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ZYNOWH

ZKomog g mapouoag epyaociag €ivat r oUyKplon T®V IoC0o0TlaieVv onpeinv Kat tov
dlaopdtev eprmotoouvng aPotou ekUPnOouv pe v KAacowkr pebodo kat pe pebo-
doug bootstrap yia v mepinioon ave§dptniov Kal 100vopad KATAVEHRNHPEVEOV TUXAIOV
petaBAntov Kat yua v nepimoon g aluoidag Markov. Metd amo pia ouviopn
10T0p1Kn] avagopd ot pebodoug bootstrap , mapouoiadetal n Paoiky dewpia ng pe-
968ou bootstrap tou Efron kat ing otaBbpiopévng 1ebodou bootstrap. Ztnv mapouoca
peAétn, epappoonkav n péBodog bootstrap tou Efron kat ot otaBpiopéveg pebodot pe
ekBOetikn] Katavourn kat pe katavoun Poisson.IleptdapBavetatl emiong n Baoikn Sewpia
yld )V EUIEIPIKY OUVAPTNOT KATAVOULG, 1) OIIoia XP1O1omoleital yid Vv eKTIPIN0n TV
rnooootaiov onpeiov. T'a tg aduoidbeg Markov , ot oroieg aroteAdouv 1o Seutepo TUIO
delypatog mou xpnowornoteitat, yiverat emniong de@pntiky avaiuor.

‘Ocov adopd otV £papioyr), TO00 OV MEPIMIOON TOV AVESAPTNTIOV KAl 100voud Kda-
TAVEPNHEVQOV TUXAIOV PETaBANT@Ov 000 KAl OtV MEPIMIOON tng paproBiavrg aiuoidag,
EKTIIATAL 1] TUTTIKT] ATTOKALOT 1€ TV KAaooikr pebodo kat 1apopeg pebodoug bootstrap,
KAl Ol OUVEXEl OUYKpPIvetral pe T dempnukn TP g TUIkng anoxkiong. Emiong,
Xpnotporoteital 11 EPMEPIKY] OUVAPTNOT KATAVOHIG Yld TNV €KTIHINO0LN TV IT0C00TIAI®V
onpeiv, KAt t€Aog, £€X0oviag ta MPONyoupeva anotedéopata g TUTTKNG ArtOKA1oNg Kat
TV IMOoooTIdi®V onpeiov, AapBavoupe pla KRN0 TOV §1a0TNPAT®V EPITIOTO0UVNG.

A&gerg-RAe181a: MeBobot bootstrap, otadbpiopévn pébodog bootstrap, 1eBodog boot-
strap tou Efron, epmnelpik) ouvdptnon katavoung, eurelpikr Siadikaoia, ave§dptnteg
Kdl 100VOPd KATAVEUNHEVEG TUXaieg petaBAntég, papkoBiavr] aluoiba, Turkr anokAlon,
TooooT1Iaio onpeio, Hiaotnpa ePImoTtoouvng






ABSTRACT

The purpose of this project is to compare the quantiles and confidence intervals
estimated with classical and bootstrap methods for the case of independent and
identically distributed [i.i.d.] variables and the case of a Markov chain. After a
short historical overview of bootstrap methods, we expose the basic theory of Efron
bootstrap and weighted bootstrap. In the present study, Efron bootstrap and weighted
bootstrap with exponential and Poisson distribution were applied. We also include the
basic theory for the empirical distribution function, which is used for the estimation
of quantiles. Markov chains, which constitute the second type of sample used, are
theoretically analyzed, as well.

In regard with the application, for both the case of i.i.d. variables and the case of
Markov chain, we estimate the variance with classical method and various bootstrap
methods, and then compare it to the theoretical variance. Then we use the empirical
distribution function so as to estimate the quantiles, and last, having the previous
results of variance and quantiles, we get an estimation of confidence intervals.

Keywords: Bootstrap methods, weighted bootstrap, Efron bootstrap, empirical dis-
tribution function, empirical process, independent and identically distributed random
variables, Markov chain, variance, quantile, confidence interval






EKTENHZ INEPIAHWYH

Z10X0G g Mapouoag HETAITIUXIAKNAG £pyaoiag eival va ouyKkpivoupe ta rocootiaia
onpeia Kat ta dlaotrpata ERImotoouvng adpotou eKTPnOouv pe v KAaooikn pebodo kat
ne nebodoug bootstrap dtav éxoupe Selypa aveddptntov Kat 100vopa KATAVERNHEVOV
petaBAntov Kat otav £€xoupe papkoBiavr aiuoida.

ApY1ka eival amapaitntn piia cUVIOHn 10TOP1KI avadpollr], OXETKda pe tg pebodoug
bootstrap. Ilpokettat yia pua xkawnyopia piag euputepng kKAdaong pebodeov mou enava-
detypatoAnmovv ano 1o apXiké ouvolo dedopévav kat ovopdaloviat apa dadikaoieg
enavadsypatoAnyiag. Kamoieg dabikaoieg enavaderypatoAnyiag mapopoleg pe Tg
pebodoug bootstrap xpovoloyouvtatl anod 1o rpoto piod tou 200U at. (r.X. jackknife).
Qotooo, ntav o Efron (1979a) o onoiog cuvduaoce 16¢eg kKat ouvedeoe v arAr] | napa-
petpkr) péBodo Boototpart, yia ave§dptnteg KAl TAUTOTIKA KATAVEPRNHEVEG TIAPATIPTOELG,
n orola eravadelypatoAnriel anod ta dedopéva pe avikataotaor, HE TIPOYEVECSTEPA
OTATIOTIKA €pYaAeia yla v eKTipNon ToU TUIMKOU opdApatog oneg n pébodog jackknife
1 n pebodog delta. H 16€a tng SerypatoAnyiag P& aviikataotaor arno 10 apX1Ko deiypa
evroutolg rponyeitat tou Efron.

Ot enayyeApatieg otatiotikoi Bruce kat Simon, ) dekaetia tou '90, HiEdwoav péowm tng
etalpiag toug ) Xpnon v pebodwv bootstrap. Emiong ouveyi{ouv va xpnotpornotlouv v
nipoogyylon Monte Carlo yia toug exktiuntég mou Sivouv ot pebodot Boototparnt. Akopn,
uripéav aAdeg dadikaoieg mou ovopddoviav “bootstrap” kat drapépouv amo v 16éa
tou Efron, o oroiog os kdBe mepintwon pe ) dnpooicuor) tou (1979a)éBece 10 Sewpnuiko
untoBabpo 1@V PeBodwv bootstrap, ot oroieg avamtuxBnkav otn ouveéxeld TOC0 ATIO TOV
1610 600 Kal ano AAAOUG EPEUVITEG.

H yeviky] 16¢a 1ov pebodwv bootstrap ednyeitat otn ouvéxela: Av €évag eKUPNTAS NG
apaperpou tou detypatog oupBoAiletal wg 0, n Katavopr bootstrap yia (é - 0) eivar
Katavourn rou AapBdveratl dnpioupywviag apKetd 0 ave§dpmta, pe detypatoAnyia pe
avukataotacn and v eumnelpikn katavopr) Fy,. O ekupnmg bootstrap tou turkou
opdApatog tng @ eivatl tote n ik anokAon g Katavopng bootstrap yua (0 — 6). H
dladikaoia eivat amdn kat reptypdPetal ©g €§ng:

1. Anpoupyrote éva Oelypa pe aviikatdotaon arnod v eUMEIPIKN] Katavour (éva
betypa bootstrap),

A~

2.  YrmolAdyoe v upr) tou 6 ypnowporiowwviag to Selypa bootstrap ot 9éon tou
apxwkou detypartog,

3. EnavaAdBete ta Pripata 1 kat 2 k @opég.



Tuunepaopatikd, pag evblagépel n katavoun tng Siadopdg 6 — 6. Auto rou 51abe-
toupe eivat pia Monte Carlo nipooéyyton yia tnv katavopr) tng Swagopdg 6% — 4.

H 16¢a-xkAe1dl miow amnod 1o bootstrap eivat ot yla v apketd peydlo, MEPIPEVOURE
ol dUo katavopég va sivat oxedov 1d1eg. Ze PEPIKEG TEPUTIOOELG, €ipaote os 9€on va
uTtoAoyiocoupe Tov ekupnt bootstrap dpeca, xwpig tv npoofyylon Monte Carlo. H
Baowkr) 16éa dpa mice arno to bootstrap sivat 6t n petaBAntonta tou 6* (Bdoet F,) yupw
ané 0 9a eivat mapopola He t) petaBAntotnia tewv 0 (Baoet g MPAYPATIKYG KATAVOULG
tou mMAnBuopou F),) yUpe and tv mpaypatiky TP g napapétpou, f. Yrapyet Aoyog
Va IoTeVUoUHE 0Tl auto da 1oVl KAl yia peydla peyebn detypatog, agpou, kabwg to n Sa
yivetat 6o kat peyadutepo, n F), €épxetatl 6Ao kat mo kovid otn F' kat €10t SerypatoAnyia
He avukatdotaon anod F;, eivat oxedov cav tuyaia derypatoAnyia amo F.

O 10XUpPOg VOUOG TV HPEYAA®V aplOpov yia avefdptinieg TAUTOTIKA KATAVEUNHEVES
tuxaieg petaBAntég ouvendyetat 6t pe mbavounta €va, n F, ouykAivel oe F' kata onpueio.
'Eva 1oxupotepo amotédeopa, 1o Sswpnua Glivenko-Cantelli, 1oxupidetal 0t n eumelpikm
KATavopr) oUyKAivel opotopoppa pe rmbavotnta 1 owmyv F, étav ot nmapatnpnoelg sivat
ave§dpnieg Kat 1o0vopa Katavepnpéveg. AUt 10 depedindeg dewpnuiko arotédeopa
poodidetl a§lormotia otnv pooéyylon bootstrap.

‘Oviag pia amno Tig Mo ONHPAVIIKEG 16€e¢ TOU TOV TEAEUTAIO Y100 A1wVaA OTIS OTATIOTIKEG
epappoyeg, ot pEBodot bootstrap elonyayav minbog Kavotopmv mpoBANPATOV O0To0 XOPO
TV mbavottov, Ta oroia pe T oglpd Toug arotédecav ) Bdaon ywa ) dnpoupyia
véaV pabnuatikov dewpiov. Ot TePlooodtepeg amd auteg TIS dewpieg €xouv ekrovnOel
yla Vv Kuplapxn MeEPUTI®OT), Ot OTATIOTIKI IMIPAKTIKY, Otav 10 delypa aroteAeital amno
ave§dpnTeG KAl 100VOPa KATAVEPNHEVEG TUXAiEG PETABANTEG.

Zupgwva pe tov Efron, unobétoupe ot ta edopéva pag arotedovvial anod €va tuxaio
delypa ayveotng katavoprg mbavotiev F' oty ypappr) 1oV mpaypatikeov aplopov,

X1, X9, ..., X, ~ F. (1)

To &etypa bootstrap dev €xe1 antapaitnta to 1610 P€yeBog e aUTO TOU ApPX1KOU Selyatog.
H évvoia tou Setypatog bootstrap eivat n akodoubn:

Eow {p(1), p2), ...} pma akodoubia Seukov akepaiov kat yia kabe n € N, ot tuxaieg
petaBAntég { X, ., 1 < 9 < m(n)} Tpokumouv Setypatodeuttdviag m(n) @opés He
avikataotaot), ano ug n napawmpnoeg Xy, . .., X, £l oote yua kabe pia ano ug m(n)

erudeypéveg tipég, kaBe Xy, éxet rubavota 1/n va €xet erudeyet.

Evaddaxukd, yua ka6e n € N éxoupe X, ; = Xz, 1 < j < m(n), émou Z(n,j),
1 < j < m(n) eivar avedpu)teg tuxaieg petaBAntég opoldpopPa KATAVERNHEVEG OTO
{1,...,n} xa1 ave§aptieg and X- Aegxopaote xopig BAABN tng yevikountag 6Tt 0 X®POG
rubavotnuag (2, F, P) ‘pdofevel’ 6deg autég tg tuyaieg petaBAntég pe amd Kowou

katavopég. Tote, ot X7, ... X7 m(n) eivatl urno rpoUnobeoelg ave§dptnteg Kal 1covoua



katavepnpéveg 6edopevou Xy, = (Xp,...,X,) ne P{X}, = Xi|Xn} = n~' oxedov
BeBaing , 1 < k < n, n € N. T'a kabe delypa peyeboug n € N, n akodoubia avadpépetat
®G PN rapaperpiko bootstrap deiypa tou Efron, and Xy, ..., X, pe péyebog deiypatog
bootstrap ico pe m(n).

Av yevika X,, = x,, 10Te 1] péon Tun tou deiypatog eivat:

T zixn/n, (2)
1

KAl 1 apePOANTTTY EKTIPATPLA TG TUTUKAG arokAtong o(F):

(3)

M:

n—l

Egpappodoviag tov aAlyopiBpo Monte Carlo, éniwg meptypddpnke adpopepng rapandve,
naipvoupe tov bootstrap -ektipntr) g TUTIKLG ATIOKA101G

Zf=1{é* (b) B é*(')}2)1/2

OA-B = ( B _ 1 ) (4)
'‘Onou:
- 2 0%(b

n ektipnon g péong g tou detypatog pe ) pébodo bootstrap. 'Exoviag unoAoyioet
TOUG MAPATIAVE EKTIUNTEG, HMITOPOUME VA TIPOX®PEINOOUME OTOV UIOAOYIOHO TV Olaotn-
pdtev eprmotoouvng. H amAouotepn pébBodog twv bootstrap Siactnpdtev sprmotoouvng
eivat va mdapouvpe

0e[G(a/2),G7'(1 - a/2)]
®G €va mpooeyylouko 1 — a revipiko dwotpa ya 6. Tlpokewtat yua ) pébodo

exkatootiaiou onueiou. ‘Eoww G(s) n mapapetpikr) bootstrap cuvdptnon abpoloukig
Katavopung g 6%,

G(s) = Prob,{6* < s}, (6)

orou Prob, 6ndovel tnv mbavointa mou Umnoloyiotnke oUPP®VA e TNV KATAVOUT)
bootstrap g #*. To didotnpa g peboédou ekatootiaiou onpeiou eivat ardd o Sidotnua
petagy wv (a/2) - 100% rat (1 — «/2) - 100% exatootaiov onpeiov g KAtavopng



bootstrap tng 6*. To didotnpa exatootiai®v onuei®v £€Xe1 Akpa
Opla/2] = éil(a/Z). (7)
Auto ouykpivetal pe 1o didotnpa,

Os[a/2] = 6 + —— . /2, 8)

NG

A%ider va onpewwbei ot n péBodog bootstrap tou Efron mapouoiddel karmowa eyyevh
pelovektpata. Ma nmapddstypa, KAMOEG ApATProel§ PITOPEL va Xprotponolnfouy me-
P1O000TEPEG ATTO Pia POpPES eva dAAeg dev unokevtal o derypatoAnyia. I'a v vnépBaon
autou tou TPOoBANIATOg, TPOTAONKe Pia o Yevikr pop¢r] bootstrap, n otabpiopévn
bootstrap 1p€6obdog, n omoia anedeixOn KAl MO ATIOTEAECPATIKT] UTIOAOY10TIKA, O APKETEG
epappoyég. I'a tov oplopod g pebodou autng, Sewpoupe X, ) péor T tou detypatog
Xi,y oo, X war S2 = 37 (X; — X,)%/n, v urkn andkAon tou deiypatog. @sopoupie
éva diavuopa wxaiev Bapov W, = (W1, Wha, ..., Wy,,,), ave§aptnev ano ta dedopéva,
X, ..., X, Ynobétoupe ou yua kabe aképato n > 1, ta Bapn W, eivat evaddagiua.
Bdoet tou Savuopatog Bapav W, n yevikeupévn bootstrap péon tpn mou avuotoyel
oto 61dvuopa auto Sa eivat:

n

— 1
Xwn=—> Wo.:X;. 9
W =~ ) W, (9)

i=1

Ta Bapn W,, 9a wavortolovv tig &g cuvOnKeg:

Zinv epappoyn mou npaypatonou)fnke ota miaiola mg napovoag pyaciag xpnotpo-
nowOnkav n pebodog bootstrap tou Efron,n otabpiopévn pébodog pe ekOeTIKn Katavour)
Katl n otafBpiopévr péBodog pe katavopr| Poisson.
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Anapaitnto €ival va avapepBoulie Katl otnv EUNEPIKT] OUVAPTNON KATAVOUNG, 1] ortoia
XPNOHOIOONKe yid TV EKTIPNOL TV ITocootlainv onpeiov. Opiletat Aortov og eEng:

Av X1, ..., X, elvat éva tuxaio delypa and pia ouvaptnon katavoprs F' ot ypappn
TOV IPAYHATIKOV apldpav, 1] EQRIELPIKL OUVAPTI O KATAVOUnG eivat

F,(t) = %El{Xi <t} (10)
=1

[TpoKeltal yla QUOIKO EKTIPNTL TG UIMOKeipevng katavoung F' epooov eivat eviedog
ayveotn.

H cuvdpnon rnooootiaiou onpeiou mou avikel otnVv £ Katl mpoKUITeEl aro avilotpodr)
¢ Sa eivat

Q(s) =inf{z: F(z) = s},0 <s <1,

Q) = lm Q) = Q) Q) =lmQ(r) = Q1) Y
Kai, av onpewwooupe pe X, < --- < X, , mv katatadn wv X, ..., X,, n 100d0-
vapn ‘epnielpikn’ e§iomon Sa sivat:
On(s) — { i((;iz: ti gk:—ol')/n <s<k/n; k=1,...,n, (12)
AT16 10 VOPO TV PeydAav aplBpwov, TPOKUITIEL OTL
F,.(t) z6, F(t), eepy t. (13)

ATTO 10 KEVIPIKO 0PlaKO Je®pnid £ival ACUPITIOTIKA KAVOVIKT),

Vi(Fa(t) = F (1)) = N(0, F(1)(1 = F(t))). (14)

11



H eprnielpikr) Katavoun opidetat og P, = n=! Z?:l dx,, orou dx eivai n Dirac katavourn
mbavotntag mou npogpxetat ard X.

Av epappoooupe bootstrap oto eprnelpiko p€rpo, Sa £xet i popdn :
= 1 Z] 1 MnﬁéXw
orou M, ~ Mult,(n,(n™ %, ...,n"1)).

Ay W = (W,;,j=1...,n,n=1,2,...) opidouv Iptye@VIiKo mivaxka |r apvitkoV tuxaiov
petaBAntov pe 2?21 W,; = n" téte n oxéon:

|||
SIH

Z V[/}Lj(5)(;u (15)

opidel éva epmelpiko pérpo otabpiopévou bootstrap.

Me P, ériwg opidetat napanéve, X, = /n(P, —P¥) = Gp, ¢.6. H avtictoixn bootstrap
epnelpikn Hadikaoia eivat

X, (w) = X¥ = /n(P, — }] 1)dxe. (16)

%\

Tuxva n nooonta +/n(f, — 0) 6nou 9¢édoupe va epappdooupe bootstrap propei va
eEKPPAOTEl WG OUVAPTNON NG ePnelP1Kng Sadikaoiag:

X, = /n(P, — P).

Zta mAaiola tng epappoyng oe paproBiavr) aduoida xpelddetal apXikd va opicoupe Tt
eoti pia aduvoidba Markov:

OPIZMOZ 1. H ozipa twyaiov petabiniov X = (X,).en 0pt0ugvn oe va ywpo mdavo-
mtov (2, F,P), ue uueg oto nengpaoucvo ovvofo E = {1,..., s}, eivar wa papro6iavr
advoiba av, yia Kade un apvnukd akepalo n Kat KAde Kataoraon i, J, g, i1, - - - ,in_1 € F,
Exouus:

P(Xpp1 = j[Xo = i0, Xa = i1, ..o, X1 = in1, Xy = 4)
=P(X,p1 = j| X0 = 1) = pijn-

H 1o6tnta ovopddetat 1610tnta Markov.

H 1oxupn 1616tta Markov eivat:

12



OPIZMOZ 2. H advoiba Markov (X, ).en dewmpeitar 6u éxer v woyvpn biomra Markov
av, yta kade xpovo oraong 1, yia kade axépaio m € N kat kataotaon j € E éyouue

P(Xpir = j| X, k <T) = Py, (X = j) Z.6.

IMa g avaykeg tng epappoyng asloroidnkav Sewprjpata yua g paprobiaveég aiuoi-
0eg OIS 0 10XUPOG VOP0G TOV PEYAAR®V aplOP®V KAl TO KEVIPIKO 0PlaKO Sempnpd.

ITPOTAZH (Epyod1ko 9swpnpa ywa tig papkobravég aAduoideg) 3. Ia pia ausiom rkat
anegplobikn papkobiavn afuvaoida Exovue

piy —= v(Jj)
yia kade i, j € b.

ITPOTAZH 4. Ia pia ausiom kat arneptodikn uapkobiavn ajvoiba , utdpxel V 1 OTAoUn
katavour mg¢ aAvoidag téroia Mote P va ovykAivel ue ekdetucd pudud oto Il = 1" v, dmou
1=(1,...,1).

IIPOTAZH(Ioxupdg VOpOGg T®V HeEYAAwVv apOpav) 5. Ia uia gpyodikn uapkobiavn
aivoiba (X, )nen, UE OLAOUN KATAVOUN V, EXOULE

%ZZ=O 9(X) 71—1’0 Duepv(i)g(i) =: g.

IIPOTAZH (ReviplrO oplaro 9empnpa) 6. a uia egoyodikn puapkobiavn) afvoiba
(X1n)nen, UE OTAOWUN KATAVOUN V, EXOUUE

VAt S0 g(X) — ) 2> N (0,0,

onou
o? 1= gdiag(v)[2Z — 113",

omov Z = (I —p + )7 evar o Ysueicybng mivarxag tov p kar jeivar o Sidvvoua-
yoapun pe otoyceia §(i) :== g(i) — g, i€ E.

A@potou Aoutov avadvoupe 10 dewpnuikd unoBabpo tng epyaciag, IPOX®WEOUNE OtV
vloroinon g espappoyng. To mpodto pépog g ePpappoyns apopd oe ave§aptnieg
TAUTOTIKA KATAVEPNPEVEG TUXAleG PETABANTEG eved TO deutepo o papkoBiavr) aducida.
210 PpOTO PEPOG AOoV, eKTEAOUPE €va TANOOG TEPAPATOV, Yia S1adopeTikd 1eyEon
detypatog, yia dagopetikd apiBpo enavadnyewnv g pebodou bootstrap, yia ) otad-
piopévn pebodobootstrap pe Papn mou akolouBouv eKOETIKY] KATAVOUN] ] KATAVOUT)
Poisson, aAAd kat yla detypa tuxaiov petaBAntov mou akoAoubouUv KAVOVIKI), eKOETIKT)
] OHOIOPOP(N KATAVOUR. X& KABe meipapa tn PEon TN KAl TNV TUITKL ArtoKA10n)
tou Setypatog pe v KAaooikn pébodo kat pe ) pébodo bootstrap kat otn ouvéxela
urnodoyidoupe ta opdApata, oe oxEon KAl PE TG Jepniikeg TIPEG, KAl ta diaotrpata
€PIMoToouvnG.

13



[Ma myv nepineon v ave§dptniaVv Kal TAUTOTIKA KATAVEPNHIEVEV TUXAI®V PETaBANTOV
Sa unodoyiocoupe ta exkatootiaia onpeia @ote va ouykpivoupe pe ) de@wpnukd avape-
vopevn tar tous. ESw xpnowonoteitat n epmnepikn ouvaptnon katavopng. To neipapa
auto exktedeital yla dtapopetikd peyedn detypatog kat H1adpopetiko apldpo enavainyenv
bootstrap, yia ) pébodo Efron bootstrap kai otaBpiopévou bootstrap pe ekBetkn 1)
Poisson katavopn Papov kaBwg Kat yla U0 MePUTIOOEIS TUTTIKIG ATTOKAlONG, pia mepi-
III®OOT] XPNOTHOIoIOVIAS 1 Ye®pnTiKL) T Katl deUtepn MEPIMIOON XPNOTHOMOIOVIAS TNV
EKTIUNTPLIA. XTO0 TMEPAPATIKO PEPOG TTOU adopd otig papkroBiaveg aAluoideg umoAoyidoupe
) Ye®PNTKY TUITIKY ATTOKA10L, TNV EKTPNTPEIA TG aAAd Kat v eKupnIpla pe pebodo
bootstrap, 11§ onoieg kat ocuykpivoupe.

TéAog, ekTipoupe ta dHlaotpATa EUITIOTOOUVNG Yid TS U0 EKTIUATPIEG TNG TUITIKNAG
anokAlong Kat ouykpivoupe. Ta melpdapata Kat €8¢ exktedouvial yla S1apopeTikoug ouv-
duaopoug napapétpav, pEyebog papkoBiavrg aduoidag, apBpog enmavainyemv bootstrap
rAm. (H pebodoldoyia mou akoAoubrBnke meptypddetal avaluTikd OTO AvIioTolo Kepa-
Aaw.) Tha ug epappoyég mou vAdomowOnkav mapatibevial ta avtiotolxa aplOpnuka
ATIOTEAECPATA KAl YIVETAL P1a TIPOOTIAOE1a YPAPIKNG ATIEIKOVIONG PEPOUG AUTOWV OOTE va
yivouv o evAnmia. TéAog, €§ayoviatr KAMmola €rmpEPOug CUPIEPACHUATA avd £pappo-
Y1) Kal KATOld YEVIKOTEPA OUNITEPAOHATA ©OG IIPOG TV €PYAoia OUVOAIKA, ta oroia Kat
onpel®vovtal otnv tedevtaia napaypado mg Smlepatikng epyaociag.
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1 Introduction

1.1 Historical Overview of Bootstrap Methods

As defined in [1], the bootstrap is a form of a larger class of methods that resample
from the original data set and thus are called resampling procedures. Some resampling
procedures similar to the bootstrap go back a long way [e.g., the jackknife goes back to
Quenouille (1949), and permutation methods go back to the 1930s]. Use of computers
to do simulation also goes back to the early days of computing in the late 1940s.

However, it was Efron (1979a) who unified ideas and connected the simple non-
parametric bootstrap, for independent and identically distributed (IID) observations,
which “resamples the data with replacement”, with earlier accepted statistical tools
for estimating standard errors such as the jackknife and the delta method. The idea
of sampling with replacement from the original data did not begin though with Efron.
Also even earlier than the first use of bootstrap sampling, there were a few related
techniques that are now often referred to as resampling techniques. These other tech-
niques predate Efron’s bootstrap. Among them are the jackknife, cross-validation,
random subsampling, and permutation procedures.

The idea of resampling from the empirical distribution to form a Monte Carlo approx-
imation to the bootstrap estimate may have been thought of and used prior to Efron.
Simon (1969) has been referenced by some to indicate his use of the idea as a tool
in teaching elementary statistics prior to Efron. Bruce and Simon(1991, 1995) popu-
larized the bootstrap approach through their company and their associated software.
They also continue to use the Monte Carlo approximation to the bootstrap as a tool
for introducing statistical concepts in a first elementary course in statistics [see Simon
and Bruce (1991, 1995)]. It is clear, however, that widespread use of the methods (par-
ticularly by professional statisticians) along with the many theoretical developments
occurred only after Efron’s 1979 work. It should be noted here that there have been
other procedures called bootstrap as well, but differ from Efron’s concept.

1.2 General idea of bootstrap

According to [1], if an estimator of the parameter of the sample is denoted as 0, the
bootstrap distribution for (0 - 0) is the distribution obtained by generating 6 ’s by
sampling independently with replacement from the empirical distribution F),,. The
bootstrap estimate of the standard error of f is then the standard deviation of the
bootstrap distribution for (f - §) . It should be noted here that almost any parameter of
the bootstrap distribution can be used as a “bootstrap” estimate of the corresponding
population parameter. We could consider the skewness, the kurtosis, the median,
or the 95th percentile of the bootstrap distribution for § . Practical application of
the technique usually requires the generation of bootstrap samples or resamples (i.e.,
samples obtained by independently sampling with replacement from the empirical
distribution). From the bootstrap sampling, a Monte Carlo approximation of the
bootstrap estimate is obtained. The bootstrap is often referred to as a computer -

19



intensive method. It gets this label because in most practical problems, where it is
useful, the estimation is complex and bootstrap samples are required. The procedure
is straightforward and described as follows:

1. Generate a sample with replacement from the empirical distribution (a boot-
strap sample), R

2. Compute the value of f obtained by using the bootstrap sample in place of the
original sample,

3. Repeat steps 1 and 2 k times.

For standard error estimation, k is recommended to be at least 100. This recom-
mendation can be attributed to the article Efron (1987). R

What we would like to know for inference is the distribution of - § . What we have
is a Monte Carlo approximation to the distribution of 6*- #, where 6* is the estimation
that bootstrap method gives for the parameter §. The key idea of the bootstrap is that
for n sufficiently large, we expect the two distributions to be nearly the same. In a few
cases, we are able to compute the bootstrap estimator directly without the Monte Carlo
approximation. .

The basic idea behind the bootstrap is the variability of 6* (based on F},) around 6 will
be similar to (or mimic) the variability of é (based on the true population distribution
F,) around the true parameter value, 6 . There is good reason to believe that this will
be true for large sample sizes, since as n gets larger and larger, F),, comes closer and
closer to F' and so sampling with replacements from F, is almost like random sampling
from F'.

The strong law of large numbers for independent identically distributed random vari-
ables implies that with probability one, F;, converges to F pointwise [see Chung (1974
pp- 131-132) for details]. Strong laws pertaining to the bootstrap can be found in
Athreya (1983). A stronger result, the Glivenko-Cantelli theorem [see Chung (1974 ,p.
133)], asserts that the empirical distribution converges uniformly with probability 1 to
the distribution F when the observations are independent and identically distributed.
Although not stated explicitly in the early bootstrap literature, this fundamental theo-
retical result lends credence to the bootstrap approach. The theorem was extended in
Tucker (1959) to the case of a random sequence from a strictly stationary stochastic
process. In addition to the Glivenko-Cantelli theorem, the validity of the bootstrap re-
quires that the estimator (a functional of the empirical distribution function) converge
to the “true parameter value” (i.e., the functional for the “true” population distribu-
tion). A functional is simply a mapping that assigns a real value to a function. Most
commonly used parameters of distribution functions can be expressed as functionals
of the distribution, including the mean, the variance, the skewness, and the kurtosis.
Interestingly, sample estimates such as the sample mean can be expressed as the same
functional applied to the empirical distribution. The concept of an influence function
was first introduced by Hampel (1974) as a method for comparing robust estimators.
Influence functions have been used in robust statistical methods and in the detection
of outlying observations in data sets. Formal treatment of statistical functionals can be
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found in Fernholtz (1983). There are also connections for the influence function with
the jackknife and the bootstrap as shown by Efron (1982a).

Convergence of the bootstrap estimate to the appropriate limit (consistency) requires
some sort of smoothness condition on the functional corresponding to the estimator.
In particular, conditions given in Hall (1992a) employ asymptotic normality for the
functional and further allow for the existence of an Edgeworth expansion for its
distribution function. So there is more needed. For independent and identically
distributed observations we require

(1) the convergence of F),, to F' (this is satisfied by virtue of the Glivenko-Cantelli
theorem),

(2) an estimate that is the corresponding functional of F, as the parameter is of
F' (satisfied for means, standard deviations, variances, medians, and other sample
quantiles of the distribution), and

(3) a smoothness condition on the functional.

When the bootstrap fails (i.e., bootstrap estimates are inconsistent), it is often
because the smoothness conditions are not satisfied (e.g., extreme order statistics
such as the minimum or maximum of the sample). These Edgeworth expansions along
with the Cornish - Fisher expansions not only can be used to assure the consistency
of the bootstrap, but they also provide asymptotic rates of convergence.

Being one of the most important ideas of the last half century in the practice of
statistics, the bootstrap also introduced a wealth of innovative probability problems,
which in turn formed the basis for the creation of new mathematical theories. Most of
these theories have been worked out for the case, dominant also in statistical practice,
when the sample consists of i.i.d. random variables.
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2 Basic Theory

2.1 Efron Bootstrap

According to Csorgo and Rosalsky (2003) [3], as applied to a sequence X =
(X1, X5, ..., X,) of arbitrary random variables defined in L,(P) on a probability space
(€2, F, P), and a bootstrap sample size not necessarily equal to the original sample size,
the notion of a bootstrap sample is as follows: Let {m(1), m(2), ...} be a sequence of
positive integers and for each n € N, let the random variables {X;,; , 1 <j < m(n)}
result from sampling m(n) times with replacement from the n observations X, ..., X,
such that for each of the m(n) selections, each X; has probability 1/n of being chosen.
Alternatively, for each ne N we have X,,; = Xz(,;, 1 <j < m(n), where Z(n,j), 1
< j < m(n) are independent random variables uniformly distributed over 1,...,n and
independent of X; we may and do assume without loss of generality that the under-
lying space (€2, F, P) is rich enough to accommodate all these random variables with
joint distributions as stated. Then X7 ,,..., X/ . are conditionally independent and
identically distributed (i.i.d.) given X, =(X, ..., X,,) with P{X" | = X;[X,} = n~! almost
surely, 1< k< n, ne N. For any sample size ne N, the sequence is referred to as Efron’s
nonparametric bootstrap sample from X3, ..., X,, with bootstrap sample size m(n).

As stated in [11], we suppose that our data consists of a random sample from an
unknown probability distribution /' on the real line,

X, Xo,..., X, ~ F. (2.1.1)
Having observed X; = 21, Xy = 29, ..., X,, = z,, we compute the sample mean
T = x,/n, 2.1.2)
1

and wonder how accurate it is as finite estimate of the true mean ¢ = Ep{X}. The
standard error o(F’;n, ), that is the standard deviation of Z for a sample of size n from
distribution F', is

o(F) = [ErX? — (EpX)?]Y2. 2.1.3)

The shortened notation o(F') = o(F;n, ) is allowable because the sample size n and
statistic of interest  are known, only F' being unknown. The standard error is the
traditional measure of Z’s accuracy. Unfortunately, we cannot actually use (2.1.3) to
assess the accuracy of 7, but we can use the estimated standard error

_— o (2 — @)
G = Z TERIR (2.1.4)



the unbiased estimate of o (F).

There is a more obvious way to estimate o(F'). Let F indicate the empirical proba-
bility distribution,

Ia : probability mass 1/n on xy,T9,...,T,. (2.1.5)

Then we can simply replace F' by Fin (2.1.3), obtaining

o =o(F), (2.1.6)
as the estimated standard error for z. This is the bootstrap estimate. Since

o

A " . 7)?
a@0=2ﬁﬁ?gl, 2.1.7)
=1

0 is not quite the same as 7, but the difference is too small to be important in most
applications.

It turns out that we can always numerically evaluate the bootstrap estimate
6 = o(F), without knowing a simple expression for o(F’). The evaluation of ¢ is a
straightforward Monte Carlo exercise. In a good computing environment, the bootstrap
effectively gives the statistician a simple formula like (2.1.4) for any statistic, no matter
how complicated.

Standard errors are crude but useful measures of statistical accuracy. They are
frequently used to give approximate confidence intervals for an unknown parameter 6

o o
Vn Vn
where 2(®/?) is the (a/2) - 100% percentile point of a standard normal variate, e.g.,
2(0-95) — 1,645, and 212 = —2(@/2)  Interval (2.1.8) is sometimes good, and sometimes
not so good. The standard interval (2.1.8) is based on taking literally the large sample
normal approximation (f — #)/6 ~ N(0,1). Applied statisticians use a variety of tricks
to improve this approximation.

Here follows a more careful description of the bootstrap estimate of standard error.
For now we will assume that the observed data y = (21, zs,. .., x,) consists of indepen-
dent and identically distributed (iid) observations Xi, Xo,..., X,, ~uq¢ F, as in (2.1.1).
Here [' represents an unknown probability distribution on &, the common sample
space of the observations. We have a statistic of interest, say 0 (y), to which we wish to
assign an estimated standard error.

Let o(F) indicate the standard error of §, as a function of the unknown sampling
distribution F/,

felf+—- 2P 04— . 172 2.1.8)

o(F) = [Varp{0(y)}]">. (2.1.9)
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Of course o(F') is also a function of the sample size n and the form of the statistic

é(y) but since both of these are known they need to be indicated in the notation. The
bootstrap estimate of standard error is

& =o(F), (2.1.10)

where F is the empirical distribution (2.1.5), putting probability 1/n on each observed
data point z;.

In most cases, there is no simple expression for the function ¢(F') in (2.1.9). Nev-
ertheless, it is easy to numerically evaluate ¢ = U(F ) by means of a Monte Carlo
algorithm, which depends on the following notation: y* = (7, :1:2, ..., 2¥) indicates n
independent draws from F, called a bootstrap sample. Because F'is the empirical dis-
tribution of the data, a bootstrap sample turns out to be the same as a random sample
of size n drawn with replacement from the actual sample {1, Zs, ..., Z,}.

The Monte Carlo algorithm proceeds in three steps:

(i) using a random number of bootstrap samples, say y*(1),y*(2),...,y*(B);

(ii) for each bootstrap sample y*(b), evaluate the statistic of interest, say
0*(b) = 6(y*(b)),b—1,2,...,B; and

(iii) calculate the sample standard deviation of the é*(b) values

S (07 (b) — é*(')}2)1/2

o = ( 71 , (2.1.11)
B s
0*(-) = w. (2.1.12)

It is easy to see that as B — o0, g will approach ¢ = a(ﬁ’ ), the bootstrap estimate
of standard error. All we are doing is evaluating a standard deviation by Monte Carlo
sampling. For most situations B in the range 50 to 200 is quite adequate. We will
usually ignore the difference between 65 and &, calling both simply “6”.

Why is each bootstrap sample taken with the same sample size n as the original data
set? Remember that o(F) is actually o(F,n,0), the standard error for the statistic 6(-)
based on a random sample of size n from the unknown distribution F'. The bootstrap
estimate ¢ is actually o(F,n,0) evaluated at F' = F.

According to [11], in regard with confidence intervals, obtalmng 0, the estimated
standard error of an estimator 6 is already discussed. In practice, 6 and & are usually
used together to form the approximate confidence interval 6 € 0 + jﬁ 22 (2.1.8),
where 2(*/?) is the («/2) - 100% percentile point of a standard normal distribution.
The interval (2.1.8) is claimed to have approximate coverage probability 1 — a. (2.1.8)
is called the standard interval for f. The simplest method of bootstrap confidence
intervals is to take 6 € [G~1(a/2), G7!(1 —a/2)] as an approximate 1 — « central interval

for 0. This is called the percentile method. Define G(s) to be the parametric bootstrap
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cdf of é*

G(s) = Prob{0* < s}, (2.1.13)

where Prob, indicates probability computed according to the bootstrap distribution of
0*. The percentile method interval is just the interval between the (o/2) - 100% and
(1—a/2)-100% percentiles of the bootstrap distribution of §*. We will use the notation
0[c/2] for the «/2 level endpoint of an approximate confidence interval for #/2, so
0 € [0|a/2], 0[1—«/2]] is the central 1 — « interval. The percentile interval has endpoints

Op[a/2] = G (a/2). (2.1.14)

This compares with the standard interval,

Os[o/2] = 0 + — - 22, (2.1.15)

S8

Note that the bootstrap, according to Efron’s original formulation [9], presents some
drawbacks. Namely, some observations may be used more than once while others
are not sampled at all. To overcome that problem, a more general formulation of the
bootstrap has been introduced, the weighted (or smooth) bootstrap, which has also
been shown to be computationally more efficient in several applications.
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2.2 Weighted Bootstrap

According to [14], let yn denote the sample mean of Xq,..., X, and STQL, the sample
variance, Y (X; — X,,)?/n.

Consider a vector of random weights W,, = (W,,1,W,,4,..., W, ) independent of
the data X,...,X,,. Assume that for each integer n > 1, the components of W, are
exchangeable. Now form the generalized bootstrapped mean corresponding to the
weight vector W,,:

— 1
Xwn=—> W,.X;. 2.2.1
w, - E , ( )

Typically, the weights W,, will also satisfy

W) Wni=0,i=1,2,....n,n>1,
W) Z
1
n 4

Wrir)

n
Z —>p02 as mn — o0.

Assuming that 0 < VarX := ¢% < o0 uniformly in ¢,

P(vn(Xwn — X,)/Sn < t|Xy1,..., X,) = () as., (2.2.2)

as n — 00, where ® is the cumulative distribution function of the standard normal
random variable. A bootstrap procedure satisfying (2.2.2) is said to be consistent.

An example of weighted bootstrap in [5] (which satisfies the conditions Al-A5
analyzed in paragraph 2.5):

The iid-weighted bootstraps

Let Y1, Ys, ... be iid, positive random variables where || Y] ||2.1< o0, and define boot-
strap weights by W,,; =Y/ /Y . By taking, for instance, Y; iid exponential(1), the weights
become Dirichlet,(1,...,1), and we have the Bayesian bootstrap of Rubin (1981) and
Lo (1987). When the Y;’s are iid Gamma(4,1) [so that the W,,;/n are equivalent to four-
spacings from a sample of 4n — 1 Uniform(0, 1) random variables], this "iid-weighted"
bootstrap is second order equivalent to Efron’s multinomial bootstrap for bootstrapping
the sample mean, as noted by Weng (1989). Intuitively, these bootstraps are "smoother"
in some sense than the multinomial bootstrap since they put some (random) weight at
all of the X{’s in the sample, whereas the multinomial bootstrap puts positive weight
atabout 1 — (1 —n~ 1" — 1 — e ! ~ 0.6322 proportion of the X¢’s, on the average.
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For the class of weights of this example, Praestgaard (1990) has shown that implies,
in parallel to the results for Efron’s bootstrap in Gine and Zinn (1990) [13] and the
almost sure multiplier central limit theorem in Ledoux and Talagrand (1988, 1991).
This bootstrap satisfies Al1-A5 with ¢ = VarY;/(EY;)?%.

2.3 Distribution function and quantile function

As follows from [4], the empirical distribution of a random sample is the uniform
discrete measures on the observations.
Let X1,..., X, be a random sample from a distribution function F' on the real line.
The empirical distribution function is defined as
B () = 231X, < 1) 2.3.1)
n(t) =~ 2 ; <t} 3.
It is the natural estimator for the underlying distribution F' if this is completely un-
known.
In [9], the quantile function belonging to F' is also considered,

Q(s) =inf{z: F(z) = s},0 <s <1,
(2.3.2)
Q0) =lim Q(t) = Q(O7), Q)= lting(t) =Q(17)
and, with X;, < --- < X,,, denoting the order statistics of X,...,X,, its empirical
counterpart

| Xgp, f(k—1)/n<s<k/n; k=1,...,n,
Qn(s) = { X1, ifs =0, (2.3.3)

According to [4], because n[F,(¢) is binomially distributed with mean nF(t), this
estimator is unbiased. By the law of large numbers it is also consistent,
a.s.
F.(t) = F(t), every t. (2.3.4)

By the central limit theorem it is asymptotically normal,

Vn(Fa(t) — F(t)) 5 N0, F(t)(1 — F(t))). (2.3.5)

These results get improved by considering ¢t — [F,,(¢) as a random function, rather than
as a real-valued estimator for each ¢ separately. This is of interest on its own account
but also provides a useful starting tool for the asymptotic analysis of other statistics,
such as quantiles, rank statistics, or trimmed means.

The Glivenko-Cantelli theorem extends the law of large numbers and gives uniform
convergence. The uniform distance

|F, — Fl|loo = sup |F,(t) — F(t)| (2.3.6)
teR

is known as the Kolmogorov-Smirnov statistic.
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THEOREM (Glivenko-Cantelli) 2.3.1. If X, X,,... are i.i.d. random variables with
distribution function F, then |F, — F|., = 0.

The extension of the central limit theorem to a “uniform" or “functional" central limit
theorem is more involved. A first step is to prove the joint weak convergence of finitely
many coordinates. By the multivariate central limit theorem, for every ¢4, ..., {,

Vn(F,(t) — F(t1),...,Fo(ty) — F(ty)) ~ (Gr(t1), ..., Gr(ts)), (2.3.7)

where the vector on the right has a multivariate-normal distribution, with mean
zero and covariances

EGr(t)Gr(t)) = F(t: A t;) — F(t)F(t;). 2.3.8)

This suggests that the sequence of empirical processes /n(F, — F'), viewed as random
functions, converges in distribution to a Gaussian process Gy with zero mean and co-
variance functions as in the preceding display. According to an extension of Donsker’s
theorem, this is true in the sense of weak convergence of these processes in the Skoro-
hod space D[—0, o] equipped with the uniform norm. This limit process G is known
as an F-Brownian bridge process, and as a standard (or uniform) Brownian bridge if
F' is the uniform distribution A on [0, 1]. From the form of the covariance function
it is clear that the F-Brownian bridge is obtainable as G o F' from a standard bridge
G,. The name “bridge" results from the fact that the sample paths of the process are
zero (“tied down") at the endpoints 0 and 1. This is a consequence of the fact that the
difference of two distribution functions is zero at these points.

THEOREM (Donsker) 2.3.2. If X, Xo,... are i.i.d. random variables with distribution
Junction F, then the sequence of empirical processes +/n(IF,, — F') converges in distribution
in the space D[—o0, ] to a tight random element G, whose marginal distributions are
zero-mean normal with covariance function (2.3.8).

2.4 Bootstrap of empirical measures

We denote the empirical distribution, as denoted in [4], by P, = n-! Z?:l dx,, where
0x is the Dirac probability distribution that is degenerate at X. According to [5], the
bootstrapped empirical measure can alternatively be expressed as

P,

1 n
poy Zj:l Mnj(S)(jw

where M, ~ Mult,(n,(n"',...,n71)). As observed by Efron [(1982), Section 9.4,
pages 71-72], this suggests that there are, in fact, not just one but several ways
to bootstrap. If W = (W,,;,7 = 1...,n,n = 1,2,...) denote a triangular array of
nonnegative random variables with Z?:I Wy; = n; then

P,

Il
S|

PRUSTI® (2.4.1)
j=1
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defines a weighted bootstrap empirical measure. We refer to these as bootstraps with
exchangeable weights to distinguish them from Efron’s (multinomial) bootstrap. Boot-
straps with exchangeable weights have not been considered as closely as the Efron
bootstrap, and they are not yet widely used in statistical practice.

2.5 Empirical processes indexed by functions-Bootstrap empirical processes

As defined in [4], 1 et Xy,...,X,, be a random sample from a probability distribution
P on a measurable space (X, .A). Given a measurable function f : X — R, we write
P, f for the expectation of f under the empirical measure, and Pf for the expectation
under P. Thus

P,f = %Zf(Xi), szffdP. (2.5.1)

=1

As Efron (1982) stated in [10], in the modern theory of empirical processes it is
customary to identify P, P, and X,, with the mappings given by

foSfap=Pf f— §fdP, =n"" 301, f(Xi) = Pof

f > §Fd%, =020 (F(X,) — Pf) = X,(f). respectively.

and

Here, f € F, and F < Ly(P) is a collection of functions mapping the sample
space X to R. In this way, X,, becomes a random element of [*(F), the space of
bounded real functions on F. The most straightforward example is to take X = [0,1]
and let F be the collection of indicator functions of sets of the form [0, c], O<c<1. In
this case P, becomes the ordinary empirical distribution function. Donsker’s theorem
states that the empirical process converges in distribution to a Brownian bridge on
[0,1]. The same holds for the function-indexed empirical process.

According to [4], by the law of large numbers, the sequence P, f converges almost
surely to Pf, for every f such that Pf is defined. The abstract Glivenko-Cantelli
theorems make this result uniform in f ranging over a class of functions. A class F of
measurable functions f : X — R is called P-Glivenko-Cantelli if

IP.f — Pflz = sup P, f— Pf| 22 0. (2.5.2)
€

The empirical process evaluated at [ is defined as G,f = /n(P,f — Pf). By
the multivariate central limit theorem, given any finite set of measurable functions f;
with Pf? < oo,
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(Gofis. .., Gufi) ~ (Gpfi,...,Cpfr), (2.5.3)

where the vector on the right possesses a multivariate-normal distribution with mean
zero and covariances

EGpfGpg=Pfg— PfPg. (2.5.4)

The abstract Donsker theorems make this result “uniform" in classes of functions. A
class F of measurable functions f : X — R is called P-Donsker if the sequence of
processes {G, f : f € F} converges in distribution to a tight limit process in the space
[*(F). Then the limit process is a Gaussian process G p with zero mean and covariance
function as given in the preceding display and is known as a P-Brownian bridge. Of
course, the Donsker property includes the requirement that the sample paths f — Gf
are uniformly bounded for every n and every realization of X1, ..., X,,. This is the case,
for instance, if the class F has a finite and integrable envelope function /': a function
such that |f(z)| < F(z) < oo, for every x and f. It is not required that the function
x — F(x) be uniformly bounded.

For convenience of terminology we define a class F of vector-valued functions f : x —
R* to be Glivenko-Cantelli or Donsker if each of the classes of coordinates f; : z — R
with f = (fi,..., fx) ranging over F(i = 1,2,... k) is Glivenko-Cantelli or Donsker.
It can be shown that this is equivalent to the union of the k£ coordinate classes being
Glivenko-Cantelli or Donsker.

Whether a class of functions is Glivenko-Cantelli or Donsker depends on the “size"
of the class. A finite class of integrable functions is always Glivenko-Cantelli, and a
finite class of square-integrable functions is always Donsker. On the other hand, the
class of the square-integrable functions is Glivenko-Cantelli or Donsker only in trivial
cases. A relatively simple way to measure the size of a class F is in terms of entropy.

Praestgaard and Wellner (1992) [5] establish sufficient conditions on the weights W
for the exchandeably weighted bootstrap to “work" asymptotically, in the sense that
F € CLT(P] and PF? < o (and sufficient measurability) implies that, with IP’ given
above, X,, = \/ﬁ(IP’n — IP’;;) = Gp, a.s.

The corresponding bootstrap empirical process is

Xp(w) = X¥ = /n(P, —P¥) = Z 1)dxe. (2.5.5)

For a random variable Y we define || Y ||5,= So (Pr(] Y |> t))¥%dt. Often the
quantity 1/n(6,, — ) to be bootstrapped can be expressed as a function of the empirical
process which is defined as

X, =+/n(P, —P).
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Under the following quite general conditions on W we shall establish a central limit
theorem for the weighted bootstrap:

Al. The vectors W, are exchangeable, n = 1,2,....
A2. W,; >0, for all n, j and >;_, W,; = n, for all n.
A3. SUpPp || Wnl ||2715 M(W) < Q0.

A4, limy o im sup, oo supisat? P(Wyy = t) = 0.

A5. (1/n) 37 (Wy; — 1) — ¢* > 0, in probability.

W

a1

The main result is the following [5]:

THEOREM 2.5.1. Let F € M (P) be a class of Ly(P) functions, and let W be a triangular
array of bootstrap weights satisfying assumptions A1-A5. Then

FeCLT(P) and PF? < w
imply that

n

. 1 &
XY =— i —1)oxw @ .S. 2.5.
ﬁjz_l(w’” )oxe = ¢ Gpel®(Flas, (2.5.6)

where c in (2.5.6) is given by assumption A5.

THEOREM 2.5.2. Let F € M (P) be a class of Ly(P) functions, and let W be a triangular
array of bootstrap weights satisfying assumptions A1-A5. Then

FeCLT(P)
implies that

n

R 1 &
XY = In E (Woj — 1)oxe = ¢ Gpel®(F) in probability, (2.5.7)
n J
Jj=1

where c in (2.5.7) is given by assumption A5.

The calculations leading to Theorem 2.5.1 also show the following new result
about the Efron bootstrap with arbitrary bootstrap sample size. Form an iid sam-
ple an, o ,Xnm from P, and let an =m! 27:1 ) X denote the bootstrap empirical
measure for the bootstrap sample of size m.

COROLLARY 2.5.3. F € CLT(P) and PF? < o imply that

V(B —PY) = =3 (05, — P9) = Gp inl*(F) as. asn A m — .

This result for regular sequences m, and the corresponding “in probability" result
in general were known to Gine and Zinn [Arcones and Gine(1992)].

COROLLARY 2.5.4. F € CLT(P) implies that
V(P — P¥) = Gp inl®(F) in probability as n A m — 0.

Here [2] follows the development of the complete bootstrapped parallel to the
asymptotic theory of weighted empirical and quantile processes. Utilizing this parallel
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theory, a general body of techniques, which establish the asymptotic validity of
the bootstrap method of constructing confidence bands for statistical functions, is
presented. These techniques are demonstrated to be applicable to the construction of
asymptotic bootstrap confidence bands for a variety of concrete functions.

As Efron (1979) defined in [9], the bootstrap empirical and quantile processes are,
respectively,

mY*(Fn(z) — F(2)}, —o0 <z <o, (2.5.8)

and
MY Qmn(s) — Qu(s)}, 0<s<1, (2.5.9)

where ~ -

Fon(®)=m™'#{k: 1<k <m,X; <z}

Qun(s) = Xpmif (k—1)/m < s <k/m, k=1,...,m,

and

Qm,n(o) = Xl,m, with Xl,m <0< Xm,m
standing for the order statistics of the bootstrap sample Xl, e ,Xm with resam-

pling size m.

Among many other things, Bickel and Freedman (1981) established the weak con-
vergence of the processes in (2.5.8) and (2.5.9), and they were able to deduce the
asymptotic validity of the bootstrap method of forming confidence bands for /' and Q).

Here [9] we consider the validity of the bootstrap for general empirical functions
on the real line containing as special cases the empirical distribution function and the
empirical quantile function. This means that the ultimate aim is to show the asymptotic
validity of bootstrap confidence-band estimation of functions on the real line generally
different from F' and @). It is noted here that any convergence and other relations will
be understood throughout as n — oo if not specified otherwise.

Let 0p(-) be a statistical function of interest defined in an interval / < R and let
0.(-) = 0,(-; X1,...,X,,) be an appropriate estimator of fz(-) on /. We can allow [ to
be the union of a finite number of disjoint (finite or infinite) intervals. Typically, for the
process

n(t) = n1/2(9n(-) —0p(") (2.5.10)

one can find a sequence of copies le)( -) of a separable Gaussian process Gr(-) on I,

ie. Ql(w")(-) =p Gr(:) for each n > 1, such that on an appropriate probability space
(€2, A, P),
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P{sup |Gr(t)] <0} =1 and sup|r,(t) — gfp”)\ £o. (2.5.11)
tel

tel

Consequently, given 0 < a < 1, we have (on any probability space where the X’s are
defined)

P{0,(t) — en ™2 < 0p(t) < 0,(t) + en Y2 te I} - 1—a, (2.5.12)

provided that Gr(c) = 1 — a and ¢ = ¢(«/2, F) is a continuity point of the distribution
function

Gr(x) = Plsup|Gr(t)| < o},

tel

\%

0. (2.5.13)

This means that {,,(t)+cn~'/?,t € I}, is an asympotically correct (1—a)100% confidence
band for the statistical function 6.

It is rare that this method of forming asymptotically correct confidence bands is
feasible, since there are only a few cases when ¢ = ¢(«, F') is independent of F' and its
analytical form is known. The most well-known case when this is true is the choice
0r = F, 0, = F, and F is continuous. B

Consider the bootstrapped version of the empirical function 6,,(-) given by 6, ,,(-) =
Gm(-;~ Xl ye e ,Xm). Suppose we were able to show that on an appropriate extension
(Q, F, P) of the above probability space (2, F, P) there exist a sequence of versions

Q}m) of the process Gp, i.e. {(j}m) (t)te I} =p {Gr(t) : t € I} for each n and a sequence
of versions 0,, ,, of the process 6¢,,, such that

the sequences {Xp}o_, and {C;I(Tm) ©_, are independent, (2.5.14)
{(6n(5), Oun () = st € I} 2 {(B0(3), Oun (1)) : 5,8 € T} (2.5.15)

for each n,
sup |2 (B0 (t) — 0,(2)) — G2 (1)) L 0, (2.5.16)

tel

where m = m(n) — oo at an appropriate rate. (Here and in what follows =p stands
for the equality of all finite dimensional distributions of the stochastic processes on
the two sides.) From (2.5.11), (2.5.14), (2.5.15) and (2.5.16) we can conclude that
whenever z is a continuity point of G in (2.5.13) then

P{supm?|6,(t) — 0,(8)| < 2/ X1,..., X0} D Gp(x) (2.5.17)

tel
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(on any probability space) for the same m = m(n) sequence. Now fix 0 < o < 1 and
suppose we can show that G is continuous at both ¢ = ¢(a/2, F) = inf{z : Gp(z) >
l—a}land d =d(a/2,F) =sup{z: Gp(z) < 1—a}.

Given then the observations Xj,...,X,, for each m let ¢,, = ¢,(Xy,...,X,) be
defined as
e = inf{z : P{supm?|0,,,(t) — 0,(t)| < z|X1,..., X} = 1—al. (2.5.18)

tel
By 2.5.11 and 2.5.17 it is concluded that

P{supn?|0,(t) — 0p(t)| < cm} — 1 — a, (2.5.19)

tel
provided m = m(n) — < at the rate required by (2.5.14), (2.5.15) and (2.5.16). Hence
from (2.5.19) we see that an asymptotically (1 —a)100% confidence band for 0 is given

by

{0,(t) £ cun V2 t e I}, (2.5.20)

However, since, given X, ..., X, sup{m"2|0,,.,(t) — 0, (t)| : t € I} can take on as many
as n'™ possible values, which is typically an astronomically large number, c,, must in
most practical situations be estimated by Monte Carlo simulation.

Bickel and Freedman (1981) established the validity of the above procedure in two
cases. One is when 0r = F is an arbitrary distribution function, I = (—o0, ) and
0, = F,. The other is when 0r = @ as given in (2.3.2) , [ = [a,b] < (0,1),a < b, and
0, = Q,. If Gr is any separable, mean-zero, almost surely bounded Gaussian process
such that Vargp(t) > ( for some point ¢ of I, then G is continuous on the whole
half-line (0, c0).

The philosophy of the bootstrap principle includes the appealing heuristic idea that
bootstrapped versions 7,,, = ml/ 2(8m7n — 0,,) of processes 1, behave asymptotically
the same way as the original processes r,, under the same regularity conditions on
the underlying distribution, and, therefore, under the (preferably optimal) regularity
conditions of (2.5.11) we also have the final bootstrap confidence-band statement in
(2.5.19). One of the most powerful techniques of establishing a result (2.5.11) on the
real line (usually under optimal regularity conditions) is the weighted approximation
method of Csorgo, Csorgo, Horvath and Mason (1986a). The origin of this method goes
back to the works of Chibisov, Pyke and Shorack, Shorack and O’ Reilly.

Whatever result (2.5.11) can be proved by the weighted approximation method under
some regularity conditions on F' the bootstrap is automatically valid under the same
conditions, that is, we also have (2.3.2).

We have just defined our understanding of the asymptotic validity of the bootstrap in
the present confidence-band context. With the notable exception of Efron (1979) him-
self, most authors justify the bootstrap by proving that the statement corresponding
to (2.5.17) holds in the stronger sense of almost sure convergence rather than conver-
gence in probability. The present approach cannot be adapted to produce this. The in
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probability version of the justification of the bootstrap is in fact more universally appli-
cable than the almost sure version. There are cases when the bootstrap construction
of confidence intervals and bands cannot be justified by almost sure convergence while
it can be in the in probability sense.

2.6 Markov Chains

DEFINITION 2.6.1. The random variable sequence X = (X,,),cn defined on a probability
space (£, F,P), with values in the finite set ' = {1, ..., s}, is a Markov chain if, for any
nonnegative integer n and any states i, j, 1o, i1, . . ., in,_1 € E, we have: [6]

P(Xn+1 = j‘XO = Z.07)(1 = ilv s 7Xn—1 = Z-n—].a)(n = Z)

' (2.6.1)
=P(Xpy1 =71 Xn = 1) = pijn

The equality is called Markov property. If p;;., = p;; does not depend on n, then the
Markov chain is called homogeneous (with respect to time). In the sequel, we consider
only homogeneous Markov chains. The function (i,j) — p;;, defined on E x E, is
called the transition function of the chain. As we are concerned only with finite state
space Markov chains, we can represent the transition function by a square matrix
p = (pij)ijer € Mg. The n-step transition function is defined by

pg-L) = P(X,4m = j|Xin = i),for any m € N.

The transition function of a Markov chain satisfies the following properties:
1. Dij = 0,
2. ZjeEpij =1,

(n), (m) (n+m)
3. YkepPik Py = Dij s
foranyi,j € F and n,m = 0.

PROPOSITION 2.6.2. Let (X,,),en be a Markov chain of transition function p and initial
distribution a. For any n > 1 and any states i, 11, ..., 1, € I/, we have:

1. H’D(XO = Z.(), X1 = Z.l, e aXn—l = in—la Xn = ’Ln) = aiopioi1 .. ’pin—lin’

2. P(Xpg1 =01, o, Xogko1 = Gm1, Xok = 06| X0 = 90) = Pigiy - - - Diy_yigs

3. P<Xn+m = j|Xm = Z) = ]P(Xn = ]|XO = Z) = p?]

DEFINITION (stopping time or Markov time) 2.6.3. A random variable T', defined
on (Q, F,P), with values in N = N U {0}, is called a stopping time with respect to the
sequence (X, )nen if the occurrence of the event {T' = n} is determined by the past of the
chain up to time n, (Xy;k < n). More precisely, let F,, = o0(Xo,...,X,),n = 0, be the
o-algebra generated by X, ..., X, ie., the information known at time n. The random
variable T is called a stopping time if, for every n € N, {T = n} € F,.

DEFINITION (strong Markov property) 2.6.4. The  Markov chain
(Xn)nen is said to have the strong Markov property if, for any stop-
ping time T, for any integer m € N and state 7 € E we have

P(Xpir = 5| X k <T) = Px, (X = j) as.
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PROPOSITION 2.6.5. Any Markov chain has the strong Markov property.
Let us define:

o 7; = min{n|n € N* X,, = i} (with min @ = ), the first passage time of the chain
in state i. If Xo(w) = i then 7); is the recurrence time of state i. Note that 7; > 0.

e Ni(n) = Z;é 1(x,—i}, the time spent by the chain in state i, during the time
interval [0,n — 1]. If n = o0, then we note N; = N;(o0), with N; taking values in N.

e Nij(n) = 230 1 1{x, 1=i,x,—j}» the number of direct transition from i to j, up to
time n. If n = oo, then we note N;; = NN;;(0), with N;; taking values in N.

DEFINITION (recurrent and transient Markov chain) 2.6.6. A state: € F is called
recurrent if P;(n; < ) = 1; in the opposite case, when P;(n; < ©) < 1, the state i is
called transient. A recurrent state i is called positive recurrent if i}, = E;[n;] < o0 and
null recurrent if (1};.

The Markov chain is said to be (positive/null) recurrent (resp. transient), if all the
states are (positive/null) recurrent (resp. transient).

DEFINITION (irreducible Markov chain) 2.6.7. If for any states i, j there is a positive
(n)

integer n such that p;;” > 0, then the Markov chain is said to be irreducible.

DEFINITION 2.6.8. A probability distribution v on E is said to be stationary or invariant
Jor the Markov chain (X,,)en if, forany j € E,

ZjeE v(i)pi; = v(j),
or, in matrix _form,
vp = v,
where v = (v(1),...,v(s)) is a row vector.

PROPOSITION 2.6.9. For a recurrent state i, we have: v(i) = 1/puk.

DEFINITION 2.6.10. A state i € E is said to be periodic of period d > 1, or d-periodic, if
g.c.d{njn > 1,p}: > 0} =d. Ifd = 1, then the state i is said to be aperiodic.

DEFINITION 2.6.11. An aperiodic recurrent state is called ergodic. An irreducible
Markov chain with one state ergodic (and then all states ergodic) is called ergodic.

PROPOSITION (ergodic theorem for Markov chains) 2.6.12. For an irreducible and
aperiodic Markov chain we have

2 v (4)
foranyi,je FE.
PROPOSITION 2.6.13. For an irreducible and aperiodic Markov chain, there exists v
the stationary distribution of the chain such that p" converges at an exponential rate to
I=1"v, wherel = (1,...,1).
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PROPOSITION (strong law of large numbers) 2.6.14. For an ergodic Markov chain
(X)) nen, with stationary distribution v, we have

%ZZ:O 9(Xx) 7%’0 2uepv(i)g(i) =: g.

PROPOSITION [16] (central limit theorem) 2.6.15. For an ergodic Markov chain
(X)nen, with stationary distribution v, we have

V(s Sise 9(Xe) — ) = N(0,0%),

where
o? = gdiag(v)[2Z — 1]3",

where Z = (I —p + II)7! is the fundamental matrix of p and § is the row vector
with components §(i) := g(i) — g, i€ E.
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3 Application - i.i.d. case

This is the first part of arithmetical - experimental approach to the calculation of con-
fidence intervals. Here, we used independent and identically distributed (iid) variables
{Xi}iz1..n ., firstly in classical method of calculation and secondly within weighted
bootstrap method. In both cases, classical and bootstrap one, it was necessary to
calculate the mean value of the sample and the standard deviation.

For the classical method, the sample mean is defined as

~ "X
i=1< 1
X = =57

and the standard deviation as

Sn _ Z?:l (Xi*y)Q .

n—1
For the method of weighted bootstrap, bootstrap mean value is defined, accord-
ing to (2.2.1), as
71/\/,71 = Z:'L:l Wn,iXi’

for the weight vector W,, = (W,1,W,2,...,W,,) ., where the weights W satisfy
conditions W; — Wyyr.
The bootstrap standard deviation is calculated as

S = A/, W - (Xi — X )2,

Next, the errors of mean and variance were calculated, for classic and bootstrap
method:

y, = X, — i1, where y is the theoretical mean value,

Ys = XW,n - X,

Y2 = S, — o, where o is the theoretical variance,

ys = Sp — Sp.

Then, the confidence intervals could be calculated, both for classic and bootstrap
method:

confInterval = X,, + %

+ 2(2/2).5p

T

con fInterval Bootstrap = Xy,

where 2(%/? is the (a/2) - 100% percentile point of a standard normal distribu-
tion. According to standard method for confidence intervals (paragraph 2.1), these
interval ends give an approximate 1 —« central interval for X. All the above calculations
were conducted:
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e for two different percentile points, @ = 0.1 and o = 0.05 (thus for central intervals
of 90% and 95%), which give z(0.95) = 1.645 and z(0.975) = 1.96,

e for four different sizes of the sample, which are n = 1000, n = 2000, n = 5000,

and,

° for four different number of times that we get Bootstrap weights, which are
kE = 1000, = 2000, £ = 5000,

. for random variables following the law of normal distribution

(X; ~ N(0,1)), exponential distribution (X; ~ FExp(1)) or uniform distribu-
tion (X; ~ U(0,1)) and,

. for bootstrap weights following the law of exponential distribution
(Whpi ~ Exp(1)) or the law of Poisson distribution (W,,; ~ P(1)).

For the results we got, we also calculated the ratio of the estimated confidence interval
over the confidence interval estimated with bootstrap method, which is (right margin-
left margin)/(right margin B.-left margin B.). This ratio (\) as a function of the sample
size (n) is presented graphically. The results and graphs are presented below:
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X; ~ Exp(1) w; ~ Exp(1) conf. int 90%

n k y¥ Yy Yy Y CIL* CIR* CIL% CIRY A

200 200 0,0264 -0,0088 0,1703 -0,0365 0,8903 1,1625 0,8857 1,1495 11,0322
500 500 -0,0316 0,0001 -0,0707 0,0020 0,9000 1,0368 0,9000 1,0370 0,9979
1000 1000 0,0026 0,0006 -0,0665 0,0014 0,9540 11,0512 0,9546 1,0518 0,9985
1000 2000 0,0150 -0,0002 0,0180 -0,0018 0,9620 1,0680 0,9619 1,0677 1,0018
1000 5000 -0,0115 -0,0004 0,0010 -0,0007 0,9364 11,0406 0,9361 1,0401 11,0007
2000 1000 -0,0005 -0,0002 0,0262 -0,0010 0,9618 1,0372 0,9616 1,0370 11,0010
2000 2000 0,0025 -0,0006 -0,0334 -0,0006 0,9669 11,0381 0,9664 1,0374 1,0006
2000 5000 -0,0628 0,0003 -0,0286 -0,0002 0,9015 0,9729 0,9018 0,9732 11,0002
5000 1000 0,0150 -0,0007 0,0434 -0,0014 0,9907 11,0393 0,9901 1,0385 11,0013
5000 2000 0,0032 0,0000 -0,0176 -0,0003 0,9803 11,0261 0,9804 1,0260 1,0003
5000 5000 0,0132 -0,0001 -0,0004 -0,0005 0,9899 11,0365 0,9899 1,0363 1,0005
X; ~ Exp(1) W; ~ Exp(1) conf. int 95%

n k Yy ya Yy yx cIL* CIR* CIL% CIRY A

200 200 -0,0077 0,0000 -0,0775 0,0011 0,8644 1,1202 0,8643 1,1203 0,9988
500 500 0,0522 -0,0004 -0,0024 -0,0019 0,9648 11,1396 0,9645 1,1391 11,0019
1000 1000 -0,0104 0,0004 -0,0562 -0,0005 0,9311 11,0481 0,9315 1,0485 11,0005
1000 2000 -0,0544 0,0000 -0,0916 -0,0010 0,8893 11,0019 0.,8894 1,0018 11,0011
1000 5000 0,0731 0,0003 0,0881 -0,0007 11,0057 1,1405 1,0060 1,1408 1,0006
2000 1000 -0,0148 0,0001 -0,0137 0,0004 0,9420 11,0284 0,9421 1,0285 0,9996
2000 2000 0,0028 -0,0003 0,0081 -0,0007 0,9586 1,0470 0,9583 1,0467 1,0007
2000 5000 -0,0411 -0,0004 -0,0099 -0,0005 0,9155 11,0023 0,9151 1,0019 11,0005
5000 1000 -0,0072 0,0003 -0,0070 0,0007 0,9653 11,0203 0,9656 1,0206 0,9993
5000 2000 -0,0279 0,0003 -0,0279 -0,0005 0,9452 0,9990 0,9455 0,9993 11,0005
5000 5000 0,0023 0,0001 0,0138 -0,0002 0,9742 1,0304 0,9743 1,0305 11,0002
X; ~ Exp(1) W; ~ P(1) conf. int  90%

n k y¥ Yy Yy yx CIL* CIR* CIL% CIRY A

200 200 0,0296 -0,0031 -0,0071 -0,0032 0,9141 11,1451 09114 1,1416 11,0032
500 500 -0,0105 -0,0013 -0,0155 -0,0042 0,9171 11,0619 0,9161 1,0603 1,0043
1000 1000 -0,0003 0,0019 0,0230 0,0009 0,9465 11,0529 0,9483 1,0549 0,9991
1000 2000 0,0607 0,0014 0,1265 -0,0004 11,0021 11,1193 11,0035 1,1207 1,0004
1000 5000 -0,0708 0,0006 -0,0460 -0,0004 0,8796 0,9788 0,8802 0,9794 1,0004
2000 1000 -0,0158 -0,0002 -0,0756 -0,0011 0,9502 11,0182 0,9500 1,0180 11,0012
2000 2000 -0,0118 -0,0004 -0,0048 -0,0004 0,9516 1,0248 0,9512 1,0244 1,0004
2000 5000 0,0393 -0,0001 0,0030 -0,0003 11,0024 1,0762 1,0023 1,0761 1,0003
5000 1000 0,0058 0,0002 -0,0219 0,0000 0,9830 11,0286 0,9832 1,0288 11,0000
5000 2000 -0,0134 0,0000 -0,0086 -0,0001 0,9635 11,0097 0,9635 1,0097 1,0001
5000 5000 0,0085 -0,0003 0,0367 -0,0004 0,9844 11,0326 0,9841 1,0323 1,0004
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X; ~ Exp(1) W; ~ P(1) conf. int 95%

n k Yy Y yx yx cIL* CIR* CIL% CIRY A

200 200 -0,0700 0,0032 -0,0681 -0,0005 0,8008 11,0592 0,8041 1,0623 1,0005
500 500 -0,0117 0,0001 -0,0155 -0,0026 0,9020 11,0746 0,9023 1,0745 11,0026
1000 1000 0,0494 0,0020 0,0659 0,0041 0,9833 11,1155 0,9851 1,1177 0,9962
1000 2000 0,0307 0,0005 0,0369 -0,0006 0,9664 1,0950 0,9670 1,0954 1,0006
1000 5000 -0,0068 0,0003 0,0010 -0,0003 0,9312 11,0552 0,9315 1,0555 1,0003
2000 1000 0,0133 -0,0001 0,0423 -0,0008 0,9676 11,0590 0,9676 1,0588 11,0008
2000 2000 0,0204 -0,0004 0,0093 -0,0008 0,9762 11,0646 0,9758 1,0642 1,0008
2000 5000 -0,0320 -0,0002 -0,0466 -0,0003 0,9262 1,0098 0,9260 1,0096 1,0003
5000 1000 0,0099 0,0003 0,0224 -0,0002 0,9816 11,0382 0,9819 1,0385 11,0002
5000 2000 0,0122 0,0003 -0,0150 0,0002 0,9849 1,0395 0,9852 1,0398 0,9998
5000 5000 0,0040 -0,0002 -0,0276 -0,0003 0,9770 11,0310 0,9769 1,0307 1,0003
X; ~ N(1,1) W; ~ Exp(1) conf. int  90%

n k v Yy Yy yi CIL* CIR* CIL% CIRY A

200 200 -0,1069 0,0038 -0,0468 0,0003 0,7822 1,0040 0,7860 1,0078 0,9997
500 500 -0,0803 -0,0011 0,0194 0,0000 0,8447 0,9947 0,8436 0,9936 1,0000
1000 1000 -0,0481 -0,0003 -0,0214 0,0004 0,9010 11,0028 0,9007 1,0025 0,9996
1000 2000 -0,0149 0,0006 0,0337 -0,0007 0,9313 11,0389 0,9320 1,0394 1,0007
1000 5000 0,0007 -0,0003 0,0584 -0,0009 0,9456 1,0558 0,9454 1,0554 1,0009
2000 1000 0,0123 -0,0005 0,0177 -0,0004 0,9749 11,0497 0,9744 1,0492 1,0004
2000 2000 -0,0234 0,0006 0,0197 -0,0004 0,9391 11,0141 0,9397 1,0147 1,0004
2000 5000 0,0326 0,0000 0,0384 -0,0001 0,9944 1,0708 0,9944 1,0708 1,0001
5000 1000 0,0168 -0,0004 0,0345 -0,0003 0,9927 1,0409 0,9923 1,0405 11,0003
5000 2000 0,0192 -0,0006 0,0400 -0,0001 0,9950 11,0434 0,9944 1,0428 11,0001
5000 5000 0,0091 -0,0001 0,0394 -0,0002 0,9849 11,0333 0,9848 1,0332 11,0002
X; ~ N(1,1) W; ~ Exp(1) conf. int  95%

n k yf Yy Yy yi CIL* CIR* CIL% CIRY A

200 200 0,0503 -0,0058 0,0130 -0,0087 0,9099 1,1907 0,9053 1,1837 11,0087
500 500 0,0040 -0,0015 -0,0725 -0,0013 0,9227 1,0853 0,9213 1,0837 11,0014
1000 1000 0,0695 -0,0003 0,0088 -0,0003 11,0070 11,1320 1,0067 1,1317 11,0003
1000 2000 0,0199 0,0005 0,0429 -0,0004 0,9553 11,0845 0,9558 1,0850 11,0004
1000 5000 -0,0376 -0,0004 0,0162 -0,0004 0,8994 11,0254 0,8990 1,0250 11,0004
2000 1000 0,0250 0,0015 0,0088 -0,0004 0,9808 11,0692 0,9823 1,0707 1,0004
2000 2000 -0,0250 0,0004 0,0086 00,0002 0,9308 11,0192 0,9312 1,0196 0,9998
2000 5000 0,0031 -0,0001 0,0487 -0,0005 0,9571 11,0491 0,9571 1,0489 11,0005
5000 1000 -0,0017 0,0009 0,0516 0,0000 0,9692 1,0274 0,9701 1,0283 1,0000
5000 2000 -0,0204 0,0002 0,0488 -0,0003 0,9505 11,0087 0,9507 1,0089 1,0003
5000 5000 0,0056 0,0002 0,0523 -0,0001 0,9764 11,0348 0,9766 1,0350 1,0001
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X; ~ N(1,1) W; ~ P(1) conf. int 90%

n k Yy Y yx yx cIL* CIR* CIL% CIRY A

200 200 -0,0503 0,0043 -0,0706 -0,0031 0,8416 1,0578 0,8463 1,0617 1,0033
500 500 -0,0403 -0,0007 -0,0027 -0,0002 0,8863 1,0331 0,8856 1,0324 11,0002
1000 1000 0,0495 -0,0004 0,0148 -0,0004 0,9967 11,1023 0,9963 1,1019 11,0004
1000 2000 -0,0149 -0,0007 0,0295 -0,0002 0,9315 11,0387 0,9309 1,0379 1,0002
1000 5000 0,0308 0,0005 -0,0524 -0,0006 0,9815 11,0801 0,9820 1,0806 1,0006
2000 1000 -0,0065 0,0006 -0,0530 -0,0002 0,9587 1,0283 0,9593 1,0289 11,0002
2000 2000 0,0131 -0,0005 -0,0612 0,0000 0,9786 1,0476 0,9781 1,0471 1,0000
2000 5000 0,0031 -0,0001 -0,0835 0,0000 0,9694 1,0368 0,9693 1,0367 1,0000
5000 1000 -0,0162 0,0001 -0,0739 -0,0001 0,9623 1,0053 0,9624 1,0054 1,0001
5000 2000 -0,0202 0,0001 -0,0646 0,0000 0,9580 1,0016 0,9581 1,0017 1,0000
5000 5000 0,0106 0,0000 -0,0826 0,0001 0,9893 11,0319 0,9893 1,0319 0,9999
X; ~ N(1,1) W; ~ P(1) conf. int  95%

n k v Yy Yy yi CIL* CIR* CIL% CIRY A

200 200 -0,0502 0,0039 0,0231 -0,0027 0,8080 11,0916 0,8123 1,0951 1,0026
500 500 0,0357 0,0012 -0,0234 -0,0007 0,9501 11,1213 0,9514 1,1224 1,0007
1000 1000 0,0196 -0,0005 0,0317 -0,0007 0,9557 11,0835 0,9552 1,0830 11,0007
1000 2000 -0,0243 0,0005 -0,0230 0,0000 0,9151 11,0363 0,9156 1,0368 1,0000
1000 5000 -0,0037 0,0005 -0,0534 -0,0008 0,9376 1,0550 0,9382 1,0554 1,0008
2000 1000 -0,0115 -0,0015 -0,0477 0,0002 0,9468 1,0302 0,9453 1,0287 0,9998
2000 2000 -0,0059 0,0001 -0,0764 0,0001 0,9536 1,0346 0,9537 1,0347 0,9999
2000 5000 0,0185 0,0000 -0,0716 -0,0003 0,9778 1,0592 0,9778 1,0592 1,0003
5000 1000 0,0074 0,0002 -0,0727 -0,0004 0,9817 11,0331 0,9819 1,0333 11,0004
5000 2000 0,0040 -0,0002 -0,0695 0,0000 0,9782 11,0298 0,9780 1,0296 1,0000
5000 5000 0,0035 -0,0004 -0,0891 -0,0001 0,9783 11,0287 0,9779 1,0283 1,0001
X; ~ u(,1) wW; ~ Exp(1) conf. int 90%

n k yf Yy Yy yi CIL* CIR* CIL% CIRY A

200 200 -0,0327 -0,0013 -0,0032 -0,0012 0,4341 0,5005 0,4329 0,4991 11,0042
500 500 0,0179 0,0007 -0,0012 0,0003 0,4967 0,5391 0,4974 0,5398 0,9990
1000 1000 -0,0064 -0,0002 0,0072 -0,0001 0,4782 0,5090 0,4780 0,5088 11,0003
1000 2000 -0,0043 -0,0003 0,0063 -0,0001 0,4804 0,5110 0,4801 0,5107 11,0003
1000 5000 -0,0029 -0,0002 0,0006 -0,0001 0,4821 0,5121 0,4819 0,5119 1,0003
2000 1000 -0,0087 0,0000 -0,0002 0,0000 0,4807 0,5019 0,4807 0,5019 1,0000
2000 2000 0,0001 0,0003 0,0003 -0,0001 0,4895 0,5107 0,4898 0,5110 1,0003
2000 5000 -0,0015 0,0002 0,0033 0,0000 0,4878 0,5092 0,4880 0,5094 1,0000
5000 1000 0,0029 0,0000 0,0010 -0,0001 0,4962 0,5096 0,4962 0,5096 1,0003
5000 2000 0,0042 -0,0001 0,0020 0,0001 0,4974 0,5110 0,4973 0,5109 0,9997
5000 5000 0,0004 0,0001 0,0020 0,0000 0,4936 0,5072 0,4937 0,5073 11,0000
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X; ~ U(o,1) W; ~ Exp(1) conf. int 95%

n k Yy ya ya yx CIL* CIR* CIL% CIRY, A

200 200 -0,0333 0,0009 -0,0108 -0,0008 10,4282 0,5052 0,4292 0,5060 1,0029
500 500 -0,0131 -0,0004 -0,0030 -0,0001 0,4619 0,5119 0.,4615 0,5115 1,0004
1000 1000 -0,0199 0,0000 0,0044  0,0000 0,4619 0,4983 0,4619 0,4983 1,0000
1000 2000 -0,0020 -0,0001 0,0046 -0,0002 0,4798 0,5162 0,4797 0,5161 11,0007
1000 5000 0,0002 0,0001 0,0081 -0,0002 0,4818 0,5186 0,4819 0,5187 11,0007
2000 1000 -0,0037 0,0004 -0,0027 -0,0001 10,4838 0,5088 0,4842 0,5092 1,0003
2000 2000 -0,0001 0,0001 -0,0017 -0,0002 0,4873 0,5125 0,4874 0,5126 1,0007
2000 5000 0,0038 0,0000 0,0004 -0,0001 0,4911 0,5165 0,4911 0,5165 1,0003
5000 1000 0,0062 0,0001 -0,0002 -0,0001 0,4982 0,5142 0,4983 0,5143 11,0003
5000 2000 -0,0008 0,0002 -0,0003 -0,0001 0,4912 0,5072 0,4914 0,5074 1,0003
5000 5000 0,0013 0,0001 0,0006 -0,0001 0,4933 0,5093 0,4934 0,5094 1,0003
X; ~ U(0,1) Wi ~ P(1) conf. int  90%

n k Y yx yi yx CIL* CIR* CIL% CIRY A

200 200 0,0003 0,0000 0,0003 -0,0006 0,4667 0,5339 0,4668 0,5338 11,0021
500 500 -0,0061 0,0004 0,0119 -0,0005 0,4718 0,5160 0,4722 0,5164 1,0017
1000 1000 0,0012 0,0002 -0,0004 -0,0003 0,4862 0,5162 0,4864 0,5164 11,0010
1000 2000 -0,0018 0,0002 0,0000 -0,0002 0,4832 0,5132 0,4834 0,5134 11,0007
1000 5000 0,0065 0,0001 -0,0009 -0,0001 0,4915 0,5215 0,4916 0,5216 1,0003
2000 1000 0,0014 0,0002 -0,0001 0,0001 0,4908 0,5120 0,4910 0,5122 0,9997
2000 2000 -0,0057 0,0001 0,0014 -0,0001 0,4836 0,5050 0,4837 0,5051 1,0003
2000 5000 0,0017 0,0000 -0,0005 0,0000 0,4911 0,5123 0,4911 0,5123 11,0000
5000 1000 -0,0029 0,0000 0,0035 -0,0001 0,4903 0,5039 0,4903 0,5039 1,0003
5000 2000 0,0004 -0,0001 -0,0014 0,0000 0,4937 0,5071 0,4936 0,5070 1,0000
5000 5000 0,0011 0,0000 0,0004 0,0000 0,4944 0,5078 0,4944 0,5078 1,0000
X; ~ U(0,1) w; ~ P(1) conf. int 95%

n k y¥ Yy Yy yx CIL* CIR* CIL% CIRY A

200 200 0,0139 -0,0016 0,0064 0,0003 0,4730 0,5548 0,4714 0,5532 0,9990
500 500 -0,0137 -0,0004 0,0006 -0,0004 0,4609 0,5117 0,4606 0,5112 1,0014
1000 1000 0,0065 0,0003 -0,0008 -0,0002 0,4887 0,5243 0,4890 0,5246 1,0007
1000 2000 0,0083 0,0001 -0,0030 -0,0003 0,4906 0,5260 0,4907 0,5261 1,0011
1000 5000 0,0064 0,0003 0,0057 -0,0003 10,4882 0,5246 0,4885 0,5249 11,0010
2000 1000 -0,0149 -0,0003 0,0004 -0,0003 0,4724 0,4978 10,4721 0,4975 11,0010
2000 2000 -0,0050 -0,0001 0,0021 0,0000 0,4823 0,5077 0,4822 0,5076 1,0000
2000 5000 -0,0035 0,0001 -0,0018 0,0000 0,4839 0,5091 0,4840 0,5092 1,0000
5000 1000 -0,0069 -0,0002 -0,0013 -0,0001 0,4851 0,5011 0,4849 0,5009 11,0003
5000 2000 -0,0007 0,0000 -0,0006 0,0000 0,4913 0,5073 0,4913 0,5073 11,0000
5000 5000 -0,0040 0,0001 0,0007 00,0000 0,4880 0,5040 0,4881 0,5041 1,0000

*CIL : left margin for confidence interval - classical
*CIR : right margin for confidence interval - classical
*CILp : left margin for confidence interval - bootstrap

*CIRp : right margin for confidence interval - bootstrap
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*y; : error for mean value-classical
*y9 : error for variance-classical

*y3 @ error for mean value-bootstrap
*y4 @ error for variance-bootstrap
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From the preceding tables of results, for all distributions of random variables or
bootstrap weights considered here and also for both percentile points used, follows
that, as we increase the sample size (n 1) and the number of iterations (k 1), errors tend
to be smaller and margins of confidence intervals get generally smaller, mainly for great
increase of sample size. Remarking the results of each line, we note that in most cases
bootstrap method gives better results, which is, in our experiments, smaller errors and
narrower confidence intervals.

46



Calculation of quantiles

The purpose of this part is to calculate the quantiles with the use of the empiri-
cal function. Based on the formula (2.2.2) we have to form the quantity

0; = ﬁ-(i%:jw
for every set of bootstrap weights. The values of the sample mean and sample
variance are calculated as described in chapter 3. When the value of (); is calculated
for all bootstrap iterations, the empirical function (2.3.1) is used so as to get an
estimation of the quantile.

In our experiment, the sample follows normal random distribution: X; ~ AV(1,1). Since

a = 0.1 (central interval of 90%) empirical function is set equal to 0.95, so theoretical
Zl_a/Q = 1.645.

The experiment is conducted

e for Efron bootstrap and weighted bootstrap, with the cases of weights following
the exponential law WV, ; ~ Exp(1)) or the Poisson law (W,,; ~ P(1)),

e for sample size n = 1000, n = 2000 and n = 5000

¢ for a number of bootstrap iterations: £ =1000, 2000, 5000

and

e for two values of variance, either the estimated variance (5,) or the theoretical
variance (o) of the sample.

Each case of the experiment is conducted 5 times and for each case we calculated the
average, the minimum and the maximum value. Based on these values, some graphs
were made. The results and graphs are:
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Weighted  Bootstrap W; ~ P(1) with estim.  variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,4041 1,5895 1,6827 1,5783 1,6384 1,6829 1,6468 1,6372 1,7495
1,8242 1,5500 1,6290 1,6984 1,6333 1,6483 1,7103 1,5908 1,6237
1,4534 1,6315 1,6350 1,6127 1,6374 1,6799 1,6560 1,5772 1,6320
1,2611 1,6596 1,6247 1,6210 1,6637 1,6403 11,5363 1,6452 1,6396
1,2889 1,6300 1,5998 1,5478 1,7016 1,6545 1,7169 1,6849 1,6565
minimum  1,2611 1,5500 1,5998 1,5478 1,6333 1,6403 1,5363 1,56772 1,6237
average 1,4463 1,6121 1,6342 1,6116 1,6549 1,6612 1,6533 1,6271 1,6603
maximum 1,8242 1,6596 1,6827 1,6984 1,7016 1,6829 1,7169 1,6849 1,7495
Weighted  Bootstrap W; ~ P(1) with theor. variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,6704 1,6485 1,6219 1,5028 1,6132 1,6027 1,5925 1,6779 1,6196
1,3025 1,5501 1,6484 1,6054 1,5869 1,6364 1,4909 1,5756 1,7054
1,4286 1,5798 1,6402 1,6472 1,56637 1,56927 1,6970 1,5936 1,6232
1,2926 1,6635 1,6613 1,5711 1,6922 1,5845 1,6384 1,7124 1,5994
1,2882 1,6084 1,6155 1,5708 1,7221 1,6157 1,5246 1,5866 1,5913
minimum  1,2882 1,5501 1,6155 1,5028 1,56637 1,56845 1,4909 1,56756 1,5913
average 1,3965 1,6101 1,6375 1,5795 11,6356 1,6064 1,5887 1,6292  1,6278
maximum 1,6704 1,6635 1,6613 1,6472 1,7221 1,6364 1,6970 1,7124 1,7054
Weighted  Bootstrap W; ~ Exp(1) with estim.  variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,4849 1,6688 1,6365 1,6050 1,6913 1,6399 1,5751 1,6671 1,6677
1,4979 1,7453 1,6338 1,6500 1,6825 1,6328 1,5726 1,6720 1,6764
1,2580 1,6172 1,6991 1,5693 11,6204 11,6280 1,7647 1,56946 1,6165
1,7499 1,6465 1,6565 1,7064 1,6719 11,6304 1,6938 1,6031 1,6338
1,4357 1,6116 1,6380 1,6944 1,6442 1,5846 1,7072 1,5620 1,6518
minimum 1,2580 1,6116 1,6338 1,5693 1,6204 1,5846 1,5726 1,5620 1,6165
average 1,4853 1,6579 1,6526 1,6450 1,6621 1,6231 1,6627 1,6198 1,6492
maximum 1,7499 1,7453 1,6991 1,7064 1,6913 1,6399 1,7647 1,6720 1,6764
Weighted  Bootstrap W, ~ Exp(1) with theor. variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,2639 1,6109 1,6066 1,6969 1,5535 1,6197 1,6155 1,6672 1,6349
1,3980 1,6749 1,6253 1,6126 1,6093 1,6246 1,5663 1,4992 1,6232
1,3562 1,5574 1,6303 1,5834 11,6104 11,6232 11,7032 1,6406 1,5901
1,4021 1,6172 1,6409 1,7451 1,6144 1,6577 1,6308 1,6556 1,5675
1,2327 1,6671 1,6232 1,6532 1,6269 1,5625 1,6049 1,6770 1,6292
minimum 1,2327 1,5574 1,6066 1,5834 1,5535 11,5625 1,5663 1,4992 1,5675
average 1,3306 1,6255 1,6253 11,6582 1,6029 1,6175 11,6241 1,6279  1,6090
maximum 1,4021 1,6749 1,6409 1,7451 1,6269 1,6577 1,7032 1,6770 1,6349
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Efron Bootstrap with estim. variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,3674 1,6655 11,6209 1,6929 1,6728 11,6377 1,7112 1,6350 11,6555
1,8528 1,7080 11,6866 1,7105 11,5715 1,6509 1,5952 1,6681 11,6321
1,7157 1,6364 1,6374 1,6311 11,6550 1,5960 1,6472 1,6154 1,6022
1,5680 1,56788 11,6473 1,6712 1,6624 11,5934 1,6030 1,6010 1,6250
1,3322 1,6546 1,6410 11,6369 1,6926 11,6547 1,5925 1,6171 11,6138
minimum  1,3322 1,56788 11,6866 1,6311 1,56715 1,5934 1,5925 1,6681 11,6022
average 1,5672 1,6487 1,6266 1,6685 1,6509 1,6265 1,6298 1,6073 1,6257
maximum 1,8528 1,7080 11,6473 1,7105 1,6926 1,6547 1,7112 1,6350 11,6555
Efron Bootstrap with theor variance
n=1000 n=1000 n=1000 n=2000 n=2000 n=2000 n=5000 n=5000 n=5000
k=1000 k=2000 k=5000 k=1000 k=2000 k=5000 k=1000 k=2000 k=5000
1,2101 1,5988 11,6328 1,5740 1,6565 1,5798 1,5193 1,6886 11,5891
1,5269 1,7058 1,6916 1,5671 1,6977 11,6436 1,6094 1,6457 1,6497
1,2956 1,6090 11,5540 1,6288 11,5905 1,6003 1,6035 1,5441 1,6407
1,2935 1,6571 11,5889 1,6757 1,5981 1,6051 1,6860 1,5953 11,6117
2,0408 1,6387 1,6368 1,5774 1,6271 1,6621 11,7112 1,6181 11,5600
minimum  1,2101 1,5988 11,5540 1,5671 1,5905 1,5798 1,5193 1,5441 1,5600
average 1,4734 1,6419 11,6208 11,6046 1,6140 11,6182 11,6259 1,6184 1,6102
maximum 2,0408 1,7068 1,6916 1,6757 1,6565 11,6621 1,7112 1,6886  1,6497

Here we have the results of estimated quantiles for approximate central interval of
90%. The experiment was conducted for different bootstrap methods and combinations
of sample size-bootstrap iterations. The results are close to the value z = 1, 645, which
corresponds to central interval of 90%. Also, they tend to be closer to this theoretical
value as sample size and number of bootstrap iterations grow. Since we repeat each
experiment for 5 times, this tendency becomes more clear.
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4 Application - Markov Chains

The purpose here is to estimate the variance, the quantiles and the confidence intervals
in the Markov chain setting (and not i.i.d. variables). The steps followed are:

1. First, it is necessary to produce the trajectory of a Markov Chain.

2. As second follows the calculation of the theoretical variance.

3. Then, the variance is estimated.

4. Using the method of weighted bootstrap, with weights following the law of Poisson
distribution and Exponential distribution, we get another estimator of the variance.

5. After the estimation of variance, we estimate the quantiles.

6. The calculation of confidence intervals constitutes the last part.

To be more specific:

1. So as to produce the trajectory of a Markov chain, we use the transition probability
matrix P = (P;;),4,j € E where £ = {1,2,3,4}:

0,5 0,20 0,20 0,10
p- 0,25 0,25 0,25 0,25
0,3 0,25 0,20 0,25
0,15 0,35 0,25 0,25
First, we choose an initial value, X, = 1. Then, for as many times as until we

get the total number of random variables that the MC should have, we gener-
ate a random independent uniform variable U, such that U < >};_, P, s, where j will
be the next state of the trajectory. In this way the random variables of MC are produced.

2. The theoretical variance is calculated according to Proposition 2.6.15, where
the transition probability matrix P is used in any calculations needed.

3. For the estimation of variance, first we have to estimate the transition proba-
bility matrix (here we don’t use the one given as data, we estimate it though):

Jf’w(n) = Nij(:) for i#7j

and R .
Pyj(n) =1-3,_, Pu(n),with k#j, for i=j
where

Nij(n) = 21 Lxa=ix=jy  and - Ni(n) = 350 x =iy,
according to proposition (2.6.5).

The row vector v consists of the elements v (i) =
ary matrix is given by IT = 17y, where 1 = (1,...

>_i lix,—i and the station-

1
n
,1). According to propositions
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(2.6.14) and (2.6.15), always for a fixed j, an estimator of the mean value (é) and an
estimator of variance are calculated.

4. Here we estimate again the variance, but at this time, we use the method of
weighted bootstrap. Therefore, for a number of iterations (/V), we generate a sample

of weights every time, (Wl(l), . WT(LI)), for [ = 1,...,N and calculate the following
quantity, for each iteration:

/. n l n
a(j) = VS Wy — L3 Tixsyy)

Since it is known that it follows the normal distribution, we can calculate its
variance, which is the estimator of the variance we are interested in.

5. In order to estimate the quantiles [15], we use the smallest 2z, such that

N )/
%Zza 1{1/17(1)(]) <zpzl-oa

where
Ui (j) = \C_l&(l)(j)], for 1=1,...,N.

Here z is a (1 — «/2) - 100% percentile point of normal distribution for an ap-
proximate central interval of 1 — «. In our case c = 1.

6. The basic formula for the calculation of confidence intervals is

ConfInterval = X + &2~

T

The experiment described above was conducted:

e for central confidence interval of 95% and 97,5% and

e for the case of weighted bootstrap with exponential distribution W, ,, ~ exp(1) and
weighted bootstrap with Poisson distribution W, ~ P(1),

e for Markov chain of size n =1000, 2000, 5000 and
e for number of bootstrap iterations d =1000, 2000, 5000.

As done in the case of i.i.d. random variables, the ratio A was calculated here as
well. The results are presented in the following tables. Also, some graphs depicting the
errors estimated as a function of n or k¥ and \ as a function of n (averaged over d) or d
(averaged over n) are presented here:
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W; ~ Exp(1) fn=2095 j=2

n* 1000 1000 1000 2000 2000 2000 5000 5000 5000

d+ 1000 2000 5000 1000 2000 5000 1000 2000 5000
Jth 0,3213 10,3213 0,3213 0,3213 0,3213 10,3213 0,3213 0,3213 0,3213
g 0,2600 0,2460 0,2500 0,2405 0,2550 0,2600 0,2494 0,2516 0,2436
Oth 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447
o 0,4551 0,4429 0,4714 0,4392 0,4429 0,4419 0,4425 0,4341 0,4353
ow 0,4281 0,4239 0,4367 0,4308 0,4271 0,4371 0,4366 0,4269 0,4296
z 0,8373 0,8095 0,8454 0,8599 0,8167 0,8534 0,8307 0,8299 0,8504
CL* 0,2479 0,2347 0,2374 0,2321 0,2469 0,2516 0,2442 0,2465 0,2384
CR* 0,2721 0,2573 0,2626 0,2489 0,2631 0,2684 0,2546 0,2567 0,2488
CLE 0,2487 0,2351 0,2383 0,2322 0,2472 0,2517 0,2443 0,2466 0,2384
CRE 0,2713 0,2569 0,2617 0,2488 0,2628 0,2683 0,2545 0,2566 0,2488
A 1,0631 11,0448 11,0795 1,0195 1,0370 1,0110 1,0135 11,0169 11,0133
W ~ Exp(1) fn=0,975 =2

n* 1000 1000 1000 2000 2000 2000 5000 5000 5000
d 1000 2000 5000 1000 2000 5000 1000 2000 5000
Gth 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213
g 0,2430 0,2580 0,2550 0,2495 0,2355 0,2400 0,2612 0,2502 0,2514
Oth 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447
o 0,4422 0,4455 0,4336 0,4251 0,4211 0,4311 0,4512 0,4434 10,4471
ow 0,4344 0,4342 0,4379 0,4512 0,4158 0,4288 0,4517 0,4331 0,4364
z 0,9525 0,9550 0,9915 0,9838 0,9406 0,9529 0,9915 0,9617 0,9706
CL* 0,2297 0,2445 0,2414 0,2401 0,2266 0,2308 0,2549 0,2442 0,2453
CR* 0,2563 0,2715 0,2686 0,2589 0,2444 0,2492 0,2675 0,2562 0,2575
CL% 02299 10,2449 0,2413 0,2396 0,2268 0,2309 0,2549 0,2443 0,2454
C'RE 0,2561 0,2711 0,2687 0,2594 0,2442 0,2491 0,2675 0,2561 0,2574
A 1,0180 11,0260 0,9902 0,9422 1,0127 11,0054 0,9989 11,0238 1,0245
*n : the size of the Markov Chain

*d : the number of iterations of the bootstrap method

«CL: the left margin of the confidence interval, estimated as CL = g — f/%

*C'R: the right margin of the confidence interval, estimated as CR = g + f/rfl

*C Lp: the left margin of the confidence interval, estimated as CLp = g — &\V/V{

*C Rp: the right margin of the confidence interval, estimated as CRp = g + &\V/Vﬁ'z
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W ~ P(1) fn=20,95 j=2

n* 1000 1000 1000 2000 2000 2000 5000 5000 5000

d 1000 2000 5000 1000 2000 5000 1000 2000 5000
Gth 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213
g 0,2840 0,2330 0,2660 0,2505 0,2600 0,2620 0,2618 0,2400 0,2478
Oth 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447
o 0,4398 0,4194 0,4556 0,4494 0,4273 0,4277 0,4425 0,4207 0,4347
ow 0,4526 0,4177 0,4491 0.,4353 0,4389 0,4390 0,4355 0,4192 0,4328
z 0,8905 0,8086 0,8873 0,8908 0,8391 0,8619 10,8453 0,8133 0,8959
CL* 0,2716 0,2223 0,2532 0,2415 0,2520 0,2538 0,2565 0,2352 0,2423
CR* 0,2964 0,2437 0,2788 0,2595 0,2680 0,2702 0,2671 0,2448 0,2533
CL% 02713 0,2223 0,2534 0,2418 0,2518 0,2535 0,2566 0,2352 0,2423
CRY  0,2967 0,2437 0,2786 0,2592 0,2682 0,2705 0,2670 0,2448 0,2533
A 0,9717 11,0041 11,0145 1,0324 0,9736 0,9743 11,0161 11,0036 1,0044
Wi ~ P(1) fn=0,975 =2

n* 1000 1000 1000 2000 2000 2000 5000 5000 5000
d 1000 2000 5000 1000 2000 5000 1000 2000 5000
gth 0,3213 10,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213 0,3213
g 0,2510 0,2610 0,2640 0,2465 0,2755 0,2835 0,2578 0,2478 0,2584
Oth 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447 0,4447
o 0,4412 0,4343 0,4515 0,4339 0,4424 0,4592 0,4562 0,4440 0,4475
ow 0,4320 0,4424 0,4417 0,4325 0,4498 0,4500 0,4402 0,4386 0,4365
z 0,9836 0,9860 0,9833 0,9733 1,0265 11,0002 0,9478 0,9801 0,9836
CL* 0,2373 0,2475 0,2500 0,2371 0,2653 0,2732 0,2517 0,2416 0,2522
CR* 0,2647 0,2745 0,2780 0,2559 0,2857 0,2938 0,2639 0,2540 0,2646
CLE 0,2376 0,2472 0,2503 0,2371 0,2652 0,2734 0,2519 0,2417 0,2523
CRY 02644 0,2748 0,2777 0,2559 0,2858 0,2936 0,2637 0,2539 0,2645
A 1,0213 0,9817 11,0222 1,0032 0,9835 11,0204 11,0363 11,0123 1,0252
*n : the size of the Markov Chain

#d : the number of iterations of the bootstrap method

+*(C L: the left margin of the confidence interval, estimated as CL = § — "7%

#*C R: the right margin of the confidence interval, estimated as CR = g + %

*C'Lp: the left margin of the confidence interval, estimated as C'Lp = g — 6%2

*C Rp: the right margin of the confidence interval, estimated as CRg = g + 6%Z
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Wi~ Exp(1)
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It is concluded here for another time that bootstrap methods give better estimations
compared to classical estimation method. In most calculations done in this experi-
ment, bootstrap variance is smaller than the other estimated variance, thus gives also
narrower confidence intervals, which is graphically depicted with A > 1. Also, we see
that for random variables belonging to a Markov chain, the conclusions are similar as
in the case of i.i.d. variables.

5 Conclusions

Within this project, bootstrap methods were studied, starting from the basic theory
and then through applying their basic principles.

This made it possible to study the applications of bootstrap methods on the calcu-
lation of statistical measures like variance, quantiles and confidence intervals.

It was observed that generally we got better results when using bootstrap methods.
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