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To Bewdpnua Ttov Pélya

npoaBeTéo 6 X, X, -

Apa 0 Kukhikdc deiktne Tng opadag G eivai FE[xl,xz,...,xE} =

=§% x:+9 xix§+3 x§+6 xzx:j.
H yevviTpla ouvaprnon mou pag Siver To nARBog Twv N

100d0vVapwY B 1YXpwpaTiopiav npokOnTel olppuva pe To Bedpnpa Tou Polya

av KAVOUPE TIC aVTIKATAOTACEIG X — N+ 0! 1=is6 ondre naipvoups
2 2
-E%[{H+GJE+ 9(N+0)2(N+0?) + B(N°+0°) + ﬁ[ﬂ2+nzjtn‘+n4}]=
= No+NP0+2N%0%+3N°0%+2N%0% N 0°+0°.
BAEMOUPE A0IMOV OT1 To mANBOC TwV {n 100pOpewV ypagnuatwv Tagng 4
pe 6 nheupéc eivar 1 (o ouvreheoTig Tou npooBeTEou N®), pe 4
nheupéc eivar 2 (o ouvrereotic Tou N'0?), pe 3 mheupég eivar 3 (o

ouvreheotic Tou N0%) k.0.k. Ta ypagfipata autd eaivovral oto oxApa
nou €ival oTnv apyi Tou napadeiyparog autod. .

Napade1ypa 17.
Ba eEetdcoupe 1o 1810 NMpoBAnua av n=5. 0 nivakac nou pac divel Ta
34 un 100d0vapa ypagiuata TaEng 5 €ival o ENG:

e: 0-1-2-3-4-5-6-7-8-9-10

G: 11246664211
To oivoho X mou 8a ypupariotei naki pe Tta d0o ypopara N kar O
elval T@pa To

X={12, 13, 14, 15, 23, 24, 25, 34, 35, 45} =vi o1 5! = 120
petabéoelg TG S, €ivail oi: '
i) (1)(2)(3)(4)(5) wunapxer 1 perddeon oTnv Karnyopia auTh
ii) (12)(3)(4)(5) undpyxouv 10 petaBécelg oTnv Karnyopia auth
iii) (123)(4)(5) undpyouv 20 peTaBEoeiIg oTnV Katnyopia aQuTh

iv) (123)(45) undpyouv 20 peTaBEosic oTnv Katnyopia auTh
v) (1234)(5) unapyouv 30 petaBEcsic oV Katnyopia auTi
vi) (12)(34)(5) undpyouv 15 petaBécsic oTnv Katnyopia auTh
vii) (12345) unapxouv 24 petaBEceic aTnv Karnyopia auTh

EEevaloupe nwc Spolv o1 120 auteg HETOBEOEIC TNC S, o010

auvoho X.

i) H TautoTiki peTaBeon napayel TV TAUTOTIKA HETABEOn Tng opddag
G n onoia avahieral o BEka 1-kOKAOUC KOl OUVEIOPEPE] TOV
npooBeTED xi“ oTOV KUKAIKO deiktn Tnc G.

ii) Ka@epia and Ttig 10 pevabéoeic 1ng Kkatnyopiag (ii) m.y. n
(12)(3)(4)(5) Spa oto X wg €Efg:
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To Bewdpnua Ttov Pélya

12 13 14 15 23 24 25 . -
[12 23 %4 55 53 14 15 g: gg :g] Mou avaAUETO! OE TEOOUEPEIC

1-klOkhoug ka1 Tpeig 2-KOKAoug ouvelogépel Aoindv Tov mpoobeT£o
10 x: X, OTOV KUKAIKO Beikm tng G.

1ii) Ka@epia and 7ig 20 peradéoeic tnc karnyopiag (iii)
m.X. n (123)(4)(5) 8pa ovo X wc eEAc:

[ég }g é: %g %g gg gg %i ?g :g] mou avahletal o€ evav 1-klkho

Kai Tpeig¢ 3-klkhoug ocuveiogépel Aoinov tov npooBeréo 20 X, xg

OTOV KUKAIKO Bgiktn Tng G .
iv) KaBepia and tic 20 peraBéceic Tne karnyopiac (iv)
n.x. n (123)(45) dpa ovo X wc €EnC:

{%g ig ég %E %g g; gi %; 33 :g nou avahletar €vav 1-KOkho

gvav 3-KlOkAo Kal €vav 6-KUKAO OUVEIGPEPE! AOINOV TOV NpoaeTEo
20 X XX OTOV KUKAIKO BeikTn Tnc 6.

v) KaBepia and tig 30 perabeceic Tng karnyopiac (v)
n.x. n (1234)(5) dpa ovo X wc €EfC:

[%% %g {g %g gi %; gg ?: ig Tg} nou avahiletar oe évav 2-kikho

Kai o 800 4-kUKAoug OUVEIOQEPEI Aoimov Tov npoobeTéo 30 xzxi
oTOV KUKAIKO deiktn Tnc G.

vi) KaBepia and tic 15 peraBeosic tne karnyopiac (vi)
n.x. n (12)(34)(5) dpa oto X wc €Enc:

[i% %3 %g %g %3 ig %g gi ig gg] nou avahieral oe 300 1-KGKAOUC

Kal TEOOEpEIC 2-KOKAOUC OUVEIOPEPE!I AoINOV TOV NPOOBETED
15 xf x; oTOV KUKAIKO deikTn Tne G. '

vii) Téhoc kaBepia and vic 24 perabéoeic tne karnyopiac (vii)
n.x. n (12345) dpa oro X wc €Efc:

[;g éi é; ig gi gg %g 3; %E ?g] nou avahierar oe d0o 5-kixhouc

OUVEIOQEPEI AOIMOV TOV npooBeTeo 24 x: 0TOV KUKAIKO deikTn TNe

G. 0 Kukhikoc BeikTnc tnc opddac G eivar hoimov
1 (.10 4.3 3 2 2 4 2
Pﬁ{xl,...,xln}-TEa[xl-+1Dx1x2+Zﬂxix3+20xix3x€+3ﬂxle+l5x1x2+24x5].

Onote n avrikaraoraon Ii=Hi+Ui 1=i=10 pac Siver and ToO
Bedpnyua tou Polya tnv Znrolpsvn yevvATpia ouvdprnon:
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To Bewdpnua Ttov Pélya

3 3
1—%[[H+G}1°+1D{H+ﬂ]"‘{l\12+ﬂz] +20(N40) (N*+0°%) +
2 4
+20(N+0) (N*+0%) (NB+0°)+30(N°+0%) (N*+0%) +15(N+0)2(N°+0?) +
+24{H5+l]5}2] = N%n°0+2n80%+aN" 0% +6N%0 +6N0%+6N 0+
=4N°0"+2N°0%+N0%+0'7,
BAEnoups Aoindv 0TI To MARBOC TWV PN 100HOPQWV ypagnuatwv HE n=5
Kopupéc kal 7 mheupéc eivar 4 (o ouvreheotiic Tou opou N'O%) pe 3
nAeupéc eivai naki 4 (o ouvreheotic Tou opou NO’) k.o0.k. Ta
ypagnpara autd eaivovral OTO napakdrw oxnua onou O=e<5. lNia 6=e=<10
TG ypagAuata €ival Ta CUPNANPWHAT IKA TWY YpaenuaTwyv Tou OXAHATOC

E:ID -

- -

e=l1 | .

g=2 17 -, -

3 I D>, 1D -
et | >, ">, ">,.1"0 -, ——<
I R N 177 R SR ) N7

e=6  TO OUPNANPWHATIKG Twv 6 ypagnuaTtwv pe e=4
e=]  Ta oupnAnpwpatika Tev 3 ypagnuarwv pe e=3
e=8 Ta CUUNANPWUATIKG Tov 2 yﬂu¢nuﬁ1uv pe e=2
e=0 1O oUUNANPWPATIKD TOU ypagfiuarog - pe e=l
e-]D:K5 TO OUUNANPWHAT IKO TOU ypagnuaroc pe e=0. n

Mopadeiypa 18.
Na BpeBel To MARBOC TWV BI1GQOPET IKOV XPUWPATIOPOV TWY KOPUQWV EVOC
TETpayivou pe k=3 ypapara.

Avon. Ba Aicoups To anhé auto npoPAnpa pe Slo Tponouc 1) pe TV
BonBeia Tou AAfuatoc Tou Burnside ka1 ii) pe Tnv BonBeia Tou
Bewpnuatoc Tou Polya.
i) Burnside

Ba Bpolpe Tnv opada ouppeTpidv TOU TETpaydvou . AUTH Kard Ta
yvooTa Ba €xe1 8 oroiXeia TI¢ pETAOEOEIC i=[§ g g 1] MEp 10T PPN
nepi 1o kévrpo kara 0°

p, = [% % g ?] MEPIATPOPN NEPI TO KEVTPO Kard 90°
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To Bewdpnua Ttov Pélya

pi = [% E ? gJ nepioTpogn nepi To kévrpo karda  180°
Pi = [i i % gJ nepioTpogn nepi to kévrpo katd  270°
11 = L% i g gJ KATONTPIOPOC pe aEova tnv 13
12 = ké g i :J Karontpiopoc pe aEova tnv 24
(1234 ) . )
T =127123 KatonTpiopoc pe afova TRV HEOOKABETO TWV
) ’ 12, 34
T, = |a g g :} karonrpiopoc pe afova Ttnv peBokabeTro TWV
“ 14, 23 —
, : 2 3
nTol D,={i,p,,0pn 1,107,710, . s

To olvoho OleV TWV Buvativ Ypupatiopdv Twv 4 Kopupiv pe k=3
ypopara sivar k* firor 3%=81 ypupariopoi nolhoi épwc and autolc
oupnintouv av AdPoups un’oyn TiC CUPPETPIEC TNC opadac D,

TOppuva pe 1o Aqupa tou Burnside npénei va unoloyiooupe nocol
and Toug Xpwpartiopolc autolg pévouv orabepol and Tig 8 perabEosig
NG opadac D,-

H rtautoTikn peTdBeon i aenvel orabepolc npogavic Kai Toug 81
XpuHaT 10j0U¢ TOU TETPAY@VOU.

H perddeon P, apfive! oraBepolc pove Touc 3 Ypwpatiopolc Tou
TETpay@vou nou Ypnaiponololv €va povo Xpopa Atol av Ta 3 xpbypata
givar R, B, G agivel oraBepolc Touc Ypwpartiopolc (R,R,R,R),
(B,B,B,B) ka1 (G,G,6,G). Napdopoia oupnepipepeTal Kai pi.

H pf agfive! apeTABANTOUG TOUG XPWHATIopodg mou Exouv To id10 Xpaya
oTa akpa Tng ka@e diaywviou Artol tougc RRRR, RBRB, RGRG, BRBR,
BBBB, BGBG, GRGR, GBGB, GGGG clivoho 9 ypwpar iopoic.

H peraleon 11 apve! QUETABANTOUC TOUC XPWHaATIopoUC mou €xouv 1310
Xpopa ota akpa Tnc diaywviou 24 aveEaprnra and To T1 Yphpa Exouv

o1 kopugég 1 kai 3 ATol Touc ypwpatiopolc XRYR, XBYB, XGYG pe onou
Ta X, Y naipvouv Tic Tipéc R,B,G. Ilvoho 27 tEvoioi Xpwpartiojoi.
Mapopoia n 12 agnve! aueTapAntougc Toug 27 Xpwpatiopoldc TG WOPPNC
RXRY, GXGY, BXBY.

H ueradeon T apnvel QUETABANTOUC TOUC YXpwpariopolc Omou Ol
Kopupéc 1 kar 2 €xouv To 1810 Xpipa kal eniong o1 3 ka1 4 £xouv TO
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To Bewdpnua Ttov Pélya

i510 xpopa nror Touc XXYY nmou eivar 9. Mapopoia n T, QQRVEl
apeTaBAnToug Toug 9 xpuwpariopolc TnC popenc XYYX.

Apa and To Afppa tou Burnside éyxoupe ot1 To Znrolpevo nhﬁﬂoq TWV

2

U 100BUVAPWY  XPWPATIOPGV TWV KOpupdy evoc TeTpaybvou pe k=3
xpopara 1oolral pe

3 (81+3+943+274274949) = 18 1., .

ii) pe 1o Bewpnua tou Polya.
Ba npénel va unoloyiocoupe TOV KUKAIKO SeikTn Tnc opadac D,-

H perabeon i=(1)(2)(3)(4) e€ivar tinov (4,0,0,0)
H perabeon p,=(1234) givar tunov (0,0,0,1)
H perabean pi={13]{24} gival tinou (0,2,0,0)
H perabeon pj={1432] givar tonou (0,0,0,1)
H perabeon 11={1][3][2¢] givar tonou (2,1,0,0)
H perabeon 12={13]{2]{4] -gival tinouv (2,1,0,0)
H peradeon Tl={12][34} givar tinou (0,2,0,0)
H peradean T,=(14)(23) givar timou (0,2,0,0)
Apa o KUKAIKOC BEiKTNG TNC D, gival

_1 (.4 5.2 2
Pu4{x1"“x¢} =3 [xl+ lexz+ 3x2+ 214]
H anhq popen tou Bswphparoc tou Polya Siver or1 To mARBog Twv
Hn 10030vapwY  XpWHaTIOPOV TGV Kopug@dv Tou TeTpaydvou pe k=3

Xphpara npokinTel av otov Kukhikd Beiktn Béow z,=2 =77 =k=3

3
iror g (3%42-3%-343.942-3) = L (8145442746)=21.

Av oTov KUKAIKO SE€iKTn KAVOUPE TRV avTiKardotaon xiz{B+R+G}i 1=i=4
Ba ndpoupe and To Bswpnua Tou Polya Tnv yevvATpia ouvapTnon TWv pn
1o0S0vapwy Ypwpart 1opdv fTol
2

% [{B+R+G]4+2{B+R+G}2{B2+R2+G2}+3{BE+R2+BEJ +2{B4+R‘+s‘}]=

= B*+R"+G*+B’R+BR*+B°G+BG +R*G+RG*+2B°R%+2B26 2+ 2R%62+

+ 2B°RG+2R°BG+26°BR
mou pag A€l enImA£ov OTI umdpyouv B0o pn 10od0vapol Xpwpartiopoi
pe 2B IR kai 1G kopugég (o ouvreheoThc Tou BERE} Kal OUYKEKPIPEVD

o BBRG ka1 BRBG &vag povo Ypuwpartiopdc pe 3B kai 16 (o ouvTeheoTAc
TOU BEG} K.0.K.
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Mapatnpodpe akdpa OTI TO GOPOIOUG Twy OUVTEAEDTOV TWV 31090pwv
povavipwy givar naki 21.

ITNV YeVIKQ mepinTwon nou €xoupe k ypidpara 1o nMARBOC TWV pn
10030VapLY XpwHaT IOPGV TWV KOpUlV Tou TeTpayidvou Ba sival

Pu4[K,K,K,K] . K4+2K3§3K2+2K

Napadeiypa 19.
Nooa Kopnohdyia Karaokevalovral pe 3 padpec kat 13 donpeg XavTpec;
Aioape To napadeiypa qutd pe TRV BonBeia Tou Anpparoc Tou Burnside
Kal BpAkape 21 kopnohdyia. Tipa 8a KaTaAREoupe 070 iB10 anoTEAEopa
xpnotponolavrac To Bsdpnua tou Polya.

01 32 oupperpiec Tou Kavovikol 16-yhvou ywpilovrai oe 16
nepiaTpogec Kai 16 Katontpiopolc.
01 16 nepioTpogéc kard yevia k-22°-30° 0sks15 nepiypagovral and
Tic €Enc 16 petabéoeic

(1)(2)(3)(4)(5)(6)(7)(8)(9)(10)(11)(12)(13)(14)(15)(16) TUnou
(16,0,0...) (1234567891011 12 13 14 15 16) évac 16-KiKkrog
(13579111315) (14681012 14 16) tonou (0,0,0,0,0,0,0,2)
(147101316369 1215258 11 14) évac 16-kikhoc

(15913) (2610 14) (3 7 11 15) (4 8 12 16) tinou (0,0,0,4)
(1611165101549 14381327 12) évac 16-KiKhoC
(17133915511) (28144 1016 6 12) rénou (0,0,0,0,0,0,0,2)
(1815613411 29167 145 12 3 10) évac 16-kikhog

(19)(2 10)(3 11)(4 12)(5 13)(6 14)(7 15)(8 16) tinou (0,8,0,0,...)
(1103125147169 211 413 6 15 8) &vag 16-KiKAoG
(1115159313 7)(2 126 16 10 4 14 8) tinouv (0,0,0,0,0,0,0,2)
(112721383 149415105 16 11 6) évac 16-kOKAoG

(113 9 5)(2 14 10 6)(3 15 11 7)(4 16 12 8) tinou (0,0,0,4)
(11411852 1512963 16 13 10 7 4) évac 16-kikhoc

(11513 11 97 5 3)(2 16 14 12 8 6 4) tinou (0,0,0,0,0,0,0,2)
(1161514 131211 1098 7 6 54 3 2) évag 16-kiKhoc.

01 16 xatontpiopoi 8 nepi afova peocokaBeto ot Blo anévavri
nheupéc kai 8 nepi aEova nou BIEpYeTal and BU0 aNEVAVTI KOPUPEC
avahlovral o KOKhoug w¢ €EAC:

i) 01 8 nepi aEova peooKdBETO KOK Bivouv o KaBEvac 8 2-kikAoug
apa €xoupe 8 perabéosic tonou (0,8,0,0...) m.X. 0 katonTpioOpoC
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nepl TV Koivi peookaBero Twv mheupov 12 xai 9 10 nepiypageral
ano Tnv peTadeon :
(12)(3 16)(4 15)(5 14)(6 13)(7 12)(8 11)(9 10) tinou (0,8,...)
Kal

ii) o1 8 nepi aEova nou BiEpxetal ano Bdlo aNEVAVTI KOPUPEC
avahlovral o ka@evac oe dlo 1-kikhoug Kai entd 2-kikhouc m.Y.
0 Karontpiopoc nepi tov aEova 1 9 nepiypdgerar and TRV

uETaBEON

(1) (2 16) (3 15) (4 14) (5 13) (6 12) (7 11) (8 10) (9) Ténou
(2,7,...)

0 KUKAIKOC BEiKTNC A0OIMOV Tou Kavovikou 16-ydvou eival

g% [;iﬁ+9x§+3xix;+3x15+2x:+4x:].

Ba KAVOUPE TRV avTIKaTaoTaon X— (B+W)* ondre Ba nédpoupe TRV
YEVVATpIG ouvapTnon yia ToUuC LN 10080VOUOUC B 1XpWHaT IoPoUC TWv
KOPUPV TOU Kavovikol 16-yivou frol

8 7
Ttl? [[ﬂ}m#[bzmz} +8(b+w) % (b%+w’) +8(b' +u'®)+
' 4 2
+2(b%w?) +4(b%4ud) ].
Epeic BEloupe va Bpolpe OTO avantuypa autd TOV GUVTEAEOTR TOU

dpou b°w™. Movolg Gpoug dpwc Sivouv pove o mpéroc npooeréog Kai
o Tpitoc npooBeTEOC fTOI O

(b+w)'®  kar o 8(b%2bw+w’) - (b**+7b W +21b W +35b% +35b W2+
+21b%w 47w 2wy

gival and To d1wvupIko Bedpnya ig} Kal and tov Tpito mpooBeTEo TO

0 ouvreheotric Aoimov ToOU 1fuu b’w'? orov nmpéto npooBeréo 6a
yivouevo 8-2-7 apa o ouvreheorAc Tou dpou b’w'® eivar ouvohikd

1 16
- [[13 + a.z-?] - 21. .
Napade1ypa 20. X
01 opyaviKEG €VROEIC TNC HOPPNC X-C-X
onou C €va aropo avBpaxka Kal onou X

oupBoAiZoupe pe X €va peBiAio (CH,)
giTe €va a180hio (CH,) eiTe Eva xAdpto (Cl) eire &va udpoyovo
(H). MN.x. Ao Tévora Tumika popia eivar Ta:
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CH

25 H
CH3 -C-Cl Kai [:H3 -C-H
H cl

KaBe tétolo poplo pnopei va Bewpnbei oav £va Kavovikd TeTpaedpo
onou To aropo Tou avBpaka eupiokerar oto KEvrpo Pdpouc Kai Kale
aropo X orig 4 Kopupég. Moca SragopeTikd pépia undpxouv Kal moid
glval n popei Touc.
0 kukhikog deikTnC TNG opddac perdbeonc G eival

_ 1 (o 2
xz,xa] "1 [xl + Bxlxa + 3x2].
Apa To mAnBog Twv BI1GPOPETIKGYV Hopiwv £ival

_ 1 a4 aa a2y _ 1 B
P(4,4,4) = 7 (4% 8:4-4 + 3.4°) = 5 (256+128+48)=36.

Apa unapyouv 36 S1agopeTika popia. Nooa and auta dev nepiéxouv H?
BEToupe To Bapog 1 oro CH., oto CH, ka1 oto Cl ka1 1o Bdpog O
oto H ondte Exoups
' PG{3,3,3} = T%'(34+ 8-3-3 + 3-32}=15 Kal OUYKEKPIPEVA Ta
4EH3- 4E2H5— 4cl - 3CH3[',1 - 3CH3EEH5— 3cl EHs- 3cl EzHE_ 3E2H5Cl -
- 3CEHEEH3— EEH32C2H5- ECHEEEI- 2C1 2E2H5-2EH3E1 EEHE- 2C1 ﬁH3C2H5
Zl‘ZEH5 cl CHH.
Mo1a n yevvAiTpia ouvaprnon yia 1a H;
Otoupe  W(CH) = W(CH,) = W(C1)=1
W(H) = h
KQl EXOUME
Pﬁ{h+3,h2+3,h3+3}

o [{h+3}‘+3(h+3;{h3+3}+3{h2+3]2]=
h*+3h*+6h%+11h+15

Il

#

apa unapyel 1 popro pe 4 udpoydva (To pebavio)
apa undpyouv 3 popia pe 3 udpoyova [EHSEI—EHEEH3 CH,CH.)
apa unapyouv 6 popia pe 2 udpoyova

HEC!‘: Hs[,'.H3 - H2 C l:',zH5 CEHE - Hz ccl CﬁEH5
H2 cCclcl- E‘I2 C Cl '.':H3 - H2 C EHa EEHS
unapyouv 11 popia pe 1 aropo H

unapyouv 15 popia wpig aropo H (nou ta €iSape napanave)
ta 11 popia pe 1 aropo H egivai ta
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HC EHa tHscHa - HC E'.zH5 E:zl-l5 Cl - HC CH, Ee H5 cl
HC Cc1 Cl Cl - HC EEHE CEHE CHs' HC EHSCI [ZEH5
HC EZHECEHEEZHE— HC l'.'.H::,'(lH‘,5 Cl -

HC 'ZZHEI:H3 CEH5~

HC Cl Cl Csz-

HC C1 Cl1 CH, -
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