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PerÐlhyh

Sth fÔsh up�rqoun sust mata ta opoÐa qarakthrÐzontai apì thn Ôparxh arg¸n kai gr gorwn
qronoklim�kwn. 'Otan oi gr gorec qronoklÐmakec eÐnai aposbetikèc, opìte exantloÔntai polÔ
sÔntoma, tìte ta sust mata aut� onom�zontai dÔskampta (stiff). H ex�ntlhsh twn gr gorwn
qronoklim�kwn shmatodoteÐ thn an�ptuxh di�forwn exisorrop sewn metaxÔ twn sunistws¸n tou
sust matoc kai thn dunatìthta perigraf c thc exèlixhc tou fainìmenou apì èna aplopoihmèno
argì (non-stiff) sÔsthma. Paradosiak�, h kat�strwsh tou aplopoihmènou sust matoc gÐnontan
me th bo jeia twn asumptwtik¸n mejìdwn, oi opoÐec eÐnai qr simec gia sqetik� apl� sust ma-
ta. H qr sh twn mejìdwn aut¸n bohj� sthn aplopoÐhsh twn susthm�twn kai sth kalÔterh
katanìhsh twn fusik¸n diergasi¸n pou montelopoioÔntai.

TeleutaÐa, se antikat�stash twn paradosiak¸n asumptwtik¸n mejìdwn, èqoun arqÐsei na
qrhsimopoioÔntai algorijmikèc asumptwtikèc mèjodoi, oi opoÐec proseggÐzoun ton gr goro kai
argì upoq¸ro tou efaptomenikoÔ q¸rou (tangent space) twn f�sewn, stouc opoÐouc droun oi
gr gorec kai argèc, antÐstoiqa, qronoklÐmakec. 'Otan exantloÔntai oi gr gorec qronoklÐmakec,
h lÔsh exelÐssetai ston argì upoq¸ro ìpou kuriarqoÔn oi argèc qronoklÐmakec, sÔmfwna me
to aplopoihmèno sÔsthma (AS). O q¸roc autìc kaleÐtai arg  analloÐwth pollaplìthta (AAP)
(Slow Invariant Manifold / SIM).

Sth sugkekrimènh ergasÐa ja qrhsimopoihjeÐ h tropopoihmènh algorijmik  mèjodoc CSP
(Computational Singular Perturbation), h opoÐa prosdiorÐzei me meg�lh akrÐbeia thn AAP kai
to AS, mèsw thc diadikasÐac twn epanal yewn (refinements) ìpou epanaprosdiorÐzontai ta
dianÔsmata b�shc pou par�goun touc gr gorouc kai argoÔc upoq¸rouc, ìpou droun antÐstoiqa
oi gr gorec kai oi argèc qronoklÐmakec.

To prìblhma pou ja mac apasqol sei eÐnai èna mh-grammikì dÔskampto sÔsthma dÔo su-
zeugmènwn talantwt¸n. 'Ena tètoio sÔsthma mporeÐ na montelopoi sei di�fora probl mata thc
mhqanik c, talantwtik c fÔsewc, me mh-grammik  talantwtik  sumperifor�. Sth paroÔsa erga-
sÐa ja prosdioristeÐ o argìc kai o gr goroc upìqwroc me th bo jeia thc tropopoihmènhc mejìdou
CSP kai ja kataskeuasteÐ h AAP. H akrÐbeia thc AAP ja epibebaiwjeÐ me thn parakoloÔjhsh
thc poreÐac diafìrwn lÔsewn tou sust matoc.
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Abstract

In nature there are systems which are characterized by the existence of slow and fast time
scales. When the fast time scales are of dissipative nature and consequently they are exhausted
very soon, these systems are called stiff. The fact that the fast time scales are exhausted leads to
the development of several equivalences among the various processes of the system and enables
us to describe the evolution of the phenomenon by a simplified non stiff system. Traditionally
the formulation of the simplified system was done with the asymptotic methods which are
useful for relatively simple systems. The use of these methods helps in the simplification of the
systems and in the better understanding of the natural processes which are modelized.

Nowadays in replacement of the traditional methods, algorithmic methods are used, which
are defining the fast and slow subspace of the tangent space of faces in which the fast and
slow timescales act. When the fast timescales are exhausted the solution evolves in the slow
subspace, where the slow timescales are dominant, according to the simplified system (SM).
This space is called Slow Invariant Manifold (SIM)

In this work the modified algorithmic method CSP (Computational Singular Perturbation)
will be used, which can define the SIM and the SM with big accuracy through the procedure
of refinements. This procedure redefines the base vectors which produce the fast and slow
subspaces, where the fast and slow timescales evolve.

The problem that we are going to deal with is a non-linear stiff system of two coupled
oscillators. Such a system can model various engineering problems of oscillatory nature with
non-linear oscillating behaviour. In the present work the slow and the fast subspaces will be
defined with the use of the modified method CSP and the SIM will be described. The accuracy
of the SIM will be guaranteed by the follow up of the evolution of the solutions of the system.
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Kef�laio 1

Eisagwg 

Sthn paroÔsa ergasÐa ja asqolhjoÔme me sust mata suzeugmènwn talantwt¸n. Lègontac sÔ-
sthma suzeugmènwn talantwt¸n ennooÔme sthn pio apl  tou morf  dÔo talantwtèc, ìpou o k�je
ènac èqei m�za m kai stajer� elathrÐou k, oi opoÐoi sundèontai mèsw enìc trÐtou talantwt  me
stajer� elathrÐou kC ìpwc faÐnetai sto Sq. 1.

Sq ma 1. SÔsthma dÔo suzeugmènwn talantwt¸n.

Sth fÔsh up�rqoun poll� fainìmena ta opoÐa mporoÔn na montelopoihjoÔn me èna sÔsthma
dÔo suzeugmènwn talantwt¸n [3], [4], [5], [15], ìpwc sto q¸ro thc anjrwpologÐac to perp�thma
tou anjr¸pou, sto q¸ro thc mhqanik c ènac kinht rac pou eÐnai edrasmènoc mèsw elastikoÔ
sundèsmou se èna ploÐo   se èna autokÐnhto, sto q¸ro thc nauphgik c to axonikì sÔsthma
(�xonac - propèla) enìc ploÐou,   h metallik  kataskeu  enìc ploÐou h opoÐa apoteleÐtai apì
enisqutik� ta opoÐa uposthrÐzontai apì enisqumènouc dokoÔc.

O trìpoc me ton opoÐo ja kinhjoÔn oi dÔo suzeugmènoi talantwtèc exart�tai apì th sqetik 
touc jèsh kat� thn ènarxh tou fainìmenou [6], [7].

Up�rqoun oi ex c peript¸seic:

1) An oi arqikèc metatopÐseic eÐnai Ðdiec kat� mètro kai for�, oi dÔo talantwtèc kinoÔntai
summetrik� petuqaÐnontac tautìqrona ta mègista pl�th. Sq. 2(a)

2) An oi arqikèc metatopÐseic eÐnai Ðdiec kat� mètro all� antÐjetec kat� for�, oi dÔo ta-
lantwtèc kinoÔntai antisummetrik� petuqaÐnontac tautìqrona mègista all� antÐjeta pl�th. Sq.
2(b)

9
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(a) (b)

Sq ma 2. KÐnhsh dÔo talantwt¸n (a) me Ðdiec kai (b) antÐjetec arqikèc metatopÐseic.

3) An o ènac talantwt c xekin� me arqik  metatìpish en¸ o �lloc brÐsketai sth jèsh isor-
ropÐac, tìte kat� thn tal�ntwsh ìtan o ènac petuqaÐnei to mègisto pl�toc o �lloc brÐsketai
sth jèsh isorropÐac tou. Sq. 3(a)

4) An t¸ra xekin soun kai oi dÔo me k�poia arqik  all� diaforetik  metatìpish, tìte kat�
thn tal�ntwsh enall�ssontai gÔrw apì autèc tic metatopÐseic. Sq. 3(b)

(a) (b)

Sq ma 3. KÐnhsh dÔo talantwt¸n me (a) mhdenik  gia ton èna kai mh mhdenik  gia ton �llo
arqik  metatìpish kai (b) diaforetikèc mh mhdenikèc arqikèc metatopÐseic gia k�je èna.

E�n to prìblhma eÐnai grammikì mporeÐ na brejeÐ h analutik  èkfrash thc lÔshc mèsw tou
kajorismoÔ twn idiotim¸n kai idiodianusm�twn tou sust matoc. E�n to prìblhma eÐnai mh gram-
mikì h lÔsh brÐsketai mèsw arijmhtik c epÐlushc tou sust matoc twn diaforik¸n exis¸sewn.

Sun jwc aut� ta probl mata qarakthrÐzontai apì thn Ôparxh pollapl¸n qronoklim�kwn,
k�poiec apì tic opoÐec eÐnai gr gorec kai k�poiec �llec argèc. E�n oi gr gorec qronoklÐmakec
eÐnai aposbetikèc, tìte exantloÔntai polÔ pio gr gora apì tic argèc kai anaptÔssetai ènac a-
rijmìc exisorrop sewn metaxÔ twn di�forwn diadikasi¸n tou probl matoc o arijmìc twn opoÐwn
eÐnai Ðsoc me ton arijmì twn gr gorwn qronoklim�kwn. Oi pio gnwstoÐ tÔpoi aut¸n twn exisor-
rop sewn eÐnai h QSSA (Quasi-Steady State Approximation) h opoÐa sqetÐzetai me ta stoiqeÐa
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tou dianÔsmatoc pou perigr�fei to prìblhma kai h PEA (Partial Equilibration Approximation)
h opoÐa sqetÐzetai me tic fusikèc diadikasÐec pou montelopoioÔntai. 'Ena tètoio prìblhma lègetai
dÔskampto [1], [2], [12], [16] kai h lÔsh tou mporeÐ na upologisteÐ me th bo jeia thc QSSA, thc
PEA,   thc asumptwtik c an�lushc kai eidik� thc mejìdou twn idiìmorfwn diataraq¸n.

Me th bo jeia twn mejìdwn aut¸n, ekmetalleuìmenoi to gegonìc oti oi gr gorec aposbeti-
kèc qronoklÐmakec exantloÔntai polÔ gr gora, mporoÔme na prosdiorÐsoume èna q¸ro lÔsewn
mikrìterhc di�stashc o opoÐoc onom�zetai arg  analloÐwth pollaplìthta (AAP) (Slow Invari-
ant Manifold / SIM), kaj¸c epÐshc kai to aplopoihmèno argì sÔsthma (AS) twn exis¸sewn
pou prosdiorÐzei thn kÐnhsh thc lÔshc sto q¸ro autì [1], [16]. Autìc eÐnai ènac trìpoc me ton
opoÐo mporoÔme na prospaj soume na lÔsoume meg�la kai sÔnjeta sust mata aplopoi¸ntac ta
mèsw thc el�ttwshc tou arijmoÔ twn metablht¸n. EpÐshc me tic mejìdouc autèc mporoÔme na
katano soume kalÔtera th fusik  tou probl matoc prosdiorÐzontac tic diadikasÐec pou summe-
tèqoun sto sqhmatismì thc AAP kai tou AS kai tic metablhtèc pou sundèontai me tic argèc kai
gr gorec qronoklÐmakec.

Prokeimènou na efarmìsoume tic parap�nw paradosiakèc asumptwtikèc mejìdouc, to arqikì
sÔsthma exis¸sewn prèpei na grafeÐ se adi�stath morf , na prosdioristeÐ o arijmìc twn gr -
gorwn qronoklim�kwn, na diaqwristoÔn oi argèc apì tic gr gorec metablhtèc sto di�nusma pou
perigr�fei to prìblhma kai na prosdioristeÐ h mikr  par�metroc e h opoÐa eÐnai o lìgoc thc pio
arg c apì tic gr gorec proc thn pio gr gorh apì tic argèc qronoklÐmakec kai eÐnai endeiktik 
tou kenoÔ metaxÔ gr gorwn kai arg¸n qronoklim�kwn tou sust matoc. K�ti tètoio ìmwc gia
meg�la kai sÔnjeta sust mata, ta opoÐa kurÐwc mac endiafèroun, eÐnai praktik¸c adÔnato.

Sthn ergasÐa twn Georgiou, Schwartz [16] analÔetai h di�taxh twn dÔo talantwt¸n pou faÐ-
netai sto Sq.4, h opoÐa montelopoieÐ mia dÔskampth kataskeu  pou apoteleÐtai apì èna eÔkampto
mh grammikì talantwt  m1 kai ènan �kampto grammikì m. ParadeÐgmata tètoiwn kataskeu¸n
eÐnai to sÔsthma enìc peristrefìmenou �xona p�nw se mia biskoelastik  èdrash   to sÔsthma
èlika-�xonac enìc ploÐou. 'Otan h kÐnhsh tou sust matoc exart�tai apì mia arg� metaballìmenh
sunist¸sa kai apì mia gr gora metaballìmenh sunist¸sa h opoÐa exantleÐtai polÔ sÔntoma o
upologismìc thc lÔshc autoÔ tou sust matoc gÐnetai me th bo jeia thc asumptwtik c an�lushc
kai pio sugkekrimèna mèsw thc an�lushc idiìmorfwn diataraq¸n.

Sq ma 4. Mh grammikìc talantwt c m�zac m1 sundedemènoc me èna grammikì talantwt 
m�zac m.

Me th bo jeia thc an�lushc idiìmorfwn diataraq¸n prosdiorÐzoume èna sÔsthma exis¸sewn
h lÔsh tou opoÐou katal gei se mia elktik  amet�blhth pollaplìthta, gnwst  wc AAP. Aut 
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eÐnai ènac upoq¸roc tou q¸rou twn f�sewn pou perilamb�nei tic argèc sunist¸sec tou sust -
matoc.

'Enac �lloc trìpoc asumptwtik c an�lushc tou probl matoc eÐnai me th qr sh thc algo-
rijmik c mejìdou CSP(Computational Singular Perturbation) [1], [2], [8], [12], h opoÐa lìgw
thc algorijmik c fÔshc thc mporeÐ na prosdiorÐsei thn AAP kai to AS gia meg�la kai sÔnjeta
majhmatik� montèla, parèqont�c mac megalÔterh akrÐbeia apì tic klasikèc mejìdouc pou anafèr-
jhkan pio p�nw. Autì epitugq�netai mèsw tou orismoÔ twn dianusm�twn pou proseggÐzoun ton
argì kai gr goro upoq¸ro kai ton epanaprosdiorismì (refinement) twn dianusm�twn aut¸n. H
akrÐbeia thc mejìdou exart�tai apì ton arijmì twn epanal yewn (refinement), kaj¸c epÐshc kai
apì to mègejoc tou kenoÔ e pou parousi�zetai metaxÔ twn arg¸n kai gr gorwn qronoklim�kwn,
to opoÐo orÐzetai wc h apìstash metaxÔ thc pio arg c apì tic gr gorec qronoklÐmakec kai twn
arg¸n qronoklim�kwn oi opoÐec tautÐzontai.

Sthn ergasÐa twn Gousis, Valorani [12] anaptÔsetai h tropopoihmènh mèjodoc CSP. H mèjo-
doc aut  efarmìzetai se dÔskampta sust mata ta opoÐa qarakthrÐzontai apì thn Ôparxh arg¸n
kai gr gorwn aposbetik¸n qronoklim�kwn oi opoÐec exantloÔntai gr gora, af nontac tic argèc
na prosdiorÐsoun thn exèlixh tou fainìmenou. Tìte ìpwc mporoÔme na doÔme stic ergasÐec twn
Kourdis, Steuer, Gousis, Valorani [2], [8], [12] h ex�ntlhsh ttwn gr gorwn qronoklim�kwn mac
dÐnei th dunatìthta na prosdiorÐsoume algorijmik� me th bo jeia thc mejìdou CSP thn AAP,
kaj¸c epÐshc kai to AS to opoÐo perigr�fei thn kÐnhsh thc lÔshc p�nw sthn AAP.

'Etsi aplopoioÔme to dÔskampto sÔsthma afoÔ èqoume mikrìtero arijmì agn¸stwn kai dou-
leÔoume se èna q¸ro qwrÐc gr gorec qronoklÐmakec. EpÐshc to AS mac dÐnei th dunatìthta na
prosdiorÐsoume th lÔsh tou arqikoÔ montèlou, pr�gma to opoÐo den eÐnai p�nta dunatì me thn
asumptwtik  an�lush, idÐwc ìtan èqoume meg�la kai sÔnjeta montèla. Tèloc o prosdiorismìc
twn fusik¸n diadikasi¸n, ìpwc eÐnai h fÔsh twn exisorrop sewn oi opoÐec mac perigr�foun thn
AAP, kaj¸c epÐshc o prosdiorismìc twn kurÐarqwn exisorrop sewn pou mac odhgeÐ sth diamìr-
fwsh tou AS, mac bohjoÔn sthn kalÔterh fusik  katanìhsh kai ermhneÐa tou probl matoc.

H tropopoihmènh mèjodoc CSP eÐnai pio akrib c se sqèsh me thn mèjodo CSP ston prosdio-
rismì thc AAP kai tou AS idÐwc stic peript¸seic ìpou h AAP èqei polÔ mikr  di�stash, dhlad 
ìpou èqoume shmantik  aplopoÐhsh tou sust matoc. H diafor� se sqèsh me thn arqik  mèjodo
CSP eÐnai oti prokeimènou na xekin soume prèpei na prosdiorÐsoume tic gr gorec metablhtèc,
pr�gma to opoÐo mporeÐ na gÐnei me th bo jeia tou CSP pointer.

St n ergasÐa tou Asbest� [1] upologÐzetai gia to sÔsthma twn dÔo talantwt¸n pou faÐnetai
sto Sq.4 h akrib c lÔsh kai h AAP me th bo jeia thc asumptwtik c an�lushc kai thc mejìdou
CSP b�sh tou gegonìtoc ìti to sÔsthma qarakthrÐzetai apì thn Ôparxh arg¸n kai gr gorwn
aposbetik¸n qronoklim�kwn oi opoÐec exantloÔntai polÔ sÔntoma. ParathroÔme pwc h AAP
pou prokÔptei apì thn asumptwtik  an�lush den tautÐzetai apìluta me thn AAP pou prosdiorÐ-
zetai me th mèjodo CSP. Katìpin sugkrÐnontai oi treic lÔseic ìpou faÐnetai pwc h akrib c lÔsh
pèftei ep�nw sthn AAP pou prosdiorÐsthke me th mèjodo CSP, pr�gma to opoÐo shmaÐnei pwc h
mèjodoc aut  proseggÐzei thn AAP me megalÔterh akrÐbeia.

Autì ofeÐletai sto ìti sth mèjodo CSP gÐnontai epanal yeic (refinements), ìpou k�je for�
upologÐzontai me megalÔterh akrÐbeia o argìc kai gr goroc upoq¸roc, se antÐjesh me thn asum-
ptwtik  an�lush ìpou h akrÐbeia sthn prosèggish thc AAP exart�tai mìno apì thn t�xh tou
anaptÔgmatoc thc sun�rthshc pou perigr�fei thn AAP. O dunamikìc autìc epanaprosdiorismìc
twn dianusm�twn b�shc twn dÔo upoq¸rwn, ìpou droun antÐstoiqa oi argèc kai oi gr gorec
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qronoklÐmakec k�nei th mèjodo CSP pio akrib  ston upologismì thc AAP.

Sthn paroÔsa ergasÐa prìkeitai na asqolhjoÔme me èna dÔskampto sÔsthma dÔo suzeug-
mènwn talantwt¸n to opoÐo faÐnetai sto Sq. 5. Oi katakìrufoi talantwtèc qarakthrÐzontai
antÐstoiqa apì tic stajerèc k1, k2 tou elathrÐou apì tic aposbèseic c1, c2, kai apì tic m�zec
m1,m2, en¸ o talantwt c pou sundèei touc dÔo katakìrufouc talantwtèc eÐnai mh grammikìc
kai qarakthrÐzetai apì th stajer� k tou elathrÐou. Gia na mporèsoume na efarmìsoume th mè-
jodo CSP prèpei na èqoume èna sÔsthma pou na qarakthrÐzetai apì ènan arijmì idiotim¸n me
pragmatikì mèroc arnhtikì kai kat' apìluth tim  polÔ megalÔtero apì to fantastikì, pr�gma
to opoÐo mac exasfalÐzei thn Ôparxh arg¸n kai gr gorwn aposbetik¸n qronoklim�kwn oi opoÐec
exantloÔntai polÔ pio sÔntoma apì tic argèc. Prokeimènou na fèroume to sÔsthm� mac se aut 
th morf  prosdiorÐzoume tic kat�llhlec timèc twn paramètrwn k1, k2, c1, c2,m1,m2. Autì ja
mac odhg sei sthn perÐptwsh enìc sust matoc ìpou up�rqei meg�lh diafor� stic paramètrouc
c1, c2(c1 > c2) h opoÐa odhgeÐ sthn an�ptuxh dÔo gr gorwn aposbetik¸n qronoklim�kwn oi opoÐ-
ec exantloÔntai polÔ sÔntoma.

H melèth tou sust matoc ja gÐnei me thn tropopoihmènh mèjodo CSP. To sÔsthma autì twn
dÔo talantwt¸n mporeÐ na ekfr�sei th majhmatik  montelopoÐhsh twn parak�tw diat�xewn:

1) Enìc kinht ra pou eÐnai edrasmènoc mèsw elastikoÔ sundèsmou se èna ploÐo   se èna autokÐ-
nhto.
2) Tou sust matoc an�rthsh-am�xwma enìc autokin tou.
3) Tou axonikoÔ sust matoc (�xonac - propèla) enìc ploÐou.
4) Tou diploÔ toiq¸matoc enìc ploÐou.
5) Tou sust matoc ploÐo-plwt  exèdra antl sewc petrelaÐou ìtan eÐnai sundedemèna.
6) Tou sust matoc ploÐo(montelopoieÐtai wc elastik  dokìc)-j�lassa.
7) Thc metallik c kataskeu c enìc ploÐou h opoÐa apoteleÐtai apì enisqutik� ta opoÐa uposth-
rÐzontai apì enisqumènouc dokoÔc.

Ta apotelèsmata aut c thc melèthc ja mac bohj soun na prosdiorÐsoume thn kÐnhsh k�je
antikeimènou kai kat' epèktash kradasmoÔc (peript¸seic 1,2,3,5) paramorf¸seis-t�seic (perÐ-
ptwsh 4,6,7).

Sto Kef�laio 2 gÐnetai mia perigraf  thc mejìdou CSP kai thc tropopoihmènhc mejìdou
CSP ìpwc aut  èqei diatupwjeÐ apì touc Lam kai GkoÔsh kai apodeiknÔetai h isodunamÐa twn
dÔo mejìdwn. Sto Kef�laio 3 perigr�fetai to sÔsthma twn suzeugmènwn talantwt¸n pou ja
melethjeÐ kai gÐnetai h majhmatik  montelopoÐhsh tou probl matoc en¸ sto kef�laio 4 gÐnetai h
diereÔnhsh twn paramètrwn prokeimènou na katal xoume se èna sÔsthma pou na qarakthrÐzetai
apì thn Ôparxh arg¸n kai gr gorwn aposbetik¸n qronoklim�kwn oi opoÐec exantloÔntai polÔ
gr gora. AkoloujeÐ sto kef�laio 5 o upologismìc thc AAP me thn tropopoihmènh mèjodo CSP
en¸ sto kef�laio 6 gÐnetai o upologismìc thc akriboÔc lÔshc me th bo jeia tou k¸dika LSODE
kai sÔgkrish thc lÔshc aut c me thn AAP ìpou blèpoume pwc h akrib c lÔsh pèftei p�nw sthn
AAP.

'Etsi h paroÔsa ergasÐa mac dÐnei me th bo jeia thc mejìdou CSP thn AAP tou sust matoc
tou Sq. 5 to opoÐo montelopoieÐ ta fusik� fainìmena talantwtik c fÔsewc pou anafèrjhkan
pio p�nw. H AAP aut  eÐnai o argìc, mikrìterhc di�stashc, upoq¸roc tou q¸rou twn f�sewn
pr�gma to opoÐo mac epitrèpei na prosdiorÐsoume poiec metablhtèc kajorÐzoun thn exèlixh tou
fainìmenou sto qrìno kai mac bohj�ei na aplopoi soume th morf  thc lÔshc tou sust matoc kai
na thn ekfr�soume b�sh twn arg¸n metablht¸n. EpÐshc mèsw tou prosdiorismoÔ thc fusik c
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shmasÐac twn exisorrop sewn kai twn fusik¸n diadikasi¸n oi opoÐec odhgoÔn stic sugkekrimènec
exisorrop seic mporoÔme na katano soume kalÔtera th fÔsh tou probl matoc kai na sundèsou-
me tic metablhtèc me tic argèc kai gr gorec qronoklÐmakec kaj¸c epÐshc kai me tic di�forec
fusikèc diadikasÐec.
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Kef�laio 2

O Algìrijmoc CSP

2.1 Perigraf  tou algorÐjmou

Me th upologistik  mèjodo CSP prospajoÔme na proseggÐsoume th lÔsh dÔskamptwn problh-
m�twn ta opoÐa prosomoi�zontai apì majhmatik� montèla pou qarakthrÐzontai apì thn Ôparxh
arg¸n kai gr gorwn qronoklim�kwn. Th lÔsh enìc dÔskamptou probl matoc mporoÔme na thn
proseggÐsoume kataskeu�zontac èna majhmatikì montèlo to opoÐo ja eÐnai mikrìterhc di�stashc
kai ja eÐnai apallagmèno apì tic gr gorec qronoklÐmakec tou arqikoÔ montèlou. Ousiastik� au-
tì pou zhteÐtai eÐnai h kataskeu  enìc q¸rou mikrìterhc di�stashc, dhlad  miac pollaplìthtac,
h opoÐa elkÔei thn troqi�. Aut  h pollaplìthta onom�zetai Arg  AnalloÐwth Pollaplìthta
(AAP) (Slow Invariant Manifold / SIM) tou dÔskamptou probl matoc.

Up�rqoun dÔo kathgorÐec mejìdwn oi opoÐec mac bohjoÔn na upologÐsoume thn AAP. Sthn
pr¸th kathgorÐa an koun autèc pou prosdiorÐzoun thn AAP wc gewmetrikì tìpo shmeÐwn, en¸
sth deÔterh an koun autèc pou prosdiorÐzoun thn AAP ìpou droun oi argèc qronoklÐmakec,
all� kai touc gr gorouc q¸rouc ìpou droun oi gr gorec qronoklÐmakec pr�gma to opoÐo mac
dÐnei th dunatìthta na prosdiorÐsoume kai to argì aplopoihmèno sÔsthma AS pou kajorÐzei thn
kÐnhsh thc lÔshc p�nw sthn AAP.

H upologistik  mèjodoc CSP h opoÐa anaptÔqjhke apì touc Lam kai GkoÔsh an kei sthn
deÔterh kathgorÐa. Dedomènou enìc N -di�statou probl matoc, h CSP prosdiorÐzei ta sÔnola
twn gr gorwn kai arg¸n dianusm�twn b�shc, ar kai as kaj¸c kai ta antÐstoiqa sÔnola twn
duik¸n touc, br kai bs. Ta ar perigr�foun to gr goro M -di�stato upoq¸ro, en¸ apì ta as

perigr�foun ton argì (N −M)-di�stato upoq¸ro AAP (M < N) o opoÐoc eÐnai topik� orjo-
g¸nioc wc proc ton gr goro upoq¸ro.

H mèjodoc CSP perilamb�nei mia epanalhptik  diadikasÐa, h opoÐa prosdiorÐzei ta dianÔsmata
b�shc pou par�goun ton gr goro kai argì upoq¸ro, stouc opoÐouc droun oi gr gorec kai argèc
qronoklÐmakec antÐstoiqa. H diadikasÐa xekin�ei me mia tuqaÐa arqik  ektÐmhsh twn gr gorwn
dianusm�twn b�shc ar kaj¸c kai twn duik¸n touc br. Met� apì k�je epan�lhyh lamb�nontai
kalÔterec proseggÐseic twn gr gorwn kai twn sumplhrwmatik¸n touc arg¸n upoq¸rwn. H br

refinement kai h ar refinement eÐnai dÔo eid¸n anex�rthtec epanal yeic ìpou h pr¸th belti¸nei
thn akrÐbeia thc perigraf c thc AAP kai thc lÔshc tou AS me to na proseggÐzei kalÔtera
ton argì upoq¸ro en¸ h deÔterh exaleÐfei thn akamyÐa tou aplopoihmènou argoÔ sust matoc
proseggÐzontac kalÔtera ton gr goro upoq¸ro.

Met� apì k�je epan�lhyh refinement ta gr gora pl�th gÐnontai O(e) mikrìtera ìpou e eÐnai
mia posìthta pou isoÔtai me to lìgo thc pio arg c apì thc gr gorec qronoklÐmakec proc thn

17
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qarakthristik  qronoklÐmaka (pio gr gorh apì tic argèc). AkoloÔjwc h akrÐbeia prosèggishc
thc lÔshc apì to AS belti¸netai kat� thn Ðdia tim .

2.2 Basik� shmeÐa thc mejìdou

'Estw èna fusikì fainìmeno to opoÐo perigr�fetai apì to sÔsthma twn N sun jwn diaforik¸n
exis¸sewn thc morf c

dy

dt
= g(y) (2.2.1)

ìpou y eÐnai to N -di�stato di�nusma twn exarthmènwn metablht¸n kai g mia algebrik  exÐswsh
tou y. Upojètoume ìti h exÐswsh (2.2.1) eÐnai dÔskampth, dhlad  k�poiec apì tic qronoklÐmakec
tou fainìmenou eÐnai polÔ pio gr gorec apì tic qronoklÐmakec pou mac endiafèroun. Up�rqoun
dÔo upoq¸roi tou q¸rou twn f�sewn. O M -di�statoc gr goroc ìpou droun oi gr gorec qrono-
klÐmakec kai o (N−M)-di�statoc argìc ìpou droun oi argèc qronoklÐmakec. Se k�je shmeÐo tou
q¸rou twn f�sewn to di�nusma g analÔetai se dÔo sunistamènec oi opoÐec eÐnai oi probolèc tou
antÐstoiqa ston M -di�stato gr goro kai ston (N −M)-di�stato argì upoq¸ro. Oi upoq¸roi
autoÐ par�gontai antÐstoiqa apì ta M dianÔsmata st lh N diast�sewn ston NxM pÐnaka ar

kai apì ta (N −M) dianÔsmata st lh N diast�sewn ston Nx (N −M) pÐnaka as.

ar =

[
ar
r

as
r

]
, as =

[
ar
s

as
s

]
(2.2.2)

JewroÔme t¸ra èna deÔtero sÔnolo dianusm�twn gramm c ta opoÐa eÐnai duik� twn parap�nw
kai perilamb�nontai stouc pÐnakec br diast�sewc MxN kai bs diast�sewc (N −M)xN

br =
[

br
r,b

r
s

]
,bs =

[
bs
r,b

s
s

]
(2.2.3)

ìpou ta ar
r,b

r
r eÐnai diast�sewc MxM , ta as

r,b
s
r eÐnai diast�sewc (N −M)xM , ta ar

s,b
r
s eÐnai

diast�sewc Mx(N −M) ta as
s,b

s
s eÐnai diast�sewc (N −M)x(N −M)

An prob�loume to g ston argì kai gr goro upoq¸ro èqoume apì thn exÐswsh (2.2.1)

dy

dt
= ar(b

rg) + as(b
sg) =

[
ar
r

as
r

]
fr +

[
ar
s

as
s

]
fs (2.2.4)

ìpou

f r = brg =
[

br
r,b

r
s

] [ gr

gs

]
= br

rg
r + br

sg
s (2.2.5)

f s = bsg =
[

bs
r,b

s
s

] [ gr

gs

]
= bs

rg
r + bs

sg
s (2.2.6)

Opìte h AAP perigr�fetai apì thn exÐswsh:

br
rg

r + br
sg

s = 0 (2.2.7)

kai to AS apì thn exÐswsh:
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dy

dt
=

[
ar
s

as
s

]
(bs

rg
r + bs

sg
s) (2.2.8)

'Opwc anafèrjhke prohgoumènwc, up�rqoun dÔo eÐdh CSP refinement. To pr¸to metab�llei
to br kai as ( br refinement) af nontac ta bs kai ar anephrèasta kai belti¸nei thn akrÐbeia
sthn perigraf  thc AAP kai thc lÔshc tou AS. To deÔtero metab�llei to ar kai bs ( ar refine-
ment) af nontac ta br kai as anephrèasta kai eggu�tai thn mh-duskamyÐa tou aplopoihmènou
probl matoc.

Oi dÔo autèc epanalhptikèc diadikasÐec leitourgoÔn anex�rthta, sunep¸c opoiosd pote a-
rijmìc apì aut� mporeÐ na efarmosteÐ. Oi sqèseic pou dÐnoun ton algìrijmo twn dÔo refinement
eÐnai:

br refinement (2.2.9)

br(k1 + 1,m1) = Tr
r(k1,m1)

(
dbr(k1,m1)

dt
+ br(k1,m1)J

)
,

ar(k1 + 1,m1) = ar(k1,m1),

bs(k1 + 1,m1) = bs(k1,m1),

as(k1 + 1,m1) = [I− ar(k1 + 1,m1)b
r(k1 + 1,m1)]as(k1,m1),

ar refinement (2.2.10)

br(k2,m2 + 1) = br(k2,m2),

ar(k2,m2 + 1) =

(
−da

r(k2,m2)

dt
+ Jar(k2,m2)

)
Tr

r(k2,m2),

bs(k2,m2 + 1) = bs(k2,m2)[I− ar(k2,m2 + 1)br(k2,m2 + 1)],

as(k2,m2 + 1) = as(k2,m2),

ìpou

Tr
r(ki,mi) =

[(
dbr(ki,mi)

dt
+ br(ki,mi)J

)
ar(ki,mi)

]−1
(2.2.11)

2.3 Tropopoihmènh mèjodoc CSP

2.3.1 Perigraf  thc AAP

'Estw ìti èqoume mia AAP diast�sewc (N −M) sto N -di�stato q¸ro twn f�sewn kai y eÐnai
to N -di�stato di�nusma twn exarthmènwn metablht¸n.
'Estw oti h AAP parametropoieÐtai apì sj = (j = 1, . . . , N −M) omalèc sunart seic tou y,
tètoiec ¸ste:

sj = sj(y) = sj(y1, . . . , yN), j = 1, N −M (2.3.1.1)

To di�nusma jèsewc p�nw sthn AAP mporeÐ na upologisteÐ apì:
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yi = yi(s) = yi(s1, . . . , sN−M), i = 1, N, (2.3.1.2)

ìpou s =
(
s1, . . . , sN−M

)T
.

H dianusmatik  sun�rthsh s = s(y) eÐnai mia apeikìnish tou dianÔsmatoc jèsewc apì ton
N -di�stato f�sewn sth (N −M)-di�stath AAP. ParagwgÐzontac thn (2.3.1.2) wc proc ton
qrìno èqoume:

dy

dt
= Ys

ds

dt
= g(y) (2.3.1.3)

ìpou

ds

dt
= Sy

dy

dt
= Syg(y) (2.3.1.4)

kai

Ys =


∂y1

∂s1
· · · ∂y1

∂sN−M

...
...

∂yN

∂s1
· · · ∂yN

∂sN−M

 ,Sy =


∂s1

∂y1
· · · ∂s1

∂yN

...
...

∂sN−M

∂y1
· · · ∂yN−M

∂yN

 (2.3.1.5)

Oi Ys,Ss eÐnai Nx(N −M) kai (N −M)xN pÐnakec antÐstoiqa pou ikanopoioÔn th sqèsh:

SyYs = Iss (2.3.1.6)

Iss eÐnai o (N −M)x(N −M) monadiaÐoc pÐnakac.
Apì tic (2.3.1.3) kai (2.3.1.4) èqoume to N -di�stato sÔsthma algebrik¸n exis¸sewn:

[INN −YsSy]g(y) = 0 (2.3.1.7)

ìpou mìno M sunist¸sec eÐnai grammik� anex�rthtec kai mporoÔn na perigr�youn thn AAP.
H lÔsh p�nw sthn AAP ja dÐnetai apì to N -di�stato sÔsthma:

dy

dt
= YsSyg(y) (2.3.1.8)

'Opou mìno (N −M) sunist¸sec eÐnai grammik� anex�rthtec.
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2.3.2 O Algìrijmoc IE

Ja anafèroume ed¸ ta basik� stoiqeÐa miac �llhc upologistik c mejìdou thc AAP, thc IE,
prokeimènou sth sunèqeia na parajèsoume thn tropopoihmènh mèjodo CSP.

'Estw ìti oi omalèc sunart seic sj eÐnai oi N −M teleutaÐec sunist¸sec tou y.

s = (yM+1, . . . , yN)T (2.3.2.1)

OrÐzoume to M -di�stato di�nusma z wc ex c:

z = (y1(s), . . . yM(s))T = z(s) (2.3.2.2)

Tìte h sqèsh (2.3.1.7) gr�fetai wc:

gr(z, s)−Gr
s(z, s)gs(z, s) = 0 (2.3.2.3)

Ta gr =
(
g1, . . . , gM

)T
kai gs =

(
gM+1, . . . , gN

)T
eÐnai ta M -di�stata kai (N −M)-di�stata

dianÔsmata pou apoteloÔntai antistoÐqwc apì ta pr¸ta M kai ta teleutaÐa (N −M) stoiqeÐa,
tou dianusmatikoÔ pedÐou g. O Mx(N −M) pÐnakac Gr

s perilamb�nei tic merikèc parag¸gouc
twn M sunistws¸n tou y sto z wc proc tic upìloipec (N −M) sunist¸sec tou y sto s

Gr
s(z, s) =

∂z

∂s
=


∂z1

∂s1
· · · ∂z1

∂sN−M

...
...

∂zM

∂s1
· · · ∂zM

∂sN−M

 (2.3.2.4)

H sqèsh (2.3.2.3) onom�zetai analloÐwth exÐswsh kai apoteleÐtai apì M exis¸seic me M
agn¸stouc. SÔmfwna me ton algìrijmo IE h (n + 1) epan�lhyh zn+1 upologÐzetai gia dosmèno
s kai arqik  ektÐmhsh z0 apì thn peplegmènh sun�rthsh

gr(zn+1, s)−Gr
s(zn, s)gs(zn+1, s) = 0 (2.3.2.5)

  apì mia analutik  sun�rthsh thc morf c

zn+1 = H(zn, s) (2.3.2.6)

Wstìso, èwc autì to shmeÐo, o algìrijmoc IE den prosfèrei kanèna kanìna wc proc ton
diaqwrismì tou dianÔsmatoc jèsewc y se s kai z, dhlad  se argèc kai gr gorec sunist¸sec,
antÐstoiqa, oÔte proteÐnei thn kat�llhlh morf  thc sun�rthshc H(zn, s) oÔtwc ¸ste na epitug-
q�netai sÔgklish.
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2.3.3 Kataskeu  thc AAP kai tou AS me qr sh tou pÐnaka Gr
s

(Tropopoihmènh mèjodoc CSP)

H adi�stath exÐswsh (2.3.2.3) gr�fetai wc:

[Irr −Gr
s]

[
gr(z, s)
gs(z, s)

]
= 0 (2.3.3.1)

Sunep¸c orÐzontai oi pÐnakec:

Ar =

[
Irr −Gr

sR
s
r

−Rs
r

]
,As =

[
Gr

s

Iss

]
, (2.3.3.2)

Br = [Irr,−Gr
s] ,B

s = [Rs
r, I

s
s −Rs

rG
r
s], (2.3.3.3)

ìpou o Gr
s orÐzetai apì thn (2.3.2.4) kai o Rs

r ja oristeÐ argìtera ìtan ja tejoÔn oi sunj kec
gia thn mh akamyÐa tou aplopoihmènou sust matoc.

Oi diast�seic twn pin�kwn Ar,As,B
r,Bs eÐnai antistoÐqwc NxM,Nx(N −M),MxN, (N −

M)xN kai ikanopoioÔn tic sqèseic orjogwniìthtac

[ArAs]

[
Br

Bs

]
=

[
Br

Bs

]
[ArAs] = INN (2.3.3.4)

Apì tic sqèseic (2.3.3.2) kai (2.3.3.3) blèpoume pwc to arqikì prìblhma (2.2.1) mporeÐ na
grafeÐ sth morf :

dy

dt
= ArF

r + AsF
s =

[
Irr −Gr

sR
s
r

−Rs
r

]
Fr +

[
Gr

s

Iss

]
Fs (2.3.3.5)

ìpou

Fr = Brg = [Irr,−Gr
s]

[
gr

gs

]
= gr −Gr

sg
s$ (2.3.3.6)

Fs = Bsg = [Rs
r, I

s
s −Rs

rG
r
s]

[
gr

gs

]
= Rs

rg
r + (Iss −Rs

rG
r
s) gs (2.3.3.7)

'Otan h lÔsh brÐsketai p�nw sthn AAP ikanopoieÐtai h exÐswsh (2.3.2.3). Dhlad  èqoume
apì (2.3.3.6)

Fr = gr −Gr
sg

s = 0 (2.3.3.8)

Sunep¸c mìno o argìc ìroc diathreÐtai sthn exÐswsh (2.3.3.5) kai mporoÔme na gr�youme:

dy

dt
=

[
Gr

s

Iss

]
(Rs

rg
r + (Iss −Rs

rG
r
s) gs) (2.3.3.9)

Oi exis¸seic (2.3.3.8) kai (2.3.3.9) perigr�foun antÐstoiqa thn AAP kai to AS.
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2.3.4 IsodunamÐa twn dÔo mejìdwn (CSP kai tropopoihmènh
CSP)

Prokeimènou na apodeÐxoume thn isodunamÐa twn dÔo mejìdwn eÐnai aparaÐthto na deÐxoume pwc
oi dÔo morfèc (2.2.4) kai (2.3.3.5) thc arqik c exÐswshc tautÐzontai ìtan:

Gr
s = ar

s(a
s
s)
−1 = −(br

r)
−1br

s (2.3.4.1)

Rs
r = as

sb
s
r = −as

rb
r
r (2.3.4.2)

dedomènou oti ta (br
r)
−1, (as

s)
−1 up�rqoun.

Apì tic parap�nw sqèseic mporoÔme na deÐxoume oti oi exis¸seic pou perigr�foun thn AAP
kai to AS sth mèjodo CSP (2.3.3.6), (2.3.3.9) kai sthn tropopoihmènh mèjodo CSP (2.2.7),
(2.2.8) epÐshc tautÐzontai.

Fr = gr −Gr
sg

s = 0 (2.3.4.3)

dy

dt
=

[
Gr

s

Iss

]
(Rs

rg
r + (Iss −Rs

rG
r
s) gs) (2.3.4.4)

br
rg

r + br
sg

s = 0 (2.3.4.5)

dy

dt
=

[
ar
s

as
s

]
(bs

rg
r + bs

sg
s) (2.3.4.6)

Apì thn exÐswsh (2.3.4.1) èqoume gia ta dianÔsmata b�shc twn dÔo mejìdwn:

Br = (br
r)
−1br, Ar = arb

r
r + asN

s
r (2.3.4.7)

Bs = Ms
rb

r + as
sb

s, As = as(a
s
s)
−1 (2.3.4.8)

ìpou

Ns
r = −(as

s)
−1[Rs

r + as
rb

r
r],M

s
r = [Rs

r + as
rb

r
r](b

r
r)
−1 (2.3.4.9)

Blèpoume pwc ta dianÔsmata Br,As par�goun ton Ðdio upoq¸ro me ta dianÔsmata br, as,
ìpwc autìc prokÔptei met� apì to CSP br refinement (2.2.9). AntÐjeta ta dianÔsmata Bs,Ar

den par�goun ton Ðdio upoq¸ro me ta dianÔsmata bs, ar ìpwc autìc prokÔptei met� apì to CSP
ar refinement (2.2.10)

Antikajist¸ntac ton pÐnaka Rs
r ìpwc prosdiorÐsthke apì thn exÐswsh (2.3.4.2) stic exis¸seic

(2.3.3.2) kai (2.3.3.3) èqoume:

Br = [Irr,−Gr
s], Ar = arb

r
r +

[
(ar

s −Gr
sa

s
s)b

s
r

0s
r

]
(2.3.4.10)

Bs = [0s
r, a

s
r(b

r
rG

r
s + br

s)] + as
sb

s, As =

[
Gr

s

Iss

]
(2.3.4.11)

Blèpoume pwc ta dianÔsmata Br,As,B
s,Ar den par�goun ton Ðdio upoq¸ro me ta dianÔsmata

br, as,b
s, ar

H exÐswsh (2.3.4.3) mporeÐ me th qr sh thc exis¸sewc metatrop c (2.3.4.1) na mac d¸sei ènan
akrib  prosdiorismì thc AAP ìpwc kai to CSP br refinement, ìqi ìmwc kai tou AS ìpwc autì
prosdiorÐzetai apì thn CSP. Autì mporeÐ na gÐnei ìtan kai oi dÔo exis¸seic metatrop c (2.3.4.1)
kai (2.3.4.2) qrhsimopoioÔntai, opìte ta dianÔsmata twn dÔo mejìdwn sundèontai me tic sqèseic:
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Br

Bs

]
=

[
(br

r)
−1 0r

s

0s
r as

s

] [
br

bs

]
(2.3.4.12)

[ArAs] = [aras]

[
br
r 0r

s

0s
r (as

s)
−1

]
(2.3.4.13)

Blèpoume pwc ta dianÔsmataAr,As,B
r,Bs eÐnai Ðdia me ta CSP dianÔsmata b�shc ar, as,b

r,bs.
Ta kainoÔrgia aut� dianÔsmata orÐzoun thn tropopoihmènh mèjodo CSP h opoÐa mporeÐ na efar-
mosteÐ mìno ìtan to di�nusma jèsewc y diameristeÐ kat�llhla stic s kai z sunist¸sec.

Gia ton prosdiorismì thc AAP kai tou AS eÐnai aparaÐthtoc o upologismìc twn pin�kwn Gr
s

kai Rs
r

2.3.5 Upologismìc tou pÐnaka Gr
s

O pÐnakac Gr
s mporeÐ na upologisteÐ apì thn parag¸gish thc adi�stathc exÐswshc Brg = 0

wc proc to qrìno

Lr
rF

r + Lr
sF

s = 0 (2.3.5.1)

ìpou

Lr
r = (

dBr

dt
+ BrJ)Ar (2.3.5.2)

Lr
s = (

dBr

dt
+ BrJ)As (2.3.5.3)

apì ta opoÐa èqoume:

dBr

dt
+ BrJ = Lr

rB
r + Lr

sB
s (2.3.5.4)

P�nw sthn AAP èqoume Fr = Brg = 0. Dedomènou oti Fs 6= 0 h exÐswsh (2.3.5.1) mac dÐnei
Lr

s = 0r
s. Opìte h exÐswsh (2.3.5.4) gÐnetai:

dBr

dt
+ BrJ = Lr

rB
r (2.3.5.5)

Jètoume:

J=

[
Jr
rJ

r
s

Js
rJ

s
s

]
(2.3.5.6)

Opìte apì thn exÐswsh (2.3.5.5) kai thn (2.3.3.3) èqoume:[
0r
r −

dGr
s

dt

]
+ [Jr

r −Gr
sJ

s
r,J

r
s −Gr

sJ
s
s] = Lr

r [Irr,−Gr
s] (2.3.5.7)

h parap�nw exÐswsh mac dÐnei:
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Jr
r −Gr

sJ
s
r = Lr

r (2.3.5.8)

dGr
s

dt
+ Gr

sJ
s
s − Jr

s = Lr
rG

r
s (2.3.5.9)

Opìte mporoÔme na p�roume ton pÐnaka Gr
s apì thn parak�tw exÐswsh:

dGr
s

dt
+ Gr

sJ
s
s − Jr

s = [Jr
r −Gr

sJ
s
r] G

r
s (2.3.5.10)

h opoÐa mporeÐ na lujeÐ epanalhptik� wc ex c:

Gr
s (n+ 1) = (Jr

r −Gr
s (n) Js

r)
−1
[
Gr

s (n) Js
s − Jr

s +
dGr

s (n)

dt

]
(2.3.5.11)

2.3.6 Upologismìc tou pÐnaka Rs
r

H exèlixh twn arg¸n plat¸n Fs sto qrìno dÐdetai apì thn exÐswsh:

dFs

dt
= Ls

rF
r + Ls

sF
s (2.3.6.1)

ìpou

Ls
r = (

dBs

dt
+ BsJ)Ar (2.3.6.2)

Ls
s = (

dBs

dt
+ BsJ)As (2.3.6.3)

Efìson oi gr gorec qronoklÐmakec den epidroÔn sthn exèlixh twn arg¸n plat¸n Fs ja
èqoume Ls

r = 0s
r. Opìte an�loga me thn exÐswsh (2.3.5.5) prokÔptei h akìloujh exÐswsh gia to

Ar:

-
dAr

dt
+ JAr = Ar

rL
r
r (2.3.6.4)

Opìte apì (2.3.6.4) kai (2.3.3.2) mporoÔme na p�roume gia ton pÐnaka Rs
r thn parak�tw

exÐswsh:

dRs
r

dt
+ Js

r(I
r
r −Gr

sR
s
r)− Js

sR
s
r = −Rs

rL
r
r (2.3.6.5)

h opoÐa mporeÐ na lujeÐ epanalhptik� wc ex c:

Rs
r(j + 1) = [Js

sR
s
r(j)− Js

r(I
r
r −Gr

s(n)Rs
r(j))−

dRs
r(j)

dt
](Lr

r(n))−1 (2.3.6.6)

ìpou

Lr
r(n) = Jr

r −Gr
s(n)Js

r (2.3.6.7)
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2.3.7 Qr sh tou pointer gia thn eklog  twn gr gorwn meta-
blht¸n

O pointer mac deÐqnei poioÐ apì touc arqikoÔc �xonec twn metablht¸n pèftoun ston gr goro
upoq¸ro. Oi M gr gorec metablhtèc epishmaÐnontai apì tic megalÔterec timèc tou pointer o
opoÐoc prosdiorÐzetai apì thn akìloujh exÐswsh gia th mèjodo CSP:

qr = diag[
arb

r

M
] =

1

M

[
diag(ar

rb
r
r)

diag(as
rb

r
s)

]
(2.3.7.1)

Gia thn tropopoihmènh mèjodo CSP èqoume:

Qr = diag[
ArB

r

M
] =

1

M

[
diag(Irr −Gr

sR
s
r)

diag(Rs
rG

r
s)

]
(2.3.7.2)

Lìgw twn sqèsewn orjogwniìthtac (2.3.3.4) ja èqoume:

1

M
[
∑

(ar
rb

r
r)

i
i +
∑

(as
rb

r
s)

j
j] = 1 (2.3.7.3)

ìpou 1 < i < M kai 1 < j < N −M

Timèc tou ai
kb

k
i pou eÐnai kont� sth mon�da prosdiorÐzoun th i gr gorh metablht  pou sun-

dèetai me thn k qronoklÐmaka.



Kef�laio 3

SÔsthma dÔo Suzeugmènwn
Talantwt¸n

3.1 Perigraf  tou probl matoc

H di�taxh tou probl matoc pou ja mac apasqol sei faÐnetai sto Sq. 5 Sel. 14. Perilamb�nei
dÔo katakìrufouc talantwtèc (1) kai (2) oi opoÐoi sundèontai me èna trÐto keklimèno talantwt 
o opoÐoc brÐsketai upì gwnÐa, pr�gma to opoÐo k�nei to sÔsthma mh grammikì.

O katakìrufoc talantwt c (1) èqei m�za m1, stajer� elathrÐou k1, suntelest  apìsbeshc
c1 kai suqnìthta ω1. H metatìpis  tou kai h taqÔtht� tou eÐnai antÐstoiqa u1 kai u̇1.

O katakìrufoc talantwt c (2) èqei m�za m2, stajer� elathrÐou k2, suntelest  apìsbeshc
c2 kai suqnìthta ω2. H metatìpis  tou kai h taqÔtht� tou eÐnai antÐstoiqa u2 kai u̇2.

O keklimènoc talantwt c èqei stajer� elathrÐou k, suntelest  apìsbeshc c, m koc L kai
brÐsketai upì gwnÐa φ0, h opoÐa gÐnetai φ kat� thn kÐnhsh tou sust matoc.

H orizìntia apìstash metaxÔ twn dÔo talantwt¸n eÐnai D kai h katakìrufh apìstash metaxÔ
twn dÔo maz¸n eÐnai ∆L.

JewroÔme ìti h exwterik  dÔnamh tou sust matoc eÐnai F1, en¸ F eÐnai h dÔnamh pou ana-
ptÔssetai ston keklimèno talantwt .

3.2 Prosdiorismìc Paramètrwn

3.2.1 Stajerèc elathrÐwn k, k1, k2

Jèloume k < k1, k2 kai k1 > k2 prokeimènou na montelopoi soume sust mata ìpwc aut� pou
anafèrontai ston prìlogo kai na èqoume enallag  sthn kÐnhsh twn dÔo talantwt¸n, dhlad 
st�sh tou enìc talantwt  ìtan o �lloc talant¸netai me to mègisto pl�toc.

JewroÔme tic timèc k = 1, k1 = 10, k2 = 5

27
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3.2.2 M�zec m2,m1

Jèloume m2 > m1 prokeimènou na montelopoi soume sust mata ìpwc aut� pou anafèrontai
ston prìlogo kai na èqoume enallag  sthn kÐnhsh twn dÔo talantwt¸n, dhlad  st�sh tou enìc
talantwt  ìtan o �lloc talant¸netai me to mègisto pl�toc.

JewroÔme gia tic m�zec tic timèc m1 = 0.2,m2 = 3

3.2.3 Suqnìthtec ω1, ω2

Apì tic parap�nw timèc twn m2,m1, kai k1, k2 prokÔptoun oi mh suzeugmènec suqnìthtec:

ω1 =

√
k1
m1

=
√

50 = 7.07

ω2 =

√
k2
m2

=

√
5

3
= 1.29

Efìson ω2 << ω1, èqoume èna eÔkampto-�kampto sÔsthma.

3.2.4 Aposbest rec

JewroÔme gia touc par�gontec apìsbeshc tic timèc ζ1, ζ2 = 0.01 kai upologÐzoume touc sunte-
lestèc apìsbeshc c1, c2 apì tic exis¸seic:

c1 = 2ω1ζ1m1 = 0.03

c2 = 2ω2ζ2m2 = 0.08

3.2.5 GewmetrÐa

Sqetik� me th gewmetrÐa ìpwc aut  faÐnetai sto Sq. 5 jewroÔme ta akìlouja:

D =
1

5
,∆L =

1

10

3.2.6 Exwterik  Fìrtish F1

H exwterik  fìrtish èqei hmitonoeid  morf  kai dÐdetai apì exÐswsh:

F1 = Asin(Ωt)

Sthn perÐptws  mac jewroÔme pwc den èqoume exwterik  fìrtish.
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3.2.7 Timèc paramètrwn pi

SÔmfwna me ìsa èqoun anaferjeÐ stic paragr�fouc 3.2.1 èwc 3.2.6 apodÐdontai stic paramètrouc
pi oi timèc pou faÐnontai stouc PÐnakec 1 kai 2.

Timèc paramètrwn
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 1. Timèc twn paramètrwn p1 − p5 tou probl matoc

Timèc paramètrwn
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
0.01 0.01 0.20 0.10 1.00

Pinakac 2. Timèc twn paramètrwn p6 − p10 tou probl matoc

Apì tic timèc twn Pin�kwn 1 kai 2 prokÔptoun akoloÔjwc oi timèc twn paramètrwn pi(i =
11−15) oi opoÐec eÐnai sunduasmìc twn paramètrwn pi(i = 1−10). Oi timèc autèc twn paramètrwn
pi(i = 1− 15) ja qrhsimopoihjoÔn sth majhmatik  montelopoÐhsh.

p11 =

√
p2
p4

=

√
k1
m1

= ω1 =
√

50 = 7.07

p12 =

√
p3
p5

=

√
k2
m2

= ω2 =

√
5

3
= 1.29

p13 = 2p11p6p4 = 2ω1ζ1m1 = c1 = 0.03

p14 = 2p12p7p5 = 2ω2ζ2m2 = c2 = 0.08

p15 =
√
p28 + p29 =

√
D2 +DL2 = L = 0.22

3.3 SÔndesh twn tim¸n twn paramètrwn m1,m2, k1, k2

me ta sust mata pou montelopoioÔntai

Oi par�metroi m1,m2, k1, k2 ìpwc prosdiorÐsthkan stic prohgoÔmenec paragr�fouc sqetÐzontai
me tic diat�xeic pou anafèrontai ston prìlogo kai mporoÔn na montelopoihjoÔn apì to sÔsthma
twn dÔo suzeugmènwn talantwt¸n wc akoloÔjwc:

1) Kinht rac pou eÐnai edrasmènoc mèsw elastikoÔ sundèsmou se èna ploÐo   se èna autokÐ-
nhto.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou tou kinht ra, en¸ oi m2, k2 h m�za
kai h stajer� elathrÐou tou ploÐou   tou autokin tou.

2) SÔsthma an�rthsh-am�xwma enìc autokin tou.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou thc an�rthshc, en¸ oi m2, k2 h m�za
kai h stajer� elathrÐou tou autokin tou.

3) Axonikì sÔsthma (�xonac - propèla) enìc ploÐou.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou tou axonikoÔ sust matoc, en¸ oi
m2, k2 h m�za kai h stajer� elathrÐou thc propèlac.
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4) SÔsthma ploÐo-plwt  exèdra antl sewc petrelaÐou ìtan eÐnai sundedemèna.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou tou ploÐou, en¸ oi m2, k2 h m�za kai
h stajer� elathrÐou thc plwt c exèdrac.

5) SÔsthma ploÐo(montelopoieÐtai wc elastik  dokìc)-j�lassa.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou tou ploÐou wc elastik  dokìc, en¸
oi m2, k2 h m�za kai h stajer� elathrÐou thc j�lassac.

6) Metallik  kataskeu  enìc ploÐou h opoÐa apoteleÐtai apì enisqutik� ta opoÐa uposthrÐ-
zontai apì enisqumènouc dokoÔc.
Oi m1, k1 mporoÔn na eÐnai h m�za kai h stajer� elathrÐou thc enisqumènhc dokoÔ, en¸ oi m2, k2
h m�za kai h stajer� elathrÐou twn enisqutik¸n.

3.4 Arqikèc sunj kec

Jètoume se kÐnhsh to sÔsthma twn dÔo talantwt¸n metatopÐzontac th m�za m1 apì th jèsh
isorropÐac thc se mia kainoÔrgia jèsh kai af nont�c th na kinhjeÐ me mhdenik  arqik  taqÔthta.
Oi timèc twn metablht¸n faÐnontai ston PÐnaka 3 ìpou jewroÔme ìti h m�za m1 èqei arqik 
metatìpish 1.

Timèc metablht¸n
x1 = u1 x2 = u̇1 x3 = u2 x4 = u̇2
1.00 0.00 0.00 0.00

Pinakac 3. Timèc metablht¸n tou probl matoc

3.5 Majhmatik  montelopoÐhsh tou Probl matoc

Oi dÔo m�zec sundèontai me grammikì elat rio upì gwnÐa φ. H klÐsh aut  dhmiourgeÐ th mh
grammikìthta. H majhmatik  montelopoÐhsh tou sust matoc twn dÔo suzeugmènwn talantwt¸n
èqei wc akoloÔjwc:

ExÐswsh kÐnhshc tou talantwt  1:

m1ü1 + k1u1 + c1u̇1 = F (u, u̇) cosφ+ F1 (3.5.1)

ExÐswsh kÐnhshc tou talantwt  2:

m2ü2 + k2u2 + c2u̇2 = −F (u, u̇) cosφ (3.5.2)

An φ eÐnai h klÐsh tou orizìntiou talantwt  èqoume:

cosφ = (D + u2 − u1)/(L+ u) (3.5.3)

An L eÐnai arqik� to m koc tou keklimènou talantwt  èqoume:

L2 = D2 + (∆L)2 (3.5.4)

An L+u eÐnai to m koc tou keklimènou talantwt  met� thn ekkÐnhsh thc tal�ntwshc èqoume:

(L+ u)2 = (∆L)2 + (D + u2 − u1)2 (3.5.5)
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Opìte apì (3.5.3) kai (3.5.5) èqoume:

cosφ =
D + u2 − u1√

(D + u2 − u1)2 + (∆L)2
(3.5.6)

Apì (3.5.5) èqoume:

L+ u =
√

(D + u2 − u1)2 + (∆L)2⇒

u =
√

(D + u2 − u1)2 + (∆L)2 − L (3.5.7)

JewroÔme ìti h apìsbesh c tou keklimènou talantwt  kai h exwterik  dÔnamh F1 eÐnai 0.
Opìte h dÔnamh F pou anaptÔssetai ston keklimèno talantwt  ja eÐnai:

F (u, u̇) = ku+ cu̇ = ku (3.5.8)

Apì (3.5.6), (3.5.7), (3.5.8), èqoume:

F (u, u̇) cosφ = (k
√

(D + u2 − u1)2 + (∆L)2 − kL)
D + (u2 − u1)√

(D + u2 − u1)2 + (∆L)2
⇒

F (u, u̇) cosφ = k(D + u2 − u1)−
kL(D + u2 − u1)√

(D + u2 − u1)2 + (∆L)2
⇒

F (u, u̇) cosφ = k(D + u2 − u1)(1−
L√

(D + u2 − u1)2 + (∆L)2
) (3.5.9)

OrÐzoume tic metablhtèc x1, x2, x3, x4 tou probl matoc ¸c akoloÔjwc:

Metatìpish tou talantwt  1: x1 = u1

TaqÔthta tou talantwt  1: x2 = u̇1

Metatìpish tou talantwt  2: x3 = u2

TaqÔthta tou talantwt  2: x4 = u̇2

Opìte èqoume:

ẋ1 = u̇1 = x2 (3.5.10)

Apì (3.5.1), (3.5.9) èqoume:

ẋ2 = ü1 =
F (u, u̇) cosφ+ F1 − k1u1 − c1u̇1

m1

=
F (u, u̇) cosφ+ F1 − k1x1 − c1x2

m1

⇒

ẋ2 =
k

m1

(D + x3 − x1)(1−
L√

(D + x3 − x1)2 + (∆L)2
) +

F1

m1

− k1
m1

x1 −
c1
m1

x2 (3.5.11)
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ẋ3 = u̇2 = x4 (3.5.12)

Apì (3.5.2), (3.5.9) èqoume:

ẋ4 = ü2 =
−F (u, u̇) cosφ− k2u2 − c2u̇2

m2

=
−F (u, u̇) cosφ− k2x3 − c2x4

m2

⇒

ẋ4 =
−k
m2

(D + x3 − x1)(1−
L√

(D + x3 − x1)2 + (∆L)2
)− k2

m2

x3 −
c2
m2

x4 (3.5.13)

Jètoume:

z0 = (p8 + x3 − x1)2 + p29

z1 = 1− p15√
z0

z2 = p8 + x3 − x1

Opìte gia tic timèc twn paramètrwn p1 − p15 kai gia ta z0, z1, z2 èqoume:

q1 = ẋ1 = u̇1 = x2 (3.5.14)

q2 = ẋ2 = ü1 =

(
p1
p4

)
z2z1 −

(
p2
p4

)
x1 −

(
p13
p4

)
x2 (3.5.15)

q3 = ẋ3 = u̇2 = x4 (3.5.16)

q4 = ẋ4 = ü2 = −
(
p1
p5

)
z2z1 −

(
p3
p5

)
x3 −

(
p14
p5

)
x4 (3.5.17)

'Estw y to N -di�stato di�nusma twn exarthmènwn metablht¸n.

y=


x1
x2
x3
x4

 (3.5.18)

An g eÐnai mia algebrik  exÐswsh tou y tìte apì (3.5.14), (3.5.15), (3.5.16), (3.5.17), (3.5.18)
èqoume:

dy

dt
= g(y) =


q1
q2
q3
q4

 (3.5.19)

Autì eÐnai to sÔsthma twn tess�rwn diaforik¸n exis¸sewn to opoÐo perigr�fei thn exèlixh
tou fainìmenou.



Kef�laio 4

DiereÔnhsh

4.1 'Elegqoc idiotim¸n Iakwbian c

4.1.1 Genik�

Me ton k¸dika LSODE kai gia tic timèc twn paramètrwn p1 − p10 ìpwc autèc orÐsthkan sthn
par�grafo 3.2.7 upologÐzoume tic idiotimèc λk = λkr ± iλki thc Iakwbian c (J = grad(g)) tou
sust matoc, ìpou h g orÐsthke sthn par�grafo 3.5.

g(y) =


q1
q2
q3
q4



J=



∂q1
∂x1

∂q1
∂x2

∂q1
∂x3

∂q1
∂x4

∂q2
∂x1

∂q2
∂x2

∂q2
∂x3

∂q2
∂x4

∂q3
∂x1

∂q3
∂x2

∂q3
∂x3

∂q3
∂x4

∂q4
∂x1

∂q4
∂x2

∂q4
∂x3

∂q4
∂x4


Oi gr gorec qronoklÐmakec enìc dÔskamptou probl matoc, oi opoÐec eÐnai upeÔjunec gia tic

exisorrop seic pou anaptÔssontai metaxÔ twn di�forwn diadikasi¸n tou probl matoc, sqetÐzon-
tai me tic idiotimèc thc Iakwbian c tou sust matoc to pragmatikì mèroc twn opoÐwn eÐnai arnhtikì
kai kat' apìluth tim  polÔ megalÔtero apì to fantastikì.

Sto prìblhm� mac ja prospaj soume na epanaprosdiorÐsoume timèc twn paramètrwn p1−p10
ètsi ¸ste na petÔqoume idiotimèc thc Iakwbian c thc morf c pou perigr�yame parap�nw pro-
keimènou na èqoume èna dÔskampto prìblhma to opoÐo na qarakthrÐzetai apì thn Ôparxh arg¸n
kai gr gorwn aposbetik¸n qronoklim�kwn oi opoÐec na teÐnoun gr gora sto mhdèn. Katìpin
ja efarmìsoume thn tropopoihmènh mèjodo CSP h opoÐa ekmetalleuìmenh thn ex�ntlhsh twn
gr gorwn qronoklim�kwn ja mac odhg sei ston prosdiorismì thc AAP kai kat� sunèpeia sth
lÔsh enìc probl matoc mikrìterhc di�stashc.

33
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4.1.2 Arqikì prìblhma

Sto arqikì prìblhma oi timèc twn paramètrwn p1 − p10 eÐnai autèc pou anafèrontai sthn par�-
grafo 3.2.7 kai oi idiotimèc pou paÐrnoume faÐnontai sthn pr¸th seir� tou PÐnaka 20. Blèpoume
pwc oi idiotimèc pou paÐrnoume den eÐnai thc morf c pou jèloume, ìpwc aut  prosdiorÐsthke sthn
par�grafo 4.1.1. Prokeimènou na p�roume idiotimèc thc zhtoÔmenhc morf c ja proqwr soume se
metabolèc twn paramètrwn p1 − p10 (Peript¸seic 1-4)

StoÔc PÐnakec 4, 5, 6 parousi�zontai oi timèc twn paramètrwn p1 − p15

Timèc paramètrwn (Arqikì prìblhma)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 4. Timèc twn paramètrwn p1 − p5 tou arqikoÔ probl matoc

Timèc paramètrwn (Arqikì prìblhma)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
0.01 0.01 0.20 0.10 1.00

Pinakac 5. Timèc twn paramètrwn p5 − p10 tou arqikoÔ probl matoc

Timèc paramètrwn (Arqikì prìblhma)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
7.07 1.29 0.03 0.08 0.22

Pinakac 6. Timèc twn paramètrwn p10 − p15 tou arqikoÔ probl matoc

4.1.3 PerÐptwsh 1

Arqik� aux�noume kai elatt¸noume k�je par�metro kat� treic (3) t�xeic megèjouc (×103) kai
(×10−3) kai paÐrnoume tic idiotimèc pou faÐnontai ston PÐnaka 20. Blèpoume pwc mìno h aÔxhsh
twn p6 = ζ1, p7 = ζ2 mac dÐnei idiotimèc thc morf c pou jèloume.

Eklègoume gia thn p6 = ζ1 thn tim  3.00 apì 0.01 kai krat�me Ðdiec tic �llec paramètrouc
pr�gma to opoÐo mac dÐnei gia thn apìsbesh c1 thn tim  p13 = c1 = 8.48. Ston PÐnaka 21 blè-
poume ìti oi idiotimèc èqoun th morf  pou jèloume, me to pragmatikì mèroc twn dÔo pr¸twn na
eÐnai arnhtikì kai kat' apìluth tim  polÔ megalÔtero apì to fantastikì, en¸ oi epìmenec dÔo
idiotimèc sqhmatÐzoun èna migadikì zeug�ri.

StoÔc PÐnakec 7, 8, 9 parousi�zontai oi timèc twn paramètrwn p1 − p15

Timèc paramètrwn (PerÐptwsh 1)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 7. Timèc twn paramètrwn p1 − p5 thc PerÐptwshc 1

Timèc paramètrwn (PerÐptwsh 1)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 8. Timèc twn paramètrwn p5 − p10 thc PerÐptwshc 1
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Timèc paramètrwn (PerÐptwsh 1)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
7.07 1.29 8.48 0.08 0.22

Pinakac 9. Timèc twn paramètrwn p10 − p15 thc PerÐptwshc 1

4.1.4 PerÐptwsh 2

Gia thn tim  thc paramètrou p6 = ζ1 aux�noume kai elatt¸noume tic �llec paramètrouc kat� dÔo
(2) t�xeic megèjouc (×102) kai (×10−2) kai paÐrnoume tic idiotimèc pou faÐnontai ston PÐnaka
22. Blèpoume pwc kurÐwc h aÔxhsh thc p2 = k1   h el�ttwsh thc p4 = m1 mac dÐnei idiotimèc thc
morf c pou jèloume.

Krat�me gia thn p6 = ζ1 thn tim  3.00, eklègoume gia thn p2 = k1 thn tim  100.00 apì 10.00
en¸ krat�me Ðdiec tic �llec paramètrouc. Autì mac dÐnei gia thn apìsbesh c1 kai gia th suqnìth-
ta w1 tic timèc p13 = c1 = 26.83 kai p11 = w1 = 22.36. Oi idiotimèc pou paÐrnoume faÐnontai ston
PÐnaka 23 ìpou to pragmatikì mèroc twn dÔo pr¸twn idiotim¸n eÐnai arnhtikì kai kat' apìluth
tim  polÔ megalÔtero apì to fantastikì, en¸ oi epìmenec dÔo idiotimèc sqhmatÐzoun èna migadikì
zeug�ri. Se sÔgkrish me thn PerÐptwsh 1 h diafor� metaxÔ pragmatikoÔ kai fantastikoÔ mèrouc
eÐnai saf¸c megalÔterh gia k�je idiotim , kaj¸c epÐshc megalÔterh eÐnai kai h diafor� metaxÔ
twn pragmatik¸n mer¸n twn antÐstoiqwn idiotim¸n.

StoÔc PÐnakec 10, 11, 12 parousi�zontai oi timèc twn paramètrwn p1 − p15

Timèc paramètrwn (PerÐptwsh 2)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 100.00 5.00 0.20 3.00

Pinakac 10. Timèc twn paramètrwn p1 − p5 thc PerÐptwshc 2

Timèc paramètrwn (PerÐptwsh 2)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 11. Timèc twn paramètrwn p5 − p10 thc PerÐptwshc 2

Timèc paramètrwn (PerÐptwsh 2)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
22.36 1.29 26.83 0.08 0.22

Pinakac 12. Timèc twn paramètrwn p10 − p15 thc PerÐptwshc 2

4.1.5 PerÐptwsh 3

Gia tic timèc twn paramètrwn p2 = k1 kai p6 = ζ1 aux�noume kai elatt¸noume tic �llec paramè-
trouc kat� dÔo (2) t�xeic megèjouc (×102) kai (×10−2) kai paÐrnoume tic idiotimèc pou faÐnontai
ston PÐnaka 24. Blèpoume pwc kurÐwc h el�ttwsh thc p4 = m1 mac dÐnei idiotimèc thc morf c
pou jèloume.

Krat�me gia thn p6 = ζ1 thn tim  3.00, gia thn p2 = k1 thn tim  100.00 kai eklègoume gia
thn p4 = m1 thn tim  0.02 apì 0.20 en¸ krat�me Ðdiec tic �llec paramètrouc. Autì mac dÐnei
gia thn apìsbesh c1 kai gia th suqnìthta w1 tic timèc p13 = c1 = 8.48 kai p11 = w1 = 70.71.
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Oi idiotimèc pou paÐrnoume faÐnontai ston PÐnaka 25 ìpou to pragmatikì mèroc twn dÔo pr¸-
twn idiotim¸n eÐnai arnhtikì kai kat' apìluth tim  polÔ megalÔtero apì to fantastikì, en¸ oi
epìmenec dÔo idiotimèc sqhmatÐzoun èna migadikì zeug�ri. Se sÔgkrish me thn PerÐptwsh 2 h
diafor� metaxÔ pragmatikoÔ kai fantastikoÔ mèrouc eÐnai saf¸c megalÔterh gia k�je idiotim ,
kaj¸c epÐshc megalÔterh eÐnai kai h diafor� metaxÔ twn pragmatik¸n mer¸n twn antÐstoiqwn
idiotim¸n. Pio sugkekrimèna oi diaforèc eÐnai megalÔterec apì tic antÐstoiqec diaforèc metaxÔ
twn Peript¸sewn 1 kai 2.

StoÔc PÐnakec 13, 14, 15 parousi�zontai oi timèc twn paramètrwn p1 − p15

Timèc paramètrwn (PerÐptwsh 3)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 100.00 5.00 0.02 3.00

Pinakac 13. Timèc twn paramètrwn p1 − p5 thc PerÐptwshc 3

Timèc paramètrwn (PerÐptwsh 3)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 14. Timèc twn paramètrwn p5 − p10 thc PerÐptwshc 3

Timèc paramètrwn (PerÐptwsh 3)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
70.71 1.29 8.48 0.08 0.22

Pinakac 15. Timèc twn paramètrwn p10 − p15 thc PerÐptwshc 3

4.1.6 PerÐptwsh 4

Exet�zoume thn perÐptwsh ìpou diathroÔme thn arqik  tim  tou par�gonta apìsbeshc p6 = ζ1
kai all�zoume tic timèc twn p2 = k1 kai p4 = m1. DiathroÔme dhlad  thn arqik  tim  thc apì-
sbeshc p11 = c1 = 0.03 kai aux�noume thn tim  thc suqnìthtac p11 = ω1 = 70.71. Ston PÐnaka
26 blèpoume pwc den paÐrnoume timèc twn idiotim¸n thc morf c pou jèloume. 'Ara h aÔxhsh thc
apìsbeshc eÐnai aparaÐthth prokeimènou na èqoume èna prìblhma thc morf c pou perigr�fetai
sthn par�grafo 4.1.1

StoÔc pÐnakec 16, 17, 18 parousi�zontai oi timèc twn paramètrwn p1 − p15

Timèc paramètrwn (PerÐptwsh 4)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 100.00 5.00 0.02 3.00

Pinakac 16. Timèc twn paramètrwn p1 − p5 thc PerÐptwshc 4

Timèc paramètrwn (PerÐptwsh 4)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
0.01 0.01 0.20 0.10 1.00

Pinakac 17. Timèc twn paramètrwn p5 − p10 thc PerÐptwshc 4
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Timèc paramètrwn (PerÐptwsh 4)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
70.71 1.29 0.03 0.08 0.22

Pinakac 18. Timèc twn paramètrwn p10 − p15 thc PerÐptwshc 4

4.1.7 Sumpèrasma

Genik� ìpwc mporoÔme na doÔme ston PÐnaka 19 h aÔxhsh tou par�gonta apìsbeshc ζ1 h opoÐa
odhgeÐ se aÔxhsh tou suntelest  apìsbeshc c1, h aÔxhsh thc stajer�c elathrÐou k1 kai h el�t-
twsh thc m�zac m1 pou odhgoÔn se aÔxhsh thc suqnìthtac w1, eÐnai proc thn kateÔjunsh twn
susthm�twn pou anafèrjhkan ston prìlogo kai sumfwnoÔn me thn an�lush thc paragr�fou 4.1.1
sqetik� me th zhtoÔmenh morf  twn idiotim¸n. Pio sugkekrimèna ìpwc mporoÔme na doÔme stic
Peript¸seic 1-4 kai ston PÐnaka 19 h aÔxhsh thc apìsbeshc c1 mporeÐ apì mình thc na mac d¸-
sei sÔsthma thc morf c pou jèloume, k�ti to opoÐo den isqÔei gia thn aÔxhsh thc suqnìthtac w1.

Ston PÐnaka 19 parousi�zontai oi metabolèc twn paramètrwn gia ìlec tic Peript¸seic.

Peript¸seic Timèc paramètrwn
p6 = ζ1 p2 = k1 p4 = m1 p13 = c1 p11 = ω1 c1/c2 ω1/ω2

Arqik  perÐptwsh 0.01 10.00 0.20 0.03 7.07 0.37 5.48
PerÐptwsh 1 3.00 10.00 0.20 8.48 7.07 106.00 5.48
PerÐptwsh 2 3.00 100.00 0.20 26.83 22.36 335.37 17.33
PerÐptwsh 3 3.00 100.00 0.02 8.48 70.71 106.00 54.81
PerÐptwsh 4 0.01 100.00 0.02 0.03 70.71 0.37 54.81

Pinakac 19. Metabolèc twn paramètrwn gia ìlec tic Peript¸seic
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Τιμές παραμέτρων ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i

Αρχικό πρόβλημα -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p1 = k(x103) -6.72Ε-02 7.32Ε+01 -6.72Ε-02 -7.32Ε+01 -1.65Ε-02 2.16Ε+00 -1.65Ε-02 -2.16Ε+00

p1 = k(x10−3
) -7.07Ε-02 7.07Ε+00 -7.07Ε-02 -7.07Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p2 = k1(x103) -2.24Ε+00 2.24Ε+02 -2.24Ε+00 -2.24Ε+02 -1.29Ε-02 1.41Ε+00 -1.29Ε-02 -1.41Ε+00

p2 = k1(x10−3
) -1.16Ε-02 1.24Ε+00 -1.16Ε-02 -1.24Ε+00 -3.50Ε-03 2.35Ε+00 -3.50Ε-03 -2.35Ε+00

p3 = k2(x103) -4.08Ε-01 4.08Ε+01 -4.08Ε-01 -4.08Ε+01 -7.07Ε-02 7.41Ε+00 -7.07Ε-02 -7.41Ε+00

p3 = k2(x10−3
) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -4.47Ε-04 5.51Ε-01 -4.47Ε-04 -5.51Ε-01

p4 = m1(x103) -1.29Ε-02 1.41Ε+00 -1.29Ε-02 -1.41Ε+00 -2.24Ε-03 2.33Ε-01 -2.24Ε-03 -2.33Ε-01

p4 = m1(x10−3
) -2.24Ε+00 2.34Ε+02 -2.24Ε+00 -2.34Ε+02 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p5 = m2(x103) -7.07Ε-02 7.41Ε+00 -7.07Ε-02 -7.41Ε+00 -4.08Ε-04 4.44Ε-02 -4.08Ε-04 -4.44Ε-02

p5 = m2(x10−3
) -4.08Ε-01 4.47Ε+01 -4.08Ε-01 -4.47Ε+01 -7.09Ε-02 7.36Ε+00 -7.09Ε-02 -7.36Ε+00

p6 = ζ1(x103) -1.41Ε+02 0.00Ε+00 -3.84Ε-01 0.00Ε+00 -1.57Ε-02 1.41Ε+00 -1.57Ε-02 -1.41Ε+00

p6 = ζ1(x10−3
) -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00 -7.83Ε-05 7.42Ε+00 -7.83Ε-05 -7.42Ε+00

p7 = ζ2(x103) -2.57Ε+01 0.00Ε+00 -7.65Ε-02 0.00Ε+00 -7.13Ε-02 7.41Ε+00 -7.13Ε-02 -7.41Ε+00

p7 = ζ2(x10−3
) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -5.45Ε-05 1.40Ε+00 -5.45Ε-05 -1.40Ε+00

p8 = D(x103) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p8 = D(x10−3
) -7.07Ε-02 7.07Ε+00 -7.07Ε-02 -7.07Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p9 = ∆L(x103) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p9 = ∆L(x10−3
) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p10 = A(x103) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

p10 = A(x10−3
) -7.07Ε-02 7.42Ε+00 -7.07Ε-02 -7.42Ε+00 -1.29Ε-02 1.40Ε+00 -1.29Ε-02 -1.40Ε+00

Pinakac 20. Idiotimèc Iakwbian c gia metabol  twn paramètrwn p1 − p10 kat� treÐc (3) t�xeic megèjouc. (×10±3)

Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ (Περίπτωση 1)

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i

p6 = ζ1 = 3 -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

PÐnakac 21. Idiotimèc Iakwbian c gia thn PerÐptwsh 1 (p6 = ζ1 = 3.00)
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Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i

p6 = ζ1 = 3 -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

p1 = k(x102) -1.99Ε+01 8.70Ε+00 -1.99Ε+01 -8.70Ε+00 -1.36Ε+00 1.91Ε+00 -1.36Ε+00 -1.91Ε+00

p1 = k(x10−2
) -4.12Ε+01 0.00Ε+00 -1.21Ε+00 0.00Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p2 = k1(x102) -4.12Ε+02 0.00Ε+00 -1.21Ε+01 0.00Ε+00 -1.29Ε-02 1.41Ε+00 -1.29Ε-02 -1.41Ε+00

p2 = k1(x10−2
) -2.04Ε+00 8.78Ε-01 -2.04Ε+00 -8.78Ε-01 -9.43Ε-02 1.37Ε+00 -9.43Ε-02 -1.37Ε+00

p3 = k2(x102) -4.11Ε+01 0.00Ε+00 -1.34Ε+00 0.00Ε+00 -1.29Ε-01 1.29Ε+01 -1.29Ε-01 -1.29Ε+01

p3 = k2(x10−2
) -4.11Ε+01 0.00Ε+00 -1.32Ε+00 0.00Ε+00 -1.13Ε-02 5.69Ε-01 -1.13Ε-02 -5.69Ε-01

p4 = m1(x102) -4.11Ε+00 0.00Ε+00 -1.32Ε-01 0.00Ε+00 -1.38Ε-02 1.41Ε+00 -1.38Ε-02 -1.41Ε+00

p4 = m1(x10−2
) -4.11Ε+02 0.00Ε+00 -1.34Ε+01 0.00Ε+00 -1.41Ε-02 1.40Ε+00 -1.41Ε-02 -1.40Ε+00

p5 = m2(x102) -4.11Ε+01 0.00Ε+00 -1.34Ε+00 0.00Ε+00 -1.41Ε-03 1.40Ε-01 -1.41Ε-03 -1.40Ε-01

p5 = m2(x10−2
) -4.11Ε+01 0.00Ε+00 -1.32Ε+00 0.00Ε+00 -1.38Ε-01 1.41Ε+01 -1.38Ε-01 -1.41Ε+01

p7 = ζ2(x102) -4.11Ε+01 0.00Ε+00 -2.57Ε+01 0.00Ε+00 -1.34Ε+00 0.00Ε+00 -7.64Ε-02 0.00Ε+00

p7 = ζ2(x10−2
) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -5.64Ε-03 1.41Ε+00 -5.64Ε-03 -1.41Ε+00

p8 = D(x102) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

p8 = D(x10−2
) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

p9 = ∆L(x102) -4.12Ε+01 0.00Ε+00 -1.21Ε+00 0.00Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p9 = ∆L(x10−2
) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

p10 = A(x102) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

p10 = A(x10−2
) -4.11Ε+01 0.00Ε+00 -1.33Ε+00 0.00Ε+00 -1.85Ε-02 1.41Ε+00 -1.85Ε-02 -1.41Ε+00

Pinakac 22. Idiotimèc Iakwbian c gia metabol  twn paramètrwn ektìc thc p6 kat� dÔo (2) t�xeic megèjouc. (×10±2)

Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ (Περίπτωση 2)

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i
p2 = k1 = 100

p6 = ζ1 = 3
-1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

PÐnakac 23. Idiotimèc Iakwbian c gia thn PerÐptwsh 2 (p6 = ζ1 = 3.00, p2 = k1 = 100.00)
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Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i
p2 = k1 = 100

p6 = ζ1 = 3
-1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

p1 = k(x102) -1.26Ε+02 0.00Ε+00 -5.94Ε+00 0.00Ε+00 -9.90Ε-01 4.83Ε+00 -9.90Ε-01 -4.83Ε+00

p1 = k(x10−2
) -1.30Ε+02 0.00Ε+00 -3.84Ε+00 0.00Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p3 = k2(x102) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.29Ε-01 1.29Ε+01 -1.29Ε-01 -1.29Ε+01

p3 = k2(x10−2
) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.72Ε-03 5.88Ε-01 -1.72Ε-03 -5.88Ε-01

p4 = m1(x102) -1.30Ε+01 0.00Ε+00 -3.87Ε-01 0.00Ε+00 -1.32Ε-02 1.41Ε+00 -1.32Ε-02 -1.41Ε+00

p4 = m1(x10−2
) -1.30Ε+03 0.00Ε+00 -3.88Ε+01 0.00Ε+00 -1.30Ε-02 1.41Ε+00 -1.30Ε-02 -1.41Ε+00

p5 = m2(x102) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.30Ε-03 1.41Ε-01 -1.30Ε-03 -1.41Ε-01

p5 = m2(x10−2
) -1.30Ε+02 0.00Ε+00 -3.87Ε+00 0.00Ε+00 -1.32Ε-01 1.41Ε+01 -1.32Ε-01 -1.41Ε+01

p7 = ζ2(x102) -1.30Ε+02 0.00Ε+00 -3.87Ε+00 0.00Ε+00 -1.29Ε+00 5.72Ε-01 -1.29Ε+00 -5.72Ε-01

p7 = ζ2(x10−2
) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -5.13Ε-04 1.41Ε+00 -5.13Ε-04 -1.41Ε+00

p8 = D(x102) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

p8 = D(x10−2
) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

p9 = ∆L(x102) -1.30Ε+02 0.00Ε+00 -3.84Ε+00 0.00Ε+00 -1.29Ε-02 1.29Ε+00 -1.29Ε-02 -1.29Ε+00

p9 = ∆L(x10−2
) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

p10 = A(x102) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

p10 = A(x10−2
) -1.30Ε+02 0.00Ε+00 -3.88Ε+00 0.00Ε+00 -1.33Ε-02 1.41Ε+00 -1.33Ε-02 -1.41Ε+00

Pinakac 24. Idiotimèc Iakwbian c gia metabol  twn paramètrwn ektìc twn p6, p2 kat� dÔo (2) t�xeic megèjouc. (×10±2)

Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ (Περίπτωση 3)

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i
p6 = ζ1 = 3,
p2 = k1 = 100

p4 = m1 = 0.02

-4.12Ε+02 0.00Ε+00 -1.23Ε+01 0.00Ε+00 -1.30Ε-02 1.41Ε+00 -1.30Ε-02 -1.41Ε+00

PÐnakac 25. Idiotimèc Iakwbian c gia thn PerÐptwsh 3 (p6 = ζ1 = 3.00, p2 = k1 = 100.00, p4 = m1 = 0.02)
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Τιμές

παραμέτρων
ΙΔΙΟΤΙΜΕΣ ΙΑΚΩΒΙΑΝΗΣ (Περίπτωση 4)

λ1r λ1i λ2r λ2i λ3r λ3i λ4r λ4i
p2 = k1 = 100

p4 = m1 = 0.02
-7.07Ε-01 7.11Ε+01 -7.07Ε-01 -7.11Ε+01 -1.29Ε-02 1.41Ε+00 -1.29Ε-02 -1.41Ε+00

PÐnakac 26. Idiotimèc Iakwbian c gia thn PerÐptwsh 4 (p2 = k1 = 100.00, p4 = m1 = 0.02)
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4.2 SÔgkrish twn Peript¸sewn 1,2,3

4.2.1 Genik�

Me th bo jeia tou k¸dika LSODE , gia tic arqikèc sunj kec pou dÐdontai sthn par�grafo 3.4
kai gia tic Peript¸seic (1,2,3) pou orÐsthkan sthn par�grafo 4.1 ja prosdiorÐsoume tic meta-
topÐseic u1, u2 twn maz¸n m1,m2, tic idiotimèc λk thc Iakwbian c, tic qronoklÐmakec τk kai ta
gr gora pl�th fkr pou antistoiqoÔn se k�je metablht .

Katìpin gia k�je perÐptwsh ja d¸soume arqik� tic grafikèc parast�seic twn metatopÐsewn
u1, u2 kai katìpin, sunart sei tou qrìnou, tic grafikèc parast�seic twn pragmatik¸n mer¸n
twn idiotim¸n λkr ìpou faÐnontai oi metaxÔ touc diaforèc. AkoloujoÔn, p�nta sunart sei tou
qrìnou, oi grafikèc parast�seic twn qronoklim�kwn τk ìpou blèpoume tic timèc pou paÐrnoun
kat� thn exèlixh tou fainìmenou kai orÐzetai h qarakthristik  qronoklÐmaka τchar h opoÐa eÐnai
h pio gr gorh apì tic argèc qronoklÐmakec. OrÐzetai epÐshc to e to opoÐo eÐnai o lìgoc thc pio
arg c apì tic gr gorec qronoklÐmakec proc thn pio gr gorh apì tic argèc τchar kai apoteleÐ èna
mètro tou kenoÔ metaxÔ gr gorwn kai arg¸n qronoklim�kwn. 'Oso megalÔtero eÐnai autì to kenì
tìso kalÔterh eÐnai h akrÐbeia prosdiorismoÔ thc AAP kai tou AS. DÐdontai epÐshc oi grafikèc
parast�seic twn plat¸n fkr ìpou blèpoume poia apì aut� teÐnoun sto mhdèn kai me poi� taqÔthta.

Apì ta parap�nw mporoÔme na sumper�noume an èqoume èna dÔskampto prìblhma ìpou up�r-
qoun argèc kai gr gorec aposbetikèc qronoklÐmakec oi opoÐec exantloÔntai sÔntoma.

Tèloc oi mh amelhtèec timèc tou CSP pointer mac epishmaÐnoun tic gr gorec metablhtèc tic
opoÐec ofeÐloume na gnwrÐzoume prokeimènou na qrhsimopoi soume thn tropopoihmènh mèjodo
CSP.

Oi qronoklÐmakec orÐzontai wc:

τk =
1√

λ2kr + λ2ki
,

ìpou λkr kai λki eÐnai antÐstoiqa to pragmatikì kai to fantastikì mèroc thc idiotim c λk =
λkr + iλki.

Oi idiotimèc λk = λkr + iλki eÐnai oi idiotimèc thc Iakwbian c

J=



∂q1
∂x1

∂q1
∂x2

∂q1
∂x3

∂q1
∂x4

∂q2
∂x1

∂q2
∂x2

∂q2
∂x3

∂q2
∂x4

∂q3
∂x1

∂q3
∂x2

∂q3
∂x3

∂q3
∂x4

∂q4
∂x1

∂q4
∂x2

∂q4
∂x3

∂q4
∂x4


Ta pl�th èqoun oristeÐ sthn par�grafo 2.2 wc:
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f r = brg =
[

br
r,b

r
s

] [ gr

gs

]
= br

rg
r + br

sg
s

f s = bsg =
[

bs
r,b

s
s

] [ gr

gs

]
= bs

rg
r + bs

sg
s

Oi metablhtèc tou probl matoc orÐsthkan sthn par�grafo 3.5 ¸c akoloÔjwc:

Metatìpish tou talantwt  1: x1 = u1
TaqÔthta tou talantwt  1: x2 = u̇1
Metatìpish tou talantwt  2: x3 = u2
TaqÔthta tou talantwt  2: x4 = u̇2

Genik� sta graf mata ìpou qrhsimopoioÔntai qr¸mata isqÔoun ta akìlouja:
1 = MaÔro, 2 = Kìkkino, 3 = Pr�sino, 4 = Mple.

4.2.2 Arqikì prìblhma

Oi timèc twn paramètrwn kai oi idiotimèc thc Iakwbian c gia tic arqikèc sunj kec pou dÐdontai
sthn par�grafo 3.4 eÐnai autèc pou prosdiorÐsthkan sthn par�grafo 4.1.2 (Arqikì prìblhma)
kai faÐnontai stouc PÐnakec 27, 28, 29 kai 30, 31 antÐstoiqa.

Timèc paramètrwn (Arqikì prìblhma)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 27. Timèc twn paramètrwn p1 − p5 tou arqikoÔ probl matoc

Timèc paramètrwn (Arqikì prìblhma)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
0.01 0.01 0.20 0.10 1.00

Pinakac 28. Timèc twn paramètrwn p6 − p10 tou arqikoÔ probl matoc

Timèc paramètrwn (Arqikì prìblhma)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
7.07 1.29 0.03 0.08 0.22

Pinakac 29. Timèc twn paramètrwn p10 − p15 tou probl matoc

IDIOTIMES IAKWBIANHS (Arqikì prìblhma)
λ1r λ1i λ2r λ2i

-7.07E-02 7.42E+00 -7.07E-02 -7.42E+00

Pinakac 30. Idiotimèc Iakwbian c λ1, λ2 arqikoÔ probl matoc

IDIOTIMES IAKWBIANHS (Arqikì prìblhma)
λ3r λ3i λ4r λ4i

-1.29E-02 1.40E+00 -1.29E-02 -1.40E+00

PÐnakac 31. Idiotimèc Iakwbian c λ3, λ4 arqikoÔ probl matoc
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ParathroÔme pwc to pragmatikì mèroc twn dÔo pr¸twn idiotim¸n eÐnai arnhtikì all� kat'
apìluth tim  mikrìtero apì to fantastikì. Den èqoume dhlad  èna dÔskampto prìblhma sto
opoÐo up�rqoun argèc kai gr gorec qronoklÐmakec.

Sto Sq. 5 parousi�zontai oi metatopÐseic u1, u2 twn maz¸n m1,m2. Blèpoume pwc kaj¸c h
m�za m1 teÐnei sth jèsh isorropÐac h m�za m2 arqÐzei thn tal�ntws  thc.

Sq ma 5. Exèlixh sto qrìno twn metatopÐsewn u1 − u2 twn maz¸n m1,m2

4.2.3 PerÐptwsh 1

Oi timèc twn paramètrwn kai oi idiotimèc thc Iakwbian c gia tic arqikèc sunj kec pou dÐdontai
sthn par�grafo 3.4 eÐnai autèc pou prosdiorÐsthkan sthn par�grafo 4.1.3 (PerÐptwsh 1) kai
faÐnontai stouc PÐnakec 32, 33, 34 kai 35, 36 antÐstoiqa.

Timèc paramètrwn (PerÐptwsh 1)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 32. Timèc twn paramètrwn p1 − p5 gia thn PerÐptwsh 1

Timèc paramètrwn (PerÐptwsh 1)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 33. Timèc twn paramètrwn p6 − p10 gia thn PerÐptwsh 1

Timèc paramètrwn (PerÐptwsh 1)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
7.07 1.29 8.48 0.08 0.22

Pinakac 34. Timèc twn paramètrwn p10 − p15 gia thn PerÐptwsh 1

Se sqèsh me to arqikì prìblhma up�rqei h ex c allag :

p6 = ζ1: 0.01−→ 3.00
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IDIOTIMES IAKWBIANHS (PerÐptwsh 1)
λ1r λ1i λ2r λ2i

-4.11E+01 0.00E+00 -1.33E+00 0.00E+00

Pinakac 35. Idiotimèc Iakwbian c λ1, λ2 gia thn PerÐptwsh 1

IDIOTIMES IAKWBIANHS (PerÐptwsh 1)
λ3r λ3i λ4r λ4i

-1.85E-02 1.41E+00 -1.85E-02 -1.41E+00

Pinakac 36. Idiotimèc Iakwbian c λ3, λ4 gia thn PerÐptwsh 1

ParathroÔme pwc to pragmatikì mèroc twn dÔo pr¸twn idiotim¸n eÐnai arnhtikì kai kat' apì-
luth tim  megalÔtero apì to fantastikì, en¸ oi epìmenec dÔo idiotimèc sqhmatÐzoun èna migadikì
zeug�ri thc morf c λ3r + iλ3i, λ4r− iλ4i ìpou to fantastikì mèroc eÐnai polÔ megalÔtero apì to
pragmatikì. 'Eqoume dhlad  èna dÔskampto prìblhma sto opoÐo up�rqoun argèc kai gr gorec
qronoklÐmakec.

Sto Sq. 6 parousi�zontai oi metatopÐseic u1, u2 twn maz¸n m1,m2. Xekin�me me ton ta-
lantwt  (1) na talant¸netai kai ton (2) na eÐnai akÐnhtoc (u1 = 1, u2 = 0) Sq. 6(a) kai
katal goume na talant¸netai o (2) se pl�th polÔ megalÔtera apì aut� pou talant¸netai o (1)
(u1 = ±0.002, u2 = ±0.03) Sq. 6(b).

(a) (b)

Sq ma 6. (a) Exèlixh sto qrìno twn metatopÐsewn u1 − u2 twn maz¸n m1,m2 kai (b) megè-
junsh gÔrw apì to 0.

Sto Sq. 7 parousi�zontai ta pragmatik� mèrh twn idiotim¸n thc Iakwbian c sunart sei tou
qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ twn λ1r (maÔro) kai λ2r (kìkkino) ta opoÐa
paÐrnoun arnhtikèc timèc polÔ mikrìterec apì autèc twn λ3r (pr�sino) kai λ4r (mple), ta opoÐa
sumpÐptoun kai brÐskontai polÔ kont� sto 0. Pio sugkekrimèna to λ1r paÐrnei timèc polÔ mikrì-
terec apì to λ2r, to opoÐo brÐsketai kont� sta λ3r kai λ4r.
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(a) (b)

Sq ma 7. (a) Exèlixh sto qrìno twn pragmatik¸n mer¸n λkr twn tess�rwn Idiotim¸n λk thc
Iakwbian c kai (b) megèjunsh gÔrw apì to 0.

Sto Sq. 8 parousi�zontai to pragmatikì kai ta fantastik� mèrh twn dÔo idiotim¸n λ3 kai λ4
sunart sei tou qrìnou, oi opoÐec sqhmatÐzoun èna migadikì zeug�ri thc morf c λ3r + iλ3i, λ4r −
iλ4i. Blèpoume pwc to fantastikì mèroc (λ3i = λ4i ' 1.4) eÐnai polÔ megalÔtero apì to prag-
matikì (λ3r = λ4r ' 0) kai perÐpou Ðso me th suqnìthta thc tal�ntwshc (ω = ω2 = 1.29). Apì
ta parap�nw sumperaÐnoume pwc prèpei na up�rqoun dÔo gr gorec qronoklÐmakec oi opoÐec ja
exantloÔntai polÔ pio sÔntoma apì tic argèc.

Sq ma 8. Exèlixh sto qrìno tou pragmatikoÔ λ3r = λ4r kai twn fantastik¸n mer¸n λ3i kai
λ4i tou migadikoÔ zeÔgouc twn idiotim¸n.

Sto Sq. 9 parousi�zontai oi qronoklÐmakec, pou antistoiqoÔn stic metablhtèc tou probl -
matoc, sunart sei tou qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ thc qronoklÐmakac τ1
(maÔro) h opoÐa sqetÐzetai me thn idiotim  λ1 kai twn τ2 (kìkkino), τ3 (pr�sino) kai τ4 (mple) oi
opoÐec sqetÐzontai me tic idiotimèc λ2, λ3 kai λ4. H qronoklÐmaka τ1 paÐrnei timèc polÔ mikrìte-
rec apì autèc thc τ2 h opoÐa paÐrnei timèc lÐgo megalÔterec apì tic τ3, τ4 oi opoÐec tautÐzontai.
Up�rqei dhlad  mÐa mìno gr gorh qronoklÐmaka.
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Sq ma 9. Exèlixh sto qrìno twn tess�rwn Qronoklim�kwn τk

Sta Sq. 10 kai Sq. 11 parousi�zontai ta gr gora pl�th fkr, pou antistoiqoÔn stic meta-
blhtèc tou probl matoc, sunart sei tou qrìnou. ParathroÔme pwc apì ta tèssera pl�th, ta
pl�th f1r (maÔro) kai f2r (kìkkino) ta opoÐa sqetÐzontai me tic qronoklÐmakec τ1 kai τ2 teÐnoun
sto mhdèn. Pio sugkekrimèna blèpoume pwc to pl�toc f1r teÐnei gr gora sto mhdèn en¸ to f2r

akoloujeÐ, all� saf¸c pio arg�.

(a) (b)

Sq ma 10. (a) Exèlixh sto qrìno twn tess�rwn gr gorwn plat¸n fkr kai (b) megèjunsh gÔrw
apì to 0.

Sq ma 11. Exèlixh sto qrìno twn dÔo pio gr gorwn plat¸n f1r kai f2r

O pointer èqei mh mhdenikèc timèc gia tic metablhtèc x1, x2.
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4.2.4 PerÐptwsh 2

Oi timèc twn paramètrwn kai oi idiotimèc thc Iakwbian c gia tic arqikèc sunj kec pou dÐdontai
sthn par�grafo 3.4 eÐnai autèc pou prosdiorÐsthkan sthn par�grafo 4.1.4 (PerÐptwsh 2) kai
faÐnontai stouc PÐnakec 37, 38, 39 kai 40, 41 antÐstoiqa.

Timèc paramètrwn (PerÐptwsh 2)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 100.00 5.00 0.20 3.00

Pinakac 37. Timèc twn paramètrwn p1 − p5 gia thn PerÐptwsh 2

Timèc paramètrwn (PerÐptwsh 2)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 38. Timèc twn paramètrwn p6 − p10 gia thn PerÐptwsh 2

Timèc paramètrwn (PerÐptwsh 2)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
22.36 1.29 26.83 0.08 0.22

Pinakac 39. Timèc twn paramètrwn p10 − p15 gia thn PerÐptwsh 2

Se sqèsh me to arqikì prìblhma up�rqoun oi ex c allagèc:

p6 = ζ1: 0.01−→ 3.00,p2 = k1: 10.00−→ 100.00

IDIOTIMES IAKWBIANHS (PerÐptwsh 2)
λ1r λ1i λ2r λ2i

-1.30E+02 0.00E+00 -3.88E+00 0.00E+00

Pinakac 40. Idiotimèc Iakwbian c λ1, λ2 gia thn perÐptwsh 2

IDIOTIMES IAKWBIANHS (PerÐptwsh 2)
λ3r λ3i λ4r λ4i

-1.33E-02 1.41E+00 -1.33E-02 -1.41E+00

Pinakac 41. Idiotimèc Iakwbian c λ3, λ4 gia thn perÐptwsh 2

ParathroÔme pwc to pragmatikì mèroc twn dÔo pr¸twn idiotim¸n eÐnai arnhtikì kai kat' a-
pìluth tim  polÔ megalÔtero apì to fantastikì, en¸ oi epìmenec dÔo idiotimèc sqhmatÐzoun èna
migadikì zeug�ri thc morf c λ3r + iλ3i, λ4r− iλ4i ìpou to fantastikì mèroc eÐnai polÔ megalÔte-
ro apì to pragmatikì. 'Eqoume dhlad  èna dÔskampto prìblhma sto opoÐo up�rqoun argèc kai
gr gorec qronoklÐmakec.

Sto Sq. 12 parousi�zontai oi metatopÐseic u1, u2 twn maz¸n m1,m2. Xekin�me me ton ta-
lantwt  (1) na talant¸netai kai ton (2) na eÐnai akÐnhtoc (u1 = 1, u2 = 0) Sq.12(a) kai ka-
tal goume na talant¸netai o (2) se pl�th polÔ megalÔtera apì aut� pou talant¸netai o (1)
(u1± 0.0001, u2 = ±0.02) Sq.12(b).



KEF�ALAIO 4. DIERE�UNHSH 49

(a) (b)

Sq ma 12. (a) Exèlixh sto qrìno twn metatopÐsewn u1 − u2 twn maz¸n m1,m2 kai (b) megè-
junsh gÔrw apì to 0.

Sto Sq. 13 parousi�zontai ta pragmatik� mèrh twn idiotim¸n thc Iakwbian c sunart sei
tou qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ twn λ1r (maÔro) kai λ2r (kìkkino) ta opoÐa
paÐrnoun arnhtikèc timèc polÔ mikrìterec apì autèc twn λ3r (pr�sino) kai λ4r (mple), ta opoÐa
sumpÐptoun kai brÐskontai polÔ kont� sto 0. EpÐshc parathroÔme pwc to fainìmeno autì eÐnai
saf¸c pio èntono apì thn PerÐptwsh 1. Pio sugkekrimèna to kenì metaxÔ twn λ1r kai λ2r eÐnai
megalÔtero, en¸ kai ta dÔo brÐskontai pio makri� apì ta λ3r kai λ4r.

(a) (b)

Sq ma 13. (a) Exèlixh sto qrìno twn pragmatik¸n mer¸n λkr twn tess�rwn Idiotim¸n λk thc
Iakwbian c kai (b) megèjunsh gÔrw apì to 0.

Sto Sq. 14 parousi�zontai to pragmatikì kai ta fantastik� mèrh twn dÔo idiotim¸n λ3 kai λ4
sunart sei tou qrìnou, oi opoÐec sqhmatÐzoun èna migadikì zeug�ri thc morf c λ3r + iλ3i, λ4r −
iλ4i. Blèpoume pwc to fantastikì mèroc (λ3i = λ4i ' 1.4) eÐnai polÔ megalÔtero apì to prag-
matikì kai perÐpou Ðso me th suqnìthta thc tal�ntwshc (ω = ω2 ' 1.29). Apì ta parap�nw
sumperaÐnoume pwc up�rqoun dÔo gr gorec qronoklÐmakec oi opoÐec ja exantloÔntai polÔ pio
sÔntoma apì tic argèc.
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Sq ma 14. Exèlixh sto qrìno tou pragmatikoÔ λ3r = λ4r kai twn fantastik¸n mer¸n λ3i, λ4i
tou migadikoÔ zeÔgouc twn idiotim¸n.

Sto Sq. 15 parousi�zontai oi qronoklÐmakec τk, pou antistoiqoÔn stic metablhtèc tou pro-
bl matoc, sunart sei tou qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ twn qronoklim�kwn
τ1 (maÔro) kai τ2 (kìkkino) oi opoÐec sqetÐzontai me tic idiotimèc λ1 kai λ2, en¸ oi qronoklÐmakec
τ3 (pr�sino) kai τ4 (mple) oi opoÐec sqetÐzontai me tic idiotimèc λ3 kai λ4 sumpÐptoun. H qrono-
klÐmaka τ1 paÐrnei timèc mikrìterec apì autèc thc τ2, all� kai oi dÔo brÐskontai makri� apì tic
τ3 kai τ4. Genik� kai oi dÔo qronoklÐmakec τ1 kai τ2 paÐrnoun timèc kont� sto mhdèn kai makri�
apì thn qarakthristik  qronoklÐmaka h opoÐa orÐzetai wc τchar = τ3 = τ4. Sth sugkekrimènh
perÐptwsh èqoume e = τ2/τchar = 0.36.

(a) (b)

Sq ma 15. (a) Exèlixh sto qrìno twn tess�rwn qronoklim�kwn τk kai (b) exèlixh sto qrìno
twn dÔo pio gr gorwn qronoklim�kwn τ1, τ2.

Sta Sq. 16 kai Sq. 17 parousi�zontai ta gr gora pl�th fkr, pou antistoiqoÔn stic meta-
blhtèc tou probl matoc, sunart sei tou qrìnou. ParathroÔme pwc apì ta tèssera pl�th, ta
pl�th f1r (maÔro) kai f2r (kìkkino) ta opoÐa sqetÐzontai me tic qronoklÐmakec τ1 kai τ2 teÐnoun
sto mhdèn. Pio sugkekrimèna blèpoume pwc to pl�toc f1r teÐnei gr gora sto mhdèn en¸ to f2r

akoloujeÐ pio arg� all� saf¸c kai ta dÔo teÐnoun sto mhdèn pio gr gora apì thn PerÐptwsh 1.

O pointer èqei mh mhdenikèc timèc gia tic metablhtèc x1, x2 pr�gma to opoÐo mac deÐqnei pwc
autèc eÐnai oi gr gorec metablhtèc tou probl matoc.
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(a) (b)
Sq ma 16. (a) Exèlixh sto qrìno twn tess�rwn gr gorwn plat¸n fkr kai (b) megèjush gÔrw
apì to 0.

Sq ma 17. Exèlixh sto qrìno twn dÔo pio gr gorwn plat¸n f1r kai f2r.

4.2.5 PerÐptwsh 3

Oi timèc twn paramètrwn kai oi idiotimèc thc Iakwbian c gia tic arqikèc sunj kec pou dÐdontai
sthn par�grafo 3.4 eÐnai autèc pou prosdiorÐsthkan sthn par�grafo 4.1.5 (PerÐptwsh 3) kai
faÐnontai stouc PÐnakec 42, 43, 44 kai 45, 46 antÐstoiqa.

Timèc paramètrwn (PerÐptwsh 3)
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 100.00 5.00 0.02 3.00

Pinakac 42. Timèc twn paramètrwn p1 − p5 gia thn PerÐptwsh 3

Timèc paramètrwn (PerÐptwsh 3)
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
3.00 0.01 0.20 0.10 1.00

Pinakac 43. Timèc twn paramètrwn p6 − p10 gia thn PerÐptwsh 3

Timèc paramètrwn (PerÐptwsh 3)
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
70.71 1.29 8.48 0.08 0.22

Pinakac 44. Timèc twn paramètrwn p10 − p15 gia thn PerÐptwsh 3
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Se sqèsh me to arqikì prìblhma up�rqoun oi ex c allagèc:

p6 = ζ1: 0.01−→ 3.00,p2 = 1: 10.00−→ 100.00, p4 = m1: 0.20−→ 0.02

IDIOTIMES IAKWBIANHS (PerÐptwsh 3)
λ1r λ1i λ2r λ2i

-4.12E+02 0.00E+00 -1.23E+01 0.00E+00

Pinakac 45. Idiotimèc Iakwbian c λ1, λ2 gia thn PerÐptwsh 3

IDIOTIMES IAKWBIANHS (PerÐptwsh 3)
λ3r λ3i λ4r λ4i

-1.30E-02 1.41E+00 -1.30E-02 -1.41E+00

Pinakac 46. Idiotimèc Iakwbian c λ3, λ4 gia thn PerÐptwsh 3

ParathroÔme pwc to pragmatikì mèroc twn dÔo pr¸twn idiotim¸n eÐnai arnhtikì kai kat' a-
pìluth tim  polÔ megalÔtero apì to fantastikì, en¸ oi epìmenec dÔo idiotimèc sqhmatÐzoun èna
migadikì zeug�ri thc morf c λ3r + iλ3i, λ4r− iλ4i ìpou to fantastikì mèroc eÐnai polÔ megalÔte-
ro apì to pragmatikì. 'Eqoume dhlad  èna dÔskampto prìblhma sto opoÐo up�rqoun argèc kai
gr gorec qronoklÐmakec.

Sto Sq. 18 parousi�zontai oi metatopÐseic u1, u2 twn maz¸n m1,m2. Xekin�me me ton ta-
lantwt  (1) na talant¸netai kai ton (2) na eÐnai akÐnhtoc (u1 = 1, u2 = 0) Sq.18(a) kai ka-
tal goume na talant¸netai o (2) se pl�th polÔ megalÔtera apì aut� pou talant¸netai o (1)
(u1 = ±4E − 05, u2 = ±0.006) Sq.18(b).

(a) (b)

Sq ma 18. (a) Exèlixh sto qrìno twn metatopÐsewn u1 − u2 twn maz¸n m1,m2 kai (b) megè-
junsh gÔrw apì to 0.

Sto Sq. 19 parousi�zontai ta pragmatik� mèrh twn idiotim¸n λk thc Iakwbian c sunart sei
tou qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ twn λ1r (maÔro) kai λ2r (kìkkino) ta opoÐa
paÐrnoun arnhtikèc timèc polÔ mikrìterec apì autèc twn λ3r (pr�sino) kai λ4r (mple), ta opoÐa
sumpÐptoun kai paÐrnoun timèc polÔ kont� sto mhdèn. EpÐshc parathroÔme pwc to fainìmeno
autì eÐnai saf¸c pio èntono apì tic dÔo prohgoÔmenec peript¸seic. Pio sugkekrimèna to kenì
metaxÔ twn λ1r kai λ2r eÐnai megalÔtero, en¸ kai ta dÔo brÐskontai pio makri� apì ta λ3r kai λ4r.
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(a) (b)

Sq ma 19. (a) Exèlixh sto qrìno twn pragmatik¸n mer¸n λkr twn tess�rwn Idiotim¸n λk thc
Iakwbian c kai (b) megèjunsh gÔrw apì to 0.

Sto Sq. 20 parousi�zontai to pragmatikì kai ta fantastik� mèrh twn dÔo epìmenwn i-
diotim¸n λk sunart sei tou qrìnou, oi opoÐec sqhmatÐzoun èna migadikì zeug�ri thc morf c
λ3r + iλ3i, λ4r− iλ4i. Blèpoume pwc to fantastikì mèroc (λ3i = λ4i ' 1.4) eÐnai polÔ megalÔtero
apì to pragmatikì kai perÐpou Ðso me th suqnìthta thc tal�ntwshc (ω =ω2 = 1.29). Apì ta
parap�nw sumperaÐnoume pwc up�rqoun dÔo gr gorec qronoklÐmakec oi opoÐec ja exantloÔntai
polÔ pio gr gora apì tic argèc.

Sq ma 20. Exèlixh sto qrìno tou pragmatikoÔ λ3r = λ4r kai twn fantastik¸n mer¸n λ3i, λ4i
tou migadikoÔ zeÔgouc twn idiotim¸n.

Sto Sq. 21 parousi�zontai oi qronoklÐmakec τk, pou antistoiqoÔn stic metablhtèc tou pro-
bl matoc, sunart sei tou qrìnou. ParathroÔme pwc up�rqei kenì metaxÔ twn qronoklim�kwn
τ1 (maÔro) kai τ2 (kìkkino) oi opoÐec sqetÐzontai me tic idiotimèc λ1 kai λ2, en¸ oi qronoklÐmakec
τ3 (pr�sino) kai τ4 (mple) oi opoÐec sqetÐzontai me tic idiotimèc λ3 kai λ4 sumpÐptoun. H qrono-
klÐmaka τ1 paÐrnei timèc mikrìterec apì autèc thc τ2, en¸ kai oi dÔo brÐskontai makri� apì tic τ3
kai τ4 all� me saf¸c pio èntono trìpo apì thn PerÐptwsh 2. Genik� kai oi dÔo qronoklÐmakec
τ1 kai τ2 paÐrnoun timèc kont� sto mhdèn kai makri� apì thn qarakthristik  qronoklÐmaka h
opoÐa orÐzetai wc τchar = τ3 = τ4. Sthn sugkekrimènh perÐptwsh èqoume e = τ2/τchar = 0.11
to opoÐo eÐnai mikrìtero apì to e = 0.36 thc PerÐptwshc 2 pr�gma to opoÐo shmaÐnei pwc to
kenì metaxÔ thc pio arg c τ2 apì tic gr gorec qronoklÐmakec kai thc qarakthristik c τchar eÐnai
megalÔtero kai sunep¸c h akrÐbeia prosdiorismoÔ thc AAP kai tou AS eÐnai kalÔterh apì aut 
thc PerÐptwshc 2.
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(a) (b)

Sq ma 21. (a) Exèlixh sto qrìno twn qronoklim�kwn τk kai (b) exèlixh sto qrìno twn dÔo
pio gr gorwn qronoklim�kwn τ1, τ2.

Sta Sq. 22 kai Sq. 23 parousi�zontai ta gr gora pl�th fkr, pou antistoiqoÔn stic metablh-
tèc tou probl matoc, sunart sei tou qrìnou. ParathroÔme pwc apì ta tèssera pl�th, ta pl�th
f1r (maÔro) kai f2r (kìkkino) ta opoÐa sqetÐzontai me tic qronoklÐmakec τ1 kai τ2 teÐnoun sto mhdèn.
Pio sugkekrimèna blèpoume pwc to pl�toc f1r teÐnei gr gora sto mhdèn en¸ to f2r akoloujeÐ pio
arg� all� kai ta dÔo teÐnoun sto mhdèn saf¸c pio gr gora apì tic dÔo prohgoÔmenec peript¸seic.

O pointer èqei mh mhdenikèc timèc gia tic metablhtèc x1, x2 pr�gma to opoÐo mac deÐqnei pwc
autèc eÐnai oi gr gorec metablhtèc tou probl matoc.

(a) (b)

Sq ma 22. (a) Exèlixh sto qrìno twn tess�rwn gr gorwn plat¸n fkr kai (b) megèjunsh gÔrw
apì to 0.
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Sq ma 23. Exèlixh sto qrìno twn dÔo gr gorwn plat¸n f1r, f2r.

4.2.6 Eklog  PerÐptwshc

StoÔc PÐnakec pou akoloujoÔn parousi�zontai ta apotelèsmata thc diereÔnhshc b�sei twn o-
poÐwn ja eklegeÐ h PerÐptwsh gia thn opoÐa ja upologÐsoume thn AAP. Pio sugkekrimèna stouc
PÐnakec 47, 48, 49 parousi�zontai oi timèc twn paramètrwn tou arqikoÔ probl matoc, en¸ ston
PÐnaka 50 parousi�zontai oi allagèc twn paramètrwn gia k�je perÐptwsh. Sth sunèqeia stouc
PÐnakec 51, 52 parousi�zontai oi idiotimèc thc Iakwbian c (pragmatik� kai fantastik� mèrh an-
tÐstoiqa) en¸ stouc PÐnakec 54, 55 parousi�zontai oi qronoklÐmakec, to e kai ta pl�th gia ìlec
tic peript¸seic.

Timèc paramètrwn
p1 = k p2 = k1 p3 = k2 p4 = m1 p5 = m2

1.00 10.00 5.00 0.20 3.00

Pinakac 47. Timèc twn paramètrwn p1 − p5 tou probl matoc

Timèc paramètrwn
p6 = ζ1 p7 = ζ2 p8 = D p9 = ∆L p10 = A
0.01 0.01 0.20 0.10 1.00

Pinakac 48. Timèc twn paramètrwn p5 − p10 tou probl matoc

Timèc paramètrwn
p11 = ω1 p12 = ω2 p13 = c1 p14 = c2 p15 = L
7.07 1.29 0.03 0.08 0.22

Pinakac 49. Timèc twn paramètrwn p10 − p15 tou probl matoc

Peript¸seic Timèc paramètrwn
p6 = ζ1 p2 = k1 p4 = m1 p13 = c1 p11 = ω1 c1/c2 ω1/ω2

Arqik  perÐptwsh 0.01 10.00 0.20 0.03 7.07 0.37 5.48
PerÐptwsh 1 3.00 10.00 0.20 8.48 7.07 106.00 5.48
PerÐptwsh 2 3.00 100.00 0.20 26.83 22.36 335.37 17.33
PerÐptwsh 3 3.00 100.00 0.02 8.48 70.71 106.00 54.81
PerÐptwsh 4 0.01 100.00 0.02 0.03 70.71 0.37 54.81

Pinakac 50. Metabolèc twn paramètrwn gia ìlec tic Peript¸seic
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Peript¸seic MetatopÐseic

1 2
PerÐptwsh 1 2.00 E-03 3.00 E-02
PerÐptwsh 2 1.00 E-04 2.00 E-02
PerÐptwsh 3 4.00 E-05 6.00 E-03

PÐnakac 51. MetatopÐseic ìlwn twn Peript¸sewn

Peript¸seic Idiotimèc (pragmatikì mèroc)
1 2 3 4

Arqik  PerÐptwsh -7.07 E-02 -7.07 E-02 -1.29 E-02 -1.29 E-02
PerÐptwsh 1 -4.11 E+01 -1.33 E+00 -1.85 E-02 -1.85 E-02
PerÐptwsh 2 -1.30 E+02 -3.88 E+00 -1.33 E-02 -1.33 E-02
PerÐptwsh 3 -4.12 E+02 -1.23 E+01 -1.30 E-02 -1.30 E-02
PerÐptwsh 4 -7.07 E-01 -7.07 E-01 -1.29 E-02 -1.29 E-02

PÐnakac 52. Pragmatik� mèrh Idiotim¸n ìlwn twn Peript¸sewn

Peript¸seic Idiotimèc (fantastikì mèroc)
1 2 3 4

Arqik  PerÐptwsh 7.42 E+00 -7.42 E+00 1.40 E+00 -1.40 E+00
PerÐptwsh 1 0.00 0.00 1.41 E+00 -1.41 E+00
PerÐptwsh 2 0.00 0.00 1.41 E+00 -1.41 E+00
PerÐptwsh 3 0.00 0.00 1.41 E+00 -1.41 E+00
PerÐptwsh 4 7.11 E+01 -7.11 E+01 1.41 E+00 -1.41 E+00

PÐnakac 53. Fantastik� mèrh Idiotim¸n ìlwn twn Peript¸sewn

Peript¸seic QronoklÐmakec e
1 2 3 4

PerÐptwsh 1 2.43 E-02 7.54 E-01 7.10 E-01 7.10 E-01
PerÐptwsh 2 7.68 E-03 2.58 E-01 7.08 E-01 7.08 E-01 0.36
PerÐptwsh 3 2.43 E-03 8.16 E-02 7.08 E-01 7.08 E-01 0.11

PÐnakac 54. QronoklÐmakec ìlwn twn Peript¸sewn

Peript¸seic
Pl�th
(mèsec timèc gia t = 10sec)
1 2 3 4

PerÐptwsh 1 1.00 E-05 8.00 E-04 2.00 E-02 2.00 E-02
PerÐptwsh 2 0.00 2.00 E-05 1.50 E-02 1.50 E-02
PerÐptwsh 3 0.00 1.00 E-05 6.50 E-02 6.50 E-02

PÐnakac 55. Pl�th ìlwn twn Peript¸sewn

Sto prìblhma to opoÐo mac apasqoleÐ se k�je qronik  stigm  kai se k�je perÐptwsh (1,2,3)
up�rqoun dÔo idiotimèc me pragmatikì mèroc arnhtikì kai kat' apìluth tim  polÔ megalÔtero
apì to fantastikì, me to fainìmeno autì na parousi�zetai pio èntono sthn perÐptwsh 3 ìpwc
mporeÐ na faneÐ sta sqetik� sq mata kai stouc PÐnakec 52, 53. Oi dÔo epìmenec idiotimèc sqh-
matÐzoun èna migadikì zeug�ri thc morf c λ3r + iλ3i, λ4r − iλ4i ìpou se k�je perÐptwsh (1,2,3)
to fantastikì mèroc (λ3i = λ4i ' 1.4) eÐnai polÔ megalÔtero apì to pragmatikì kai perÐpou
Ðso me th suqnìthta thc tal�ntwshc (ω = ω2 ' 1.29). Dedomènou ìti h qronoklÐmaka pou
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antistoiqeÐ se aut  thn idiotim  mporeÐ na jewrhjeÐ wc h qarakthristik  τchar tou sust matoc
katal goume sto sumpèrasma ìti o mègistoc arijmìc twn exisorrop sewn kai kat' epèktash oi
gr gorec qronoklÐmakec oi opoÐec sundèontai me autèc eÐnai dÔo.

ParathroÔme epÐshc (PÐnakac 54) pwc sthn pr¸th perÐptwsh èqoume mìno mia gr gorh qrono-
klÐmaka en¸ sth deÔterh perÐptwsh èqoume dÔo gr gorec qronoklÐmakec me thn apìstash metaxÔ
pr¸thc kai deÔterhc qronoklÐmakac eÐnai saf¸c megalÔterh apì thn apìstash metaxÔ thc deÔ-
terhc kai thc qarakthristik c qronoklÐmakac. Sthn trÐth perÐptwsh h diafor� metaxÔ pr¸thc
kai deÔterhc eÐnai mikrìterh en¸ h diafor� metaxÔ deÔterhc kai qarakthristik c qronoklÐmakac
eÐnai saf¸c pio èntonh. Kai stic treÐc Peript¸seic o pointer èqei mh mhdenikèc timèc gia tic meta-
blhtèc x1, x2 pr�gma to opoÐo mac deÐqnei pwc autèc eÐnai oi gr gorec metablhtèc tou sust matoc.

Apì touc parap�nw pÐnakec kai thn an�lush pou prohg jhke blèpoume pwc sthn PerÐptwsh
3 parousi�zetai pio èntono to fainìmeno twn arg¸n kai gr gorwn aposbetik¸n qronoklim�kwn oi
opoÐec exantloÔntai sÔntoma, pr�gma to opoÐo mac bohj� na prosdiorÐsoume thn AAP. EpÐshc to
megalÔtero kenì metaxÔ thc pio arg c apì tic gr gorec qronoklÐmakec kai thc qarakthristik c,
deÐqnei ìti h akrÐbeia prosdiorismoÔ thc AAP kai tou AS eÐnai kalÔterh se aut  thn perÐptwsh.

'Etsi ja qrhsimopoi soume thn PerÐptwsh 3, gia thn opoÐa isqÔoun oi timèc twn paramètrwn
pou faÐnontai stouc PÐnakec 42-44, prokeimènou na upologÐsoume thn AAP me th bo jeia thc
tropopoihmènhc mejìdou CSP eklègontac wc gr gorec metablhtèc tic x1, x2.





Kef�laio 5

Upologismìc thc AAP

5.1 Genik�

Sto kef�laio autì ja upologÐsoume thn AAP gia thn PerÐptwsh 3, gia touc lìgouc pou a-
nafèrjhkan sthn par�grafo 4.2.6, qrhsimopoi¸ntac thn tropopoihmènh mèjodo CSP ìpwc aut 
perigr�fetai sto Kef�laio 2

Apì thn par�grafo 3.5 èqoume gia to di�nusma twn exarthmènwn metablht¸n y:

y=


x1
x2
x3
x4

 (5.1)

An g eÐna mia algebrik  exÐswsh tou y tìte èqoume gia to sÔsthma twn tess�rwn diaforik¸n
exis¸sewn pou perigr�fei thn exèlixh tou fainìmenou:

dy

dt
= g(y) =


q1
q2
q3
q4

 (5.2)

ìpou:

q1 = ẋ1 = u̇1 = x2 (5.3)

q2 = ẋ2 = ü1 =

(
p1
p4

)
z2z1 −

(
p2
p4

)
x1 −

(
p13
p4

)
x2 (5.4)

q3 = ẋ3 = u̇2 = x4 (5.5)

q4 = ẋ4 = ü2 = −
(
p1
p5

)
z2z1 −

(
p3
p5

)
x3 −

(
p14
p5

)
x4 (5.6)

me pi na eÐnai oi par�metroi tou probl matoc ìpwc orÐzontai sthn par�grafo 3.4 kai

z0 = (p8 + x3 − x1)2 + p29 (5.7)

z1 = 1− p15√
z0

(5.8)

z2 = p8 + x3 − x1 (5.9)

H Iakwbian  tou sust matoc eÐnai:

59
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J=



∂q1
∂x1

∂q1
∂x2

∂q1
∂x3

∂q1
∂x4

∂q2
∂x1

∂q2
∂x2

∂q2
∂x3

∂q2
∂x4

∂q3
∂x1

∂q3
∂x2

∂q3
∂x3

∂q3
∂x4

∂q4
∂x1

∂q4
∂x2

∂q4
∂x3

∂q4
∂x4


Oi dÔo qronoklÐmakec pou exantloÔntai eÐnai autèc pou antistoiqoÔn stic metablhtèc x1, x2

ìpwc prokÔptei apì thn an�lush sto kef�laio 4 en¸ ta pl�th pou sundèontai me autèc tic qro-
noklÐmakec perigr�fontai sÔmfwna me thn par�grafo 2.3.3 apì tic exis¸seic:

Fr = Brg (5.11)

ìpou:

Br = [Irr −Gr
s], (5.12)

kai

Gr
s (n+ 1) = (Jr

r −Gr
s (n) Js

r)
−1
[
Gr

s (n) Js
s − Jr

s +
dGr

s (n)

dt

]
(5.13)

H exÐswsh Fr = 0 perigr�fei th morf  thc AAP. Sto sugkekrimèno prìblhma ja pragmato-
poi soume èna refinement. Opìte oi exis¸seic pou ja perigr�foun thn AAP prin kai met� to
refinement ja eÐnai antistoÐqwc:

Fr1 = Br1g = 0 (5.14)
kai

Fr2 = Br2g = 0 (5.15)

AkoloujeÐ parousÐash stouc q¸rouc twn f�sewn me suntetagmènec x3, x4, x1 kai x3, x4, x2
thc AAP pou perigr�fetai apì thn exÐswsh Fr1 = 0   Fr2 = 0 stic parak�tw perioqèc:

1) x3, x4 ∈ (−0.01, 0.01)

2) x3, x4 ∈ (−0.1, 0.1)

3) x3, x4 ∈ (−1, 1)

4) x3, x4 ∈ (−10, 10)
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5.2 Q¸roc f�sewn:(x3, x4, x1)

5.2.1 AAP Fr1 = 0 kai Fr2 = 0 (refinement)

Sta Sq. 24, 25 parousi�zontai ston q¸ro twn f�sewn x3, x4, x1 h AAP pou perigr�fetai apì thn
exÐswsh Fr1 = 0 kai h AAP pou prokÔptei met� to pr¸to refinement kai perigr�fetai apì thn e-
xÐswsh Fr2 = 0 se mia perioq  gÔrw apì to (0,0) me x3, x4 ∈ (−0.01, 0.01) kai x3, x4 ∈ (−0.1, 0.1)

(a) (b)

Sq ma 24. Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−0.01, 0.01)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)

(a) (b)

Sq ma 25. Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−0.1, 0.1)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)
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Sta Sq. 26, 27 parousi�zontai ston q¸ro twn f�sewn x3, x4, x1 h AAP pou perigr�fetai apì
thn exÐswsh Fr1 = 0 kai h AAP pou prokÔptei met� to pr¸to refinement kai perigr�fetai apì
thn exÐswsh Fr2 = 0 se mia perioq  gÔrw apì to (0,0) me x3, x4 ∈ (−1, 1) kai x3, x4 ∈ (−10, 10).

(a) (b)

Sq ma 26. Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−1, 1)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)

(a) (b)

Sq ma 27. Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−10, 10)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)
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Sto Sq. 28 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x1 h AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se mia perioq  gÔrw apì to
(0,0) me x3, x4 ∈ (−0.01, 0.01), x3, x4 ∈ (−0.1, 0.1), x3, x4 ∈ (−1,−1) kai x3, x4 ∈ (−10, 10).

(a) (b)

(g) (d)

Sq ma 28. Q¸roc f�sewn x3, x4, x1
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.01, 0.01), (b) x3, x4 ∈ (−0.1, 0.1), (g) x3, x4 ∈ (−1,−1) kai (d) x3, x4 ∈
(−10, 10).
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Sto Sq. 29 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x1 h AAP pou perigr�-
fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se perioqèc makri� a-
pì to (0,0) me x3, x4 ∈ (−0.009,−0.007), x3, x4 ∈ (0.007, 0.009), x3, x4 ∈ (−0.09,−0.07) kai
x3, x4 ∈ (0.07, 0.09).

(a) (b)

(g) (d)

Sq ma 29. Q¸roc f�sewn x3, x4, x1
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.009,−0.007), (b) x3, x4 ∈ (0.007, 0.009), (g) x3, x4 ∈ (−0.09,−0.07) kai (d)
x3, x4 ∈ (0.07, 0.09).
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Sto Sq. 30 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x1 h AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se perioqèc makri� apì to
(0,0) me x3, x4 ∈ (−0.9,−0.7), x3, x4 ∈ (0.7, 0.9), x3, x4 ∈ (−9,−7) kai x3, x4 ∈ (7, 9).

(a) (b)

(g) (d)

Sq ma 30. Q¸roc f�sewn x3, x4, x1
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.9,−0.7), (b) x3, x4 ∈ (0.7, 0.9), (g) x3, x4 ∈ (−9,−7) kai (d) x3, x4 ∈ (7, 9).
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5.3 Q¸roc f�sewn:(x3, x4, x2)

5.3.1 AAP Fr1 = 0 kai Fr2 = 0 (refinement)

Sta Sq. 31, 32 parousi�zontai ston q¸ro twn f�sewn x3, x4, x2 h AAP pou perigr�fetai
apì thn exÐswsh Fr1 = 0 kai h AAP pou prokÔptei met� to pr¸to refinement kai perigr�fe-
tai apì thn exÐswsh Fr2 = 0 se mia perioq  gÔrw apì to (0,0) me x3, x4 ∈ (−0.01, 0.01) kai
x3, x4 ∈ (−0.1, 0.1).

(a) (b)

Sq ma 31. Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−0.01, 0.01)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)

(a) (b)

Sq ma 32. Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−0.1, 0.1)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)
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Sta Sq. 33, 34 parousi�zontai ston q¸ro twn f�sewn x3, x4, x2 h AAP pou perigr�fetai apì
thn exÐswsh Fr1 = 0 kai h AAP pou prokÔptei met� to pr¸to refinement kai perigr�fetai apì
thn exÐswsh Fr2 = 0 se mia perioq  gÔrw apì to (0,0) me x3, x4 ∈ (−1, 1) kai x3, x4 ∈ (−10, 10).

(a) (b)

Sq ma 33. Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−1, 1)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)

(a) (b)

Sq ma 34. Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−10, 10)
Grafik  anapar�stash twn AAP (a) Fr1 = 0 kai (b) Fr2 = 0(refinement)
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Sto Sq. 35 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x2 h AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se mia perioq  gÔrw apì to
(0,0) me x3, x4 ∈ (−0.01, 0.01), x3, x4 ∈ (−0.1, 0.1), x3, x4 ∈ (−1, 1) kai x3, x4 ∈ (−10, 10)

(a) (b)

(g) (d)

Sq ma 35. Q¸roc f�sewn x3, x4, x2
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.01, 0.01), (b) x3, x4 ∈ (−0.1, 0.1), (g) x3, x4 ∈ (−1, 1) kai (d) x3, x4 ∈ (−10, 10)
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Sto Sq. 36 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x2 h AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se mia perioq  makri� a-
pì to (0,0) me x3, x4 ∈ (−0.009,−0.007), x3, x4 ∈ (0.007, 0.009), x3, x4 ∈ (−0.09,−0.07) kai
x3, x4 ∈ (0.07, 0.09)

(a) (b)

(g) (d)

Sq ma 36. Q¸roc f�sewn x3, x4, x2
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.009,−0.007), (b) x3, x4 ∈ (0.007, 0.009), (g) x3, x4 ∈ (−0.09,−0.07) kai (d)
x3, x4 ∈ (0.07, 0.09)
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Sto Sq. 37 parousi�zontai an� zeÔgh ston q¸ro twn f�sewn x3, x4, x2 h AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0 (pr�sino qr¸ma) kai h AAP pou prokÔptei met� to pr¸to
refinement kai perigr�fetai apì thn exÐswsh Fr2 = 0 (mple qr¸ma) se mia perioq  makri� apì
to (0,0) me x3, x4 ∈ (−0.9,−0.7), x3, x4 ∈ (0.7, 0.9), x3, x4 ∈ (−9,−7) kai x3, x4 ∈ (7, 9)

(a) (b)

(g) (d)

Sq ma 37. Q¸roc f�sewn x3, x4, x2
Grafik  anapar�stash an� zeÔgh twn AAP Fr1 = 0 kai Fr2 = 0(refinement) stic perioqèc:
(a) x3, x4 ∈ (−0.9,−0.7), (b) x3, x4 ∈ (0.7, 0.9), (g) x3, x4 ∈ (−9,−7) kai (d) x3, x4 ∈ (7, 9)
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5.4 Sumpèrasma

Blèpoume pwc h epÐdrash tou refinement sthn perigraf  thc AAP eÐnai mikrìterh sthn perÐptw-
sh thc anapar�stashc thc AAP sto q¸ro twn f�sewn x3, x4, x1 se sÔgkrish me ton q¸ro twn
f�sewn x3, x4, x2.

H arqik  ektÐmhs  thc AAP sto q¸ro twn f�sewn x3, x4, x1 eÐnai kalÔterh se sqèsh me
thn arqik  thc ektÐmhsh sto q¸ro twn f�sewn x3, x4, x2 afoÔ to pl�toc f1r thc metablhthc x1
paÐrnei pio gr gora timèc pio kont� sto mhdèn se sqèsh me to pl�toc f2r thc metablhthc x2.

Genik� blèpoume pwc kont� sto x3, x4 = (0,0) oi dÔo AAP (prin kai met� to refinement)
tautÐzontai en¸ kaj¸c apomakrunìmaste apì to x3, x4 = (0,0) oi dÔo AAP arqÐzoun na apoklÐ-
noun. Autì parousi�zetai ligìtera èntono sto q¸ro twn f�sewn x3, x4, x1 giatÐ ekeÐ h arqik 
ektÐmhsh thc AAP eÐnai kalÔterh.





Kef�laio 6

AAP kai akrib c lÔsh

6.1 Genik�

Sto Kef�laio autì ja parousiastoÔn h AAP pou perigr�fetai apì thn exÐswsh Fr1 = 0  
Fr2 = 0 kai h akrib c lÔsh, ìpwc aut  upologÐzetai apì to upologistikì pakèto LSODE gia tic
arqikèc sunj kec pou anafèrontai sthn par�grafo 3.4, b�sei twn opoÐwn ègine o upologismìc
thc AAP.

Ja dojoÔn grafikèc parast�seic thc AAP mazÐ me thn akrib  lÔsh kai ja upologisteÐ h
apìklish d metaxÔ touc h opoÐa orÐzetai wc ex c:

d = |xiA − xiCSP

xiA
|

ìpou:

xiA: akrib c lÔsh apì to pakèto LSODE, ìpou x1A eÐnai h akrib c lÔsh sto q¸ro x3, x4, x1 en¸
x2A eÐnai h akrib c lÔsh sto q¸ro x3, x4, x2
xiCSP : lÔsh me th mèjodo CSP, ìpou x1CSP eÐnai h lÔsh sto q¸ro x3, x4, x1 en¸ x2CSP eÐnai h
lÔsh sto q¸ro x3, x4, x2

AkoloujeÐ parousÐash stouc q¸rouc twn f�sewn x3, x4, x1 kai x3, x4, x2 thc AAP pou peri-
gr�fetai apì thn exÐswsh Fr1 = 0   Fr2 = 0 kai thc akriboÔc lÔshc stic parak�tw perioqèc:

1) x3, x4 ∈ (−0.01, 0.01)

2) x3, x4 ∈ (−0.1, 0.1)

3) x3, x4 ∈ (−1, 1)

4) x3, x4 ∈ (−10, 10)

Gia k�je ènan apì touc q¸rouc twn f�sewn me suntetagmènec x3, x4, x1 kai x3, x4, x2 pa-
rousi�zetai h apìklish d metaxÔ AAP (gia Fr1 = 0 kai Fr2 = 0(refinement)) kai akriboÔc
lÔshc
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6.2 Q¸roc f�sewn:(x3, x4, x1)

6.2.1 AAP Fr1 = 0,Fr2 = 0(refinement) kai akrib c lÔsh

Sta Sq. 38 kai 39 parousi�zontai ston q¸ro twn f�sewn x3, x4, x1, h akrib c lÔsh gia
0 < t < 120 sec ìpwc upologÐsthke apì to upologistikì pakèto LSODE kai oi AAP pou
perigr�fontai apì tic exis¸seic Fr1 = 0 kai Fr2 = 0(refinement) se mia perioq  gÔrw apì to
(0,0) me x3, x4 ∈ (−0.01, 0.01), x3, x4 ∈ (−0.1, 0.1). ParathroÔme ìti h lÔsh èlketai apì thn
AAP.

(a) (b)

Sq ma 38 Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−0.01, 0.01)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc

(a) (b)

Sq ma 39 Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−0.1, 0.1)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc.
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Sta Sq. 40 kai Sq. 41 parousi�zontai ston q¸ro twn f�sewn x3, x4, x1, h akrib c lÔsh
gia 0 < t < 120 sec ìpwc upologÐsthke apì to upologistikì pakèto LSODE kai oi AAP pou
perigr�fontai apì tic exis¸seic Fr1 = 0 kai Fr2 = 0(refinement) se mia perioq  gÔrw apì to
(0,0) me x3, x4 ∈ (−1, 1), x3, x4 ∈ (−10, 10). ParathroÔme ìti h lÔsh èlketai apì thn AAP.

(a) (b)

Sq ma 40 Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−1, 1)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc

(a) (b)

Sq ma 41 Q¸roc f�sewn x3, x4, x1 me x3, x4 ∈ (−10, 10)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc
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6.2.2 SÔgkrish AAP Fr1 = 0 kai akriboÔc lÔshc

Exet�zoume e�n h akrib c lÔsh ìpwc aut  prokÔptei apì to pakèto LSODE pèftei ep�nw sthn
AAP Fr1 = 0 ìpwc aut  parousi�zetai sto q¸ro twn f�sewn x3, x4, x1.

Sto Sq. 42 èqoume ston orizìntio �xona to qrìno kai ston katakìrufo �xona thn apìklish
d, ìpwc aut  orÐsthke sthn par�grafo 6.1, metaxÔ AAP kai akriboÔc lÔshc. H sÔgkrish gÐnetai
arqik� gia olìklhro to qronikì di�sthma exèlixhc tou fainìmenou (0-120 sec). Katìpin blèpoume
pwc exelÐsetai arqik� h sÔgklish (0-5 sec) opìte h akrib c lÔsh arqÐzei na pèftei p�nw sthn
AAP kai katìpin sto tèloc (110-120 sec) opìte plèon h akrib c lÔsh kineÐtai stajer� p�nw
sthn AAP .

(a) (b)

(g)

Sq ma 42. AAP Fr1 = 0 kai akrib c lÔsh sto q¸ro twn f�sewn x3, x4, x1.
Grafik  anapar�stash gia (a) 0-120 sec (b) 0-5 sec kai (g) 110-120 sec

Blèpoume pwc stì q¸ro twn f�sewn x3, x4, x1 h akrib c lÔsh ìpwc aut  prokÔptei apì to
pakèto LSODE pèftei ep�nw sthn AAP Fr1 = 0 me th diafor� touc na brÐsketai sto 0.013.
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6.2.3 SÔgkrish AAP Fr2 = 0(refinement) kai akriboÔc lÔshc

Exet�zoume e�n h akrib c lÔsh ìpwc aut  prokÔptei apì to pakèto LSODE pèftei ep�nw sthn
AAP Fr2 = 0(refinement) ìpwc aut  parousi�zetai sto q¸ro twn f�sewn x3, x4, x1.

Sto Sq. 43 èqoume ston orizìntio �xona to qrìno kai ston katakìrufo �xona thn apìklish
d, ìpwc aut  orÐsthke sthn par�grafo 6.1, metaxÔ AAP kai akriboÔc lÔshc. H sÔgkrish gÐnetai
arqik� gia olìklhro to qronikì di�sthma exèlixhc tou fainìmenou (0-120 sec). Katìpin blèpoume
pwc exelÐsetai arqik� h sÔgklish (0-5 sec) opìte h akrib c lÔsh arqÐzei na pèftei p�nw sthn
AAP kai katìpin sto tèloc (110-120 sec) opìte plèon h akrib c lÔsh kineÐtai stajer� p�nw
sthn AAP .

(a) (b)

(g)

Sq ma 43. AAP Fr2 = 0(refinement) kai akrib c lÔsh sto q¸ro twn f�sewn x3, x4, x1.
Grafik  anapar�stash gia (a) 0-120 sec (b) 0-5 sec kai (g) 110-120 sec

Blèpoume pwc stì q¸ro twn f�sewn x3, x4, x1 h akrib c lÔsh ìpwc aut  prokÔptei apì to
pakèto LSODE pèftei ep�nw sthn AAP Fr2 = 0(refinement) me th diafor� touc na brÐsketai
sto 0.0015. ParathroÔme pwc se sÔgkrish me thn AAP pou prosdiorÐsthke qwrÐc refinement,
h akrÐbeia me thn opoÐa h AAP proseggÐzei th lÔsh eÐnai megalÔterh perÐpou kat� mia t�xh
megèjouc.
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6.3 Q¸roc f�sewn:(x3, x4, x2)

6.3.1 AAP Fr1 = 0,Fr2 = 0(refinement) kai akrib c lÔsh

Sta Sq. 44 kai Sq. 45 parousi�zontai ston q¸ro twn f�sewn x3, x4, x2, h akrib c lÔsh gia
0 < t < 120 sec ìpwc upologÐsthke apì to upologistikì pakèto LSODE kai oi AAP pou peri-
gr�fontai apì tic exis¸seic Fr1 = 0 kai Fr2 = 0(refinement) se mia perioq  gÔrw apì to (0,0)
me x3, x4 ∈ (−0.01, 0.01), x3, x4 ∈ (−0.1, 0.1). ParathroÔme ìti h lÔsh èlketai apì thn AAP.

(a) (b)

Sq ma 44 Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−0.01, 0.01)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc

(a) (b)

Sq ma 45 Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−0.1, 0.1)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc
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Sta Sq. 46 kai Sq. 47 parousi�zontai ston q¸ro twn f�sewn x3, x4, x2, h akrib c lÔsh
gia 0 < t < 120 sec ìpwc upologÐsthke apì to upologistikì pakèto LSODE kai oi AAP pou
perigr�fontai apì tic exis¸seic Fr1 = 0 kai Fr2 = 0(refinement) se mia perioq  gÔrw apì to
(0,0) me x3, x4 ∈ (−1, 1), x3, x4 ∈ (−10, 10). ParathroÔme ìti h lÔsh èlketai apì thn AAP.

(a) (b)

Sq ma 46 Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−1, 1)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc

(a) (b)

Sq ma 47 Q¸roc f�sewn x3, x4, x2 me x3, x4 ∈ (−10, 10)
Grafik  anapar�stash gia 0 < t < 120 (a) thc AAP Fr1 = 0 kai thc akriboÔc lÔshc (b) thc
AAP Fr2 = 0(refinement) kai thc akriboÔc lÔshc
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6.3.2 SÔgkrish AAP Fr1 = 0 kai akriboÔc lÔshc

Exet�zoume e�n h akrib c lÔsh ìpwc aut  prokÔptei apì to pakèto LSODE pèftei ep�nw sthn
AAP Fr1 = 0 ìpwc aut  parousi�zetai sto q¸ro twn f�sewn x3, x4, x2.

Sto Sq. 48 èqoume ston orizìntio �xona to qrìno kai ston katakìrufo �xona thn apìklish
d, ìpwc aut  orÐsthke sthn par�grafo 6.1, metaxÔ AAP kai akriboÔc lÔshc. H sÔgkrish gÐnetai
arqik� gia olìklhro to qronikì di�sthma exèlixhc tou fainìmenou (0-120 sec). Katìpin blèpoume
pwc exelÐsetai arqik� h sÔgklish (0-5 sec) opìte h akrib c lÔsh arqÐzei na pèftei p�nw sthn
AAP kai katìpin sto tèloc (110-120 sec) opìte plèon h akrib c lÔsh kineÐtai stajer� p�nw
sthn AAP .

(a) (b)

(g)

Sq ma 48. AAP Fr1 = 0 kai akrib c lÔsh sto q¸ro twn f�sewn x3, x4, x2.
Grafik  anapar�stash gia (a) 0-5 sec (b) 0-120 sec kai (g) 110-120 sec

Blèpoume pwc stì q¸ro twn f�sewn x3, x4, x2 h akrib c lÔsh ìpwc aut  prokÔptei apì to
pakèto LSODE pèftei ep�nw sthn AAP Fr1 = 0 me th diafor� touc na brÐsketai sto 0.13.
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6.3.3 SÔgkrish AAP Fr2 = 0(refinement) kai akriboÔc lÔshc

Exet�zoume e�n h akrib c lÔsh ìpwc aut  prokÔptei apì to pakèto LSODE pèftei ep�nw sthn
AAP Fr2 = 0(refinement) ìpwc aut  parousi�zetai sto q¸ro twn f�sewn x3, x4, x2.

Sto Sq. 49 èqoume ston orizìntio �xona to qrìno kai ston katakìrufo �xona thn apìklish
d, ìpwc aut  orÐsthke sthn par�grafo 6.1, metaxÔ AAP kai akriboÔc lÔshc. H sÔgkrish gÐnetai
arqik� gia olìklhro to qronikì di�sthma exèlixhc tou fainìmenou (0-120 sec). Katìpin blèpoume
pwc exelÐsetai arqik� h sÔgklish (0-5 sec) opìte h akrib c lÔsh arqÐzei na pèftei p�nw sthn
AAP kai katìpin sto tèloc (110-120 sec) opìte plèon h akrib c lÔsh kineÐtai stajer� p�nw
sthn AAP .

(a) (b)

(g)

Sq ma 49. AAP Fr2 = 0(refinement) kai akrib c lÔsh sto q¸ro twn f�sewn x3, x4, x2.
Grafik  anapar�stash gia (a) 0-5 sec (b) 0-120 sec kai (g) 110-120 sec

Blèpoume pwc stì q¸ro twn f�sewn x3, x4, x2 h akrib c lÔsh ìpwc aut  prokÔptei apì to
pakèto LSODE pèftei ep�nw sthn AAP Fr2 = 0 me th diafor� touc na brÐsketai sto 0.013.
ParathroÔme pwc se sÔgkrish me thn AAP pou prosdiorÐsthke qwrÐc refinement, h akrÐbeia me
thn opoÐa h AAP proseggÐzei th lÔsh eÐnai megalÔterh perÐpou kat� mia t�xh megèjouc.
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6.4 Sumpèrasma

H epÐdrash tou refinement kat� O(e) sta pl�th antikatoptrÐzetai kai sthn AAP ìpou met� apì
k�je refinement h apìklish d metaxÔ thc AAP me thc akriboÔc lÔshc gÐnetai mikrìterh kat� O(e).

H arqik  ektÐmhs  thc AAP sto q¸ro twn f�sewn x3, x4, x1 eÐnai kalÔterh se sqèsh me
thn arqik  thc ektÐmhsh sto q¸ro twn f�sewn x3, x4, x2 afoÔ to pl�toc f1r thc metablhthc x1
paÐrnei pio gr gora timèc pio kont� sto mhdèn se sqèsh me to pl�toc f2r thc metablhthc x2.

'Etsi sthn perÐptwsh tou q¸rou twn f�sewn x3, x4, x1, h apìklish d eÐnai mikrìterh kat� mia
t�xh megèjouc se sÔgkrish me ton q¸ro twn f�sewn x3, x4, x2.



Kef�laio 7

Praktikèc efarmogèc

7.1 Genik�

Sto Kef�laio autì ja deÐxoume pwc to sÔsthma twn dÔo suzeugmènwn talantwt¸n tou Sq 5,
me tic paramètrouc pou prosdiorÐsthkan sto Kef�laio 4 kai faÐnontai stouc PÐnakec 42-44,
mporeÐ na apotelèsei th majhmatik  montelopoÐhsh uparkt¸n diat�xewn sth nauphgik  kai sth
mhqanologÐa genikìtera.

7.2 SÔndesh susthm�twn me thn PerÐptwsh 3

Gia thn PerÐptwsh 3 pou exet�same èqoume:

MetatopÐseic: u1, u2

TaqÔthtec: u̇1, u̇2

M�zec: m1 < m2

Stajerèc elathrÐou: k1 > k2

Aposbèseic: c1 > c2

Gia ta sust mata ta opoÐa anafèrjhkan ston prìlogo kai montelopoioÔntai me to sÔsthma
twn dÔo suzeugmènwn talantwt¸n pou perigr�fetai sto Kef�laio 3, me tic paramètrouc pou
prosdiorÐsthkan sth PerÐptwsh 3 (PÐnakec 42-44), up�rqoun dÔo gr gorec aposbetikèc qrono-
klÐmakec pou sqetÐzontai me tic metablhtèc (u1, u̇1) kai dÔo argèc qronoklÐmakec pou sqetÐzontai
me tic metablhtèc (u2, u̇2). IsqÔoun ta akìlouja:

1) Kinht rac edrasmènoc mèsw elastikoÔ sundèsmou se èna ploÐo   se èna autokÐnhto.
O kinht rac (u1, u̇1,m1, k1, c1) ekteleÐ talant¸seic oi opoÐec exantloÔntai gr gora (gr go-
rec qronoklÐmakec) kai sth sunèqeia mèsw thc elastik c èdrashc to ploÐo   to autokÐnhto
(u2, u̇2,m2, k2, c2) antidroÔn me mia tal�ntwsh pou exelÐssetai se b�joc qrìnou (argèc qrono-
klÐmakec).

2) SÔsthma an�rthsh-am�xwma enìc autokin tou.
H an�rthsh (u1, u̇1,m1, k1, c1) met� apì k�poia exwterik  fìrtish teÐnei na akinhtopoihjeÐ gr -
gora (gr gorec qronoklÐmakec) kai h kÐnhsh metafèretai mèsw tou elastikoÔ sundèsmou sto
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am�xwma tou autokin tou (u2, u̇2,m2, k2, c2) to opoÐo suneqÐzei na talant¸netai(argèc qronoklÐ-
makec).

3) Axonikì sÔsthma (�xonac - propèla) enìc ploÐou.
To axonikì sÔsthma (u1, u̇1,m1, k1, c1) ekteleÐ talant¸seic oi opoÐec fjÐnoun gr gora (gr gorec
qronoklÐmakec), en¸ h propèla (u2, u̇2,m2, k2, c2) wc antÐdrash se k�je tètoia fìrtish talan-
t¸netai gia polÔ megalÔtero qronikì di�sthma (argèc qronoklÐmakec).

4) SÔsthma ploÐo-plwt  exèdra antl sewc petrelaÐou ìtan eÐnai sundedemèna.
To ploÐo (u1, u̇1,m1, k1, c1) ja ektelèsei lìgw thc epÐdrashc thc j�lassac mia tal�ntwsh pou
ja exantlhjeÐ gr gora (gr gorec qronoklÐmakec) kai katìpin h plwt  exèdra (u2, u̇2,m2, k2, c2)
mèsw thc sÔndes c thc me to ploÐo ja arqÐsei na talant¸netai gia meg�lo qronikì di�sthma
(argèc qronoklÐmakec).

5) SÔsthma ploÐo(montelopoieÐtai wc elastik  dokìc) - j�lassa.
To ploÐo (u1, u̇1,m1, k1, c1) ja ektelèsei mia sÔntomh tal�ntwsh (gr gorec qronoklÐmakec) e-
xaitÐac thc epÐdrashc thc j�lassac (kÔmatoc) kai katìpin ja arqÐsei na talant¸netai h j�lassa
(u2, u̇2,m2, k2, c2) (dhmiourgÐa kumatismoÔ) gia meg�lo qronikì di�sthma (argèc qronoklÐmakec),
en¸ sugqrìnwc ja akolouj soun kai �lla kÔmata.

6) Metallik  kataskeu  enìc ploÐou h opoÐa apoteleÐtai apì enisqutik� ta opoÐa uposthrÐ-
zontai apì enisqumènouc dokoÔc.
H enisqumènh dokìc (u1, u̇1,m1, k1, c1) met� apì k�poia exwterik  fìrtish apì k�poio kÔma e-
kteleÐ mia tal�ntwsh pou fjÐnei gr gora (gr gorec qronoklÐmakec) kai katìpin h tal�ntwsh
metafèretai mèsw twn sugkoll sewn kai twn elasm�twn sta enisqutik� (u2, u̇2,m2, k2, c2) ta
opoÐa suneqÐzoun na talant¸nontai (argèc qronoklÐmakec).



Kef�laio 8

EpÐlogoc

Sthn paroÔsa ergasÐa asqolhj kame me mia kathgorÐa susthm�twn talantwtik c fÔsewc ta
opoÐa onom�zontai dÔskampta lìgw thc Ôparxhc arg¸n kai gr gorwn aposbetik¸n qronoklim�-
kwn oi opoÐec exantloÔntai polÔ pio sÔntoma apì tic argèc. Me th bo jeia thc aplopoihmènhc
mejìdou CSP (Computational Singular Perturbation) prosdiorÐsame ton argì kai gr goro upo-
q¸ro tou efaptomenikoÔ q¸rou ìpou droun antÐstoiqa oi argèc kai oi gr gorec qronoklÐmakec,
h ex�ntlhsh twn opoÐwn mac epètreye na prosdiorÐsoume th lÔsh tou sust matoc h opoÐa eÐnai
ènac upoq¸roc mikrìterhc di�stashc apì to q¸ro f�sewn tou sust matoc kai onom�zetai Arg 
AnalloÐwth Pollaplìthta (AAP) (Slow Invariant Manifold /SIM).

Pio sugkekrimèna melet same èna mh grammikì sÔsthma dÔo suzeugmènwn talantwt¸n ìpwc
autì pou faÐnetai sto Sq. 5. to opoÐo mporeÐ na ekfr�sei th majhmatik  montelopoÐhsh fainì-
menwn ìpwc to perp�thma tou anjr¸pou, ènac kinht rac pou eÐnai edrasmènoc mèsw elastikoÔ
sundèsmou se èna ploÐo   se èna autokÐnhto, to axonikì sÔsthma (�xonac - propèla) enìc ploÐou,
h metallik  kataskeu  enìc ploÐou h opoÐa apoteleÐtai apì enisqutik� ta opoÐa uposthrÐzon-
tai apì enisqumènouc dokoÔc. Xekin same apì thn arqik  paradoq  k1 > k2 kai m1 < m2 me
apotèlesma na èqoume ω1 >> ω2. To sÔsthma autì ìmwc den qarakthrÐzetai apì thn Ôparxh
qronoklim�kwn thc morf c pou anafèrjhke sthn prohgoÔmenh par�grafo.

Katìpin diereun sewc katal xame ston prosdiorismì twn paramètrwn k1,m1, c1 oi opoÐec mac
dÐnoun èna sÔsthma gia to opoÐo isqÔei c1 >> c2. Aut  h diafor� stic aposbèseic mac èdwse
èna sÔsthma ìpou o talantwt c me th megalÔterh apìsbesh, o opoÐoc xekin� pr¸toc thn kÐnhsh,
k�nei èna mikrì arijmì talant¸sewn kai sÔntoma stamat� en¸ o �lloc talantwt c xekin� na
talant¸netai. Sto sÔsthma autì up�rqoun argèc kai gr gorec aposbetikèc qronoklÐmakec oi
opoÐec exantloÔntai polÔ pio sÔntoma apì tic argèc pr�gma to opoÐo k�nei to sÔsthma dÔskam-
pto. AkoloÔjwc anaptÔssetai ènac arijmìc exisorrop sewn metaxÔ twn di�forwn diadikasi¸n
tou montèlou, o arijmìc twn opoÐwn eÐnai Ðsoc me ton arijmì twn gr gorwn qronoklim�kwn,

Qrhsimopoi¸ntac thn tropopoihmènh mèjodo CSP mporèsame na prosdiorÐsoume thn AAP p�-
nw sthn opoÐa kineÐtai h lÔsh tou sust matoc. H AAP prosdiorÐsthke mèsw thc ex�ntlhshc twn
gr gorwn qronoklim�kwn kai h di�stash thc eÐnai mikrìterh apì th di�stash tou arqikoÔ q¸rou
kat� th di�stash tou gr gorou upoq¸rou. O prosdiorismìc thc me th bo jeia thc tropopoihmè-
nhc mejìdou CSP eÐnai saf¸c kalÔterhc akrÐbeiac apì ton antÐstoiqo prosdiorismì me th qr sh
thc klasik c asumptwtik c an�lushc lìgw tou ìti gÐnetai epanaprosdiorismìc (refinement) twn
dianusm�twn b�shc ta opoÐa perigr�foun ton argì kai gr goro upoq¸ro stouc opoÐouc droun
antÐstoiqa oi argèc kai oi gr gorec qronoklÐmakec.

H AAP exart�tai mìno apì tic metablhtèc pou sqetÐzontai me tic argèc qronoklÐmakec pr�g-
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ma to opoÐo aplopoieÐ thn epÐlush tou probl matoc, afoÔ t¸ra to sÔsthma exis¸sewn pou to
perigr�fei eÐnai mikrìterhc di�stashc. EpÐshc o prosdiorismìc twn metablht¸n pou sqetÐzontai
me tic gr gorec   argèc qronoklÐmakec mac bohj� na katano soume kalÔtera th fÔsh tou pro-
bl matoc kai tic fusikèc diergasÐec pou lamb�noun q¸ra.

Katìpin me ton algìrijmo LSODE prosdiorÐsame thn exèlixh thc akriboÔc lÔshc sto qrìno
kai eÐdame pwc h akrib c lÔsh katal gei p�nw sthn AAP met� thn ex�ntlhsh twn gr gorwn
qronoklim�kwn, pr�gma to opoÐo epalhjeÔei thn orjìthta tou upologismoÔ thc AAP me th tro-
popoihmènh mèjodo CSP.

H efarmog  aut c thc mejìdou se fusik� probl mata poll¸n metablht¸n kai pollapl¸n
klim�kwn multi-scale ìpwc aut� sunant¸ntai sth mhqanik , sth qhmik  kinhtik , biologik  mo-
ntelopoÐhsh, atmosfairikèc problèyeic ktl. mporeÐ na mac odhg sei se aplopoihmènec lÔseic
(sust mata exis¸sewn mikrìterhc di�stashc)   na mac d¸sei lÔsh ekeÐ pou mèqri s mera den
up�rqei.



Par�rthma Aþ

POLLAPLOTHTES

Up�rqoun sÔnola shmeÐwn pou èqoun shmantikèc idiìthtec se sqèsh me tic sun jeic diaforikèc
exis¸seic. Ta sÔnola aut� eÐnai shmantik� gia thn melèth twn dunamik¸n susthm�twn. Ta a-
ploÔstera tètoia sÔnola eÐnai ta st�sima shmeÐa.

Orismìc 1. Dedomènhc thc exÐswshc y′ = h(y), ìpou y ∈ Rk, st�simo shmeÐo kaleÐtai
k�je shmeÐo y gia to opoÐo h sun�rthsh h exafanÐzetai.

Ta st�sima shmeÐa antistoiqoÔn se shmeÐa isorropÐac tou sust matoc pou montelopoieÐtai.
'Ena pio genikì sÔnolo shmeÐwn pou mac endiafèrei eÐnai aut� ta opoÐa paramènoun analloÐwta
se sqèsh me tic kurÐarqec exis¸seic.

Orismìc 2. 'Ena sÔnolo V kaleÐtai analloÐwto wc proc thn exÐswsh y′ = h(y) e�n dedo-
mènou ìti y(t0) ∈ V gia k�poio t0 ∈ R sunep�getai ìti y(t) ∈ V gia k�je t ∈ R.

Apl� paradeÐgmata analloÐwtwn sunìlwn apoteloÔn ta st�sima shmeÐa kai oi periodikèc
troqièc. 'Enac ligìtero perioristikìc orismìc thc ametablhtìthtac eÐnai ta topik� analloÐwta
sÔnola.

Orismìc 3. Dedomènou enìc sust matoc y′ = h(y) èna anoiktì sÔnolo V kaleÐtai topik�
analloÐwto wc proc èna anoiktì sÔnolo W e�n to V eÐnai uposÔnolo tou W kai gia k�je troqi�
pou egkataleÐpei to V egkataleÐpei tautìqrona kai to W .

Ta analloÐwta (kai topik� analloÐwta) sÔnola pou ja melet soume èqoun mia sugkekrimènh
idiìthta, gia thn akrÐbeia ja eÐnai pollaplìthtec.

Orismìc 4. 'Estw Rp o p-di�statoc EukleÐdioc q¸roc. 'Ena sÔnolo shmeÐwn ston Rp ja
kaleÐtai omal  pollaplìthta di�stashc q, me q < r, e�n k�je shmeÐo tou sunìlou èqei perioq 
pou eÐnai diaforomorfik  wc proc èna anoiktì sÔnolo tou Rq.

Orismìc 5. Dedomènwn dÔo pollaplot twn M kai N , mia amfimonos manth apeikìnish f
kaleÐtai diaforomorfismìc an tìso h f : M −→ N ìso kai h antÐstrofh thc f−1 : N −→ M
eÐnai diaforÐsimec. E�n oi sunart seic eÐnai r forèc suneq¸c diaforÐsimec tìte h f kaleÐtai Cr

diaforomorfismìc.

DÔo pollaplìthtec M kai N eÐnai diaforomorfikèc, e�n up�rqei omal  amfimonos manth
apeikìnish f apì to M sto N me omal  antÐstrofh apeikìnish. EÐnai Cr diaforomorfikèc e�n
up�rqei mia r forèc suneq¸c paragwgÐsimh kai amfimonos manth apeikìnish apì to M sto N me
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antÐstrofh apeikìnish epÐshc r forèc suneq¸c paragwgÐsimh.

Ta pio apl� paradeÐgmata pollaplot twn, ston R3 gia par�deigma, eÐnai ta shmeÐa (di�stash
0), mh tetmhmènec omalèc kampÔlec (di�stash 1) kai mh tetmhmènec omalèc epif�neiec (di�stash
2), ìpwc epÐpeda kai paraboloeid .

'Olec oi pollaplìthtec pou melet�me eÐnai sumpageÐc. ParadeÐgmata sumpag¸n pollaplot -
twn apoteloÔn o diplìc tìroc ston R3, o opoÐoc eÐnai asÔnoroc, kai èna opoiod pote kleistì
di�sthma ston R, to opoÐo èqei sÔnoro.
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