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PerÐlhyh

H paroÔsa diplwmatik  ergasÐa parousi�zei th majhmatik  an�ptuxh miac nèac dia-
tÔpwshc thc suneqoÔc suzugoÔc mejìdou, gia efarmog  ston kl�do thc aeroduna-
mik c beltistopoÐhshc. H nèa diatÔpwsh k�nei th suneq  suzug  mèjodo apìluta
sumbat  me to sq ma diakritopoÐhshc tou prwteÔontoc probl matoc ro c, gegonìc
pou aux�nei thn akrÐbeia prìlexhc twn parag¸gwn euaisjhsÐac. 'Etsi katafèrnei na
prosd¸sei sth suneq  suzug  mèjodo to Ðdio akrib¸c pleonèkthma pou èqei kai h
diakrit , qwrÐc na apempoleÐ ta �lla gnwst� pleonekt mata thc pr¸thc (l.q. th
dunatìthta katanìhshc ìrwn kai exis¸sewn, thn oikonomÐa mn mhc, klp). AnalÔe-
tai diexodik� h proteinìmenh mejodologÐa gia th jemeliws  thc. H efarmog  tou
programmatisjèntoc logismikoÔ gÐnetai sto prìblhma antÐstrofou sqediasmoÔ enìc
yeudo-1D agwgoÔ, me stìqo thn epÐteuxh sugkekrimènhc katanom c pÐeshc kat� to
m koc tou. To reustì eÐnai sumpiestì kai h ro  atrib c. Sthn perÐptwsh aut  upolo-
gÐzontai oi pr¸tec par�gwgoi thc antikeimenik c sun�rthshc wc proc stic metablhtèc
sqediasmoÔ.

H proteinìmenh nèa suneq c suzug c teqnik  sundi�zei ta pleonekt mata thc su-
neqoÔc kai thc diakrit c suzugoÔc mejìdou. Sthn ousÐa afor� mia parallag  thc
klasik c suneqoÔc suzugoÔc mejìdou ìpou ìmwc h akrÐbeia twn parag¸gwn euai-
sjhsÐac eÐnai Ðdia me aut  thc diakrit c. Epib�llontai nèec oriakèc sunj kec kaj¸c
kai nèo sq ma diakritopoÐhshc twn suzug¸n diaforik¸n exis¸sewn stouc eswteri-



koÔc kìmbouc, diaforetikì apì ìti sthn klasik  suneq  suzug  teqnik , me skopì
ìqi mìno ton upologismì parag¸gwn kalÔterhc akrÐbeiac, all� kai thn epÐlush tou
probl matoc beltistopoÐhshc se ligìterouc kÔklouc.

AfoÔ oloklhr¸jhke h majhmatik  diatÔpwsh programmatÐsthke h proteinìmenh me-
jìdoc sto yeudo-1D prìblhma kai elèqjhke h axiopistÐa twn apotelesm�twn. Oi
upologismoÐ parag¸gwn èginan arqik� me sq ma akrÐbeiac pr¸thc t�xhc kai, met�, me
sq ma deÔterhc t�xhc, en¸ ta apotelèmata sugkrÐjhkan me th mèjodo thc eujeÐac
diafìrishc, h opoÐa eÐnai apìluta sumbat  me th diakrit  suzug  mèjodo.
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Abstract

This diploma thesis presents the mathematical development of a new continuous ad-
joint method, with applications in the field of aerodynamic shape optimization. This
new formulation makes the continuous adjoint method absolutely compatible with
the discretization scheme employed for the primal differential equations and leads
to the computation of sensitivity derivatives of high accuracy. Thus, the continuous
adjoint method shares the same advantage with the discrete one without divesting
itself its other well-known advantages (such as the possibility of interpreting the
adjoint terms and equations, the noticeable economy in memory, etc). The mathe-
matical formulation is analyzed in detail. The programmed software is applied to
the inverse design of a quasi-1D duct, for reproducing a target pressure distribution
along its length. The fluid is compressible and the flow is inviscid. The computa-
tion of the gradient of the objective function with respect to the design variables is
performed.

The proposed new continuous adjoint method combines the advantages of the conti-
nuous and discrete adjoint methods. Essentialy, it is a new variant of the continuous
adjoint method in which, the accuracy of sensitivity derivatives is the same as in
the discrete one. New boundary conditions and new discretization schemes for the
adjoint equations at the internal nodes are derived, different than those of standard
continuous adjoint. The new formulation aims not only to compute the gradient
with higher accuracy but, also, leads to reduction in the number of optimization
cycles required to get the optimal solution.



Based on the mathematical development, the proposed method is programmed for
the solution of a quasi-1D problem and assessed. The gradient is computed with
first-order and, second-order accuracy. Results are compared with the direct diffe-
rentiation method, which is compatible with the discrete adjoint method.
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Kef�laio 1

Eisagwg 

1.1 Eisagwgik� sqìlia.

Ta teleutaÐa qrìnia, to endiafèron esti�zetai sto sqediasmì aerodunamik¸n morf¸n
me sugkekrimènec prodiagrafèc. Sunep¸c, krÐnontai ta anagkaÐa upologistik� erga-
leÐa pou kajistoÔn efiktì ton antÐstrofo sqediasmì kai th beltistopoÐhsh tètoiwn
morf¸n. Up�rqei endiafèron gia thn an�ptuxh kai qr sh upologistik¸n mejìdwn kai
logismikoÔ pou ìqi mìno ja upologÐzoun th ro  gÔrw apì (  mèsa se) mia aerodu-
namik  morf , all� ja eÐnai ikanèc na entopÐsoun to sq ma pou ja èprepe na èqei h
aerodunamik  morf , ¸ste na prokaleÐ epijumht  sumperifor� tou pedÐou ro c.

H beltistopoÐhsh morf c, gia par�deigma enìc agwgoÔ, epidi¸kei to sqediasmì thc
bèltisthc morf c, sÔmfwna me k�poio krit rio. To krit rio autì lamb�nei majh-
matik� th morf  miac sun�rthshc - stìqou, h opoÐa prèpei na elaqistopoihjeÐ. Gia
par�deigma, h sun�rthsh - stìqoc ja mporoÔse na eÐnai h diafor� metaxÔ dÔo kata-
nom¸n pÐeshc,   o suntelest c apwlei¸n   o lìgoc CD

CL
an prìkeitai gia to sqediasmì

aerotom c [11], [18],[16]. Wstìso, to prìblhma beltistopoÐhshc thc morf c mporeÐ
na diatupwjeÐ kai enallaktik� wc prìblhma megistopoÐhshc thc sun�rthshc - stìqou
qwric kamÐa diaforopoÐhsh sta ìsa ja anaferjoÔn parak�tw.

Sthn paroÔsa diplwmatik  ergasÐa, anaptÔssetai mia nèa mèjodoc ston kl�do thc
aerodunamik c beltistopoÐhshc mèsw suzug¸n mejìdwn basizìmenh stic  dh up�r-
qousec, èqontac wc ap¸tero skopì na ekmetalleuteÐ ta pleonekthmata kajemi�c,
k�nontac qr sh thc suneqoÔc suzugoÔc mejìdou.

1



2 1. Eisagwg 

Sth sugkekrimènh diplwmatik  h sun�rthsh - stìqoc epilèqjhke na eÐnai h

F (
−→
U ,
−→
b ) =

1

2

∫
(L)

(p(x)− ptar(x))2dx (1.1)

ìpou h olokl rwsh gÐnetai se ìlo to m koc tou yeudo-1D agwgoÔ kai ìpou, se sugke-
krimènec sunj kec ro c, prokÔptei katanom  pÐeshc p(x) antÐ thc epijumht c ptar(x).
H parap�nw diatÔpwsh thc sun�rthshc - stìqou odhgeÐ, profan¸c, se prìblhma
elaqistopoÐhshc.

H sun�rthsh - stìqoc, ìpwc faÐnetai kai apì thn exÐswsh 1.1, exart�tai afenìc
men apì th gewmetrÐa tou agwgoÔ kai afetèrou apì to diamorfoÔmeno se autìn pe-
dÐo ro c. H katanom  thc (kuklik c) diatom c tou agwgoÔ kat� to diam kh �xona,
èqei parametropoihjeÐ me polu¸numa Bezier-Bernstein. Oi metablhtèc oi opoÐec peri-
gr�foun thn gewmetrÐa tou agwgoÔ onom�zontai eleÔjerec metablhtèc   metablhtèc

sqediasmoÔ (di�nusma
−→
b ) kai sundèontai me ta megèjh ro c (di�nusma

−→
U ) mèsw twn

exis¸sewn thc ro c.

Wstìso h sun�rthsh stìqou pou epilèqjhke ja mporoÔse na eÐnai diaforetik c mor-
f c, an�loga me tic apait seic tou ek�stote probl matoc. Gia par�deigma h sun�rth-
sh - stìqoc ja mporoÔse na eÐnai h elaqistopoÐhsh dun�mewn ìpwc h opisjèlkousa,
pou askoÔntai se stere� s¸mata [11]. Epiprìsjeta h parametropoÐhsh gia th gewme-
trÐa tou agwgoÔ ja mporoÔse na gÐnei me diaforetikoÔ eÐdouc polu¸numa qwrÐc ìmwc
kai tic dÔo peript¸seic na all�zei h ousÐa ston trìpo an�ptuxhc thc nèac mejìdou.

Se epìmena kef�laia, arqik� parousi�zetai sunoptik� o trìpoc epÐlushc twn exi-
s¸sewn thc ro c mèsa se mia dedomènh gewmetrik  morf  enìc agwgoÔ, dhlad  to
eujÔ prìblhma kai sth sunèqeia beltistopoieÐtai h morf  autoÔ me qr sh thc apìto-
mhc kajìdou. H qr sh twn parap�nw mejìdwn proôpojètei th diajesimìthta mejìdwn
upologismoÔ thc klÐshc thc sun�rthshc stìqou, dhlad  apaiteÐtai upost rixh apì mÐa
mèjodo ikan  na upologÐzei pr¸tec parag¸gouc wc proc tic metablhtèc sqediasmoÔ,
se k�je kÔklo thc mejìdou. Me ton trìpo autì, ja prosdioristeÐ mÐa kateÔjunsh
anÐqneushc pou na odhgeÐ se taqeÐa beltÐwsh thc morf c kai tautìqronh meÐwsh thc
tim c thc sun�rthshc stìqou.

DÔo trìpoi upologismoÔ twn parag¸gwn eÐnai oi me peperasmènec diaforèc kai h
jewrÐa twn migadik¸n sunart sewn. Wstìso h an�ptuxh nèwn teqnik¸n oi opoÐec
sthrÐzontai sth jewrÐa elègqou epitrèpoun ton upologismì twn aparaÐthtwn para-
g¸gwn me shmantik� ligìtero kìstoc CPU, giatÐ to kìstoc upologismoÔ ìlwn twn
merik¸n parag¸gwn wc proc k�je shmeÐo elègqou eÐnai praktik� anex�rthto tou a-
rijmoÔ twn shmeÐwn elègqou. Oi teqnikèc autèc eÐnai gnwstèc me to ìnoma suzugeÐc
(adjoint)   duadikèc (dyadic) mèjodoi wc proc tic exis¸seic thc ro c (exis¸seic tou
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eujèoc probl matoc).

Oi suzugeÐc teqnikèc eÐnai dÔo eid¸n, h suneq c suzug c mèjodoc (continuous adjoint
method ) kai h diakrit  suzug c mèjodoc (discrete adjoint method) [3,6,7]. Kat� th
qr sh thc suneqoÔc suzugoÔc teqnik c, oi suzugeÐc exis¸seic diamorf¸nontai apì
tic antÐstoiqec exis¸seic thc ro c se diaforik  morf  kai èpeita diakritopoioÔntai
prokeimènou na epilujoÔn arijmhtik�. Apì thn �llh pleur�, qrhsimopoieÐtai h diakrit 
suzug c diatÔpwsh, me b�sh thn opoÐa diakritopoioÔntai oi exis¸seic ro c kai sth
sunèqeia diamorf¸netai apeujeÐac to suzugèc prìblhma se diakritopoihmènh morf .
Me autìn ton trìpo gÐnetai xek�jaro ìti, sth diakrit  suzug  teqnik , h b�sh thc
ìlhc an�ptuxhc eÐnai oi diakritopoihmènec exis¸seic ro c [5-11].

Skopìc thc paroÔsac ergasÐac eÐnai afenìc h an�ptuxh miac nèac mejìdou beltisto-
poÐhshc h opoÐa ja perièqei sugkekrimèna qarakthristik� apì kajemi� apì tic dÔo
mejìdouc (paramènontac ìmwc, ousiastik� mia suneq c suzug c mèjodoc) kai afe-
tèrou, h sÔgkrish twn mejìdwn wc proc thn akrÐbeia thc tim c twn parag¸gwn thc
sun�rthshc - stìqou.

'Etsi, sthn paroÔsa diplwmatik  ergasÐa domeÐtai kai anaptÔsetai mia nèa suneq c
suzug c mèjodoc. Basikì qarakthristikì thc eÐnai ìti apoteleÐ h sumbat  diakri-
topoÐhsh twn suzug¸n exis¸sewn qwrÐc ìmwc to meionèkthma thc diaqeÐrishc apai-
thtik¸n pin�kwn ìpwc h diakrit  mèjodoc. Tautìqrona oi pr�xeic eÐnai majhmatikèc
diaforÐseic ìpwc h suneq c mèjodoc.

1.2 Upodom  kai pragmatopoihjèn èrgo.

Gia tic an�gkec thc paroÔsac diplwmatik c ergasÐac prosarmìsthkan k¸dikec e-
pÐlushc tou eujèoc kai tou suzugoÔc probl matoc gia ton upologismì thc pr¸thc
parag¸gou se monodi�stato agwgì, qrhsimopoi¸ntac proôp�rqon logismikì gia thn
parametropoÐhsh twn gewmetrik¸n morf¸n kai thn epÐlush tou eujèoc probl matoc.

Pio analutik�, proup rqe[1],[2]:

� Logismikì gia parametropoÐhsh gewmetrik¸n morf¸n me qr sh poluwnÔmwn
Bezier-Bernstein.

� EpilÔthc gia tic exis¸seic ro c se yeudo-1D agwgì.

� Diakrit  suzug  teqnik  gia ton upologismì thc 1hc parag¸gou se yeudo-1D
agwgì.
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� Suneq  suzug  teqnik  gia ton upologismì thc 1hc parag¸gou se yeudo-1D
agwgì.

Sthrizìmenoi sto proôp�rqon logismikì, prosarmìsthkan h diakrit  kai h suneq c
suzug c mèjodoc wc ex c:

� An�ptuxh thc majhmatik c an�lushc thc nèac suneqoÔc suzugoÔc mejìdou ètsi
¸ste na sundi�zei ta qarakthristik� twn dÔo suzug¸n mejìdwn, gia thn epÐteu-
xh Ðdiwn tim¸n twn parag¸gwn euaisjhsÐac me aut¸n thc diakrit c suzug c
mejìdou.

� Programmatismìc thc proteinìmenhc mejìdou gia ton upologismì thc pr¸thc
parag¸gou pr¸thc kai deÔterhc t�xhc akrÐbeiac gia ton antÐstrofo sqediasmì
yeudo-1D agwgoÔ.

� DiereÔnhsh, sÔgkrish kai pistopoÐhsh twn diafìrwn mejìdwn kai tou logismi-
koÔ pou programmatÐsthke.

1.3 H dom  thc ergasÐac.

H diplwmatik  ergasÐa anaptÔssetai se dÔo kurÐwc �xonec:

� Arqik� gÐnetai leptomer c an�ptuxh twn  dh proôparqous¸n suzug¸n teqnik¸n
gia upologismì thc pr¸thc parag¸gou, akrÐbeiac pr¸thc kai deÔterhc t�xhc,
miac sun�rthshc stìqou se yeudo-1D agwgì.

� 'Epeita akoloujeÐ pl rhc jewrhtik  diatÔpwsh tou trìpou me ton opoÐo jeme-
li¸jhke h nèa suneq c suzug c mèjodoc.

Pio sugkekrimèna, ta dÔo aut� jèmata katanèmontai sta epìmena kef�laia wc ex c:

� Sto Kef�laio 2:

Sto kef�laio autì parousi�zetai analutik� h epÐlush tou eujèoc probl ma-
toc se monodi�stato agwgì, kaj¸c kai h diakritopoÐhsh pou epilèqjhke gia
akrÐbeia pr¸thc kai deÔterhc t�xhc. Epiprìsjeta, perigr�fetai o trìpoc epibo-
l c twn oriak¸n sunjhk¸n pou qrhsimopoi jhkan kat� thn arijmhtik  epÐlush
twn exis¸sewn ro c.

� Sto Kef�laio 3:

Perigr�fetai analutik� o trìpoc eÔreshc thc pr¸thc parag¸gou me akrÐbeia
pr¸thc kai deÔterhc t�xhc, me th mèjodo thc eujeÐac diafìrishc, thc suzugoÔc
mejìdou kaj¸c kai thc mejìdou peperasmènwn diafor¸n.



1.3. H dom  thc ergasÐac. 5

� Sto Kef�laio 4:

Perigr�fetai h diatÔpwsh twn exis¸sewn kai o trìpoc upologismoÔ thc pr¸thc
parag¸gou me th suneq  suzug  mèjodo.

� Sto Kef�laio 5:

GÐnetai parousÐash twn apotelesm�twn pou proèkuyan apì thn epÐlush tou
suzugoÔc probl matoc me th diakrit  kai suneq  suzug  mèjodo me skopì na
sugkrijoÔn metaxÔ touc.

� Sto Kef�laio 6:

Perigr�fetai h nèa suneq c suzug c mèjodoc sthn aerodunamik  beltistopoÐh-
sh pou ousiastik� afor� mia epanadiatÔpwsh thc suneqoÔc suzugoÔc mejìdou.
AnaptÔsetai leptomer¸c h eÔresh thc pr¸thc parag¸gou me akrÐbeia pr¸thc
kai deÔterhc t�xhc kai h sugkekrimènh diakritopoÐhsh tou k�je ìrou. Epiplèon
parousi�zetai o trìpoc epibol c twn oriak¸n sunjhk¸n gia k�je perÐptwsh
en¸, tèloc, parousi�zontai ta apotelèsmta pou proèkuyan apì thn epÐlush tou
suzugoÔc probl matoc mèsw thc nèac mejìdou aerodunamik c beltistopoÐhshc.

� Sto Kef�laio 7: GÐnetai sÔnoyh twn basik¸n shmeÐwn thc ergasÐac kai diatu-
p¸nontai ta sumper�smata pou proèkuyan.

Stic efarmogèc dÐnetai idiaÐterh èmfash sthn akrÐbeia upologismoÔ twn parag¸gwn
euaisjhsÐac, afoÔ autì eÐnai to zhtoÔmeno apì th nèa suzug  teqnik . Sun�ma ìmwc,
stic efarmogèc autèc sumperilamb�netai kai beltistopoÐhsh morf c me th mèjodo
apìtomhc kajìdou.
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Kef�laio 2

Arijmhtik  EpÐlush Yeudo-1D

Ro c se Agwgì.

2.1 Yeudo-1D prìblhma ro c

H enìthta aut  asqoleÐtai me ton upologismì thc atriboÔc, sumpiest c, yeudo-1D
ro c mèsa se agwgì. JewreÐtai dhlad  ìti ta qarakthristik� thc ro c metab�llontai
mìno kat� thn axonik  kateÔjunsh tou agwgoÔ. H diatÔpwsh wc proc ton epilÔth thc
ro c basÐzetai sth jewrÐa twn uperbolik¸n susthm�twn, eis�gontac ton yeudoqrìno
gia qronik� mìnimec roèc me skopì thn enÐsqush thc diag¸niac kuriarqÐac.

Sq ma 2.1: YeÔdo - 1D ro  se agwgì.

H parametropoÐhsh thc katanom c S(x) eis�gei tic eleÔjerec metablhtèc (  metablh-

tèc sqediasmoÔ), oi opoÐec emperièqontai sto di�nusma
−→
b , di�stashc N . Par� th

fainomenik  aplìthta tou, to 1D prìblhma pou ja epilujeÐ èqei mia polÔ shmantik 

7
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diafor� apì ta 2D   3D probl mata. H diafor� eÐnai ìti se èna 1D prìblhma, oi
exis¸seic ro c kai o stìqoc orÐzontai ston Ðdio q¸ro (kat� to m koc x tou agwgoÔ).
Den sumbaÐnei to Ðdio kat� to sqediasmì miac aerotom c (2D prìblhma), ìpou oi men
exis¸seic ro c isqÔoun sto q¸ro pou perib�llei thn aerotom  (2D qwrÐo) en¸ o de
stìqoc - katanom c pÐeshc orÐzetai sun jwc kat� m koc tou perigrammatìc thc.

2.2 Majhmatik  diatÔpwsh exis¸sewn ro c

Gia to 1D prìblhma diatup¸nontai oi exis¸seic (Euler) diat rhshc m�zac, orm c kai
enèrgeiac wc ([4])

∂(ρS)

∂t
+

∂(ρuS)

∂x
= 0

∂(ρuS)

∂t
+

∂[(ρu2 + p)S]

∂x
= p

dS

dx
(2.1)

∂(ρES)

∂t
+

∂(ρuHS)

∂x
= 0

ìpou ρ h puknìthta tou reustoÔ, u h taqÔthta, E h olik  enèrgeia an� mon�da m�zac
tou reustoÔ kai H h olik  enjalpÐa, gia tic opoÐec isqÔoun oi qr simec sqèseic apì
th jermodunamik  twn teleÐwn aerÐwn:

ρE = ρe+
1

2
ρu2 (2.2)

E = H − p

ρ
(2.3)

ρE =
ρc2

γ(γ − 1)
+

1

2
ρu2 (2.4)

p = (γ − 1)ρe = (γ − 1)

(
ρE − 1

2
ρu2

)
(2.5)

kai e = cvT eÐnai h eswterik  enèrgeia an� mon�da m�zac tou reustoÔ, γ o ekjèthc
isentropik c metabol c gia to tèleio aèrio, cv o suntelest c jermoqwrhtikìthtac
upì stajerì ìgko, jewroÔmenoc stajerìc gia tèleia aèria, T h statik  jermokrasÐa

kai c =
√

γp
ρ
h taqÔthta tou  qou.
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Oi exis¸seic thc ro c (2.1) mporoÔn na diatupwjoÔn sthn akìloujh morf  (sunth-
rhtik  graf )

∂ρ

∂t
+

∂(ρu)

∂x
= − 1

S

dS

dx
ρu

∂(ρu)

∂t
+

∂(ρu2 + p)

∂x
= − 1

S

dS

dx
ρu2 (2.6)

∂(ρE)

∂t
+

∂(ρuH)

∂x
= − 1

S

dS

dx
ρuH

  akolouj¸ntac thn perissìtero qr simh dianusmatik  graf :

∂
−→
U

∂ t
+

∂
−→
f

∂ x
= −→q (2.7)

ìpou
−→
U to di�nusma twn sunthrhtik¸n metablht¸n,

−→
f to di�nusma thc atriboÔc ro c

kai −→q to di�nusma twn ìrwn phg c pou ofeÐletai sth metabol  thc diatom c S kat�
m koc tou agwgoÔ, ta opoÐa dÐnontai apì tic sqèseic

−→
U =

 ρ
ρu
ρE

 =

 ρ
m
Et

 (2.8)

−→
f =

 ρu
ρu2 + p

u (ρE + p)

 =

 m

(γ − 1)Et + m2

ρ

(
3−γ

2

)
m
ρ

[
γEt − (γ − 1)m

2

2ρ

]
 (2.9)

−→q = − 1

S

dS

dx

 ρu
ρu2

u (ρE + p)

 =

 m
m2

ρ

m
ρ

[
γEt − (γ − 1)m

2

2ρ

]
 (2.10)

Qrhsimopoi¸ntac ton kanìna thc alusidwt c parag¸gishc, oi exis¸seic ro c (2.7),
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xanagr�fontai wc

∂
−→
U

∂ t
+ A

∂
−→
U

∂x
= −→q (2.11)

ìpou A to Iakwbianì mhtr¸o twn sunthrhtik¸n metablht¸n

A =
∂
−→
f

∂
−→
U

=


0 1 0

γ−3
2
u2 (3− γ)u γ − 1

−γuE + (γ − 1)u3 γE − 3
2
(γ − 1)u2 γu

 (2.12)

me treÐc pragmatikèc idiotimèc, tic λ1 = u, λ2 = u+ c, λ3 = u− c.

Wstìso, mac endiafèrei h qronik� mìnimh ro , epomènwc apaleÐfontac apì thn exÐsw-
sh (2.11) to qronikì ìro kai proqwr¸ntac, sth sunèqeia, se qwrik  diakritopoÐhsh
ja èqoume:

−→
R i(
−→
U ,
−→
b ) =

[
A
∂
−→
U

∂x

]
i

∆xi −−→q i∆xi = 0 ,∀ i = 2, ..., np− 1 (2.13)

ìpou me np sumbolÐzoume ton arijmì twn kìmbwn tou plègmatoc en¸ to sÔmbolo
−→
R parist�nei to upìloipo (residual) thc exÐswshc ro c. Oi oriakèc sunj kec sthn
eÐsodo kai thn èxodo gr�fontai antÐstoiqa sth sumbolik  graf  (analutikìtera h
parousÐash touc gÐnetai sthn enìthta 2.4):

−→
R 1 = 0 ,

−→
R np = 0 (2.14)

'Opwc eÐnai profanèc, gia na ikanopoioÔntai oi exis¸seic ro c, prèpei o telest c ro c
−→
R se k�je kìmbo na eÐnai Ðsoc me 0. Epomènwc prèpei na upologisteÐ to di�nusma

twn sunthrhtik¸n metablht¸n
−→
U gia to opoÐo mhdenÐzetai to upìloipo.

H epÐlush tou probl matoc thc ro c gÐnetai epanalhptik� mèsw grammikopoÐhshc pou
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odhgeÐ se dèlta-diatÔpwsh (d-formulation). Dhlad :

[
I
δx

δt
+
∂
−→
R

∂
−→
U

]
δ
−→
U = −

−→
R (2.15)

ìpou met� thn eÔresh tou δ
−→
U to di�nusma twn sunthrik¸n metablht¸n anane¸netai

wc

−→
U new =

−→
U old + δ

−→
U

Epiplèon, eis�getai o yeudo-qronikìc ìroc eis�getai (parìlo pou h ro  jewreÐtai
qronik� mìnimh) ¸ste na ekmetalleutoÔme tic idiìthtec twn uperbolik¸n susthm�twn
kai na efarmostoÔn oi teqnikèc qronoproèlashc (time-marching) gia thn epÐlush tou
pedÐou ro c. Epiplèon, sthn exÐswsh (2.15) ta emplekìmena dianÔsmata eÐnai:

−→
R =

[ −→
R 1 ,

−→
R 2 , . . .

−→
R np−1 ,

−→
R np

]T
(2.16)

δ
−→
U =

[
δ
−→
U 1 , δ

−→
U 2 , . . . δ

−→
U np−1 , δ

−→
U np

]T
(2.17)

∂
−→
R

∂
−→
U

=



∂
−→
R1

∂
−→
U 1

∂
−→
R1

∂
−→
U 2

∂
−→
R1

∂
−→
U 3

. . . ∂
−→
R1

∂
−→
U np

∂
−→
R2

∂
−→
U 1

∂
−→
R2

∂
−→
U 2

∂
−→
R2

∂
−→
U 3

. . . ∂
−→
R2

∂
−→
U np

...
∂
−→
Rnp−1

∂
−→
U 1

∂
−→
Rnp−1

∂
−→
U 2

∂
−→
Rnp−1

∂
−→
U 3

. . . ∂
−→
Rnp−1

∂
−→
U np

∂
−→
Rnp

∂
−→
U 1

∂
−→
Rnp

∂
−→
U 2

∂
−→
Rnp

∂
−→
U 3

. . . ∂
−→
Rnp

∂
−→
U np



(2.18)

Kat� thn epÐlush thc diakritopoihmènhc exÐswshc se d-diatÔpwsh, to dexÐ mèloc eÐnai

autì pou kajorÐzei thn akrÐbeia. Opìte, mac endiafèrei h diakritopoÐhsh tou
−→
R na

gÐnei me akrÐbeia 2hc t�xhc, ¸ste na paraqjoÔn apotelèsmata apodekt c akrÐbeiac.
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Wstìso, to mhtr¸o ∂
−→
R

∂
−→
U
sunant�tai kai sto dexÐ mèloc twn suzug¸n exis¸sewn pou ja

parousiastoÔn se epìmena kef�laia. En¸ dhlad  den eÐnai aparaÐthtoc o upologismìc
tou me akrÐbeia 2hc t�xhc gia thn epÐlush tou probl matoc thc ro c, ìpou eÐnai

suntelest c tou δ
−→
U sto aristerì mèroc thc exÐswshc kai, sunep¸c, h meiwmènh

akrÐbeia upologismoÔ tou eÐnai ablab c, epilègetai aut  h t�xh akrÐbeiac ¸ste na
paraqjoÔn swstìtera apotelèsmata apì tic suzugeÐc exis¸seic.

2.3 EpÐlush eujèoc probl matoc me akrÐbeia

deÔterhc t�xhc

Sthn paroÔsa enìthta, ja parousiasteÐ analutik� h diakritopoÐhsh tou eujèoc pro-
bl matoc (dhlad  twn exis¸sewn ro c) gia deÔterhc t�xhc akrÐbeia stouc eswteri-
koÔc kìmbouc. Arqik� qrhsimopoieÐtai h mèjodoc diaqwrismoÔ twn dianum�twn ro c
(Flux Vector Spliting   FVS) me sq ma proekbol c MUSCL (Monotone Upwind

Scheme for Conservation Laws) gia th diakritopoÐhsh tou telest  ro c
−→
R , qwrÐc na

efarmosteÐ sun�rthsh periorismoÔ. [12].

Sth sunèqeia, upologÐzetai to mhtr¸o ∂
−→
R

∂
−→
U

me akrÐbeia deÔterhc t�xhc, wc apotèle-

sma thc parag¸gishc tou telest  thc ro c
−→
R pou prokÔptei apì th mèjodo FVS,

jewr¸ntac thn taqÔthta p�nta jetik , dhlad  h ro  èqei for� apì ta arister� proc
ta dexi�.

Mia diaforetik  thc (2.13) èkfrash tou diakritopoihmènou telest  thc ro c eÐnai h:

−→
R i(
−→
U ,
−→
b ) =

(−→
f i+ 1

2
−
−→
f i− 1

2

)
−−→q i∆xi = 0 (2.19)

Qrhsimopoi¸ntac th mèjodo Flux Vector Spliting (FVS) deÔterhc t�xhc akrÐbeiac,
èqoume gia ta dianÔsmata thc ro c

−→
f i+ 1

2
=
−→
f −
(−→
U R
i+ 1

2

)
+
−→
f +
(−→
U L
i+ 1

2

)
(2.20)
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x
i− 2

x
i− 1

x
i

x
i+ 1

x
i+ 2

- -

-

−→
f i− 1

2

−→
f i+ 1

2

−→n

qqq q q qq q q
(L) (R) (L) (R)

Sq ma 2.2: DiakritopoÐhsh akrÐbeiac deÔterhc t�xhc tou dianÔsmatoc thc atriboÔc
ro c.

−→
f i− 1

2
=
−→
f −
(−→
U R
i− 1

2

)
+
−→
f +
(−→
U L
i− 1

2

)
(2.21)

µε
−→
f−(
−→
U ) = A−

−→
U ,

−→
f+(
−→
U ) = A+−→U (2.22)

ìpou ta
−→
U R
i+ 1

2

kai
−→
U L
i+ 1

2

, antistoiqoÔn stic arister� (L=Left) kai dexi� (R=Right)

katast�seic thc diaqwristik c gramm c sto mesìkombo tou sq matoc 2.2, kai upo-
logÐzontai me an�ptugma Taylor, sÔmfwna me tic sqèseic:

−→
U L
i+ 1

2
=
−→
U i +

1

2

(
∂
−→
U

∂ x

)
i

(xi+1 − xi) (2.23)

Efarmìzontac kentrikèc diaforèc (2hc t�xhc akrÐbeia) gia mh- isapèqonta ∆x (Pa-
r�rthma Aþ)prokÔptei:

(
∂
−→
U

∂ x

)
i

= dAi
−→
U i−1 + dBi

−→
U i + dCi

−→
U i+1 (2.24)

ìpou o k�tw deÐkthc twn suntelest¸n d dhl¸nei ton kìmbo tou plègmatoc ston opoÐo

upologÐzetai h par�gwgoc, en¸ o p�nw deÐkthc dhl¸nei ton kìmbo me thn tim 
−→
U tou

opoÐou pollaplasi�zetai (sqèseic (Aþ.5), (Aþ.6), (Aþ.7))
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Me thn Ðdia logik , to
−→
U R
i+ 1

2

upologÐzetai wc ex c:

−→
U R
i+ 1

2
=
−→
U i+1 −

1

2

(
∂
−→
U

∂ x

)
i+1

(xi+1 − xi) (2.25)

kai, efarmìzontac kentrikèc diaforèc (2hc t�xhc akrÐbeiac), prokÔptei:

(
∂
−→
U

∂ x

)
i+1

= dAi+1

−→
U i + dBi+1

−→
U i+1 + dCi+1

−→
U i+2 (2.26)

AntÐstoiqa gia ta
−→
U R
i− 1

2

kai
−→
U L
i− 1

2

isqÔoun ta ex c:

−→
U R
i− 1

2
=
−→
U i −

1

2

(
∂
−→
U

∂ x

)
i

(xi − xi−1) (2.27)

ìpou to
(
∂
−→
U
∂ x

)
i
upologÐzetai apì th sqèsh (2.24), en¸

−→
U L
i− 1

2
=
−→
U i−1 +

1

2

(
∂
−→
U

∂ x

)
i−1

(xi − xi−1) (2.28)

kai efarmìzontac kentrikèc diaforèc prokÔptei:

(
∂
−→
U

∂ x

)
i−1

= dAi−1

−→
U i−2 + dBi−1

−→
U i−1 + dCi−1

−→
U i (2.29)



2.3. EpÐlush eujèoc probl matoc me akrÐbeia deÔterhc t�xhc 15

Qrhsimopoi¸ntac tic anwtèrw sqèseic, h exÐswsh (2.20) metasqhmatÐzetai se

−→
f i+ 1

2
= f−

[
−→
U i+1 −

1

2
(xi+1 − xi)(dAi+1

−→
U i + dBi+1

−→
U i+1 + dCi+1

−→
U i+2)

]
+ f+

[
−→
U i +

1

2
(xi+1 − xi)(dAi

−→
U i−1 + dBi

−→
U i + dCi

−→
U i+1)

]
(2.30)

kai met� apì pr�xeic

−→
f i+ 1

2
=

[
1

2
(xi+1 − xi)dAi A+

i+ 1
2

]
−→
U i−1

+

[
−1

2
(xi+1 − xi)dAi+1A

−
i+ 1

2

+

(
1 +

1

2
(xi+1 − xi)dBi

)
A+
i+ 1

2

]
−→
U i

+

[(
1− 1

2
(xi+1 − xi)dBi+1

)
A−
i+ 1

2

+
1

2
(xi+1 − xi)dCi A+

i+ 1
2

]
−→
U i+1

+

[
−1

2
(xi+1 − xi)dCi+1A

−
i+ 1

2

]
−→
U i+2 (2.31)

Me ton Ðdio trìpo, h sqèsh (2.21) gr�fetai

−→
f i− 1

2
=

[
1

2
(xi − xi−1)dAi−1A

+
i− 1

2

]
−→
U i−2

+

[
−1

2
(xi − xi−1)dAi A

−
i− 1

2

+

(
1 +

1

2
(xi − xi−1)dBi−1

)
A+
i− 1

2

]
−→
U i−1

+

[(
1− 1

2
(xi − xi−1)dBi

)
A−
i− 1

2

+
1

2
(xi − xi−1)dCi−1A

+
i− 1

2

]
−→
U i

+

[
−1

2
(xi − xi−1)dCi A

−
i− 1

2

]
−→
U i+1 (2.32)

Antikajist¸ntac sth sqèsh (2.19) tic ekfr�seic twn
−→
f i+ 1

2
kai
−→
f i− 1

2
apì tic sqèseic

(2.31) kai (2.32) antÐstoiqa, prokÔptei mia exÐswsh thc akìloujhc morf c, pou isqÔei
gia touc kìmbouc i = 3 . . . np− 2 :
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−→
R i(
−→
U ,
−→
b ) =

[
bbefi

−→
U i−2 + befi

−→
U i−1 + diagi

−→
U i + afti

−→
U i+1 + aafti

−→
U i+2

]
− −→q i∆xi = 0 (2.33)

ìpou oi suntelestèc kwdikopoioÔntai me ta eukolomnhmìneuta onìmata diag (dia-
g¸nioc), aft, aaft (epìmenoc tou aft) kai bef, bbef (prohgoÔmenoc tou bef).

O anagn¸sthc parapèmpetai sto Par�rthma Bþ gia ton trìpo eÔreshc twn mhtr¸wn
pou sunant¸ntai stic sqèseic (2.31) kai (2.32). Ta roðk� megèjh pou emfanÐzontai
ston upologismì aut¸n twn mhtr¸wn antistoiqoÔn sto mèso di�nusma tou ek�stote

mesìkombou, eÐnai dhlad  gia touc A+/−
i+ 1

2

:

−→
U mid =

−→
U R
i+ 1

2

+
−→
U L
i+ 1

2

2
(2.34)

en¸ antÐstoiqa, gia touc A+/−
i− 1

2

:

−→
U mid =

−→
U R
i− 1

2

+
−→
U L
i− 1

2

2
(2.35)

Apì tic sqèseic (2.31) wc (2.35) mporeÐ na upologisjeÐ o telest c thc ro c
−→
R .

Wstìso, gia thn epÐlush thc ro c me d-diatÔpwsh eÐnai aparaÐthth h prosèggish kai

thc parag¸gou d
−→
R

d
−→
U
. DiaforÐzontac th sqèsh (2.33) wc proc tic kombikèc timèc twn

−→
U kai me thn paradoq  ìti

∂A+

∂
−→
U

= 0, ,
∂A+

∂
−→
U

= 0 (2.36)

èqoume gia touc kìmbouc i = 3 . . . np− 2, ta akìlouja apotelèsmata :
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∂
−→
R i

∂
−→
U i−2

= bbefi = −1

2
(xi − xi−1)dAi−1A

+
i− 1

2

(2.37)

∂
−→
R i

∂
−→
U i−1

= befi

=
1

2
(xi+1 − xi)dAi A+

i+ 1
2

−
[
−1

2
(xi − xi−1)dAi A

−
i− 1

2

+

(
1 +

1

2
(xi − xi−1)dBi−1

)
A+
i− 1

2

]
(2.38)

∂
−→
R i

∂
−→
U i

= diagi −
∂−→q i
∂
−→
U i

∆xi

= −1

2
(xi+1 − xi)dAi+1A

−
i+ 1

2

+

(
1 +

1

2
(xi+1 − xi)dBi

)
A+
i+ 1

2

−
[(

1− 1

2
(xi − xi−1)dBi

)
A−
i− 1

2

+
1

2
(xi − xi−1)dCi−1A

+
i− 1

2

]
− ∂−→q i

∂
−→
U i

∆xi (2.39)

∂
−→
R i

∂
−→
U i+1

= afti

=

(
1− 1

2
(xi+1 − xi)dBi+1

)
A−
i+ 1

2

+
1

2
(xi+1 − xi)dCi A+

i+ 1
2

+
1

2
(xi − xi−1)dCi A

−
i− 1

2

(2.40)
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∂
−→
R i

∂
−→
U i+2

= aafti = −1

2
(xi+1 − xi)dCi+1A

−
i+ 1

2

(2.41)

en¸ isqÔei:

∂
−→
R i

∂
−→
U j

= 0 , j 6= i− 2, i− 1, i, i+ 1, i+ 2 (2.42)

Tèloc, o ìroc ∂−→q i
∂
−→
U i
, upologÐzetai apì parag¸gish thc exÐswshc (2.10). 'Etsi èqoume:

∂−→q i
∂
−→
U i

= − 1

Si

[
dS

dx

]
i

 0 1 0
−u2 2u 0

−γuE + (γ − 1)u3 γE − 3
2
(γ − 1)u2 γu


i

(2.43)

en¸ gia i 6= j eÐnai ∂
−→q i

∂
−→
U j

= 0.

AxÐzei se autì to shmeÐo na epishmanjeÐ ìti eÐnai dunatì na upologisjeÐ o telest c
−→
R apì th sqèsh

−→
R i(
−→
U ,
−→
b ) =

(−→
f i+ 1

2
−
−→
f (i−1)+ 1

2

)
−−→q i∆xi = 0 (2.44)

antÐ thc (2.19), apofeÔgontac dhlad  ton upologismì tou
−→
f i− 1

2
. Wstìso, ed¸, gia

lìgouc plhrìthtac, ègine analutik  parousÐash.

EpÐshc, an oi oriakèc sunj kec
−→
R 1 = 0 kai

−→
R np = 0 eÐnai diakritopoihmènec me

deÔterhc t�xhc akrÐbeia kai paragwgistoÔn, ìpwc ja apodeiqjeÐ kai analutik� sthn
enìthta (2.4) , ja èqoume:

∂
−→
R 1

∂
−→
U j

= 0 ,∀j = 4, . . . , np (2.45)

∂
−→
R np

∂
−→
U j

= 0 ,∀j = 1, . . . , np− 3 (2.46)
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Epomènwc mènei h apìdeixh twn sqèsewn gia touc eidikoÔc kìmbouc i = 2 kai i =
np − 1. Gia ton kìmbo i = 2 den up�rqei pro-prohgoÔmenoc kìmboc kai, ètsi, o

telest c thc ro c ja eÐnai

−→
R 2(
−→
U ,
−→
b ) =

[
bef2
−→
U 1 + diag2

−→
U 2 + aft2

−→
U 3 + aaft2

−→
U 4

]
− −→q 2∆x2 = 0 (2.47)

Efarmìzontai kai p�li oi sqèseic (2.19) wc (2.22), kaj¸c kai oi sqèseic (2.23),(2.25),
(2.27),(2.28) pou dÐnoun ta dianÔsmata twn sunthrhtik¸n metablht¸n. Wstìso den

eÐnai dunat  h qr sh kentrik¸n diafor¸n gia ton upologismì thc parag¸gou
(
∂
−→
U
∂x

)
1
.

Gia na antimetwpisteÐ to prìblhma qrhsimopoieÐtai prìsw parag¸gish 2hc t�xhc a-
krÐbeiac, sÔmfwna me tic sqèseic (Aþ.12), (Aþ.13), (Aþ.14) kai èqoume

(
∂
−→
U

∂x

)
1

= dA1
−→
U 1 + dB1

−→
U 2 + dC1

−→
U 3 (2.48)

AntÐstoiqa, sthn efarmog  twn sqèsewn gia ton kìmbo np− 1, to prìblhma thc mh-

Ôparxhc mejepìmenou kìmbou emfanÐzetai ston upologismì thc parag¸gou
(
∂
−→
U
∂x

)
np

kai antimetwpÐzetai efarmìzontac pÐsw parag¸gish 2hc t�xhc akrÐbeiac, sÔmfwna me
tic sqèseic (Aþ.16), (Aþ.17), (Aþ.18)

(
∂
−→
U

∂x

)
np

= dAnp
−→
U np + dBnp

−→
U np−1 + dCnp

−→
U np−2 (2.49)

odhg¸ntac sth diatÔpwsh tou telest  thc ro c, sth morf 

−→
R np−1 =

[
bbefnp−1

−→
U np−3 + befnp−1

−→
U np−2 + diagnp−1

−→
U np−1 + aftnp−1

−→
U np

]
− −→q np−1∆xnp−1 = 0 (2.50)
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Efarmìzontac tic anwtèrw exis¸seic katal goume stic akìloujec ekfr�seic twn
parag¸gwn

Kìmboc i = 2 :

H exÐswsh gia to
−→
f i+ 1

2
eÐnai h (2.31) kai grammènh sto sugkekrimèno kìmbo dÐnei

−→
f 2+ 1

2
=

[
1

2
(x3 − x2)dA2 A

+
2+ 1

2

]
−→
U 1

+

[
−1

2
(x3 − x2)dA3 A

−
2+ 1

2

+

(
1 +

1

2
(x3 − x2)dB2

)
A+

2+ 1
2

]
−→
U 2

+

[(
1− 1

2
(x3 − x2)dB3

)
A−

2+ 1
2

+
1

2
(x3 − x2)dC2 A

+
2+ 1

2

]
−→
U 3

+

[
−1

2
(x3 − x2)dC3 A

−
2+ 1

2

]
−→
U 4 (2.51)

en¸ gia to
−→
f 2− 1

2
, qrhsimopoi¸ntac thn sqèsh (2.48) antÐ thc (2.29) katal goume

−→
f 2− 1

2
=

[
−1

2
(x2 − x1)dA2 A

−
2− 1

2

+

(
1 +

1

2
(x2 − x1)dA1

)
A+

2− 1
2

]
−→
U 1

+

[(
1− 1

2
(x2 − x1)dB2

)
A−

2− 1
2

+
1

2
(x2 − x1)dB1 A

+
2− 1

2

]
−→
U 2

+

[
−1

2
(x2 − x1)dC2 A

−
2− 1

2

+
1

2
(x2 − x1)dC1 A

+
2− 1

2

]
−→
U 3

(2.52)

Antikajist¸ntac tic (2.51) kai (2.52) sthn (2.19) kai paragwgÐzontac wc proc
−→
U

èqoume

∂
−→
R 2

∂
−→
U 1

= bef2
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=

[
1

2
(x3 − x2)dA2 A

+
2+ 1

2

]
−
[
−1

2
(x2 − x1)dA2 A

−
2− 1

2

+

(
1 +

1

2
(x2 − x1)dA1

)
A+

2− 1
2

]
(2.53)

∂
−→
R 2

∂
−→
U 2

= diag2 −
∂−→q 2

∂
−→
U 2

∆x2

=

[
−1

2
(x3 − x2)dA3 A

−
2+ 1

2

+

(
1 +

1

2
(x3 − x2)dB2

)
A+

2+ 1
2

]
−
[(

1− 1

2
(x2 − x1)dB2

)
A−

2− 1
2

+
1

2
(x2 − x1)dA1 A

+
2− 1

2

]
− ∂−→q 2

∂
−→
U 2

∆x2 (2.54)

∂
−→
R 2

∂
−→
U 3

= aft2

=

[(
1− 1

2
(x3 − x2)dB3

)
A−

2+ 1
2

+
1

2
(x3 − x2)dC2 A

+
2+ 1

2

]
−
[
−1

2
(x2 − x1)dC2 A

−
2− 1

2

+
1

2
(x2 − x1)dC1 A

+
2− 1

2

]
(2.55)

∂
−→
R 2

∂
−→
U 4

= aaft2 = −1

2
(x3 − x2)dC3 A

−
2+ 1

2

(2.56)
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∂
−→
R 2

∂
−→
U j

= 0 , j > 4 (2.57)

Kìmboc np− 1 :

Gia to
−→
f (np−1)+ 1

2
, qrhsimopoi¸ntac thn sqèsh (2.49) antÐ thc (2.26) èqoume

−→
f (np−1)+ 1

2
=

[
−1

2
(xnp − xnp−1)dCnpA

−
(np−1)+ 1

2

+
1

2
(xnp − xnp−1)dAnp−1A

+
(np−1)+ 1

2

]
−→
U np−2

+

[
−1

2
(xnp − xnp−1)dBnpA

−
(np−1)+ 1

2

+

(
1 +

1

2
(xnp − xnp−1)dBnp−1

)
A+

(np−1)+ 1
2

]
−→
U np−1

+

[(
1− 1

2
(xnp − xnp−1)dAnp

)
A−

(np−1)+ 1
2

+
1

2
(xnp − xnp−1)dCnp−1A

+
(np−1)+ 1

2

]
−→
U np

(2.58)

en¸ to
−→
f i− 1

2
dÐnetai apì th sqèsh (2.32), kai gia to sugkekrimèno i dÐnei

−→
f (np−1)− 1

2
=

[
1

2
(xnp−1 − xnp−2)dAnp−2A

+
(np−1)− 1

2

]
−→
U np−3

+

[
−1

2
(xnp−1 − xnp−2)dAnp−1A

−
(np−1)− 1

2

+

(
1 +

1

2
(xnp−1 − xnp−2)dBnp−2

)
A+

(np−1)− 1
2

]
−→
U np−2

+

[(
1− 1

2
(xnp−1 − xnp−2)dBnp−1

)
A−

(np−1)− 1
2

+
1

2
(xnp−1 − xnp−2)dCnp−2A

+
(np−1)− 1

2

]
−→
U np−1

+

[
−1

2
(xnp−1 − xnp−2)dCnp−1A

−
(np−1)− 1

2

]
−→
U np (2.59)

Antikajist¸ntac tic (2.58) kai (2.59) sthn (2.19) kai paragwgÐzontac wc proc
−→
U èqoume

∂
−→
R np−1

∂
−→
U np−3

= bbefnp−1 = −1

2
(xnp−1 − xnp−2)dAnp−2A

+
(np−1)− 1

2

(2.60)
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∂
−→
R np−1

∂
−→
U np−2

= befnp−1

=

[
−1

2
(xnp − xnp−1)dCnpA

−
(np−1)+ 1

2

+
1

2
(xnp − xnp−1)dAnp−1A

+
(np−1)+ 1

2

]
−
[
−1

2
(xnp−1 − xnp−2)dAnp−1A

−
(np−1)− 1

2

+

(
1 +

1

2
(xnp−1 − xnp−2)dBnp−2

)
A+

(np−1)− 1
2

]
(2.61)

∂
−→
R np−1

∂
−→
U np−1

= diagnp−1 −
∂−→q np−1

∂
−→
U np−1

∆xnp−1

=

[
−1

2
(xnp − xnp−1)dBnpA

−
(np−1)+ 1

2

+

(
1 +

1

2
(xnp − xnp−1)dBnp−1

)
A+

(np−1)+ 1
2

]
−
[(

1− 1

2
(xnp−1 − xnp−2)dBnp−1

)
A−

(np−1)− 1
2

+
1

2
(xnp−1 − xnp−2)dCnp−2A

+
(np−1)− 1

2

]
− ∂−→q np−1

∂
−→
U np−1

∆xnp−1 (2.62)

∂
−→
R np−1

∂
−→
U np

= aftnp−1

=

[(
1− 1

2
(xnp − xnp−1)dAnp

)
A−

(np−1)+ 1
2

+
1

2
(xnp − xnp−1)dCnp−1A

+
(np−1)+ 1

2

]
−
[
−1

2
(xnp−1 − xnp−2)dCnp−1A

−
(np−1)− 1

2

]
(2.63)

Sumperasmatik�, to mhtr¸o ∂
−→
R

∂
−→
U

eÐnai block pentadiag¸nio, me k�je stoiqeÐo tou na
apoteleÐtai apì ènan pÐnaka 3× 3. H morf  tou mhtr¸ou dÐnetai parak�tw:
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∂
−→
R

∂
−→
U

=



∂
−→
R1

∂
−→
U 1

∂
−→
R1

∂
−→
U 2

∂
−→
R1

∂
−→
U 3

0 0 0 0 . . . 0 0 0

∂
−→
R2

∂
−→
U 1

∂
−→
R2

∂
−→
U 2

∂
−→
R2

∂
−→
U 3

∂
−→
R2

∂
−→
U 4

0 0 0 . . . 0 0 0

∂
−→
R3

∂
−→
U 1

∂
−→
R3

∂
−→
U 2

∂
−→
R3

∂
−→
U 3

∂
−→
R3

∂
−→
U 4

∂
−→
R3

∂
−→
U 5

0 0 . . . 0 0 0

0 ∂
−→
R4

∂
−→
U 2

∂
−→
R4

∂
−→
U 3

∂
−→
R4

∂
−→
U 4

∂
−→
R4

∂
−→
U 5

∂
−→
R4

∂
−→
U 6

0 . . . 0 0 0

...

0 0 0 0 0 . . . 0 ∂
−→
Rnp−1

∂
−→
U np−3

∂
−→
Rnp−1

∂
−→
U np−2

∂
−→
Rnp−1

∂
−→
U np−1

∂
−→
Rnp−1

∂
−→
U np

0 0 0 0 0 . . . 0 0 ∂
−→
Rnp

∂
−→
U np−2

∂
−→
Rnp

∂
−→
U np−1

∂
−→
Rnp

∂
−→
U np


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2.4 Oriakèc sunj kec

Skopìc thc paroÔsac enìthtac, eÐnai h perigraf  tou trìpou epibol c twn oriak¸n
sunjhk¸n sto prìblhma thc ro c kai h parag¸gish touc wc proc tic metablhtèc thc
ro c. Gia upohqhtik  ro , oi oriakèc sunj kec sthn eÐsodo eÐnai:

pt1 = const1 (2.64)

Tt1 = const2 (2.65)(
dp

dx

)
1

= 0 (2.66)

en¸ gia thn èxodo:

pnp =
pt1

(1 + γ−1
2
Mis(out))

γ
γ−1

= const3 (2.67)(
dρ

dx

)
np

= 0 (2.68)(
d(ρu)

dx

)
np

= 0 (2.69)

'Opwc eÐnai emfanèc apì tic parap�nw exis¸seic, sthn eÐsodo kajorÐzontai apì to
qr sth stajerèc timèc sta olik� jermodunamik� megèjh thc ro c (pt, Tt), en¸ sthn
èxodo èqoume stajer  tim  thc statik c pÐeshc, h opoÐa kajorÐzetai apì ton arijmì
Mis(out) kai thn olik  pÐesh thn eÐsodo, miac kai prìkeitai gia isentropik  ro  (exi-
s¸seic Euler). Epiplèon, epeid  h morfologÐa tou agwgoÔ pou antimetwpÐzetai, sto
plaÐsio thc diplwmatik c aut c ergasÐac, diajètei tm mata stajer c diatom c S sthn
eÐsodo kai thn èxodo, epib�llontai oriakèc sunj kec tÔpou Neumann gia th statik 
pÐesh(eÐsodoc) kaj¸c kai gia thn puknìthta kai th taqÔthta(èxodoc). Pio analutik�,

gia thn eÐsodo isqÔei ∂p
∂x

= 0, en¸ gia thn èxodo ∂ρ
∂x

= ∂(ρu)
∂x

= 0. H diakritopoÐhsh
twn Neumann oriak¸n sunjhk¸n gÐnetai me monìpleurec ekfr�seic peperasmènwn
diafor¸n, sÔmfwna me to Par�rthma Aþ

Oi parap�nw exis¸seic mporoÔn sunoptik� na grafoÔn mèsw tou telest  ro c. Pio
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sugkekrimèna gia ton pr¸to kìmbo prokÔptei

−→
R1 = [pt1 − const1, Tt1 − const2, dA1 p1 + dB1 p2 + dC1 p3] (2.70)

en¸ gia ton teleutaÐo kìmbo isqÔei

−−→
Rnp = [pnp−const3, dCnpρnp−2+dBnpρnp−1+dCnpρnp , d

C
np(ρu)np−2+dBnp(ρu)np−1+dAnp(ρu)np]

(2.71)

Sth sunèqeia, diaforÐzontai oi parap�nw exis¸seic ¸ste na upologistoÔn oi ìroi,
∂
−→
R1

∂
−→
U j

kai ∂
−→
Rnp

∂
−→
U j

j = 1, ..., np.

Pio analutik�, qrhsimopoi¸ntac th dèlta-diatÔpwsh, èqoume gia ton pr¸to kai ton te-
leutaÐo kìmbo tic ex c exis¸seic, pou prokÔptoun Ôstera apì pr�xeic pin�kwn (sqèsh
(2.15) agno¸ntac ton yeudo-qronikì ìro):

∂
−→
R1

∂
−→
U 1

δ
−→
U 1 +

∂
−→
R1

∂
−→
U 2

δ
−→
U 2 + . . . +

∂
−→
R1

∂
−→
U np−1

δ
−→
U np−1 +

∂
−→
R1

∂
−→
U np

δ
−→
U np = −

−→
R 1

(2.72)

∂
−−→
Rnp

∂
−→
U 1

δ
−→
U 1 +

∂
−−→
Rnp

∂
−→
U 2

δ
−→
U 2 + . . . +

∂
−−→
Rnp

∂
−→
U np−1

δ
−→
U np−1 +

∂
−−→
Rnp

∂
−→
U np

δ
−→
U np = −

−→
R np

(2.73)

Wstìso, ìpwc eÐnai fanerì apì thn (2.70), sthn eÐsodo up�rqoun megèjh pou exar-
t¸ntai apì tic metablhtèc thc ro c mìno twn tri¸n pr¸twn kìmbwn. AntÐstoiqa apì
thn (2.71) gÐnetai fanerì ìti up�rqei ex�rthsh mìno apì touc treic teleutaÐouc kìm-

bouc. Dhlad , mac endiafèrei na upologistoÔn mìno oi ìroi ∂
−→
R1

∂
−→
U j

gia j = 1, 2, 3

kai ∂
−→
Rnp

∂
−→
U j

gia j = np− 2, np− 1, np en¸ oi merikèc par�gwgoi wc proc ta upìloipa

dianÔsmata thc ro c eÐnai mhdenikèc.

Kat� ton upologismì twn parap�nw merik¸n parag¸gwn, qr simec eÐnai oi akìloujec
sqèseic:
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p = (γ − 1)

[
ρE − 1

2
ρu2

]
= (γ − 1)

[
Et −

1

2

m2

ρ

]
∂p

∂ρ
=

γ − 1

2
u2

∂p

∂m
= −(γ − 1)u

∂p

∂Et
= γ − 1 (2.74)

T =
p

ρR
=

γ − 1

R

[
Et
ρ
− 1

2

m2

ρ2

]
∂T

∂ρ
=

γ − 1

R

[
−E
ρ

+
u2

ρ

]
∂T

∂m
= −γ − 1

R

u

ρ
∂T

∂Et
=

γ − 1

ρR
(2.75)

Tt = T +
u2

2cp
=

p

ρR
+

u2

2cp
=

p

ρR
+
γ − 1

2γR

m2

ρ2

∂Tt
∂ρ

= −γ − 1

R

E

ρ
+

(γ − 1)2

γR

u2

ρ

∂Tt
∂m

= −(γ − 1)2

γR

u

ρ
∂Tt
∂Et

=
γ − 1

ρR
(2.76)

p t = p

(
Tt
T

) γ
γ−1

∂pt
∂ρ

=
∂p

∂ρ

(
Tt
T

) γ
γ−1

+ p
γ

γ − 1

(
Tt
T

) 1
γ−1

∂Tt
∂ρ
T − Tt ∂T∂ρ
T 2
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∂pt
∂m

=
∂p

∂m

(
Tt
T

) γ
γ−1

+ p
γ

γ − 1

(
Tt
T

) 1
γ−1 ∂Tt

∂m
T − Tt ∂T∂m
T 2

∂pt
∂Et

=
∂p

∂Et

(
Tt
T

) γ
γ−1

+ p
γ

γ − 1

(
Tt
T

) 1
γ−1

∂Tt
∂Et

T − Tt ∂T∂Et
T 2

(2.77)

An o telest c tou upoloÐpou thc ro c grafeÐ sth morf 
−→
R 1 = [R1

1, R
2
1, R

3
1], tìte

prokÔptei

∂ R1
1

∂
−→
U 1

δ
−→
U 1 = −R1

1 ⇒
[
∂pt
∂ρ

,
∂pt
∂m

,
∂pt
∂Et

]
1

δ
−→
U 1 = −[pt − const1]1 (2.78)

kai : ∂ R1
1

∂
−→
U 2

=
∂ R1

1

∂
−→
U 3

= [ 0 , 0 , 0 ]

∂ R2
1

∂
−→
U 1

δ
−→
U 1 = −R2

1 ⇒
[
∂Tt
∂ρ

,
∂Tt
∂m

,
∂Tt
∂Et

]
1

δ
−→
U 1 = −[Tt − const2]1 (2.79)

kai : ∂ R2
1

∂
−→
U 2

=
∂ R2

1

∂
−→
U 3

= [ 0 , 0 , 0 ]

∂ R3
1

∂
−→
U 1

δ
−→
U 1 +

∂ R3
1

∂
−→
U 2

δ
−→
U 2 +

∂ R3
1

∂
−→
U 3

δ
−→
U 3 = −R3

1 ⇒

dA1
∂p1

∂
−→
U 1

δ
−→
U 1 + dB1

∂p2

∂
−→
U 2

δ
−→
U 2 + dC1

∂p3

∂
−→
U 3

δ
−→
U 3 = −(dA1 p1 + dB1 p2 + dC1 p3)⇒

(2.80)

An�logh eÐnai kai h diadikasÐa pou akoloujeÐtai gia tic oriakèc sunj kec sthn èxodo
tou agwgoÔ. UpenjumÐzetai ìti ìson afor� ton telest  ro c tou teleutaÐou kìmbou

èqoume
−−→
Rnp = [R1

np, R
2
np, R

3
np]. Epomènwc:
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∂ R1
np

∂
−→
U np

δ
−→
U np = −R1

np ⇒

(γ − 1)

[
1

2
u2 , −u , 1

]
np

δ
−→
U np = −[p− const3]np (2.81)

kai

∂ R1
np

∂
−→
U np−1

=
∂ R1

np

∂
−→
U np−2

= 0

∂ R2
np

∂
−→
U np−2

δ
−→
U np−2 +

∂ R2
np

∂
−→
U np−1

δ
−→
U np−1 +

∂ R2
np

∂
−→
U np

δ
−→
U np = −R2

np ⇒[
dCnp , 0 , 0

]
δ
−→
U np−2 +

[
dBnp , 0 , 0

]
δ
−→
U np−1 +

[
dAnp , 0 , 0

]
δ
−→
U np =

− (dCnpρnp−2 + dBnpρnp−1 + dAnpρnp) (2.82)

∂ R3
np

∂
−→
U np−2

δ
−→
U np−2 +

∂ R3
np

∂
−→
U np−1

δ
−→
U np−1 +

∂ R3
np

∂
−→
U np

δ
−→
U np = −R3

np ⇒[
0 , dCnp , 0

]
δ
−→
U np−2 +

[
0 , dBnp , 0

]
δ
−→
U np−1 +

[
0 , dAnp , 0

]
δ
−→
U np =

− [dCnp(ρu)np−2 + dBnp(ρu)np−1 + dAnp(ρu)np] (2.83)



30 2. Arijmhtik  EpÐlush Yeudo-1D Ro c se Agwgì.

2.5 EpilÔthc prwteÔontoc probl matoc

'Opwc  dh tonÐsthke parap�nw, skopìc tou eujèoc probl matoc eÐnai h epÐlush thc
exÐswshc (2.15) me thn teqnik  thc qronoproèlashc. SÔmfwna me ta ìsa anafèrjh-

kan, o telest c ro c
−→
R kai h par�gwgoc tou wc proc to di�nusma twn sunthrhtik¸n

metablht¸n, ∂
−→
R

∂
−→
U

diakritopoioÔntai me 2hc t�xhc akrÐbeia èpeita apì olokl rwsh se
ìgkouc anafor�c.

H diakritopoÐhsh aut  odhgeÐ se block pentadiag¸nio sÔsthma, k�je stoiqeÐou tou
opoÐou eÐnai 3× 3 mhtr¸o (block). H epÐlush tou block pentadiag¸niou sust matoc
gÐnetai qrhsimopoi¸ntac ton tropopoihmèno algìrijmo Thomas, o opoÐoc mporeÐ na
diaqeirÐzetai, antÐ gia bajmwt� megèjh, upopÐnakec 3 × 3. Autì epitugq�netai me
di�spash twn upopin�kwn me di�stash 3 × 3 se p�nw kai k�tw tridiag¸nia mhtr¸a.
(paragontopoÐhsh LU).

'Ara dhmiourgeÐtai ènac epanalhptikìc algìrijmoc, me epanal yeic   orjìtera yeu-
doqronik� b mata, ìpou gia k�je yeudoqronik  stigm  oi diakritopoihmènec exis¸seic
epilÔontai epakrib¸c . H akrib c epÐlush an� yeudo-qronikì b ma, apoteleÐ pleo-
nèkthma tou 1D probl matoc.

O epanalhptikìc algìrijmoc epÐlushc tou probl matoc thc ro c dÐnetai parak�tw :

� B ma 1:
GÐnetai arqikopoÐhsh tou dianÔsmatoc twn sunthrhtik¸n metablht¸n thc ro c,
−→
U , gia k�je kìmbo tou plègmatoc. Gia thn arqikopoÐhsh, h ro  mporeÐ na jew-
rhjeÐ isentropik  kai asumpÐesth kai �ra na dojoÔn arqikèc timèc stic kombikèc

timèc tou
−→
U .

� B ma 2:

Me to up�rqon di�nusma
−→
U upologÐzetai to mhtr¸o tou upoloÐpou

−→
R , ìpwc

parousi�sthke stic enìthtec 2.3 kai 2.4. 'Epeita ajroÐzontai ìla ta stoiqeÐa

tou
−→
R (Residual) kai to apotèlesma sugkrÐnetai me to krit rio sÔgklishc pou

èqei d¸sei o qr sthc. An to apotèlesma eÐnai ikanopoihtikì, o algìrijmoc
stamat� ed¸.( H tim  tou krithrÐou sÔgklishc eÐnai idiaÐtera mikr , miac kai

jewrhtik�, ìtan o algìrijmoc sugklÐnei èqoume
−→
R = 0).

� B ma 3:

UpologÐzetai to mhtr¸o ∂
−→
R

∂
−→
U

me deÔterhc t�xhc akrÐbeia, sÔmfwna me tic enìth-
tec 2.3 kai 2.4.

� B ma 4:
Qrhsimopoi¸ntac ton tropopoihmèno algìrijmo tou Thomas, lÔnetai to penta-
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diag¸nio sÔsthma (2.15) me yeudoqronikì ìro, h tim  tou opoÐou kajorÐzetai

apì to qr sth, kai upologÐzetai to mhtr¸o δ
−→
U .

� B ma 5:
GÐnetai h ananèwsh tou dianÔsmatoc twn sunthrhtik¸n metablht¸n sÔmfwna me

th sqèsh
−→
U k+1 =

−→
U k + δ

−→
U k, ìpou k h epan�lhyh tou algìrijmou.

� B ma 6:
Epistorf  sto B ma 2.
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Kef�laio 3

EÔresh Pr¸thc Parag¸gou me

th Diakrit  Suzug  Mèjodo

3.1 Eisagwgik� Sqìlia

Sto sugkekrimèno kef�laio ja parousiasjeÐ h diakrit  suzug c mèjodoc, h opoÐa a-
potelei mÐa apì tic mejìdouc upologismoÔ parag¸gwn stic aitiokratikèc mejìdouc
beltistopoÐhshc. 'Ena meg�lo mèroc tou antÐstoiqou k¸dika me qr sh akrÐbeiac
pr¸thc kai deÔterhc t�xhc èqei prohghjeÐ se prohgoÔmenec diplwmatikèc [1],[2]. To
parìn kef�laio èqei wc skopì thn exoikeÐwsh kai thn apìkthsh empeirÐac h opoÐa
krÐjhke aparaÐthth gia thn an�ptuxh thc nèac mejìdou beltistopoÐhshc pou apote-
leÐ kai ton kÔrio skopì thc paroÔsac diplwmatik c ergasÐac. Sto kef�laio autì,
ektìc apì thn diakrit  suzug  mèjodo ja parousiasjoÔn h mèjodoc eÔreshc pr¸thc
parag¸gou me th eujeÐa diafìrish kaj¸c kai me peperasmènec diaforèc.

3.2 Upologismìc pr¸thc parag¸gou me eujeÐa

diafìrish

'Opwc eÐnai gnwstì apì to pr¸to kef�laio, h F exart�tai apì dÔo dianÔsmata me-

tablht¸n, afenìc men apì autì pou kajorÐzei th morf  tou agwgoÔ (
−→
b ), afetèrou

33
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de apì to diamorfoÔmeno pedÐo ro c (
−→
U ). Sunep¸c, h metabol  thc sqèshc (1.1) ja

upologÐzetai apì ton parak�tw tÔpo:

dF =
∂F

∂
−→
b
d
−→
b +

∂F

∂
−→
U
d
−→
U

'Ara, h pr¸th par�gwgoc prokÔptei apì th sqèsh:

dF

d
−→
b

=
∂F

∂
−→
b

+
∂F

∂
−→
U

d
−→
U

d
−→
b

(3.1)

ìpou oi merikèc par�gwgoi thc F wc proc
−→
U kai

−→
b upologÐzontai sÔmfwna me tic

parak�tw sqèseic:

∂F

∂
−→
b

=
1

2

∫
(p(x)− ptar(x))2∂(dx)

∂
−→
b

(3.2)

∂F

∂
−→
U

=

∫
(p(x)− ptar(x))

∂p

∂
−→
U
dx⇒

∂F

∂
−→
U i

= [p(x)− ptar(x)i]
∂p

∂
−→
U i

∆xi (3.3)

ìpou gia ton kìmbo i to ∂p

∂
−→
U i

sÔmfwna me th sqèsh (2.5) ja isoÔtai me:

∂p

∂
−→
U i

= (γ − 1)
[

1
2
u2
i −ui 1

]
(3.4)

Wstìso, ed¸ ∂F

∂
−→
b

= 0 (sqèsh 3.2), miac kai epilèqjhke isapèqousa katanom  kìmbwn
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ston �xona x, gia stajerì sunolikì m koc gia ìla ta b mata thc beltistopoÐhshc.

Epomènwc, gia ton upologismì thc pr¸thc parag¸gou thc sun�rthshc - stìqou, me
th mèjodo thc eujeÐac diafìrishc (direct differentiation), apaiteÐtai o upologismìc

thc parag¸gou d
−→
U

d
−→
b
, pou eÐnai èna mhtr¸o np × N , ìpou N o arijmìc twn shmeÐwn

elègqou thc gewmetrÐac kai np o arijmìc twn kìmbwn tou plègmatoc kentrokombik c
diatÔpwshc.

Epiplèon, se antistoiqÐa me th sun�rthsh F , o telest c upoloÐpou twn exis¸sewn

ro c
−→
R exart�tai kai autìc apì ta dianÔsmata

−→
b kai

−→
U , opìte h sunolik  metabol 

tou wc proc tic metablhtèc sqediasmoÔ eÐnai

d
−→
R

d
−→
b

=
∂
−→
R

∂
−→
b

+
∂
−→
R

∂
−→
U

d
−→
U

d
−→
b

= 0 (3.5)

H sqèsh (3.5) prokÔptei apì thn apaÐthsh ikanopoÐhshc twn exis¸sewn thc ro c prin

kai met� th metabol  thc gewmetrÐac kat� d
−→
b . 'Etsi èqoume

−→
R + d

−→
R

d
−→
b
d
−→
b = 0. 'Omwc

afoÔ
−→
R = 0 prèpei kai d

−→
R

d
−→
b

= 0.

Epomènwc, gia ton upologismì tou d
−→
U

d
−→
b
, qrhsimopoieÐtai h sqèsh:

[
∂
−→
R

∂
−→
U

][
d
−→
U

d
−→
b

]
= −

[
∂
−→
R

∂
−→
b

]
(3.6)

ìpou o ìroc ∂
−→
R

∂
−→
U
èqei upologisteÐ apì to Kef�laio 1. Epomènwc arkeÐ na upologisteÐ

o ìroc ∂
−→
R

∂
−→
b
.

'Opwc èqei  dh anaferjeÐ gia ton telest  ro c
−→
R isqÔei h sqèsh (2.13). DiaforÐzon-

tac wc proc
−→
b prokÔptei

[
∂
−→
R

∂
−→
b

]
i

= −
[
∂−→q
∂
−→
b

]
i

∆xi
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[
∂
−→
R

∂
−→
b

]
i

=
∂

∂
−→
b

(
1

S

dS

dx

)
i

 ρu
ρu2

u(ρE + p)


i

∆xi

kai telik�

[
∂
−→
R

∂
−→
b

]
i

=

[
1

S

d

d
−→
b

(
dS

dx

)
− 1

S2

dS

dx

dS

d
−→
b

]
i

 ρu
ρu2

u (ρE + p)


i

∆xi ,∀i = 1, ..., np

(3.7)

ìpou
[
∂
−→
R

∂
−→
b

]
eÐnai èna mhtr¸o np×N to opoÐo parousi�zetai parak�tw:

∂
−→
R

∂
−→
b

=



[
∂
−→
R1

∂ b1

] [
∂
−→
R1

∂ b2

]
. . .

[
∂
−→
R1

∂ bN

]
[
∂
−→
R2

∂ b1

] [
∂
−→
R2

∂ b2

]
. . .

[
∂
−→
R2

∂ bN

]
...[

∂
−−→
Rnp
∂ b1

] [
∂
−−→
Rnp
∂ b2

]
. . .

[
∂
−−→
Rnp
∂ bN

]



'Omwc, apì th sqèsh (3.7) eÐnai anagkaÐo na diatupwjoÔn merikèc genikèc sqèseic pou
prokÔptoun apì thn parametropoÐhsh thc gewmetrÐac tou agwgoÔ. Sthn paroÔsa
ergasÐa, h parametropoÐhsh ègine me polu¸numa Bezier, an kai up�rqei h dunatìthta
na genikeuteÐ eÔkola kai me �llouc trìpouc parametropoÐhshc [3]. EÐnai gnwstì ìti:

S(t) =
N∑
i=1

Bi(t) bi (3.8)

ìpou t par�metroc, t ∈ [0, 1] kai i ∈ [1, N ]. Epiplèon, upenjumÐzetai ìti to di�nusma

twn paramètrwn sqediasmoÔ eÐnai
−→
b = [b1, b2, . . . , bN ] kai ìti Bi(t) upologÐzetai apì
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thn ex c sqèsh:

Bi(t) = [mi,0,mi,1, . . . ,mi,N ]


t0

t1

...
tN

 (3.9)

ìpou N =(arijmìc twn shmeÐwn elègqou)-1 kai

mi,j = (−1)j−1

(
N
j

)(
j
i

)
(3.10)

en¸ ìtan i > j −→ mi,j = 0.

'Ara, apì thn èkfrash (3.8) prokÔptei ìti:

d S(t)

d x
=

N∑
a=1

dBa(t)

d x
ba ,

d S(t)

d ba
= Ba(t) ,

d

d ba

[
d S(t)

d x

]
=

dBa(t)

d x
(3.11)

Sunep¸c, gnwrÐzontac ton ìro ∂
−→
R

∂
−→
U

èpeita apì thn epÐlush tou roðkoÔ probl matoc

(2.15) kai qrhsimopoi¸ntac thn sqèsh (3.7) upologÐzetai to d
−→
U

d
−→
b
me thn epÐlush su-

st matoc exis¸sewn(sqèsh 3.6) tridiag¸niac (pr¸thc t�xhc akrÐbeia mhtr¸o ∂
−→
R

∂
−→
U
)  

pentadiag¸niac (deÔterhc t�xhc akrÐbeia mhtr¸o ∂
−→
R

∂
−→
U
) morf c. Sth sunèqeia, qrhsimo-

poi¸ntac tic sqèseic (3.2 èwc 3.4) upologÐzetai h pr¸th par�gwgoc thc sun�rthshc
- stìqou (sqèsh 3.1). Shmei¸netai ìti h eujeÐa diafìrish dÐnei <�kribeÐc parag¸gouc>>
me thn ènnoia ìti autèc eÐnai apìluta sumbatèc me thn akrÐbeia diakritopoÐhshc
twn exis¸sewn ro c. Me apl� lìgia, opoiod pote arijmhtikì sf�lma emfanÐzetai
sthn epÐlush twn exis¸sewn ro c, to Ðdio sf�lma metafèretai kai stic parag¸gouc.
Epeid  ìmwc jewreÐtai apodekt  h epÐlush tou pedÐou ro c jewroÔntai <�kribeÐc>>
(aut  eÐnai h ènnoia tou ìrou {sumbibastìthta} h opoÐa qrhsimopoieÐtai suqn� sthn
paroÔsa ergasÐa) kai oi par�gwgoi pou upologÐzei h eujeÐa diafìrish.

H eÔresh tou upologistikoÔ kìstouc efarmog c thc mejìdou gia èna b ma beltisto-

poÐhshc apaiteÐ thn epÐlush N susthm�twn np× np gia thn eÔresh tou mhtr¸ou d
−→
U

d
−→
b
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H mèjodoc thc eujeÐac diafìrishc apaiteÐ, gia np kìmbouc, thn epÐlush N susthm�twn

np× np gia ton upologismì tou mhtr¸ou d
−→
U

d
−→
b
:

[
∂
−→
R

∂
−→
U

]
(np×np)

[
d
−→
U

d
−→
b

]
(np×N)

= −

[
∂
−→
R

∂
−→
b

]
(np×N)

(3.12)

Sth sunèqeia, apì to parap�nw mhtr¸o kai th sqèsh 3.1 upologÐzetai h olik  pa-
r�gwgoc. Blèpoume, sunep¸c, pwc to sunolikì kìstoc gia thn efarmog  thc mejìdou

eÐnai N lÔseic susthm�twn np×np gia ton upologismì tou mhtr¸ou d
−→
U

d
−→
b
(sqèsh 3.12)

kai mia lÔsh sust matoc np× np gia tic exis¸seic ro c (sqèsh 2.7).

3.3 Diakrit  suzug c mèjodoc

'Eqontac upologÐsei thn pr¸th par�gwgo thc sun�rthshc - stìqou me th mèjodo thc
eujeÐac diafìrishc, ja parousiasteÐ sthn paroÔsa enìthta, o trìpoc eÔreshc thc
pr¸thc parag¸gou me th diakrit  suzug  teqnik .

Gia thn efarmog  thc suzugoÔc teqnik c dhmiourgeÐtai h epauxhmènh antikeimenik 
sun�rthsh thc sun�rthshc - stìqou h opoÐa perièqei mia kat�llhlh posìthta me

skopì thn apofug  upologismoÔ tou ìrou d
−→
U

d
−→
b
, o opoÐoc èqei kai to megalÔtero

upologistikì kìstoc. H epauxhmènh sun�rthsh orÐzetai wc:

dFaug

d
−→
b

=
dF

d
−→
b

+
−→
ψ T d
−→
R

d
−→
b

ìpou
−→
ψ eÐnai to di�nusma twn suzug¸n metablht¸n. ParathroÔme ìti dFaug

d
−→
b

= dF

d
−→
b

miac kai d
−→
R

d
−→
b

= 0 apì (sqèsh 3.5). Antikajist¸ntac tic dF

d
−→
b
kai d

−→
R

d
−→
b
apì tic sqèseic

(3.1) kai (3.5) antÐstoiqa èqoume:
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dFaug

d
−→
b

=

(
∂F

∂
−→
b

+
∂F

∂
−→
U

d
−→
U

d
−→
b

)
+
−→
ψ T

(
∂
−→
R

∂
−→
b

+
∂
−→
R

∂
−→
U

d
−→
U

d
−→
b

)
⇒

dFaug

d
−→
b

=

(
∂F

∂
−→
U

+
−→
ψ T ∂

−→
R

∂
−→
U

)
d
−→
U

d
−→
b

+

(
∂F

∂
−→
b

+
−→
ψ T ∂

−→
R

∂
−→
b

)
(3.13)

'Opwc tonÐsjhke prohgoumènwc skopìc eÐnai h apofug  eÔreshc tou upologistik�

akriboÔ ìrou d
−→
U

d
−→
b
. Autì epitugq�netai jètontac ton pollaplasiast  autoÔ tou ìrou

sthn exÐswsh (3.13) Ðso me to mhdèn. 'Etsi odhgoÔmaste sth diatÔpwsh thc suzugoÔc
exÐswshc apì thn opoÐa kai upologÐzetai h suzug c metablht :

∂F

∂
−→
U

+
−→
ψ T ∂

−→
R

∂
−→
U

= 0 (3.14)

Me autìn ton trìpo, h metabol  thc sun�rthshc - stìqou sunart�tai mìno thc me-

tabol c tou dianÔsmatoc twn metablht¸n sqediasmoÔ δ
−→
b kai ìqi twn epagìmenwn

metabol¸n δ
−→
U tou pedÐou ro c. Dhlad , ja èqoume parag¸gouc euaisjhsÐac:

dFaug

d
−→
b

=
∂F

∂
−→
b

+
−→
ψ T ∂

−→
R

∂
−→
b

(3.15)

en¸ to pedÐo twn
−→
ψ , to opoÐo onom�zetai plèon pedÐo twn suzug¸n metablht¸n,

prokÔptei apì th lÔsh thc suzugoÔc exÐswshc (3.14):
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[
∂
−→
R

∂
−→
U

]T
−→
ψ = −

[
∂F

∂
−→
U

]T
(3.16)

h opoÐa eÐnai grammik  wc proc
−→
ψ , afoÔ to mhtr¸o

[
∂
−→
R

∂
−→
U

]T
den sunart�tai tou

−→
ψ .

To upologistikì kìstoc thc mejìdou prokÔptei apì thn exÐswsh (3.16) :

[
∂
−→
R

∂
−→
U

]T
(np×np)

−→
ψ (np×M) = −

[
∂F

∂
−→
U

]T
(np×M)

(3.17)

ìpou M o arijmìc twn stìqwn thc beltistopoÐhshc (sthn perÐptwsh mac M = 1).
Sunep¸c, to sunolikì kìstoc thc mejìdou an� b ma beltistopoÐhshc eÐnai M su-
st mata np × np gia th suzug  exÐswsh (3.17) sun èna sÔsthma np × np gia thn
epÐlush twn exis¸sewn thc ro c (2.7). Sthn periptws  mac, loipìn, apaitoÔntai
duo epilÔseic susthm�twn np × np. SugkrÐnontac to kìstoc autì me to kìstoc
thc mejìdou eujeÐac diafìrishc parathroÔme to meg�lo pleonèkthma thc suzugoÔc
mejìdou: to kìstoc ektèleshc thc mejìdou eÐnai praktik� anex�rthto apì ton
arijmì twn metablht¸n sqediasmoÔ. An l�boume epÐshc upìyh ìti sta probl mata
aerodunamik c o arijmìc twn stìqwn (l.q. M = 1 ÷ 3) eÐnai polÔ mikrìteroc tou
arijmoÔ twn shmeÐwn sqediasmoÔ èqoume xek�jarh uperoq  thc suzugoÔc mejìdou.

3.4 H mèjodoc twn peperasmènwn diafor¸n

Sth sunèqeia, parousi�zetai mia sÔntomh perigraf  thc mejìdou twn peperasmènwn
diafor¸n. 'Opwc èqei anaferjeÐ h mèjodoc twn peperasmènwn diafor¸n èqei meg�lo
upologistikì kìstoc all� eÐnai eÔkolh ston programmatismì, k�ti pou thn kajist�
mia kal  b�sh sÔgkrishc twn apotelesm�twn pou èqoun prokÔyei eÐte me th suzug 
mèjodo eÐte me th mèjodo thc eujeÐac diafìrishc.

H par�gwgoc thc sun�rthshc - stìqou F wc proc ton i�iostì bajmì eleujerÐac mpo-



3.5. Algìrijmoc antÐstrofou sqediasmoÔ 41

reÐ na proseggisjeÐ me sq ma kentrik¸n peperasmènwn diafor¸n, akrÐbeiac deÔterhc
t�xhc, wc ex c:

dF

dbi
=

F (b1, b2, · · · , bi + ε, · · · , bN) − F (b1, b2, · · · , bi − ε, · · · , bN)

2ε
(3.18)

ìpou ε stajer� mikr c tim c, pou kajorÐzei o qr sthc. H exÐswsh (3.18) prèpei na
efarmosteÐ N forèc (gia tic N timèc tou deÐkth i) se k�je b ma thc beltistopoÐhshc.
'Etsi, to upologistikì kìstoc eÔreshc tou mhtr¸ou thc olik c parag¸gou eÐnai 2N
sust mata np × np, twn exis¸sewn ro c (2.7). Pèra apì to meg�lo upologistikì
kìstoc thc mejìdou èna epiplèon meionèkthma eÐnai h euaisjhsÐa tou apotelèsmatoc
wc proc thn tim  thc posìthtac ε.

3.5 Algìrijmoc antÐstrofou sqediasmoÔ

An�lush bhm�twn algìrijmou antÐstrofou sqediasmoÔ agwgoÔ, me b�sh je¸rhsh
yeudomonodi�stathc ro c, pou basÐzetai se suzug  diatÔpwsh kai th mèjodo thc
apìtomhc kajìdou:

� B ma 1:
DÐnetai arqik  tim  sto metrht  twn kÔklwn kai epilègetai tuqaÐa h arqik 
lÔsh, dhlad  èna arqikì sÔnolo tim¸n twn N metablht¸n sqediasmoÔ.

� B ma 2:
QrhsimopoieÐtai wc sun�rthsh parembol c to polu¸numo Bezier-Bernstein, ¸ste
na sqhmatisteÐ h gewmetrÐa tou agwgoÔ (katanom  S(x) pou antistoiqeÐ stic
trèqousec timèc twn metablht¸n sqediasmoÔ).

� B ma 3:
EpilÔetai to eujÔ prìblhma (exis¸seic ro c). EÔresh kai katanom  pÐeshc kat�
m koc tou agwgoÔ.

� B ma 4:
Efarmìzetai krit rio sÔgklishc sqetikì me to pìso all�zei h tim  thc sun�r-
thshc - stìqou. An ikanopoieÐtai to krit rio sÔgklishc, o algìrijmoc stamat�
ed¸.

� B ma 5:

EpilÔetai to suzugèc prìblhma kai upologÐzontai oi suzugeÐc metablhtèc
−→
ψ .
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� B ma 6:
UpologÐzontai oi parag¸goi euaisjhsÐac.

� B ma 7:
Diorj¸nontai oi timèc twn metablht¸n sqediasmoÔ me th mèjodo thc apìtomhc
kajìdou.

� B ma 8:
'Enac nèoc kÔkloc xekin� apì to b ma 2 mèqri na up�rxei sÔgklish.



Kef�laio 4

EÔresh Pr¸thc Parag¸gou me

th Suneq  Suzug  Mèjodo.

4.1 Eisagwgik� sqìlia

Sto prohgoÔmeno kef�laio parousi�sthke o trìpoc eÔreshc pr¸thc parag¸gou me
th diakrit  suzug  mèjodo gia probl mata antÐstrofou sqediasmoÔ yeudo-1D agw-
goÔ. Dhlad , upologÐsthkan oi par�gwgoi basizìmenoi ston orismì thc epauxhmènhc
sun�rthshc stìqou, h opoÐa sqhmatÐsthke apì th diakrit  graf  thc sun�rthshc
stìqou, tic diakritopoihmènec exis¸seic ro c kai tic kombikèc timèc thc suzugoÔc
metabl thc. Wstìso, ìpwc èqei  dh anaferjeÐ sthn eisagwg , enallaktik  mèjodoc
upologismoÔ twn parag¸gwn eÐnai kai h suneq c suzug c mèjodoc. H basik  diafor�
esti�zetai sto gegonìc ìti sth suneq  suzug  mèjodo, h diakritopoÐhsh akoloujeÐ th
diatÔpwsh thc suzugoÔc diaforik c exÐswshc, se antÐjesh me th diakrit  ìpou h dia-
kritopoÐhsh prohgeÐtai, me apotèlesma oi suzugeÐc exis¸seic na par�gontai apeujeÐac
se diakrit  morf  [3],[2].

Analutikìtera, ìson afor� thn pr¸th par�gwgo sth suneq  suzug  mèjodo, h e-
pauxhmènh sun�rthsh stìqou apoteleÐtai apì thn analutik  èkfrash thc sun�rthshc
stìqou kai to olokl rwma twn exis¸sewn ro c pollaplasiasmènwn me tic suzugeÐc
metablhtèc. 'Etsi, epijum¸ntac na katasteÐ h metabol  thc sun�rthshc stìqou a-
nex�rthth k�je metabol c twn megej¸n ro c, entopÐzontai oi posìthtec pou prèpei
na mhdenistoÔn. Apì tic posìthtec autèc par�gontai oi suzugeÐc exis¸seic kai oi o-
riakèc touc sunj kec. 'Osa anafèrjhkan eÐnai se diaforik  graf , epomènwc prèpei,

43
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sth sunèqeia, na diakritopoihjoÔn.

Epomènwc, sto parìn kef�laio ja parousiastoÔn oi sqèseic pou isqÔoun gia tic
parag¸gouc euaisjhsÐac kai, sth sunèqeia, ja anaferjeÐ analutik� o trìpoc epÐlushc
twn suzug¸n exis¸sewn kaj¸c kai twn oriak¸n touc sunjhk¸n.

4.2 Upologismìc pr¸thc parag¸gou me th su-

neq  suzug  mèjodo.

'Opwc èqei  dh anaptuqjeÐ se prohgoÔmenec paragr�fouc, h sun�rthsh stìqoc pou
parousi�zetai sth paroÔsa dipl¸matik , dÐdetai apì th sqèsh:

F (
−→
U ,
−→
b ) =

1

2

∫
(L)

(p(x)− ptar(x))2dx

ìpou h olokl rwsh gÐnetai se ìlo to m koc tou agwgoÔ to opoÐo eÐnai gnwstì kai
stajerì.

H metabol  thc sun�rthshc stìqou ja eÐnai:

δF (
−→
U ,
−→
b ) =

∂F

∂
−→
U
δ
−→
U +

∂F

∂
−→
b
δ
−→
b =

∫
(L)

(p(x)− ptar(x))
∂p

∂
−→
U
δ
−→
U dx (4.1)

H metabol  thc epauxhmènhc sun�rthshc stìqou, eis�gontac tic suzugeÐc metablhtèc
eÐnai:

δFaug = δF +

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− δ−→q

)
dx (4.2)

ìpou paraleÐfjhke o yeudoqronikìc ìroc twn exis¸sewn ro c. Epiplèon epeid  to

prìblhm� mac eÐnai 1D, antÐ na qrhsimopoihjeÐ o ìroc δ
(
∂
−→
f
∂x

)
qrhsimopoieÐtai o ìroc
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∂(δ
−→
f )

∂x
.

Tèloc, o mh omogen c ìroc thc exÐswshc 6.3 anaptÔqjhke wc ex c:

δ−→q =
∂−→q
∂
−→
U
δ
−→
U +

∂−→q
∂
−→
b
δ
−→
b = Tuδ

−→
U + Tbδ

−→
b (4.3)

Epomènwc h exÐswsh 6.3 tropopoeÐtai wc ex c:

δFaug = δF +

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− Tuδ

−→
U − Tbδ

−→
b

)
dx (4.4)

ìpou to mhtr¸o Tb = ∂−→q
∂
−→
b

exart�tai apì th parametropoÐhsh thc katanom c thc

diatom c S(x) kai isoÔtai me:

[
∂−→q
∂
−→
b

]
i

=

[
1

S2

dS

dx

dS

d
−→
b
− 1

S

d

d
−→
b

(
dS

dx

)]
i

 ρu
ρu2

u (ρE + p)


i

(4.5)

en¸ to mhtr¸o Tu = ∂−→q
∂
−→
U

eÐnai:

∂−→q
∂
−→
U

= − 1

S

dS

dx

 0 1 0
−u2 2u 0

−γuE + (γ − 1)u3 γE − 3
2
(γ − 1)u2 γu


i

(4.6)

O pr¸toc ìroc sto dexÐ mèloc thc 6.5, o opoÐoc antistoiqeÐ sth metabol  thc prag-
matik c sun�rthshc stìqou, èqei  dh analujeÐ sth sqèsh 6.1, en¸ o deÔteroc ìroc,
o opoÐoc ekfr�zei ton periorismì na ikanopoioÔntai oi exis¸seic ro c, anaptÔssetai
me b�sh to je¸rhma Green-Gauss wc ex c [3]:

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− Tuδ

−→
U − Tbδ

−→
b

)
dx =
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∫
(L)

(
∂(
−→
ψ T δ
−→
f )

∂x
− δ
−→
f T ∂

−→
ψ

∂x
−
−→
ψ TTuδ

−→
U −

−→
ψ TTbδ

−→
b

)
dx

[−→
ψ TAδ

−→
U
]
out
−
[−→
ψ TAδ

−→
U
]
in
−
∫

(L)

(
δ
−→
U TAT

∂
−→
ψ

∂x
+
−→
ψ TTuδ

−→
U +

−→
ψ TTbδ

−→
b

)
dx

(4.7)

ìpou qrhsimopoieÐati ìti
−→
f = A

−→
U kai δ

−→
f = Aδ

−→
U . Wstìso, prèpei na anaferjeÐ ìti

sth sqèsh ègine h qr sh thc sqèshc ∂A

∂
−→
b

−→
U =

−→
0 ìpwc apodeiknÔetai sto Par�rthma

Gþ. 'Etsi prokÔptei:

Eis�gontac tic sqèseic 6.9 kai 6.1 sthn sqèsh 6.3 kai lamb�nontac upìyh ìti to
prìblhm� mac eÐnai 1−D prokÔptei ìti:

δFaug =

∫
(L)

−→
ψ TTbδ

−→
b dx+

[−→
ψ TAδ

−→
U
]
out
−
[−→
ψ TAδ

−→
U
]
in
−

∫
(L)

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
+ AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ

]
dx (4.8)

Wstìso, ìpwc èqei  dh anaferjeÐ, eÐnai epijumhtì h metabol  thc sun�rthshc stìqou

na gÐnei anex�rthth opoiasd pote metabol c δ
−→
U tou pedÐou ro c. Epomènwc, h exÐsw-

sh, h opoÐa an diatupwjeÐ kai ikanopoihjeÐ apaleÐfei touc ìrouc pou perièqoun thn

posìthta δ
−→
U apoteleÐ th suzug  exÐswsh, en¸ oi ìroi pou me thn epibol  touc h su-

n�rthsh stìqoc gÐnetai anex�rthth opoiasd pote metabol c δ
−→
U sta ìria tou pedÐou

apoteloÔn tic oriakèc sunj kec thc suzugoÔc exÐswshc.

Pio analutik�, h suzug c exÐswsh dÐdetai apì th sqèsh:

∫
(L)

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
+ AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ

]
dx = 0 =⇒

[
AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0 (4.9)
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'Etsi, to parap�nw sÔsthma twn tri¸n sun jwn diaforik¸n exis¸sewn gia tic suzuge-

Ðc metablhtèc
−→
ψ , prosjètontac ton qronikì ìro gia th diatÔpwsh enìc qwro-qronik�

uperbolikoÔ probl matoc, gr�fetai:

∂
−→
ψ

∂t
−

[
AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0 (4.10)

en¸ oi oriakèc sunj kec pou epib�llontai stic suzugeÐc exis¸seic proèrqontai apì

epÐlush thc exÐswshc
[−→
ψ TAδ

−→
U
]
in,out

= 0. Se an�strofh graf  oi oriakèc sunj kec

gia tic suzugeÐc exis¸seic ja proèrjoun apì thn epÐlush thc sqèshc:

δ
−→
U TAT

−→
ψ = 0 (4.11)

Epomènwc, h par�gwgoc euaisjhsÐac ja upologisteÐ apì th sqèsh:

δFaug

δ
−→
b

=

∫
(L)

−→
ψ TTbdx (4.12)

Sumperasmatik�, gia ton upologismì thc pr¸thc parag¸gou arkeÐ h epÐlush thc

suzugoÔc exÐswshc gia thn eÔresh tou
−→
ψ .

4.3 DiakritopoÐhsh twn suzug¸n exis¸sewn me

akrÐbeia pr¸thc t�xhc.

'Opwc  dh anafèrjhke sth prohgoÔmenh par�grafo, oi suzugeÐc metablhtèc upolo-
gÐzontai apì thn exÐswsh:
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∂
−→
ψ

∂t
−

[
AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0

IdiaÐterh shmasÐa dÐdetai sto ìti to sÔsthma eÐnai grammikì, dhlad  oi suntelestèc

AT , T Tu den sunart¸ntai tou
−→
ψ . Epiplèon, epeid  to grammikì sÔsthma pou dièpei tic

suzugeÐc metablhtèc èqei pragmatikèc idiotimèc, antÐjetec me ekeÐnec tou probl matoc
ro c, to prìshmo me to opoÐo prostèjhke o qronikìc ìroc eÐnai antÐjetoc ap' autìn
pou orÐsjhke sthn dèlta-diatÔpwsh tou eujèoc probl matoc.

Arqik�, ìpwc eÐnai gnwstì (4.9) mac endiafèrei h qronik� mìnimh ro . Epomènwc,

agno¸ntac proswrin� ton qronikì ìro, tÐjetai me
−→
Rψ h parap�nw sqèsh. Dhlad 

ja eqw:

−→
Rψ = −

[
AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0 (4.13)

H epÐlush tou suzugoÔc probl matoc gÐnetai mèsw dèlta-diatÔpwshc. Dhlad :

[
I
δx

δt
+
∂
−→
Rψ

∂
−→
ψ

]
δ
−→
ψ = −

−→
Rψ (4.14)

ìpou met� thn eÔresh tou δ
−→
ψ to nèo di�nusma twn sunthrik¸n metablht¸n brÐsketai

wc

−→
ψ new =

−→
ψ old + δ

−→
ψ

EpÐshc ìpwc kai sthn epÐlush tou eujèoc probl matoc ètsi kai ed¸ eis�getai o
qronikìc ìroc - yeudoqrìnoc (parìlo pou h ro  jewreÐtai qronik� mìnimh) ¸ste na
gÐnei ekmet�lleush twn idiìthtwn twn uperbolik¸n susthm�twn kai na gÐnei efarmog 
twn teqnik¸n qronoproèlashc (time-marching) gia thn epÐlush tou suzugoÔc pedÐou.

Epiplèon, sthn exÐswsh (4.14) ta emplekìmena mhtr¸a eÐnai:
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−→
Rψ

T =
[ −−→
Rψ1 ,

−−→
Rψ2 , . . .

−−−→
Rψz−1 ,

−−→
Rψz

]T
(4.15)

δ
−→
ψ T =

[
δ
−→
ψ 1 , δ

−→
ψ 2 , . . . δ

−→
ψ z−1 , δ

−→
ψ z

]T
(4.16)

∂
−→
R

∂
−→
ψ

=



∂
−→
Rψ1

∂
−→
ψ 1

∂
−→
Rψ1

∂
−→
ψ 2

∂
−→
Rψ1

∂
−→
ψ 3

. . .
∂
−→
Rψ1

∂
−→
ψ z

∂
−→
Rψ2

∂
−→
ψ 1

∂
−→
Rψ2

∂
−→
ψ 2

∂
−→
Rψ2

∂
−→
ψ 3

. . .
∂
−→
Rψ2

∂
−→
ψ z

...
∂
−→
Rψz−1

∂
−→
ψ 1

∂
−→
Rψz−1

∂
−→
ψ 2

∂
−→
Rψz−1

∂
−→
ψ 3

. . .
∂
−→
Rψz−1

∂
−→
ψ z

∂
−→
Rψz

∂
−→
ψ 1

∂
−→
Rψz

∂
−→
ψ 2

∂
−→
Rψz

∂
−→
ψ 3

. . .
∂
−→
Rψz

∂
−→
ψ z



(4.17)

Epomènwc, oloklhr¸nontac thn exÐswsh 4.13 apì i− 1
2
−→ i + 1

2
, gia to

−→
Rψ stouc

eswterikoÔc kìmbouc, ja èqoume ìti:

−→
Rψi = −

[
AT (
−→
ψ i+ 1

2
−
−→
ψ i− 1

2
) + T Tui

−→
ψ i∆xi + (p(x)− p(x)tar)

(
∂p

∂
−→
U i

)T
∆xi

]
(4.18)

Sthn perÐptwsh pou h diakritopoÐhsh thc suzugoÔc exÐswshc gÐnei me th mèjodo Flux
Vector Spliting akrÐbeiac pr¸thc t�xhc, me peperasmèno ìgko apì ton mesìkombo
i− 1

2
èwc ton i+ 1

2
, ja èqoume ìti:

AT
−→
ψ i+ 1

2
= AT+

i+ 1
2

−→
ψ i+1 + AT−

i+ 1
2

−→
ψ i (4.19)
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x
i

x
i+1

−→
ψ i+ 1

2

−→n
-

�

(L) (R)

Sq ma 4.1: DiakritopoÐhsh thc suzugoÔc exÐswshc me th mèjodo Flux Vector Spli-
ting.

'Ara met� th diakritopoÐhsh:

−→
Rψi = −

[
AT+
i+ 1

2

−→
ψ i+1 + AT−

i+ 1
2

−→
ψ i − AT−i− 1

2

−→
ψ i−1 − AT+

i− 1
2

−→
ψ i + T Tui

−→
ψ i∆xi + (p− ptar)

(
∂p

∂
−→
U i

)T
∆xi

]

Dhlad ,

−→
Rψi = AT−

i− 1
2

−→
ψ i−1 −

(
AT−
i+ 1

2

− AT+
i− 1

2

+ T Tui∆xi

)−→
ψ i

−AT+
i+ 1

2

−→
ψ i+1 − (p− ptar)

(
∂p

∂
−→
U i

)T
∆xi (4.20)

Apì thn parag¸gish thc èkfrashc (4.20) èqoume:

∂
−→
Rψi

∂
−→
ψ i−1

= AT−
i− 1

2

,
∂
−→
Rψi

∂
−→
ψ i

= −
(
AT−
i+ 1

2

− AT+
i− 1

2

+ T Tui∆xi

)
,

∂
−→
Rψi

∂
−→
ψ i+1

= −AT+
i+ 1

2

(4.21)

kai
∂
−→
Rψi

∂
−→
ψ j

= 0, gia j < i− 1 kai j > i+ 1.

Tèloc, an oi oriakèc sunj kec
−→
Rψ1 = 0 kai

−→
Rψz = 0 eÐnai grammènec me pr¸thc t�xhc

akrÐbeia kai paragwgistoÔn, ja èqoume:
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∂
−→
Rψ1

∂
−→
ψ j

= 0 ,∀j = 3, . . . , z (4.22)

∂
−→
Rψz

∂
−→
ψ j

= 0 ,∀j = 1, . . . , z − 2

Epomènwc, me b�sh ta ìsa anafèrjhkan parap�nw, gia akrÐbeia pr¸thc t�xhc, to
sunolikì mhtr¸o (4.17) eÐnai èna tridiag¸nio block mhtr¸o me morf :

∂
−→
Rψ

∂
−→
ψ

=



∂
−→
Rψ1

∂
−→
ψ 1

∂
−→
Rψ1

∂
−→
ψ 2

0 0 0 . . . 0 0 0

∂
−→
Rψ2

∂
−→
ψ 1

∂
−→
Rψ2

∂
−→
ψ 2

∂
−→
Rψ2

∂
−→
ψ 3

0 0 . . . 0 0 0

0
∂
−→
Rψ3

∂
−→
ψ 2

∂
−→
Rψ3

∂
−→
ψ 3

∂
−→
Rψ3

∂
−→
ψ 4

0 . . . 0 0 0

...

0 0 0 0 0 . . . 0
∂
−→
Rψz

∂
−→
ψ z−1

∂
−→
Rψz

∂
−→
ψ z



4.4 Oriakèc sunj kec tou suzugoÔc probl ma-

toc.

Skopìc thc paroÔsac enìthtac, eÐnai h perigraf  tou trìpou epibol c twn oriak¸n
sunjhk¸n sto suzugèc prìblhma. Sthn perÐptwsh thc upohqhtik c ro c, oi oriakèc
sunj kec èqoun gia thn eÐsodo eÐnai:

Kìmboc 1:
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(ψ1)1 =

u2
[
u2

2c2
− γ−3

2(γ−1)
− 1

γ−1
c2

u2

]
ψ3 + u

[
u2

c2
− 1
]
ψ2

1− u2

c2


1

(4.23)

(ψ2)1 = (ψ2)2 (4.24)

(ψ3)1 = (ψ3)2 (4.25)

en¸ gia thn èxodo:

Kìmboc z:

(ψ1)z = (ψ1)z−1 (4.26)

(ψ2)z =

[
ψ1

2u

u2(γ − 2)− 2γE

γE + u2

2
(1− γ)

]
z

(4.27)

(ψ3)z =

[
ψ1

1

γE + u2(1−γ)
2

]
z

(4.28)

Oi parap�nw sqèseic proèkuyan apì epÐlush thc exÐswshc (4.11). H diaqeÐrish thc
sqèshc aut c gÐnetai me diaforetikì trìpo sthn eÐsodo kai thn èxodo tou pedÐou ro c
afoÔ se autèc epib�llontai diaforetikèc sunj kec ro c. Wstìso, h an�ptuxh thc
(4.11) ja eÐnai asfal¸c koin  gia thn eÐsodo kai thn èxodo kai dÐnei:

[
δρ δ(ρu) δ(ρE)

]  0 γ−3
2
u2 −γuE + (γ − 1)u3

1 (3− γ)u γE − 3(γ−1)
2

u2

0 γ − 1 γu

 ψ1

ψ2

ψ3

 = 0 (4.29)

Sthn eÐsodo, ìpou epib�llontai stajerèc timèc sta olik� jermodunamik� megèjh thc
ro c (kef�laio 2), diaforÐzontac tic sqèseic tic isentropik c metabol c, prokÔptoun
oi susqetÐseic twn metabol¸n
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δρ = −ρu
c2
δu (4.30)

δp = −ρuδu (4.31)

SÔmfwna me tic sqèseic 4.30 kai 4.31 prokÔptoun eÔkola oi metabolèc thc deÔterhc
kai trÐthc sunthrhtik c metablht c twn exis¸sewn ro c, wc

δ(ρu) = uδρ+ ρδu = ρ

[
1− u2

c2

]
δu (4.32)

δ(ρE) =
δp

γ − 1
+

1

2
δ(ρu2) = ρu

[
γ − 2

γ − 1
− 1

2

u2

c2

]
δu (4.33)

Me antikatast�seic twn sqèsewn 4.30, 4.32 kai 4.33 gia tic metabolèc twn posot twn
thc ro c sth sqèsh 4.29, h teleutaÐa ja p�rei gia thn eÐsodo thc ro c ston agwgì
(upohqhtik  ro ) thn morf  thc exÐswshc 4.23.

Wstìso, h ulopoÐhsh thc sqèshc aut c, proôpojètei thn parembol  apì to eswte-

rikì tou pedÐou dÔo ek twn tri¸n sunistws¸n tou
−→
ψ (sunj kh Neumann) kai ton

upologismì thc trÐthc sunist¸sac apì th sqèsh 4.23.

Apì thn �llh pleur�, sthn èxodo epib�lletai stajer  tim  thc statik c pÐeshc,
epomènwc ja èqoume:

δp = (γ − 1)(δ(ρE)− uδ(ρu) +
1

2
u2δρ) = 0

kai sunep¸c,
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δ(ρE) = uδ(ρu)− 1

2
u2δρ = 0 (4.34)

Me antikat�stash thc 4.34 sth sqèsh 4.29 prokÔptoun oi sqèseic 4.27 kai 4.28.

Sunep¸c, sthn èxodo upologÐzetai mia apì tic treic sunist¸sec thc suzugoÔc me-
tablht c mèsw proekbol c apì to eswterikì tou pedÐou kai oi upìloipec dÔo pro-
kÔptoun topik�, sthn èxodo, apì tic sqèseic 4.27 kai 4.28.

Oi parap�nw exis¸seic mporoÔn sunoptik� na grafoÔn mèsw tou
−→
Rψ. Sugkekrimèna,

gia ton pr¸to kìmbo ja èqoume:

−→
Rψ1 = [(ψ1)1−

[
u2

[
u2

2c2
− γ−3

2(γ−1)
− 1
γ−1

c2

u2

]
ψ3+u

[
u2

c2
−1

]
ψ2

1−u2
c2

]
1

, (ψ2)1− (ψ2)2 , (ψ3)1− (ψ3)2]

en¸ gia ton teleutaÐo kìmbo ja èqoume

−→
Rψz =

[
(ψ1)z − (ψ1)z−1 , (ψ2)z −

[
ψ1

2u
u2(γ−2)−2γE

γE+u2

2
(1−γ)

]
z

, (ψ3)z −
[
ψ1

1

γE+
u2(1−γ)

2

]
z

]
.

Sth sunèqeia, diaforÐzontai oi parap�nw exis¸seic, ètsi ¸ste na upologistoÔn oi

ìroi, ∂
−→
Rψ1

∂
−→
ψ j

kai ∂
−→
Rψz

∂
−→
ψ j

j = 1, ..., z.

Pio analutik�, qrhsimopoi¸ntac thn metabol  (variation) thc dèlta-diatÔpwshc, ja
èqoume gia ton pr¸to kai ton teleutaÐo kìmbo tic ex c exis¸seic, pou prokÔptoun
Ôstera apì pr�xeic pin�kwn:

∂
−−→
Rψ1

∂
−→
ψ 1

δ
−→
ψ 1 +

∂
−−→
Rψ1

∂
−→
ψ 2

δ
−→
ψ 2 + . . . +

∂
−−→
Rψ1

∂
−→
ψ z−1

δ
−→
ψ z−1 +

∂
−−→
Rψ1

∂
−→
ψ z

δ
−→
ψ z = −

−→
Rψ1

(4.35)

∂
−−→
Rψz

∂
−→
ψ 1

δ
−→
ψ 1 +

∂
−−→
Rψz

∂
−→
ψ 2

δ
−→
ψ 2 + . . . +

∂
−−→
Rψz

∂
−→
ψ z−1

δ
−→
ψ z−1 +

∂
−−→
Rψz

∂
−→
ψ z

δ
−→
ψ z = −

−→
Rψz

(4.36)
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Wstìso, kat� ton upologismì twn merik¸n parag¸gwn isqÔei h (4.22) exÐswsh. Dhla-

d , mac endiafèrei na upologistoÔn oi ìroi
∂
−→
Rψ1

∂
−→
ψ j

gia j = 1, 2 kaj¸c kai ∂
−→
Rψz

∂
−→
ψ j

gia j =

z− 1, z, en¸ oi merikèc par�gwgoi wc proc ta upìloipa dianÔsmata thc suzugoÔc me-
tablht c eÐnai mhdenikèc.

Epomènwc kat� th diafìrish ja èqoume tic parak�tw oriakèc sunj kec:

Arqik� h pr¸th oriak  sunj kh gia thn eÐsodo

∂ R1
ψ1

∂
−→
ψ 1

δ
−→
ψ 1 = −R1

ψ1
−→

[
1 , u , u2

− u2

2c2
+ γ−3

2(γ−1)
+ c2

(γ−1)u2

1−u2
c2

]
1

δ
−→
ψ 1 =

u2
[
u2

2c2
− γ−3

2(γ−1)
− 1

γ−1
c2

u2

]
(ψ3)1

1− u2

c2

− u(ψ2)1 − (ψ1)1

profan¸c isqÔei ìti :

∂ R1
ψ1

∂
−→
ψ 2

=
[

0 , 0 , 0
]

2
(4.37)

H deÔterh oriak  sunj kh gia thn eÐsodo

∂ R2
ψ1

∂
−→
ψ 1

δ
−→
ψ 1 +

∂ R2
ψ1

∂
−→
ψ 2

δ
−→
ψ 2 = −R2

ψ1
−→

[
0, 1, 0

]
1
δ
−→
ψ 1 +

[
0, −1, 0

]
2
δ
−→
ψ 2 = (ψ2)2 − (ψ2)1 (4.38)
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kai h trÐth oriak  sunj kh gia thn eÐsodo

∂ R3
ψ1

∂
−→
ψ 1

δ
−→
ψ 1 +

∂ R3
ψ1

∂
−→
ψ 2

δ
−→
ψ 2 = −R3

ψ1
−→

[
0, 0, 1

]
1
δ
−→
ψ 1 +

[
0, 0, −1

]
2
δ
−→
ψ 2 = (ψ3)2 − (ψ3)1 (4.39)

An�logh eÐnai kai h diadikasÐa pou akoloujeÐtai gia tic oriakèc sunj kec sthn èxo-

do tou agwgoÔ. UpenjumÐzoume ìti, ìson afor� to
−→
Rψ tou teleutaÐou kìmbou, ja

èqoume:

−→
Rψz =

[
(ψ1)z − (ψ1)z−1 , (ψ2)z −

[
ψ1

2u

u2(γ − 2)− 2γE

γE + u2

2
(1− γ)

]
z

, (ψ3)z −

[
ψ1

1

γE + u2(1−γ)
2

]
z

]

Epomènwc, h pr¸th oriak  sunj kh gia thn èxodo eÐnai:

∂ R1
ψz

∂
−→
ψ z−1

δ
−→
ψ z−1 +

∂ R1
ψz

∂
−→
ψ z

δ
−→
ψ z = −R1

ψz −→[
−1 , 0 , 0

]
z−1

δ
−→
ψ z−1 +

[
1, 0, 0

]
z
δ
−→
ψ z = (ψ1)z−1 − (ψ1)z (4.40)

Sth sunèqeia, h deÔterh oriak  sunj kh gia thn èxodo eÐnai:

∂ R2
ψz

∂
−→
ψ z

δ
−→
U z = −R2

ψz −→



4.5. DiakritopoÐhsh suzug¸n exis¸sewn me akrÐbeia deÔterhc t�xhc. 57

[
− 1

2u
u2(γ−2)−2γE

γE+
u2(1−γ)

2

, 1 , 0
]
k
δ
−→
ψ z = −(ψ2)z + (ψ1)z−1

1

2u

u2(γ − 2)− 2γE

γE + u2 1−γ
2

kaj¸c isqÔei ìti :

∂ R2
ψz

∂
−→
ψ z−1

=
[

0 , 0 , 0
]
z−1

(4.41)

Kai tèloc, h trÐth oriak  sunj kh gia thn èxodo eÐnai:

∂ R3
ψz

∂
−→
ψ z

δ
−→
U z = −R3

ψz −→

[
− 1

γE+u2 1−γ
2

, 0 , 1
]
z
δ
−→
ψ z = −(ψ3)z + (ψ1)z

1

γE + u2 1−γ
2

kaj¸c isqÔei ìti :

∂ R3
ψz

∂
−→
ψ z−1

=
[

0 , 0 , 0
]
z−1

(4.42)

4.5 DiakritopoÐhsh suzug¸n exis¸sewn me a-

krÐbeia deÔterhc t�xhc.

Prohgoumènwc ègine an�lush tou trìpou epÐlushc tou suzugoÔc probl matoc me
akrÐbeia pr¸thc t�xhc stouc oriakoÔc kìmbouc. Sthn paroÔsa enìthta, ja parou-
siasteÐ analutik� h diakritopoÐhsh tou suzugoÔc probl matoc me akrÐbeia deÔterhc
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t�xhc stouc eswterikoÔc kìmbouc. Arqik� qrhsimopoieÐtai FVS me sq ma proekbol c
MUSCL (Monotone Upwind Scheme for Conservation Laws) gia th diakritopoÐhsh

tou
−→
Rψ kai sth sunèqeia, prokÔptei to mhtr¸o ∂

−→
Rψ

∂
−→
ψ

gia akrÐbeia deÔterhc t�xhc wc

apotèlesma thc parag¸gishc tou
−→
Rψ.

Gia akrÐbeia deÔterhc t�xhc se opoiod pote eswterikì kìmbo i, isqÔei h sqèsh:

−→
Rψi = −

[
AT (
−→
ψ i+ 1

2
−
−→
ψ i− 1

2
) + T Tu ∆xi + (p− ptar)

(
∂p

∂
−→
U

)T
∆xi

]
= 0 (4.43)

Dhlad , o tÔpoc eÐnai Ðdioc me autìn gia pr¸thc t�xhc akrÐbeia. To mìno pou all�zei

eÐnai to p¸c upologÐzontai ta
−→
ψ i+ 1

2
,
−→
ψ i− 1

2
gia akrÐbeia deÔterhc t�xhc.

Pio analutik�, se sumfwnÐa me to parak�tw sq ma, isqÔoun oi akìloujec sqèseic:

x
i− 2

x
i− 1

x
i

x
i+ 1

x
i+ 2

� �

-

−→
ψ i− 1

2

−→
ψ i+ 1

2

−→n

qqq q q qq q q
(L) (R) (L) (R)

AT
−→
ψ i+ 1

2
= AT+

i+ 1
2

(
−→
ψ R
i+ 1

2
) + AT−

i+ 1
2

(
−→
ψ L
i+ 1

2
) (4.44)

AT
−→
ψ i− 1

2
= AT+

i− 1
2

(
−→
ψ R
i− 1

2
) + AT−

i− 1
2

(
−→
ψ L
i− 1

2
) (4.45)

ìpou,

−→
ψ R
i+ 1

2
=
−→
ψ i+1 −

1

2

(
∂
−→
ψ

∂x

)
i+1

(xi+1 − xi) (4.46)
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−→
ψ L
i+ 1

2
=
−→
ψ i +

1

2

(
∂
−→
ψ

∂x

)
i

(xi+1 − xi) (4.47)

AntÐstoiqa, gia to
−→
ψ i− 1

2
kai
−→
ψ L
i− 1

2

isqÔoun ta ex c:

−→
ψ R
i− 1

2
=
−→
ψ i −

1

2

(
∂
−→
ψ

∂x

)
i

(xi − xi−1) (4.48)

−→
ψ L
i− 1

2
=
−→
ψ i−1 +

1

2

(
∂
−→
ψ

∂x

)
i−1

(xi − xi−1) (4.49)

Epomènwc, h sqèsh 4.44 me qr sh twn 4.46 4.47 tropopoieÐtai se

AT
−→
ψ i+ 1

2
=

(
−1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

)
−→
ψ i−1 +

(
1

2
AT+
i+ 1

2

xi+1 − xi
xi+2 − xi

+ AT−
i+ 1

2

)
−→
ψ i

+

(
1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

+ AT+
i+ 1

2

)
−→
ψ i+1 +

(
−1

2
AT+
i+ 1

2

xi+1 − xi
xi+2 − xi

)
−→
ψ i+2 (4.50)

En¸ h sqèsh 4.45 me qr sh twn 4.48 4.49 tropopoieÐtai se

AT
−→
ψ i− 1

2
=

(
−1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

)
−→
ψ i−2 +

(
1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

+ AT−
i− 1

2

)
−→
ψ i−1

+

(
1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

+ AT+
i− 1

2

)
−→
ψ i +

(
−1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

)
−→
ψ i+1 (4.51)
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UpenjumÐzetai ìti, sthn paroÔsa diplwmatik  ergasÐa, èqoun epilegeÐ ta ∆x na e-
Ðnai isapèqonta. Wstìso, oi tÔpoi gr�fthkan sth parap�nw morf  gia q�rh thc
genikìthtac (4.50, 4.51).

Epomènwc, an sth sqèsh 4.43 antikatastajoÔn ta
−→
ψ i+ 1

2
kai
−→
ψ i− 1

2
me tic sqèseic

(4.50) kai (4.51) antÐstoiqa, prokÔptei mia sqèsh thc parak�tw morf c pou ja isqÔei
gia i = 3, . . . , z − 2:

−→
Rψi = bbefi

−→
ψ i−2 + befi

−→
ψ i−1 + diagi

−→
ψ i + afti

−→
ψ i+1 + aafti

−→
ψ i+2 − (p− ptar)

(
∂p

∂
−→
U

)T
i

∆xi = 0

'Etsi gia ton upologismì tou mhtr¸ou ∂
−→
Rψ

∂
−→
ψ

stouc eswterikoÔc kìmbouc i = 3, . . . , z−
2 apì th sqèsh 4.52 prokÔptei:

∂
−→
Rψi

∂
−→
ψ i−2

= bbefi = −1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

(4.52)

∂
−→
Rψi

∂
−→
ψ i−1

= befi =
1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

+
1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

+ AT−
i− 1

2

(4.53)

∂
−→
Rψi

∂
−→
ψ i

= −1

2
AT+
i+ 1

2

xi+1 − xi
xi+2 − xi

−AT−
i+ 1

2

+
1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

+AT+
i− 1

2

−T Tu ∆xi (4.54)

∂
−→
Rψi

∂
−→
ψ i+1

= afti = −1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

−AT+
i+ 1

2

−
(

1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

)
(4.55)
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∂
−→
Rψi

∂
−→
ψ i+2

= aafti =
1

2
AT+
i+ 1

2

xi+1 − xi
xi+2 − xi

(4.56)

en¸ isqÔei:

∂
−→
Rψi

∂
−→
ψ j

= 0 , j 6= i− 2, i− 1, i, i+ 1, i+ 2 (4.57)

'Opou o prosdiorismìc tou mhtr¸ou A
+/−
i+ 1

2

kai A+/−
i− 1

2

parousi�sthke analutik� sto

kef�laio 2.

Oi sqèseic pou dìjhkan parap�nw, anafèrontai stouc eswterikoÔc kìmbouc i =
3, . . . , z − 2. Gia touc kìmbouc i = 1 kai i = z isqÔoun oi sqèseic pou dÐnontai sthn
enìthta epibol c oriak¸n sunjhk¸n gia pr¸thc t�xhc akrÐbeia. Epomènwc, apomènei
h katagraf  twn sqèsewn gia touc eswterikoÔc kìmbouc i = 2 kai i = z − 1.

Gia ton kìmbo i = 2 den eÐnai dunatìn na up�rqei pro-prohgoÔmenoc kìmboc, gia autì

ja èqoume
−→
Rψ thc morf c:

−→
Rψ2 =

[
bef2

−→
ψ 1 + diag2

−→
ψ 2 + aft2

−→
ψ 3 + aaft2

−→
ψ 4

]
− (p− ptar)

(
∂p

∂
−→
U

)T
∆x2 = 0

(4.58)

Ousiastik�, h parap�nw allag  proèrqetai apì allag  sto di�nusma thc suzugoÔc

metablht c
−→
ψ i− 1

2
. Pio analutik�, ìpwc èqoume  dh anafèrei gia thn eÔresh tou

−→
Rψ

krÐnetai aparaÐthth h qr sh twn suzug¸n metablht¸n
−→
ψ i+ 1

2
kai
−→
ψ i− 1

2
. Wstìso, gia

ton kìmbo i = 2 eÐnai adÔnath h Ôparxh tou ìrou
−→
ψ i−2, opìte gia na apofeuqjeÐ

h parousÐa tou parap�nw ìrou, ja qrhsimopoihjeÐ antÐ gia kentrikèc diaforèc 2hc
t�xhc, to sq ma prìsw diafìrishc pr¸thc t�xhc, ìson afor� ton upologismì thc

klÐshc (∂
−→
ψ
∂x

)i−1.
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Akrib¸c me thn Ðdia logik , ìson afor� ton kìmbo i = z − 1, lìgw apousÐac meje-
pìmenou kìmbou ja qrhsimopoihjeÐ sq ma pÐsw diafìrishc gia ton upologismì thc

klÐshc (∂
−→
ψ
∂x

)i+1.

Epomènwc, sÔmfwna me ta ìsa anafèrjhkan to
−→
Rψz−1 ja eÐnai thc morf c:

−→
Rψz−1 = bbefz−1

−→
ψ z−3+befz−1

−→
ψ z−2+diagz−1

−→
ψ z−1+aftz−1

−→
ψ z−(p−ptar)

(
∂p

∂
−→
U

)T
∆xz−1 = 0

SÔmfwna me ta ìsa anafèrjhkan parap�nw, gÐnetai safèc pwc prokÔptoun ta
−→
Rψ

gia ton kìmbo i = 2 kai i = z − 1 antÐstoiqa. Epomènwc, mporoÔn na parousiastoÔn
oi par�gwgoi twn suzug¸n exis¸sewn gia touc proanaferjèntec kìmbouc:

Kìmboc i = 2:

∂
−→
Rψ2

∂
−→
ψ 1

=
1

2
AT−

2+ 1
2

x3 − x2

x3 − x1

+ [
1

2
AT+

2− 1
2

x2 − x1

x3 − x1

+
1

2
AT−

2− 1
2

] (4.59)

∂
−→
Rψ2

∂
−→
ψ 2

= −1

2
AT+

2+ 1
2

x3 − x2

x4 − x2

− AT−
2+ 1

2

+ [
1

2
AT−

2− 1
2

+ AT+
2− 1

2

] − T Tu ∆x2 (4.60)

∂
−→
Rψ2

∂
−→
ψ 3

= −1

2
AT−

2+ 1
2

x3 − x2

x3 − x1

− AT+
2+ 1

2

+ [−1

2
AT+

2− 1
2

x2 − x1

x3 − x1

] (4.61)

∂
−→
Rψ2

∂
−→
ψ 4

=
1

2
AT+

2+ 1
2

x3 − x2

x4 − x2

(4.62)
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kai :
∂
−→
Rψ2

∂
−→
ψ j

= 0 , j > 4 (4.63)

Kìmbo i = z − 1:

∂
−→
Rψi

∂
−→
ψ i−2

= −1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

(4.64)

∂
−→
Rψi

∂
−→
ψ i−1

=
1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

+ [
1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

+ AT−
i− 1

2

] (4.65)

∂
−→
Rψi

∂
−→
ψ i

= −1

2
AT+
i+ 1

2

− AT−
i+ 1

2

+ [
1

2
AT−
i− 1

2

xi − xi−1

xi − xi−2

+ AT+
i− 1

2

] − T Tu ∆xi (4.66)

∂
−→
Rψi

∂
−→
ψ i+1

= −1

2
AT+
i+ 1

2

− 1

2
AT−
i+ 1

2

xi+1 − xi
xi+1 − xi−1

+

(
−1

2
AT+
i− 1

2

xi − xi−1

xi+1 − xi−1

)
(4.67)

kai :
∂
−→
R i

∂
−→
U j

= 0 , j < z − 3 (4.68)

Me b�sh ta parap�nw prokÔptei wc sumpèrasma ìti to mhtr¸o ∂
−→
Rψ

∂
−→
ψ

eÐnai block penta-

diag¸nio, me mhdenikì ton trÐto upopÐnaka thc pr¸thc gramm c kai to z−2 upopÐnaka
thc z gramm c (lìgw epibol c oriak¸n sunjhk¸n pr¸thc t�xhc akrÐbeiac). To mh-
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tr¸o me ta mh-mhdenik� kai ta mhdenik� tou stoiqeÐa èqei wc ex c :

∂
−→
Rψ

∂
−→
ψ

=



∂
−→
Rψ1

∂
−→
ψ 1

∂
−→
Rψ1

∂
−→
ψ 2

0 0 0 0 0 . . . 0 0 0

∂
−→
Rψ2

∂
−→
ψ 1

∂
−→
Rψ2

∂
−→
ψ 2

∂
−→
Rψ2

∂
−→
ψ 3

∂
−→
Rψ2

∂
−→
ψ 4

0 0 0 . . . 0 0 0

∂
−→
Rψ3

∂
−→
ψ 1

∂
−→
Rψ3

∂
−→
ψ 2

∂
−→
Rψ3

∂
−→
ψ 3

∂
−→
Rψ3

∂
−→
ψ 4

∂
−→
Rψ3

∂
−→
ψ 5

0 0 . . . 0 0 0

0
∂
−→
Rψ4

∂
−→
ψ 2

∂
−→
Rψ4

∂
−→
ψ 3

∂
−→
Rψ4

∂
−→
ψ 4

∂
−→
Rψ4

∂
−→
ψ 5

∂
−→
Rψ4

∂
−→
ψ 6

0 . . . 0 0 0

...

0 0 0 0 0 0 0 . . . 0
∂
−→
Rψz

∂
−→
ψ z−1

∂
−→
Rψz

∂
−→
ψ z



4.6 EpilÔthc suzugoÔc probl matoc.

'Opwc  dh tonÐsthke parap�nw, sth suneq  suzug  mèjodo h epÐlush thc suzugoÔc
exÐswshc (4.14) pragmatopoieÐtai me thn teqnik  thc qronoproèlashc. SÔmfwna me ta

ìsa anafèrjhkan, o telest c thc suzugoÔc exÐswshc
−→
Rψ (epomènwc kai to mhtr¸o

∂
−→
Rψ

∂
−→
ψ
) mporeÐ na diakritopoihjeÐ eÐte me 1hc t�xhc eÐte me 2hc t�xhc akrÐbeia.

Se perÐptwsh pou upologisteÐ me 1hc t�xhc akrÐbeia, to mhtr¸o eÐnai tridiag¸niac
morf c, epomènwc stìqoc eÐnai h epÐlush enìc sust matoc grammik¸n exis¸sewn
tridiag¸niac morf c ( 3-diag¸nioc algìrijmocThomas me emprìc kai pÐsw antika-
t�stash). Wstìso, k�je stoiqeÐo tou mhtr¸ou antistoiqeÐ se èna 3 × 3 upomhtr¸o
(block). Epomènwc, h epÐlush tou block-tridiag¸niou sust matoc gÐnetai qrhsimo-
poi¸ntac ton tropopoihmèno algìrijmo Thomas, o opoÐoc mporeÐ na diaqeirÐzetai antÐ
gia bajmwt� megèjh upopÐnakec 3× 3. Autì epitugq�netai me di�spash se p�nw kai
k�tw trigwnik� mhtr¸a (paragontopoÐhsh LU).
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Apì thn �llh pleur�, se perÐptwsh pou to mhtr¸o ∂
−→
Rψ

∂
−→
ψ

eÐnai deÔterhc t�xhc a-

krÐbeiac tìte eÐnai block pentadiag¸niac morf c, epomènwc stìqoc eÐnai h epÐlush
enìc sust matoc grammik¸n exis¸sewn pentadiag¸niac morf c me emprìc kai pÐsw
antikat�stash. Wstìso, k�je stoiqeÐo tou mhtr¸ou antistoiqeÐ se èna 3× 3 upomh-
tr¸o (block). Epomènwc, gia thn epilÔsh twn diakritopoihmènwn roðk¸n exis¸sewn,
se k�je qronikì b ma, qrhsimopoioÔme epilÔth block-pentadiag¸niwn susthm�twn.

'Etsi, dhmiourgeÐtai ènac epanalhptikìc algìrijmoc, me epanal yeic   orjìtera yeu-
doqronik� b mata, ìpou gia k�je yeudoqronik  stigm  oi diakritopoihmènec exis¸seic
epilÔontai analutik� (me mèjodo paragontopoÐhshc   me algìrijmo Thomas).
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Kef�laio 5

SÔgkrish Diakrit c kai

SuneqoÔc SuzugoÔc Mejìdou

Sta dÔo prohgoÔmena kef�laia parousi�sthkan oi trìpoi upologismoÔ thc pr¸thc
parag¸gou me th diakrit  kai th suneq  suzug  mèjodo, gia yeudo-1D probl mata.
Sto parìn kef�laio, stìqoc eÐnai na deiqjeÐ h diafor� stic parag¸gouc euaisjhsÐac
pou upologÐzoun oi dÔo mèjodoi ètsi ¸ste na gÐnei saf c h an�gkh an�ptuxhc thc
nèac mejìdou pou proteÐnetai sthn paroÔsa diplwmatik  ergasÐa.

Pio analutik�, ja deiqjeÐ ìti up�rqei pl rhc taÔtish apotelesm�twn metaxÔ thc dia-
krit c suzugoÔc teqnik c kai thc eujeÐac diafìrishc k�ti pou den isqÔei me aut� thc
suneqoÔc suzugoÔc mejìdou. H sumbatìthta pou, ek twn pragm�twn, up�rqei an�me-
sa sth diakrit  suzug  mèjodo kai sth diakritopoÐhsh tou prwteÔontoc probl matoc
eÐnai h aitÐa gia to pr¸to. H èlleiyh tètoiac sumbatìthtac gia th suneq  suzug 
mèjodo eÐnai h aitÐa gia to deÔtero. Autì, akrib¸c, epiqeireÐ na diorj¸sei h idèa pou
ed¸ proteÐnetai kai ulopoieÐtai.

5.1 Prìblhma antÐstrofou sqediasmoÔ me tic

suzugeÐc teqnikèc

O antÐstrofoc sqediasmìc afor� thn eÔresh thc diam kouc katanom c thc egk�r-
siac diatom c enìc yeudo-1D upohqhtikoÔ agwgoÔ, gia ton opoÐo epijumeÐtai na dÐnei

67
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kajorismènh katanom  pÐeshc p(x) = ptar(x) kajìlo to m koc autoÔ, se ro  me isen-
tropikì arijmì Mach thc exìdou Ðso meM2,is = 0.3. H parametropoÐhsh thc diatom c
S(x) ègine me qr sh poluwnÔmwn Bezier. O arijmìc twn shmeÐwn elègqou eÐnai 11,
me 9 tetagmènec na apoteloÔn tic eleÔjerec metablhtèc sqediasmoÔ, en¸ h pr¸th kai
h teleutaÐa tetagmènh (pou kajorÐzoun tic diatomèc sthn eÐsodo kai thn èxodo tou
agwgoÔ) kaj¸c kai ìlec oi tetmhmènec parèmeinan stajerèc.

Gia lìgouc plhrìthtac upenjumÐzetai ìti h ananèwsh twn tim¸n twn metablht¸n sqe-
diasmoÔ gÐnetai me th mèjodo thc apìtomhc kajìdou sÔmfwna me th sqèsh:

−→
b n+1 =

−→
b n − η(∇F n)

ìpou η to b ma thc mejìdou pou kajorÐzetai apì to qr sth.

Sth sunèqeia paratÐjentai gia thn Ðdia t�xh akrÐbeiac sthn epÐlush tou prwteÔontoc
probl matoc, ta apotelèsmata pou proèkuyan apì tic epilÔseic ston suzug¸n pro-
blhm�twn. Sto sq ma 5.1 parousi�zontai treic morfologÐec tou agwgoÔ. Me suneq 
gramm  apeikonÐzetai o agwgìc- stìqoc, me maÔra aster�kia ta apotelèsmata thc
klasik c suneqoÔc suzugoÔc mejìdou, en¸ me �spra kukl�kia aut� tic diakrit c, kai
ta dÔo ston pèmpto kÔklo thc diadikasÐac beltistopoÐhshc. Sto sq ma 5.2 apeiko-
nÐzetai h katanom  pÐeshc gia tic morfologÐec tou sq matoc 5.1 gia th suneq  (maÔra
aster�kia) kai diakrit  suzug  mèjodo (�spra kukl�kia), en¸ me suneq  gramm  h
katanom  thc pÐeshc-stìqou.

Sto sq ma 5.3 parousi�zontai oi timèc twn pr¸twn parag¸gwn thc sun�rthshc
stìqou wc proc ta shmeÐa elègqou. Me suneq  gramm  apeikonÐzontai oi timèc me
th mèjodo thc eujeÐac diafìrishc, me maÔra kukl�kia autèc me thn diakrit  kai me
maÔrec koukÐdec autèc me th suneq  suzug  mèjodo me sq mata diakritopoÐhshc deÔte-
rhc t�xhc. Oi timèc pou parousi�zontai proèkuyan gia ènan kÔklo beltistopoÐhshc
me arq  thn Ðdia gewmetrÐa kaj¸c ta apotelèsmata aut� ja sugkrijoÔn argìtera me
aut� thc nèac suzugoÔc mejìdo.

Sto sq ma 5.3 gÐnetai emfan c h meiwmènh akrÐbeia thc suneqoÔc suzugoÔc mejìdou se
sqèsh me th diakrit . To apotèlesma autì eÐnai logikì, en¸ sto epìmeno kef�laio ja
parousiasjeÐ analutik� pwc mporeÐ na epiteuqjeÐ h akrÐbeia thc diakrit c suzugoÔc
mejìdou efarmìzontac th suneq  suzug  mèjodo pou ed¸ proteÐnetai.

Sto sq ma 5.4 parousi�zetai h tim  tou dekadikoÔ log�rijmou thc sun�rthshc-stìqou
se sqèsh me ton arijmì twn epanal yewn gia th diakrit  kai th suneq  suzug 
mèjodo. To b ma η thc mejìdou epilèqjhke na eÐnai 5 · 10−8 , koinì kai gia tic dÔo
mejìdouc. FaÐnetai ìti parìti telik� (anapìfekta, gia èna tètoio prìblhma) kai oi
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Sq ma 5.1: Orizìntioc �xonac: m koc tou agwgoÔ. Katakìrufoc �xonac: diatom 
S tou agwgoÔ. H epijumht  diamìrfwsh tou agwgoÔ-stìqou (Target shape), mazÐ me ta
apotelèsmata tou pèmptou kÔklou thc beltistopoÐhshc gia th diakrit  (�spra kukl�kia)
kai th suneq  suzug  mèjodo (aster�kia).

Sq ma 5.2: Orizìntioc �xonac: m koc tou agwgoÔ. Katakìrufoc �xonac: statik 
pÐesh. H epijumht  katanom  pÐeshc-stìqou (Target distribution), mazÐ me ta apote-
lèsmata tou pèmptou kÔklou thc beltistopoÐhshc gia th diakrit  (�spra kukl�kia) kai
th suneq  suzug  mèjodo (aster�kia).

duo mèjodoi sugklÐnoun sthn Ðdia praktik� lÔsh, akoloujoÔn diaforetikèc poreÐec to
opoÐo einai apotèlesma twn diaforetik¸n parag¸gwn pou upologÐzontai apì autèc.
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Sq ma 5.3: Orizìntioc �xonac: aÔxwn arijmìc metablht¸n sqediasmoÔ. Katakìrufoc
�xonac: timèc pr¸twn parag ģwn thc sun�rthshc - stìqou wc proc ta shmeÐa elègqou.
Oi par�gwgoi upologismènec me eujeÐa diafìrish (suneq c gramm ), me th diakrit 
suzug  teqnik  (�spra kukl�kia) kai me qr sh thc suneqoÔc suzugoÔc teqnik c (a-
ster�kia). Oi par�gwgoi pou parousi�zontai anafèrontai sth gewmetrÐa, ìpwc aut 
faÐnetai sto sq ma 5.1 kai h opoÐa eÐnai makri� apì to stìqo.

Sq ma 5.4: PoreÐa sÔgklishc me th mèjodo thc apìtomhc kajìdou gia th diakrit 
kai th suneq  suzug  mèjodo, me Ðdio b ma kajìdou η. Orizìntioc �xonac: arijmìc
kÔklwn thc beltistopoÐhshc, kajènac apì touc opoÐouc antistoiqeÐ se mia epÐlush tou
eujèoc probl matoc kai mia epÐlush tou suzugoÔc probl matoc. Katak�rufoc �xonac:
dekadikìc log�rijmoc thc tim c thc sun�rthshc stìqou.
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5.2 Sqetik� pleonekt mata twn dÔo mejìdwn

Sthn enìthta aut  ja parousiasjoÔn sugkentrwtik� ta pleonekt mata thc diakrit c
kai thc suneqoÔc suzugoÔc mejìdou [16] ètsi ¸ste sth sunèqeia na gÐnei saf c h
axÐa thc nèac mejìdou pou proteÐnetai.

Ta pleonekt mata thc diakrit c suzugoÔc mejìdou eÐnai:

� H epÐteuxh thc � akriboÔc � eÔreshc stic timèc twn parag¸gwn upì thn ènnoia
ìti oi par�gwgoi eÐnai apìluta sumbatèc me th diakritopoÐhsh tou proteÔontoc
probl matoc. Autì exasfalÐzei ìti h diadikasÐa thc beltistopoÐhshc mporei na
sugklÐnei pl rwc. Parèqei epÐshc ènan bolikì èlegqo gia thn orjìthta tou
k¸dika se programmatistikì epÐpedo. Me th suneq  suzug  mèjodo, èna mikrì
l�joc mporeÐ na eÐnai eÐte apì anakrÐbeia sthn eÔresh thc parag¸gou eÐte apì
pijanì programmatistikì sf�lma.

� H dhmiourgÐa tou k¸dika epÐlushc tou suzugoÔc probl matoc mporeÐ "jewrhti-
k�� na gÐnei polÔ apl . Sto mèllon, stìqoc eÐnai h autìmath dhmiourgÐa suzug¸n
programm�twn qrhsimopoi¸ntac logismik� autìmathc diafìrishc.

� H sugkekrimènh teqnik  èqei to pleonèkthma ìti oi idiotimèc tou mhtr¸ou ∂
−→
R

∂
−→
U

eÐnai Ðdiec kai sto aristerì mèloc thc diakrit c suzug c exÐswshc all� kai sthn
epÐlush thc ro c.

Ta pleonekt mata thc suneqoÔc suzugoÔc mejìdou eÐnai:

� H fusik  shmasÐa twn suzug¸n metablht¸n kai o rìloc twn suzug¸n oriak¸n
sunjhk¸n eÐnai safèsteroc. Mìno me thn epopteÐa twn suzug¸n exis¸sewn
ro c gÐnetai katanoht  h fusik  shmasÐa twn apotelesm�twn.

� O programmatismìc apaiteÐ ligìterh mn mh. Epeid  h diakritopoÐhsh twn su-
zug¸n merik¸n diaforik¸n exis¸sewn mporeÐ na epiteuqjeÐ me diaforetikoÔc
trìpouc, o programmatismìc thc suneqoÔc suzugoÔc mejìdou mporeÐ na gÐnei
polÔ aploÔsteroc, an asfal¸c parak�myoume jèmata asumbatìthtac.

Stìqoc tou epìmenou kefalaÐou kai thc paroÔsac diplwmatik c ergasÐac eÐnai h a-
n�ptuxh thc jewrÐac kai tou sullogismoÔ pou akolouj jhke, me stìqo thn eÔresh
twn pr¸twn parag¸gwn, me thn akrÐbeia thc diakrit c mejìdou. Ousiastik� epiqei-
r jhke na anaptuqjeÐ mia nèa suzug c mèjodoc beltistopoÐhshc sthn aerodunamik ,
h opoÐa ja ekmetalleÔetai ta pleonekt mata twn dÔo uparqous¸n mejìdwn.
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Kef�laio 6

Sumbat  diakritopoÐhsh twn

suzug¸n exis¸sewn - H nèa

suneq c suzug c mèjodoc

6.1 Eisagwgik� sqìlia

Sta dÔo prohgoÔmena kef�laia parousi�sthkan dÔo diaforetikoÐ trìpoi eÔreshc thc
pr¸thc parag¸gou gia to prìblhma antÐstrofou sqediasmoÔ yeudo-1D agwgoÔ. SÔm-
fwna me to sq ma 6.1 [16], h diakrit  suzug c mèjodoc arqÐzei me diakritopoÐhsh twn
mh grammik¸n merik¸n diaforik¸n exis¸sewn (MDE), oi opoÐec èpeita grammikopoio-
Ôntai kai epilÔontai arijmhtik�. Me th suneq  suzug  mèjodo, h diakritopoÐhsh twn
exis¸sewn eÐnai to teleutaÐo bhma, afoÔ pr¸ta exaqjoÔn oi suzugeÐc MDE.

Sto sugkekrimèno kef�laio ja parousiasjeÐ mia nèa suneq c suzug c mèjodoc, h
opoÐa daneÐzetai stoiqeÐa kai apì th diakrit  suzug  mèjodo, èqontac wc stìqo na
epiteuqjeÐ h akrÐbeia twn apotelesm�twn thc diakrit c mejìdou miac kai diathreÐ
apìluth sumbatìthta me to sq ma diakritopoÐhshc tou prwteÔontoc probl matoc.

Pio analutik�, sÔmfwna me to sq ma 6.2 h nèa mèjodoc ston tomèa thc aerodunamik c
beltistopoÐhshc ousiastik� afor� mia parallag  thc suneqoÔc suzugoÔc mejìdou
sthn opoÐa epib�llontai nèec oriakèc sunj kec kai mia sumbat  diakritopoÐhsh twn
suzug¸n exis¸sewn stouc eswterikoÔc kìmbouc. Sto parìn kef�laio, ja anaptu-

73
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Sq ma 6.1: DiaforetikoÐ trìpoi prosèggishc thc dhmiourgÐac twn suzug¸n exis¸se-
wn.

qjeÐ h proteinìmenh suzug c teqnik , ja parousiasjoÔn oi tropopoihmènec oriakèc
sunj kec, gia sq mata diakritopoÐhshc tìso gia pr¸thc ìso kai gia deÔterhc t�xhc
akrÐbeiac en¸ sto tèloc ja parousiasjoÔn ta apotelèsmata pou deÐqnoun th beltÐwsh
sthn akrÐbeia upologismoÔ thc pr¸thc parag¸gou thc antikeimenik c sun�rthshc.

Sq ma 6.2: Nèoc trìpoc prosèggishc thc suneqoÔc suzugoÔc mejìdou.

H paroÔsa diplwmatik  ergasÐa esti�zei ousiastik� sto {swstì} trìpo diakritopoÐh-
shc (<<Correct Discretisation>>) kat� th met�bash apì tic suzugeÐc MDE sth diakrit ,
ètoimh proc arijmhtik  epÐlush, morf  touc.
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6.2 Upologismìc parag¸gou. DiakritopoÐhsh

pr¸thc t�xhc akrÐbeiac.

H sun�rthsh stìqoc koin  profan¸c gia th suneq  kai th diakrit  mèjodo, dÐnetai
apì th sqèsh:

F (
−→
U ,
−→
b ) =

1

2

∫
(L)

(p(x)− ptar(x))2dx

ìpou h olokl rwsh gÐnetai se ìlo to m koc tou agwgoÔ to opoÐo eÐnai gnwstì kai
stajerì.

H metabol  thc sun�rthshc stìqou ja eÐnai:

δF (
−→
U ,
−→
b ) =

∂F

∂
−→
U
δ
−→
U +

∂F

∂
−→
b
δ
−→
b =

∫
(L)

(p(x)− ptar(x))
∂p

∂
−→
U
δ
−→
U dx +

1

2

∫
(L)

(p(x)− ptar(x))2δ(dx) (6.1)

OrÐzontai dÔo mesìkomboi m kai M (pr¸toc kai teleutaÐoc) sÔmfwna me to Sq ma 6.3
ta opoÐa antistoiqoÔn sta shmeÐa ∆x

2
kai 1 − ∆x

2
antÐstoiqa, gia agwgì monadiaÐou

m kouc diakritopoihmèno me isapèqontec kìmbouc.

x
1

x
2

x
3

x
N − 2

x
N − 1

x
N

µ ρ P M

Sq ma 6.3: Isapèqontec kìmboi plègmatoc.
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Tìte, h exÐswsh 6.1 diatup¸netai kai sthn yeudo-diakrit  morf :

∫
(L)

δ
−→
U T (p(x)− ptar(x))

(
∂p

∂
−→
U

)T
dx =

M∫
µ

δ
−→
U T (p(x)− ptar(x))

(
∂p

∂
−→
U

)T
dx +

δ
−→
U T

1 (p1(x)−ptar1(x))

(
∂p1

∂
−→
U 1

)T
∆x

2
+ δ
−→
U T
N(pN(x)−ptarN(x))

(
∂pN

∂
−→
U N

)T
∆x

2
(6.2)

Eis�gontac tic suzugeÐc metablhtèc, h metabol  thc epauxhmènhc sun�rthshc stìqou
eÐnai:

δFaug = δF +

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− δ−→q

)
dx (6.3)

ìpou paraleÐfjhke o yeudoqronikìc ìroc twn exis¸sewn ro c. Epiplèon, epeid  to

prìblhma mac eÐnai 1D me stajeroÔc kìmbouc, antÐ na qrhsimopoihjeÐ o ìroc δ
(
∂
−→
f
∂x

)
qrhsimopoieÐtai o ìroc

∂(δ
−→
f )

∂x
.

Tèloc, o omogen c ìroc thc exÐswshc 6.3 anaptÔssetai wc ex c:

δ−→q =
∂−→q
∂
−→
U
δ
−→
U +

∂−→q
∂
−→
b
δ
−→
b = Tuδ

−→
U + Tbδ

−→
b (6.4)

Epomènwc h exÐswsh 6.3 tropopoieÐtai wc ex c:

δFaug = δF +

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− Tuδ

−→
U − Tbδ

−→
b

)
dx (6.5)

ìpou to mhtr¸o Tb = ∂−→q
∂
−→
b
exart�tai apì thn parametropoÐhsh thc katanom c thc

diatom c S(x) kai isoÔtai me:
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[
∂−→q
∂
−→
b

]
i

=

[
1

S2

dS

dx

dS

d
−→
b
− 1

S

d

d
−→
b

(
dS

dx

)]
i

 ρu
ρu2

u (ρE + p)


i

(6.6)

en¸ to mhtr¸o Tu = ∂−→q
∂
−→
U

eÐnai:

∂−→q
∂
−→
U

= − 1

S

dS

dx

 0 1 0
−u2 2u 0

−γuE + (γ − 1)u3 γE − 3
2
(γ − 1)u2 γu

 (6.7)

O pr¸toc ìroc sto dexÐ mèloc thc 6.5, o opoÐoc antistoiqeÐ sth metabol  thc prag-
matik c sun�rthshc stìqou, èqei  dh analujeÐ sth sqèsh 6.1, en¸ o deÔteroc ìroc,
o opoÐoc ekfr�zei ton periorismì na ikanopoioÔntai oi exis¸seic ro c, anaptÔssetai

me b�sh to je¸rhma Green-Gauss. EpÐshc gÐnetai kai h qr sh thc sqèshc ∂A

∂
−→
b

−→
U =

−→
0

ìpwc apodeiknÔetai sto Par�rthma Gþ. 'Etsi prokÔptei:

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− Tuδ

−→
U − Tbδ

−→
b

)
dx =

∫
(L)

(
∂(
−→
ψ T δ
−→
f )

∂x
− δ
−→
f T ∂

−→
ψ

∂x
−
−→
ψ TTuδ

−→
U −

−→
ψ TTbδ

−→
b

)
dx

Qrhsimopoi¸ntac mia yeudodiakrit  graf  kai emplèkontac touc mesìkombouc m kai
M, ìmoia me th metabol  thc sun�rthshc stìqou, prokÔptei ìti:

∫
(L)

−→
ψ T δ
−→
Rdx =

M∫
µ

−→
ψ T δ
−→
Rdx+

−→
ψ T

1

(
∂
−→
R 1

∂
−→
U 1

δ
−→
U 1 +

∂
−→
R 1

∂
−→
U 2

δ
−→
U 2

)
∆x

2

+
−→
ψ T
N

(
∂
−→
RN

∂
−→
U N

δ
−→
U N +

∂
−→
RN

∂
−→
U N−1

δ
−→
U N−1

)
∆x

2
(6.8)

gnwrÐzontac ìti se akrÐbeia pr¸thc t�xhc, oi isqÔousec exis¸seic sta dÔo �kra e-
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Ðnai
−→
R 1

(−→
U 1,
−→
U 2

)
= 0 kai

−→
RN

(−→
U N ,
−→
U N−1

)
= 0. 'Epiplèon o ìroc

M∫
µ

−→
ψ T δ
−→
Rdx

gr�fetai:

M∫
µ

−→
ψ T δ
−→
Rdx =

[−→
ψ TAδ

−→
U
]
M
−
[−→
ψ TAδ

−→
U
]
µ
−

M∫
µ

(
δ
−→
U TAT

∂
−→
ψ

∂x
+
−→
ψ TTuδ

−→
U +

−→
ψ TTbδ

−→
b

)
dx

(6.9)

Apì touc suntelestèc twn δ
−→
U T twn exis¸sewn 6.2 , 6.9 kai eis�gontac touc epìme-

nouc dÔo mesìkombouc r kai R, pou antistoiqoÔn stic jèseic 3∆x
2

kai 1− 3∆x
2

prokÔptei
ìti:

M∫
µ

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]

=

P∫
ρ

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]

+ δ
−→
U T

2

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]
2

∆x

+ δ
−→
U T
N−1

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]
N−1

∆x (6.10)

Eis�gontac tic sqèseic 6.2,6.8, 6.10 sth sqèsh 6.3 prokÔptei ìti:

δFaug =

P∫
ρ

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]
dx

−
∫

(L)

−→
ψ TTbδ

−→
b dx+

[−→
ψ TAδ

−→
U
]
M
−
[−→
ψ TAδ

−→
U
]
µ



6.2. Upologismìc parag¸gou. DiakritopoÐhsh pr¸thc t�xhc akrÐbeiac. 79

+ δ
−→
U T

1 (p1(x)− ptar1(x))

(
∂p1

∂
−→
U 1

)T
∆x

2
+ δ
−→
U T
N(pN(x)− ptarN(x))

(
∂pN

∂
−→
U N

)T
∆x

2

+
−→
ψ T

1

(
∂
−→
R 1

∂
−→
U 1

δ
−→
U 1 +

∂
−→
R 1

∂
−→
U 2

δ
−→
U 2

)
∆x

2
+
−→
ψ T
N

(
∂
−→
RN

∂
−→
U N

δ
−→
U N +

∂
−→
RN

∂
−→
U N−1

δ
−→
U N−1

)
∆x

2

+ δ
−→
U T

2

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
2

∆x

+ δ
−→
U T
N−1

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
N−1

∆x (6.11)

'Etsi h metabol  thc epauxhmènhc sun�rthshc stìqou èqei tropopoihjeÐ se sqèsh me
aut  thc klasik c suneqoÔc suzugoÔc mejìdou (sqèsh 4.8 ) h opoÐa diatup¸netai
parak�tw gia lìgouc sÔgkrishc.

δFaug =

∫
(L)

−→
ψ TTbδ

−→
b dx−

[−→
ψ TAδ

−→
U
]
out

+
[−→
ψ TAδ

−→
U
]
in

+

∫
(L)

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
+ AT

∂
−→
ψ

∂x
+ T Tu

−→
ψ

]
dx (6.12)

EÐnai basikì na gÐnei h metabol  thc sun�rthshc stìqou anex�rthth opoiasd pote

metabol c δ
−→
U tou pedÐou ro c. Epomènwc, apì thn exÐswsh 6.11, h posìthta pou

perièqei to δ
−→
U stouc eswterikoÔc kìmbouc 2 ≤ i ≤ N − 1 apoteleÐ to basikì tm ma

thc suzugoÔc exÐswshc pou eÐnai h:

∫ P

ρ

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]
dx = 0 =⇒[

−AT ∂
−→
ψ

∂x
− T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0 (6.13)

Apì th parap�nw sqèsh gÐnetai emfanèc ìti h suzug c exÐswsh eÐnai mia dianusmatik 
exÐswsh, dhlad  èna sÔsthma tri¸n merik¸n diaforik¸n exis¸sewn me agn¸stouc ta
ψ1, ψ2, ψ3 se k�je kìmbo. Sunep¸c, to sÔsthma twn sun jwn diaforik¸n exis¸sewn
gia tic suzugeÐc metabl tec, afoÔ se autì prostejeÐ o qronikìc ìroc gia th diatÔpwsh
enìc qwro-qronik� uperbolikoÔ probl matoc, gr�fetai:
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∂
−→
ψ

∂t
−

[
−AT ∂

−→
ψ

∂x
+−T Tu

−→
ψ + (p(x)− ptar(x))

(
∂p

∂
−→
U

)T]
= 0 (6.14)

6.2.1 DiakritopoÐhsh tou ìrou −AT ∂
−→
ψ
∂x

Prin th met�bash stic oriakèc sunj kec kai sthn eÔresh twn parag¸gwn euaisjhsÐac

parousi�zetai h diakritopoÐhsh tou ìrou −AT ∂
−→
ψ
∂x

se k�je eswterikì kìmbo i, dhlad 
gia 2 ≤ i ≤ N − 1, h opoÐa ja eÐnai qr simh gia thn eÔresh twn oriak¸n sunjhk¸n.

Gia thn eÔresh thc diakritopoihmènhc morf c tou ìrou −AT ∂
−→
ψ
∂x

qrhsimopoieÐtai h
sqèsh A = A+ +A−, pou antistoiqeÐ sth mèjodo diaqwrismoÔ twn dianusm�twn ro c
(Flux Vector Spliting   FVS) kai ètsi prokÔptei ìti:

−AT ∂
−→
ψ

∂x

∣∣∣∣
i

= −AT+∂
−→
ψ

∂x

∣∣∣∣
i

− AT−∂
−→
ψ

∂x

∣∣∣∣
i

(6.15)

ìpou oi ìroi −AT+ ∂
−→
ψ
∂x

kai −AT− ∂
−→
ψ
∂x

anaptÔssontac touc me an�ptugma Taylor p�nw
stouc mesìkombouc, eÐnai:

−AT+∂
−→
ψ

∂x

∣∣∣∣
i

= −AT+
i+ 1

2

∂
−→
ψ

∂x

∣∣∣∣
i+ 1

2

− ∂

∂x

(
−AT+∂ψ

∂x

)
i+ 1

2

∆x

2
(6.16)

Gia pr¸thc t�xhc akrÐbeia prokÔptei:

−AT+∂
−→
ψ

∂x

∣∣∣∣
i

= −AT+
i+ 1

2

∂
−→
ψ

∂x

∣∣∣∣
i+ 1

2

= −AT+
i+ 1

2

ψi+1 − ψi
∆x

(6.17)

AntÐstoiqa gia ton ìro −AT− ∂
−→
ψ
∂x

to an�ptugma Taylor dÐnei:

−AT−∂
−→
ψ

∂x

∣∣∣∣
i

= −AT−
i− 1

2

∂
−→
ψ

∂x

∣∣∣∣
i− 1

2

+
∂

∂x

(
−AT−∂ψ

∂x

)
i− 1

2

∆x

2
(6.18)
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ìpou, gia pr¸thc t�xhc akrÐbeia, paramènei ìti:

−AT−∂
−→
ψ

∂x

∣∣∣∣
i

= −AT−
i− 1

2

∂
−→
ψ

∂x

∣∣∣∣
i− 1

2

= −AT−
i− 1

2

ψi − ψi−1

∆x
(6.19)

Telik�, sÔmfwna me tic sqèseic 6.17, 6.19, h sqèsh 6.15 diakritopoieÐtai sth morf :

−AT ∂
−→
ψ

∂x

∣∣∣∣
i

=
1

∆x

[
AT−
i− 1

2

ψi−1 +
(
AT+
i+ 1

2

− AT−
i− 1

2

)
ψi +−AT+

i+ 1
2

ψi+1

]
(6.20)

'Enac enallaktikìc trìpoc gia th diakritopoÐhsh tou ìrou −AT ∂
−→
ψ
∂x

basÐzetai, sto

je¸rhma Green-Gauss. Dhlad , o ìroc −AT ∂
−→
ψ
∂x

gr�fetai:

−AT ∂
−→
ψ

∂x
= − ∂

∂x
(AT
−→
ψ ) +

∂AT

∂x

−→
ψ (6.21)

Oloklhr¸nontac thn exÐswsh 6.15 an�mesa stouc mesìkombouc i− 1
2
èwc i+ 1

2
, dhlad 

ta ìria enìc peperasmènou ìgkou, prokÔpei:

−

i+ 1
2∫

i− 1
2

AT
∂
−→
ψ

∂x
dx = −

i+ 1
2∫

i− 1
2

∂

∂x
(AT
−→
ψ )dx+

i+ 1
2∫

i− 1
2

∂AT

∂x

−→
ψ dx (6.22)

O pr¸toc ìroc apì to dexÐ mèloc thc exÐswshc 6.22 me qr sh thc mejìdou Flux
Vector Spliting (FVS) kaj¸c kai efarmog  sq matoc kentrik¸n diafor¸n mporeÐ na
grafeÐ:

−

i+ 1
2∫

i− 1
2

∂

∂x
(AT
−→
ψ )dx = −

[
(AT
−→
ψ )i+ 1

2
− (AT

−→
ψ )i− 1

2

]
∆x

∆x

= −
[
AT+
i+ 1

2

−→
ψ i+1 + AT−

i+ 1
2

−→
ψ i − AT+

i− 1
2

−→
ψ i − AT−i− 1

2

−→
ψ i−1

]
= −AT+

i+ 1
2

−→
ψ i+1 + (AT−

i+ 1
2

− AT+
i− 1

2

)
−→
ψ i +−AT−

i− 1
2

−→
ψ i−1 (6.23)

To upologistikì stencil thc sqèshc 6.23 ston peperasmèno ìgko tou kìmbou i gr�fe-
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tai:

−→
ψ i−1

−→
ψ i

−→
ψ i+1

AT+
i+ 1

2

0 0 -1

AT−
i+ 1

2

0 -1 0

AT+
i− 1

2

0 +1 0

AT−
i− 1

2

+1 0 0

H diakritopoÐhsh tou deÔterou ìrou apì to dexÐ mèloc thc exÐswshc 6.22, efarmìzon-
tac kentrikèc diaforèc gia thn par�gwgo gr�fetai:

i+ 1
2∫

i− 1
2

∂AT

∂x

−→
ψ dx =

∂AT

∂x

−→
ψ

∣∣∣∣∣
i

∆x =
AT
i+ 1

2

− AT
i− 1

2

∆x

−→
ψ i∆x

= (AT+
i+ 1

2

+ AT−
i+ 1

2

− AT+
i− 1

2

− AT−
i− 1

2

)
−→
ψ i (6.24)

AntÐstoiqa se morf  pÐnaka h sqèsh 6.24 gr�fetai:

−→
ψ i−1

−→
ψ i

−→
ψ i+1

AT+
i+ 1

2

0 +1 0

AT−
i+ 1

2

0 +1 0

AT+
i− 1

2

0 -1 0

AT−
i− 1

2

0 -1 0

Uperjètontac, me b�sh th sqèsh 6.21, o ìroc −AT ∂
−→
ψ
∂x

se morf  pÐnaka gr�fetai:

−→
ψ i−1

−→
ψ i

−→
ψ i+1

AT+
i+ 1

2

0 +1 -1

AT−
i+ 1

2

0 0 0

AT+
i− 1

2

0 0 0

AT−
i− 1

2

+1 -1 0

gia 2 ≤ i ≤ N − 1, pou eÐnai akrib¸c to stencil pou antistoiqeÐ sthn exÐswsh 6.20
kai eÐnai autì pou prèpei na qrhsimopoihjeÐ stouc peperasmènouc ìgkouc, apì touc
mesìkombouc r èwc R.
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6.2.2 Oriakèc Sunj kec

Oi ìroi thc exÐswshc 6.11 pou me thn epibol  touc h sun�rthsh stìqoc gÐnetai a-

nex�rthth opoiasd pote metabol c δ
−→
U sta ìria tou pedÐou, apoteloÔn tic oriakèc

sunj kec thc suzugoÔc exÐswshc.

Gia touc ìrouc pou aforoÔn thn eÐsodo sto dexÐ mèloc thc exÐswshc 6.11 prèpei na
ikanopoioÔn thn parak�tw sqèsh:

δ
−→
U T

2

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
2

∆x+ δ
−→
U T

2

(
∂
−→
R 1

∂
−→
U 2

)T
−→
ψ 1

∆x

2

+ δ
−→
U T

1

(p1(x)− ptar1(x))

(
∂p1

∂
−→
U 1

)T
∆x

2
+

(
∂
−→
R 1

∂
−→
U 1

)T
−→
ψ 1

∆x

2

− [−→ψ TAδ
−→
U
]
µ

= 0

(6.25)

ètsi ¸ste na apaleifjeÐ h parousÐa twn δ
−→
U , twn kìmbwn 1,2 kai tou mesìkombou m.

SÔmfwna me th sqèsh 6.20, diakritopoi¸ntac ton ìro −AT ∂
−→
ψ
∂x

∣∣∣∣
2

h exÐswsh 6.25 gÐne-

tai:

δ
−→
U T

2

AT−
2− 1

2

−→
ψ 1 +

(
AT+

2+ 1
2

− AT−
2− 1

2

− T Tu
∣∣∣∣
2

)
−→
ψ 2 − AT+

2+ 1
2

−→
ψ 3 + (p2(x)− ptar2(x))

(
∂p2

∂
−→
U 2

)T


+ δ
−→
U T

2

(
∂
−→
R 1

∂
−→
U 2

)T
−→
ψ 1

∆x

2

+ δ
−→
U T

1

1

2
(p1(x)− ptar1(x))

(
∂p1

∂
−→
U 1

)T

+
1

2

(
∂
−→
R 1

∂
−→
U 1

)T
−→
ψ 1

− [−→ψ TAδ
−→
U
]
µ

= 0

(6.26)

Gia thn ikanopoÐhsh thc sqèshc 6.26 proteÐnetai o ìroc −
[−→
ψ TAδ

−→
U
]
µ
na èqei th

morf : [−→
ψ TAδ

−→
U
]
µ

= δ
−→
U T

2A
T−
2− 1

2

−→
ψ 1 + δ

−→
U T

1A
T+
2− 1

2

−→
ψ 2
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 , kalÔtera,

[−→
ψ TAδ

−→
U
]
µ

= δ
−→
U T

2A
T−
µ

−→
ψ 1 + δ

−→
U T

1A
T+
µ

−→
ψ 2 (6.27)

H ex ghsh thc sqèshc 6.27 mporeÐ na dikaiologhjeÐ èqontac upìyh ìti h suzug c plh-
roforÐa {taxideÔei} se an�podh for� apì ìti h prwteÔousa plhroforÐa. Epiprìsje-
ta, apì th sqèsh 6.27 diapist¸netai ìti, gia pr¸thc t�xhc akrÐbeia o mesìkomboc m
paÐrnei plhroforÐa apì touc dÔo pr¸touc kìmbouc .

'Oson afor� touc ìrouc exìdou sto dexÐ mèloc thc exÐswshc 6.11 h exÐswsh pou
prèpei na ikanopoieÐtai eÐnai:

δ
−→
U T
N−1

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
N−1

∆x+ δ
−→
U T
N−1

(
∂RN

∂
−→
U N−1

)T
−→
ψ N

∆x

2

+ δ
−→
U T
N

(pN(x)− ptarN(x))

(
∂pN

∂
−→
U N

)T
∆x

2
+

(
∂
−→
RN

∂
−→
U N

)T
−→
ψ N

∆x

2

+
[−→
ψ TAδ

−→
U
]
M

= 0

(6.28)

ètsi ¸ste na gÐnei apaloif  twn ìrwn δ
−→
U stouc kìmbouc N, N-1 kai ston mesìkombo

M.

Qrhsimopoi¸ntac th diakritopoÐhsh thc sqèshc 6.20 gia ton ìro −AT ∂
−→
ψ
∂x

∣∣∣∣
N−1

h e-

xÐswsh 6.28 gÐnetai:

δ
−→
U T
N−1

[
AT−
N−1− 1

2

−→
ψ N−2 +

(
AT+
N−1+ 1

2

− AT−
N−1− 1

2

− T Tu
∣∣
N−1

)−→
ψ N−1 − AT+

N−1+ 1
2

−→
ψ N

+(pN(x)− ptarN(x))

(
∂pN

∂
−→
U N

)T
+ δ

−→
U T
N−1

(
∂RN

∂
−→
U N−1

)T
−→
ψ N

∆x

2

+ δ
−→
U T
N

1

2
(pN(x)− ptarN(x))

(
∂pN

∂
−→
U N

)T

+
1

2

(
∂
−→
RN

∂
−→
U N

)T
−→
ψ N

+
[−→
ψ TAδ

−→
U
]
M

= 0

(6.29)
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Gia thn ikanopoÐhsh thc sqèshc 6.29 proteÐnetai o ìroc
[−→
ψ TAδ

−→
U
]
M

na èqei th

morf : [−→
ψ TAδ

−→
U
]
M

= δ
−→
U T
N−1A

T+
N− 1

2

−→
ψ N + δ

−→
U T
NA

T−
N− 1

2

−→
ψ N−1

 , kalÔtera,

[−→
ψ TAδ

−→
U
]
M

= δ
−→
U T
N−1A

T+
M

−→
ψ N + δ

−→
U T
NA

T−
M

−→
ψ N−1 (6.30)

'Etsi, èpeita apì to thn eÔresh twn suzug¸n exis¸sewn kai twn oriak¸n sunjhk¸n,
h eÔresh thc parag¸gou euaisjhsÐac prokÔptei apì th sqèsh:

δFaug

δ
−→
b

= −
∫

(L)

−→
ψ TTbdx (6.31)

6.3 Upologismìc parag¸gou-DiakritopoÐhsh de-

Ôterhc t�xhc akrÐbeiac.

Prohgoumènwc ègine an�lush tou trìpou epÐlushc thc nèac suneqoÔc suzugoÔc me-
jìdou gia akrÐbeia pr¸thc t�xhc. Sthn paroÔsa enìthta, ja parousiasjeÐ analutik�
h diakritopoÐhsh me akrÐbeia deÔterhc t�xhc. Ousiastik  diafor� apoteleÐ to gego-
nìc ìti k�je exÐswsh stouc eswterikoÔc kìmbouc i ja emplèkei pènte kìmbouc antÐ
gia treic, ìpwc sthn akrÐbeia pr¸thc t�xhc.

Xekin¸ntac, gia thn eÔresh tou δFaug qrhsimopoieÐtai h sqèsh 6.5. Gia k�je ènan ìro
thc sugkekrimènhc exÐswshc prokÔptei:

H metabol  thc sun�rthshc stìqou dÐnetai apì thn exÐswsh 6.2 qrhsimopoi¸ntac ta
eswterik� shmeÐa tou agwgoÔ m kai M ta opoÐa antistoiqoÔn sta shmeÐa ∆x

2
,1 −

∆x
2

antÐstoiqa ìpwc kai sthn akrÐbeia pr¸thc t�xhc. Qrhsimopoi¸ntac ìmwc touc
mesìkombouc r kai R, ìpwc sto sq ma 6.4, oi opoÐoi antistoiqoÔn sta shmeÐa 3∆x

2
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,1− 3∆x
2

antÐstoiqa, h metabol  thc sun�rthshc stìqou gÐnetai:

δF (
−→
U ,
−→
b ) =

∫
(L)

δ
−→
U T (p(x)− ptar(x))

(
∂p

∂
−→
U

)T
dx =

M∫
µ

δ
−→
U T (p(x)− ptar(x))

(
∂p

∂
−→
U

)T
dx

+ δ
−→
U T

1 τ1
∆x

2
+ δ
−→
U T
NτN

∆x

2
=

P∫
ρ

δ
−→
U T (p(x)− ptar(x))

(
∂p

∂
−→
U

)T
dx

+ δ
−→
U T

1 τ1
∆x

2
+ δ
−→
U T
NτN

∆x

2
+ δ
−→
U T

2 τ2∆x + δ
−→
U T
N−1τN−1∆x (6.32)

x
1

x
2

x
3

x
4

x
N − 3

x
N − 2

x
N − 1

x
N

µ ρ κ K P M

Sq ma 6.4: Isapèqontec kìmboi plègmatoc gia diakritopoÐhsh deÔterhc t�xhc a-
krÐbeiac.

Gia tou ìrouc twn suzug¸n metablht¸n qrhsimopoieÐtai h sqèsh 6.8 me thn epiplèon
eisagwg  twn yeudìkombwn r kai R. Sunep¸c, prokÔptei:

∫
(L)

−→
ψ T δ
−→
Rdx =

M∫
µ

−→
ψ T δ
−→
Rdx+

−→
ψ T

1 δ
−→
R 1

∆x

2
+
−→
ψ T
Nδ
−→
RN

∆x

2

=
[−→
ψ TAδ

−→
U
]
M
−
[−→
ψ TAδ

−→
U
]
µ
−

M∫
µ

(
δ
−→
U TAT

∂
−→
ψ

∂x
+
−→
ψ TTuδ

−→
U +

−→
ψ TTbδ

−→
b

)
dx

+
−→
ψ T

1 δ
−→
R 1

∆x

2
+
−→
ψ T
Nδ
−→
RN

∆x

2

=
[−→
ψ TAδ

−→
U
]
M
−
[−→
ψ TAδ

−→
U
]
µ
−

P∫
ρ

(
δ
−→
U TAT

∂
−→
ψ

∂x
+
−→
ψ TTuδ

−→
U +

−→
ψ TTbδ

−→
b

)
dx

+
−→
ψ T

1 δ
−→
R 1

∆x

2
+
−→
ψ T
Nδ
−→
RN

∆x

2
+
−→
ψ T

2 δ
−→
R 2∆x+

−→
ψ T
N−1δ

−→
RN−1∆x (6.33)

Epomènwc apì ton sunduasmì twn sqèsewn 6.32, 6.33 kai eis�gontac dÔo nèouc me-
sìkombouc k, K stic jèseic 1 + 5∆x

2
, N − 5∆x

2
h telik  sqèsh gia th metabol  thc

epauxhmènhc sun�rthshc eÐnai:
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δFaug =

K∫
κ

δ
−→
U T

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

]
dx

−
∫

(L)

−→
ψ TTbδ

−→
b dx+

[−→
ψ TAδ

−→
U
]
M
−
[−→
ψ TAδ

−→
U
]
µ

+ δ
−→
U T

3

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
3

∆x

+
−→
ψ T

2

(
∂
−→
R 2

∂
−→
U 1

δ
−→
U 1 +

∂
−→
R 2

∂
−→
U 2

δ
−→
U 2 +

∂
−→
R 2

∂
−→
U 3

δ
−→
U 3 +

∂
−→
R 2

∂
−→
U 4

δ
−→
U 4

)
∆x

+
−→
ψ T

1

(
∂
−→
R 1

∂
−→
U 1

δ
−→
U 1 +

∂
−→
R 1

∂
−→
U 2

δ
−→
U 2 +

∂
−→
R 1

∂
−→
U 3

δ
−→
U 3

)
∆x

2

+ δ
−→
U T
N−2

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
N−2

∆x

+
−→
ψ T
N−1

(
∂
−→
RN−1

∂
−→
U N−3

δ
−→
U N−3 +

∂
−→
RN−1

∂
−→
U N−2

δ
−→
U N−2 +

∂
−→
RN−1

∂
−→
U N−1

δ
−→
U N−1 +

∂
−→
RN−1

∂
−→
U N

δ
−→
U N

)
∆x

+
−→
ψ T
N

(
∂
−→
RN

∂
−→
U N−2

δ
−→
U N−2 +

∂
−→
RN

∂
−→
U N−1

δ
−→
U N−1 +

∂
−→
RN

∂
−→
U N

δ
−→
U N

)
∆x

2

+ δ
−→
U T

1 τ1
∆x

2
+ δ
−→
U T
NτN

∆x

2
+ δ
−→
U T

2 τ2∆x+ δ
−→
U T
N−1τN−1∆x (6.34)

'Etsi apì th sqèsh 6.34 h suzug c exis¸sh eÐnai Ðdiac morf c me aut  gia pr¸thc t�xhc
akrÐbeiac (sqèsh 6.13) apl¸c, se aut n thn perÐptwsh, ta ìria eÐnai oi mesìkomboi k
kai K.

6.3.1 DiakritopoÐhsh tou ìrou −AT+ ∂
−→
ψ
∂x me akrÐbeia de-

Ôterhc t�xhc

Akolouj¸ntac thn Ðdia diadikasÐa ìpwc kai sthn pr¸th t�xhc akrÐbeia, qrhsimopoi-

¸ntac th mèjodo Flux Vector Spliting kaj¸c kai th sqèsh 6.16, o ìroc −AT+ ∂
−→
ψ
∂x

gr�fetai sth morf :
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−AT+∂
−→
ψ

∂x

∣∣∣∣
i

= −AT+
i+ 1

2

ψi+1 − ψi
∆x

−
−AT+

i+ 3
2

∂
−→
ψ
∂x

∣∣
i+ 3

2

+ AT+
i− 1

2

∂
−→
ψ
∂x

∣∣
i− 1

2

2∆x

∆x

2

= −AT+
i+ 1

2

ψi+1 − ψi
∆x

−
−AT+

i+ 3
2

ψi+2−ψi+1

∆x
+ AT+

i− 1
2

ψi−ψi+1

∆x

4
(6.35)

OmoÐwc, apì th sqèsh 6.18 o ìroc −AT− ∂
−→
ψ
∂x

∣∣∣∣
i

gÐnetai:

−AT−∂
−→
ψ

∂x

∣∣∣∣
i

= −AT−
i− 1

2

ψi − ψi−1

∆x
+
−AT−

i+ 1
2

∂
−→
ψ
∂x

∣∣
i+ 1

2

+ AT−
i− 3

2

∂
−→
ψ
∂x

∣∣
i− 3

2

2∆x

∆x

2

= −AT−
i− 1

2

ψi − ψi−1

∆x
+
−AT−

i+ 1
2

ψi+1−ψi
∆x

+ AT−
i− 3

2

ψi−1−ψi−2

∆x

4
(6.36)

Sunep¸c apì tic sqèseic 6.35 ,6.36 o ìroc −AT ∂
−→
ψ
∂x

∣∣∣∣
i

diakritopoihmènoc, gr�fetai se

morf  pÐnaka wc ex c:

−→
ψ i−2

−→
ψ i−1

−→
ψ i

−→
ψ i+1

−→
ψ i+2

AT+
i+ 3

2

0 0 0 −1
4

1
4

AT+
i+ 1

2

0 0 +1 -1 0

AT−
i+ 1

2

0 1
4

−1
4

0 0

AT+
i− 1

2

0 0 +1
4
−1

4
0

AT−
i− 1

2

0 1 -1 0 0

AT−
i− 3

2

−1
4

+1
4

0 0 0

gia 3 ≤ i ≤ N − 2, ìpou to sugkekrimèno stencil prèpei na qrhsimopoihjeÐ stouc
peperasmènouc ìgkouc apì touc mesìkombouc k èwc K.

6.3.2 Oriakèc sunj kec gia akrÐbeia deÔterhc t�xhc

Me thn apaloif  twn δ
−→
U sta ìria tou pedÐou apì th sqèsh 6.34, prokÔptoun oi

oriakèc sunj kec tou probl matoc 'Etsi gia touc ìrouc thc eisìdou thc exÐswshc
6.34 prèpei na ikanopoieÐtai h exÐswsh:
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δ
−→
U T

3

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
3

+ δ
−→
U T

3

(∂−→R 2

∂
−→
U 3

)T
−→
ψ 2 +

(
∂
−→
R 1

∂
−→
U 3

)T
−→
ψ 1


+ δ
−→
U T

2

(∂−→R 2

∂
−→
U 2

)T
−→
ψ 2 +

(
∂
−→
R 1

∂
−→
U 2

)T
−→
ψ 1 + τ2

+ δ
−→
U T

1

(∂−→R 2

∂
−→
U 1

)T
−→
ψ 2 +

(
∂
−→
R 1

∂
−→
U 1

)T
−→
ψ 1 + τ1


+ δ
−→
U T

4

(
∂
−→
R 2

∂
−→
U 4

)T
−→
ψ 2 −

[−→
ψ TAδ

−→
U
]
µ

= 0 (6.37)

Gia thn ikanopoÐhsh thc sqèshc 6.37 o ìroc
[−→
ψ TAδ

−→
U
]
µ
prèpei na p�rei th morf :

[−→
ψ TAδ

−→
U
]
µ

= δ
−→
U T

1

(
−1

4
AT+

3− 1
2

)
−→
ψ 3

+ δ
−→
U T

2

[
−
(
−1

4
AT+

3+ 1
2

− AT+
3− 1

2

− 1

4
AT−

3− 1
2

)
−→
ψ 3 −

1

4
AT+

4− 1
2

−→
ψ 4

]
+ δ
−→
U T

3

[(
1

4
AT+

3− 1
2

+ AT−
3− 1

2

+
1

4
AT−

3− 3
2

)
−→
ψ 2 −

1

4
AT−

3− 3
2

−→
ψ 1

]
+ δ
−→
U T

4

[
−1

4
AT−

2+ 1
2

−→
ψ 2

]
(6.38)

AntÐstoiqa, gia touc teleutaÐouc ìrouc tic exÐswshc 6.34 prèpei na isqÔei ìti:

δ
−→
U T
N−2

[
(p(x)− ptar(x))

(
∂p

∂
−→
U

)T
− AT ∂

−→
ψ

∂x
− T Tu

−→
ψ

] ∣∣∣∣∣
N−2

+ δ
−→
U T
N−2

( ∂
−→
RN

∂
−→
U N−2

)T
−→
ψ N +

(
∂
−→
RN−1

∂
−→
U N−2

)T
−→
ψ N−1


+ δ
−→
U T
N−1

( ∂
−→
RN

∂
−→
U N−1

)T
−→
ψ N +

(
∂
−→
RN−1

∂
−→
U N−1

)T
−→
ψ N−1 + τN−1


+ δ
−→
U T
N

(∂−→RN

∂
−→
U N

)T
−→
ψ N +

(
∂
−→
RN−1

∂
−→
U N

)T
−→
ψ N−1 + τN


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+ δ
−→
U T
N−3

(
∂
−→
RN−1

∂
−→
U N−3

)T
−→
ψ N−1 +

[−→
ψ TAδ

−→
U
]
M

= 0 (6.39)

'Etsi gia thn ikanopoÐhsh thc sqèshc 6.39, o ìroc
[−→
ψ TAδ

−→
U
]
µ
prèpei na isoÔtai me:

[−→
ψ TAδ

−→
U
]
M

= δ
−→
U T
N

(
−1

4
AT−
N−2+ 1

2

)
−→
ψ N−2

+ δ
−→
U T
N−1

[(
1

4
AT+
N−2+ 1

2

+ AT−
N−2+ 1

2

+
1

4
AT−
N−2− 1

2

)
−→
ψ N−2 −

1

4
AT−
N−3+ 1

2

−→
ψ N−3

]
+ δ
−→
U T
N−2

[(
1

4
AT+
N−2+ 3

2

+ AT+
N−2+ 1

2

+
1

4
AT−
N−2+ 1

2

)
−→
ψ N−3 −

1

4
AT−
N−2− 3

2

−→
ψ N−4

]
+ δ
−→
U T
N−3

[
−1

4
AT+
N−1− 1

2

−→
ψ N−1

]
(6.40)

Me thn proanaferjeÐsa eÔresh twn suzug¸n exis¸sewn kai twn oriak¸n sunjhk¸n,
h parag¸goc euaisjhsÐac upologÐzetai apì th sqèsh 6.34 kai eÐnai Ðdia me th sqèsh
6.31:

6.4 Efarmog  thc nèac mejìdou kai sqolia-

smìc apotelesm�twn

Stic prohgoÔmenec enìthtec tou parìntoc kefalaÐou parousi�sjhke h mejodologÐa
pou anaptÔqjhke gia ton trìpo upologismoÔ thc pr¸thc parag¸gou miac antikei-
menik c sun�rthshc wc proc tic metablhtèc sqediasmoÔ me diakritopoÐhsh akrÐbeiac
pr¸thc kai deÔterhc t�xhc, me th nèa suneq  suzug  mèjodo. Sthn paroÔsa enìthta
skopìc eÐnai na apodeiqjeÐ ìti h efarmog  thc nèac mejìdou sta yeudo-1D pro-
bl mata antÐstrofou sqediasmoÔ dÐnei exÐsou ikanopoihtik� apotelèsmata me aut�
thc diakrit c mejìdou.

H arqik  morfologÐa tou agwgoÔ kaj¸c kai ta dedomèna thc ro c, epilèqjhkan
Ðdia me aut� twn efarmog¸n tou KefalaÐou 5 gia lìgouc sÔgkrishc. Sunep¸c, sth
sugkekrimènh efarmog , ja gÐnei sÔgkrish pr¸twn parag¸gwn metaxÔ thc diakrit c
kai thc nèac suneqoÔc suzugoÔc mejìdou beltistopoÐhshc.
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6.4.1 Apotelèsmata thc nèac suneqoÔc suzugoÔc me-

jìdou

Sto sq ma 6.5 parousi�zontai ta apotelèsmata thc gewmetrÐac tou agwgoÔ gia e-
pÐlush twn suzug¸n exis¸sewn me akrÐbeia deÔterhc t�xhc, ston pèmpto kÔklo bel-
tistopoÐhshc. GÐnetai antilhptì ìti ta apotelèsmata thc diakrit c mejìdou (�spra
kukl�kia) kai thc nèac mejìdou aerodunamik c beltistopoÐhshc (�spra tetragwn�kia)
sumpÐptoun, ètsi ìpwc anamenìtan sÔmfwna me th jewrÐa pou anaptÔqjhke sto pa-
rìn kef�laio. Sto sq ma 6.6 apeikonÐzetai h katanom  pÐeshc tou agwgoÔ gia tic
antÐstoiqec gewmetrÐec tou sq matoc 6.5.

Sq ma 6.5: Orizìntioc �xonac: m koc tou agwgoÔ. Katakìrufoc �xonac: diatom 
S tou agwgoÔ. H epijumht  morfologÐa tou agwgoÔ-stìqou (Target shape), mazÐ me
ta apotelèsmata thc pèmpthc epan�lhyhc thc beltistopoÐhshc gia th diakrit  (�spra
kukl�kia), th suneq  mèjodo (aster�kia) kai th nèa suneq  mèjodo (�spra tetr�gwna)
.

Sth sunèqeia apeikonÐzontai ta diagr�mmata twn pr¸twn parag¸gwn wc proc ta sh-
meÐa elègqou. Sto sq ma 6.7 apeikonÐzontai oi pr¸tec par�gwgoi me upologismoÔc
akrÐbeiac pr¸thc t�xhc. GÐnetai antilhptì ìti ta apotelèsmata twn tim¸n metaxÔ thc
nèac suneqoÔc suzugoÔc mejìdou kai thc diakrit c tautÐzontai lìgw tou ìti oi oria-
kèc sunj kec kaj¸c kai h diakritopoÐhsh tou ìrou −AT ∂ψ

∂x
ègine me ton proteinìmeno

trìpo. Tautìqrona, parathreÐtai ìti oi timèc parag¸gwn thc klasik c suneqoÔc su-
zugoÔc mejìdou se sqèsh me th nèa suneq  suzug  mèjodo parousi�zoun shmantikèc
diaforèc.

Sto sq ma 6.8 parousi�zontai ta apotelèsmata pr¸twn parag¸gwn gia akrÐbeia de-
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Sq ma 6.6: Orizìntioc �xonac: m koc tou agwgoÔ. Katakìrufoc �xonac: statik  pÐe-
sh. H epijumht  katanom  pÐeshc-stìqou (Target distribution), mazÐ me ta apotelèsmata
thc pèmpthc epan�lhyhc thc beltistopoÐhshc gia th diakrit  (�spra kukl�kia), th su-
neq  (aster�kia) kai th nèa suneq  suzug  mèjodo (�spra tetr�gwna).

Ôterhc t�xhc. ParathreÐtai ìti up�rqei megalÔterh diafor� metaxÔ twn tim¸n thc
klasik c suneqoÔc suzugoÔc mejìdouc kai thc nèac suneqoÔc suzugoÔc mejìdou se
sqèsh me ta antÐstoiqa gia akrÐbeia pr¸thc t�xhc.
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Sq ma 6.7: Orizìntioc �xonac: aÔxwn arijmìc metablht¸n sqediasmoÔ. Katakìru-
foc �xonac: timèc pr¸twn parag ģwn me diakritopoÐhsh twn exis¸sewn pr¸thc t�xhc
akrÐbeia thc sun�rthshc - stìqou wc proc tic suntetagmènec twn shmeÐwn elègqou.
Oi par�gwgoi upologismènec me th nèa suneq  suzug  mèjodo (�spra tetragwn�kia),
me th diakrit  suzug  teqnik  (�spra kukl�kia) kai me qr sh thc suneqoÔc suzugoÔc
teqnik c (aster�kia). Oi par�gwgoi anafèrontai sto pr¸to kÔklo thc diadikasÐac thc
beltistopoÐhshc.
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Sq ma 6.8: Orizìntioc �xonac: aÔxwn arijmìc metablht¸n sqediasmoÔ. Katakìrufoc
�xonac: timèc pr¸twn parag ģwn me diakritopoÐhsh twn exis¸sewn deutèrhc t�xhc
akrÐbeiac thc sun�rthshc - stìqou wc proc tic suntetagmènec twn shmeÐwn elègqou.
Oi par�gwgoi upologismènec me th nèa suneq  suzug  mèjodo (�spra tetragwn�kia),
me th diakrit  suzug  teqnik  (�spra kukl�kia) kai me qr sh thc suneqoÔc suzugoÔc
teqnik c (aster�kia). Oi par�gwgoi anafèrontai sto pr¸to kÔklo thc diadikasÐac thc
beltistopoÐhshc.



Kef�laio 7

AnakefalaÐwsh-Sumper�smata-

Sqìlia

Sthn paroÔsa diplwmatik  ergasÐa anaptÔqjhke mia parallag  thc suneqoÔc suzu-
goÔc mejìdou gia efarmog  se probl mata aerodunamik c beltistopoÐhshc pou qrh-
simopoieÐ stoiqeÐa apì th diakrit  suzug  mèjodo me skopì na d¸sei èna apìluta
sumbatì sq ma me tic diakritopoihmènec diaforikèc exis¸seic tou prwteÔontoc
probl matoc. Arqik� parousi�sjhke o trìpoc epÐlushc tou prwteÔontoc probl ma-
toc gia tic yeudo-1D exis¸seic Euler en¸, sth sunèqeia, parousi�sthkan h diakrit 
kai h suneq c suzug c mèjodoc. To proôp�rqon logismikì twn dÔo mejìdwn, apì
palaiìterec diplwmatikèc ergasÐec tropopoi jhke gia thn epÐlush tou prwteÔontoc
probl matoc me diakritopoÐhsh twn exis¸sewn kai me akrÐbeia pr¸thc t�xhc, kaj¸c h
an�ptuxh thc nèac suneqoÔc suzugoÔc mejìdou ègine arqik� me pr¸thc t�xhc akrÐbeia.

Sth sunèqeia, anaptÔqjhke pl rwc h majhmatik  jemelÐwsh thc nèac suneqoÔc su-
zugoÔc mejìdou en¸ brèjhke o kat�llhloc trìpoc diakritopoÐhshc kai h kat�llhlh
epibol  twn oriak¸n sunjhk¸n, ètsi ¸ste na epiteuqjoÔn ta apotelèsmata thc dia-
krit c suzugoÔc mejìdou, mèsw thc efarmog c thc suneqoÔc suzugoÔc mejìdou. H
mèjodoc anaptÔqjhke gia ton upologismì thc pr¸thc parag¸gou gia akrÐbeia pr¸thc
kai deÔterhc t�xhc. Anakefalai¸nontac, ta sumper�smata thc ergasÐac apì thn e-
farmog  thc nèac mejìdou ston yeudo-1D agwgì eÐnai:

� Parousi�sjhke ènac nèoc trìpoc diakritopoÐhshc twn ìrwn metafor�c sth su-
zug  exÐswsh.

� H akrÐbeia twn parag¸gwn pou upologÐzei h nèa suneq c suzug c mèjìdoc gia
tic parag¸gouc, gia upologismoÔc pr¸thc kai deÔterhc t�xhc akrÐbeiac, eÐnai
plèon apolÔtwc Ðdia me aut  thc diakrit c.

95
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� EpalhjeÔthke h orjìthta thc majhmatik c diatÔpwshc thc nèac mejìdou.

� ApodeÐqjhke h ikanìthta na mporeÐ na efarmìzetai h suneq c mèjodoc antÐ
thc diakrit c ètsi ¸ste na epitugq�netai tautìqrona h epijumht  akrÐbeia, h
exoikonìmish upologistik c mn mhc, kai epiplèon, na eÐnai dunat  h katanìhsh
thc fusik c ermhneÐac twn suzug¸n exis¸sewn pou epilÔontai, k�ti pou mìno
h suneq c suzug c mèjodoc mporeÐ na prosfèrei.

� Epibol  nèwn oriak¸n sunjhk¸n gia thn epÐlush tou nèou suneqoÔc suzugoÔc
probl matoc. Shmantikì rìlo diadram�tisan o pr¸toc kai o teleutaÐoc me-
sìkomboc tou sq matoc diakritopoÐhshc, kai h susqètish touc me touc geitoni-
koÔc touc kìmbouc antÐstoiqa, ìpou apodeÐqjhke kajoristik  gia thn epÐteuxh
twn epijumht¸n apotelesm�twn.



Par�rthma Aþ

'Ekfrash 1hc parag¸gou gia
mh-isapèqontec kìmbouc.

Sthn paroÔsa enìthta ja gÐnei apìdeixh twn tÔpwn thc diakritopoihmènhc morf c thc
pr¸thc parag¸gou sun�rthshc f gia mh-isapèqontec kìmbouc (genik  perÐptwsh).

Kentrikèc diaforèc, akrÐbeiac deÔterhc t�xhc:

xA
∆x1 = xA − xB

xB
∆x2 = xC − xB

xC

Sq ma Aþ.1: EswterikoÐ, mh-isapèqontec kìmboi.

Efarmìzontac an�ptugmaTaylor gia ton kìmbo C prokÔptei:

fC = fB + ∆x2

[
df

dx

]
B

+
(∆x2)2

2!

[
d2f

dx2

]
B

+ O(∆x2
3) (Aþ.1)
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AntÐstoiqa gia ton kìmbo A prokÔptei:

fA = fB + ∆x1

[
df

dx

]
B

+
(∆x1)2

2!

[
d2f

dx2

]
B

+ O(∆x1
3) (Aþ.2)

Met� ton pollaplasiasmì thc sqèshc (Aþ.1) me (∆x1)2 kai thc sqèshc (Aþ.2) me
(∆x2)2 kai thn afaÐresh touc kat� mèlh prokÔptei :

(∆x1)2fC − (∆x2)2fA = [(∆x1)2 − (∆x2)2]fB + ∆x1∆x2(∆x1 −∆x2)

[
df

dx

]
B

⇒

[
df

dx

]
B

=
(∆x1)2fC − (∆x2)2fA − [(∆x1)2 − (∆x2)2]fB

∆x1∆x2(∆x1 −∆x2)
(Aþ.3)

 , suntomografik�,

[
df

dx

]
B

= dAfA + dBfB + dCfC (Aþ.4)

ìpou oi suntelestèc d eÐnai:

dA =
−(∆x2)2

∆x1∆x2(∆x1 −∆x2)
(Aþ.5)

dB =
−[(∆x1)2 − (∆x2)2]

∆x1∆x2(∆x1 −∆x2)
(Aþ.6)

dC =
(∆x1)2

∆x1∆x2(∆x1 −∆x2)
(Aþ.7)

Monìpleurh parag¸gish, deÔterhc t�xhc akrÐbeia:
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xA

∆x1 = xB − xA

xB
∆x2 = xC − xB

xC

Sq ma Aþ.2: OriakoÐ mh-isapèqontec kìmboi.

Prìsw parag ģish :

fB = fA + ∆x1

[
df

dx

]
A

+
(∆x1)2

2!

[
d2f

dx2

]
A

+ O(∆x1
3) (Aþ.8)

fC = fA + (∆x1+∆x2)

[
df

dx

]
A

+
(∆x1 + ∆x2)2

2!

[
d2f

dx2

]
A

+ O[(∆x1+∆x2)3] (Aþ.9)

Met� ton pollaplasiasmì thc sqèshc (Aþ.8) me (∆x1 + ∆x2)2 kai thc sqèshc (Aþ.9)
me (∆x1)2 ) kai afair¸ntac kat� mèlh prokÔptei:

(∆x1 + ∆x2)2fB − (∆x1)2fC = [(2∆x1+∆x2)∆x2]fA + ∆x1∆x2(∆x1 + ∆x2)

[
df

dx

]
A

⇒

[
df

dx

]
A

=
−2(∆x1 + ∆x2)∆x2fA + (∆x1 + ∆x2)2fB − (∆x1)2fC

∆x1∆x2(∆x1 + ∆x2)
(Aþ.10)

 , suntomografik�,

[
df

dx

]
A

= dAfA + dBfB + dCfC (Aþ.11)



100 aþ. 'Ekfrash 1hc parag¸gou gia mh-isapèqontec kìmbouc.

ìpou oi suntelestèc d eÐnai:

dA =
−(2∆x1 + ∆x2)∆x2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.12)

dB =
(∆x1 + ∆x2)2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.13)

dC =
−(∆x1)2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.14)

PÐsw parag ģish :

Me parìmoia mejodologÐa ìpwc kai prin mporeÐ na apodeiqjeÐ ìti:

[
df

dx

]
A

= dAfA + dBfB + dCfC (Aþ.15)

dA =
(2∆x1 + ∆x2)∆x2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.16)

dB =
−(∆x1 + ∆x2)2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.17)

dC =
(∆x1)2

∆x1∆x2(∆x1 + ∆x2)
(Aþ.18)

me ∆x1 = xA − xB kai ∆x2 = xB − xC .



Par�rthma Bþ

Upologismìc twn mhtr¸wn A+, A−

Gia plhrìthta, sto par�rthma autì parousi�zetai o trìpoc eÔreshc twn pin�kwn A+

kai A−. Pio analutik�, gia ton pÐnaka A isqÔei ìti:

A = PΛP−1 (Bþ.1)

ìpou L eÐnai diag¸nio mhtr¸o me stoiqeÐa tic idiotimèc tou IakwbianoÔ mhtr¸ou A.
Dhlad :

Λ =


u 0 0

0 u+ c 0

0 0 u− c

 (Bþ.2)

en¸ tautìqrona to P=ML kai to P−1=L−1M−1, ìpou M kai L gnwstoÐ pÐnakec oi
opoÐoi parousi�zontai parak�tw:

M =


1 0 0

u ρ 0

1
2
u2 ρu 1

γ−1


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L =


1 ρ

2c
− ρ

2c

0 1
2

1
2

0 ρ c
2
−ρ c

2



Se upohqhtik  ro , dhlad  ro  ìpou isqÔei gia ton arijmì Mach M = u
c
< 1,

kateujunìmenh kat� ta jetik� tou �xona x kai se k�je jèsh x tou agwgoÔ, oi treic
idiotimèc èqoun saf¸c kajorismèno prìshmo. Oi dÔo apì autèc eÐnai jetikèc (λ1 =
u, λ2 = u + c) kai h trÐth (λ3 = u − c) arnhtik  afoÔ u < c. AntÐstoiqa, se
perÐptwsh ìpou h ro  eÐnai uperhqhtik  up�rqoun treic jetikèc idiotimèc. Wstìso, h
paroÔsa diplwmatik  ergasÐa, anafèretai apokleistik� se upohqhtikèc roèc, qwrÐc
autì na bl�ptei thn genikìthta thc mejìdou.

Epomènwc, sÔmfwna me ta ìsa anafèrjhkan, h sqèsh Bþ.1, ja gÐnei:

A+ = PΛ+P−1 (Bþ.3)

A− = PΛ−P−1 (Bþ.4)

ìpou Λ+ kai Λ− mhtr¸a me tic jetikèc kai arnhtikèc idiotimèc antÐstoiqa. Pio analu-
tik�, ta mhtr¸a Λ+ kai Λ− eÐnai:

Λ+ =


u 0 0

0 u+ c 0

0 0 0



Λ− =


0 0 0

0 0 0

0 0 u− c


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Wstìso, apaiteÐtai, ìpwc ègine safèc apì thn parap�nw parousÐash sqèsewn, h
gn¸sh twn antÐstrofwn tou M kai tou L. 'Etsi, parousi�zetai me suntomÐa o trìpoc
eÔreshc twn antÐstrofwn aut¸n. Gia ton pÐnaka M, o antÐstrofìc tou ja upolo-
gÐzetai apì thn parak�tw sqèsh:

M−1 =
adjM

detM
(Bþ.5)

ìpou adjM o sumplhrwmatikìc tou M kai detM h orÐzous� tou. Me ton Ðdio trìpo
ja upologisteÐ o antÐstrofoc tou L. Epomènwc, ja eÐnai gnwst� ìla ta dedomèna
pou qrei�zontai gia ton upologismì tou P kai tou P−1.

Me b�sh ta ìsa anafèrjhkan parap�nw, met� apì pr�xeic, èqoume touc ex c pÐnakec
gia touc P kai P−1.

P =


1 ρ

2c
− ρ

2c

u ρ
2
[u+c
c

] −ρ
2
[u−c
c

]

1
2
u2 ρ

2c
[u

2

2
+ uc + c2

γ−1
] − ρ

2c
[u

2

2
− uc + c2

γ−1
]

 (Bþ.6)

P−1 =


[1− u2(γ−1)

2c2
] u(γ−1)

c2
−γ−1

c2

[
1
2
u2(γ−1)

ρc
− uc

ρc
] [ c

ρc
− u(γ−1)

ρc
] γ−1

ρc

−[
1
2
u2(γ−1)

ρc
+ uc

ρc
] [ c

ρc
+ u(γ−1)

ρc
] −γ−1

ρc

 (Bþ.7)

'Eqontac pia gnwstoÔc touc parap�nw pÐnakec P kai P−1, mporoÔn na upologistoÔn
oi pÐnakec A+ kai A− me b�sh tic sqèseic Bþ.3 kai Bþ.4 gia opoiod pote kìmbo  
mesìkombo tou 1-D plègmatoc.
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Par�rthma Gþ

Apìdeixh thc sqèshc ∂A

∂
−→
b

−→
U =

−→
0

Gia thn eÔresh thc epauxhmènhc sun�rthshc δFaug sthn suneq  suzug  mèjodo eÐnai
aparaÐthtoc o upologismìc tou ìrou:

∫
(L)

−→
ψ T

(
∂(δ
−→
f )

∂x
− δ−→q

)
dx (Gþ.1)

Sth sunèqeia, gÐnetai qr sh thc tanustik c graf c gia eukolìterh qr sh twn ex-
s¸sewn, kaj¸c kai thc sÔmbashc tou Einstein, ìpou oi epanalambanìmenoi dèiktec
an�mesa se dÔo ìrouc dhl¸noun �jroish. 'Etsi, amel¸ntac proc to parìn ton ìro

−δ−→q kai diaforÐzontac th sqèsh Gþ.1 wc proc tic metablhtèc sqediasmoÔ
−→
b , pro-

kÔptei:

δ

δb

∫ 1

0

ψi
∂fi
∂x

dx =

∫ 1

0

ψi
∂

∂b

(
∂fi
∂x

)
dx =

∫ 1

0

ψi
∂

∂x

(
∂fi
∂b

)
dx

=

[
ψi
∂fi
∂b

]1

0

−
∫ 1

0

∂ψi
∂x

∂fi
∂b
dx (Gþ.2)

Genik�, isqÔei h sqèsh:

fi = AijUj (Gþ.3)

'Etsi, h metabol  tou fi wc proc Uk prokÔptei:
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∂
−→
b

−→
U =

−→
0

∂fi
∂Uk

=
∂Aij
∂Uk

Uj + Aij
∂Uj
∂Uk

=
∂Aij
∂Uk

Uj + Aik (Gþ.4)

'Omwc, ex orismoÔ, isqÔei ìti:

Aij =
∂fi
∂Uj

(Gþ.5)

'Etsi apì tic sqèseic Gþ.4,Gþ.5 apodeiknÔetai ìti:

∂Aij
∂Uk

Uj = 0 (Gþ.6)

DiaforÐzontac th sqèsh Gþ.3 wc proc bm prokÔptei:

∂fi
∂bm

=
∂Aij
∂bm

Uj + Aij
∂Uj
∂bm

(Gþ.7)

ìpou, o ìroc ∂Aij
∂b
Uj me kanìna thc alusÐdac gr�fetai:

∂Aij
∂bm

Uj =
∂Aij
∂Uk

∂Uk
∂bm

Uj (Gþ.8)

H sqèsh Gþ.8 isoÔtai me 0 sÔmfwna me th sqèsh Gþ.6. Opìte antikajist¸ntac th
sqèsh Gþ.7 sth sqèsh Gþ.2 prokÔptei:

δ

δbm

∫ 1

0

ψi
∂fi
∂x

dx =

[
ψiAij

∂Uj
∂bm

]1

0

−
∫ 1

0

∂ψi
∂x

Aij
∂Uj
∂bm

dx (Gþ.9)

Etsi, kat� th diadikasÐa an�lushc thc suneqoÔc kai thc nèac suneqoÔc suzugoÔc
mejìdou h sqèsh Gþ.9 qrhsimopoieÐtai kat� thn majhmatik  an�pthxh touc.
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