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EuqaristÐec

Ja  jela katarq n na euqarist sw ìlouc ìsouc sunèbalan me opoiond pote trìpo sthn
epituq  ekpìnhsh aut c thc diplwmatik c ergasÐac. Ja prèpei na euqarist sw jerm� ton
kajhght  k. Drìso GkintÐdh gia thn epÐbleyh aut c thc diplwmatik c ergasÐac. 'Htan
prìjumoc na me kajodhg sei se k�je shmeÐo gia thn diekperaÐwsh thc diplwmatik c
ergasÐac.

'Epeita, ja  jela na euqarist sw touc kajhghtèc thc sqol c SEMFE tou EjnikoÔ
Metsìbiou PoluteqneÐou pou me kajod ghsan ta teleutaÐa pènte qrìnia sto eurÔ anti-
keÐmeno twn efarmosmènwn majhmatik¸n kai fusik¸n episthm¸n.
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PerÐlhyh

Tic teleutaièc dekaetÐec, h qr sh twn majhmatik¸n eÐnai aisjht  se pollèc ptuqèc thc
kajhmerinìtht�c mac, kai idiaÐtera shmantikìc eÐnai o rìloc touc sto tomèa thc iatrik c.
Sthn paroÔsa ergasÐa asqolhj kame me thn an�lush twn majhmatik¸n metasqhmatism¸n
pou qrhsimopoioÔntai sthn iatrik  apeikìnish. H kataskeu  thc iatrik c apeikìnishc
gÐnetai apì metr seic pou pragmatopoioÔntai apì mhqan mata aktÐnwn Q, tic opoÐec
epexerg�zetai o antÐstrofoc metasqhmatismìc Radon. O metasqhmatismìc Radon eÐnai
aparaÐthtoc gia thn kataskeu  tou majhmatikoÔ montèlou pouqrhsimopoieÐ tic metr seic
pou gÐnontai sto mhq�nhma twn aktÐnwn Q. Wstìso, gia to orÐsoume to metasqhmatismì
Radon prèpei arqik� na orÐsoume to metasqhmatismì Fourier. Epomènwc, sto pr¸to
kef�laio thc ergasÐac eis�goume to metasqhmatismì Fourier kai epanexet�zoume merikèc
apì tic idiìthtec tou. Qrhsimopoi¸ntac tic idiìthtec tou metasqhmatismoÔ Fourier wc
èna grammikì metasqhmatismì twn apeirodi�statwn grammik¸n dianusmatik¸n q¸rwn
orÐzoume to metasqhmatismì Fourier kai ton antÐstrofo tou se di�forouc q¸rouc twn
sunart sewn. Sto deÔtero kef�laio thc ergasÐac orÐzoume to metasqhmatismì Radon
kai analÔoume tic idiìthtec tou. EpÐshc, eis�goume to kentrikì je¸rhma tom c to opoÐo
sundèei touc metasqhmatismoÔc Fourier kai Radon. Qrhsimopoi¸ntac autì to je¸rhma
tom c paÐrnoume to tÔpo thc mejìdou fÐltrou Back-Projection, ìpou parèqei ènan akrib 
antÐstrofo metasqhmatismì Radon. Autìc o tÔpoc tou antÐstrofou Radon apoteleÐ
basikì stoiqeÐo stouc algorÐjmouc anakataskeu c pou qrhsimopoioÔntai sta shmerin�
mhqan mata aktÐnwn Q.

Tèloc, sto trÐto kef�laio melet�me to prìblhma anakataskeu c algorÐjmwn gia
sugkekrimènec diat�xeic pou qrhsimopoioÔntai stouc sÔgqronouc sarwtèc CT. Sugke-
krimèna, orÐzoume touc algorÐjmouc twn sarwt¸n pou qrhsimopoioÔn disdi�stash tom .
Epiplèon, perigr�foume thn leitourgÐa tou k�je sarwt  upì thn gewmetrik  ènnoia.

Lèxeic kleidi�

Metasqhmatismìc Fourier, Sunèlixh, Kentrikì Je¸rhma Tom c, TÔpoc Parseval, Meta-
sqhmatismìc Hilbert, AntÐstrofoc Metasqhmatismìc Radon
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Abstract

In recent decades, the use of mathematics is felt in many aspects of our daily lives, and
especially important is their role in the medical field. In this work we have dealt with
the analysis of mathematical transforms used in medical imaging. Medical imaging is
done by measurements made by X-ray machines, processed by the inversion of Radon
transform. Radon transform is necessary for the construction of a mathematical model
using the measurements madein the X-ray machine. However, to define the Radon
transform must first define the Fourier transform.

Therefore, in the first chapter, we introduce the Fourier transform and review some
of its properties. Using the properties of Fourier transform as a linear transform
of infinite dimensional linear vector spaces we define the Fourier transform and its
inverse in various spaces of functions. In the second chapter, we define the Radon
transform and analyze its properties. Also, we introduce the central slice theorem
which connects the Fourier and Radon transforms. Using this theorem we obtain the
formula of method filter Back-Projection, which provides a precise inverse of Radon
transform. This formula of inverse of Radon is a key element in the reconstruction
algorithm used in the current X-ray machines.

Finally, in the third chapter we study the problem of reconstruction algorithms for
specific devices used in modern scanners CT. Specifically, we define algorithms scanners
using two-dimensional slices. Futhermore, we describe the operatioin of any scanner in
the geometric sense.

Key Words

Fourier Transform, Convolution, Central Slice Theorem, Parseval Formula, Hilbert
Transform, Inversion Radon Transform
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Kef�laio 1

Metasqhmatismìc Fourier

1.1 Ekjetik  Sun�rthsh

O metasqhmatismìc Fourier eÐnai èna shmantikì ergaleÐo sta majhmatik�, sth mhqanik 
kai stic fusikèc epist mec. O metasqhmatismìc Fourier, pou èqei eurèwc axiopoihjeÐ
sto biblÐo ”Introduction to the Mathematics of Medical Imaging” Charles L. Epstein,
eÐnai ènac antistrèyimoc, grammikìc metasqhmatismìc me pollèc shmantikèc idiìthtec.
Gia k�je sun�rthsh f(x), o metasqhmatismìc Fourier mporeÐ na sumbolÐzetai wc F (s),
ìpou to x kai to s einai adi�stata. Suqn� to x to jewroÔme wc èna mètro tou qrìnou
kai to s wc antÐstrofo tou qrìnou. O metasqhmatismìc Fourier orÐzetai wc:

F (s) ≡
∫ ∞
−∞

f(x)e−2πisx dx (1.1.1)

o opoÐoc einai gnwstìc wc proc ta emprìc metasqhmatismìc, kai o antÐstrofoc metasqh-
matismìc orÐzetai apì to tÔpo:

f(x) ≡
∫ ∞
−∞

F (s)e2πisx ds (1.1.2)

H ekjetik  sun�rthsh apoteleÐ basikì par�gonta gia to metasqhmatismì Fourier. Mia
ekjetik  sun�rthsh eÐnai apl� ènac migadikìc arijmìc. H akrib c sqèsh onom�zetai
tÔpoc Euler kai orÐzetai wc:

eiϑ = cosϑ+ isinϑ

Oi polikèc suntetagmenèc (r,j ) antistoiqoÔn sto shmeÐo me orjog¸niec suntetagmènec
(rcosj,rsinj), �ra o migadikìc arijmìc ìrizetai wc:

13



14 KEF�ALAIO 1. METASQHMATISM�OS FOURIER

r(cosϑ+ isinϑ) = reiϑ

'Enac jetikìc arijmìc èqei èna pragmatikì log�rijmo, s = logr, tètoio ¸ste o migadikìc
arijmìc na ekfr�zetai epÐshc apì th sqèsh:

z = es+iϑ

Pr�gmati, èstw z = reiϑ tìte èqoume:

log z = log reiϑ

log z = log r + log eiϑ

log z = s+ iϑ

elog z = es+iϑ

z = es+iϑ

Parathr¸ntac tic parap�nw pr�xeic diapist¸noume ìti o log�rijmoc tou z eÐnai ènac
migadikìc arijmìc orismènoc wc

log z = s+ iϑ = log |z|+ i arctan (=z<z )

Kaj¸c exp (2πi) = 1, tìte to fantastikì mèroc tou log z prosdiorÐzetai apì akèraia
pollapl�sia tou 2π. Qrhsimopoi¸ntac th migadik  ekjetik  sun�rthsh kataskeu�zoume
thn oikogèneia sunart sewn, {eixs : s ∈ R}. Merikèc forèc jewroÔme to x wc metablht 
kai to s wc par�metro, kai �llec forèc autoÐ oi rìloi enall�ssontai. Sth perÐptwsh pou
jewroÔme to s wc par�metro tìte parathroÔme ìti h eixs eÐnai mia periodik  sun�rthsh,
dhlad  èqoume:

exp (i(x+ 2π
s

)s) = exp (ixs)

Se fusikèc efarmogèc h eixs perigr�fei mia kat�stash tal�ntwshc me suqnìthta s
2π

kai
m koc kÔmatoc 2π

s
.

Epiplèon, èna shmantikì qarakthristikì thc ekjetik c sun�rthshc eÐnai ìti ikanopoieÐ
mia sun jeic diaforik  exÐswsh:

∂xe
ixs = iseixs.

Apì aut  thn sqèsh èqoume ìti h eixs eÐnai èna idiodi�nusmame idiotÐmh is gia to grammikì
telest  ∂x. O grammikìc diaforikìc telest c me stajeroÔc suntelestèc orÐzetai apì:

Df =
∑m
j=0 aj∂

j
xf

ìpou oi stajeroÐ suntelestèc {a0, ....., am} eÐnai migadikoÐ arijmoÐ. Epomènwc, an jèsou-
me f = eixs sth parap�nw sqèsh tìte prokÔptei ìti gia k�je migadikì arijmì s isqÔei h
sqèsh:

Deixs = [
∑m
j=0 aj(is)

jeixs]
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1.2 Metasqhmatismìc Fourier Gia Sunart seic

Miac Metablht c

'Estw f mia sun�rthsh orismènh sto Rn. Mia sun�rthsh f onom�zetai topik� apìluta
oloklhr¸simh e�n to olokl rwma

∫
‖x‖<R

|f(x)| dx (1.2.1)

eÐnai orismèno kai peperasmèno gia k�je R, kai h f onom�zetai apolÔtwc oloklhr¸simh
  L1-sun�rthsh e�n isqÔei

‖f‖1 =
∫
Rn
|f(x)| dx <∞ (1.2.2)

To pediì orismoÔ gia to metasqhmatismì Fourier eÐnai o q¸roc twn L1-sunart sewn,
ìpou to sÔnolo twn L1-sunart sewn eÐnai o dianusmatikìc q¸roc.

ORISMOS 1.2.1
O metasqhmatismìc Fourier miac L1-sun�rthshc f , orismènhc sto R, eÐnai h sun�r-

thsh f̂ : R→ C h opoÐa dÐnetai apì to olokl rwma

f̂(s) =
∫ ∞
−∞

f(x)e−isx dx (1.2.3)

Sunep¸c, h qrhsimìthta gia to metasqhmatismì Fourier proèrqetai apì to gegonìc ìti

h f mporeÐ na anakataskeuasteÐ apì th sun�rthsh f̂ .

JEWRHMA 1.2.1 ( TUPOS TOU ANTSTROFOU FOURIER )

Upojètoume ìti h f eÐnai mia L1-sun�rthsh kai epÐshc h f̂ an kei ston L1(R). Tìte
èqoume:

f(x) =
1

2π

∫ ∞
−∞

f̂(s)eisx ds (1.2.4)

Aut  h sqèsh onom�zetai tÔpoc tou antÐstrofou Fourier, ìpou qrhsimopoieÐtai sthn
iatrik  apeikìnish gia thn anakataskeu  enìc antikeimènou.
Sun jwc qrhsimopoioÔme to sumbolismì:
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F(f) =
∫ ∞
−∞

f(x)e−isx dx (1.2.5)

F−1(f) = 1
2π

∫∞
−∞ f(s)eisx ds

Parathr¸ntac tic dÔo parap�nw sqèseic diapist¸noume ìti to na anakt soume thn f apì

thn f̂ eÐnai to Ðdio me to na prosdiorÐsoume thn f̂ apì thn f. Pr�gmati, an fr(x) = f(−x),
tìte èqoume:

F−1(f) =
1

2π
F(fr) (1.2.6)

Aut  h summetrÐa qrhsimopoieÐtai se pollèc idiìthtec tou metasqhmatismoÔ Fourier.

1.3 Omalìthta kai Asumptwtik  Sumperifor�

GnwrÐzoume ìti oi idiìthtec thc omalìthtac miac sun�rthshc, f , orismènhc sto Rn,
sqetÐzontai me tic idiìthtec thc asumptwtik c sumperifor�c tou antÐstrofou metasqh-

matismoÔ Fourier f̂ kai omoÐwc, h omalìthta tou metasqhmatismoÔ Fourier sqetÐzetai me
tic idiot tec thc asumtwtik c sumperifor�c thc f . QwrÐc kamÐa omalìthta èqoume to
akìloujo apotèlesma:

JEWRHMA 1.3.1 ( LHMMA RIEMANN-LEBESQUE )

E�n h f eÐnai mia L1-sun�rthsh, tìte o antÐstrofoc metasqhmatismìc Fourier f̂ eÐnai
mia suneq c sun�rthsh h opoÐa teÐnei sto mhdèn kaj¸c to s teÐnei sto ± ∞. Dhlad ,
gia h ∈ R èqoume:

lims→ η f̂(s) = f̂(η) kai

lims→ ±∞ f̂(s) = 0

ORISMOS 1.3.1
Mia sun�rthsh f , orismènh sto Rn, fjÐnei ìpwc ‖x‖−a, a > 0, e�n up�rqoun stajerèc

C kai R tètoiec ¸ste na isqÔei:

|f(x)| ≤ C
‖x‖a

(1.3.1)
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gia ‖x‖ > R.
Autì merikèc forèc gr�fetai kai wc <<f = O(‖x‖−a)>> kaj¸c h ‖x‖ teÐnei sto �peiro.

PROTASH 1.3.1
'Estw j jetikìc akèraioc arijmìc. E�n h f èqei j oloklhr¸simec parag¸gouc, tìte

up�rqei stajer� C tètoia ¸ste h f̂ na ikanopoieÐ thn ektÐmhsh

∣∣∣f̂(s)
∣∣∣ ≤ C

(1 + |s|)j
(1.3.2)

Epiplèon, gia 1 ≤ l ≤ j, o metasqhmatismìc Fourier thc f [l] dÐnetai apì

f̂ [l](s) = (is)lf̂(s) (1.3.3)

Me �lla lìgia, o rujmìc me ton opoÐo fjÐnei h f̂ sqetÐzetai me thn omalìthta thc f .

APODEIXH
Upojètoume ìti h f eÐnai mia L1-sun�rthsh me apìluta oloklhr¸simh pr¸th par�-

gwgo, dhlad  ∫∞
−∞[|f(x)|+ |f ′(x)|] dx <∞

Efìson s 6= 0, mporoÔme na qrhsimopoi soume thn sqèsh
∫∞
−∞ f

′(x)g(x) dx = −
∫∞
−∞ f(x)g′(x) dx

, ìpou f kai g eÐnai diaforÐsimec sunart seic, gia na broÔme to tÔpo thc f̂ :

f̂(s) =
∫ ∞
−∞

f(x)e−ixs dx =
∫ ∞
−∞

f ′(x)
e−ixs

is
dx =

1

is

∫ ∞
−∞

f ′(x)e−ixs dx (1.3.4)

'Ara, parathroÔme ìti

f̂(s) = f̂ ′(s)
is

Epeid  h f èqei j oloklhr¸simec parag¸gouc epanalamb�noume thn olokl rwsh (1.3.4)
gia j forèc, tìte prokÔptei:

f̂(s) = [ 1
is

]j f̂ [j](s)

f̂ [l](s) = (is)lf̂(s)



18 KEF�ALAIO 1. METASQHMATISM�OS FOURIER

1.4 TÔpoc Parseval

Stic prohgoÔmec upoenìthtec asqolhj kame me tic L1-sunart seic, ìpou jewroÔsame
to metasqhmatismì Fourier ¸c èna apìluta sugklÐnwn olokl rwma. Autì, ìmwc, de
shmaÐnei ìti o metasqhmatismìc Fourier eÐnai apolÔtwc oloklhr¸simoc. EÐnai gegonìc
ìti eÐnai dÔskolo na perigr�youme to eÔroc tou F ìtan to pedÐo orismoÔ eÐnai L1(R).
EpÐshc, up�rqoun apoklÐseic metaxÔ thc omalìthtac thc sun�rthshc kai thc asumptw-
tik c sumperifor�c tou metasqhmatismoÔ Fourier. Sunep¸c, protim�me pollèc forèc na
ergazìmaste gia to metasqhmatismì Fourier stic tetragwnikèc oloklhr¸simec sunart -
seic.

ORISMOS 1.4.1
Mia migadik  sun�rthsh f , orismènh sto Rn, eÐnai L2   tetragwnik� oloklhr¸simh

e�n

‖f‖2
L2 =

∫
Rn
|f(x)|2 dx <∞ (1.4.1)

To sÔnolo aut¸n twn sunart sewn, oi opoÐec eÐnai orismènec sto ‖·‖2
L, ja shmei¸-

netai wc L2(Rn) ìpou o L2(Rn) eÐnai grammikìc q¸roc.

To eswterikì ginìmeno sto L2(Rn) ja orÐzetai wc

< f, g >2
L=

∫
Rn
f(x)g(x) dx (1.4.2)

Autìc o orismìc ikanopoieÐ thn anisìthta Cauchy-Schwarz.

PROTASH 1.4.1
E�n f kai g ∈ L2(Rn),tìte isqÔei:

|< f, g >L2| ≤ ‖f‖L2‖g‖L2 (1.4.3)

PROTASH 1.4.2 ( TUPOS PARSEVAL )

E�n f eÐnai apolÔtwc oloklhr¸simh kai tetragwnik� oloklhr¸simh, tìte h f̂ eÐnai
tetragwnik� oloklhr¸simh kai isqÔei

∫ ∞
−∞
|f(x)|2 dx =

∫ ∞
−∞

∣∣∣f̂(s)
∣∣∣2 ds

2π
(1.4.4)
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LHMMA 1.4.1
Upojètoume ìti oi f kai g eÐnai oloklhr¸simec sunart seic oi opoÐec eÐnai O(‖x‖−2)

kaj¸c h |x| teÐnei sto �peiro. Tìte èqoume th tautìthta

∫ ∞
−∞

f(x)ĝ(x) dx =
∫ ∞
−∞

f̂(x)g(x) dx (1.4.5)

1.5 Metasqhmatismìc Fourier Ston L2

O tÔpoc Parseval, pou èqei eurèwc axiopoihjeÐ sto biblÐo ”Introduction to the Mathe-
matics of Medical Imaging” Charles L. Epstein, mac deÐqnei ìti o L2(R) sundèetai me to
metasqhmatismì Fourier. 'Otan o L2(R) qrhsimopoieÐtai wc pedÐo orismoÔ kai wc pedÐo
tim¸n, tìte apì to tÔpo Parseval katalabaÐnoume ìti o F eÐnai ènac suneq c grammikìc
metasqhmatismìc. 'Etsi, exaitÐac autoÔ tou apotelèsmatoc mac dÐnetai h dunatìthta na
epekteÐnoume to metasqhmatismì Fourier se ìlec tic sunart seic tou L2(R). Pr�gmati,
gia k�je R > 0 orÐzoume

f̂R(s) =
∫ R
−R

f(x)e−ixs dx (1.5.1)

Qrhsimopoi¸ntac to tÔpo Parseval, jewr¸ntac R1 < R2, tìte èqoume

‖f̂R1 − f̂R1‖2
L2 =

∫
R1≤|x|≤R2

|f(x)|2 dx (1.5.2)

Epeid , ìmwc h f eÐnai tetragwnik� oloklhr¸simh tìte h arister  pleur� tou tÔpou
(1.5.2) teÐnei sto mhdèn kaj¸c ta R1 kai R2 teÐnoun sto �peiro. Wc ek toÔtou, e�n

metr soume thn apìstash tou L2(R), tìte oi sunart seic < f̂R > eÐnai omadopoi menec
ìlo kai pio kìnta kaj¸c to R teÐnei sto∞. Dhlad , me �lla lìgia, katalabaÐnoume ìti

h < f̂R > eÐnai mia L2-Cauchy akoloujÐa (  alli¸c basik  akoloujÐa). 'Ara h < f̂R >

sugklÐnei se èna ìrio kaj¸c to R teÐnei sto �peiro, autì to ìrio orÐzetai wc f̂ kai
sumbolÐzetai wc lim. 'Etsi, èqoume to akìloujo orismì.

ORISMOS 1.5.1
E�n h f eÐnai mia sun�rthsh sto L2(R), tìte o metasqhmatismìc Fourier orÐzetai na

eÐnai

f̂ = lim
R→∞

f̂R (1.5.3)
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ìpou f̂R orÐzetai apì to tÔpo (1.5.1).

PROTASH 1.5.1
O metasqhmatismìc Fourier ekteÐnetai na orÐsei mÐa suneq  apeikìnish apì ton L2(R)

ston eautì tou. E�n h f ∈ L2(R), tìte

∫ ∞
−∞
|f(x)|2 dx =

1

2π

∫ ∞
−∞

∣∣∣f̂(s)
∣∣∣2 ds (1.5.4)

All�, up�rqoun sunart seic stic opoÐec o metasqhmatismìc Fourier miac sun�r-
thshc de mporeÐ na oristeÐ �mesa apì to tÔpo (1.2.4). Gia par�deigma, h sun�rthsh
f(x) = (1 + |x|)−3/4 den eÐnai apolÔtwc oloklhr¸simh, ìmwc eÐnai tetragwnik� oloklh-

r¸simh. Dhlad , o f̂ den eÐnai apolÔtwc sugklÐnwn olokl rwma.

PROTASH 1.5.2 ( ANTISTROFOS FOURIER STON L2(R))
E�n h f ∈ L2(R) orÐzetai wc

fR(x) =
1

2π

∫ R
−R

f̂(s)eixs ds (1.5.5)

tìte èqoume f = limR→∞ fR.

IDIOTHTES TOU METASQHMATISMOU FOURIER

(i). GRAMMIKOTHTA

F(f + g) = F(f) + F(g)

F(αf) = αF(f), α ∈ C

(1.5.6)

(ii). ALLAGH KLIMAKAS
O metasqhmatismìc Fourier thc f(αx), ìpou h sun�rthsh f diastèlletai apì to

α ∈ R, dÐnetai apì:

∫ ∞
−∞

f(αx)e−isx dx =
∫ ∞
−∞

f(y)e
−isy
α
dy

α

= 1
α
f̂( s

α
)

. (1.5.7)
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(iii). METATOPISH
JewroÔme wc ft th sun�rthsh f pou metatopÐzetai kat� t [p.q ft(x) = f(x− t)]. O

metasqhmatismìc Fourier thc ft eÐnai:

f̂t(s) =
∫ ∞
−∞

f(x− t)e−isx dx

=
∫∞
−∞ f(y)e−is(y+t) dy

= e−istf̂(s) (1.5.8)

(iv). PRAGMATIKHS METABLHTHS
E�n f eÐnai mia pragmatik  sun�rthsh tìte o metasqhmatismìc Fourier ikanopoÐei

th sqèsh f̂(s) = f̂(−s). Autì mac deÐqnei ìti o metasqhmatismìc Fourier miac pragma-
tik c sun�rthshc kajorÐzetai pl rwc apì tic timèc gia jetikèc (  arnhtikèc) suqnìthtec.

(v). ARTIA SUNARTHSH

E�n h f eÐnai mia pragmatik  sun�rthsh kai �rtia, tìte o f̂ eÐnai pragmatik  su-

n�rthsh. En¸, an h f eÐnai mia pragmatik  sun�rthsh kai peritt , tìte o f̂ lamb�nei
fantastikèc timèc. Sth perÐptwsh pou h f eÐnai mia �rtia sun�rthsh, tìte o metasqh-
matismìc Fourier eÐnai epÐshc �rtioc kai dÐnetai apì to tÔpo:

f̂(s) = 2
∫ ∞

0
f(x) cos(sx) dx (1.5.9)

[UPENJUMISH]
'Estw f mia sun�rthsh orismènh sto Rn. H f onom�zetai �rtia an isqÔei f(x) =

f(−x) kai peritt  e�n isqÔeif(x) = −f(−x).

1.6 H Arq  Abebaiìthtac Tou Heisenberg

S' aut  thn enìthta ja asqolhjoÔme me merikèc idiìthtec tou metasqhmatismoÔ Fourier
oi opoÐec eÐnai se k�poia shmeÐa ligìterec stoiqei¸deic ap' ìti jewroÔsame mèqri t¸ra.
'Estw f mia sun�rthsh h opoÐa an kei eÐte ston L1(R) eÐte ston L2(R). Gia k�je R > 0
orÐzetai apì

fR(x) = F−1(X[−R,R]f̂)(x) =
1

2π

∫ R
−R

f̂(s)eixs ds (1.6.1)
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'Omwc, h sun�rthsh fR mporeÐ na ekfrasteÐ �mesa apì to tÔpo:

fR(x) =
∫ ∞
−∞

f(y)
sin(R(x− y))

π(x− y)
dy (1.6.2)

E�n f ∈ L1(R) tìte o tÔpoc (1.6.2) prokÔptei apì thn eisagwg  tou orismoÔ f̂ ston
orismì tou oloklhr¸matoc fR enall�ssontac th t�xh twn oloklhrwm�twn. T¸ra,
an h f ∈ L2(R) tìte o tÔpoc (1.6.2) akoloujeÐte apì to tÔpo:

∫∞
−∞ f(x)ĝ(x) dx =∫∞

−∞ f̂(x)g(x) dx ìpou oi sunart seic f kai g eÐnai O |x|−2 kaj¸c h |x| teÐnei sto �peiro.

JEWRHMA 1.6.1 ( ARQH ENTOPISMOU)
Upojètoume ìti èqoume sun�rthsh f pou an kei eÐte ston L1(R) eÐte ston L2(R).

E�n h f mhdenÐzetai mèsa s' èna anoiktì di�sthma pou perièqei to x0, tìte èqoume:

limR→∞fR(x0) = 0 (1.6.3)

'Omwc, autì pou prokaleÐ idiaÐtero endiafèron eÐnai h sqèsh pou èqoun metaxÔ touc

ta suppf kai suppf̂ , orÐzoume wc:

suppf = [x ∈ X |f(x) 6= 0] (1.6.4)

ìpou X dianusmatikìc q¸roc. Dhlad , to suppf eÐnai h kleistìthta tou sunìlou, ìpou
h sun�rthsh f den mhdenÐzetai.

PROTASH 1.6.1
Upojètoume ìti h suppf perièqetai sto fragmèno di�sthma (−R,R). An h f̂ èqei

epÐshc fragmèno fore� tìte f ≡ 0.

APODEIXH
GnwrÐzoume ìti h seir�

∑∞
0

(−ixs)j
j!

sugklÐnei sto e−ixs omoiìmorfa se fragmèna dia-
st mata. Sundu�zontac autì to apotèlesma me to gegonìc ìti h f èqei fragmèno forèa,
tìte mporoÔme na enall�xoume to olokl rwma me thn sugkekrimènh seir� ètsi ¸ste:

f̂(s) =
∫ ∞
−∞

f(x)e−ixs dx

=
∫R
−R

∑∞
j=0 f(x) (−ixs)j

j!
dx

=
∞∑
j=0

(−is)j

j!

∫ R
−R

f(x)xj dx (1.6.5)
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Epeid  gnwrÐzoume ìti :

∣∣∣∣∣
∫ R
−R

f(x)(x)j dx

∣∣∣∣∣ ≤ Rj
∫ R
−R
|f(x)| dx (1.6.6)

oi ìroi thc seir�c pou antiproswpeÔoun fr�zontai apì touc ìrouc thc seir�c pou èqoun
�peirh aktÐna sÔgklishc. Epomènwc, h j dÔnamh eÐnai:

1

j!
R|s|j

∫ R
−R
|f(x)| dx (1.6.7)

Wc ek toÔtou, h epèktash thc seir�c gia thn f̂(s) èqei epÐshc �peirh aktÐna sÔgklishc.
Aut  h diadikasÐa mporeÐ na epanalhfjeÐ ètsi ¸ste na broÔme thn epèktash Taylor thc

f̂(s) gia to tuqaÐo s0:

f̂(s) =
∫ R
−R

e−isxf(x)e−is0eis0x dx

=
∫R
−R e

−i(s−s0)xf(x)eis0x dx

=
∫ R
−R

∞∑
j=0

[−i(s− s0)x]j

j!
f(x)eis0x dx

=
∑∞
j=0

∫R
−R

[−i(s−s0)x]j

j!
f(x)eis0x dx

=
∞∑
j=0

[−i(s− s0)]j

j!

∫ R
−R

f(x)xjeis0x dx (1.6.8)

An jewr soume wc αs0j =
∫
f(x)xjeis0x dx, tìte prokÔptei:

f̂(s) =
∞∑
j=0

αs0j
[−i(s− s0)]j

j!
(1.6.9)

Aut  h epèktash iqÔei gia ìla ta s. Upojètoume ìti up�rqei s tètoio ¸ste ϑjsf̂(s0) = 0
gia j = 0, 1, 2, ..... Tìte èqoume to ex c apotèlesma:

O f̂(s) ≡ 0 diìti ìloi oi suntelestèc, αs0j = ϑjsf̂(s0), eÐnai Ðsoi me mhdèn.
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SHMEIWSH 1.6.1
H apìdeixh thc prìtashc (1.6.1) mac deÐqnei ìti e�n h f èqei fragmèno fore� s' èna

peperasmèno di�sthma kai oi par�gwgoi tou f̂ mhdenÐzontai s' èna shmeÐo tìte f ≡ 0.
H arq  abebaiìthtac tou Heisenberg eÐnai aut  pou mporeÐ kalÔtera na perigr�yei th
kat�stash aut .

JEWRHMA 1.6.2 ( ARQH ABEBAIOTHTAS TOU HEISENBERG )

An f kai ϑxf an koun sto L2(R) tìte:

∫ ∞
−∞
|x|2 |f(x)|2 dx

∫ ∞
−∞
|s|2

∣∣∣f̂(s)
∣∣∣2 ds/2π ≥ 1/4[

∫ ∞
−∞
|f(x)|2 ]2dx (1.6.10)

Gia thn apìdeixh autoÔ tou jewr matoc ja qreiasteÐ na qrhsimopoi soume thn ani-
sìthta Cauchy-Schwarz.

APODEIXH
An h f fjÐnei arket� gr gora tìte k�noume thn olokl rwsh en mèrei gia na broÔme

ìti:

∫ ∞
−∞

xffx dx =
1

2
(xf 2)

∣∣∣∣∞
−∞
−
∫ ∞
−∞

1

2
f 2 dx

= −1
2

∫∞
−∞ f

2 dx

. (1.6.11)

Apì anisìthta Cauchy-Schwarz sunep�getai ìti:

|
∫ ∞
−∞

xffx dx| ≤ [
∫ ∞
−∞

x2
∣∣∣f 2
∣∣∣2 dx]

1
2 [
∫ ∞
−∞
|fx|2 dx]

1
2 (1.6.12)

Qrhsimopoi¸ntac thn sqèsh (1.6.11), to tÔpo Parseval kai thn ektÐmhsh aut  brÐskoume:

1

2

∫ ∞
−∞
|f |2 dx ≤ [

∫ ∞
−∞

x2 |f |2 dx]
1
2 [
∫ ∞
−∞

1

2π
s2
∣∣∣f̂ ∣∣∣2 ds] 12 (1.6.13)

Epiplèon, èqoume ìti h diakÔmansh thc jèshc kai thc stigm c dÐnetai apì:
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∆x = (
∫ ∞
−∞

x2f 2)
1
2 ∆s = (

∫ ∞
−∞

f 2
x)

1
2 (1.6.14)

H ektÐmhsh thc sqèshc 1
2

∫∞
−∞ |f |

2 dx ≤ [
∫∞
−∞ x

2 |f |2 dx]
1
2 [
∫∞
−∞

1
2π
s2
∣∣∣f̂ ∣∣∣2 ds] 12 eÐnai iso-

dÔnamh me thn sqèsh ∆x∆s ≥ 1
2
. Gia na katal�boume kalÔtera th shmasÐa aut c thc

sqèshc, jewroÔme ìti a,b mh arnhtikoÐ arijmoÐ tìte aut  h anisìthta shmaÐnei arijmhtik�-
gewmetrik� ìti:

ab ≤ a2+b2

2

Sundu�zontac autì me thn arq  thc abebaiìthtac tou Heisenberg deÐqnoume ìti 1 ≤
(∆x)2 + (∆s)2. Dhlad ,

∫ ∞
−∞

f 2 dx ≤
∫ ∞
−∞

[x2f 2 + f 2
x ] dx (1.6.15)

1.7 Metasqhmatismìc Fourier Gia Sunart seic

Poll¸n Metablht¸n

O metasqhmatismìc Fourier mporeÐ na oristeÐ kai gia sunarthseÐc poll¸n metablht¸n.
Arqik� orÐzoume ta x kai s ta opoÐa an koun sto Rn.

x = (x1, x2, ......., xη) kai s = (s1, s2, ......., sη)

Sunep¸c, kai o ìgkoc tou q¸rou Fourier orÐzetai wc ds = ds1ds2.......dsη.

(i.) L1-PERIPTWSH

ORISMOS 1.7.1
E�n h f an kei ston L1(Rn), tìte o metasqhmatismìc Fourier f̂ thc f orÐzetai wc

f̂(s) =
∫
Rn f(x)e−i〈s,x〉 dx

(1.7.1)
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gia s ∈ Rn.

Epeid  h f eÐnai apolÔtwc oloklhr¸simh sto Rn, to olokl rwma mporeÐ na upolo-
gisteÐ san epanalambanìmeno olokl rwma

f̂(s) =
∫
Rn f(x)e−i〈s,x〉 dx =

∫∞
−∞ ...

∫∞
−∞ f(x1, ..., xn)eix1s1dx1...e

ixnsn dxn

(1.7.2)

JEWRHMA 1.7.1 ( ANTISTROFOS METASQHMATISMOS FOURIER )

'Estw ìti h f eÐnai L1-sun�rthsh orismènh sto Rn. An h f̂ an kei epÐshc ston
L1(Rn), tìte

f(x) =
1

[2π]n

∫
Rn
f̂(s)eixs ds (1.7.3)

(ii.) OMALOTHTA KAI ASUMPTWTIKH SUMPERIFORA

ORISMOS 1.7.2
Gia α = (α1, ....., αn), ènac deÐkthc poll¸n metablht¸n, ìrizetai wc

α! = α1!α2!.....αn! kai |α| = α1 + α2 + .....+ αn

(1.7.4)

H sun�rthsh |α| kaleÐtai m koc thc α. PolloÐ qr sima ergaleÐa eÐnai kai oi akìloujec
sumb�seic:

xα = xα1
1 x

α2
2 .....x

αn
n

ϑαx = ϑα1
x1
ϑα2
x2
.....ϑαnxn

(1.7.5)
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LHMMA 1.7.1 ( RIEMANN-LEBESGUE )

'Estw ìti h f eÐnai mia L1-sun�rthsh sto Rn, tìte h f̂ eÐnai mia suneq c sun�rthsh

kai lim|s|→∞ f̂(s) = 0.

PROTASH 1.7.1
E�n h f eÐnai mia suneq c L1-sun�rthsh me apolÔtwc oloklhr¸simec suneqeÐc j-

parag¸gouc, tìte èqoume

F(ϑxjf)(s) = isjF(f)s (1.7.6)

Sunep¸c, up�rqei stajer� Cn tètoia ¸ste e�n h f èqei suneq c oloklhr¸simh bajmÐda,

tìte o f̂ ikanopoÐei thn ektÐmhsh:

∣∣∣f̂(s)
∣∣∣ ≤ Cn

∫
Rn [|f |+ ‖∇f‖ dx

(1 + ‖s‖)
(1.7.7)

(iii). L2-PERIPTWSH

JEWRHMA 1.7.2 ( TUPOS PARSEVAL )
E�n h f eÐnai apolÔtwc oloklhr¸simh kai tetragwnik� oloklhr¸simh, tìte èqoume:

∫
Rn
|f(x)|2 dx =

1

[2π]n

∫
Rn

∣∣∣f̂(s)
∣∣∣2 ds (1.7.8)

PROTASH 1.7.2 ( L2-ANTISTROFOS METASQHMATISMOS )
'Estw f ∈ L2(Rn) kai orÐzetai wc

fR(x) =
1

[2π]n

∫
‖s‖<R

f̂(s)eixs ds (1.7.9)

tìte èqoume limR→∞ fR.

LHMMA 1.7.2
'Estw g ∈ L2(Rn), tìte èqoume:

〈fR, g〉 =
∫
‖s‖<R

f̂(s)ĝ(s) ds (1.7.10)



28 KEF�ALAIO 1. METASQHMATISM�OS FOURIER

1.8 Sunèlixh

Genik�, eÐnai protimìtero na ergazìmaste me mia omal  sun�rthsh all� sun jwc ta
diajèsima dedomèna perièqoun jìrubo. Me autì ennooÔme ìti to metroÔmeno s ma eÐnai
thc morf c: f = s + εn, ìpou ε eÐnai ènac (mikrìc) arijmìc kai n eÐnai h sun�rthsh h
opoÐa dhmioÔrgei to jìrubo. O jìruboc antiproswpeÔetai apì mia taqèwc metaballìmenh
sun�rthsh pou eÐnai topik� kont� sto mhdèn. Autì shmaÐnei ìti gia k�je x kai gia arketì
meg�lo δ, o mèsoc ìroc

1
δ

∫ x+δ
x n(y) dy

eÐnai mikrìc se sÔgkrish me to mègejoc tou n.
Epeid , h s eÐnai mia omal  sun�rthsh, to an�logo mèso ìro thc s prèpei na eÐnai kont�
sto s(x). Epomènwc, h metakÐnhsh tou mèsou ìrou thc f orÐzetai wc:

Mδ(f)(x) =
1

δ

∫ x+δ

x
f(y) dy (1.8.1)

E�n o jìruboc eÐnai tuqaÐoc, ètsi ¸ste to δ na lamb�netai mikrì, tìte hMδ(f) prèpei
na eÐnai kont� sto s. 'Omwc, up�rqei ènac pio euèliktoc trìpoc na ekfr�soume to trìpo
me ton opoÐo leitourgeÐ hMδ(f)(x).
Arqik�, orÐzoume th sun�rthsh b�rouc, ìpou mδ = 1

δ
se perÐptwsh pou x ∈ [−δ, 0] kai

se k�je �llh perÐptwsh mδ(x) = 0. Epomènwc, èqoume ìti h metakÐnhsh tou mèsou ìrou
eÐnai

Mδ(f)(x) =
∫ ∞
−∞

f(y)mδ(x− y) dy (1.8.2)

Apì aut  th sqèsh katalabaÐnoume ìti h tim  thc Mδ(f)(x) brÐsketai lamb�nwntac
th sun�rthsh b�rouc kat� m koc tou �xona. Kai aut  h sun�rthsh b�rouc eÐnai mìno
mia epilog . Ja  tan ofèlimo an qrhsimopoioÔsame diaforetik  sun�rthsh b�rouc.
Sunep¸c, èstw w mia oloklhr¸simh sun�rthsh, tìte orÐzoume wc w-metakÐnhsh mèsou
ìrou b�rouc to olokl rwma

Mw(f) =
∫ ∞
−∞

f(y)w(x− y) dy (1.8.3)

Ta kÔria qarakthristik� thc sqèshc f 7→ Mw(f) eÐnai ìti:
(1.) eÐnai grammik  sthn f ,
(2.) to b�roc pou ekqwreÐtai sthn f(y) sthn èxodo Mw(f) exart�tai mìno apì th

diafor� x− y.
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'Etsi, autì epibebai¸nei to gegonìc ìti prìkeitai gia digrammik  morf  twn sunart sewn
f kai w. To apotèlesma autì onom�zetai ginìmeno sunèlixhc kai sumbolÐzetai wc f ∗w.
H sunèlixh sundèetai me to metasqhmatismì Fourier, kai autì giatÐ èqei apotelesmati-
koÔc algìrijmouc gia th prosèggish tou metasqhmatismoÔ Fourier kai tou antistrìfou
tou.

ORISMOS 1.8.1
E�n h f eÐnai mia L1- sun�rthsh orismènh sto Rnkai g eÐnai mia fragmènh, topik�

oloklhr¸simh sun�rthsh tìte to ginìmeno sunèlixhc eÐnai mia sun�rthsh orismènh sto
Rn kai brÐsketai apì to olokl rwma

f ∗ g(x) =
∫
Rn
f(x− y)g(y) dy (1.8.4)

Sto ginìmeno sunèlixhc isqÔei h trigwnik  anisìthta

‖f ∗ g‖∞ ≤ ‖f‖L1‖g‖∞ (1.8.5)

PROTASH 1.8.1
Upojètoume ìti f kai g eÐnai oloklhr¸simec kai h g eÐnai fragmènh. Tìte to f ∗ g

eÐnai apolÔtwc oloklhr¸simo kai

‖f ∗ g‖L1 ≤ ‖f‖L1‖g‖L1 (1.8.6)

H prìtash aut  mac lèei ìti to ginìmeno sunèlixhc epekteÐnetai sto na orÐsei mia
digrammik  apeikìnish tou L1(Rn)× L1(Rn) ston L1(Rn) to opoÐo ikanopoieÐ th sqèsh
(1.8.6).

PROTASH 1.8.2
'Estw, ìti f1, f2, f3 an koun sto L1(Rn), tìte isqÔoun oi akìloujec tautìthtec:

f1 ∗ f2 = f2 ∗ f1

f1 ∗ (f2 + f3) = f1 ∗ f2 + f1 ∗ f3

f1 ∗ (f2 ∗ f3) = (f1 ∗ f2) ∗ f3 (1.8.7)
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SHMEIWSH 1.8.1
E�n h sunèlixh orÐzetai qwrÐc na << antanakl� >> th deÔterh sun�rthsh mèsw thc

proèleushc, dhlad  an isqÔei f ∗ g(x) =
∫
f(y)g(y − x) dy, tìte to ginìmeno sunèlixhc

de ja eÐnai antimetajetikì all� ja ikanopoieÐ th sqèsh f ∗ g(x) = g ∗ f(−x).

JEWRHMA 1.8.1
JewroÔme ìti f kai g eÐnai L1-sunart seic. Tìte

F(f ∗ g) = F(f)F(g)

(1.8.8)

APODEIXH
H sunèlixh f ∗g eÐnai mia L1-sun�rthsh kai epakìlouja èqei metasqhmatismì Fourier.

Epeid , ìmwc, h f(x− y)g(y) eÐnai mia L1-sun�rthsh thc (x, y), tìte èqoume

F(f ∗ g)(s) =
∫
Rn(f ∗ g)(x)e−i〈s,x〉 dx

=
∫
Rn

∫
Rn
f(x− y)g(y)e−i〈s,x〉 dydx

=
∫
Rn

∫
Rn
f(t)g(y)e−i〈s,(y+t)〉 dtdx

=
∫
Rn

∫
Rn
f(t)g(y)e−i〈sy+st)〉 dtdx

=
∫
Rn

∫
Rn
f(t)g(y)e−isye−ist dtdx

=
∫
Rn
f(t)e−ist dt

∫
Rn
g(y)e−isy dx

= F(f)F(g)

SHMEIWSH 1.8.2
To parap�nw je¸rhma mac odhgeÐ sto ex c sumpèrasma:

An h f ∈ L2(Rn) kai g ∈ L1(Rn), tìte to f ∗ g ∈ L2(Rn). Me th proupìjesh ìti h ĝ

eÐnai fragmènh sun�rthsh ètsi ¸ste to f̂ ĝ ∈ L2(Rn).
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1.9 Metatìpish Amet�blhtou FiltrarÐsmatoc

H diadikasÐa pou kajorÐzei tic eisìdouc kai exìdouc kaleÐtai filtr�risma. Arketèc eÐ-
sodoi kai èxodoi antiproswpeÔontai apì sunart seic wc filtr�risma miac apeikìnishc,
ètsi ja ennooÔme èna q¸ro sunart sewn se èna �llo q¸ro. EpÐshc, sth perÐptwsh pou
o q¸roc twn sun�rthsewn eÐnai grammikìc tìte kai to filtr�risma onom�zetai grammikì.
Sth pr�xh, arketèc efarmogèc filtrarÐsmatoc dÐnontai apì th sunèlixh me mia stajer 
sun�rthsh.

�'Ara, an ψ ∈ L1(Rn), tìte h

Cψ(g) = ψ ∗ g (1.9.1)

orÐzetai wc filtr�risma.

To filtr�risma to opoÐo topojeteÐ fragmènec eisìdouc se fragmènec exìdouc kaleÐ-
tai stajerì fÐltro. Epiplèon, ta filtrarÐsmata ìpou orÐzontai apì sunèlixh èqoun mia
fusik  idiìthta: <<H metatìpish paramènei amet�blhth>>.

ORISMOS 1.9.1
Gia τ ∈ Rn h metatìpish thc f apì τ eÐnai h sun�rthsh fτ , orismènh apì

fτ = f(x− τ) (1.9.2)

'Ena filtr�risma A, sqedi�zontac sunart seic orismènec sto Rn se sun�rthseic
orismènec sto Rn kaleÐtai metatìpish amet�blhtou filtrarÐsmatoc an

A(fτ ) = (Af)τ (1.9.3)

IDIOTHTES TOU AMETABLHTOU FILTRARISMATOS

(i). METATOPISH

Aτ (f)(x) = f(x− τ)

(ii). ALLAGH KLIMAKAS

Aε(f)(x) = 1
εn
f(x

ε
)
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(iii). POLLAPLASIASMOS ME MIA SUNARTHSH

Aψ(f) = ψf

(iv). DIAFORISIMH

D(f)(x) = f ′(x)

PROTASH 1.9.1
To filtr�risma orismèno apì sunèlixh eÐnai metatopik� amet�blhto.

APODEIXH

Cψ(fτ )(x) =
∫
Rn
ψ(x− y)f(y − τ) dy

=
∫
Rn ψ(x− τ − w)f(w) dw

= Cψ(f)(x− τ) (1.9.4)

ìpou jèsame w = y − τ .

Tèloc, k�je metatìpish amet�blhtou grammikoÔ filtrarÐsmatoc mporeÐ na anakata-
skeuasteÐ apì sunèlixh.



Kef�laio 2

Metasqhmatismìc Radon

2.1 Metasqhmatismìc Radon

O metasqhmatismìc Radon eÐnai shmantikìc gia tic metr seic pou pragmatopoioÔntai
stic aktÐnec Q.

JewroÔme to R × S1 wc to q¸ro prosanatolismènwn gramm¸n sto R2, to zeug�ri
(t, ω) antistoiqeÐ sth gramm 

lt,ω = {x : 〈ω,x〉 = t} = {tω + sω̂ : s ∈ R}

To ω̂ eÐnai to k�jeto monadiaÐo di�nusma sto ω me kateÔjunsh pou kajorÐzetai apì

det (ωω̂) > 0

Jewr¸ntac to shmeÐo ω ∈ S1 wc ω(θ) = (cos θ, sin θ) mporoÔme na orÐsoume to
R×S1 wc to R×[0, 2π). 'Etsi, me aut  th isodunamÐa mporeÐ to dx na qrhsimopoihjeÐ san
grammikì stoiqeÐo sth S1 -kateÔjunsh, kai sth sunèqeia orÐzetai wc dω. To olokl rwma
miac sun�rthshc h sto R× S1 dÐnetai apì∫ 2π

0

∫∞
−∞ h(t, ω(θ)) dt dθ

to opoÐo suqn� orÐzetai wc ∫ 2π
0

∫∞
−∞ h(t, ω) dt dθ

ORISMOS 2.1.1
To sÔnolo L2(R × S1) apoteleÐtai apì topik� oloklhr¸mata, pragmatik¸n sunar-

t sewn gia ta opoÐa to tetragwnikì olokl rwma,

‖h‖2
L2(R×S1) =

∫ 2π

0

∫ ∞
−∞
|h(t, ω(θ))|2 dt dθ (2.1.1)

33



34 KEF�ALAIO 2. METASQHMATISM�OS RADON

eÐnai peperasmèno.

Mia sun�rthsh h sto R× S1 eÐnai suneq c an h h(t, θ) = h(t, ω) eÐnai 2π-periodik 
sto θ kai suneq c sto R× [0, 2π]. OmoÐwc, h h eÐnai diaforÐsimh e�n eÐnai 2π-periodik 
kai diaforÐsimh sto R× [0, 2π]. O metasqhmatismìc Radon thc f sto (t, ω) orÐzetai apì
to olokl rwma

Rf(t, ω) =
∫ ∞
−∞

f(tω + sω̂) ds. (2.1.2)

Epeid  lt,ω kai l−t,−ω eÐnai Ðdia gramm , tìte o metasqhmatismìc Radon eÐnai mia �rtia
sun�rthsh

Rf(−t,−ω) = Rf(t, ω) (2.1.3)

O metasqhmatismìc Radon èqei pollèc idiìthtec an�logec me to metasqhmatismì
Fourier. Upojètoume ìti f kai g eÐnai sunart seic me fragmèno forèa, ètsi èqoume tÔpo
pou afor� to ginìmeno sunèlixhc R(f ∗ g) sta Rf kai Rg.

PROTASH 2.1.1
'Estw f kai g tmhmatik� suneqeÐc sunart seic me fragmèno forèa. Tìte

R[f ∗ g](t, ω) =
∫ ∞
−∞
Rf(s, ω)Rg(t− s, ω) ds (2.1.4)

'Estw υ di�nusma sto R2, h metatìpish thc f kat� υ eÐnai h sun�rthsh fυ(x) =
f(x−υ). 'Etsi up�rqei mia sqèsh metaxÔ tou metasqhmatismoÔ Radon thc f kai thc fυ.

PROTASH 2.1.2
'Estw f mia tmhmatik� suneq c sun�rthsh me fragmèno forèa. Tìte

Rfυ(t, ω) = Rf(t− 〈ω, υ〉, ω) (2.1.5)

Qrhsimopoi¸ntac to tÔpo (2.1.5), sqetÐzoume to metasqhmatismì Radon thc f wc
merik  par�gwgo.

LHMMA 2.1.1
E�n f eÐnai mia sun�rthsh me fragmèno forèa kai suneqeÐc pr¸thc t�xhc merikèc

parag¸gouc, tìte o Rf(t, ω) eÐnai diaforÐsimoc sto t kai
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R∂xf(t, ω) = ω1∂tRf(t, ω)

R∂yf(t, ω) = ω2∂tRf(t, ω)

(2.1.6)

APODEIXH
Ja ergastoÔme gia th x par�gwgo, h apìdeixh gia th y par�gwgo eÐnai Ðdia.
'Estw e1 = (1, 0). H x-merik  par�gwgo thc f orÐzetai apì

∂xf(x) = limh→0
f(he1+x)−f(x)

−h

Apì th sqèsh (2.1.5) kai th grammikìthta tou metasqhmatismoÔ Radon, prokÔptei ìti

R[
f(he1+x)−f(x)

−h ](t, ω) = Rf(t−hω1,ω)−Rf(t,ω)
−h

kai kaj¸c h→ 0 apodeiknÔetai o tÔpoc (2.1.6).

PROTASH 2.1.3
JewroÔme ìti h f èqei fragmèno forèa kai suneqeÐc merikèc parag¸gouc t�xhc k.

Tìte o Rf(t, ω) eÐnai k-forèc diaforÐsimoc sto t kai, gia mh arnhtikoÔc akèraiouc i, j
me i+ j ≤ k èqoume

R[∂ix∂
j
y](t, ω) = ωi1ω

j
2∂

i+j
t Rf(t, ω) (2.1.7)

JewroÔme A : R2 → R2 �kampth peristrof  tou epipèdou. H A eÐnai grammik 
apeikìnish tètoia ¸ste na isqÔei

〈Aυ,Aw〉 = 〈υ,w〉,∀υ,w ∈ R2

An h f eÐnai tmhmatik� suneq c sun�rthsh me fragmèno forèa, tìte

fA(x) = f(Ax)

PROTASH 2.1.4
'Estw A �kampth peristrof  tou R2 kai f tmhmatik� suneq c sun�rthsh me fragmèno

forèa. Tìte

RfA(x) = Rf(t,Aω) (2.1.8)
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APODEIXH
Gia thn apìdeixh eÐnai qr simo ìti 〈Aω,Aω̂〉 = 〈ω, ω̂〉 = 0 kai sunep¸c

RfA(x) =
∫ ∞
−∞

f(tAω + sAω̂) ds

= Rf(t,Aω)

(2.1.9)

2.2 AntÐstrofoc Metasqhmatismìc Radon

O metasqhmatismìc Fourier eÐnai qr simoc gia na antistrèyoume to metasqhmatismì Ra-
don. Sthn iatrik  apeikìnish h sqèsh pou sundèei to metasqhmatismì Fourier me to
metasqhmatismì Radon onom�zetai kentrikì je¸rhma tom c.

JEWRHMA 2.2.1 ( KENTRIKO JEWRHMA TOMHS )
'Estw f apolÔtwc oloklhr¸simh sun�rthsh sto pedÐo orismoÔ thc R. Gia k�je

pragmatikì arijmì r kai monadiaÐo di�nusma ω, èqoume th sqèsh

∫ ∞
−∞
Rf(t, ω)e−itr dt = f̂(rω) (2.2.1)

APODEIXH
Qrhsimopoi¸ntac ton orismì tou metasqhmatismoÔ Radon kai upologÐzontac to o-

lokl rwma prokÔptei ìti

∫ ∞
−∞
Rf(t, ω)e−itr dt =

∫ ∞
−∞

∫ ∞
−∞

f(tω + sω̂)e−itr ds dt (2.2.2)

Autì to olokl rwma eÐnai apolÔtwc sugklÐnwn, kai sunep¸c jètoume x = tω + sω̂.
Elègqoume ìti h Iakwbian  orÐzousa eÐnai Ðsh me to 1 kai jètoume t = 〈x, ω〉. Tìte
èqoume

∫ ∞
−∞

∫ ∞
−∞

f(tω + sω̂)e−itr ds dt =
∫
R2
f(x)e−i〈x,ω〉r dx

= f̂(rω)

(2.2.3)
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JewroÔme sun�rthsh h(t, ω) orismènh sto R×S1, tìte gia 1-di�stash metasqhmatismoÔ
Fourier, h h orÐzetai wc

h̃(r, ω) =
∫ ∞
−∞

h(t, ω)e−itr dt (2.2.4)

E�n h(t, ω) an kei ston L2(R) gia stajerì ω, tìte o tÔpoc Parseval gia 1-di�stash dÐnei
ìti

∫ ∞
−∞
|h(t, ω)|2 dt =

1

2π

∫ ∞
−∞

∣∣∣h̃(r, ω)
∣∣∣2 dr (2.2.5)

O tÔpoc Parseval gia 2D-metasqhmatismì Fourier kai to kentrikì je¸rhma tom c dÐnoun
to tÔpo Parseval gia to metasqhmatismì Radon sto R2.

PROTASH 2.2.1 ( PARSEVAL GIA TO METASQHMATISMO RADON STO R2 )
'Estw f an kei sto pediì orismoÔ tou metasqhmatismoÔ Radon kai eÐnai tetragwnik�

oloklhr¸simh. Tìte

∫
R2
|f(x)|2 dx =

1

[2π]2

∫ π

0

∫ ∞
−∞

∣∣∣R̃f(r, ω)
∣∣∣2 |r| dr dω (2.2.6)

SHMEIWSH 2.2.1
Apì to tÔpo (2.2.6) katalabaÐnoume ìti o R den èqei epèktash miac suneqoÔc apei-

kìnishc tou L2(R2) ston L2(R × S1) kai ètsi epÐshc o R−1 de mporeÐ na eÐnai suneq c
apeikìnish tou L2(R× S1) ston L2(R2). Autìc o isqurismìc prokÔptei apì

‖h‖2
L2(R×S1) = 1

2π

∫ 2π
0

∫∞
−∞

∣∣∣h̃(r, ω)
∣∣∣2 dr dω

Epeid  |r| ∈ (0,∞) sto tÔpo (2.2.6), tìte ekeÐ den up�rqei stajèra M tètoia ¸ste h
ektÐmhsh,

‖Rf‖L2(R×S1) ≤M‖f‖L2(R2)

na eÐnai ègkurh gia thn f sto puknì uposÔnolo tou L2(R2).

Gia na ekfr�soume to tÔpo Parseval wc èna olokl rwma sto q¸ro twn prosanato-
lismènwn gramm¸n, orÐzoume th 1

2
-par�gwgo

D 1
2
Rf(t, ω) = 1

2π

∫∞
−∞ R̃f(r, ω) |r|

1
2 eirt dr
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Tìte o tÔpoc Parseval mporeÐ na grafteÐ wc

∫
R2
|f |2 dx dy =

1

2π

∫ π

0

∫ ∞
−∞

∣∣∣D 1
2
Rf(t, ω)

∣∣∣2 dt dω (2.2.7)

Apì autì katalabaÐnoume ìti gia na broÔme to metasqhmatismì Radon miac tetragwnik�
oloklhr¸simhc sun�rthshc sto q¸ro twn gramm¸n ja prèpei na broÔme thn 1

2
-par�gwgo.

'Opwc o metasqhmatismìc Fourier ètsi kai o metasqhmatismìc Radon de mporeÐ na oristeÐ
se ìlo ton L2(R2).

To kentrikì je¸rhma kai o antÐstrofoc metasqhmatismìc Fourier, (1.7.3), dÐnoun ton
antÐstrofo metasqhmatismì Radon.

JEWRHMA 2.2.2 ( TUPOS ANTISTROFOU RADON )
E�n h f eÐnai apolÔtwc oloklhr¸simh sun�rthsh sto pediì orismoÔ tou metasqhma-

tismoÔ Radon kai h f̂ eÐnai apolÔtwc oloklhr¸simh, tìte

f(x) =
1

[2π]2

∫ π

0

∫ ∞
−∞

eir〈x,ω〉R̃f(r, ω) |r| dr dω (2.2.8)

SHMEIWSH 2.2.2
O tÔpoc (2.2.8) qrhsimeÔei gia to prosdiorismì thc f apì to metasqhmatismì Ra-

don. Autìc o tÔpoc apoteleÐ èna majhmatikì montèlo gia tic aktÐnec Q sthn iatrik 
apeikìnish. Dhlad :

• JewroÔme 2D tom  apì 3D antikeÐmeno, apì th meri� thc fusik c autì pou mac
endiafèrei eÐnai o suntelest c apìsbeshc thc f thc 2D tom c. SÔmfwna me to nìmo tou
Beer, h èntash I(t,ω) twn aktÐnwn Q (dosmènh enèrgeia) pou dianÔetai kat� m koc thc
gramm c, l(t,ω), aposbènei. Dhlad , èqoume th diaforik  exÐswsh:

dI(t,ω)
ds

= −fI(t,ω),

ìpou s eÐnai to m koc tìxou thc gramm c.

• SugkrÐnontac thn èntash thc prospÐptousac dèsmhc twn aktÐnwn Q me aut  pou
ekpèmpetai, upologÐzoume to metasqhmatismì Radon thc f :

Rf(t, ω) = − log
I0,(t,ω)
Ii,(t,ω)
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Qrhsimopoi¸ntac to tÔpo (2.2.8), o suntelest c apìsbeshc thc f anakataskeu�zetai
apì tic metr seic.

O antÐstrofoc metasqhmatismìc Radon eÐnai qr simoc gia thn an�ptuxh praktik¸n
algìrijmwn. 'Ena polÔ kalì par�deigma apoteleÐ to montèlo Shepp-Logan, to opoÐo
eÐnai èna prìtupo gia anakataskeuèc pou èqei eurèwc axiopoihjeÐ sto biblÐo ”Introdu-
ction to the Mathematics of Medical Imaging”, Charles L. Epstein.

Arqik�, dhmiourgoÔme to montèlo Shepp-Logan pou èqei perioqèc diaforetik c apì-
sbeshc.

Sth sunèqeia upologÐzoume to metasqhmatismì Radon tou eid¸lou tou egkef�lou gia
kapoÐo sÔnolo gwni¸n, to opoÐo k�je for� orÐzetai ap' em�c. H parak�tw eikìna emfa-
nÐzei pwc eÐnai o metasqhmatismìc Radon gia 0 ≤ θ ≤ 180 me 90 probolèc.

Tèloc, anakataskeu�zoume to eÐdwlo apì ta dedomèna probol c pou dhmiourg jhkan
parap�nw.
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2.3 Mèjodoc FÐltrou Back-Projection

'Ena basikì prìblhma sthn apeikìnish me aktÐnec Q eÐnai ìti h disdi�stath eikìna pou
lamb�netai apì èna trisdi�stato antikeÐmeno eÐnai jol , kai autì ofeÐletai stic parem-
bolèc apì �llec domèc tou 3D antikeimènou. Dhlad  èqoume thn ex c eikìna :

H mèjodoc Back-Projection mac bo jhse na lÔsoume to prìblhma thc jol c eikì-
nac. O tÔpoc tou antÐstrofou metasqhmatismoÔ mporeÐ na katanohjeÐ kalÔtera wc mia
diadikasÐa dÔo bhm�twn:

1. To olokl rwma thc aktÐnac mporeÐ na ermhneuteÐ wc fÐltro efarmosmèno sto
metasqhmatismì Radon. To fÐltro dr� mìno sth par�metro t = 〈x, ω〉 kai h èxodoc tou
fÐltrou orÐzetai wc
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GRf(t, ω) =
1

2π

∫ ∞
−∞
R̃f(r, ω)eirt |r| dr (2.3.1)

2. To olokl rwma thc gwnÐac ermhneÔetai wc Back-Projection tou filtrarismènou
metasqhmatismoÔ Radon. H sun�rthsh f orÐzetai wc

f(x) =
1

2π

∫ π

0
(GR)f(〈x, ω〉, ω) dω (2.3.2)

Gia to lìgo autì pollèc fìrec o antÐstrofoc metasqhmatismìc Radon lègetai fil-
trarismènoc Back-Projection.

To Back-Projection eÐnai ennoiologik� kai upologistik� aplì, en¸ to filtr�risma
apaiteÐ perissìterh proseqtik  an�lush. An paraleÐyoume to |r| par�gonta, tìte èqou-
me monodi�stato antÐstrofo metasqhmatismì Fourier efarmosmèno sto R̃f , ìpou h f
dÐnetai apì

f(x) =
1

[2π]2

∫ π

0

∫ ∞
−∞

eir〈x,ω〉f̂(rω) dr dω

= 1
π

∫ π
0 Rf(〈x, ω〉, ω) dω

(2.3.3)

GnwrÐzoume ìti o metasqhmatismìc Fourier thc parag¸gou miac sun�rthshc g eÐnai
Ðsoc me to metasqhmatismì Fourier thc g pollaplasiasmèno me to iξ, dhlad  èqoume

∂̂tg(t) = (iξ)ĝ(ξ). Qrhsimopoi¸ntac to tÔpo tou antÐstrofou (2.2.8) prokÔptei ìti
èqoume r antÐ |r|, kai ètsi o tÔpoc (2.3.3) gÐnetai:

1

2π

∫ π

0
∂tRf(〈x, ω〉, ω) dω (2.3.4)

Autìc eÐnai o metasqhmatismìc Back-Projection thc t-parag¸gou tou Rf . Sto tÔpo
(2.3.3) emfanÐzetai, ìmwc, h |r| kai ìqi to r. Gia na upologÐsoume th diafor� an�mesa sth
|r| kai to r, qrhsimopoioÔme mia �llh sun�rthsh pou exart�tai mìno apì mia metablht ,
h opoÐa lègetai metasqhmatismìc Hilbert. H sun�rthsh signum orÐzetai wc
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sgn(r) =


1, r > 0

0, r = 0

−1, r < 0

(2.3.5)

ORISMOS 2.3.1
'Estw g mia L2-sun�rthsh orismènh sto R. O metasqhmatismìc Hilbert thc g orÐzetai

wc

Hg = F−1(sgn(ĝ)) (2.3.6)

E�n h ĝ eÐnai apolÔtwc oloklhr¸simh, tìte

Hg(t) =
1

2π

∫ ∞
−∞

ĝ(r)sgn(r)eitr dr (2.3.7)

O metasqhmatismìc Hilbert thc g eÐnai h sun�rthsh thc opoÐac o metasqhmatismìc
Fourier eÐnai h sgn(ĝ). Gia na upologÐsoume to Hg(t0), opoÔ t0 dosmèno, prèpei na
gnwrÐzoume ti gÐnetai sth sun�rthsh g(t) gia k�je t.

'Estw (X, 〈·, ·〉X) kai (Y, 〈·, ·〉Y ) eswterik� ginìmena kai A : X → Y grammikìc
q¸roc, tìte o sumplhrwmatikìc tou A,A∗ : Y → X orÐzetai wc

〈Ax,y〉Y = 〈x,A∗y〉Y gia k�je x ∈ X kai y ∈ Y

E�n qrhsimopoi soume to L2-eswterikì ginìmeno gia sunart seic sto R2 tìte to esw-
terikì ginìmeno gia sunart seic sto R× S1, sumbatì me ton L2(R× S1) orismèno sth
(2.1.1), eÐnai

〈h, k〉R×S1 =
∫ 2π

0

∫ ∞
−∞

h(t, ω)k(t, ω) dt dω. (2.3.8)

Tìte h mèjodoc Back-Projection eÐnai [4π]−1 forèc sumpl rwma tou metasqhmatismoÔ
Radon. EpÐshc, o metasqhmatismìc Radon den epekteÐnetai gia na orÐsei suneq  apei-
kìnish tou L2(R2) ston L2(R × S1). Pr�gmati, èstw f sun�rthsh me fragmèno forèa
sto R2 kai h sun�rthsh me fragmèno forèa sto R× S1, tìte èqoume:
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〈Rf, h〉R×S1 =
∫ 2π

0

∫ ∞
−∞
Rf(t, ω)h(t, ω) dt dω

=
∫ 2π

0

∫∞
−∞

∫∞
−∞ f(tω + sω̂)h(t, ω) ds dt dω

(2.3.9)

Jètoume x = tω + sω̂ tètoio ¸ste

t = 〈x, ω〉.

Enall�zontac ta ω- kai ta x- oloklhr¸mata parathroÔme ìti

〈Rf, h〉R×S1 =
∫
R2

∫ 2π

0
f(x)h(〈x, ω〉, ω) dω dx

= 〈f,R∗h〉R2

(2.3.10)

Autì epibebai¸nei ìti h Back-Projection eÐnai [4π]−1 forèc sumpl rwma tou meta-
sqhmatismoÔ Radon. Epiplèon, h sqèsh R∗ 6= R−1 mac exasfalÐzei ìti o R den eÐnai
ènac eniaÐoc metasqhmatismìc tou L2(R2) ston L2(R× S1).
Qrhsimopoi¸ntac ton orismì Back-Projection thc f me to sumpl rwm� thc, mazÐ me to

tÔpo tou Parseval (1.7.8) tìte prokÔptei mia sqèsh pou sundèei ta
︷ ︸︸ ︷
R ∗R f kai f̂ .

PROTASH 2.3.1
JewroÔme ìti f eÐnai mia apolÔtwc oloklhr¸simh kai tetragwnik� oloklhr¸simh

sun�rthsh sto pedÐo orismoÔ tou metasqhmatismoÔ Radon. Tìte

r

4π

︷ ︸︸ ︷
R ∗R f(rω) = f̂(rω) (2.3.11)

Apì thn prìtash aut  èqoume ìti an h f eÐnai tmhmatik� suneq c me fragmèno forèa
tìte

f̂(rω) =
r

4π

︷ ︸︸ ︷
R ∗R f(rω). (2.3.12)
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An f̂ eÐnai apolÔtwc oloklhr¸simh, tìte o antÐstrofoc metasqhmatismìc Fourier
dÐnetai apì

f(x) =
1

[2π]2

∫ 2π

0

∫ ∞
0

r

4π

︷ ︸︸ ︷
R ∗R f(rω)ei〈rω,x〉r dr dω

= 1
[2π]2

∫
R2
‖ξ‖
4π

︷ ︸︸ ︷
R ∗R f(ξ)ei〈ξ,x〉 dξ

(2.3.13)

2.4 Metasqhmatismìc Hilbert

O metasqhmatismìc Hilbert orÐzetai wc

Hf = F−1(f̂(ξ)sgn(ξ))

apì to opoÐo prokÔptei ìti

Ĥf(ξ) = sgn(ξ)f̂(ξ)

Genik�, o antÐstrofoc metasqhmatismìc Fourier enìc ginomènou eÐnai mia sunèlixh, dh-
lad  èqoume

F−1(f̂ ĝ) = f ∗ g

An up rqe mia kal� orismènh sun�rthsh h tètoia ¸ste ĥ(ξ) = sgn(ξ), tìte o metasqh-
matismìc Hilbert ja  tan h ∗ f . All�, h signum sun�rthsh den eÐnai metasqhmatismìc
Fourier miac kal� orismènhc sun�rthshc, afoÔ de teÐnei sto mhdèn kaj¸c |ξ| → ∞.

JEWRHMA 2.4.1
JewroÔme 〈φε〉 omoiìmorfh fragmènh oikogèneia topik¸n oloklhr¸simwn sunart -

sewn pou sugklÐnei tmhmatik� sto sgn(ξ) kaj¸c ε → 0. E�n f eÐnai tetragwnik�
oloklhr¸simh, tìte o metasqhmatismìc Hilbert thc f dÐnetai apì to ìrio

Hf(t) = limε→0F−1(φεf̂)

SHMEIWSH 2.4.1
An h f eÐnai omal  ¸ste o f̂ na fjÐnei, tìte o Hf(t) dÐnetai apì to tmhmatikì ìrio
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Hf(t) = limε→0

∫∞
−∞ φε(ξ)f̂(ξ)eitξ dξ

2π

Qrhsimopoi¸ntac mèroc thc oikogèneiac twn sunart sewn 〈φε〉, mporoÔme na broÔme mia
anapar�stash tou H wc sunèlixh. TropopoioÔme th sun�rthsh signum jètontac

φε(ξ) = ĥε(ξ)
or

= sgn(ξ)e−ε|ξ|, ε > 0

Aut  h oikogèneia ikanopoieÐ thn upìjesh tou jewr matoc. O antÐstrofoc metasqhma-

tismìc Fourier thc ĥε eÐnai

hε = i
π

t
t2+ε2

H sun�rthsh hε sumperifèretai ìpwc to
1
t
kaj¸c to t → ∞. Gia k�je ε > 0 mporoÔme

na orÐsoume to metasqhmatismì Hilbert:

Hεf = F−1(f̂ ĥε) = f ∗ hε (2.4.1)

Apì to je¸rhma sunep�getai ìti an h f eÐnai L2- sun�rthsh tìte to hε ∗ f sugklÐnei
sto Hf . 'Estw to ε → 0 tìte h hε sugklÐnei tmhmatik� sto i[tπ]−1. Dhlad , an h f
eÐnai omal  tìte èqoume

Hf(t) =
i

π

∫ ∞
−∞

f(s)

t− s
ds (2.4.2)

Epeid  to 1
|t| den eÐnai oloklhr¸simo kont� sto 0 tìte to olokl rwma sth sqèsh (2.5.2)

den eÐnai apolÔtwc sugklÐnwn. 'Etsi, qrhsimopoi¸ntac thn arq  tou Cauchy prokÔptei

Hf(t) =
i

π
P.V.(f ∗ 1

s
) =

i

π
lim
ε→0

[
∫ −ε
−∞

+
∫ ∞
ε

f(t− s)
s

ds]. (2.4.3)

'Estw ìti h f èqei fragmèno forèa kai eÐnai omal . An h t brÐsketai ektìc thc f pou
èqei fragmèno forèa tìte to olokl rwma sth sqèsh (2.5.2) eÐnai apolÔtwc sugklÐnwn.
An, ìmwc, to t brÐsketai entìc ston fragmèno forèa thc f tìte jewr¸ntac ìti to 1

s

eÐnai perittì, èqoume

(
∫−ε
−R +

∫ R
ε ) ds

s
= 0

Pollaplasi�zontac me f(t) èqoume:
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(
∫−ε
−R +

∫ R
ε )f(t) ds

s
= 0

'Estw ìti o fragmènoc forèac thc f eÐnai [−R
2
, R

2
] kai to t an kei se autì to di�sthma,

tìte

(
∫ −ε
−∞

+
∫ ∞
ε

)
f(t− s)

s
ds = (

∫ −ε
−R

+
∫ R

ε
)[
f(t− s)− f(t)

s
] ds (2.4.4)

'Ean h f eÐnai diaforÐsimh, tìte to olokl rwma (2.5.4) paramènei fragmèno kaj¸c to
ε→ 0 kai sunep¸c èqoume

P.V.(f ∗ 1

s
)(t) =

∫ R

−R

f(t− s)− f(s)

s
ds, t ∈ [−R

2
,
R

2
] (2.4.5)

'Estw α > 0 tètoio ¸ste h f na ikanopoÐei th sunj kh α-Holder,

|f(t)− f(s)|
|t− s|α

≤M, (2.4.6)

tìte to olokl rwma sth sqèsh (2.4.4) eÐnai apolÔtwc sugklÐnwn.

JEWRHMA 2.4.2
An h f eÐnai sun�rthsh me fragmèno forèa kai ikanopoÐei th (2.4.6) gia α > 0 tìte

èqoume

H(f) =
i

π
P.V.(f ∗ 1

s
) (2.4.7)

SUNEPEIA 2.4.1
An h f eÐnai α-Holder suneq c sun�rthsh me fragmèno forèa sto [−R

2
, R

2
], tìte gia

t pou an kei se autì to di�sthma èqoume

Hf(t) =
i

π

∫ R

−R

f(t− s)− f(t)

s
ds (2.4.8)

Qrhsimopoi¸ntac ton tÔpo Parseval, mporoÔme na broÔme tic idiìthtec pou èqei o
metasqhmatismìc Hilbert ston L2.

PROTASH 2.4.1
An h f ∈ L2, tìte o Hf ∈ L2(R) kai isqÔei
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‖f‖L2 = ‖Hf‖L2

EpÐshc, o metasqhmatismìc Hilbert mporeÐ na oristeÐ kal� stouc Lp-q¸rouc kaj¸c
kai stouc Holder-q¸rouc.

PROTASH 2.4.2
Gia k�je 1 < p < ∞, o metasqhmatismìc Hilbert epekteÐnetai na orÐsei fragmèno

q¸ro H : L2(R)→ Lp(R).

PROTASH 2.4.3
'Estw h f eÐnai α-Holder suneq c sun�rthsh gia α ∈ (0, 1) kai den an kei entìc

fragmènou diast matoc . Tìte kai o Hf eÐnai α-Holder suneq c.

SHMEIWSH 2.4.2
Gia α = 1 h prìtash (2.4.3) den isqÔei. Diìti ekeÐ up�rqoun diaforÐsimec sunart -

seic f tètoiec ¸ste o Hf den eÐnai 1-Holder suneq c.

2.5 Proseggistikìc AntÐstrofoc Gia To Meta-

sqhmatismì Radon

Gia na antistrèyoume to metasqhmatismì Radon qrei�zetai na upologÐsoume to metasqh-
matismì Hilbert thc parag¸gou. Ta dedomèna apì tic metr seic eÐnai mia sun�rthsh, gm,
sto q¸ro twn gramm¸n. All�, epeÐdh ta metroÔmena dedomèna eÐnai sp�nia diaforÐsima,
tìte gia ton antÐstrofo Radon upologÐzoume to ∂tgm. K�je prosèggish tou metasqh-
matismoÔ Hilbert od gei sth prosèggish tou antÐstrofou metasqhmatismoÔ Radon.

GnwrÐzoume ìti gia thn sunèlixh isqÔei

∂x(f ∗ g) = ∂xf ∗ g = f ∗ ∂xg

Qrhsimopoi¸ntac to tÔpo (2.4.1), paÐrnoume mia prosèggish tou metasqhmatismoÔ
Radon:

f(x) =
1

2πi

∫ π

0
Hε(∂tRf)(〈x, ω〉, ω) dω

= 1
2πi

∫ π
0 hε ∗ (∂tRf)(〈x, ω〉, ω) dω

(2.5.1)
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Qrhsimopoi¸ntac to tÔpo gia to hε kai ìti isqÔei f ∗ ∂tg = ∂tf ∗ g, prokÔptei

f(x) =
1

2πi

∫ π

0

∫ ∞
−∞
Rf(s, ω)∂thε(〈x, ω〉 − s)

= 1
2π2

∫ π
0

∫∞
−∞[Rf(s, ω) ε2−(t−s)2

(ε2+(t−s)2)2
ds
∣∣∣
t=〈x,ω〉

] dω

(2.5.2)

Autì pou èqoume k�nei sth sqèsh (2.5.2) eÐnai ìti èqoume metakin sei th t-par�gwgo
apì thn endeqomènwc mètrhsh jorÔbou tou Rf p�nw sthn omal  sun�rthsh hε. Autì
shmaÐnei ìti de qrei�zetai na proseggÐsoume tic parag¸gou tou Rf .

Se pollèc efarmogèc, h sunèlixh, oi par�gwgoi kai o metasqhmatismìc Hilbert upo-
logÐzontai qrhsimopoi¸ntac thn anapar�stash tou metasqhmatismoÔ Fourier.

'Estw ψ̂(r) mia fragmènh �rtia sun�rthsh pou ikanopoÐei tic sunj kec

ψ̂(0) = 1

ψ̂(r) = 0, |r| > W

(2.5.3)

Gia dosmènh l sun�rthsh sto R× S1 orÐzoume

Gψ(l)(t, ω) =
1

2π

∫ ∞
−∞

l̃(r, ω)eirtψ̂(r) |r| dr (2.5.4)

kai

R−1
ψ l(x) =

1

2π

∫ π

0
Gψ(l)(〈x, ω〉, ω) dω (2.5.5)

Jètoume fψ = R−1
ψ ◦ Rf .

'Estw sunart seic f ∈ R2 kai g ∈ R2, tìte qrhsimopoi¸ntac th sqèsh (2.1.4) èqoume

R[f ∗ g](t, ω) =
∫ ∞
−∞
Rf(t− τ, ω)Rg(τ, ω) dτ (2.5.6)
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Qrhsimopoi¸ntac th sunèlixh gia to metasqhmatismì Fourier, prokÔptei ìti

R̃f ∗ g(r, ω) = R̃f(r, ω)R̃g(r, ω) (2.5.7)

JewroÔme ìti h g eÐnai mia aktinik  sun�rthsh tètoia ¸ste to Rg na eÐnai anex�rthto
tou ω. O tÔpoc tou filtrarismènou Back-Projection gia f ∗ g eÐnai

f ∗ g(x) =
1

4π2

∫ π

0

∫ ∞
−∞
R̃f(r, ω)R̃g(r)eir〈x,ω〉 |r| dr dω (2.5.8)

SugkrÐnontac th sqèsh (2.5.8) me to orismì thc fψ parathroÔme ìti an mporoÔme na
broÔme thn aktinik  sun�rthsh kψ, orismènh sto R2, tètoia ¸ste

R(kψ)(t, ω) = ψ(t)

tìte

fψ(x) = kψ ∗ f(x). (2.5.9)

ìpou

kψ(ρ) = − 1

π

∫ ∞
ρ

ψ′(t)√
t2 − ρ2

dt (2.5.10)

PROTASH 2.5.1
'Estw ìti h ψ̂ ikanopoieÐ tic sunj kec (2.5.3) kai ψ eÐnai apolÔtwc oloklhr¸simh.

Tìte

fψ(x) = kψ ∗ f(x)

ìpou h kψ dÐnetai apì (2.5.10).

SHMEIWSH 2.5.1
Antikajist¸ntac thn f me thn fψ par�getai jol  eikìna. Aux�nontac ìmwc to fr�g-

ma thc ψ̂, aux�netai h ψ kai sunep¸c kai h kψ. Autì mei¸nei th jìlwsh kaj¸c epÐshc
kai to jìrubo sta dedomèna.
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2.6 Sunèqeia tou MetasqhmatismoÔ Radon Kai

Tou Antistrìfou Tou

Prokeimènou h diadikasÐa twn metr sewn stic aktÐnec Q na eÐnai eustaj c, ja prèpei h
apeikìnish f 7→ Rf na eÐnai suneq c. Sugkekrimèna, ìso << ligìtero>> suneq c eÐnai h a-
peikìnish tìso perissìtero << euaÐsjhtec >> eÐnai oi metr seic, dÐoti mporoÔn na all�xoun
kat� thn eÐsodì touc. 'Oso afor� ton antÐstrofo metasqhmatismì, h 7→ R−1 kai ekeÐ
eÐnai shmantik  h sunèqeia, diìti oi sunèpeiec twn sfal�twn sta metroÔmena dedomèna
ephre�zoun thn anakataskeu  thc eikìnac.

PROTASH 2.6.1
'Estw ìti f ∈ L2(R2) kai upojètoume ìti h f brÐsketai entìc tou dÐskou aktÐnac L.

Tìte, gia k�je ω, èqoume thn ektÐmhsh

∫ ∞
−∞
|Rf(t, ω)|2 dt ≤ 2L‖f‖2

L2 . (2.6.1)

APODEIXH
Gia thn apìdeixh ja qrhsimopoi soume thn anisìthta Cauchy-Schwarz. Epeid  h f

brÐsketai entìc tou dÐskou aktÐnac L tìte èqoume ìti o Rf eÐnai Ðsoc me

Rf(t, ω) =
∫ L
−L f(tω + sω̂) ds

∫ ∞
−∞
|Rf(t, ω)| =

∫ L

−L

∣∣∣∣∣
∫ L

−L
f(tω + sω̂) ds

∣∣∣∣∣
2

dt

≤ 2L
∫ L
−L
∫ L
−L |f(tω + sω̂)|2 ds dt

(2.6.2)

H prìtash aut  mac lèei ìti an h f brÐsketai entìc fragmènou sunìlou tìte mpo-
roÔme ìqi mìno na elègqoume ìlo ton L2 tou Rf all� epÐshc ton L2 k�je kateÔjunshc,
ω.

PROTASH 2.6.2
'Estw f ∈ L2(R2) kai jewroÔme ìti h f brÐsketai entìc dÐskou aktÐnac L. Tìte, gia

k�je ω, èqoume thn ektÐmhsh

∫ ∞
−∞

|Rf(t, ω)|2√
L2 − t2

dt ≤ 2‖f‖2
L2 . (2.6.3)
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APODEIXH
ParathroÔme ìti

f(x, y) = χ[0,L2](x
2 + y2)f(x, y).

Qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz gia |t| ≤ L, èqoume thn ektÐmhsh

|Rf(t, ω)|2 =

∣∣∣∣∣
∫ L

−L
f(tω + sω̂)χ[0,L2](x

2 + y2)(s2 + t2) dt

∣∣∣∣∣
2

≤ 2
∫ L
−L |f(tω + sω̂|2 ds

∫√L2−t2
0 ds

= 2
√
L2 − t2

∫ L

−L
|f(tω + sω̂)|2 ds (2.6.4)

'Etsi,

∫ L

−L

|Rf(t, ω)|2√
L2 − t2

dt ≤
∫ L

−L

2
√
L2 − t2√
L2 − t2

∫ L

−L
|f(tω + sω̂)|2 ds dt

= 2‖f‖2
L2

(2.6.5)

O metasqhmatismìc Radon gia omalèc sunart seic 〈fn〉 ikanopoieÐ thn ektÐmhsh∫∞
−∞ |Rfn(t, ω)|2 dt ≤ 2L‖fn‖2

L2

kai

1
[2π]2

∫ π
0

∫∞
−∞

∣∣∣R̃fn(r, ω)
∣∣∣2 |r| dr dω = ‖fn‖2

L2(R2).

Autì, ìmwc, pou prokaleÐ idiaÐtero endiafèron eÐnai h sunèqeia tou antÐstrofou me-
tasqhmatismoÔ Radon. Gia na upologÐsoume to sf�lma thc anakataskeuasmènhc eikìnac
ja qreiasteÐ na upologÐsoume:

R−1Rfm − f = R−1(Rfm −Rf)

ìpou o Rfm prosèggish tou Rf . Autìc o upologismìc den eÐnai pant� eÔkolo na
pragmatopoihjeÐ, diìti Ðswc o Rfm den an kei sto pedÐo tim¸n tou metasqhmatismoÔ
Radon. An o Rfm(t, ω) den èqei L2-1

2
-par�gwgo sth t-kateÔjunsh, epeid 

∫ π
0

∫∞
−∞

∣∣∣R̃fm(r, ω)
∣∣∣2 |r| dr dω =∞
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tìte sÔmfwna me to tÔpo Parseval (2.2.6) o Rfm den eÐnai metasqhmatismìc Radon miac
sun�rthshc pou an kei ston L2(R2). Gia na eleqjeÐ to L2-sf�lma,

‖R−1(Rfm −Rf)‖L2(R2),

eÐnai aparaÐthto oi metr seic na èqoun 1
2
-par�gwgo kai h diafor�

‖D 1
2
(Rfm −Rf)‖L2(R×S−1)

na eÐnai mikr . 'Omwc, praktik� autì eÐnai adÔnaton. 'Etsi, ja qrhsimopoioÔme èna kat�
prosèggish antÐstrofo, orismèno wc R−1

ψ ìpou ψ kanonikopoihmènh sun�rthsh. Aut 
eÐnai mia �rtia sun�rthsh h opoÐa ikanopoieÐ tic sunj kec

ψ̂(0) = 1

ψ̂(r) = 0, |r| > W

(2.6.6)

Autì epibebai¸nei ìti h aktinik  sun�rthsh kψ pou orÐzetai sth (2.5.10) eÐnai pedÐo
orismoÔ tou metasqhmatismì Radon kai

Rkψ = ψ.

Kai se aut  thn perÐptwsh èqoume,

R−1
ψ Rf = kψ ∗ f. (2.6.7)

2.7 Metasqhmatismìc Radon Gia Pollèc Dia-

st�seic

O metasqhmatismìc Radon sto Rn eÐnai parìmoioc me to metasqhmatismì Radon sto
R2. 'Estw ω monadiaÐo di�nusma sto Rn kai t ∈ R. JewroÔme to zeug�ri (t, ω) pou
antistoiqeÐ sth gramm 

lt,ω = {x ∈ Rn : 〈x, ω〉 = t}.

Gia na orÐsoume to metasqhmatismì Radon epilègoume dianÔsmata {e1, ..., en−1} tètoia
¸ste
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〈ω, ej〉 = 0

〈ei, ej〉 = δij

,

ìpou i, j = 1, ......, n− 1.
Ta n-dianÔsmata 〈ω, e1, ......en−1〉 eÐnai mia orjokanonik  b�sh sto Rn. OrÐzoume nèec
orjog¸niec suntetagmènec (t, s1, ......, sn−1) sto Rn jètontac

x = tω +
∑n−1
j=1 sjej.

O metasqhmatismìc Radon gia n-di�stash orÐzetai apì

Rf(t, ω) =
∫
lt,ω

f dσn−1 =
∫
Rn−1 f(tω +

∑
sjej) ds1 · · · dsn−1

O metasqhmatismìc Radon eÐnai �rtia sun�rthsh, dhlad  isqÔei

Rf(t, ω) = Rf(−t,−ω)

kai autì apodeiknÔetai apì to gegonìc ìti isqÔei lt,ω = l−t,−ω.

JEWRHMA 2.7.1 ( KENTRIKO JEWRHMA TOMHS )
'Estw f apolÔtwc oloklhr¸simh sun�rthsh sto Rn. Gia k�je pragmatikì arijmì r

kai monadiaÐo di�nusma ω, èqoume th sqèsh

R̃f(r, ω) =
∫∞
−∞Rf(t, ω)e−itr dt = f̂(rω).

To kentrikì je¸rhma tom c kai o antÐstrofoc metasqhmatismìc Fourier dÐnoun ton
antÐstrofo metasqhmatismì Radon.

JEWRHMA 2.7.2 ( TUPOS ANTISTROFOU RADON )
'Estw f omal  sun�rthsh me fragmèno forèa sto Rn. Tìte

f(x) = 1
2(2π)n

∫
Sn−1

∫∞
−∞ R̃f(r, ω)rn−1eir〈ω,x〉 drdω.
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Kef�laio 3

Anakataskeu  AktÐnwn Q

GnwrÐzoume ìti o metasqhmatismìc Radon thc f , orismènh sto R× S1 dÐnetai apì

Rf(t, ω) =
∫∞
−∞ f(tω + sω̂) ds.

Mèsa se èna mhq�nhma CT aktÐnwn Q, o Rf jewreÐtai mia prosèggish se èna peperasmè-
no sÔnolo shmeÐwn. S' autì to kef�laio ja asqolhjoÔme me to pwc o antÐstrofoc me-
tasqhmatismìc Radon odhgeÐ sth mèjodo gia thn kat� prosèggish anakataskeu c thc f
apì pragmatikèc metr seic. Th mèjodo aut  thn onom�zoume algìrijmo anakataskeu c.
Dhlad , ja parousi�soume pwc par�getai o algìrijmoc anakataskeu c pou qrhsimo-
poieÐtai stouc perissìterouc sÔgqronouc sarwtèc CT. Sugkekrimèna, ja parousi�sou-
me thn efarmog  twn aktÐnwn Q sthn tomografÐa kai sth sunèqeia ja perigr�youme ta
krit ria pou qrhsimopoioÔntai stouc sÔqronouc sarwtèc CT.

3.1 Efarmog  Twn AktÐnwn Q Sthn TomografÐa

O nìmoc Beer, pou gnwrÐzoume apì th fusik , apoteleÐ b�sh stic aktÐnec Q sthn to-
mografÐa. 'Ena antikeÐmeno D se R3 sundèetai me to suntelest  apìsbeshc µ(x). H
µ(x) eÐnai mia mh arnhtik  sun�rthsh pou perigr�fei th pijanìthta e�n èna fwtìnio apì
mia dosmènh enèrgeia, h opoÐa sunant�ei to antikeÐmeno sto shmeÐo x, aporrof�tai  
diasp�tai. O nìmoc Beer eÐnai aÔtoc pou perigr�fei thn allag  thc èntashc lìgw thc
dèsmhc aktÐnwn, h opoÐa apoteleÐtai apì poll� fwtìnia pou brÐskontai sth gramm  l sto
R3. Wc l èqoume orÐsei th gramm 

lt,ω = {x : 〈ω,x〉 = t} = {tω + sω̂ : s ∈ R}

An, ìmwc, Ω ∈ S eÐnai h kateÔjunsh thc l kai x0 eÐnai shmeÐo thc l, tìte h gramm 
gÐnetai:

l = {sΩ + x0 : s ∈ R}.

55
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'Estw I(s) h èntash thc dèsmhc fwtonÐwn sto shmeÐo sΩ + x0. Sunep¸c, o nìmoc Beer
gÐnetai:

dI
ds

(s) = −µ(sΩ + x0)I(s)

'Estw s ∈ [α, b], jewr¸ntac wc I(α) kai I(b) thn eiserqìmenh kai exerqìmenh èntash
antÐstoiqa, prokÔptei ìti:

log [
I(α)

I(b)
] =

∫ b

α
µ(sΩ + x0) ds (3.1.1)

H tomografÐa asqoleÐtai me mejìdouc gia to prosdiorismì thc eswterik c dom c
disdi�statwn tom¸n enìc trisdi�statou antikeimènou.
JewroÔme sÔsthma suntetagmènwn to (x1, x2, x3) ∈ R3. Epomènwc, ta dedomèna pou apo-
jhkeÔontai sto mhq�nhma CT aktÐnwn Q eÐnai proseggÐseic sto metasqhmatismì Radon
apì disdi�stath tom  thc sun�rthshc µ se x3-kateÔjunsh. 'Ara oi sun�rthseic

fc(x1, x2) = µ(x1, x2, c) (3.1.2)

brÐskontai apì kajorismènec suntetagmènec. Me tic metr seic thc sun�rthshc fc mpo-
roÔme na anakataskeu�soume. All� èna mhq�nhma CT aktÐnwn Q mporeÐ mìno na upolo-
gÐsei èna peperasmèno arijmì oloklhrwm�twn thc gramm c. 'Etsi, se èna aplì montèlo
gia pragmatikèc metr seic èqoume èna peperasmèno sÔnolo tim¸n, {c1, ..., cn} tètoia ¸-
ste oi metasqhmatismoÐ Radon twn sunart sewn, {fc1 , ..., fcn} deigmatopoioÔntai kat�
m koc enìc peperasmènou sunìlou gramm¸n {ltj ,ωj : j = 1, ..., P}. To mhq�nhma eÐnai au-
tì pou ja kajorÐsei poia oloklhr¸mata thc gramm c upologÐzontai. Epomènwc, se autì
to kef�laio ja asqolhjoÔme me th melèth twn algorÐjmwn gia thn anakataskeu  miac
disdi�stathc tom c. AfoÔ to mhq�nhma bajmonomeÐtai, oi jèseic sto q¸ro pou antistoi-
qoÔn stic di�forec tomèc kai oi grammèc entìc miac tom c eÐnai gnwstèc ek twn protèrwn.

3.2 GewmetrÐec Tou Sarwt 

H dom  thc anakataskeu c tou algorÐjmou prosdiorÐzetai apì deÐgmata tou Rf pou
eÐnai diajèsima. Up�rqoun dÔo eÐdh mhqanhm�twn CT aktÐnwn Q pou qrhsimopoioÔn dis-
di�statec tomèc: (a) sarwt c par�llhlhc dèsmhc kai (b) sarwt c apoklÐnousac dèsmhc,
oi opoÐoi èqoun eurèwc axiopoihjeÐ sto biblÐo ”Introduction to the Mathematics of Me-
dical Imaging”, Charles L. Epstein.

Sto sarwt  par�llhlhc dèsmhc proseggÐzoume deÐgmata tou Rf upologismèna se
peperasmèno sÔnolo kateujÔnsewn, {ω(k∆θ)} gia k = 0, ........M ìpou
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∆θ = π
M+1

kai

ω(k∆θ) = (cos (k∆θ), sin (k∆θ))

O sarwt c par�llhlhc dèsmhc leitourgeÐ wc ex c:
O metasqhmatismìc Radon upologÐzei ta oloklhr¸mata thc gramm c apì pollaplèc
phgèc kat� m koc par�llhlwn troqi¸n se mia orismènh kateÔjunsh. Oi troqÐec eÐnai
isapèqousec. 'Ara, o metasqhmatismìc Radon lamb�nei pollaplèc, par�llhlec proe-
xìqec diastaÔrwshc thc eikìnac apì diaforetikèc gwnÐec me peristrof  gÔrw apì thn
phg  sto kèntro thc eikìnac.

O sarwt c apoklÐnousac dèsmhc leitourgeÐ me diaforetikì trìpo, dhlad :
Mia shmeiak  phg  twn aktÐnwn Q kineÐtai gÔrw apì èna kÔklo me kèntro to antikeÐmeno
pou metr�tai. H phg  p�lletai se mia diakrit  akoloujÐa gwni¸n, kai oi metr seic apì
to Rf apojhkeuìntai gia peperasmènh oikogèneia gramm¸n pou dièrqontai mèsw thc
phg c. Se mhqan mata autoÔ tou tÔpou, ta dedomèna sullègontai apì aniqneutèc pou
sun jwc topojetoÔntai se èna kuklikì tìxo. Efìson ìlec oi aktÐnec pern�ne diamèsou
miac jèshc phg c, h gwniak  par�metroc eÐnai h gwnÐa, φ, an�mesa sth dosmènh aktÐna
kai th kentrik  aktÐna. 'Estw ìti h phg  brÐsketai se apìstash D kai h kentrik 
aktÐna brÐsketai se gwnÐa ψ apì to jetikì q-�xona. H gwniak  par�metro thc gramm c
upologÐzetai apì

θ = ψ + φ− π

2
(3.2.1)

ìpou oi jetikèc gwnÐec upologÐzontai aristerìstrofa.

3.3 Anakataskeu  AlgorÐjmwn Gia Par�llhlh

Dèsmh

Gia na orÐsoume ton sugkekrimèno algìrijmo jewroÔme ìti ìla ta dedomèna ta upolo-
gÐzoume apì èna peperasmèno sÔnolo gwni¸n. Se aut  th perÐptwsh ta dedomèna ja
eÐnai

{Rf(t, ω(k∆θ))}

ìpou k = 0, ....,M , t ∈ [−L,L] kai ∆θ = π
M+1

.
Me aut� ta dedomèna mporoÔme na efarmìsoume to kentrikì je¸rhma tom c gia na
upologÐsoume ta gwniak� deÐgmata apì disdi�stato metasqhmatismì Fourier thc f ,
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f̂(rω(k∆θ)) =
∫ ∞
−∞
Rf(t, ω(k∆θ))e−irt dt (3.3.1)

H polik  suntetagmènh mporeÐ na eÐnai eÐte jetik  eÐte arnhtik . Sth perÐptwsh pou
r < 0 tìte èqoume

f̂(rω(θ)) = f̂(|r|ω(θ + π)) (3.3.2)

3.3.1 AntÐstrofoc Metasqhmatismìc Fourier Se Par�l-

lhlh Dèsmh

GnwrÐzoume ìti o tÔpoc tou antÐstrofou metasqhmatismoÔ Fourier se polikèc suntetag-
mènec dÐnetai apì

f(x, y) =
1

[2π]2

∫ 2π

0

∫ ∞
0

f̂(rω)eir〈(x,y),ω〉r dr dω

= 1
[2π]2

∫ π
0

∫∞
−∞ f̂(rω)eir〈(x,y),ω〉 |r| dr dω

(3.3.3)

O tÔpoc (3.3.3) mac parotrÔnei sth qr sh tou tÔpou disdi�statou antÐstrofou metasqh-
matismoÔ Fourier gia thn anakataskeu  thc f . Qrhsimopoi¸ntac to �jroisma Riemann
se gwniak  kateÔjunsh prokÔptei

f(x, y) ≈ 1

4π(M + 1)

M∑
k=0

∫ ∞
−∞

f̂(rω(k∆θ))eir〈(x,y),ω(k∆θ)〉 |r| dr (3.3.4)

Oi pragmatikèc timèc eÐnai ta deÐgmata {Rf(jd, ω(k∆θ))} apì {Rf(t, ω(k∆θ))}. E-
fìson h apìstash tou deÐgmatoc eÐnai d, to qrhsimopoihmèno eÔroc tou deÐgmatoc twn
dedomènwn eÐnai 2π

d
. Aut� ta deÐgmata mporoÔn na qrhsimopoihjoÔn gia ton upologismì

proseggÐsewn sta akìlouja deÐgmata tou metasqhmatismoÔ Fourier thc f ,

f̂(rjω(k∆θ)), rj ∈ {0,±η,±2η, .......,±Nη} (3.3.5)

ìpou η = 1
N
π
d

= π
L
.
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3.3.2 Metasqhmatismìc Back-Projection Se Par�llhlh Dè-

smh

Qrhsimopoi¸ntac to kentriko je¸rhma tom c o tÔpoc (3.3.3) gÐnetai

f(x, y) =
1

[2π]2

∫ π

0

∫ ∞
−∞

R̃f(r, ω) |r| eir〈(x,y),ω〉 dr dω. (3.3.6)

Jewr¸ntac to r wc grammikì amet�blhto fÐltro pou energeÐ sth t-metablht ,

G(Rf)(t, ω) =
1

2π

∫ ∞
−∞

R̃f(r, ω) |r| eirt dr

= −iH∂tRf(t, ω)

(3.3.7)

odhgoÔmaste sto tÔpo tou filtrarismènou Back-Projection

f(x, y) =
1

2π

∫ π

0
G(Rf)(〈(x, y), ω〉, ω) dω (3.3.8)

O tÔpoc (3.3.8) proseggÐzei ton antÐstrofo me diaforetikì trìpo. O metasqhmatismìc
Radon arqik� filtr�retai,

GRf(t, ω) = −iH∂tRf(t, ω),

kai tìte o Back-Projection brÐskei thn f sto (x, y). H sqèsh Rf 7→ GRf eÐnai èna
monodi�stato grammikì amet�blhto fÐltro. Sto sarwt  par�llhlhc dèsmhc, ta dedo-
mèna gia dosmèno ω pou orÐzoun mìno mia probol  apojhkeÔontai me th seir� apì th
phg -aniqneut  se mia stajer  jèsh. Mìlic ta dedomèna èqoun apojhkeuteÐ, tìte aut�
mporoÔn na filtraristoÔn. 'Ena meg�lo mèroc thc epexergasÐac gÐnetai apì thn stigm 
pou ìla ta dedomèna gia mia tom  èqoun apojhkeuteÐ. Upojètontac, ìpwc prÐn, ìti h deig-
matolhyÐa pragmatopoieÐtai mìno gia kajorismènh gwniak  metablht , tìte ta dedomèna
pou kajorÐzontai gia sarwt  par�llhlhc dèsmhc ja eÐnai ta deÐgmata

{Rf(t, ω(k∆θ)) : k = 0, .....,M}.

Se algìrijmo filtrarismènou Back-Projection, k�je probol , Rf(t, ω(k∆θ)), filtr�-
retai amèswc afoÔ upologisteÐ, dÐnontac GRf(t, ω(k∆θ)). 'Otan ìla ta dedomèna èqoun
apojhkeuteÐ kai filtraristeÐ tìte h eikìna kat� prosèggish anakataskeu�zetai me th
qr sh tou ajroÐsmatoc Riemann kat� prosèggish sto Back-Projection:
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f̃(x, y) =
1

2(M + 1)

M∑
k=0

GRf(〈(x, y), ω(k∆θ)〉, ω(k∆θ)) (3.3.9)

H qrhsimìthta autoÔ tou algorÐjmou eÐnai na apofasÐsoume p¸c ja proseggÐsoume
to fÐltro G sta dedomèna pou deigmatopoioÔntai sta t kai ω.

Stic efarmogèc h prosèggish proc th sun�rthsh metafor�c thc G epilègetai na eÐnai

mia prosèggish sto |r|. SumbolÐzoume wc φ̂ th prosèggish thc sun�rthshc metafor�c
kai orÐzoume

Qφf(t, ω) =
1

2π

∫ ∞
−∞
R̃f(r, ω)φ̂(r)eirt dr (3.3.10)

Prokeimènou to Q na proseggÐsei to G, h diaforopoÐhsh thc sun�rthshc metafor�c

φ̂ prèpei na parèqei 'prosèggish' sto |r| se fragmèno forèa twn dedomènwn. Me autì

ennooÔme ìti an, gia par�deigma, h |r| eÐnai mia �rtia pragmatik  tim  tìte kai h φ̂ eÐnai
mia �rtia pragmatik  sun�rthsh. Gia na èqoume stajerì algìrijmo kai ìso gÐnetai na

apomakrÔnoume to jìrubo, eÐnai shmantikì h φ̂ na teÐnei sto mhdèn kaj¸c h |r| → ∞.

'Otan h φ epilegeÐ, tìte o filtrarismènoc metasqhmatismìc Radon dÐnetai apì

Qφf(t, ω) =
∫ ∞
−∞
Rf(s, ω)φ(t− s) ds

= 1
2π

∫∞
∞ R̃f(r, ω)φ̂(r)eirt dr.

(3.3.11)

'Ara, gia sugkekrimèna dedomèna h prosèggish thc anakataskeu c, orismènh wc φ, ja
eÐnai

fφ(x, y) =
1

2π

∫ π

0
Qφf(〈(x, y), ω〉, ω) dω (3.3.12)

Epomènwc, epilègoume mia sunarths  φ tètoia ¸ste na beltiwsoÔme merik� shmeÐa
thc anakataskeu c. Dhlad , h eÐkona na eÐnai perissìtero apodotik  kai me ligìtero
jìrubo. H sun�rthsh φ suqn� anafèretai wc par�metroc h opoÐa mporeÐ na prosarmo-

steÐ gia sugkekrimènouc skopoÔc. Sth bibliografÐa thc apeikìnishc, h φ̂ ekfr�zetai wc
ginìmeno
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φ̂(r) = A(r) |r| .

Ed¸ to A eÐnai mia sun�rthsh h opoÐa teÐnei sto mhdèn kaj¸c |r| → ∞.

Oi parak�tw eÐkonec eÐnai anakataskeuèc tou eid¸lou Shepp-Logan me filtrarismèno
Back- Projection gia diaforetik� A.

3.4 Anakataskeu  AlgorÐjmwn Gia ApoklÐnou-

sa Dèsmh

S> aut  th par�grafo ja asqolhjoÔme me thn anakataskeu  algorÐjmwn se sarwt 
apoklÐnousac dèsmhc. O sarwt c par�llhlhc dèsmhc apoteleÐtai apì metr seic tou
Rf gia mia oikogèneia par�llhlwn gramm¸n, kai sunep¸c to kentrikì je¸rhma tom c
efarmìzetai gia na d¸sei mia prosèggish tou metasqhmatismoÔ Fourier tou suntelest 
apìsbeshc. En¸, o sarwt c apoklÐnousac dèsmhc apoteleÐtai apì deÐgmata tou Rf gia
mia oikogèneia gramm¸n pou dièrqontai apì èna shmeÐo, kai ètsi to kentrikì je¸rhma
tom c den efarmìzetai �mesa.
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3.4.1 GewmetrÐa ApoklÐnousac Dèsmhc

Wc S dhl¸noume to shmeÐo tom c twn gramm¸n apì mia optik  gwnÐa. Autì to S brÐsketai
se apìstash D apì thn arq  twn axìnwn. H kentrik  aktÐna, pou proèrqetai apì
to shmeÐo S kai pern� apì to (0, 0), dhmiourgeÐ gwnÐa β me to jetikì �xona y. Oi
�llec grammèc pou pern�ne diamèsou tou S se gwnÐa γ, dhmiourgoÔntai me thn kentrik 
aktÐna. AutoÐ oi par�metroi orÐzoun tic suntetagmènec enìc uposÔnolou tou q¸rou twn
peristrefìmenwn gramm¸n. Sundèontai me tic (t, θ) metablhtèc apì

θ = γ + β

kai

t = D sin γ

(3.4.1)

Oi (β, γ) onom�zontai suntetagmènec apoklÐnousac dèsmhc.

O tÔpoc thc kat� prosèggishc anakataskeu c pou qrhsimopoieÐtai sto algìrijmo
thc apoklÐnousac dèsmhc eÐnai thc morf c,

fφ(x, y) =
1

2π

∫ π

0

∫ L

−L
Rf(t, θ)φ(x cos θ + y sin θ − t)dxdθ, (3.4.2)

ìpou φ h sun�rthsh filtrarÐsmatoc pou qrhsimopoi same sto sarwt  par�llhlhc dè-
smhc. Sto tÔpo (3.4.2) oi diaforetikèc grammèc kat� th diadikasÐa filtrarÐsmatoc e-
xartioÔntai mìno apì thn apìstash pou èqoun apì to shmeÐo (x, y). MporoÔme, epÐshc,
na qrhsimopoi soume polikèc suntetagmènec, to (r, φ) an kei sto epÐpedo thc anakata-
skeu c, ètsi èqoume

(x, y) = (r cosφ, r sinφ).

Sto sarwt  apoklÐnousac dèsmhc ja orÐsoume wc sun�rthsh filtrarÐsmatoc thn κ.
Aut  h sun�rthsh ja eÐnai omal  kai ja aposbènei sto �peiro. Epomènwc, se polikèc
suntetagmènec, o tÔpoc (3.4.2) gÐnetai

fκ(r, φ) =
1

2

∫ 2π

0

∫ L

−L
Rf(t, θ)κ(r cos (θ − φ)− t) dt dθ. (3.4.3)
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QrhsimopoioÔme th sqèsh (3.4.1) gia na broÔme thn fκ se suntetagmènec apoklÐnousac
dèsmhc. Sunep¸c, èqoume

fκ(r, φ) =
1

2

∫ 2π

0

∫ γL

−γL
Rf(D sin γ, β + γ)κ(r cos (β + γ − φ)−D sin γ)D cos γ dγ dβ.

(3.4.4)

H sun�rthsh eÐnai fragmènh se dÐsko aktÐnac L. Ta ìria thc olokl rwshc, ±γL, epi-
lèqjhkan ètsi ¸ste oi grammèc, pou antistoiqoÔn stic par�metrouc,

{(β, γ) : β ∈ [0, 2π),−γL ≤ γ ≤ γL}

na perilamb�noun ìlec tic tèmnousecDL. H sunolik  gwnÐa 2γL onom�zetai apoklÐnousa gwnÐa.
Ta dedomèna ta opoÐa apojhkeÔontai se èna mhq�nhma apoklÐnousac dèsmhc eÐnai mia pro-
sèggish sto q¸ro deigm�twn twn (β, γ) - suntetagmènwn.
Jètoume

Pf(β, γ) = Rf(D sin γ, β + γ),

tìte o tÔpoc (3.4.4) gÐnetai

fκ(r, φ) = 1
2

∫ 2π
0

∫ γL
−γL Pf(β, γ)κ(r cos (β + γ − φ)−D sin γ)D cos γ dγ dβ.

Apì trigwnometrik  tautìthta èqoume

cos (α + β) = cos (α) cos (β)− sin (α) sin (β),

tìte prokÔptei

r cos (β + γ − φ)−D sin γ = r cos (β − φ) cos γ − [r sin (β − φ) +D] sin γ. (3.4.5)

'Estw l(r, φ, β) eÐnai h apìstash apì to shmeÐo S sto shmeÐo (x, y) kai èstw γ′ h gwnÐa
an�mesa stic aktÐnec SO kai S(x, y). 'Eqoume

l cos γ′ = D + r sin (β − φ), (3.4.6)

l sin γ′ = r cos (β − φ). (3.4.7)

'Ara h apìstash l kai h gwnÐa γ′ dÐnontai apì
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l(r, φ, β) = ([D + r sin (β − φ)]2 + [r cos (β − φ)]2)
1
2 ,

γ′(r, φ, β) = tan−1 r cos(β−φ)
D+r sin (β−φ)

.

Qrhsimopoi¸ntac tic sqèseic (3.4.5) kai (3.4.7) èqoume

r cos (β + γ − φ)−D sin γ = l(r, φ, β) sin (γ′(r, φ, β)− γ). (3.4.8)

Sunep¸c, qrhsimopoi¸ntac ìlec tic parap�nw sqèseic o tÔpoc thc fκ gÐnetai

fκ(r, φ) =
1

2

∫ 2π

0

∫ γL

−γL
Pf(β, γ)κ(l(r, φ, β) sin (γ′(r, φ, β)− γ))D cos γ dγ dβ. (3.4.9)

3.4.2 Metasqhmatismìc Back-Projection Se ApoklÐnousa

Dèsmh

JewroÔme ìti isqÔei κ̂(ξ) ≈ |ξ| gia mikrèc timèc thc |ξ|. 'Estw χε oikogèneia sunart sewn
me fragmèno forèa tètoia ¸ste na isqÔei

limε→0 χε = 1

gia k�je ξ.

Parathr¸ntac thn sqèsh (3.4.4) deÐqnoume ìti h akrib c anakataskeu  thc sun�r-
thshc sto DL lamb�netai wc to ìrio

f(r, φ) =

limε→0
1

4π

∫ 2π
0

∫ γL
−γL Pf(β, γ)D cos (γ)[

∫∞
−∞ e

il sin (γ′−γ)ξ|ξ|χε(ξ) dξ] dγ dβ.

To β-olokl rwma eÐnai èna stajmismènoc Back-Projection kai ablab c. Sth sunèqeia
ja analÔsoume ta γ kai ξ oloklhr¸mata. 'Estw h(γ) fragmènh sun�rthsh me fragmèno
forèa kai jetoÔme

H(γ′) = limε→0
1

4π

∫ γL
−γL h(γ)D cos (γ)[

∫∞
−∞ e

il sin (γ′−γ)ξ|ξ|χε(ξ) dξ] dγ dβ.

All�zoume tic suntetagmènec tou ξ-oloklhr¸matoc, jètontac

η = [ l sin (γ′−γ)
γ′−γ ]ξ.

'Etsi, prokÔptei
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H(γ′) =

limε→0
1

4π

∫ γL
−γL

∫∞
−∞ h(γ)[ γ′−γ

l sin (γ′−γ)
]2|η|χε(η[ γ′−γ

l sin (γ′−γ)
])ei(γ

′−γ)η dη dγ.

H sun�rthsh h(γ) èqei fragmèno forèa, kai epomènwc h di�taxh tou oloklhr¸matoc
mporeÐ na ennalaqjeÐ. Tìte èqoume

H(γ′) = 1
4π

∫∞
−∞

∫ γL
−γL h(γ)[ γ′−γ

l sin (γ′−γ)
]2|η|ei(γ′−γ)η dγ dη.

Autìc eÐnai o akrib c tÔpoc gia th diadikasÐa tou filtrarÐsmatoc se suntetagmènec apo-
klÐnousac dèsmhc. Mia prosèggish autoÔ tou oloklhr¸matoc, diaforetik  apì (3.4.9),
dÐnetai apì

Hε(γ
′) = 1

2

∫ γL
−γL h(γ)[ γ′−γ

l sin (γ′−γ)
]2κε(γ

′ − γ) dγ,

ìpou

κε(γ) = 1
2π

∫∞
−∞ |η|χε(η)eiηγ dη.

Me autoÔc touc upologismoÔc brÐskoume ìti mia prosèggish thc f(r, φ) dÐnetai apì

fκ(r, φ) = 1
2

∫ 2π
0

∫ γL
−γL Pf(β, γ)[ γ′−γ

l sin (γ′−γ)
]2κ(γ′ − γ)D cos γ dγ dβ,

ìpou to κ èqei epileqjeÐ ètsi ¸ste na isqÔei κ̂(ξ) ≈ |ξ|. 'Epishc o tÔpoc mporeÐ na
grafteÐ kai wc

fg(r, φ) =
∫ 2π

0
1

l2(r,φ,β)

∫ γL
−γL Pf(β, γ)g(γ′ − γ)D cos γ dγ dβ,

ìpou

g(γ) = 1
2
[ γ
sin γ

]2κ(γ).

Gia na ermhneÔsoume autì to tÔpo wc stajmismèno Back-Projection jètoume

Q(g)f(β, γ′) =
∫

2π
P ′f(β, γ − γ′)g(γ) dγ,

fg(r, φ) =
∫ 2π

0
1

l2(r,φ,β)
Qgf(β, γ′) dβ.

(3.4.10)

S> aut  th perÐptwsh èqoume

P ′f(β, γ) = Pf(β, γ)D cos γ

kai

γ′(r, φ, β) = tan−1[ r cos (β−φ)
D+r sin (β−φ)

].
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3.4.3 Efarmog  AlgorÐjmou Thc ApoklÐnousac Dèsmhc

Qrhsimopoi¸ntac touc tÔpouc (3.4.10), mporoÔme na perigr�youme èna algìrijmo gia thn
anakataskeu  eikìnac, kal� prosarmosmènh sth gewmetrÐa tou sarwt  apoklÐnousac
dèsmhc. Ta dedomèna thc apoklÐnousac dèsmhc eÐnai

Pf(βj, nα),

ìpou

βj = 2πj
M+1

,

j = 0, ....,M

kai n akèraiec timèc. H eikìna, h opoÐa èqei eurèwc axiopoihjeÐ sto biblÐo ”Introduction
to the Mathematics of Medical Imaging”, Charles L. Epstein, anakataskeu�zetai se
trÐa b mata.

• BHMA 1: AntikajistoÔme tic metr seic me stajmismènec metr seic, dhlad  pol-
laplasi�zoume me to D cosnα gia na p�roume

P ′f(βj, nα) = Pf(βj, nα)D cosnα

• BHMA 2: K�noume sunèlixh twn dedomènwn thc stajmismènhc probol c P ′f(βj, nα)
me g(nα) gia na par�goume th probol  tou filtrarÐsmatoc:

Qgf̃(βj, nα) = α[P ′f(βj, ·) ? g](nα),

ìpou

g(nα) = 1
2
( nα

sinnα
)2κ(nα)

H sun�rthsh filtrarÐsmatoc κ epilèqjhke sÔmfwna me ta krit ria pou qrhsimopoi -
same gia thn epilog  thc φ sth perÐptwsh thc par�llhlhc dèsmhc. Dhlad , prèpei na
eÐnai pragmatik , �rtia kai na aposbènei sto �peiro. EpÐshc, gia k�je ξ isqÔei κ̂(ξ) ≈ |ξ|.

• BHMA 3: Parousi�zoume èna stajmismèno Back-Projection gia k�je probol 
filtrarÐsmatoc:

f̃g(xm, yl) ≈ ∆β
∑M
k=0

1
l2(xm,yl,βk)

Qgf(βk, γ
′(xm, yl, βk)).
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3.4.4 EpexergasÐa Dedomènwn Gia Sarwt  ApoklÐnou-

sac Dèsmhc

Apì ton orismì tou algorÐjmou èqoume ìti ta dedomèna apojhkeÔontai gia β ∈ [0, 2π).
Autì shmaÐnei ìti k�je probol  upologÐzetai dÔo forèc, ìpwc ta dÔo zeÔgh twn sunte-
tagmènwn thc apoklÐnousac dèsmhc (β1, γ1) kai (β2, γ2) pou orÐzontai sthn Ðdia gramm 
an kai mìno an

γ1 = −γ2,

β1 − γ1 = β2 − γ2 + π ⇒ β1 = β2 + 2γ1 + π

(3.4.11)

S> èna mhq�nhma par�llhlhc dèsmhc arkeÐ na apojhkeutoÔn ta dedomèna gia θ ∈ [0, π),
ètsi omoÐwc èqoume ìti kai gia èna mhq�nhma apoklÐnousac dèsmhc de qrei�zetai na
èqoume metr seic gia ìla ta β ∈ [0, 2π).
O metasqhmatismìc Radon ikanopoieÐ

Rf(t, θ) = Rf(−t, π + θ).

Se suntetagmènec apoklÐnousac dèsmhc autì eÐnai isodÔnamo me

Pf(β, γ) = Pf(β + 2γ + π,−γ).

3.5 Efarmog  SpeiroeidoÔc Sarwt  Sthn Tomo-

grafÐa

'Ola ta mhqan mata axonik c tomografÐac deÔterhc, trÐthc, tètarthc genÐac apojhkeÔ-
oun ta dedomèna miac tom c se mia stigm . Gi> autì to lìgo mporoÔme na agno soume th
x3-metablht  kai na anakataskeu�soume k�je disdi�stath tom  xeqwrist�. Stic arqèc
tou 1990 mia nèa kataskeu  eis qjh, pou lègetai speiroeid c   elikoeid c sarwt c CT.
Ta pio sÔgqrona nosokomeÐa qrhsimopoioÔn s mera speiroeid  sarwt  CT.

3.5.1 Mèjodoc Parembol c

H phg  aktÐnac Q kai oi aniqneutèc topojetoÔntai se mia exèdra h opoÐa peristrèfetai
se èna epÐpedo pou onom�zetai epÐpedo tom c P. O asjen c topojeteÐtai s> èna epÐpedo
se orjèc gwnÐec proc to epÐpedo tom c. Me èna sumbatì sarwt , ta dedomèna miac tom c
upologÐzontai me to epÐpedo na paramènei stajerì kai h phg -aniqneut c thc exèdrac na
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peristrèfetai.
'Estw P (β, γ, z′) h probol  apoklÐnousac dèsmhc twn dedomènwn gia th tom  me x3 = z′.
Mìlic aut� ta dedomèna apojhkeutoÔn tìte h phg -aniqneut c thc exèdrac stamat�ei
kai ètsi mporoÔme na upologÐsoume thn P (β, γ, z′+ ∆z) ìpou ∆z eÐnai mia stajer  tim 
pou eÐnai k�jeth sto P . Aut  h diadikasÐa epanalamb�netai tìsec forèc ìsec qrei�zetai
gia na apojhkeutoÔn ìlec oi apaitoÔmenec tomèc, dÐnontac to sÔnolo dedomènwn

Dthird = {P (β, γ, z′ +m∆z)} : β ∈ [0, 2π),−γL ≤ γ ≤ γL,m = 1, 2, .....,M

Gia k�je tim  m, ta deÐgmata P (β, γ, z′ + m∆z) mporoÔn na qrhsimopoihjoÔn gia na
anakataskeu�soume mia prosèggish thc tom c µ(x, y, z′ + m∆z). ExaitÐac tou xekin -
matoc kai thc paÔshc thc peristrof c thc exèdrac kai thc metakÐnhshc tou asjen  sto
epÐpedo, h mèjodoc apoj keushc twn dedomènwn eÐnai arg . H metakÐnhsh tou asjen 
apoteleÐ èna shmantikì prìblhma se efarmogèc axonik¸n tomografi¸n twn aktÐnwn Q.
Epomènwc, gia na periorÐsoume ìso gÐnetai aut  th sunèpeia, eÐnai aparaÐthto na broÔme
taqÔterec mejìdouc gia thn apìkthsh dedomènwn.

Mia mèjodoc eÐnai o speiroeid c sarwt c CT, pou èqei eurèwc axiopoihjeÐ sto biblÐo
”Introduction to the Mathematics of Medical Imaging”, Charles L. Epstein. SÔmfwna
me aut  thn mèjodo, h phg -aniqneut c thc exèdrac peristrèfetai suneq¸c en¸ o asje-
n c suneq¸c èlketai diamèsou tou daktulÐou phg -aniqneut c. To montèlo to opoÐo
upologÐzetai eÐnai to sÔnolo twn probol¸n

Dspiral = {P (β, γ, z(β)) : β ∈ [βmin, βmax],−γL ≤ γ ≤ γL}

Ed¸ to β eÐnai ènac pragmatikìc arijmìc qwrÐc na periorÐzetai sto [0, 2π), kai h sun�r-
thsh z(β) eÐnai h x3-suntetagmènh tou epipèdou tom c ìtan h phg  èqei peristrafeÐ mèsw
thc gwnÐac β. Sun jwc, to epÐpedo metakineÐtai me mia stajer  taqÔthta ètsi ¸ste na
isqÔei z(β) = cβ+z′. Apì thn pleur� tou asjenoÔc p�nw sto epÐpedo, h phg  aniqneÔei
èna speiroeidèc se trisdi�stato q¸ro

{(D cos β,D sin β, z(β)) : β ∈ [−βmin, βmax]}

Upì thn ènnoia twn majhmatik¸n, to sÔnolo dedomènwn Dspiral den arkeÐ gia na ana-
kataskeu�soume mia eniaÐa disdi�stath tom  thc µ kai autì giatÐ eÐnai mia sun�rthsh
dÔo mìno metablht¸n. Wstìso, qrhsimopoi¸ntac thn parembol , mporoÔme na proseg-
gÐsoume dedomèna thc tom c gia mia eniaÐa tom  kai na qrhsimopoi soume algìrijmouc
anakataskeu c ( pou anaptÔxame stic paragr�fouc (3.3) kai (3.4) ) gia na broÔme mia
prosèggish gia µ(x, y, z). Up�rqoun polloÐ trìpoi gia na orÐsoume th parembol  dedo-
mènwn, Pintrp, apì tic metr seic pou èginan se mhq�nhma speiroeidoÔc sarwt .
JewroÔme ìti to epÐpedo kineÐtai me mia stajer  grammik  taqÔthta kai h exèdra peri-
strèfetai me mia stajer  gwniak  taqÔthta tètoia ¸ste

∂βz = c
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H pio apl  prosèggish eÐnai na prosomoi¸soume ta dedomèna gia èna komm�ti tom c
sto opoÐo to β kumaÐnetai mèsw 2π aktÐnwn qrhsimopoi¸ntac metr seic gia β pou ku-
maÐnetai mèsw 4π aktÐnwn. Ac upojèsoume ìti jèloume na prosomoi¸soume dedomèna
apoklÐnousac dèsmhc gia tom  ìpou

x3 = z0 = z(β0).

QrhsimopoioÔme tic metr seic

{P (β, γ, z0 + c(β − β0) : β ∈ [β0 − 2π, β0 + 2π],−γL ≤ γ ≤ γL}

gia na dhmiourg soume to sÔnolo dedomènwn thc parembol c

{Pintrp(β, γ, z0) : β ∈ [β0, β0 + 2π],−γL ≤ γ ≤ γL}.

Autì ja mporoÔse na epiteuqjeÐ, qrhsimopoi¸ntac grammik  parembol , jètontac

Pintrp(β, γ, z0) = (
β − β0

2π
)P (β, γ, z0 + c(β − β0))+ (3.5.1)

(2π+β0−β
2π

)P (β − 2π, γ, z0 + c(β − 2π − β0)),

gia β ∈ [β0, β0 + 2π]. O algìrijmoc gia to metasqhmatismì Back-Projection thc apo-
klÐnousac dèsmhc mporeÐ na efarmosteÐ sto P (β, γ, z0) gia na broÔme mia prosèggish
anakataskeu c gia µ(x, y, z0).
Aut , ìmwc, h prosèggish èqei merik� probl mata. To pio profanèc eÐnai ìti ta dedo-
mèna thc parembol c eÐnai asunepeÐc. Autì eÐnai anapìfeukto, epeid  gia k�je tim  thc
β, ta dedomèna thc probol c brÐskontai apì diaforetik  sun�rthsh. Autì to prìblhma
eÐnai perissìtero safèc sth pr¸th kai teleutaÐa s�rwsh: To sq ma thc parembol c
kajorÐzei

Pintrp(β0, γ, z0) = P (β0 − 2π, γ, z0 − 2πc),

Pintrp(β0 + 2π, γ, z0) = P (β0, γ, z0).

(3.5.2)

Autèc oi dÔo sunart seic eÐnai diaforetikèc, ènw an ta dedomèna probol c  tan apì
thn Ðdia sun�rthsh tìte autèc ja  tan Ðdiec. 'Allo prìblhma eÐnai ìti h anakoloujÐa
se dedomèna par�gei antikeÐmena mèsa stic anakataskeuasmènec eikìnec oi opoièc emfa-
nÐzontai wc ramb¸seic. H sobarìthta autoÔ tou probl matoc eÐnai an�logh me to c :
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ìso pio gr gora kineÐtai to epÐpedo, tìso pio polÔ poikÐlloun oi memonwmènec metr seic.

An to epÐpedo eÐnai stajerì kat� thn di�rkeia thc apìkthshc thc tom c, tìte to
p�qoc thc tom c, 2∆mm, kajorÐzetai apì to p�qoc thc dèsmhc thc aktÐnac Q kai apì to
mègejoc tou aniqneut . Gia èna mhq�nhma speiroeidoÔc sarwt , h tom  exart�tai apì to
p�qoc thc dèsmhc, to sqèdio thc parembol c kai apì mia nèa par�metro h opoÐa onom�-
zetai klÐsh. An to epÐpedo kineÐtai me stajer  taqÔthta umm

s
kai o qrìnoc peristrof c

thc exèdrac eÐnai ρ seconds, tìte h klÐsh eÐnai adi�statoc arijmìc pou orÐzetai apì

p = u
2∆
× ρ.

Autì eÐnai to pollapl�sio tou p�qouc thc tom c me thn proupìjesh ìti h phg  k�nei
mia pl rh peristrof  thc exèdrac. An h klÐsh eÐnai mikrìterh apì 1, tìte h anatomÐa
pou emplèketai me thn mètrhsh sto β epikalÔptei thn mètrhsh sto β + 2π. An h klÐsh
eÐnai megalÔterh apì to 1, tìte autèc oi pl�kec den sumpÐptoun. Mia mikr  klÐsh od gei
se ligìterh asunèpeia sta dedomèna kai ligìterh apotelesmatikìthta sthn tom . Autì
epÐshc aux�nei to qrìno pou apaiteÐtai gia na sar¸soume mia meg�lh perioq . All�
up�rqoun sumbibasmoÐ metaxÔ tou qrìnou s�rwshc, p�qoc tom c kai thc sunèpeiac twn
dedomènwn.

'Oso afor� touc algìrijmouc thc apoklÐnousac dèsmhc, exaitÐac thc summetrÐac tou
metasqhmatismoÔ Radon oi metr seic thc P (β, γ, z0) gia β pou kumaÐnontai apì β0 e¸c
β0 + π + 2γL eÐnai ikanopoihtikèc gia na efarmostoÔn ston algìrijmo tou metasqhmati-
smoÔ Back-Projection gia thn apoklÐnousa dèsmh. Qrhsimopoi¸ntac autì to gegonìc,
ta sq mata thc parembol c pou qrhsimopoioÔntai stic metr seic tou speiroeidoÔc sa-
rwt  gia β kumaÐnontai se di�sthma m kouc 2(π + 2γL).

3.5.2 TÔpoc 3D-Anakataskeu c

Oi mèjodoi parembol c pou perigr�yame sthn prohgoÔmenh par�grafo aforoÔn speiroei-
d  sarwt  pou prosomoi¸nei sumbat� dedomèna s�rwshc. 'Omwc, up�rqoun mejìdouc
oi opoÐec qrhsimopoioÔn trisdi�stato sÔnolo dedomènwn �mmesa gia na anakataskeu�-
soun mia eikìna. Aut  h prosèggish apaiteÐ diaforetikoÔc algìrijmouc anakataskeu c.
Gia k�je jèsh thc phg -aniqneut c thc exèdrac ta mhqan mata s�rwshc epexerg�zontai
deÐgmata twn gramm¸n oloklhrwm�twn µ gia grammèc pou brÐskontai se mia disdi�stath
oikogèneia, aut  onom�zetai kwnik  dèsmh dedomènwn.

O metasqhmatismìc thc kwnik c dèsmhc eÐnai mia apeikìnish apì sunart seic pou
an koun sto R3 se sunart seic pou an koun sto R3×S2 kai orÐzetai apì to olokl rwma:

Df(y, θ) =
∫ ∞

0
f(y + tθ) dt (3.5.3)
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To ìria tou oloklhr¸matoc eÐna 0 kai ∞. Epeid  h phg  thc aktÐnac Q brÐsketai èxw
apì to antikeÐmeno pou apeikonÐzetai, ta dedomèna pou apojhkeÔontai se k�je mhq�nh-
ma aktÐnac Q mporoÔn na montelopoihjoÔn wc deÐgmata tou metasqhmatismoÔ kwnik c
dèsmhc, me shmeÐa phg c y pou brÐskontai kat� m koc miac kampÔlhc sto R3. S> aut 
th par�grafo ja asqolhjoÔme me thn perÐptwsh pou h phg  kineÐtai kat� m koc enìc
èlika pou peristrèfetai gÔrw apì to antikeÐmeno pou apeikonÐzetai.

An θ kai ω eÐnai orjog¸nia monadiaÐa dianÔsmata tìte orÐzoume

∇θDf(y, ω) = ∂tDf(y, tθ +
√

1− t2ω)
∣∣∣
t=0

. (3.5.4)

UPENJUMISH
O 3D metasqhmatismìc Radon thc f eÐnai h sun�rthsh sto R× S2 pou orÐzetai apì

Rf(s, ω) =
∫
{x:x·ω=s}

f(x) dA. (3.5.5)

Shmantikì gia to tÔpo thc 3D anakataskeÔhc eÐnai to je¸rhma Grangeat.

JEWRHMA 3.5.1 ( TUPOS GRANGEAT )
An f eÐnai mia sumpag c sun�rthsh sto R3 kai to y ∈ R3 ikanopoieÐ th sqèsh y · θ,

tìte

∂sRf(s, θ) =
∫
θ⊥∩S2

∇θDf(y, ω) dω. (3.5.6)

SUMPERASMA
O speiroeid c sarwt c dÐnei kalÔtera apotelèsmata apì touc sarwtèc par�llhlhc

kai apoklÐnousac dèsmhc. Ex�llou, pragmatopoieÐtai meg�lh èreuna stic mejìdouc ana-
kataskeu c enìc antikeimènou ètsi ¸ste na eÐnai taqÔterec kai me ligìtera dedomèna. H
b�sh aut¸n twn mejìdwn eÐnai oi metasqhmatismoÐ Fourier kai Radon.
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