:
L = iψ̄γµ∂µψ (4.82)

EpÐshc, gr�foume:

ψL =
(1− γ5

2

)
ψ, ψR =

(1 + γ5
2

)
ψ (4.83)

kai telik� h Ex.(4.81) gia fermiìnia:

L = iψL + ψRγ
µ∂µ(ψL + ψR) ⇒

L = iψ̄Rγ
µ∂µψR + iψ̄Lγ

µ∂µψL + iψ̄Lγ
µ∂µψR + iψ̄Rγ

µ∂µψL ⇒
L = iψ̄Rγ

µ∂µψR + iψ̄Lγ
µ∂µψL (4.84)

afoÔ:

ψ̄Lγ
µ∂µψR =

[(1− γ5
2

)
ψ

]
γµ∂µ

(1 + γ5
2

)
ψ ⇒

= ψ̄
(1− γ5

2

)
γµ∂µ

(1 + γ5
2

)
ψ ⇒

= ψ̄
(1− γ5

2

)
γµ∂µ

(1 + γ5
2

)
ψ (4.85)

kai {1− γ5
2

, γµ
}
= 0 ⇒

(1− γ5
2

)
γµ = −γµ

(1− γ5
2

)
(4.86)

kai telik� h Ex.(4.85) gÐnetai:

ψLγ
µ∂µψR = −ψ̄γµ∂µ

(1− γ5
2

)(1 + γ5
2

)
ψ = 0 (4.87)

afoÔ (1− γ5
2

)(1 + γ5
2

)
= 0

An�loga ja p�roume:
ψRγ

µ∂µψL = 0 (4.88)

'Etsi h Lagrangian (bl. Ex.(4.85) ) ja gÐnei:

L = iψRγ
µ∂µψR + iψLγ

µ∂µψL (4.89)
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4.5.1 Anaparast�seic twn swmatidÐwn kai apìdosh fortÐwn

Ac p�me na perigr�youme ta swmatÐdia me thn bo jeia twn spinìrwn. Arqik� eis�goume ta
�maza netrÐna. Apì thn Ex.(4.81) o ìroc m�zac mporeÐ na grafeÐ:

mψ̄ψ = m(ψ̄RψL + ψ̄LψR) (4.90)

Sunep¸c gia na prokÔptei mhdenikìc ìroc m�zac gia ta netrÐna ja prèpei na apait soume
na èqoun mìno mia sunist¸sa. ApaitoÔme epomènwc na èqoun mìno thn aristerìstrofh
sunist¸sa kai mhdenik  dexiìstrofh.
'Ara h Lagrangian gia ta netrÐna, ja grafeÐ:

Lleptons = ieRγ
µ∂µeR + ieLγ

µ∂µeL + iνeLγ
µ∂µνeL + iµRγ

µ∂µµR+ (4.91)

iµLγ
µ∂µµL + iνµLγ

µ∂µνµL + iτRγ
µ∂µτR + iτLγ

µ∂µτL + iντLγ
µ∂µντL (4.92)

Gia lìgouc aplìthtac ja upologistoÔn mìno oi treÐc pr¸toi ìroi, pou aforoÔn ta stoiqeÐa
thc pr¸thc oikogèneiac. Sunep¸c:

Lleptons,gen1 = ieRγ
µ∂µeR + ieLγ

µ∂µeL + iνeLγ
µ∂µνeL (4.93)

Ja sqhmatisteÐ akoloÔjwc mia perigraf , pou ja diagr�fei thn summetrÐa pou katèqei aut 
h Lagrangian. Ja prèpei ta swmatÐdia na upakoÔoun se summetrÐec strof c mèsa sto
qwrìqrono kai apeujeÐac gr�fetai o akìloujoc isospinor:

lL =

(
νL
eL

)
, lL =

(
νL eL

)
(4.94)

Sth parap�nw diplètta pou sqhmatÐsthke, apodÐdetai èna mh-Abelianì fortÐo IW = 1
2 , ìpou

autì akrib¸c eÐnai to asjenèc isospin (se antistoiqÐa me to isqurì isospin tou prwtonÐou
kai tou netronÐou). Gia tic trÐtec sunist¸sec twn dÔo stoiqeÐwn thc (4.94), ja eÐnai gia to
netrÐno: IW

3 = 1
2 kai gia to hlektrìnio IW

3 = −1
2 .

AntÐstoiqa, h dexiìstrofh sunist¸sa tou hlektronÐou ja sqhmatÐzei thn singlet kat�stash:

lR = eR, lR = eR (4.95)

afoÔ h dexiìstrofh sunist¸sa netrÐnou apokleÐsthke. To antÐstoiqo asjenèc isospin IW =
IW

3 = 0. 'Etsi h Lagrangian mporeÐ na grafeÐ:

Lgen1,leptons = ilRγ
µ∂µlR + ilLγ

µ∂µlL (4.96)

AkoloÔjwc faÐnetai h analloi¸thta thc Lagrangian k�tw apì SU(2) metasqhmatismoÔc. Oi
metasqhmatismoÐ ja èqoun wc ex c:

lL → e−iα
τ
2 lL

lR → lR (4.97)
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'Ara  νL
eL
eR

→

 e−iα
τ
2

0
0

0 0 1

 (4.98)

Tèloc, to fortÐo sundèetai me to asjenèc isospin, wc akoloÔjwc:

lL : Q = IW
3 − 1

2
, lR : Q = IW

3 − 1 (4.99)

afoÔ gnwrÐzoume ìti to hlektrìnio èqei fortÐo -1 kai to netrÐno eÐnai hlektrik� oudètero.
T¸ra ta parap�nw prèpei na ekfrastoÔn san summetrÐa bajmÐdac (bl. §2.3 Eswterikèc
Ektetamènec summetrÐec) Autì shmaÐnei pwc prèpei to α na exart�tai apì to qwrìqrono.
'Etsi ja prokÔyoun trÐa �maza pedÐa bajmÐdac. Prosoq  ìmwc! To fwtìnio den mporeÐ
na eÐnai èna apì aut�. Ja prèpei antijètwc, h dexiìstrofh sunist¸sa tou hlektronÐou na
allhlepidr� me ta pedÐa bajmÐdac mac (wc singlet) kai �ra kai me to fwtìnio. Telik�, ja
prèpei na up�rqei kai mia akìmh summetrÐa pou ja upakoÔei h Lagrangian thc exÐswshc (4.91).
O aploÔsteroc metasqhmatismìc pou dokim�zetai arqik� eÐnai enacU(1) metasqhmatismìc thc
dexiìstrofhc sunist¸sac tou hlektronÐou. Pr�gmati h Lagrangian paramènei analloÐwth
k�tw apì ènan metasqhmatismì:

eR → eiβeR (4.100)

Tìte ìmwc oi spÐnorec mac prèpei na tropopoihjoÔn wc:

U(1) :

 νL
eL
eR

→

 einβ 0 0
0 einβ 0
0 0 eiβ

 νL
eL
eR

 (4.101)

Dhlad  ja prèpei stouc aristerìstrofouc spÐnorec thc Ex. (4.98) na prostejeÐ h f�sh
eiβ , pou tautìqrona ìmwc ja diaforopoieÐ th f�sh thc dexiìstrofhc sunist¸sac.
Gia to kajorismì tou n parathroÔme ìti h U(1) summetrÐa ja mac d¸sei èna diathroÔmeno
fortÐo. To netrÐno kai h aristerìstrofh sunist¸sa tou hlektronÐou paÐrnoun diaforeti-
kèc timèc - �ra to pedÐo bajmÐdac thc jewrÐac Weinberg - Salam diaforopoieÐtai apì to
hlektromagnhtikì. O Weinberg prìteine ton orismì tou asjenoÔc uperfortÐou:

Q = IW
3 +

YW
2

(4.102)

Apì th sÔgkrish me tic exis¸seic (4.99) eÐnai:

lL : YW = −1, lR : YW = −2 (4.103)

'Ara kai oi spÐnorec ja metasqhmatÐzontai epomènwc wc:

U(1) :

 νL
eL
eR

→

 ei
1
2
β 0 0

0 ei
1
2
β 0

0 0 eiβ


 νL

eL
eR

 (4.104)
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En¸ h Lagrangian eÐnai analloÐwth k�tw apì SU(2)L × U(1)Y metasqhmatismoÔc. Autì
pou apomènei eÐnai na metatrapeÐ h summetrÐa aut  se summetrÐa bajmÐdac.
Se autì to shmeÐo ja prosjèsoume kai ta quarks. P�li, h Lagrangian gia ta fermiìnia (bl.
Ex. (4.82) ):

L = iψ̄γµ∂µψ (4.105)

(ìmoia me thn Lagrangian twn netrÐnwn)

Lquarks = iuRγ
µ∂µuR + iuLγ

µ∂µuL + idRγ
µ∂µdR + idLγ

µ∂µdL+

+icRγ
µ∂µcR + icLγ

µ∂µcL + isRγ
µ∂µsR + isLγ

µ∂µsL+

itRγ
µ∂µtR + itLγ

µ∂µtL + ibRγ
µ∂µbR + ibLγ

µ∂µbL (4.106)

Gia thn aplopoÐhsh twn upologism¸n ja anaferìmaste mìno sth pr¸th gene�:

Lgen1,quarks = iuRγ
µ∂µuR + iuLγ

µ∂µuL + idRγ
µ∂µdR + idLγ

µ∂µdL

EpÐshc, oi aristerìstrofec sunist¸sec twn quarks sumperifèrontai wc diplèttec k�tw apì
thn summetrÐa SU(2)L × U(1)Y en¸ oi dexiìstrofec sunist¸sec wc singlet. Epiplèon, me
touc antÐstoiqouc metasqhmatismoÔc brÐskoume kai ta fortÐa.

SwmatÐdio SpÐnorac IW IW
3 YW Q(

νL
eL

)
,

(
νL
µL

)
,

(
νL
τL

)
lL

1
2

(
1
2
−1

2

)
-1

(
0
1

)
eR, µR , τR lR 0 0 -2 -1(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
QL

1
2

(
1
2
−1

2

)
1
3

(
2
3
−1

3

)
uR , cR , tR UR 0 0 4

3
2
3

dR , sR, bR DR 0 0 - 2
3 −1

3
H olik  Lagrangian thc jewrÐac twn Weinberg-Salam perièqei ìla ta parap�nw swm�tia
kai epomènwc ja eÐnai analloÐwth k�tw apì SU(2)L × U(1)Y topikoÔc metasqhmatismoÔc
bajmÐdac. Arqik� jèlontac na metatrèyoume thn SU(2) se topik  summetrÐa bajmÐdac, an-
tikajistoÔme thn par�gwgo me thn antÐstoiqh sunalloÐwth par�gwgo (ex�rthsh tou α apì
ton qwrìqrono).

∂µ → Dµ = ∂µ − i
g

2
τAµ (4.107)

'Opwc ìmwc f�nhke kai parap�nw, h sunalloÐwth par�gwgoc ja anafèretai mìno me stic
allhlepidr�seic me tic diplèttec twn swmatidÐwn kai ìqi se ekeÐnec twn mon¸n katast�sewn,
afoÔ ìpwc eÐdame autèc an koun sthn anapar�stash U(1). 'Ara:

DµlL = ∂µlL − i
g

2
τAµlLDµQL = ∂µQL − i

g

2
τAµQL
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Sth sunèqeia metatrèpoume thn U(1) summetrÐa se summetrÐa bajmÐdac. Epomènwc, h sunal-
loÐwth par�gwgoc tou pedÐou bajmÐdac thc U(1) ja eÐnai:

∂µ → Dµ = ∂µ − ig
YW
2
Bµ (4.108)

kai �ra to asjenèc uperfortÐo èqei  dh eisaqjeÐ.
Met� th antikat�stash twn parag¸gwn apì tic sunalloÐwtec parag¸gouc sth Lagrangian,
sth sunèqeia gr�foume touc kinhtikoÔc ìrouc twn exis¸sewn mac.
H prosp�jeia gia na gr�youme sunoptik� th Lagrangian eÐnai:

L = Lkin + LÔlhc (4.109)

Gia ta tèssera pedÐa bajmÐdac pou èqoun eisaqjeÐ, h Lagrangian ja eÐnai (ja eÐnai thc morf c
bl. Ex.(2.105) ):

Lkin = −1

4

[
(∂µAν − ∂νAµ + gϵαbcAµAν)

2]− 1

4
(∂µBν − ∂νBµ)

2 (4.110)

Oi antÐstoiqoi ìroi m�zac thc Lagrangian aporrÐptontai, lìgw thc apaÐthshc gia analloÐwto
k�tw apì touc proanaferjèntec metasqhmatismoÔc bajmÐdac.

LÔlh =
∑
f

ifγµDµf =

=
∑
i=1

3[
ilLγ

µ
(
∂µ − i

g

2
τAµ − ig

YW
2
Bµ

)
lL + ilRγ

µ
(
∂µ − ig

YW
2
Bµ

)
lR

+iQLγ
µ
(
∂µ − i

g

2
τAµ − ig

YW
2
Bµ

)
QL

+iURγ
µ
(
∂µ − ig

YW
2
Bµ

)
UR + iDRγ

µ
(
∂µ − ig

YW
2
Bµ

)
DR

]
⇒

LÔlh
kin =

∑
i=1

3[
ilLγ

µ
(
∂µ − i

g

2
τAµ − ig

g

2
Bµ

)
lL + ilRγ

µ
(
∂µ − i

g

2
Bµ

)
lR

+iQLγ
µ
(
∂µ − i

g

2
τAµ − i

g

6
Bµ

)
QL

+iURγ
µ
(
∂µ − ig

2

3
Bµ

)
UR + iDRγ

µ
(
∂µ − i

g

3
Bµ

)
DR

]
(4.111)

Tèloc, elègqoume thn Ôparxh ìrwn m�zac thc morf c m2AµAµ. 'Opwc, proanafèrjhke
ìmwc ènac tètoioc ìroc den paramènei analloÐwtoc k�tw apì touc topikoÔc metasqhmatismoÔc
bajmÐdac. H jewrÐa loipìn twnWeinberg - Salam afor� �maza pedÐa, dhlad  �maza mpozìnia.
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Apì thn �llh pleur�, ta fermiìnia apaitoÔn m�za. Sugkekrimèna, sthn arq  thc paragr�fou
eÐqame deqjeÐ mhdenik  m�za (m=o). Autì ja apoteleÐ kai th perigraf  tou fwtonÐou. An
prospaj soume na prosjèsoume ìrouc m�zac gia ta leptìnia kai ta quarks thc parap�nw
morf c, tìte h exÐswsh Dirac:

m2f̄f = m2(fLfR + fRfL) (4.112)

Sthn SU(2) ìmwc oi dexiìstrofec kai aristerìstrofec sunist¸seic twn fermionÐwn èqoun
diaforetikèc anaparast�seic, parabi�zontac ètsi aut  th summetrÐa. Epomènwc, den mporeÐ
na problefjeÐ ìroc m�zac gia ta swmatÐdia mac. (LÔsh: O mhqanismìc Higgs).

4.6 Fermionik� ReÔmata

Xekin�me thn melèth twn kinhtik¸n ìrwn thc Ôlhc kai apì thn Ex. (??) èqoume (melet�me
p�nta gia dieukìlunsh mac thn pr¸th gene� swmatidÐwn me ta Ðdia isqÔonta dedomèna kai gia
tic upìloipec):

Lmatter
kin = ilLγ

µ
(
∂µ − i

g

2
τAµ + i

g′

2
Bµ

)
lL + ilRγ

µ(∂µ + ig′Bµ)lR

iQLγ
µ
(
∂µ − i

g

2
τAµ − i

g′

6
Bµ

)
QL + iURγ

µ
(
∂µ − i

2g′

3
Bµ

)
UR

+iDRγ
µ
(
∂µ + i

g′

3
Bµ

)
DR (4.113)

'Osoi ìroi apì touc parap�nw perièqoun thn par�gwgo ∂µ eÐnai oi kinhtikoÐ ìroi thc La-
grangian. Dhlad , sunoptikìtera:

L0 = ilLγ
µ∂µlL + ilRγ

µ∂µlR + iQLγ
µ∂µQL + iURγ

µ∂µUR + iDRγ
µ∂µDR  

L0 = il̄γµ∂µl + iq̄γµ∂µq, ìpou l ≡ e, ν, q ≡ u, d (4.114)
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Oi upìloipoi ìroi thc Ex.(4.113) eÐnai h exÐswsh reÔmatoc gia thn Lagrange kai pio sugke-
krimèna ja faneÐ wc ex c:

Lcurrents = ilLγ
µ
(
− i

g

2
τAµ + i

g′

2
Bµ

)
lL + ilRγ

µ(ig′Bµ)lR

iQLγ
µ
(
− i

g

2
τAµ − i

g′

6
Bµ

)
QL + iURγ

µ
(
− i

2g′

3
Bµ

)
UR + iDRγ

µ
(
i
g′

3
Bµ

)
DR

Lcurrents = lLγ
µ
(g
2
τAµ − g′

2
Bµ

)
lL − lRγ

µg′BµlR+

QLγ
µ
(g
2
τAµ +

g′

6
Bµ

)
QL + URγ

µ 2g

3
BµUR −DRγ

µ g
′

3
BµDR

Lcurrents = g
[1
2
lLγ

µτAµlL +
1

2
QLγ

µτAµQL

]
+

g′

2

[
− lLγ

µlL +
1

3
QLγ

µQL − 2lRγ
µlR +

4

3
URγ

µUR − 2

3
DRγ

µDR

]
Bµ

AnaptÔssontac ton pr¸to apì touc parap�nw ìrouc, blèpoume:

τAµ = τ1Aµ
1 + τ2Aµ

2 + τ3Aµ
3

τAµ =

(
0 1
1 0

)
Aµ

1 +

(
0 −i
i 0

)
Aµ

2 +

(
1 0
0 −1

)
Aµ

3

τAµ =

(
Aµ

3 Aµ
1 − iAµ

2

Aµ
1 + iAµ

2 −Aµ3
)

(4.115)

dhlad  o pr¸toc ìroc ja eÐnai:

1

2
lLγ

µτAµlL =
1

2

(
ν̄L ēL

)
γµ
(

Aµ
3 Aµ

1 − iAµ
2

Aµ
1 + iAµ

2 −Aµ3
)(

νL
eL

)
=

1

2

(
ν̄L ēL

)
γµ
(
νLAµ

3 + eL(Aµ
1 − iAµ

2)
νL(Aµ

1 + iAµ
2 − eLAµ

3)

)
(4.116)

=
1

2
(ν̄Lγ

µνL − ēLγ
µeL)Aµ

3 +
1

2
(ν̄Lγ

µeL + ēLγ
µνL)Aµ

1 − i

2
(ν̄Lγ

µeL − ēLγ
µνL)Aµ

2

(4.117)

Kai telik� o pr¸toc ìroc:

Lcurrents
1 = g

[1
2
l̄Lγ

µτAµlL +
1

2
QLγ

µτAµQL

]
= g
[1
2
(ν̄Lγ

µνL − ēLγ
µeL + ūLγ

µuL − d̄Lγ
µdL)Aµ

3 (4.118)

+
1

2
(ν̄Lγ

µeL + ēLγ
µνL + ūLγ

µdL + d̄Lγ
µuL)Aµ

1 (4.119)

− i

2
(ν̄Lγ

µeL − ēLγ
µνL + ūLγ

µdL − d̄Lγ
µuL)Aµ

2
]

(4.120)
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AntÐstoiqa o deÔteroc ìroc ja eÐnai:

Lcurrents
2 =

g′

2

[
− lLγ

µlL +
1

3
QLγ

µQL − 2lRγ
µlR +

4

3
URγ

µUR − 2

3
DRγ

µDR

]
Bµ

=
g′

2

[
− ν̄Lγ

µνL − ēLγ
µeL +

1

3
ūLγ

µuL +
1

3
d̄Lγ

µdL − 2ēRγ
µeR +

4

3
ūRγ

µuR − 2

3
d̄Rγ

µdR

]
Bµ

(4.121)

'Ara ìpwc faÐnetai:

L′ulhs1
kin = L0 + Lcurrents = L0 + (Lcurrents

1 + Lcurrents
2) (4.122)

Oi parap�nw ekfr�seic jumÐzoun �mesa ta reÔmata Dirac kai anamènetai na èqoun thn morf :

jµ = ψ̄γµψ (4.123)

Dhlad  oi ìroi mèsa stic parenjèseic eÐnai ta reÔmata Dirac. Pio sugkekrimèna, se k�je
perÐptwsh èqoume ta reÔmata fermionÐwn ta opoÐa allhlepidroÔn me ta pedÐa bajmÐdac mac
me èntash an�logh twn stajer¸n zeÔxhc. OrÐzoume epomènwc, ta fermionik� reÔmata ta
antÐstoiqa me ta pedÐa bajmÐdac, wc ex c:

J1µ =
1

2
(ν̄γµeL + ēLγ

µνL + ūLγ
µdL + d̄Lγ

µuL) (4.124)

J2µ =
−i
2
(ν̄Lγ

µeL − ēLγ
µνL + ūLγ

µdL − d̄Lγ
µuL (4.125)

J3µ =
1

2
(ν̄Lγ

µνL − ēLγ
µeL + ūLγ

µuL − d̄Lγ
µdL (4.126)

JY µ = −ν̄LγµνL − ēLγ
µeL +

1

3
ūLγ

µuL +
1

3
d̄Lγ

µdL − 2ēRγ
µeR +

4

3
ūRγ

µuR − 2

3
d̄Rγ

µdR

Gr�foume th Lagrangian sthn akìloujh morf  epomènwc:

Lcurrents = (gJ1µAµ
1 + gJ2µAµ

2) + (gJ3µAµ
3 +

g′

2
JY µBµ) (4.127)

Gia th sunèqeia ja mac apasqol sei o pr¸toc ìroc. OrÐzoume ta fortismèna reÔmata
J+µ, J−µ wc ex c:

J+µ = J1µ + iJ2µ (4.128)

J−µ = J1µ − iJ2µ (4.129)

Antikajist¸ntac ja p�roume:

J+µ = (ν̄Lγ
µeL + ūLγ

µdL) (4.130)
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J−µ = (ēLγ
µνL + d̄Lγ

µuL) (4.131)

Kai sthn sunèqeia akoloujoÔme antÐjeth poreÐa. Ekfr�zoume ton ìro sunart sei twn for-
tismènwn reum�twn:

J1µ =
1

2
(J−µ + J+µ) (4.132)

J2µ =
i

2
(J−µ − J+µ) (4.133)

Tìte:

g(J1µAµ
1 + J2µAµ

2) =
g√
2

[ 1√
2
(J−µ + J+µ)Aµ

1 +
i√
2
(J−µ − J+µ)Aµ

2
]

=
g√
2

[
J+µ

(Aµ1 − iAµ
2

√
2

)
+ J−µ

(Aµ1 − iAµ
2

√
2

)]
=

g√
2
[J+µWµ

+ + J−µWµ
−] (4.134)

ìpou ed¸ èqoume orÐsei ta nèa pedÐa bajmÐdac:

Wµ
+ =

Aµ
1 − iAµ

2

√
2

(4.135)

Wµ
− =

Aµ
1 + iAµ

2

√
2

(4.136)

'Etsi èqoume p�rei to komm�ti thc Lagrangian gia tic legìmenec allhlepidr�seic fortismènwn
reum�twn:

LreÔmata
fortismèna = g(J1µAµ

1 + J2µAµ
2) (4.137)

Lcc =
g√
2
[J+µWµ

+ + J−µWµ
−] (4.138)

Tautìqrona paramènei to komm�ti pou anafèretai stic oudèterec allhlepidr�seic:

LreÔmata
textrmoud′etera = gJ3µAµ

3 +
g′

2
JY µBµ (4.139)

H an�lush tou kommatioÔ autoÔ thc Lagrange ja akolouj sei. Sunoptik�, h Lagrangian
ja èqei thn akìloujh morf :

L = Lgauge
kin+LÔlhc

kin = Lgauge
kin + L0 + Lcurrents

= Lgauge
kin + L0 + LreÔmata

fortismèna + LreÔmata
oudètera

Dhlad  eÐnai aut  h Lagrange pou ìpwc proanafèrjhke apotugq�nei na apodìsei m�zec sta
fermiìnia kai sta pedÐa bajmÐdac.
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4.7 Mhqanismìc Higgs

Xekin�me xan� apì Lagrangian analloÐwth k�tw apì metasqhmatismoÔc bajmÐdac SU(2) ×
U(1) h opoÐa perigr�fei en gènei �maza pedÐa. 'Opwc faÐnetai h Ex. (4.110) perilamb�nei
tèssera pedÐa. Jewr¸ntac pwc to èna apì aut� antistoiqeÐ sto fwtìnio, ta enapomeÐnanta
pedÐa ja eÐnai foreÐc thc asjen c allhlepÐdrashc.
'Opwc akrib¸c kai sto prohgoÔmeno kef�laio, ja orÐsoume èna nèo bajmwtì pedÐo, to pedÐo
Higgs, wc akoloÔjwc:

Φ =

(
φ+

φ0

)
=

(
1√
2
(φ1 + iφ2)

1√
2
(φ3 + iφ4)

)
(4.140)

GurÐzoume epomènwc sthn apìdosh kbantik¸n arijm¸n asjenoÔc isotopikoÔ spin kai uper-
fortÐou sth diplètta.

Q = IW
3 +

YW
2

(4.141)

To swmatÐdio Higgs jèloume na eÐnai hlektrikì oudètero, �ra:

IW =
1

2
, IW

3 =

(
1
2
−1

2

)
, Y = 1 (4.142)

To mìno pou apomènei eÐnai h apìdosh anamenìmenhc tim c sto kenì, ìpou to Higgs ja
paramènei hlektrik� oudètero.
Telik�, h sunalloÐwth par�gwgoc tou pedÐou Higgs ja èqei:

DµΦ =
(
∂µ − i

g

2
τAµ − i

g′

2
Bµ

)
Φ (4.143)

Dhlad  sthn Lagrangian pou èqei katagrafeÐ parap�nw ja prèpei na prostejeÐ kai ènac
kinhtikìc ìroc gia to nèo pedÐo pou eis qjei:

LΦ
kin = (DµΦ)(D

µΦ)+ (4.144)

Epipleìn ja prostejeÐ kai ènac ìroc dunamik c enèrgeiac antÐstoiqoc me ekeÐnouc tou proh-
goÔmenou kefalaÐou:

LΦ
dyn = µ2Φ+Φ+ λ(Φ+Φ)2 (4.145)

Tèloc pèra apì thn allhlepÐdrash me ton eautì tou kai me ta pedÐa bajmÐdac, to swmatÐdio
higgs ja prèpei na allhlepidr� kai meta upìloipa swmatÐdia thc jewrÐac mac, ta leptìnia
kia ta quarks. Sunep¸c ja up�rqei kai ènac ìroc sth Lagrangian thc morf c:

LY ukawa =
∑
i,j=1

3
(fl

(ij) l̄L
(i)
ΦlR

(j)+fu
(ij)Q̄L

(i)
Φ̃UR

(j)+fd
(ij)Q̄L

(i)
ΦDR

(j))+h. c. (4.146)
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Oi suntelestèc fl
(ij), fu

(ij) , ktl. dÐnoun thn isqÔ thc allhlepÐdrashc tou pedÐou higgs me
ta antÐstoiqa k�je for� fermiìnia. O sumbolismìc h.c. shmaÐnei pwc jewroÔme to migadikì
suzugèc thc par�stashc pou prohg jhke.
Telik� h Ex. (??) diamorf¸netai wc ex c:

L = Lgauge
kin + LÔlhc

kin + (LΦ
kin − LΦ

dyn + LY ukawa) (4.147)

Kat� ta gnwst� plèon, ja prèpei na broÔme to el�qisto thc dunamik c
enèrgeiac, na epilèxoume thn kat�stash kenoÔ thc jewrÐac (aujìrmhto
sp�simo) kai èpeita brÐskoume ta fusik� pedÐa thc jewrÐac, ektel¸ntac
kbantikèc diegèrseic gÔrw apì thn kat�stash aut  tou kenoÔ.
'Eqoume loipìn:

LΦ
dyn = V = µ2Φ+Φ+ λ(Φ+Φ)2

∂V

∂Φ
= Φ+(µ2 + 2λΦ+Φ) = 0

Φ+Φ =
υ2

2
= −µ

2

2λ

⟨0|Φ|0⟩ = υ√
2

(4.148)

MporoÔme t¸ra na epilèxoume poio ja eÐnai to kenì thc jewrÐac mac. 'Opwc anafèrjhke kai
prohgoumènwc jèloume to swmatÐdio higgs na eÐnai hlektrik� oudètero kai gia na gÐnei autì,
b�sh twn kbantik¸n arijm¸n pou tou èqoune apodojeÐ, ja prèpei na d¸soume anamenìmenh
tim  wc proc to kenì sthn trÐth tou sunist¸sa. Dhlad  h basik  kat�stash pou epilègoume
ja eÐnai:

⟨0|ϕ1|0⟩ = ⟨0|ϕ2|0⟩ = ⟨0|ϕ4|0⟩ = 0, ⟨0|ϕ3|0⟩ = υ⟨0|Φ|0⟩ ≡ Φ0 =

(
⟨0|Φ+|0⟩
⟨0|Φ0|0⟩

)
=

1√
2

(
0
υ

)
Oloklhr¸nontac th pr¸th f�sh, h SU(2) × U(1) summetrÐa thc Lagrange sth basik  thc
kat�stash èqei sp�sei. Ta fusik� pedÐa thc jewrÐac mac ja prokÔyoun apì an�ptuxh gÔrw
apì to kenì autì pou èqoume epilèxei. OrÐzontac ta pedÐa, ϕ1

′, ϕ2
′, ϕ3

′, ϕ4
′ , diataraktik�

twn antÐstoiqwn ϕ1, ϕ2, ϕ3, ϕ4,ja èqoume:

Φ0 +Φ′ =
1√
2

(
ϕ1

′ + iϕ2
′

υ + ϕ3
′ + iϕ4

′

)
(4.149)

Akolouj¸ntac th sullogistik  poreÐa tou prohgoÔmenou kefalaÐou, blèpoume pwc apì ta
tèssera bajmwt� pedÐa pou eis qjhsan wc diataraqèc gÔrw apì th kat�stash kenoÔ, ta trÐa
apì aut� ja eÐnai would-be Goldstone bosons, kai to teleutaÐo apì aut� ja apokt sei m�-
za. Ektel¸ntac loipìn ton kat�llhlo metasqhmatismì bajmÐdac, afoÔ �llwste douleÔoume
topik�, metaferìmaste sth monadiak  bajmÐda ìpou ekeÐ ja eÐnai:

ϕ1, ϕ2, ϕ4 → 0, ϕ3 → h(x) (4.150)
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Epomènwc, exafanÐsthkan ìla ta would-be Goldstone bosons kai èmeine mìno èna pedÐo,
to pedÐo Higgs. Gr�foume epomènwc xan� thn diataraq  gÔrw apì to kenì sth monadiak 
bajmÐda:

Φ =
1√
2

(
0

υ + h(x)

)
(4.151)

'Oloi oi ìroi thc Lagrangian ja parameÐnoun Ðdioi, ektìc apì autoÔc pou anafèrontai sto
higgs.
Gia ton kinhtikì ìro ja isqÔei:

DµΦ =
(
∂µ − i

g

2
τAµ − i

g′

2
Bµ

)
Φ (4.152)

IsqÔei ìmwc gia ta parap�nw:

τAµ =

(
Aµ

3 Aµ
1 − iAµ

2

Aµ
1 + iAµ

2 −Aµ3
)

(4.153)

'Ara:

DµΦ =
1√
2

[(
∂µ 0
0 ∂µ

)
− i

g

2

(
Aµ

3 Aµ
1 − iAµ

2

Aµ
1 + iAµ

2 −Aµ3
)
− i

g′

2

(
Bµ 0
0 Bµ

)](
0

υ + h(x)

)

DµΦ =
1√
2

 ∂µ − i
(
g
2Aµ

3
)

−g
2(Aµ

2 + iAµ
1)

g
2(Aµ

2 − iAµ
1) ∂µ + i

(
g
2Aµ

3 − g′

2 Bµ

) ( 0
υ + h(x)

)

DµΦ =
1√
2

(
−g

2 [Aµ
2(υ + h) + iAµ

1(υ + h)]
∂µh+ i12(gAµ

3 − g′Bµ)(υ + h)

)

'Omoia ja eÐnai:

(DµΦ)+ =
1√
2

(
− g

2
[A2µ(υ + h)−A1µ(υ + h)]∂µh− i

1

2
(gA3µ − g′Bµ)(υ + h)

)
(4.154)
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kai o kinhtikìc ìroc thc Lagrangian:

LΦ
kin = (DµΦ)(D

µΦ)+ =

=
1

2

{g2
4
[Aµ

2(υ + h) + iAµ
1(υ + h)][A2µ(υ + h)− iA1µ(υ + h)]

+ [∂µh+ i
1

2
(gAµ

3 − g′Bµ)(υ + h)][∂µh− i
1

2
(gA3µ − g′Bµ)(υ + h)]

}
=

1

2

g2

4
[(Aµ

2(υ + h))2 + (Aµ
1(υ + h))2] +

1

2
(∂µh)

2 +
1

2

1

4
[(gAµ

3 − g′Bµ)(υ + h)]2  

LΦ
kin =

1

2
(∂µh)

2 +
1

2

g2υ2

4
[(Aµ

2)2 + (Aµ
1)2] +

1

2

υ2

4
[g2(Aµ

3)2 − gg′Aµ
3Bµ − gg′BµA

3µ + g′
2
(Bµ)

2]

+
g2

8
[(Aµ

2)2 + (Aµ
1)2](2υh+ h2) +

1

8
(gAµ

3 − g′Bµ)
2(2υh+ h2)

(4.155)

Sthn teleutaÐa exÐswsh parathroÔme loipìn, pwc o pr¸toc ìroc eÐnai ènac kinhtikìc ìroc
gia to pedÐo higgs. Mac dÐnei dhlad  thn kinhtik  enèrgeia tou swmatidÐou. AkoloujoÔn oi
dÔo ìroi m�zac gia ta pedÐa Aµ

1 kai Aµ
2. 'Opwc faÐnetai oi m�zec twn dÔo aut¸n pedÐwn ja

eÐnai Ðdiec kai Ðsec me:

MA1 =MA2 =
gυ

2
(4.156)

'Oson afor� touc epìmenouc ìrouc, parathroÔme pwc mèsa sthn agkÔlh up�rqoun ìroi m�zac
gia ta �lla dÔo pedÐa bajmÐdac. Ja eÐnai loipìn:

MA1 =MA2 =MA3 =
gυ

2
, MB =

g′υ

2
(4.157)

Epipleìn ìmwc parathreÐtai ìti to A3 den emfanÐzetai mìno tou, se antÐjesh me ta pedÐa pou
mac èdwse h SU(2), all� parathreÐtai mÐxh me to pedÐo bajmÐdac thc U(1) summetrÐac.

'Oson afor� touc enapomeÐnantec ìrouc thc Lagrangian, autoÐ apoteloÔn ìrouc allhle-
pÐdrashc twn pedÐwn trÐthc kai tètarthc t�xhc.

Se autì to shmeÐo eÐnai aparaÐthth kai h perigraf  tou dunamikoÔ ìrou tou pedÐou Higgs.
Sugkekrimèna:

LΦ
dyn = V = µ2φ∗φ+ λ(φ∗φ)2 = −λυ2φ∗φ+ λ(φ∗φ)2 ⇒

LΦ
dyn =

λ

4
h4 + λυh3 + λυ2h2 − λ

υ4

4
(4.158)

'Eqei metaxÔ �llwn upologisteÐ kai h m�za tou swmatidÐou Higgs (mHiggs =
√
2λυ) . Oi

upìloipoi ìroi aforoÔn ìrouc autoallhlepÐdrashc trÐthc kai tètarthc t�xhc, kaj¸c kai mÐa
stajer�.
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SunoyÐzontac ta mèqri stigm c dedomèna, gr�foume th Lagrangian pou èqei prokÔyei apì
to sp�simo twn SU(2)L × U(1)Y summetri¸n:

L = Lgauge
kin + LÔlhc

kin + LΦ

= Lgauge
kin + Lfermions

kin + Lcurrents + LΦ
kin − LΦ

dyn + LY ukawa

= Lgauge
kin + Lfermions

kin + LΦ
kin + LreÔmata

fortismèna + LreÔmata
oudètera − LΦ

dyn + LY ukawa
(4.159)

4.7.1 Allhlepidr�seic fortismènwn reum�twn kai apìdosh m�zac
sta W mpozìnia

Oi allhlepidr�seic twn fortismènwn reum�twn eÐnai:

LreÔmata
fortismèna = g(J1µAµ

1 + J2µAµ
2) =

g√
2
[J+µWµ

+ + J−µWµ
−] (4.160)

'Opou ta fusik� pedÐa Aµ
1 kai Aµ

2 perigr�foun ed¸ ta W± mpozìnia. H m�za twn W±

mpozonÐwn ja upologisteÐ antÐstoiqa mèsw thc LΦ
kin kai antikajist¸ntac kai p�li ta Aµ

1

kai Aµ
2 pedÐa me ta W±. Apì to kinhtikì komm�ti thc Lagrangian mac apasqoleÐ o ìroc:

1

2

g2υ2

4

[
(Aµ

2)2 + (Aµ
1)2
]

(4.161)

kai sugkekrimèna prokÔptei:(
Aµ

1 − iAµ
2

√
2

)(
A1µ + iA2µ

√
2

)
= (Aµ

1)2 + (Aµ
2)2 =Wµ

+W−µ (4.162)

�ra sth Lagrangian ja èqoume:
1

2

g2υ2

4
Wµ

+W−µ (4.163)

  diaforetik�:

MW± =
gυ

2
(4.164)

MporoÔme epomènwc t¸ra na gr�youme thn Lagrangian fortismènwn reum�twn sumperilam-
b�nontac kai tic treÐc geneièc:

LreÔmata
fortismèna =

g√
2
[(ν̄Lγ

µeL + ūLγ
µdL + c̄Lγ

µsL + τ̄Lγ
µbL)Wµ

+

(ēLγ
µνL + d̄Lγ

µuL + s̄Lγ
µcL + b̄Lγ

µτL)Wµ
−] (4.165)
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4.7.2 Allhlepidr�seic oudetèrwn reum�twn kai m�za Z mpozonÐou

AntÐstoiqa ja mac apasqol sei to komm�ti thc Lagrange twn fermionik¸n reum�twn kai
oudetèrwn allhlepidr�sewn. Ta antÐstoiqa pedÐa bajmÐdac eÐnai ta Aµ

3 kai Bµ . H morf 
twn allhlepidr�sewn aut¸n eÐnai  dh gnwst :

LreÔmata
oudètera = gJ3µAµ

3 +
g′

2
JY µBµ (4.166)

Se autoÔc touc ìrouc ja anafèrontai kai oi hlektromagnhtikèc allhlepidr�seic. O trÐtoc
ìroc thc exÐswshc (4.155 ) dÐnei:

1

2

υ2

4
[g2(Aµ

3)2 − gg′Aµ
3Bµ − gg′BµA

3µ + g′
2
(Bµ)

2] (4.167)

H mÐxh pedÐwn pou parathreÐtai ja d¸sei to fwtìnio.
Sugkekrimèna, arqik� parathroÔme ìti o pÐnakac maz¸n den ja eÐnai diag¸nioc, all� ja èqei
th morf :

υ2

8

(
Aµ

3 Bµ
)( g2 −gg′

−gg′ g′2

)(
Aµ

3

Bµ

)
(4.168)

Katal goume p¸c gia na mil�me gia fusik� pedÐa kai gia m�zec twn pedÐwn aut¸n, o parap�nw
pÐnakac prèpei na diagwnopoihjeÐ:

υ2

8

(
Aµ

3 Bµ
)
UU−1

(
g2 −gg′

−gg′ g′2

)
UU−1

(
Aµ

3

Bµ

)
(4.169)

ìpou U,U−1 eÐnai oi unitary pÐnakec strof¸n:

U =

(
cosθ sinθ
−sinθ cosθ

)
, U−1 =

(
cosθ −sinθ
sinθ cosθ

)
, UU−1 = I (4.170)

Ektel¸ntac pr�xeic:

U−1

(
g2 −gg′

−gg′ g′2

)
U =

(
cosθ −sinθ
sinθ cosθ

)(
g2 −gg′

−gg′ g′2

)(
cosθ sinθ
−sinθ cosθ

)
=

(4.171)(
cosθ −sinθ
sinθ cosθ

)(
g2cosθ + gg′sinθ −gg′cosθ + g2sinθ

−g′2sinθ − gg′cosθ −gg′sinθ + g′2cosθ

)
⇒

=

(
(gcosθ + g′sinθ)2 (gsinθ − g′cosθ)(gcosθ + g′sinθ)

(gsinθ − g′cosθ)(gcosθ + g′sinθ) (gsinθ − g′cosθ)2

)
(4.172)
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Apì thn apaÐthsh gia diagwnopoÐhsh tou pÐnaka maz¸n ja eÐnai:

(gsinθ − g′cosθ)(gcosθ + g′sinθ) = 0

gsinθ = g′cosθ (4.173)

Katal gei epomènwc o pÐnakac maz¸n na paÐrnei th morf :( g
cosθ 0
0 0

)
(4.174)

O pÐnakac autìc apodeiknÔei perÐtrana thn majhmatik  perigraf  tou fwtonÐou kai sto
plaÐsio thc perigraf c sth fusik  b�sh twn pedÐwn. Sugkekrimèna to k�tw diag¸nio stoiqeÐo
tou pÐnaka twn maz¸n eÐnai mhdèn.
UpologÐzoume t¸ra to fwtìnio kai to Zµ pedÐo bajmÐdac:(

Zµ
Aµ

)
= U−1

(
Aµ

3

Bµ

)
=

(
cosθ −sinθ
sinθ cosθ

)(
Aµ

3

Bµ

)
(
Zµ
Aµ

)
=

(
Aµ

3cosθ −Bµsinθ
Aµ

3sinθ +Bµcosθ

)
Zµ = Aµ

3cosθ −Bµsinθ

Aµ = Aµ
3sinθ +Bµcosθ

(4.175)

En¸ o ìroc m�zac gia to pedÐo Zµ eurÐsketai:

υ2

8

(
Zµ Aµ

)
(ZµAµ)

( g
cosθ 0
0 0

)(
Zµ
Aµ

)
=
υ2g2

8

1

cos2θ
(Zµ)

2 (4.176)

kai sunep¸c:

MZ =
υg

2cosθ
(4.177)

Xanagr�fontac th Lagrange (4.166) twn oudetèrwn reum�twn akolouj¸ntac ta teleutaÐa
apotelèsmata:

LreÔmata
fortismèna = gJ3µAµ

3 +
g′

2
JY µBµ =

(
gJ3µ g′

2 J
Y µ

)( Aµ
3

Bµ

)
LreÔmata

fortismèna =
(
gJ3µ g′

2 J
Y µ

)
UU−1

(
Aµ

3

Bµ

)
(4.178)

EÐnai: (
gJ3µ g′

2 J
Y µ

)
U =

(
gJ3µ g′

2 J
Y µ

)( cos θ sin θ
− sin θ cos θ

)
= (4.179)

=
(
g cos θJ3µ − g′ sin θ

2 JY µ g sin θJ3µ + g′ cos θ
2 JY µ

)
(4.180)
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antikajist¸ntac gia g′ = g sin θ
cos θ :(

gJ3µ g′

2 J
Y µ

)
U =

(
g cos θJ3µ − g sin2 θ

2 cos θ J
Y µ g sin θ

(
J3µ + 1

2J
Y µ
) )

(4.181)

'Ara gia ta oudètera reÔmata:

LreÔmata
fortismèna =

(
g cos θJ3µ − g sin2 θ

2 cos θ J
Y µ gsinθ

(
J3µ + 1

2J
Y µ
) )( Zµ

Aµ

)
LreÔmata

fortismèna =

(
g cos θJ3µ − g sin2 θ

2cosθ
JY µ

)
Zµ + g sin θ

(
J3µ +

1

2
JY µ

)
Aµ (4.182)

O deÔteroc ìroc twn reum�twn perigr�fei allhlepÐdrash tou fermionikoÔ reÔmatoc me to
fwtìnio, me stajer� zeÔxhc (to fortÐo) pou brÐsketai sthn arq . Perigr�fhkan epomènwc
me epituqÐa oi hlektromagnhtikèc allhlepidr�seic. Sunep¸c ja isqÔei:

g sin θ = g′ cos θ = e (4.183)

Kai sthn sunèqeia lème ìti to antÐstoiqo reÔma eÐnai:

Jem,µ = J3µ +
1

2
JY µ (4.184)

AllÐwc, antikajist¸ntac me tic antÐstoiqec ekfr�seic:

Jem,µ =
1

2
(ν̄Lγ

µνL − ēLγ
µeL + ūLγ

µuL − d̄Lγ
µdL) (4.185)

1

2
(−ν̄LγµνL − ēLγ

µeL +
1

3
ūLγ

µuL +
1

3
d̄Lγ

µdL − 2ēRγ
µeR

4

3
ūRγ

µuR − 2

3
d̄Rγ

µdR)

Jem,µ =− ēLγ
µeL +

2

3
ūLγ

µuL − 1

3
d̄Lγ

µdL − ēRγ
µeR +

2

3
ūRγ

µuR − 1

3
d̄Rγ

µdR (4.186)

Jem,µ =(−1)ēγµe+
2

3
ūγµu+

(
− 1

3
d̄γµd

)

Opìte telik� blèpoume p¸c o ìroc autìc katafèrnei na p�rei thn morf :

Lem =
∑
f

eQf (f̄Lγ
µfL + f̄Rγ

µfR)Aµ

Lem =
∑
f

eQf f̄γ
µfAµ (4.187)
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gia f fermiìnio kai Q ton kbantikì arijmì tou hlektrikoÔ fortÐou.
Ja gr�youme p�li ton pr¸to ìro, o opoÐoc ja mac d¸sei ta oudètera reÔmata. Ja ekfrasteÐ
me eukolÐa, sunart sei tou hlektromagnhtikoÔ reÔmatoc:

JY µ = 2Jem,µ − 2J3µ (4.188)

Antikajist¸ntac paÐrnoume:(
g cos θJ3µ − g sin2 θ

cos θ
Jem,µ +

g sin2 θ

cos θ
J3µ

)
Zµ =

g

cos θ
(J3µ − sin2 θJem,µ)Zµ

Telik� to oudètero reÔma eÐnai:

J0,µ = J3µ − sin2 θJem,µ (4.189)

Antikajist¸ntac ta J3µ kai Jem,µ ja èqoume gia ta oudètera reÔmata:

J0,µ =
1

2
ν̄Lγ

µνL +
[
− 1

2
− (−1) sin2 θ

]
ēLγ

µeL +
[1
2
− 2

3
sin2 θ

]
ūLγ

µuL[
− 1−

(
− 1

3

)
sin2 θ

]
d̄Lγ

µdL + (−1) sin2 θēRγ
µeR

2

3
sin2 θūRγ

µuR +
(
− 1

3
sin2 θd̄Rγ

µdR

)
Opìte sugkrÐnontac kai sth sunèqeia omadopoi¸ntac touc ìrouc, paÐrnoume èna genikì tÔpo
gia k�je fermiìnio f :

J0,µ = (IWf
3 −Qf sin

2 θ)(fLγ
µfL + fRγ

µfR) (4.190)

Telik� gr�foume gia ta oudètera reÔmata:

Lnc =
∑
f

g

cos θ
(IWf

3 −Qf sin
2 θ)(fLγ

µfL + fRγ
µfR)Zµ (4.191)

4.7.3 M�zec fermionÐwn apì Yukawa ìrouc

'Opwc proanaferjhke to komm�ti thc Lagrange to opoÐo perièqei ìrouc allhlepÐdrashc me ta
fermÐonia thc jewrÐac mac apoteleÐ perigraf  tou dunamikoÔ Yukawa. 'Eqoume  dh emfanÐsei
touc ìrouc Yukawa, sthn exÐswsh (4.192).

LY ukawa =
∑
i,j=1

3
(fl

(ij) l̄L
(i)
ΦlR

(j)+fu
(ij)Q̄L

(i)
Φ̃UR

(j)+fd
(ij)Q̄L

(i)
ΦDR

(j))+h. c. (4.192)
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Arqik�, ja prospaj soume na d¸soume m�za sta leptìnia. Epipleìn gia lìgouc aploÔsteu-
shc upologÐzoume mìno gia thn pr¸th oikogèneia swmatidÐwn. Ja èqoume epomènwc gia ton
ìro allhlepÐdrashc tou Higgs me ta hlektrìnia kai ta netrÐna:

fl
(11)lL

(1)
ΦlR

(1) + fl
(11)lR

(1)
ΦlL

(1) (4.193)

= fl
(11)

(
νL eL

)( φ+

φ0

)
eR + fl

(11)eR

(
φ+ φ0

)( νL
eL

)
(4.194)

Met� to aujìrmhto sp�simo kai afoÔ anaptÔxoume gÔrw apì to kenì kai metaferjoÔme sth
monadiak  bajmÐda, ja eÐnai: (

φ+

φ0

)
→ 1√

2

(
0

υ + h(x)

)
(4.195)

antikajist¸ntac antÐstoiqa sth Lagrange:

LY ukawa
leptons,g1 =

fl
(1,1)

√
2

[ (
νL eL

)( 0
υ + h

)
eR + eR

(
0 υ + h

)( νL
eL

)]

LY ukawa
leptons,g1 =

fl
(1,1)

√
2

(υ + h)(eLeR + eReL)

LY ukawa
leptons,g1 =

fl
(1,1)υ√
2

ēe+
fl

(1,1)

√
2
hēe (4.196)

H parap�nw par�stash perièqei loipìn ènan ìro allhlepÐdrashc all� kai ènan ìro m�zac.
UpenjumÐzetai ìti o ìroc m�zac sthn exÐswsh Dirac èqei th morf  mψψ.
Sunep¸c ja isqÔei:

meēe =
fl

(1,1)υ√
2

ēe

me =
fl

(1,1)υ√
2

(4.197)

All� kai gia ton ìro allhlepÐdrashc me to pedÐo Higgs isqÔei telik�:

fl
(1,1)

√
2
hēe =

me

υ
hēe (4.198)

Dhlad  h isqÔc thc allhlepÐdrashc twn fermionÐwn me to pedÐoHiggs eÐnai an�logh thc m�zac
twn fermionÐwn. Epomènwc ìso barÔtero eÐnai to swmatÐdio tìso pio èntona allhlepidr� mazÐ
tou to Higgs.



4.7. MHQANISM�OS HIGGS 113

Tèloc, tonÐzetai ìti h Ex. (4.196) ekfr�zei �mazo netrÐno. To Higgs den allhlepidr� me
to netrÐno kai epomènwc autì den apokt� m�za, afoÔ to antÐstoiqo stoiqeÐo pÐnaka eÐnai
mhdenikì.
AntÐstoiqa, ja upologÐsoume th m�za gia ta quark thc pr¸thc oikìgeneiac. Me thn ex c
shmantik  diaforopoÐhsh: h parap�nw diadikasÐa ja af sei ta u, c, t quarks �maza, dÐnontac
ìmwc m�za sta d, s kai b. Ta pr¸ta ja qtup soun p�nw sto 0 thc diplèttac kat� to
aujìrmhto sp�simo.
Epomènwc, ja kataskeu�soume ènan kat�llhlo metasqhmatismì pou ja perigr�fei epakrib¸c
tic m�zec twn quarks qwrÐc na tic mhdenÐzei:

Φ̃ = iτ2Φ
∗ =

(
(φ0)∗

−(φ+)∗

)
(4.199)

Telik� o ìroc thc Lagrangian gia thn allhlepÐdrash Yukawa kai gia ta quarks thc pr¸thc
genei�c, eÐnai:

LY ukawa
quarks,g1 = fu

(1,1)QL
(1)

Φ̃UR
(1)+fd

(1,1)QL
(1)

ΦDR
(1)+fu

(1,1)UR
(1)

Φ̃QL
(1)+fd

(1,1)DR
(1)

ΦQL
(1)

(4.200)
Xan� se autì to shmeÐo efarmìzoume to aujìrmhto sp�simo, to Φ ja dojeÐ akrib¸c ìpwc
kai sthn Ex. (4.151). To metasqhmatismèno ìmwc Higgs Φ̃, ja eÐnai:

Φ̃ =
1√
2

(
υ + h(x)

0

)
(4.201)

antikajist¸ntac sthn Lagrangian:

LY ukawa
quarks,g1 =

fu
(1,1)

√
2

[ (
ūL d̄L

)( υ + h
0

)
uR + ūR

(
υ + h 0

)( uL
dL

)]
+

fd
(1,1)

√
2

[ (
ūL d̄L

)( 0
υ + h

)
dR + d̄R

(
0 υ + h

)( uL
dL

)]
LY ukawa

quarks,g1 =
fd

(1,1)

√
2

(υ + h)(ūLuR + ūRuL) +
fd

(1,1)

√
2

(υ + h)(d̄LdR + d̄RdL)

LY ukawa
quarks,g1 =

fd
(1,1)υ√
2

ūu+
fd

(1,1)

√
2
hūu+

fd
(1,1)υ√
2

d̄d+
fd

(1,1)

√
2
hd̄d

LY ukawa
quarks,g1 = muūu+

mu

υ
hūu+mdd̄d+

md

υ
hd̄d

(4.202)

'Etsi loipìn d¸same ìrouc m�zac kai sta quarks mèsw thc allhlepÐdrashc touc me to higgs.
Sugkekrimèna:

mu =
fu

(1,1)υ√
2

, md =
fd

(1,1)υ√
2

(4.203)
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H olik  Lagrange gia tic allhlepidr�seic Yukawa eÐnai:

LY ukawa = meēe+mµµ̄µ+mτ τ̄ τ +muūu+mdd̄d+mcc̄c+mss̄s+mtt̄t (4.204)

+mbb̄b+
me

υ
hēe+

mµ

υ
hµ̄µ+

mτ

υ
hτ̄τ +

mu

υ
hūu+

md

υ
hd̄d

+
mc

υ
hc̄c+

ms

υ
hs̄s+

mt

υ
ht̄t+

mb

υ
hb̄b (4.205)

ìpou

me =
fl

(11)υ√
2

, mu =
fu

(11)υ√
2

, md =
fd

(11)υ√
2

, (4.206)

mµ =
fl

(22)υ√
2

, mc =
fu

(22)υ√
2

, ms =
fd

(22)υ√
2

,

mτ =
fl

(33)υ√
2

, mt =
fu

(33)υ√
2

, mb =
fd

(33)υ√
2

Me prosektik  parat rhsh twn parap�nw dosmènwn upologism¸n, parathroÔme ìti oi sta-
jerèc fα

ii apoteloÔn aujaÐretec stajerèc, opìte den mporoÔn na epalhjeutoÔn �mesa.

4.7.4 M�zec quark, oudètera kai fortismèna reÔmata sth fusik 
b�sh, pÐnakac CKM, gwnÐa Cabibo

All� epanerqìamste t¸ra sto z thma tou ìrou twn allhlepidr�sewn Yukawa. To z thma
pou èqei prokÔyei sqetik� me tic stajerèc apaiteÐ mia �mesh antimet¸pish.
Arqik� ja gr�youme ja p�me pÐsw sth perigraf  twn apotelesm�twn mac mèsw tou pÐnaka
maz¸n twn fermionÐwn. Ja èqoume gai tic m�zec twn quarks:

Lmasses
quarks = muūLuR+mdd̄LdR +mcc̄LcR +mss̄LsR +mtt̄LtR +mbb̄LbR + h.c.

Lmasses
quarks =

(
ūL c̄L t̄L

) mu 0 0
0 mc 0
0 0 mt

 uR
cR
tR


+
(
d̄L s̄L b̄L

) md 0 0
0 ms 0
0 0 mb

 dR
sR
bR

+ h.c.

Lmasses
quarks =

(
ūL c̄L t̄L

)
MU +

 uR
cR
tR

 (4.207)

+
(
d̄L s̄L b̄L

)
MD

 dR
sR
bR
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Oi pÐnakec maz¸n ja èqoun th morf  pou faÐnetai sthn Ex. (4.207). Oi pÐnakec maz¸n loipìn
anamènetai na eÐnai diag¸nioi kai epomènwc oi katast�seic u, c, t, d, s, b ja eÐnai idiokatast�-
seic thc m�zac. 'Opwc ja faneÐ akoloÔjwc to prìblhma èqei prokÔyei apì th je¸rhsh twn
Ðdiwn idiokatast�sewn kat� ton upologismì twn ìrwn Yukawa.
PÐsw sta apotelèsmata mac eÐqame gia ta oudètera reÔmata apì thn exÐswsh (4.208):

Lem =
∑
f

eQf (fLγ
µfL + fRγ

µfR)Aµ (4.208)

kai

Lnc =
∑
f

g

cos θ
(IWf

3 −Qf sin
2 θ)(fLγ

µfL + fRγ
µfR)Zµ (4.209)

en¸ gia ta fortismèna reÔmata (epèktash thc Ex.(??) gia tic treÐc geneèc):

Lcc =
g√
2
[(ūLγ

µdL+ c̄Lγ
µsL+ t̄Lγ

µbL)Wµ
++(d̄Lγ

µuL+ s̄Lγ
µcL+ b̄Lγ

µtL)Wµ
−] (4.210)

Mia sÔgkrish twn parap�nw me thn Ex. (4.207) deÐqnei ìti oi idiokatast�seic tou pÐnaka
maz¸n faÐnontai na eÐnai Ðdiec me tic idiokatast�seic twn asjen¸n reum�twn. To peÐrama ìmwc
katarrÐptei thn je¸rhsh koin¸n idiokatast�sewn. Sunep¸c, o pÐnakac maz¸n pou faÐentai
sthn Ex. (4.207) den eÐnai diag¸nioc kai epomènwc mac apomènei na ton perigr�youme sth
�fusik  b�sh�. Sugkekrimèna eÐqame breÐ (bl. Ex. (4.206) ):

Mα
i,j =

fα
(ij)υ√
2

, α = l, U,D kai i, j = 1, 2, 3 (4.211)

Mia prosektik  diaqeÐrhsh twn sumbolism¸n ja eÐnai h ex c:

Lmasses
quarks =

(
ū0L c̄0L t̄0L

)
M0U

 u0R
c0R
t0R

 +
(
d̄0L s̄0L b̄0L

)
M0D

 d0R
s0R
b0R


OrÐzoume touc kat�llhlouc unitary pÐnakec LD, LU , RD, RU tètoioi ¸ste:

Lmasses
quarks →

(
ū0L c̄0L t̄0L

)
LULU

−1M0URURU
−1

 u0R
c0R
t0R

+
(
d̄0L s̄0L b̄0L

)
LDLD

−1M0DRDRD
−1

 d0R
s0R
b0R


kai apaitoÔme na isqÔei fusik�:

LU
−1M0URU =MU , LD

−1M0DRD =MD (4.212)
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Me MU kai MD touc diagwnopoihmènouc pÐnakec maz¸n. ApaitoÔme epÐshc oi antÐstoiqec
katast�seic na antapokrÐnontai stic idiokatast�seic m�zac:

LU
−1

 u0L
c0L
t0L

 =

 uL
cL
tL

 , RU
−1

 u0R
c0R
t0R

 =

 uR
cR
tR


LD

−1

 d0L
s0L
b0L

 =

 dL
sL
bL

 , RD
−1

 d0R
s0R
b0R

 =

 dR
sR
bR

 (4.213)

kai telik� sth fusik  b�sh ja èqoume:

Lmasses
quarks =

(
ūL c̄L t̄L

) mu 0 0
0 mc 0
0 0 mt

 uR
cR
tR


(
d̄L s̄L b̄L

) md 0 0
0 ms 0
0 0 mb

 dR
sR
bR

+ h.c.

Lmasses
quarks =

∑
q

mq q̄LqR + h.c. =
∑
q

mq q̄q (4.214)

Epomènwc ja epiqeir soume na exet�soume ean all�zoun to hlektromagnhtikì , to oudètero
kai ta fortismèna reÔmata me aut  th nèa mac perigraf .
Xekin�me apì to hlektromagnhtikì kai to oudètero:

fLγ
µfL + fRγ

µfR (4.215)

Gia tic treÐc geneèc ja eÐnai:

(
ū0L c̄0L t̄0L

)
γµ

 u0L
c0L
t0L

+
(
ū0R c̄0R t̄0R

)
γµ

 u0R
c0R
t0R

+

(
d̄0L s̄0L b̄0L

)
γµ

 d0L
s0L
b0L

+
(
d̄0R s̄0R b̄0R

)
γµ

 d0R
s0R
b0R


Sth fusik  b�sh qrhsimopoioÔme touc unitary pÐnakec:

(
ūL c̄L t̄L

)
LU

−1γµLU

 uL
cL
tL

+
(
ūR c̄R t̄R

)
RU

−1γµRU

 uR
cR
tR

+

(
d̄L s̄L b̄L

)
LD

−1γµLD

 dL
sL
bL

+
(
d̄R s̄R b̄R

)
RD

−1γµRD

 dR
sR
bR
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kai telik� ekmetalleuìmenoi tic idiìthtec unitary pin�kwn:

Lnc =
(
ūL c̄L t̄L

)
γµ

 uL
cL
tL

+
(
ūR c̄R t̄R

)
γµ

 uR
cR
tR

+

(
d̄L s̄L b̄L

)
γµ

 dL
sL
bL

+
(
d̄R s̄R b̄R

)
γµ

 dR
sR
bR


Dhlad  ta oudètera reÔmata eÐnai diag¸nia wc proc tic idiokatast�seic m�zac kai tic asjeneÐc
idiokatast�seic tautìqrona. Epomènwc mporoÔme na metaferjoÔme apì th mia b�sh sthn
�llh af nontac touc pÐnakec analloÐwtouc.
AntÐjeta ta fortismèna reÔmata den paramènoun analloÐwta kat� thn allag  b�shc:

Lcc =
g√
2
[(ū0Lγ

µd0L + c̄0Lγ
µs0L + t̄0Lγ

µb0L)Wµ
+ + (d̄0Lγ

µu0L + s̄0Lγ
µc0L + b̄0Lγ

µt0L)Wµ
−]

Lcc =
g√
2

[ (
ū0L c̄0L t̄0L

)
γµ

 d0L
s0L
b0L

Wµ
+ +

(
d̄0L s̄0L b̄0L

)
γµ

 u0L
c0L
t0L

Wµ
−

]
(4.216)

kai sth fusik  b�sh gr�fontai:

L
′cc =

q√
2

[ (
ūL c̄L t̄L

)
γµLU

−1LD

 dL
sL
bL

Wµ
++
(
d̄L s̄L b̄L

)
γµLD

−1LU

 uL
cL
tL

Wµ
−

]

me:
LU

−1LD = (LD
−1LU )

−1 = VCKM (4.217)

kai:

VCKMVCKM
+ = I, |detVCKM |2 = 1 (4.218)

Epomènwc o mh diag¸nioc pÐnakac gia ta fortismèna reÔmata apoteleÐ èndeixh mÐxhc twn
oikogenei¸n twn fermionÐwn.
Dhlad , oi katast�seic plèon twn quark den eÐnai stajerèc all� mporoÔn na up�rxoun
metab�seic apì th mia oikogèneia sthn �llh.
ProspajoÔme na upologÐsoume ton nèo autì pÐnaka kai ja eÐnai antÐstoiqa me tic dunatèc
mÐxeic twn quark:  Vud Vus Vub

Vcd Vcs Vcb
Vtd Vts Vtb

 (4.219)
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O pÐnakac fèrei 9 pragmatikèc paramètrouc.
Genik�, gia jewrÐa NG gene¸n o pÐnakac fèrei 2NG

2 paramètrouc. Apì ton periorismì pou
jèsame sthn exÐswsh (4.218) oi par�metroi mei¸nontai stic NG

2. AntÐstoiqa aporrofoÔme
kai tic (2NG − 1) orÐzontac kat�llhla tic f�seic twn katast�sewn twn quarks. Opìte ja
eÐnai:

NG
2 − (2NG − 1) = (NG − 1)2 (4.220)

H jewrÐa mac apaiteÐ sunep¸c 3 pragmatikèc paramètrouc kai mia apì autèc ja eÐnai mia
sqetik  f�sh. Oi upologismoÐ twn Cabibo - Kobayashi - Maskawa eÐnai oi akìloujoi:

VCKM =

 c1 −s1c3 −s1s3
s1c2 c1c2c3 − s2s3e

iδ c1c2s3 + c2s3e
iδ

s1s2 c1s2c3 + c2s3e
iδ c1s2s3 − c2c3e

iδ

 (4.221)

ìpou ci = cos θi, si = sin θi, i = 1, 2, 3.
H melèth twn asjen¸n allhlepidr�sewn èqei d¸sei tic akìloujec timèc: 0.9745− 0.9757 0.219− 0.224 0.002− 0.005

0.218− 0.224 0.9736− 0.9750 0.036− 0.046
0.004− 0.014 0.0.34− 0.046 0.9989− 0.9993


SÔmfwna me ta parap�nw telik�, ta fortismèna reÔmata sth fusik  b�sh ja gÐnoun:

L
′cc =

q√
2

[ (
ūL c̄L t̄L

)
γµVCKM

 dL
sL
bL

Wµ
++
(
d̄L s̄L b̄L

)
γµVCKM

−1

 uL
cL
tL

Wµ
−

]

'Ola ta parap�nw mporoÔn na epilujoÔn se b�sh di�forh thc fusik c b�shc. Wc par�deigma
epÐshc ja epilÔsoume gia th perÐptwsh dÔo gene¸n quarks. Oi pÐnakec maz¸n eÐnai:(

d0
s0

)
→M0D =

(
0 m
m m′

)
,

(
u0
c0

)
→M0U =

(
0 n
n n′

)
Opìte h Lagrangian ja gr�fetai:

Lmasses
quarks =

(
ū0L c̄0L

)
M0U

(
u0R
c0L

)
+
(
d̄0L s̄0L

)
M0D

(
d0R
s0L

)
+ h.c.

Opìte orÐzontac touc kat�llhlouc pÐnakec èqoume:

UU =

(
cos θU sin θU
− sin θU cos θU

)
, UD =

(
cos θD sin θD
− sin θD cos θD

)
UU

−1 =

(
cos θU − sin θU
sin θU cos θU

)
, UD

−1 =

(
cos θD − sin θD
sin θD cos θD

)
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kai h diagwnopoÐhsh gia th Lagrange ja èqei wc ex c:

Lmasses
quarks =

(
ū0L c̄0L

)
UU

−1UUM0UUU
−1UU

(
u0R
c0L

)
+
(
d̄0L s̄0L

)
UD

−1UDM0DUD
−1UD

(
d0R
s0L

)
+ h.c.

¸ste na isqÔei:

UUM0UUU
−1 =

(
cos θU sin θU
− sin θU cos θU

)(
0 m
m m′

)(
cos θU − sin θU
sin θU cos θU

)
=

(
m sin θU m cos θU +m′ sin θU
m cos θU −m sin θU +m′ cos θU

)(
cos θU − sin θU
sin θU cos θU

)
=

(
2msθcθ +m′sθ

2 −msθ2 +mcθ
2 +m′sθcθ

mcθ
2 −msθ

2 +m′sθcθ −2msθcθ +m′cθ
2

)
(4.222)

'Opou xan� ci = cos θi, si = sin θi, i = 1, 2, 3. H epÐlush twn parap�nw ja d¸sei:

mcθ
2 −msθ

2 +m′sθcθ = 0

m cos 2θU +
1

2
m′ sin 2θU = 0 (4.223)

tan 2θ =
2m

m′ (4.224)

Kai telik� èqoume orÐsei thn gwnÐa θU . AntistoÐqwc ja èqoun kai oi upologismoÐ tou pÐnaka
M0D. Epomènwc h sun�rthsh pou mac dÐnei to pl joc twn gennhtìrwn gia th jewrÐa mac
Ex. (4.220) dÐnei (NG − 1)2 = 1 kai afoÔ θU ≡ θD ≡ θ . H par�metroc aut  eÐnai h gwnÐa
mÐxhc Cabibo.
Gia na eÐnai pl rhc h jewrÐa mac, prèpei na exet�soume kai ta reÔmata. Ta oudètera reÔmata
paramènoun analloÐwta, en¸ ta fortismèna reÔmata eÐnai:

(4.216) ⇒ Lcc =
g√
2

[ (
ūL c̄L

)
γµUCabibo

(
dR
sR

)
Wµ

+ +
(
d̄L s̄L

)
γµUCabibo

−1

(
uR
cR

)
Wµ

−
]

(4.225)
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AfoÔ qreiazìmaste mìno mia par�metro, th gwnÐa Cabibo, eÐnai eÔkoloc o upologismìc.
Opìte ja isqÔei:

(
ūL c̄L

)
γµUCabibo

(
dR
sR

)
=
(
ūL c̄L

)
γµ
(

cos θ − sin θ
− sin θ cos θ

)(
dR
sR

)
=
(
ūL c̄L

)
γµ
(

dR cos θ + sR sin θ
−dR sin θ + sR cos θ

)
(4.226)

= ūLγ
µdR cos θ + ūLγ

µsR sin θ − c̄Lγ
µdR sin θ + c̄Lγ

µsR cos θ(
d̄L s̄L

)
γµUCabibo

−1

(
uR
cR

)
=
(
d̄L s̄L

)
γµ
(

cos θ − sin θ
− sin θ cos θ

)(
uR
cR

)
=
(
d̄L s̄L

)
γµ
(
uR cos θ − cR sin θ
uR sin θ + cR cos θ

)
= d̄Lγ

µuR cos θ + d̄Lγ
µcR sin θ − s̄Lγ

µuR sin θ + s̄Lγ
µcR cos θ

'Ara

Lcc =
g√
2

[
(ūLγ

µdR cos θ + ūLγ
µsR sin θ − c̄Lγ

µdR sin θ + c̄Lγ
µsR cos θ)Wµ

+

+(d̄Lγ
µuR cos θ + d̄Lγ

µcR sin θ − s̄Lγ
µuR sin θ + s̄Lγ

µcR cos θ)Wµ
−
]

(4.227)

'Omoia isqÔei h an�lush kai gia tic upìloipec geneèc quarks. Apì th sÔgkrish thc exÐswshc
(4.225) kai thc (4.227), prokÔptei ìti oi arqikoÐ ìroi èqoun diaforopoihjeÐ kat� cos θ kai
sin θ par�gontec. H fusik  ènnoia pou krÐbetai eÐnai ìti èna diadidìmeno quark mporeÐ na
metatrapeÐ se èna �llo. Gia par�deigma èna u quark mporeÐ na metatrapeÐ se èna s quark kok
me pijanìthta an�logh tou cos   tou sin thc gwnÐac Cabibo. Peiramatik� h gwnÐa Cabibo
èqei prosdioristeÐ wc θ ≈ 13.

4.8 Oi SU(3) ìroi thc Lagrangian

Sumperasmatik� , ta swmatÐdia upakoÔoun kai se mia �llh trÐth summetrÐa, thn SU(3),
dhlad  th summetrÐa qr¸matoc. Kai autì faÐnetai apì ton trìpo pou èqei jemeliwjeÐ mèqri
stigm c, h jewrÐa mac.
Gia na eÐnai epomènwc analloÐwth h Lagrangian mac k�tw apì touc SU(3) metasqhmatismoÔc,
ja prèpei na prosjèsoume 8 pedÐa bajmÐdac, ta gluons Gµ

α, α = 1, . . . , 8. H sunalloÐwth
par�gwgoc thc ja gÐnei:

DµΨ =
(
∂µ − ig3

λα
2
Gµ

α
)
Ψ (4.228)
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ìpou g3 h stajer� zeÔxhc twn isqur¸n allhlepidr�sewn.
Me ta 8 pedÐa bajmÐdac na upakoÔoun sto nìmo metasqhmatismoÔ (bl. Par�rthma A):

Gµ
′α = Gµ

α +
1

g3
∂µθ

α − fαbcθ
bGµ

c bl. kai Ex.(2.179) (4.229)

ìpou fαbc oi stajerèc dom c thc om�dac (bl. Par�rthma A kai Ex. (74) ).
Paramènei wstìso na tonisteÐ ìti h SU(3) eÐnai akrib c summetrÐa thc fÔshc kai
epomènwc den apaiteÐtai aujìrmhto sp�simo. Ta gluons paramènoun �maza. H Lagrangian
thc isqur c allhlepÐdrashc, èqei wc:

Lstrong = −1

4
Gµν

αGµnu,alpha +
∑
f

ifγµ
(
∂µ − ig3λα2Gµ

α
)
f (4.230)

kai aut  eÐnai pou ja prèpei na prostejeÐ sthn olik  Lagrange thc antÐstoiqhc allhlepÐ-
drashc.





Kef�laio 5

β(G) function

H sqèsh gia to hlektrikì fortÐo eÐnai:

Q = IW
3 +

YW
2

(5.1)

SwmatÐdio SpÐnorac IW IW
3 YW Q

Aristerìstrofa

(
νe,L
eL

)
Leptìnia

(
νµ,L
µL

)
lL

1
2

(
1
2
−1

2

)
-1

(
0
1

)
(
ντ,L
τL

)
Dexiìstrofa eR
Leptìnia µR lR 0 0 -2 -1

τR

Aristerìstrofa

(
uL

R

dL
R

) (
uL

G

dL
G

) (
uL

B

dL
B

)
quark

(
cL
R

sL
R

) (
cL
G

sL
G

) (
cL
B

sL
B

)
QL

1
2

(
1
2
−1

2

)
1
3

(
2
3
−1

3

)
(
tL
R

bL
R

) (
tL
G

bL
G

) (
tL
B

bL
B

)
Dexiìstrofa uR

R , uR
G , uR

B UR 0 0 4/3 2/3
quark dR

R , dR
G , dR

B -2/3 -1/3
cR

R , cR
G , cR

B 4/3 2/3
sR

R , sR
G , sR

B UR 0 0 -2/3 -1/3
tR
R , tR

G , tR
B 4/3 2/3

bR
R , bR

G , bR
B -2/3 -1/3

123



124 KEF�ALAIO 5. β(G) FUNCTION

SwmatÐdio SpÐnorac(
H1

H2

)
.

Jewr¸ntac ìti ìlec oi allhlepidr�seic sundèontai se mia megaloenopoihmènh jewrÐa (GUT)
kai me mia stajer� suzeÔxhc gG, upì thn opoÐa ìlec oi upìloipec stajerèc suzeÔxhc gi (an-
tÐstoiqa me ta uposÔnola Gi apì ta opoÐa apartÐzetai to G) sundèontai me èna sugkekrimèno
trìpo kai gia k�je sugkekrimèno sÔnolo G.
H sÔndesh twn stajer¸n zeÔxhc mporeÐ na faneÐ kai apì th β function.

Kat� th diadikasÐa thc diastatik c omalopoÐhshc (all� kai stic upìloipec mejìdouc
epanakanonikopoÐhshc ) eis qjhke mia aujaÐreth stajer� µ , h opoÐa èqei diast�seic m�zac
(sth perÐptwsh thc diastatik c omalopoÐhshc). 'Ameso epakìloujo  tan na exet�soume
kat� pìso exartìntai ta apotelèsmata mac apì thn epilog  thc stajer�c aut c. Ja doÔme
telik� ìti tìso h m�za ìso kai to fortÐo paramènoun analloÐwta kai eÐmaste plèon se jèsh
na orÐsoume thn om�da epanakanonikopoÐhshc.

En arq ,  tan o Wilson kai h idèa tou, ìti ìlec oi par�metroi miac sugkekrimènhc epana-
konikopoi simhc jewrÐac pedÐou mporoÔn na jewrhjoÔn wc posìthtec exart¸menec apì thn
klÐmaka anafor�c. Aut  h ex�rthsh t�xhc mporeÐ na perigrafeÐ kai na upologisteÐ k�je fo-
r� apì aplèc diaforikèc exis¸seic, oi gnwstèc exis¸seic thc om�dac epanakanonikopoÐhshc.
Oi lÔseic touc mporoÔn na odhg soun se problèyeic fusik c kainoÔrgiou tÔpou: problèyeic
oi opoÐec ka•tw apì sugkekrimènec sunj kec, oi sunart seic susqètishc kbantikoÔ pedÐou
emfanÐzoun asun jistouc all� upologÐsimouc nìmouc klÐmakoc san sun�rthsh twn sunte-
tagmènwn. H basik  idèa tou Wilson perigr�fei thn qarakthristik� polÔ mikr  diìrjwsh
twn kbantik¸n diorj¸sewn se mia jewrÐa kai kaj¸c plhsi�zoume se ìlo kai mikrìterec
apost�seic.

Gia pr¸thc t�xhc diìrjwsh, h β function dÐnetai wc:

βg1 = (16π2)−1g1
3
[2
3
T (R1)d(R2) +

1

3
T (S1)d(S2)−

11

3
C2(G1)

]
(5.2)

ìpou R eÐnai h anapar�stash gia fermiìnia kai S gia mpozìnia pou akoloujeÐ h G om�da.
H stajer� sÔzeuxhc pou sqetÐzetai me thn om�da G1 eÐnai h g1. JumÐzoume ìti C eÐnai o
Clebsch-Gordan suntelest c tou G
Skeptìmenoi ìti oi upologismoÐ eÐnai an�logoi gia tic treÐc geneèc, ja up�rqei apl� pol-
laplasiasmìc me ngen. H SU(3) × SU(2) × U(1), ja exetasteÐ pr¸th afoÔ diapist¸noume
ìti apoteleÐ thn aploÔsterh twn peript¸sewn. H β sun�rthsh thc SU(3) loipìn, gia thn
pr¸th diìrjwsh ja eÐnai:

(5.2) ⇒ βg3 = (16π2)−1g3
3
[2
3
T (R3)d(R2) +

1

3
T (S3)d(S2)−

11

3
C2(G3)

]
βg3 =

1

16π2

{[2
3

(1
2
· 2 + 1

2
· 1 + 1

2
· 1
)]

· ngen −
11

3
· 3
}

(5.3)
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• IsqÔei ìti T (R) = 1
2 gia ìlec tic triplèttec.

• Gia SU(n) om�da, isqÔei C2(Gn) = nI. 'Ara ed¸ eÐnai C2(G3) = 3 (ìpou Gn eÐnai
sumbolismìc sÔmfwnoc me thn etaxinìmhsh Cartan).

• H diplètta tou Higgs den an kei sthn SU(3) opìte o ìroc 1
3T (S1)d(S2) mhdenÐzetai

kai sunep¸c h β sun�rthsh thc SU(3)× SU(2)× U(1) den epidèqetai mpozìnia.

• Ta aristerìstrofa quark mporoÔn na emfanÐzontai me treÐa qr¸mata, �ra oi diplèttec
twn aristerìstrofwn quark an koun sthn om�da SU(3)

• To Ðdio isqÔei kai gia tic singlet katast�seic twn dexiìstrofwn quark.

• Ta aristerìstrofa quark sqhmatÐzoun doublets, �ra gia thn SU(2) h zhtoÔmenh di�-
stash eÐnai dÔo. SU(3).

• ta dexiìstrofa quark eÐnai singlet katast�seic kai epomènwc pollaplasi�zoume me thn
mon�da.

Me to Ðdio skeptikì, upologÐzoume thn β sun�rthsh gia thn SU(2)× U(1) kai thn U(1).

(5.2) ⇒ βg2 = (16π2)−1g2
3
[2
3
T (R2)d(R1) +

1

3
T (S2)d(S1)−

11

3
C2(G2)

]
βg2 = (16π2)−1g2

3
[2
3

(1
2
· 3 + 1

2
· 1
)
ngen +

1

3
· 1
2
· 1nH − 11

3
· 2
]

(5.4)

Ta akìlouja, dieukolÔnoun thn katanìhsh:

• IsqÔei kai ed¸ ìti T (R2) ≡ T (S2) =
1
2 .

• Gia ton suntelest  Casimir eÐnai C2(G2) = 2.

• O entopismìc gia diplèttec swmatidÐwn eÐnai eÔkoloc, afoÔ eÐnai gnwstì ìti eÐnai
ekeÐnec twn aristerìstrofwn quarks kai twn aristerìstrofwn leptonÐwn.

• Ed¸ sunant�me kai thn mình (�ra d(S2) = 1) diplètta twn mpozonÐwn Higgs opìte
up�rqei kai o antÐstoiqoc ìroc.

Tèloc gia thn U(1), upologÐzontac thn β sun�rthsh kai mìno gia thn pr¸th diìrjwsh
èqoume:

(5.2) ⇒ βg1 = (16π2)−1g1
3
[2
3
T (R1)d(R2) +

1

3
T (S1)d(S2)−

11

3
C2(G1)

]
βg1 = (16π2)−1g1

3
[{2

3

(1
3

)2
· 6 + 2

3

(4
3

)2
· 3 + 2

3

(−2

3

)2
· 3 + 2

3
(−1)2 · 22

3
(−2)2

}
ngen

+
1

3

(1
2

)2
· 2 · nH

]
(5.5)
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• Ed¸ o telest c Casimir1

• Epiplèon o suntelest c T (R) eÐnai to tetr�gwno tou uperfortÐou (bl PÐnaka 1).

• 'Ola ta aristerìstrofa quark èqoun to Ðdio uperfortÐo, �ra kai suntelest  T (R).
Parìmoia kai oi doublets kai singlets twn leptonÐwn.

• ParathroÔme diaforopoÐhsh gia ta dexiìstrofa quark afoÔ kai oi treÐc geneèc twn
u, c kai t (all� kai ta d, s kai b) èqoun to Ðdio uperfortÐo.

Gia deÔterhc t�xhc diìrjwsh:

βg1 = (16π2)−1g1
3
[2
3
T (R1)d(R2) +

1

3
T (S1)d(S2)−

11

3
C2(G1)

]
+ (16π2)−2g1

5
{[10

3
C2(G1) + 2C2(R1) + 2C2(R1)

]
T (R1)d(R2)

+
[2
3
C2(G1) + 4C2(S1)

]
T (S1)d(S2)−

34

3
[C2(G1)]

2
}

+ (16π2)−2g1
3g2

2[2C2(R2)d(R2)T (R1) + 4C2(S2)d(S2)T (S1)] (5.6)

5.1 EpanakanonikopoÐhsh sth QED

'Ena sobarì shmeÐo: gia na parameÐnei to fortÐo tou e adi�stato se n diast�seic ja prèpei
na isqÔsei o metasqhmatismìc: e → e(µ2)

n
2
−2. PaÐrnoume gia par�deigma gia n = 4, to e

den èqei mon�dec: (me dedomèna [L]=4 , [∂µ] = [pµ]=1)

Ψ̄∂µγ
µΨ → 4 = 2[Ψ] + 1 → [Ψ] =

3

2
(5.7)

[FµνFµν ] = 4 → [Fµν ] = 2 → Fµν = ∂µAν − ∂νAµ → [Aµ] = 1 (5.8)

eΨ̄γµψAµ → [e] = 0 (5.9)

1Apì ta stoiqeÐa miac hmiapl c Lie �lgebrac bajmoÔ l, mporeÐ kaneÐc na kata-
skeu�sei l mh grammikoÔc analloÐwtouc telestèc, oi opoÐoi eÐnai gnwstoÐ wc tele-
stèc Casimir kai antimetatÐjetai me k�je stoiqeÐo thc �lgebrac.
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Gia n tuqaÐo eÐnai [L = n] ja eÐnai:

n = 2[Ψ] + 1 → [Ψ] =
n− 1

2
(5.10)

[Fµν ] =
n

2
→ 1 + [A] =

n

2
→ [A] =

n− 2

2
(5.11)

eΨ̄γµΨAµ → n = [e] + 2
n− 1

2
+
n− 2

2
→ n = [e] + n− 1 +

n− 2

2
→ [e] =

n− 4

2
=
n

2
− 2

(5.12)

To µ2 eÐnai mia aujaÐreth m�za. All� akrib¸c h anexarthsÐa twn fusik¸n apotelesm�twn
apì th m�za aut  dÐnei thn om�da anakanonikopoÐhshc. 'Allwste h om�da aut  eÐnai antÐstoiqh
me to ìrio Λ2.

5.2 Upologismìc thc beta function sthn QED

Gia th deÔterh t�xh thc jewrÐac diataraq¸n prokÔptoun treÐa kÔria topologik� diagr�mmata,
ta opoÐa èqoun eidik  shmasÐa kai onomasÐa: diamìrfwsh reÔmatoc, diadìthc hlektronÐou kai
pìlwsh kenoÔ. Apì ta diagr�mmata Feynmann o upologismìc tou analloÐwtou pl�touc
dÐnetai:

−
∫

d4k

(2π)4
Tr
[ i

̸ k −m
(−iγνe)

i

̸ q− ̸ k −m
(−iγµe)

]
∫

d4k

(2π)4
(−iγνe)

i

̸ p− ̸ k −m
(−iγµe)

i

̸ p− ̸ k− ̸ q −m
(−iγνe)−i

k2∫
d4k

(2π)4
(−iγµe)

i

̸ p− ̸ k −m
(−iγµe)−i

k2

Qrhsimopoi¸ntac to par�deigma tou diadìth hlektronÐou, gia na broÔme ton pl rh dia-
dìth qrhsimopoioÔme th prosèggish alusÐdac me 1PI diagr�mmata.

iSF (p) = iSF
0(p) + iSF

0(p)(−iΣ(p))iΣF 0(p) + . . .

=
i

̸ p−m0 − Σ(p)

O diadìthc tou fwtonÐou eÐnai:∫
dnq

(2π)n
Tr
[
− ieγµ

i

̸ q −m
(−ieγν) i

̸ q− ̸ p−m

]
(−1) (5.13)

= e2
∫

dnq

(2π)n
Tr

[γµ(̸ q +m)γν (̸ q− ̸ p+m)]

(q2 −m2)((p− q)2 −m2)
(−1) (5.14)

shmei¸noume ìti to −1 ofeÐletai sto fermionikì brìgqo
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kai telik� prokÔptei:

iW = −2

3

i

(4π)2
4

3
e2[p2gµν − pµpν ] + e2FA (5.15)

'Eqei prokÔyei epomènwc ènac epanaorismìc tou diadìth tou fwtonÐou. Dhlad : Aµ →
(1− 2

ε
4
3

e2

(4π)2
+ e2FA)

1
2Aµ. H teleutaÐa mporeÐ na grafeÐ kai wc:

AµR = (1− 2

ε

4

3

e2

(4π)2
+ e2FA)

1
2Aµ ≡ (1 +

C

ε
e2)

1
2Aµ (5.16)

Opìte o ìroc

−ie[1 + 2

3

e2

(4π)2
+ e2Fe]Ψ̄γ

µAµΨ

= −ie
(
1 +

De2

ε

)
Ψ̄γµAµΨ

= −ie
(
1 +

De2

ε

)(
1 +

Ae2

ε

)(
1− Ce2

ε

) 1
2
Ψ̄Rγ

µAµRΨR

= −ie
(
1 +

D +A− 1
2C

ε
e2
)
Ψ̄Rγ

µAµRΨR (5.17)

èqontac orÐsei telik�:

eR = e
(
1 +

D +A− 1
2C

ε
e2
)

(5.18)

'Ola ta parap�nw sunoyÐzontai ston akìloujo pÐnaka.

Ψ =
(
1 + Ae2

ε

)
ΨR

Aµ =
(
1− Ce2

ε

)
AµR

m =
(
1− A+B

ε e2
)
mR =

1+B
ε
e2

1+Ae2

ε

mR

e =
(
1− D+A− 1

2
C

ε e2
)
eR =

1−De2

ε(
1+Ae2

ε

)(
1Ce2

ε

) 1
2
eR

EÐnai:

ZΨ = 1− eR
2

16π2
1

ε
(5.19)

ZA = 1− 4

3

eR
2

16π2
1

ε
(5.20)

m = mR

(
1− 3

16

eR
2

π2
1

ε

)
(5.21)
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eµ
(n−4) 1

2 =
(
1 +

2

3

eR
2

16π2
1

ε

)
eR (5.22)

'Ara:

β(gR) = −2
1

2

(2
3
− eR

2

3
3eR

2
) 1

16π2
=

= −
(
− 4

3

) eR2

16π2
=

4

3

eR
2

16π2
(5.23)

5.3 Om�da AnakanonikopoÐhshc - Apìdeixh thc β fu-
nction

Se autì to shmeÐo eis�getai h ènnoia thc genikeumènhc sun�rthshc Green G(n)(x1, . . . , xn)
  G(n)(p1, . . . , pn) ston q¸ro twn orm¸n kai twn 1-Particle Irreducible (1PI) diagramm�-
twn. H Green perigr�fei diadikasÐec allhlepÐdrashc opoiasd pote t�xhc. Ta 1PI dia-
gr�mmata eÐnai ekeÐna ta opoÐa den mporoÔme na qwrÐsoume se dÔo anex�rthta diagr�mmata
kìbontac mia eswterik  gramm . MporoÔme na orÐsoume thn 1PI genikeumènh sun�rthsh
Green, Γ(n)(p1, . . . , pn) thn opoÐa brÐskoume afair¸ntac ta mh 1PI diagr�mmata apì thn
G(n)(p1, . . . , pn) kaj¸c kai touc diadìtec apì tic exwterikèc grammèc, dhlad  majhmatik�
diatupwmèno eÐnai:

G(n)(p1, . . . , pn) =
∏
i=1

n
∆(pi)Γ

(n)(p1, . . . , pn) (5.24)

ìpou ∆(pi) o diadìthc tou pedÐou. Sth sunèqeia ja prosdiorÐsoume to peperasmèno mèroc
twn stajer¸n kanonikopoÐhshc kai sta plaÐsia orismènwn paradoq¸n, oi opoÐec orÐzoun to
sq ma epanakanonikopoÐhshc. Gr�fontac analutik� tic exart seic twn Γ eÐnai:

ΓR
(n)(p, gR,mR, µ) = lim

n→4
Γ̃
(n)
R (p, gR(gµ

(4−n)ρ, n),mZm
−1(gµ

(4−n)ρ, n), µ, n) (5.25)

ΓR
(n)(p, gR,mR, µ) = lim

n→4
Z

n
2 (gµ

(4−n)ρ, n)Γ(n)(p, g,m, n) (5.26)

ìpou me Zi eÐnai oi stajerèc kanonikopoÐhshc kai epomènwc prosdiorÐzontai se k�je t�xh
thc jewrÐac diataraq¸n. 'Eqoume dhlad  qrhsimopoi sei oti h anakanonikopoÐhsh eÐnai ane-
x�rthth apì th m�za. 'Ara oi apeirÐec mac den exart¸ntai apì th m�za kai h mình apeirÐa
m�zac pou emfanÐzetai eÐnai sthn mR = m(1 + �peira) .
H (5.26) mporeÐ na grafeÐ kai wc ex c:

ΓR
(n)(p, gR,mR, µ)Z

−n
2 = Γ(n)(p, g,m, n) (5.27)
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ìpou faÐnetai xek�jara oti den emfanÐzetai kamÐa ex�rthsh apì th m�za.
ParagwgÐzoume thn Ex. (5.25) me µ ∂

∂µ :[
µ
∂

∂µ
+ µ

∂gR
∂µ

∂

∂gR
+ µ

∂Zm
−1

∂µ

∂

∂Zm
−1

]
Γ̃
(n)
R

=
n

2
Z

n
2
−1∂Z

∂µ
Γ(n)(p, g,m, n) ⇒ (5.28)

[
µ
∂

∂µ
+ µ

∂gR
∂µ

∂

∂gR
− 1

Zm
2µ
∂Zm
∂µ

∂

∂mR
m

]
Γ̃
(n)
R

=
n

2

1

Z

∂Z

∂µ
Z

n
2 Γ(n)(p, g,m, n) ⇒ (5.29)

[
µ
∂

∂µ
+ µ

∂gR
∂µ

∂

∂gR
− m

Zm
µ
∂ lnZm
∂µ

∂

∂mR

]
Γ̃
(n)
R

=
n

2

1

Z

∂Z

∂µ
Γ̃
(n)
R ⇒ (5.30)

[
µ
∂

∂µ
+ β̃(gR)

∂

∂µ
−mRγ̃m(gR)

∂

∂mR
− n

2
γ̃(gR)

]
Γ̃
(n)
R = 0 (5.31)

ìpou

β̃(gR) ≡ µ
∂

∂µ
gR (5.32)

γ̃m(gR) ≡ µ
∂

∂µ
lnZm (5.33)

≡ µ
∂

∂µ
lnZ (5.34)

Oi β(gR), γm(gR) kai γ(gR) lamb�nontai wc ìria tou n → 4. Prìkeitai gia peperasmènec
posìthtec, afoÔ emfanÐzontai apì kataskeu c se kanonikopoihmèna megèjh.
Sth diastatik  omalopoÐhsh eÐnai:

gµ
(4−ν)ρ =

∑
ν=1

∞αν(gR)

εν
+ gR (5.35)

mB = mR +mR

∑
ν=1

∞ bν(gR)

εν
(5.36)

Z = 1 +
∑
ν=1

∞ cν(gR)

εν
(5.37)
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TonÐzetai ìti oi gµ(4−ν)·ρ,mB, Z eÐnai oi anakanonikopoihmènec posìthtec (gR,mR, 1) kai oi
pìloi qrei�zontai gia na apaleifoÔn oi pìloi twn diagramm�twn Feynman. Mia diadikasÐa
pou anafèretai suqn� sth bibliografÐa kai wc �el�qisth afaÐresh�.
ApodeiknÔetai ìti (gia tic peript¸seic pou up�rqei ex�rthsh mìno apì ton aplì pìlo):

β(gR) = −2
(
α1 − gR

∂α1

∂gR

)
· ρ (5.38)

γ(gR) = −2gR
∂c1
∂gR

· ρ (5.39)

γµ(gR) = −2
gR
mR

∂b1
∂gR

· ρ (5.40)

5.3.1 Orismìc β kat� t’ Hooft

Genik� h sun�rthsh β mporeÐ na oristeÐ kai wc (orismìc kat� t’ Hooft):

β(e) ≡ µ
∂e

∂µ
= −εe

(
1+

e2

24π2ε

)(
1+

e2

8π2ϵ

)−1
= −εe

(
1− e2

6π2ε
+O(e4)

)
→ e3

6π2
gia ε→ 0

(5.41)
H lÔsh thc parap�nw diaforik c thc om�dac epanakanonikopoÐhshc dÐnetai eÔkola wc ex c:

µ
∂e2

∂µ
=

(e2)2

6π2
(5.42)

�ra

e2(µ) =
e2(µ0)

1− e2(µ0)
6π2 ln µ

µ0

(5.43)

α(µ) =
α(µ0)

1− 2α(µ0)
3π ln µ

µ0

(5.44)

H sun�rthsh α(µ) onom�zetai running coupling constant kai metr� ousiastik� sto plaÐsio
anafor�c gia thn QED thn èntash thc hlektromagnhtik c allhlepÐdrashc . Sugkekrimèna
h α(µ) deÐqnei p¸c metab�lletai h stajer� zeÔxhc me thn enèrgeia. Ston hlektromagnhtismì
h stajer� zèuxhc aux�netai me thn enèrgeia (fainìmeno screening). Gia par�deigma, èqei
metrhjeÐ kai peiramatik� ìti gia enèrgeiac thc klÐmakac twn 91 GeV eÐnai α(91GeV ) ≃ 1

128 .
Genik�, h pio sunhjismènh epilog  gia stajerèc sÔzeuxhc eÐnai:

αs(Q) =
g3

2(Q)

4π
,

g(Q) = g2(Q),

g′(Q) =
1

C
g1(Q) (5.45)
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ìpou me Q èqoume sumbolÐsei thn st�jmh thc orm c sthn opoÐa anafèrìmaste. Parak�tw
ja doÔme pijan  susqètish touc gia TeV orm  pou apaitoÔn oi megaloenopoihmènec jewrÐec.
GnwrÐzoume epipleìn ìti isqÔei:

g1
g2

= tan θW (5.46)

ìpou θW eÐnai h gwnÐa Weinberg.

1

C

g1(Q)

g2(Q)
= tan θW (Q) (5.47)

Wstìso mia sun�rthsh thc orm c Q apì tic stajerèc sÔzeuxhc èqei  dh problefjeÐ. OrÐ-

zontac wc trèqousa stajer� sÔzeuxhc: α(Q2) ≡ e2(Q2)
4π

(5.48)
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.1 Lorentz analloÐwto

'Enac Lorentz metasqhmatismìc sqetÐzei tic suntetagmènec dÔo susthm�twn anafor�c. Ac
jewr soume dÔo gegonìta sto qwrìqrono (t, x, y, z) kai (t + dt, x + dx, y + dy, z + dz).
MporoÔme t¸ra na genikeÔsoume thc ènnoia thc apìstashc metaxÔ dÔo shmeÐwn sto q¸ro, se
aut  tou qwrìqronou, èstw ds. Jèloume h posìthta aut  na eÐnai analloÐwth gia sust mata
Lorentz. Gia na eÐnai aut  analloÐwth gia ìlouc touc adraneiakoÔc parathrhtèc (dhlad 
se ìla ta sust mata Lorentz), ja prèpei na eÐnai analloÐwth k�tw apì metasqhmatismoÔc
Lorentz. To basikì analloÐwto se metasqhmatismoÔc Lorentz, eÐnai h posìthta ds2 =
c2dt2 − (dx2 + dy2 + dz2).
To stoiqei¸dec analloÐwto dhmiourgeÐtai mèsw thc �jroishc tou ginomènou twn Ðdiwn p�nw
kai k�tw deikt¸n. Dhlad :

ds2 =
3∑

µ=0

dxµdxµ = c2dt2 − (dx2 + dy2 + dz2) (49)

'Ena tetr�nusma ìpwc to xµ kaleÐtai antalloÐwto di�nusma, en¸ to xµ kaleÐtai sunalloÐwto
di�nusma. To eswterikì ginìmeno enìc antalloÐwtou kai enìc sunalloÐwtou anÔsmatoc, eÐnai
analloÐwto. Eis�getai epÐshc h sÔmbash thc �jroishc sÔmfwna me thn opoÐa e�n ènac deÐkthc
emfanisteÐ mia for� p�nw kai mia k�tw, tìte prokÔptei �jroish, dhlad 

∑3
µ=0A

µAµ →
AµAµ. Epiplèon h sqèsh enìc sunalloÐwtou kai enìc antalloÐwtou dianÔsmatoc dÐnetai
eis�gontac to metrikì tanust  gµν :

gµν = gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (50)

Sunep¸c: xµ = gµνx
ν = gµ0x

0 + gµ1x
1 + gµ2x

2 + gµ3x
3. Opìte to eswterikì ginìmeno dÔo

tetranusm�twn gr�fetai:

AB = AµB
µ = gµνA

νBµ = gµνAµBν = AµBµ = gµνA
µBν (51)

H metrik  gµν aut , èqei tic Ðdiec akrib¸c timèc me th metrik  se qwrìqrono Minkowski.
Genik� h metrik  mac parèqei ìlec tic aparaÐthtec plhroforÐec gia th gewmetrÐa tou qwrì-
qronou. Sta plaÐsia thc eidik c sqetikìthtac h metrik  faÐnetai na èqei èna pajhtikì rìlo.
Gia thn genik  sqetikìthta ìmwc, h metrik  exart�tai apì thn Ôlh pou up�rqei mèsa sto
qwrìqrono.
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Tèloc ja oristeÐ kai o tetradi�statoc diaforikìc telest c.

∂µ =
∂

∂xµ
= (∂0, ∂1, ∂2, ∂3) =

(1
c

∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z

)
=
(1
c

∂

∂t
, ∇⃗
)

(52)

∂µ =
∂

∂xµ
= gµν∂µ =

(1
c

∂

∂t
,−∇⃗

)
(53)

ta parap�nw dÐnoun ton Lorentz analloÐwto deÔterhc t�xhc diaforikì telest :

∂µ∂µ =
1

c2
∂2

∂t2
−∇2 D ’ Alembertian telest c (54)

OrÐzoume to tetr�nusma enèrgeiac - orm c enìc swmatidÐou:

pµ =
(E
c
, p⃗
)
, pµ =

(E
c
,−p⃗

)
(55)

To Lorentz analloÐwto prokÔptei sunep¸c:

p2 = pµpµ =
E2

c2
− p⃗p⃗ = m2c2 (56)

Sto qwrìqrono to stoiqei¸dec m koc den eÐnai jetik� orismèno. Sunep¸c:

xµ = (x0, x1, x2, x3) = (ct, x, y, z) = (ct, r⃗) (57)

xµ = (x0, x1, x2, x3) = (ct− x,−y,−z) = (ct,−r⃗) (58)
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.1 H sun�rthsh δ tou Dirac

H sun�rthsh δ tou Dirac orÐzetai me tic sqèseic:

δ(x) = 0 gia x ̸= 0 (59)∫
−∞

∞
δ(x)dx =

∫
−ϵ

ϵ

δ(x)dx = 1 (60)

ìpou ϵ mikrìc jetikìc arijmìc. Oi sqèseic autèc shmaÐnoun ìti h sun�rthsh δ mhdenÐzetai
pantoÔ, ektìc apì th jèsh x = 0, ìpou paÐrnei mia polÔ meg�lh tim , tètoia ¸ste to
olokl rwma thc wc proc x na dÐnei mon�da. Prìkeitai dhlad  gia mia polÔ �sten � kai polÔ
�yhl � sun�rthsh.
'Enac isodÔnamoc orismìc thc sun�rthshc δ dÐnetai apì th sqèsh:∫

−∞

∞
f(x)δ(x)dx = f(0) (61)

Blèpoume dhlad  ìti h sun�rthsh δ èqei thn idiìthta na �skot¸nei� to olokl rwma, af non-
tac wc apotèlesma thn tim  thc upì olokl rwsh sun�rthshc f sth jèsh x =0, sthn opoÐa
�edreÔei� h sun�rthsh δ. An h sun�rthsh δ �edreÔei� sth jèsh α, isodÔnama èqoume:

f(x)δ(x− α)dx = f(α) (62)

Qrhsimopoi¸ntac ton orismì thc sun�rthshc δ, mporeÐ k�poioc na apodeÐxei di�forec idiìth-
tec thc, ìpwc:

δ(x) = δ(−x) (63)

xδ(x) = 0 (64)

δ(αx) =
1

|α|
δ(x) (65)

EpÐshc mporeÐ na deÐ k�poioc ìti h sun�rthsh δ mporeÐ na parastajeÐ qrhsimopoi¸ntac èna
sÔnolo analutik¸n sunart sewn ϕn(x), tètoiwn ¸ste na isqÔei:

δ(x) = lim
n→∞

ϕn(x) (66)

Mia autoÔ tou eÐdouc anapar�stash thc δ - sun�rthshc eÐnai h akìloujh:

lim
n→∞

sinnx

πx
(67)

'Allec ekfr�seic thc sun�rthshc δ eÐnai oi akìloujec:

δ(x) =
1

π
lim
ϵ→0

ϵ

x2 + ϵ2
(68)

δ(x) = lim
b→0

1

b
√
π
exp−

x2

b2 (69)
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.2 JewrÐa Om�dwn

'Estw sÔnolo orismènwn stoiqeÐwn kai èqei oristeÐ mia pr�xh sÔnjeshc aut¸n (p.q. polla-
plasiasmìc). To sÔnolo aÔto apoteleÐ om�da ìtan:

• To stoiqeÐo AB an kei epÐshc sto sÔnolo, gia k�je A kai B

• To sÔnolo eÐnai kleistì wc proc thn pr�xh sÔnjeshc

• Up�rqei to tautotikì stoiqeÐo

• Up�rqei gia k�je stoiqeÐo to antÐgrafì tou

Perissìtera gia thn om�da U(1) pou eis qjei. Aut  apoteleÐ to sÔnolo ìlwn twn paragìn-
twn f�shc U(θ) = eiθ. PaÐrnontac, gia dÔo stoiqeÐa U(θ1), U(θ2) thc om�dac kai me pr�xh
sÔnjeshc twn pollaplasiasmì, tìte:

• U(θ1)U(θ2) = U(θ1 + θ2) ∈ U(1)

• I = U(0)

• U−1(θ) = U(−θ)

• U(θ1)[U(θ2)U(θ3)] = [U(θ1)U(θ2)]U(θ3)

Epeid  h par�metroc apì thn opoÐa exart¸ntai ìla ta stoiqeÐa thc om�dac eÐnai h θ kai h
opoÐa paÐrnei suneqeÐc timèc 0 ≤ θ ≤ 2π �ra prìkeitai gia mia suneq  om�da. Epiplèon,
isqÔei gia thn om�da U(1):

• ta stoiqeÐa thc eÐnai diaforÐsimec posìthtec, afoÔ dU = iUdθ

• prìkeitai gia Abelian  om�da, afoÔ ta stoiqeÐa thc metatÐjentai. Dhlad , isqÔei
U(θ1)U(θ2) = U(θ2)U(θ1)

• H om�da U(1) eÐnai h pio apl  perÐptwsh om�dac Lie. H ìm�da Lie orÐzetai wc mia
om�da thc opoÐac ta stoiqeÐa eÐnai diaforÐsimec sunart seic twn paramètrwn touc.
Dhlad , isqÔei: A(θ1, θ2, . . . , θn) = ei

∑
α=1

nθαFα , ìpou θα oi par�metroi thc om�dac
kai Fα oi genn torec thc om�dac, kaj¸c gennoÔn touc antÐstoiqouc metasqhmatismoÔc.
O arijmìc n apoteleÐ thn di�stash thc om�dac. Jewr¸ntac apeirostèc paramètrouc,
ta stoiqeÐa thc om�dac mporoÔn na grafoÔn:

A = I+ i
∑
α=1

n
θαFα (70)
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IsqÔei ìti ìtan k�poioi metasqhmatismoÐ apoteloÔn metasqhmatismoÔc summetrÐac enìc fu-
sikoÔ sust matoc ìpwc faÐnetai gia thn 70, tìte ta antÐstoiqa stoiqeÐa thc om�dac twn
metasqhmatism¸n aut¸n A eÐnai monadiakoÐ (unitary) telestèc:

A† = A−1   AA† = I (71)

Oi antÐstoiqoi genn torec thc om�dac , eÐnai ermitianoÐ telestèc:

F †α = Fα (72)

Tautìqrona, apoteloÔn tic stajerèc thc kÐnhshc, dhlad  metatÐjentai me thn Hamiltonian
tou sust matoc:

[Fα, H] = 0 (73)

Oi genn torec ìmwc den metatÐjentai metaxÔ touc:

[Fα, Fb] = ifαbcFc (74)

Oi arijmoÐ fαbc onom�zontai stajerèc dom c thc om�dac. Aut  eÐnai kai h �lgebra thc om�dac.
'Estw ìti k apì touc genn torec metatÐjentai metaxÔ touc. Tìte k eÐnai o bajmìc thc om�-
dac. Autì shmaÐnei ìti oi genn torec diagwnopoioÔntai tautìqrona me thn Hamiltonian kai
èqoun èna koinì sÔsthma idiokatast�sewn.
Perissìtera gia th fusik  shmasÐa thc om�dac U(1). Anafèretai ston eswterikì q¸ro twn
swmatidÐwn. H apaÐthsh topik c isqÔoc thc summetrÐac aut c genn� èna pedÐo bajmÐdac èstw
Bµ, to opoÐo sundèetai me to hlektromagnhtikì pedÐo.

Qarakthristikì par�deigma om�dwn summetrÐac eurèwc gnwstì sto pedÐo thc fusik c
stoiqeiwd¸n swmatidÐwn apoteleÐ kai h om�da peristrof¸n. JewreÐtai gnwstì ìti peristro-
f  kat� gwnÐa θ gÔrw apì èna monadiaÐo di�nusma n ekfr�zetai apì to monadiaÐo telest :

R(θ) = e−iθJn (75)

H summetrÐa wc proc tic peristrofèc, dÐnei diat rhsh thc stroform c J . Autì ìmwc shmaÐnei
pwc h stroform  metatÐjetai me thn Hamiltonian tou sust matoc:

[H,J ] = 0 (76)

Oi telestèc thc stroform c epomènwc apoteloÔn touc genn torec thc om�dac. Epiplèon,
ed¸ isqÔei R(θ1)R(θ2) ̸= R(θ2)R(θ1), opìte prokeitai gia Mh Abelian  om�da.
Sth qamhlìterh anapar�stash thc om�dac oi genn torec thc gr�fontai:

J =
τ

2
  Ji =

τi
2
, i = 1, 2, 3 (77)
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'Opou τi oi pÐnakec Pauli. Opìte oi genn torec autoÐ mac dÐnoun touc unitary pÐnakec meta-
sqhmatismoÔ:

R(θ) = e−iθ
τi
2 (78)

oi opoÐoi eÐnai oi 2 × 2 pÐnakec. To sÔnolo twn 2 × 2 pin�kwn apoteleÐ thn U(2) om�da.
'Omwc gia k�je tetragwnikì pÐnaka A isqÔei:

det(eA) = eTrA (79)

Kai epeid  oi pÐnakec Pauli èqoun Ðqnoc mhdèn tìte oi pÐnakec thc om�dac twn peristrof¸n
èqoun orÐzousa mon�da. ApoteloÔn epomènwc mia upoom�da thc U(2), h opoÐa onom�zetai
special unitary 2× 2 group kai sumbolÐzetai wc SU(2). H algebra thc om�dac aut c, ìpwc
f�nhke eÐnai h �lgebra twn pin�kwn Pauli:[τi

2
,
τj
2

]
= iεijk

τk
2

(80)

Prìkeitai gia om�da pou kaneÐc apì touc treÐc genn torec thc om�dac de metatÐjetai me ton
�llo, opìte o bajmìc thc om�dac eÐnai 1. Sunep¸c mìno ènac apì (p.q. o Jz) ja metatÐjetai
me thn Hamiltonian.
AkoloÔjwc, ja oristoÔn oi orjog¸niec (orthogonal) om�dec O(n), oi opoÐec eÐnai om�dec
peristrof¸n se n-di�statouc eukleÐdeiouc q¸rouc kai af noun analloÐwto to mètro (x12 +
x2

2 + . . .+ xn
2). Oi om�dec autèc parist�nontai apì orjog¸niouc pÐnakec RT = R−1. 'Ean

epiplèon isqÔei detR = 1 tìte prìkeitai gia thn om�da SO(n). O arijmìc twn paramètrwn

kai twn gennhtìrwn thc om�dac aut c eÐnai n(n−1)
2 . H aploÔsterh gÐnetai se ènan disdi�stato

q¸ro kai sunep¸c apoteleÐ stoiqeÐo thc om�dac SO(2). 'Ara up�rqei mìno mia par�metroc,
h gwnÐa θ thc peristrof c. Ta stoiqeÐa thc om�dac aut c:

R =

(
cosθ sinθ
−sinθ cosθ

)
(81)

'Opwc anafèrjhke kai sto Kef�laio 2, h om�da U(1) me ènan par�gonta f�shc eÐnai an�logh
me thn om�da SO(2). Proqwr¸ntac parapèra, h om�da pou perigr�fei strofèc se treÐc
diast�seic kai af nei to mètro (x12 + x2

2 + x3
2) ja èqei stoiqeÐa, p.q. gia peristrof  ston

z �xona:

R =

 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

 (82)

prìkeitai epomènwc gia thn om�da SO(3), me treÐc genn torec kai treÐc apeirostèc paramè-
trouc. H om�da aut  mìno gia apeirostèc paramètrouc (dhlad  mìno topik�) tautÐzetai me
thn SU(2). Dhlad  SU(2) ≈ SO(3) .
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.1 Jewr mata gamma pin�kwn

Genik� èstw dÔo pÐnakec kai α ènac opoiosd pote arijmìc, tìte:

Tr(A+B) = Tr(A) + Tr(B)

Tr(αA) = αTr(A)

Tr(AB) = Tr(BA)

Tr(ABC) = Tr(CAB) = Tr(BCA)

SuneqÐzontac orÐzoume thn metrik  kai tic sqèseic met�jeshc gia touc γ pÐnakec. Apì ed¸
kai pèra me α, b ja sumbolÐzoume èna opoiod pote tetr�nusma, en¸ me α thn posìthta:
α = αµγ

µ. 'Eqoume loipìn:
gµνgµν = 4

γµγν + γνγµ = 2gµν

̸ α ̸ b+ ̸ b ̸ α = 2αḃ

Apì ìpou paÐrnoume:
γµγµ = 4

γµγ
νγµ = −2γν , γµ ̸ αγµ = −2 ̸ α

γµγ
νγλγµ = 4gνλ, γµ ̸ α ̸ bγµ = α · b

γµγ
νγλγσγµ = −2γσγλγν , γµ ̸ α ̸ b ̸ cγµ = −2 ̸ c ̸ b ̸ α

SuneqÐzontac me ta jewr mata iqn¸b me b�sh ta parap�nw, ja èqoume:

Tr(monìc arijmìc γ pin�kwn) = 0

Tr(1) = 4

Tr(γµγν) = 4gµν , T r(̸ α ̸ b) = 4α · b

Tr(γµγνγλγσ) = 4(gµνgλσ − gµλgνσ + gµσgνλ)

Tr(̸ α ̸ b ̸ c ̸ d) = 4(α · bc · d− α · cb · d+ α · db · c)
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.1 Glwss�ri Diastatik c AnakanonikopoÐhshc

∫
d2ωl

(2π)2ω
1

(l2 +M2 + 2l · p)A
=

Γ(A− ω)

(4π)ωΓ(A)

1

(M2 − p2)A−ω
(83)

∫
d2ωl

(2π)2ω
lµ

(l2 +M2 + 2l · p)A
=

Γ(A− ω)

(4π)ωΓ(A)

pµ
(M2 − p2)A−ω

(84)

∫
d2ωl

(2π)2ω
lµlν

(l2 +M2 + 2l · p)A
=

1

(4π)ωΓ(A)

×
[
pµpν

Γ(A− ω)

(M2 − p2)A−ω
+

1

2
δµν

Γ(A− 1− omega)

(M2 − p2)A−1−ω

]
(85)

∫
d2ωl

(2π)2ω
lµlν lρ

(l2 +M2 + 2l · p)A
=

−1

(4π)ωΓ(A)

[
pµpνpρ

Γ(A− ω)

(M2 − p2)A−ω

+
1

2
(δµρpν + δνρpµ + δµνpρ)

Γ(A− 1− omega)

(M2 − p2)A−1−ω

]
(86)

∫
d2ωl

(2π)2ω
lµlν lρlσ

(l2 +M2 + 2l · p)A
=

1

(4π)ωΓ(A)

[
pµpνpρpσ

Γ(A− ω)

(M2 − p2)A−ω

+
1

2
[δµνpρpσ + δνσpµpρ + δρσpµpν + δµρpνpσ (87)

+δνρpµpσ + δµσpρpν ]
Γ(A− 1− omega)

(M2 − p2)A−1−ω (88)

+
1

4
[δµνδρσ + δνρδµσ + δµρδνσ]

Γ(A− 2− omega)

(M2 − p2)A−2−ω (89)
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Me thn olokl rwsh tou parìntoc ja  jela na euqarist sw ìsouc st�jhkan dÐpla mou
kat� th di�rkeia ìlhc aut c thc prosp�jeiac.
Ton Kajhght  mou Nikìlao Tr�ka gia thn kajod ghsh, tic sumboulèc tou kai thn hjik 
parìtrunsh. Ja  jela na euqarist sw epÐshc kai ta �lla dÔo mèlh thc trimeloÔc sum-
bouleutik c epitrop c, touc Kajhghtèc KwnstantÐno Anagnwstìpoulo kai ton Kajhght 
KwnstantÐno Far�ko gia tic shmantikèc sumboulèc, th sumpar�stash kai thn �mesh antapì-
krish. 'Ena meg�lo euqarist¸ axÐzei ep�xia se ìlo to didaktikì kai p�nw apì ìla ereunhtikì
dunamikì tou KtirÐou Fusik c gia thn diark  kai amèristh hjik  tìnwsh se euq�ristec kia
dus�restec stigmèc. Tèloc, aisj�nomai epÐshc thn an�gkh na apeujÔnw èna meg�lo euqa-
rist¸ proc touc kajhghtèc tou Tomèa Majhmatik¸n pou me enèpneusan apì thn arq  thc
foÐthshc mou sto Ejnikì Metsìbio PoluteqneÐo.
Tèloc na anafèrw p¸c to parìn pìnhma eÐnai afierwmèno ex' olokl rou sthn oikogèneia mou,
h opoÐa p�nta me perièbale me ag�ph, sthrÐzei thn k�je mou prosp�jeia kai qwrÐc thn dik 
touc anidiotel  kai anupolìgisth upost rixh touc den ja eÐqa thn eukairÐa na proqwr sw
kai na perat¸sw tic spoudèc mou sto sÔnolo touc.
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