
EuqaristÐec

Ja  jela na euqarist sw jerm� ton Epiblèponta Kajhght  mou k. B. Pa-
panikol�ou, Kajhght  E.M.P.. H olokl rwsh thc paroÔsac didaktorik c
diatrib c ofeÐletai kurÐwc sthn gennaiìdwrh kai suneq  kajod ghsh tou.

EpÐshc ja  jela na euqarist sw ta �lla dÔo mèlh thc exetastik c mou
epitrop c, ton Kajhght  k. G. Kokol�kh kai ton Anaplhrwt  kajhght  k. I.
Sphli¸th gia thn upost rixh touc kai tic qr simec sumboulèc touc pou mou
pareÐqan kaj' ìlh thn di�rkeia twn metaptuqiak¸n mou spoud¸n.

Epiplèon, euqarist¸ ton tomèa Majhmatik¸n gia to �risto akadhmaikì klÐ-
ma, stoiqeÐo pou sunèbale sthn �rtia olokl rwsh twn metaptuqiak¸n spou-
d¸n mou.

Tèloc euqarist¸ idiaitèrwc to I.K.U. ('Idruma Kratik¸n Upotrofi¸n) gia
thn oikonomik  enÐsqush pou mou pareÐqe kat� thn di�rkeia thc didaktorik c
mou diatrib c.

1





Perieqìmena

1 Eisagwgik� 9
1.1 H SfaÐra Di�stashc n, Sn . . . . . . . . . . . . . . . . . . . . 9
1.2 Stereografik  Probol  . . . . . . . . . . . . . . . . . . . . . 9
1.3 Sfairikèc Suntetagmènec . . . . . . . . . . . . . . . . . . . . . 9
1.4 O Telest c Laplace-Beltrami . . . . . . . . . . . . . . . . . . 10

2 KÐnhsh Brown sthn SfaÐra Di�stashc n 17
2.1 KÐnhsh Brown se mia Pollaplìthta Riemann . . . . . . . . . . 17
2.2 Eidikèc Morfèc tou Pur na Jermìthtac twn S1, S2 kai S3 . . 19

2.2.1 H PerÐptwsh S1 . . . . . . . . . . . . . . . . . . . . . . 24
2.2.2 H PerÐptwsh S2 . . . . . . . . . . . . . . . . . . . . . . 29
2.2.3 H PerÐptwsh S3 . . . . . . . . . . . . . . . . . . . . . . 31

2.3 Stoqastikèc Diaforikèc Exis¸seic thc KÐnhshc Brown se To-
pikèc Suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . 41
2.3.1 Sfairikèc Suntetagmènec . . . . . . . . . . . . . . . . . 42
2.3.2 Stereografikèc Suntetagmènec . . . . . . . . . . . . . . 44

3 Qrìnoi Exìdou 47
3.1 Mèsh Tim  Qrìnwn Exìdou sthn Sn . . . . . . . . . . . . . . . 47
3.2 Mèsh Tim  thc f(XT ) . . . . . . . . . . . . . . . . . . . . . . . 58
3.3 Pijanìthtec Exìdou . . . . . . . . . . . . . . . . . . . . . . . 63
3.4 Ropogenn triec Sunart seic . . . . . . . . . . . . . . . . . . . 75
3.5 H Arq  thc Anakl�sewc . . . . . . . . . . . . . . . . . . . . . 81

3.5.1 Efarmogèc thc Arq c thc Anakl�sewc . . . . . . . . . 83

4 Topikìc Qrìnoc 89
4.1 Topikìc Qrìnoc Sunìrou Mèqri thn Pr¸th 'Exodo . . . . . . . 89

5 Prot�seic gia Mellontik  'Ereuna 95

3





KÐnhsh Brown sthn SfaÐra Di�stashc n

D mhtra KouloumpoÔ

Prìlogoc

Sthn paroÔsa diatrib  melet�me k�poia probl mata thc kÐnhshc Brown p�nw
sthn sfaÐra di�stashc n, Sn. KurÐwc apodeiknÔoume apotelèsmata gia tic
peript¸seic n = 2 kai n = 3, lìgw tou ìti oi diast�seic autèc parou-
si�zoun praktikèc efarmogèc. Gia n = 2 h S2 perigr�fei thn epif�neia
thc ghc kai sunep¸c h tuqaÐa kÐnhsh p�nw sthn S2 mporeÐ na qrhsimeÔsei
gia epidhmiologik� montèla, montèla mìlunshc perib�llontoc k.a. En¸ gia
n = 3 h S3 emfanÐzetai sthn jewrÐa thc sqetikìthtac.

Sugkekrimèna, sto deÔtero kef�laio upologÐzoume thn sun�rthsh puknì-
thtac pijanìthtac thc kÐnhshc Brown p�nw sthn sfaÐra Sn, gia n = 1, 2, 3,
en¸ sto trÐto kef�laio upologÐzoume thn mèsh tim  tou qrìnou exìdou T
thc kÐnhshc Brown apì mia perioq  thc Sn. UpologÐzontai epÐshc oi pijanì-
thtec exìdou kai oi ropogenn triec sunart seic tou qrìnou exìdou T. Sto
tèloc tou kefalaÐou 3 apodeiknÔoume thn Arq  thc Anakl�sewc (Reflection
Principle) gia ton upologismì thc sun�rthshc katanom c diafìrwn qrìnwn
exìdou T apì thn Sn. EpÐshc dÐnontai kai efarmogèc thc arq c aut c.

Sto tètarto kai teleutaÐo kef�laio thc diatrib c k�noume qr sh tou o-
rismoÔ thc anakl¸menhc kÐnhshc Brown Yt kai tou sunoriakoÔ topikoÔ
qrìnou sunìrou Lt thc Yt enìc dosmènou sunìrou ∂D. Sugkekrimèna
h di�qush Yt sumperifèretai san thn kÐnhsh Brown sthn Sn sto eswterikì
D tou sunìrou ∂D, all� anakl�tai pÐsw sto D ìtan ft�nei sto sÔnoro
tou. UpologÐzoume tèloc thn ropogenn tria sun�rthsh tou LT , ìpou T
eÐnai o qrìnoc exìdou thc Yt apì èna dosmèno uposÔnolo thc Sn.

Sto pr¸to kef�laio prosarmìsthkan kai exeidikeÔthkan di�foroi genikoÐ
orismoÐ kai sqetik� ergaleÐa gia ta parap�nw upì je¸rhsh probl mata.

Merik� apotelèsmata thc paroÔsac diatrib c èqoun anakoinwjèi se sunè-
dria kai èqoun dhmosieujeÐ se episthmonik� periodik� (Kouloumpou D. and
Papanicolaou V.G., The Random Motion on the Sphere Generated by the
Laplace-Beltrami Operator, Journal of Applied Functional Analysis, 7 (1-2)
26-41 (2012) kai Kouloumpou D. and Papanicolaou V.G.,Certain Calculation
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Regarding the Brownian Motion Journal of Concrete and Applicable Mathe-
matics on the Sphere, upì dhmosÐeush), kaj¸c kai se praktik� sunedrÐwn
( The 2010 Joint Statistical Meetings Vancouver, Canada kai 13o Panell nio
sunèdrio Majhmatik c An�lushc, Iw�nnina 2010).
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Abstract

In this thesis, we study the Brownian motion on a n-dimensional sphere.
Mainly we prove results in cases of n = 2 and n = 3, due to the fact
that these dimensions have applications. For n = 2, S2 describes the
surface of the earth. Hence Brownian motion on S2 can be utilized for
epidemiological models and environmental pollution models. Also for n = 3,
S3 appears in Relativity theory.

Chapter 1 is a brief introduction of the basic definitions and theorems.
In Chapter 2 using the Laplace-Beltrami operator we construct the Brownian
motion process on the n-dimensional sphere, using Spherical and Stereogra-
phic coordinates as local coordinates. Following, we evaluate explicitly cer-
tain quantities related to this diffusion process. We start with the transition
density for the cases n = 1, 2 and 3. Also, we give the Stochastic Differential
Equation of the Brownian Motion in those local coordinates.

We continue in Chapter 3 with the calculation of expectations of exit
times of specific domains possessing certain symmetries. Furthermore, some
other probabilistic quantities regarding these exit times are calculated such
as moment generating functions. In the end of Chapter 3 we discuss the
reflection principle on S2. Everything extends easily to Sn. The refle-
ction principle can help to calculate the distribution functions of certain exit
times. In Chapter 4 we evaluate certain probabilistic quantities related to
the Boundary Local Time of a certain domain until First Hitting.

Some of the results of the present thesis have been announced in con-
ferences ( The 2010 Joint Statistical Meetings Vancouver, 13th and 14th
Panhellenic Conferences in Mathematical Analysis ) and have been publish
in scientific journals. (Kouloumpou D. and Papanicolaou V.G., The Random
Motion on the Sphere Generated by the Laplace-Beltrami Operator, Journal
of Applied Functional Analysis, 7 (1-2) 26-41 (2012) and Kouloumpou D.
and Papanicolaou V.G.,Certain Calculation Regarding the Brownian Motion
Journal of Concrete and Applicable Mathematics on the Sphere, to appear).
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1 Eisagwgik�

1.1 H SfaÐra Di�stashc n, Sn

Orismìc 1.1 'Estw n ∈ N∗ = {1, 2, 3, . . .}. H sfaÐra di�stashc n, (thn
opoÐa sumbolÐzoume me Sn) , me kèntro (c1, ..., cn+1) kai aktÐna a > 0 orÐzetai
na eÐnai to sÔnolo ìlwn twn shmeÐwn x = (x1, x2, ..., xn+1) ∈ Rn+1 pou ikano-
poioÔn thn sqèsh (x1 − c1)2 + · · ·+ (xn+1 − cn+1)

2 = a2.
Epomènwc,

Sn = { (x1, x2, ..., xn+1) ∈ Rn+1
∣∣ (x1 − c1)2 + · · ·+ (xn+1 − cn+1)

2 = a2 }.

1.2 Stereografik  Probol 

Orismìc 1.2 JewroÔme Rn mèsa sto Rn+1 to uperepÐpedo, to opoÐo dÐnetai
apì thn sqèsh xn+1 = 0. Gia lìgouc eukolÐac, èstw (x1, x2, ..., xn, xn+1) oi
suntetagmènec tou Rn+1 kai (ξ1, ξ2, ..., ξn) oi suntetagmènec tou Rn ⊂ Rn+1.
'Estw

Sn = { (x1, x2, ..., xn+1) ∈ Rn+1
∣∣ x21 + · · ·+ x2n + (xn+1 − a)2 = a2 }.

Oi stereografikèc suntetagmènec tou Sn eÐnai h apeikìnish Φ : Sn−{0, 0, . . . , 2a} →
Rn h opoÐa dÐnetai apì thn sqèsh

Φ (x1, x2, ..., xn, xn+1) =

(
2ax1

2a− xn+1

, ...,
2axn

2a− xn+1

)
.

H apeikìnish aut  orÐzei suntetagmènec (ξ1, ξ2, ..., ξn) sto Sn, ètsi ¸ste to tu-
qìn shmeÐo (x1, x2, ..., xn, xn+1) tou Sn na èqei suntetagmènec (ξ1, ξ2, ..., ξn) ,
ìpou

ξ1 =
2ax1

2a− xn+1

, . . . , ξn =
2axn

2a− xn+1

.

H antÐstrofh apeikìnish dÐnetai apì thn sqèsh

x1 =
4a2ξ1

ξ21 + · · ·+ ξ2n + 4a2
, . . . , xn =

4a2ξn
ξ21 + · · ·+ ξ2n + 4a2

, xn+1 =
2a (ξ21 + · · ·+ ξ2n)

ξ21 + · · ·+ ξ2n + 4a2
.

1.3 Sfairikèc Suntetagmènec

Ta shmeÐa thc sfaÐrac di�stashc n me kèntro thn arq  twn axìnwn kai aktÐna
a, mporoÔn na perigrafoÔn kai se sfairikèc suntetagmènec me ton akìloujo
trìpo:
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• Gia n = 1

S1 = {x = (a cosϕ, a sinϕ) ∈ R2| 0 ≤ ϕ < 2π}
dhlad ,
x1 = a cosϕ

x2 = a sinϕ, ìpou 0 ≤ ϕ < 2π.

• Gia n = 2

S2 = {x = (a cos θ sinϕ, a sin θ sinϕ, a cosϕ) ∈ R3| 0 ≤ θ < 2π, 0 ≤
ϕ ≤ π}
dhlad ,
x1 = a cos θ sinϕ

x2 = a sin θ sinϕ

x3 = a cosϕ, ìpou 0 ≤ θ < 2π kai 0 ≤ ϕ ≤ π.

• Gia n = 3

S3 = {x = (a cos θ1 sin θ2 sinϕ, a sin θ1 sin θ2 sinϕ, a cos θ2 sinϕ, a cosϕ) ∈ R4| 0 ≤
θ1 < 2π, 0 ≤ θ2 ≤ π, 0 ≤ ϕ ≤ π}
dhlad ,
x1 = a cos θ1 sin θ2 sinϕ

x2 = a sin θ1 sin θ2 sinϕ

x3 = a cos θ2 sinϕ

x4 = a cosϕ, ìpou 0 ≤ θ1 < 2π, 0 ≤ θ2 ≤ π kai 0 ≤ ϕ ≤ π.

• Genik� gia n ≥ 4
x1 = a cos θ1 sin θ2 sin θ3... sin θn−1 sinϕ

x2 = a sin θ1 sin θ2 sin θ3... sin θn−1 sinϕ

xk = a cos θk−1 sin θk... sin θn−1 sinϕ gia k = 3, 4, ..., n

xn+1 = a cosϕ, ìpou 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, gia i = 2, 3, ..., n−1,
kai 0 ≤ ϕ ≤ π.

1.4 O Telest c Laplace-Beltrami

Orismìc 1.3 MÐa C∞ diaforÐsimh pollaplìthta di�stashc n (differen-
tiable manifold of dimension n) orÐzetai na eÐnai èna sÔnolo M mazÐ me mia
oikogèneia èna proc èna apeikonÐsewn xα : Uα → M apì anoiqt� sÔnola
Uα ⊂ Rn sto M tètoia ¸ste

1.
⋃
α xα(Uα) = M.

10



2. Gia k�je zeÔgoc α, β me xα(Uα)
⋂
xβ(Uβ) = W 6= ∅, ta x−1α (W ), x−1β (W )

eÐnai anoiqt� sÔnola tou Rn kai oi x−1β ◦ xα, x−1α ◦ xβ eÐnai C∞

diaforÐsimec apeikonÐseic.

3. H oikogèneia {Uα, xα} eÐnai megistik  anaforik� me tic sunj kec 1
kai 2.

K�je zeÔgoc (xα, Uα) kaleÐtai q�rthc suntetagmènwn (a coordinate chart)
ston M.
(Gia perissìterec leptomèreic blèpe [3])

Orismìc 1.4 MÐa Cr sun�rthsh f : M → R, ìpou M eÐnai mÐa
C∞ diaforÐsimh pollaplìthta eÐnai mÐa sun�rthsh f, tètoia ¸ste f ◦xα :
Uα → R eÐnai Cr gia k�je q�rth suntetagmènwn (xα, Uα) ston M.

'Estw g = [gij] ènac metrikìc tanust c Riemman se mia pollaplìthta
RiemmanM . Autì shmaÐnei ìti, se k�je q�rth suntetagmènwn (x1, x2, ..., xn)
sthn M , to stoiqei¸dec m koc upologÐzetai apì thn sqèsh

ds2 =
n∑
j=1

n∑
i=1

gijdxidxj.

Me dosmènec topikèc suntetagmènec (x1, . . . , xn), , o pÐnakac g = [gij]
upologÐzetai apì to parak�tw eswterikì ginìmeno.

gij =
∂xa
∂xi
· ∂xa
∂xj

(blèpe [3]). SumbolÐzoume me gij ta stoiqeÐa tou antÐstrofou pÐnaka g−1.

Orismìc 1.5 O telest c Laplace-Beltrami ∆ = ∆M thc pollaplìthtac M
anaforik� me thn metrik  g orÐzetai apì thn sqèsh

∆Mf =
1√
det(g)

·
∑
i

∂

∂xi

(√
det(g) ·

∑
j

gij
∂f

∂xj

)
, (1.1)

ìpou f eÐnai mÐa Cr sun�rthsh sthn M.

Sthn ergasÐa aut , endiaferìmaste gia thn perÐptwsh ìpouM = Sn, h sfaÐra
di�stashc n. Ja sumbolÐzoume ton telest  Laplace-Beltrami thc Sn me ∆n

  apl� me ∆.
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Par�deigma 1.1 (Sfairikèc Suntetagmènec). An M = S1,
dhlad 

M = S1 = { x = (a cosϕ, a sinϕ) ∈ R2 | 0 ≤ ϕ < 2π},

èqoume ìti:

xϕ =
∂x

∂ϕ
= (−a sinϕ, a cosϕ)

g = xϕxϕ,

dhlad ,
g = a2 sin2 ϕ+ a2 cos2 ϕ,

 
g = a2

kai

g−1 =
1

a2
.

Epomènwc o telest c Laplace-Beltrami miac omal c sun�rthshc f sthn S1

dÐnetai apì thn sqèsh

∆1f =
1

a

∂

∂ϕ

(
a

1

a2
· ∂f
∂ϕ

)
,

 

∆1f =
1

a2
· ∂

2f

∂ϕ2
. (1.2)

Par�deigma 1.2 (Sfairikèc suntetagmènec). An M = S2, dhlad 

M = S2 = { x = (a cos θ sinϕ, a sin θ sinϕ, a cosϕ) ∈ R3 | 0 ≤ θ < 2π, 0 ≤ ϕ ≤ π},

èqoume ìti:

xθ =
∂x

∂θ
= (−a sin θ sinϕ, a cos θ sinϕ, 0)

xϕ =
∂x

∂ϕ
= (a cos θ cosϕ, a sin θ cosϕ,−a sinϕ)

g = [gij] =

(
xθxθ xθxϕ
xϕxθ xϕxϕ

)
,
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dhlad ,

g = [gij] =

(
a2 sin2 ϕ 0

0 a2

)
kai

g−1 =
[
gij
]

=

(
1

a2 sin2 ϕ
0

0 1
a2

)
.

Epomènwc o telest c Laplace-Beltrami miac omal c sun�rthshc f sthn S2

dÐnetai apì thn sqèsh

∆2f =
1

a2 sinϕ

2∑
i=1

∂

∂xi

(
a2 sinϕ

2∑
j=1

gij
∂f

∂xj

)
,

ìpou x1 = θ kai x2 = ϕ.
'Ara,

∆2f =
1

a2 sinϕ

2∑
i=1

∂

∂xi

[
a2 sinϕ

(
gi1fθ + gi2fϕ

)]
 

∆2f =
1

a2 sinϕ

(
fθθ

sinϕ
+ fϕ cosϕ+ fϕϕ sinϕ

)
. (1.3)

Sthn eidik  perÐptwsh ìpou h sun�rthsh f eÐnai anex�rthth apì to θ, o tele-
st c Laplace-Beltrami thc f eÐnai o

∆2f =
1

a2 sinϕ
(fϕ cosϕ+ fϕϕ sinϕ) . (1.4)

Me ìmoio trìpo apodeiknÔetai ìti o telest c Laplace-Beltrami miac omal c
sun�rthshc f sthn S3 dÐnetai apì thn sqèsh

∆3f =
1

a2 sin2 θ2 sin2 ϕ
·∂

2f

∂θ21
+

1

a2 sin θ2 sin2 ϕ
· ∂
∂θ2

(
sin θ2

∂f

∂θ2

)
+

1

a2 sin2 ϕ
· ∂
∂ϕ

(
sin2 ϕ

∂f

∂ϕ

)
.

(1.5)

Sthn eidik  perÐptwsh ìpou h sun�rthsh f eÐnai anex�rthth apì ta θ1 kai
θ2, o telest c Laplace-Beltrami thc f eÐnai o

∆3f =
1

a2
· ∂

2f

∂ϕ2
+

2 cosϕ

a2 sinϕ
· ∂f
∂ϕ

. (1.6)
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Genik�, o telest c Laplace-Beltrami miac omal c sun�rthshc f sthn Sn stic
sfairikèc suntetagmènec dÐnetai apì thn sqèsh

∆nf =
1√

det (g)
·

n∑
i=1

∂

∂θi

(√
det (g) ·

n∑
j=1

gij
∂f

∂θj

)
, (1.7)

ìpou

det(g) = a2n
n∏
k=2

(sin θk)
2(k−1) , (1.8)

gij = 0, an i 6= j, gii =
1

a2 sin2 θi+1 · ... · sin2 θn
kai θn = ϕ.

Sthn eidik  perÐptwsh ìpou h f eÐnai anex�rthth apì ta θ1, θ2, ..., θn−1,
o telest c Laplace-Beltrami thc f eÐnai o

∆nf =
1

a2

(
(n− 1) cotϕ · ∂f

∂ϕ
+
∂2f

∂ϕ2

)
. (1.9)

Par�deigma 1.3 Qrhsimopoi¸ntac stereografikèc suntetagmènec, anM =
Sn, dhlad 

M = Sn = {x =(
4a2ξ1

ξ21 + · · ·+ ξ2n + 4a2
, ... ,

4a2ξn
ξ21 + · · ·+ ξ2n + 4a2

,
2a (ξ21 + · · ·+ ξ2n)

ξ21 + · · ·+ ξ2n + 4a2

)
∈ Rn+1

∣∣∣∣ , ξ1, ..., ξn ∈ R
}
,

tìte èqoume:

xξk =
∂x

∂ξk
=

=

(
−8a2ξ1ξk

(ξ21 + · · ·+ ξ2n + 4a2)2
, . . . ,

−8a2ξk−1ξk
(ξ21 + · · ·+ ξ2n + 4a2)2

,
4a2 (

∑n
i=1 ξ

2
i − 2ξ2k + 4a2)

(ξ21 + · · ·+ ξ2n + 4a2)2
,

−8a2ξk+1ξk
(ξ21 + · · ·+ ξ2n + 4a2)2

, . . . ,
−8a2ξnξk

(ξ21 + · · ·+ ξ2n + 4a2)2
,

16a3ξk
(ξ21 + · · ·+ ξ2n + 4a2)2

)
.

�ra

gii =
16a4

(ξ21 + · · ·+ ξ2n + 4a2)2
kai gij = 0, an i 6= j.

ètsi prokÔptei ìti

gii =
(ξ21 + · · ·+ ξ2n + 4a2)2

16a4
, gij = 0, an i 6= j, kai

√
det(g) =

(4a2)n

(ξ21 + · · ·+ ξ2n + 4a2)
n .

14



Epomènwc o telest c Laplace-Beltrami miac omal c sun�rthshc f sthn Sn,
qrhsimopoi¸ntac stereografikèc suntetagmènec, dÐnetai apì thn sqèsh

∆nf =
(ξ21 + · · ·+ ξ2n + 4a2)

2

16a4

(
n∑
i=1

∂2f

∂ξ2i
− 2(n− 2)

(ξ21 + · · ·+ ξ2n + 4a2)

n∑
i=1

ξi
∂f

∂ξi

)
.

(1.10)
Eidik�, gia n = 2 kai n = 3 èqoume

∆2f =
(ξ21 + ξ22 + 4a2)

2

16a4

(
∂2f

∂ξ21
+
∂2f

∂ξ22

)
(1.11)

kai

∆3f =
(ξ21 + ξ22 + ξ23 + 4a2)

2

16a4

(
3∑
i=1

∂2f

∂ξ2i
− 2

(ξ21 + ξ22 + ξ23 + 4a2)

3∑
i=1

ξi
∂f

∂ξi

)
.

(1.12)
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2 KÐnhsh Brown sthn SfaÐra Di�stashc n

2.1 KÐnhsh Brown se mia Pollaplìthta Riemann

Orismìc 2.1 'Estw M mÐa pollaplìthta Riemann (blèpe Orismì 1.5)
kai o telest c Laplace-Beltrami thc M . K�je sun�rthsh P (t, x, y), me pedÐo
orismoÔ to (0,∞)×M ×M pou ikanopoieÐ thn diaforik  exÐswsh

∂P

∂t
− 1

2
∆xP = 0, (2.1)

ìpou ∆x eÐnai o telest c ∆ efarmozìmenoc stic metablhtèc x kai me arqikèc
sunj kec

P (t, x, y)→ δx(y) ìtan, t→ 0+ (2.2)

(ìpou δx(y) eÐnai h sun�rthsh dèlta sto x ∈ M) kaleÐtai jemeli¸dhc lÔsh
thc exÐswshc jermìthtac (Heat equation) sthn M .

H mikrìterh jetik  jemelei¸dhc lÔsh thc exÐswshc (2.1) kai (2.2) onom�zetai
pur nac jermìthtac (heat kernel) sthn M . 'Eqei apodeiqjeÐ apì ton J. Dod-
ziak [5], ìti o pur nac jermìthtac up�rqei p�nta kai ìti eÐnai omal  sun�rthsh
gia k�je (t, x, y). Epiplèwn o pur nac jermìthtac ikanopoieÐ tic akìloujec
idiìthtec.

1. EÐnai summetrik  sun�rthsh wc proc ta x, y, dhlad 

P (t, x, y) = P (t, y, x)

2. 'Eqei thn idiìthta thc hmiom�dac: Gia k�je s ∈ (0, t)

P (t, x, y) =

∫
M

P (s, x, z)P (t− s, z, y)dµ(z),

ìpou dµ eÐnai to stoiqei¸dec embadìn thc M .
Se sfairikèc suntetagmènec dµ =

√
|g|dθ1 . . . θn, ìpou θn = ϕ kai

|g| dÐnetai apì thn sqèsh (1.8).

3. Gia k�je t > 0 kai x ∈M∫
M

P (t, x, y)dµ(y) ≤ 1. (2.3)

Sthn perÐptwsh pou h pollaplìthta M eÐnai sumpag c kai omal  up�rqei
monadik  lÔsh twn (2.1) kai (2.2) h opoÐa eÐnai jetik  kai ikanopoieÐ thn sqèsh∫

M

P (t, x, y)dµ(y) = 1. (2.4)
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Orismìc 2.2 Mia stoqastik  anèlixh Xt, t ≥ 0 kaleÐtai Markobian  anèli-
xh (Markov process) an gia k�je t, s ≥ 0, h desmeumènh katanom  thc Xt+s,
gia dedomènec timèc twn Xu, gia u ≤ t, isoÔtai me thn desmeumènh katanom 
thc Xt+s dedomènou thc Xt.

Orismìc 2.3 H kÐnhsh Brown Xt, t ≥ 0, se mia pollaplìthta Riemann M
eÐnai h Markobian  anèlixh me sun�rthsh puknìthtac pijanìthtac P (t, x, y),
ton pur na jermìthtac pou antistoiqeÐ ston telest  Laplace-Beltrami.

Me �lla lìgia h kÐnhsh Brown sthn M eÐnai h Markobian  anèlixh sthn
M me gen tora 1

2
∆M .

Sthn eidik  perÐptwsh ìpou M = Sn, n ≥ 2, h sun�rthsh puknìthtac pi-
janìthtac P (t, x, y) thc kÐnhshc Brown Xt exart�tai mìno apì to t kai thn
apìstash metaxÔ twn x kai y, d(x, y). Dhlad  se sfairikèc suntetag-
mènec h Xt exart�tai mìno apì to t kai thn gwnÐa ϕ metaxÔ twn x kai y.
Epomènwc h sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown mporeÐ na
grafteÐ wc

P (t, x, y) = p(t, ϕ), (2.5)

ìpou p(t, ϕ) eÐnai h lÔsh thc

∂p

∂t
=

1

2
∆np =

1

2a2

(
(n− 1) cotϕ · ∂p

∂ϕ
+
∂2p

∂ϕ2

)
(2.6)

kai
lim
t→0+

aAn−1p(t, ϕ) · sinn−1(ϕ) = δ(ϕ). (2.7)

Me δ(·) sumbolÐzoume thn sun�rthsh dèlta tou Dirac sto R kai me An
to embadìn thc epif�neiac thc sfaÐrac di�stashc n , Sn me aktÐna a. EÐnai
gnwstì ìti [9]

An =
2π

n+1
2 an

Γ(n+1
2

)
, (2.8)

'Opou Γ(·) eÐnai h sun�rthsh G�mma. Eidikìtera

An =
2π

n+1
2 an

(n−1
2

)!
gia n perittì (2.9)

An =
2n(n

2
− 1)!π

n
2 an

(n− 1)!
gia n �rtio (2.10)
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Parat rhsh 2.1 To gegonìc ìti h Sn eÐnai sumpag c kai omal  èqei wc
apotèlesma oi exis¸seic (2.6) - (2.7) na èqoun monadik  jetik  lÔsh h opoÐa
ikanopoieÐ thn sqèsh ∫

Sn
P (t, x, y)dµ(y) = 1. (2.11)

Epiplèon, kaj¸c t→∞, P (t, x, y)→ c, ìpou

c =
1

An
.

Sto ex c gia lìgouc eukolÐac ja gr�foume Xt antÐ gia {Xt}t≥0.

2.2 Eidikèc Morfèc tou Pur na Jermìthtac twn

S1, S2 kai S3

Sthn enìthta aut  parousi�zoume thn sun�rthsh puknìthtac pijanìthtac
p(t, ϕ) thc kÐnhshc Brown Xt, t > 0 sthn S1, S2 kai S3 se sfairikèc
suntetagmènec. Arqik� apodeiknÔoume dÔo l mmata.

L mma 2.1 'Estw h seir� sunart sewn

∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)
, (2.12)

me (t, ϕ) ∈ [δ,∞)× (0, π), ìpou δ > 0 eÐnai mia aujaÐreth jetik  stajer�
kai fn(ϕ, t) eÐnai mia sun�rthsh pou paÐrnei migadikèc timèc.

a. An up�rqoun stajerèc M,k > 0 tètoiec ¸ste

|fn(ϕ, t)| ≤Mnk

kai ∣∣∣∣ ∂∂ϕfn(ϕ, t)

∣∣∣∣ ≤Mnk

sto sÔnolo [δ,∞)× (0, π), tìte

∂

∂ϕ

[∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)]
=
∑
n∈N

∂

∂ϕ

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
.
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b. An up�rqoun stajerèc M,k > 0 tètoiec ¸ste

|fn(ϕ, t)| ≤Mnk

kai ∣∣∣∣ ∂∂tfn(ϕ, t)

∣∣∣∣ ≤Mnk

sto sÔnolo [δ,∞)× (0, π), tìte

∂

∂t

[∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)]
=
∑
n∈N

∂

∂t

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
.

Apìdeixh.

a. IsqÔei ìti∣∣∣∣fn(ϕ, t) exp

(
−n

2t

2a2

)∣∣∣∣ ≤Mnk exp

(
−n

2t

2a2

)
gia n = 1, 2, . . . ,

kai gia k�je ϕ ∈ (0, π). Epiplèon

n

√
Mnk exp

(
−n

2t

2a2

)
= M1/n

(
n1/n

)k
exp

(
− nt

2a2

)
h opoÐa sugklÐnei sto 0 (to opoÐo eÐnai mikrìtero tou 1) kaj¸c
n→∞.

Epomènwc sÔmfwna me to krit rio thc rÐzac gia thn sÔgklish seir¸n
èpetai ìti h seir� ∑

n∈N

Mnkexp

(
−n

2t

2a2

)
sugklÐnei gia k�je t ∈ [δ,∞).
Sunep¸c, qrhsimopoi¸ntac to krit rio tou Weierstrass, (Weierstrass M-
test) h seir� ∑

n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)
sugklÐnei omoiìmorfa sto (0, π) gia k�je t ∈ [δ,∞).
'Ara, up�rqei toul�qiston èna ϕ0 gia to opoÐo h seir�∑

n∈N

fn(ϕ0, t) exp

(
−n

2t

2a2

)
sugklÐnei. (2.13)
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'Omwc, ∣∣∣∣ ∂∂ϕ
[
fn(ϕ, t) exp

(
−n

2t

2a2

)]∣∣∣∣ ≤Mnk exp

(
−n

2t

2a2

)
kai èqoume deÐxei ìti h seir�∑

n∈N

Mnkexp

(
−n

2t

2a2

)
sugklÐnei gia k�je t ∈ [δ,∞).

Epomènwc, sÔmfwna me to krit rio tou Weirstrass h seir�∑
n∈N

∂

∂ϕ

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
sugklÐnei omoiìmorfa sto (0, π)

(2.14)
gia k�je t ∈ [δ,∞).
Telik�, apì tic (2.13) , (2.14) kai sÔmfwna me to je¸rhma parag¸gishc
seir�c (blèpe [15])

∂

∂ϕ

[∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)]
=
∑
n∈N

∂

∂ϕ

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
.

b. 'Eqoume ìti∣∣∣∣fn(ϕ, t) exp

(
−n

2t

2a2

)∣∣∣∣ ≤Mnk exp

(
−n

2δ

2a2

)
gia n = 1, 2, . . . ,

kai gia k�je t ∈ [δ,∞). Epiplèon,

n

√
Mnk exp

(
−n

2δ

2a2

)
= M1/n

(
n1/n

)k
exp

(
− nδ

2a2

)
h opoÐa sugklÐnei sto 0 (to opoÐo eÐnai mikrìtero tou 1) kaj¸c
n→∞.

Epomènwc sÔmfwna me to krit rio thc rÐzac gia thn sÔgklish seir¸n
èpetai ìti h seir� ∑

n∈N

Mnkexp

(
−n

2δ

2a2

)
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sugklÐnei. Sunep¸c, sÔmfwna me to krit rio tou Weierstrass h seir�∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)
sugklÐnei omoiìmorfa sto [δ,∞).
'Ara, up�rqei toul�qiston èna shmeÐo t0 ∈ [δ,∞) gia to opoÐo h seir�∑

n∈N

fn(ϕ, t0) exp

(
−n

2t0
2a2

)
(2.15)

sugklÐnei .'Omwc,∣∣∣∣ ∂∂t
[
fn(ϕ, t) exp

(
−n

2t

2a2

)]∣∣∣∣ =

∣∣∣∣[ ∂∂t (fn(ϕ, t))− n2fn(ϕ, t)

2a2

]
exp

(
−n2t

2a2

)∣∣∣∣ ,
epomènwc,∣∣∣∣ ∂∂t

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]∣∣∣∣ ≤Mnk
(

1 +
n2

2a2

)
exp

(
−n

2δ

2a2

)
.

Epiplèon,

n

√
Mnk

(
1 +

n

2a2

)
exp

(
−n

2δ

2a2

)
= M1/n

(
n1/n

)k+2
(

1

n2
+

1

2a2

)1/n

exp

(
− nδ

2a2

)
,

h opoÐa sugklÐnei sto 0 (pou eÐnai mikrìtero tou 1) kaj¸c n→∞.

'Ara sÔmfwna me to krit rio thc rÐzac, h seir�∑
n∈N

Mnk
(

1 +
n

2a2

)
exp

(
−n

2δ

2a2

)
sugklÐnei. Sunep¸c, sÔmfwna me to krit rio tou Weierstrass h seir�∑

n∈N

∂

∂t

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
(2.16)

sugklÐnei omoiìmorfa sto [δ,∞) gia k�je ϕ ∈ (0, 2π). Telik�, apì tic
(2.15) , (2.16) kai sÔmfwna me to je¸rhma parag¸gishc seir�c (blèpe
[15])

∂

∂t

[∑
n∈N

fn(ϕ, t) exp

(
−n

2t

2a2

)]
=
∑
n∈N

∂

∂t

[
fn(ϕ, t) exp

(
−n

2t

2a2

)]
.

�
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L mma 2.2 An s > 0 kai z, γ ∈ C, tìte

∑
n∈Z

exp
(
−s2(z + n)2 − iγn

)
=

√
π

s
exp

(
iγz − γ2

4s2

)∑
n∈Z

exp

(
−π2n2

s2
− πγn

s2
+ 2πizn

)
.

(2.17)

UpenjÔmish. 'Estw f(x) mia sun�rthsh ston q¸ro Schwartz S(R),
(UpenjumÐzoume ìti o S(R) apoteleÐtai apì to sÔnolo ìlwn twn apeÐrwc
diaforÐsimwn sunart sewn f sto R, ètsi ¸ste h f kai ìlec oi par�gwgoÐ
thc f, f́ , . . . , f (l), . . . , eÐnai taqÔtata fjÐnousec, me thn ènnoia ìti

sup
x∈R
|x|k

∣∣f (l)(x)
∣∣ <∞ gia k�je k, l ≥ 0).

Tìte ∑
n∈Z

f(x+ 2πn) =
1

2π

∑
n∈Z

F (n) exp(inx). (2.18)

  isodÔnama ∑
n∈Z

f(x− 2πn) =
1

2π

∑
n∈Z

F (n) exp(inx). (2.19)

'Opou me F (ξ) sumbolÐzoume ton metasqhmatismì Fourier thc f(x),
dhlad ,

F (ξ) =

∫ +∞

−∞
f(x) exp(−iξx)dx, ξ ∈ R. (2.20)

H parap�nw sqèsh kaleÐtai Poisson summation formula. (blèpe [17])

Apìdeixh tou L mmatoc 2.2

An
f(x) = exp(−Ax2 +Bx), A > 0, B ∈ C,

Tìte o metasqhmatismìc Fourier thc f eÐnai

F (ξ) =

√
π

A
exp

(
(iξ −B)2

4A

)
.

Epomènwc apì thn (2.19)

∑
n∈Z

exp
[
−A(x− 2πn)2 +B(x− 2πn)

]
=

1

2π

√
π

A

∑
n∈Z

exp

(
(in−B)2

4A
+ inx

)
.

(2.21)
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'Estw

A =
1

4s2
, B = −iz kai x = −γ,

ìpou z ∈ C kai s > 0 . Tìte h (2.21) dÐnei
√
π

s

∑
n∈Z

exp

[
− 1

4s2
(γ + 2πn)2 + iz(γ + 2πn)

]
=
∑
n∈Z

exp
(
−s2(n+ z)2 − iγn

)
,

 ∑
n∈Z

exp
(
−s2(z + n)2 − iγn

)
=

√
π

s
exp

(
iγz − γ2

4s2

)∑
n∈Z

exp

(
−π2n2

s2
− πγn

s2
+ 2πizn

)
.

Tèloc parathroÔme ìti me analutik  epèktash h parap�nw sqèsh alhjeÔei gia
k�je γ ∈ C.

�

2.2.1 H PerÐptwsh S1

'Estw Xt, t ≥ 0 h kÐnhsh Brown sthn epif�neia thc monodi�stathc sfaÐrac
S1 me aktÐna a. Apì ton Orismì 2.2 kai thn Parat rhsh 2.1 h
sun�rthsh puknìthtac pijanìthtac p(t, ϕ) thc Xt eÐnai monadik  lÔsh thc

∂p

∂t
=

1

2
∆1p (2.22)

kai
lim
t→0+

ap(t, ϕ) = δ(ϕ). (2.23)

Ed¸ me ∆1 sumbolÐzoume ton telest  Laplace-Beltrami thc S1. Apì thn (1.2)
èqoume ìti h p(t, ϕ) eÐnai monadik  lÔsh twn

∂p

∂t
=

1

2a2
∂2p(t, ϕ)

∂ϕ2
(2.24)

kai
lim
t→0+

a · p(t, ϕ) = δ(ϕ). (2.25)

JewroÔme thn sun�rthsh

p : R× [0, 2π]→ R

me

p(t, ϕ) =
1

2πa

∑
n∈Z

exp

(
−n

2t

2a2
+ inϕ

)
(2.26)
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Prìtash 2.1 H sun�rthsh (2.26) mporeÐ isodÔnama na ekfrasteÐ kai me tic
akìloujec morfèc

p(t, ϕ) =
1

πa

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
− 1

2πa
(2.27)

kai

p(t, ϕ) =
1√
2πt

∑
n∈Z

exp

[
−a

2

2t
(ϕ− 2πn)2

]
. (2.28)

Apìdeixh.

p(t, ϕ) =
1

2πa

∑
n∈Z

exp

(
−n

2t

2a2
+ inϕ

)
,

epomènwc,

p(t, ϕ) =
1

2πa

[∑
n∈N∗

exp

(
−n

2t

2a2
− inϕ

)
+ 1 +

∑
n∈N∗

exp

(
−n

2t

2a2
+ inϕ

)]
,

dhlad ,

p(t, ϕ) =
1

2πa

[∑
n∈N∗

exp

(
−n

2t

2a2

)
(exp (inϕ) + exp (−inϕ)) + 1

]
,

 

p(t, ϕ) =
1

2πa

[∑
n∈N∗

2 exp

(
−n

2t

2a2

)
cos(nϕ) + 1

]
.

'Ara,

p(t, ϕ) =
1

2πa

[∑
n∈N

2 exp

(
−n

2t

2a2

)
cos(nϕ)− 1

]
,

sunep¸c,

p(t, ϕ) =
1

πa

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
− 1

2πa
.

Gia thn deÔterh sqèsh èqoume ìti

p(t, ϕ) =
1

2πa

∑
n∈Z

exp

(
−n

2t

2a2
+ inϕ

)
,

dhlad ,

p(t, ϕ) =
1

2πa

∑
n∈Z

exp

(
−
( √

t√
2a

)2

n2 − i(−ϕ)n

)
.
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Qrhsimopoi¸ntac to L mma 2.2 gia s =
√
t/
√

2a, z = 0 kai γ = −ϕ
èqoume ìti

p(t, ϕ) =
1

2πa

√
2πa√
t

exp

(
−ϕ

22a2

4t

)∑
n∈Z

exp

(
−2π2n2a2

t
+

2πnϕa2

t

)
.

Telik�,

p(t, ϕ) =
1√
2πt

∑
n∈Z

exp

[
−a

2

2t
(ϕ− 2πn)2

]
.

�

Prìtash 2.2 H sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
Xt, t ≥ 0 sthn S1 me aktÐna a eÐnai h sun�rthsh (2.26). Dhlad ,

p(t, ϕ) =
1

2πa

∑
n∈Z

exp

(
−n

2t

2a2
+ inϕ

)
. (2.29)

Apìdeixh.
Apì thn (2.27)

p(t, ϕ) =
1

πa

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
− 1

2πa
,

epomènwc,

∂p(t, ϕ)

∂t
=

1

πa

∂

∂t

[∑
n∈N

cos(nϕ) exp

(
−n

2t

2a2

)]
,

ètsi apì to L mma 2.1b

∂p(t, ϕ)

∂t
=

1

πa

∑
n∈N

∂

∂t

[
cos(nϕ) exp

(
−n

2t

2a2

)]
.

'Ara,
∂p(t, ϕ)

∂t
= − 1

2πa3

∑
n∈N

n2 cos(nϕ) exp

(
−n

2t

2a2

)
(2.30)

∂p(t, ϕ)

∂ϕ
=

1

πa

∂

∂ϕ

[∑
n∈N

cos(nϕ) exp

(
−n

2t

2a2

)]
.

Qrhsimopoi¸ntac to L mma 2.1a èqoume ìti

∂p(t, ϕ)

∂ϕ
=

1

πa

∑
n∈N

∂

∂ϕ

[
cos(nϕ) exp

(
−n

2t

2a2

)]
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kai �ra
∂p(t, ϕ)

∂ϕ
=

1

πa

∑
n∈N

−n sin(nϕ) exp

(
−n

2t

2a2

)
.

Epomènwc,
∂2p(t, ϕ)

∂ϕ2
= − 1

πa

∑
n∈N

n2 cos(nϕ) exp

(
−n

2t

2a2

)
. (2.31)

Sunep¸c apo tic (2.30) kai (2.31)

∂p(t, ϕ)

∂t
=

1

2a2
∂2p(t, ϕ)

∂ϕ2
.

T¸ra ja deÐxoume ìti
lim
t→0+

ap(t, ϕ) = δ(ϕ).

An ϕ ∈ (0, 2π) apì thn sqèsh (2.28) èqoume ìti

lim
t→0+

ap(t, ϕ) = lim
t→0+

a√
2πt

∑
n∈Z

exp

(
−a

2

2t
(ϕ− 2πn)2

)
,

dhlad ,

lim
t→0+

ap(t, ϕ) = a lim
t→0+

∑
n∈Z

exp
(
−a2

2t
(ϕ− 2πn)2

)
√

2πt
.

all�, ∣∣∣∣∣∣
exp

(
−a2

2t
(ϕ− 2πn)2

)
√

2πt

∣∣∣∣∣∣ ≤
exp

(
− a2

2t0
(ϕ− 2πn)2

)
√

2πt0

gia k�je t ∈ [0, t0], t0 > 0 kai h seir�

∑
n∈Z

exp
(
− a2

2t0
(ϕ− 2πn)2

)
√

2πt0

sugklÐnei.
Epomènwc,

lim
t→0+

a · p(t, ϕ) = a
∑
n∈Z

lim
t→0+

exp
(
−a2

2t
(ϕ− 2πn)2

)
√

2πt
.

'Ara an ϕ ∈ (0, 2π)
lim
t→0+

ap(t, ϕ) = 0. (2.32)
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Sthn sunèqeia parathroÔme ìti∫ 2π

0

ap(t, ϕ)dϕ =

∫ 2π

0

a

(
1

πa

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
− 1

2πa

)
dϕ,

  ∫ 2π

0

ap(t, ϕ)dϕ =
1

π

∫ 2π

0

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
dϕ−

∫ 2π

0

1

2π
dϕ,

dhlad ,∫ 2π

0

ap(t, ϕ)dϕ =
1

π

∫ 2π

0

∑
n∈N

[
exp

(
−n

2t

2a2

)
cos(nϕ)

]
dϕ− 1. (2.33)

JewroÔme tic sunart seic

fn : [0, 2π]→ R, n ∈ N

me

fn(ϕ) = cos(nϕ) · exp

(
−n

2t

2a2

)
.

Parathr ste ìti oi fn(ϕ) eÐnai oloklhr¸simec sunart seic sto [0, 2π]. Epi-
plèon, h

+∞∑
n=1

fn(ϕ)

sugklÐnei omoiìmorfa sto [0, 2π] diìti

|fn(ϕ)| ≤ exp

(
−n

2t

2a2

)
kai h seir�

∞∑
n=1

exp

(
−n

2t

2a2

)
sugklÐnei. (ApodeiknÔetai eÔkola qrishmopoi¸ntac to krit rio thc rÐzac).
'Etsi h (2.33) dÐnei ìti∫ 2π

0

a · p(t, ϕ)dϕ =
1

π

∑
n∈N

exp

(
−n

2t

2a2

)∫ 2π

0

cos(nϕ)dϕ− 1.
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Epomènwc,∫ 2π

0

a ·p(t, ϕ)dϕ =
1

π

(∑
n∈N∗

[
exp

(
−n

2t

2a2

)∫ 2π

0

cos(nϕ)dϕ

]
+

∫ 2π

0

1dϕ

)
−1,

  ∫ 2π

0

ap(t, ϕ)dϕ =
1

π
· 2π − 1,

dhlad , ∫ 2π

0

ap(t, ϕ)dϕ = 1, gia k�je t > 0. (2.34)

Apì tic sqèseic (2.32) kai (2.34) èpetai ìti

lim
t→0+

ap(t, ϕ) = δ(ϕ)

kai h apìdeixh oloklhr¸jhke. �

2.2.2 H PerÐptwsh S2

'Estw Xt, t ≥ 0 h kÐnhsh Brown sthn sfaÐra di�stashc 2, S2 me aktÐna
a. Apì tic sqèseic (2.6), (2.7) kai (2.9) h sun�rthsh puknìthtac pijanìthtac
p(t, ϕ) thc Xt eÐnai h monadik  lÔsh twn

∂p

∂t
=

1

2a2 sinϕ

(
∂2p(t, ϕ)

∂ϕ2
sinϕ+

∂p

∂ϕ
cosϕ

)
(2.35)

kai
lim
t→0+

2πa2 sinϕ · p(t, ϕ) = δ(ϕ). (2.36)

'Eqei apodeiqjeÐ ìti (blèpe [4]) h lÔsh thc diaforik c exÐswshc

∂K(t, ϕ)

∂t
=

1

sinϕ

(
cosϕ

∂K(t, ϕ)

∂ϕ
+ sinϕ

∂2K(t, ϕ)

∂ϕ2

)
(2.37)

me arqikèc sunj kec

lim
t→0+

2π sin(ϕ)K(t, ϕ) = δ(ϕ) (2.38)

dÐnetai apì thn sun�rthsh

K(t, ϕ) =
1

4π

∑
n∈N

(2n+ 1) exp
(
−n(n+ 1)

√
2t
)
P 0
n(cosϕ). (2.39)
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Me P 0
n , n = 0, 1, 2, . . . sumbolÐzoume ta polu¸numa tou Legendre t�xhc 0,

dhlad 

P 0
n(x) =

1

2nn!
· d

n

dxn
[
(x2 − 1)n

]
. (2.40)

Apì ta parap�nw èpetai ìti

Prìtash 2.3 H sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
Xt, t ≥ 0 sthn S2 me aktÐna a dÐnetai apì thn èkfrash

p(t, ϕ) =
1

4πa2

∑
n∈N

(2n+ 1) exp

(
−n(n+ 1)

√
t

a

)
P 0
n(cosϕ). (2.41)

Apìdeixh.
Arqik� ja deÐxoume ìti h p(t, ϕ) ikanopoieÐ thn diaforik  exÐswsh

∂p

∂t
=

1

2a2 sinϕ

(
∂2p(t, ϕ)

∂ϕ2
sinϕ+

∂p

∂ϕ
cosϕ

)
.

'Eqoume ìti

p(t, ϕ) =
1

a2
K

(
t

2a2
, ϕ

)
,

ìpou h K(t, ϕ) dÐnetai apì thn (2.39), �ra

∂p(t, ϕ)

∂t
=

1

2a4
∂K

∂t
,

∂p(t, ϕ)

∂ϕ
=

1

a2
∂K

∂ϕ
kai

∂2p(t, ϕ)

∂ϕ2
=

1

a2
∂2K

∂ϕ2
.

'Omwc apì thn (2.37)

∂K

∂t
=

1

sinϕ

(
cosϕ

∂K

∂ϕ
+ sinϕ

∂2K

∂ϕ2

)
, (2.42)

epomènwc,

2a4
∂p(t, ϕ)

∂t
=

1

sinϕ

(
a2 cosϕ

∂p(t, ϕ)

∂ϕ
+ a2 sinϕ

∂2p(t, ϕ)

∂ϕ2

)
,

dhlad ,

∂p(t, ϕ)

∂t
=

1

2a2 sinϕ

(
cosϕ

∂p(t, ϕ)

∂ϕ
+ sinϕ

∂2p(t, ϕ)

∂ϕ2

)
.
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Epiplèon h p(t, ϕ) ikanopoieÐ thn ex c sqèsh

lim
t→0+

2π sin(ϕ)p(t, ϕ) = lim
t→0+

2πa2
1

a2
sin(ϕ)K

(
t

2a2
, ϕ

)
kai an jèsoume u = t

2a2
sumperaÐnoume ìti

lim
t→0+

2π sin(ϕ)K

(
t

2a2
, ϕ

)
= lim

u→0+
2π sin(ϕ)K(u, ϕ) = δ(ϕ).

Telik�,
lim
t→0+

2πa2 sin(ϕ)p(t, ϕ) = δ(ϕ).

kai h apìdeixh oloklhr¸jhke. �

2.2.3 H PerÐptwsh S3

'Estw Xt, t ≥ 0 h kÐnhsh Brown sthn sfaÐra di�stashc 3 me aktÐna a. Apì
tic sqèseic (2.6), (2.7) kai (2.10) h sun�rthsh puknìthtac pijanìthtac p(t, ϕ)
thc Xt eÐnai h monadik  lÔsh twn

∂p

∂t
=

1

2a2

(
∂2p

∂ϕ2
+ 2 cotϕ

∂p

∂ϕ

)
(2.43)

kai
lim
t→0+

4πa3 sin2(ϕ)p(t, ϕ) = δ(ϕ). (2.44)

H sun�rthsh p(t, ϕ) ikanopoieÐ ta ex c:

1.
p(t, ϕ) > 0 gia k�je (t, ϕ) ∈ R+ × [o, π]

2.

4πa3
∫ π

0

p(t, ϕ) sin2(ϕ)dϕ = 1

3.

p(t, ϕ)→ 1

A3

kaj¸c t→∞

epomènwc apì thn (2.9)

p(t, ϕ)→ 1

2π2a3
kaj¸c t→∞.
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JewroÔme thn sun�rthsh

p : R+ × (0, π)→ R

me

p(t, ϕ) =
exp

(
t

2a2

)
(2tπ)−

3
2

sinϕ

∑
n∈Z

(ϕ+ 2nπ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
, (2.45)

Prìtash 2.4 An ϕ ∈ (0, π), h sun�rthsh (2.45) mporeÐ na ekfrasteÐ kai
me tic akìloujec isodÔnamec morfèc

p(t, ϕ) = − i

4π2a3 sinϕ

∑
n∈Z

n exp

(
−t(n

2 − 1)

2a2
+ iϕn

)
(2.46)

kai

p(t, ϕ) =
1

2π2a3 sinϕ

∑
n∈N

n sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
(2.47)

Apìdeixh.

p(t, ϕ) =
exp

(
t

2a2

)
(2tπ)−

3
2

sinϕ

∑
n∈Z

(ϕ+ 2nπ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
,

dhlad ,

p(t, ϕ) =
exp

(
t

2a2

)
(2tπ)−

3
2

sinϕ

∑
n∈Z

− t

a2
∂

∂ϕ
exp

(
−(ϕ+ 2nπ)2a2

2t

)
 

p(t, ϕ) = −
exp

(
t

2a2

)
(2π)−

3
2

a2
√
t sinϕ

∑
n∈Z

∂

∂ϕ
exp

(
−(ϕ+ 2nπ)2a2

2t

)
.

Me parìmoio tou L mmatoc 2.1 trìpo mporeÐ na deiqjeÐ ìti h par�gwgoc
kai to �jroisma mporoÔn na enallaqjoÔn. Epomènwc,

p(t, ϕ) = −
exp

(
t

2a2

)
(2π)−

3
2

a2
√
t sinϕ

· ∂
∂ϕ

[∑
n∈Z

exp

(
−(ϕ+ 2nπ)2a2

2t

)]
. (2.48)
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Jètoume

S =
∑
n∈Z

exp

(
−(ϕ+ 2nπ)2a2

2t

)
.

'Ara

S =
∑
n∈Z

exp

(
−

4π2
(
ϕ
2π

+ n
)2
a2

2t

)
 

S =
∑
n∈Z

exp

−(√2πa√
t

)2 ( ϕ
2π

+ n
)2 .

Apì thn (2.17) gia s =
√
2πa√
t

, z = ϕ
2π

kai γ = 0, èqoume ìti

∑
n∈Z

exp

−(√2πa√
t

)2 ( ϕ
2π

+ n
)2 =

√
π
√
t√

2πa

∑
n∈Z

exp

(
−π

2n2t

2π2a2
+ 2π

iϕ

2π
n

)
,

dhlad ,

S =

√
t

2πa2

∑
n∈Z

exp

(
−n

2t

2a2
+ iϕn

)
 

S =

√
t

2πa2

∑
n∈Z

exp

(
−n

2t

2a2

)
exp (iϕn) .

Dhlad ,

S =

√
t

2πa2

(∑
n∈N

exp

(
−n

2t

2a2

)
exp (iϕn) +

∑
n∈N

exp

(
−n

2t

2a2

)
exp (−iϕn)− 1

)
,

epomènwc,

∂

∂ϕ
S =

√
t

2πa2

(
∂

∂ϕ

∑
n∈N

exp

(
−n

2t

2a2

)
exp (iϕn) +

∂

∂ϕ

∑
n∈N

exp

(
−n

2t

2a2

)
exp (−iϕn)

)
.

'Etsi apì to L mma 2.1a

∂

∂ϕ
S =

√
t

2πa2

(∑
n∈N

∂

∂ϕ

[
exp

(
−n

2t

2a2

)
exp (iϕn)

]
+
∑
n∈N

∂

∂ϕ

[
exp

(
−n

2t

2a2

)
exp (−iϕn)

])
,
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dhlad ,

∂

∂ϕ
S =

√
t

2πa2

(∑
n∈N

in exp

(
−n

2t

2a2

)
exp (iϕn) +

∑
n∈N

−in exp

(
−n

2t

2a2

)
exp (−iϕn)

)
,

 

∂

∂ϕ
S =

√
t

2πa2

∑
n∈Z

in exp

(
−n

2t

2a2
+ iϕn

)
.

Epomènwc,

∂

∂ϕ
S = i

√
t

2πa2

∑
n∈Z

n exp

(
−n

2t

2a2
+ iϕn

)
. (2.49)

Apì tic (2.48) kai (2.49) prokÔptei ìti

p(t, ϕ) = −
i exp

(
t

2a2

)
(2π)−

3
2

a2
√
t sinϕ

√
t

2πa2

∑
n∈Z

n exp

(
−n

2t

2a2
+ iϕn

)
apì thn opoÐa èpetai h morf  (2.46). H (2.46) dÐnei

p(t, ϕ) = − i

4π2a3 sinϕ

∑
n∈N

n exp

(
−t(n

2 − 1)

2a2
+ iϕn

)
−n exp

(
−t(n

2 − 1)

2a2
− iϕn

)
 

p(t, ϕ) = − i

4π2a3 sinϕ

∑
n∈N

n exp

(
−t(n

2 − 1)

2a2

)(
eiϕn − e−iϕn

)
.

Sunep¸c,
p(t, ϕ) =

=
−i

4π2a3 sinϕ

∑
n∈N

n exp

(
−t(n

2 − 1)

2a2

)
[(cos(nϕ) + i sin(nϕ))− (cos(nϕ)− i sin(nϕ))] ,

dhlad ,

p(t, ϕ) = − i

4π2a3 sinϕ
·
∑
n∈N

2in sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
,

Apì thn opoÐa prokÔptei �mesa h (2.47). �
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Parat rhsh 2.2 Apì thn (2.47) sunep�getai ìti h p(t, ϕ) eÐnai analutik 
wc proc ϕ akìma kai gia ϕ = 0 kai ϕ = π. Poio sugkekrimèna

p(t, 0) = lim
ϕ→0+

p(t, ϕ) =
1

2π2a3

∑
n∈N

n2 exp

(
−t(n

2 − 1)

2a2

)
(2.50)

kai

p(t, π) = lim
ϕ→π−

p(t, ϕ) =
1

2π2a3

∑
n∈N

n2(−1)n exp

(
−t(n

2 − 1)

2a2

)
. (2.51)

Prìtash 2.5 H sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
Xt, t ≥ 0 sthn S3 me aktÐna a eÐnai h sun�rthsh (2.45), dhlad 

p(t, ϕ) =
exp

(
t

2a2

)
(2tπ)−

3
2

sinϕ

∑
n∈Z

(ϕ+ 2nπ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
.

Apìdeixh.
Arqik� ja deÐxoume ìti h p(t, ϕ) ikanopoieÐ thn diaforik  exÐswsh

∂p

∂t
=

1

2
∆3p.

Apì thn sqèsh (2.47)

p(t, ϕ) =
1

2π2a3 sinϕ

∑
n∈N

n sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
 

p(t, ϕ) =
1

2π2a3 sinϕ
exp

(
t

2a2

)∑
n∈N

n sin(nϕ) exp

(
−n

2t

2a2

)
.

'Ara

∂p(t, ϕ)

∂t
=

1

2π2a3 sinϕ

[
1

2a2
exp

(
t

2a2

)∑
n∈N

n sin(nϕ) exp

(
−n

2t

2a2

)

+ exp

(
t

2a2

)
∂

∂t

(∑
n∈N

n sin(nϕ) exp

(
−n

2t

2a2

))]
,

apì thn opoÐa me thn bo jeia tou L mmatoc 2.1a mporoÔme na deÐxoume ìti

∂p(t, ϕ)

∂t
=

1

2π2a3 sinϕ

[
1

2a2
exp

(
t

2a2

)∑
n∈N

n sin(nϕ) exp

(
−n

2t

2a2

)
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+ exp

(
t

2a2

)∑
n∈N

∂

∂t

(
n sin(nϕ) exp

(
−n

2t

2a2

))]
 

∂p(t, ϕ)

∂t
= − 1

4π2a5 sinϕ

∑
n∈N

n(n2 − 1) sin(nϕ) exp

(
−(n2 − 1)t

2a2

)
. (2.52)

Qrhsimopoi¸ntac to L mma 2.1a mporoÔme na deÐxoume ìti

∂p

∂ϕ
=

1

2π2a3 sinϕ

∑
n∈N

[
n2 cos(nϕ)− n cotϕ sin(nϕ)

]
exp

(
−t(n

2 − 1)

2a2

)
(2.53)

kai
∂2p

∂ϕ2
=

1

2π2a3 sinϕ

∑
n∈N

[
sin(nϕ)

(
n

sin2 ϕ
+ n cot2 ϕ− n3

)
− 2n2 cotϕ cos(nϕ)

]
exp

(
−t(n

2 − 1)

2a2

)
.

(2.54)

H p(t, ϕ) eÐnai anex�rthth twn θ1, θ2, �ra an efarmìsoume ton telest 
Laplace-Beltrami thc S3 sthn p paÐrnoume ( blèpe (1.6) )

∆3p =
1

a2
· ∂

2p

∂ϕ2
+

2 cosϕ

a2 sinϕ
· ∂p
∂ϕ

.

EpÐshc apì tic (2.53) kai (2.54)

∆3p = − 1

2π2a5 sinϕ

∑
n∈N

n(n2 − 1) sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
.

Sunep¸c,

1

2
∆3p = − 1

4π2a5 sinϕ

∑
n∈N

n(n2 − 1) sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
,

dhlad ,
∂p

∂t
=

1

2
∆3p.

Sthn sunèqeia, ja deÐxoume ìti

lim
t→0+

4πa3 sin2 ϕ · p(t, ϕ) = δ(ϕ).
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'Estw

Iε =

∫ ε

0

4πa3 sin2(ϕ)p(t, ϕ)dϕ.

ìpou ε > 0, arkoÔntoc mikrì. 'IsqÔei ìti

lim
t→0+

Iε = lim
t→0+

(
4πa3

∫ ε

0

p(t, ϕ) sin2(ϕ)dϕ

)
,

dhlad , (blèpe (2.45}

lim
t→0+

Iε = lim
t→0+

[
4πa3

∫ ε

0

exp
(

t
2a2

)
sinϕ(2tπ)3/2

sin2(ϕ)
∑
n∈Z

(ϕ+ 2nπ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ

]
,

 

lim
t→0+

Iε = lim
t→0+

4πa3 exp
(

t
2a2

)
(2tπ)3/2

(∫ ε

0

ϕ sin(ϕ) exp

(
−ϕ

2a2

2t

)
dϕ

+
∑
n∈Z∗

∫ ε

0

(ϕ+ 2nπ) sin(ϕ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ

)
.

'Omwc,∣∣∣∣∣∑
n∈Z∗

∫ ε

0

(ϕ+ 2nπ) sin(ϕ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ

∣∣∣∣∣ ≤∑
n∈Z∗

∫ ε

0

(2|n|+1)π exp

(
−n

2π2a2

2t

)
dϕ

kai∑
n∈Z∗

∫ ε

0

(2|n|+ 1)π exp

(
−n

2π2a2

2t

)
dϕ = ε

∑
n∈Z∗

(2|n|+ 1)π exp

(
−n

2π2a2

2t

)
,

h opoÐa teÐnei sto 0 kaj¸c t → 0+, sÔmfwna me to Je¸rhma Kuriarqhmènhc
SÔgklishc tou Lebesgue (Lebesgue’s Dominated Convergence Theorem).
Epomènwc,

lim
t→0+

Iε = lim
t→0+

4πa3 exp
(

t
2a2

)
(2tπ)3/2

∫ ε

0

ϕ sinϕ exp

(
−ϕ

2a2

2t

)
dϕ.

Qrhsimopoi¸ntac thn mèjodo Laplace gia oloklhr¸mata [1] èqoume∫ ε

0

ϕ sin(ϕ) exp

(
−ϕ

2a2

2t

)
dϕ ∼

∫ ε

0

ϕ2 exp

(
−ϕ

2a2

2t

)
dϕ ∼

∫ ∞
0

ϕ2 exp

(
−ϕ

2a2

2t

)
dϕ.
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'Otan t→ 0+, ìpou me to sÔmbolo A ∼ B ennooÔme ìti A
B
→ 1. Sunep¸c,

lim
t→0+

Iε = lim
t→0+

4πa3 exp
(

t
2a2

)
(2tπ)3/2

∫ ∞
0

ϕ2 exp

(
−ϕ

2a2

2t

)
dϕ,

 , gia

u =
ϕa√
t

lim
t→0+

Iε = lim
t→0+

4πa3 exp
(

t
2a2

)
(2tπ)3/2

∫ ∞
0

u2t

a2
exp

(
−u

2

2

) √
t

a
du,

dhlad ,

lim
t→0+

Iε = lim
t→0+

2 exp

(
t

2a2

)∫ ∞
0

u2√
2π

exp

(
−u

2

2

)
du.

'Etsi,

lim
t→0+

Iε = lim
t→0+

2 exp

(
t

2a2

)
· 1

2
= 1. (2.55)

Epiplèon, gia k�je t > 0, èqoume

I =

∫ π

0

4πa3 sin2(ϕ)p(t, ϕ)dϕ, (2.56)

�ra, apì thn (2.45)

I =
4πa3 exp

(
t

2a2

)
(2tπ)3/2

∫ π

0

∑
n∈Z

(ϕ+ 2nπ sinϕ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ.

H seir� ∑
n∈Z

(ϕ+ 2nπ) sinϕ exp

(
−(ϕ+ 2nπ)2a2

2t

)
sugklÐnei omoiìmorfa sto [0, π] gia k�je t > 0, diìti∣∣∣∣(ϕ+ 2nπ) sinϕ exp

(
−(ϕ+ 2nπ)2a2

2t

)∣∣∣∣ ≤ 2|n|π exp

(
−n

2π2a2

2t

)
kai h seir� ∑

n∈Z

Mn,

ìpou

Mn = 2|n|π exp

(
−n

2π2a2

2t

)
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sugklÐnei (p.q. apì to krit rio thc rÐzac).

Epomènwc, h (2.56) sunep�getai ìti

I =
4πa3 exp

(
t

2a2

)
(2tπ)3/2

∑
n∈Z

∫ π

0

(ϕ+ 2nπ) sin(ϕ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ.

'Etsi,

I = −
2a exp

(
t

2a2

)
√

2tπ

∑
n∈Z

∫ π

0

sin(ϕ)
∂

∂ϕ

(
exp

(
−(ϕ+ 2nπ)2a2

2t

))
dϕ,

dhlad ,

I =
2a exp

(
t

2a2

)
√

2tπ

∑
n∈Z

∫ π

0

cos(ϕ) exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ.

Epomènwc,

I =
a exp

(
t

2a2

)
√

2tπ

∑
n∈Z

∫ π

0

[exp(iϕ) + exp(−iϕ)] exp

(
−(ϕ+ 2nπ)2a2

2t

)
dϕ.

(2.57)

'Estw u = ϕ+ 2nπ. Tìte apì thn (2.57) èqoume ìti

I =
a exp

(
t

2a2

)
√

2tπ

∑
n∈Z

∫ (2n+1)π

2nπ

[exp (i(u− 2nπ)) + exp (−i(u− 2nπ))] exp

(
−u

2a2

2t

)
du,

 

I =
a exp

(
t

2a2

)
√

2tπ

∑
n∈Z

∫ (2n+1)π

2nπ

[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du.

'Ara,

I =
a exp

(
t

2a2

)
√

2tπ

∑
n∈N

(∫ (2n+1)π

2nπ

[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du

+

∫ (−2n+1)π

−2nπ
[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du

)
,

39



sunep¸c,

I =
a exp

(
t

2a2

)
√

2tπ

∑
n∈N

(∫ (2n+1)π

2nπ

[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du

+

∫ 2nπ

(2n−1)π
[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du

)
,

dhlad ,

I =
a exp

(
t

2a2

)
√

2tπ

∫ +∞

0

[exp(iu) + exp(−iu)] exp

(
−u

2a2

2t

)
du,

 

I =
a exp

(
t

2a2

)
√

2tπ

[∫ +∞

0

exp

[
−
(
ua√
2t

+
i
√
t√

2a

)2
]
· exp

(
− t

2a2

)
du

+

∫ +∞

0

exp

[
−
(
ua√
2t
− i
√
t√

2a

)2
]

exp

(
− t

2a2

)
du

]
.

Telik�,

I =
a√
2tπ

(√
2tπ

2a
+

√
2tπ

2a

)
= 1

gia k�je t > 0. Pio sugkekrimèna

lim
t→0+

∫ π

0

4πa3 sin2(ϕ)p(t, ϕ)dϕ = 1. (2.58)

Apì tic (2.55) kai (2.58) èqoume ìti

lim
t→0+

4πa3 sin2(ϕ)p(t, ϕ)dϕ = δ(ϕ)

kai h apìdeixh oloklhr¸jhke. �

UpenjÔmish. H sun�rthsh ϑ3 tou Jacobi (ϑ3 function of Jacobi) eÐnai
h

ϑ3(z, r) = 1 + 2
∑
N

exp
(
iπrn2

)
cos(2nz), (2.59)

ìpou r ∈ C me Im {r} > 0.
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Parat rhsh 2.3 An jèsoume

z =
ϕ

2

kai

r =
ti

2a2π
,

prokÔptei ìti

ϑ3

(
ϕ

2
,
ti

2a2π

)
= 1 + 2

∑
N

exp

(
− tn

2

2a2

)
cos(nϕ)

kai
∂ϑ3

(
ϕ
2
, ti
2a2π

)
∂ϕ

= −2
∑
N

n sin(nϕ) exp

(
− tn

2

2a2

)
.

Epomènwc,

p(t, ϕ) = − 1

4π2a3 sinϕ
exp

(
t

2a2

)
∂ϑ3

(
ϕ
2
, ti
2a2π

)
∂ϕ

. (2.60)

2.3 Stoqastikèc Diaforikèc Exis¸seic thc KÐnh-

shc Brown se Topikèc Suntetagmènec

UpenjumÐzoume ston anagn¸sth to parak�tw

Je¸rhma 2.1 'Estw o pÐnakac

σ(x) = [σjk(x)] , me 1 ≤ j ≤ n, 1 ≤ k ≤ m

tètoioc ¸ste o pÐnakac a(x) = σ(x)σT (x) na eÐnai jetik� orismènoc. An Xt

eÐnai mia di�qush Ito

dXt = b(Xt)dt+ σ(Xt)dBt, (2.61)

tìte, o genn torac thc, o A dÐnetai apì thn sqèsh

Af(x) =
∑
i

bi(x)
∂f

∂xi
+

1

2

∑
i,j

(σσT )i,j(x)
∂2f

∂xi∂xj
.

AntÐstrofa, o parap�nw telest c A eÐnai o genn torac thc di�qushc (2.61).

Gia thn apìdeixh blèpe [13].
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2.3.1 Sfairikèc Suntetagmènec

'Opwc èqoume pei o genn torac thc kÐnhshc Brown eÐnai o 1
2
∆M ìpou ∆M o

telest c Laplace Beltrami. 'Ara:

Par�deigma 2.1 O genn torac thc kÐnhshc Brown sthn S1 se sfairikèc
suntetagmènec eÐnai

Af =
1

2
∆1f,

dhlad ,

Af =
1

2a2
d2f

dϕ2

(me periodikèc sunj kec sto ϕ = 0 kai sto ϕ = 2π).
Sunep¸c, h kÐnhsh Brown sthn S1 se sfairikèc suntetagmènec eÐnai h lÔsh
thc stoqastik c diaforik c exÐswshc

dXt =
1

a
dBt.

Par�deigma 2.2 O genn torac thc kÐnhshc Brown sthn S2 se sfairikèc
suntetagmènec eÐnai

Af =
1

2
∆2f,

dhlad ,

Af =
cosϕ

2a2 sinϕ

∂f

∂ϕ
+

1

2

(
1

a2 sin2 ϕ

∂2f

∂θ2
+

1

a2
∂2f

∂ϕ2

)
.

Sunep¸c, h kÐnhsh Brown sthn S2 se sfairikèc suntetagmènec eÐnai h lÔsh
thc stoqastik c diaforik c exÐswshc

dXt =

(
0,

cosϕ(t)

2a2 sinϕ(t)

)
dt+

( 1
a sinϕ(t)

0

0 1
a

)(
dB1(t)
dB2(t)

)
,

ìpou
Xt = (θ(t), ϕ(t)) .

Par�deigma 2.3 O genn torac thc kÐnhshc Brown sthn S3 se sfairikèc
suntetagmènec eÐnai

Af =
1

2
∆3f,

dhlad ,

Af =
cos θ2

2a2 sin θ2 sin2 ϕ
· ∂f
∂θ2

+
cosϕ

a2 sinϕ
·∂f
∂ϕ

+
1

2

(
1

a2 sin2 θ2 sin2 ϕ

∂2f

∂θ21
+

1

a2 sin2 ϕ

∂2f

∂θ22
+

1

a2
∂2f

∂ϕ2

)
.
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Sunep¸c, h kÐnhsh Brown sthn S3 se sfairikèc suntetagmènec eÐnai h lÔsh
thc stoqastik c diaforik c exÐswshc

dXt =

(
0,

cos θ2(t)

2a2 sin θ2(t) sin2 ϕ(t)
,

cosϕ(t)

a2 sinϕ(t)

)
dt+

 1
a sin θ2(t) sinϕ(t)

0 0

0 1
a sinϕ(t)

0

0 0 1
a

 dB1(t)
dB2(t)
dB3(t)

 .

ìpou
Xt = (θ1(t), θ2(t), ϕ(t)) .

Par�deigma 2.4 O genn torac thc kÐnhshc Brown sthn Sn se sfairikèc
suntetagmènec eÐnai

Af =
1

2
√

det(g)

n∑
i=1

∂

∂θi

(√
det(g) ·

n∑
j=1

gij
∂f

∂θi

)

ìpou √
det(g) = an

n∏
k=2

(sin θk)
k−1

gij = 0 an i 6= j kai gii =
1

a2 sin2 θi+1 . . . sin
2 θn

,

Epomènwc, gia i = 1
∂

∂θ1

√
det(g) = 0

kai gia i > 1

∂

∂θi

√
det(g) = an(i− 1) (sin θi)

i−2 cos θi

n∏
k=2, k 6=i

(sin θk)
k−1 .

'Ara,

Af =
1

2
√

det(g)

n∑
i=1

∂

∂θi

(√
det(g) gi1

∂f

∂θ1
+
√

det(g) gi2
∂f

∂θ2
+ · · ·+

√
det(g) gin

∂f

∂θn

)
,

dhlad ,

Af =
1

2
√

det(g)

(√
det(g) g11

∂2f

∂θ21
+ · · ·+

√
det(g) gnn

∂2f

∂θ2n

)
+
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+
1

2
√

det(g)

[
an

n∑
i=2

(i− 1)

(
(sin θi)

i−2 cos θi

n∏
k=2, k 6=i

(sin θk)
k−1gii

∂f

∂θi

)]
,

 

Af =
1

2

(
1

a2 sin2 θ2 . . . sin
2 θn

∂2f

∂θ21
+ · · ·+ 1

a2 sin2 θi+1 . . . sin
2 θn

∂2f

∂θ2i
+ · · ·+ 1

a2
∂2f

∂θ2n

)
+

+

(
cos θ2

a2 sin θ2 sin2 θ3 . . . sin
2 θn

∂f

∂θ2
+ · · ·+ (i− 1) cos θi

a2 sin θi sin
2 θi+1 . . . sin

2 θn

∂f

∂θi
+ · · ·

· · ·+ (n− 1) cos θn
2a2 sin θn

∂f

∂θn

)
.

Sunep¸c, h kÐnhsh Brown sthn Sn se sfairikèc suntetagmènec eÐnai h lÔsh
thc stoqastik c diaforik c exÐswshc

dXt =

(
0,

cos θ2(t)

2a2 sin θ2(t) sin2 θ3(t) . . . sin
2 θn(t)

, · · · , (i− 1) cos θi(t)

2a2 sin θi(t) sin2 θi+1(t) . . . sin
2 θn(t)

, · · ·

· · · , (n− 1) cos θn(t)

2a2 sin θn(t)

)
dt

+


1

a sin θ2(t)... sin θn(t)
0 · · · 0

0 1
a sin θ3(t)... sin θn(t)

· · · 0
...

... · · · ...
0 0 · · · 1

a




dB1(t)
dB2(t)

...
dBn(t)

 ,

ìpou
Xt = (θ1(t), θ2(t), . . . , θn(t)) .

2.3.2 Stereografikèc Suntetagmènec

Par�deigma 2.5 Stic stereografikèc suntetagmènec, o genn torac thc kÐ-
nhshc Brown sthn S2 eÐnai

Af =
1

2

(ξ21 + ξ22 + 4a2)

16a4

(
∂2f

∂ξ21
+
∂2f

∂ξ22

)
.
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Sunep¸c, h kÐnhsh Brown sthn S2 stic stereografikèc suntetagmènec eÐnai
h lÔsh thc stoqastik c diaforik c exÐswshc

dXt =

 (x1(t)2+x22(t)+4a2)
4a2

0

0
(x21(t)+x22(t)+4a2)

4a2

( dB1(t)
dB2(t)

)
. (2.62)

ìpou
Xt = (x1(t), x2(t)) .

Par�deigma 2.6 Stic stereografikèc suntetagmènec, o genn torac thc kÐ-
nhshc Brown sthn S3 eÐnai

Af = −(ξ21 + ξ22 + ξ23 + 4a2)

16a4

(
ξ1
∂f

∂ξ1
+ ξ2

∂f

∂ξ2
+ ξ3

∂f

∂ξ3

)
+

1

2

(ξ21 + ξ22 + ξ23 + 4a2)
2

16a4

(
∂2f

∂ξ21
+
∂2f

∂ξ22
+
∂2f

∂ξ23

)
.

Sunep¸c h kÐnhsh Brown sthn S3 stic stereografikèc suntetagmènec eÐnai h
lÔsh thc stoqastik c diaforik c exÐswshc

dXt = −(x21(t) + x22(t) + x23(t) + 4a2)

16a4
(x1(t), x2(t), x3(t)) dt+

(x21(t) + x22(t) + x23(t) + 4a2)

4a2

 dB1(t)
dB2(t)
dB3(t)

 ,

ìpou
Xt = (x1(t), x2(t), x3(t)) .

Par�deigma 2.7 Stic stereografikèc suntetagmènec, o genn torac thc kÐ-
nhshc Brown sthn Sn, n ≥ 2 eÐnai

Af =
1

2

(ξ21 + ξ22 + . . .+ ξ2n + 4a2)
2

16a4

(
∂2f

∂ξ21
+
∂2f

∂ξ22
+ · · ·+ ∂2f

∂ξ2n

)
+

(2− n)
(ξ21 + ξ22 + · · ·+ ξ2n + 4a2)

16a4

(
ξ1
∂f

∂ξ1
+ ξ2

∂f

∂ξ2
+ . . .+ ξn

∂f

∂ξn

)
.

Sunep¸c, h kÐnhsh Brown sthn Sn stic stereografikèc suntetagmènec eÐnai
h lÔsh thc stoqastik c diaforik c exÐswshc

dXt = (2− n)
(x21(t) + · · ·+ x2n(t) + 4a2)

16a4
(x1(t), · · · , xn(t)) dt+
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(x21(t) + . . .+ x2n(t) + 4a2)

4a2


dB1(t)
dB2(t)

...
dBn(t)

 ,

ìpou
Xt = (x1(t), x2(t), . . . , xn(t)) .
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3 Qrìnoi Exìdou

UpenjumÐzoume k�poiouc basikoÔc orismoÔc.

Orismìc 3.1 'Enac metr simoc q¸roc Ω,F lème ìti eÐnai efodiasmènoc me
mÐa diÔlish (filtration) F t, t ∈ [0,+∞), ìtan gia k�je t ≥ 0, h F t eÐnai σ-
�lgebra uposunìlwn tou Ω me F t⊂ F kai epiplèon gia k�je t1, t2 ∈ [0,+∞)
me t1 < t2 , isÔei ìti F t1⊂F t2 .

Orismìc 3.2 'Estw o metr simoc q¸roc {Ω,F} efodiasmènoc me thn diÔli-
sh {F t}. Mia tuqaÐa metablht  T : Ω→ [0,+∞) lègetai qrìnoc diakop c
(stopping time) thc {F t}, an gia k�je t ≥ 0

{ω ∈ Ω|T (ω) ≤ t} ∈ Ft.

Gia perissìterec leptomèriec blèpe [18].
'Estw Xt h kÐnhsh Brown sthn Sn kai D ⊂ Sn. Tìte o

T = inf{t ≥ 0|Xt /∈ D}

eÐnai qrìnoc diakop c thc F t = σ (Xs, 0 ≤ s ≤ t), kai kaleÐtai qrìnoc exìdou
(exit time) tou ∂D .

3.1 Mèsh Tim  Qrìnwn Exìdou sthn Sn

Prìtash 3.1 'Estw dÔo dojènta ϕ1, ϕ2 ∈ [0, 2π), me ϕ1 < ϕ2, . Jew-
roÔme to sÔnolo D sthn S1,

D = (ϕ1, ϕ2) .

Profan¸c,
∂D = {ϕ1, ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S1 aktÐnac a, h opoÐa xekin�ei apì èna
shmeÐo

ϕ ∈ D,

tìte h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn sqèsh

Eϕ[T ] = −a2 (ϕ− ϕ1) (ϕ− ϕ2) . (3.1)

Apìdeixh.
EÐnai gnwstì ìti, (blèpe [6]), h sun�rthsh Eϕ[T ] ikanopoieÐ thn exÐswsh tou
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Poisson sto D me Dirichlet sunoriakèc sunj kec. Apì thn monadikìthta thc
lÔshc,

u(ϕ) = Eϕ[T ]

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆1u = −1, (3.2)

me sunoriakèc sunj kec
u(ϕ1) = u(ϕ2) = 0. (3.3)

Me ∆1 sumbolÐzoume ton telest  Laplace-Beltrami sthn S1. Epomènwc apì
thn (1.2) h diaforik  exÐswsh (3.2) paÐrnei thn morf 

1

2a2
d2u

dϕ2
= −1. (3.4)

Apì tic (3.3) kai (3.4) prokÔptei ìti

u(ϕ) = −a2 (ϕ− ϕ1) (ϕ− ϕ2) .

Dhlad ,
Eϕ[T ] = −a2 (ϕ− ϕ1) (ϕ− ϕ2) .

�

Prìtash 3.2 'Estw dojèn ϕ0 ∈ (0, π). JewroÔme to sÔnolo D sthn
Sn, n ≥ 2

D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π], i = 2, . . . , n− 1, kai ϕ ∈ [0, ϕ0)} .

Profan¸c,

∂D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π], i = 2, . . . , n− 1, kai ϕ = ϕ0} .

An Xt eÐnai h kÐnhsh Brown sthn Sn aktÐnac a, h opoÐa xekin�ei apì èna
shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D,

tìte h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn sqèsh

EA[T ] = 2a2
∫ ϕ0

ϕ

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx. (3.5)
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Apìdeixh.
Apì [6],

u(θ1, . . . , θn−1, ϕ) = EA[T ]

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆nu = −1, (3.6)

me sunoriakèc sunj kec

u(θ1, . . . , θn−1, ϕ0) = 0.

Me ∆n sumbolÐzoume ton telest  Laplace-Beltrami sthn Sn.
Apì thn summetrÐa tou D, prokÔptei ìti h mèsh tim  tou T eÐnai anex�rthth
twn θ1, . . . , θn−1. 'Ara h u eÐnai anex�rthth twn θi, gia i = 1, . . . , n − 1.
Apì thn (1.9) h diaforik  exÐswsh (3.6) paÐrnei thn morf 

1

2a2

[
(n− 1) cot(ϕ)

du

dϕ
+
d2u

dϕ2

]
= −1, (3.7)

me sunoriakèc sunj kec

u(ϕ0) = 0. (3.8)

Jètoume

f(ϕ) =
du

dϕ
.

Epomènwc, apì thn (3.7) èqoume ìti

1

2a2

[
(n− 1) cot(ϕ)f(ϕ) +

df(ϕ)

dϕ

]
= −1,

 

(n− 1) cos(ϕ)f(ϕ) + sin(ϕ)
df(ϕ)

dϕ
= −2a2 sin(ϕ),

pollaplasi�zontac me (sinϕ)n−2 prokÔptei ìti

(n− 1)(sinϕ)n−2 cos(ϕ)f(ϕ) + (sinϕ)n−1
df(ϕ)

dϕ
= −2a2(sinϕ)n−1.

'Ara

f(ϕ) = − 2a2

(sinϕ)n−1

∫ ϕ

0

(sinω)n−1dω +
c1

(sinϕ)n−1
.
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Sunep¸c,

u(ϕ) = −2a2
∫ ϕ

ϕ0

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+ c1

∫ ϕ

ϕ0

1

(sinx)n−1
dx+ c2. (3.9)

'Omwc, ( blèpe [13])

u(ϕ) = EA[T ] <∞, gia ϕ ∈ (0, ϕ0)

Epomènwc,
c1 = 0.

Epiplèon,
u(ϕ0) = 0, dhlad  c2 = 0

ètsi,

u(ϕ) = 2a2
∫ ϕ0

ϕ

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx.

Telik�,

EA[T ] = 2a2
∫ ϕ0

ϕ

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx. (3.10)

�

Parat rhsh 3.1 H u(ϕ) eÐnai stoiqei¸dhc sun�rthsh efìson to olokl -
rwma mporeÐ na upologisteÐ gia k�je n ≥ 2 mèsw stoiqeiwd¸n sunart sewn
sthn (3.10).

Par�deigma 3.1 'Estw dojèn ϕ0 ∈ [0, π) . JewroÔme to sÔnolo D sthn
S2,

D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ ∈ [0, ϕ0)} .

Profan¸c,
∂D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ = ϕ0} .

An Xt eÐnai h kÐnhsh Brown sthn S2 aktÐnac a, h opoÐa xekin�ei apì to
shmeÐo

A = (θ, ϕ) ∈ D,

tìte apì thn sqèsh (3.5) h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn

EA[T ] = 2a2
∫ ϕ0

ϕ

∫ x
0

(sinω)dω

sinx
dx.
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'Ara,

EA[T ] = 2a2
∫ ϕ0

ϕ

1− cosx

sinx
dx,

 

EA[T ] = 2a2
(∫ ϕ0

ϕ

1

sinx
dx−

∫ ϕ0

ϕ

(cotx)dx

)
,

epomènwc,

EA[T ] = 2a2
[
ln
(

tan
(ϕ0

2

))
− ln

(
tan
(ϕ

2

))
− ln(sinϕ0) + ln(sinϕ)

]
.

Telik�

EA[T ] = 2a2 ln

(
1 + cosϕ

1 + cosϕ0

)
. (3.11)

Par�deigma 3.2 'Estw dojèn ϕ0 ∈ [0, π). JewroÔme to sÔnolo D sthn
S3,

D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ ∈ [0, ϕ0)} .

Profan¸c,

∂D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ = ϕ0} .

An Xt eÐnai h kÐnhsh Brown sthn S3 aktÐnac a, h opoÐa xekin�ei apì to
shmeÐo

A = (θ1, θ2, ϕ) ∈ D,

tìte apì thn sqèsh (3.5) h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn

EA[T ] = 2a2
∫ ϕ0

ϕ

∫ x
0

(sinω)2dω

(sinx)2
dx,

'Ara,

EA[T ] = 2a2
∫ ϕ0

ϕ

x
2
− sinx cosx

2

(sinx)2
dx,

 

EA[T ] = a2
(∫ ϕ0

ϕ

x

(sinx)2
dx−

∫ ϕ0

ϕ

(cotx)dx

)
,

Epomènwc,
EA[T ] = a2 (ϕ cotϕ− ϕ0 cotϕ0) . (3.12)
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Prìtash 3.3 'Estw dojènta ϕ1, ϕ2 ∈ (0, π), tètoia ¸ste ϕ1 < ϕ2, . Je-
wroÔme to sÔnolo D sthn Sn, n ≥ 2,

D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π], i = 2, . . . , n− 1, kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π], i = 2, . . . , n− 1, kai ϕ = ϕ1

  ϕ = ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn Sn aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D

tìte h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn

EA[T ] = 2a2

∫ ϕ1

ϕ

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+

∫ ϕ2

ϕ1

∫ x
0 (sinω)n−1dω

(sinx)n−1 dx∫ ϕ2

ϕ1
1

(sinx)n−1dx
·
∫ ϕ

ϕ1

1

(sinx)n−1
dx

 .

(3.13)

Apìdeixh.
Apì [6], h Eϕ[t] ikanopoieÐ thn exÐswsh Poisson sto D me Dirichlet sunoriakèc
sunj kec. Apì monadikìthta,

u(θ1, . . . , θn−1, ϕ) = EA[T ]

eÐnai h monadik  lÔsh thc diaforik c exÐswshc (3.6), dhlad 

1

2
∆nu = −1,

me sunoriakèc sunj kec

u(θ1, . . . , θn−1, ϕ1) = u(θ1, . . . , θn−1, ϕ2) = 0.

Me ∆n sumbolÐzoume ton telest  Laplace-Beltrami sthn Sn.
Apì summetrÐa tou D, prokÔptei ìti h mèsh tim  tou T eÐnai anex�rthth twn
θ1, . . . , θn−1. Epomènwc h u eÐnai anex�rthth twn θi, gia i = 1, . . . , n − 1.
Apì (1.9) h diaforik  exÐswsh (3.6) paÐrnei thn morf  (3.7) me sunoriakèc
sunj kec

u(θ1, . . . , θn−1, ϕ1) = u(θ1, . . . , θn−1, ϕ2) = 0. (3.14)
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'Ara apì (3.9)

u(ϕ) = −2a2
∫ ϕ

ϕ1

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+ c1

∫ ϕ

ϕ1

1

(sinx)n−1
dx+ c2.

Wstìso,
u(θ1, . . . , θn−1, ϕ1) = u(θ1, . . . , θn−1, ϕ2) = 0,

dhlad ,

−2a2
∫ ϕ1

ϕ1

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+ c1

∫ ϕ1

ϕ1

1

(sinx)n−1
dx+ c2 = 0

kai

−2a2
∫ ϕ2

ϕ1

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+ c1

∫ ϕ2

ϕ1

1

(sinx)n−1
dx+ c2 = 0.

Sunep¸c,

c1 = 2a2

∫ ϕ2

ϕ1

∫ x
0 (sinω)n−1dω

(sinx)n−1 dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

kai
c2 = 0.

Telik�,

EA[T ] = 2a2

∫ ϕ1

ϕ

∫ x
0

(sinω)n−1dω

(sinx)n−1
dx+

∫ ϕ2

ϕ1

∫ x
0 (sinω)n−1dω

(sinx)n−1 dx∫ ϕ2

ϕ1
1

(sinx)n−1dx
·
∫ ϕ

ϕ1

1

(sinx)n−1
dx

 .

�

Par�deigma 3.3 'Estw dojènta ϕ1, ϕ2 ∈ (0, π), me ϕ1 < ϕ2. JewroÔme
to sÔnolo D sthn S2,

D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ = ϕ1   ϕ = ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S2 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ, ϕ) ∈ D,
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tìte apì thn sqèsh (3.13) h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn

EA[T ] = 2a2

∫ ϕ1

ϕ

∫ x
0

(sinω)dω

sinx
dx+

∫ ϕ2

ϕ1

∫ x
0 (sinω)dω

(sinx)
dx∫ ϕ2

ϕ1
1

sinx
dx

·
∫ ϕ

ϕ1

1

sinx
dx

 .

Dhlad ,

EA[T ] = 2a2

(∫ ϕ

ϕ1

(cotx)dx−
∫ ϕ2

ϕ1
(cotx)dx∫ ϕ2

ϕ1

1
sinx

dx
·
∫ ϕ

ϕ1

1

sinx
dx

)
,

�ra,

EA[T ] =
2a2

ln

(
tan(ϕ22 )
tan(ϕ12 )

) [ln

(
sin
(
ϕ
2

)
cos
(
ϕ
2

)
sin
(
ϕ1

2

)
cos
(
ϕ1

2

)) · ln(sin
(
ϕ2

2

)
cos
(
ϕ1

2

)
sin
(
ϕ1

2

)
cos
(
ϕ2

2

))

− ln

(
sin
(
ϕ2

2

)
cos
(
ϕ2

2

)
sin
(
ϕ1

2

)
cos
(
ϕ1

2

)) · ln(sin
(
ϕ
2

)
cos
(
ϕ1

2

)
sin
(
ϕ1

2

)
cos
(
ϕ
2

))] ,
apì thn opoÐa kai sumperaÐnoume ìti

EA[T ] =
4a2

ln

(
tan(ϕ22 )
tan(ϕ12 )

) [ln

(
cos
(
ϕ1

2

)
cos
(
ϕ2

2

)) · ln( sin
(
ϕ
2

)
sin
(
ϕ1

2

))− ln

(
cos
(
ϕ1

2

)
cos
(
ϕ
2

) ) · ln(sin
(
ϕ2

2

)
sin
(
ϕ1

2

))] .
(3.15)

Par�deigma 3.4 'Estw dojènta ϕ1, ϕ2 ∈ (0, π), me ϕ1 < ϕ2. JewroÔme
to sÔnolo D sthn S3,

D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π], kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ = ϕ1   ϕ = ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S3 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ, ϕ) ∈ D,
tìte apì thn sqèsh (3.13) h mèsh tim  tou qrìnou exìdou T dÐnetai apì thn

EA[T ] = 2a2

∫ ϕ1

ϕ

∫ x
0

(sinω)2dω

(sinx)2
dx+

∫ ϕ2

ϕ1

∫ x
0 (sinω)2dω

(sinx)2
dx∫ ϕ2

ϕ1
1

(sinx)2
dx

·
∫ ϕ

ϕ1

1

(sinx)2
dx

 ,
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Dhlad ,

EA[T ] = a2

[∫ ϕ1

ϕ

(
x

(sinx)2
− cotx

)
dx+

∫ ϕ2

ϕ1

x
(sinx)2

− cotx∫ ϕ2

ϕ1
1

(sinx)2
dx

·
∫ ϕ

ϕ1

1

(sinx)2
dx

]
,

 

EA[T ] = a2
[
ϕ cotϕ− ϕ1 cotϕ1 +

ϕ1 cotϕ1 − ϕ2 cotϕ2

cotϕ1 − cotϕ2

(cotϕ1 − cotϕ)

]
.

'Ara,

EA[T ] =
a2 [(ϕ− ϕ1) cotϕ cotϕ1 + (ϕ1 − ϕ2) cotϕ1 cotϕ2 + (ϕ2 − ϕ) cotϕ2 cotϕ]

cotϕ1 − cotϕ2

.

(3.16)

Prìtash 3.4 JewroÔme thn sfaÐra di�stashc 2, S2 aktÐnac a. 'Estw
dÔo kÔkloi pou pairnoÔn apì ton Bìreio pìlo, ètsi ¸ste stic stereografikèc
suntetagmènec antistoiqoÔn se dÔo par�llhlec grammèc ξ2 = b kai ξ2 = c,
ìpou b, c ∈ R, me b < c. JewroÔme to sÔnolo D sthn S2, tou opoÐou oi
stereografikèc suntetagmènec eÐnai

D = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 ∈ (b, c)} .

Profan¸c,

∂D = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 = b   ξ2 = c} .

An Xt eÐnai h kÐnhsh Brown sthn S2 aktÐnac a h opoÐa xekin�ei apì
to shmeÐo A, tou opoÐou oi stereografikèc suntetagmènec eÐnai oi

(ξ1, ξ2) ∈ D.

kai
T = inf {t ≥ 0 |Xt ∈ D} ,

tìte
EA[T ] = f(ξ1, ξ2)− 2a2 ln

(
ξ21 + ξ22 + 4a2

)
, (3.17)

ìpou

f(ξ1, ξ2) =
1

π

∫ ∞
0

g(η, c) exp
(
πξ1
c−b

)
sin
(
π(ξ2−b)
c−b

)
exp

(
2πξ1
c−b

)
sin2

(
π(ξ2−b)
c−b

)
+
(

exp
(
πξ1
c−b

)
cos
(
π(ξ2−b)
c−b

)
+ η
)2dη
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1

π

∫ ∞
0

g(η, b) exp
(
πξ1
c−b

)
sin
(
π(ξ2−b)
c−b

)
exp

(
2πξ1
c−b

)
sin2

(
π(ξ2−b)
c−b

)
+
(

exp
(
πξ1
c−b

)
cos
(
π(ξ2−b)
c−b

)
− η
)2dη (3.18)

kai

g(ξ, t) = 2a2 ln

(
(c− b)2 ln2 |ξ|

π2
+ t2 + 4a2

)
. (3.19)

Apìdeixh

'Opwc èqoume  dh dei h sun�rthsh

EA[T ] = U(ξ1, ξ2)

ikanopoieÐ thn diaforik  exÐswsh

1

2
∆2U = −1

me sunoriakèc sunj kec

U(ξ1, b) = U(ξ1, c) = 0.

Me ∆2 sumbolÐzoume ton telest  Laplace-Beltrami sthn S2 o opoÐoc ek-
fr�zetai stic stereografikèc suntetagmènec. Epomènwc h diaforik  exÐswsh
paÐrnei thn morf 

1

2

(ξ21 + ξ22 + 4a2)
2

16a4
·
(
∂2U

∂ξ21
+
∂2U

∂ξ22

)
= −1,

 
∂2U

∂ξ21
+
∂2U

∂ξ22
= − 32a4

(ξ21 + ξ22 + 4a2)
2 . (3.20)

Wstìso, h sun�rthsh

U1(ξ1, ξ2) = −2a2 ln(ξ21 + ξ22 + 4a2)

ikanopoeÐ thn diaforik  exÐswsh (3.20). 'Ara,

U(ξ1, ξ2) = −2a2 ln(ξ21 + ξ22 + 4a2) + f(ξ1, ξ2)

ìpou h f(ξ1, ξ2) ikanopoieÐ thn

∂2f

∂ξ21
+
∂2f

∂ξ22
= 0,
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me sunoriakèc sunj kec

f(ξ1, b) = 2a2 ln(ξ21 + b2 + 4a2)

kai
f(ξ1, c) = 2a2 ln(ξ21 + c2 + 4a2).

K�nontac allag  metablht¸n x = ξ1 , y = ξ2 − b kai jètontac
φ(x, y) = f(ξ1, ξ2), h φ(x, y) ikanopoieÐ

∂2φ

∂x2
+
∂2φ

∂y2
= 0,

me sunoriakèc sunj kec

φ(x, 0) = 2a2 ln(x2 + b2 + 4a2)

kai
φ(x, β) = 2a2 ln(x2 + c2 + 4a2)

ìpou β = c− b.
Sthn sunèqeia jètoume z = x+yi kai w = exp

(
πz
β

)
, dhlad  z = β lnw

π
.

'Etsi, an w = u+ vi, u, v ∈ R tìte

u = exp

(
πx

β

)
cos

(
πy

β

)
kai v = exp

(
πx

β

)
sin

(
πy

β

)
. (3.21)

JewroÔme thn sun�rthsh ψ(u, v) = φ(x, y). ProkÔptei ìti h ψ(u, v)
ikanopoieÐ ìti

∂2ψ

∂ u2
+
∂2ψ

∂ v2
= 0,

me sunoriakèc sunj kec

ψ(u, 0) = 2a2 ln

(
β2 ln2 u

π2
+ b2 + 4a2

)
, gia u > 0

kai

ψ(u, 0) = 2a2 ln

(
β2 ln2 |u|

π2
+ c2 + 4a2

)
, gia u < 0.

To parap�nw prìblhma eÐnai to prìblhma Dirichlet gia thn hmieujeÐa kai eÐnai
gnwstì ìti h lÔsh tou dÐnetai apì ton oloklhrwtikì tÔpo tou Poisson gia to
hmiepÐpedo (blèpe [16]):

ψ(u, v) =
1

π

∫ ∞
−∞

vψ(ξ, 0)

v2 + (u− ξ)2
dξ,
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ψ(u, v) =
1

π

∫ 0

−∞

vg(ξ, c)

v2 + (u− ξ)2
dξ +

1

π

∫ ∞
0

vg(ξ, b)

v2 + (u− ξ)2
dξ,

ìpou

g(ξ, t) = 2a2 ln

(
β2 ln2 |ξ|

π2
+ t2 + 4a2

)
.

ParathroÔme ìti g(−ξ, t) = g(ξ, t). Epomènwc,

ψ(u, v) =
1

π
v

∫ ∞
0

(
g(ξ, c)

v2 + (u+ ξ)2
+

g(ξ, b)

v2 + (u− ξ)2

)
dξ,

ìpou u, v dÐnontai apì thn (3.21). Sunep¸c,

φ(x, y) =
1

π
exp

(
πx

β

)
sin

(
πy

β

)∫ ∞
0

g(η, c)

exp
(

2πx
β

)
sin2

(
πy
β

)
+
(

exp
(
πx
β

)
cos
(
πy
β

)
+ η
)2dη

+
1

π
exp

(
πx

β

)
sin

(
πy

β

)∫ ∞
0

g(η, b)

exp
(

2πx
β

)
sin2

(
πy
β

)
+
(

exp
(
πx
β

)
cos
(
πy
β

)
− η
)2dη,

dhlad ,

f(ξ1, ξ2) =
1

π

∫ ∞
0

g(η, c) exp
(
πξ1
c−b

)
sin
(
π(ξ2−b)
c−b

)
exp

(
2πξ1
c−b

)
sin2

(
π(ξ2−b)
c−b

)
+
(

exp
(
πξ1
c−b

)
cos
(
π(ξ2−b)
c−b

)
+ η
)2dη

+
1

π

∫ ∞
0

g(η, b) exp
(
πξ1
c−b

)
sin
(
π(ξ2−b)
c−b

)
exp

(
2πξ1
c−b

)
sin2

(
π(ξ2−b)
c−b

)
+
(

exp
(
πξ1
c−b

)
cos
(
π(ξ2−b)
c−b

)
− η
)2dη.

Telik�,
EA[T ] = f(ξ1, ξ2)− 2a2 ln

(
ξ21 + ξ22 + 4a2

)
.

�

3.2 Mèsh Tim  thc f(XT )

Prìtash 3.5 'Estw dÔo dojènta ϕ1, ϕ2 ∈ [0, 2π), tètoia ¸ste ϕ1 < ϕ2.
JewroÔme to sÔnolo D sthn S1,

D = (ϕ1, ϕ2) .
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Profan¸c,
∂D = {ϕ1, ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S1 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

ϕ ∈ D,

kai f eÐnai mia sun�rthsh sto ∂D, tìte h mèsh tim  thc f(XT ) dÐnetai apì
thn sqèsh

Eϕ[f(XT )] =
f(ϕ2)(ϕ− ϕ1) + f(ϕ1)(ϕ2 − ϕ)

ϕ2 − ϕ1

. (3.22)

Apìdeixh.
EÐnai gnwstì ìti ( blèpe [13]) h sun�rthsh

u(ϕ) = Eϕ[f(XT )]

ikanopoieÐ thn diaforik  exÐswsh

1

2
∆1u = 0,

dhlad ,
d2u

dϕ2
= 0, (3.23)

me sunoriakèc sunj kec
u = f on ∂D.

Apì monadikìthta,
u(ϕ) = Eϕ[f(XT )]

eÐnai h monadÐk  lÔsh thc diaforik c exÐswshc (3.23) me sunoriakèc sunj kec

u(ϕ1) = f(ϕ1) kai u(ϕ2) = f(ϕ2). (3.24)

Apì (3.23) kai (3.24) èpetai ìti

u(ϕ) =
f(ϕ2)(ϕ− ϕ1) + f(ϕ1)(ϕ2 − ϕ)

ϕ2 − ϕ1

,

dhlad ,

Eϕ[f(XT )] =
f(ϕ2)(ϕ− ϕ1) + f(ϕ1)(ϕ2 − ϕ)

ϕ2 − ϕ1

.

�
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Prìtash 3.6 'Estw dÔo dojènta ϕ1, ϕ2 ∈ (0, π), tètoia ¸ste ϕ1 < ϕ2.
JewroÔme to sÔnolo D sthn Sn, n ≥ 2,

D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai

ϕ = ϕ1   ϕ = ϕ2 } .

An Xt eÐnai h kÐnhsh Brown sthn Sn aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D

kai
f : ∂D → R

me
f(θ1, . . . , θn, ϕ1) = f(ϕ1)

kai
f(θ1, . . . , θn, ϕ2) = f(ϕ2)

eÐnai mÐa sun�rthsh sto ∂D, tìte h mèsh tim  thc f(XT ) dÐnetai apì thn
sqèsh

EA[f(XT )] =
f(ϕ1)

∫ ϕ2

ϕ
1

(sinx)n−1dx+ f(ϕ2)
∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

. (3.25)

Apìdeixh.
EÐnai gnwstì ìti (blèpe [13]), h

u(θ1, . . . , θn−1, ϕ) = EA[f(XT )]

ikanopoieÐ thn diaforik  exÐswsh

1

2
∆nu = 0, (3.26)

me sunoriakèc sunj kec

u = f sto ∂D.
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Me ∆n sumbolÐzoume ton telest  Laplace-Beltrami sthn Sn.
H EA[f(XT )], eÐnai anex�rthth twn θ1, . . . , θn−1. Epomènwc apì thn (1.9)
h diaforik  exÐswsh (3.26) paÐrnei thn morf 

1

2a2

[
(n− 1) cot(ϕ)

du

dϕ
+
d2u

dϕ2

]
= 0, (3.27)

me sunoriakèc sunj kec

u(ϕ1) = f(ϕ1) kai u(ϕ2) = f(ϕ2). (3.28)

Jètoume

g(ϕ) =
du

dϕ
,

epomènwc apì thn (3.27)

1

2a2

[
(n− 1) cot(ϕ)g(ϕ) +

dg(ϕ)

dϕ

]
= 0,

 

(n− 1) cos(ϕ)g(ϕ) + sin(ϕ)
dg(ϕ)

dϕ
= 0.

Pollaplasi�zontac me (sinϕ)n−2 prokÔptei ìti

(n− 1)(sinϕ)n−2 cos(ϕ)g(ϕ) + (sinϕ)n−1
dg(ϕ)

dϕ
= 0,

 
d

dϕ

[
(sinϕ)n−1g(ϕ)

]
= 0.

'Ara

g(ϕ) =
c1

(sinϕ)n−1
,

dhlad ,

u(ϕ) =

∫ ϕ

ϕ1

c1
(sinx)n−1

dx+ c2. (3.29)

Wstìso,
u(ϕ1) = f(ϕ1) kai u(ϕ2) = f(ϕ2),

epomènwc,

c1 =
f(ϕ2)− f(ϕ1)∫ ϕ2

ϕ1

1
(sinx)n−1dx
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kai
c2 = f(ϕ2).

Sunep¸c,

u(ϕ) =
f(ϕ1)

∫ ϕ2

ϕ
1

(sinx)n−1dx+ f(ϕ2)
∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.

Telik�,

EA[f(XT )] =
f(ϕ1)

∫ ϕ2

ϕ
1

(sinx)n−1dx+ f(ϕ2)
∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.

�

Par�deigma 3.5 'Estw dÔo dojènta ϕ1, ϕ2 ∈ (0, π), tètoia ¸ste ϕ1 < ϕ2.
JewroÔme to sÔnolo D sthn S2,

D = {(θ, ϕ)| θ ∈ [0, 2π), kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ = ϕ1   ϕ = ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S2 aktÐnac a, h opoÐa xekin�ei apì
to shmeÐo

A = (θ, ϕ) ∈ D,
kai

f : ∂D → R
me

f(θ, ϕ1) = f(ϕ1)

kai
f(θ, ϕ2) = f(ϕ2),

tìte apì thn (3.25) h mèsh tim  thc f(XT ) dÐnetai apì thn sqèsh

EA[f(XT )] =
f(ϕ1)

∫ ϕ2

ϕ
1

sinx
dx+ f(ϕ2)

∫ ϕ
ϕ1

1
sinx

dx∫ ϕ2

ϕ1

1
sinx

dx
,

dhlad ,

EA[f(XT )] =

f(ϕ1) · ln
(

tan(ϕ22 )
tan(ϕ2 )

)
+ f(ϕ2) · ln

(
tan(ϕ2 )
tan(ϕ12 )

)
ln

(
tan(ϕ22 )
tan(ϕ12 )

) . (3.30)
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Par�deigma 3.6 'Estw dÔo dojènta ϕ1, ϕ2 ∈ (0, π), tètoia ¸ste ϕ1 < ϕ2.
JewroÔme to sÔnolo D sthn S3,

D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ ∈ (ϕ1, ϕ2)} .

Profan¸c,

∂D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ = ϕ1   ϕ = ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S3 aktÐnac a, h opoÐa xekin�ei apì
to shmeÐo

A = (θ1, θ2, ϕ) ∈ D,

kai
f : ∂D → R

me
f(θ1, θ2, ϕ1) = f(ϕ1)

kai
f(θ1, θ2, ϕ2) = f(ϕ2),

tìte apì thn (3.25) h mèsh tim  thc f(XT ) dÐnetai apì thn sqèsh

EA[f(XT )] =
f(ϕ1)

∫ ϕ2

ϕ
1

(sinx)2
dx+ f(ϕ2)

∫ ϕ
ϕ1

1
(sinx)2

dx∫ ϕ2

ϕ1

1
(sinx)2

dx
,

dhlad ,

EA[f(XT )] =
f(ϕ1) (cotϕ− cotϕ2) + f(ϕ2) (cotϕ1 − cotϕ)

cotϕ1 − cotϕ2

. (3.31)

3.3 Pijanìthtec Exìdou

Prìtash 3.7 'Estw dojènta ϕ1, ϕ2 ∈ [0, 2π), me ϕ1 < ϕ2, . JewroÔme
ta sÔnola D1, D2 sthn S1,

D1 = (ϕ1, 2π) kai D2 = [0, ϕ2)

Profan¸c,
∂D1 = {ϕ1} kai ∂D2 = {ϕ2} .

'Estw Xt h kÐnhsh Brown sthn S1 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

ϕ ∈ D1 ∩D2.
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An
T1 = inf {t ≥ 0 | Xt /∈ D1} ,
T2 = inf {t ≥ 0 | Xt /∈ D2}

kai
T = inf {t ≥ 0 | Xt /∈ D1 ∩D2} ,

tìte oi pijanìthtec

Prϕ {T = T1} kai Prϕ {T = T2}

dÐnontai apì tic sqèseic

Prϕ {T = T1} =
ϕ2 − ϕ
ϕ2 − ϕ1

(3.32)

kai

Prϕ {T = T2} =
ϕ− ϕ1

ϕ2 − ϕ1

. (3.33)

Apìdeixh.
GnwrÐzoume ìti (blèpe [11]) h sun�rthsh

u(ϕ) = Prϕ {T = T1}

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆1u = 0, (3.34)

me sunoriakèc sunj kec

u(ϕ1) = 1 kai u(ϕ2) = 0. (3.35)

Me ∆1 sumbolÐzoume ton telest  Laplace-Beltrami sthn S1. Epomènwc apì
thn (1.2) h diaforik  exÐswsh (3.34) paÐrnei thn morf 

1

2a2
d2u

dϕ2
= 0. (3.36)

Apì tic sqèseic (3.35) kai (3.36) sumperaÐnoume ìti

u(ϕ) =
ϕ2 − ϕ
ϕ2 − ϕ1

.

Dhlad ,

Prϕ {T = T1} =
ϕ2 − ϕ
ϕ2 − ϕ1

.
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Epiplèon,
Prϕ {T = T2} = 1− Prϕ {T = T1} ,

�ra,

Prϕ {T = T2} =
ϕ− ϕ1

ϕ2 − ϕ1

.

�
DeÔteroc trìpoc apìdeixhc.
Apì thn sqèsh (3.22) gia f(x) = x èqoume ìti

Eϕ[XT ] = ϕ

Wstìso,

Eϕ[XT ] = ϕ1 · Prϕ {T = T1}+ ϕ2 · Prϕ {T = T2} ,

dhlad 
ϕ = ϕ1 · Prϕ {T = T1}+ ϕ2 · (1− Prϕ {T = T1}) .

Telik�,

Prϕ {T = T1} =
ϕ2 − ϕ
ϕ2 − ϕ1

.

kai

Prϕ {T = T2} =
ϕ− ϕ1

ϕ2 − ϕ1

.

�

Prìtash 3.8 'Estw dojènta ϕ1, ϕ2 ∈ (0, π), me ϕ1 < ϕ2, . JewroÔme ta
sÔnola D1, D2 sthn Sn, n ≥ 2,

D1 = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ (ϕ1, π]}

kai

D2 = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ [0, ϕ2)} .

Profan¸c,

∂D1 = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ = ϕ1}

kai

∂D2 = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ = ϕ2} .
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'Estw Xt h kÐnhsh Brown sthn Sn aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D1 ∩D2.

An
T1 = inf {t ≥ 0 | Xt /∈ D1} ,

T2 = inf {t ≥ 0 | Xt /∈ D2}

kai
T = inf {t ≥ 0 | Xt /∈ D1 ∩D2} ,

tìte oi pijanìthtec

PrA {T = T1} kai PrA {T = T2}

dÐnontai apì tic sqèseic

PrA {T = T1} =

∫ ϕ2

ϕ
1

(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

(3.37)

kai

PrA {T = T2} =

∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

. (3.38)

Apìdeixh.
GnwrÐzoume ìti (blèpe [11]), h

u(θ1, . . . , θn−1, ϕ) = PrA {T = T1}

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆nu = 0, (3.39)

me sunoriakèc sunj kec

u(θ1, . . . , θn−1, ϕ1) = 1 kai u(θ1, . . . , θn−1, ϕ2) = 0.

Me ∆n sumbolÐzoume ton telest  Laplace-Beltrami sthn Sn.
Apì thn summetrÐa tou D, prokÔptei ìti h pijanìthta PrA {T = T1} eÐnai
anex�rthth twn θ1, . . . , θn−1. Epomènwc h u eÐnai anex�rthth twn θi, gia
i = 1, . . . , n− 1. Apì thn (1.9) h diaforik  exÐswsh (3.39) paÐrnei thn morf 

1

2a2

[
(n− 1) cot(ϕ)

du

dϕ
+
d2u

dϕ2

]
= 0, (3.40)
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me sunoriakèc sunj kec

u(ϕ1) = 1 kai u(ϕ2) = 0. (3.41)

Jètoume

f(ϕ) =
du

dϕ
,

epomènwc apì thn (3.40)

1

2a2

[
(n− 1) cot(ϕ)f(ϕ) +

df(ϕ)

dϕ

]
= 0,

 

(n− 1) cos(ϕ)f(ϕ) + sin(ϕ)
df(ϕ)

dϕ
= 0.

Pollaplasi�zontac me (sinϕ)n−2 èpetai ìti

(n− 1)(sinϕ)n−2 cos(ϕ)f(ϕ) + (sinϕ)n−1
df(ϕ)

dϕ
= 0,

 
d

dϕ

[
(sinϕ)n−1f(ϕ)

]
= 0.

'Etsi,

f(ϕ) =
c1

(sinϕ)n−1
,

dhlad ,

u(ϕ) =

∫ ϕ

ϕ2

c1
(sinx)n−1

dx+ c2. (3.42)

Wstìso,
u(ϕ1) = 1 kai u(ϕ2) = 0,

epomènwc,

c1 = − 1∫ ϕ2

ϕ1

1
(sinx)n−1dx

kai
c2 = 0.

'Ara

u(ϕ) =

∫ ϕ2

ϕ
1

(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.
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Sunep¸c,

PrA {T = T1} =

∫ ϕ2

ϕ
1

(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.

Epiplèwn,
PrA {T = T2} = 1− PrA {T = T1} ,

dhlad ,

PrA {T = T2} =

∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.

�
DeÔteroc trìpoc apìdeixhc.
Apì thn sqèsh (3.25) gia

f : Sn → R,

me
f(θ1, . . . , θn, ϕ) = ϕ,

EA[f(XT )] =
ϕ1

∫ ϕ2

ϕ
1

(sinx)n−1dx+ ϕ2

∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

. (3.43)

Wstìso,

EA[f(XT )] = ϕ1 · PrA {T = T1}+ ϕ2 · PrA {T = T2} ,

dhlad ,

ϕ1

∫ ϕ2

ϕ
1

(sinx)n−1dx+ ϕ2

∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

= ϕ1·PrA {T = T1}+ϕ2·
(
1− PrA {T = T1}

)
.

Telik�,

PrA {T = T1} =

∫ ϕ2

ϕ
1

(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

kai

Prϕ {T = T2} =

∫ ϕ
ϕ1

1
(sinx)n−1dx∫ ϕ2

ϕ1

1
(sinx)n−1dx

.

�
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Par�deigma 3.7 'Estw dojènta ϕ1, ϕ2 ∈ (0, π), me ϕ1 < ϕ2, . JewroÔme
ta sÔnola D1, D2 sthn S2,

D1 = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ ∈ (ϕ1, π]}

kai
D2 = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ ∈ [0, ϕ2)} .

Profan¸c,
∂D1 = {(θ, ϕ)| θ ∈ [0, 2π), kai ϕ = ϕ1}

kai
∂D2 = {(θ, ϕ)| θ1 ∈ [0, 2π), kai ϕ = ϕ2} .

'Estw Xt h kÐnhsh Brown sthn S2 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ, ϕ) ∈ D1 ∩D2.

An
T1 = inf {t ≥ 0 | Xt /∈ D1} ,
T2 = inf {t ≥ 0 | Xt /∈ D2}

kai
T = inf {t ≥ 0 | Xt /∈ D1 ∩D2} ,

tìte apì tic sqèseic (3.37) kai (3.38) oi pijanìthtec

PrA {T = T1} kai PrA {T = T2}

dÐnontai apì tic ekfr�seic

PrA {T = T1} =

∫ ϕ2

ϕ
1

sinx
dx∫ ϕ2

ϕ1

1
sinx

dx

kai

PrA {T = T2} =

∫ ϕ
ϕ1

1
sinx

dx∫ ϕ2

ϕ1

1
sinx

dx
,

dhlad ,

PrA {T = T1} =

ln

(
tan(ϕ22 )
tan(ϕ2 )

)
ln

(
tan(ϕ22 )
tan(ϕ12 )

) (3.44)

kai

PrA {T = T2} =

ln

(
tan(ϕ2 )
tan(ϕ12 )

)
ln

(
tan(ϕ22 )
tan(ϕ12 )

) . (3.45)

69



Par�deigma 3.8 'Estw dÔo dojènta ϕ1, ϕ2 ∈ (0, π), me ϕ1 < ϕ2, . Jew-
roÔme ta sÔnola D1, D2 sthn S3

D1 = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ ∈ (ϕ1, π]}

kai
D2 = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ ∈ [0, ϕ2)} .

Profan¸c,

∂D1 = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ = ϕ1}

kai
∂D2 = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ = ϕ2} .

'Estw Xt h kÐnhsh Brown sthn S3 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo

A = (θ1, θ2, ϕ) ∈ D1 ∩D2.

An
T1 = inf {t ≥ 0 | Xt /∈ D1} ,
T2 = inf {t ≥ 0 | Xt /∈ D2}

kai
T = inf {t ≥ 0 | Xt /∈ D1 ∩D2} ,

tìte apì tic sqèseic (3.37) kai (3.38) oi pijanìthtec

PrA {T = T1} kai PrA {T = T2}

dÐnontai apì tic ekfr�seic

PrA {T = T1} =

∫ ϕ2

ϕ
1

(sinx)2
dx∫ ϕ2

ϕ1

1
(sinx)2

dx

kai

PrA {T = T2} =

∫ ϕ
ϕ1

1
(sinx)2

dx∫ ϕ2

ϕ1

1
(sinx)2

dx
,

dhlad ,

PrA {T = T1} =
cotϕ− cotϕ2

cotϕ1 − cotϕ2

=
sinϕ1 sin(ϕ2 − ϕ)

sinϕ sin(ϕ2 − ϕ1)
(3.46)

kai

PrA {T = T2} =
cotϕ1 − cotϕ

cotϕ1 − cotϕ2

=
sinϕ2 sin(ϕ− ϕ1)

sinϕ sin(ϕ2 − ϕ1)
. (3.47)
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Parat rhsh 3.2 Oi ekfr�seic twn parap�nw pijanot twn gia n = 2 eÐnai
arket� diaforetikèc apì tic antÐstoiqec gia n = 3 . To parap�nw gegonìc eÐnai
mia eidik  perÐptwsh tou genikìterou fainomènou pou afor� �rtiec kai perittèc
diast�seic.

Prìtash 3.9 JewroÔme thn sfaÐra di�stashc 2, S2 aktÐnac a. 'Estw
dÔo kÔkloi pou pairnoÔn apì ton Bìreio pìlo, ètsi ¸ste stic stereografikèc
suntetagmènec antistoiqoÔn se dÔo par�llhlec grammèc ξ2 = b kai ξ2 = c,
ìpou b, c ∈ R, me b < c.
Sthn sunèqeia jewroÔme ta sÔnola D1, D2 sthn S2, twn opoÐwn oi stereo-
grafikèc suntatagmènec eÐnai

D1 = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 ∈ (b,+∞)}

kai
D2 = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 ∈ (−∞, c)} .

Saf¸c,
∂D1 = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 = b}

kai
∂D2 = {(ξ1, ξ2) | ξ1 ∈ R kai ξ2 = c} .

'Estw Xt h kÐnhsh Brown sthn S2 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo A, tou opoÐou oi stereografikèc suntetagmènec eÐnai oi

(ξ1, ξ2) ∈ D1 ∩D2.

An
T1 = inf {t ≥ 0 | Xt /∈ D1} ,

T2 = inf {t ≥ 0 | Xt /∈ D2}

kai
T = inf {t ≥ 0 | Xt /∈ D1 ∩D2} ,

tìte

PrA {T = T1} =
c− ξ2
c− b

kai PrA {T = T2} =
ξ2 − b
c− b

. (3.48)

Apìdeixh
EÐnai gnwstì ìti (blèpe [11]) h sun�rthsh

u(ξ1, ξ2) = PrA {T = T1}
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eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆2u = 0 (3.49)

me sunoriakèc sunj kec

u(ξ1, b) = 1 kai u(ξ1, c) = 0. (3.50)

Me ∆2 sumbolÐzoume ton telest  Laplace-Beltrami sthn S2 o opoÐoc ek-
fr�zetai stic stereografikèc suntetagmènec. Epomènwc apì thn sqèsh (1.11)
h diaforik  exÐswsh (3.49) paÐrnei thn morf 

1

2

(ξ21 + ξ22 + 4a2)
2

16a4
·
(
∂2u

∂ξ21
+
∂2u

∂ξ22

)
= 0,

 
∂2u

∂ξ21
+
∂2u

∂ξ22
= 0. (3.51)

Apì tic sqèseic (3.50) kai (3.51) prokÔptei �mesa ìti

u(ξ1, ξ2) =
c− ξ2
c− b

.

Telik�,

PrA {T = T1} =
c− ξ2
c− b

kai PrA {T = T2} =
ξ2 − b
c− b

.

�

Sthn sunèqeia ja anafèroume thn prosp�jeia epÐlushc tou parap�nw pro-
bl matoc gia thn perÐptwsh thc di�stashc n = 3: JewroÔme thn sfaÐra
S3 aktÐnac a. 'Estw dÔo uperepÐpeda β, γ thc S3 ta opoÐa dièrqontai
apì ton Bìreio pìlo, ètsi ¸ste stic stereografikèc suntetagmènec na anti-
stoiqoÔn se dÔo par�llhlec grammèc ξ3 = b kai ξ3 = c antÐstoiqa, ìpou
b, c ∈ R, me b < c.
Jewrìume ta sÔnola D1, D2 sthn S3, twn opoÐwn oi stereografikèc sunte-
tagmènec eÐnai oi

D̂1 = {(ξ1, ξ2, ξ3) | ξ1, ξ2 ∈ R kai ξ3 ∈ (b,+∞)}

kai
D̂2 = {(ξ1, ξ2, ξ3) | ξ1, ξ2 ∈ R kai ξ3 ∈ (−∞, c)} .
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BebaÐwc,
β = ∂D̂1 kai γ = ∂D̂2

'Estw Xt h kÐnhsh Brown sthn S3 aktÐnac a h opoÐa xekin�ei apì to
shmeÐo A, tou opoÐou oi stereografikèc suntetagmènec eÐnai

(ξ1, ξ2, ξ3) ∈ D̂1 ∩ D̂2.

Jètoume

T1 = inf
{
t ≥ 0

∣∣∣ Xt /∈ D̂1

}
,

T2 = inf
{
t ≥ 0

∣∣∣ Xt /∈ D̂2

}
kai

T = inf
{
t ≥ 0

∣∣∣ Xt /∈ D̂1 ∩ D̂2

}
.

EÐnai gnwstì ìti (blèpe [11]), h sun�rthsh

u(ξ1, ξ2) = PrA {T = T2}

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆3u = 0 (3.52)

me sunoriakèc sunj kec

u(ξ1, ξ2, b) = 0 kai u(ξ1, ξ2, c) = 1. (3.53)

Me ∆3 sumbolÐzoume ton telest  Laplace-Beltrami sthn S3 o opoÐoc
ekfr�zetai stic stereografikèc suntetagmènec.

Parat rhsh 3.3 Stic stereografikèc sutetagmènec mia sun�rthsh eÐnai
armonik  anaforik� me ton ∆2, (ton telesth Laplace-Beltrami thc S2 ),
an kai mìno an eÐnai armonik  me ton EukleÐdio telest . To gegonìc autì den
isqÔei kai sthn perÐptwsh thc sfaÐrac Sn, n ≥ 3.

H parap�nw parat rhsh eÐnai kai ènac kÔrioc lìgoc pou h perÐptwsh n = 3
eÐnai arket� duskolìterh apì thn perÐptwsh n = 2. Parousi�zoume mia
atel  apìpeira epÐlushc twn (3.52)-(3.53).
Apì thn sqèsh (1.10) h diaforik  exÐswsh (3.52) paÐrnei thn morf 

1

2

(ξ21 + ξ22 + ξ23 + 4a2)
2

16a4
·

(
3∑
i=1

∂2u

∂ξ2i
− 2

ξ21 + ξ22 + ξ23 + 4a2

3∑
i=1

ξi
∂u

∂ξi

)
= 0,
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dhlad , (
ξ21 + ξ22 + ξ23 + 4a2

)
·

3∑
i=1

∂2u

∂ξ2i
− 2

3∑
i=1

ξi
∂u

∂ξi
= 0 (3.54)

 
3∑
i=1

∂

∂ξi

(
1

ξ21 + ξ22 + ξ23 + 4a2
· ∂u
∂ξi

)
= 0. (3.55)

An h sun�rthsh u ekfrasteÐ se kulindrikèc suntetagmènec, dhlad ,

ξ1 = ρ cos θ, ξ2 = ρ sin θ ìpou θ ∈ (0, π) kai ρ > 0,

tìte
∂u

∂ξ1
=
∂u

∂ρ
cos θ − ∂u

∂θ

sin θ

ρ
,

∂u

∂ξ2
=
∂u

∂ρ
sin θ +

∂u

∂θ

cos θ

ρ
kai

∂2u

∂ξ21
+
∂2u

∂ξ22
=
∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
+

1

ρ2
∂2u

∂θ2
.

Epomènwc apì thn (3.54) prokÔptei ìti

(
ρ2 + ξ23 + 4a2

) ∂2u
∂ρ2

+

(
−ρ+

ξ23
ρ

+
4a2

ρ

)
∂u

∂ρ
+

(
1 +

ξ23
ρ2

+
4a2

ρ2

)
∂2u

∂θ2
+

(
ρ2 + ξ23 + 4a2

) ∂2u
∂ξ23
− 2ξ3

∂u

∂ξ3
= 0.

An upojèsoume ìti h u eÐnai anex�rthth twn θ, tìte h parap�nw diaforik 
exÐswsh paÐrnei thn morf 

(
ρ2 + ξ23 + 4a2

) ∂2u
∂ρ2

+

(
−ρ+

ξ23
ρ

+
4a2

ρ

)
∂u

∂ρ
+
(
ρ2 + ξ23 + 4a2

) ∂2u
∂ξ23
−2ξ3

∂u

∂ξ3
= 0,

dhlad ,

∂

∂ρ

(
ρ

ρ2 + ξ23 + 4a2
∂u

∂ρ

)
+

∂

∂ξ3

(
ρ

ρ2 + ξ23 + 4a2
∂u

∂ξ3

)
= 0.

H parap�nw exÐswsh eÐnai aploÔsterh apì thn (3.55), all� paramènei anoiqtì
er¸thma o trìpoc epÐlushc thc.
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3.4 Ropogenn triec Sunart seic

Prìtash 3.10 'Estw dojènta ϕ1, ϕ2 ∈ [0, 2π), me ϕ1 < ϕ2 . JewroÔme
to sÔnolo D sthn S1,

D = (ϕ1, ϕ2) .

BebaÐwc,
∂D = {ϕ1, ϕ2} .

An Xt eÐnai h kÐnhsh Brown sthn S1 aktÐnac a h opoÐa xekin�ei apì to shmeÐo

ϕ ∈ D,

tìte h mèsh tim  E[exp(−λT )] dÐnetai apì thn èkfrash

Eϕ[exp(−λT )] =
sinh

(
a
√

2λ(ϕ2 − ϕ)
)

+ sinh
(
a
√

2λ(ϕ− ϕ1)
)

sinh
(
a
√

2λ(ϕ2 − ϕ1)
) (3.56)

gia k�je λ > − π
2a2(ϕ2−ϕ1)2

.

UpenjÔmish. 'Estw λ > −λ1
2
, ìpou λ1 eÐnai h pr¸th idiotim  tou

Dirichlet sto D ⊂ Sn. An

u(x) = Eϕ[exp(−λT )],

tìte h u(x) ikanopoieÐ thn sqèsh

1

2
∆1u = λu(ϕ)

me sunoriakèc sunj kec
u |∂D = 1

(blèpe [13]).

Apìdeixh thc Prìtashc 3.10 .

H pr¸th idiotim  tou Dirichlet sto D ⊂ S1 eÐnai h λ = π2

a2(ϕ2−ϕ1)2
.

Epomènwc an λ > − π
2a2(ϕ2−ϕ1)2

, tìte h

Eϕ[exp(−λT )]

ikanopoieÐ thn diaforik  exÐswsh

1

2
∆1u = λu(ϕ) (3.57)
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me sunoriakèc sunj kec
u(ϕ1) = u(ϕ2) = 1. (3.58)

Me ∆1 sumbìlÐzoume ton telest  Laplace-Beltrami sthn S1. Epomènwc apì
thn (1.2) h diaforik  exÐswsh (3.57) paÐrnei thn morf 

1

2a2
d2u

dϕ2
= λu(ϕ).

dhl�d 
d2u

dϕ2
− 2a2λu(ϕ) = 0.

An λ ≥ 0 , tìte h lÔsh thc (3.57) eÐnai h

u(ϕ) = c1 exp
(
a
√

2λϕ
)

+ c2 exp
(
−a
√

2λϕ
)
. (3.59)

Wstìso apì thn (3.58)
u(ϕ1) = u(ϕ2) = 1,

�ra

c1 =
1

exp
(
a
√

2λϕ1

)
+ exp

(
a
√

2λϕ2

)
kai

c2 =
exp

(
a
√

2λ (ϕ1 + ϕ2)
)

exp
(
a
√

2λϕ1

)
+ exp

(
a
√

2λϕ2

) .
Sunep¸c,

Eϕ[exp(−λT )] =
exp

(
a
√

2λϕ
)

+ exp
(
a
√

2λ(ϕ1 + ϕ2 − ϕ)
)

exp
(
a
√

2λϕ1

)
+ exp

(
a
√

2λϕ2

) .

 

Eϕ[exp(−λT )] =
sinh

(
a
√

2λ(ϕ2 − ϕ)
)

+ sinh
(
a
√

2λ(ϕ− ϕ1)
)

sinh
(
a
√

2λ(ϕ2 − ϕ1)
) .

An t¸ra

− π2

2a2(ϕ2 − ϕ1)2
< λ < 0,

tìte
u(ϕ) = c1 cos

(
a
√
−2λϕ

)
+ c2 sin

(
a
√
−2λϕ

)
.
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Wstìso
u(ϕ1) = u(ϕ2) = 1,

sunep¸c,

Eϕ[exp(−λT )] =
sin
(
a
√
−2λ(ϕ2 − ϕ)

)
+ sin

(
a
√
−2λ(ϕ− ϕ1)

)
sin
(
a
√
−2λ(ϕ2 − ϕ1)

) .

'Omwc sin(iz) = i sinh(z), �ra

Eϕ[exp(−λT )] =
sinh

(
a
√

2λ(ϕ2 − ϕ)
)

+ sinh
(
a
√

2λ(ϕ− ϕ1)
)

sinh
(
a
√

2λ(ϕ2 − ϕ1)
) .

Telik�, gia k�je λ > − π2

2a2(ϕ2−ϕ1)2

Eϕ[exp(−λT )] =
sinh

(
a
√

2λ(ϕ2 − ϕ)
)

+ sinh
(
a
√

2λ(ϕ− ϕ1)
)

sinh
(
a
√

2λ(ϕ2 − ϕ1)
) .

�

Prìtash 3.11 'Estw dojèn ϕ0 ∈ [0, π). JewroÔme to sÔnolo D sthn S2,

D = {(θ, ϕ)| θ ∈ [0, 2π), kai ϕ ∈ [0, ϕ0)} .

BebaÐwc,
∂D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ = ϕ0} .

An Xt eÐnai h kÐnhsh Brown sthn S2 h opoÐa xekin�ei apì to shmeÐo

A = (θ, ϕ) ∈ D,

tìte h mèsh tim  E[exp(−λT )] dÐnetai apì thn èkfrash

EA[exp(−λT )] =
Pν(cosϕ)

Pν(cosϕ0)
, (3.60)

ìpou ν eÐnai arijmìc tètoioc ¸ste ν(ν + 1) = −2a2λ kai Pν(·) eÐnai h
sun�rthsh Legendre

Pν(z) = P−ν−1(z) =
1

π

∫ π

0

(z +
√
z2 − 1 cosϕ)νdϕ,

ìpou h pleionìtimh sun�rthsh (z+
√
z2 − 1 cosϕ)ν orÐzetai me trìpo tètoio

¸ste gia ϕ = π
2

na isoÔtai me (thn prwteÔousa tim  thc) zν (h opoÐa
eÐnai pragmatikìc arijmìc gia jetikì arijmì z kai pragmatikì arijmì ν).
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Apìdeixh.
An λ > −λ1

2
, ìpou λ1 eÐnai h pr¸th idiotim  tou Dirichlet sto D ⊂ S2,

tìte h
EA[exp(−λT )]

ikanopoieÐ thn diaforik  exÐswsh

1

2
∆2u = λu(ϕ) (3.61)

me sunoriakèc sunj kec
u(ϕ0) = 1. (3.62)

Me ∆2 sumbolÐzoume ton telest  Laplace-Beltrami sthn S2.
Apì thn summetrÐa tou D, prokÔptei ìti h mèsh tim  tou exp[−λT ] eÐnai
anex�rthth tou θ. 'Etsi h u eÐnai anex�rthth tou θ. Apì thn (1.4) h
diaforik  exÐswsh (3.61) paÐrnei thn morf 

1

2a2 sinϕ

(
du

dϕ
cosϕ+

d2u

dϕ2
sinϕ

)
= λu(ϕ),

dhlad ,
d

dϕ

(
du

dϕ
sinϕ

)
−
(
2λa2 sinϕ

)
u(ϕ) = 0. (3.63)

An jèsoume
z = cosϕ,

tìte
du

dϕ
= − sinϕ

du

dz

kai h (3.63) metatrèpetai se

(1− z2)d
2u

dz2
− 2z

du

dz
− 2λa2u = 0,

 

(1− z2)d
2u

dz2
− 2z

du

dz
+ ν(ν + 1)u = 0.

H opoÐa eÐnai h diaforik  exÐswsh tou Legendre.
Wstìso, h u(ϕ) eÐnai fragmènh gia k�je ϕ ∈ [0, π] kai u(ϕ0) = 1. 'Ara
(blèpe[17]), h lÔsh thc (3.63) eÐnai h

u(ϕ) =
Pν(cosϕ)

Pν(cosϕ0)
,
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dhlad ,

EA[exp(−λT ) =
Pν(cosϕ)

Pν(cosϕ0)
,

ìpou ν eÐnai arijmìc tètoioc ¸ste ν(ν + 1) = −2a2λ. �

Prìtash 3.12 'Estw dojèn ϕ0 ∈ (0, π) . JewroÔme to sÔnolo D sthn
Sn, n ≥ 2

D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ [0, ϕ0)} .

BebaÐwc,

∂D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ = ϕ0} .

An Xt eÐnai h kÐnhsh Brown sthn Sn h opoÐa xekin�ei apì to shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D,

tìte h mèsh tim  thc exp(−λT ) dÐnetai apì thn sqèsh

EA[exp(−λT )] =
(sinϕ)1−

n
2 P µ

ν (cosϕ)

(sinϕ0)
1−n

2 P µ
ν (cosϕ0)

, (3.64)

ìpou

ν =
1

2

(√
(n− 1)2 − 8a2λ− 1

)
kai µ =

1

2
(n− 2).

H sun�rthsh P µ
ν (·) eÐnai h proshrthmènh sun�rthsh Legendre, sugkekri-

mèna

P µ
ν (z) =

1

Γ(−ν)Γ(ν + 1)

(
1 + z

1− z

)µ/2 ∞∑
n=0

Γ(n− ν)Γ(n+ ν + 1)

Γ(n+ 1− µ)n!

(
1− z
z

)n
.

ìpou me Γ(·) sumbolÐzoume thn sun�rthsh G�mma.

Apìdeixh
EÐnai gnwstì ìti ( blèpe [13]) h mèsh tim 

EA[exp(−λT )]

eÐnai h monadik  lÔsh thc diaforik c exÐswshc

1

2
∆nu = λu(ϕ) (3.65)

79



me sunoriakèc sunj kec
u(ϕ0) = 1. (3.66)

Me ∆n sumbolÐzoume ton telest  Laplace-Beltrami sthn Sn.
Lìgw thc summetrÐac thc D, h mèsh tim  thc exp[−λT ] eÐnai anex�rthth
twn θ1, . . . , θn−1. Epomènwc h u eÐnai anex�rthth twn θ1, . . . , θn−1. Apì
thn sqèsh (1.9) h diaforik  exÐswsh (3.65) paÐrnei thn morf 

1

2a2

(
(n− 1) cosϕ

du

dϕ
+ sinϕ

d2u

dϕ2

)
= λu sinϕ.

Pollaplasi�zontac me (sinϕ)n−2 èqoume thn diaforik  exÐswsh

d

dϕ

(
(sinϕ)n−1

du

dϕ

)
= 2λa2(sinϕ)n−1u. (3.67)

Jètwntac
z = cosϕ,

èqoume ìti
du

dϕ
= − sinϕ

du

dz

kai h (3.67) metatrèpetai sthn parak�tw èkfrash

(1− z2)d
2u

dz2
− nzdu

dz
− 2λa2u = 0.

EÐnai gnwstì ìti (Mathematica) h lÔsh aut c thc diaforik c exÐswshc dÐnetai
me ìrouc thc proshrthmènhc sun�rthshc Legendre. Wstìso, h u(ϕ) eÐnai
fragmènh gia k�je ϕ ∈ [0, π] kai u(ϕ0) = 1. Epomènwc

u(ϕ) =
(sinϕ)1−

n
2 P µ

ν (cosϕ)

(sinϕ0)
1−n

2 P µ
ν (cosϕ0)

,

ìpou

ν =
1

2

(√
(n− 1)2 − 8a2λ− 1

)
kai

µ =
1

2
(n− 2).

�
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3.5 H Arq  thc Anakl�sewc

Je¸rhma 3.1 'Estw Xt, t ≥ 0 h kÐnhsh Brown sthn sfaÐra S1 aktÐnac
a h opoÐa xekin�ei apì to shmeÐo ϕ ∈ D, ìpou

D = (π, 2π).

An
T = inf {t ≥ 0| Xt /∈ D} ,

tìte
Prϕ {T < t} = 2Prϕ {Xt /∈ D} . (3.68)

Apìdeixh.

Prϕ {T < t} = Prϕ {T < t,Xt /∈ D}+ Prϕ {T < t,Xt ∈ D} . (3.69)

Wstìso, an Xt /∈ D tìte profan¸c T < t.
'Ara,

Prϕ {T < t,Xt /∈ D} = Prϕ {Xt /∈ D} . (3.70)

Apì thn �llh meri�, an jèsoume

X̃t =

{
Xt, an t ≤ T

2π −Xt, an t > T
,

tìte, apì thn isqur  idiìthta Markov thc Xt

Prϕ {T < t,Xt ∈ D} = Prϕ
{
T < t, X̃t ∈ D

}
,

ìmwc an X̃t ∈ D tìte Xt /∈ D.
Epomènwc,

Prϕ {T < t,Xt ∈ D} = Prϕ {T < t,Xt /∈ D} ,
 

Prϕ {T < t,Xt ∈ D} = Prϕ {Xt /∈ D} , (3.71)

Telik� apì tic (3.69), (3.70) kai (3.71) sumperaÐnoume ìti

Prϕ {T < t} = 2Prϕ {Xt /∈ D} .

�

H parak�tw shmeÐwsh ja qrhsimopoihjeÐ sto Je¸rhma 3.2.

ShmeÐwsh Gia k�je A = (x1, x2, . . . , xn+1) ∈ Sn sumbolÐzoume me Â
to shmeÐo (x1, x2, . . . ,−xn+1) ∈ Sn, to opoÐo kai onom�zoume summetrikì
tou A wc proc to (x1, x2, . . . , xn)-uperepÐpedo.
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Je¸rhma 3.2 'Estw Xt, t ≥ 0 h kÐnhsh Brown sthn sfaÐra Sn, n ≥ 2,
aktÐnac a h opoÐa xekin�ei apì to shmeÐo

A = (θ1, . . . , θn, ϕ) ∈ D,

ìpou

D = {(θ1, . . . , θn−1, ϕ) ∈ Sn| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n−1 kai ϕ ∈
( π

2
, π
]}

.

An
T = inf {t ≥ 0| Xt /∈ D} ,

tìte
PrA {T < t} = 2PrA {Xt /∈ D} . (3.72)

Apìdeixh.

PrA {T < t} = PrA {T < t,Xt /∈ D}+ PrA {T < t,Xt ∈ D} . (3.73)

Wstìso, an Xt /∈ D tìte profan¸c T < t.
'Ara,

PrA {T < t,Xt /∈ D} = PrA {Xt /∈ D} . (3.74)

Apì thn �llh meri�, an jèsoume

X̃t =

{
Xt, an t ≤ T

X̂t, an t > T
,

tìte, apì thn isqur  idiìthta Markov thc Xt

PrA {T < t,Xt ∈ D} = PrA
{
T < t, X̃t ∈ D

}
,

ìmwc an X̃t ∈ D tìte Xt /∈ D.
Epomènwc,

PrA {T < t,Xt ∈ D} = PrA {T < t,Xt /∈ D} ,

 
PrA {T < t,Xt ∈ D} = PrA {Xt /∈ D} . (3.75)

Telik� apì tic (3.73), (3.74) kai (3.75) sumperaÐnoume ìti

PrA {T < t} = 2PrA {Xt /∈ D} .

�
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3.5.1 Efarmogèc thc Arq c thc Anakl�sewc

H arq  thc anakl�sewc (reflection principle), mporeÐ na qrhsimopoihjeÐ gia
ton upologismì thc sun�rthshc katanom c diafìrwn qrìnwn exìdou.

H perÐptwsh S1

'Estw Xt h kÐnhsh Brown sthn sfaÐra S1 aktÐnac a h opoÐa xekin�ei
apì to shmeÐo ϕ. An D = (π, 2π) , tìte

Pr {Xt /∈ D} =

∫ π

0

a · p(t, x− ϕ)dx =

∫ π−ϕ

−ϕ
a · p(t, y)dy,

ìpou p(t, ϕ) eÐnai h sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
sthn S1 aktÐnac a. Epomènwc, apì thn sqèsh (2.27)

Pr {Xt /∈ D} =

∫ π−ϕ

−ϕ
a

[
1

πa

∑
n∈N

(
exp

(
−n

2t

2a2

)
cos(ny)

)
− 1

2πa

]
dy,

 

Pr {Xt /∈ D} = −1

2
+

1

π

∑
n∈N

[
exp

(
−n

2t

2a2

)∫ π−ϕ

−ϕ
cos(ny)dy

]
.

�ra

Pr {Xt /∈ D} =
1

2
+

1

π

∑
n∈N∗

[
exp

(
−n

2t

2a2

)
sin(nπ − nϕ) + sin(nϕ)

n

]
,

dhlad ,

Pr {Xt /∈ D} =
1

2
+

1

π

∑
n∈N∗

[
exp

(
−n

2t

2a2

)
sin(nϕ) (1− (−1)n)

n

]
.

Sunep¸c,

Pr {Xt /∈ D} =
1

2
+

2

π

∑
n odd

exp
(
−n2t

2a2

)
sin(nϕ)

n

 .

Telik� me qr sh tou Jewr matoc 3.1, an T = inf{t ≥ 0| Xt /∈ D},
tìte

Prϕ {T < t} = 1 +
4

π

∑
n odd

1

n
exp

(
−n

2t

2a2

)
sin(nϕ), (3.76)
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gia k�je ϕ ∈ (π, 2π).

H perÐptwsh S2

'Estw Xt h kÐnhsh Brown sthn sfaÐra S2 aktÐnac a h opoÐa xekin�ei
apì to shmeÐo N(0, 0) se sfairikèc suntetagmènec. An

D =
{

(θ, ϕ) ∈ S2
∣∣ θ ∈ [0, 2π), ϕ ∈

(π
2
, π
]}

tìte

PrN{Xt /∈ D} =

∫ π
2

0

∫ 2π

0

p(t, ϕ)a2 sin(ϕ)dθdϕ.

Dhlad ,

PrN{Xt /∈ D} = 2πa2
∫ π

2

0

p(t, ϕ) sin(ϕ)dϕ,

ìpou p(t, ϕ) eÐnai h sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
sthn S2 aktÐnac a. Epomènwc apì thn sqèsh (2.41)

PrN{Xt /∈ D} = 2πa2
∫ π

2

0

1

4πa2
sinϕ

∑
n∈N

(2n+1) exp

(
−n(n+ 1)

√
t

a

)
P 0
n(cosϕ)dϕ,

 

PrN{Xt /∈ D} =
1

2
+

1

2

∑
n∈N∗

(2n+1) exp

(
−n(n+ 1)

√
t

a

)∫ π
2

0

P 0
n(cosϕ) sin(ϕ)dϕ.

(3.77)
Wstìso gia k�je n ∈ N∗

In =

∫ π
2

0

P 0
n(cosϕ) sin(ϕ)dϕ =

∫ 1

0

P 0
n(x)dx.

EÐnai gnwstì ìti ( blèpe [17] )

P 0
n(x) =

1

2n+ 1

d

dx

[
P 0
n+1(x)− P 0

n−1(x)
]
.

'Omwc P 0
n(1) = 1 gia k�je n ∈ N.

'Ara,

I =
1

2n+ 1

(
P 0
n+1(1)− P 0

n−1(1)− P 0
n+1(0) + P 0

n−1(0)
)
,

 

I =
1

2n+ 1

(
P 0
n−1(0)− P 0

n+1(0)
)
.
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EÐnai epÐshc gnwstì ìti gia k�je n ∈ N∗

P 0
2n(0) = (−1)n

(2n)!

22n(n!)2
kai P 0

2n+1(0) = 0.

'Etsi, an n eÐnai �rtioc, tìte I = 0.
An n eÐnai perittìc, dhlad , n = 2k + 1, tìte

In =
1

4k + 3

(
P 0
2k(0)− P 0

2(n+1)(0)
)
,

dhlad ,

In =
(−1)k(2k)!

22k+1(k!)2(k + 1)
. (3.78)

Apì tic sqèseic (3.77) kai (3.78) sumperaÐnoume ìti

PrN{Xt /∈ D} =
1

2
+

1

2

∑
n∈N

(−1)n exp

(
−(2n+ 1)(2n+ 2)

√
t

a

)
· (2n)!(4n+ 3)

22n+1(n!)2(n+ 1)
.

(3.79)
Epiplèon, an S(0, π), tìte

PrS{Xt /∈ D} = PrN{X̂t /∈ D} = PrN{Xt ∈ D} = 1− PrN{Xt /∈ D}.

Sunep¸c,

PrS{Xt /∈ D} =
1

2
−1

2

∑
n∈N

(−1)n exp

(
−(2n+ 1)(2n+ 1)

√
t

a

)
· (2n)!(4n+ 3)

22n+1(n!)2(n+ 1)
.

(3.80)
Me qr sh tou Jewr matoc 3.2, an T = inf {t > 0 | Xt /∈ D} , tìte

PrS{T < t} = 1−
∑
n∈N

(−1)n exp

(
−(2n+ 1)(2n+ 1)

√
t

a

)
· (2n)!(4n+ 3)

22n+1(n!)2(n+ 1)
.

(3.81)
H perÐptwsh S3

'Estw Xt h kÐnhsh Brown sthn sfaÐra S3 aktÐnac a h opoÐa xekin�ei
apì to shmeÐo N(0, 0, 0) se sfairikèc suntetagmènec. An

D =
{

(θ1, θ2, ϕ) ∈ S3
∣∣ θ1 ∈ [0, 2π), θ2 ∈ [0, π], ϕ ∈

(π
2
, π
]}

tìte

PrN{Xt /∈ D} =

∫ π
2

0

∫ π

0

∫ 2π

0

p(t, ϕ)a3 sin θ2 sin2(ϕ)dθ1dθ2dϕ.
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Dhlad ,

PrN{Xt /∈ D} = 4πa3
∫ π

2

0

p(t, ϕ) sin2(ϕ)dϕ,

ìpou p(t, ϕ) eÐnai h sun�rthsh puknìthtac pijanìthtac thc kÐnhshc Brown
sthn S3 aktÐnac a. Epomènwc apì thn sqèsh (2.47)

PrN{Xt /∈ D} = 4πa3
∫ π

2

0

sin2(ϕ)
1

2π2a3 sin(ϕ)

∑
n∈N

n sin(nϕ) exp

(
−t(n

2 − 1)

2a2

)
dϕ,

 

PrN{Xt /∈ D} =
2

π

∑
n∈N

n exp

(
−t(n

2 − 1)

2a2

)∫ π
2

0

sin(ϕ) sin(nϕ)dϕ. (3.82)

Jètoume

I =

∫ π
2

0

sin(ϕ) sin(nϕ)dϕ.

An n = 1, tìte I = π
4
.

An n > 1, tìte

I = −
n cos

(
nπ
2

)
n2 − 1

.

Epomènwc apì thn sqèsh (3.82),

PrN{Xt /∈ D} =
1

2
− 2

π

∞∑
n=2

n2 exp

(
−t(n

2 − 1)

2a2

)
cos
(nπ

2

)
.

Wstìso, cos
(
nπ
2

)
= 0 gia k�je n perittì. Sunep¸c,

PrN{Xt /∈ D} =
1

2
− 2

π

∑
n even

n2 exp

(
−t(n

2 − 1)

2a2

)
cos
(nπ

2

)
,

 

PrN{Xt /∈ D} =
1

2
− 8

π

∑
n∈N∗

(−1)n · n2 exp

(
−t(4n

2 − 1)

2a2

)
.

Epiplèon, an S = (0, 0, π) tìte,

PrS{Xt /∈ D} = PrN{X̂t /∈ D} = PrN{Xt ∈ D} = 1− PrN{Xt /∈ D}.

'Ara,

PrS{Xt /∈ D} =
1

2
+

8

π

∑
n∈N∗

(−1)n · n2 exp

(
−t(4n

2 − 1)

2a2

)
. (3.83)
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K�nontac qr sh tou Jewr matoc 3.2, an T = inf {t > 0 | Xt /∈ D} ,
tìte

PrS{T < t} = 1 +
16

π

∑
n∈N∗

(−1)n · n2 exp

(
−t(4n

2 − 1)

2a2

)
. (3.84)
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4 Topikìc Qrìnoc

Orismìc 4.1 'Estw dojèn ϕ1 ∈ [0, π], kai

D1 = {(θ1, . . . , θn−1, ϕ) | θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ (0, ϕ1]} ,

èna uposÔnolo tou Sn. H anakl¸menh kÐnhsh Brown (reflected Brownian
motion) sto D1 orÐzetai na eÐnai h di�qush Yt thc opoÐac o genn torac
eÐnai o ∆n sto D1 me Neuman sunoriakèc sunj kec sto ∂D1.

Genik� mil¸ntac, h Yt sumperifèretai san thn Xt sto eswterikì tou
D1 all� ìtan ft�nei sto sÔnoro tou anakl�tai pÐsw sto D1.

Orismìc 4.2 'Estw èna dojèn anoiqtì sÔnolo D ⊂ Sn me C3−sÔnoro
∂D. An Yt eÐnai h anakl¸menh kÐnhsh Brown sto D, kai Dδ to sÔnolo

Dδ = {x ∈ D : d(x, ∂D) < δ},

tìte orÐzoume ton topikì qrìno sunìrou (boundary local time) Lt thc Yt,
wc

Lt := lim
δ→0+

1

2δ

∫ t

0

1Dδ(Ys)ds.

ApodeiknÔetai ìti to ìrio autì up�rqei wc proc thn L2 nìrma.

4.1 Topikìc Qrìnoc Sunìrou Mèqri thn Pr¸th

'Exodo

Prìtash 4.1 'Estw dojènta ϕ0, ϕ1 ∈ [0, 2π), me ϕ0 < ϕ1. JewroÔme to
sÔnolo D sthn S1, tètoio ¸ste

D = (ϕ0, ϕ1)

'Estw Yt h anakl¸menh kÐnhsh Brown sto D h opoÐa xekin�ei apì to shmeÐo

ϕ ∈ D.

An
T = inf {t ≥ 0|Xt = ϕ0}

kai Lt eÐnai o topikìc qrìnoc sunìrou thc Yt, tìte

Eϕ [ exp (λLT ) ] =
1− λ(ϕ1 − ϕ)

1− λ(ϕ1 − ϕ0)
, an λ <

1

ϕ1 − ϕ0

(4.1)

kai

Eϕ [ exp (λLT ) ] = +∞, an λ ≥ 1

ϕ1 − ϕ0

. (4.2)

89



Apìdeixh.
EÐnai gnwstì ìti h sun�rthsh

z(ϕ) = Eϕ [ exp (λLT ) ]

ikanopoieÐ thn diaforik  exÐswsh

∆1z = 0,

me sunoriakèc sunj kec

z(ϕ0) = 1 kai − dz

dϕ
(ϕ1) + λz(ϕ1) = 0. (4.3)

ìso h sun�rthsh z eÐnai jetik  (blèpe [14]). Ed¸ me ∆1 sumbolÐzoume
ton telest  Laplace-Beltrami sthn S1, epomènwc

z(ϕ) = c1ϕ+ c2, c1, c2 ∈ R.

Apì thn (4.3) èpetai ìti

z(ϕ) =
1− λ(ϕ1 − ϕ)

1− λ(ϕ1 − ϕ0)
.

Wstìso,

z(ϕ) > 0 an kai mìno an λ <
1

ϕ1 − ϕ0

.

'Ara,

Eϕ [ exp (λLT ) ] =
1− λ(ϕ1 − ϕ)

1− λ(ϕ1 − ϕ0)
, an λ <

1

ϕ1 − ϕ0

kai

Eϕ [ exp (λLT ) ] = +∞, an λ ≥ 1

ϕ1 − ϕ0

.

�

Prìtash 4.2 'Estw dojènta ϕ0, ϕ1 ∈ (0, π), me ϕ0 < ϕ1. JewroÔme ta
sÔnola D,Γ0 sthn Sn, n ≥ 2, tètoia ¸ste

D = {(θ1, . . . , θn−1, ϕ)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1 kai ϕ ∈ (ϕ0, ϕ1)} .

kai

Γ0 = {(θ1, . . . , θn−1, ϕ0)| θ1 ∈ [0, 2π), θi ∈ [0, π] gia i = 2, . . . , n− 1}
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'Estw Yt h anakl¸menh kÐnhsh Brown sto Γ0 h opoÐa xekin�ei apì to shmeÐo

A = (θ1, . . . , θn−1, ϕ) ∈ D.

An
T = inf {t ≥ 0|Xt ∈ Γ0}

kai Lt o topikìc qrìnoc sunìrou thc Yt, tìte

EA [ exp (λLT ) ] =
(sinϕ1)

1−n − λ
∫ ϕ1

ϕ
(sinx)1−ndx

(sinϕ1)1−n − λ
∫ ϕ1

ϕ0
(sinx)1−ndx

, an λ <
(sinϕ1)

1−n∫ ϕ1

ϕ0
(sinx)1−ndx

(4.4)
kai

EA [ exp (λLT )] = +∞, an λ ≥ (sinϕ1)
1−n∫ ϕ1

ϕ0
(sinx)1−ndx

. (4.5)

Apìdeixh.
EÐnai gnwstì ìti h sun�rthsh

z(θ1, . . . , θn−1, ϕ) = EA [ exp (λLT ) ]

ikanopoieÐ thn diaforik  exÐswsh

∆nz = 0

me sunoriakèc sunj kec

z(θ1, . . . , θn−1, ϕ0) = 1

kai

− ∂z
∂ϕ

(θ1, . . . , θn−1, ϕ1) + λz(θ1, . . . , θn−1, ϕ1) = 0,

ìso h sun�rthsh z eÐnai jetik  (blèpe [14]). Me ∆n sumbolÐzoume ton
telest  Laplace-Beltrami sthn Sn. Apì thn summetrÐa tou D prokÔptei
ìti h EA [ exp (λLT ) ] eÐnai anex�rthth twn θ1, . . . , θn−1. Apì thn sqèsh
(1.9) h diaforik  exÐswsh paÐrnei thn morf 

(n− 1) cot(ϕ)
dz

dϕ
+
d2z

d2ϕ
= 0. (4.6)

'Eqoume deÐxei ìti h lÔsh thc (4.6) eÐnai h

z(ϕ) = c1

∫ ϕ

ϕ0

1

(sinx)n−1
dx+ c2, c1, c2 ∈ R.
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Wstìso,
z(θ1, . . . , θn−1, ϕ0) = 1

kai

− ∂z
∂ϕ

(θ1, . . . , θn−1, ϕ1) + λz(θ1, . . . , θn−1, ϕ1) = 0.

'Ara

c1 =
λ

(sinϕ1)1−n − λ
∫ ϕ1

ϕ0
(sinx)1−ndx

kai
c2 = 1.

Epomènwc,

z(ϕ) =
(sinϕ1)

1−n − λ
∫ ϕ1

ϕ
(sinx)1−ndx

(sinϕ1)1−n − λ
∫ ϕ1

ϕ0
(sinx)1−ndx

.

'Omwc,

z(ϕ) > 0 an kai mìno an λ <
(sinϕ1)

1−n∫ ϕ1

ϕ0
(sinx)1−ndx

.

Telik�,

EA [ exp (λLT ) ] =
(sinϕ1)

1−n − λ
∫ ϕ1

ϕ
(sinx)1−ndx

(sinϕ1)1−n − λ
∫ ϕ1

ϕ0
(sinx)1−ndx

, an λ <
(sinϕ1)

1−n∫ ϕ1

ϕ0
(sinx)1−ndx

kai

EA [ exp (λLT )] = +∞, an λ ≥ (sinϕ1)
1−n∫ ϕ1

ϕ0
(sinx)1−ndx

.

�

Par�deigma 4.1 'Estw dojènta ϕ0, ϕ1 ∈ (0, π), me ϕ0 < ϕ1 . JewroÔme
ta sÔnola D,Γ0 sthn S2, tètoia ¸ste

D = {(θ, ϕ)| θ ∈ [0, 2π) kai ϕ ∈ (ϕ0, ϕ1]} .

kai
Γ0 = {(θ, ϕ0)| θ ∈ [0, 2π)} .

'Estw Yt h anakl¸menh kÐnhsh Brown sto Γ0 h opoÐa xekin�ei apì to shmeÐo

A = (θ, ϕ) ∈ D.

An
T = inf {t ≥ 0|Xt ∈ Γ0}
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kai Lt o topikìc qrìnoc sunìrou thc Yt, tìte apì tic sqèseic (4.4) kai
(4.5),

EA [ exp (λLT ) ] =

1
sinϕ1

− λ
∫ ϕ1

ϕ
1

sinx
dx

1
sinϕ1

− λ
∫ ϕ1

ϕ0

1
sinx

dx
, an λ <

1

sin(ϕ1)
∫ ϕ1

ϕ0

1
sinx

dx

kai

EA [ exp (λLT )] = +∞, an λ ≥ 1

sin(ϕ1)
∫ ϕ1

ϕ0

1
sinx

dx
,

dhlad ,

EA [ exp (λLT ) ] =

1
sinϕ1

− λ ln

(
tan(ϕ12 )
tan(ϕ2 )

)
1

sinϕ1
− λ ln

(
tan(ϕ12 )
tan(ϕ02 )

) , an λ <
1

sin(ϕ1) ln

(
tan(ϕ12 )
tan(ϕ02 )

)
(4.7)

kai

EA [ exp (λLT )] = +∞, an λ ≥ 1

sin(ϕ1) ln

(
tan(ϕ12 )
tan(ϕ02 )

) . (4.8)

Par�deigma 4.2 'Estw dojènta ϕ0, ϕ1 ∈ (0, π), me ϕ0 < ϕ1 . JewroÔme
ta sÔnola D,Γ0 sthn S3, tètoia ¸ste

D = {(θ1, θ2, ϕ)| θ1 ∈ [0, 2π), θ2 ∈ [0, π] kai ϕ ∈ (ϕ0, ϕ1]}

kai
Γ0 = {(θ1, θ2, ϕ0)| θ1 ∈ [0, 2π), θ2 ∈ [0, π]} .

'Estw Yt h anakl¸menh kÐnhsh Brown sto Γ0 h opoÐa xekin�ei apì to shmeÐo

A = (θ1, θ2, ϕ) ∈ D.

An
T = inf {t ≥ 0|Xt ∈ Γ0}

kai Lt o topikìc qrìnoc sunìrou thc Yt, tìte apì tic sqèseic (4.4) kai
(4.5),

EA [ exp (λLT ) ] =

1
(sinϕ1)2

− λ
∫ ϕ1

ϕ
1

(sinx)2
dx

1
(sinϕ1)2

− λ
∫ ϕ1

ϕ0

1
(sinx)2dx

, an λ <
1

(sinϕ1)2
∫ ϕ1

ϕ0

1
(sinx)2

dx

kai

EA [ exp (λLT )] = +∞, an λ ≥ 1

(sinϕ1)2
∫ ϕ1

ϕ0

1
(sinx)2

dx
,
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dhlad ,

EA [ exp (λLT ) ] =

1
(sinϕ1)2

− λ(cotϕ− cotϕ1)
1

(sinϕ1)2
− λ(cotϕ0 − cotϕ1)

, an λ <
1

(sinϕ1)2(cotϕ0 − cotϕ1)

(4.9)
kai

EA [ exp (λLT )] = +∞, an λ ≥ 1

(sinϕ1)2(cotϕ0 − cotϕ1)
. (4.10)
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5 Prot�seic gia Mellontik  'Ereuna

1. Orismìc thc gèfurac Brown sthn sfaÐra. Upologismìc thc sun�rthshc
puknìthtac pijanìthtac. Idiìthtec.

2. KÐnhsh Brown sthn sfaÐra me drift.

3. Aktinik  di�qush sthn sfaÐra.

95



Ereunhtikì 'Ergo

• DhmosieÔseic

1. Kouloumpou D. and Papanicolaou V.G., The Random Mo-
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