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θ1

l1 π/2 θ2
l2 θ3
l3 θ4

Ti(θi) = AO
Σi
[Rotz(θi1) ∗Rotx(π/2)] [Rotz(θi2) ∗ Trax(l1)]

[Rotz(θi3) ∗ Trax(l2)] [Rotz(θi4) ∗ Trax(l3)]

AO
Σi Σi i



θ1
l1

l2

l3

θ2

l1

θ3

l2

θ4

l3

O θi = [θi1, θi2, θi3, θi4]T Ti(θi)

Ri(θ) ∈ R3×3 xi(θi) = [xi1, xi2, xi3]T ∈ R3

Ti(θi) =





xi1(θi)

Ri(θi) xi2(θi)

xi3(θi)

0 0 0 1





T (θ) =





T1(θ1)

TN(θN)





θ = [θT1 , θ
T
2 , . . . , θ

T
N ]

T ∈ R4N

xi(θi)

ẋi(θi) =
∂xi

∂θi
θ̇i

[ωi×] = RT
i Ṙi



[r×] [r×] :

R3 → R3×3

[r×] =




0 −r3 r2
r3 0 −r1
−r2 r1 0





Ṙi

[ωi×] = RT
i

∂Ri

∂θi
θ̇i

[[r×]×−1] : R3×3 → R3

[[r×]×−1] =
[
r1 r2 r3

]

i

Ji(θi) =

[
∂xi
∂θi

[(RT
i
∂Ri
∂θi

)×−1]

]

JH(θ) =





J1(θ1)

JN(θN)





[
ẋ

ω

]
= JH(θ)θ̇

N

i

Li = Ki − Pi

Ki =
∑4

j=1 Kij Pi =
∑4

j=1 Pij

Kij =
1

2
mijẋ

T
cm ijẋcm ij +

1

2
ωT
ijIijωij



Pij = mijghij

mij ẋcm ij cm

ij ωij Iij
ij hij ij

d

dt

(
∂Li

∂θ̇i

)
− ∂Li

∂θi
= τi

i

Mi(θi)θ̈i + Ci(θi, θ̇i)θ̇i + gi(θi) = τi + τi ext

θi τi = [τi1, τi2, τi3, τi4]T τi ext ∈ R4

Mi(θi) ∈ R4N×4N Ci(θi, θ̇i)

g(θi) ∈ R4N

M(θ)θ̈ + C(θ, θ̇)θ̇ + g(θ) = τ + τext

M(θ) =





M1(θ1)

MN(θN)





C(θ, θ̇) =





C1(θ1, θ̇1)

CN(θN , θ̇N)





g(θ) =





g1(θ1)

gN(θN)





τ = [τT1 , τ
T
2 , . . . , τ

T
4 ]

T ∈ R4N



M(θ) > 0 M(θ)T = M(θ)

(Ṁ − 2C)T = −(Ṁ − 2C)

ẋ = f(x, u)

y = h(x)

f(0, 0) = 0 h(0) = 0

V (x)

uTy ≥ V̇ =
∂V

∂x
f(x, u).

ẋ = f(x, 0) {x|h(x) = 0}
x(t) = 0

V (x)

x(t) = 0

u = −φ(y) φ(y)

φ(0) = 0 yTφ(y) > 0 ∀y (= 0

ẋ = f(x,−φ(y))

V (x)

V̇ =
∂V

∂x
f(x,−φ(y)) ≤ −yTφ(y) ≤ 0

V̇ V̇ = 0

y = 0



y = 0

u(t) = 0 x(t) = 0

q = qr
e = q − qr ė = q̇

M(θ)ë+ C(θ, θ̇)ė+ g(θ) = τ

(e = 0, ė = 0)

τ = g(q)− φp(e)−Dė

φp(0) = 0 D (D > 0)

eTφp(e) > 0 ∀e (= 0

M(θ)ë+ C(θ, θ̇)ė+Dė+ φp(e) = τext

V =
1

2
ėTM(θ)ė+ Vd(e)

Vd(e) =

∫ e

0

φT
p (σ)dσ

V̇ =
1

2
ėT (Ṁ − 2C)ė− ėTDė− ėTφp(e) + ėT τext + φT

p (e)ė ≤ ėT τext

τext = 0

V̇ =
1

2
ėT (Ṁ − 2C)ė− ėTDė ≤ 0

y = ė τ y

V

V̇ = 0 ⇒ ė = 0 ⇒ ë = 0 ⇒ φp(e(t)) = 0 ⇒ e(t) = 0



N∑

i=1

f o
ci + fext = 0

N∑

i=1

(rci × f o
ci) + next = 0

fci i fext next

rci

[
I3×3 I3×3 . . . I3×3

[rc1×] [rc2×] . . . [rcN×]

]




fc1
fc2

fcN




=

[
−fext
−next

]



f o
c =

[
RT

o 3×3

3×3 RT
o

]
fc

[
RT

o RT
o . . . RT

o

[rc1×]RT
o [rc2×]RT

o . . . [rcN×]RT
o

]

︸ ︷︷ ︸
G





fc1
fc2

fcN





︸ ︷︷ ︸
fc

=

[
−fext
−next

]

︸ ︷︷ ︸
Fext

Fext = Gfc

G ∈ R6×3N

min||Fext −Gfc||

fc = [G]+Fext + ( − [G]+G)ξ

[G]+ = G(GGT )−1 ξ ∈ R4N

ẋ = Gẋo

JH(θ)θ̇ = Gẋo



xo(θ) =

∑N
i=1 xi(θ)

N

xi(θ) ∈ R
i Ro = [r1,o, r2,o, r3,o]

N = 4 r1,o
i = 1, 3 i = 2, 4

r̃1,o =
x1 − x3

||x1 − x3||
+

x2 − x4

||x2 − x4||
, r1,o =

r̃1,o
||r̃1,o||

r3,o r2,o

Ro ∈ SO(3)

r̃3,o = [(x1 − x3)×](x2 − x4), r3,o =
r̃3,o

||r̃3,o||

r2,o = [r3,o×]r1,o

Ho

Ho = [Ro, xo] ∈ SE(3)



xj−xj+2 = 0 (x1−x3)||(x2−x4)

τ = −D(θ)θ̇ − ∂Vd

∂θ
(θ) + g(θ)

D(θ)

Vd(θ) = Vo,t(θ) + Vo,r(θ) + VConn(θ)

Vo,t(θ) Vo,r(θ) Vo,Conn(θ)

θ

Vd(θ)



Vo,t(θ) =
1

2
(xo − xo,des)

TRoKo,tR
T
o (xo − xo,des)

Vo,r(θ) = 2εTb Ko,rεb

VConn(θ) =
1

2

N∑

i=1

KConn,i[||∆xi||− li,des]
2

xo,des εb

RT
o Ro,des Ro,des Ko,t

Ko,r

KConn = diag{KConn,1, KConn,2, . . . , KConn,N}

τxdes θ

x



x3

x1

x2 x4

Ho = [Ro, xo]

Hd = [Rd, xd]

KConn1

KConn2

KConn3

KConn4

x = [x1, x2, x3, x4]T

θ

∂Vo,r(θ)
∂θ

V̇o,r(θ) = θ̇T
∂Vo,r(θ)

∂θ
.

Vo,r

V̇o,r(θ) = 4εTb Ko,r ε̇b.

ε̇b
ωo

ε̇b = Jωε(θ)ωo



R ε = [ε0 (εb1 εb3
εb3)]

Jωε(θ)

Jωε(θ) =
1

2




ε0 −ε3 ε2
ε3 ε0 −ε1
−ε2 ε1 ε0





T

[ωo×] = RT
o Ṙo

Ṙo =
∂Ro

∂xT

∂x

∂θT
θ̇

∂Ro
∂xT

xT ∂x
∂θT

JH = ∂x
∂θT

ωo = Jo,r(θ)θ̇.

V̇o,r(θ) = θ̇TJT
o,r4J

T
ωεKo,rεb

∂Vo,r(θ)

∂θ
= JT

o,r4J
T
ωεKo,rεb

V̇o,t(θ) = (xo − xo,des)
TRoKo,t

d

dt
{RT

o (xo − xo,des)}

d
dt{R

T
o (xo − xo,des)}

d

dt
{RT

o (xo − xo,des)} = ṘT
o (xo − xo,des) + RT

O

∂xo

∂xT

∂xT

∂θT
θ̇



[v×]T = −[v×] [v×]w = −[w×]v

θ̇

d

dt
{RT

o (xo − xo,des)} = [[(RT
o (xo − xo,des))×]Jo,r +RT

O

∂xo

∂xT

∂xT

∂θT
]θ̇

∂xo
∂xT = 1

N I3N×3
∂xT

∂θT JH = ∂x
∂θT

V̇o,t(θ) = θ̇TJT
o,tKo,tR

T
o (xo − xo,des)

∂Vo,t(θ)

∂θ
= JT

o,tKo,tR
T
o (xo − xo,des)

Jo,t = [
1

N
JT
HI3N×3Ro − JT

o,r([(R
T
o (xo − xo,des)×])T

xi xo

li,des

Vconn(θ) =
1

2

N∑

i=1

Kconn,i[||∆xi||− li,des]
2

∆xi = xi − xo Kconn,i

θ

∂VConn(θ)

∂θ
= JT

H

N∑

i=1

[
∂∆xT

i

∂x

Kconn,i(||∆xi||− li,des)

||∆xi||
∆xi]



∂∆xT
i

∂x

∂∆xT
1

∂x = [(1− 1
N )I3×3 (− 1

N )I3×3 . . . (− 1
N )I3×3]

∂∆xT
2

∂x = [(− 1
N )I3×3 (1− 1

N )I3×3 . . . (− 1
N )I3×3]

∂∆xT
N

∂x = [(− 1
N )I3×3 (− 1

N )I3×3 . . . (1− 1
N )I3×3]

∂VConn(θ)

∂θ
= JT

connKConn




||∆x1||− l1,des

||∆xN ||− lN,des





JT
Conn = JT

H

[
∂∆xT

1
∂x

∆x1
||∆x1|| . . .

∂∆xT
N

∂x
∆xN

||∆xN ||

]

KConn = blockdiag{KConn,1, . . . , KConn,N}

xi(θi) xi

∈ R3

θi3 θi4

τd = τd,cart +N(θ)τd,N

τd,cart

N(θ)

τd,N = −KN(θ − θN)−DN θ̇



N(θ) = V (θ)TV (θ)

V (θ)

V (θ)JT (θ) = 0

V (θ)

ẋ = J(θ)θ̇

ẍ = J(θ)θ̈ + J̇(θ)θ̇

ẍ− J̇(θ)θ̇ + J(θ)M−1(θ)(C(θ, θ̇)θ̇ + g(θ)) = J(θ)M−1(θ)τd

J(θ)M(θ)−1N(θ) = 0

N(θ) = (I − JT (θ)Λ(θ)J(θ)M−1(θ))

Λ(θ) = (J(θ)M−1(θ)J(θ)T )−1

τd,N = −KNull(θi3 − αθi4)−DNullθ̇

α ∈ [0, 1]

θi3 θi4



D(θ)

θ̇ ẋo ωo

||∆ẋ||




ẋo

ωo,0

||∆ẋ||





︸ ︷︷ ︸
ẋ

=




Jo,t
Jo,r
Jconn





︸ ︷︷ ︸
Jtot

θ̇

ẋ ∈ R6+N Jtot

x

ẍ− ˙Jtot(θ)θ̇ + Jtot(θ)M
−1(θ)(C(θ, θ̇)θ̇ + g(θ)) = Jtot(θ)M

−1(θ)τ

ẍ− ˙Jtot(θ)θ̇ + Jtot(θ)M
−1(θ)(C(θ, θ̇)θ̇ + g(θ)) = Jtot(θ)M

−1(θ)(−D(θ)θ̇ − ∂Vd

∂θ
(θ) + g(θ))

D(θ) = JT
totDx(θ)Jtot

ẍ− ˙Jtot(θ)θ̇ + Jtot(θ)M
−1(θ)(C(θ, θ̇)θ̇) = Jtot(θ)M

−1JT
tot(θ)(−Dxẋ− Fx)

Fx = [fo mo fConn]T = Kx(x−xdes) = Kxex,o Kx = blockdiag{Ko,t Ko,r KConn}



MH,x(θ)ẍ = −Dxẋ− Fx

MH,x(θ) = (JtotM(θ)−1JT
tot)

−1

Fo = Mo[ẍo ω̇o ON×6]T

MH,x(θ)ẍ = −Dxẋ− Fx − Fo

Mx(θ)ẍ = −Dxẋ− Fx

Mx(θ) = MH,x(θ) +

[
I6×6

0N×6

]
Mo[I6×6, 06×N ]

Mx(θ) ¨ex,o +Dx ˙ex,o +Kxex,o = 0

Mx Kx

n × n Mx

Kx n× n Q

Mx = QQT Kx = QKd0QT Kd0

Dx(θ) = 2Q(θ)DξK
1/2
do Q(θ)T

Q(θ)Q(θ) ¨ex,o + 2Q(θ)DξK
1/2
do Q(θ)T ˙ex,o +Q(θ)KdoQ(θ)T ex,o = 0

Q(θ)

w = QT (θ)ex,o

ẅ + 2DξK
1/2
do ẇ +Kdow = 0



Mx

Mx(θ) = (blockdiag{diag{JtotM(θ)−1JT
tot}})−1 +

[
I6×6

0N×6

]
Mo[I6×6, 06×N ]

Q(θ) =
√
Mx

Dx,ii(θ) = 2ξi

√
Mx,ii(θ)Kx,ii

ξi ∈ [0, 1]

xi Kx,ii

Kx = blockdiag{Ko,t, Ko,r, KConn}

VConn

VConn,i

li,des
VConn,i



x3

x1

x2 x4

Ho = [Ro, xo]

Hd = [Rd, xd]

KConn1

KConn2

KConn3

KConn4

x2 x3 KConn2

KConn4

[
RT

o RT
o RT

o RT
o

[rc1×]RT
o [rc2×]RT

o [rc2×]RT
o [rcN×]RT

o

]




Fs1

Fs2

Fs2

FsN




=

[
−fext
−next

]

rci

rci =
xi − xo

||xi − xo||



x3

x1

x2 x4

Ho = [Ro, xo]

Hd = [Rd, xd]

fs1

fs2 fs3 fs4

Fs = nfs

n = blockdiag{n1, n2, n3, n4} ∈ R12×4 ni

i

[
RT

o n1 RT
o n2 RT

o n3 RT
o n4

[rc1×]RT
o n1 [rc2×]RT

o n2 [rc2×]RT
o n3 [rcN×]RT

o n4

]

︸ ︷︷ ︸
G





fs1
fs2
fs3
fs4





︸ ︷︷ ︸
fs

=

[
−fext
−next

]

︸ ︷︷ ︸
Fext

G ∈ R6×4

G

fs,Null = ( − [G]+G)︸ ︷︷ ︸
Gs,Null

fs

τN

τN(θ) = JT
H(θ) ( − [G]+G)fs

fo mo

G = [0, 0,mg]

fg = RT
o G



mo,g = [rCOG×]RT
o G

rCOG

Ho

∂Vo,r(θ)

∂θ
= JT

o,r(4J
T
ωεKo,rεb︸ ︷︷ ︸
mo

+mo,g)

∂Vo,t(θ)

∂θ
= JT

o,t(Ko,tR
T
o (xo − xo,des)︸ ︷︷ ︸

fo

+fo,g)

x3

x1

x2 x4

Ho = [Ro, xo]

Hd = [Rd, xd]

Anti−Gravity
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fs2 fs3 fs4
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l1 + l2 + l3 = 155mm d = 2.49gr/mm
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656.25 µsec

∼ 0



1 2 3
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ξ = 0.9, li,des = 0.15m, i = 1, 2, 3, 4

KN = 50, DN = 0.13K1/2
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z

rotz(0.6rad) x tranx(0.40m)
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