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Prìlogoc

Sth Metaptuqiak  aut  ergasÐa asqolhj kame me to Je¸rhma Lax-Milgram kai k�poiec basi-

kèc genikeÔseic kai efarmogèc tou. 'Ena polÔ gnwstì kai basikì je¸rhma thc Sunarthsiak c

An�lushc eÐnai to Je¸rhma Anapar�stashc Riesz, sto opoÐo apodeiknÔetai ìti gia k�je gram-

mikì kai fragmèno sunarthsiakì f orismèno se èna q¸ro Hilbert H up�rqei monadikì stoiqeÐo

u ∈ H tètoio ¸ste f(v) = (v, u), gia k�je v ∈ H. To Je¸rhma Lax-Milgram sthn ousÐa

eÐnai genÐkeush tou Jewr matoc Anapar�stashc Riesz gia digrammikèc morfèc ìqi aparaÐthta

summetrikèc kai apodeiknÔetai mèsw autoÔ h Ôparxh monadik c lÔshc se poll� probl mata

sunoriak¸n tim¸n twn Merik¸n Diaforik¸n Exis¸sewn ElleiptikoÔ tÔpou.

Sto pr¸to kef�laio aut c thc ergasÐac orÐzoume arqik� thn ènnoia thc digrammik c morf c

p�nw se dianusmatikoÔc q¸rouc kai sthn sunèqeia apodeiknÔoume thn Ôparxh grammikoÔ iso-

metrikoÔ isomorfismoÔ apì ton q¸ro {B : X × Y → R : B digrammik  kai fragmènh} ston

q¸ro {A : X → Y ∗| A grammikìc kai fragmènoc}, ìpou X, Y q¸roi me nìrma. Sthn sunèqeia

apodeiknÔoume to Je¸rhma Lax-Milgram, dhlad  ìti an èqoume mia fragmènh kai piestik 

digrammik  morf  B orismènh se èna q¸ro Hilbert H tìte gia k�je sunarthsiakì f ∈ H∗

up�rqei u ∈ H tètoio ¸ste f(v) = B(u, v), gia k�je v ∈ H. H pr¸th apìdeixh pou parajè-

toume eÐnai aut  pou dhmosÐeusan oi P. Lax kai A. Milgram to 1954 sthn ergasÐa touc [16].

Met� to Je¸rhma Lax-Milgram parajètoume mia seir� apì probl mata Merik¸n Diaforik¸n

Exis¸sewn ElleiptikoÔ tÔpou sta opoÐa deÐqnoume thn Ôparxh monadik c asjenoÔc lÔshc me

thn bo jeia tou Jewr matoc Lax-Milgram. Sthn apìdeixh tou Jewr matoc Lax-Milgram

den gÐnetai fanerì me poiì trìpo ja mporoÔse k�poioc na brei   na kataskeu�sei th lÔsh u.
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Gia ton skopì autì afier¸same tic epìmenec dÔo paragr�fouc. To pr¸to apotèlesma pou

suzht�me eÐnai tou W. Petryshyn [19] ìpou kataskeu�zei mia akoloujÐa pou sugklÐnei sthn

lÔsh. Sthn sunèqeia, dÐnoume ta apotelèsmata twn S. Hildebrandt kai E. Wienholtz [11]

ìpou pèra apì èna trìpo prosèggishc thc lÔshc, dÐnoun sthn ousÐa kai mia genÐkeush tou

Jewr matoc Lax-Milgram, kaj¸c den apaitoÔn apì thn digrammik  morf  na eÐnai piestik  se

ìlo to q¸ro all� apaitoÔn mia diaforetik  sunj kh piestikìthtac p�nw se peperasmènouc

upìqwrouc. Sto teleutaÐo mèroc autoÔ tou pr¸tou kefalaÐou parousi�zoume to Je¸rhma

Stampacchia kai dÔo efarmogèc tou. To Je¸rhma autì èqei wc �meso Pìrisma to Je¸rhma

Lax-Milgram kai eÐnai qr simo kaj¸c dÐnei lÔsh se probl mata metabolik¸n anis¸sewn.

Sto deÔtero kef�laio parousi�zoume k�poiec basikèc genikeÔseic tou Jewr matoc Lax-

Milgram. Sta jewr mata pou parousi�zoume sto pr¸to kef�laio h digrammik  morf  eÐnai

orismènh p�nw se èna q¸ro Hilbert, ìmwc stic efarmogèc pollèc forèc h digrammik  morf 

eÐnai orismènh p�nw se dÔo diaforetikoÔc q¸rouc Hilbert. To er¸thma loipìn pou apant�me

se autì to shmeÐo eÐnai k�tw apì poièc kat�llhlec sunj kec èqoume Ôparxh lÔshc. To pr¸to

apotèlesma to opoÐo parousi�zoume eÐnai to Je¸rhma Babuška, orÐzontac thn fragmènh di-

grammik  morf  B p�nw se dÔo q¸rouc Hilbert kai me èna kat�llhlo zeÔgoc sunjhk¸n gia thn

B, apodeiknÔoume thn Ôparxh monadik c lÔshc. To zeÔgoc aut¸n twn sunjhk¸n apoteloÔn

autì pou onom�zoume asjen  piestikìthta gia thn digrammik  morf , ìpou h mia sunj kh apì

autèc eÐnai gnwst  wc inf-sup sunj kh. Sth sunèqeia, dÐnetai mia peraitèrw genÐkeush tou

Jewr matoc Babuška se anaklastikoÔc q¸rouc Banach, kaj¸c epÐplèon suzht�me di�forec

sunèpeiec twn sunjhk¸n tou Jewr matoc Babuška. Met� apì aut� ta apotelèsmata, pa-

rousi�zoume to Je¸rhma Babuška-Brezzi to opoÐo mac dÐnei lÔsh se probl mata sagmatikoÔ

shmeÐou, ìpwc eÐnai to prìblhma Stokes to opoÐo kai analÔoume. Epipleìn, deÐqnoume thn

Ôparxh lÔshc sto Diarmonikì prìblhma me thn qr sh tou Jewr matoc Babuška-Brezzi all�

kai tou Jewr matoc Lax-Milgram. SuneqÐzoume me thn isodunamÐa twn sunjhk¸n tou Jew-

r matoc Babuška kai tou Jewr matoc Babuška-Brezzi. Tèloc, parousi�zoume to Je¸rhma

Lions kai mia efarmog  autoÔ se probl mata ParabolikoÔ tÔpou.



iii

Sto teleutaÐo kef�laio aut c thc ergasÐac deÐqnoume ìti an X ènac q¸roc Hilbert   Banach

kai A : X → X ènac fragmènoc grammikìc telest c pou ikanopoieÐ k�poia kat�llhlh qa-

lar  sunj kh piestikìthtac eÐnai antistrèyimoc. O lìgoc gia thn genÐkeush proc aut  thn

kateÔejunsh eÐnai diìti h apaÐthsh ènac telest c A na eÐnai piestikìc, anagk�zei to 〈Ax, x〉

na diathreÐ stajerì prìshmo gia ìla ta x ∈ X.

Sto shmeÐo autì ja  jela na euqarist sw touc kajhghtèc Nikìlao Giannak�kh kai Dhmosjè-

nh Dribali�rh gia thn polÔtimh bohjei� touc sthn epÐlush twn problhm�twn pou proèkuyan,

kaj¸c kai gia to jetikì klÐma sunergasÐac pou frìntisan na dhmiourg soun apì thn pr¸th

stigm .
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• A⊥ = {x ∈ X : 〈x, x∗〉 = 0, gia k�je x∗ ∈ A ⊂ X∗}
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Kef�laio 1

To Je¸rhma Lax-Milgram

1.1 To Je¸rhma Lax-Milgram

To pr¸to ergaleÐo pou ja anaptÔxoume gia thn exagwg  sumperasm�twn Ôparxhc lÔshc se

elleiptik� probl mata eÐnai to Je¸rhma Lax-Milgram. To Je¸rhma Lax-Milgram sthn prag-

matikìthta eÐnai genÐkeush tou Jewr matoc Anapar�stashc tou Riesz ([14, 21]) gia digram-

mikèc morfèc, ìqi aparaÐthta summetrikèc.

Arqik� ja parousi�soume èna genikì apotèlesma gia thn Ôparxh kai monadikìthta lÔshc gia

mia grammik  exÐswsh telest¸n thc morf c

u ∈ X, Lu = f,

ìpou L : D(L) ⊂ X → Y, X kai Y dianusmatikoÐ q¸roi kai f ∈ Y . ParathroÔme ìti h

epilusimìthta thc exÐswshc eÐnai isodÔnamh me thn idiìthta R(L) = Y , dhlad  o L na eÐnai

epÐ tou Y , kai h monadikìthta thc lÔshc eÐnai isodÔnamh me thn N (L) = {0}, dhlad  o L na

eÐnai 1-1.

Je¸rhma 1 'Estw X kai Y q¸roi Banach, L : D(L) ⊂ X → Y ènac grammikìc telest c.

Tìte R(L) = Y an kai mìno an h R(L) eÐnai kleist  kai R(L)⊥ = {0}.

1
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Apìdeixh. An R(L) = Y , tìte profan¸c R(L) eÐnai kleistì kai R(L)⊥ = {0}.

'Estw ìti h R(L) eÐnai kleist  kai R(L)⊥ = {0}, all� R(L) 6= Y . Tìte R(L) eÐnai kleistìc

grammikìc upìqwroc tou Y . 'Estw y ∈ Y \R(L). Apì to je¸rhma Hahn-Banach ([14, 21]), to

sumpagèc sÔnolo {y} kai to kleistì kurtì sÔnolo R(L) mporoÔn na diaqwristoÔn austhr�

apì èna kleistì uperepÐpedo, dhlad  up�rqei y∗ ∈ Y ∗ tètoio ¸ste 〈y∗, y〉 > 0 kai 〈y∗, Lx〉 ≤

0, gia k�je x ∈ D(L). Epeid  o L eÐnai grammikìc tèlest c, to D(L) ja eÐnai grammikìc

upìqwroc tou X. 'Ara gia k�je x ∈ D(L) èqoume ìti −x ∈ D(L), kai �ra

〈y∗, L(−x)〉 ≤ 0⇒ 〈y∗,−Lx〉 ≤ 0⇒ −〈y∗, Lx〉 ≤ 0⇒ 〈y∗, Lx〉 ≥ 0,

gia k�je x ∈ D(L). 'Ara 〈y∗, Lx〉 = 0, gia k�je x ∈ D(L). Epomènwc, 0 6= y∗ ∈ R(L)⊥.

'Atopo diìti R(L)⊥ = {0}

Gia na apodeÐxoume to Je¸rhma Lax-Milgram ja prèpei arqik� na melet soume thn sqèsh

pou èqoun oi digrammikèc morfèc orismènec se èna q¸ro Banach X kai oi grammikoÐ telestèc

A : X −→ X∗ (bl. [24]).

Orismìc 1 'Estw X, Y dianusmatikoÐ q¸roi kai mia apeikìnish

B : X × Y −→ R.

H B ja lègetai digrammik  morf  an eÐnai grammik  kai wc proc tic dÔo metablhtèc, dhlad 

an

B(λx1 + µx2, y) = λB(x1, y) + µB(x2, y),

B(x, λy1 + µy2) = λB(x, y1) + µB(x, y2),

gia k�je x, x1, x2 ∈ X, y, y1, y2 ∈ Y kai λ, µ ∈ R.

Orismìc 2 'Estw X, Y dianusmatikoÐ q¸roi me nìrma kai mia digrammik  morf  B : X ×

Y → R. Ja lème ìti h B eÐnai fragmènh an up�rqeiM > 0 tètoio ¸ste, gia k�je x ∈ X, y ∈ Y,

|B(x, y)| ≤M‖x‖‖y‖.
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Je¸rhma 2 'Estw X, Y q¸roi Banach. Up�rqei mia èna proc èna kai epÐ antistoiqÐa metaxÔ

twn fragmènwn grammik¸n telest¸n A : X −→ Y ∗ kai twn fragmènwn digrammik¸n morf¸n

B : X × Y −→ R, pou sundèontai me thn ex c sqèsh

〈Ax, y〉 = B(x, y), gia k�je x ∈ X, y ∈ Y.

Apìdeixh. 'Estw A : X −→ Y ∗ fragmènoc grammikìc telest c. OrÐzoume B : X×Y −→ R

me B(x, y) = 〈Ax, y〉, gia k�je x ∈ X, y ∈ Y . Ja deÐxoume ìti h apeikìnish B eÐnai mia

fragmènh digrammik  morf . 'Estw x1, x2 ∈ X, y ∈ Y kai λ, µ ∈ R. Tìte

B(λx1 + µx2, y) = 〈A(λx1 + µx2), y〉

= 〈λAx1 + µAx2, y〉 (lìgw grammikìthtac tou A)

= λ〈Ax1, y〉+ µ〈Ax2, y〉

= λB(x1, y) + µB(x2, y).

'Estw x ∈ X, y1, y2 ∈ Y kai λ, µ ∈ R. Tìte

B(x, λy1 + µy2) = 〈Ax, λy1 + µy2〉

= λ〈Ax, y1〉+ µ〈Ax, y2〉 (lìgw grammikìthtac tou Ax ∈ Y ∗)

= λB(x, y1) + µB(x, y2)

'Ara h B eÐnai digrammik . Epiplèon, isqÔei

|B(x, y)| = |〈Ax, y〉| ≤ ‖Ax‖‖y‖ ≤ ‖A‖‖x‖‖y‖,

gia k�je x ∈ X, y ∈ Y. 'Ara h B eÐnai fragmènh me ‖B‖ ≤ ‖A‖.

AntÐstrofa, èstw B(·, ·) fragmènh digrammik  morf  sto X × Y . Gia k�je stajerì x ∈ X,

h apeikìnish Ax : Y −→ R me 〈Ax, y〉 = B(x, y) orÐzei èna fragmèno grammikì sunarthsiakì,

diìti h B eÐnai grammik  wc proc thn deÔterh metablht  kai fragmènh. 'Ara Ax ∈ Y ∗ gia

k�je x ∈ X. Epeid  ìmwc h B eÐnai digrammik  o telest c A : X −→ Y ∗ eÐnai grammikìc kai

fragmènoc. Pr�gmati, èstw x1, x2 ∈ X, y ∈ Y kai λ, µ ∈ R. Tìte

〈A(λx1 + µx2), y〉 = B(λx1 + µx2, y) = λB(x1, y) + µB(x2, y) =

= λ〈Ax1, y〉+ µ〈Ax2, y〉 = 〈λAx1 + µAx2, y〉,
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gia k�je y ∈ Y . 'Ara A(λx1 + µx2) = λAx1 + µAx2 EpÐshc èqoume ìti

|〈Ax, y〉| = |B(x, y)| ≤ ‖B‖‖x‖‖y‖, gia k�je x ∈ X, y ∈ Y ⇒

‖Ax‖ ≤ ‖B‖‖x‖, gia k�je x ∈ X

'Ara o A eÐnai fragmènoc kai ‖A‖ ≤ ‖B‖.

Prìtash 3 'Estw X, Y q¸roi Banach,

L2(X × Y ;R) = {B : X × Y → R| B digrammik  kai fragmènh}

kai

L(X, Y ∗) = {A : X → Y ∗| A grammikìc kai fragmènoc}.

Tìte up�rqei grammikìc isometrikìc isomorfismìc T : L2(X × Y ;R)→ L(X, Y ∗).

Apìdeixh. OrÐzoume T : L2(X × Y ;R) → L(X, Y ∗) me T (B) = A ìpou A ìpwc sto

je¸rhma 2, dhlad  〈Ax, y〉 = B(x, y), gia k�je x ∈ X, y ∈ Y . Ja deÐxoume t¸ra ìti o T eÐnai

grammikìc, 1-1, epÐ kai isometrÐa.

Ja deÐxoume ìti o T eÐnai grammikìc, dhlad 

T (B1 +B2) = T (B1) + T (B2), gia k�je B1, B2 ∈ L2(X × Y ;R)

kai

T (λB) = λT (B), gia k�je B ∈ L2(X × Y ;R) kai k�je λ ∈ R.

'Estw B1, B2 ∈ L2(X × Y ;R). Tìte an T (B1 + B2) = A kai T (B1) = A1, T (B2) = A2 me

A,A1, A2 ∈ L(X, Y ∗), ja deÐxoume ìtiA = A1+A2   isodÔnamaAx = A1x+A2x, gia k�je x ∈

X,   isodÔnama

〈Ax, y〉 = 〈A1x, y〉+ 〈A2x, y〉, gia k�je x ∈ X, y ∈ Y.
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Pr�gmati,

〈Ax, y〉 = (B1 +B2)(x, y)

= B1(x, y) +B2(x, y)

= 〈A1x, y〉+ 〈A2x, y〉, gia k�je x ∈ X, y ∈ Y.

'Estw B ∈ L2(X × Y ;R) kai λ ∈ R. Tìte an T (λB) = Aλ kai T (B) = A me

Aλ, A ∈ L(X, Y ∗), ja deÐxoume ìti Aλ = λA   isodÔnama Aλx = λAx, gia k�je x ∈ X,  

isodÔnama

〈Aλx, y〉 = 〈Ax, y〉, gia k�je x ∈ X kai y ∈ Y.

Pr�gmati,

〈Aλx, y〉 = (λB)(x, y) = λB(x, y) = λ〈Ax, y〉, gia k�je x ∈ X, y ∈ Y.

Ja deÐxoume ìti o T eÐnai 1-1. Pr�gmati, èstw B1, B2 ∈ L2(X × Y ;R) me T (B1) = T (B2).

Tìte an T (B1) = A1, T (B2) = A2, ja èqoume

A1x = A2x, gia k�je x ∈ X ⇒ 〈A1x, y〉 = 〈A2x, y〉, gia k�je x ∈ X, y ∈ Y.

'Ara B1(x, y) = B2(x, y), gia k�je x ∈ X, y ∈ Y , kai epomènwc B1 = B2

Ja deÐxoume ìti o T eÐnai epÐ. Gia k�je A ∈ L(X, Y ∗) apì to prohgoÔmeno Je¸rhma up�rqei

B ∈ L2(X × Y ;R) me B(x, y) = 〈Ax, y〉, x ∈ X, y ∈ Y. 'Ara gia aut  thn B isqÔei ìti

T (B) = A.

O T eÐnai isometrÐa. Epeid  o T eÐnai 1-1 kai epÐ ja èqoume ìti gia k�je

B ∈ L2(X × Y ;R) up�rqei monadikìc A ∈ L(X, Y ∗) tètoioc ¸ste T (B) = A kai antÐstrofa.

Apì to prohgoÔmeno Je¸rhma èqoume ‖B‖ ≤ ‖A‖ kai ‖A‖ ≤ ‖B‖. 'Ara ‖T (B)‖ = ‖B‖.

Parat rhsh 1 ParathroÔme ìti ektìc apì ton telest  A : X → Y ∗ mporoÔme epÐshc na

orÐsoume ton telest  C : Y → X∗ pou sundèeetai me thn digrammik  B wc ex c

〈x,Cy〉 = B(x, y), x ∈ X, y ∈ Y.
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Gia ton telest  autì isqÔoun akrib¸c ta Ðdia sumperasmata pou isqÔoun kai gia ton A.

Epiplèon, an oi q¸roi eÐnai anaklastikoÐ tìte o C eÐnai akrib¸c o suzug c tou A, kai ton

sumbolÐzoume me A∗. Pr�gmati, o suzug c tou A eÐnai o telest c A∗ : Y → X∗ me 〈A∗y, x〉 =

〈y, Ax〉, gia k�je x ∈ X, y ∈ Y . 'Omwc, 〈Ax, y〉 = B(x, y) me x ∈ X, y ∈ Y , dhlad 

〈A∗y, x〉 = B(x, y), x ∈ X, y ∈ Y , kai �ra A∗ = C. Epiprìsjeta, efìson upojèsame ìti oi

q¸roi eÐnai anaklastikoÐ o (A∗)∗ = A.

Gia èna grammikì telest  A kai mÐa digrammik  morf  B pou sundèontai me thn sqèsh

〈Ax, y〉 = B(x, y), gia k�je x, y ∈ X,

pollèc idiìthtec tou grammikoÔ telest  A mporoÔn na oristoÔn mèsw aut¸n thc digrammik c

morf c B,   to antÐstrofo. Gia par�deigma, an Q q¸roc Banach:

(i) H B : X × X → R eÐnai jetik  (B(x, x) ≥ 0, gia k�je x ∈ X) an kai mìno an o

A : X → X∗ eÐnai jetikìc (〈Ax, x〉 ≥ 0, gia k�je x ∈ X).

(ii) H B : X ×X → R eÐnai austhr� jetik  (B(x, x) > 0, gia k�je x ∈ X) an kai mìno an

o A : X → X∗ eÐnai austhr� jetikìc (〈Ax, x〉 > 0, gia k�je x ∈ X).

(iii) H B : X×X → R eÐnai piestik    isqur� jetik  (B(x, x) ≥ a‖x‖2, gia k�je x ∈ X gia

k�poia stajer� a > 0) an kai mìno an o A : X → X∗ eÐnai piestikìc   isqur� jetikìc

(〈Ax, x〉 ≥ a‖x‖2, gia k�je x ∈ X).

(iv) H B : X×X → R eÐnai summetrik  (B(x, y) = B(y, x), gia k�je x, y ∈ X) an kai mono

an o A : X → X∗ eÐnai summetrikìc (〈Ax, y〉 = 〈Ay, x〉, gia k�je x, y ∈ X).

Gia to Je¸rhma Lax-Milgram ja d¸soume treic apodeÐxeic. H pr¸th eÐnai aut  me thn opoÐa

to apèdeixan oi P. Lax kai A. Milgram kai oi �llec dÔo basÐzontai sto Je¸rhma Stampacchia

to opoÐo ja doÔme se epìmenh par�grafo.

Je¸rhma 4 (Lax-Milgram) 'Estw H ènac q¸roc Hilbert kai B : H × H −→ R mia

fragmènh kai piestik  digrammik  morf . Tìte, gia k�je f ∈ H∗, up�rqei monadikì u ∈ H
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tètoio ¸ste

B(u, v) = f(v), gia k�je v ∈ H. (1.1.1)

Epiplèon, an h B eÐnai summetrik , tìte to u eÐnai to monadikì stoiqeÐo pou elaqistopoieÐ to

sunarthsiakì

E(v) =
1

2
B(v, v)− f(v), v ∈ H. (1.1.2)

Apìdeixh. ([7],[16])

'Estw A : H −→ H∗ o grammikìc telest c pou antistoiqeÐ sth digrammik  morf  B(·, ·),

dhlad  〈Au, v〉 = B(u, v) gia k�je u, v ∈ H. O A ja eÐnai fragmènoc kai piestikìc, dhlad 

ja up�rqoun M,a > 0 tètoia ¸ste

‖Av‖ ≤M‖v‖, gia k�je v ∈ H

kai

〈Av, v〉 ≥ a‖v‖2, gia k�je v ∈ H.

Profan¸c, 〈Av, v〉 ≤ ‖Av‖‖v‖, gia k�je v ∈ H, kai �ra

‖Av‖ ≥ a‖v‖ gia k�je v ∈ H.

An sumbolÐsoume me J : H∗ −→ H thn isometrik  duðk  anapar�stash, tìte

B(u, v) = 〈Au, v〉 = (JAu, v) gia k�je u, v ∈ H

kai �ra

‖JAu‖ = ‖Au‖, gia k�je u ∈ H.

To prìblhma èqei t¸ra thn morf  Lu = J f , ìpou L = JA. Skopìc mac eÐnai na deÐxoume

ìti h apeikìnish L = JA : H −→ H eÐnai 1-1 kai epÐ, diìti tìte h exÐswsh (Lu, v) = f(v) ja

èqei lÔsh kai ja eÐnai monadik .

Gia na deÐxoume ìti eÐnai epÐ, dhlad  R(L) = H, arkeÐ na deÐxoume ìti to R(L) eÐnai kleistì

kai ìti R(L)⊥ = {0}.

H eikìna R(L) thc L eÐnai kleist  :
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'Estw {un} ⊆ R(L) mia akìloujÐa pou sugklÐnei sto u ∈ H. Tìte un = JAwn, gia k�poio

wn ∈ H, kai èqoume

‖un − um‖ = ‖JA(wn − wm)‖ = ‖A(wn − wm)‖ ≥ a‖wn − wm‖.

H {un} wc sugklÐnousa akoloujÐa ja eÐnai akoloujÐa Cauchy kai �ra apì thn parap�nw

anisìthta h {wn} ja eÐnai akoloujÐa Cauchy. 'Omwc o H eÐnai q¸roc Hilbert kai �ra h {wn}

ja sugklÐnei se kapoio w ∈ H. Epomènwc,

‖un − JAw‖ = ‖JA(wn − w)‖ = ‖A(wn − w)‖ ≤M‖wn − w‖ −→ 0.

Lìgw monadikìthtac tou orÐou u = JAw ∈ R(L). Epomènwc, h eikìna R(L) eÐnai kleist .

To monadikì stoiqeÐo k�jeto sto R(L) eÐnai to mhden:

'Estw u ∈ R(L)⊥. Tìte, gia k�je v ∈ H, èqoume

0 = (Lv, u) = (JAv, u) = 〈Av, u〉 = B(v, u)

PaÐrnontac t¸ra v = u ja èqoume B(u, u) = 0. 'Omwc h B eÐnai piestik  kai �ra

0 = B(u, u) ≥ a‖u‖2 ⇒ ‖u‖ = 0⇒ u = 0.

Sunep¸c, h eikìna R(L) eÐnai kleist  kai R(L)⊥ = {0} kai �ra R(L) = H.

O L eÐnai 1-1 :

'Estw w1, w2 ∈ H me Lw1 = Lw2. Profan¸c, JAw1 = JAw2 kai �ra

0 = ‖JA(w1 − w2)‖ = ‖A(w1 − w2)‖ ≥ a‖w1 − w2‖ ⇒ ‖w1 − w2‖ = 0⇒ w1 = w2.

'Ara o L eÐnai 1-1.

Upojètoume t¸ra ìti h B eÐnai summetrik  kai ìti u eÐnai h monadik  lÔsh tou (1.1.1). 'Eqoume

ìti, gia k�je v ∈ H,

E(u+ v) =
1

2
B(u+ v, u+ v)− f(u+ v)

=
1

2
B(u, u) +B(u, v) +

1

2
B(v, v)− f(v)− f(u)

= E(u) +
1

2
B(v, v).
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Antikajist¸ntac to v me v − u èqoume

E(v) = E(u) +
1

2
B(v − u, v − u), gia k�je v ∈ H.

Lìgw piestikìthtac èqoume ìti B(v − u, v − u) > 0, gia v 6= u, kai sunep¸c to u eÐnai to

monadikì stoiqeÐo pou elaqistopoieÐ to E.

Parathr seic 1 (i) ParathroÔme ìti an h B(·, ·) eÐnai fragmènh kai piestik , tìte an

orÐsoume ‖u‖B :=
√
B(u, u), aut  ja eÐnai mia nìrma isodÔnamh me thn arqik  nìrma ston H.

Pr�gmati, efìson h B eÐnai fragmènh ja èqoume ìti ‖u‖B ≤
√
M‖u‖ kai apì thn piestikìthta

thc B ja èqoume ìti ‖u‖B ≥
√
a‖u‖. Epiplèon, an h B eÐnai summetrik , tìte B(u, v) orÐzei

èna nèo eswterikì ginìmeno ston H. 'Etsi, se aut  thn perÐptwsh, to Je¸rhma Anapar�stashc

tou Riesz ([14, 21]) mac dÐnei �mesa ìti gia k�je f ∈ H∗ up�rqei u ∈ H pou na ikanopoieÐ thn

(1.1.1). Epomènwc, h shmantikìthta tou Jewr matoc Lax-Milgram ègkeitai sthn mh apaÐthsh

thc summetrikìthtac gia thn B.

(ii)An epanalamb�name thn apìdeixh all� antÐ gia ton A qrhsimopoioÔsame ton A∗, tìte ja

eÐqame èna an�logo sumpèrasma. Dhlad , ìti up�rqei monadikì w ∈ H tètoio ¸ste

B(u,w) = f(u), gia k�je u ∈ H.

(iii) EÐnai endiafèron na shmei¸soume th sqèsh metaxÔ thc exis¸shc (1.1.1) kai tou pro-

bl matoc elaqistopoi shc (1.1.2). H sqèsh aut  èqei suqn� mia ermhneÐa sth Mhqanik 

  sth Fusik  (arq  thc el�qisthc dr�shc, elaqistopoÐhsh k�poiac enèrgeiac, ktl.). Sthn

orologÐa tou logismoÔ metabol¸n h exÐswsh (1.1.1) eÐnai h exÐswsh Euler tou probl matoc

elaqistopoi shc (1.1.2).

Shmei¸seic 1 (i) Oi upojèseic pou d¸same sto Je¸rhma Lax-Milgram eÐnai oi arqikèc

upojèseic pou eÐqan d¸sei oi P. Lax kai A. Milgram sthn ergasÐa touc [16]. O P. Lax anafèrei

sto biblÐo tou [15] ìti mporoÔme na antikatast soume thn upìjesh thc piestikìthtac me thn

upìjesh a‖u‖2 ≤ |B(u, u)| gia k�poia jetik  stajer� a kai na k�noume akrib¸c thn Ðdia

apìdeixh. H upìjesh aut  mac epitrèpei na qrhsimopoi soume to Je¸rhma kai se migadikoÔc

q¸rouc Hilbert. Epiplèon, sthn migadik  perÐptwsh mporoÔme na èqoume sunj kec ìpwc



KEF�ALAIO 1. TO JE�WRHMA LAX-MILGRAM 10

ReB(u, u) ≥ a‖u‖2   ImB(u, u) ≥ a‖u‖2, oi opoÐec mac odhgoÔn profan¸c sthn a‖u‖2 ≤

|B(u, u)|.

(ii) Se èna pragmatikì q¸ro Hilbert h nèa genikìterh sunj kh a‖u‖2 ≤ |B(u, u)|, a ≥ 0

dhmiourgeÐ eÔloga erwt mata ìpwc e�n isqÔei telik�   ìqi h piestik  sunj kh. H ap�nthsh

eÐnai ìti h sunj kh piestikìthtac isqÔei eÐte gia thn B eÐte gia thn −B. Pr�gmati, an

jewr soume thn apeikìnish B : S(0, 1) = {u ∈ H : ‖u‖ = 1} → R, tìte h sun�rthsh aut 

eÐnai suneq c kai |B(u, u)| ≥ a > 0. 'Ara an h B den diathroÔse stajerì prìshmo tìte ja

up rqe u ∈ H tètoio ¸ste 0 = |B(u, u)| ≥ a > 0, �topo. 'Ara èqei stajerì prìshmo.

1.2 Efarmogèc tou Jewr matoc Lax-Milgram

1.2.1 To Prìblhma Poisson me sunoriak  sunj kh Dirichlet

Par�deigma 1 (Omogen c Sunoriak  Sunj kh Dirichlet) 'Estw Ω ⊆ RN èna a-

noiqtì, fragmèno sÔnolo me sÔnoro Γ = ∂Ω Lipschitz suneqèc. Anazht�me sun�rthsh

u : Ω −→ R pou na ikanopoieÐ: −∆u = f, sto Ω

u = 0, sto Γ
(1.2.1)

To omogenèc prìblhma Dirichlet stic dÔo diast�seic perigr�fei thn k�jeth kÐnhsh miac ela-

stik c membr�nhc upì thn dr�sh k�jethc dÔnamhc me puknìthta f . Lìgw thc sunoriak c

sunj khc èqoume ìti h membr�nh eÐnai stajer  sto sÔnoro tou qwrÐou.

Mia klasik  lÔsh tou probl matoc (1.2.1) eÐnai mia leÐa sun�rthsh u ∈ C2(Ω)
⋂
C(Ω) pou

ikanopoieÐ thn sunoriak  sunj kh tou (1.2.1) shmeiak�. Epiplèon, ja prèpei na upojèsoume

ìti f ∈ C(Ω)   akìma ìti f ∈ C(Ω), to opoÐo ìmwc den mac exasfalÐzei thn Ôparxh lÔshc.

Gia ton lìgo autì ja prospaj soume na gr�youme to prìblhma mac se mia �llh morf , me

ligìterec apait seic gia thn u kai thn f .

Gia na diatup¸soume to prìblhma se mia asjenèsterh morf , upojètoume proswrin� ìti èqei

klasik  lÔsh u ∈ C2(Ω)
⋂
C(Ω). Pollaplasi�zoume thn diaforik  exÐswsh (1.2.1) me mÐa
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tuqaÐa sun�rthsh v ∈ C∞0 (Ω) (dokimastik  sun�rthsh) kai oloklhr¸noume thn sqèsh sto

Ω, kai paÐrnoume

−
∫

Ω

∆uvdx =

∫
Ω

fvdx.

Epeid  v = 0 sto Γ apì to Je¸rhma Green ja èqoume ìti∫
Ω

∇u∇vdx =

∫
Ω

fvdx. (1.2.2)

Par�oti gia na katal xoume sthn sqèsh aut  upojèsame ìti u ∈ C2(Ω)
⋂
C(Ω) kai v ∈

C∞0 (Ω), oi sunj kec autèc den eÐnai anagkaÐec gia na èqoun nìhma ta oloklhr¸mata. ArkeÐ na

èqoume ìti u, v ∈ H1(Ω) kai f ∈ L2(Ω). Epeid  h u ja prèpei na ikanopoieÐ kai thn omogen 

sunoriak  sunj kh arkeÐ u ∈ H1
0 (Ω). EpÐshc, ja prèpei na ikanopoieÐ thn (1.2.2), gia k�je

v ∈ C∞0 (Ω),   isodÔnama, afoÔ o C∞0 (Ω) eÐnai puknìc ston H1
0 (Ω), gia k�je v ∈ H1

0 (Ω).

Sunep¸c, h asjen c diatÔpwsh tou (1.1.1) eÐnai

u ∈ H1
0 (Ω),

∫
Ω

∇u∇vdx =

∫
Ω

fvdx, gia k�je v ∈ H1
0 (Ω). (1.2.3)

Sthn pragmatikìthta ja mporoÔsame na k�noume akìma pio asjeneÐc tic upojèseic mac, jew-

r¸ntac f ∈ H−1(Ω) = (H1
0 (Ω))∗ kai to olokl rwma san to duðkì ginìmeno 〈f, v〉 metaxÔ twn

H−1(Ω) kai H1
0 (Ω).

'Estw H = H1
0 (Ω), B(·, ·) : H ×H −→ R h digrammik  morf  pou orÐzetai wc ex c

B(u, v) =

∫
Ω

∇u∇vdx, u, v ∈ H

kai h : H −→ R to grammikì sunarthsiakì pou orÐzetai wc ex c

h(v) =

∫
Ω

fvdx, v ∈ H.

Tìte h asjen c diatÔpwsh tou probl matoc (1.2.1) eÐnai na broÔme u ∈ H tètoia ¸ste

B(u, v) = h(v), gia k�je v ∈ H.

Ja apodeÐxoume thn Ôparxh lÔshc mèsw tou Jewr matoc Lax-Milgram:
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H B eÐnai fragmènh kai piestik . Pr�gmati,

|B(u, v)| = |
∫

Ω

∇u∇vdx| ≤
∫

Ω

|∇u||∇v|dx ≤ (

∫
Ω

|∇u|2dx)1/2(

∫
Ω

|∇v|2dx)1/2 =

= ‖∇u‖L2‖∇v‖L2 ≤ ‖u‖H1‖v‖H1

kai �ra h B eÐnai fragmènh. Epiplèon, apì thn anisìthta Poincare ja up�rqei stajer� C > 0

tètoia ¸ste

‖u‖2
L2 ≤ C‖∇u‖2

L2 gia k�je u ∈ H1
0 ⇒

‖u‖2
L2 + ‖∇u‖2

L2 ≤ (1 + C)‖∇u‖2
L2 gia k�je u ∈ H1

0 ⇒

B(u, u) ≥ 1

1 + C
‖u‖2

H1 gia k�je u ∈ H1
0 .

'Ara h B eÐnai piestik .

To h eÐnai grammikì kai fragmèno. Pr�gmati, gia k�je v ∈ H, èqoume

|h(v)| = |
∫

Ω

fvdx| ≤
∫

Ω

|f ||v|dx ≤ (

∫
Ω

|f |2dx)1/2(

∫
Ω

|v|2dx)1/2 = ‖f‖L2‖v‖L2 ≤ ‖f‖L2‖v‖H1 .

'Ara to h eÐnai fragmèno. Profan¸c eÐnai grammikì lìgw thc grammikìthtac tou oloklhr¸-

matoc.

Sunep¸c, ikanopoioÔntai oi upojèseic tou Jewr matoc, kai �ra up�rqei monadik  lÔsh u ∈ H1
0

tou (1.2.1).

Par�deigma 2 (Mh Omogen c sunoriak  sunj kh Dirichlet) 'Estw Ω ⊆ RN a-

noiqtì fragmèno me Γ = ∂Ω Lipschitz suneqèc. Anazht�me sun�rthsh u : Ω −→ R pou na

ikanopoieÐ: −∆u = f, sto Ω

u = g, sto Γ
(1.2.4)

Gia na diatup¸soume to prìblhma se mia asjenèsterh morf , upojètoume proswrin� ìti èqei

klasik  lÔsh u ∈ C2(Ω)
⋂
C(Ω). Pollaplasi�zoume thn diaforik  exÐswsh (1.2.4) me mÐa

tuqaÐa sun�rthsh v ∈ C∞0 (Ω) (dokimastik  sun�rthsh) kai oloklhr¸noume thn sqèsh sto

Ω, kai paÐrnoume ìti

−
∫

Ω

∆uvdx =

∫
Ω

fvdx.
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Oloklhr¸nontac kat� mèlh èqoume ìti

−
∫

Γ

∂u

∂ν
vds+

∫
Ω

∇u∇vdx =

∫
Ω

fvdx.

Upojètontac ìti v = 0 sto Γ ¸ste na mhdenisteÐ to olokl rwma sto sÔnoro ja p�roume∫
Ω

∇u∇vdx =

∫
Ω

fvdx. (1.2.5)

Gia na èqoun nìhma ta oloklhr¸mata upojètoume ìti f ∈ L2(Ω), u ∈ H1(Ω) kai v ∈ H1
0 (Ω).

'Omwc h u ja prèpei na ikanopoieÐ kai thn sunoriak  sunj kh u = g sto Γ me thn ènnoia tou

telest  Ðqnouc. ArkeÐ dhlad  na upojèsoume ìti h g eÐnai h eikìna mèsw tou telest  Ðqnouc γ

miac H1(Ω) sun�rthshc (bl. parak�tw sel. 22). Sunep¸c, h asjen c diatÔpwsh tou (1.2.4)

eÐnai

u ∈ H1(Ω), u = g sto Γ,

∫
Ω

∇u∇vdx =

∫
Ω

fvdx, gia k�je v ∈ H1
0 (Ω). (1.2.6)

Gia thn asjen  diatÔpwsh (1.2.6) den mporoÔme na efarmìsoume apeujeÐac to Je¸rhma Lax-

Milgram efìson oi u kai v den an koun ston Ðdio q¸ro. Efìson upojèsame ìti h g eÐnai to

Ðqnoc sto Γ miac H1(Ω) sun�rthshc, tìte ja up�rqei sun�rthsh G ∈ H1(Ω) tètoia ¸ste

γ(G) = g, ìpou γ eÐnai o telest c Ðqnouc (bl. sel. 22). 'Etsi, me u = w + G, w ∈ H1
0 , to

prìblhma mporeÐ na metatrapeÐ se prìblhma gia thn w:

w ∈ H1
0 (Ω),

∫
Ω

∇w∇vdx =

∫
Ω

(fv −∇G∇v)dx gia k�je v ∈ H1
0 (Ω). (1.2.7)

H klasik  morf  tou sunoriakoÔ probl matoc gia thn w eÐnai−∆w = f + ∆G, sto Ω

w = 0, sto Γ

ìpou t¸ra to f + ∆G den eÐnai stoiqeÐo tou L2(Ω), all� tou H−1(Ω).

'Estw H = H1
0 (Ω), B(·, ·) : H ×H −→ R h digrammik  morf  pou orÐzetai wc ex c

B(w, v) =

∫
Ω

∇w∇vdx, w, v ∈ H
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kai h : H −→ R to grammikì sunarthsiakì pou orÐzetai wc ex c

h(v) =

∫
Ω

(fv −∇G∇v)dx, v ∈ H.

Tìte h asjen c diatÔpwsh tou probl matoc (1.2.7) eÐnai na broÔme w ∈ H tètoia ¸ste

B(w, v) = h(v), gia k�je v ∈ H.

Ja apodeÐxoume thn Ôparxh lÔshc mèsw tou Jewr matoc Lax-Milgram.

H B eÐnai fragmènh kai piestik  ìpwc deÐxame kai sthn omogen  perÐptwsh.

To h eÐnai grammikì kai fragmèno. Pr�gmati, gia k�je v ∈ H èqoume

|h(v)| = |
∫

Ω

(fv −∇G∇v)dx|

≤
∫

Ω

|fv −∇G∇v|dx ≤
∫

Ω

(|fv|+ |∇G∇v|)dx

=

∫
Ω

|fv|dx+

∫
Ω

|∇G∇v|)dx ≤ (

∫
Ω

|f |2dx)1/2(

∫
Ω

|v|2dx)1/2 + (

∫
Ω

|∇G|2dx)1/2(

∫
Ω

|∇v|2dx)1/2

= ‖f‖L2‖v‖L2 + ‖∇G‖L2‖∇v‖L2 ≤ (‖f‖L2 + ‖∇G‖L2)‖v‖H1 .

'Ara h h fragmènh kai profan¸c eÐnai grammik  lìgw thc grammikìthtac tou oloklhr¸matoc.

Sunep¸c, ikanopoioÔntai oi upojèseic tou Jewr matoc Lax-Milgram. 'Ara up�rqei w ∈ H

monadik  lÔsh tou (1.2.7). Epomènwc, an jèsoume u = w + G ja p�roume mia lÔsh tou

(1.2.6). Shmei¸noume ed¸ ìti h epilog  thc G den eÐnai monadik , �ra h monadikìthta thc

lÔshc den prokÔptei �mesa apì ton orismì thc. Parìla aut� mporoÔme na apodeÐxoume thn

monadikìthta thc u.

'Estw u1, u2 lÔseic tou probl matoc (1.2.6). Tìte h diafor� u1 − u2 ikanopoieÐ thn

u1 − u2 ∈ H1
0 (Ω),

∫
Ω

∇(u1 − u2) · ∇vdx = 0, ∀v ∈ H1
0 (Ω).

PaÐrnontac v = u1 − u2, èqoume ìti∫
Ω

|∇(u1 − u2)|2dx = 0.

Apì thn isodÔnamh nìrma tou H1
0 ja èqoume ìti ‖u1 − u2‖H1

0
= 0. Epomènwc, u1 = u2 sto Ω.
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1.2.2 Genikì Elleiptikì Prìblhma me sunoriak  sunj kh

Dirichlet

'Estw Ω ⊆ RN anoiqtì, fragmèno kai Γ = ∂Ω Lipschitz suneqèc. Anazht�me sun�rthsh

u : Ω −→ R pou na ikanopoieÐ: −Lu = f, sto Ω

u = 0, sto Γ
(1.2.8)

ìpou h f dÐnetai kai o L sumbolÐzei ton telest  deÔterhc t�xhc merik¸n parag¸gwn pou èqei

thn diaforik  morf 

Lu = −
n∑

i,j=1

(aij(x)uxi)xj +
n∑
i=1

bi(x)uxi + c(x)u. (1.2.9)

Upojètoume ìti isqÔei h sunj kh summetrikìthtac.

aij = aji, i, j = 1, . . . , n.

Ja lème ìti o diaforikìc telest c L eÐnai (omoiìmorfa) elleiptikìc an up�rqei stajer� θ > 0

tètoia ¸ste
n∑

i,j=1

aij(x)ξiξj ≥ θ|ξ|2

sqedìn pantoÔ sto Ω kai gia k�je ξ ∈ RN . H elleiptikìthta dhlad  shmaÐnei ìti, gia k�je

shmeÐo x ∈ Ω, o summetrikìc n × n pÐnakac A(x) = ((aij(x))) eÐnai jetik� orismènoc. 'Ena

profanèc par�deigma eÐnai aij = δij, b
i = 0, c = 0. Se aut  thn perÐptwsh o telest c L eÐnai

o −∆. Genik� ìmwc den eÐnai aparaÐthth h summetrikìthta twn aij arkeÐ na ikanopoieÐtai h

elleiptik  sunj kh.

'Estw t¸ra ìti èqoume to sunoriakì prìblhma (1.2.8). Skopìc mac eÐnai na orÐsoume kat�l-

lhlh asjen  morf  gia to prìblhma.

Upojèsoume ìti

aij, bi, c ∈ L∞(Ω), i, j = 1, . . . , n

kai

f ∈ L2(Ω).
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Ja akolouj soume an�logh me to pr¸to par�deigma logik . Upojètoume arqik� ìti h u eÐnai

mia leÐa lÔsh thc (1.2.8), pollaplasiazoume th diaforik  exÐswsh Lu = f me mia sun�rthsh

v ∈ C∞0 (Ω) kai oloklhr¸noume p�nw sto Ω. 'Eqoume loipìn∫
Ω

(
n∑

i,j=1

aijuxivxj +
n∑
i=1

biuxiv + cuv) dx =

∫
Ω

fvdx

ìpou èqoume oloklhr¸sei kat� mèlh sto pr¸to mèroc tou aristeroÔ mèlouc. Den up�rqoun

sunoriakoÐ ìroi efìson v = 0 sto sÔnoro ∂Ω. H Ðdia isìthta isqÔei akìma kai an v ∈ H1
0 (Ω),

lìgw puknìthtac tou C∞0 (Ω) ston H1
0 (Ω), ìpwc epÐshc isqÔei kai gia u ∈ H1

0 (Ω) (epilègoume

ton H1
0 (Ω) gia na ikanopoieÐtai h sunoriak  sunj kh).

Orismìc 3 H digrammik  morf  B(·, ·) pou sqetÐzetai me ton diaforikì elleiptikì telest 

L pou orÐsame parap�nw eÐnai

B(u, v) =

∫
Ω

(
n∑

i,j=1

aijuxivxj +
∑

biuxiv + cuv) dx,

gia u, v ∈ H1
0 (Ω). Ja lème ìti h u ∈ H1

0 (Ω) eÐnai asjen c lÔsh tou sunoriakoÔ probl matoc

(1.2.8) an

B(u, v) = (f, v), gia k�je v ∈ H1
0 (Ω),

ìpou (·, ·) sumbolÐzei to eswterikì ginìmeno ston L2(Ω).

Gia na lÔsoume t¸ra to prìblhma autì arkeÐ na deÐxoume ìti to B ikanopoieÐ tic upojèseic

tou Jewr matoc Lax-Milgram.

Je¸rhma 5 'Estw Ω mia fragmenh perioq . 'Estw L ènac deÔterhc t�xhc grammikìc diafo-

rikìc telest c thc morf c (1.2.9) tètoioc ¸ste na gia k�poia stajer� θ > 0 na ikanopoieÐtai h

elleiptik  sunj kh. Upojètoume epÐshc ìti aij, bj, c ∈ L∞(Ω), i, j = 1, . . . , n. Tìte up�rqoun

stajerèc α, β > 0 kai γ ≥ 0 tètoiec ¸ste

|B(u, v)| ≤ α‖u‖H1(Ω)‖v‖H1(Ω)

kai

β‖u‖2
H1(Ω) ≤ B(u, u) + γ‖u‖2

L2(Ω),

gia k�je u, v ∈ H1
0 (Ω).
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Apìdeixh. Epeid  aij, bi, c eÐnai sunart seic ston L∞(Ω) mporoÔme na sumbolÐsoume me A

mia jetik  stajera tètoia ¸ste

|aij(x)|, |bi(x)|, |c(x)| ≤ A

sqedìn pantoÔ sto Ω.

EpÐshc

|uxi | ≤ |∇u| = {
n∑
i=1

(
∂u

∂xi
)2}1/2, ‖u‖L2 ≤ ‖u‖H1 kai ‖∇u‖L2 ≤ ‖u‖H1

. Apì aut� paÐrnoume ìti

|B(u, v)| ≤
∫

Ω

(
n∑

i,j=1

|aij(x)||uxi ||vxj |+
n∑
i=1

|bi(x)||uxi ||v|+ |c(x)||u||v|

)
dx

≤
n∑

i,j=1

‖aij‖L∞
∫

Ω

|∇u||∇v|dx+
n∑
i=1

‖bi‖L∞
∫

Ω

|∇u||v|dx+ ‖c‖L∞
∫

Ω

|u||v|dx

≤ n2A(

∫
Ω

|∇u|2dx)1/2(

∫
Ω

|∇v|2dx)1/2 + nA(

∫
Ω

|∇u|2dx)1/2(

∫
Ω

|v|2dx)1/2

+ A(

∫
Ω

|u|2dx)1/2(

∫
Ω

|v|2dx)1/2

≤ n2A‖u‖H1‖v‖H1 + nA‖u‖H1‖v‖H1 + A‖u‖H1‖v‖H1

= α‖u‖H1(Ω)‖v‖H1(Ω),

ìpou α = (n2 + n+ 1)A

Apì thn elleiptik  sunj kh paÐrnoume ìti

θ

∫
Ω

|∇u|2 ≤
∫

Ω

n∑
i,j=1

aijuxiuxj

= B(u, u)−
∫

Ω

(
n∑
i=1

biuxiu+ cu2) dx

≤ B(u, u) +
n∑
i=1

‖bi‖L∞
∫

Ω

|∇u||u|dx+ ‖c‖L∞
∫

Ω

u2dx.

Apì thn anisìthta Cauchy èqoume ìti∫
Ω

|∇u||u| dx ≤ ε

∫
Ω

|∇u|2 dx+
1

4ε

∫
Ω

|u|2 dx (ε > 0).
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Epilègontac ε > 0 ¸ste

ε
n∑
i=1

‖bi‖L∞ <
θ

2
,

tìte gia kat�llhla β > 0, γ ≥ 0, apì thn teleutaÐa sqèsh kai thn anisìthta Poincare

‖u‖L2 ≤ C‖∇u‖L2

ja èqoume

B(u, u) + γ

∫
Ω

|u|2 dx ≥ θ

2

∫
Ω

|∇u|2 dx ≥ β‖u‖2
H1 ⇒

B(u, u) + γ‖u‖2
L2 ≥ β‖u‖2

H1 .

ParathroÔme t¸ra ìti an γ > 0, tìte h B(·, ·) den ikanopoieÐ thn upìjesh thc piestikìthtac

¸ste na efarmìsoume to Je¸rhma Lax-Milgram. Wstìso mporoÔme na qrhsimopoi soume to

parap�nw Je¸rhma gia na apodeÐxoume thn Ôparxh lÔshc se èna �llo elleiptikì prìblhma.

Je¸rhma 6 'Estw L ènac deÔterhc t�xhc grammikìc diaforikìc telest c thc morf c (1.2.9),

o opoÐoc ikanopoieÐ tic upojèseic tou prohgoÔmenou jewr matoc. Tìte up�rqei γ ≥ 0 tètoio

¸ste, gia k�je µ ≥ γ kai k�je sun�rthsh f ∈ L2(Ω), to prìblhma Dirichlet gia ton telest 

Lµu = Lu+ µu

èqei monadik  lÔsh u ∈ H1
0 (Ω).

Apìdeixh. JewroÔme wc γ autì pou mac dÐnei to Je¸rhma 5 kai èstw µ ≥ γ. OrÐzoume thn

digrammik  morf 

Bµ(u, v) = B(u, v) + µ(u, v)L2 , u, v ∈ H1
0 (Ω)

pou antistoiqeÐ ston telest  Lµ. Tìte h Bµ(·, ·) ikanopoieÐ tic upojèseic tou Jewr matoc

Lax-Milgram. Pr�gmati,

|Bµ(u, v)| ≤ |B(u, v)|+ |µ||(u, v)|

≤ α‖u‖H1‖v‖H1 + µ‖u‖L2‖v‖L2

≤ C‖u‖H1‖v‖H1 . (epeid  ‖u‖L2 ≤ ‖u‖H1 )
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'Ara h Bµ eÐnai fragmènh. EpÐshc èqoume ìti

Bµ(u, u) = µ‖u‖2
L2 +B(u, u) ≥ β‖u‖2

H1 ,

ìpou β h stajer� pou mac dÐnei to Je¸rhma 5. Dhlad  h Bµ eÐnai elleiptik .

Epiplèon, gia f ∈ L2(Ω), orÐzoume thn apeikìnish

g : H1
0 −→ R me g(v) = (f, v)L2 =

∫
Ω

fvdx.

Tìte

|g(v)| = |
∫

Ω

fvdx| ≤
∫

Ω

|f ||v|dx ≤ (

∫
Ω

|f |2dx)1/2(

∫
Ω

|v|2dx)1/2 = ‖f‖L2‖v‖L2 ≤ ‖f‖L2‖v‖H1 .

Epomènwc, oi upojèseic tou Jewr matoc isqÔoun �ra up�rqei monadikì u ∈ H1
0 (Ω) pou ika-

nopoieÐ thn

Bµ(u, v) = g(v)⇔ Bµ(u, v) = (f, v), gia k�je v ∈ H1
0 (Ω).

Sunep¸c, to u eÐnai h asjen c lÔsh tou sunoriakoÔ probl matoc.

ShmeÐwsh 1 Sthn perÐptwsh Lu = −∆u, h digrammik  morf  B[u, v] =
∫

Ω
∇u∇vdx ika-

nopoieÐ to Je¸rhma 5 gia γ = 0 (apì anisìthta Poincare). 'Enac an�logoc isqurismìc isqÔei

kai gia ton genikì telest  Lu = −
∑n

i,j=1(aijuxi)xj + cu upì ton ìro ìti c ≥ c0 > 0 σ.π. sto

Ω, ìpou c0 stajer�. Pr�gmati, lìgw thc elleiptikìthtac tou L,

θ‖∇u‖2
L2 ≤ B(u, u)− c0

∫
Ω

u2dx⇒

β(‖∇u‖2
L2 + ‖u‖2

L2) ≤ θ‖∇u‖2
L2 + c0‖u‖2

L2 ≤ B(u, u)⇒

β‖u‖2
H1 ≤ B(u, u).

Dhlad  h digrammik  morf  pou antistoiqeÐ sto prìblhma
−

n∑
i,j=1

(aijuxi)xj + cu = f, sto Ω

u = 0, sto Γ

(1.2.10)

eÐnai fragmènh kai piestik .
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Parat rhsh 2 Gia thn diereÔnhsh tou arqikoÔ probl matoc
−

n∑
i,j=1

(aijuxi)xj +
n∑
i=1

bi(x)uxi + cu = f, sto Ω

u = 0, sto Γ

(1.2.11)

mporeÐ na gÐnei qr sh tou EnallaktikoÔ Jewr matoc Fredholm (bl. [7]).

1.2.3 To Prìblhma Helmholtz me sunoriak  sunj kh

Neumann

Par�deigma 3 (Omogen c Sunoriak  Sunj kh Neumann) 'Estw Ω ⊆ RN èna

anoiqtì, fragmèno sÔnolo me sÔnoro Γ = ∂Ω Lipschitz suneqèc. 'Estw mia sun�rthsh

α0 ∈ L∞(Ω) kai mia stajer� a0 > 0 tètoia ¸ste

α0(x) ≥ a0, σ.π. sto Ω.

Anazht�me sun�rthsh u : Ω −→ R pou na ikanopoieÐ:


−∆u+ α0u = f, sto Ω

∂u

∂ν
= 0, sto Γ

(1.2.12)

ìpou h f eÐnai orismènh sto Ω kai to ∂/∂ν sumbolÐzei thn parag ģish wc proc to k�jeto

di�nusma sto Γ.

Arqik� ja fti�xoume thn asjen  diatÔpwsh. Upojètoume ìti u ∈ C2(Ω)
⋂
C1(Ω) eÐnai mia

klasik  lÔsh tou probl matoc (1.2.12). Pollaplasi�zontac thn pr¸th sqèsh thc (1.2.12) me

mÐa tuqaÐa dokimastik  sun�rthsh v me kat�llhlh leÐothta ¸ste na èqoun nìhma oi parak�tw

upologismoÐ, oloklhr¸noume kat� mèlh p�nw sto Ω∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx+

∫
Γ

∂u

∂ν
vds.

Me antikat�stash thc sunoriak c sunj khc odhgoÔmaste sthn sqèsh∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx.
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Upojètoume ìti f ∈ L2(Ω). Gia na èqei nìhma k�je ìroc sthn parap�nw sqèsh arkeÐ na

epilèxoume ton q¸ro H1(Ω) kai gia tic dÔo sunart seic u, v. 'Etsi, h asjen c diatÔpwsh tou

sunoriakoÔ probl matoc (1.2.12) eÐnai

u ∈ H1(Ω),

∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx, gia k�je v ∈ H1(Ω). (1.2.13)

To prìblhma autì ja deÐxoume ìti èqei monadik  lÔsh qrhsimopoi¸ntac to Je¸rhma Lax-

Milgram.

OrÐzoume:

H = H1(Ω)

B(u, v) =

∫
Ω

(∇u∇v + α0uv)dx

kai

h(v) =

∫
Ω

fvdx.

H B(·, ·) ikanopoieÐ to Je¸rhma 5 efìson apì thn Parat rhsh 1 èqoume ìti γ = 0 kai �ra

eÐnai piestik  kai fragmènh. To h : H1(Ω) −→ R eÐnai grammikì kai fragmèno, ìpwc kai sta

probl mata Dirichlet. Epomènwc, oi upojèseic tou Jewr matoc Lax-Milgram ikanopoioÔntai

kai �ra up�rqei monadikì u ∈ H1(Ω) pou ikanopoieÐ thn

B(u, v) = h(v), gia k�je v ∈ H1(Ω).

Sunep¸c, to u eÐnai h asjen c lÔsh tou elleiptikoÔ probl matoc me omogen  sunoriak 

sunj kh Neumann.

'Ena endiafèron er¸thma pou tÐjetai eÐnai h sqèsh metaxÔ tou sunoriakoÔ probl matoc Neu-

mann (1.2.12) kai thc asjen c diatÔpwshc (1.2.13). Sthn pragmatikìthta to pio entupwsiakì

qarakthristikì sthn asjen  diatÔpwsh eÐnai ìti h sunoriak  sunj kh Neumann den emfanÐ-

zetai rht� all� perièqetai siwphr�, k�ti to opoÐo ja diapist¸soume parak�tw.

Upojètoume ìti h lÔsh u eÐnai omal  lÔsh dhlad  u ∈ C2(Ω). 'Estw mia dokimastik  sun�r-

thsh v ∈ D = {v|Ω : v ∈ C∞0 (RN)} kai oloklhr¸noume kat� mèlh thn (1.2.13). Autì eÐnai

dunatì kaj¸c oi sunart seic u, v eÐnai omalèc sto sÔnoro kai ja èqoume∫
Ω

(−∆u+ α0u− f)vdx+

∫
Γ

v
∂u

∂ν
ds = 0, gia k�je v ∈ v ∈ D. (1.2.14)
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Apì thn (1.2.14), ja exet�soume thn u sto Ω kai sto Γ. Ja exet�soume pr¸ta thn u sto Ω

paÐrnontac v ∈ C∞0 (Ω) sthn (1.2.14). Efìson v = 0 sto Γ, o ìroc p�nw sto Γ thc (1.2.14)

eÐnai mhdèn kai �ra ja èqoume∫
Ω

(−∆u+ α0u− f)vdx = 0, gia k�je v ∈ C∞0 (Ω).

An sumbolÐsoume me (·, ·)L2(Ω) to eswterikì ginìmeno ston L2(Ω), tìte apì thn parap�nw

sqèsh èqoume

(−∆u+ α0u− f, v)L2(Ω) = 0, gia k�je v ∈ C∞0 (Ω),

ìpou o C∞0 (Ω) eÐnai puknìc upìqwroc tou L2(Ω) kai lìgw sunèqeiac tou eswterikoÔ ginomènou

ja èqoume

(−∆u+ α0u− f, v)L2(Ω) = 0, gia k�je v ∈ L2(Ω).

'Ara −∆u+ α0u− f = 0 ston L2(Ω)   isodÔnama

−∆u+ α0u− f = 0 σ.π. sto Ω. (1.2.15)

Gia na suneqÐsoume ja qreiasteÐ na upenjum soume thn ènnoia tou telest  Ðqnouc (bl. [7],

par�grafoc 5.5). O telest c Ðqnouc γ : W 1,p(Ω) → Lp(Γ), 1 ≤ p < ∞, eÐnai mia fragmènh

grammik  apeikìnish, tètoia ¸ste

(i) γ(v) = v|Γ , ∀v ∈ W 1,p(Ω) ∩ C(Ω)

(ii) Up�rqei stajer� C > 0 tètoia ¸ste ‖γ(v)‖L2(Γ) ≤ C‖v‖W 1,p(Ω), gia k�je v ∈ W 1,p(Ω).

Ac exet�soume t¸ra thn u p�nw sto Γ. Gia na to k�noume autì epistrèfoume sto (1.2.14)

me mia genik  v ∈ D kai qrhsimopoioÔme to (1.2.15). Apì thn sqèsh (1.2.15) èqoume ìti

h −∆u + α0u − f h opoÐa eÐnai L2(Ω) sun�rthsh eÐnai Ðsh me mhdèn sqedìn pantoÔ sto Ω.

Sunep¸c, to pr¸to olokl rwma sto Ω thc sqèshc (1.2.14) eÐnai mhdèn kai èqoume∫
Γ

v
∂u

∂ν
ds = 0, gia k�je v ∈ D ⇔

∫
Γ

γ(v)
∂u

∂ν
ds = 0, gia k�je v ∈ D,

ìpou γ : H1(Ω)→ L2(Γ) o telest c Ðqnouc. IsodÔnama loipìn èqoume ìti

(
∂u

∂ν
, γ(v))L2(Γ) = 0, gia k�je v ∈ D.
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O D eÐnai puknìc ston H1(Ω)(bl. [2], Prìtash 5.4.1). 'Ara lìgw sunèqeiac tou eswterikoÔ

ginomènou kai tou γ, ja èqoume

(
∂u

∂ν
, γ(v))L2(Γ) = 0, gia k�je v ∈ H1(Ω),

dhlad 

(
∂u

∂ν
, v)L2(Γ) = 0, gia k�je v ∈ γ(H1(Ω)).

All� o γ(H1(Ω)) eÐnai puknìc ston L2(Γ) (bl. [2], L mma 6.2.1). Sunep¸c ∂u
∂ν

= 0 ston

L2(Γ), dhlad  ∂u
∂ν

= 0 σ.π. sto Γ. Epeid  ìmwc upojèsame ìti h u ∈ C2(Ω) ja èqoume ∂u
∂ν

= 0

sto Γ. Epomènwc, h sunoriak  sunj kh ikanopoieÐtai autìmata.

Jèloume t¸ra na lÔsoume to an�logo prìblhma all� me mh omogen  sunoriak  sunj kh.

Par�deigma 4 (Mh omogen c Sunoriak  Sunj kh Neumann) Anazht�me sun�r-

thsh u : Ω −→ R pou na ikanopoieÐ:
−∆u+ α0u = f, sto Ω

∂u

∂ν
= g, sto Γ

(1.2.16)

ìpou f kai g orismènec sto Ω kai Γ antÐstoiqa, kai ∂/∂ν sumbolÐzei thn parag ģish wc proc

to k�jeto di�nusma sto Γ. Arqik� ja fti�xoume thn asjen  diatÔpwsh. Upojètoume ìti

u ∈ C2(Ω)
⋂
C1(Ω) eÐnai mia klasik  lÔsh tou probl matoc (1.2.16). Pollaplasi�zontac thn

pr¸th sqèsh thc (1.2.16) me mÐa tuqaÐa dokimastik  sun�rthsh v me kat�llhlh leÐothta

¸ste na èqoun nìhma oi parak�tw upologismoÐ, oloklhr¸noume kat� mèlh p�nw sto Ω kai

paÐrnoume ∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx+

∫
Γ

∂u

∂ν
vds.

Me antikat�stash thc sunoriak c sunj khc odhgoÔmaste sth sqèsh∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx+

∫
Γ

gvds.

Upojètoume ìti f ∈ L2(Ω), g ∈ L2(Γ). Gia na èqei nìhma k�je ìroc sthn parap�nw sqèsh

arkeÐ na epilèxoume ton q¸ro H1(Ω) kai gia tic dÔo sunart seic u, v. 'Etsi, h asjen c
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diatÔpwsh tou sunoriakoÔ probl matoc 1.2.16 eÐnai

u ∈ H1(Ω),

∫
Ω

(∇u∇v + α0uv)dx =

∫
Ω

fvdx+

∫
Γ

gvds, gia k�je v ∈ H1(Ω).

To prìblhma autì ja deÐxoume ìti èqei monadik  lÔsh qrhsimopoi¸ntac to Je¸rhma Lax-

Milgram.

OrÐzoume:

H = H1(Ω)

B(u, v) =

∫
Ω

(∇u∇v + α0uv)dx

kai

h(v) =

∫
Ω

fvdx+

∫
Γ

gvds.

H B(·, ·) ikanopoieÐ to Je¸rhma 5 efìson apì thn Parat rhsh 1 èqoume ìti γ = 0 kai �ra

eÐnai piestik  kai fragmènh. To h : H1(Ω) −→ R eÐnai grammikì.

Epiplèon, èqoume ìti g ∈ L2(Γ). 'Ara

|
∫

Ω

fvdx+

∫
Γ

gvds| ≤
∫

Ω

|fv|dx+

∫
Γ

|gv|ds

≤ (

∫
Ω

|f |2dx)1/2(

∫
Ω

|v|2dx)1/2 + (

∫
Γ

|g|2ds)1/2(

∫
Γ

|v|2ds)1/2

= ‖f‖L2(Ω)‖v‖L2(Ω) + ‖g‖L2(Γ)‖v‖L2(Γ)

≤ ‖f‖L2(Ω)‖v‖L2(Ω) + C‖g‖L2(Γ)‖v‖H1(Ω)

≤ (‖f‖L2(Ω) + C‖g‖L2(Γ))‖v‖H1(Ω)

Sunep¸c, to h eÐnai fragmèno. Epomènwc, oi upojèseic tou Jewr matoc Lax-Milgram ikano-

poioÔntai kai �ra up�rqei monadikì u ∈ H1(Ω) pou ikanopoieÐ thn

B(u, v) = h(v), gia k�je v ∈ H1(Ω).

Sunep¸c, to u eÐnai h asjen c lÔsh tou sunoriakoÔ probl matoc. Akrib¸c ìpwc kai sthn

omogen  perÐptwsh gia mia u ∈ C2(Ω) mporoÔme na parathr soume ìti h sunoriak  sunj kh

ikanopoieÐtai autìmata efìson me an�logh diadikasÐa katal goume ìti∫
Γ

v(
∂u

∂ν
− g)ds = 0, gia k�je v ∈ D



KEF�ALAIO 1. TO JE�WRHMA LAX-MILGRAM 25

'Ara ∂u
∂ν

= g sto Γ.

Σημείωση: ΄Οταν αναφερόμαστε στις τιμές που παίρνει στο σύνορο Γ μια συνάρτηση u ∈ W 1,p(Ω) είναι πάντα

υπό την έννοια του τελεστή ίχνους. Πολλές φορές όμως για ευκολία παραλείπουμε τον τελεστή, κάτι το οποίο

κάνουμε παραπάνω.

'Opwc mporoÔme na parathr soume sth diereÔnhsh tou probl matoc me sunoriak  sunj kh

Neumann upojèsame ìti α0 > 0. H perÐptwsh α0 = 0 qrei�zetai eidikì qeirismì. 'Estw

f ∈ L2(Ω). Anazht�me u : Ω→ R pou na ikanopoieÐ to prìblhma
−∆u = f, sto Ω

∂u

∂ν
= 0, sto Γ

(1.2.17)

To prìblhma autì den eÐnai kal� topojethmèno (well-posed). Gia na to doÔme autì upojètoume

ìti h u eÐnai omal  sun�rthsh kai oloklhr¸noume sto Ω qrhsimopoi¸ntac to Je¸rhma Green∫
Ω

fdx = −
∫

Ω

∆udx

= −
∫

Γ

∂u

∂ν
ds

= 0.

Epomènwc, mia anagkaÐa sunj kh gia thn Ôparxh klasik c lÔshc eÐnai
∫

Ω
fdx = 0. Epiplèon,

parathroÔme ìti an u eÐnai mia klasik  lÔsh, tìte gia k�je stajer� C, h u+C ja eÐnai lÔsh.

OrÐzoume ton q¸ro

V = {v ∈ H1(Ω) :

∫
Ω

v(x)dx = 0}.

Tìte h digrammik  morf  tou probl matoc eÐnai piestik  lìgw thc Genikeumènhc Anisìthtac

Poincare (bl. [2], Je¸rhma 5.4.3) p�nw ston V , o opoÐoc eÐnai ènac kleistìc upìqwroc tou

H1(Ω) me monadik  stajer  sun�rthsh thn mhdenik . Oi B kai h eÐnai fragmènec ìpwc kai

prohgoumènwc. 'Ara apì to Je¸rhma Lax-Milgram up�rqei monadik  lÔsh u ∈ V kai an

u∗ eÐnai mia klasik  lÔsh tìte h u∗ − 1
|Ω|

∫
Ω
u∗(x)dx eÐnai h monadik  asjen c lÔsh (gia thn

apìdeixh aut¸n parapèmpoume sto [2], par�grafoc 6.2.3 ).
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1.2.4 Elleiptikì Prìblhma me miktèc sunoriakèc sunj kec

Epiplèon eÐnai dunatìn na orÐsoume probl mata me diaforetikèc sunoriakèc sunj kec p�nw

se diaforetik� mèrh tou sunìrou. 'Ena tètoio par�deigma eÐnai

−
n∑

i,j=1

(aijuxi)xj + cu = f, sto Ω,

u = 0, sto ΓD,
n∑

i,j=1

aij
∂u

∂xi
νj = g, sto ΓN

(1.2.18)

ìpou ΓD,ΓN apoteloÔn diamèrish tou sunìrou, dhlad  Γ = ΓD ∪ ΓN , ΓD eÐnai sqetik�

kleistì, ΓN eÐnai sqetik� anoiqtì kai ΓD ∩ ΓN = ∅. Upojètoume ìti c ≥ c0 > 0 sqedìn

pantoÔ sto Ω, ìpou c0 stajer�, kai f ∈ L2(Ω), g ∈ L2(ΓN).

O kat�llhloc q¸roc ston opoÐo ja jèsoume thn asjen  diatÔpwsh tou probl matoc eÐnai

t¸ra o

H = H1
ΓD

(Ω) = {v ∈ H1(Ω) : γ(v) = 0 sto ΓD}.

Dhlad  γ(v) = 0 ston L2(ΓD)   alli¸c γ(v) = 0 σ.π. sto ΓD. Gia eukolÐa pollèc forèc

gr�foume

H = H1
ΓD

(Ω) = {v ∈ H1(Ω) : v = 0 sto ΓD},

ìpou oi timèc sto sÔnoro eÐnai upì thn ènnoia tou telest  Ðqnouc. O H eÐnai kleistìc gram-

mikìc upìqwroc tou H1(Ω). To gegonìc ìti eÐnai upìqwroc eÐnai �mesh sunèpeia thc grammi-

kìthtac tou γ. Ja apodeÐxoume ìti eÐnai kleistìc. 'Estw {un}n∈N akoloujÐa ston H tètoia

¸ste un → u. Lìgw sunèqeiac thc γ ja èqoume ìti γ(un) → γ(u) ston L2(Γ) kai epeid 

ΓD ⊂ Γ, ja èqoume ìti γ(un) → γ(u) ston L2(ΓD). 'Omwc, {un} ⊂ H, dhlad  γ(un) = 0

sqedìn pantoÔ sto ΓD kai epomènwc γ(u) = 0 ston L2(ΓD). 'Ara γ(u) = 0 sqedìn pantoÔ

sto ΓD, dhlad  u ∈ H. Sunep¸c, eÐnai q¸roc Hilbert me thn kanonik  nìrma tou H1(Ω).

Tìte h asjen c diatÔpwsh tou probl matoc ja prokÔyei ìpwc kai sta prohgoÔmena polla-

plasi�zontac me kat�llhlec sunart seic dokim c, sth sugkekrimènh perÐptwsh me
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v ∈ D = {v|Ω : v ∈ C∞0 (RN)} tètoiec ¸ste v = 0 sto ΓD. 'Ara jètoume

B(u, v) =

∫
Ω

(
n∑

i,j=1

aijuxivxj + cuv)dx, u, v ∈ H,

h(v) =

∫
Ω

fvdx+

∫
ΓN

n∑
i,j=1

aijuxivνjds =

∫
Ω

fvdx+

∫
ΓN

gvds, u, v ∈ H.

H B eÐnai elleiptik  kai fragmènh ìpwc èqoume  dh deÐxei sto genikeumèno elleiptikì prìblhma

(bl. Parat rhsh 1-Je¸rhma 5).

Mènei na apodeÐxoume t¸ra ìti h eÐnai fragmèno.

Pr�gmati, epeid  h apeikìnish γ : H1(Ω) → L2(Γ) eÐnai suneq c kai f ∈ L2(Ω), g ∈ L2(ΓN)

èqoume ìti

|h(v)| = |
∫

Ω

fvdx+

∫
ΓN

gvds|

≤
∫

Ω

|fv|dx+

∫
ΓN

|gv|ds

=

∫
Ω

|fv|dx+

∫
Γ

|gv|ds

≤ (

∫
Ω

|f |2dx)1/2(

∫
Ω

|v|2dx)1/2 + (

∫
Γ

|g|2ds)1/2(

∫
Γ

|v|2ds)1/2

≤ ‖f‖L2(Ω)‖v‖L2(Ω) + ‖g‖L2(Γ)‖v‖L2(Γ)

≤ (‖f‖L2(Ω) + C‖g‖L2(Γ))‖v‖H1(Ω).

Epomènwc, ikanopoioÔntai oi upojèseic tou Jewr matoc Lax-Milgram kai �ra up�rqei u ∈ H

monadik  lÔsh tou probl matoc.

Parat rhsh 3 Sthn perÐptwsh ìpou c = 0 gia na deÐxoume ìti h digrammik  morf  eÐnai

piestik  qreiazìmaste thn Genikeumènh anisìthta Poincare (bl. [2], Je¸rhma 5.4.3) kaj¸c

o H eÐnai kleistìc upìqwroc kai h mình stajer  sun�rthsh pou perièqei eÐnai h mhdenik .

Σημείωση: ΄Οπως έχουμε ήδη αναφέρει όταν μιλάμε για τις τιμές που παίρνει στο σύνορο Γ μια συνάρτηση

u ∈ W 1,p(Ω) είναι πάντα υπό την έννοια του τελεστή ίχνους. Για ευκολία όμως παραλείψαμε τον τελεστή στις

παραπάνω πράξεις.
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1.3 Kataskeu  thc lÔshc tou Jewr matoc

Lax-Milgram

'Opwc  dh èqoume anafèrei to Je¸rhma Lax-Milgram gia k�je f ∈ H∗ mac dÐnei thn Ôparxh

dÔo stoiqeÐwn u kai w ston H, tètoiwn ¸ste f(x) = B(u, x) = B(x,w), gia k�je x ∈

H. 'Omwc pwc prosdiorÐzoume tic lÔseic autèc   pwc brÐskoume proseggÐseic aut¸n den

anafèretai sthn apìdeixh tou arqikoÔ Jewr matoc. Stic epìmenec paragr�fouc analÔoume

ta apotelèsmata twn S. Hildebrandt-E.Wienholtz (1964) kai W. Petryshyn (1965) me ta opoÐa

ja kataskeu�soume akoloujÐec pou sugklÐnoun sth lÔsh.

1.3.1 Apotelèsmata Petryshyn

'Estw H ènac pragmatikìc q¸roc Hilbert. 'Estw B(x, y) mia digrammik  morf  orismènh ston

H tètoia ¸ste gia tic stajerèc c1 > 0 kai c2 > 0 isqÔoun

|B(x, y)| ≤ c1‖x‖‖y‖, x, y ∈ H

kai

B(x, x) ≥ c2‖x‖2, x ∈ H.

Dhlad  h B eÐnai fragmènh kai piestik . 'Estw {φi}i∈N ⊂ H mia pl rhc akoloujÐa apì

grammik¸c anex�rthta stoiqeÐa ston H, dhlad  〈{φi}i∈N〉 = H.

L mma 1 An B(x, y) eÐnai piestik , tìte det(B(φi, φj)
n
i=1) 6= 0, gia k�je n ∈ N.

Apìdeixh. 'Estw M = (B(φi, φj))
n
i,j=1. Ja deÐxoume ìti xTMx ≥ 0, gia k�je 0 6= x ∈ Rn,

dhlad  ìti o pÐnakac eÐnai jetik� orismènoc kai �ra antistrèyimoc. Pr�gmati,

xTMx =
n∑
i=1

xi(
n∑
j=1

Mijxj) =
n∑

i,j=1

xiMijxj

=
n∑

i,j=1

xiB(φi, φj)xj = B(
n∑
i=1

xiφi,

n∑
j=1

xjφj)

= B(ψ, ψ) ≥ c2‖ψ‖2 > 0, me ψ =
n∑
i=1

xiφi
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'Ara o M eÐnai antistrèyimoc kai epomènwc det(B(φi, φj))
n
i,j=1 6= 0.

'Estw f èna fragmèno grammikì sunarthsiakì ston H kai èstw {un} kai {wn} akoloujÐec

ston H orismènec wc ex c

un =
n∑
i=1

ainφi, wn =
n∑
i=1

binφi, n = 1, 2, . . . , (1.3.1)

ìpou oi suntelestèc {a1n, . . . , ann} prosdiorÐzontai apì th lÔsh tou sust matoc

n∑
i=1

B(φi, φj)ain = f(φj), 1 ≤ j ≤ n (1.3.2)

kai {b1n, . . . , bnn} prosdiorÐzontai apì th lÔsh tou sust matoc

n∑
i=1

B(φj, φi)bin = f(φj), 1 ≤ j ≤ n. (1.3.3)

L mma 2 'Estw B(x, y) mia fragmènh kai piestik  digrammik  morf  kai f èna dojèn frag-

mèno sunarthsiakì ston H. Tìte

(aþ) Gia k�je n ta parap�nw sust mata èqoun monadikèc lÔseic {a1n, . . . , ann} kai {b1n, . . . , bnn}

antÐstoiqa.

(bþ) Oi akoloujÐec {un} kai {wn}, ìpwc orÐsthkan parap�nw, sugklÐnoun antÐstoiqa sta stoi-

qeÐa u∗ kai w∗ ston H, ta opoÐa eÐnai tètoia ¸ste

f(x) = B(u∗, x) = B(x,w∗), gia k�je x ∈ H.

Apìdeixh. ([19])

(aþ) Apì to L mma èqoume ìti h orÐzousa tou sust matoc eÐnai mh mhdenik , �ra to sÔsthma

èqei monadik  lÔsh.

(bþ) Arqik� ja apodeÐxoume ìti isqÔoun ta sumperasmat� gia thn {un}. Apì to pr¸to mac

sÔsthma kai ton orismì thc {un} èqoume
n∑
i=1

B(φi, φj)ain = f(φj)⇔ B(un, φj) = f(φj), 1 ≤ j ≤ n. (1.3.4)
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Pollaplasi�zoume me ajn kai ajroÐzoume kai ta dÔo mèlh apì j = 1 èwc j = n kai

paÐrnoume

B(un, un) = f(un). (1.3.5)

Opìte lìgw thc piestikìthtac èqoume

c2‖un‖ ≤ B(un, un) = f(un) ≤ ‖f‖‖un‖ ⇒ ‖un‖ ≤
‖f‖
c2

, gia k�je n.

Sunep¸c, h {un}∞n=1 eÐnai fragmènh �ra perièqei mia upakoloujÐa pou sugklÐnei asjen¸c

se k�poio stoiqeÐo u∗ tou H, dhlad  uni

w→ u∗. Apì thn (1.3.4)

B(uni
, φj) = f(φj), 1 ≤ j ≤ ni,

kai gia k�je dedomèno j to B(uni
, φj) eÐnai èna fragmèno grammikì sunarthsiakì wc proc

uni
, epomènwc paÐrnontac to ìrio èqoume

B(u∗, φj) = f(φj), j = 1, 2, . . . .

Efìson {φj}j∈N eÐnai pl rhc ston H, gia k�je x ∈ H èqoume ìti

B(u∗, x) = f(x). (1.3.6)

Epiplèon, an u∗ 6= u′ dÔo lÔseic, tìte B(u∗, x) = f(x) kai B(u′, x) = f(x), gia k�je

x ∈ H. Apì thn isìthta twn dÔo mel¸n èqoume B(u∗ − u′, x) = 0, gia k�je x ∈ H kai

gia x = u∗ − u′ apì thn piestikìthta

c2‖u∗ − u′‖ ≤ B(u∗ − u′, u∗ − u′) = 0⇒ u∗ = u′.

Epomènwc, k�je sugklÐnousa upakoloujÐa sugklÐnei se autì to monadikì ìrio u∗. 'Ara,

h arqik  akoloujÐa sugklÐnei sto Ðdio ìrio, dhlad  un
w→ u∗. Qrhsimopoi¸ntac tic (1.3.5)

kai (1.3.6) paÐrnoume ìti

c2‖u∗ − un‖2 ≤ B(u∗ − un, u∗ − un)

= B(u∗, u∗)−B(u∗, un)−B(un, u
∗) +B(un, un)( apì tic (1.3.5)-(1.3.6) )

= B(u∗, u∗)− f(un)−B(un, u
∗) + f(un)

= B(u∗, u∗)−B(un, u
∗).
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Efìson un
w→ u∗ kai gia dojèn u∗ to B(un, u

∗) eÐnai fragmèno grammikì sunarthsiakì,

B(un, u
∗)→ B(u∗, u∗). Sunep¸c ‖un − u∗‖ → 0 kaj¸c n→∞. Me ìmoia epiqeir mata

apodeiknÔoume ìti wn → w∗ ∈ H, tètoio ¸ste, gia k�je x ∈ H,

B(x,w∗) = f(x).

Epomènwc, f(x) = B(u∗, x) = B(x,w∗), gia k�je x ∈ H.

Sto shmeÐo autì prèpei na parathr soume ìti den eÐnai praktik� qr simoc o trìpoc me ton opoÐo

prosdiorÐsame tic proseggÐseic {un} kai {wn}, diìti èqoun to meionèkthma ìti oi suntelestèc

{ain}, {bin} exart¸ntai apì to n kai epomènwc an jèloume mia kalÔterh prosèggish ja prèpei

na aux soume to n, èstw m > n, kai na upologÐsoume nèouc suntelestèc {aim}, {bim}. Gia

na to apofÔgoume autì ja kataskeu�soume tic lÔseic anex�rthta apì to n.

Je¸rhma 7 'Estw {ψi}i∈N kai {fi}i∈N eÐnai antÐstoiqa �nw kai k�tw hmi-orjog¸niec ako-

loujÐec, dhlad  B(ψi, ψj) = 0, i > j kai B(fi, fj) = 0, i < j. 'Estw epÐshc oi suntelestèc pou

orÐzontai wc ex c

a1 =
f(ψ1)

B(ψ1, ψ1)
, aj =

f(ψj)−
∑j−1

i=1 B(ψi, ψj)ai
B(ψj, ψj)

, j = 2, 3, . . . , (1.3.7)

kai

b1 =
f(f1)

B(f1, f1)
, bj =

f(fj)−
∑j−1

i=1 B(fi, fj)bi
B(fj, fj)

, j = 2, 3, . . . . (1.3.8)

Tìte oi seirèc

u∗ =
∞∑
i=1

aiψi

kai

w∗ =
∞∑
i=1

bifi

sugklÐnoun ston H kai ta antÐstoiqa ajroÐsmata touc u∗ kai w∗ ikanopoioÔn thn exÐswsh

f(x) = B(u∗, x) = B(x,w∗), gia k�je x ∈ H.
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Apìdeixh. ([19]) Upojètoume ìti sthn (1.3.1) paÐrnoume

un =
n∑
i=1

ainψi

kai ja prosdiorÐsoume ta {ain} apì to antÐstoiqo sÔsthma (1.3.2). 'Omwc epeid  ta {ψi} eÐnai

hmi-orjog¸nia to sÔsthma an�getai sto

j∑
i=1

B(ψi, ψj)ain = f(φj),

o deÐkthc i trèqei mèqri to j diìti gia megalÔterouc deÐktec ta B(ψi, ψj) eÐnai mhdèn. Efìson

t¸ra ta B(ψi, ψj) twn ajroism�twn eÐnai mh mhdenik� gia k�je j, èqoume tic epìmenec sqèseic

a1n =
f(φ1)

B(ψ1, ψ1)
, ajn =

f(φj)−
∑j−1

i=1 B(ψi, ψj)ain
B(ψj, ψj)

, j = 2, 3, . . . , (1.3.9)

dhlad  oi suntelestèc ajn eÐnai anex�rthtoi apì to n kai ajn = aj, gia k�je j, ìpou aj

orÐzontai apì tic sqèseic (1.3.7).

Apì to L mma sunep�getai ìti to ìrio

u∗ = lim
n→∞

un =
∞∑
i=1

aiψi

up�rqei ston H kai ikanopoieÐ thn exÐswsh f(x) = B(u∗, x), gia k�je x ∈ H. 'Omoia, an

p�roume wn =
∑n

i=1 binfi tìte to antÐstoiqo sÔsthma (1.3.2) gia ton prosdiorismì twn {bin}

an�getai sto
j∑
i=1

B(fi, fj)bin = f(φj)

apì to opoÐo, ìpwc parap�nw, katal goume sth sqèsh bjn = bj gia k�je j. 'Etsi,

w∗ = lim
n→∞

wn =
∞∑
i=1

bifi

up�rqei ston H kai ikanopoieÐ thn exÐswsh f(x) = B(x,w∗), gia k�je x ∈ H.

Parathr seic 2 (i) H dunatìthta kataskeu c twn {ψi}, {fi} kai aj, bj apodeiknÔetai

sthn ergasÐa tou W.V.Petryshyn [19] sthn 4h par�grafo.

(ii) Sthn migadik  perÐptwsh mporoÔme me an�logh logik  na katal xoume se antÐstoiqa

proseggistik� apotelèsmata (bl. [19] ).
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1.3.2 Apotelèsmata twn Hildebrandt-Wienholtz

Sthn par�grafo aut  ja doÔme èna apotèlesma twn Hildebrandt-Wienholtz (1964) ìpou den

dìjhke mìno ènac trìpoc kataskeu c thc lÔshc tou Jewr matoc Lax-Milgram all� genikeÔ-

thke to Je¸rhma gia digrammikèc morfèc pou den eÐnai piestikèc me thn gnwst  ennoia all�

ikanopoioÔn mia << piestik  sunj kh>> p�nw se mia akoloujÐa peperasmènhc di�stashc upìqw-

rwn.

'Estw (H, (·, ·)) ènac diaqwrÐsimoc q¸roc Hilbert. Ja asqolhjoÔme me to prìblhma kataskeu-

 c miac lÔshc y thc exÐswshc

B(x, y) = f(x), gia k�je x ∈ H, (1.3.10)

ìpou upojètoume ìti h B eÐnai mia fragmènh digrammik  morf  kai to f èna fragmèno grammikì

sunarthsiakì, dhlad  |B(x, y)| ≤ b‖x‖‖y‖ kai |f(x)| ≤ l‖x‖ gia k�je x, y ∈ H kai b, l > 0

stajerèc. 'Estw {ek}k∈N mia orjokanonik  b�sh tou H (h akoloujÐa aut  up�rqei diìti o H

eÐnai diaqwrÐsimoc). SumbolÐzoume me Pn thn orjog¸nia probol  apì tonH ston peperasmènhc

di�stashc upìqwro Hn = 〈e1, e2, . . . , en〉.

Je¸rhma 8 'Estw ìti up�rqei ènac akèraioc N > 0, mia stajer� a > 0 kai mia akoloujÐa

omoiìmorfa fragmènwn telest¸n Qn : Hn → Hn tètoia ¸ste

a‖x‖2 ≤ |B(Qnx, x)|, gia k�je x ∈ Hn kai n ≥ N. (1.3.11)

Tìte

(i) (Monadikìthta) Up�rqei to polÔ mia lÔsh thc (1.3.10).

(ii) ('Uparxh) Gia k�je n > N , to peperasmèno sÔsthma exis¸sewn

n∑
k=1

βnkB(ei, ek) = f(ei), i = 1, . . . , n, (1.3.12)

èqei mia monadik  lÔsh (βn1 , β
n
2 , . . . , β

n
n) kai h akoloujÐa yn =

∑n
k=1 β

n
k ek, n = 1, 2, . . . ,

sugklÐnei se èna stoiqeÐo y, to opoÐo eÐnai h lÔsh thc (1.3.10).
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Apìdeixh. ([11]) (i) An upojèsoume to antÐjeto, dhlad  ìti up�rqoun toul�qiston dÔo lÔ-

seic z1 6= z2 thc (1.3.10), tìte to z = z1−z2 6= 0 ja eÐnai lÔsh tou B(x, z) = 0, gia k�je x ∈

H. Profan¸c, z = Pnz + (I − Pn)z. Gia x = QnPnz, paÐrnoume ìti

B(QnPnz, Pnz) +B(QnPnz, (I − Pn)z) = B(QnPnz, z) = 0.

'Etsi lìgw thc (1.3.11) kai thc fraximìthtac twn B(x, y) kai {Qn} paÐrnoume ìti

a‖Pnz‖2 ≤ |B(QnPnz, Pnz)| = |B(QnPnz, (I − Pn)z)|

≤ b‖QnPnz‖‖(I − Pn)z‖ ≤ b‖Qn‖‖Pnz‖‖(I − Pn)z‖

≤ C‖Pnz‖‖(I − Pn)z‖.

To aristerì mèloc teÐnei sto a‖z‖2 kai to dexÐ sto mhdèn kaj¸c n → ∞ kai �ra z = 0.

'Atopo.

(ii) Apì thn (1.3.11) parathroÔme ìti det(B(Qnei, ek))i,k=1,...,n 6= 0, n ≥ N , ìpwc kai sthn

prohgoÔmenh par�grafo, to opoÐo eÐnai isodÔnamo me to det((AQnei, ek))i,k=1,...,n 6= 0, n ≥ N .

'Ara o telest c PnAQn : Hn → Hn eÐnai antistrèyimoc.

Epiplèon, o Qn : Hn → Hn eÐnai antistrèyimoc efìson apì thn (1.3.11) N(Qn) = {0}.

Epomènwc, o PnA : Hn → Hn ja eÐnai antistrèyimoc. Sunep¸c, èqoume ìti

det((PnAei, ek))i,k=1,...,n 6= 0, n ≥ N

  isodÔnama

det((Aei, ek))i,k=1,...,n = (B(ei, ek))i,k=1,...,n 6= 0, n ≥ N.

Epomènwc, to sÔsthma (1.3.12) èqei monadik  lÔsh, gia n ≥ N. Profan¸c h yn èqei thn

idiìthta

B(x, yn) = f(x), gia k�je x ∈ Hn an n ≥ N. (1.3.13)
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Pr�gmati, an n ≥ N kai x ∈ Hn, dhlad  x =
∑n

i=1 xiei, tìte

B(x, yn) = B(
n∑
i=1

xiei,

n∑
k=1

βnk ek)

=
n∑
i=1

xiB(ei,
n∑
k=1

βnk ek) =
n∑
i=1

xi

n∑
k=1

βnkB(ei, ek) (apì thn (1.3.13))

=
n∑
i=1

xif(ei) = f(
n∑
i=1

xiei) = f(x)

'Eqoume ìti

a‖yn‖2 ≤ |B(Qnyn, yn)| = |f(Qnyn)| ≤ ‖f‖‖Qnyn‖ ≤M‖yn‖,

ìpou M mia stajer�. 'Ara h akoloujÐa {yn} eÐnai fragmènh. Epomènwc ja up�rqei upakolou-

jÐa {yni
} h opoÐa sugklÐnei asjen¸c se k�poio y ∈ H. Gia x ∈ Hn me n ≥ N , to B(x, ·) eÐnai

suneqèc grammikì sunarthsiakì, opìte ja èqoume B(x, yni
) → B(x, y) kai apì thn (1.3.13)

ja èqoume telik� ìti

B(x, y) = f(x), gia k�je x ∈ Hn an n ≥ N.

T¸ra me thn qr sh thc teleutaÐac kai diasp¸ntac èna tuqaÐo x ∈ H èqoume

B(x, y) = B(Pnx, y) +B((I − Pn)x, y) = f(Pnx) +B((I − Pn)x, y).

Epeid  Pnx → x kaj¸c n → ∞, f(Pnx) → f(x) kai B((I − Pn)x, y) → 0. Epomènwc, h

prohgoÔmenh sqèsh gia n→∞ gÐnetai

B(x, y) = f(x), gia k�je x ∈ H. (1.3.14)

Epiplèon, apì tic (1.3.13) kai (1.3.14) èqoume B(x, y) = B(x, yn), gia k�je x ∈ Hn an n ≥ N .

Opìte gia x = Qn(yn − Pny) ∈ Hn,

B(Qn(yn − Pny), y) = B(Qn(yn − Pny), yn).

Sunep¸c,

a‖yn − Pny‖2 ≤ |B(Qn(yn − Pny), yn − Pny)| = |B(Qn(yn − Pny), y − Pny)|

≤ b‖Qn‖‖yn − Pny‖‖y − Pny‖ ≤ C‖yn − Pny‖‖y − Pny‖ ⇒

a‖yn − Pny‖ ≤ C‖y − Pny‖,
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ìpou C mia stajer� kai èqoume

‖yn − y‖ = ‖yn − Pny + Pny − y‖ ≤ ‖yn − Pny‖+ ‖Pny − y‖ ≤ c‖Pny − y‖,

ìpou c mia stajer�. To aristerì mèloc sugklÐnei sto 0 kaj¸c n→∞, dhlad  yn → y.

Parat rhsh 4 An h B(x, y) eÐnai piestik , dhlad  an c‖x‖2 ≤ B(x, x), gia k�je x ∈ H,

ìpou c > 0 stajer�, tìte oi upojèseic tou Jewr matoc ikanopoioÔntai me N = 1 kai Qn = I.

Se aut  thn perÐptwsh anagìmaste sto arqikì Je¸rhma Lax-Milgram pou  dh xèroume, to

opoÐo isqÔei kai se mh diaqwrÐsimouc q¸rouc Hilbert.

Je¸rhma 9 An to B(x, y) eÐnai �jroisma miac piestik c kai miac sumpag c digrammik c

morf c kai B(x, y) = 0, gia k�je x ∈ H ⇒ y = 0, tìte oi upojèseic tou Jewr matoc 8

ikanopoioÔntai gia èna epark¸c meg�lo N kai Qn = PnT , ìpou o telest c T orÐzetai apì thn

sqèsh

B(x, y) = (x, Ty), gia k�je x, y ∈ H

kai �ra isqÔoun ta an�loga sumper�smata.

Ja to deÐxoume qrhsimopoi¸ntac to parak�tw L mma.

L mma 3 'Estw T = D + K, ìpou D eÐnai fragmènoc telest c ston H pou ikanopoieÐ thn

sqèsh c‖x‖2 ≤ |(Dx, x)| gia k�je x ∈ H, me c > 0 mia stajer�, K eÐnai ènac sumpag c

telest c ston H kai N(T ) = {0}. Tìte up�rqei a > 0 kai akèraioc N > 0 tètoia ¸ste

a‖x‖ ≤ ‖PnTPnx‖ = ‖PnTx‖, gia k�je x ∈ Hn, n ≥ N.

Apìdeixh. Upojètoume ìti den alhjeÔei to sumpèrasma. Tìte mporoÔme na broÔme ako-

loujÐa {xni
} , ìpou xni

∈ Hni
me ‖xni

‖ = 1, asjen¸c sugklÐnousa se k�poio x ∈ H, tètoia

¸ste

‖Pni
Txni

‖ = ‖Pni
Dxni

+ Pni
Kxni

‖ → 0 kaj¸c i→∞. (1.3.15)

'Omwc, Pni
Txni

w→ Tx, kaj¸c

(Pni
Txni

, y) = (xni
, T ∗Pni

y)→ (x, T ∗y) = (Tx, y), gia k�je y ∈ H,
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diìti xni

w→ x kai T ∗Pni
y → T ∗y. 'Omwc,

‖Tx‖ ≤ lim inf
i→∞
‖Pni

Txni
‖ = 0,

kai �ra Tx = 0. Apì thn �llh, epeid  oK eÐnai sumpag c èqoumeKxni
→ Kx 'Ara Pni

Kxni
→

Kx kai apì thn (1.3.15) Pni
Dxni

→ −Kx. 'Omwc, epeid  xni

w→ x kai Pni
Dxni

→ −Kx ja

èqoume telik� ìti xni
→ x, efìson

c‖x− xni
‖2 ≤ |(D(x− xni

), x− xni
)|

= |(x,D∗x)− (xni
, D∗x)− (Dx, xni

) + (Pni
Dxni

, xni
)|

→ |−(Tx, x)| = 0.

Sunep¸c, ‖x‖ = 1, dhlad  Tx = 0 kai x 6= 0 pou eÐnai �topo diìti N(T ) = {0}.

Apìdeixh. (Jewrhmatìc 9) Upojètoume ìti to B eÐnai èna digrammikì pou gr�fetai wc

�jroisma miac elleiptik c kai miac sumpagoÔc digrammik  morf c, èstw B(x, y) = D(x, y) +

K(x, y). Tìte oi digrammikèc morfèc D kai K orÐzoun antÐstoiqouc telestèc,èstw p�li D

kai K, ìpou o D ikanopoieÐ thn sqèsh c‖x‖2 ≤ |(Dx, x)|, gia k�je x ∈ H, kai o K eÐnai

sumpag c. 'Ara o telest c T = D +K ikanopoieÐ thn

B(x, y) = (x, Ty), gia k�je x, y ∈ H.

'Eqoume upojèsei ìti B(x, y) = 0, gia k�je x ∈ H ⇒ y = 0 to opoÐo eÐnai isodÔnamo me

N(T ) = {0}. Autì pou prèpei na apodeÐxoume eÐnai ìti h digrammik  morf  ikanopoieÐ thn

sqèsh (1.3.11), dhlad  gia Qn = PnT isqÔei

a‖x‖2 ≤ |B(Qnx, x)|.

Apì to L mma èqoume ìti up�rqei stajer� α > 0 tètoia ¸ste

α‖x‖ ≤ ‖PnTPnx‖ = ‖PnTx‖, gia k�je x ∈ Hn, n ≥ N ⇔

α2‖x‖2 ≤ ‖PnTx‖2 = (PnTx, PnTx) = |(P ∗nPnTx, Tx)|

= |(PnTx, Tx)| = |B(PnTx, x)| = |B(Qnx, x)| (apì ton orismì tou Q )

Epomènwc, up�rqei a = α2 > 0 tètoio ¸ste a‖x‖2 ≤ |B(Qnx, x)|, gia k�je x ∈ Hn.
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Je¸rhma 10 (Fredholm Alternative) Upojètoume ìti T = D +K, ìpou D eÐnai fragmènoc

telest c ston H pou ikanopoieÐ thn sqèsh c‖x‖2 ≤ |(Dx, x)|, gia k�je x ∈ H me c > 0

stajer�, kai K eÐnai sumpag c telest c ston H.

(i) H exÐswsh Ty = f èqei lÔsh an kai mìno an f ∈ H 	N(T ∗) = N(T ∗)⊥. H lÔsh mporeÐ

na kataskeuasteÐ kai eÐnai monadik  modulo N(T ).

(ii) dimN(T ) = dimN(T ∗) <∞.

Apìdeixh. (i) Apì ton telest  T orÐzoume èna neì telest  S = TT ∗, opoÐoc eÐnai autosu-

zug c. T¸ra apì ton S orÐzoume mia digrammik  morf  Q wc ex c

Q(x, y) = (x, Sy), x, y ∈ H.

H Q eÐnai summetrik , kaj¸c

Q(x, y) = (x, Sy) = (S∗x, y) = (Sx, y) = (y, Sx) = Q(y, x).

ParathroÔme epÐshc ìti N(S) = N(T ∗). Epipleìn, h Q eÐnai piestik  ston upìqwro H 	

N(T ∗), dhlad 

Q(x, x) = (x, Sx) = ‖T ∗x‖ ≥ ε · ‖x‖2, gia k�poio ε > 0 gia k�je x ∈ H 	N(T ∗). (1.3.16)

'Estw ìti den isquei h piestikìthta. Tìte mporoÔme na broÔme akoloujÐa {xn} ston

H 	 N(T ∗), me ‖xn‖ = 1, h opoÐa ja sugklÐnei asjen¸c se k�poio x ∈ H 	 N(T ∗), tètoia

¸ste

‖T ∗xn‖ = ‖D∗xn +K∗xn‖ → 0, kaj¸c n→∞.

'Ara apì thn asjen  sÔgklish thc {xn} èqoume ìti

‖T ∗x‖ ≤ lim inf
n
‖T ∗xn‖ = 0⇒ T ∗x = 0.

Apì thn sump�geia tou K∗ èqoume ìti K∗xn → K∗x kai epomènwc D∗xn → −K∗x. T¸ra

apì thn sunj kh pou ikanopoieÐ o D èqoume ìti

c‖xn − x‖2 ≤ |(D(xn − x), xn − x)|

= |(x,D∗x)− (xn, D
∗x)− (Dx, xn) + (xn, D

∗xn)|

→ |(x,D∗x)− (x,D∗x)− (x,D∗x)− (x,K∗x)| = |(x, T ∗x)| = 0.
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'Ara xn → x. Sunep¸c T ∗x = 0 kai ‖x‖ = 1, dhlad  ja prèpei x ∈ N(T ∗)⊥ ∩N(T ∗) kai �ra

x = 0, to opoÐo eÐnai �topo kaj¸c ‖x‖ = 1. Apì thn (1.3.16) kai to gegonìc ìti h Q(x, y)

eÐnai summetrik  digrammik  morf , gia k�je f ∈ H 	N(T ∗) me thn diadikasÐa Ritz mporoÔme

na kataskeu�soume lÔsh z ∈ H 	N(S) thc exÐswshc

Q(x′, z) = (x′, f) (1.3.17)

gia k�je x′ ∈ H 	N(S). Epiplèon, h (1.3.17) isqÔei gia ìla ta x ∈ H, efìson x = x′ + x
′′
,

ìpou x′ ∈ H 	N(S), x
′′ ∈ N(S) = N(T ∗) kai

Q(x, z) = Q(x′, z) + (Sx
′′
, z) = (x′, f) = (x, f).

'Etsi,

Q(x, z) = f(x), gia k�je x ∈ H ⇐⇒ (Sz, x) = (TT ∗z, x) = (Ty, x) = f(x) gia k�je x ∈ H

ìpou y = T ∗z. Epomènwc, autì to y eÐnai mia lÔsh tou probl matoc Ty = f gia

f ∈ H 	N(T ∗), h opoÐa eÐnai monadik  mod N(T ) efìson o T den eÐnai aparaÐthta èna proc

èna.

(ii) Arqik� ja deÐxoume ìti dimN(T ) < ∞ kai dimN(T ∗) < ∞. An gia par�deigma upojè-

soume ìti

dimN(T ) =∞,

tìte ja mporoÔsame na broÔme orjokanonik  akoloujÐa {xn} ston N(T ) dhlad Dxn+Kxn =

0, h opoÐa eÐnai asjen¸c sugklÐnousa se k�poio x. Epeid , o K eÐnai sumpag c èqoume

Kxn → Kx, �ra Dxn → −Kx. 'Opwc prohgoumènwc, qrhsimopoi¸ntac thn idiìthta tou D,

c‖x‖2 ≤ |(Dx, x)|, gia k�je x ∈ H, prokÔptei ìti ‖xn − xm‖ → 0. Autì ìmwc èrqetai se

antÐjesh me thn upìjesh ìti h {xn} eÐnai orjokanonik . Epomènwc dimN(T ) <∞.

Epiplèon, an N(T ) = 0, tìte N(T ∗) = 0. Pr�gmati, apì to L mma 3 èqoume ìti

a‖x‖ ≤ ‖PnTPnx‖, gia k�je x ∈ Hn, n ≥ N.

Epomènwc, h PnTPn eÐnai mia èna proc èna apeikìnish apì ton Hn epÐ tou Hn kai ètsi a‖x‖ ≤

‖PnT ∗Pnx‖, gia k�je x ∈ Hn, n ≥ N , diìti eÐnai gnwstì ìti inf‖x‖=1 ‖Tx‖ = ‖T−1‖−1 =
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‖T ∗−1‖−1 = inf‖x‖=1‖T ∗x‖. Sunep¸c, gia n → ∞ ja èqoume a‖x‖ ≤ ‖T ∗x‖, gia k�je

x ∈ H, a > 0, dhlad  o T ∗ eÐnai èna proc èna kai �ra dimN(T ∗) = 0.

Telik�, dimN(T ) = dimN(T ∗). Pr�gmati, qwrÐc bl�bh thc genikìthtac mporoÔme na upojè-

soume ìti m = dimN(T ) ≤ dimN(T ∗) = m + l. Tìte me èna aplì tèqnasma, an�goume thn

genik  perÐptwsh m ≥ 0 sthn eidik  perÐptwsh m = 0 gia thn opoÐa apodeiknÔetai o isquri-

smìc. 'Estw {a1, . . . , am} kai {a∗1, . . . , a∗m+l} mia orjokanonik  b�sh tou N(T ) kai tou N(T ∗)

antÐstoiqa. Tìte jètoume T0 = T + K0, ìpou K0 eÐnai o sumpag c telest c pou orÐzetai wc

K0ai = a∗i , i = 1, . . . ,m kai K0x = 0, an x ∈ H 	N(T ).

ParathroÔme ìti N(T0) = {0}. Pr�gmati, èstw x ∈ H tètoio ¸ste T0x = 0. Tìte up�rqoun

x1 ∈ N(T ), x2 ∈ N(T )⊥ ¸ste x = x1 + x2. Epomènwc,

T0x = T0x1 + T0x2 = Tx1 +K0x1 + Tx2 +K0x2 = Tx2 +K0x1 = 0⇒ Tx2 = −K0x1.

'Omwc Tx2 ∈ R(T ), K0x1 ∈ N(T ∗) kai R(T )⊥N(T ∗) kai �ra Tx2 = K0x1 = 0. All�

x2 ∈ N(T )⊥ kai �ra ja prèpei x2 = 0 kai x1 ∈ N(T ), dhlad  x1 =
∑m

i=1 λiai gia k�poia

λi ∈ R, opìte ja èqoume K0x1 =
∑m

i=1 λia
∗
i = 0 kai ta {a∗i } eÐnai grammik¸c anex�rthta

�ra λi = 0, i = 1, . . . ,m dhlad  x1 = 0. 'Ara, x = 0. Epomènwc, N(T0) = {0} kai sunep¸c

sÔmfwna me ta prohgoÔmena N(T0) = N(T ∗0 ) = {0}.

Epomènwc, o T0 eÐnai èna proc èna kai o T ∗0 eÐnai èna proc èna, dhlad  o T0 ja eÐnai èna proc

èna kai epÐ. ParathroÔme t¸ra ìti o T0 : N(T )→ N(T ∗) eÐnai ènac isomorfismìc, dhlad  ja

prèpei dimN(T ) = dimN(T ∗).

1.4 To Je¸rhma Stampacchia

O G. Stampacchia apèdeixe mia genÐkeush tou Jewr matoc Lax-Milgram to 1964 ([23]) me

stìqo na melet sei sugkekrimèna probl mata merik¸n diaforik¸n exis¸sewn.

Je¸rhma 11 (Stampacchia) 'Estw B(u, v) mia digrammik  morf  p�nw ston q¸ro Hil-

bert H fragmènh kai piestik . 'Estw K èna mh kenì, kleistì kai kurtì uposÔnolo tou H.
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Gia k�je f ∈ H∗, up�rqei monadikì u ∈ K tètoio ¸ste

B(u, v − u) ≥ f(v − u), gia k�je v ∈ K. (1.4.1)

Apìdeixh. ([4]) 'Estw A : H −→ H∗ o grammikìc telest c pou antistoiqeÐ sth digram-

mik  morf  B(·, ·), dhlad  〈Au, v〉 = B(u, v) gia k�je u, v ∈ H. O A ja eÐnai fragmènoc kai

piestikìc, dhlad 

‖Av‖ ≤M‖v‖ kai 〈Av, v〉 ≥ a‖v‖2, gia k�je v ∈ H.

Epomènwc

‖Av‖ ≤M‖v‖ kai ‖Av‖ ≥ a‖v‖, gia k�je v ∈ H.

An sumbolÐsoume me J : H∗ −→ H thn isometrik  duðk  anapar�stash, tìte

B(u, v) = 〈Au, v〉 = (JAu, v), gia k�je u, v ∈ H

kai

‖JAu‖ = ‖Au‖, gia k�je u ∈ H.

To prìblhma (1.4.1) an�getai sto na brejeÐ u ∈ K tètoio ¸ste

(JAu, v − u) ≥ f(v − u) = (Jf, v − u), gia k�je v ∈ K. (1.4.2)

'Estw ρ > 0 mia stajer� pou ja oristeÐ argìtera. H anisìthta (1.4.2) isodunameÐ me

(ρJf − ρJAu+ u− u, v − u) ≤ 0, gia k�je v ∈ K,

dhlad 

u = PK(ρJf − ρJAu+ u),

ìpou PK o telest c thc orjog¸niac probol c. OrÐzoume ton telest  S : K → K me

Sv = PK(ρJf − ρJAv + v). Ja deÐxoume ìti, an to ρ > 0 epilegeÐ kat�llhla, tìte h S eÐnai

mia austhr  sustol , dhlad  up�rqei c < 1 tètoio ¸ste

‖Sv1 − Sv2‖ ≤ c‖v1 − v2‖, v1, v2 ∈ K.
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Pr�gmati,

‖Sv1 − Sv2‖ = ‖PK(ρJf − ρJAv1 + v1)− PK(ρJf − ρJAv2 + v2)‖ (h probol  eÐnai sustol )

≤ ‖ρJf − ρJAv1 + v1 − ρJf + ρJAv2 − v2‖

= ‖(v1 − v2)− ρ(JAv1 − JAv2)‖ ⇒

‖Sv1 − Sv2‖2 ≤ ‖(v1 − v2)‖2 − 2ρ(v1 − v2, JAv1 − JAv2) + ρ2‖JAv1 − JAv2‖2

≤ ‖(v1 − v2)‖2 − 2ρa‖(v1 − v2)‖2 + ρ2M2‖(v1 − v2)‖2

lìgw piestikìthtac kai sunèqeiac. 'Ara

‖Sv1 − Sv2‖2 ≤ (1− 2ρa+M2ρ2)‖(v1 − v2)‖2.

Epomènwc, gia na eÐnai sustol  ja prèpei

1− 2ρa+ ρ2M2 < 1⇒M2ρ2 − 2ρa < 0⇒ ρ(M2ρ− 2a) < 0.

'Ara gia ρ ∈ (0, 2a
M2 ) h S eÐnai sustol . Sunep¸c, apì to Je¸rhma StajeroÔ ShmeÐou tou

Banach ([4]) to S èqei monadikì stajerì shmeÐo u ∈ V , �ra to prìblhma èqei lÔsh.

Parat rhsh 5 Apo to Je¸rhma Stampacchia prokÔptei polÔ eÔkola to Je¸rhma Lax-

Milgram.

Pr�gmati, èqoume ìti H mh kenì, kleistì kai kurtì. Efarmìzontac to Je¸rhma Stampacchia

èqoume, gia k�je f ∈ H∗ : up�rqei monadikì u ∈ H : B(u, v−u) ≥ f(v−u), gia k�je v ∈

H. 'Omwc, u− v ∈ H kai an gia v jesoume u− v, paÐrnoume

B(u,−v) ≥ f(−v)⇒ −B(u, v) ≥ −f(v)⇒ B(u, v) ≤ f(v), gia k�je v ∈ H.

'Opwc epÐshc kai u+ v ∈ H, �ra an gia v jèsoume u+ v ja èqoume

B(u, v) ≥ f(v), gia k�je v ∈ H.

'Ara telik� B(u, v) = f(v), gia k�je v ∈ H.
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An stic upojèseic mac sumperil�boume thn summetrikìthta thc digrammik c morf c tìte mpo-

roÔme na èqoume to Je¸rhma Stampacchia me èna enallaktikì trìpo:

Prìtash 12 'Estw K 6= ∅ kleistì, kurtì uposÔnolo tou q¸rou Hilbert H,

B(·, ·) : H ×H → R

mia digrammik , summetrik , fragmènh kai piestik  morf  kai f ∈ H∗.

'Estw E(v) = 1
2
B(v, v)− f(v), gia k�je v ∈ H. Tìte up�rqei monadikì u ∈ K tètoio ¸ste

E(u) = inf
v∈K

E(v),

to opoÐo eÐnai lÔsh thc

u ∈ K,B(u, v − u) ≥ f(v − u), gia k�je v ∈ K

  an K eÐnai upìqwroc

u ∈ K,B(u, v) = f(v), gia k�je v ∈ K.

Apìdeixh. ([1]) Apì tic upojèseic mporoÔme na orÐsoume èna nèo eswterikì ginìmeno ston

H me

(u, v)B = B(u, v), gia k�je u, v ∈ H

Profan¸c, ‖v‖B =
√
B(v, v) v ∈ H. H nèa nìrma eÐnai isodÔnamh me thn arqik  nìrma tou H

c1‖v‖ ≤ ‖v‖B ≤ c2‖v‖, gia k�je v ∈ H,

ìpou 0 < c1 ≤ c2 < +∞ kat�llhlec stajerèc pou prokÔptoun lìgw tou ìti h B eÐnai piestik 

kai fragmènh. Epeid  t¸ra oi nìrmec eÐnai isodÔnamec to f ja eÐnai suneqèc wc proc thn ‖·‖

an kai mìno an eÐnai suneqèc wc proc thn ‖·‖B. ParathroÔme ìti

E(v) =
1

2
‖v‖2

B − f(v)

kai mporoÔme na qrhsimopoi soume to Je¸rhma 39 tou Parart matoc.
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Parat rhsh 6 Qrhsimopoi¸ntac aut  thn Prìtash mporoÔme na apodeÐxoume to Je¸rhma

Lax-Milgram me èna akìma trìpo:

Apìdeixh ([1]):

ParathroÔme ìti gia θ > 0, to prìblhma (1.1.1) eÐnai isodÔnamo me to

(u, v) = (u, v)− θ[B(u, v)− f(v)], gia k�je v ∈ H,

dhlad  to prìblhma stajeroÔ shmeÐou u = Pθ(u), ìpou Pθ : H −→ H kai orÐzetai apì th

sqèsh

(Pθ(u), v) = (u, v)− θ[B(u, v)− f(v)], v ∈ H.

Gia k�je u ∈ H, apì thn Prìtash 12, to prìblhma

(w, v) = (u, v)− θ[B(u, v)− f(v)], gia k�je v ∈ H

èqei monadik  lÔsh w = Pθ(u), dhlad  to Pθ eÐnai kal� orismèno(monìtimh apeikìnish).

( Qrhsimopoi same thn Prìtash 12 wc ex c: 'Estw u ∈ H tìte

gu(v) = (u, v)− θ[B(u, v)− f(v)]

me gu ∈ H∗. Tìte to E(v) = 1
2
(v, v)−gu(v) èqei monadikì w pou to elaqistopoieÐ kai ikanopoieÐ

thn sqèsh

(w, v) = gu(v), gia k�je v ∈ H.

Autì to w onom�zoume Pθ)

Ja deÐxoume ìti gia θ ∈ (0, 2a
M2 ) to Pθ eÐnai sustol . 'Estw u1, u2 ∈ H

(Pθ(u1)− Pθ(u2), v) = (Pθ(u1), v)− (Pθ(u2), v)

= (u1 − u2, v)− θB(u1 − u2, v)

= ((I − θJA)(u1 − u2), v), gia k�je v ∈ H.
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'Ara

Pθ(u1)− Pθ(u2) = (I − θJA)(u1 − u2)⇒

‖Pθ(u1)− Pθ‖2 = ‖u1 − u2‖2 − 2θ(JA(u1 − u2), u1 − u2) + θ2‖JA(u1 − u2)‖2

= ‖u1 − u2‖2 − 2θB(u1 − u2, u1 − u2) + θ2‖A(u1 − u2)‖2

≤ (1− 2θa+ θ2M2)‖u1 − u2‖2.

Epomènwc, gia na eÐnai sustol  ja prèpei

1− 2θa+ θ2M2 < 1⇒M2θ2 − 2θa < 0⇒ θ(M2θ − 2a) < 0

'Ara gia θ ∈ (0, 2a
M2 ) h Pθ eÐnai sustol . Sunep¸c, apì to Je¸rhma stajeroÔ shmeÐou tou

Banach to Pθ èqei monadikì stajerì shmeÐo u ∈ V kai �ra to prìblhma èqei lÔsh.

1.4.1 Elleiptikì Prìblhma me Mh Omogen  sunoriak 

sunj kh Dirichlet

'Estw Ω ⊆ RN èna fragmèno anoiqtì sÔnolo me sÔnoro Γ = ∂Ω Lipschitz suneqèc. Skopìc

mac eÐnai na broÔme sun�rthsh u : Ω −→ R pou na ikanopoieÐ:

−∆u = f, sto Ω

u = g, sto Γ
(1.4.3)

An upojèsoume ìti u ∈ H1(Ω) kai ikanopoieÐ thn sunoriak  sunj kh u = g sto Γ me thn

ènnoia tou telest  Ðqnouc (bl. sel.22), dhlad  γ(u) = g ston L2(Γ). Epomènwc, upojètoume

ìti up�rqei g̃ ∈ H1(Ω) tètoia ¸ste γ(g̃) = g ston L2(Γ)   pio apl� gr�foume g̃ = g sto Γ,

kai eis�goume to sÔnolo

K = {v ∈ H1(Ω) : v − g̃ ∈ H1
0 (Ω)}.

ApodeiknÔetai ìti to K eÐnai anex�rthto apì thn epilog  thc g̃ kai exart�tai mìno apì thn

g. ParathroÔme ìti to K eÐnai mh kenì efìson perièqei sÐgoura thn g̃, kleistì kai kurtì

uposÔnolo tou H1(Ω) lìgw thc sunèqeiac kai thc grammikìthtac tou telest  Ðqnouc.
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'Opwc èqoume  dh deÐxei h asjen c diatÔpwsh tou (1.4.3) eÐnai

u ∈ H1(Ω), u = g sto Γ,

∫
Ω

∇u∇vdx =

∫
Ω

fvdx, gia k�je v ∈ H1
0 (Ω) (1.4.4)

  isodÔnama

u ∈ K,
∫

Ω

∇u∇vdx =

∫
Ω

fvdx, gia k�je v ∈ H1
0 (Ω) (1.4.5)

ParathroÔme t¸ra ìti h u ∈ K eÐnai asjen c lÔsh tou (1.4.3) an kai mìno an isqÔei∫
Ω

∇u(∇v −∇u)dx ≥
∫

Ω

f(v − u)dx, gia k�je v ∈ K. (1.4.6)

Pr�gmati, an h u eÐnai asjen c lÔsh thc (1.4.3), eÐnai fanerì ìti∫
Ω

∇u(∇v −∇u)dx =

∫
Ω

f(v − u)dx, gia k�je v ∈ K.

AntÐstrofa, an u ∈ K ikanopoieÐ (1.4.6), epilègoume v = u± w sthn (1.4.6), me w ∈ H1
0 (Ω)

kai paÐrnoume thn (1.4.5).

Epomènwc, èstw H = H1(Ω) kai K ⊂ H mh kenì, kleistì, kurtì uposÔnolo kai

B : H ×H −→ R

h digrammik  morf  pou orÐzetai apì

B(u, v) =

∫
Ω

∇u∇vdx, u, v ∈ H

kai h : H −→ R to grammikì sunarthsiakì pou orÐzetai wc ex c

h(v) =

∫
Ω

fvdx, v ∈ H.

'Eqoume deÐxei ìti h B eÐnai fragmènh kai piestik  kai oti to h eÐnai grammikì kai fragmèno.

Tìte h sunj kh (1.4.6) gr�fetai sth morf 

B(u, v − u) ≥ h(v − u), gia k�je v ∈ K.

Apì thn morf  aut  eÐnai fanerì t¸ra ìti to Je¸rhma Stampacchia mac dÐnei monadik  lÔsh

u ∈ K gia to prìblhma (1.4.3).
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1.4.2 Problhma EmpodÐou(Obstacle problem)

'Estw mia elastik  membr�nh h opoÐa sthrÐzetai apì èna �kampto st rigma kai pièzetai apì

k�tw apì èna empìdio. To Ω ⊂ RN eÐnai to qwrÐo anafor�c thc membr�nhc sthn aparamìrfwth

kat�stash, dhlad  to qwrÐo sto opoÐo h membr�nh brÐsketai se kat�stash isorropÐac prin

apì thn dr�sh opoiasd pote dÔnamhc.

An u : Ω→ R eÐnai h paramìrfwsh thc membr�nhc, tìte ja lème ìti h u eÐnai jèsh isorropÐac

gia thn membr�nh an elaqistopoieÐ thn elastik  enèrgeia

J(v) =
1

2

∫
Ω

|∇v|2dx. (1.4.7)

An φ eÐnai mia sun�rthsh orismènh sto Ω kai perigr�fei to empìdio, tìte den ja eÐnai ìlec oi

paramorf¸seic apodeqtèc par� mìno autèc gia tic opoÐec isqÔei

v ≥ φ sto Ω.

Epomènwc, an jèsoume

K = {v : Ω→ R : v = 0 sto Γ, v ≥ φ sto Ω}

ìpou Γ = ∂Ω, tìte h jèsh isorropÐac thc elastik c membr�nhc upo èntash (under tension)

lìgw tou empodÐou φ dÐnetai apì thn u ∈ K pou elaqistopoieÐ to olokl rwma (1.4.7) p�nw

sto K, dhlad  h u eÐnai tètoia ¸steu ∈ K,J(u) ≤ J(v), gia k�je v ∈ K
(1.4.8)

Ja diatup¸soume t¸ra to prìblhma mac qrhsimopoi¸ntac touc q¸rouc Sobolev.

'Estw Ω èna anoiqtì uposÔnolo tou Rn me sÔnoro Γ. Gia mia sun�rthsh φ ∈ H1(Ω) orÐzoume

φ+ = max{0, φ}, kai φ− = (−φ)+.

Orismìc 4 'Estw φ ∈ H1(Ω). Ja lème ìti

φ ≤ 0 sto Γ

an kai mìno an φ+ ∈ H1
0 (Ω).
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Epomènwc, an φ ∈ H1(Ω) me φ ≤ 0 sto Γ, tìte mporoÔme na jèsoume

K = {v ∈ H1
0 (Ω) : v(x) ≥ φ(x) σ.π. sto Ω}. (1.4.9)

To sÔnoloK eÐnai sthn ousÐa to Ðdio sÔnolo me autì pou orÐsame arqik� apl� eÐnai ekfrasmèno

se ìrouc q¸rwn Sobolev.

Je¸rhma 13 (Problhma EmpodÐou) 'Estw Ω èna anoiqtì uposÔnolo tou Rn fragmèno

wc proc th mia kateÔjunsh me sÔnoro Γ = ∂Ω C1. 'Estw φ ∈ H1(Ω) tètoia ¸ste φ ≤ 0 sto

Γ. Tìte, up�rqei mia monadik  lÔsh u gia tou ∈ K,∫
Ω
∇u∇(v − u)dx ≥ 0, gia k�je v ∈ K

(1.4.10)

Epipleìn, u eÐnai o monadikìc elaqistopoi thc gia to olokl rwma (1.4.7) p�nw sto K.

Apìdeixh. ([6]) EÐnai arketì na deÐxoume ìti ikanopoioÔntai oi upojèseic tou Jewr matoc

Stampacchia me H = H1
0 (Ω), f = 0,

B(u, v) =

∫
Ω

∇u∇vdx

kai K ìpwc orÐsthke sthn (1.4.9). 'Eqoume  dh deÐxei se prohgoÔmena paradeÐgmata ìti h B

eÐnai fragmènh kai piestik . Epomènwc, qrei�zetai na elègxoume an to K eÐnai mh kenì, kurtì

kai kleistì. To ìti eÐnai kurtì eÐnai polÔ eÔkolo na diapistwjeÐ, epÐshc to ìti eÐnai mh kenì

èpetai apì thn upìjesh gia thn φ �ra φ+ ∈ K. Epomènwc, mènei na deÐxoume ìti to K eÐnai

kleistì. 'Estw mia akoloujÐa {vn} sto K tètoia ¸ste vn → v ston H1
0 (Ω). Jèloume na

deÐxoume ìti v ∈ K.

Epeid  h akoloujÐa sugklÐnei ston H1
0 (Ω) ja sugkÐnei kai ston L2(Ω), diìti ‖u‖L2 ≤ ‖u‖H1 .

Tìte up�rqei upakoloujÐa {vnk
}k tètoia ¸ste

vnk
(x)→ v(x) σ.π. sto Ω,

dhlad  èqoume

vnk
(x)→ v(x), gia k�je x ∈ Ω\U,
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ìpou U eÐnai èna sÔnolo mètrou Lebesgue mhdèn. Efìson ìmwc h akoloujÐa eÐnai sto K

èqoume epÐshc

vnk
(x) ≥ φ(x), gia k�je x ∈ Ω\Uk

ìpou Uk eÐnai èna sÔnolo mètrou Lebesgue mhdèn. Sundu�zontac autèc tic dÔo sqèseic èqoume

profan¸c

v(x) ≥ φ(x), gia k�je x ∈ Ω\ ∪k (Uk ∪ U) ,

dhlad  h sqèsh isqÔei sqedìn pantoÔ sto Ω. Epomènwc, h v an kei sto K kai to K ja

eÐnai kleistì. Sunep¸c, efarmìzontac to Je¸rhma Stampacchia èqoume monadik  lÔsh sto

prìblhma mac.



Kef�laio 2

GenikeÔseic tou Jewr matoc

Lax-Milgram

2.1 To Je¸rhma Necas

Meta thn dhmosÐeush tou Jewr matoc Lax-Milgram akoloÔjhsan di�forec genikeÔseic ìpwc

to Je¸rhma Babuška ([3]) to 1971 kai to Je¸rhma Necas.

Je¸rhma 14 (Babuška) 'Estw U kai V pragmatikoÐ q¸roi Hilbert, B : U × V → R mia

digrammik  morf  kai f ∈ V ∗. Upojètoume ìti up�rqoun stajerèc M > 0 kai a > 0 tètoiec

¸ste

|B(u, v)| ≤M‖u‖U‖v‖V , gia k�je u ∈ U, v ∈ V, (2.1.1)

α‖u‖U ≤ sup
0 6=v∈V

|B(u, v)|
‖v‖V

, gia k�je u ∈ U. (2.1.2)

Epiplèon, an v ∈ V , èqoume ìti

B(u, v) = 0 gia k�je u ∈ U ⇒ v = 0. (2.1.3)

Tìte up�rqei monadik  lÔsh u tou probl matoc

u ∈ U, B(u, v) = f(v), gia k�je v ∈ V. (2.1.4)

50
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Epiplèon,

‖u‖U ≤
‖f‖V ∗
a

.

Apìdeixh. ([1]) H apìdeixh eÐnai parìmoia me thn pr¸th apìdeixh tou Jewr matoc Lax-

Milgram.

'Estw A : U −→ V ∗ o grammikìc telest c pou antistoiqeÐ sth digrammik  apeikìnish B(·, ·),

dhlad  〈Au, v〉 = B(u, v), gia k�je u ∈ U, v ∈ V . O A ja eÐnai fragmènoc, efìson

‖Av‖ ≤M‖v‖ gia k�je v ∈ H.

An sumbolÐsoume me J : V ∗ −→ V thn isometrik  duðk  anapar�stash, tìte

B(u, v) = 〈Au, v〉 = (JAu, v), gia k�je u ∈ U, v ∈ V ,

kai

‖JAu‖ = ‖Au‖ gia k�je u ∈ U.

Tìte to prìblhma (2.1.4) mporeÐ na grafteÐ wc ex c

u ∈ U, JAu = Jf, gia k�je v ∈ V. (2.1.5)

Skopìc mac eÐnai na deÐxoume ìti h apeikìnish L = JA : U −→ V eÐnai 1-1 kai epÐ, diìti tìte

h (2.1.5) ja èqei lÔsh kai ja eÐnai monadik .

Gia na deÐxoume ìti eÐnai epÐ, dhlad  R(L) = V , arkeÐ na deÐxoume ìti to R(L) eÐnai kleistì

kai ìti R(L)⊥ = {0}.

To R(L) eÐnai kleistì :

'Estw mia akoloujÐa {un} ⊂ U tètoia ¸ste {Lun} na sugklÐnei sto w ∈ V . Qrhsimopoi¸ntac

thn (2.1.2), èqoume

‖um − un‖U ≤
1

a
sup

06=v∈V

|(L(um − un), v)V |
‖v‖V

=
1

a
‖Lum − Lun‖V .



KEF�ALAIO 2. GENIKE�USEIS TOU JEWR�HMATOS LAX-MILGRAM 52

H {Lun} eÐnai Cauchy akoloujÐa wc sugklÐnousa. 'Ara apì thn parap�nw anisìthta h {un}

eÐnai akoloujÐa Cauchy ston U kai epomènwc ja èqei ìrio u ∈ U . Epiplèon, apì thn sunèqeia

tou L èqoume ìti Lun → Lu = w ston V . 'Ara w ∈ R(L), dhlad  to R(L) eÐnai kleistì.

To monadikì k�jeto stoiqeÐo sto R(L) eÐnai to mhden: An v ∈ R(L)⊥, tìte

(Lu, v)V = B(u, v) = 0, gia k�je u ∈ U.

Apì thn sunj kh (2.1.3), sumperaÐnoume ìti v = 0. 'Ara R(L)⊥ = {0}.

O L eÐnai 1-1 :

'Estw Lu = 0 gia k�poio u ∈ U . Apì thn upìjesh (2.1.2) èqoume

0 = ‖Lu‖V = sup{|(Lu, v)V |
‖v‖V

: ‖v‖V 6= 0} ≥ a‖u‖U ≥ 0

'Ara ‖u‖U = 0⇔ u = 0, dhlad  N (L) = {0}   isodÔnama o L eÐnai 1-1.

Epomènwc, h exÐswsh (2.1.5)   isodÔnama to prìblhma (2.1.4) èqei monadik  lÔsh.

Thn ektÐmhsh thc nìrmac thn paÐrnoume apì thn (2.1.2) wc ex c

‖u‖U ≤
1

a
sup

06=v∈V

|B(u, v)|
‖v‖V

=
1

a
sup

06=v∈V

|f(v)|
‖v‖V

=
‖f‖V ∗
a

.

'Otan isqÔoun oi upojeseic (2.1.2) kai (2.1.3) lème ìti h digrammik  morf  eÐnai asjen¸c

piestik . EÐnai eÔkolo na doÔme ìti an mia digrammik  morf  eÐnai (isqur�) piestik  tìte

eÐnai kai asjen¸c piestik . Pr�gmati, èstw B(u, u) ≥ α‖u‖2. Tìte gia u 6= 0 èqoume

B(u,u)
‖u‖ ≥ α‖u‖ ⇒ α‖u‖ ≤ supv 6=0

B(u,v)
‖v‖ kai gia v ∈ U an B(u, v) = 0, gia k�je u ∈ U , tìte

gia u = v èqoume 0 = B(v, v) ≥ α‖v‖2 ⇒ v = 0.

Sto parap�nw Je¸rhma upojèsame ìti oi U kai V den eÐnai oi Ðdioi q¸roi Hilbert kai ìti h

digrammik  morf  den eÐnai piestik , dhlad  den isqÔei h B(v, v) ≥ a‖v‖2. Mia tètoia upìjesh

eÐnai arket� qalar  kai sumperilamb�nei peript¸seic problhm�twn tic opoÐec den mporoÔsame

na diaqeiristoÔme me to arqikì Je¸rhma Lax-Milgram. 'Ena tètoio par�deigma eÐnai h perÐptw-

sh tou genikoÔ elleiptikoÔ probl matoc sto opoÐo apodeiknÔetai ìti h antÐstoiqh digrammik 

morf  ikanopoieÐ tic sunj kec tou Jewr matoc Babuška kai �ra èqei monadik  lÔsh (bl. [3]).
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To epìmeno Je¸rhma eÐnai mia genÐkeush tou Babuška se èna q¸ro Banach kai èna anakla-

stikì q¸ro Banach.

Je¸rhma 15 (Hayden) 'Estw U ènac q¸roc Banach, V ènac anaklastikìc q¸roc Bana-

ch, B mia fragmènh digrammik  morf  orismènh ston U×V . Tìte ta epìmena eÐnai isodÔnama:

(i) Gia k�je f ∈ V ∗, up�rqei monadikì u ∈ U tètoio ¸ste

B(u, v) = f(v), gia k�je v ∈ V. (2.1.6)

(ii) (a) Up�rqei α > 0 tètoio ¸ste

α‖u‖U ≤ sup
v∈V

|B(u, v)|
‖v‖V

, gia k�je u ∈ U. (2.1.7)

(b) An v ∈ V èqoume ìti

B(u, v) = 0 gia k�je u ∈ U ⇒ v = 0. (2.1.8)

Epiplèon, gia k�je f ∈ V ∗,

‖u‖U ≤
1

α
‖f‖V ∗ .

Apìdeixh. ([9],[10],[13]) (i)⇒ (ii) : OrÐzoume èna telest  A : U → V ∗ o opoÐoc dra ìpwc

ton orÐsame sto prohgoÔmeno kef�laio, dhlad 

〈Au, v〉 = B(u, v), gia k�je u ∈ U, v ∈ V.

O telest c A eÐnai grammikìc kai fragmènoc diìti

‖A‖ = sup
u∈U

‖Au‖V ∗
‖u‖U

= sup
u∈U

sup
v∈V

|B(u, v)|
‖u‖U‖v‖V

= ‖B‖.

'Eqontac upojèsei ìti isqÔei to (i), dhlad  ìti, gia k�je f ∈ V ∗, up�rqei monadikì u pou

ikanopoieÐ to isodÔnamo prìblhma Au = f , o telest c A eÐnai èna proc èna kai epÐ. Lìgw thc

sunèqeiac tou A, apì to Je¸rhma Anoiqt c Apeikìnishc ([4]) o A ja èqei suneq  antÐstrofo.

'Ara up�rqei α > 0 tètoio ¸ste

α‖u‖U ≤ ‖Au‖V ∗ .
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Autì eÐnai isodÔnamo me thn sqèsh (2.1.7). H sunj kh (2.1.8) isqÔei diìti o A eÐnai epÐ. Pr�g-

mati èstw v ∈ V kai B(u, v) = 0, gia k�je u ∈ U ,   isodÔnama 〈Au, v〉 = 0, gia k�je u ∈ U .

Jèloume na deÐxoume ìti v = 0. H sunj kh aut  eÐnai isodÔnamh me thn ex c sqèsh:

Gia k�je 0 6= v ∈ V , up�rqei u ∈ U tètoio ¸ste 〈Au, v〉 6= 0.

'Estw v 6= 0, tìte epeid  V q¸roc Banach, apì Je¸rhma Hahn-Banach ja up�rqei v∗ ∈

V ∗ = R(A) tètoio ¸ste v∗(v) 6= 0. Sunep¸c, ja up�rqei u ∈ U tètoio ¸ste Au = v∗, dhlad 

〈Au, v〉 6= 0.

(ii)⇒ (i) : H sunj kh (2.1.7) dÐnei

α‖u‖U ≤ ‖Au‖V ∗ , gia k�je u ∈ U.

Epomènwc, apì thn anisìthta aut  èqoume ìti o A eÐnai èna proc èna kai ìti R(A) eÐnai kleistì

uposÔnolo tou V ∗. Pr�gmati, an Au = 0 tìte u = 0, dhlad  o A eÐnai èna proc èna, �ra

an up�rqei lÔsh ja eÐnai monadik . 'Estw wn = Aun mia akoloujÐa sto R(A) tètoia ¸ste

wn → w ∈ V ∗. Ja deÐxoume ìti w ∈ R(A). 'Eqoume ìti

α‖um − un‖U ≤ ‖A(um − un)‖ = ‖wm − wn‖V ∗ → 0

kaj¸c n,m → ∞. Epomènwc, {un}n eÐnai Cauchy akoloujÐa ston U pou eÐnai pl rhc. 'Ara

up�rqei u ∈ U tètoio ¸ste un → u. Apì thn sunèqeia tou A èqoume ìti

Au = lim
n→∞

Aun = w ∈ R(A).

Epomènwc, to R(A) eÐnai kleistì. Tèloc, ja deÐxoume ìti eÐnai epÐ. 'Estw ìti den eÐnai. Tìte

apì to (2.1.8) kai lìgw anaklastikìthtac tou V èqoume

R(A)⊥ = {y∗∗ ∈ V ∗∗ :< y∗∗, v∗ >= 0, gia k�je v∗ ∈ R(A)} (lìgw anaklastikìthtac tou V )

= {y ∈ V :< y, v∗ >= 0, gia k�je v∗ ∈ R(A)}

= {y ∈ V :< Au, y >= 0, gia k�je u ∈ U}

= {y ∈ V : B(u, y) = 0, gia k�je u ∈ U}

= {0}.
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'Ara R(A) = V ∗, dhlad , gia k�je f ∈ V ∗, up�rqei u ∈ U tètoio ¸ste

Au = f ⇐⇒ B(u, v) = f(v), gia k�je v ∈ V.

Sunep¸c, gia k�je f ∈ V ∗ up�rqei monadikì u ∈ U ¸ste B(u, v) = f(v), gia k�je v ∈ V .

Tèloc, lìgw thc (2.1.7) ìpwc akrib¸c kai sto Je¸rhma Babuška paÐrnoume thn ektÐmhsh thc

nìrmac.

Parathr seic 3 (i) H sunj kh (2.1.2)   (2.1.7) mporeÐ na grafteÐ isodÔnama

0 < α ≤ inf
u∈U

sup
v∈V

B(u, v)

‖u‖U‖v‖V
.

H idiìthta aut  eÐnai gnwst  wc inf-sup sunj kh.

(ii) An U anaklastikìc q¸roc Banach kai V q¸roc Banach, tìte gia k�je f ∈ U∗ ja up�rqei

monadikì v ∈ V tètoio ¸ste B(u, v) = f(u), gia k�je u ∈ U an kai mìno an isqÔoun oi

epìmenec dÔo sunj kec

(aþ) Up�rqei α > 0 tètoio ¸ste α‖v‖V ≤ supu∈U
|B(u,v)|
‖v‖V

, v ∈ V .

(bþ) An u ∈ U èqoume ìti B(u, v) = 0, gia k�je v ∈ V ⇒ u = 0.

Dhlad , to akrib¸c an�logo tou Jewr matoc Hayden ìtan antistrèyoume touc rìlouc twn

q¸rwn.

(iii) ParathroÔme ìti h sunj kh (2.1.7) eÐnai isodÔnamh me thn ‖Au‖ ≥ α‖u‖ pou eÐnai

isodÔnamh me to ìti o telest c A eÐnai èna proc èna kai èqei kleist  eikìna.

(iv) H deÔterh sunj kh (2.1.8) mac dÐnei ìti to R(A) eÐnai puknì. Pr�gmati, gia v ∈ V èqoume

tic parak�tw isodunamÐec

{〈Au, v〉 = 0, gia k�je u ∈ U ⇒ v = 0} ⇐⇒

{ v ∈ R(A)⊥ ⇒ v = 0} ⇐⇒

{ R(A)⊥ = {0} }( lìgw anaklastikìthtac tou V )⇐⇒

{ R(A)⊥ = R(A)⊥ = {0} }(apì Je¸rhma Hahn-Banach gia ton R(A) )⇐⇒

{R(A) = V ∗}.
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Je¸rhma 16 (Necas) 'Estw U, V anaklastikoÐ q¸roi Banach kai B q¸roc Banach ¸ste

U ↪→ B kai B : U × V → R mia digrammik  morf  fragmènh, V−piestik  kai B−piestik ,

dhlad 

sup
‖u‖U≤1

|B(u, v)| ≥ c‖v‖V , gia k�je v ∈ V,

sup
‖v‖V ≤1

|B(u, v)| ≥ c‖u‖B, gia k�je u ∈ U.

Tìte gia k�je f ∈ U∗ up�rqei monadikì v ∈ V tètoio ¸ste B(u, v) = f(u), gia k�je u ∈ U .

EpÐshc,

‖v‖V ≤ 1/c‖f‖U∗

Apìdeixh. 'OrÐzoume A : V → U∗ kai deÐqnoume ìti eÐnai èna proc èna kai to R(A) eÐnai

kleistì akrib¸c ìpwc prin, efìson isqÔei h V−piestikìthta. Gia na deÐxoume ìti R(A)⊥ = {0}

arkeÐ na parathr soume ìti h B−piestikìthta mou dÐnei thn an�logh (2.1.8) gia to prìblhma

pou èqoume ed¸, dhlad  arkeÐ na dèixoume ìti an gia u ∈ U isqÔei B(u, v) = 0, gia k�je v ∈ V

tìte u = 0. Pr�gmati, an u ∈ U tètoio ¸ste B(u, v) = 0, gia k�je v ∈ V , tìte apì thn

B−piestikìthta 0 = sup‖v‖V ≤1|B(u, v)| ≥ c‖u‖B ⇒ u = 0.

Je¸rhma 17 (Hayden) 'Estw U kai V dÔo q¸roi Banach kai B mia fragmènh digrammik 

morf  ston U × V tètoia ¸ste :

(i) Gia k�je f ∈ V ∗ up�rqei monadik  anapar�stash thc morf c f(v) = B(u, v), gia k�je v ∈

V gia k�poio u ∈ U .

(ii) Gia k�je g ∈ U∗ up�rqei monadik  anapar�stash thc morf c g(u) = B(u, v), gia k�je u ∈

U gia k�poio v ∈ V .

Tìte oi U kai V eÐnai anaklastikoÐ.

Apìdeixh. ([10]) Ja deÐxoume ìti o V eÐnai anaklastikìc kai h apìdeixh gia ton U eÐnai

an�logh. 'Estw A : U → V ∗, C : V → U∗ oi telestèc pou orÐzontai apì thn digrammik 

morf  kai A∗ : V ∗∗ → U∗ o suzug c tou A. Oi A kai C eÐnai fragmènoi kaj¸c h B eÐnai

fragmènh kai o A∗ eÐnai epÐshc fragmènoc epeid  o A eÐnai fragmènoc. Epiplèon, o A (ìpwc

kai o C), eÐnai èna proc èna kai epÐ lìgw tou (i) (lìgw tou (ii)). Sunep¸c apì to Je¸rhma
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Anoiqt c Apeikìnishc ([4]) o A ja èqei suneq  antÐstrofo. Ja deÐxoume t¸ra ìti h apeikìnish

A∗−1C eÐnai h kanonik  apeikìnish apì ton V epÐ tou V ∗∗ kai ètsi o V ja eÐnai anaklastikìc.

ParathroÔme ìti eÐnai èna proc èna kai epÐ epeid  oi telestèc A∗−1 kai C eÐnai èna proc èna

kai epÐ. 'Estw t¸ra èna v ∈ V . Tìte, gia k�je u ∈ U ,

〈v, Au〉 = B(u, v) = 〈u,Cv〉 = 〈u,A∗A∗−1Cv〉 = 〈Au,A∗−1Cv〉 ⇒

〈A∗−1Cv, v∗〉 = 〈v∗, v〉, gia k�je v∗ ∈ V ∗.

'Ara h apeikìnish aut  den eÐnai ènac opoiosd pote isomorfismìc, to opoÐo den ja mac exa-

sf�lize thn anaklastikìthta, all� eÐnai h kanonik  apeikìnish.

Parat rhsh 7 AxÐzei na parathr soume sto shmeÐo autì ìti me tic upojèseic tou Jewr -

matoc 15 fti�xame èna isomorfismì A : U → V ∗, efìson o V eÐnai anaklastikìc, ja eÐnai kai

o V ∗. 'Ara o U eÐnai isìmorfoc me ènan anaklastikì q¸ro Banach kai sunep¸c kai o Ðdioc ja

eÐnai anaklastikìc. Dhlad , p�li katal goume ìti kai oi dÔo q¸roi ja eÐnai anaklastikoÐ.

Ja d¸soume t¸ra isodÔnamec sunj kec gia to digrammikì B ¸ste to prìblhma mac na èqei

lÔsh (well-posed). To parak�tw apotèlesma eÐnai tou Necas (1962).

Je¸rhma 18 (Necas) 'Estw U, V anaklastikoÐ q¸roi Banach kai B : U × V → R mia

fragmènh digrammik  morf . Tìte to prìblhma

B(u, v) = f(v), gia k�je v ∈ V.

èqei monadik  lÔsh u ∈ U , gia k�je f ∈ V ∗ , an kai mìno an h digrammik  morf  ikanopoieÐ

mia apì tic isodÔnamec sunj kec:

(i) Up�rqei α > 0 tètoio ¸ste

sup
v∈V

B(u, v)

‖v‖V
≥ α‖u‖U , gia k�je u ∈ U. (2.1.9)

Gia k�je 0 6= v ∈ V up�rqei u ∈ U tètoio ¸ste B(u, v) 6= 0. (2.1.10)
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(ii) IsqÔoun oi

inf
u∈U

sup
v∈V

B(u, v)

‖u‖U‖v‖V
> 0, (2.1.11)

inf
v∈V

sup
u∈U

B(u, v)

‖u‖U‖v‖V
> 0. (2.1.12)

(iii) Up�rqei α > 0 tètoio ¸ste

inf
u∈U

sup
v∈V

B(u, v)

‖u‖U‖v‖V
= inf

v∈V
sup
u∈U

B(u, v)

‖u‖U‖v‖V
= α (2.1.13)

Epiprìsjeta, h lÔsh u ikanopoieÐ thn ektÐmhsh

‖u‖U ≤
1

α
‖f‖V ∗ .

Apìdeixh. Apì to Je¸rhma 15 èqoume ìti an isqÔei to (i) tìte up�rqei monadik  lÔsh.

Epomènwc, arkeÐ na deÐxoume ìti oi sunj kec eÐnai metaxÔ touc isodÔnamec. 'Estw ìti isqÔei

h (i). Tìte apì to Je¸rhma 15 o telest c A : U → V ∗ eÐnai suneq c, èna proc èna kai epÐ.

Apì gnwstì Je¸rhma èqoume ìti o suzug c tou A∗ : V → U∗ ja eÐnai suneq c   alli¸c apì

ton trìpo pou èqei oristeÐ o A∗ mèsw tou digrammikoÔ ja eÐnai kai autìc suneq c. Epiplèon,

epeid  o A eÐnai epÐ, èqoume ìti o A∗ eÐnai èna proc èna. EpÐshc, lìgw anaklastikìthtac

èqoume ìti (A∗)∗ = A, o opoÐoc ja eÐnai suneq c kai èna proc èna, �ra o A∗ ja eÐnai epÐ.

Dhlad , o A∗ eÐnai èna proc èna, epÐ kai suneq c. Tìte oi telestèc autoÐ ja èqoun suneqeÐc

antistrìfouc me A−1 : V ∗ → U, A∗−1 : U∗ → V kai parathroÔme ìti

inf
u∈U

sup
v∈V

B(u, v)

‖u‖U‖v‖V
= inf

u∈U
sup
v∈V

〈Au, v〉
‖u‖U‖v‖V

= inf
u∈U

‖Au‖V ∗
‖u‖U

(o A eÐnai epÐ )

= inf
v∗∈V ∗

‖v∗‖V ∗
‖A−1v∗‖U

=
1

supv∗∈V ∗
‖A−1v∗‖U
‖v∗‖V ∗

=
1

‖A−1‖
≥ a > 0.

Aut  h sqèsh mac dÐnei thn isodunamÐa thc (2.1.9) me thn (2.1.11). Epiplèon,

inf
v∈V

sup
u∈U

B(u, v)

‖u‖U‖v‖V
= inf

v∈V
sup
u∈U

〈Au, v〉
‖u‖U‖v‖V

= inf
v∈V

sup
u∈U

〈u,A∗v〉
‖u‖U‖v‖V

= inf
v∈V

‖A∗v‖V ∗
‖v‖V

= inf
u∗∈U∗

‖u∗‖U∗
‖A∗−1u∗‖U

=
1

supu∗∈V ∗
‖A∗−1u∗‖U
‖u∗‖U∗

=
1

‖A∗−1‖
≥ a > 0
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h opoÐa mac dÐnei thn isodunamÐa twn (2.1.10)-(2.1.12). Dhlad  (i) ⇐⇒ (ii). Epiplèon,

gnwrÐzoume ìti ‖A∗‖ = ‖A‖, �ra omoÐwc ‖A∗−1‖ = ‖A−1‖ dhlad  ta dÔo inf-sup eÐnai Ðsa.

Epomènwc, oi sqèseic (i),(iii) eÐnai isodÔnamec.

Epiplèon, efìson gia to tuqìn α > 0 pou ikanopoieÐ thn (2.1.9) èqoume ‖A−1‖ ≤ α−1 tìte,

gia k�je f ∈ V ∗, up�rqei monadikì u ∈ U pou ikanopoieÐ to prìblhma kai �ra

‖u‖U
‖f‖V ∗

=
‖A−1f‖U
‖f‖V ∗

≤ ‖A−1‖ =≤ α−1 ⇒

‖u‖U ≤ α−1‖f‖V ∗ .

H isìthta (2.1.13) mporeÐ na deÐqnei perÐergh arqik� all� praktik� eÐnai apl  sunèpeia thc

‖A∗−1‖ = ‖A−1‖. Genik�, h (i) eÐnai h pio apl  sunj kh gia na diapistwjeÐ kai to α > 0 thc

isìthtac (2.1.13) eÐnai to megalÔtero dunatì α sthn (2.1.9), ìpou eÐnai akrib¸c to antÐstrofo

thc nìrmac tou A−1.

Pìrisma 19 Upojètoume ìti to prìblhma mac èqei monadik  lÔsh u ∈ U gia k�je f ∈ V ∗

tètoia ¸ste

‖u‖U ≤ C‖f‖V ∗ .

Tìte to digrammikì B ikanopoieÐ thn sunj kh (2.1.13) me α ≥ C−1.

Apìdeixh. Efìson gia k�je f ∈ V ∗ to prìblhma mac èqei monadik  lÔsh u ∈ U apì to

Je¸rhma Necas ikanopoieÐtai h sunj kh (2.1.13). Epiplèon, o telest c A : U → V ∗ pou

antistoiqeÐ sto digrammikì B eÐnai èna proc èna, epÐ kai suneq c, dhlad  antistrèyimoc. O

A−1 ja eÐnai fragmènoc me

‖A−1‖ = sup{‖A
−1f‖
‖f‖V ∗

: f ∈ V ∗} = sup{ ‖u‖
‖f‖V ∗ : f ∈ V ∗

} ≤ C ⇒ ‖A−1‖ ≤ C.

Apì thn �llh apì ta prohgoÔmena to ‖A−1‖ eÐnai to mikrìtero α−1 pou ikanopoieÐ thn sqèsh.

'Ara ja prèpei α−1 ≤ C.

Pìrisma 20 'Estw U q¸roc Banach, V anaklastikìc q¸roc Banach kai mia digrammik 

morf  B : U × V → R. An isqÔei mia apì tic upojèseic tou Jewr matoc Necas, tìte, gia

k�je f ∈ U∗, up�rqei v ∈ V ¸ste B(u, v) = f(u), gia k�je u ∈ U .
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Apìdeixh. Apì to Je¸rhma 15 èqoume ìti o telest c A : U → V ∗ eÐnai suneq c, èna proc

èna kai epÐ. Apì thn Parat rhsh 7 o U ja eÐnai anaklastikìc. Epomènwc, o A∗ ja eÐnai o

suzug c tou A kai tautìqrona eÐnai akrib¸c o telest c pou orÐzetai apì to digrammikì wc

ex c

〈u,A∗v〉 = B(u, v), u ∈ U, v ∈ V.

Apì gnwstì Je¸rhma èqoume ìti o suzug c tou A∗ : V → U∗ ja eÐnai suneq c   alli¸c apì

ton trìpo pou èqei oristeÐ o A∗ mèsw tou digrammikoÔ ja eÐnai suneq c. Epiplèon, epeid 

o A eÐnai epÐ, èqoume ìti o A∗ eÐnai èna proc èna. EpÐshc, o (A∗)∗ = A eÐnai suneq c kai

èna proc èna kai epomènwc o A∗ ja eÐnai epÐ. Dhlad  telik�, o A∗ eÐnai suneq c, èna proc

èna kai epÐ. 'Estw f ∈ U∗. To prìblhma eÔreshc monadikoÔ v ∈ V tètoiou ¸ste B(u, v) =

f(u), gia k�je u ∈ U , eÐnai isodÔnamo me to 〈u,A∗v〉 = B(u, v) = f(u), gia k�je u ∈ U ,  

isodÔnama A∗v = f . Efìson, o A∗ eÐnai èna proc èna kai epÐ ja up�rqei tètoio v. Epiplèon,

sÔmfwna me to Je¸rhma Necas ja ikanopoieÐ kai tic antÐstoiqec sunj kec.

2.2 To Je¸rhma Babuška-Brezzi kai Efarmogèc

2.2.1 To Je¸rhma Babuška-Brezzi

Je¸rhma 21 (Babuška-Brezzi) 'Estw X,M q¸roi Hilbert, a : X ×X → R,

b : X ×M → R fragmènec digrammikèc morfèc kai

V = {u ∈ X : b(u, q) = 0, gia k�je q ∈M}.

An h a eÐnai V−piestik , dhlad  up�rqei α > 0 me a(v, v) ≥ α‖v‖2, gia k�je v ∈ V kai

epÐshc up�rqei β > 0 me

β‖q‖ ≤ sup
v∈X

b(v, q)

‖v‖
, gia k�je q ∈M,
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tìte an f ∈ X∗, g ∈ M∗, up�rqoun monadik� (u, p) ∈ X ×M tètoia ¸ste, gia k�je (v, q) ∈

X ×M ,

a(u, v) + b(v, p) = f(v), v ∈ X, (2.2.1)

b(u, q) = g(q), q ∈M. (2.2.2)

Epiplèon, up�rqei γ = γ(α, β, ‖a‖) tètoio ¸ste h lÔsh (u, p) na ikanopoieÐ thn ektÐmhsh

(‖u‖2
X + ‖p‖2

M)1/2 ≤ γ(‖f‖2
X∗ + ‖g‖2

M∗)
1/2.

Se k�je digrammik  morf  antistoiqeÐ mia grammik  apeikìnish, ìpwc tic orÐsame sthn arq 

tou prohgoÔmenou kefalaÐou. Dhlad , ja jewr soume touc suneqeÐc grammikoÔc telestèc

A : X → X∗ kai B : X →M∗, oi opoÐoi orÐzontai wc ex c

〈Au, v〉 = a(u, v), gia k�je (u, v) ∈ X ×X,

〈Bv, q〉 = b(v, q), gia k�je (v, q) ∈ X ×M.

O suzhg c telest  tou B orÐzetai na eÐnai

B∗ : M → X∗, 〈B∗q, v〉 = b(v, q) = 〈Bv, q〉, gia k�je (v, q) ∈ X ×M.

Epomènwc, to prìblhma (2.2.1)-(2.2.2) mporoÔme na to gr�youme wc ex cAu+B∗p = f

Bu = g
(2.2.3)

ParathroÔme ìti to sÔnolo V pou orÐsame sthn ekf¸nhsh tou Jewr matoc eÐnai akrib¸c to

N(B). Jètoume V ◦ = {h ∈ X∗ : 〈h, v〉 = 0, gia k�je v ∈ V } kai me Π : X∗ → V ∗ thn kanoni-

k  probol , dhlad  gia k�je h ∈ X∗ orÐzoume Πh sto V ∗ me 〈Πh, v〉 = 〈h, v〉, gia k�je v ∈ V.

Me �lla lìgia, an h eÐnai mia suneq c grammik  apeikìnish orismènh ston X, tìte Πh eÐnai

o periorismìc thc ston V . ParathroÔme ìti ‖Πh‖V ∗ ≤ ‖h‖X∗ , dhlad  eÐnai suneq c kai

V ◦ = N(Π).

Gia na apodeÐxoume to Je¸rhma Babuška-Brezzi ja qreiastoÔme k�poia l mmata.
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L mma 4 To prìblhma (2.2.3) èqei mia monadik  lÔsh an kai mìno an

(i) Π ◦ A eÐnai isomorfismìc apì ton V = N(B) epÐ tou V ∗ = (N(B))∗

(ii) B : X →M∗ eÐnai epÐ.

Apìdeixh. Ac upojèsoume ìti h (2.2.3) èqei monadik  lÔsh. Ja deÐxoume ìti isqÔoun ta

(i), (ii).

'Estw h ∈M∗. To prìblhma (2.2.3) èqei monadik  lÔsh pou antistoiqeÐ sthn f = 0 kai g = h.

'Ara up�rqei u ∈ X tètoio ¸ste Bu = h. 'Ara o B eÐnai epÐ.

Ja deÐxoume t¸ra ìti o Π◦A eÐnai epÐ. 'Estw f ∈ V ∗. Apì to Je¸rhma Hahn-Banach, èqoume

ìti h suneq c grammik  apeikìnish f apì ton upìqwro V tou X, mporeÐ na epektajeÐ ston X.

'Estw f̃ aut  h epèktash (exìrismoÔ Πf̃ = f). Tìte up�rqei monadik  lÔsh (u, p) ∈ X ×M

tètoia ¸ste Au+B∗p = f̃

Bu = 0
(2.2.4)

'Etsi, gia k�je v ∈ V = N(B),

〈Au, v〉+ 〈B∗p, v〉 = 〈f̃ , v〉 = 〈f, v〉.

Efìson ìmwc 〈B∗p, v〉 = 〈p,Bv〉 = 0, sunep�getai ìti (Π ◦ A)u = f .

Mènei na deÐxoume ìti Π ◦A eÐnai èna proc èna. 'Estw u ∈ V tètoio ¸ste (Π ◦A)u = 0. Tìte,

gia k�je v ∈ V,

〈Au, v〉 = 0,

kai epomènwc Au ∈ V ◦ = (N(B))◦.

Epeid  o B eÐnai epÐ, dhlad  R(B) = M∗ to opoÐo eÐnai profan¸c kleistì ston M∗ kai apì

to Je¸rhma KleistoÔ Graf matoc ([4]) èqoume ìti Au ∈ (N(B))◦ = R(B∗). Autì shmaÐnei

ìti up�rqei p ∈M tètoio ¸ste B∗p = −Au. Epomènwc, to zeug�ri (u, p) ikanopoieÐ thnAu+B∗p = 0

Bu = 0
(2.2.5)
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'Eqoume upojèsei ìti to parap�nw prìblhma èqei monadik  lÔsh, h lÔsh aut  eÐnai to (0, 0).

'Etsi u = 0, to opoÐo apodeiknÔei ìti o Π ◦ A eÐnai èna proc èna. Tèloc, o telest c Π ◦ A

eÐnai suneq c wc sÔnjesh suneq¸n telest¸n, �ra eÐnai ènac isomorfismìc.

Ac upojèsoume t¸ra ìti isqÔoun oi upojèseic (i), (ii). Ja deÐxoume pr¸ta thn Ôparxh tou u.

Apì thn upìjesh (ii) orÐzoume ug ∈ X tètoio ¸ste Bug = g. Efìson, Πf − (Π ◦ A)ug eÐnai

stoiqeÐo tou V ∗, apì thn upìjesh (i) up�rqei u0 ∈ V tètoio ¸ste

(Π ◦ A)u0 = Πf − (Π ◦ A)ug.

'Etsi, an u = u0 + ug, (Π ◦ A)u = Πf, tìte

〈f − Au, v〉 = 0, gia k�je v ∈ V.

'Ara f − Au ∈ V ◦ = (N(B))◦. Epeid  o B eÐnai epÐ, dhlad  R(B) = M∗, to opoÐo eÐnai

profan¸c kleistì ston M∗, apì to Je¸rhma KleistoÔ Graf matoc èqoume ìti

(N(B))◦ = R(B∗). Epomènwc, up�rqei p ∈M tètoio ¸ste f − Au = B∗p. Sunep¸c,Au+B∗p = f,

Bu = g

To opoÐo apodeiknÔei thn Ôparxh lÔshc. Ja apodeÐxoume thn monadikìthta, èstw èna zeÔgoc

(u, p) tètoio ¸ste Au+B∗p = 0,

Bu = 0

to opoÐo mac dÐnei ìti (Π ◦A)u+ (Π ◦B∗)p = 0. 'Omwc, ìpwc deÐxame parap�nw, o periorismìc

tou B∗p sto V mhdenÐzetai, �ra (Π ◦ A)u = 0. All� apì thn upìjesh (i), èqoume ìti u = 0.

Telik�, o B∗ eÐnai èna proc èna afoÔ o B eÐnai epÐ, sunep¸c B∗p = 0 ⇒ p = 0. To opoÐo

shmaÐnei ìti to (2.2.3) èqei monadik  lÔsh.

L mma 5 Ta epìmena eÐnai isodÔnama

(i) Up�rqei β > 0 tètoio ¸ste

inf
q∈M

sup
v∈X

b(v, q)

‖v‖X‖q‖M
≥ β,
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(ii) O B∗ eÐnai ènac isomorfismìc apì to M epÐ tou V ◦ kai

‖B∗q‖X∗ ≥ β‖q‖M , gia k�je q ∈M.

(iii) O B eÐnai ènac isomorfismìc apì to V ⊥ epÐ tou M∗ kai

‖Bu‖M∗ ≥ β‖u‖X , gia k�je u ∈ V ⊥.

Apìdeixh. (ii)⇒ (i) : EÔkola blèpoume ìti ikanopoieÐtai h inf-sup sunj kh:

‖B∗q‖X∗ ≥ β‖q‖M , gia k�je q ∈M ⇔

sup
v∈X

〈B∗q, v〉
‖v‖X

≥ β‖q‖M , gia k�je q ∈M ⇔

sup
v∈X

b(v, q)

‖v‖X
≥ β‖q‖M , gia k�je q ∈M ⇔

inf
q∈M

sup
v∈X

b(v, q)

‖v‖X‖q‖M
≥ β.

(i)⇒ (ii) : Apì thn (i) ìpwc deÐxame parap�nw èqoume thn anisìthta

‖B∗q‖X∗ ≥ β‖q‖M , gia k�je q ∈M,

h opoÐa mac dÐnei �mesa ìti o B∗ eÐnai 1-1 kai epÐ tou R(B∗) me R(B∗) kleistì. Epomènwc,

apì to Je¸rhma KleistoÔ Graf matoc R(B∗) = (N(B))◦ = V ◦, to opoÐo apodeiknÔei ìti o

B∗ eÐnai èna proc èna kai epÐ apì ton M ston V ◦.

(ii)⇒ (iii) : R(B∗) = V ◦ eÐnai kleistì ètsi R(B) = (N(B∗))◦ = ({0})◦ = M∗.

Epiplèon, V = N(B), ètsi an periorÐsoume ton B sto V ⊥ eÐnai 1-1. Epomènwc, o B eÐnai ènac

isomorfismìc apì ton V ⊥ epÐ tou M∗. Wc sunèpeia tou Jewr matoc Anoiqt c Apeikìnishc,

up�rqei β > 0 tètoio ¸ste ‖B−1‖ ≤ 1/β. Mènei na deÐxoume ìti autì to β eÐnai to Ðdio me

to β tou (ii). Autì eÐnai sunèpeia thc isometrÐac metaxÔ V ◦ kai (V ⊥)∗ kai pio genik� apì

thn isometrÐa metaxÔ enìc q¸rou Hilbert kai tou suzugoÔc tou. Diìti oi q¸roi V ◦ kai V ⊥

mporoÔn na tautistoÔn apì to Je¸rhma Riesz.

'Amesh sunèpeia tou L mmatoc (5) eÐnai to epìmeno Pìrisma.

Pìrisma 22 Ta epìmena eÐnai isodÔnama:
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(i) H sunj kh inf-sup ikanopoieÐtai.

(ii) B∗ : M → X∗ eÐnai 1-1 kai B∗ èqei kleistì pedÐo tim¸n.

(iii) B : X →M∗ eÐnai epÐ.

H apìdeixh tou Jewr matoc 21 t¸ra eÐnai �mesh.

Apìdeixh. ([5],[12]) Apì to Pìrisma 22 lìgw thc inf-sup sunj khc èqoume ìti o B eÐnai

epÐ. An diapist¸soume ìti o Π ◦ A eÐnai isomorfismìc apì ton V epÐ tou V ∗, tìte lìgw tou

L mmatoc 4 èqoume lÔsh.

Pr�gmati, h digrammik  morf  a eÐnai V−piestik , autì shmaÐnei sthn pragmatikìthta ìti o

telest c Π ◦ A eÐnai piestikìc ston V . Epomènwc, ìpwc kai sto Je¸rhma Lax-Milgram, o

Π ◦ A eÐnai isomorfismìc apì ton V ston V ∗.

Parat rhsh 8 Se pollèc efarmogèc odhgoÔmaste sto prìblhma (2.2.1)-(2.2.2) me thn

akìloujh diadikasÐa. 'Estw V kai X pragmatikoÐ q¸roi Hilbert me V kleistìc upìqwroc tou

X, kai èstw a(u, v) mia suneq c digrammik  morf  apì ton X ×X h opoÐa eÐnai V−piestik .

Jèloume na epilÔsoume to prìblhmaAnazht�me u ∈ V tètoia ¸ste

a(u, v) = f(v), v ∈ V
(2.2.6)

ìpou f dojèn stoiqeÐo tou X∗. Gia na to epilÔsoume jètoume

M = V ⊥ = {v∗ ∈ X∗ : 〈v∗, v〉 = 0, gia k�je v ∈ V },

o opoÐoc eÐnai kleistìc upìqwroc tou X∗ kai to prìblhma (2.2.6) gÐnetai
Anazht�me (u, p) ∈ X ×M tètoia ¸ste

a(u, v) + 〈p, v〉 = f(v), gia k�je v ∈ X

〈q, u〉 = 0, gia k�je q ∈M

(2.2.7)

Jètontac

b(v, q) = 〈q, v〉, v ∈ X, q ∈M ⊂ X∗, (2.2.8)
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to prìblhma (2.2.7) eÐnai thc morf c (2.2.1)-(2.2.2). ParathroÔme epÐshc ìti apì thn (2.2.8)

èqoume ìti B∗ = I, o opoÐoc eÐnai èna proc èna kai èqei kleist  eikìna. Profan¸c N(B) = V

kai to a(u, v) eÐnai V−elleiptikì, �ra up�rqei monadik  lÔsh (u, p) ∈ X ×M . 'Omwc apì thn

sunj kh 〈q, u〉 = 0, gia k�je q ∈M , sunep�getai ìti u ∈ V kai an periorÐsoume ta v ston V ,

tìte èqoume akrib¸c thn lÔsh tou (2.2.6).

2.2.2 IsodunamÐa twn sunjhk¸n tou Jewr matoc

Babuška-Brezzi kai tou Jewr matoc Babuška

Stìqoc thc paragr�fou aut c eÐnai na deÐxoume ìti an èqoume tic dÔo sunj kec tou Jew-

r matoc Babuška-Brezzi, tìte mporoÔme na p�roume thn inf-sup sunj kh gia mia kat�llhlh

digrammik  morf  kai to antÐstrofo.

'Estw dÔo q¸roi Hilbert X,M kai dÔo digrammikèc morfèc a : X×X → R kai b : X×M → R.

An f ∈ X∗ kai g ∈M∗, tìte anazht�me zeÔgoc (u, p) ∈ X ×M lÔsh tou prob matoc

a(u, v) + b(v, p) = f(v), v ∈ X, (2.2.9)

b(u, q) = g(q), q ∈M. (2.2.10)

To prìblhma autì mporeÐ na grafteÐ upì thn morf  miac digrammik c morf c. Gia na to

k�noume autì jewroÔme ton q¸ro ginìmeno W = X × M , opoÐoc eÐnai q¸roc Hilbert me

eswterikì ginìmeno

〈(v, q), (w, r)〉W = (v, w)X + (q, r)M , gia k�je (v, q), (w, r) ∈ W

kai me antÐstoiqh nìrma thn ‖(v, q)‖W := (‖v‖2
X + ‖q‖2

M)1/2. Apì tic digrammikèc morfèc a

kai b mporoÔme na orÐsoume mia digrammik  morf  B : W ×W → R wc

B((v, q), (w, r)) := a(v, w) + b(w, q) + b(v, r), gia k�je (v, q), (w, r) ∈ W.

Tìte, to prìblhma (2.2.1)-(2.2.2) eÐnai isodÔnamo me to na broÔme (u, p) ∈ W ¸ste

B((u, p), (w, r)) = (f, v) + (g, q), gia k�je (v, q) ∈ W. (2.2.11)
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Gia na to doÔme autì parathroÔme ìti h (2.2.11) gia (v, 0) dÐnei thn sqèsh (2.2.1) kai gia

(0, q) dÐnei thn (2.2.2). Profan¸c, mia lÔsh tou (2.2.1)-(2.2.2) eÐnai lÔsh tou (2.2.11) kai

antÐstrofa. Epomènwc, to prìblhma tou sagmatikoÔ shmeÐou eÐnai epilÔsimo an kai mìno an h

B ikanopoieÐ thn inf-sup sunj kh (2.1.13), dhlad 

inf
(v,q)∈W

sup
(w,r)∈W

B((v, q), (w, r))

‖(v, q)‖W‖(w, r)‖W
= inf

(w,r)∈W
sup

(v,q)∈W

B((v, q), (w, r))

‖(v, q)‖W‖(w, r)‖W
≥ γ−1,

ìpou γ h stajer� apì thn ektÐmhsh thc nìrmac tou (u, p), thn opoÐa ja prosdiorÐsoume

parak�tw.

Sto L mma 4 kataskeu�same thn lÔsh (u, p) ìtan ikanopoioÔntai oi upojèseic tou Jewr matoc

Brezzi. SÔmfwma me aut  thn kataskeu  ja d¸soume mia ektÐmhsh gia thn nìrma thc lÔshc:

Apì thn inf-sup sunj kh gia thn b èqoume ìti ‖B−1‖−1 = β, �ra

‖ug‖X = ‖B−1g‖X ≤ ‖B−1‖‖g‖M∗ = β−1‖g‖M∗ .

To u0 epilèqjhke ètsi ¸ste (Π ◦ A)u0 = Πf − (Π ◦ A)ug,   isodÔnama

a(u0, v) = 〈f, v〉 − a(ug, v), gia k�je v ∈ V.

Epomènwc, apì thn V−piestikìthta ja èqoume ìti

α‖u0‖V ≤ sup
v∈V

a(u0, v)

‖v‖
= sup

v∈V

〈f, v〉 − a(ug, v)

‖v‖

≤ ‖f‖X∗ + ‖a‖‖ug‖X ⇒

‖u0‖V ≤ α−1‖f‖X∗ + ‖a‖(αβ)−1‖g‖M∗ .

'Etsi,

‖u‖X = ‖u0 + ug‖ ≤ ‖u0‖V + ‖ug‖X

≤ α−1‖f‖X∗ + (1 + α−1‖a‖)β−1‖g‖M∗ .

Tèloc, epeid  B∗p = f − Au èqoume

‖p‖M ≤ ‖(B∗)−1‖‖f − Au‖X∗ ≤ β−1(‖f‖+ ‖A‖‖u‖X)

≤ β−1(1 + α−1‖a‖)(‖f‖X∗ + β−1‖a‖‖g‖M∗).
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Prosjètontac tic dÔo ektim seic èqoume thn stajer� γ = γ(a, b, ‖a‖) tètoia ¸ste

(
‖u‖2

X + ‖p‖2
M

)
≤ γ

(
‖f‖2

X∗ + ‖g‖2
M∗

)1/2
.

'Ara apì Pìrisma 19 ja ikanopoieÐtai h inf-sup sunj kh gia thn B me α ≥ 1
γ
, dhlad  oi

sunj kec tou Jewr matoc Brezzi mac dÐnoun thn (2.1.13) gia thn B.

Parat rhsh 9 Oi Xu kai Zikatanov [25] katèlhxan se èna kalÔtero fr�gma wc proc α, β

kai ‖a‖

γ ≤ κ12 + max (κ11, κ22).

ìpou

κ :=
‖a‖
β
, κ11 :=

1 + κ2

α2
, κ2 := κ2κ11 +

1

β2
, κ12 := κκ11.

An upojèsoume t¸ra ìti ikanopoieÐtai h sunj kh (2.1.13) gia thn digrammik  morf  B dhlad 

sup
w 6=0,r 6=0

|a(v, w) + b(w, q) + b(v, r)|
‖(w, r)‖W

≥ γ‖(v, q)‖W , gia k�je (v, q) ∈ W. (2.2.12)

ParathroÔme ìti an jèsoume v = 0 sthn (2.2.12) tìte to supremum lamb�netai gia r = 0 kai

èqoume thn pr¸th sunj kh tou Babuška-Brezzi

sup
w 6=0

|b(w, q)|
‖w‖

≥ γ‖q‖, gia k�je q ∈M,

lamb�nontac èna fr�gma β ≥ γ.

Epeid  isqÔei h inf-sup sunj kh, èqoume apì to Je¸rhma Babuška ìti to sÔsthma (2.2.1)-

(2.2.2) èqei monadik  lÔsh gia k�je epilog  f kai g. An epilèxoume g = 0 kai periorÐsoume

thn (2.2.1) ston V = N(B), tìte sumperaÐnoume ìti to prìblhmav0 ∈ V,

a(v0, w0) = f(w0), gia k�je w0 ∈ V
(2.2.13)

èqei monadik  lÔsh. T¸ra, an periorÐsoume thn (2.2.12) sta v = v0 ∈ V paÐrnoume

sup
w 6=0,r 6=0

|a(v0, w) + b(w, q)|
‖(w, r)‖W

≥ γ‖(v0, q)‖W , gia k�je (v, q) ∈ V ×M.
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ParathroÔme ìti to supremum epitugq�netai gia r = 0, �ra èqoume

inf
v0 6=0,q 6=0

sup
w 6=0

|a(v0, w) + b(w, q)|
‖w‖‖(v0, q)‖W

≥ γ.

PeriorÐzoume t¸ra thn digrammik  morf  mac sto Kartesianì ginìmeno (V ×M)× (X ×{0})

kai antistrèfontac thn seir� twn metablht¸n sthn inf-sup sunj kh èqoume

inf
[w] 6=0

sup
v0 6=0,q 6=0

|a(v0, w) + b(w, q)|
‖w‖‖(v0, q)‖W

≥ γ. (2.2.14)

Ed¸ h kl�sh isodunamÐac [w] orÐzetai qrhsimopoi¸ntac twn upìqwro

V0 = {w ∈ X : a(v0, w) + b(w, q) = 0, gia k�je v0 ∈ V, kai q ∈M}

= {w0 ∈ V : a(v0, w0) = 0, gia k�je w0 ∈ V }.

All� apì thn monadikìthtac thc lÔshc tou (2.2.13) èqoume ìti V0 = {0}. Pr�gmati, èqoume

ìti, gia k�je f ∈ X∗, up�rqei monadikì u0 ∈ V tètoio ¸ste

a(u0, v0) = f(v0), gia k�je v0 ∈ V.

Epomènwc, an v0 ∈ V0 tìte a(u0, v0) = 0, gia k�je u0, kai �ra, gia k�je f ∈ X∗ , ja èqoume

f(v0) = 0. Dhlad , v0 ∈ ∩f∈X∗N(f) = {0} ⇒ v0 = 0. Sunep¸c h sunj kh (2.2.14) gÐnetai

inf
w 6=0

sup
v0 6=0,q 6=0

|a(v0, w) + b(w, q)|
‖w‖‖(v0, q)‖W

≥ γ.

An p�roume w = w0 ∈ V , ja èqoume

inf
w0 6=0

sup
v0 6=0

|a(v0, w0)|
‖w0‖‖v0‖

≥ γ.

Sunep¸c, isqÔei h inf-sup sunj kh gia to a p�nw ston V gia mia stajer� α ≥ γ.

2.2.3 Efarmog  sto Prìblhma Stokes

Ja deÐxoume t¸ra mia efarmog  tou Jewr matoc Babuška-Brezzi se probl mata sagmatikoÔ

shmeÐou. 'Estw Ω anoiqtì, fragmèno uposÔnolo tou Rd me sÔnoro Γ = ∂Ω Lipschitz suneqèc.

Anazht�me u : Ω→ Rd kai p : Ω→ R se kat�llhlouc q¸rouc Hilbert ¸ste
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
−∆u+∇p = f, sto Ω

divu = g, sto Ω

u = 0, sto Γ

(2.2.15)

ìpou f : Ω→ Rd kai g : Ω→ R dÐnontai kai oi �gnwstec u kai p anaparistoÔn thn taqÔthta

kai thn pÐesh se mia (pijan� asumpÐesth) ro  ix¸douc orismènh sto Ω. ParathroÔme ìti

èqoume èna periorismì mhdenik c taqÔthtac sto sÔnoro:∫
Ω

g = 0 afoÔ

∫
Ω

divu dx =

∫
Γ

uds = 0.

Upojètoume ìti oi lÔseic u = (u1, u2, . . . , ud) kai p eÐnai kat�llhla leÐec kai jewroÔme mia do-

kimastik  sun�rthsh v = (v1, v2, . . . , vd) kat�llhla leÐa me timèc ston Rd. Efìson, h taqÔthta

mhdenÐzetai sto sÔnoro, mporoÔme na jewr soume dokimastik  sun�rthsh pou mhdenÐzetai sto

sÔnoro, ìpwc akrib¸c k�name kai sto omogenèc prìblhma Dirichlet. An pollaplasi�soume

k�je ìro thc pr¸thc exÐswshc me v kai oloklhr¸soume kat� mèlh sto Ω, tìte èqoume

−
∫

Ω

v ·∆u = −
∫

Ω

(v1, v2, . . . , vd) · (∆u1,∆u2, . . . ,∆ud)

= −
d∑
i=1

∫
Ω

vi ·∆ui =
d∑
i=1

∫
Ω

∇ui · ∇vi

=
d∑
i=1

∫
Ω

(
∂ui
∂x1

,
∂ui
∂x2

, . . . ,
∂ui
∂xd

) · ( ∂vi
∂x1

,
∂vi
∂x2

, . . . ,
∂vi
∂xd

)

=
d∑

i,j=1

∫
Ω

∂ui
∂xj
· ∂vi
∂xj

=

∫
Ω

∇u : ∇v.

H sqèsh
∫

Ω
v · ∇p = −

∫
Ω
p divv eÐnai �mesh apì ton tÔpo Green kai telik� èqoume thn

akìloujh exÐswsh: ∫
Ω

∇u : ∇v −
∫

Ω

p divv =

∫
Ω

f · v.

Upojètoume ìti f ∈ L2(Ω;Rd), tìte ìloi oi ìroi èqoun nìhma an upojèsoume ìti u ∈

H1
0 (Ω;Rd) kai p ∈ L2(Ω).
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Gia thn deÔterh exÐswsh tou probl matoc jewroÔme p�li dokimastik  sun�rthsh q kat�llhla

leÐa: ∫
Ω

qdivu =

∫
Ω

gq.

Efìson u ∈ H1
0 (Ω;Rd), to aristerì mèloc eÐnai kal� orismèno an q ∈ L2(Ω). Wstìso, afoÔ∫

Ω
g =

∫
Ω

divu = 0, mporoÔme na periorÐsoume ton q¸ro twn dokimastik¸n sunart sewn ston

upìqwro tou L2(Ω) pou orÐzetai wc ex c:

L2
0(Ω) = {q ∈ L2(Ω) :

∫
Ω

q = 0}.

Epiplèon, an p eÐnai mia lÔsh, tìte kai h p + c eÐnai lÔsh (ìpou c mia stajer�). Gia na

xeper�soume autì to prìblhma, prosjètoume mia sunj kh mhdenik c mèshc pÐeshc, dhlad 

p ∈ L2
0(Ω). Epomènwc, èqoume thn asjen  diatÔpwsh tou probl matoc Stokes:

DÐnontai oi sunart seic f ∈ L2(Ω;Rd) kai g ∈ L2
0(Ω), anazht�me (u, p) ∈ H1

0 (Ω;Rd)× L2
0(Ω)

tètoia ¸ste 
∫

Ω

∇u : ∇v −
∫

Ω

pdivv =

∫
Ω

f · v, gia k�je v ∈ H1
0 (Ω;Rd),∫

Ω

qdivu =

∫
Ω

gq, gia k�je q ∈ L2
0(Ω).

JewroÔme ton q¸ro X = H1
0 (Ω;Rd) me thn isodÔnamh nìrma tou q¸rou ginìmeno, dhlad 

me |u|H1
0 (Ω;Rd) =

∑d
i=1|ui|H1

0 (Ω) =
∑d

i=1‖∇ui‖L2(Ω) kai M = L2
0(Ω) me thn nìrma ‖·‖L2(Ω).

Epiplèon, jètoume a(u, v) =
∫

Ω
∇u : ∇vdx, b(v, p) = −

∫
Ω
p divvdx, f(v) =

∫
Ω
f · vdx,

kai g(q) = −
∫

Ω
gqdx. Ja deÐxoume ìti ikanopoioÔntai oi upojèseic tou Jewr matoc Babuška-

Brezzi.

ParathroÔme ìti h a eÐnai fragmènh kai piestik . Pr�gmati,

a(u, u) =

∫
Ω

∇u : ∇u = |u|2H1
0 (Ω;Rd), gia k�je u ∈ H1

0 (Ω;Rd),

dhlad  h digrammik  morf  a eÐnai X−piestik , sunep¸c ja eÐnai kai V−piestik  gia k�je

upìqwro V touX = H1
0 (Ω;Rd). Ja deÐxoume ìti h b eÐnai fragmènh, pr�gmati oloklhr¸nontac

kat� mèlh èqoume

‖divu‖L2(Ω) ≤ |u|H1
0 (Ω;Rd).
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Apì th sqèsh auth prokÔptei ìti

|b(u, q)| ≤
∫

Ω

|divu||q| ≤ ‖divu‖L2(Ω)‖q‖L2(Ω) ≤ |u|H1
0 (Ω;Rd)‖q‖L2(Ω) ⇒

‖b‖ ≤ 1.

dhlad  h b eÐnai fragmènh. Ja elègxoume t¸ra thn inf-sup sunj kh gia to b. Gia k�je

q ∈ L2
0(Ω), up�rqei w ∈ H1

0 (Ω;Rd) tètoio ¸ste

−divw = q, sto W kai |w|H1(Ω;Rd) ≤ C(Ω)‖q‖L2(Ω).

Autì eÐnai èna apotèlesma tou Nečas sto opoÐo apodeiknÔetai ìti h apeikìnish

div : {v ∈ H1
0 (Ω;Rd) : divv = 0}⊥ → L2

0(Ω)

eÐnai ènac isomorfismìc epÐ tou L2
0(Ω) (bl. L mma 3.2.3 sel.134[12]). Apì autì t¸ra èqoume

ìti

sup
v∈H1

0 (Ω;Rd)

b(q, v)

|v|H1(Ω;Rd)

≥ b(q, w)

|w|H1(Ω;Rd)

=
‖q‖2

L2(Ω)

|w|H1(Ω;Rd)

≥ C(Ω)−1‖q‖L2(Ω).

Epomènwc, gia β ≥ C(Ω)−1 isqÔei to Je¸rhma 21, sunep¸c up�rqoun

(u, p) ∈ H1
0 (Ω;Rd)× L2

0(Ω) pou ikanopoioÔn to prìblhma Stokes.

Parat rhsh 10 Anafèrame parap�nw ìti an p eÐnai mia klasik  lÔsh, tìte gia k�je sta-

jer� C, h p + C ja eÐnai lÔsh. Logik� gia na èqoume monadik  lÔsh ja èprepe na pe-

rioristoÔme ston L2(Ω)/R kai h monadik  asjen c lÔsh na eÐnai mia kl�sh isodunamÐac

[p] = {p+C : C ∈ R}. ParathroÔme ìmwc ìti an p eÐnai mia klasik  lÔsh tìte h p− 1
|Ω|

∫
Ω
pdx

eÐnai lÔsh kai an kei ston L2
0(Ω). Epomènwc, eÐnai logik  h apaÐthsh p ∈ L2

0(Ω).

2.2.4 Efarmog  sto Diarmonikì Prìblhma

'Estw Ω ⊂ RN èna anoiqtì, fragmèno uposÔnolo me sÔnoro Γ = ∂Ω Lipschitz suneqèc.

AnazhtoÔme u : Ω→ R tètoia ¸ste
∆2u = f, sto Ω

u = 0, sto Γ

∂u

∂ν
= 0, sto Γ

(2.2.16)
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To prìblhma tou diarmonikoÔ telest  perigr�fei gia par�deigma thn k�myh mÐac lept c paktw-

mènhc pl�kac (clamped plate) ìtan upìkeitai se mia k�jeth dÔnamh f ∈ L2(Ω). H pl�ka eÐnai

tri¸n diast�sewn s¸ma kai mporeÐ na proseggisteÐ apì thn endi�mesh thc epif�neia, h opoÐa

eÐnai èna anoiqtì uposÔnolo Ω tou R2. Autì to prìblhma mporoÔme na to proseggÐsoume me

dÔo trìpouc eÐte efarmìzontac to Je¸rhma Babuška-Brezzi, eÐte to Je¸rhma Lax-Milgram.

Kai stic dÔo proseggÐseic ja qreiastoÔme ton q¸ro

H2
0 (Ω) = {v ∈ H2(Ω)|v =

∂v

∂ν
= 0 sto ∂Ω}.

Σημείωση: ΄Οπως έχουμε ήδη αναφέρει όταν μιλάμε για τις τιμές μιας συνάρτησης στο σύνορο είναι υπό την

έννοια του τελεστή ίχνους. ΄Ομοια τώρα ορίζεται τελεστής ίχνους για την παράγωγο κατά κατέυθυνση στο

σύνορο(βλ. Θεώρημα 2.7.4 σελ101 [12]).

Epomènwc, efarmìzontac ton tÔpo Green dÔo forèc gia k�je u ∈ C4(Ω) kai v ∈ C∞0 (Ω)

èqoume ∫
Ω

∆2uvdx = −
∫

Ω

∇(∆u)∇vdx+

∫
Γ

∇(∆u)vνds

=

∫
Ω

∆u∆vdx−
∫

Γ

∆u∇vνds+

∫
Γ

∇(∆u)vνds

=

∫
Ω

∆u∆vdx−
∫

Γ

∆u
∂v

∂ν
ds+

∫
Γ

∂∆u

∂ν
vds.

Epeid  v ∈ C∞0 (Ω) ta epifaneiak� oloklhr¸mata apaleÐfontai opìte èqoume∫
Ω

∆u∆vdx =

∫
Ω

fvdx.

Gia na èqei nìhma k�je ìroc sthn parap�nw sqèsh arkeÐ na epilèxoume ton q¸ro H2
0 (Ω) kai

gia tic dÔo sunart seic u, v, dhlad ∫
Ω

∆u∆vdx =

∫
Ω

fvdx, u, v ∈ H2
0 (Ω). (2.2.17)

Gia thn pr¸th prosèggish ja jèsoume w = −∆u ∈ L2(Ω). Tìte èqoume ìti∫
Ω

wzdx+

∫
Ω

∆uzdx = 0, gia k�je z ∈ L2(Ω), (2.2.18)
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kai h (2.2.17) gÐnetai

−
∫

Ω

w∆vdx =

∫
Ω

fvdx, gia k�je v ∈ H2
0 (Ω). (2.2.19)

An jèsoume X = L2(Ω), M = H2
0 (Ω) kai

a(w, z) =

∫
Ω

wzdx, w, z ∈ X, (2.2.20)

b(z, v) =

∫
Ω

∆vzdx, z ∈ X, v ∈M, (2.2.21)

tìte me autì ton sumbolismì mporoÔme na gr�youme to prìblhma wc
a(w, z) + b(z, u) = 0,

b(w, v) =

∫
Ω

(−f)vdx
(2.2.22)

ParathroÔme ìti h digrammik  morf  a eÐnai fragmènh kai piestik . Pr�gmati,

a(w,w) = ‖w‖2
L2(Ω), gia k�je w ∈ L2(Ω),

dhlad  h a eÐnai L2(Ω)−piestik , sunep¸c ja eÐnai kai V−piestik  gia k�je upìqwro V tou

L2(Ω). Epiplèon, h a eÐnai fragmènh afoÔ

|a(w, z)| ≤ ‖w‖L2(Ω)‖z‖L2(Ω), gia k�je z, w ∈ L2(Ω).

EpÐshc, h digrammik  morf  b eÐnai fragmènh kaj¸c

|b(z, v)| ≤ ‖∆v‖L2(Ω)‖z‖L2(Ω) ≤ ‖v‖H2(Ω)‖z‖L2(Ω).

Ja elègxoume t¸ra thn inf-sup sunj kh gia to b

sup
w∈X

b(w, v)

‖w‖L2(Ω)

≥
∫

Ω
∆v∆vdx

‖∆v‖L2(Ω)

= ‖∆v‖L2 ≥ C‖v‖H2(Ω),

ìpou h teleutaÐa anisìthta ofeÐletai sto gegonìc ìti h ‖∆v‖L2(Ω) orÐzei mia nìrma ston

H2
0 (Ω) isodÔnamh me thn arqik  ‖v‖H2(Ω) (bl.Par�grafoc 2.5.2 sel.22 [18]). Epomènwc, apì

to Je¸rhma Babuška-Brezzi ja up�rqei mia monadik  lÔsh (w, u) pou ikanopoieÐ to sÔsthma

(2.2.22). Profan¸c, h u ∈ H2
0 (Ω) eÐnai h lÔsh tou probl matoc (2.2.16) kai w = −∆u.
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O deÔteroc trìpoc ja  tan na qrhsimopoi soume to Je¸rhma Lax-Milgram. ParathroÔme ìti

parap�nw eÐqame katal xei sthn sqèsh∫
Ω

∆u∆vdx =

∫
Ω

fvdx,

ìpou eÐqame upojèsei thn u ∈ C4(Ω) kai thn v ∈ C2
0(Ω). EÐnai profanèc ìti gia na ikano-

poi soume tic sunoriakèc sunj kec arkeÐ na upojèsoume ìti h u an kei ston H2
0 (Ω). 'Ara an

jèsoume wc

B(u, v) =

∫
Ω

∆u∆vdx, u, v ∈ H2
0 (Ω)

kai

h(v) =

∫
Ω

fvdx, v ∈ H2
0 (Ω),

metatrèpoume to prìblhma (2.2.16) sto prìblhma eÔreshc u ∈ H2
0 (Ω) ¸ste

B(u, v) = f(v), v ∈ H2
0 (Ω).

ParathroÔme t¸ra ìti

|B(u, v)| ≤ ‖∆u‖L2‖∆u‖L2 ≤ ‖u‖H2(Ω)‖v‖H2(Ω),

dhlad  h B eÐnai fragmènh kai

B(u, u) = ‖∆u‖2
L2 ≥ C‖u‖2

H2(Ω)

dhlad  eÐnai H2
0 (Ω)−elleiptik . Epipleìn, to h eÐnai grammikì kai fragmèno, �ra apì to

Je¸rhma Lax-Milgram ja up�rqei lÔsh u ∈ H2
0 (Ω).

2.3 Je¸rhma Lions

Je¸rhma 23 (Lions) 'Estw (H, ‖·‖H) q¸roc Hilbert, (V, ‖·‖V ) q¸roc me nìrma kai

B : H × V → R digrammik  morf  me B(·, v) ∈ H∗, v ∈ V . Ta epìmena eÐnai isodÔnama:

(aþ) Up�rqei α > 0, tètoio ¸ste α ≤ inf‖v‖V =1 sup‖u‖H≤1|B(u, v)|
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(bþ) Gia k�je f ∈ V ∗, up�rqei u ∈ H tètoio ¸ste B(u, v) = f(v), gia k�je v ∈ V.

Apìdeixh. ([22],[17]) Upojètoume ìti isqÔei to (a') kai ja deÐxoume to (b').

'OrÐzoume èna telest  A : V → H∗ me 〈u,Av〉 = B(u, v), u ∈ H, v ∈ V , o opoÐoc den eÐnai

aparaÐthta suneq c.

O A eÐnai k�tw fragmènoc:

inf
‖v‖V =1

sup
‖u‖H≤1

|B(u, v)| ≥ α > 0⇔ sup
‖u‖H≤1

|B(u, v)| ≥ α‖v‖V , v ∈ V ⇔

sup
‖u‖H≤1

|〈u,Av〉| ≥ α‖v‖V , v ∈ V ⇔ ‖Av‖H∗ ≥ α‖v‖V , v ∈ V.

'Ara o A eÐnai 1-1, efìson Av = 0 ⇒ 0 = ‖Av‖H∗ ≥ α‖v‖V ≥ 0 ⇒ ‖v‖V = 0 ⇒ v = 0.

Shmei¸noume ed¸ ìti to R(A) den eÐnai kleistì diìti o V den eÐnai pl rhc q¸roc.

O A : V → R(A) eÐnai 1-1 kai epÐ. Sunep¸c, orÐzetai o antÐstrofoc A−1 : R(A) → V , o

opoÐoc eÐnai suneq c efìson gia y ∈ R(A) èqoume

‖A−1y‖V = ‖v‖V ≤
1

α
‖A(A−1y)‖H∗ =

1

α
‖y‖H∗ .

Lìgw sunèqeiac, o telest c autìc epekteÐnetai suneq¸c ston A−1 : R(A) → V̂ , ìpou me V̂

jewroÔme thn pl rwsh tou V (qreiazìmaste q¸ro Banach gia na gÐnei h epèktash). 'Estw

f ∈ V ∗, anazht�me u ∈ H : B(u, v) = f(v), v ∈ V ,   isodÔnama

〈u,Av〉 = f(v), v ∈ V ⇔ 〈u, y〉 = f(A−1y), y ∈ R(A).

'Estw h orjog¸nia probol  P : H∗ → R(A), tìte an broÔme u ∈ H tètoio ¸ste

〈u, y〉 = f(A−1Py), y ∈ H∗ ⇒ 〈u, y〉 = f(A−1Py) = f(A−1y) = f(A−1y), y ∈ R(A).

T¸ra A−1P : H∗ → V̂ eÐnai suneq c wc sÔnjesh suneq¸n, orismènh se q¸ro Banach.

Sunep¸c, èqei suneq  suzug  apeikìnish (A−1P )∗ : V̂ ∗ = V ∗ → H. 'Etsi h lÔsh eÐnai

u = (A−1P )∗f . Pr�gmati,

〈(A−1P )∗f, y〉 = 〈f, A−1Py〉 = f(A−1Py), y ∈ H∗.



KEF�ALAIO 2. GENIKE�USEIS TOU JEWR�HMATOS LAX-MILGRAM 77

Upojètoume ìti isqÔei to (b′) kai ìqi to (a′).

Tìte up�rqei akoloujÐa {vn}n ∈ V : ‖vn‖V = 1, sup‖u‖H≤1|B(u, vn)| < 1
n
, n ≥ 1. Apì to

(b′), gia k�je f ∈ V ∗, up�rqei uf ∈ H :

|f(nvn)| = |B(uf , nvn)| = n‖uf‖H |B(
uf
‖uf‖H

, nvn)|

≤ n‖uf‖H sup
‖u‖H≤1

|B(u, vn)| ≤ ‖uf‖H , n ≥ 1.

'Ara h {nvn} eÐnai asjen¸c fragmènh sto V isodÔnama eÐnai fragmènh sto V , �topo diìti

‖nvn‖V = n‖vn‖V = n. (UpenjÔmhsh: 'Ena sÔnolo S ⊂ X eÐnai asjen¸c fragmèno an gia

k�je f ∈ X∗ up�rqei r > 0 ¸ste gia k�je x ∈ S ⇒ |f(x)| < r. )

Pìrisma 24 H lÔsh pou dÐnetai parap�nw sto (b') ikanopoieÐ thn ektÐmhsh

‖u‖H ≤ (1/α)‖f‖V ∗ .

Apìdeixh. O telest c A−1P : H∗ → V̂ èqei nìrma

‖A−1P‖ ≤ ‖A−1‖‖P‖ = ‖A−1‖ = ‖A−1‖ ≤ 1

α
.

Epomènwc, èqoume ìti

‖u‖H = ‖(A−1P )∗f‖ ≤ ‖(A−1P )∗‖‖f‖V ∗ = ‖A−1P‖‖f‖V ∗ ≤
1

α
‖f‖V ∗ .

Pìrisma 25 'Estw ìti o V emfutèuetai suneq¸c ston H, dhlad  ‖v‖H ≤ c‖v‖V , gia k�je

v ∈ V , kai ìti h B eÐnai V−piestik , dhlad  up�rqei α > 0 tètoio ¸ste

B(v, v) ≥ α‖v‖2
V , v ∈ V.

Tìte ikanopoieÐtai to (a') tou Jewr matoc Lions, epomènwc up�rqei lÔsh u ∈ H.

Apìdeixh. ([22]] Apì thn piestikìthta kai ton orismì tou A : V → H∗ èqoume

α‖v‖2
V ≤ B(v, v) = 〈v,Av〉 ≤ ‖v‖H‖Av‖H∗ ≤ c‖v‖V ‖Av‖H∗ .

Epomènwc (α/c)‖v‖V ≤ ‖Av‖H∗ , dhlad  ikanopoieÐtai to (a').
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Parat rhsh 11 ParathroÔme ed¸ ìti h lÔsh u den eÐnai monadik  kai autì giatÐ thn

orÐsame paÐrnontac thn orjog¸nia probol . Ja mporoÔsame isodÔnama na eÐqame orÐsei lÔ-

sh u mèsw miac opoiasd pote �llhc probol c, h opoÐa ja  tan diaforetik  apì aut n thc

orjog¸niac probol c.

2.3.1 Efarmog  tou Jewr matoc Lions

Ja doÔme parak�tw mia efarmog  tou jwr matoc Lions se exeliktik� probl mata. Gia ton

skopì autì eÐnai anagkaÐo na anafèroume ta parak�tw dÔo basik� apotelèsmata (bl. [22]

sel.106):

Prìtash 26 'Estw ènac q¸roc Banach V puknìc kai suneq¸c emfuteÔsimoc se èna q¸ro

Hilbert H, tautÐzoume ton H me ton duðkì tou H∗ ètsi ¸ste V ↪→ H ↪→ V ∗. Tìte o q¸roc

Banach Wp(0, T ) ≡ {u ∈ Lp(0, T ;V ) : u′ ∈ Lq(0, T ;V ∗)} perièqetai ston C([0, T ], H).

Epiplèon, an u ∈ Wp(0, T ), tìte ‖u(·)‖2
H eÐnai apolÔtwc suneq c sto [0, T ],

d

dt
‖u(t)‖2

H = 2〈u′(t), u(t)〉V ∗,V σ.π in[0, T ],

kai up�rqei mia stajer� C gia thn opoÐa

‖u‖C([0,T ],H) ≤ C‖u‖Wp(0,T ), u ∈ Wp(0, T ).

Pìrisma 27 An u, v ∈ Wp(0, T ), tìte (u(·), v(·))H eÐnai apìluta suneq c sto [0, T ] kai

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V ∗,V + 〈v′(t), u(t)〉V ∗,V , σ.π [0, T ].

'Estw Ω èna anoiqtì, fragmèno uposÔnolo tou Rn me sÔnoro Γ = ∂Ω Lipschitz suneqèc.

JewroÔme ton diaforikì telest 

Lu = −
n∑

i,j=1

(aijuxj)xi + cu

me aij(t, x), c(t, x) ∈ L∞((0, T )×Ω) kai c(t, x) ≥ c0 > 0 σ.π sto (0, T )×Ω, ìpou c0 stajer�.

Upojètoume ìti o L eÐnai (omoiìmorfa)elleiptikìc, dhlad 

aij(t, x)ξiξj ≥ a|ξ|2 σ.π sto (0, T )× Ω, gia k�je ξ ∈ Rn.
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Anazht�me u : [0, T ]× Ω→ R tètoia ¸ste
ut + Lu = f, sto Ω

u(t, x) = 0, gia x ∈ Γ, t > 0

u(0, x) = u0, sto Ω

(2.3.1)

ìpou f ∈ L2(0, T ;H−1(Ω)) kai u0 ∈ L2(Ω). Upojètontac ìti gia stajerì t h u(t, ·) eÐnai

mia C2(Ω) sun�rthsh, tìte ìpwc kai sta prohgoÔmena paradeÐgmata, pollaplasi�zoume me

kat�llhlh sun�rthsh dokimhc v ∈ C∞0 (Ω) kai oloklhr¸noume sto Ω thn pr¸th sqèsh∫
Ω

utv dx+
n∑

i,j=1

∫
Ω

(aij
∂u

∂xj

∂u

∂xi
+ cuv) dx =

∫
Ω

fv dx. (2.3.2)

ParathroÔme ìti gia na èqoun nìhma ta parap�nw oloklhr¸mata kai na isqÔei h arqik  sun-

j kh gia thn u, arkeÐ na upojèsoume ìti, gia k�je t, h u(t, ·) ∈ H1
0 (Ω), ut(t, ·) ∈ H−1(Ω).

Epipleìn, mac arkeÐ v ∈ H1
0 (Ω). IsodÔnama dhlad , an jèsoume

a(t;u, v) =
n∑

i,j=1

∫
Ω

(aij
∂u

∂xj

∂u

∂xi
+ cuv) dx,

h parap�nw sqèsh gr�fetai wc ex c

〈ut, v〉H−1,H1
0

+ a(t;u, v) = 〈f, v〉H−1,H1
0
, gia k�je v ∈ H1

0 (Ω) kai t ∈ (0, T ). (2.3.3)

JewroÔme ton q¸ro V = {v ∈ L2(0, T ;H1
0 (Ω)) : vt ∈ L2(0, T ;L2(Ω)) kai v(T ) = 0},

me nìrma ‖v‖2
V = ‖v‖2

L2(0,T ;H1
0 )

+ ‖v(0)‖2
L2(Ω), o opoÐoc profan¸c emfuteÔetai suneq¸c ston

L2(0, T ;H1
0 (Ω)). 'Estw v ∈ V , tìte oloklhr¸nontac thn (2.3.3) èqoume∫ T

0

〈ut, v〉H−1,H1
0
dt+

∫ T

0

a(t;u, v)dt =

∫ T

0

〈f, v〉H−1,H1
0
dt.

Sto shmeÐo autì ja efarmìsoume to Pìrisma 27 gia touc q¸roucH1
0 (Ω) ↪→ L2(Ω) ↪→ H−1(Ω),

ìpou oi emfuteuseic eÐnai puknèc kai suneqeÐc:∫ T

0

d

dt
(u(t), v(t))L2(Ω) −

∫ T

0

〈u(t), vt(t)〉H−1,H1
0
dt+

∫ T

0

a(t;u, v)dt =

∫ T

0

〈f, v〉H−1,H1
0
dt,⇔∫ T

0

a(t;u, v)dt−
∫ T

0

〈u(t), vt(t)〉H−1,H1
0
dt =

∫ T

0

〈f, v〉H−1,H1
0
dt+ (u0, v(0))L2(Ω), gia k�je v ∈ V.
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Jètoume

B(u, v) =

∫ T

0

(
a(t;u, v)− 〈u(t), vt(t)〉H−1,H1

0

)
dt, u ∈ L2(0, T ;H1

0 (Ω)), v ∈ V

kai

h(v) =

∫ T

0

〈f, v〉H−1,H1
0
dt+ (u0, v(0))L2(Ω), v ∈ V.

Ja deÐxoume ìti gia v ∈ V, B(·, v) ∈ L2(0, T ;H−1(Ω)) = (L2(0, T ;H1
0 (Ω)))∗. Pr�gmati,

epeid  aij(t, x), c(t, x) ∈ L∞((0, T )× Ω) up�rqei stajer� M > 0 tètoia ¸ste

|aij(t, x)|, |c(t, x)| ≤M, σ.π. sto (0, T )× Ω.

'Opwc akrib¸c apodèixame kai sto Genikì Elleiptikì prìblhma thc paragr�fou 1.2.2, up�rqei

kat�llhlh stajer� A ¸ste

|a(t;u(t), v(t))| ≤ A‖u(t)‖H1(Ω)‖v(t)‖H1(Ω), gia k�je t ∈ (0, T ).

Sunep¸c, ∫ T

0

|a(t;u(t), v(t))|dt ≤ A

∫ T

0

‖u(t)‖H1(Ω)‖v(t)‖H1(Ω)dt

≤ A

(∫ T

0

‖u(t)‖2
H1(Ω)

)1/2(∫ T

0

‖v(t)‖2
H1(Ω)

)1/2

= A‖u‖L2(0,T ;H1
0 (Ω))‖v‖L2(0,T ;H1

0 (Ω))

kai ∫ T

0

|〈u(t), vt(t)〉H−1(Ω),H1
0 (Ω)| ≤

∫ T

0

‖u(t)‖H1(Ω)‖vt(t)‖H−1(Ω)

≤
(∫ T

0

‖u(t)‖2
H1(Ω)

)1/2(∫ T

0

‖vt(t)‖2
H−1(Ω)

)1/2

= ‖u‖L2(0,T ;H1
0 (Ω))‖vt‖L2(0,T ;H−1(Ω)).

'Ara

|B(u, v)| ≤
(
A‖v‖L2(0,T ;H1

0 (Ω)) + ‖vt‖L2(0,T ;H−1(Ω))

)
‖u‖L2(0,T ;H1

0 (Ω)),
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dhlad , gia k�je v ∈ V , h B(·, v) eÐnai fragmènh.

Ja deÐxoume t¸ra ìti up�rqei stajer� C > 0 tètoia ¸ste B(v, v) ≥ C‖v‖2, gia k�je v ∈ V .

Pr�gmati, gia v ∈ V èqoume ìti∫ T

0

|〈v(t), vt(t)〉H−1(Ω),H1
0 (Ω)| =

1

2

∫ T

0

d

dt
‖v(t)‖2

L2(Ω) = −1

2
‖v(0)‖2

L2(Ω).

Epiplèon, lìgw thc elleiptikìthtac tou diaforikoÔ telest 

a(t; v(t), v(t))− c0

∫ T

0

v2(t)dx ≥ a‖∇u(t)‖2
L2(Ω) ⇒

a(t; v(t), v(t)) ≥ min{a, c0}‖v(t)‖2
H1(Ω) = β‖v(t)‖2

H1 ,

ìpou β = min{a, c0}. Sunep¸c,∫ T

0

a(t; v(t), v(t)) ≥ β

∫ T

0

‖v(t)‖2
H1(Ω) = β‖v‖2

L2(0,T ;H1
0 (Ω)).

'Ara

B(v, v) ≥ β‖v‖2
L2(0,T ;H1

0 (Ω)) +
1

2
‖v(0)‖2

L2(Ω) ≥ min{β, 1

2
}‖v‖2

V = C‖v‖2
V , v ∈ V,

dhlad  eÐnai V−elleiptik . Tèloc, parathroÔme ìti to h eÐnai fragmèno, pr�gmati

|h(v)| ≤
∫ T

0

|〈f, v〉H−1,H1
0
|dt+ |(u0, v(0))L2(Ω)|

≤
(∫ T

0

‖f(t)‖2
H−1(Ω)

)1/2(∫ T

0

‖v(t)‖2
H1(Ω)

)1/2

+ ‖u0‖L2(Ω)‖v(0)‖L2(Ω)

= ‖f‖L2(0,T ;H−1(Ω))‖v‖L2(0,T ;H1
0 (Ω)) + ‖u0‖L2(Ω)‖v(0)‖L2(Ω)

≤
(
‖f‖L2(0,T ;H−1(Ω)) + ‖u0‖L2(Ω)

)
‖v‖V .

Sunep¸c, ikanopoioÔntai oi upojèseic tou PorÐsmatoc 25, �ra up�rqei asjen c lÔsh gia to

prìblhma mac. Ja deÐxoume t¸ra ìti eÐnai kai monadik .

'Estw u1, u2 dÔo lÔseic, tìte me afaÐresh kat� mèlh èqoume ìti

〈(u1 − u2)t, v〉+ a(t;u1 − u2, v) = 0, gia k�je v ∈ H1
0 (Ω),



KEF�ALAIO 2. GENIKE�USEIS TOU JEWR�HMATOS LAX-MILGRAM 82

ìpou h isìthta isqÔei upì thn ènnoia twn katanom¸nD∗(0, T ). Gia v = u1−u2 ∈ L2(0, T ;H1
0 (Ω)),∫ t

0

( 〈(u1 − u2)t, u1 − u2〉+ a(s, u1 − u2, u1 − u2) ) ds = 0⇒∫ t

0

(
1

2

d

ds
‖u1 − u2‖2

L2(Ω) + a(s, u1 − u2, u1 − u2)

)
ds = 0.

'Omwc, lìgw thc piestikìthtac a(s, u1 − u2, u1 − u2) ≥ 0, �ra ‖(u1 − u2)(t)‖2
L2(Ω) = 0, gia

k�je t ∈ [0, T ], sunep¸c u1 ≡ u2.



Kef�laio 3

GenÐkeush tou Jewr matoc

Lax-Milgram me mh piestik  sunj kh

3.1 GenÐkeush tou Jewr matoc Lax-Milgram me mh

piestik  sunj kh se q¸rouc Hilbert

Se autì to kef�laio ja deÐxoume ìti grammikoÐ telestèc apì èna q¸ro Hilbert ston eautì

tou, oi opoÐoi ikanopoioÔn k�poiec genikìterec sunj kec piestikìthtac eÐnai antistrèyimoi.

'Estw ènac grammikìc telest c A : H → H, ìpou H q¸roc Hilbert. O A eÐqame orÐsei ìti

ja onom�zetai piestikìc an up�rqei c > 0 tètoio ¸ste 〈Ax, x〉 ≥ c‖x‖2, gia k�je x ∈ H.

H sunj kh aut  mac epib�lei to prìshmo tou 〈Ax, x〉 na paramènei jetikì. Parak�tw ja

orÐsoume sunj kec ¸ste na epitrèpetai h allagh tou pros mou, pr�gma pou mac dÐnei èna

genikìtero apotèlesma, kaj¸c h kl�sh aut¸n twn telest¸n eÐnai megalÔterh.

Ja deÐxoume ìti ikanopoioÔntai ta epìmena jewr mata.

Je¸rhma 28 'Estw H q¸roc Hilbert kai A : H → H ènac grammikìc telest c. An up�rqei

c > 0 tètoio ¸ste

〈Ax, x〉+ ‖Ax‖‖x‖ ≥ c‖x‖2, gia k�je x ∈ X, (3.1.1)

tìte o A eÐnai fragmènoc kai antistrèyimoc.

83
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Je¸rhma 29 'Estw H q¸roc Hilbert, A : H → H ènac grammikìc telest c, V ènac

upìqwroc peperasmènhc di�stashc k me V = span{y1, y2, . . . , yk}, P mia fragmènh probol 

apì ton H ston V kai γ > 0. An up�rqei c > 0 tètoio ¸ste

〈Ax, x〉+ ‖Ax‖‖x‖+ γ‖PAx‖‖x‖ ≥ c‖x‖2, gia k�je x ∈ X, (3.1.2)

  isodÔnama

〈Ax, x〉+ ‖Ax‖‖x‖+ γ(
k∑
j=1

〈Ax, yj〉2)1/2‖x‖ ≥ c‖x‖2, gia k�je x ∈ X,

tìte o A eÐnai fragmènoc kai antistrèyimoc.

Je¸rhma 30 'Estw H q¸roc Hilbert, A : H → H ènac grammikìc telest c kai K ènac

sumpag c grammikìc telest c ston H. An up�rqei c > 0 tètoio ¸ste

〈Ax, x〉+ ‖Ax‖‖x‖+ ‖KAx‖‖x‖ ≥ c‖x‖2, gia k�je x ∈ X, (3.1.3)

tìte o A eÐnai fragmènoc kai antistrèyimoc.

Ta parap�nw jewr mata mporoÔn na je¸rhjoun wc mh piestikèc genikèuseic tou Jewr matoc

Lax-Milgram kai apodeÐqjhkan apì ton J. Saint Raymond to 1997 (bl. [20]). Gia thn apodeix 

touc ja qreiastoÔme k�poia L mmata.

L mma 6 'Estw A ènac grammikìc telest c ston H pou ikanopoieÐ thn (3.1.2). Tìte o A

eÐnai èna proc èna.

Apìdeixh. 'Eqoume

c‖x‖2 ≤ 〈Ax, x〉+ ‖Ax‖‖x‖+ γ‖PAx‖‖x‖

≤ ‖Ax‖‖x‖+ ‖Ax‖‖x‖+ γ‖Ax‖‖x‖ = (γ + 2)‖Ax‖‖x‖.

'Etsi gia x 6= 0 èqoume c‖x‖ ≤ (γ + 2)‖Ax‖ kai �ra an Ax = 0 ⇒ x = 0, �topo. Dhlad 

N(A) = {0}.



KEF�ALAIO 3. GEN�IKEUSH TOUJEWR�HMATOS LAX-MILGRAMMEMHPIESTIK�H SUNJ�HKH85

L mma 7 'Estw A ènac grammikìc telest c ston H pou ikanopoieÐ thn (3.1.2). Tìte gia

k�je pragmatikì arijmì t ≥ 0 kai gia k�je x ∈ V ⊥ ikanopoieÐtai h akìloujh anisìthta

‖(A+ tI)x‖ ≥ c

γ + 2
‖x‖.

Apìdeixh. Efìson x ∈ V ⊥,

P (A+ tI)x = PAx+ tPx = PAx,

〈(A+ tI)x, x〉+ ‖(A+ tI)x‖‖x‖ = 〈Ax, x〉+ t‖x‖2 + ‖Ax+ tx‖‖x‖

≥ 〈Ax, x〉+ t‖x‖2 + ‖Ax‖‖x‖ − ‖tx‖‖x‖

= 〈Ax, x〉+ ‖Ax‖‖x‖.

'Etsi

〈(A+ tI)x, x〉+ ‖(A+ tI)x‖‖x‖+ γ‖P (A+ tI)x‖‖x‖

≥ 〈Ax, x〉+ ‖Ax‖‖x‖+ γ‖PAx‖‖x‖ ≥ c‖x‖2

kai efìson

〈(A+ tI)x, x〉+ ‖(A+ tI)x‖‖x‖+ γ‖P (A+ tI)x‖‖x‖

≤ ‖(A+ tI)x‖‖x‖+ ‖(A+ tI)x‖‖x‖+ γ‖(A+ tI)x‖‖x‖

= (γ + 2)‖(A+ tI)x‖‖x‖

èqoume

(γ + 2)‖(A+ tI)x‖‖x‖ ≥ c‖x‖2.

Pìrisma 31 'Estw A eÐnai ènac suneq c grammikìc telest c ston H pou ikanopoieÐ thn

(3.1.2). Tìte, gia k�je pragmatikì arijmì t ≥ 0, o q¸roc (A + tI)(V ⊥) eÐnai kleistìc ston

H. Epiplèon, A+ tI eÐnai èna proc èna ston V ⊥.
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Apìdeixh. Apì to L mma 7 èqoume �mesa V ⊥ ∩N(A+ tI) = {0}. 'Etsi o A+ tI eÐnai èna

proc èna ston V ⊥. 'Estw {un} mia akoloujÐa ston (A + tI)(V ⊥) pou sugklÐnei se k�poio

u ∈ H. An un = (A+ tI)xn me xn ∈ V ⊥, èqoume apì to L mma 7

‖xn − xm‖ ≤
γ + 2

c
‖un − um‖.

'Ara h {xn} eÐnai akoloujÐa Cauchy ston V ⊥ pou eÐnai kleistìc upìqwroc tou H kai sunep¸c

h akoloujÐa {xn} sugklÐnei se k�poio x ∈ V ⊥. Epipleìn, o A eÐnai suneq c, �ra

(A+ tI)x = lim
n→∞

(A+ tI)xn = lim
n→∞

un = u.

'Etsi u ∈ (A+ tI)(V ⊥).

L mma 8 'Estw A ènac suneq c grammikìc telest c ston H pou ikanopoieÐ thn (3.1.2).

Tìte, gia k�je pragmatikì t ≥ 0, o q¸roc (A+ tI)(V ⊥) èqei sundi�stash k ston H.

Apìdeixh. Jètoume F = V ⊥ kai T to sÔnolo

T = {t ≥ 0 : (A+ tI)(F ) na mhn eÐnai sundi�stashc k}

Ja deÐxoume ìti T = ∅.

Kat�rq n, parathroÔme ìti gia t > ‖A‖, o telest c A+ tI eÐnai antistrèyimoc ston H, diìti

σ(A) ⊆ {λ ∈ C : |λ| ≤ ‖A‖}. 'Ara o A + tI eÐnai èna proc èna kai epÐ. 'Etsi oi upìqwroi

(A+tI)(F ) kai (A+tI)(V ) eÐnai sumplhrwmatikoÐ kai efìson dim((A+tI)(V )) = dim(V ) = k

èqoume ìti to t den an kei sto T . Dhlad , T ⊂ [0, ‖A‖].

Epomènwc, an T den eÐnai kenì, ja èqei èna �nw fr�gma θ. Ja sumbolÐzoume me Eθ ton

orjog¸nio upìqwro tou (A+ θI)(F ) kai orÐzoume ton telest  St apì ton F ×Eθ ston H wc

ex c:

St(x, u) = (A+ tI)x+ u.

Tìte o St eÐnai suneq c gia k�je t ≥ 0. Epiplèon, o Sθ eÐnai èna proc èna, kaj¸c

H = (A + θI)(F ) ⊕ Eθ kai apì to Pìrisma 31 o A + θI : F → (A + θI)(F ) eÐnai èna proc

èna. EpÐshc, o Sθ eÐnai epÐ, �ra eÐnai antistrèyimoc.
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Epeid  to sÔnolo twn antistrèyimwn telest¸n eÐnai anoiqtì uposÔnolo twn grammik¸n frag-

mènwn telestwn, èqoume ìti ja up�rqei ρ > 0 tètoio ¸ste St na eÐnai antistrèyimoc gia k�je

|t − θ| < ρ. Pr�gmati, eÐnai gnwstì ìti k�je telesthc T ∈ B(H) me ‖Sθ − T‖ < ‖S−1
θ ‖−1

eÐnai antistrèyimoc. 'Ara oi telestèc St gia touc opoÐouc isqÔei h sqèsh ‖Sθ−St‖ < ‖S−1
θ ‖−1

eÐnai antistrèyimoi, dhlad 

‖Sθ − St‖ = sup
‖x‖=‖u‖=1

{‖(A+ tI)x− (A+ θI)x‖} =

= |t− θ| sup
‖x‖=1

{‖Ix‖} = |t− θ| < ‖S−1
θ ‖

−1

⇒ |t− θ| < ‖S−1
θ ‖

−1 = ρ.

Sugkekrimèna t¸ra, gia t = θ + ρ
2
> θ, o (A + tI)(F ) èqei sundi�stash k ston H. Epeid 

o St eÐnai antistrèyimoc, ja eÐnai epÐ kai �ra H = St(F × Eθ) = (A + tI)(F ) + Eθ. EpÐshc,

(A + tI)(F ) ∩ Eθ = {0}. Pr�gmati, se diaforetik  perÐptwsh ja up rqe x ∈ F tètoio wste

(A + tI)x ∈ Eθ kai �ra St(x, 0) = St(0, (A + tI)x) = (A + tI)x. 'Omwc, o St eÐnai èna proc

èna, �topo.

Epomènwc, ta (A+ tI)(F ) kai Eθ eÐnai sumplhrwmatikoÐ upìqwroi, �ra dim(Eθ) = k.

OmoÐwc, gia θ − ρ < t ≤ θ, o St eÐnai antistrèyimoc, �ra oi (A + tI)(F ) kai Eθ eÐnai sumplh-

rwmatikoÐ kai dim(Eθ) = k, dhlad  o (A + tI)(F ) èqei sundi�stash k. Sunep¸c, ja prèpei

θ = supT ≤ θ − ρ, �topo. 'Ara T = ∅.

Je¸rhma 32 'Estw A ènac suneq c grammikìc telest c ston H pou ikanopoieÐ thn (3.1.2).

Tìte o A eÐnai antistrèyimoc.

Apìdeixh. Apì to L mma 8, A(V ⊥) eÐnai sundi�stashc k. Apì to L mma 6 o A eÐnai èna proc

èna. 'Etsi A(V ) èqei di�stash k kai A(V ⊥)∩A(V ) = {0}. Pr�gmati, èstw x ∈ A(V ⊥)∩A(V ),

tìte up�rqoun u ∈ V ⊥, v ∈ V tètoia ¸ste Au = Av = x, isodÔnama A(u − v) = 0, dhlad 

u − v ∈ N(A) = {0}. 'Ara u = v kai V ⊥ ∩ V = {0}, sunep¸c èqoume ìti u = v = 0 kai

�ra Au = Av = 0, dhlad  x = 0. Efìson, o V èqei di�stash k kai o A eÐnai grammikìc,
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h di�stash tou A(V ) ja eÐnai k kai afoÔ A(V ) kai A(V ⊥) èqoun ken  tom  èqoume ìti

A(H) = A(V ) + A(V ⊥) = H. Sunep¸c, epeid  o A eÐnai suneq c, èna proc èna apì ton H

epÐ tou H, ja eÐnai antistrèyimoc.

Je¸rhma 33 'Estw A kai K suneqeÐc telestèc ston H, me ton K sumpag . An o A

ikanopoieÐ thn (3.1.3), tìte o A eÐnai antistrèyimoc.

Apìdeixh. 'Estw γ = ‖K‖. ParathroÔme ìti o K∗K eÐnai sumpag c kaj¸c to sÔnolo twn

sumpag¸n telest¸n eÐnai gn sio ide¸dec tou B(H). EpÐshc eÐnai autosuzug c kai jetikìc,

kaj¸c 〈K∗Kx, x〉 = 〈Kx,Kx〉 = ‖Kx‖2 ≥ 0, gia k�je x ∈ H. 'Etsi orÐzetai o K1 =

(K∗K)1/2 o opoÐoc eÐnai sumpag c, autosuzug c kai jetikìc me γ = ‖K‖ = ‖K1‖. Pr�gmati,

gia k�je y ∈ H,

‖K1y‖2 = 〈K1y,K1y〉 = 〈K2
1y, y〉 = 〈K∗Ky, y〉 = 〈Ky,Ky〉 = ‖Ky‖2 ⇒

‖K1‖ = sup{‖K1y‖
‖y‖

: y ∈ H} = sup{‖Ky‖
‖y‖

: y ∈ H} = ‖K‖.

Epomènwc, h (3.1.3) mporeÐ na grafteÐ wc

〈Ax, x〉+ ‖Ax‖‖x‖+ ‖K1Ax‖‖x‖ ≥ c‖x‖2.

'Etsi qwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti o K eÐnai autosuzug c . Su-

nep¸c, ja up�rqei mia orjokanonik  akoloujÐa {yj} kai mia akoloujÐa mh arnhtik¸n idiotim¸n

{λj} tètoia ¸ste, gia k�je y ∈ H,

‖Ky‖2 =
∞∑
j=1

λ2
j〈y, yj〉2.

Epiplèon, h akoloujÐa {λj} sugklÐnei sto mhdèn. Jètoume ε = c
2‖A‖ , tìte up�rqei k ∈ N tètoio

¸ste λj < ε gia j > k. EpÐshc, λj ≤ γ, gia k�je j ∈ N, diìti σ(K) ⊆ [−‖K‖, ‖K‖] ⊆ R.

Tìte, gia k�je x ston H, èqoume ìti

‖KAx‖2 =
∞∑
j=1

λ2
j〈Ax, yj〉2 ≤

k∑
j=1

γ2〈Ax, yj〉2 +
∞∑

j=k+1

ε2〈Ax, yj〉2

≤ γ2

k∑
j=1

〈Ax, yj〉2 + ε2

∞∑
j=1

〈Ax, yj〉2
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≤ γ2

k∑
j=1

〈Ax, yj〉2 + ε2

∞∑
j=1

〈Ax, yj〉2 ≤ γ2

k∑
j=1

〈Ax, yj〉2 + ε2‖Ax‖2

≤ γ2

k∑
j=1

〈Ax, yj〉2 + ε2‖A‖2‖x‖2 ≤ γ2

k∑
j=1

〈Ax, yj〉2 +
c2

4
‖x‖2.

Dhlad 

‖KAx‖ ≤ c

2
‖x‖+ γ

√√√√ k∑
j=1

〈Ax, yj〉2

kai apì thn (3.1.3) èqoume

〈Ax, x〉+ ‖Ax‖‖x‖+ γ

√√√√ k∑
j=1

〈Ax, yj〉2‖x‖ ≥

〈Ax, x〉+ ‖Ax‖‖x‖+
(
‖KAx‖ − c

2
‖x‖
)
‖x‖ ≥ c

2
‖x‖2.

Epomènwc, o A ikanopoieÐ thn (3.1.2) (me c/2 antÐ gia c). Tìte isqÔoun ta sumper�smata tou

Jewr matoc 32.

An upojèsoume ìti o A den eÐnai suneq c. Ja sumbolÐzoume me W ton kleistì upìqwro tou

H pou orÐzetai wc ex c

W = {w ∈ H : up�rqei akoloujÐa {xn} tètoia ¸ste lim
n→∞

xn = 0 kai lim
n→∞

Axn = w}.

L mma 9 'Estw X kai Y dÔo q¸roi Banach kai Φ mia suneq c grammik  apeikìnish apì ton

X epÐ tou Y . Tìte gia k�je kleistì grammikì upìqwro G tou X tètoioc ¸ste N(Φ) ⊂ G, to

Φ(G) eÐnai kleistì ston Y .

Apìdeixh. Apì to Je¸rhma Anoiqt c Apeikìnishc h Φ eÐnai anoikt  apeikìnish. 'Etsi

Φ(X \G) eÐnai èna anoiqtì uposÔnolo tou Y . ParathroÔme ìti

Φ(X \G) = Φ(X) \ Φ(G) = Y \ Φ(G).

'Ara to Φ(G) eÐnai kleistì.

Gia èna grammikì telest  A ston H, ja sumbolÐzoume me q thn orjog¸nia probol  epÐ tou

W⊥ kai jètoume A
′
= qA.
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L mma 10 O A
′
eÐnai suneq c.

Apìdeixh. SumbolÐzoume me GA (antÐstoiqa GA′ ) to gr�fhma tou A (antÐstoiqa A
′
) ston

H ×H. An Φ(x, y) = (x, qy), èqoume GA′ = Φ(GA). Ex' orismoÔ tou W , èqoume

W0 = {0}×W ⊂ GA(praktik� to W perièqei oriak� shmeÐa tou A(H)), ètsi GA +W0 ⊂ GA.

AntÐstrofa, an (x, y) ∈ GA, tìte up�rqei akoloujÐa {(xn, yn)} sto GA pou sugklÐnei sto

(x, y). Tìte (xn − x,Axn − Ax) ∈ GA, xn − x → 0 kai A(xn − x) = Axn − Ax → y − Ax.

'Ara y − Ax ∈ W kai (x, y) = (x,Ax) + (0, y − Ax) ∈ GA +W0. Sunep¸c, GA = GA +W0.

Efìson t¸ra GA ⊃ W0 = N(Φ), apì to L mma 9 èqoume ìti Φ(GA) eÐnai kleistì, all�

Φ(GA) = Φ(GA + ({0} ×W )) = Φ(GA) + Φ(W0) = Φ(GA) = GA′ .

'Etsi afoÔ GA′ eÐnai kleistì apì Je¸rhma kleistoÔ graf matoc, o A
′
eÐnai suneq c.

L mma 11 An o A ikanopoieÐ thn (3.1.2)   thn (3.1.3), tote kai o A
′
thn ikanopoieÐ.

Apìdeixh. Epeid  o telest c γP eÐnai peperasmènhc t�xhc, ja eÐnai sumpag c, �ra arkeÐ

na deÐxoume to L mma gia thn perÐptwsh pou ikanopoieÐtai h (3.1.3). 'Estw x ∈ H. Tìte

w = A
′
x−Ax ∈ W , diìti w = qAx−Ax ⊥ W⊥ ⇒ w ∈ W . Sunep¸c, ja up�rqei akoloujÐa

{xn} me xn → 0, tètoia ¸ste w = limn→∞Axn. Efarmìzontac t¸ra thn (3.1.3) sto x + xn,

èqoume

〈A(x+ xn), x+ xn〉+ ‖A(x+ xn)‖‖x+ xn‖+ ‖KA(x+ xn)‖‖x+ xn‖ ≥ c‖x+ xn‖2

kai paÐrnontac n→∞

〈Ax+ w, x〉+ ‖Ax+ w‖‖x‖+ ‖K(Ax+ w)‖‖x‖ ≥ c‖x‖2 ⇒

〈A′x, x〉+ ‖A′x‖‖x‖+ ‖KA′x‖‖x‖ ≥ c‖x‖2.

'Ara o A
′
ikanopoieÐ thn (3.1.3).

Ja apodeÐxoume t¸ra to Je¸rhma 30:

Apìdeixh. An o A ikanopoieÐ tic upojèseic tou Jewr matoc 30, tìte o A
′
eÐnai suneq c
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apì to L mma 10 kai ikanopoieÐ thn (3.1.3) apì to L mma 11. 'Etsi o A
′
eÐnai antistrèyimoc

apì to Je¸rhma 33. Sugkekrimèna,

H = A
′
(H) = q(A(H)) ⊂ W⊥.

'Etsi W⊥ = H, q = I kai A
′
= qA = A. Sunep¸c, o A eÐnai suneq c kai antistrèyimoc.

T¸ra h apìdeixh tou Jewr matoc 29 eÐnai �mesh.

Apìdeixh. An o A ikanopoieÐ tic upojèseic tou Jewr matoc 29, tìte ikanopoieÐ thn (3.1.2).

AfoÔ o γP eÐnai sumpag c telest c, to sumpèrasma prokÔptei �mesa apì to Je¸rhma 30.

Tèloc, an ènac telest c ikanopoieÐ tic upojèseic tou Jewr matoc 28, tìte ja ikanopoieÐ kai

tic upojèseic tou Jewr matoc 29. 'Ara eÐnai suneq c kai antistrèyimoc.

3.2 GenÐkeush tou Jewr matoc Lax-Milgram me mh

piestik  sunj kh se q¸rouc Banach

Sthn prohgoÔmenh par�grafo d¸same treic sunj kec gia tic opoÐec apodeÐxame thn antistre-

yimìthta tou A se èna q¸ro Hilbert. Ja anafèroume parak�tw an�logec sunj kec pou mac

exasfalÐzoun thn antistreyimìthta tou A se q¸rouc Banach. Ta apotelèsmata aut� eÐnai

twn D. Dribali�rh kai N. Giannak�kh (bl. [8]).

'Estw X ènac q¸roc Banach. Ja sumbolÐzoume me J : X → 2X∗ th duðkh apeikìnish apì ton

X pou orÐzetai wc

J(x) = {x∗ ∈ X∗|〈x∗, x〉 = ‖x‖2kai ‖x∗‖ = ‖x‖}.

Je¸rhma 34 'Estw A : X → X ènac fragmènoc grammikìc telest c. An up�rqei telest c

F : X → X peperasmènhc t�xhc kai c > 0, γ > 0 stajerèc tètoiec ¸ste, gia k�je x ∈ X,

up�rqei x∗ ∈ J(x) me

〈x∗, Ax〉+ ‖Ax‖‖x‖+ γ‖FAx‖‖x‖ ≥ c‖x‖2. (3.2.1)

Tìte o A eÐnai antistrèyimoc.
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ParathroÔme ìti an up�rqei stajer� c > 0 tètoia ¸ste, gia k�je x ∈ X, na up�rqei x∗ ∈ J(x)

me

〈x∗, Ax〉+ ‖Ax‖‖x‖ ≥ c‖x‖2 (3.2.2)

tìte isqÔei to Je¸rhma 34 kai �ra o A eÐnai antistrèyimoc. H sunj kh aut  eÐnai an�logh thc

(3.1.1). 'Opwc epÐshc an up�rqei peperasmènhc di�stashc upìqwroc V tou X, mia fragmènh

grammik  probol  apì ton Q epÐ tou V , c > 0 kai γ > 0 ¸ste, gia k�je x ∈ X, na up�rqei

x∗ ∈ J(x) me

〈x∗, Ax〉+ ‖Ax‖‖x‖+ γ‖PAx‖‖x‖ ≥ c‖x‖2, (3.2.3)

tìte isqÔei to Je¸rhma 34 kai �ra o A eÐnai antistrèyimoc. H sunj kh aut  eÐnai an�logh

thc (3.1.2).

Gia na apodeÐxoume to Je¸rhma autì ja qreiasteÐ pr¸ta na apodeÐxoume k�poia l mmata.

L mma 12 'Estw A ènac grammikìc telest c pou ikanopoieÐ thn (3.2.1). Tìte, gia k�je x,

‖Ax‖ ≥ c

2 + γ‖F‖
‖x‖.

Apìdeixh. 'Estw x ∈ X, tìte gia to x∗ ∈ J(x) thc sunj khc (3.2.1) èqoume

c‖x‖2 ≤ 〈x∗, Ax〉+ ‖Ax‖‖x‖+ γ‖FAx‖‖x‖ ≤ (2 + γ‖F‖)‖Ax‖‖x‖

kai �ra

‖Ax‖ ≥ c

2 + γ‖F‖
‖x‖.

Ja sumbolÐzoume apì ed¸ kai pèra wc M ton upìqwro N(F ). Kaj¸c o F eÐnai telest c

peperasmènhc t�xhc, o M ja èqei peperasmènh sundi�stash. Epeid  o M eÐnai kleistìc

upìqwroc peperasmènhc sundi�stashc ja up�rqei N peperasmènhc di�stashc ¸ste

X = M ⊕ N .Ja deÐxoume twra ìti an o A ikanopoieÐ thn sunj kh (3.2.1), tìte, gia k�je

t > 0, o A+ tI ikanopoieÐ thn sunj kh (3.2.1) p�nw sto M .

L mma 13 'Estw A ènac grammikìc telest c pou ikanopoieÐ thn sunj kh (3.2.1). Tìte, gia

k�je x ∈M , up�rqei x∗ ∈ J(x) tètoio ¸ste, gia k�je t > 0,

〈x∗, (A+ tI)x〉+ ‖(A+ tI)x‖‖x‖+ γ‖F (A+ tI)x‖‖x‖ ≥ c‖x‖2.
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Apìdeixh. 'Estw t > 0. An x ∈ M , tìte Fx = 0. Epomènwc, an x∗ ∈ J(x) eÐnai autì pou

antistoiqeÐ sto x apì thn (3.2.1), èqoume

〈x∗, Ax+ tx〉+ ‖(A+ tI)x‖‖x‖+ γ‖F (A+ tI)x‖‖x‖

≥ 〈x∗, Ax〉+ t‖x‖2 + (‖Ax‖ − t‖x‖)‖x‖+ γ‖FAx‖‖x‖

= 〈x∗, Ax〉+ ‖Ax‖‖x‖+ γ‖FAx‖‖x‖ (apì thn (3.2.1))

≥ c‖x‖2.

Apì ta L mmata 12 kai 13 èqoume

L mma 14 'Estw A ènac grammikìc telest c pou ikanopoieÐ thn sunj kh (3.2.1). Tìte, gia

k�je x ∈M kai t > 0,

‖(A+ tI)x‖ ≥ c

2 + γ‖F‖
‖x‖.

L mma 15 'Estw A ènac fragmènoc grammikìc telest c pou ikanopoieÐ thn (3.2.1). Tìte o

A+ tI èqei kleistì sÔnolo tim¸n, gia k�je t ≥ 0.

Apìdeixh. Epeid  o A eÐnai fragmènoc, apì to L mma 12 ja èqoume ìti o A èqei kleistì

sÔnolo timwn, kaj¸c eÐnai k�tw fragmènoc. Epiplèon, apì to L mma 14 èqoume ìti gia ìla

t > 0, to (A + tI)(M) eÐnai kleistì. EpÐshc o N eÐnai peperasmènhc di�stashc kai �ra o

(A+ tI)(N) ja eÐnai peperasmènhc di�stashc. Sunep¸c,

(A+ tI)(X) = (A+ tI)(M) + (A+ tI)(N)

ja eÐnai kleistìc, kaj¸c apodeiknÔetai genik� ìti to �jroisma enìc kleistoÔ upìqwrou me èna

peperasmènhc di�stashc upìqwro eÐnai kleistìc upìqwroc.

'Enac fragmènoc telest c o opoÐoc ikanopoieÐ thn (3.2.1) apì to L mma 12 èqoume ìti eÐnai

èna proc èna. Stìqoc mac eÐnai na deÐxoume ìti eÐnai kai epÐ. Gia thn apìdeixh autoÔ ja

qreiastoÔme thn epìmenh Prìtash thc opoÐac h apìdeixh basÐzetai sto parak�tw L mma

L mma 16 'Estw X q¸roc Banach. An M eÐnai kleistìc upìqwroc tou X me sundi�stash

n, tìte up�rqei probol  Q tètoia ¸ste N(Q) = M kai ‖Q‖ ≤ 2n.
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Apìdeixh. Ja apodeÐxoume to apotèlesma me epagwg . 'Otan M èqei sundi�stash èna,

tìte eÐnai eÔkolo na kataskeu�soume probol  Q tètoia ¸ste N(Q) = M kai ‖Q‖ ≤ 2.

Upojètoume t¸ra ìti gia k�je q¸ro Banach X kai k�je upìqwro tou M me sundi�stash

n − 1 up�rqei fragmènh probol  Q : X → X me N(Q) = M kai ‖Q‖ ≤ 2(n − 1). 'Estw

X ènac q¸roc Banach kai M upìqwroc sundi�stashc n. Tìte up�rqoun x1, x2, . . . , xn ∈ X

grammik¸c anex�rthta me

X = M ⊕ span{x1, . . . , xn}.

'Estw M1 = M ⊕ span{x1}. Tìte profan¸c h sundi�stash tou M1 eÐnai n − 1. Epomènwc,

apì thn epagwgik  upìjesh, up�rqei fragmènh probol  Q1 me N(Q1) = M1 kai

‖Q1‖ ≤ 2(n − 1). 'Estw t¸ra M2 = M ⊕ Q1(X). EÐnai profanèc ìti h sundi�stash tou

M2 eÐnai èna. Epomènwc, apì to basikì b ma thc epagwg c, up�rqei fragmènh probol  Q2 me

N(Q2) = M2 kai ‖Q2‖ ≤ 2. An Q = Q1 + Q2, tìte Q eÐnai mia probol  me N(Q) = M kai

‖Q‖ ≤ 2n.

Prìtash 35 'Estw A ènac fragmènoc grammikìc telest c pou ikanopoieÐ thn (3.2.1). An,

gia k�poio t0 ≥ 0, o upìqwroc (A + t0I)(M) èqei sundi�stash n, tìte to Ðdio isqÔei kai gia

k�je upìqwro (A+ tI)(M), gia ìla ta t me |t− t0| < δ, ìpou δ = c/ ((2 + γ‖F‖)(1 + 2n)).

Apìdeixh. Efìson h sundi�stash tou (A+ t0I)(M) eÐnai n, apì to L mma 16, mporoÔme na

broÔme probol  Q tètoia ¸ste N(Q) = (A + t0I)(M) kai ‖Q‖ ≤ 2n. 'Estw y ∈ X. Tìte,

gia k�je z ∈ X, up�rqei monadikì x ∈M tètoio ¸ste

y + (t0 − t)z = (A+ t0I)x+Q(y + (t0 − t)z).

Sunep¸c, mporoÔme na orÐsoume ton telest  T : X → X me Tz = x. Ja deÐxoume t¸ra ìti o
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T eÐnai sustol . 'Estw z1, z2 ∈ X. Apì to L mma 14 kai gia t ìpwc sthn upìjesh èqoume

‖Tz1 − Tz2‖ = ‖x1 − x2‖ ≤
2 + γ‖F‖

c
‖(A+ t0I)(x1 − x2)‖

≤ 2 + γ‖F‖
c

|t− t0|‖I −Q‖‖z1 − z2‖

≤ 2 + γ‖F‖
c

|t− t0|(1 + ‖Q‖)‖z1 − z2‖

≤ (2 + γ‖F‖)(1 + 2n)

c
|t− t0|‖z1 − z2‖

< ‖z1 − z2‖.

Apì to Je¸rhma StajeroÔ ShmeÐou tou Banach([4]), o T èqei monadikì stajerì shmeÐo,

dhlad  up�rqei monadikì x ∈ X tètoio ¸ste

Tx = x.

Kaj¸c o T paÐrnei timèc sto M , èqoume ìti up�rqei monadikì x ∈M tètoio ¸ste

y = (A+ tI)x+Q(y + (t0 − t)x).

Efìson to y  tan tuqaÐo kai h anapar�stash monadik  èqoume ìti

X = (A+ tI)(M)⊕Q(X)

kai �ra h sundi�stash tou (A+ tI)(M) eÐnai n.

QwrÐc bl�bh thc genikìthtac upojètoume ìti codim(M) = dim(N) = n kai ja apodeÐxoume

to Je¸rhma 34

Apìdeixh. Ja deÐxoume ìti o A eÐnai epÐ. Gia t0 > ‖A‖, o A + t0I eÐnai antistrèyimoc kai

ètsi h sundi�stash tou (A+ t0I)(M) eÐnai n. Apì thn Prìtash 35 èqoume ìti

codim(A+ tI)(M) = n, gia k�je t me |t− t0| < δ.

Epanalamb�nontac th diadikasÐa aut , kaj¸c to δ eÐnai anex�rthto apì to t, èqoume ìti

codim(A(M)) = n.
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'Opwc èqoume  dh anafèrei o A eÐnai èna proc èna, �ra A(M)∩A(N) = {0} kai dimA(N) = n.

Epeid  A(X) = A(M) + A(N) kai apì to L mma 15 h eikìna tou A eÐnai kleist , ja prèpei

X = A(X).

Je¸rhma 36 'Estw X q¸roc Banach pou ikanopoieÐ thn approximation property kai A :

X → X fragmènoc grammikìc telest c. An up�rqei K : X → X sumpag c telest c kai

c > 0, γ > 0 stajerèc tètoiec ¸ste, gia k�je x ∈ X, na up�rqei x∗ ∈ J(x) me

〈x∗, Ax〉+ ‖Ax‖‖x‖+ γ‖KAx‖‖x‖ ≥ c‖x‖2. (3.2.4)

Tìte o A eÐnai antistrèyimoc.

'Opwc parathroÔme h sunj kh (3.2.4) eÐnai genÐkeush thc sunj khc (3.1.3) se q¸rouc Banach.

Apìdeixh. Kaj¸c o X èqei thn approximation property (dhlad  k�je sumpag c telest c

ston X eÐnai ìrio akoloujÐac telest¸n peperasmènhc t�xhc) kai o K eÐnai sumpag c, gia k�je

ε > 0, up�rqei ènac telest c peperasmènhc t�xhc F tètoioc ¸ste ‖K − F‖ < ε. Epomènwc,

‖Kx‖ − ε‖x‖ < ‖Fx‖, gia k�je x ∈ X.

Apì thn parap�nw anisìthta kai th (3.2.4) èqoume, gia k�je x ∈ X,

〈x∗, Ax〉+ ‖Ax‖‖x‖+ ‖FAx‖‖x‖ > 〈x∗, Ax〉+ ‖Ax‖‖x‖+ ‖KAx‖‖x‖ − ε‖Ax‖‖x‖

> 〈x∗, Ax〉+ ‖Ax‖‖x‖+ ‖KAx‖‖x‖ − ε‖A‖‖x‖2

≥ (c− ε‖A‖)‖x‖2.

Gia ε < c/‖A‖ èqoume �mesa ìti o A ikanopoieÐ thn (3.2.1). Sunep¸c, eÐnai antistrèyimoc apì

to Je¸rhma 34.



Par�rthma Aþ

Par�rthma

Aþ.1 Arq  ElaqÐstou

Je¸rhma 37 'Estw V ènac anaklastikìc q¸roc Banach kai K ⊆ V fragmèno kai w-

kleistì. An f : K → R eÐnai w-l.s.c, tìte up�rqei u ∈ K tètoio ¸ste f(u) = infv∈K f(v).

Apìdeixh. 'Estw

a = inf
v∈K

f(v)

Ex' orismoÔ tou infimum, ja up�rqei akoloujÐa {un} ⊆ K me f(un) → a, kaj¸c n → ∞.

Efìson to K eÐnai fragmèno, h {un} ⊆ K ja eÐnai fragmènh ston V . 'Omwc, o V eÐnai

anaklastikìc, �ra ja up�rqei upakoloujÐa {unk
} ⊆ {un} tètoia ¸ste unk

w→ u ∈ V . Epeid 

ìmwc to K eÐnai asjen¸c kleistì, èqoume ìti u ∈ K kai h f eÐnai w-l.s.c, �ra

a ≤ f(u) ≤ lim inf f(unk
) = a.

H pr¸th anisìthta isqÔei diìti u ∈ K kai a = infv∈K f(v) kai h deÔterh diìti h {f(unk
)} eÐnai

upakoloujÐa thc arqik c {f(un)} pou sugklÐnei sto a.

'Ara f(u) = a kai autì to u eÐnai o elaqistopoiht c (minimizer).Shmei¸noume epÐshc ìti h

apìdeixh aut  deÐqnei ìti a > −∞.

97
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Orismìc 5 'Estw V ènac q¸roc me nìrma, K ⊆ V.Mia apeikìnish f : V → R eÐnai piestik 

sto K an

f(v)→ +∞, kaj¸c ‖v‖ → +∞, v ∈ K.

Je¸rhma 38 'Estw V anaklastikìc q¸roc Banach kai K ⊆ V w-kleistì. An f : K → R

eÐnai w-l.s.c. kai piestik  sto K, tìte up�rqei u ∈ K tètoio ¸ste f(u) = infv∈K f(v).

Apìdeixh. 'Estw v0 ∈ K kai K0 = {v ∈ K : f(v) ≤ f(v0)}. Epeid  h f eÐnai piestik 

to K0 eÐnai fragmèno. Pr�gmati, an  tan mh fragmèno, ja up rqe {vn} ⊆ K0 tètoia ¸ste

‖vn‖ → +∞. 'Omwc, f(vn) ≤ f(v0), gia k�je n ∈ N ⇒ lim f(vn) ≤ f(v0) kai h f eÐnai

piestik , �topo. 'Ara K0 fragmèno.

Epeid  to K eÐnai w-kleistì kai h f w-l.s.c., to K0 eÐnai w-kleistì.

Pr�gmati, èstw {vn} ⊆ K0 me vn
w→ v, tìte f(v) ≤ lim inf f(vn) ≤ f(v0) kai K w-kleistì

�ra v ∈ K. Sunep¸c, v ∈ K0.

To prìblhma infv∈K f(v) eÐnai isodÔnamo me to infv∈K0 f(v), ìpou to teleutaÐo èqei lÔsh apì

to Je¸rhma 37.

Je¸rhma 39 Upojètoume ìtiK 6= ∅ kleistì, kurtì uposÔnolo tou q¸rou Hilbert V, f ∈ V ∗.

'Estw

E(v) =
1

2
‖v‖2 − f(v), gia k�je v ∈ V

Tìte up�rqei monadikì u ∈ K ètsi ¸ste

E(u) = inf
v∈K

E(v).

To u autì kaleÐtai elaqistopoiht c (minimizer) kai qarakthrÐzetai monadik� apì thn anisìthta

u ∈ K, (u, v − u) ≥ f(v − u), gia k�je v ∈ K.

Epiprìsjeta, an K eÐnai upìqwroc tou V , tìte u eÐnai isodÔnama orismèno apo

u ∈ K, (u, v) = f(v), gia k�je v ∈ K.
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Apìdeixh. Epeid  to K eÐnai kleistì kai kurtì, ja eÐnai kai asjen¸c kleistì. ParathroÔme

ìti to E eÐnai w-l.s.c(asjen¸c k�tw hmisuneqèc). Pr�gmati, èstw {un}n ⊆ K tètoia ¸ste

un
w→ u, tìte f(un) → f(u) epeid  f ∈ V ∗ (exìrismoÔ thc w−sugklishc). Epiplèon, apì to

Je¸rhma Banach-Steinhaus ([4]) isqÔei gia thn nìrma h anisìthta

‖u‖ ≤ lim inf ‖un‖.

'Ara

lim inf E(un) = lim inf (
1

2
‖un‖2 − f(un)) ≥ 1

2
lim inf ‖un‖2 − lim inf f(un)

≥ 1

2
‖u‖2 − f(u) = E(u).

Epiplèon, to E eÐnai piestikì, pr�gmati

E(v) =
1

2
‖v‖2 − f(v) ≥ 1

2
‖v‖2 − ‖f‖‖v‖ ≥ 1

2
‖v‖2 ⇒ E(v)→ +∞, kaj¸c‖v‖ → +∞.

Apì to Je¸rhma 38 efìson E : K → R w-l.s.c, piestikì kai to K eÐnai w−kleistì, ja

up�rqei u ∈ K tètoio ¸ste E(u) = infv∈K E(v). Apì Je¸rhma Anapar�stashc tou Riesz

([14],[21]) epeid  f ∈ V ∗ ja up�rqei g ∈ V :

f(v) = (g, v), gia k�je v ∈ V.

'Ara

E(v) =
1

2
(v, v)− f(u) =

1

2
(v, v)− (g, v), gia k�je v ∈ V.

ParathroÔme ìmwc ìti

(g − v, g − v) = (g, g)− 2(g, v) + (v, v).

'Ara h elaqistopoÐhsh thc (g − v, g − v) wc proc v isodunameÐ me thn elaqistopoÐhsh thc

(v, v)−2(g, v), h opoÐa isodunameÐ me thn elaqistopoÐhsh thc 1
2
(v, v)−(g, v) = E(v). Epomènwc,

an u ∈ K eÐnai elaqistopoiht c thc E(v), v ∈ K tìte isodÔnama u ∈ K eÐnai elaqistopoiht c

thc (g − v, g − v) sto K, dhlad 

(g − u, g − u)1/2 = min
v∈K

(g − v, g − v)1/2 ⇔ ‖g − u‖ = min
v∈K
‖g − v‖.
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'Ara to u = PKg sunep¸c ja ikanopoieÐ thn anisìthta

(g − u, v − u) ≤ 0, gia k�je v ∈ K ⇔ (u, v − u) ≥ (g, v − u), gia k�je v ∈ K.

'Omwc, (g, v− u) = f(v− u), �ra (u, v− u) ≥ f(v− u), gia k�je v ∈ K. An t¸ra to K eÐnai

upìqwroc to u− v ∈ K kai sthn parap�nw sqèsh b�zoume ìpou v to u− v, �ra

(u,−v) ≥ f(−v)⇒ −(u, v) ≥ −f(v)⇒ (u, v) ≤ f(v), gia k�je v ∈ K.

'Opwc epÐshc kai u + v ∈ K, �ra an p�li b�loume ìpou v to u + v ja èqoume (u, v) ≥

f(v), gia k�je v ∈ K. 'Ara telik� f(v) = (u, v), gia k�je v ∈ K.
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