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Per�lhyhAntike�meno th paroÔsa diplwmatik  ergas�a e�nai h melèth th k�nhshmemonwmènwn fortismènwn swmatid�wn se di�fore magnhtikè gewmetr�e au-xanìmenh poluplokìthta. To basikì erèjisma pou od ghse sthn an�gkhgia aut  thn prosèggish e�nai èna basikì prìblhma th Fusik  Pl�smato:h magnhtik  sugkr�thsh (Magnetic Confinement) twn hlektron�wn kai twniìntwn pou apart�zoun to jermopurhnikì pl�sma se antidrast re purhnik sÔnthxh, me skopì thn paragwg  hlektrik  enèrgeia. 'Opw ja doÔme, obèltisto trìpo periorismoÔ tou pl�smato e�nai mèsw polÔplokwn topolo-gi¸n magnhtik¸n ped�wn.Sto Kef�laio 1 g�netai mia genik  eisagwg  sth Fusik  tou Pl�smatokai anaferìmaste perilhptik� stou trei diaforetikoÔ trìpou perigraf :th melèth th dunamik  memonwmènwn fortismènwn swmatid�wn, thn prosèg-gish reustoÔ kai th statistik  je¸rhsh mèsw th kinhtik  jewr�a.Sto Kef�laio 2 epikentrwnìmaste sthn klasik  melèth th dunamik fortismènwn swmatid�wn mèsw th neut¸neia dunamik  kai th mhqanik 
Lagrange - Hamilton. Qrhsimopoi¸nta thn prosèggish tou kèntrou peri-strof  melet�me thn elikoeid  k�nhsh enì fortismènou swmatid�ou gÔrwapì ti magnhtikè grammè kai kat� m ko tou ped�ou gia aplè peript¸sei.Anaferìmaste sti diafìrwn eid¸n anomoiogèneie sth magnhtik  gewmetr�akai sti olisj sei pou prokÔptoun lìgw aut¸n. Sth sunèqeia eis�goume timejìdou th Qamiltonian  Mhqanik  me skopì na ekmetalleutoÔme pl rwti qwrikè summetr�e sta magnhtik� ped�a ta opo�a melet�me kai na ex�gou-me stajerè th k�nhsh. Ef' ìson oi kin sei twn swmatid�wn parousi�zounperiodikìthta, suzht�me gia ti adiabatikè anallo�wte kai ti metablhtèDr�sh - Gwn�a se qamiltonian� sust mata.To Kef�laio 3 perièqei th melèth th qamiltonian  dunamik  forti-smènwn swmatid�wn se dedomène topolog�e: (a) exwterik� epiballìmena ma-gnhtik� kai hlektrik� ped�a kai (b) magnhtik� ped�a epagìmena apì hlektrik�
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reÔmata, kai sugkekrimèna apì eujÔgrammo reumatofìro agwgì, apì ep�pedokuklikì reumatofìro brìqo kai thn upèrjesh aut¸n.Sto Kef�laio 4 ekteloÔntai arijmhtikè prosomoi¸sei gia thn ep�lushtwn diaforik¸n exis¸sewn k�nhsh twn swmatid�wn mèsw mejìdwn Runge -
Kutta 4h t�xh se ìla ta fusik� sust mata tou prohgoumènou Kefala�ou.Parat�jentai graf mata endeiktik¸n troqi¸n gia memonwmèna fortismèna sw-mat�dia, en¸ epishma�nontai oi periodikè tou kin sei se qaotik� magnhtik�ped�a pou prokÔptoun apì mh summetrikè katanomè reÔmato.Tèlo, sta parart mata th diplwmatik  ergas�a parat�jentai: (a) hanalutik  exagwg  twn ekfr�sewn tou magnhtikoÔ ped�ou pou ep�getai a-pì kuklikì brìqo reÔmato se kulindrikì sÔsthma suntetagmènwn kai (b) oik¸dike twn arijmhtik¸n prosomoi¸sewn tou Kefala�ou 4 se MATLAB kai
Fortran gia th sqed�ash twn pediak¸n gramm¸n kai twn troqi¸n twn forti-smènwn swmatid�wn.
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Abstract

The main subject of this diploma thesis is the study of charged particles’
motion in various magnetic geometries of progressive complexity. The initial
stimulation that led to this approach is a fundamental problem of Plasma
Physics: the magnetic confinement of the electrons and the ions that compri-
se the thermonuclear plasma in nuclear fusion reactions, aiming to produce
energy. As we will see, the optimal method for plasma confinement is throu-
gh complex magnetic fields topologies.

In Chapter 1 there is a general introduction to Plasma Physics and a brief
description of the three approaches of plasma description: the study of single
charged particle motion, the fluid dynamics approach and the statistical view
through the kinetic theory.

In Chapter 2 we focus to the classical study of charged particle motion
through Newtonian dynamics and Lagrange - Hamilton mechanics. Using
the guiding center approximation we study the helical motion of a charged
particle around the magnetic field lines and along the field for simple cases.
We refer to the various inhomogeneities in the magnetic geometry and the
resulting occurring drifts. Furthermore, we introduce the Hamiltonian me-
thods so as to fully take advantage of the spatial symmetries in the magnetic
fields, and extract constants of motion. Due to the periodicity in particle
motion we discuss the adiabatic invariants and the Action - Angle variables
in Hamiltonian systems.

Chapter 3 includes the study of charged particles hamiltonian dynamics
in given topologies: (a) externally imposed magnetic and electric fields and
(b) magnetic fields induced due to electric currents, and particularly due to
a straight current-carrying wire, a circular planar current loop and their su-
perposition.

In Chapter 4 we execute numerical simulations in order to solve the dif-
ferential equations of motion with 4th order Runge - Kutta methods in all
physical systems of the previous chapter. Plots of illustrative trajectories for
single charged particles are presented, while we also remark their periodical
motion in chaotic magnetic fields due to asymmetric current configurations.

Last, in the appendices of this diploma thesis we present: (a) the a-
nalytical extraction of the magnetic field expressions for a current loop in
cylindrical coordinates and (b) the MATLAB and Fortran codes for the nu-
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merical simulations of Chapter 4: design of magnetic field lines and indicative
trajectories of charged particles.
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Euqarist�eOloklhr¸nonta aut  th diplwmatik  ergas�a, ni¸jw thn an�gkh na euqari-st sw k�poiou anjr¸pou, h sumbol  twn opo�wn  tan kajoristik . Arqik�jèlw na euqarist sw ta mèlh th exetastik  epitrop  gia thn apìfash nadeqjoÔn autì to rìlo, kai idia�tera ton epiblèponta Kajhght  mou, k. Ku-ri�ko Qitzan�dh pou mou anèjese to sugkekrimèno jèma, ano�gont� mou ènapar�juro sto sunarpastikì tomèa th Fusik  tou Pl�smato kai th Eleg-qìmenh Jermopurhnik  SÔnthxh. H arwg  tou kaj' ìlh th di�rkeia thekpìnhsh th ergas�a  tan apofasistik , tìso se episthmonikì, ìso kai seproswpikì ep�pedo, kai gia autì èna �euqarist¸� e�nai polÔ l�go.E�mai idia�tera per fano pou erg�sthka ston �dio q¸ro tou Ergasthr�ouPl�smato, Hlektronik  Dèsmh kai Mh Grammik  Optik  tou E.M.P. meexairetikoÔ anjr¸pou ìpw tou metadidaktorikoÔ ereunhtè Gi�nnh Ko-m�nh, Qr sto Tsir¸nh, K¸sta Abram�dh kai Ingmar Sandberg, kaj¸ kaitou upoy fiou did�ktore Gi¸rgo Anastas�ou kai N�ko Mosqon�, oi opo-�oi anèqjhkan ti pollè apor�e mou, me bo jhsan se k�je prìblhma pouanèkupte kai me èkanan apì thn pr¸th stigm  na aisjanj¸ isìtimo mèlo thom�da. �Lup�mai� pou feÔgw gia metaptuqiakè spoudè, epeid  ja q�sw au-t  th monadik  kajhmerin  atmìsfaira sto Ergast rio. Tèlo, euqarist¸ tonDr. Anast�sio Anastasi�dh, dieujunt  ereun¸n tou InstitoÔtou Diasthmi-k¸n Efarmog¸n kai Thlepiskìphsh tou EjnikoÔ Asteroskope�ou Ajhn¸ngia ti sumboulè pou d�nei me ènan xeqwristì trìpo.
I would particularly like to thank Prof. Dr. Abhay Ram of the Plasma

Science and Fusion Center of the M.I.T. for his keen interest on my progress
and his invaluable advice and support concerning both my diploma thesis
and my pursuit of graduate studies in the field of Plasma Physics in the U-
nited States.Ep�sh ja  jela na ekfr�sw aper�frasta thn eugnwmosÔnh mou pro toEjnikì Prìgramma Elegqìmenh Jermopurhnik  SÔnthxh kai ton episth-
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monikì tou upeÔjuno, Kajhght  k. Iw�nnh Bombor�dh gia thn eukair�a poumou prosèferan na parakolouj sw to 35o EPS Conference on Plasma Phy-
sics sthn Kr th ton IoÔnio tou 2008 kai to sunèdrio Modern Challenges in
Nonlinear Plasma Physics sth Qalkidik  ton IoÔnio tou 2009. H �¸smwsh� meì,ti pio sÔgqrono ston tomèa th Fusik  Pl�smato mou èdwse thn eukair�ana dieurÔnw ti gn¸sei mou kai na apokt sw mia sfairikìterh eikìna.Se pio proswpikì ep�pedo, jèlw na euqarist sw apì kardi� thn oiko-gènei� mou gia th st rixh se hjikì kai ulikì ep�pedo ìla aut� ta qrìnia.Qwr� autoÔ, t�pote apì ìla aut� de ja mporoÔse na g�nei pragmatikìthta.To el�qisto pou mpor¸ na k�nw e�nai na tou afier¸sw th aut  th diplwma-tik  ergas�a.Oloklhr¸nw ekfr�zonta ti eilikrine� mou euqarist�e stou f�lou mouapì to E.M.P. kai ìqi mìno, giat� èqoun shmantikìtato mer�dio se ì,ti èqwpetÔqei: p�steyan se emèna, akìma kai se kairoÔ pou eg¸ o �dio den p�steuaìti ja ta katafèrw - kai gia autì to lìgo tou euqarist¸.
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Kef�laio 1Eisagwg Ti teleuta�e dekaet�e parathre�tai mia oloèna kai entonìterh strof  toupagkìsmiou endiafèronto pro ta zht mata th prostas�a tou fusikoÔ peri-b�llonto. 'Eqei g�nei k�ti parap�nw apì profanè ìti h suneqizìmenh aÔxhshtwn anagk¸n se enèrgeia kai pr¸te Ôle apì ti aneptugmène - all� kai tipoluplhjèstate anaptussìmene - q¸re kai h ex aut  proerqìmenh alìgi-sth ekmet�lleush twn fusik¸n pìrwn, èqoun odhg sei se ragda�a apoy�lwshtwn pagkìsmiwn apojem�twn, mìlunsh tou perib�llonto, epik�ndune klimati-kè allagè kai kat� sunèpeia upob�jmish th poiìthta zw  twn anjr¸pwnp�nw sth Gh.Oloèna kai perissìtero suzht¸ntai ìroi ìpw Aeifor�a kai Pr�sinh A-n�ptuxh en¸ pollè ependÔsei, toso dhmìsie ìso kai idiwtikè g�nontai giaautì to lìgo sti legìmene Anane¸sime Phgè Enèrgeia - APE (pq aio-lik� p�rka, fwtoboltaðk�) w filikìtere pro to perib�llon. Par'ìla aut�problèpetai apì ìla ta sen�ria ìti oi an�gke th anjrwpìthta se enèrgeiaprìkeitai na auxhjoÔn katakìrufa me thn p�rodo twn et¸n, kaj¸ diseka-tommÔria plhjusmoÔ sthn K�na kai thn Ind�a kalÔptoun me gorg� b mata thnapìstash pou tou qwr�zei apì to dutikì kìsmo - mìno pou, ìpw af same naennohje�, den up�rqei pleìn h polutèleia ston Plan th gia akìmh mia bari�biomhqanik  epan�stash kai ti periballontikè th sunèpeie.Autì e�nai kai o kuriìtero lìgo gia ton opo�o anazht¸ntai rizikoÔ qa-rakt ra lÔsei sto energeiakì prìblhma, gia thn k�luyh twn shmerin¸n, all�kai twn mellontik¸n, anagk¸n se enèrgeia me kÔrio mèlhma thn prostas�a thFÔsh, kai thn prosp�jeia efarmog  twn fusik¸n mejìdwn paragwg  e-nèrgeia. To kontinìtero par�deigma �fusikoÔ ergostas�ou� e�nai o 'Hlio, oopo�o par�gei enèrgeia mèsw antidr�sewn jermopurhnik  sÔnthxh.3



1.1 H jermopurhnik  sÔnthxh w rizik  lÔshH jermopurhnik  sÔnthxh e�nai h jemeli¸dh phg  enèrgeia tou kìsmou. E�naih diadikas�a pou d�nei enèrgeia ston  lio kai ta astèria. Se mia ant�drashjermopurhnik  sÔnthxh, h enèrgeia apeleujer¸netai ìtan sugqwneÔontai oipur ne dÔo elafri¸n atìmwn (ìpw to udrogìno) gia na sqhmat�soun ènabarÔtero. Fusik� o mhqanismì th paragwg  enèrgeia mèsw aut  thoikogèneia purhnik¸n antidr�sewn e�nai h gnwst  ex�swsh th isodunam�am�za - enèrgeia tou Einstein:
E = mc2 (1.1)H phg  aut  enèrgeia prosfèrei thn prooptik  mia makroprìjesmh,asfaloÔ, filik  pro to perib�llon epilog  ¸ste na ikanopoihjoÔn oi e-nergeiakè an�gke enì auxanìmenou pagkìsmiou plhjusmoÔ.E�nai mia idia�tera elkustik  energeiak  lÔsh dedomènou ìti, se ant�jeshme ti qrhsimopoioÔmene s mera antidr�sei sq�sh, qrhsimopoie� kaÔsimapou e�nai �fjona   mporoÔn na paraskeuastoÔn eÔkola. Ta kaÔsima pouqrhsimopoioÔntai sth sÔnthxh e�nai isìtopa tou elafroÔ stoiqe�ou udrogìnou.Me th sugq¸neush twn isotìpwn aut¸n se polÔ uyhlè jermokras�e e�naidunatì na paraqjoÔn meg�la pos� enèrgeia. Ta isìtopa tou udrogìnoupou qrhsimopoioÔntai e�nai to deutèrio, pou mpore� na exaqje� eÔkola apìto nerì (up�rqoun gÔrw sta 30 g deuter�ou se k�je kubikì mètro neroÔ)kai to tr�tio, to opo�o mpore� na paraqje� apì to l�jio, èna �fjono elafrÔmètallo. H ant�drash pou prokr�netai gia paragwg  enèrgeia mèsw sÔnthxhsto ergast rio e�nai h ex :

D + T −→ 4
2He + 0

1n + 17.6MeV (1.2)'Ena gramm�rio kaus�mwn jermopurhnik  sÔnthxh ja mporoÔse na pa-r�gei 100.000 kilobat¸re hlektrik  enèrgeia, dhlad  èqei th jermogìnodÔnamh okt¸ tìnwn �njraka. To prìsjeto netrìnio mpore� na qrhsimopoihje�gia na par�gei perissìtera kaÔsima trit�ou apì to l�jio.Oi antidr�sei jermopurhnik  sÔnthxh emfan�zontai se polÔ uyhlè jer-mokras�e, ìtan sugkroÔontai oi pur ne me ikanopoihtik  enèrgeia ¸ste naupernik soun ti fusikè apwstikè hlektromagnhtikè dun�mei. To mègistoth energoÔ diatom  gia thn ant�drash D − T e�nai per�pou 100 KeV , en¸gia thn ep�teuxh th ènaush (ignition) qrei�zetai enèrgeia metaxÔ 10 kai 30
KeV , pou antistoiqe� se per�pou 100 ekatommÔria bajmoÔ Kels�ou. Autèoi sunj ke e�nai arket� parap�nw apì th jermokras�a sthn opo�a èna aèrio4



ion�zetai entel¸ kai g�netai pl�sma, h eponomazìmenh kai �tètarth kat�sta-sh th Ôlh�. Se èna ionismèno pl�sma oi jetik� fortismènoi pur ne kai taarnhtik� fortismèna hlektrìnia twn atìmwn e�nai qwrismèna kai kinoÔntai e-leÔjera, ìpw ta mìria se èna aèrio. Perissìtero apì to 99% tou sÔmpantoèqei th morf  pl�smato.Gia na fj�soume se tètoie jermokras�e, e�nai apara�thth isqur  jèr-mansh, en¸ h ap¸leia jermìthta   mèrou tou jermoÔ pl�smato prèpei naperioriste� sto el�qisto, me sugkr�thsh (periorismì) tou jermoÔ pl�smato,e�te me kat�llhla isqur� magnhtik� ped�a, e�te adraneiak�. Autì e�nai mia exai-retik� dÔskolh diadikas�a, tìso apì thn �poyh th katanìhsh twn sÔnjetwnfusik¸n diadikasi¸n pou sumba�noun se tètoie timè th jermokras�a, ìsokai apì thn an�gkh gia per�ploke teqnolog�e.H jermopurhnik  sÔnthxh emfan�zetai fusik� ston  lio se jermokras�e10 - 15 ekatommur�wn bajm¸n Kels�ou, par�gonta thn enèrgeia pou sth-r�zei th zw  sth gh. EntoÔtoi, ston  lio ta kaÔsima th jermopurhnik sÔnthxh jerma�nontai kai sumpièzontai apì ti ter�stie dun�mei barÔthtapou epikratoÔn eke�. Sth Gh den mporoÔme na qrhsimopoi soume th barÔth-ta, ètsi h prìklhsh gia tou ereunhtè th jermopurhnik  sÔnthxh e�nai nathn antistajm�soun me th jèrmansh enì pl�smato qamhl  puknìthta semia uyhlìterh jermokras�a (per�pou 10 forè pio uyhl  apì tou pur na tou liou), me �risth sugkr�thsh tou pl�smato, ¸ste na autosunthroÔntai oiantidr�sei jermopurhnik  sÔnthxh.E�nai katanohtì ìti ek pr¸th ìyew h purhnik  enèrgeia de jewre�taifilik  pro to perib�llon, oÔte anane¸simh, kai autì sumba�nei lìgw twn an-tidr�sewn purhnik  sq�sh pou qrhsimopoioÔntai kat� kìron s mera tìso

Sq ma 1.1: H ant�drash sÔnthxh deuter�ou - trit�ou5



gia thn paragwg  hlektrik  enèrgeia, ìso kai gia thn kataskeu  ìplwnmeg�lh katastreptik  isqÔo. Par' ìla aut� h jermopurhnik  sÔnthxh e�naimia asfal  kai filik  pro to perib�llon energeiak  epilog  pou prosfèreith dunatìthta enì kajaroÔ, stajeroÔ kai makroprìjesma anex�ntlhtou e-nergeiakoÔ efodiasmoÔ. Merik� apì ta pleonekt mata th sÔnthxh e�nai taex :
• Sqedìn aperiìristh diajesimìthta kaus�mou
• Kam�a ekpomp  aer�wn tou jermokhp�ou (ìpw CO2)
• Katallhlìthta gia meg�lh kl�maka paragwg  hlektrik  enèrgeia
• BraqÔbia radienerg� kat�loipa pou de ja epibarÔnoun ti mellontikègeniè
• 'Emfuth eust�jeia kat� th diadikas�a th sÔnthxh - apofug  atuqh-m�twn1.2 Stoiqe�a Fusik  Pl�smato'Opw anafèrame, sti jermokras�e oi opo�e ma endiafèroun gia thn ep�teu-xh th ant�drash th jermopurhnik  sÔnthxh, h Ôlh br�sketai se morf pl�smato. Ja mporoÔsame na or�soume to pl�sma w èna ionismèno aèrio pouapart�zetai apì polÔ meg�lo arijmì exairetik� kinhtik¸n fortismènwn swma-t�wn (hlektron�wn kai iìntwn) parous�a   mh (sthn per�ptwsh pl rou ioni-smoÔ) enì mikroÔ arijmoÔ oudèterwn atìmwn  /kai mor�wn. O ìro �pl�sma�eis qjh pr¸th for� to 1929 apì tou Irving Langmuir kai Lewi Tonks wprosdioristikì ìro gia to makroskopik� oudètero ionismèno aèrio se sw-l ne hlektrik¸n ekken¸sewn. Apì parathr sei tou diapist¸jhke h duna-tìthta tou pl�smato na parousi�zei sullogik  sumperifor� sth dunamik tou.'Ena plhrèstero, sÔgqrono orismì tou pl�smato e�nai o ex :�Makroskopik� oudètero, pl rw exionismèno aèrio ikanì gia ploÔsia sul-logik  sumperifor� pou uperba�nei aut  enì oudèterou aer�ou. Pèran twnsullogik¸n fainomènwn, shmantik  mpore� na g�nei kai h sumperifor� kai hdunamik  memonwmènwn fortismènwn swmat�wn tou mèsou autoÔ. Ta swm�tiakinoÔntai kai allhlepidroÔn ìqi mìno me �lla memonwmèna (mèsw sked�sewn

Coulomb) all� kai me ta ped�a pou sullogik� diamorf¸noun ìla ta sustatik�6



tou pl�smato apì koinoÔ.�Bèbaia, autì o orismì den katat�ssei autìmata opoiod pote fortismènoaèrio sthn kathgor�a tou pl�smato. Gia na emfan�zei mia sullog  forti-smènwn kai oudèterwn swmatid�wn sumperifor� pl�smato prèpei na ikano-poie� sugkekrimèna krit ria. H ous�a twn krithr�wn aut¸n ègkeitai sto ìti(a) sto pl�sma oi dun�mei pou prosdior�zoun thn k�nhsh twn swmatid�wne�nai oi hlektromagnhtikè dun�mei Coulomb (meg�lh embèleia), en¸ se ènasunhjismèno aèrio ta mìria allhlepidroÔn mìno kat� th di�rkeia twn sug-kroÔsewn, dhlad  me dun�mei mikr  embèleia, (b) to pl�sma emfan�zei �ma-kroskopik  oudeterìthta�, dhlad  se perioqè me diast�sei arket� meg�le¸ste na perièqetai epark  arijmì swmatid�wn, all� kai arket� mikrè sesqèsh me ti qwrikè anomoiogèneie tou pl�smato, to sunolikì fort�o e�naipraktik� mhdèn.Gia na perigr�youme pl rw èna pl�sma, ja prèpei na katagr�youme tijèsei kai ti taqÔthte ìlwn twn swmat�wn pou to sunjètoun, kai na lÔsoumeti exis¸sei k�nhsh gia k�je èna apì aut�, lamb�nonta up'ìyin to hlektro-magnhtikì ped�o pou blèpei k�je swm�tio an� p�sa qronik  stigm . Profan¸autì e�nai adÔnaton, ef'ìson anafèrame ìti to pl�sma apart�zetai apì exaire-tik� meg�lo arijmì swmat�wn ta opo�a allhlepidroÔn hlektromagnhtik� tìsometaxÔ tou, ìso kai me ta exwterik� epiballìmena ped�a.Autì e�nai o lìgo pou, ekmetalleuìmenoi ta basik� qarakthristik� toupl�smato ìpw thn oione� oudeterìthta kai th sullogik  sumperifor� pouparousi�zei, qrhsimopoioÔme proseggistikè mejìdou :1. Melèth th k�nhsh memonwmènwn swmatid�wn mèsa se hlektromagnhti-k� ped�a2. Prosèggish reustoÔ, kat� thn opo�a antimetwp�zoume to pl�sma wmagnhtismèno reustì sto opo�o apod�dontai makroskopikè posìthte,ìpw p�esh, puknìthta klp. QrhsimopoioÔntai oi mèjodoi th Magnhto-�drodunamik , oi opo�e sundu�zoun ti exis¸sei twn reust¸n (Navier
- Stokes, ex�swsh sunèqeia) me autè tou Maxwell gia ton hlektroma-gnhtismì.3. Kinhtik  jewr�a, kat� thn opo�a katafeÔgoume se statistik  perigraf ,efìson èqoume mia sun�rthsh katanom  taqut twn gia ta swmat�dia,
f(x, v, t) 7



'Ena pl re kai autosunepè montèlo gia thn perigraf  tou pl�smato japrèpei na upolog�zei sugqrìnw: (a) Thn k�nhsh twn swmat�diwn pou apote-loÔn to pl�sma upì thn ep�drash twn hlektromagnhtik¸n ped�wn pou dhmiour-goÔn ta �dia ta swmat�dia kai twn ìpoiwn exwterik¸n ped�wn efarmìzontai, (b)Thn exèlixh ìlwn twn ped�wn upì thn ep�drash twn swmatid�wn. 'Oson afor�to pr¸to skèlo, h dunamik  sumperifor� twn swmatid�wn kajor�zetai apìthn ex�swsh k�nhsh pou prokÔptei pq apì tou nìmou tou Newton

dp

dt
= F = q (E + v × B) (1.3)H exèlixh twn hlektromagnhtik¸n ped�wn d�netai apì ti exis¸sei tou

Maxwell:
∇ &E =

ρ

ε0
(1.4)

∇ &B = 0 (1.5)
∇× E = −

∂B

∂t
(1.6)

∇× B = µ0

(

j + ε0
∂E

∂t

) (1.7)ìpou oi puknìthte fort�ou ρ kai reÔmato j mporoÔn na ekfrastoÔn w
ρ(r) =

1

∆V

∑

j

qjδ(r − rj) (1.8)
j(r) =

1

∆V

∑

j

qjvjδ(r − rj) (1.9)dhlad  w pro ta swmat�dia tou pl�smato pou br�skontai entì stoiqei-¸dou ìgkou ∆V gÔrw apì th jèsh anafor� r. O ìgko ∆V or�zetai warket� meg�lo ¸ste na perilamb�nei statistik� epark  arijmì fort�wn, all�kai arket� mikrìtero apì ti diast�sei tou pl�smato. An eprìkeito na exe-taste� sÔsthma me l�ga swmat�dia, oi parap�nw exis¸sei ja  tan dunatì naepilujoÔn (analutik�   arijmhtik�). Autì ìmw de sumba�nei sthn per�ptwshtou pl�smato, epeid  h epilog  mikroÔ arijmoÔ swmatid�wn antiba�nei sthnpro�pìjesh gia sullogik� fainìmena. Epomènw, to pl re montèlo gia thnperigraf  tou pl�smato kaj�statai praktik� mh ulopoi simo, toul�qistonqwr� shmantikè aplopoi sei pou endeqomènw ja ephre�soun thn plhrìth-ta th perigraf . 8



T�jetai loipìn to er¸thma: �P¸ mporoÔme na upolog�soume th sumperi-for� tou pl�smato se mia dedomènh kat�stash kai me kal  akr�beia.� Epeid to pl�sma sunant�tai se poik�le perioqè puknìthta kai jermokras�a, kaise k�je m�a epikratoÔn diaforetikè fusikè idiìthte, e�nai polÔ dÔskolo naup�rxei èna enia�o montèlo se ìlo to eÔro twn paramètrwn. Gia par�deig-ma, se qamhlè puknìthte ta sullogik� fainìmena den e�nai isqur� kai tafort�a kinoÔntai sqedìn qwr� na allhlepidroÔn, en¸ se uyhlè puknìthteh kÔria k�nhsh e�nai sullogik , dhlad  tÔpou ro . 'Alle forè to pl�smasumperifèretai san sullog  anex�rthtwn fort�wn, �lle forè san sullog allhlepidr¸ntwn fort�wn kai �lle emfan�zei kai ti dÔo sumperiforè tau-tìqrona. Sunèpw, qrei�zetai diaforetik  prosèggish an�loga me thn perioq paramètrwn tou ek�stote probl mato. En gènei, skopì gia èna montèlo e-�nai na parèqei ti puknìthte fort�ou kai reÔmato sto pl�sma, oi opo�eektì apì thn perigraf  kaj' eautoÔ tou pl�smato mporoÔn na axiopoihjoÔnsti exis¸sei Maxwell gia mia autosunep  perigraf .Sth sunèqeia aut  th enìthta parousi�zoume ta tr�a kÔria montèlaperigraf  tou pl�smato: To montèlo twn anex�rthtwn swmatid�wn (mikro-skopikì), to montèlo tou enì   twn poll¸n reust¸n (makroskopikì) kaito kinhtikì (statistikì) montèlo.(bl. [7℄) To pr¸to antimetwp�zei to pl�smasan èna sÔsthma swmatid�wn pou den allhlepidroÔn metaxÔ tou, kai epomènwkinoÔntai mìno upì thn ep�drash exwterik¸n dun�mewn (pq kÔmata). Sto de-Ôtero montèlo, to pl�sma prosegg�zetai e�te w me�gma apì poll� ag¸gimareust�, èna gia k�je diaforetikì plhjusmì fort�wn (hlektrìnia, iìnta), e�tesunolik� w èna reustì. Ed¸ den esti�zoume sti leptomèreie th k�nhshtwn fort�wn kai h perigraf  g�netai st� pla�sia exis¸sewn parìmoiwn me thReustomhqanik . To tr�to montèlo, to opo�o ìpw ja de�xoume emperièqei kaita dÔo prohgoÔmena, perigr�fei to pl�sma sta pla�sia twn sunart sewn ka-tanom  twn diaforetik¸n plhjusm¸n, dhlad  th pijanìthta èna swmat�diona br�sketai se mia sugkekrimènh kat�stash sto q¸ro f�sewn.1.2.1 Perigraf  mèsw mh allhlepidr¸ntwn swma-tid�wnH pr¸th prosèggish enì probl mato sto pl�sma ègkeitai sth diereÔnhshtwn troqi¸n twn fortismènwn swmatid�wn. 'Opw èqoume  dh anafèrei, oi du-n�mei pou pa�zoun ton kÔrio rìlo sthn exèlixh twn fort�wn tou pl�smatoe�nai hlektromagnhtikè (oi dun�mei barÔthta e�nai pollè t�xei megèjoumikrìtere), kai diakr�nontai se eswterikè (apì ta upìloipa fort�a) kai exw-terikè. Sth genik  per�ptwsh pou oi eswterikè dun�mei sumperilamb�non-9



tai sth melèth, to prìblhma parousi�zei ti �die praktikè duskol�e me topl re montèlo. Se peript¸sei ìmw ìpou (a) ta exwterik� ped�a e�nai polÔpiì isqur� apì ta sullogik� ped�a (pq se araiì pl�sma), (b) h enèrgeia poumetafèroun ta sullogik� ped�a sta fort�a e�nai sqetik� mikr  (sporadikèsugkroÔsei), to prìblhma aplopoie�tai arket� diìti oi sullogikè epidr�seimporoÔn na agnohjoÔn kai h k�nhsh twn fort�wn na melethje� mìno upì thnep�drash twn exwterik¸n ped�wn. Par' ìti aploðk , h prosèggish aut  entìtwn or�wn isqÔo th e�nai akrib , all� kai ektì aut¸n parèqei th dunatìth-ta exagwg  poiotik¸n sumperasm�twn gia th makroskopik  sumperifor� toupl�smato se dedomène magnhtikè topolog�e.H melèth th k�nhsh fortismènwn swmatid�wn mèsa se hlektromagnhtik�ped�a g�netai katarq n me thn ex�swsh Newton (1.3). Gia mh sqetikistik�swmat�dia e�nai p = mv, kai h ex�swsh k�nhsh ekfr�zetai apl� se sqèsh methn taqÔthta:
m

dv

dt
= q (E + v × B) (1.10)H Ex. (1.3) kalÔptei kai thn per�ptwsh pou to fort�o e�nai sqetikistikì. Hsqetikistik  diìrjwsh gia thn orm  e�nai p = γmv, ìpou γ = (1− v2/c2)−1/2o par�gonta Lorentz, kai h ex�swsh k�nhsh pa�rnei th morf 

γm
dv

dt
+

q

c2
(v &E)v = q (E + v ×B) (1.11)En sugkr�sei me th mh sqetikistik  per�ptwsh, h ex�swsh k�nhsh perilam-b�nei epiplèon ton par�gonta Lorentz. O rujmì metabol  tou γ prosdio-r�zetai apì th sqèsh isqÔo-dÔnamh dE/dt = F &v (E = mc2γ h enèrgeia)

mc2dγ

dt
= qv &E (1.12)Oi exis¸sei autè, molonìti èqoun ìlh thn plhrofor�a gia thn perigra-f  twn troqi¸n, den e�nai p�ntote o eukolìtero trìpo gia thn ep�lush touprobl mato. H dianusmatik  morf  dieukolÔnei ìtan oi suntetagmène e�naikartesianè, ìtan ìmw qrei�zetai na metaboÔme se kampulìgrammo sÔsthma,ìpw pq. se kin sei entì kentrik¸n ped�wn (¸ste na axiopoi soume thnazimoujiak  summetr�a), par�gwgoi ìpw h dv/dt perilamb�noun kai ìroupou prokÔptoun apì th qronik  metabol  twn monadia�wn dianusm�twn. En-diafèron parousi�zei kai to endeqìmeno eÔresh posot twn pou paramènounstajerè kat� th di�rkeia th k�nhsh. Ektì tou ìti h melèth aplopoie�taiarket�, analutik� all� kai arijmhtik�, h Ôparxh tètoiwn posot twn emperièqeishmantik  fusik  plhrofor�a. Mèsw twn exis¸sewn Newton, h anaz thshgia stajerè posìthte mpore� na g�nei mìno me majhmatik� teqn�smata, ìpw10



p.q. sth mh sqetikistik  per�ptwsh, an pollaplasi�soume thn Ex. (1.10) kat�mèlh eswterik� me v ja l�boume mia sqèsh ìmoia th (1.12) pou upodeiknÔeiìti h olik  enèrgeia diathre�tai.Stoiqe�a Analutik  Mhqanik  (Lagrange - Hamilton) 'Enaenallaktikì trìpo melèth th dunamik  twn swmatid�wn e�nai sto pla�sioth Analutik  Mhqanik  me th sun�rthsh Lagrange (  Lagrangian, Lag-kranzian ) L = T − U , ìpou T , U e�nai ant�stoiqa h kinhtik  kai h dunamik enèrgeia tou swmatid�ou. To meg�lo pleonèkthma th mejìdou aut  e�nai heuelix�a sthn epilog  tou sust mato suntetagmènwn, me mình pro�pìjeshautè na sundèontai me algebrik  sqèsh me ti kartesianè suntetagmène.Autì sumba�nei diìti, ex' orismoÔ, h sun�rthsh Lagrange de sundèetai me todianusmatikì mègejo th dÔnamh all� me to bajmwtì th enèrgeia. Apì thsun�rthsh Lagrange, h ex�swsh k�nhsh prokÔptei mèsw twn sqèsewn [8℄
d

dt

(

∂L

∂q̇j

)

−
∂L

∂qj

= 0, (1.13)me qj (j = 1, 2, 3) ti genikeumène suntetagmène kai q̇j = dqj/dt. E�naieÔkolo na deiqje� ìti oi parap�nw exis¸sei e�nai isodÔname me autè tou
Newton. 'Opw e�pame prin, o mìno periorismì e�nai h epilog  twn qj nae�nai tètoia ¸ste oi sqèsei qj = qj(x, y, z) na e�nai epilÔsime w pro x, y, z,dhlad  h Jacobian J (q1, q2, q3, x, y, z) na e�nai mh mhdenik . H euelix�a sthnepilog  twn qj prosfèrei en mèrei th dunatìthta �kataskeu � stajer¸n thk�nhsh. Gia par�deigma, an e�nai dunat  mia epilog  tètoia ¸ste ∂L /∂qj = 0tìte h posìthta pj = ∂L /∂q̇j , h opo�a apotele� th genikeumènh orm  touswmatid�ou, e�nai stajer .H sugkekrimènh morf  th sun�rthsh Lagrange gia th mh sqetikistik k�nhsh fortismènwn swmatid�wn se hlektromagnhtik� ped�a e�nai

L =
1

2
mv2 − qφ +

q

c
(v &A) (1.14)ìpou φ, A e�nai ant�stoiqa to bajmwtì kai to dianusmatikì dunamikì twnped�wn E, B. Ta ped�a sundèontai me ta dunamik� mèsw twn sqèsewn

E = −∇φ −
∂A

∂t
(1.15)

B = ∇× A, (1.16)oi opo�e e�nai sunèpeia twn exis¸sewn Maxwell (2.5) kai (2.4) ant�stoiqa.To ìti h mèjodo tou Lagrange bas�zetai sta dunamik� kai ìqi sta ped�a apote-le� èna epiprìsjeto pleonèkthma diìti (kat� kanìna) h exèlixh twn dunamik¸n11



upakoÔei se exis¸sei aploÔstere apì eke�ne twn ped�wn. H sun�rthsh
Lagrange gia th sqetikistik  per�ptwsh e�nai diaforetik  mìno ìson afor�thn kinhtik  enèrgeia

L = −
mc2

γ
− q (φ − v &A) (1.17)H odì gia na breje� h akrib  morf  twn exis¸sewn k�nhsh e�nai naekfrastoÔn h taqÔthta kai ta dunamik� sunart sei twn genikeumènwn sunte-tagmènwn kai na antikatastaje� to apotèlesma sth sun�rthsh Lagrange.Mia proèktash th jewr�a Lagrange, h opo�a susthmatopoie� akìmh pe-rissìtero th melèth twn swmatidiak¸n kin sewn, e�nai h jewr�a Hamilton. Hsun�rthsh Hamilton (  Hamiltonian, Qamiltonian ), h opo�a kajor�zei thnexèlixh tou sust mato, prokÔptei apì thn efarmog  tou duðkoÔ metasqhma-tismoÔ Legendre (qj, q̇j) → (qj , pj) sth sun�rthsh Lagrange. Epomènw, stapla�sia th jewr�a Hamilton h perigraf  th k�nhsh de g�netai mìno me tigenikeumène suntetagmène, ìpw sth jewr�a Lagrange, all� emplèkontai kaioi genikeumène ormè. Oi suntetagmène kai oi ormè maz� apokaloÔntai ka-nonikè (  suzuge�) metablhtè. H majhmatik  sqèsh tou metasqhmatismoÔ

Legendre e�nai:
H =

∑

j

pj q̇j − L (1.18)kai oi exis¸sei k�nhsh gia ti kanonikè metablhtè prokÔptoun w ex :
dqj

dt
=

∂H

∂pj
(1.19)

dpj

dt
= −

∂H

∂qj
(1.20)Kai ed¸ e�nai eÔkolo na diapistwje� h isodunam�a twn exis¸sewn k�nhsh

Hamilton, Lagrange kai Newton. Apì ti parap�nw exis¸sei fa�netai p�liìti h kat�llhlh epilog  twn qj mpore� na odhg sei se stajerè th k�nhsh,p.q. an e�nai tètoia ¸ste ∂H /∂qj = 0, tìte h suzug  orm  pj e�nai stajer .Sthn per�ptwsh aut , h suntetagmènh qj onom�zetai kuklik  (  agno simh).Epiprìsjeta, an h sun�rthsh Hamilton den exart�tai rht� apì to qrìno, tìteki aut  e�nai stajer� th k�nhsh.Me mia pr¸th mati�, h parap�nw praktik  fa�netai san �piswgÔrisma�, ka-j¸ oi metablhtè k�nhsh (kai sunep¸ oi diaforikè exis¸sei pro ep�lush)g�nontai dipl�sie se arijmì. 'Omw, oi kanonikè exis¸sei e�nai 1ης t�xh kai12



h ep�lus  tou e�nai aploÔsterh se sqèsh me ti exis¸sei 2ης t�xh tou
Lagrange. Epiplèon, h jewr�a Hamilton emfan�zei poll� pleonekt mata sesqèsh me th susthmatopo�hsh th melèth. Ja anafèroume en suntom�a meri-k� apì aut� (gia perissìtere leptomèreie o anagn¸sth parapèmpetai stabibl�a [15, 3℄): Me thn enopo�hsh suntetagmènwn-orm¸n, gia th dunamik  peri-graf  tou sust mato, ant� twn q¸rwn jèsewn kai taqut twn, kajier¸netaih qr sh tou enia�ou q¸rou (qj , pj) o opo�o kale�tai q¸ro f�sewn (phase
space). Sto q¸ro f�sewn, h epopte�a th exèlixh twn kampul¸n e�nai ka-lÔterh ap' ìti aut  twn pragmatik¸n troqi¸n sto q¸ro jèsewn, diìti k�jefasik  kampÔlh e�nai monadik  kai den e�nai dunatì na tèmnetai me �lle 1.'Ena deÔtero pleonèkthma e�nai ìti, me thn efarmog  metasqhmatism¸n poudiathroÔn thn kanonik  morf  twn exis¸sewn Hamilton, e�nai dunatìn h sun�r-thsh Hamilton na metasqhmatiste� se mia sun�rthsh apl  morf  mèsw thdhmiourg�a kuklik¸n suntetagmènwn. Oi metasqhmatismo� auto� onom�zon-tai kanoniko� kai qarakthr�zontai apì mia genn tria sun�rthsh Fk (tÔpou k)pou sundèei ti arqikè (paliè) metablhtè me ti telikè (nèe). Oi basikègenn trie sunart sei e�nai tess�rwn tÔpwn, an�loga me to poiè apì tipaliè/nèe suntetagmène/ormè e�nai oi arqikè metablhtè. Oi sqèsei pousundèoun ti paliè me ti nèe metablhtè (tonoÔmene) prosdior�zontai mèswth genik  sqèsh

∑

j

pj q̇j − H =
∑

j

p′j q̇
′
j − H

′ +
dFk

dt
(1.21)En gènei, èna kanonikì metasqhmatismì de bas�zetai se ènan mìno a-pì tou tèsseri tÔpou all� e�nai sunduasmì aut¸n, dhlad  e�nai miktoÔtÔpou. Sthn idanik  per�ptwsh, zht�me o metasqhmatismì na e�nai tètoio¸ste H ′ = 0 kai oi exis¸sei Hamilton sti nèe metablhtè na oloklhr¸non-tai apeuje�a. H genn tria sun�rthsh gia to metasqhmatismì autì br�sketaiw lÔsh th merik  diaforik  ex�swsh Hamilton-Jacobi, h opo�a prokÔpteiapì th sqèsh metasqhmatismoÔ th sun�rthsh Hamilton

H

(

qj,
∂F

∂qj
, t

)

+
∂F

∂t
= 0 (1.22)Gia peraitèrw emb�junsh sth jewr�a Hamilton - Jacobi all� kai sthn A-nalutik  Mhqanik , o anagn¸sth enjarrÔnetai na anatrèxei sthn ploÔsia1Αυτό είναι συνέπεια της μοναδικότητας της λύσης των διαφορικών εξισώσεων (Θεωρ.

Cauchy-Lipschitz) 13



ellhnik  kai xènh bibliograf�a suggram�twn Klasik  Mhqanik .A d¸soume t¸ra th sqetikistik  kai mh sqetikistik  èkfrash th sun�r-thsh Hamilton gia thn k�nhsh fort�wn se hlektromagnhtik� ped�a. Sth mhsqetikistik  per�ptwsh, oi kanonikè ormè e�nai
pj =

∂L

∂q̇j
= (mv + qA) & ∂v

∂q̇jkai me antikat�stash sthn (1.18) maz� me thn (1.14) h H prokÔptei
H =

1

2
mv2 + qφ (1.23)Ant�stoiqa, sth sqetikistik  per�ptwsh èqoume gia ti kanonikè ormè

pj =
mc2

γ2

∂γ

∂q̇j
+ qA & ∂v

∂q̇j
=
(

−
γv

c2
+ qA

) & ∂v

∂q̇j
(1.24)kai me ton �dio trìpo me prohgoumènw br�skoume gia thn H

H = mc2γ + qφ (1.25)Se antistoiq�a me th jewr�a Lagrange, gia na brejoÔn epakrib¸ oi exi-s¸sei k�nhsh prèpei sth sun�rthsh Hamilton h taqÔthta kai ta dunamik�na ekfrastoÔn w pro ti kanonikè metablhtè qj , pj .'Hdh èqoume pei ìti h melèth th k�nhsh twn swmatid�wn d�nei poiotikèplhrofor�e gia th sumperifor� tou pl�smato se hlektromagnhtik� ped�a.Endeiktik�, anafèroume katarq n ti diafìrou tÔpou olisj sei twn swmati-d�wn lìgw twn ped�wn. Apì thn an�lush th sunolik  k�nhsh, h ol�sjhshprokÔptei w k�nhsh tou kèntrou peristrof  (guiding centre) th troqi�.Oi kuriìtere olisj sei e�nai lìgw:
• (a) hlektrikoÔ ped�ou (ol�sjhsh E × B)
• (b) anomoiogèneia  /kai kampulìthta tou magnhtikoÔ ped�ou
• (g) qronik  metabol  tou hlektrikoÔ ped�ou (ol�sjhsh pìlwsh, po-

larization drift)Shmantik� sumper�smata gia ti kin sei ex�gontai kai apì ti adiabatikèanallo�wte (adiabatic invariants), oi opo�e e�nai posìthte pou metab�llon-tai arg� sthn exèlixh th k�nhsh. Oi posìthte autè sundèontai me periodi-kè kin sei pou ekteloÔn ta fort�a, kai sunantoÔn efarmog  sth melèth th14



pag�deush tou pl�smato. H shmantikìterh adiabatik  anallo�wth e�nai hmagnhtik  rop  µ ∝
∮
∑

j pjdqj. Sqetik� me ti adiabatikè anallo�wte jaanaferjoÔme pio ektetamèna sth sunèqeia.1.2.2 Montèlo enì   poll¸n reust¸nSe sunj ke gia to pl�sma tele�w antidiametrikè me ti parap�nw, ìpoukuriarqoÔn ta sullogik� fainìmena kai oi ousiastikè diaforè an�mesa stikin sei twn fort�wn e�nai as mante, ìpw pq sumba�nei se puknì pl�sma,e�nai protimìtero na qrhsimopoihje� èna �llo montèlo pou epikentr¸netai sthnperigraf  th sullogik  k�nhsh (ro ) tou pl�smato kai ìqi th lepto-meroÔ k�nhsh k�je swmatid�ou. SÔmfwna me to montèlo autì, to pl�smajewre�tai ìti apart�zetai apì èna   perissìtera allhloefaptìmena, ag¸gimakai mh sqetikistik� reust�, ta opo�a antistoiqoÔn stou diaforetikoÔ plh-jusmoÔ swmatid�wn. Oi exis¸sei th exèlixh twn reust¸n èqoun shmantikìfusikì perieqìmeno, kaj¸ apoteloÔn ti majhmatikè ekfr�sei twn nìmwndiat rhsh pou isqÔoun sto pl�sma. An�loga me to pl jo twn reust¸npou jewroÔme, to montèlo sunant�tai se di�fore parallagè ti opo�e kaiparousi�zoume sth sunèqeia.Sthn apl  per�ptwsh pou èqoume na k�noume me hlektrìnia kai mìno ènae�do iìntwn, tìte mil�me gia to montèlo twn dÔo reust¸n. Ed¸ ousiastik�qreiazìmaste dÔo diaforetik� sÔnola exis¸sewn, èna gia ta iìnta (jetik�fortismèno reustì) kai èna gia ta hlektrìnia (arnhtik� fortismèno reustì).Oi puknìthte fort�ou kai reÔmato sto pl�sma diatup¸nontai w
ρ = niqi + neqe (1.26)

j = niqiui + neqeue (1.27)ìpou ui kai ue e�nai oi taqÔthte twn dÔo reust¸n, dhlad  oi makrosko-pikè taqÔthte pou perigr�foun ti sullogikè roè sto pl�sma.H ex�swsh sunèqeia e�nai h pr¸th apì ti exis¸sei tou montèlou. A-peikon�zei th diat rhsh tou hlektrikoÔ fort�ou (  isodÔnama th m�za) kat�ti metakin sei twn hlektron�wn kai twn iìntwn entì tou pl�smato, kaisundèei ti posìthte ni, ne, ui kai ue. H ex�swsh sunèqeia prokÔptei anefarmìsoume ton telest  ∇ & sthn ex�swsh Maxwell (2.6), kai epiplèon qrh-simopoi soume thn (2.3). H ex�swsh aut , lamb�nonta upìyh th morf  twnpuknot twn fort�ou kai reÔmato pou d¸same parap�nw, gr�fetai gia k�jeplhjusmì 15



∂ns

∂t
+ ∇ & (nsus) = 0 (1.28)kai ousiastik� upodeiknÔei ìti k�je allag  tou arijmoÔ swmatid�wn se miaperioq  tou pl�smato sundèetai me ro  swmatid�wn ektì tou sunìrou thperioq .H epìmenh ex�swsh tou montèlou e�nai h ex�swsh isozug�ou orm  (mo-

mentum balance) kai èqei na k�nei me th diat rhsh th orm  kat� ti meta-top�sei twn swmatid�wn sti diaforetikè dieujÔnsei. H ex�swsh aut  e�naiant�stoiqh me mia ex�swsh k�nhsh kai sqhmat�zetai me gn¸mona ti upojèseiper� autotel¸n ro¸n kai amelhtèwn kin sewn k�jeta se autè, lamb�nontaepiplèon upìyh thn allhlep�drash metaxÔ twn reust¸n kai th metafor� or-m  apì k�je dieÔjunsh pro ìle ti �lle dieujÔnsei. Sugkekrimèna, hex�swsh prokÔptei apì thn (1.10) me pollaplasiasmì ep� thn puknìthta kaiantikat�stash th olik  parag¸gou ∂/∂t + u &∇, h opo�a d�nei to rujmìmetabol  k�je posìthta pou kine�tai me to reustì, en¸ perilamb�nontai sanxeqwristo� ìroi h dÔnamh trib  T metaxÔ twn dÔo reust¸n kai h bajm�da toutanust  p�esh (stress tensor) ∇ & P̃ lìgw th metafor� orm . H telik  thmorf  loipìn e�nai:
nsms

[

∂us

∂t
+ (us &∇)us

]

= nsqs (E + us × B) − T ss′ −∇ & P̃s (1.29)H dÔnamh th trib  proèrqetai apì thn aÔxhsh th orm  tou enì plhju-smoÔ lìgw twn sugkroÔsewn me ta swmat�dia tou �llou, kai mporoÔme na thnekfr�soume majhmatik� sunart sei th sqetik  taqÔthta twn dÔo reust¸nkai th eidik  ant�stash tou pl�smato (plasma resistivity) ηp

T ei = −T ie = ηpneni|qe|
2(ue − ui) (1.30)W fusikì mègejo, h eidik  ant�stash katadeiknÔei to rìlo twn sugkro-Ôsewn sto na perior�zoun to reÔma pou mpore� na ep�gei èna hlektrikì ped�osto pl�sma. Se pollè efarmogè, oi timè twn paramètrwn epitrèpoun h ei-dik  ant�stash na jewrhje� polÔ mikr  kai h trib  na agnohje�.H p�esh e�nai tanustikì mègejo diìti, en gènei, h k�nhsh se mia dieÔjunshde metafèrei orm  mìno kat� m ko th �dia all� kai kat� m ko twn �llwndieujÔnsewn. O tanust  th p�esh e�nai summetrikì kai ta stoiqe�a tou

Pkl perigr�foun thn k�nhsh sth dieÔjunsh k san apotèlesma th sunist¸sath orm  sth dieÔjunsh l. Ta diag¸nia stoiqe�a tou tanust  leitourgoÔn16



ant�stoiqa me thn klasik  udrostatik  p�esh, en¸ ta mh diag¸nia antipro-swpeÔoun to ix¸de (viscosity) tou pl�smato. To ix¸de e�nai antistrìfwan�logo th suqnìthta sugkroÔsewn, opìte sthn per�ptwsh pou oi sugkro-Ôsei e�nai sporadikè mpore� na upoteje� me kal  akr�beia ìti h k�nhsh se miadieÔjunsh metafèrei orm  mìno se aut  th dieÔjunsh. San sunèpeia, o tanu-st  p�esh e�nai diag¸nio (Pkl = 0 (k 6= l)) kai h ex�swsh (1.29) aplopoie�taiarket�. 'Otan epiplèon to pl�sma e�nai isìtropo, dhlad  oi diaforetikè dieu-jÔnsei e�nai isodÔname apì pleur� fusik , ta stoiqe�a tou P̃ e�nai �sametaxÔ tou kai o ìro ∇ & P̃ sthn ex�swsh k�nhsh mpore� na antikatastaje�me th bajm�da th bajmwt  posìthta Pxx = Pyy = Pzz = P . An t¸ra topl�sma den e�nai isìtropo (pq up�rqei magnhtikì ped�o), tìte h mình diafor�e�nai ìti ta diag¸nia stoiqe�a den e�nai ìla �sa metaxÔ tou.To sÔsthma twn (1.28), (1.29) parèqei ìlh th fusik  tou reustoÔ pl�sma-to, ìmw den e�nai kleistì diìti oi exis¸sei e�nai tèsseri (apì dÔo exis¸seisunèqeia kai k�nhsh) all� oi �gnwstoi e�nai èxi (apì dÔo puknìthte, ta-qÔthte kai pièsei). Gia na kle�sei to sÔsthma qrei�zontai sqèsei pou nasundèoun tou tanustè p�esh me ta upìloipa megèjh. Mia tètoia sqèsh o-nom�zetai katastatik  ex�swsh, kai èqei th genik  morf  Pkl = Pkl(ns, Ts).H akrib  morf  exart�tai apì sugkekrimène paradoqè gia thn exèlixh toupl�smato. Maz� me ti katastatikè exis¸sei, oi (1.28), (1.29) parèqounpl rh perigraf  tou sunolikoÔ reustoÔ, en¸ se sunduasmì me ti exis¸sei
Maxwell mporoÔn na apotelèsoun èna autosunepè montèlo ped�wn - reusto-Ô. An t¸ra to pl�sma, ektì apì tou dÔo parap�nw plhjusmoÔ, perièqeioudètera �toma  /kai �lla e�dh iìntwn, qrei�zontai oi an�loge exis¸sei su-nèqeia kai k�nhsh gia k�je epiplèon plhjusmì swmatid�wn. Mil�me tìte giaèna montèlo perissìterwn twn dÔo reust¸n, to opo�o ìmw e�nai parìmoio meìti perigr�yame w ed¸ kai all�zei mìno o sunolikì arijmì twn exis¸sewn.Met� thn prosomo�wsh tou pl�smato mèsw autotel¸n reust¸n, kai lìgwtou ìti se èna pl rw ionismèno pl�sma oi kin sei twn swmatid�wn e�nai sten�sundedemène metaxÔ tou kai oi opoiesd pote diaforè endèqetai na e�nai polÔmikrè, e�nai logikì to epìmeno b ma na e�nai h met�bash se èna aploÔsteromontèlo pou perigr�fei to pl�sma san enia�o reustì. To montèlo autì lègetaimagnhto�drodunamikì (magnetohydrodynamic - MHD), kai h b�sh tou e�naio grammikì sunduasmì twn exis¸sewn twn poll¸n reust¸n se èna sÔnoloexis¸sewn pou perigr�fei to pl�sma w èna oudètero, ag¸gimo reustì. Ed¸ja diatup¸soume ti exis¸sei MHD gia thn apl  per�ptwsh tou isìtropoupl�smato dÔo reust¸n qwr� ix¸de, ìmw h diadikas�a aut  eÔkola geni-keÔetai kai gia ti �lle peript¸sei. Gia to sunolikì reustì uiojetoÔme17



proseggistik� th makroskopik  oudeterìthta, dhlad  ne ≈ ni ≈ np all� me
ne − ni 6= 0. Or�zoume ti puknìthte fort�ou ρ, m�za ̺ kai reÔmato j,kaj¸ kai thn taqÔthta u w:

ρ = niqi + neqe = |qe|(ni − ne) 6= 0 (1.31)
̺ = nimi + neme ≈ np(mi + me) (1.32)

j = niqiui + neqeue ≈ np|qe|(ui − ue) (1.33)
u =

1

̺
(nimiui + nemeue) ≈

miui + meue

mi + me

(1.34)Me kat�llhlo sunduasmì twn parap�nw orism¸n kai twn exis¸sewn twndÔo reust¸n prokÔptoun oi exis¸sei MHD. Apì to �jroisma kai th diafor�twn exis¸sewn sunèqeia (1.28) br�skoume ti exis¸sei sunèqeia gia tipuknìthte m�za ̺ kai fort�ou ρ tou enia�ou reustoÔ
∂̺

∂t
+ ∇ & (̺u) = 0 (1.35)

∂ρ

∂t
+ ∇ & j = 0 (1.36)En suneqe�a, me prìsjesh kat� mèlh twn exis¸sewn isozug�ou orm (1.29), kai or�zonta w P = Pe + Pi thn olik  p�esh, prokÔptei h ant�stoiqhex�swsh k�nhsh tou magnhto�drodunamikoÔ reustoÔ

̺

[

∂u

∂t
+ (u &∇)u

]

= ̺E + j× B−∇P (1.37)'Eqonta axiopoi sei ìlh th diajèsimh gn¸sh apì to montèlo twn dÔoreust¸n, parathroÔme ìti to sÔsthma (??), (1.37) maz� me thn katastatik  e-x�swsh èqei tèsseri exis¸sei kai pènte agn¸stou (ρ, ̺, j, u, P ). MporoÔmeìmw na p�roume mia �llh shmantik  ex�swsh me kat�llhlo sunduasmì twnexis¸sewn (1.29), pollaplasi�zonta thn ex�swsh gia to e�do s me ms′/̺|qe|kai afair¸nta kat� mèlh
E + u× B = ηpj +

1

np|qe|
(j× B−∇P ) (1.38)h opo�a kai kle�nei to sÔsthma twn exis¸sewn th magnhto�drodunamik . Ou-siastik�, h Ex. ((1.38)) apotele� mia gen�keush tou nìmou tou Ohm.18



Se autì to shme�o e�nai kalì na g�nei mia sÔgkrish me thn koin  Udrodu-namik . Ta sunhjismèna reust� upakoÔn thn ex�swsh Navier-Stokes :
̺

[

∂u

∂t
+ (u &∇)u

]

= −∇P + ̺cvsc∇
2u,me cvsc ton kinhmatikì suntelest  ix¸dou. H mình diafor� me thn e-x�swsh isozug�ou orm  th magnhto�drodunamik  e�nai h apous�a twn hle-ktromagnhtik¸n dun�mewn. Se sqèsh me ti Ex. (1.29) le�pei o ìro tri-b /sugkroÔsewn, kaj¸ h Navier-Stokes perigr�fei èna reustì kai oi du-n�mei autè, w eswterikè, allhloanairoÔntai. O ìro ̺cvsc∇

2u, o opo�operigr�fei thn ep�drash tou ix¸dou, antistoiqe� sthn ìpoia suneisfor� twnsugkroÔsewn ston ìro ∇ & P̃ − ∇P . H Ôparxh suqn¸n sugkroÔsewn e�naibasik  paradoq  gia thn perigraf  Navier-Stokes, kai lìgw th parap�nwomoiìthta autì shmatodote� kai ta ìria th isqÔo th jewr�a reustoÔ giato pl�sma. H Ôparxh jermodunamik  isorrop�a sto pl�sma pro�pojètei thnÔparxh sugkroÔsewn. Akìmh ìmw kai sthn per�ptwsh pou oi sugkroÔseie�nai sporadikè, h jewr�a reustoÔ mpore� na perigr�yei katast�sei ìpouemfan�zetai h �dia fusik  sumperifor� lìgw k�poiou �llou par�gonta, p.q.enì isquroÔ magnhtikoÔ ped�ou pou mei¸nei ti gr gore eujÔgramme roè,anagk�zonta ta fort�a se kuklikè peristrofè Larmor.Telei¸nonta, anafèroume sunoptik� merikè efarmogè th jewr�a reu-stoÔ. M�a shmantik  suneisfor�, kentrik  shmas�a gia to ergasthriakìpl�sma, e�nai sth melèth th isorrop�a tou pl�smato. Parìlo pou to geni-kì prìblhma tou kajorismoÔ th isorrop�a e�nai polÔploko, arket  fusik plhrofor�a perièqetai sto montèlo MHD. Me th bo jeia th ex�swsh (1.37),se sunduasmì me ti exis¸sei Maxwell (2.4), (2.5), mporoÔme na melet soumethn isorrop�a tou pl�smato an analÔsoume ti qronik� anex�rthte lÔsei(∂/∂t = 0). Se autì to pla�sio, h ex�swsh (1.37) me antikat�stash th (2.5)pa�rnei th morf 
∇

(

P +
B2

2µ0

)

=
1

µ0

(B &∇)BEndeiktik�, sthn per�ptwsh ìpou den up�rqei diam kh metabol  tou ma-gnhtikoÔ ped�ou, h parap�nw ex�swsh dhl¸nei ìti sthn kat�stash isorrop�ato �jroisma th kinhtik  kai th magnhtik  p�esh tou pl�smato e�nai sta-jerì. 'Etsi, to ped�o e�nai uyhlì se perioqè ìpou h p�esh e�nai qamhl  kaiant�strofa. Peraitèrw, na anafèroume ìti mèsw tou montèlou MHD, ìpwkai tou kinhtikoÔ montèlou pou akolouje�, mpore� na kajoriste� h eust�jeiath isorrop�a tou pl�smato. O trìpo upologismoÔ twn astajei¸n kai tou19



rujmoÔ ex�plws  tou e�nai parìmoio me to genikì trìpo upologismoÔ ku-m�twn sto pl�sma. 'Alle efarmogè e�nai sth melèth th di�qush kai twnolisj sewn twn reust¸n kai th di�qush twn magnhtik¸n gramm¸n.1.2.3 Kinhtik  jewr�aSto montèlo pou ja ma apasqol sei ed¸, h perigraf  e�nai men sto mikrosko-pikì ep�pedo all� èqei statistikì qarakt ra. Me autì ennooÔme ìti den en-diafèrei h akrib  jèsh kai taqÔthta twn swmatid�wn, all� mìno h pijanìthtana br�skontai sth �geitoni�� mia sugkekrimènh kat�stash sto q¸ro f�se-wn. H b�sh gi' aut  thn perigraf  e�nai h sun�rthsh katanom  (distribution
function) f(r,p, t), pou d�nei thn puknìthta pijanìthta èna swmat�dio nabr�sketai sthn kat�stash (r,p, t), dhlad  th qronik  stigm  t na br�sketai semia jèsh sto di�sthma [r, r + dr) me orm  apì p w p + dp. H akr�beia miatètoia perigraf  sthr�zetai sto ìti h ep�drash twn dun�mewn apì makrinèapost�sei diarke� polÔ perissìtero qrìno apì thn ant�stoiqh twn kontin¸ndun�mewn. Autì epitrèpei th �mazopo�hsh� twn isoenergeiak¸n swmatid�wn seapost�sei n

−1/3
p < |dr| ≪ λD, dhlad  th mh anagkaiìthta di�krish meta-xÔ swmatid�wn pou èqoun per�pou thn �dia orm  kai br�skontai gÔrw apì miasugkekrimènh jèsh se akt�na polÔ mikrìterh apì th qarakthristik  apìstashep�drash twn sullogik¸n fainomènwn. (Me λD sumbol�zetai to m ko Deb-

ye, mia qarakthristik  par�metro tou pl�smato h opo�a antistoiqe� sthnel�qisth akt�na jwr�kish tou k�je swmatid�ou apì ta exwterik� hlektrik�ped�a)Gia na upolog�sei kane� th sun�rthsh katanom  xekin� apì to gegonììti o sunolikì arijmì swmatid�wn se opoiad pote perioq  tou q¸rou f�se-wn den all�zei sto qrìno. Autì shma�nei ìti oi rujmo� eisìdou/exìdou apìto sÔnoro th perioq  kai oi allagè lìgw sugkroÔsewn èqoun allhloa-nairoÔmene metabolè. Sto pla�sio th sun�rthsh katanom , o arijmìswmatid�wn sto stoiqe�o ìgkou d3rd3p tou 6-di�statou q¸rou f�sewn thqronik  stigm  t e�nai ∫ f(r,p, t)d3rd3p. Me diafìrish w pro to qrìno,kai lamb�nonta upìyh ti sqèsei dr/dt = v kai thn ex�swsh k�nhsh (1.3),katal goume sthn kinhtik  ex�swsh Boltzmann-Vlasov 2
∂f

∂t
+ v & ∂f

∂r
+ q (E + v × B) & ∂f

∂p
=

∂f

∂t

∣

∣

∣

∣

col

(1.39)H ex�swsh aut  e�nai genik  (isqÔei kai gia klasik� kai gia sqetikistik�2Στη βιβλιογραφία συνηθίζεται η κινητική εξίσωση να αναφέρεται σαν εξίσωση Boltzmann

όταν συμπεριλαμβάνεται ο όρος συγκρούσεων και σαν Vlasov όταν δε συμπεριλαμβάνεται.20



swmat�dia). Autì pou all�zei se k�je per�ptwsh e�nai h majhmatik  sqèshmetaxÔ taqÔthta kai orm  pou prèpei na antikatast soume ¸ste na proqw-r soume sth lÔsh. To �jroisma twn ìrwn sto aristerì mèlo apotele� thnolik  par�gwgo df/dt, en¸ o ìro sto dex� mèlo d�nei ti allagè sthn flìgw sugkroÔsewn.Sthn per�ptwsh pou oi sugkroÔsei e�nai shmantikè, o kajorismì touìrou sugkroÔsewn pa�zei prwtagwnistikì rìlo sthn ep�lush th ex�swsh
Boltzmann-Vlasov kai th morf  th lÔsh. Merikè forè e�nai dunatì naqrhsimopoihjoÔn aplè majhmatikè ekfr�sei gia ton ìro sugkroÔsewn, ìpwpq

∂f

∂t

∣

∣

∣

∣

col

= −νei (f − f |t=0) (1.40)H parap�nw diatÔpwsh e�nai epark  gia na perigr�yei to pl�sma kaj¸odeÔei pro th jermodunamik  isorrop�a, all� de mpore� na perigr�yei p.q. tofainìmeno th skèdash sto q¸ro taqut twn. 'Otan e�nai epijumht  h pl rhperigraf  twn sugkroÔsewn, prèpei na katafÔgoume sth diaforik  ex�swsh
Fokker-Planck :

∂f

∂t

∣

∣

∣

∣

col

= −
∂

∂v

(

d〈∆v〉

dt
f

)

+
1

2

∂2

∂v∂v

(

d〈∆v∆v〉

dt
f

) (1.41)Sthn ex�swsh aut , oi metabolè th taqÔthta upolog�zontai apì titroqiè twn swmatid�wn lÔnonta thn ant�stoiqh ex�swsh k�nhsh. Oi ìroi
d〈∆v〉/dt èqoun en gènei ant�jeth for� me thn taqÔthta kai sundèontai meth dunamik  trib  pou prokaloÔn oi sugkroÔsei, en¸ oi ìroi d〈∆v∆v〉/dte�nai ousiastik� suntelestè di�qush, kaj¸ èqoun thn t�sh na prokaloÔnex�plwsh twn tim¸n th taqÔthta se meg�lo eÔro entì tou q¸rou taqu-t twn.Mia eidik  lÔsh me meg�lo fusikì endiafèron èqoume sthn per�ptwsh pouto pl�sma br�sketai se jermodunamik  isorrop�a. Sthn kat�stash aut  oimakroskopikè par�metroi den all�zoun me to qrìno, en¸ ta mikroskopik�megèjh èqoun tuqa�e diakum�nsei gÔrw apì mèse timè. Genik�, to pl�smade br�sketai se mia tètoia kat�stash lìgw th ep�drash exwterik¸n ped�wn  astajei¸n. 'Otan ìmw den up�rqei isqur  allhlep�drash me to perib�llon,tìte lìgw tou tuqa�ou qarakt ra twn sugkroÔsewn to pl�sma telik� ft�neisth jermodunamik  isorrop�a kai paramènei eke�. Sthn per�ptwsh aut  h kinh-tik  ex�swsh aplopoie�tai diìti ìle oi qronikè par�gwgoi mhden�zontai, kaian epiplèon upojèsoume ìti h isorrop�a isqÔei omogen¸ se ìlo to pl�sma21



(∂f/∂r = 0) h ep�lush e�nai arket� apl .H lÔsh aut  e�nai gnwst  w sun�rthsh katanom  Maxwell, kai sth mhsqetikistik  th morf  gr�fetai
f(p) =

n

π3/2m3v3
t

e−p2/(2m2v2

t ) (1.42)'Otan to pl�sma e�nai sqetikistikì, h katanom  Maxwell èqei th morf 
f(p) =

n

m3v3
tK2(v2

t /c
2)

e−
√

p2+m2c2/(2m2v2

t ) (1.43)ìpou K2(x) e�nai h tropopoihmènh sun�rthsh Bessel tÔpou 2 kai 2ης t�xh.Sthn katanom  Maxwell, h jermokras�a (emfan�zetai sth jermik  taqÔth-ta) e�nai mia polÔ shmantik  par�metro3. En gènei, lìgw tou diaforetikoÔrujmoÔ sugkroÔsewn, se k�je plhjusmì antistoiqe� diaforetik  jermokra-s�a kai kat� sunèpeia kai diaforetik  sun�rthsh katanom . H kat�stashg�netai piì polÔplokh ìtan to pl�sma e�nai magnhtismèno, ki autì giat�, lìgwth morf  th dÔnamh Lorentz, oi dun�mei pou askoÔntai se swmat�dia poukinoÔntai par�llhla kai k�jeta sto magnhtikì ped�o e�nai diaforetikè. E-pomènw, oi taqÔthte k�jeta kai par�llhla sto magnhtikì ped�o endèqetaina an koun se diaforetikè katanomè Maxwell me diaforetikè jermokras�e
T||, T⊥.H kinhtik  jewr�a parèqei thn ìso to dunatì pio pl rh perigraf  se ìloto f�sma twn paramètrwn. To statistikì montèlo e�nai plhrèstero apì autìtwn reust¸n diìti melet� to pl�sma sto mikroskopikì ep�pedo, opìte sum-perilamb�nei fusikè leptomèreie pou h jewr�a reustoÔ de mpore� lìgw toumakroskopikoÔ th qarakt ra, all� kai piì praktikì apì th mikroskopik perigraf  twn kin sewn swmatid�wn. Me thn kinhtik  jewr�a mporoÔn na me-lethjoÔn ìla ta probl mata pou anafèrame san efarmogè sti prohgoÔmeneupoenìthte. Pèra ìmw apì ti diapist¸sei autè, to piì isqurì epiqe�rhmagia thn plhrìthta th kinhtik  jewr�a e�nai ìti emperièqei sth dom  th tìsothn kinhmatik  twn swmatid�wn ìso kai th jewr�a reustoÔ.A mil soume pr¸ta gia th sqèsh th kinhtik  jewr�a me thn k�nhsh touenì swmatid�ou. H genik  lÔsh th ex�swsh k�nhsh (1.3) perilamb�nei èxistajerè olokl rwsh, èstw Bj (j = 1, ..., 6), kaj¸ aut  e�nai 2ης t�xhdiaforik  ex�swsh sti trei diast�sei. E�nai eÔkolo na deiqje� ìti opoia-d pote sun�rthsh twn stajer¸n k�nhsh e�nai sun�rthsh katanom , dhlad 3Στις εφαρμογές συνήθως λογίζεται σαν θερμοκρασία το kBT , μετρούμενο σε eV.22



lÔsh th kinhtik  ex�swsh. Pr�gmati, antikajist¸nta mia tètoia sun�rthsh
f = f(Bj) = f(r,p, t) (mporoÔme apì thn ex�swsh k�nhsh na ekfr�soume ti
Bj sunart sei twn r,p, t) sthn ex�swsh (1.39) br�skoume ìti thn epalhjeÔei

∂f

∂t
+ v & ∂f

∂r
+ q (E + v ×B) & ∂f

∂p
=

df

dt
=

6
∑

j=1

∂f

∂Bj

dBj

dt
= 0Sunep¸, se sunduasmì me ti sugkekrimène arqikè kai sunoriakè sun-j ke, h lÔsh th kinhtik  ex�swsh kajor�zetai epakrib¸ apì ti troqiètwn swmatid�wn mèsw twn stajer¸n th k�nhsh.H sÔndesh me ta montèla reust¸n br�sketai sto ìti oi makroskopikè po-sìthte pou qarakthr�zoun to pl�sma phg�zoun ousiastik� apì mèse timèkat�llhla orismène me b�sh th sun�rthsh katanom . Sugkekrimèna, h pu-knìthta, h taqÔthta ro  kai o tanust  p�esh or�zontai w akoloÔjw:

ns(r, t) =

∫

fs(r,p, t)d3p (1.44)
us(r, t) =

1

ns(r, t)

∫

vfs(r,p, t)d3p (1.45)
P̃s(r, t) = ms

∫

(v − us) ⋆ (v − us) fs(r,p, t)d3p (1.46)ìpou me ton aster�sko sumbol�zoume to duðkì ginìmeno (dual product)dÔo dianusm�twn. Se autì to pla�sio, oi exis¸sei twn reust¸n prokÔptounapì ti statistikè ropè th ex�swsh Boltzmann-Vlasov. Endeiktik�, gia throp  mhdenik  t�xh, oloklhr¸nonta thn Ex. (1.39) w pro thn orm  kaiupolog�zonta ton k�je ìro xeqwrist�, katal goume apeuje�a sthn ex�swshth sunèqeia. Oi pr¸toi dÔo ìroi d�noun
∫

∂fs

∂t
d3p =

∂

∂t

∫

fsd
3p =

∂ns

∂t
∫

v & ∂fs

∂r
d3p =

∂

∂r
& ∫ vfsd

3p = ∇ & (nsus)dhlad  tou ìrou th ex�swsh sunèqeia. O tr�to ìro pa�rnei th morf 
∫

(E + v ×B) & ∂fs

∂p
d3p =

∫

∂(fsE)

∂p
d3p+

∫

∂(fsv × B)

∂p
d3p−

∫

fs
∂(v × B)

∂p
d3pkai e�nai mhdèn diìti (a) ta dÔo pr¸ta oloklhr¸mata metatrèpontai se e-pifaneiak�, ta opo�a e�nai mhdenik� kaj¸ h sun�rthsh katanom  mhden�zetai23



sto �peiro (b) to tr�to olokl rwma e�nai ep�sh mhdèn diìti h metabol  toudianÔsmato v × B e�nai k�jeth sthn orm . Sthn per�ptwsh pou jewroÔmekai ton ìro sto deÔtero mèlo, kai autì e�nai mhdèn diìti oi sugkroÔsei denall�zoun to sunolikì arijmì twn swmatid�wn. Me akrib¸ ant�stoiqo trìpoprokÔptei h ex�swsh isozug�ou orm  apì th rop  pr¸th t�xh, pollaplasi-�zonta thn ex�swsh Boltzmann-Vlasov me thn taqÔthta kai oloklhr¸nontaw pro thn orm .
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Kef�laio 2Dunamik  FortismènwnSwmatid�wnSth melèth tou pl�smato ma endiafèrei perissìtero h sullogik  sumpe-rifor� twn swmatid�wn, ìpw aut  ekfr�zetai apì ti exis¸sei Vlasov  
Boltzmann pou perigr�foun th qwroqronik  exèlixh mia sun�rthsh kata-nom , ìpw e�dame apì thn Kinhtik  Jewr�a.'Ena apì tou par�gonte pou k�noun thn an�lush tou pl�smato arke-t� apaithtik , e�nai to gegonì ìti oi puknìthte pa�rnoun endi�mese timè.Ta reust�, ìpw pq to nerì e�nai tìso pukn�, kai kat� sunèpeia den lam-b�noume up' ìyin ti kin sei tou kajenì mor�ou xeqwrist�. Oi sugkroÔseikuriarqoÔn, kai oi aplè exis¸sei th reustodunamik  arkoÔn gia thn pe-rigraf . Sto �llo �kro, se suskeuè polÔ qamhl  puknìthta ìpw sek�poiou epitaquntè swmatid�wn, lamb�nontai up'ìyin apokleistik� oi troqi-è memonwmènwn swmatid�wn kai ta sullogik� fainìmena suqn� agnooÔntai.To pl�sma sumperifèretai k�poie forè w reustì, �lle p�li w sullog memonwmènwn swmatid�wn. Gia autì to lìgo, to pr¸to b ma pro thn kata-nìhsh tou pl�smato e�nai h melèth th k�nhsh memonwmènwn fortismènwnswmatid�wn se hlektrik� kai magnhtik� ped�a.Oi qarakthristikè kampÔle th ex�swsh Boltzmann d�nontai apì ti dia-forikè exis¸sei k�nhsh twn swmatid�wn, en¸ h lÔsh th ex�swsh VlasovprokÔptei w sun�rthsh twn pr¸twn oloklhrwm�twn th k�nhsh.Tèlo, melet¸nta ti kin sei memonwmènwn fortismènwn swmatid�wn, mpo-roÔme na ex�goume genikìtera poiotik� sumper�smata ìson afor� th makro-skopik  sumperifor� tou pl�smato (pq magnhtik  sugkr�thsh) se k�poiadedomènh topolog�a magnhtikoÔ ped�ou.25



Up�rqoun dÔo majhmatik� isodÔnamoi formalismo� gia thn perigraf  thdunamik  twn fortismènwn swmatid�wn:
• Oi exis¸sei twn Newton kai Lorentz

• O formalismì Lagrange - HamiltonOi dÔo diaforetiko� trìpoi perigraf  e�nai kat' ous�an sumplhrwmatiko�.(bl. kai [11℄) H ex�swsh Lorentz e�nai �diaisjhtik � kai kat�llhlh gia proseg-gistikè mejìdou, en¸ o pio afhrhmèno formalismì Lagrange - HamiltonekmetalleÔetai ti qwrikè kai qronikè summetr�e.An kai h kur�w doulei� ma ja g�nei qrhsimopoi¸nta th Qamiltonian  Du-namik , entoÔtoi ja anaferjoÔme ekten¸ kai sti dÔo perigrafè, ton�zontathn isodunam�a tou sth je¸rhsh th dunamik  twn swmatid�wn.2.1 Neut¸neia Dunamik Xekin�me sth genik  per�ptwsh jewr¸nta ti Neut¸neie exis¸sei k�nh-sh gia èna memonwmèno swmat�dio fort�ou q pou akolouje� troqi� r (t) =
(x1 (t) , x2 (t) , x3 (t)) to opo�o kine�tai se hlektromagnhtikì ped�o to opo�o pe-rigr�fetai apì ti epimèrou sunist¸se E (r, t) kai B (r, t) ant�stoiqa. Oiexis¸sei k�nhsh gia autì to swmat�dio e�nai

d

dt
(mv) = F (r, t) (2.1)

F (r, t) = qE (r, t) +
q

c
v ×B (r, t) (2.2)ìpou v = dr/dt kai F (r, t) e�nai h hlektromagnhtik  dÔnamh Lorentz.En gènei oi barutikè dun�mei jewroÔntai w amelhtèe (an kai ìpw jadoÔme sth sunèqeia, upì sunj ke mpore� na diadramat�soun shmantikì rìlo),en¸ oi purhnikè dun�mei, an kai isqurè, èqoun polÔ mikrì belhnekè maapasqoloÔn mìno se duadikè kroÔsei swmatid�wn. Gia autì to lìgo h hle-ktromagnhtik  dÔnamh Lorentz e�nai h mình h opo�a lamb�netai up' ìyin.H exèlixh twn ped�wn E (r, t) kai B (r, t) d�netai apì ti exis¸sei tou

Maxwell :
∇ &E =

ρ

ε0
(2.3)26



∇ &B = 0 (2.4)
∇× E = −

∂B

∂t
(2.5)

∇×B = µ0

(

J + ε0
∂E

∂t

) (2.6)ìpou to ρ (r, t) antistoiqe� sthn puknìthta fort�ou kai to J (r, t) sthnpuknìthta reÔmato.Oi exis¸sei (2.4) kai (2.6) ikanopoioÔntai e�n ekfr�soume ta ped�a su-nart sei enì bajmwtoÔ dunamikoÔ φ (r, t) kai enì dianusmatikoÔ dunamikoÔ
A (r, t) w ex :

B = ∇×A (2.7)
E = −∇φ −

1

c

∂A

∂t
(2.8)Ef' ex , gia lìgou suntom�a ant� gia E (r, t) kai B (r, t) ja gr�foume

E kai B.2.1.1 Statikì kai Omogenè Magnhtikì Ped�o
B = BẑH k�nhsh swmatid�ou m�za m kai fort�ou q mèsa se qronik� stajerì kaiomogenè magnhtikì ped�o perigr�fetai, ìpw e�pame, apì thn ex�swsh (2.2),h opo�a apous�a hlektrikoÔ ped�ou gr�fetai w ex :

m
dv

dt
= q (v ×B) (2.9)E�n to magnhtikì ped�o e�nai B = Bẑ kai h taqÔthta v analuje� se m�asunist¸sa k�jeth pro to magnhtikì ped�o kai m�a par�llhlh, dhlad  v =

v⊥e⊥ + v‖e‖, tìte h ex�swsh (2.9) gr�fetai
dv‖
dt

= 0 (2.10)kai 27



dv⊥
dt

=

(

qB

mc

)

v⊥ × ẑ (2.11)To fort�o peristrèfetai gÔrw apì to magnhtikì ped�o me kuklotronik suqnìthta (cyclotron frequency)
ωc ≡

|q|B

mc
(2.12)H ex�swsh k�nhsh tou fort�ou mèsa se autì to omogenè statikì magnh-tikì ped�o loipìn ja gr�fetai w ex  (bl. kai [2℄):

dv

dt
= ±ωc (v × ẑ) (2.13)Pollaplasi�zonta kai ta dÔo mèlh aut  th ex�swsh eswterik� me thntaqÔthta v br�skoume ìti d(mv2/2)/dt = 0, dhlad  h olik  kinhtik  enèrgeiadiathre�tai afoÔ h dÔnamh F = (q/c)v × B e�nai k�jeth sthn taqÔthta. Stoegk�rsio w pro to magnhtikì ped�o ep�pedo x−y h dÔnamh e�nai p�nta k�je-th sthn troqi� (taqÔthta), sunep¸ èqei to rìlo kentromìlou dÔnamh kaisunep�getai kuklik  (kuklotronik ) k�nhsh me:

• Kuklotronik  suqnìthta ωc = |q|B
mc

• TaqÔthta stajeroÔ mètrou kat� m ko tou magnhtikoÔ ped�ou
v⊥ =

√

v2
x + v2

y

• Stajer  akt�na peristrof  ρL = v⊥/|ωc| (akt�na Larmor)H ex�swsh k�nhsh (2.9) gr�fetai gia k�je dieÔjunsh w ex ([13℄):
mv̇x = qBvy (2.14)
mv̇y = −qBvx (2.15)
mv̇z = 0 (2.16)

v̈x =
qB

m
v̇y = −

(

qB

m

)2

vx (2.17)
v̈y =

qB

m
v̇x = −

(

qB

m

)2

vy (2.18)Blèpoume ìti antistoiqe� se k�nhsh aploÔ armonikoÔ talantwt  me su-qnìthta ωc. 28



Jewr¸nta ìti den èqoume arqik  f�sh sthn k�nhsh, h lÔsh tou anwtèrwsust mato exis¸sewn ma d�nei
vx,y = v⊥ exp (± ı ωct) (2.19)ìpou to ± èqei na k�nei me to prìshmo tou fort�ou kai me ı sumbol�zoumeth fantastik  mon�da. Sunep¸:

vx = v⊥ eı ωct = ẋ (2.20)
vy =

m

qB
v̇x = ±

1

ωc
v̇x = ± ı v⊥ eı ωct = ẏ (2.21)En¸ ektel¸nta �llh mia olokl rwsh katal goume sti sqèsei:

x − x0 = −ı
v⊥
ωc

eı ωct y − y0 = ±
v⊥
ωc

eı ωct (2.22)Krat¸nta mìno ta pragmatik� mèrh twn anwtèrw exis¸sewn, kai eis�gon-ta thn èkfrash gia thn akt�na Larmor, h k�nhsh perigr�fetai pl rw ([4℄)apì ti exis¸sei (jewr¸nta ìti den èqoume arqik  f�sh sthn peristrof ):
x(t) = x0 + ρL sin(ωc t)

y(t) = y0 ± ρL cos(ωc t)

z(t) = z0 + v‖tkai
vx = −v⊥ sin(ωc t)

vy = −v⊥ cos(ωc t)ìpou (x0, y0, z0) oi suntetagmène tou kèntrou peristrof  (guiding cen-
ter). Kat� thn k�nhsh se exwterik� epiballìmeno statikì omogenè magnhtikìped�o, h jèsh tou kèntrou peristrof  paramènei amet�blhth sto ep�pedo x−y,en¸ to �dio olisja�nei kinoÔmeno kat� m ko tou �xona z. To fort�o akolouje�mia elikoeid  troqi� sto q¸ro me stajerì b ma ìtan kine�tai mèsa se stati-kì omogenè magnhtikì ped�o. H kateÔjunsh th peristrofik  k�nhsh e�naitètoia, ¸ste to epagìmeno ek tou peristrefìmenou fortismènou swmatid�oumagnhtikì ped�o na antit�jetai sto exwterik� epibeblhmèno ped�o. Autì e�nai29



o lìgo pou to pl�sma parousi�zei diamagnhtikè idiìthte.Ef'ìson h dÔnamh Lorentz e�nai k�jeth sthn taqÔthta se k�je per�ptwsh,den par�gei èrgo ([20℄). Lamb�nonta to eswterikì ginìmeno:
m

dv

dt
&v =

d

dt

(

1

2
mv2

)

= 0 (2.23)katal goume sto sumpèrasma ìti tìso h kinhtik  enèrgeia tou swmati-d�ou, ìso kai h taqÔthta, e�nai stajerè. Autì to apotèlesma isqÔei giaopoiad pote qwrik  ex�rthsh tou B, dedomènou ìti autì paramènei statikì -qronoanex�rthto.Genik� èqoume jewr sei ìti h enèrgeia tou swmatid�ou metab�lletai mìnolìgw tou èrgou pou par�getai apì exwterik� epiballìmena ped�a. Aut  h u-pìjesh den e�nai apìluta swst , dedomènou ìti èna epitaqunìmeno fortismènoswmat�dio aktinobole� enèrgeia upì morf  hlektromagnhtik¸n kum�twn. En-toÔtoi, h ep�drash aut  e�nai polÔ mikr  kai genik� ja agnohje� apì ed¸ kaisto ex .

Sq ma 2.1: Troqiè Larmor2.1.2 Statikì kai Omogenè Magnhtikì Ped�o pa-rous�a stajer  exwterik  dÔnamh
(B = Bẑ,F = σταθ.)H ex�swsh k�nhsh tou swmatid�ou m�za m kai fort�ou q gr�fetai ([2℄)

m
dv

dt
= q (v ×B) + F (2.24)h opo�a analÔetai kai p�li sti ex :30



m
dv‖
dt

= F‖ (2.25)kai
m

dv⊥
dt

= (qB) (v⊥ × ẑ) + F⊥ (2.26)AnalÔonta thn taqÔthta v⊥ se dÔo sunist¸se v⊥ = u + wF
D, ìpou

wF
D =

F ×B

qB2
(2.27)kai antikajist¸nta sthn ex�swsh (2.26) br�skoume ìti

m
du

dt
= q (u× B) (2.28)dhlad  to fort�o ektele� mia kuklik  periodik  troqi� (e�n v⊥ = F⊥ = 0)se èna sÔsthma anafor� pou kine�tai me stajer  taqÔthta wF

D. H taqÔthtaaut  onom�zetai taqÔthta ol�sjhsh (drift velocity) kai genik� exart�tai apìto fort�o tou swmatid�ou w pro mètro kai prìshmo. To kèntro peristrof ,ìpw èqoume dei, onom�zetai �guiding center� kai sÔmfwna me ìsa perigr�yamekine�tai me thn taqÔthta ol�sjhsh wF
D. H k�nhsh tou kèntrou peristrof fa�netai na mhn akolouje� tou nìmou tou NeÔtwna kai na antidr� diaforeti-k� sti exwterikè dun�mei F‖ kai F⊥, dhlad  na epitaqÔnetai kat� m ko twnmagnhtik¸n gramm¸n kai na kine�tai me stajer  taqÔthta k�jeta pro autè.DÔo e�dh stajer¸n exwterik¸n dun�mewn èqoun idia�tero endiafèron sthfÔsh:1. To stajerì exwterikì hlektrikì ped�o (F = qE) kai2. To barutikì ped�o (F = mg)H taqÔthta ol�sjhsh tou fort�ou kat� thn pr¸th per�ptwsh, mèsa sestajerì hlektrikì ped�o e�nai

wE
D =

E× B

B2
(2.29)ParathroÔme ìti se aut  thn per�ptwsh ta hlektrìnia kai ta iìnta kino-Ôntai me thn �dia taqÔthta. MporoÔme loipìn na metaferjoÔme se èna nèosÔsthma anafor�, kinoÔmeno me thn taqÔthta ol�sjhsh, sto opo�o to hle-ktrikì ped�o na e�nai mhdèn. 31



Melet¸nta thn per�ptwsh kat� thn opo�a èqoume statikì omogenè magnh-tikì ped�o parous�a hlektrikoÔ ped�ou, h k�nhsh tou fortismènou swmatid�ouja e�nai h upèrjesh dÔo epimèrou kin sewn: th sun jou kuklik  peri-strof  Larmor pou e�dame prin kai th ol�sjhsh tou kèntrou peristrof .Epilègoume to E sto ep�pedo x − z oÔtw ¸ste na èqoume Ey = 0. 'Opwe�dame kai prohgoumènw, h z sunist¸sa th taqÔthta de susqet�zetai meti egk�rsie sunist¸se kai mpore� na antimetwpiste� xeqwrist�. H ex�swshk�nhsh t¸ra e�nai h gnwst  ma:
m

dv

dt
= q (E + v × B) (2.30)th opo�a h z sunist¸sa e�nai

dvz

dt
=

q

m
Ez ⇒ vz =

qEz

m
t + vz0 (2.31)Blèpoume thn epit�qunsh kat� m kou tou B. Oi egk�rsie sunist¸seth taqÔthta ja e�nai ant�stoiqa:

dvx

dt
=

q

m
Ex ± ωcvy (2.32)

dvy

dt
= 0 ∓ ωcvx (2.33)Diafor�zonta �llh mia for� (gia stajerì E), pa�rnoume:

v̈x = −ωc
2vx (2.34)

v̈y = ∓ωc

( q

m
Ex ± ωcvy

)

= −ωc
2

(

vy +
Ex

B

) (2.35)MporoÔme na gr�youme thn teleuta�a sqèsh w
d2

dt2

(

vy +
Ex

B

)

= −ωc
2

(

vy +
Ex

B

) (2.36)Me autìn ton trìpo èqoume euje�a anagwg  sto prohgoÔmeno prìblhma(Ôparxh mìno statikoÔ magnhtikoÔ ped�ou), ìpou èqoume antikatast sei thn
vy me thn vy + Ex/B. Oi sqèsei pou ma d�noun loipìn thn taqÔthta jap�roun an�loga th morf :

vx = v⊥eıωct (2.37)
vy = ±ıv⊥eıωct −

Ex

B
(2.38)32



H peristrofik  k�nhsh Larmor e�nai h �dia me prin, t¸ra ìmw èqei uper-teje� h ol�sjhsh tou kèntrou peristrof  sthn kateÔjunsh −y. (gia Ex > 0)Gia na ex�goume ènan genikìtero tÔpo gia thn taqÔthta ol�sjhsh, mporo-Ôme na epistrèyoume sthn arqik  ex�swsh k�nhsh (2.30) kai na thn epilÔsoumedianusmatik�. AgnooÔme ton ìro mdv/dt o opo�o ma d�nei th gnwst  ma ku-klotronik  k�nhsh suqnìthta ωc kai asqoloÔmaste me thn ex�swsh
E + v ×B = 0 (2.39)Pollaplasi�zonta exwterik� me to B, pa�rnoume

E× B = B × (v × B) = vB2 − B (v &B) (2.40)Oi egk�rsie sunist¸se aut  th ex�swsh e�nai
v⊥ =

E × B

B2
≡ wE

D (2.41)Ol�sjhsh E×B Aut  h ol�sjhsh e�nai polÔ shmantik  sth Fusik  Pl�sma-to. Onom�zetai Ol�sjhsh E × B kai apotele� idiìthta twn ped�wn, mh exar-t¸menh apì th m�za   to fort�o twn swmatid�wn. Autì exhge�tai w ex :Sthn pr¸th �hmiper�odo�, to jetik� fortismèno iìn aux�nei se enèrgeia apì tohlektrikì ped�o, kai w ek toÔtou aux�nontai tìso h v⊥ tou, ìso kai h ρL tou.Sto deÔtero misì th troqi� tou, q�nei enèrgeia kai mei¸netai h ρL tou. Aut h diafor� th akt�na Larmor sth dexi� kai thn arister  pleur� th troqi�odhge� sthn ol�sjhsh wE
D. Ant�stoiqa èna arnhtik� fortismèno hlektrìnioperistrèfetai sthn ant�jeth kateÔjunsh, all� kerd�zei thn enèrgei� tou apìthn ant�jeth kateÔjunsh. En tèlei olisja�nei pro thn �dia kateÔjunsh me tojetikì iìn. Gia swmat�dia th �dia taqÔthta, all� diaforetik  m�za, to pioelafrÔ ja èqei mikrìterh ρL, me sunèpeia na olisja�nei ligìtero an� per�odo.EntoÔtoi, h kuklotronik  suqnìthta peristrof  tou ja e�nai megalÔterh,kai oi dÔo epidr�sei ja allhloanairoÔntai. DÔo swmat�dia th �dia m�zaall� diaforetik¸n energei¸n ja èqoun thn �dia ωc. To pio argì ja èqei mi-krìterh ρL, kai w ek toÔtou ja kerd�zei ligìterh enèrgeia apì to hlektrikìped�o se mia hmiper�odo. 'Omw ant�stoiqa gia swmat�dia qamhlìterh enèr-geia h allag  th ρL gia dedomènh allag  sthn enèrgeia e�nai megalÔterh,opìte kai autè oi dÔo epidr�sei allhloexoudeter¸nontai.H parous�a stajeroÔ hlektrikoÔ ped�ou ephrre�zei me ton �dio trìpo hle-ktrìnia kai iìnta, sunep¸ de diatar�ssei th makroskopik  oione� oudeterìth-ta tou pl�smato. 33



Sq ma 2.2: Ol�sjhsh E × BAnt�stoiqa sth deÔterh per�ptwsh, ìpou h fÔsh th exwterik  dÔnamhe�nai barutik , h taqÔthta th ol�sjhsh mèsa sto ped�o barÔthta pa�rnei thmorf 
w

g
D =

m

q

g ×B

B2
(2.42)ìpou g h epit�qunsh th barÔthta. Sthn per�ptwsh aut , ìpw fa�netai,ta hlektrìnia kai ta iìnta kinoÔntai me diaforetikè taqÔthte kai dhmiourgoÔnhlektrikì reÔma puknìthta J = n0e

(

w
g
Dj

− w
g
De

), to opo�o diege�rei thbarutik  ast�jeia (gravitational instability) sto pl�sma.2.1.3 Asjen¸ Mh Omogenè Statikì MagnhtikìPed�oJa asqolhjoÔme t¸ra me thn kinhtik  kat�stash twn fortismènwn swmati-d�wn se per�ptwsh mh omogen¸n statik¸n magnhtik¸n ped�wn.'Opw e�dame mèqri stigm , e�maste se jèsh na ex�goume akribe� ek-fr�sei gia ti olisj sei tou kèntrou peristrof  sthn per�ptwsh omoge-n¸n ped�wn. To prìblhma g�netai arket� polÔploko me thn eisagwg  anomoio-gèneia, kai gia autì to lìgo ja perioristoÔme se mia prokatarktik  melèthgia asjene� ( pie) anomoiogèneie, kat� ti opo�e to qarakthristikì m kotwn qwrik¸n metabol¸n tou magnhtikoÔ ped�ou e�nai kat� polÔ megalÔteroapì to qarakthristikì m ko th troqi�. (blèpe kai [9℄, [4℄)Se sqèsh me thn kuklotronik  k�nhsh tou fortismènou swmatid�ou sthnper�ptwsh tou omogenoÔ ped�ou, h troqi� ja e�nai elafr¸ diataragmènh.H anomoiogèneia en gènei perigr�fetai apì ton p�naka:34
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(2.43)oi ìroi tou opo�ou den e�nai anex�rthtoi, all� sundèontai metaxÔ tou meti sqèsei
∇ &B = 0

∇× B = 0

} (2.44)H deÔterh ex�swsh isqÔei ìpw gnwr�zoume apì ti exis¸sei tou Maxwellsthn per�ptwsh ìpou apousi�zoun hlektrik� reÔmata  /kai qronik� metabal-lìmena hlektrik� ped�a.H kinhtik  kat�stash tou swmatid�ou upagoreÔei megèjh akt�nwn kampu-lìthta Larmor tètoia ¸ste :
ρL

∣

∣

∣

∣

∣

∂ lnB

∂r⊥

∣

∣

∣

∣

∣

≪ 1 (2.45)ìpou me r⊥ upodhl¸noume th di�stash egk�rsia (k�jeta) sto topikì ma-gnhtikì ped�o. H (2.45) apl� dhl¸nei ìti h qwrik  metabol  tou magnhtikoÔped�ou egk�rsia se autì prèpei na e�nai as manth se sqèsh me thn topik  ti-m  th akt�na Larmor, ¸ste na jewrhje� h anomoiogèneia  pia. Oi sqèsei(2.44) exasfal�zoun to ti ja isqÔei kat� m ko twn magnhtik¸n gramm¸n touped�ou. Lìgw twn (2.44), mporoÔme na xanagr�youme thn (2.45) w ex :
ρL

∣

∣

∣

∣

∣

∂ lnB

∂z

∣

∣

∣

∣

∣

≪ 1 (2.46)JewroÔme èna sÔsthma suntetagmènwn, to opo�o sto kèntro peristrof tou swmatid�ou (arq  topik¸n suntetagmènwn) na èqei prosanatolismì tètoio,¸ste B = Bẑ, dhlad  Bz = B = staj. kai Bx = By = 0 en¸ kont� stoshme�o autì kai sugkekrimèna sthn troqi� tou swmatid�ou na isqÔei B 6= Bẑ.Diakr�noume tr�a e�dh anomoiogèneia:1. Diam kh Anomoiogèneia ∂Bz/∂z 6= 0. H sqèsh ∇ &B = 0 sunep�getaithn an�ptuxh sunistws¸n Bx, By.35



2. Egk�rsia Anomoiogèneia ∂Bz/∂x 6= 03. Kampulìthta Pediak¸n Gramm¸n ∂Bx/∂z 6= 0Oi dÔo teleuta�e p�ntote sunup�rqoun lìgw th sqèsh ∇×B = 0Diam kh Anomoiogèneia ∂Bz/∂z 6= 0Apì th sqèsh ∇ &B = 0 lamb�noume ìti
∂Bx

∂x
+

∂By

∂y
= −

∂Bz

∂z
6= 0Ekfr�zoume ti dÔo pr¸te parag¸gou sunart sei th tr�th, epimer�zon-ta w ex :

∂Bx

∂x
= −α

∂Bz

∂z

∂By

∂y
= (α − 1)

∂Bz

∂zìpou α e�nai mia stajer� pou ekfr�zei thn elleiptikìthta th sugkl�nousa  apokl�nousa dèsmh magnhtik¸n gramm¸n. Sthn per�ptwsh pou α = 1/2èqoume kulindrik  summetr�a.AnaptÔssoume kat� Taylor ta ped�a gÔrw apì to kèntro peristrof 
(x, y) = (0, 0), kai pa�rnoume gia ta mètra tou:

Bx = −α
∂Bz

∂z
x

By = (α − 1)
∂Bz

∂z
yH sunist¸sa th dÔnamh Lorentz kat� m ko tou magnhtikoÔ ped�ou e�nai

Fz = q (vxBy − vyBx) = q
∂Bz

∂z
[(α − 1) vxy + αvyx]Qrhsimopoi¸nta w ektim sei ti lÔsei th per�ptwsh omogenoÔ sta-tikoÔ magnhtikoÔ ped�ou, gia (x0, y0) = (0, 0) èqoume:36



Fz = q
∂Bz

∂z

[

(α − 1) sin2 (ωct) − α cos2 (ωct)
]

ρLv⊥

= −
1

2
q
∂Bz

∂z
[1 + (2α − 1) cos (2ωct)] ρLv⊥H dÔnamh perilamb�nei èna stajerì mèro, kai èna taqèw enallassìmenomèro, kuklik  suqnìthta 2ωc.Gia qronik� diast mata meg�la se sqèsh me thn per�odo peristrof , toenallassìmeno mèro den prokale� �mìnima� apotelèsmata sti troqiè, wmhdenikì kat� mèso ìro. Kat� sunèpeia mporoÔme na to agno soume. (H ma-jhmatik� austhr  apìdeixh g�netai me averaging theory)Sunep¸,

Fz = −
1

2
q
∂Bz

∂z
ρLv⊥ = −

1

2
mv2

⊥
1

Bz

∂Bz

∂zApì thn ex�swsh k�nhsh pa�rnoume
Fz = m

dv‖
dt

= mv‖
∂v‖
∂z

=
1

2
m

∂v2
‖

∂z
= −

1

2
m

∂v2
⊥

∂zìpou èqoume k�nei allag  metablht  z → t kai èqoume ep�sh l�bei upìyinth diat rhsh th kinhtik  enèrgeia T :
∂T

∂z
=

∂

∂z

(

T⊥ + T‖
)

=
1

2
m
(

v2
⊥ + v2

‖
)

= 0Apì ta parap�nw �mesa prokÔptei
∂

∂z

(

T⊥
Bz

)

= 0Lìgw th kuklik  k�nhsh tou fortismènou swmatid�ou per� to magnhti-kì ped�o, emfan�zetai èna kuklikì hlektrikì reÔma I (kuklikì reumatofìrobrìqo, current loop). To magnhtikì ped�o pou ep�getai apì autìn to brìqo,prosomoi�zei autì tou magnhtikoÔ dipìlou se apost�sei polÔ megalÔtereapì thn akt�na Larmor. Gia dedomèno magnhtikì ped�o, to hlektrikì reÔmapou ep�getai apì thn k�nhsh tìso twn hlektron�wn, ìso kai twn iìntwn e�naisthn �dia kateÔjunsh, an kai ta swmat�dia kaj' eaut� kinoÔntai me ant�jethfor�. Skopì e�nai ta magnhtik� ped�a pou ep�gontai apì thn peristrofik k�nhsh twn swmatid�wn na antit�jentai sto exwterik� epibeblhmèno ped�o B.37



H magnhtik  rop  fortismènou swmatid�ou or�zetai w
µ =

1

2

∫

(r × j) d3x =
I

2

∮

r × dl = −
1

2
qρLv⊥B = −

1
2
mv2

⊥
B

B = −
T⊥
B

B(2.47)Or�zoume loipìn
µ ≡

T⊥
Bz

ẑ (2.48)pou antistoiqe� sth rop  magnhtikoÔ dipìlou I
∫

dS pou dhmiourge�tai apìhlektrikì reÔma I = qωc/2π se akt�na ρL.H magnhtik  rop  e�nai tìso stajer , ìso  pia e�nai h anomoiogèneia, dh-lad  metab�lletai arg�. Tètoiou e�dou stajerè onom�zontai adiabatikè, kaija anaferjoÔme se autè me leptomèreia sth sunèqeia.Apì ti dÔo autè stajerè (Kinhtik  Enèrgeia, Magnhtik  Rop ) pro-kÔptei to sumpèrasma:
• AÔxhsh Bz → aÔxhsh T⊥ (diat rhsh magnhtik  rop )
• AÔxhsh T⊥ → me�wsh T‖ (diat rhsh olik  kinhtik  enèrgeia)
• T⊥ = T → T‖ = 0, kai kaj¸ h dÔnamh e�nai p�ntote mh mhdenik , toswmat�dio anakl�tai.Ekmetalleuìmaste th diam kh anomoiogèneia tou magnhtikoÔ ped�ou stoumagnhtikoÔ kajrèfte, oi opo�oi e�nai diat�xei magnhtik  sugkr�thsh for-tismènwn swmatid�wn.

Sq ma 2.3: Magnhtikì Kajrèfth38



Egk�rsia Anomoiogèneia ∂Bz/∂x 6= 0JewroÔme ∂Bz/∂x > 0, opìte to magnhtikì ped�o
Bz = B +

∂Bz

∂x
xja e�nai isqurìtero gia x > 0 kai asjenèstero gia x < 0. Sunep¸, hakt�na Larmor ja e�nai mikrìterh gia x > 0 kai megalÔterh gia x < 0. An-t�stoiqa me to fusikì mhqanismì th ol�sjhsh E×B pou èqoume perigr�yei,prokÔptei ol�sjhsh kat� m ko tou �xona y.Kai p�li anatrèqoume sti exis¸sei pou perigr�foun thn k�nhsh sto sta-tikì omogenè magnhtikì ped�o, sti opo�e t¸ra ìmw eis�goume mia stajer taqÔthta ol�sjhsh ẏc :

x = ρL cos (ωct)

y = yc − ρL sin (ωct)

vx = −v⊥ sin (ωct)

vy = ẏc − v⊥ cos (ωct)ìpou h kuklotronik  suqnìthta ωc e�nai upologismènh sto statikì omoge-nè magnhtikì ped�o B.H ex�swsh k�nhsh gia th x - sunist¸sa gr�fetai w
dvx

dt
= qvyBz = ωcvy

(

1 +
1

B

∂Bz

∂x
x

)'Opw kai sthn prohgoÔmenh per�ptwsh, antikajistoÔme ti parap�nw exi-s¸sei sthn ex�swsh k�nhsh kai epilÔoume w pro ẏc. AgnooÔme tou ìroupou metab�llontai me suqnìthte ωc, 2ωc epeid  sunep�gontai mhdenik  kat�mèso ìro suneisfor� sthn k�nhsh.
ẏc =

1

2

1

B

∂Bz

∂x
ρLv⊥ =

1

q

T⊥
B2

0

∂Bz

∂x
≡ v∇BParathroÔme ìti h ol�sjhsh ston y �xona exart�tai apì to prìshmo touhlektrikoÔ fort�ou, sunep¸ te�nei na prokalèsei diaqwrismì jetik¸n kai ar-nhtik¸n fort�wn. Lìgw autoÔ tou diaqwrismoÔ ep�getai kai hlektrikì reÔmato opo�o kale�tai reÔma magn tish.
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Kampulìthta Pediak¸n Gramm¸n ∂Bx/∂z 6= 0Ed¸ oi dunamikè grammè tou magnhtikoÔ ped�ou e�nai kampulwmène me miastajer  akt�na kampulìthta R, en¸ jewroÔme to mètro tou ped�ou B sta-jerì. E�qame mil sei se prohgoÔmenh enìthta gia thn ol�sjhsh F × B pouèqoume ìpote up�rqei stajer  exwterik� epiballìmenh dÔnamh se swmat�diopou kine�tai se statikì omogenè magnhtikì ped�o. Kaj¸ ta swmat�dia ki-noÔntai kat� m ko twn kampÔlwn pediak¸n gramm¸n, emfan�zetai �llh miaol�sjhsh tou kèntrou peristrof  (Curvature Drift) lìgw th fugìkentroudÔnamh.E�n me v2
‖ sumbol�soume to mèso tetr�gwno th taqÔthta tou swmatid�oukat� m ko twn pediak¸n gramm¸n, h mèsh fugìkentro dÔnamh ja e�nai

Fcf =
mv2

‖
R

r̂ = mv2
‖
R

R2
(2.49)B�sei th ex�swsh (2.27) pou ma d�nei thn taqÔthta ol�sjhsh lìgwstajer  exwterik  dÔnamh, eis�gonta th fugìkentro dÔnamh ja èqoumethn ex  taqÔthta ol�sjhsh:

vR =
1

q

Fcf ×B

B2
=

mv2
‖

qB2

R× B

R2
(2.50)Metasqhmat�zoume se sÔsthma suntetagmènwn peristrefìmeno me gwniak taqÔthta mètrou Ω = v‖/R. Upojètonta ìti

v‖ = v‖ẑ (2.51)
R = Rx̂ (2.52)To di�nusma th gwniak  taqÔthta peristrof  tou sust mato sunte-tagmènwn ja e�nai Ω = −Ωŷ.Sto peristrefìmeno sÔsthma, to swmat�dio kine�tai upì thn ep�drash thdÔnamh:

F = qv⊥ × B − 2mΩ × v⊥ + m
v2
‖

R2
R (2.53)a' ìro : H dÔnamh Lorentz pou prokale� thn kuklotronik  k�nhshb' ìro : H dÔnamh Coriolis metab�llei suneq¸ prìshmo, me mhdenikì su-nolikì apotèlesma kat� mèso ìro.40



g' ìro : H fugìkentro dÔnamh stajer  dieÔjunsh, h opo�a ìpw èqoumede�xei prokale� ol�sjhsh:
vR =

mv2
‖

qR2

R× B

B2
=

2T‖
qRB

R× B

RB
(2.54)2.1.4 SÔnoyh gia ti anomoiogèneie'Opw e�dame, h k�je anomoiogèneia pou eis�getai se statik� omogen  ma-gnhtik� ped�a odhge� se ol�sjhsh twn fortismènwn swmatid�wn w pro tipediakè grammè. Ant�stoiqh ol�sjhsh parathre�tai kai ìtan ask soume sta-jer  exwterik  dÔnamh se omogenè ped�o, me shmantikìtera parade�gmata thnhlektrik  dÔnamh (ol�sjhsh E × B) kai th barutik  dÔnamh.H egk�rsia anomoiogèneia kai h kampulìthta twn pediak¸n gramm¸n su-nup�rqoun p�ntote lìgw tou astrìbilou qarakt ra tou magnhtikoÔ ped�ou

(∇× B = 0). Autì sunep�getai ìti e�n kampul¸soume èna magnhtikì ped�omèsa se mia toroeid  gewmetr�a me skopì na sugkrat soume magnhtik� tafortismèna swmat�dia, aut� ja te�noun na diafÔgoun apì thn kleist  topolo-g�a sugkr�thsh. Ja upolog�soume amèsw t¸ra th sunolik  ol�sjhsh pouprokÔptei lìgw twn dÔo aut¸n anomoiogenei¸n.Qrhsimopoi¸nta ti sqèsei
∂Bz

∂x
= −

B

R
, ŷ = −

R × B

RBkai sundu�zonta ti dÔo olisj sei, lamb�noume en tèlei:
vR + v∇B =

m

q

R× B

R2B2

(

v2
‖ +

1

2
v2
⊥

)

=
2T‖ + T⊥

qRB

R ×B

RB
(2.55)H omoiìthta me thn ol�sjhsh E×B ègkeitai sto ìti h kateÔjunsh ol�sjh-sh kai sti dÔo peript¸sei e�nai egk�rsia pro to magnhtikì ped�o kai prothn �phg � th diataraq  (to hlektrikì ped�o   thn anomoiogèneia).Oi diaforè twn dÔo olisj sewn e�nai oi ex :

• H ol�sjhsh E×B den exart�tai apì swmatidiak� megèjh, ìpw èqoumedei. Ant�jeta, h ol�sjhsh pou prokÔptei apì thn egk�rsia anomoiogèneiatou ped�ou kai thn kampulìthta twn pediak¸n gramm¸n exart�tai saf¸apì to fort�o, th m�za, thn kinhtik  enèrgeia kai ton epimerismì aut egk�rsia kai kat� m ko tou magnhtikoÔ ped�ou.41



• H ex�swsh gia thn ol�sjhsh E × B e�nai akrib . Ant�jeta, h (2.55)isqÔei kat� mèso ìro, gia qronik� diast mata meg�la se sqèsh me thnper�odo peristrof . 'Eqoun agnohje� oi taqèw metaballìmenoi ìroi,en¸ p�nta up�rqei h pro�pìjesh th asjenoÔ ( pia) anomoiogèneiasto ped�o.Se kleist� sust mata magnhtik  sugkr�thsh pl�smato, to prìblhmatwn olisj sewn antimetwp�zetai me thn eisagwg  elikoeidoÔ perièlixh stimagnhtikè grammè, oÔtw ¸ste h magnhtik  gramm  na br�sketai �llote sthnp�nw, kai �llote sthn k�tw pleur� tou tìrou. Kat� sunèpeia, h ol�sjhshaut  �llote ja apomakrÔnei ta swmat�dia apì to kèntro, kai �llote ja taepanafèrei pro autì. Me kat�llhlh epilog  twn paramètrwn h mèsh apo-m�krunsh mpore� na mhdeniste�.2.1.5 Ta ìria th prosèggish kèntrou peristro-f Mèqri t¸ra de�xame ìti h dÔnamh Lorentz pou aske�tai se èna fortismèno swma-t�dio pou kine�tai se èna exwterik� epibeblhmèno statikì magnhtikì ped�o, odh-ge� to swmat�dio se mia peristrofik  k�nhsh (gurok�nhsh) per� k�poion �xonapar�llhlo sti magnhtikè grammè, en¸ to kèntro peristrof  (guiding cen-
ter) upìkeitai se di�fore olisj sei. E�n h akt�na peristrof  ρL (Larmor)e�nai polÔ mikrìterh apì thn kl�maka th anomoiogèneia (2.45), kai h suqnìth-ta peristrof  e�nai arket� megalÔterh apì th qarakthristik  suqnìthta touped�ou, tìte isqÔei h prosèggish tou kèntrou peristrof . Sthn prosèggishaut , h elikoeid  troqi� tou swmatid�ou mèsa se magnhtikì ped�o proseg-g�zetai apì mia omal  ol�sjhsh, ìpw fa�netai sto parak�tw sq ma. [Sq ma℄.Oi exis¸sei k�nhsh tou kèntrou peristrof  pou perigr�foun autè ti oli-sj sei ex qjhsan gia pr¸th for� apì ton Alfvén to 1940. 'Oson afor� thnupologistik  perigraf  th k�nhsh tou swmatid�ou, w èna prìblhma arqi-k¸n tim¸n me exèlixh th jèsh tou swmatid�ou sto qrìno, aut  h prosèggishepitrèpei megalÔtera qronik� b mata, dedomènou ìti de lamb�netai up' ìyin hleptomer  peristrofik  k�nhsh tou swmatid�ou. (bl. kai [9℄)Sugkentrwtik� ìloi oi mhqanismo� ol�sjhsh pou perigr�fhsan mèqri t¸rama d�noun thn ex  ex�swsh gia thn taqÔthta ol�sjhsh tou kèntrou peri-strof :

v = v‖B +
B

qB
×
(

mv2
‖ (B &∇)B + µ∇B + q∇φ

) (2.56)42



O pr¸to ìro se aut  thn ex�swsh ekfr�zei kajar� thn par�llhlh k�nhshtou kèntrou peristrof  kat� m ko twn magnhtik¸n gramm¸n, en¸ o deÔteroìro perigr�fei ti k�jete olisj sei, kai mpore� na qwriste� se tr�a mèrh:
• thn k�jeth ol�sjhsh lìgw th kampulìthta twn pediak¸n gramm¸n(curvature drift)
• thn ol�sjhsh ∇B lìgw th egk�rsia anomoiogèneia, kaj¸ h èntashtou ped�ou metab�lletai kat� m ko tou.
• thn ol�sjhsh E × B, lìgw th k�jeth sunist¸sa tou exwterikoÔhlektrikoÔ ped�ou. (an up�rqei)H prosèggish tou kèntrou peristrof , sthn opo�a èqoume basiste� giathn an�lush pou èqei g�nei mèqri t¸ra se autì to kef�laio, dikaiologe�tai mìnosth b�sh th sqèsh (2.45). Ed¸ up�rqei èna idia�tera leptì shme�o, to opo�oprèpei na toniste�: To swmat�dio kai to kèntro peristrof  tou kinoÔntai kaikat� m ko twn gramm¸n tou magnhtikoÔ ped�ou. Sunep¸ ja prèpei o rujmìmetabol  tou ped�ou ton opo�o �blèpei� to kinoÔmeno swmat�dio na e�nai tìsomikrì, ¸ste h metabol  tou magnhtikoÔ ped�ou na e�nai polÔ mikr  kat� thdi�rkeia mia periìdou th kuklotronik  k�nhsh.'Otan h prosèggish tou kèntrou peristrof  paÔei na isqÔei, prèpei kane�na lÔsei ti exis¸sei k�nhsh. K�ti tètoio e�nai en gènei efiktì arijmhtik�gia ìle ti peript¸sei. EntoÔtoi, h gn¸sh Ôparxh stajer¸n th k�nhshe�nai p�ntote epijumht  lìgw th dunatìthta beltistopo�hsh enì sust ma-to sugkr�thsh. H Ôparxh stajer¸n th k�nhsh e�nai sunufasmènh me thnÔparxh ant�stoiqwn summetri¸n. H suzug�a aut  anadeiknÔetai kalÔtera me thlegìmenh Qamiltonian  perigraf , me thn opo�a ja asqolhjoÔme ektetamènasth sunèqeia.
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2.2 Mhqanik  Lagrange - Hamilton'Opw e�dame sthn prohgoÔmenh enìthta, h prosèggish tou kèntrou peristro-f  gia th melèth th k�nhsh fortismènwn swmatid�wn se magnhtik� ped�ajètei k�poiou periorismoÔ w pro ti qwrikè kl�make sti opo�e isqÔei.Genik� ja mil soume gia magnhtikè topolog�e pou diakr�nontai apì qwrik summetr�a, sti opo�e ma exuphrete� kalÔtera kai h eisagwg  kampulìgram-mwn susthm�twn suntetagmènwn, pèra apì ti kartesianè. Oi summetr�e tiopo�e ja ekmetalleutoÔme e�nai sunufasmène me thn Ôparxh stajer¸n thk�nhsh sto prìblhma, ìpw prokÔptei apì to pr¸to je¸rhma th Noether.Ja xekin soume anafèronta tou domikoÔ l�jou th mhqanik  Lagrangekai Hamilton, me arket� perissìtere leptomèreie apì ìti sto Kef�laio 1.Fusik� h bibliograf�a Klasik  Mhqanik  e�nai ploÔsia, kai parapèmpoumeton anagn¸sth gia peraitèrw emb�junsh metaxÔ �llwn sta [15℄, [5℄, [?℄, [18℄.To kuriìtero meionèkthma th Neut¸neia Dunamik  gia thn exagwg  twnexis¸sewn k�nhsh, e�nai o dianusmatikì qarakt ra twn exis¸sewn k�nhshsti opo�e katal goume apì to sunduasmì tou deÔterou nìmou tou NeÔtw-na kai th dÔnamh Lorentz. Se kampulìgramma sust mata suntetagmènwn hdiatÔpwsh kai ep�lus  tou kaj�statai arket� dÔskolh, dedomènou ìti peri-lamb�netai kai qronik  metabol  twn monadia�wn dianusm�twn b�sh.H Qamiltonian  perigraf  (ìpw ja thn onom�zoume gia suntom�a apì ed¸kai sto ex ) èqei poll� pleonekt mata:
• e�nai anex�rthth tou sust mato suntetagmènwn
• oi bajmwtè sunart sei Lagrange kai Hamilton sti opo�e sthr�zetaiparèqoun ìlh thn plhrofor�a gia th dunamik  twn swmatid�wn
• ant� gia ta ped�a E kai B qeir�zetai dunamik� φ kai A, ta opo�a sun jwd�nontai apì aploÔstere exis¸sei
• ma epitrèpei thn poiotik  melèth kai exagwg  genikìterwn sumpera-sm�twn, kaj¸ kai th melèth polÔplokwn (qaotik¸n) troqi¸nOi exis¸sei k�nhsh mporoÔn na diatupwjoÔn se di�fore isodÔname mor-fè pou allhlosundèontai me ant�stoiqou metasqhmatismoÔ suntetagmènwn.Mia tètoia morf  prokÔptei or�zonta mia sun�rthsh Lagrange (Lagrangian,Lagkranzian )

L (q, q̇, t) = T (q, q̇) − U (q, t) (2.57)44



ìpou q ≡ {qi} h dianusmatik  jèsh kai q̇ ≡ {dqi/dt} h dianusmatik  ta-qÔthta ìlwn twn bajm¸n eleujer�a se genikeumèno sÔsthma suntetagmènwn.Oi epimèrou sunart sei T kai U e�nai h kinhtik  enèrgeia kai h genikeumènhdunamik  enèrgeia ant�stoiqa. Oi ìpoioi periorismo� (sÔndesmoi, constraints)up�rqoun e�nai qronik� anex�rthtoi. (sklhrìnomoi)H dÔnamh or�zetai w
Fi = −

∂U

∂qi

+
d

dt

(

∂U

∂q̇i

) (2.58) 
F = −∇qU +

d

dt
∇Uq̇ (2.59)Oi ant�stoiqe exis¸sei k�nhsh gia k�je suntetagmènh qi (se k�je bajmìeleujer�a) d�nontai apì ti sqèsei

d

dt

∂L

∂q̇i
−

∂L

∂qi
= 0 (2.60)oi opo�e onom�zontai exis¸sei Euler - Lagrange. H (2.60) prokÔptei wpro�pìjesh gia thn elaqistopo�hsh tou oloklhr¸mato dr�sh

S =

∫ t2

t1

L dt (2.61)metaxÔ dÔo dedomènwn qronik¸n stigm¸n t1 kai t2. H (2.60) e�nai isodÔnamhme th metabolik  arq  (variational principle)
δS = 0 (2.62)Sthn per�ptwsh hlektromagnhtikoÔ ped�ou kai mh sqetikistik  dunamik èqoume:

U (r, ṙ, t) = q [φ (r, t) − ṙA (r, t)] (2.63)ìpou to 4-di�stato dunamikì (φ,A) apotele� th b�sh twn ped�wn:
E = −

∂A

∂t
−∇φ

B = ∇×A







(2.64)
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Or�zonta th Qamiltonian  (Hamiltonian) mèsw metasqhmatismoÔ Legen-
dre w

H (p, q, t) ≡
∑

i

q̇ipi − L (q̇, q, t) (2.65)ìpou ta q̇ jewroÔntai sun�rthsh twn q kai diafor�zonta, prokÔptei hanagka�a sunj kh:
pi ≡

∂L

∂q̇i
(2.66)Upì aut n thn sunj kh, h Qamiltonian  morf  twn exis¸sewn k�nhshperièqei mìno pr¸te parag¸gou kai e�nai h akìloujh:

ṗi = −
∂H

∂qi

q̇i =
∂H

∂pi

(2.67)Oi exis¸sei (2.67) onom�zontai exis¸sei Hamilton.Ep�sh:
∂L

∂t
= −

∂H

∂t
(2.68)Oi metablhtè p, q or�zontai w genikeumène ormè kai jèsei, ant�stoi-qa, kai k�je zeÔgo metablht¸n twn opo�wn h qronik  exèlixh d�netai apìexis¸sei th prohgoÔmenh morf  onom�zetai zeÔgo kanonik¸n metablht¸nen¸ ta pi kai qi anafèrontai w suzuge� (conjugate) metablhtè.2.2.1 H ex�swsh Hamilton - JacobiGia na metasqhmat�soume apì èna arqikì zeÔgo kanonik¸n metablht¸n q, pse èna nèo q̄, p̄ mporoÔme na susqet�soume aut� ta zeÔgh qrhsimopoi¸nta miasun�rthsh twn arqik¸n kai twn nèwn metablht¸n w ex : Dedomènou oti hsun�rthsh Lagrange prokÔptei apì thn metabolik  arq  (2.62), qrhsimopoi-¸nta ton orismì th Qamiltonian  (2.65) èqoume thn sqèsh:

δ

[

∫ t2

t1

(

∑

i

q̇ipi − H (p, q, t)

)

dt

]

= 0 (2.69)46



h opo�a isqÔei tìso gia ti arqikè ìso kai gia ti nèe metablhtè. Su-nep¸, h èkfrash tou or�smato tou oloklhr¸mato w pro ti arqikè me-tablhtè mpore� na diafèrei mìno w pro èna diaforikì apì thn èkfras  touw pro ti nèe metablhtè, dhlad 
∑

i

q̇ipi − H (p, q, t) =
∑

i

˙̄qip̄i − H (p̄, q̄, t) +
d

dt
F1(q, q̄, t) (2.70)ìpou èqoume auja�reta epilèxei thn F = F1 san sun�rthsh twn metablh-t¸n q kai q̄. AnaptÔsonta thn olik  par�gwgo th F1 èqoume

d

dt
F1(q, q̄, t) =

∑

i

∂F1

∂qi

q̇i +
∑

i

∂F1

∂q̄i

˙̄qi +
∂F1

∂t
(2.71)Jewr¸nta ti metablhtè sthn (2.71) w anex�rthte, sugkr�nonta methn (2.70) kai apait¸nta ton mhdenismì twn ìrwn q̇i kai ˙̄qi, prokÔptoun taex :

pi =
∂F1

∂qi
(2.72)

p̄i = −
∂F1

∂q̄i
(2.73)

H̄ (p̄, q̄, t) = H (p, q, t) +
∂

∂t
F1(q, q̄, t) (2.74)Oi exis¸sei (2.72) apoteloÔn ènan kanonikì metasqhmatismì suntetag-mènwn me genn tria sun�rthsh thn F1, sÔmfwna me ton opo�o oi nèe meta-blhtè sundèontai me ti arqikè kai h nèa Qamiltonian  me thn arqik .MporoÔme ep�sh na or�soume genn trie sunart sei w pro �lla zeÔghmeikt¸n arqik¸n kai nèwn metablht¸n:

F2(q, p̄, t), F3(p, q̄, t), F4(p, p̄, t) (2.75)oi opo�e odhgoÔn se ant�stoiqou kanonikoÔ metasqhmatismoÔ. Gia pa-r�deigma h F2 mpore� na prokÔyei mèsw enì metasqhmatismoÔ Legendre :
F2(q, p̄, t) = F1(q, q̄, t) +

∑

i

q̄ip̄i (2.76)ìpou ta q̄ jewroÔntai sun�rthsh twn q kai p̄, opìte prokÔptei o akìloujokanonikì metasqhmatismì: 47



pi =
∂F2

∂qi
(2.77)

q̄i =
∂F2

∂p̄i
(2.78)

H̄ (p̄, q̄, t) = H (p, q, t) +
∂

∂t
F2(q, p̄, t) (2.79)Oi kanoniko� metasqhmatismo�, ektì apì th dunatìthta èkfrash th du-namik  enì sust mato me enallaktikoÔ trìpou, parèqoun epiplèon kaimia mèjodo gia ton trìpo lÔsh tou sust mato. Up�rqoun dÔo peript¸seiefarmog  aut  th mejìdou: sthn pr¸th h Qamiltonian  exart�tai sunar-thsiak� �mesa apì ton qrìno en¸ sth deÔterh h Qamiltonian  den exart�taiapì ton qrìno. Ta Qamiltonian� sust mata pou an koun sthn deÔterh kath-gor�a onom�zontai autìnoma, en¸ aut� th pr¸th kathgor�a mh-autìnoma.Sthn pr¸th per�ptwsh to na jèsoume th nèa (metasqhmatismènh) Qamilto-nian  �sh me to mhdèn H̄ ≡ 0, isoduname� me to na broÔme nèe kanonikèmetablhtè twn opo�wn oi qroniko� par�gwgoi ìpw prokÔptoun apì ti kano-nikè exis¸sei th k�nhsh e�nai mhdenikè. Oi nèe metablhtè e�nai stajerè(w pro ton qrìno) oi opo�e mporoÔn na ermhneutoÔn w arqikè timè twnarqik¸n metablht¸n. 'Etsi, oi exis¸sei tou kanonikoÔ metasqhmatismoÔ apo-teloÔn ousiastik� th lÔsh tou sust mato, h opo�a d�nei th genikeumènh jèshkai thn genikeumènh orm  se k�je qronik  stigm  san sun�rthsh twn arqik¸ntim¸n.Ektel¸nta ti antikatast�sei sti (2.77) kai jètonta H̄ = 0, pro-kÔptei h akìloujh merik  diaforik  ex�swsh gia th genn tria sun�rthsh toumetasqhmatismoÔ

H

(

∂F2

∂q
, q, t

)

+
∂F2

∂t
= 0 (2.80)ìpou h lÔsh th anafèretai sun jw w kÔria sun�rthsh Hamilton (Ha-

milton’s principal function)Sthn deÔterh per�ptwsh (autìnoma sust mata) jètoume th nèa Qamiltonia-n  �sh me mia stajer� H̄ ≡ E kai o metasqhmatismì ikanopoie� thn ex�swsh
Hamilton-Jacobi

H

(

∂F2

∂q
, q

)

= E (2.81)48



H lÔsh th ex�swsh aut  e�nai gnwst  w qarakthristik  sun�rthsh
Hamilton. (Hamilton’s characteristic function)AgkÔle Poisson Mia shmantik  posìthta pou anafèretai [15℄ sth me-lèth Qamiltonian¸n dunamik¸n susthm�twn e�nai h agkÔlh Poisson pou or�ze-tai w ex :

[u, v] =
∑

k

(

∂u

∂qk

∂v

∂pk
−

∂v

∂qk

∂u

∂pk

) (2.82)ìpou u kai v e�nai opoiesd pote sunart sei twn genikeumènwn suntetag-mènwn. Oi agkÔle Poisson dieukolÔnoun thn formalistik  èkfrash diafìrwnexis¸sewn pou aforoÔn sth dunamik  enì QamiltonianoÔ sust mato:1. Oi Qamiltonianè exis¸sei th k�nhsh mporoÔn na graftoÔn w
q̇i = [qi, H ] (2.83)
ṗi = [pi, H ] (2.84)2. H sunolik  qronik  par�gwgo mia sun�rthsh χ = χ(q, p, t) mpore�na grafte� w

dχ

dt
= [χ, H ] +

∂χ

∂t
(2.85)3. Mia sun�rthsh twn genikeumènwn metablht¸n I = I(q, p) apotele� sta-jer� th k�nhsh an kai mìno an br�sketai se enèlixh (involution) me thnQamiltonian  :

[I, H ] = 0 (2.86)2.2.2 Q¸ro F�sewnTo sÔsthma pou perigr�foun oi exis¸sei Hamilton th k�nhsh èqei sthgenik  tou morf  N bajmoÔ eleujer�a (i = 1...N). Oi arqikè timè twngenikeumènwn jèsewn kai orm¸n apoteloÔn èna sÔnolo apì 2N stajerè thk�nhsh oi opo�e kajor�zoun thn dunamik  exèlixh tou sust mato. H exèlixhaut  mpore� na jewrhje� w k�nhsh enì shme�akou s¸mato mèsa se èna q¸ro2N diast�sewn. Upojètonta oti èqoume thn lÔsh twn exis¸sewn th k�nhshpou d�nei ta p kai q san sunart sei tou qrìnou, mporoÔme na diagr�youmethn troqi� autoÔ tou s¸mato apì èna arqikì shme�o (p1, q1) opoÔ briskìtan49



thn qronik  stigm  t1 pro opoiod pote shme�o sto opo�o ja breje� se miametagenèsterh stigm  t2. O 2N-di�stato q¸ro p − q onom�zetai q¸rof�sewn (  fasikì q¸ro) tou sust mato [3℄ kai èqei merikè shmantikèidiìthte oi opo�e anafèrontai parak�tw:
p

q

C (t=t )1 1

C (t=t )2 2

Sq ma 2.4: Troqiè sto q¸ro twn f�sewn1. Oi troqiè k�nhsh ston q¸ro twn f�sewn den mpore� na tèmnontai semia dedomènh qronik  stigm , ìpw prokÔptei apì to gegonì oti k�jearqik  jèsh sto q¸ro prosdior�zei me trìpo monos manto thn akìloujhexèlixh tou sust mato. An h Qamiltonian  e�nai anex�rthth tou qrìnou(autìnomo sÔsthma) den e�nai dunatì na up�rqoun temnìmene troq�eston fasikì q¸ro.2. Mi� kleist  uperepif�neia C1 tou fasikoÔ q¸rou pou perikle�ei ènasÔnolo apì arqikè sunj ke thn qronik  stigm  t1 exel�setai se miakleist  uperepif�neia C2 thn qronik  stigm  t2 pou perikle�ei shme�akajèna apì ta opo�a apotele� exèlixh k�poiou shme�ou pou perikle�etaisthn C1. H idiìthta aut  prokÔptei �mesa apì thn prohgoÔmenh kaj¸k�je troqi� pou xekin� apì èna shme�o entì th C1 den mpore� na tèmneithn C1 kaj¸ tìte oi tautìshme arqikè sunj ke (sto shme�o tom )se mia dedomènh qronik  stigm  ja epèbalan tautìshmh exèlixh. Qr si-mh sunèpeia aut  th idiìthta apotele� to gegonì oti h melèth thexèlixh enì meg�lou arijmoÔ geitonik¸n shme�wn tou fasikoÔ q¸roumpore� na pragmatopoihje� qrhsimopoi¸nta èna mikrìtero sÔnolo shme-�wn (uperepif�neia) pou perikle�ei ton prohgoÔmeno q¸ro kai h exèlixhtou opo�ou apotele� sÔnoro th exèlixh tou arqikoÔ sunìlou.50



p

q

t

C1

C2

Sq ma 2.5: Diadrom  olokl rwsh gia to olokl rwma dr�sh3. JewroÔme èna sÔnolo apì arqikè sunj ke, k�je mia apì ti opo�eantistoiqe� se mia pijan  kat�stash tou sust mato. H pijanìthta enìsunìlou   h katanom  puknìthta twn katast�sewn tou sust mato stofasikì q¸ro mpore� na ekfraste� w
τ = τ(p, q, t) (2.87)An kanonikopoi soume thn sun�rthsh τ ètsi ¸ste na isqÔei

∫fasikì q¸ro τ
∏

i

dpidqi = 1 (2.88)tìte dℵ = τ
∏

i dpidqi e�nai h pijanìthta kat� thn qronik  stigm  t, tosÔsthma na br�sketai se mia kat�stash sthn opo�a oi i-stè suntetag-mène na br�skontai h men jèsh metaxÔ qi kai qi + dqi, h de orm  metaxÔ
pi kai pi + dpi. O rujmì allag  tou arijmoÔ twn fasik¸n shme�wn
dℵ, pou perièqontai ston apeirostì ìgko tou fasikoÔ q¸rou:

∏

i

dpidqi = 1 (2.89)prosdior�zetai apì thn ex�swsh sunèqeia
∂dℵ

∂t
+
∑

i

(

∂

∂pi
(dℵṗi) +

∂

∂qi
(dℵq̇i)

)

= 0 (2.90)51



Diair¸nta me ton ìgko prokÔptei o rujmì allag  th puknìthta seèna shme�o tou fasikoÔ q¸rou
∂τ

∂t
+
∑

i

(

ṗi
∂τ

∂pi
+ τ

∂ṗi

∂pi
+ q̇i

∂τ

∂qi
+ τ

∂q̇i

∂qi

)

= 0 (2.91)Apì ti exis¸sei Hamilton gia ta ṗi kai q̇i, o deÔtero kai o tètartoìro aplopoioÔntai kai prokÔptei
∑

i

(

ṗi
∂τ

∂pi
+ q̇i

∂τ

∂qi

)

+
∂τ

∂t
= 0 (2.92)H ex�swsh aut  apotele� diatÔpwsh th asumpiestìthta (incompressi-

bility) th ro  sto fasikì q¸ro kai e�nai gnwst  kai w je¸rhma tou
Liouville.Oloklhrwtikè StajerèOi proanaferje�se idiìthte prosd�doun shmantikè eukol�e sth melèth thdunamik  enì sust mato sto fasikì q¸ro. Sugkekrimèna apì thn ex�swsh(2.92) aporèei to gegonì oti h posìthta

∫

∏

i

dpidqi (2.93)ìpou to 2N-di�stato olokl rwma upolog�zetai se mia dedomènh qronik stigm  t, e�nai mia stajer� th k�nhsh. 'Ena ierarqhmèno sÔnolo apì tètoiestajerè aÔxousa di�stash sto fasikì q¸ro melet jhke arqik� apì ton
Poincaré (1892), Oi oloklhrwtikè stajerè e�nai jemeli¸dei gia thn jewr�atwn Qamiltonian¸n ro¸n kai mpore� na apotelèsei b�sh jemel�wsh tou su-nìlou th dunamik  jewr�a. Sthn sunèqeia exet�zetai to pr¸to mèlo autoÔtou sunìlou (tou opo�ou h posìthta (2.93) apotele� to N-ostì mèlo):

∫ ∫

∑

i

dpidqi = stajer� (2.94)ìpou to olokl rwma e�nai p�nw se mia 2-di�stath epif�neia tou fasikoÔq¸rou se k�poia qronik  stigm  t.Efarmìzonta to je¸rhma Stokes sthn (2.94), prokÔptei h stajer�
∮

∑

i

pidqi = stajer� (2.95)52



ìpou h olokl rwsh pragmatopoie�tai p�nw se mia kleist  diadrom  sto fa-sikì q¸ro k�poia qronik  stigm  t, kai e�nai idia�tera shmantik  sthn melèthtalantwtik¸n susthm�twn ìpw ja fane� sthn sunèqeia.
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2.2.3 Metablhtè Dr�sh - Gwn�a se sust mataenì bajmoÔ eleujer�aH sun�rthsh Hamilton enì autìnomou sust mato me èna bajmì eleujer�a,èqei th morf  ([3℄)
H = H (q, p) = h (2.96)ìpou to h an kei sto sÔnolo twn stajer¸n tim¸n th sun�rthsh H . Hsqèsh (2.96) parist�nei mia monoparametrik  oikogèneia kampul¸n sto didi-�stato q¸ro f�sewn. Gia ti timè th h pou den antistoiqoÔn se mhdenismìth kl�sh th Qamiltonian  (shme�a isorrop�a), oi ant�stoiqe fasikè kam-pÔle den tèmnoun ton eautì tou. An epiplèon h k�nhsh e�nai peratwmènh,ìtan h Qamiltonian  e�nai paragwg�simh, tìte mia fasik  kampÔlh pou pari-st�netai apì thn ex�swsh (2.96) de mpore� na èqei shme�a suss¸reush. Oiperatwmène fasikè kampÔle e�nai kleistè, kai h ant�stoiqh k�nhsh e�nai pe-riodik . P�nw se autè ti kleistè fasikè kampÔle to dianusmatikì ped�otou Hamilton e�nai pantoÔ omalì.En gènei èqoume dÔo tÔpou kleist¸n fasik¸n kampul¸n, an�loga me thfÔsh th genikeumènh suntetagmènh q:Sthn pr¸th per�ptwsh, met� apì k�poio qronikì di�sthma T , oi metablhtè

q, p epanèrqontai sti arqikè tou timè:
q(t + T ) = q(t), p(t + T ) = p(t)Sthn per�ptwsh aut , h fasik  troqi� e�nai mia kleist  kampÔlh sto e-p�pedo (q, p) kai h ant�stoiqh k�nhsh onom�zetai l�knish. (libration)Sth deÔterh per�ptwsh, h sun�rthsh Hamilton e�nai periodik  sun�rth-sh th genikeumènh suntetagmènh q me per�odo q0, dhlad  H (q + q0, p) =

H (q, p). H per�ptwsh aut  emfan�zetai sun jw ìtan h q e�nai gwniak  sun-tetagmènh, kai tìte h q0 isoÔtai me 2π. O q¸ro f�sewn e�nai kulindrikìw pro thn q kai to fasikì shme�o (q + q0, p) sump�ptei me to (q, p). Tìte,met� apì k�poio qronikì di�sthma T , h genikeumènh orm  p epanèrqetai sthnarqik  th tim , all� h genikeumènh suntetagmènh q mpore� na aux�netai kat�thn posìthta q0:
q(t + T ) = q(t) + q0, p(t + T ) = p(t)H fasik  troqi� sto ep�pedo (q, p) e�nai mia periodik  w pro q kampÔlhme per�odo q0, ìmw ston kulindrikì q¸ro f�sewn h fasik  troqi� e�nai miakleist  kampÔlh. H periodik  k�nhsh autoÔ tou tÔpou onom�zetai peristrof 54



(rotation). E�nai dunatìn na emfan�zontai sto �dio sÔsthma kai oi dÔo tÔpoiperiodik¸n kin sewn.Ef' ìson ergazìmaste se perioqè tim¸n tou h pou den antistoiqoÔn seshme�a mhdenismoÔ th kl�sh th Qamiltonian  (shme�a isorrop�a), h sqèsh(2.96) epilÔetai w pro thn orm :
p = p(q, h) (2.97)H metablht  dr�sh or�zetai apì to epikampÔlio olokl rwma:

J =
1

2π

∮

p(q, h) dq (2.98)ìpou h olokl rwsh g�netai kat� m ko twn kleist¸n fasik¸n troqi¸nstou sust mato, gia mia pl rh per�odo l�knish   peristrof .. MporoÔmena doÔme ìti h dr�sh J exart�tai mìno apì th stajer� h, sunep¸ e�nai o-lokl rwma th k�nhsh, exart¸meno apì th Qamiltonian . An antistrèyoumeaut  th sqèsh (h = h(J)) kai antikatast soume sth sqèsh (2.97) , ja èqoume:
p = p(q, J) (2.99)Or�zoume t¸ra th sun�rthsh

W = W (q, J) =

∫

p(q, J) dq (2.100)thn opo�a ja qrhsimopoi soume w genn tria sun�rthsh kanonikoÔ meta-sqhmatismoÔ deÔterou tÔpou, ìpou h dr�sh J e�nai h nèa genikeumènh orm .H suzug  suntetagmènh th J , h opo�a d�netai apì th sqèsh
w =

∂W

∂J
=

∂

∂J

∫

p(q, J) dq (2.101)onom�zetai metablht  gwn�a, en¸ o kanonikì metasqhmatismì sumplh-r¸netai apì th sqèsh p = ∂W/∂q = p(q, J), h opo�a sump�ptei me thn (2.99).H sun�rthsh Hamilton, ekpefrasmènh sti nèe metablhtè, ìpw fa�netaikai apì th sqèsh h = h(J) ja exart�tai mìno apì th dr�sh:
H = H (J) (2.102)kai oi kanonikè exis¸sei g�nontai:

J̇ = −
∂H

∂w
= 0 ẇ =

∂H

∂J
= ω(J) (2.103)55



H pr¸th apì ti kanonikè exis¸sei d�nei thn profan  lÔsh J = staj.AfoÔ h ω e�nai sun�rthsh mìno th stajer  dr�sh, ja e�nai ep�sh stajer ,kai h deÔterh ex�swsh oloklhr¸netai amèsw:
w = ω(J)t + ϑ (2.104)ìpou h stajer� olokl rwsh ϑ sump�ptei me thn arqik  tim  th metablh-t  gwn�a w(0). Ja de�xoume ìti h metablht  w apotele� gwniak  suntetag-mènh p�nw sti kleistè fasikè kampÔle tou sust mato.'Estw ∆w h sunolik  metabol  tou w gia mia pl rh peristrof  kat� m komia kleist  fasik  kampÔlh, dhlad :

∆w =

∮

∂w

∂q
dq =

∮

∂2W

∂J∂q
dq (2.105)Ef' ìson h dr�sh J paramènei stajer  kat� m ko th olokl rwsh h(2.105) gr�fetai

∆w =
∂

∂J

∮

∂W

∂q
dq =

∂

∂J

∮

p(q, h) dq = 2π (2.106)ParathroÔme ìti kat� m�a pl rh peristrof  ep�nw sti kleistè fasikèkampÔle tou sust mato, h w metab�lletai kat� 2π, sunep¸ e�nai kal  gw-niak  suntetagmènh.An T e�nai h qronik  per�odo th l�knish   th peristrof , h ∆w mpore�ep�sh na upologiste� apì thn ex�swsh th k�nhsh (2.104) :
∆w = w(t + T ) − w(t) = ωT (2.107)Sugkr�nonta t¸ra ti dÔo teleuta�e sqèsei, blèpoume ìti h stajer� ωsump�ptei me th gwniak  suqnìthta th k�nhsh :

ω =
2π

T
(2.108)Sthn perioq  twn likn�sewn, oi metablhtè dr�sh - gwn�a apoteloÔnsÔsthma polik¸n suntetagmènwn sto q¸ro twn f�sewn. K�je fasik  troqi�parist�netai apì ènan kÔklo, h akt�na tou opo�ou prosdior�zetai apì th sta-jer  tim  th metablht  dr�sh, en¸ h metablht  gwn�a apotele� gwniak suntetagmènh kat� m ko th troqi�. ParathroÔme ìti to olokl rwma

∮

p(q, h) dq56



to opo�o e�nai to embadì pou perikle�ei h ant�stoiqh fasik  kampÔlh, i-soÔtai me 2πJ . H akt�na tou ant�stoiqou kÔklou ja isoÔtai me √
2J . Oiant�stoiqe kartesianè suntetagmène sto ep�pedo tou sq mato autoÔ e�nai:

X =
√

2J sin w Y =
√

2J cos w (2.109)Oi suntetagmène X, Y e�nai kanonikè, afoÔ epalhjeÔoun th sqèsh
[X, Y ] = 1Sthn per�ptwsh peristrof , oi J, w apoteloÔn sÔsthma suntetagmènwnsthn epif�neia kul�ndrou, kai oi kleistè fasikè kampÔle parist�nontai apìtou kÔklou J = staj. Kai sti dÔo peript¸sei h suqnìthta exart�tai engènei apì th dr�sh (ω = ω(J)), sunep¸ metab�lletai apì troqi� se troqi�.'Otan ìmw h ex�rthsh th H apì to J e�nai grammik , tìte h sÔqnothta (�rakai h per�odo) e�nai anex�rthth tou J kai h �dia gia ìle ti troqiè. Se aut thn per�ptwsh isqÔei ìti dω/dJ = 0 kai to sÔsthma onom�zetai ekfulismèno.Ant�stoiqa or�zontai oi metablhtè dr�sh kai gwn�a (Ji, wi) gia sust ma-ta me perissìterou bajmoÔ eleujer�a.
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2.2.4 Adiabatikè Anallo�wteSe peript¸sei ìpou èna fusikì sÔsthma parousi�zei periodikìthta sthn k�nh-sh, oi metablhtè Dr�sh - Gwn�a apodeiknÔontai qr simo ergale�o, dedo-mènou ìti epitrèpoun thn eÔresh twn suqnot twn twn periodik¸n kin sewntou sust mato qwr� thn pl rh ep�lus  tou. (blèpe kai [6℄) E�n to upìmelèth sÔsthma èqei ex�rthsh apì k�poia par�metro λ(t) pou metab�lletaiarg� me to qrìno, tìte oi metablhtè dr�sh mènoun praktik� stajerè. Giathn idiìtht� tou aut  qarakthr�zontai w adiabatikè anallo�wte (adiabatic
invariants).Pio analutik�, jewroÔme sÔsthma me Qamiltonian  th morf 

H = H (qi, pi, λ) (2.110)ìpou λ stajer  par�metro. Oi metablhtè dr�sh - gwn�a ja parou-si�zoun kai autè ex�rthsh apì thn par�metro λ kai pa�rnoun th morf 
J (qi, pi, λ) , θ (qi, pi, λ). Antikajist¸nta th stajer  par�metro λ me th qro-noexart¸menh λ(t), oi draseogwniakè metablhtè g�nontai sunart sei touqrìnou, dhlad  J (qi, pi, λ(t)) , θ (qi, pi, λ(t)). H metablht  dr�sh J den apo-tele� pleìn stajer� th k�nhsh. EntoÔtoi apodeiknÔetai ìti, e�n h par�me-tro λ metab�lletai kat� ∆λ se qronikì di�sthma ∆t, tìte h metabol  ∆Jth J e�nai an�logh tou ∆λ/∆t:

∆J ∼ ∆λ/∆tE�nai sunep¸ dunatìn na epifèroume ìso meg�lh metabol  epijumoÔmesthn par�metro λ d�qw na all�xei h J , arke� aut  na g�nei se meg�lh qronik per�odo ∆t.H k�nhsh fortismènwn swmatid�wn entì magnhtik¸n ped�wn parousi�zeiperiodikìthta, opìte oi draseogwniakè metablhtè br�skoun efarmog . Meti adiabatikè anallo�wte mporoÔme na ermhneÔsoume thn pag�deush forti-smènwn swmatid�wn se magnhtik� ped�a dipìlwn, ìpw to magnhtikì ped�o thGh.Gia na broÔme ti adiabatikè anallo�wte analÔoume to prìblhma me b�shthn taqÔthta twn swmatid�wn. H genik  èkfrash gia to olokl rwma dr�she�nai:
J =

1

2π

∮

C

pdq (2.111)58



Sumbol�zonta me ds to stoiqe�o m kou th troqi� tou swmatid�ou, jaèqoume
J =

1

2π

∮

C

p & ds (2.112)Prin genikeÔsoume gia k�je fortismèno swmat�dio, ja asqolhjoÔme me tohlektrìnio. H orm  swmatid�ou me fort�o q = e (hlektron�ou) ja e�nai loipìn
p = mv + eA (2.113)Antikajist¸nta, br�skoume th genikìterh èkfrash gia to olokl rwmadr�sh:

J =
1

2π

∮

C

mv & ds +
1

2π

∮

C

eA & ds (2.114)Qrhsimopoi¸nta to je¸rhma Stokes kai th sqèsh B = ∇× A èqoume:
J =

1

2π

∮

C

mv & ds +
1

2π

∫∫

Σ

eB & da (2.115)ìpou C h kampÔlh pou perib�llei thn epif�neia Σ.Sth sunèqeia ja melet soume ti adiabatikè anallo�wte pou sunant�mesthn k�nhsh fort�wn se metaballìmeno (mh omogenè) magnhtikì ped�o, kaisugkekrimèna se èna magnhtikì d�polo, to opo�o ja ma apasqol sei arket�.H k�nhsh aut  èqei meg�lh shmas�a giat� ta magnhtik� d�pola ta sunant�metaktik� sth magnhtìsfaira th gh, tou plan te kai �lla astrofusik� an-tike�mena, en¸ h topolog�a magnhtikoÔ ped�ou pou ep�getai apì kuklikì brìqoreÔmato (current loop) e�nai per�pou h �dia (kat� mia prosèggish pou ja ana-luje� sto epìmeno Kef�laio) me aut  tou magnhtikoÔ dipìlou.To fort�o ektele� mèsa sto magnhtikì d�polo trei qarakthristikè pe-riodikè kin sei:1. Peristrèfetai gÔrw apì ti magnhtikè grammè me kuklotronik  su-qnìthta ωc2. To kèntro peristrof  tou fort�ou olisja�nei kat� m ko twn magnh-tik¸n gramm¸n lìgw diam kou anomoiogèneia, kai e�n pagideute� mèsasto d�polo ektele� mia tal�ntwsh metaxÔ twn pìlwn3. To kèntro peristrof  tou swmatid�ou kine�tai egk�rsia (k�jeta) proti magnhtikè grammè, giat� to magnhtikì ped�o tou dipìlou exart�taiapì thn apìstash apì to kèntro tou.59



Ti trei adiabatikè kin sei pou perigr�yame sunodeÔoun, ìpw ja de-�xoume sth sunèqeia, ant�stoiqe trei adiabatikè anallo�wte.Pr¸th Adiabatik  Anallo�wth: Magnhtik  Rop 'Opw  dh èqoume anafèrei akrojig¸, h magnhtik  rop  th kuklotronik k�nhsh tou fortismènou swmatid�ou per� ti magnhtikè grammè e�nai mia a-diabatik  anallo�wth. A antimetwp�soume to prìblhma analutik�:To pr¸to olokl rwma dr�sh pou ja upolog�soume sundèetai me thn peri-strofik  k�nhsh twn fortismènwn swmatid�wn gÔrw apì ti magnhtikè gram-mè. H kat�llhlh epilog  gia orm  se aut  thn per�ptwsh e�nai h k�jeth stimagnhtikè grammè (egk�rsia) sunist¸sa th orm :
p⊥ = mv⊥ − qA⊥ (2.116)Gia to olokl rwma dr�sh èqoume:

J1 =
1

2π

∮

C

p⊥ & ds
=

1

2π

∮

C

(mv⊥ + eA⊥) & ds
=

1

2π

∮

C

mv⊥ & ds +
1

2π

∮

C

eA⊥ & ds (2.117)
Qrhsimopoi¸nta ìti A = A⊥ kai thn èkfrash gia thn akt�na Larmor

ρL =
mv⊥
eB

(2.118)èqoume:
J1 =

1

2π

∮

C

mv⊥ρLθ̂dθ +
1

2π

∮

C

eA & ds
=

1

2π
mv⊥2πρL +

1

2π

∫∫

Σ

e∇×A & da
= mv⊥ρL +

1

2π

∫∫

Σ

eB & da
= mv⊥ρL −

1

2π
eBπρ2

L

=
1

2

(mv⊥)2

eB

(2.119)
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To arnhtikì prìshmo proèkuye lìgw th olokl rwsh sthn kampÔlh meth for� twn deikt¸n tou rologioÔ.Gia argè metabolè tou B, h posìthta J1 e�nai adiabatik  anallo�wth tousust mato. H posìthta (mètro)
µ =

eJ1

m
=

p2
d⊥

2mB
(2.120)onom�zetai pr¸th adiabatik  anallo�wth, (Alfvén 1950) e�nai h magnhtik rop  th kuklotronik  troqi� kai pa�zei shmantikì rìlo sth fusik  pl�sma-to sti prosp�jeie periorismoÔ fortismènwn swmatid�wn se fragmène pe-rioqè. H posìthta pd⊥ e�nai h k�jeth sti magnhtikè grammè sunist¸sath dunamik  orm . (mv)DeÔterh Adiabatik  Anallo�wth: Diam kh (longitudinal)H deÔterh adiabatik  anallo�wth èqei �mesh sqèsh me th diam kh anomoio-gèneia se mh omogen  statik� magnhtik� ped�a, ìpw autì tou magnhtikoÔdipìlou. To fortismèno swmat�dio mpore� na epitaqunje� kat� th for� twnmagnhtik¸n gramm¸n. 'Opw ja doÔme pio k�tw, aut  h k�nhsh e�nai periodi-k . To swmat�dio diagr�fei sqedìn kleist  troqi� gÔrw apì ti magnhtikègrammè, talantoÔmeno metaxÔ shme�wn anap dhsh. H je¸rhsh ìti h troqi�e�nai kleist  den e�nai apìluta akrib , lìgw th azimoujiak  metatìpish(ol�sjhsh) thn opo�a ep�sh ektele� to swmat�dio. Th jewroÔme ìmw ame-lhtèa, kai thn troqi� w ek toÔtou kleist .Ef' ìson èqoume periodik  k�nhsh, anamènoume ìti ja up�rqei �llo ènaolokl rwma dr�sh. Pr�gmati, up�rqei to olokl rwma dr�sh J2 pou ono-m�zetai deÔterh adiabatik  anallo�wth   diam kh (longitudinal) adiabatik anallo�wth.Epistrèfoume sth sqèsh (2.115), epilègonta aut  th for� thn par�llhlhsunist¸sa th orm  tou swmatid�ou:

p‖ = mv‖ − qA‖ (2.121)'Eqoume loipìn:
J2 =

1

2π

∮

C

mv‖ & ds− 1

2π

∫∫

Σ

qB & da (2.122)61



Sthn prokeimènh per�ptwsh h epif�neia olokl rwsh e�nai k�jeth sti ma-gnhtikè grammè (diagr�foume troqi� kat� m ko tou B) sunep¸ o deÔteroìro mhden�zetai:
J2 =

1

2π

∮

C

mv‖ds (2.123)'Otan h olik  enèrgeia diathre�tai, to olokl rwma dr�sh J2 exart�taimìno apì to magnhtikì ped�o B. H olik  enèrgeia ofe�letai sthn k�jeth kaithn par�llhlh sunist¸sa th taqÔthta:
E = E⊥ + E‖ ⇒

E‖ = E − E⊥ =
1

2
mv2

‖ ⇒

v‖ =

√

2

m
E

√

1 −
E⊥
E

(2.124)To J1 exakolouje� na apotele� adiabatik  anallo�wth, sunep¸ lìgw thsqèsh (2.120) èqoume:
v‖ =

√

2

m
E

√

1 −
µB

E
(2.125)'Otan h olik  enèrgeia diathre�tai, mporoÔme na antikatast soume thn tim th me eke�nh pou lamb�nei sto shme�o anap dhsh, h opo�a isoÔtai me thnk�jeth enèrgeia:

E = Emir = E⊥ = µBmir (2.126)opìte telik� prokÔptei
v‖ =

√

2

m
E

√

1 −
B

Bmir
(2.127)kai

J2 =
1

2π

√
2mE

∮

ΣA

√

1 −
B

Bmir
ds (2.128)Gia mikrè allagè tou magnhtikoÔ ped�ou h J2 apotele� adiabatik  anal-lo�wth, en¸ pio austhr  apìdeixh gia sqetikistik� swmat�dia èqei g�nei apìtou Northrop kai Teller to 1960. [19℄62



Mèqri stigm  èqoume jewr sei w dedomèno ìti ta swmat�dia ekteloÔnperiodik  k�nhsh metaxÔ shme�wn anap dhsh. Ja de�xoume ìti pr�gmati autìsumba�nei. Apì thn olik  enèrgeia tou sust mato èqoume:
E =

1

2π

(

p2
d⊥ + p2

d‖
) (2.129)sqèsh h opo�a mèsw th (2.120) g�netai:

pd‖ =
√

2mE − pd⊥ =
√

2m(E − µB) (2.130)Upojètoume adiabatik  metabol  tou magnhtikoÔ ped�ou kaj¸ kine�taito swmat�dio. 'Otan to magnhtikì ped�o apokt sei to mègisto th tim  tou
B = Bmax = E/µ h par�llhlh sunist¸sa th dunamik  orm  mhden�zetai.(p‖ = 0) To gegonì autì �genn�ei� èna shme�o epistrof . To swmat�dioarq�zei kai kine�tai kat� thn ant�jeth kateÔjunsh, ìpou kai sunant�ei magnh-tikì ped�o to opo�o arqik� mei¸netai se èntash, me sunèpeia na epitaqÔnetai.K�poia stigm  ìmw ja ft�sei p�li se shme�o me mègisth èntash opìte kaija epanalhfje� h �dia diadikas�a. Kaj' ìlh th di�rkeia th k�nhsh pou peri-gr�foume, to swmat�dio exakolouje� na ektele� thn kuklotronik  k�nhsh. Tashme�a epistrof  onom�zontai katoptrik� shme�a kai èqoun meg�lh shmas�asth fusik  pl�smato.Gwn�a kl�sh (pitch angle) H gwn�a kl�sh α or�zetai h gwn�a metaxÔth taqÔthta v tou swmatid�ou kai tou magnhtikoÔ ped�ou B. Oi sunist¸seth taqÔthta ekfr�zontai tìte w ex :

v‖ = v cos α (2.131)
v⊥ = v sin α (2.132)W ek toÔtou mporoÔme na gr�youme thn pr¸th adiabatik  anallo�wth wex :

µ =
T⊥
B

=
1
2
mv2

⊥
B

=
1
2
m (v sin α)2

B

=
T sin2 α

B

(2.133)
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Epeid  h posìthta µ diathre�tai, pa�rnoume ti ekfr�sei th pou antistoi-qoÔn se katoptrikì kai se ishmerinì shme�o:
µ =

T sin2 αeq

Beq
=

T

Bmir
(2.134)Sunep¸ :

sin2 αeq =
Beq

Bmir
(2.135)H deÔterh adiabatik  anallo�wth sunart sei th gwn�a kl�sh gr�fetai:

J2 =
1

2π

√
2mT

∮

ΣA

√

1 −
B

Beq

sin2 αeq ds (2.136)'Ena swmat�dio me mhdenik  ishmerin  gwn�a kl�sh ja anaphd sei sto �pei-ro. Sthn per�ptwsh tou g inou magnhtikoÔ ped�ou, to �peiro antistoiqe� stokèntro th gh. E�n h tim  tou magnhtikoÔ ped�ou sto shme�o anap dhsh e�naiarket� uyhl , dhlad  megalÔterh apì mia kr�simh tim  Bcrit
eq , to swmat�dio jaepistrèyei ston ishmerinì:

sin2 αloss
eq =

Beq

Bcrit
eq

(2.137)Swmat�dia me gwn�a kl�sh ston ishmerinì mikrìterh th αloss
eq eisèrqon-tai sthn atmìsfaira th gh, ant� na upostoÔn an�klash sked�zontai kaiq�nontai apì ton plhjusmì twn swmatid�wn. Aut  h gwn�a kl�sh onom�zetaiishmerinì k¸no ap¸leia. (equatorial loss cone)Tr�th Adiabatik  Anallo�wth : Magnhtik  Ro  - Magnetic

FluxMèqri stigm  èqoume dei ìti h k�je adiabatik  anallo�wth sundèetai me ènantÔpo k�nhsh tou swmatid�ou: h J1 me thn kuklotronik  k�nhsh tou swmati-d�ou kai h J2 me thn k�nhsh kat� m ko twn pediak¸n gramm¸n. Up�rqei kaimia tr�th adiabatik  anallo�wth (periodik  k�nhsh) pou sundèetai me thn arg ol�sjhsh tou kèntrou peristrof  diamèsou twn magnhtik¸n gramm¸n.Kaj¸ to swmat�dio peristrèfetai azimoujiak� gÔrw apì to magnhtikìd�polo, den up�rqei k�poio lìgo na upojèsoume ìti ja epistrèyei sthn �diatroqi�, eidik� sthn per�ptwsh mh omogenoÔ ped�ou. Me �lla lìgia, endèqetaito swmat�dio na katal xei se diaforetik  magnhtik  gramm , epistrèfonta64



sthn �dia azimoujiak  gwn�a. Sthn pragmatikìthta ìmw, to swmat�dio epi-strèfei sthn �dia magnhtik  gramm , upì thn pro�pìjesh ìti h posìthta J2diathre�tai. Poiotik� autì mpore� na diapistwje� apì th sqèsh (2.128) . Giaswmat�dia me dedomènh µ kai T se k�je pediak  gramm  antistoiqe� diaforetik 
J2. 'Otan loipìn h J2 diathre�tai, to swmat�dio anagkastik� epistrèfei sthn�dia dunamik  gramm  - h diat rhsh th J2 empod�zei ta swmat�dia apì to nakinhjoÔn aktinik�.To swmat�dio loipìn e�nai anagkasmèno se periodik  azimoujiak  k�nhshakìma kai se ped�a qwr� axonik  summetr�a. (pq to ped�o magnhtikoÔ dipìlou)H periodik  aut  k�nhsh sunodeÔetai apì mia adiabatik  anallo�wth. Jètontasthn ex�swsh (2.115) w orm  thn

pφ = mvφ − qAφ (2.138)ja èqoume:
J3 =

1

2π

∮

C

mvφds −
1

2π

∮

C

qAφds (2.139)H taqÔthta ol�sjhsh vφ e�nai polÔ mikr , sunep¸ to pr¸to olokl rwmampore� na agnohje�, opìte katal goume sth sqèsh
J3 = −

1

2π

∮

C

qAφds = −qΦ (2.140)ìpou Φ h olik  Magnhtik  Ro  pou perib�llei h troqi� tou swmatid�oukat� thn azimoujiak  tou k�nhsh. Se peript¸sei pou to magnhtikì ped�oparamènei praktik� amet�blhto se meg�la qronik� diast mata, h magnhtik ro  Φ apotele� thn tr�th adiabatik  anallo�wth. Peraitèrw suz thsh sqetik�me thn tr�th adiabatik  anallo�wth g�netai kai apì ton Chen sto klasikìsÔggramma Fusik  Pl�smato ([13℄).2.3 Isodunam�a Neut¸neia Dunamik  meformalismì Lagrange - HamiltonGr�foume th Qamiltonian  sun�rthsh sth morf 
H (q,p, t) =

∑

i

(pi & q̇i) − L (2.141)ìpou h p ≡ {pi} onom�zetai kanonik  (genikeumènh) orm  kai q ≡ {qi}65



p ≡ ∇qL ≡ ∇qL (2.142)Oi merikè par�gwgoi th Qamiltonian  w pro pi kai qi d�noun ti an-t�stoiqe exis¸sei Hamilton :
q̇i =

∂H

∂pi
ṗi = −

∂H

∂qi
(2.143)H merik  par�gwgo th Qamiltonian  w pro to qrìno ja e�nai

dH

dt
=
∑

i

dpi

dt
q̇i +

∑

i

pi
dq̇i

dt
−

(

∑

i

∂L

∂qi
q̇i +

∑

i

∂L

∂q̇i

dq̇i

dt
+

∂L

∂t

)

= −
∂L

∂t(2.144)Katal goume sto sumpèrasma ìti e�n h Lagkranzian  den exart�tai apì toqrìno, tìte h Qamiltonian  e�nai mia stajer� th k�nhsh, to opo�o shma�nei ìtih olik  enèrgeia diathre�tai. Sunep¸, h enèrgeia e�nai suzug  (conjugate)w pro to qrìno, ìpw ant�stoiqa h kanonik  orm  e�nai suzug  w pro thjèsh. ([14℄)H (kanonikopoihmènh w pro c) Lagkranzian  gia èna (mh sqetikistikì)fortismèno swmat�dio mèsa se hlektrikì kai magnhtikì ped�o e�nai
L =

1

2
mv2 − qφ + q(v &A) (2.145)Ja apode�xoume sth genik  per�ptwsh thn isqÔ th ex�swsh (2.145) jèton-ta thn anwtèrw èkfrash sthn ex�swsh tou Lagrange :
dpi

dt
=

∂L

∂qi

(2.146)ìpou pi ≡ ∂L /∂q̇i h kanonik  orm . En tèlei ja ex�goume thn èkfrashpou ma d�nei th dÔnamh Lorentz. Ef' ìson den douleÔoume se sugkekrimènhtopolog�a, den up�rqei lìgo epilog  sugkekrimènou sust mato suntetag-mènwn, kai gia autì to lìgo ja jewr soume ti kartesianè suntetagmènew kanonikè jèsei. Se aut  thn per�ptwsh èqoume gia thn kanonik  orm :
p = mv + qA(x, t) (2.147)To aristerì mèlo th ex�swsh (2.146) d�nei t¸ra

dp

dt
= m

dv

dt
+ q

(

∂A

∂t
+ v &∇A

) (2.148)66



En¸ to dex� mèlo:
∂L

∂x
= q∇(v &A) − q∇φ

= q(v &∇A + v ×∇× A) − q∇φ

= q(v &∇A + v × B) − q∇φ

(2.149)Exis¸nonta ti dÔo anwtèrw ekfr�sei, katal goume sthn ex�swsh Lo-
rentz, afoÔ l�boume up' ìyin ìti E = −∂A/∂t − ∇φ, b�sei tou nìmou tou
Faraday. 'Eqoume apode�xei loipìn ìti o formalismì Lagrange e�nai majhma-tik� isodÔnamo me thn ex�swsh Lorentz, e�n èqei efarmoste� sth b�sh tharq  th el�qisth dr�sh.H Qamiltonian  gia thn k�nhsh tou fortismènou swmatid�ou se hlektroma-gnhtikì ped�o (kartesianè suntetagmène) e�nai:

H = p &v − L

=
1

2
mv2 + qφ

=
(p − qA (x, t))2

2m
+ qφ (x, t)

(2.150)Sunep¸ sti trei diast�sei gr�foume:
H (r,p, t) =

1

2m
|p− qA(r, t)|2 + qφ(r, t) (2.151)Apì thn ex�swsh (2.151) fa�netai ìti h Qamiltonian  antistoiqe� sthn oli-k  enèrgeia tou swmatid�ou. An kai tìso oi genikeumène jèsei q, ìso kai oigenikeumène ormè p exart¸ntai apì to qrìno sth genik  per�ptwsh, h enèr-geia e�nai qronoexarthmènh mìno se per�ptwsh pou h Qamiltonian  exart�taiapì to qrìno, eid�llw h enèrgeia e�nai stajer .Oi exis¸sei k�nhsh Euler - Lagrange antikaj�stantai t¸ra apì ti exi-s¸sei Hamilton - Jacobi

dq

dt
=

∂H

∂p
,

dp

dt
= −

∂H

∂q
,

dH

dt
=

∂H

∂t
(2.152)Axioprìsekto ep�sh e�nai ìti afoÔ h (2.150) antistoiqe� sthn pragmati-kìthta sthn olik  enèrgeia, h posìthta p − qA(r, t) e�nai h mhqanik  orm ,dhlad :

pm = p− qA(r, t) (2.153)67



Aut  e�nai h sqèsh metaxÔ mhqanik  kai kanonik  (genikeumènh) or-m . Oi exis¸sei Hamilton - Jacobi pleonektoÔn sugkritik� me ti Euler -
Lagrange sto gegonì ìti e�nai prwtob�jmie. Epiplèon, ìtan up�rqei summe-tr�a w pro m�a kanonik  metablht  qs, tìte aut  apousi�zei apì thn Qamil-tonian  kai epomènw:

∂H

∂qs

= 0 ⇒
dps

dt
= 0 (2.154)dhlad  h suzug  genikeumènh orm  th qs e�nai anallo�wth th k�nhsh.(stajer� th k�nhsh, pr¸to olokl rwma)Oi kanonikè metablhtè oi opo�e apousi�zoun apì th Qamiltonian  ono-m�zontai kuklikè   agno sime.H di�stash twn q kai p apotele� ton arijmì twn bajm¸n eleujer�a thdunamik . 'Otan o arijmì twn anallo�wtwn th k�nhsh taut�zetai me autìntwn bajm¸n eleujer�a, tìte h dunamik  e�nai pl rw oloklhr¸simh.Oloklhr¸nonta kai autì to Kef�laio, qr simo e�nai na epishm�noume taex :

• H Ôparxh mia stajer� th k�nhsh sqet�zetai p�ntote me mia summetr�atou sust mato
• H summetr�a mpore� na e�nai profan  (topologik )   krummènh kai qwr�fusikì nìhma
• H Ôparxh N summetri¸n se èna sÔsthma N bajm¸n eleujer�a exasfa-l�zei oloklhrwsimìthta (integrability)
• H Ôparxh N anex�rthtwn oloklhrwm�twn den apodeiknÔetai ek twn pro-tèrwnE�maste ètoimoi t¸ra na proqwr soume sth melèth th dunamik  memo-nwmènwn fortismènwn swmatid�wn se di�fore magnhtikè topolog�e pou pa-rousi�zoun idia�tero endiafèron gia th Fusik  tou Pl�smato.
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Kef�laio 3Magnhtikè Topolog�eEf' ìson anaferj kame me leptomèreia tìso sth neut¸neia dunamik , ìsokai sto formalismì Lagrange - Hamilton gia thn k�nhsh memonwmènou for-tismènou swmatid�ou se omogen    mh omogen  statik� magnhtik� ped�a, mpo-roÔme t¸ra na melet soume peraitèrw magnhtikè topolog�e, oi opo�e e�naiidia�tera qr sime gia th magnhtik  sugkr�thsh tou jermopurhnikoÔ pl�sma-to. Kat� kÔrio lìgo ja qrhsimopoi soume ton Qamiltonianì formalismì,lìgw tou ìti ta magnhtik� ped�a me ta opo�a ja asqolhjoÔme èqoun qwrikèsummetr�e pou ìpw e�dame �krÔboun� stajerè th k�nhsh.'Ola ta magnhtik� ped�a ef' ex  ja e�nai statik� (qronoanex�rthta). Oitopolog�e sti opo�e ja anaferjoÔme e�nai oi ex :1. Omogenè Magnhtikì Ped�o B = Bẑ2. Magnhtikì ped�o epagìmeno apì eujÔgrammo reumatofìro agwgì IW3. Magnhtikì ped�o epagìmeno apì kuklikì reumatofìro brìqo IL (current
loop)4. Sunduasmo� twn 2. kai 3. ìpou o eujÔgrammo reumatofìro agwgì(a) e�nai k�jeto sto kèntro tou epipèdou tou reumatofìrou brìqousto shme�o (0, 0, 0), (b) prosp�ptei upì gwn�a sto ep�pedo tou brìqoukai (g) o eujÔgrammo reumatofìro agwgì prosp�ptei upì gwn�a kaiektì tou kèntrou tou brìqouJa kataskeu�soume analutik� ta magnhtik� ped�a pou ep�gontai apì hle-ktrik� reÔmata, b�sei tou nìmou twn Biot - Savart, ìpw ja doÔme me lepto-mèreie sth sunèqeia. 69



3.1 Omogenè Magnhtikì Ped�o B = BẑXekin�me apì to omogenè magnhtikì ped�o B = Bẑ, to opo�o xanae�dame stoprohgoÔmeno kef�laio ìtan qt�zame th dunamik  tou fortismènou swmatid�oubasismènoi sthn ex�swsh Lorentz. 'Opw jumìmaste, e�qame katal xei sto ìtifortismèno swmat�dio pou br�sketai sto omogenè autì magnhtikì ped�o ekte-le� kuklotronik  troqi� per� ti magnhtikè grammè tou ped�ou me suqnìthta�sh me
ωc =

qB

m
(3.1)kai stajer  akt�na peristrof  ρL pou onom�zetai akt�na Larmor kai iso-Ôtai me

ρL =
v⊥
|ωc|

(3.2)ìpou v⊥ h egk�rsia sunist¸sa th taqÔthta tou fortismènou swmatid�ouw pro ti magnhtikè grammè tou ped�ou.EpilÔonta thn ex�swsh Lorentz apous�a hlektrikoÔ ped�ou (φ = 0) e-�qame katal xei sti ex  sqèsei pou perigr�foun pl rw thn k�nhsh touswmatid�ou:
x(t) = x0 + ρL sin(ωc t)

y(t) = y0 ± ρL cos(ωc t)

z(t) = z0 + v‖tkai
vx = −v⊥ sin(ωc t)

vy = −v⊥ cos(ωc t)ìpou h arqik  f�sh e�nai mhdenik , (x0, y0, z0) e�nai oi suntetagmène toukèntrou peristrof  kai ìson afor� to y(t), krat�me to + gia jetik� forti-smèno iìn kai to − gia hlektrìnio. Gia eukol�a sto sugkekrimèno prìblhmaèqoume kanonikopoi sei thn kuklotronik  suqnìthta ωc w pro thn taqÔthtatou fwtì c.Ja katal xoume sto �dio sumpèrasma kai mèsw th qamiltonian  dunami-k : 70



To diansumatikì dunamikì A to opo�o antistoiqe� sto sugkekrimèno ma-gnhtikì ped�o den e�nai monos manta orismèno, lìgw th sqèsh B = ∇× Apou prèpei na ikanopoie�tai. Epilègoume
A = Bxŷ (3.3)me ŷ to monadia�o di�nusma b�sh ston �xona twn y tou kartesianoÔ tri-sorjogwn�ou sust mato suntetagmènwn.H Lagkranzian  gia to ped�o autì ja e�nai:

L (r,p, t) =
1

2
mv2 +

q

c
(v &A) (3.4)En¸ h ant�stoiqh Qamiltonian  ja e�nai:

H (r,p, t) =
1

2m
|p− qA(r, t)|2

=
1

2m

[

p2
x + (py − qBx)2 + p2

z

]

(3.5)ef' ìson φ = 0 (apous�a hlektrikoÔ ped�ou) kai to dianusmatikì dunamikìèqei mìno y sunist¸sa.Upolog�zoume ti trei sunist¸se th orm  gia i = {x, y, z} apì thsqèsh:
pi =

∂L

∂qi

(3.6)Sunep¸:
Lz =

1

2
mż2 + q(vz &Az) =

1

2
mż2 (3.7)kai

pz =
∂Lz

∂z
= mż (3.8)AfoÔ to dianusmatikì dunamikì èqei mìno y sunist¸sa.Ant�stoiqa :

Ly =
1

2
mẏ2 + q(vy &Ay) =

1

2
mẏ2 + q(ẏBx) (3.9)kai 71



py =
∂Ly

∂y
= mẏ + qBx = mẏ + ωcmx = m(ẏ + ωcx) (3.10)ìpou profan¸ èqoume k�nei qr sh th sqèsh (3.1).Ant�stoiqa upolog�zoume kai gia th x sunist¸sa:

Lx =
1

2
mẋ2 + q(vx &Ax) =

1

2
mẋ2 (3.11)kai

px =
∂Lx

∂x
= mẋ (3.12)Oi exis¸sei tou Hamilton e�nai

ṗi = −
∂H

∂qi
q̇i =

∂H

∂pi
(3.13)Apì ti opo�e pa�rnoume:

ṗz = −
∂H

∂z
= 0 (3.14)

ṗy = −
∂H

∂y
= 0 (3.15)

ṗx = −
∂H

∂x
=

qB

m
(py − qBx) (3.16)Gr�fonta th Qamiltonian  sunart sei twn taqut twn (gia thn akr�beiasunart sei twn rujm¸n metabol  twn genikeumènwn jèsewn, oi opo�e sthnper�ptws  ma e�nai oi kartesianè suntetagmène (x, y, z), katal goume stosumpèrasma ìti antistoiqe� sthn olik  kinhtik  enèrgeia:

H =
1

2m

[

m2ẋ2 + (mẏ + mωcx − mωcx)2 + m2ż2
]

=
1

2
m(ẋ2 + ẏ2 + ż2)

(3.17)Katal goume sthn ex�swsh k�nhsh
ẍ + ω2

cx =
ωc

m
py (3.18)h opo�a antistoiqe� se kuklotronik  k�nhsh per� to kèntro peristrof  mesuqnìthta ωc = qB
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Sta �dia apotelèsmata ja e�qame katal xei an e�qame epilèxei diaforetikìdianusmatikì dunamikì gia to magnhtikì ped�o (se kartesianè suntetagmène),en¸ idia�tero endiafèron parousi�zei h per�ptwsh kat� thn opo�a ja epilègamediaforetikì sÔsthma suntetagmènwn (pq kulindrikì) gia na ekmetalleutoÔmethn profan  summetr�a tou probl mato.3.2 Magnhtikì Ped�o epagìmeno apì eu-jÔgrammo reumatofìro agwgìEf' ex  oi magnhtikè topolog�e me ti opo�e ja asqolhjoÔme ep�gontaiapì hlektrik� reÔmata. 'Opw gnwr�zoume apì th magnhtostatik , kinoÔmenahlektrik� fort�a ep�goun magnhtikì ped�o. Oi nìmoi pou dièpoun aut� ta ma-gnhtik� ped�a e�nai auto� twn Biot - Savart kai Ampère. O nìmo tou Ampèregia ton hlektromagnhtismì e�nai m�a apì ti tèsserei exis¸sei tou Maxwell.Oi jemeli¸dei diaforiko� nìmoi th magnhtostatik  (apous�a hlektrikoÔped�ou) e�nai:
∇× B = µ0J

∇ &B = 0

} (3.19)ìpou J e�nai h puknìthta hlektrikoÔ reÔmato. Apì ti jemeli¸dei idiìth-te tou dianusmatikoÔ logismoÔ, ef' ìson h apìklish tou magnhtikoÔ ped�ouisoÔtai me mhdèn pantoÔ, to B prèpei na isoÔtai me to strobilismì k�poiou�llou dianÔsmato A, to opo�o ìpw èqoume dei onom�zetai (magnhtikì) dia-nusmatikì dunamikì, dhlad :
B = ∇×A (3.20)Apì ton nìmo twn Biot - Savart èqoume gia to magnhtikì ped�o:

B =
µ0I

4π

∮

dl × r̂

r2
(3.21)ìpou I e�nai to stajerì hlektrikì reÔma, dl e�nai èna di�nusma me mètro tostoiqei¸de m ko tou agwgoÔ kai kateÔjunsh aut  tou hlektrikoÔ reÔmato

I, µ0 e�nai h magnhtik  stajer� (gnwst  kai w diaperatìthta tou kenoÔ) pouisoÔtai me 4π × 10−7N/A2, kai r = rr̂ e�nai to di�nusma metatìpish apì tostoiqei¸de m ko tou agwgoÔ w to shme�o sto opo�o upolog�zetai to magnh-tikì ped�o. H isqÔ tou nìmou autoÔ bas�zetai sthn arq  th upèrjesh gia73



ta magnhtik� ped�a. H olokl rwsh g�netai kat� m ko tou agwgoÔ. Apodei-knÔetai ìti o nìmo twn Biot - Savart ikanopoie� p�ntote tìso ton nìmo tou
Gauss gia ton magnhtismì, ìso kai ton nìmo tou Ampère.3.2.1 Kulindrikì SÔsthma Suntetagmènwn (r, ϕ, z)Sthn per�ptws  ma, to prìblhma èqei profan  kulindrik  summetr�a, kai giaautì to lìgo ja ergastoÔme arqik� se kulindrikì sÔsthma suntetagmènwn
(r, ϕ, z). Sthn amèsw epìmenh enìthta ja epanal�boume thn �dia diadikas�akai gia sfairikì sÔsthma suntetagmènwn.Sumbol�zoume me IW to hlektrikì reÔma ston eujÔgrammo agwgì (straight
current-carrying w ire), to opo�o jewroÔme ìti mhden�zetai sto �peiro. To IWep�gei magnhtikì ped�o BW to opo�o e�nai o strobilismì tou dunamikoÔ AWSunep¸ èqoume:

AW =
µ0

4π

∮

dIW

r
(3.22)kai w ek toÔtou:

BW = ∇× AW =
µ0IW

2πr
ϕ̂ (3.23)ìpou (r̂, ϕ̂, ẑ) ta monadia�a dianÔsmata sto kulindrikì sÔsthma suntetag-mènwn.H sqèsh pou sundèei ta monadia�a dianÔsmata metaxÔ kartesianoÔ kai ku-lindrikoÔ sust mato suntetagmènwn e�nai h ex :

r̂ = x̂ cos ϕ + ŷ sin ϕ (3.24)
ϕ̂ = −x̂ sin ϕ + ŷ cos ϕ (3.25)
ẑ = ẑ (3.26)En¸ h k�jeth apìstash apì to reumatofìro agwgì d�netai apì thn eu-kle�dia nìrma:
‖r‖ = r =

√

x2 + y2 (3.27)Kai ep�sh isqÔei tan ϕ = y/x. 74



Sugkentr¸nonta ìsa anafèrame mèqri stigm , èqoume gia to magnhtikìped�o:
BW =

µ0IW

2πr
ϕ̂

ϕ̂ = −x̂ sin ϕ + ŷ cos ϕ

r =
√

x2 + y2

tanϕ =
y

x'Opw èqoume anafèrei, h Lagrangian gia thn k�nhsh fortismènou swmati-d�ou se hlektromagnhtikì ped�o e�nai h
Lem =

1

2
mv2 − qφ +

q

c
(v &A) (3.28)en¸ h apous�a hlektrikoÔ ped�ou sunep�getai:

Lm =
1

2
mv2 +

q

c
(v &A) (3.29)Ja upolog�soume to magnhtikì dianusmatikì dunamikì AW se shme�o P ,euriskìmeno sto x− y ep�pedo se egk�rsia apìstash r apì ton reumatofìroagwgì. H an�lush pou ja k�noume isqÔei tìso gia peperasmènou m kou,ìso kai gia �peirou m kou agwgì. AkoloujoÔme th diadikas�a ìpw d�netaise gnwst� egqeir�dia magnhtostatik  (pq [17℄, [16℄)

dAW = ẑ
µ0IW

4π

dz
√

r2 + z2
⇒ AW = ẑ

µ0IW

2π

∫ ∞

0

dz
√

r2 + z2
(3.30)Arqik� oloklhr¸noume se tm ma tou agwgoÔ, m kou 2ℓ:

AW = ẑ
µ0IW

2π

∫ ℓ

0

dz
√

r2 + z2
(3.31)Kai ektel¸nta ti antikatast�sei z = r tan θ kai ℓ = r tanα èqoume:

AW = ẑ
µ0IW

2π

∫ α

0

sec θ ⇒

⇒ AW = ẑ
µ0IW

2π
ln(sec α + tan α) ⇒

⇒ AW = ẑ
µ0IW

2π
ln

√
ℓ2 + r2 + ℓ

r

(3.32)
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H sqèsh sthn opo�a katal xame isqÔei gia agwgì peperasmènou m kou.Gia ℓ ≫ r (agwgì �peirou m kou) èqoume
AW = ẑ

µ0IW

2π
ln

(

2ℓ

r

) (3.33)To magnhtikì dianusmatikì dunamikì AW kont� se eujÔgrammo reumato-fìro agwgì ja e�nai èna dianusmatikì ped�o par�llhlo ston agwgì (AW =
AW ẑ)Se kulindrikè suntetagmène to di�nusma tou dunamikoÔ analÔetai wex :

AW = Ar + Aϕ + AzEn¸ o strobilismì tou ja e�nai:
∇× AW =

(

1

r

∂Az

∂ϕ
−

∂Aϕ

∂z

) & r̂ +

(

∂Ar

∂z
−

∂Az

∂r

) & ϕ̂
+

1

r

(

Aϕ + r
∂Aϕ

∂r
−

∂Ar

∂ϕ

) & ẑ (3.34)'Opw e�dame, ed¸ to dianusmatikì dunamikì èqei mìno z sunist¸sa, opìteh anwtèrw sqèsh aplopoie�tai sthn:
∇× AW =

1

r

∂Az

∂ϕ
& r̂ − ∂Az

∂r
& ϕ̂ (3.35)Apì thn èkfrash pou èqoume ex�gei gia to AW , blèpoume ìti exart�taimìno apì thn aktinik  sunist¸sa r, dhlad  Az = Az(r), sunep¸:

BW =
µ0IW

2π

1

r
& ϕ̂ ⇒ BW =

µ0IW

2πr
& ϕ̂ (3.36)To di�nusma tou magnhtikoÔ ped�ou epoptik� mpore� na doje� apì ton ka-nìna tou dexioÔ qerioÔ, ìpou o ant�qeira de�qnei kat� th for� tou reÔmato

IW kai ta �lla tèssera d�ktula de�qnoun thn azimoujiak  for� twn magnhti-k¸n gramm¸n tou ped�ou.Ef' ìson upolog�same to dianusmatikì dunamikì kai to magnhtikì ped�o
BW pou proèrqetai apì to strobilismì tou, mporoÔme t¸ra na efarmìsoumeti arqè th Mhqanik  Lagrange - Hamilton gia na broÔme ta oloklhr¸ma-ta th k�nhsh fortismènou swmatid�ou se aut  th magnhtik  gewmetr�a. Jaqrhsimopoi soume thn prosèggish tou ��peirou� reumatofìrou brìqou, opìte76



to dianusmatikì dunamikì ja d�netai ìpw e�dame apì th sqèsh (3.33). Fusik�h diadikas�a e�nai apar�llakth, akìma kai an epilèxoume thn prosèggish touagwgoÔ peperasmènou m kou, ìpw aut  d�netai apì th sqèsh (3.32).H Lagkranzian  autoÔ tou magnhtikoÔ ped�ou ja e�nai:
Lm =

1

2
mv2 +

qµ0IW

2πrc
ln

(

2ℓ

r

)

v & ẑ (3.37)To di�nusma jèsh tou shme�ou P sto kulindrikì sÔsthma suntetagmènwnja e�nai
r = r cos ϕx̂ + r sin ϕŷ + zẑ (3.38)en¸ h taqÔthta ja e�nai profan¸ h par�gwgo autoÔ tou anÔsmato wpro to qrìno:̇

r =





ṙ cos ϕ − rϕ̇ sin ϕ
ṙ sin ϕ + rϕ̇ cos ϕ

ż



 = . . . = ṙr̂ + rϕ̇ϕ̂ + żẑ (3.39)Kai v = |ṙ| =
√

ṙ2 + r2ϕ̇2 + ż2.To di�nusma th taqÔthta ja e�nai
v = (ṙ cos ϕ − rϕ̇ sin ϕ)x̂ + (ṙ sin ϕ + rϕ̇ cos ϕ)ŷ + żẑ (3.40)'Ara gia thn posìthta v & ẑ pou apant�tai sth Lagkranzian  ja èqoume:

v & ẑ = (ṙ cos ϕ − rϕ̇ sin ϕ)x̂ & ẑ + (ṙ sin ϕ + rϕ̇ cos ϕ)ŷ & ẑ + żẑ & ẑ (3.41)kai lìgw th orjogwniìthta an� dÔo twn monadia�wn dianusm�twn b�shtou kartesianoÔ sust mato suntetagmènwn, en tèlei èqoume v & ẑ = ż kai hLagkranzian  gr�fetai:
Lm =

1

2
m
(

ṙ2 + r2ϕ̇2 + ż2
)

+
qµ0IW

2πrc
& ż & ln

(

2ℓ

r

) (3.42)Gnwr�zonta plèon th morf  th Lagkranzian  tou magnhtostatikoÔ pe-d�ou, ex�goume mèsw tou metasqhmatismoÔ Legendre thn ant�stoiqh Qamilto-nian : 77



Hm =

3
∑

j=1

pjqj − Lm

=
∂Lm

∂ṙ
ṙ +

∂Lm

∂ϕ̇
ϕ̇ +

∂Lm

∂ż
ż − Lm

(3.43)ìpou oi epimèrou merikè par�gwgoi th Lagkranzian  e�nai:
∂Lm

∂ṙ
= mṙ = pr (3.44)

∂Lm

∂ϕ̇
= mr2ϕ̇ = pϕ (3.45)

∂Lm

∂ż
= mż +

qµ0IW

2πrc
ln

(

2ℓ

r

)

= pz (3.46)Antikajist¸nta ti parast�sei autè, h Qamiltonian  tou sust matog�netai:
Hm = mṙ2 + mr2ϕ̇2 + mż2 +

qµ0IW

2πrc
ln

(

2ℓ

r

)

−

−
1

2
mṙ2 −

1

2
mr2ϕ̇2 −

1

2
mż2 −

qµ0IW

2πrc
ln

(

2ℓ

r

)

⇒

⇒ Hm =
1

2
m
(

ṙ2 + r2ϕ̇2 + ż2
)

(3.47)
Sth sunèqeia ekfr�zoume th Qamiltonian  apokleistik� sunart sei twngenikeumènwn jèsewn kai orm¸n tou sust mato, kai telik� èqoume

Hm =
1

2m

{

(

p2
r +

p2
ϕ

r2
+ p2

z

)

+

(

q2µ2
0I

2
W ln

(

2ℓ
r

)

4π2r2c2
−

qµ0IW ln
(

2ℓ
r

)

πrc
& pz

)}(3.48)E�maste t¸ra ètoimoi na gr�youme ti exis¸sei tou Hamilton (3.3.1) kaina broÔme ta oloklhr¸mata th k�nhsh gia fortismèno swmat�dio pou kine�taisth dedomènh magnhtik  topolog�a. 78



Gia suntom�a apì ed¸ kai sto ex  ja gr�foume H kai L ant� gia Hm kai
Lm. Ennoe�tai Ôparxh mìno magnhtik¸n ped�wn.Jum�zoume ti exis¸sei tou Hamilton se sÔsthma i bajm¸n eleujer�a:

ṗi = −
∂H

∂qi
q̇i =

∂H

∂piSunep¸ èqoume:
ṙ =

∂H

∂pr
=

pr

m
(3.49)

ϕ̇ =
∂H

∂pϕ
=

pϕ

mr2
(3.50)

ż =
∂H

∂pz
=

pz

m
−

qµ0IW ln
(

2ℓ
r

)

2mπrc
(3.51)

ṗr = −
∂H

∂r
=

p2
ϕ

mr3

−
qµ0IW pz

2mπr2c
+

q2µ2
0I

2
W ln

(

2ℓ
r

)

4mπ2r3c2

−
qµ0IW pz ln

(

2ℓ
r

)

2mπr2c
+

q2µ2
0I

2
W ln2

(

2ℓ
r

)

4mπ2r3c2

(3.52)
ṗϕ = −

∂H

∂ϕ
= 0

ṗz = −
∂H

∂z
= 0















(3.53)Oi dÔo teleuta�e sqèsei ma d�noun th diat rhsh twn genikeumènwn or-m¸n pϕ, pz ef' ìson oi suntetagmène ϕ, z e�nai agno sime. Emfan  g�netaimèsa apì th qamiltonian  perigraf  th dunamik  kai h summetr�a tou pro-bl mato (anexarths�a) w pro thn azimoujiak  sunist¸sa ϕ, all� kai wpro to Ôyo z apì to ep�pedo x − y.Ep�sh, parathroÔme ìti ∂H /∂t = 0, sunep¸ up�rqei to olokl rwmatou Jacobi kai h olik  enèrgeia diathre�tai. Gr�foume loipìn ta ex  oloklh-r¸mata th k�nhsh gia th dedomènh magnhtik  topolog�a:79



pϕ =
∂L

∂ϕ̇
= mr2ϕ̇ = stajer� (3.54)

pz =
∂L

∂ż
= mż +

qµ0IW

2πrc
ln

(

2ℓ

r

)

= stajer� (3.55)
∂H

∂t
= 0 → H = stajer� (3.56)Epèktash gia N swmat�dia Fusik� h anwtèrw sqèsh apotele� th Qa-miltonian  tou probl mato gia èna fortismèno swmat�dio. Gia sÔsthma Nìmoiwn (me �die m�ze m kai fort�o q) pou kinoÔntai se magnhtikì ped�o eu-jÔgrammou reumatofìrou agwgoÔ, kai me thn paradoq /prosèggish ìti taswmat�dia den allhlepidroÔn metaxÔ tou (V |ri−rj| ≈ 0) h Qamiltonian  Hmja isoÔtai me ∑N

i=1 Hi, ìpou Hi e�nai h Qamiltonian  pou mìli gr�yame sthsqèsh (3.48), me ti ex  antikatast�sei:
{r → ri, ϕ → ϕi, z → zi, pr → pri

, pϕ → pϕi
, pz → pzi

}Apì ed¸ kai sto ex , ektì an anafèretai rht� to ant�jeto, ja exupa-koÔetai ìti oi Qamiltonianè pou br�skoume gia k�je magnhtik  topolog�a jamporoÔn na perigr�youn kai thn k�nhsh perissìterwn tou enì mh allhle-pidr¸ntwn fortismènwn swmatid�wn, ìso akìma briskìmaste sth melèth thk�nhsh memonwmènwn swmatid�wn sto pl�sma, kai ìqi se montèla reust¸n  kinhtik  jewr�a.3.2.2 Sfairikì SÔsthma Suntetagmènwn (r, ϑ, ϕ)Ousiastik� ja akolouj soume ta �dia akrib¸ b mata ìpw kai sth melèthth k�nhsh se kulindrikì sÔsthma suntetagmènwn, me skopì na katal xoumese k�poia �lla oloklhr¸mata th k�nhsh, qrhsimopoi¸nta th qamiltonian mhqanik .'Opw e�dame sthn prohgoÔmenh an�lush pou k�name (sqèsei (3.32) kai(3.33)), to dianusmatikì dunamikì pou ep�getai apì eujÔgrammo reumatofìroagwgì ja e�nai:
AW = Az = ẑ

µ0IW

2π
ln

√
ℓ2 + r2 + ℓ

ren¸ gia ℓ ≫ r isqÔei: 80



AW = ẑ
µ0IW

2π
ln

(

2ℓ

r

)Kai p�li gia lìgou eukol�a ja protim soume thn prosèggish tou reu-matofìrou agwgoÔ ape�rou m kou. To monadia�o di�nusma b�sh ẑ tou ku-lindrikoÔ (all� kai kartesianoÔ) sust mato suntetagmènwn, analÔetai stisfairikè suntetagmène (r, ϑ, ϕ) w ex :
ẑ = r̂ cos ϑ − ϑ̂ sin ϑ (3.57)Opìte ja èqoume gia to dianusmatikì dunamikì:

AW = Azcyl
= Arsph

+ Aϑsph
(3.58)

= r̂ cos ϑ
µ0IW

2π
ln

(

2ℓ

r

)

− ϑ̂ sin ϑ
µ0IW

2π
ln

(

2ℓ

r

) (3.59)H Lagkranzian  e�nai anex�rthth tou sust mato suntetagmènwn, sunep¸kai gia ti sfairikè suntetagmène, apous�a hlektrikoÔ ped�ou ja gr�fetaiìpw sth sqèsh (3.29):
L =

1

2
mv2 +

q

c
(v &A)Ed¸ ja qreiastoÔme to �nusma jèsh tou shme�ou P , ìpou kai jèloume naupolog�soume to magnhtikì ped�o, sto sfairikì sÔsthma suntetagmènwn:

r = r sin ϑ cos ϕ & x̂ + r sin ϑ sin ϕ & ŷ + r cos ϑ & ẑ (3.60)'Omoia, to �nusma th taqÔthta ja isoÔtai me:
v = ṙ =

(

ṙ sin ϑ cos ϕ + r cos ϑϑ̇ cos ϕ − r sin ϑ sin ϕϕ̇
) & x̂+

+
(

ṙ sin ϑ sin ϕ + r cos ϑϑ̇ sin ϕ + r sin ϑ cos ϕϕ̇
) & ŷ

+
(

ṙ cos ϑ − r sin ϑϑ̇
) & ẑ (3.61)Met� apì tetrimmène pr�xei pa�rnoume:

v2 = ṙ2 = ṙ2 + r2ϑ̇2 + r2 sin2 ϑϕ̇2 (3.62)'Oson afor� to ginìmeno v &A pou emfan�zetai mèsa sth Lagkranzian ,jumìmaste ìti sto kartesianì sÔsthma to magnhtikì dianusmatikì dunamikì81



AW èqei mìno z sunist¸sa. Oi ìroi pou èqoun x̂ & ẑ, ŷ & ẑ ja mhden�zontailìgw orjogwniìthta. Sunep¸:
v &A =

(

ṙ cos ϑ − r sin ϑϑ̇
) & µ0IW

2π
& ln

(

2ℓ

r

)

ẑ & ẑ
=

µ0IW

2π

(

ṙ cos ϑ − r sin ϑϑ̇
) & ln

(

2ℓ

r

) (3.63)Eis�gonta ta parap�nw apotelèsmata ((3.62),(3.63)) sth Lagkranzian ,pa�rnoume thn ex  èkfrash gia to sfairikì sÔsthma suntetagmènwn:
L =

1

2
m
(

ṙ2 + r2ϑ̇2 + r2 sin2 ϑϕ̇2
)

+

+
qµ0IW

2πc

(

ṙ cos ϑ − r sin ϑϑ̇
) & ln

(

2ℓ

r

) (3.64)
⇒Me gnwst  th Lagkranzian , mèsw tou metasqhmatismoÔ Legendre mpo-roÔme t¸ra na ex�goume th Qamiltonian :

H =
3
∑

j=1

pjqj − L

=
∂L

∂ṙ
ṙ +

∂L

∂ϕ̇
ϕ̇ +

∂L

∂ϑ̇
ϑ̇ − L

(3.65)ìpou oi epimèrou merikè par�gwgoi th Lagkranzian  e�nai:
∂Lm

∂ṙ
= mṙ +

qµ0IW cos ϑ ln
(

2ℓ
r

)

2πc
= pr (3.66)

∂L

∂ϕ̇
= mr2ϕ̇ sin2 ϑ = pϕ (3.67)

∂L

∂ϑ̇
= mr2ϑ̇ −

qµ0IW r sin ϑ ln
(

2ℓ
r

)

2πc
= pϑ (3.68)Antikajist¸nta ti parast�sei autè, h Qamiltonian  tou sust matog�netai: 82



H = mṙ2 +
qµ0IW cos ϑ ln

(

2ℓ
r

)

2πc
ṙ + mr2ϕ̇2 sin2 ϑ + mr2ϑ̇2−

−
qµ0IW r sin ϑ ln

(

2ℓ
r

)

2πc
ϑ̇ −

1

2
mṙ2 −

1

2
mr2ϑ̇2−

−
1

2
mr2 sin2 ϑϕ̇2 −

qµ0IW cos ϑ ln
(

2ℓ
r

)

2πc
ṙ +

qµ0IW r sin ϑ ln
(

2ℓ
r

)

2πc
ϑ̇ ⇒

⇒ H =
1

2
m
(

ṙ2 + r2ϑ̇2 + r2 sin2 ϑϕ̇2
) (3.69)Sth sunèqeia ekfr�zoume th Qamiltonian  apokleistik� sunart sei twngenikeumènwn jèsewn kai orm¸n tou sust mato, kai telik� èqoume

H =

{

1

2m

(

p2
r +

p2
ϑ

r2
+

p2
ϕ

r2 sin2 ϑ

)

+
q2µ2

0I
2
W m cos2 ϑ ln2

(

2ℓ
r

)

8π2c2

+
q2µ2

0I
2
W sin2 ϑ ln2

(

2ℓ
r

)

8mπ2c2
−

qµ0IW ln
(

2ℓ
r

)

pr cos ϑ

2πc
+

qµ0IW ln
(

2ℓ
r

)

pϑ sin ϑ

2mπcr

}(3.70)h opo�a ìpw anamèname (blèpe [18℄) e�nai th morf 
H =

1

2m

(

p2
r +

p2
ϑ

r2
+

p2
ϕ

r2 sin2 ϑ

)

+ U (r, ϑ, ϕ) (3.71)Apì thn èkfrash th Qamiltonian  e�nai profanè ìti to kulindrikì sÔsth-ma suntetagmènwn aphqe� polÔ kalÔtera th summetr�a tou probl mato, k�tito opo�o ja fane� kai kat� ton upologismì twn oloklhrwm�twn th k�nhshmèsw twn exis¸sewn Hamilton:
ṙ =

∂H

∂pr
=

pr

m
−

qµ0IW cos ϑ ln
(

2ℓ
r

)

2mπc
(3.72)

ϕ̇ =
∂H

∂pϕ
=

pϕ

mr2 sin2 ϑ
(3.73)

ϑ̇ =
∂H

∂pϑ

=
pϑ

mr2
−

qµ0IW sin ϑ ln
(

2ℓ
r

)

2mπrc
(3.74)83



ṗr = −
∂H

∂r
=

p2
ϑ

mr3
−

qµ0IW pr cos ϑ

2πrc
+

p2
ϕ

mr3 sin2 ϑ

+
q2µ2

0I
2
Wm cos2 ϑ ln

(

2ℓ
r

)

4π2rc2
+

qµ0IW pϑ sin ϑ ln
(

2ℓ
r

)

2mπcr2

+
q2µ2

0I
2
W sin2 ϑ ln

(

2ℓ
r

)

4mπ2c2r

(3.75)
ṗϕ = −

∂H

∂ϕ
= 0 (3.76)

ṗϑ = −
∂H

∂ϑ
=

p2
ϕ

mr2 tan ϑ sin2 ϑ
−

qµ0IWpϑ cos ϑ ln
(

2ℓ
r

)

2mπcr

−
qµ0IW pr sin ϑ ln

(

2ℓ
r

)

2πc
−

q2µ2
0I

2
W ln2

(

2ℓ
r

)

sin ϑ cos ϑ

4mπ2c2

+
q2µ2

0I
2
W m ln2

(

2ℓ
r

)

sin ϑ cos ϑ

4πc2

(3.77)
Ep�sh, ∂H /∂t = 0 ⇒ up�rqei to olokl rwma Jacobi kai ekfr�zei thdiat rhsh th enèrgeia. Ep�sh, ef' ìson h ϕ e�nai agno simh (ṗϕ = 0) jaup�rqei to olokl rwma th stroform  kai h ant�stoiqh genikeumènh orm  pϕja diathre�tai.Sunep¸ gia thn �dia magnhtik  topolog�a, melethmènh sto sfairikì sÔsth-ma suntetagmènwn, èqoume èna olokl rwma th k�nhsh ligìtero gia to forti-smèno swmat�dio pou kine�tai se autì to ped�o. Sugkekrimèna ta oloklhr¸matath k�nhsh ed¸ e�nai:

pϕ =
∂L

∂ϕ̇
= mr2ϕ̇ sin2 ϑ = stajer� (3.78)

∂H

∂t
= 0 → H = stajer� (3.79)84



Melet¸nta autì to magnhtikì ped�o sti sfairikè suntetagmène, denekmetalleuìmaste thn kulindrik  summetr�a, h opo�a ma èdine �llo èna olo-kl rwma th k�nhsh, thn pzExupakoÔetai ìti me ton �dio trìpo pou e�dame kai sti kulindrikè sun-tetagmène, h melèth ma mpore� na epektaje� kai gia N mh allhlepidr¸ntaswmat�dia, opìte ant�stoiqa ja gr�youme 6N exis¸sei Hamilton kai ja ka-tal xoume se N + 1 oloklhr¸mata th k�nhsh.
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3.3 Kuklikì Reumatofìro Brìqo (Current

Loop)JewroÔme ènan ep�pedo kuklikì brìqo (planar current loop), o opo�o diarrèe-tai apì hlektrikì reÔma IL. An kai de ja ma apasqol sei akìmh, epeid  sthsunèqeia ja sundu�soume to reumatofìro brìqo me ton eujÔgrammo reumato-fìro agwgì pou melet same prohgoumènw, anafèroume apl¸ ìti o kuklikìbrìqo br�sketai sto ep�pedo x− y kai èqei to kèntro tou sto shme�o (0, 0, 0)tou kartesianoÔ sust mato suntetagmènwn.H analutik  exagwg  twn ekfr�sewn gia to magnhtikì ped�o tou brìqou,kaj¸ kai tou magnhtikoÔ dianusmatikoÔ dunamikoÔ, e�nai mia arket� polÔplo-kh diadikas�a lìgw th morf  twn ped�wn aut¸n. Par'ìla aut�, se pr¸thprosèggish o kuklikì reumatofìro brìqo mpore� na antimetwpiste� w ma-gnhtikì d�polo.3.3.1 O reumatofìro brìqo w magnhtikì d�po-loO brìqo reÔmato pou ja melet soume, e�nai mia entopismènh katanom  re-Ômato sto ep�pedo x− y. To dianusmatikì dunamikì th katanom  aut  sek�je shme�o tou q¸rou d�netai upì morf  polupolikoÔ anaptÔgmato. ([16℄)Gr�fonta to dunamikì upì morf  seir� w pro ti dun�mei tou 1/r, pa-rathroÔme ìti gia meg�le apost�sei h seir� kuriarqe�tai apì ton pr¸to mhmhdenikì ìro, en¸ oi an¸teroi ìroi e�nai amelhtèoi.Pio sugkekrimèna, to dianusmatikì dunamikì enì brìqou pou diarrèetaiapì reÔma IL mpore� na grafe� w:
AL =

µ0IL

4π

[

1

r

∮

dl +
1

r2
r′ cos ϑ & dl +

1

r3

∮

(r′)
2

(

3

2
cos2 ϑ −

1

2

) & dl +· · ·

](3.80)O pr¸to ìro (pou fj�nei me rujmì 1/r) onom�zetai monopolikì. O de-Ôtero (pou fj�nei me rujmì 1/r2) onom�zetai dipolikì, o tr�to ìro lègetaitetrapolikì k.o.k.O monopolikì magnhtikì ìro e�nai p�ntote mhdèn, diìti to ant�stoiqoolokl rwma anaparist� th sunolik  dianusmatik  metatìpish kat� m ko e-nì kleistoÔ brìqou. Autì fusik� e�nai mia epanepibeba�wsh tou gegonìtoìti den up�rqoun magnhtik� monìpola sth fÔsh, k�ti pou problèpetai apì to86



nìmo tou Gauss gia th magnhtostatik  : ∇ &B = 0Me th monopolik  suneisfor� na apousi�zei, kur�arqo ìro g�netai odipolikì. Met� apì k�poie aplopoi sei ston ìro tou oloklhr¸mato, todipolikì dunamikì g�netai:
ALdip

=
µ0IL

4πr2

[

′1

2
r̂ ×

∮

(r′ × dl)

] (3.81) , se pio sumpag  morf :
AL =

µ0

4π

µ × r̂

r2
(3.82)ìpou

µ =
1

2
IL

∮

r′ × dl (3.83)e�nai h magnhtik  dipolik  rop  tou brìqou. Sthn eidik  per�ptwsh touep�pedou brìqou, to anwtèrw olokl rwma (gia thn akr�beia to 1/2 autoÔ)epidèqetai mia apl  gewmetrik  ermhne�a : den e�nai t�pota perissìtero apì toembadìn th ep�pedh epif�neia pou or�zetai apì to brìqo :
1

2

∮

r′ × dl = a ⇒ µ = ILa (3.84)Dedomènou ìti aut  e�nai h pio sun jh per�ptwsh, h ex�swsh (3.84) jew-re�tai eurèw w o orismì th magnhtik  dipolik  rop . Oi pio genikè ka-tanomè reÔmato ousiastik� mporoÔn na suntejoÔn apì polloÔ apeirostoÔep�pedou brìqou, oi dipolikè ropè twn opo�wn prost�jentai dianusmatik�.Molonìti o dipolikì ìro kuriarqe� sto polupolikì an�ptugma kai engènei prosfèrei kal  prosèggish tou pragmatikoÔ dunamikoÔ, entoÔtoi dentaut�zetai maz� tou, lìgw th parous�a tetrapolik¸n, oktapolik¸n kai a-n¸terh t�xh suneisfor¸n. Par�ìla aut�, gia meg�le apost�sei (se sqèshme ti diast�sei tou brìqou, fusik�) tìso to dunamikì, ìso kai to magnhtikìped�o pou prokÔptei apì to strobilismì tou lìgw tou hlektrikoÔ reÔmatoja taut�zetai me autì enì magnhtikoÔ dipìlou.Gia lìgou aplopo�hsh twn upologism¸n, topojetoÔme to µ sthn arq twn axìnwn enì trisorjogwn�ou kartesianoÔ sust mato suntetagmènwn, mefor� pro ton jetikì hmi�xona z. Oi sunist¸se tou magnhtikoÔ ped�ou (se
Tesla) sto shme�o (x, y, z) tou tridi�statou q¸rou ja e�nai :87



Bx =
µ0

4π
3µ

xz

(x2 + y2 + z2)5/2
(3.85)

By =
µ0

4π
3µ

yz

(x2 + y2 + z2)5/2
(3.86)

Bz =
µ0

4π
3µ

z2 − 1
3
(x2 + y2 + z2)

(x2 + y2 + z2)5/2
(3.87)kai h egk�rsia sunist¸sa tou ped�ou ja e�nai

B⊥ =
√

B2
x + B2

y =
µ0

4π
3µ

z
√

x2 + y2

(x2 + y2 + z2)5/2
(3.88)Se ìle ti anwtèrw sqèsei me µ0 sumbol�zetai h magnhtik  stajer� (ma-gnhtik  diaperatìthta tou kenoÔ) kai me µ to mètro tou dianÔsmato µ thmagnhtik  dipolik  rop .Lìgw th profanoÔ kulindrik  summetr�a tou probl mato, e�nai peris-sìtero dìkimo na qrhsimopoioÔme sust mata suntetagmènwn pou ekmetalle-Ôontai th gwniak  ex�rthsh tou ped�ou.Sto ep�pedo x − z, ìpou y = 0 isqÔei sin ϑ = x/r kai cos ϑ = z/r.Antikajist¸nta sti sqèsei pou gr�yame pio p�nw pa�rnoume:

Bx =
µ0

4π

3µ sin ϑ cos ϑ

r3
(3.89)

By = 0 (3.90)
Bz =

µ0

4π

µ (3 cos2 ϑ − 1)

r3
(3.91)Se sfairikì sÔsthma suntetagmènwn (r, ϑ, ϕ) to dianusmatikì dunamikì jae�nai:

AL =
µ0

4π

µ sinϑ

r2
ϕ̂ (3.92)Sunep¸ to magnhtikì ped�o ja d�netai apì to strobilismì:88



BL = ∇× AL =
µ0

4π

µ

r3

(

2 cosϑr̂ + sin ϑϑ̂
) (3.93)Exis¸sei Hamilton Ef' ìson anafèrame ìla aut�, mporoÔme t¸ra naproqwr soume sth melèth th k�nhsh enì swmatid�ou m�za m kai fort�ou

q mèsa sto ped�o tou magnhtikoÔ dipìlou, b�sei th jewr�a twn Lagrange -
Hamilton. Gia lìgou apofug  sÔgqush, ja sumbol�zoume me m th m�zatou swmatid�ou, en¸ to mètro th magnhtik  dipolik  rop  ja gr�fetaisthn plhrèsterh morf  IL|a|. To di�nusma a e�nai k�jeto sthn epif�neia toubrìqou me for� pou kajor�zetai apì ton kanìna tou dexioÔ qerioÔ.Jewr¸nta w k�jeto �xona z, par�llhlo sto �nusma a(ẑ ‖ a), to dianu-smatikì dunamikì tou dipìlou gr�fetai w

AL =
µ0IL

4π

a× r̂

r2
=

µ0IL|a|

4π

ẑ × r̂

r2
(3.94)Kat� ta gnwst� (bl. sqèsh (3.29)), h Lagkranzian  pou perigr�fei thnk�nhsh fortismènou swmatid�ou se magnhtikì ped�o apous�a hlektrik  suni-st¸sa e�nai h ex :

L =
1

2
mv2 +

q

c
(v &A)Eis�gonta thn èkfrash pou èqoume gia to dianusmatikì dunamikì toudipìlou (sqèsh (3.94)) katal goume sthn ex  Lagkranzian :

L =
1

2
mv2 +

qµ0IL|a|

4πc

v & (ẑ × r̂)

r2
(3.95)Epilègoume to sfairikì sÔsthma suntetagmènwn gia th melèth ma.To �nusma jèsh shme�ou P se sfairikè suntetagmène, ìpw èqoume dei(3.60)e�nai

r = r sin ϑ cos ϕ x̂ + r sin ϑ sin ϕ ŷ + r cos ϑ ẑkai ant�stoiqa to di�nusma th taqÔthta (bl. (3.61)) ja e�nai89



v = ṙ =
(

ṙ sin ϑ cos ϕ + r cos ϑϑ̇ cos ϕ − r sin ϑ sin ϕϕ̇
) & x̂+

+
(

ṙ sin ϑ sin ϕ + r cos ϑϑ̇ sin ϕ + r sin ϑ cos ϕϕ̇
) & ŷ

+
(

ṙ cos ϑ − r sin ϑϑ̇
) & ẑapì thn opo�a met� apì tetrimmène pr�xei prokÔptei telik�

v2 = ṙ2 = ṙ2 + r2ϑ̇2 + r2 sin2 ϑϕ̇2

⇒To exwterikì ginìmeno ẑ × r̂ gr�fetai:
ẑ × r̂ =

∣

∣

∣

∣

∣

∣

x̂ ŷ ẑ

0 0 1
sin ϑ cos ϕ sin ϑ sin ϕ cos ϑ

∣

∣

∣

∣

∣

∣

= − sin ϑ sin ϕ & x̂ + sin ϑ cos ϕ & ŷ(3.96)
⇒ O ìro v & (ẑ × r̂) th Lagkranzian  loipìn e�nai

v & (ẑ × r̂) = r sin2 ϑ ϕ̇ (3.97)Kat� sunèpeia h Lagkranzian  èqei t¸ra thn ex  èkfrash:
L =

1

2
m
(

ṙ2 + r2ϑ̇2 + r2 sin2 ϑ ϕ̇2
)

+
qµ0IL|a|

4πc

sin2 ϑ ϕ̇

r
(3.98)Me gnwst  th Lagkranzian , kai qrhsimopoi¸nta tou metasqhmatismoÔ

Legendre, br�skoume th Qamiltonian :
H =

3
∑

j=1

pjqj − L

=
∂L

∂ṙ
ṙ +

∂L

∂ϕ̇
ϕ̇ +

∂L

∂ϑ̇
ϑ̇ − L

(3.99)90



ìpou oi epimèrou merikè par�gwgoi th Lagkranzian  e�nai:
∂L

∂ṙ
= mṙ = pr (3.100)

∂L

∂ϕ̇
= mr2 sin2 ϑ ϕ̇ +

qµ0IL|a|

4πc

sin2 ϑ

r
= pϕ (3.101)

∂L

∂ϑ̇
= mr2ϑ̇ = pϑ (3.102)Antikajist¸nta ti parast�sei autè, h Qamiltonian  tou sust matog�netai:

H =
1

2
m
(

ṙ2 + r2ϑ̇2 + r2 sin2 ϑ ϕ̇2
) (3.103)Sth sunèqeia ekfr�zoume th Qamiltonian  apokleistik� sunart sei twngenikeumènwn jèsewn kai orm¸n tou sust mato, kai telik� èqoume

H =

{

1

2m

(

p2
r +

p2
ϑ

r2
+

p2
ϕ

r2 sin2 ϑ

)

+

+
1

2mr2

[

(

qµ0IL|a|

4πc

)2
sin2 ϑ

r2
−

qµ0IL|a|pϕ

2πcr

]} (3.104)h opo�a kai p�li, ìpw anamèname, (blèpe [18℄) e�nai th morf 
H =

1

2m

(

p2
r +

p2
ϑ

r2
+

p2
ϕ

r2 sin2 ϑ

)

+ U (r, ϑ, ϕ) (3.105)'Eqonta upolog�sei th Qamiltonian  kai ti genikeumène ormè gia tosÔsthm� ma, mporoÔme plèon na epilÔsoume ti exis¸sei Hamilton kai naex�goume ta oloklhr¸mata th k�nhsh enì (  N mh allhlepidr¸ntwn) for-tismènou swmatid�ou sth dedomènh topolog�a magnhtikoÔ ped�ou.Jum�zoume ti exis¸sei Hamilton:
ṗi = −

∂H

∂qi
q̇i =

∂H

∂piopìte gr�foume ti ex  (èxi to pl jo) exis¸sei:91



ṙ =
∂H

∂pr

=
pr

m
(3.106)

ϕ̇ =
∂H

∂pϕ

=
pϕ

mr2 sin ϑ
−

qµ0IL|a|

2πc

sin2 ϑ

r
(3.107)

ϑ̇ =
∂H

∂pϑ
=

pϑ

mr2
(3.108)

ṗr = −
∂H

∂r
=

p2
ϑ

mr3
+

p2
ϕ

mr3 sin2 ϑ
+

+

(

qµ0IL|a|

4πc

)2
2 sin2 ϑ

mr5
−

qµ0IL|a|

2πc
pϕ

3

2mr4

(3.109)
ṗϕ = −

∂H

∂ϕ
= 0 (3.110)

ṗϑ = −
∂H

∂ϑ
=

p2
ϕ

mr2
sin ϑ cos ϑ−

−

(

qµ0IL|a|

4πc

)2
sin ϑ cos ϑ

mr4

(3.111)
Ep�sh, ∂H /∂t = 0 ⇒ up�rqei to olokl rwma Jacobi kai ekfr�zei thdiat rhsh th enèrgeia. Ep�sh, ef' ìson h ϕ e�nai agno simh (ṗϕ = 0) jaup�rqei to olokl rwma th stroform  kai h ant�stoiqh genikeumènh orm  pϕja diathre�tai.Katal goume loipìn sta ex  oloklhr¸mata th k�nhsh:

pϕ =
∂L

∂ϕ̇
= mr2 sin2 ϑ ϕ̇ +

qµ0IL|a|

4πc

sin2 ϑ

r
= stajer� (3.112)

∂H

∂t
= 0 → H = stajer� (3.113)92



'Eqonta ft�sei se autì to shme�o, idia�tero endiafèron parousi�zei sthsunèqeia h eÔresh twn adiabatik¸n anallo�wtwn gia thn k�nhsh fortismènouswmatid�ou sto ped�o magnhtikoÔ dipìlou, diadikas�a thn opo�a èqoume ekte-lèsei sto Kef�laio 2.3.3.2 Akrib  upologismìAn kai h prosèggish magnhtikoÔ dipìlou leitourge� polÔ ikanopoihtik� seapìstash apì to reumatofìro brìqo, ja proqwr soume t¸ra ston apeuje�aakrib  upologismì tou magnhtikoÔ ped�ou. H melèth mpore� na g�nei fusik�se opoiod pote sÔsthma suntetagmènwn ma exuphrete�, kai perilamb�nei tonarijmhtikì upologismì twn pl rwn elleiptik¸n oloklhrwm�twn 1ou kai 2oue�dou, K(k) kai E(k) ant�stoiqa.Ja akolouj soume ta b mata th melèth pou k�nei o Jackson, sto kla-sikì tou sÔggramma gia thn hlektrodunamik  ([17℄)H puknìthta reÔmato se kuklikì reumatofìro brìqo sto x − y ep�pedo,me kèntro to shme�o (0, 0, 0), o opo�o diarrèetai apì hlektrikì reÔma IL, èqeimìno ϕ sunist¸sa kai isoÔtai me
Jϕ = IL sin ϑ′δ (cos ϑ′)

δ (r′ − α)

α
& ϕ̂ (3.114)Oi sunart sei dèlta perior�zoun th ro  tou hlektrikoÔ reÔmato se da-ktÔlio (brìqo) akt�na α. Dianusmatik� mporoÔme na gr�youme:

J = −Jϕ & sin ϕ′x̂ + Jϕ & cos ϕ′ŷ (3.115)Ef' ìson èqoume kulindrik  summetr�a, mporoÔme na jèsoume ϕ = 0 (pa-rat rhsh sto x − z ep�pedo). AfoÔ h azimoujiak  olokl rwsh sth sqèsh
A(r) =

µ0

4π

∫

J(r′)

|r− r′|
d3r′ (3.116)e�nai summetrik  gÔrw apì to ϕ′ = 0, h x sunist¸sa tou reÔmato desuneisfèrei sto dianusmatikì dunamikì. Mènei mìno h y sunist¸sa, h opo�ad�nei to Aϕ me mètro: 93



Aϕ(r, ϑ) =
µ0IL

4πα

∫

r′2dr′dΩ′ sin ϑ′ cos ϕ′δ(cos ϑ′)δ(r′ − α)

|r − r′|
(3.117)ìpou |r − r′| = [r2 + r′2 − 2rr′(cosϑ cos ϑ′ + sin ϑ sin ϑ′ cos ϕ′)]

1/2.Oloklhr¸nonta w pro ti sunart sei dèlta pa�rnoume to ex  apo-tèlesma:
Aϕ(r, ϑ) =

µ0ILα

4π

∫ 2π

0

cos ϕ′dϕ′

(α2 + r2 − 2αr sin ϑ cos ϕ′)1/2
(3.118)To olokl rwma (3.118) mpore� na ekfraste� sunart sei twn pl rwn el-leiptik¸n oloklhrwm�twn K, E:

Aϕ(r, ϑ) =
µ0

π

ILα

(α2 + r2 − 2αr sin ϑ cos ϕ′)1/2

[

(2 − k2)K(k) − 2E(k)

k2

](3.119)ìpou to ìrisma twn elleiptik¸n oloklhrwm�twn e�nai:
k2 =

4αr sin ϑ

α2 + r2 + 2αr sin ϑ
(3.120)Se k�poia bibl�a majhmatik  fusik  to k2 sumbol�zetai w m ([10℄)Sunoy�zonta, to telikì apotèlesma ìson afor� to magnhtikì dianusma-tikì dunamikì tou ped�ou pou ep�getai apì kuklikì reumatofìro brìqo e�nai:

Aϕ(r, ϑ) =
µ0IL

2π

α

(α2 + r2 − 2αr sin ϑ cos ϕ′)1/2
&F (k) (3.121)ìpou:

• µ0 h magnhtik  stajer�
• IL to hlektrikì reÔma pou diarrèei to brìqo akt�na α

• r, ϑ, ϕ oi sfairikè suntetagmène
• F (k) = 1

k2 [(2 − k2)K(k) − 2E(k)]94



• K(k), E(k) ta pl rh elleiptik� oloklhr¸mata pr¸tou kai deÔterou e-�dou ant�stoiqa.Sunep¸, oi sunist¸se tou epagìmenou apì to Aϕ magnhtikoÔ ped�ou jae�nai oi ex :
Br =

1

r sin ϑ

∂

∂ϑ
(sin ϑAϕ)

Bϑ = −
1

r

∂

∂r
(rAϕ)

Bϕ = 0























(3.122)
Ennoe�tai ìti mporoÔme na gr�youme ti pl rei ekfr�sei sti sqèsei(3.122) antikajist¸nta to Aϕ me autì pou br kame sth sqèsh (3.121). Taapotelèsmata den e�nai idia�tera diafwtistik�, all� e�nai arket� qr sima giaakribe� upologismoÔ.Gia arket� meg�le apost�sei apì ton kuklikì brìqo, oi exis¸sei toumagnhtikoÔ ped�ou e�nai tautìshme me autè tou ped�ou tou magnhtikoÔ di-pìlou, epalhjeÔonta thn orjìthta th prosèggish tou magnhtikoÔ dipìlousthn opo�a anaferj kame sthn amèsw prohgoÔmenh enìthta. Idia�tero endia-fèron parousi�zoun kai k�poie �lle eidikè peript¸sei, ìpw pq gia ϑ = 0kai r → 0.Ef' ìson èqoume thn pl rh èkfrash gia to dianusmatikì dunamikì, mèswth tetrimmènh diadikas�a thn opo�a èqoume akolouj sei mèqri t¸ra, mpo-roÔme na upolog�soume th Lagkranzian  kai th Qamiltonian  tou ped�ou, kaina katal xoume sta oloklhr¸mata th k�nhsh.H diadikas�a austhr  kai analutik  exagwg  twn anwtèrw ekfr�sewngia to dianusmatikì dunamikì mèsw twn elleiptik¸n oloklhrwm�twn e�nai ma-kr� kai parat�jetai se bibl�a majhmatik  fusik  (pq [10℄). H �dia ergas�ampore� na g�nei kai sto kulindrikì sÔsthma suntetagmènwn, kai thn parajètou-me sto Par�rthma A th paroÔsa diplwmatik  ergas�a.95



3.4 Upèrjesh kuklikoÔ brìqou kai eujÔgram-mou reumatofìrou agwgoÔH shmantikìterh magnhtik  topolog�a thn opo�a ja melet soume e�nai aut pou prokÔptei apì thn upèrjesh dÔo xeqwrist¸n magnhtik¸n ped�wn, ousia-stik� dhlad  apì thn upèrjesh dÔo hlektrik¸n reum�twn. JewroÔme ep�pedokuklikì brìqo akt�na α, o opo�o diarrèetai apì reÔma IL. O brìqo br�ske-tai sto x − y ep�pedo kai to kèntro tou e�nai to shme�o tom  me ton z �xonase trisorjog¸nio kartesianì sÔsthma, dhlad  to shme�o (0, 0, 0). Lìgw thÔparxh tou kuklikoÔ reumatofìrou brìqou, sto q¸ro ep�getai magnhtikìped�o BL.Sthn up�rqousa gewmetr�a prost�jetai t¸ra èna eujÔgrammo reumato-fìro agwgì pou diarrèetai apì IW , kai to magnhtikì ped�o BW , to opo�oep�getai lìgw th prosj kh tou agwgoÔ, upert�jetai (prost�jetai dianu-smatik�) sto ped�o tou brìqou, ¸ste sunolik� na èqoume èna magnhtikì ped�o
B = BL + BW . Arqik� o eujÔgrammo agwgì topojete�tai k�jeta sto kèn-tro tou brìqou, dhlad  akolouje� ton �xona z tou kartesianoÔ sust matokai tèmnei to ep�pedo x − y sto shme�o (0, 0, 0).'Eqoume t¸ra mia nèa, sunjetìterh magnhtik  topolog�a. H upèrjesh twndÔo aut¸n magnhtik¸n ped�wn kai h melèth th dunamik  tou fortismènou sw-matid�ou sto sunolikì magnhtikì ped�o mporoÔn na ma d¸soun polÔ qr simasumper�smata, eidik� ìtan diatar�xoume th summetr�a me ènan apì tou ex trìpou:

• metakin¸nta to shme�o tom  tou eujÔgrammou agwgoÔ me to ep�pedoapì to kèntro tou brìqou,
• all�zonta th �gwn�a prìsptwsh� tou agwgoÔ sto ep�pedo,  
• kai ta dÔo tautìqrona.Autì pou prèpei na g�nei arqik�, e�nai na xanagr�youme se pl rh morf kai se sfairikè suntetagmène ti exis¸sei gia to magnhtikì ped�o pou e-p�getai apì thn parous�a tou eujÔgrammou reumatofìrou agwgoÔ, o opo�oe�nai �prosarmosmèno� (fixed) sto ep�pedo tou kuklikoÔ brìqou, lamb�non-ta up' ìyin ìmw aut  th for� kai ti pijanè diataraqè sth summetr�a pouproanafèrame. 96



⇒'Estw ìti o eujÔgrammo agwgì br�sketai sth jèsh r = r0 kai ϕ = ϕ0sto sfairikì sÔsthma.
⇒ �metakinoÔme� to sÔsthma suntetagmènwn p�nw sto x−y ep�pedo, ¸steh arq  tou na g�nei to shme�o tom  tou eujÔgrammou agwgoÔ me autì.
⇒ Me (x′, y′, z′) sumbol�zoume to shme�o sto opo�o br�sketai o parathrh-t , sto sÔsthma anafor� ìpou to sÔsthma suntetagmènwn e�nai �eujugram-mismèno� w pro ton agwgì.
⇒Me (x̃, ỹ, z̃) sumbol�zoume ti suntetagmène tou parathrht  sto sÔsth-ma anafor� tou opo�ou arq  e�nai to shme�o tom  tou agwgoÔ me to ep�pedo

x − y.Sthn anapar�stash (x′, y′, z′), to sÔsthma suntetagmènwn èqei peristrafe�dÔo forè:1. gia na eujugramm�sei ton nèo �xona x kat� m ko th gramm  pou sun-dèei to (0, 0, 0) me to �nèo� shme�o tom  agwgoÔ kai epipèdou, kai2. gia na eujugramm�sei ton nèo �xona z kat� m ko tou agwgoÔ.ToÔtwn dojèntwn, h jèsh w pro to reumatofìro agwgì d�netai plèonapì ta:
x̃ = x − r0 cos ϕ0 (3.123)
ỹ = y − r0 sin ϕ0 (3.124)
z̃ = z (3.125)Gr�foume ti sunist¸se tou magnhtikoÔ ped�ou tou reumatofìrou agwgoÔse sfairikè suntetagmène, lamb�nonta up' ìyin ì,ti èqoume anafèrei mèqrit¸ra sqetik� me strofè kai metatop�sei. Oi algebrikè endi�mese pr�xei(metatropè metaxÔ susthm�twn suntetagmènwn, strofè, klp) parat�jentaisto par�rthma:

Br =
µ0IW

2πr′
{− sin ϕ′ [cos ϑ0 sin ϑ cos(ϕ − ϕ0) − sin ϑ0 cos ϑ] +

+ cos ϕ′ [sin ϑ sin(ϕ − ϕ0)]} & r̂ (3.126)
Bϑ =

µ0IW

2πr′
{− sin ϕ′ [cos ϑ0 cos ϑ cos(ϕ − ϕ0) + sin ϑ0 sin ϑ] +

+ cos ϕ′ [cos ϑ sin(ϕ − ϕ0)]} & ϑ̂ (3.127)97



Bϕ =
µ0IW

2πr′
{− sin ϕ′ [cos ϑ0 sin(ϕ − ϕ0)] + cos ϕ′ [cos ϑ sin(ϕ − ϕ0)]} & ϕ̂(3.128)en¸ isqÔoun ta ex :

• tanϕ′ = y′/x′

• x′ = r sin ϑ cos ϑ0 cos(ϕ − ϕ0) − r cos ϑ sin ϑ0 − r0 cos ϑ0

• y′ = r sin ϑ sin(ϕ − ϕ0)

• r′ = (x′2 + y′2)
1/2MporoÔme fusik�, epilègonta kat�llhlh èkfrash gia to dianusmatikìdunamikì autoÔ tou sÔnjetou magnhtikoÔ ped�ou, na efarmìsoume ti gnwstèmejìdou th Qamiltonian  mhqanik  kai na katal xoume se genikè morfètwn oloklhrwm�twn th k�nhsh. 'Eqonta t¸ra se pl rh morf  ti exis¸seipou d�noun ti sunist¸se tou magnhtikoÔ ped�ou tou eujÔgrammou reumato-fìrou agwgoÔ (sqèsei (3.126) - (3.128)) all� kai autè pou ma d�noun tomagnhtikì ped�o tou kuklikoÔ brìqou (sqèsei (3.122)) kai prosjètonta tiepimèrou sunist¸se dianusmatik�, èqoume thn pl rh magnhtik  topolog�akat� per�ptwsh, kai mporoÔme na proqwr soume sth melèth th k�nhsh for-tismènou swmatid�ou.3.5 Exis¸sei k�nhsh'Opw kal� gnwr�zoume, h kur�arqh dÔnamh pou aske�tai sta fortismèna sw-mat�dia ta opo�a eis�gontai sti magnhtikè topolog�e pou melet�me e�nai hhlektromagnhtik  (dÔnamh Lorentz). An kai o prosforìtero trìpo melèthth k�nhsh e�nai mèsw th Qamiltonian  Dunamik , ìpw  dh èqoume dei,lìgw th anexarths�a thn opo�a prosfèrei apì to sÔsthma suntetagmènwn,ja gr�youme t¸ra ti exis¸sei k�nhsh se sfairikè suntetagmène, apì thstigm  pou ìla ma ta ped�a e�nai pia se autì to sÔsthma.Jum�zoume:

F = ma = mv̇ = qv ×B (3.129)
dr

dt
= v (3.130)98



'Eqoume


















ṙ = vr

ϑ̇ =
vϑ

r

ϕ̇ =
vϕ

r sin ϑ
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vr = ṙ

vϑ = rϑ̇

vϕ = r sin ϑ ϕ̇











(3.131)
En¸ gia ti epitaqÔnsei a isqÔei:

ar = r̈ − rϑ̇
2
− r sin2 ϑ ϕ̇2 =

= r̈ −
v2

ϑ

r
−

v2
ϕ

r

(3.132)
aϑ = rϑ̈ + 2ṙϑ̇ − r sin ϑ cos ϑ ϕ̇2 =

= rϑ̈ + 2vr
vϑ

r
−

v2
ϕ

r sin ϑ
cos ϑ

(3.133)
aϕ = r sin ϑ ϕ̈ + 2ṙ sin ϑ ϕ̇ + 2r cos ϑ ϑ̇ϕ̇ =

= r sin ϑ ϕ̈ + 2vr
vϕ

r
+ 2vϑ

cos ϑ

sin ϑ

vϕ

r

(3.134)H sunolik  dÔnamh Lorentz pou aske�tai se fortismèno swmat�dio mèsa semagnhtikì ped�o B, gr�fetai:
q

m
v × B =

q

m
(vϑ Bϕ − vϕBϑ) & r̂+

+
q

m
(vϕ Br − vrBϕ) & ϑ̂+

+
q

m
(vrBϑ − vϑBr) & ϕ̂ (3.135)

('Eqoume kanonikopoi sei pantoÔ w pro ènan par�gonta µ0/4π)Kanonikopoi¸nta peraitèrw ti anwtèrw ekfr�sei, gr�foume en tèlei giati epitaqÔnsei ta ex :
r̈ =

v2
ϑ

r
+

v2
ϕ

r
+ (vϑ Bϕ − vϕBϑ) (3.136)99



ϑ̈ = −
2

r2
vrvϑ +

1

r2

cos ϑ

sin ϑ
v2

ϕ +
1

r
(vϕ Br − vrBϕ) (3.137)

ϕ̈ = −
2

r2

1

sin ϑ
vrvϕ −

2

r2

cos ϑ

sin2 ϑ
vϑvϕ+

+
1

r sin ϑ
(vrBϑ − vϑBr)

(3.138)kai antikajist¸nta:
dvr

dt
= r̈ (3.139)

dvϑ

dt
= −

1

r
vrvϑ +

1

r

cos ϑ

sin ϑ
v2

ϕ + (vϕ Br − vrBϕ) (3.140)
dvϕ

dt
= −

1

r
vrvϕ −

1

r

cos ϑ

sin ϑ
vϑvϕ + (vrBϑ − vϑBr) (3.141)
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Kef�laio 4Arijmhtiko� Upologismo�H k�nhsh enì fortismènou swmatid�ou se trei diast�sei sti magnhtikètopolog�e pou anafèrjhkan mpore� fusik� na melethje� kai arijmhtik�, wèna prìblhma arqik¸n tim¸n. Ja qrhsimopoi soume to eleÔjera diajèsimologismikì rksuite twn R.W. Brankin, I. Gladwell, L.F. Shampine. ([1℄,[12℄)4.1 Mèjodo Runge - Kutta sti trei dia-st�seiTo prìblhma arqik¸n tim¸n pou èqoume na epilÔsoume sti trei diast�seitou kartesianoÔ q¸rou d�netai apì to sÔsthma:
dx

dt
= vx

dvx

dt
= ax(t, x, vx, y, vy, z, vz)

dy

dt
= vy

dvy

dt
= ay(t, x, vx, y, vy, z, vz)

dz

dt
= vz

dvz

dt
= az(t, x, vx, y, vy, z, vz)

(4.1)
Sthn per�ptwsh aut  ja qrhsimopoi soume gia auxhmènh akr�beia kai sta-jerìthta ènan algìrijmo th oikogèneia Runge - Kutta me prosarmozìmenoèlegqo b mato (adaptive stepsize control). Gia leptomèreie o anagn¸sthparapèmpetai se èna opoiod pote egqeir�dio arijmhtik¸n mejìdwn   upologi-stik  fusik  ([21℄).To pakèto rksuite perièqei algor�jmou tÔpou Runge - Kutta grammènouse gl¸ssa Fortran kai afor� pragmatikè metablhtè dipl  akr�beia (double101



precision). Gia na sundèsoume upoprogr�mmata sto dikì ma prìgramma qreia-zìmaste ti ex  basikè plhrofor�e:
• INPUT DATA: Dhlad  to p¸ parèqoume sto prìgramm� ma ti a-para�thte plhrofor�e gia na ekteleste� o upologismì. E�nai safèpw sthn per�ptws  ma apaite�tai na d¸soume toul�qiston ti arqikèsunj ke, to qrìno olokl rwsh kai ton arijmì twn bhm�twn. Ep�shprèpei na parèqoume ti sunart sei sto dex� mèlo th (4.1), en¸ e�naidunatìn na zht¸ntai ep�sh h epijumht  akr�beia, h diajèsimh arijmhtik akr�beia klp.
• OUTPUT DATA: Dhlad  to p¸ kai to poÔ ma d�nei to prìgramma taapotelèsmata tou upologismoÔ, e�n autì ègine omal� klp.
• WORKSPACE: Eidik� se rout�ne Fortran 77, ìpou h mn mh de zht�taidunamik�, mpore� na qreiaste� na parèqoume sthn uporout�na q¸ro sthmn mh gia tou endi�mesou upologismoÔ.Eme� ja qrhsimopoi sìume th mèjodo Runge - Kutta 4h t�xh, an kaito prìgramma rksuite epitrèpei th qr sh kai �llwn t�xewn th mejìdou. Oik¸dike pou ja qrhsimopoihjoÔn parat�jentai sto par�rthma, kai up�rqounelèujera diajèsimoi kai sto internet. Lìgw th eure�a qr sh th sugkekri-mènh mejìdou gia th melèth tètoiou e�dou problhm�twn th upologistik fusik , pollè forè anafèretai apl¸ w RK4.Skopì fusik� den e�nai na g�nei analutik  epex ghsh th mejìdou Runge

- Kutta gia thn arijmhtik  ep�lush problhm�twn arqik¸n tim¸n, entoÔtoija anaferjoÔme me adrè grammè sta qarakthristik� th gia èna genikìteroprìblhma.'Estw prìblhma arqik¸n tim¸n:
y′ = f(t, y) y(t0) = y0 (4.2)Gia to dedomèno prìblhma, h RK4 d�netai apì ti akìlouje exis¸sei:

yn+1 = yn +
1

6
h (k1 + 2k2 + 2k3 + k4) (4.3)

tn+1 = tn + h (4.4)102



ìpou me yn+1 sumbol�zoume thn RK4 prosèggish th y(tn+1) kai:
k1 = f(tn, yn) (4.5)
k2 = f(tn +

1

2
h, yn +

1

2
hk1) (4.6)

k3 = f(tn +
1

2
h, yn +

1

2
hk2) (4.7)

k4 = f(tn + h, yn + hk3) (4.8)Sunep¸, h epìmenh tim  yn+1 kajor�zetai apì thn �twrin � tim  yn sthnopo�a èqei prosteje� to ginìmeno tou qronikoÔ diast mato (b mato) h kaimia mèsh parag ģou. QrhsimopoioÔme tou par�gonte k1 − k4 ìpou:
• k1 e�nai h par�gwgo sthn arq  tou diast mato
• k2 e�nai h par�gwgo sto mèson tou diast mato, ìpou èqei qrhsimo-poihje� h mèjodo Euler sthn k1 gia na breje� h tim  tou y sto shme�o

tn + h/2

• k3 e�nai kai p�li h par�gwgo sto mèson tou diast mato, ìpou t¸raèqei qrhsimopoihje� to k3 gia na upologiste� h tim  tou y.
• k4 e�nai h par�gwgo sto tèlo tou diast mato, me qr sh th k3 giaton upologismì th tim  tou y'Opw blèpoume sti (4.3), to megalÔtero b�ro d�netai sti parag¸goutou endi�mesou shme�ou tou diast mato. To ìti h mèjodo e�nai 4h t�xhshma�nei ìti to sf�lma th an� b ma e�nai th t�xh th pèmpth dÔnamh toudiast mato (h5), en¸ to sunolikì sf�lma th mejìdou e�nai th t�xh thtètarth dÔnamh, h4. Epishma�netai ìti h anwtèrw diadikas�a mpore� na e-farmoste� tìso gia bajmwt�, ìso kai gia dianusmatik� megèjh, ìpw e�nai tahlektromagnhtik� ped�a pou exet�zoume. H RK4 e�nai mia genik  oikogèneiamejìdwn me pollè epimèrou peript¸sei, m�a apì ti opo�e e�nai kai h ada-

ptive stepsize control RK4, me èlegqo sf�lmato se k�je b ma th.'Oloi oi k¸dike th Fortran pou qrhsimopoi same gia thn exagwg  twntroqi¸n fortismènwn swmatid�wn gia k�je topolog�a, parat�jentai sto pa-r�rthma B. Sto par�rthma autì ep�sh parajètoume k�poiou k¸dike pougr�yame se MATLAB ( c©), oi opo�oi apotup¸noun ti dunamikè grammè toumagnhtikoÔ ped�ou.QrhsimopoioÔme ètoima scripts sta opo�a d�noume an� per�ptwsh ti timètwn ki, ti arqikè jèsei kai taqÔthte se trei diast�sei, ton arijmì twn103



bhm�twn th mejìdou kai to qronikì di�sthma olokl rwsh (t0, tf).4.2 Sqed�ash pediak¸n gramm¸n gia di�fo-re magnhtikè topolog�eProtoÔ melet soume arijmhtik� ti troqiè fortismènwn swmatid�wn se di-�fore magnhtikè topolog�e, qrhsimopoi same to MATLAB gia na sqedi-�soume endeiktikè magnhtikè grammè gia to magnhtikì ped�o pou ep�getaiapì eujÔgrammo reumatofìro agwgì, gia autì pou ep�getai apì ep�pedo reu-matofìro brìqo, kaj¸ kai k�poie prwtìleie apìpeire upèrjesh aut¸n.Epishma�noume ìti ta apotelèsmata (apeikon�sei) pou pa�rnoume e�nai kajar�poiotik�. Oi k¸dike parat�jentai sto Par�rthma B.

Sq ma 4.1: Pediakè Grammè MagnhtikoÔ Ped�ou eujÔgrammou reumatofìrouagwgoÔ IW
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Sq ma 4.2: Pediakè Grammè MagnhtikoÔ Ped�ou ep�pedou reumatofìroubrìqou IL

Sq ma 4.3: Upèrjesh Ped�wn BW kai BL me IW k�jeto sto kèntro touepipèdou tou brìqou IL
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4.3 Montelopo�hsh k�nhsh swmatid�ou seHlektrikì - Magnhtikì Ped�o'Eqonta anafèrei ìla ta parap�nw, mporoÔme t¸ra na proqwr soume sthmelèth th k�nhsh fortismènou swmatid�ou (mh sqetikistikoÔ) mèsa se hle-ktrikì kai magnhtikì ped�o. Kat� ta gnwst�, h dÔnamh pou kuriarqe� sthnk�nhsh e�nai h dÔnamh Lorentz:
F = q (E + v ×B) (4.9)H aploÔsterh per�ptwsh, ìpw e�dame kai sto Kef�laio 2, e�nai ìtan tomagnhtikì ped�o e�nai statikì, omogenè kai th morf  B = Bẑ. A jew-r soume kai Ôparxh exwterikoÔ hlektrikoÔ ped�ou E = Exx̂ + Eyŷ + Ezẑ,tou opo�ou ti sunist¸se mporoÔme na mhden�soume sth sunèqeia ektel¸n-ta to prìgramma, ¸ste na doÔme grafik� ti troqiè twn swmatid�wn pouma endiafèroun. Ta apotelèsmata pou lamb�noume e�nai poiotik�, kai sko-pì èqoun na apeikon�soun se genikè grammè ti troqiè pou ma endiafèroun.Oi sunist¸se th epit�qunsh (kat� mètro) ja e�nai:

ax = (qEx/m) + (qB/m)vy (4.10)
ay = (qEy/m) + (qB/m)vx (4.11)
az = (qEz)/m (4.12)Gr�foume ton k¸dika ulopo�hsh th RK4 sth Fortran, sto arqe�o rk3 B.fjètonta:

k1 = qB/m, k2 = qEx/m, k3 = qEy/m, k4 = qEz/m4.3.1 Statikì kai Omogenè Magnhtikì Ped�o B =
BẑUlopoi¸nta to script pou ektele� ti oloklhr¸sei kai sth sunèqeia pern�eita dedomèna sto gnuplot, lamb�noume ti apeikon�sei gia ti troqiè forti-smènou swmatid�ou pou kine�tai se magnhtikì ped�o B = Bẑ. Shmei¸noumeìti oi timè pou d�noume sti paramètrou odhgoÔn sthn exagwg  poiotik¸nsumperasm�twn gia ti troqiè ìtan pq jètoume pollapl�sia enì �basikoÔ�magnhtikoÔ ped�ou   mia taqÔthta. En gènei qrhsimopoioÔme kanonikopoih-mène mon�de.
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Sq ma 4.4: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ me qB/m = 1.0,v(0) = 1.0ŷ + 0.1ẑ.

Sq ma 4.5: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ me qB/m = 5.0,v(0) = 1.0ŷ + 0.1ẑ.107



Sq ma 4.6: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ me qB/m = 5.0,v(0) = 10.0ŷ + 0.1ẑ.
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Apì ta tr�a sq mata pou parajèsame, e�nai emfan  h elikoeid  troqi� toufortismènou swmatid�ou kat� m ko tou �xona z, h opo�a analÔetai sthn peri-strofik  k�nhsh per� tou kèntrou peristrof  (gurok�nhsh) kai th metaforik k�nhsh kat� m ko tou �xona z. Sto deÔtero sq ma èqoume pentaplasi�seito mètro tou magnhtikoÔ ped�ou, to opo�o odhge� se polÔ perissìtere pe-ristrofikè kin sei, kai m�lista me polÔ mikrìtere akt�ne Larmor gia to�dio qronikì di�sthma, ìpw anamèname afoÔ h akt�na e�nai antistrìfw a-n�logh apì thn kuklotronik  suqnìthta qB/m. Ant�stoiqa sto tr�to sq ma,krat¸nta to pentapl�sio magnhtikì ped�o èqoume dekaplasi�sei thn arqik taqÔthta tou swmatid�ou w pro thn y sunist¸sa th, to opo�o odhge� sedekaplasiasmì tìso th (an�logh me thn taqÔthta) akt�na peristrof , al-l� kai th metaforik  apìstash thn opo�a dianÔei to fort�o kat� m koutou magnhtikoÔ ped�ou. Kai sti trei peript¸sei èqoume qrhsimopoi sei thmèjodo RK45 me 1000 b mata gia qronikì di�sthma apì t0 = 0 èw tf = 40.Kai sti trei peript¸sei h arqik  jèsh e�nai h r(0) = 1.0x̂. Oi diaforèmetaxÔ twn troqi¸n  tan apìluta anamenìmene b�sei ìswn suzht same sthnenìthta 2.1.1.4.3.2 Ol�sjhsh E × B'Opw anafèrame, o k¸dika rk3 B.f perilamb�nei kai sunist¸se hlektriko-Ô ped�ou, ti opo�e agno same sthn prohgoÔmenh per�ptwsh mhden�zonta ta
k2, k3, k4. Me skopì na parathr soume thn ol�sjhsh E×B sthn opo�a èqoumeanaferje� me leptomèreie sthn enìthta , prosjètoume mia sunist¸sa hlektri-koÔ ped�ou sto prìblhma kai peiramatizìmaste me k�poie timè hlektrik¸n kaimagnhtik¸n ped�wn.ParathroÔme ìti h prosj kh hlektrik¸n sunistws¸n odhge� se ol�sjh-sh E × B pro tou ant�stoiqou �xone tou hlektrikoÔ ped�ou, en¸ ìpwblèpoume kai sta epìmena dÔo sq mata, h �uxhsh tou mètrou tou magnhtikoÔped�ou odhge� kai p�li se perissìtere peristrofikè kin sei Larmor sto �dioqronikì di�sthma.
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Sq ma 4.7: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ kai stajerì hlektrikì ped�o E = Exx̂ + Eyŷ me qB/m = 1.0, qEx/m =
qEy/m = 0.1, v(0) = 1.0ŷ + 0.1ẑ

Sq ma 4.8: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ kai stajerì hlektrikì ped�o E = Exx̂ + Eyŷ me qB/m = 5.0, qEx/m =
qEy/m = 0.1 110



Sq ma 4.9: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bẑ kai stajerì hlektrikì ped�o E = Exx̂ + Eyŷ me qB/m = 5.0, qEx/m =
1.0, qEy/m = 0.14.3.3 Statikì kai Omogenè Magnhtikì Ped�o B =

Byŷ + BzẑMe parìmoio trìpo mporoÔme na melet soume qwroexarthmèna magnhtik� ped�ame parap�nw apì m�a sunist¸se. Ousiastik� prèpei na metab�lloume ta kston k¸dika, èqonta ìmw p�ntote up' ìyin ìti oi epilogè ma prèpei naikanopoioÔn ti exis¸sei tou Maxwell, kai pio sugkekrimèna th sqèsh pouor�zei ìti h apìklish tou magnhtikoÔ ped�ou prèpei na e�nai mhdenik . Giana doÔme ton periorismì sto q¸ro fortismènou swmatid�ou upì thn ep�drashmagnhtikoÔ ped�ou, qrhsimopoioÔme thn aploÔsterh per�ptwshB = Byŷ+Bzẑ,me ti ex  enallaktikè:
• qBy/m = −k2y, qBz/m = k1 + k2z

• qBy/m = k3z, qBz/m = k1 + k2yParathroÔme ìti kai sti dÔo peript¸sei isqÔei ∇ &B = 0. Me aut  thntopolog�a mporoÔme na apeikon�soume thn troqi� fortismènou swmatid�ou toopo�o kine�tai sto magnhtikì ped�o pou ep�getai apì eujÔgrammo reumatofìroagwgì (IW ), ìpw suzht same sthn enìthta 3.2. Jumìmaste ìti to magnhtikìped�o pou ep�getai d�netai apì ton kanìna tou dexioÔ qerioÔ kai èqei mìno111



mia ϕ sunist¸sa sto kulindrikì sÔsthma suntetagmènwn. Metatrèponta todi�nusma sto kartesianì sÔsthma, apokt� dÔo sunist¸se, x̂ kai ŷ w ex :
BW =

µ0IW

2πr
ϕ̂

ϕ̂ = −x̂ sin ϕ + ŷ cos ϕ

r =
√

x2 + y2

tan ϕ =
y

x'Ara
BW = Bxx̂ + Byŷ

Bx = −BW & sin ϕ x̂

By = BW & cos ϕ ŷSthn per�ptws  ma èqoume analÔsei ti sunist¸se tou magnhtikoÔ pe-d�ou se y kai z �xone, oi opo�oi ìmw kai p�li ja ma d¸soun thn eikìnapou perimènoume. Emfanè e�nai ìti to fortismèno swmat�dio akolouje� thnkampÔlwsh twn magnhtik¸n gramm¸n (pou prokÔptei apì thn upèrjesh th
y kai z sunist¸sa an� p�sa qronik  stigm ), en¸ par�llhla akolouje� kaithn elikoeid  k�nhsh, (upèrjesh peristrofik  Larmor kai metaforik  ka-t� m ko twn gramm¸n tou ped�ou) ìpw èqoume anafèrei ektetamèna. Sthnepìmenh sel�da parajètoume ti apeikon�sei troqi¸n se autì to magnhtikìped�o:
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Sq ma 4.10: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Byŷ+Bzẑ me qBy/m = 0.02y, qBz/m = 1+0.02z, v(0) = 1.0ŷ+0.1ẑ r(0) =
1.0x̂. H olokl rwsh g�netai me 10000 b mata apì t0 = 0 èw tf = 500.

Sq ma 4.11: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Byŷ+Bzẑ me qBy/m = 0.08z, qBz/m = 1.4+0.08y, v(0) = 1.0ŷ+0.1ẑ r(0) =
1.0x̂. H olokl rwsh g�netai me 40000 b mata apì t0 = 0 èw tf = 3000.113



4.4 Sqetikistik  k�nhshSthn par�grafo aut  ja melet soume ti troqiè fortismènwn swmatid�wnmèsa se magnhtikì ped�o, ìtan ìmw h taqÔtht� tou g�netai sugkr�simh methn taqÔthta tou fwtì, kai sunep¸ prèpei na tropopoi soume ti exis¸seitou NeÔtwna b�sei th Eidik  Jewr�a th Sqetikìthta (EJS) eis�gontaton par�gonta Lorentz. (blèpe kai [1℄)Gia lìgou aplopo�hsh tou probl mato kai tou k¸dika, jewroÔme thntaqÔthta tou fwtì c �sh me th mon�da. Oi exis¸sei k�nhsh tou swmatid�oum�za hrem�a m0 > 0, m�za m = m0/
√

1 − v2, orm  p = mv kai enèrgeia
E = m =

√

p2 + m2
0 mèsa se dunamikì ped�o F d�nontai apì ti sqèsei:

dp

dt
= F (4.13)Gia na ti gr�youme w sÔsthma diaforik¸n exis¸sewn pr¸th t�xh qrh-simopoioÔme ti sqèsei:

v =
p

m
=

p

E
=

p
√

p2 + m2
0

(4.14)Oi opo�e ma d�noun:
dx

dt
=

px/m0
√

1 + (p/m0)2
(4.15)

dy

dt
=

py/m0
√

1 + (p/m0)2
(4.16)

dz

dt
=

pz/m0
√

1 + (p/m0)2
(4.17)

d(px/m0)

dt
=

Fx

m0
(4.18)

d(py/m0)

dt
=

Fy

m0

(4.19)
d(pz/m0)

dt
=

Fz

m0
(4.20)
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Oi sqèsei autè apoteloÔn èna sÔsthma diaforik¸n exis¸sewn pr¸tht�xh gia ti sunart sei x(t), y(t), z(t), (px/m0)(t), (py/m0)(t), (pz/m0)(t).Gia thn ep�lush me th mèjodo Runge - Kutta prosarmosmènou b mato 4ht�xh qreiazìmaste ti arqikè sunj ke: x(0), y(0), z(0), (px/m0)(0), (py/m0)(0), (pz/m0)(0)Qrhsimopoi¸nta ti sqèsei
px =

vx
√

1 − v2
vx =

(px/m0)
√

1 + (p/m0)2
(4.21)

py =
vy

√
1 − v2

vy =
(py/m0)

√

1 + (p/m0)2
(4.22)

pz =
vz

√
1 − v2

vz =
(pz/m0)

√

1 + (p/m0)2
(4.23)mporoÔme na d¸soume enallaktik� w arqikè sunj ke ti jèsei kai titaqÔthte gia t = 0.Gia ton programmatismì tou anwtèrw probl mato qrei�zetai na metab�l-loume elafr� twn k¸dika th Fortran, d�nonta ti nèe sqèsei taqut twnkai orm¸n. Oi k¸dike sr.f, sr B.f d�nontai sto par�rthma B.4.4.1 K�nhsh sqetikistikoÔ fortismènou swmati-d�ou se Statikì Hlektrikì kai MagnhtikìPed�oAfoÔ e�dame to p¸ all�zoun oi exis¸sei k�nhsh ìtan pern�me sth sqetiki-stik  perioq  taqut twn, h pr¸th ma apìpeira e�nai na montelopoi soume thntroqi� enì sqetikistikoÔ fortismènou swmatid�ou mèsa se statikì magnhtikìped�o. Idia�terh prosoq  prèpei na epide�xoume kai ston sqetikistikì orismìth kinhtik  enèrgeia:

T =

(

1
√

1 − v2
− 1

)

m0 =
(

√

1 + (p/m0)2 − 1
)

m0 (4.24)Sta sq mata pou akoloujoÔn parathroÔme (a) thn kuklotronik  kai me-taforik  k�nhsh tou fortismènou swmatid�ou, ìpw anamèname. Idia�tera pro-sèqoume ti diaforetikè kl�make stou �xone. (b) Thn ol�sjhsh E × B:
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Sq ma 4.12: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bzẑ me qBz/m0 = 10.0, v(0) = 0.95ŷ + 0.10ẑ, r(0) = 1.0x̂. H olokl rwshg�netai me 1000 b mata apì t0 = 0 èw tf = 20.

Sq ma 4.13: Troqi� fortismènou swmatid�ou se statikì magnhtikì ped�o B =
Bzẑ kai statikoÔ hlektrikoÔ ped�ou E = Eyŷ me qBz/m0 = 10.0, qE/m0 =
5.0ŷ, v(0) = 0.95ŷ + 0.10ẑ, r(0) = 1.0x̂. H olokl rwsh g�netai me 1000b mata apì t0 = 0 èw tf = 20. 116



4.4.2 K�nhsh se ped�o magnhtikoÔ dipìlouQrhsimopoioÔme t¸ra ènan nèo k¸dika, o opo�o montelopoie� thn k�nhsh sqeti-kistik¸n fortismènwn swmatid�wn sto magnhtikì ped�o tou dipìlou, sto opo�oanaferj kame sthn enìthta 3.3.1. Me autìn ton trìpo montelopoie�tai h a-ktinobol�a Van Allen (pagideumèna swmat�dia sth magnhtìsfaira th Gh, hopo�a èqei dipolik  morf ).O k¸dika sr Bd.f apl¸ èqei enswmatwmène ti exis¸sei pou ma d�nounto magnhtikì ped�o tou dipìlou, kai parat�jetai sto par�rthma B.

Sq ma 4.14: Troqi� sqetikistikoÔ fortismènou swmatid�ou se magnhtikì ped�odipìlou me B0 = 1000, v = −0.99999ẑ, r = 0.02x̂ + 2.00ẑ. H olokl rwshg�netai me 10000 b mata apì t0 = 0 èw tf = 5. ParathroÔme ti polÔ leptèspe�re pou diagr�foun ta fortismèna swmat�dia.
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4.5 Mh summetrikè katanomè reÔmato -Qaotik� magnhtik� ped�aH pio polÔplokh magnhtik  topolog�a pou ja melet soume e�nai aut  pouprokÔptei apì thn upèrjesh dÔo epimèrou magnhtik¸n ped�wn:
• AutoÔ pou ep�getai apì ton ep�pedo reumatofìro brìqo IL

• AutoÔ pou ep�getai apì ton eujÔgrammo reumatofìro agwgì IWJewroÔme loipìn mh summetrik�, mh grammik� statik� magnhtik� ped�ase 3 diast�sei, epagìmena apì hlektrik� reÔmata ìpw aut� pou anafèra-me. Ja de�xoume ìti h k�nhsh enì fortismènou swmatid�ou se èna tridi�statoqaotikì magnhtikì ped�o, den e�nai apara�thta qaotik , opìte apofeÔgetai hdi�qush ektì th di�taxh magnhtik  sugkr�thsh (“cross-field transport”)- kai aut  einai h kentrik  idèa p�sw apì thn el�kwsh twn magnhtik¸n gramm¸nsto Tokamak, ìpw èqoume  dh epishm�nei.O k¸dika gia thn pl rh melèth tou probl mato e�nai se Fortran, qrhsi-mopoie� biblioj ke IMSL, kai ulopoie� mejìdou sumplektik  olokl rwshgia thn ep�lush twn exis¸sewn k�nhsh sti polÔploke autè topolog�e. Giatou skopoÔ aut  th diplwmatik  ergas�a e�nai mia eugenik  prosfor�tou Dr. Abhay Ram. (Plasma Science and Fusion Center, Massachusetts
Institute of Technology, Cambridge, MA - USA)Tìso oi exis¸sei pou d�noun to sunolikì magnhtikì ped�o, ìso kai oi exi-s¸sei k�nhsh fortismènou swmatid�ou se autì d�nontai sthn enìthta 3.4. Hmagnhtik  gewmetr�a prokÔptei apì thn ex  upèrjesh reumatofìrwn agwg¸n:

Sq ma 4.15: Upèrjesh IL, IW (IL/IW = 5)118



Oi apost�sei e�nai kanonikopoihmène w pro thn akt�na a tou brìqou.H epìmenh eikìna de�qnei thn tom  Poincaré gia th magnhtik  ro  sto ep�pedo
x− z, dhlad  h apeikìnish th troqi� tou fortismènou swmatid�ou sto q¸rotwn f�sewn (blèpe enìthta 2.2.2 kai ex ) ParathroÔme ìti oi epif�neiemagnhtik  ro  prosomoi�zoun me autè enì magnhtikoÔ dipìlou:

Sq ma 4.16: Tom  Poincaré gia th summetrik  topolog�aEan h summetr�a sth magnhtik  topolog�a diataraqje� èstw kai el�qista,metakin¸nta to shme�o tom  tou eujÔgrammou agwgoÔ me to ep�pedo tou ku-klikoÔ brìqou kat� ∆r/α = 0.001 h eikìna gia thn tom  Poincaré all�zei.O eujÔgrammo agwgì e�nai akìmh par�llhlo ston z �xona, kai oi arqikèsunj ke gia to magnhtikì ped�o e�nai oi �die me thn amèsw prohgoÔmenhper�ptwsh. Apì thn eikìna blèpoume ìti en¸ oi eswterikè epif�neie th ma-gnhtik  ro  mènoun �die, sto exwterikì arq�zoun na sqhmat�zontai magnh-tikè nhs�de, to mègejo twn opo�wn aux�netai kaj¸ apomakrunìmaste apìto reumatofìro brìqo. Plèon oi dunamikè grammè tou magnhtikoÔ ped�ouden e�nai �periorismène� se mia epif�neia, all� katalamb�noun peperasmènoq¸ro sti trei diast�sei. Ant�stoiqa, ìpw fa�netai se epìmeno sq ma, anmetakin soume perissìtero ton eujÔgrammo agwgì se sqèsh me to kèntrotou brìqou, diatar�ssonta akìmh perissìtero th summetr�a (∆r/α = 0.01)blèpoume ìti an kai oi eswterikè magnhtikè grammè diathroÔntai, to magnh-tikì ped�o kaj¸ apomakrunìmaste apì to kèntro g�netai qaotikì.
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Sq ma 4.17: Upèrjesh IL, IW - mh summetrik  per�ptwsh 1 (∆r/α = 0.001)

Sq ma 4.18: Upèrjesh IL, IW - mh summetrik  per�ptwsh 2 (∆r/α = 0.01)
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Epilègoume èna swmat�dio pou kine�tai sth qaotik  perioq  th deÔterhmh summetrik  per�ptwsh, kai sugkekrimèna sto shme�o pou èqoume mark�reisto anwtèrw sq ma, gia na epilÔsoume ti exis¸sei k�nhs  tou kai na doÔmethn troqi� tou sti trei diast�sei. E�nai emfanè ìti h troqi� tou e�naiperiodik :

Sq ma 4.19: Periodik  troqi� fortismènou swmatid�ou pou kine�tai se qaotik perioq  tou magnhtikoÔ ped�ouAut  h ergas�a parous�asthke apì ton Dr. Ram sto 35o EPS - Plasma
Physics Conference sthn Kr th to 2008. ([22℄)Upì �lle sunj ke apodeiknÔetai ìti fortismèna swmat�dia pou kinoÔntaise qaotik� magnhtik� ped�a uf�stantai fainìmena metafor� kai di�qush, k�tito opo�o èqei melethje� kur�w gia th di�qush th kosmik  aktinobol�a stadiastrik� kai diaplanhtik� magnhtik� ped�a, en¸ èqei shmantikè efarmogèfusik� kai sth magnhtik  sugkr�thsh tou jermopurhnikoÔ pl�smato.
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Kef�laio 5Sumper�smataSth diplwmatik  aut  ergas�a de�xame ìti mporoÔme na qrhsimopoi soume tajemèlia th Fusik , dhlad  thn Klasik  Mhqanik  kai ton Hlektromagnh-tismì gia na ex�goume qr sima sumper�smata gia th dunamik  fortismènwnswmatid�wn se di�fore qarakthristikè magnhtikè gewmetr�e. 'Eqonta wafethr�a th melèth th peristrofik  k�nhsh enì fortismènou swmatid�oukat� m kou twn magnhtik¸n gramm¸n omogenoÔ statikoÔ ped�ou, perigr�fh-san di�fore olisj sei pou parathroÔntai lìgw exwterik¸n hlektrik¸n pe-d�wn  /kai gewmetrikoÔ qarakt ra anomoiogenei¸n kai epishm�njhkan oi pe-riodikè kin sei fortismènwn swmatid�wn se mh grammik�, qaotik� magnhtik�ped�a.Apara�thto ergale�o gia k�je b ma th melèth e�nai tìso h neut¸neia du-namik , all� kai h mhqanik  Lagrange - Hamilton, h opo�a ekmetalleÔetai tiqwrikè summetr�e gia na anade�xei diathroÔmene posìthte, stajerè thk�nhsh ìpw th stroform  kai thn olik  enèrgeia. Dedomènou ìti h qamil-tonian  dunamik  bas�zetai se enèrgeie kai dunamik�, kaj�statai euqerèsterhh melèth th k�nhsh se pio polÔploke topolog�e pou qarakthr�zontai apìkampulìgramme summetr�e (kulindrikè, sfairikè, toroeide� klp), poll¸de m�llon apì th stigm  pou èqei genikìterh isqÔ ìtan h neut¸neia prosèg-gish th melèth tou kèntrou peristrof  paÔei na isqÔei, ìpw e�dame stokef�laio 2. H Qamiltonian  sun�rthsh perièqei ìlh thn plhrofor�a gia thntopolog�a tou magnhtikoÔ ped�ou, kai ìpw akrojig¸ epishm�njhke sto Ke-f�laio 4, h melèth mpore� eÔkola na epektaje� kai gia sqetikistik� swmat�dia.Eis�gonta se epìmeno st�dio thn Kanonik  Jewr�a Diataraq¸n kai th me-lèth th dunamik  twn fort�wn me qr sh twn metablht¸n Dr�sh - Gwn�a,oi dunatìthte g�nontai aperiìriste. 'Eqonta asqolhje� kane� me thn k�nh-sh memonwmènwn fortismènwn swmatid�wn se hlektrik� kai magnhtik� ped�a,mpore� na epektaje� tìso sth makroskopik  je¸rhsh tou pl�smato mèsw123



th Magnhto�drodunamik , ìso kai sto statistikì montèlo th Kinhtik Jewr�a, kaj¸ kai na melet sei metaxÔ �llwn th di�dosh poll¸n eid¸n hle-ktromagnhtik  aktinobol�a mèsa se pl�sma, ti ast�jeie kai ta mh grammik�- qaotik� fainìmena pou parathroÔntai.H Fusik  Pl�smato e�nai èna eurÔtato kai polupediakì antike�meno, kaiautì e�nai pou thn k�nei kai tìso sunarpastik . H pagkìsmia episthmonik koinìthta tou pl�smato asqole�tai apì t¸ra kai sto ex  me thn ulopo�hshtou DiejnoÔ JermopurhnikoÔ PeiramatikoÔ Antidrast ra ITER, me skopìna apodeiqje� ìti e�nai efikt  h paragwg  kajar  enèrgeia sth Gh ìpw kaiston 'Hlio, mèsw antidr�sewn Elegqìmenh Jermopurhnik  SÔnthxh. Giana pragmatopoihje� k�poia stigm  o meg�lo stìqo th SÔnthxh sto Er-gast rio, prèpei na diasfaliste� h bèltisth sugkr�thsh tou pl�smato mèsaston antidrast ra - kai autì ja epiteuqje� egklwb�zonta fortismèna swma-t�dia se polÔploke magnhtikè topolog�e.
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Par�rthma AþMagnhtikì Ped�o kuklikoÔbrìqou - kulindrikèsuntetagmèneO akrib  upologismì tou sunolikoÔ magnhtikoÔ ped�ou pou dhmiourge�taigÔrw apì to brìqo reÔmato e�nai dÔskolo, ef'ìson perilamb�nei ton arijmh-tikì upologismì twn pl rwn elleiptik¸n oloklhrwm�twn 1ou kai 2ou e�dou,
K(k) kai E(k) ant�stoiqa. A onom�soume z ton �xona pou pern�ei k�jetaapì to kèntro tou daktul�ou akt�na a pou diarrèetai apì hlektrikì reÔmasthn parap�nw eikìna. O upologismì tou magnhtikoÔ ped�ou ston �xona ze�nai tetrimmènh diadikas�a, afoÔ exantle�tai se mia apl  efarmog  tou nìmoutwn Biot - Savart th magnhtostatik  (upojètoume ìti e�maste sto kenì):

dBz =
µ0

4π

Idl × r̂

r2ìpou:
I e�nai to reÔma, dl e�nai to stoiqe�o tou �reumatofìrou agwgoÔ� me dieÔjun-sh kai for� aut  th k�nhsh tou hlektrikoÔ reÔmato, dBz to stoiqei¸demagnhtikì ped�o ston �xona z, k�jeto sto ep�pedo tou daktul�ou, to opo-�o dhmiourge�tai lìgw tou reÔmato pou diarrèei to dl, µ0 e�nai h magnhtik stajer�, r̂ to monadia�o di�nusma th apìstash metaxÔ tou stoiqe�ou toureumatofìrou agwgoÔ kai tou �xona ston opo�o upolog�zetai to magnhtikìped�o (ton z sthn per�ptws  ma) kai r h apìstash kat� mètro. H prosèggishtwn Biot - Savart e�nai apìluta swst  afoÔ sthn per�ptws  ma den èqoumekatìus�an reumatofìro agwgì me fusikè diast�sei, all� mìno èna brìqohlektrikoÔ reÔmato.To magnhtikì ped�o kat� m ko tou �xona z lìgw tou kuklikoÔ reÔmato125



upolog�zetai t¸ra apì mia apl  olokl rwsh p�nw se ìlo to daktÔlio. 'Etsi,gia k�je shme�o z, to magnhtikì ped�o p�nw ston �xona ja e�nai kat� mètro:
dBz =

µ0Idl

4π & r2
cos ϑ =

µ0Idla

4π & r2
⇒ Bz =

µ0

4π

2πa2I

2 & r3

=
µ0

4π

2πa2I

(a2 + z2)3/2
=

µ0a
2I

2 & (a2 + z2)3/2afoÔ profan¸ ∫ dl = 2πaP�nw sto ep�pedo x− y ja èqoume z = 0 kai h parap�nw sqèsh aplopoie-�tai kai ma d�nei to mètro tou magnhtikoÔ ped�ou sto kèntro tou daktul�ou:
B0z

= µ0I/2a'Allh mia eidik  per�ptwsh ja èqoume gia z >> 0, kat� thn opo�a to mètrotou magnhtikoÔ ped�ou gia aut  thn apìstash ja e�nai Bz = µ0Ia2

2z3 . Aut  hèkfrash e�nai an�logh tou mètrou tou axonikoÔ magnhtikoÔ ped�ou pou ofe-�letai se magnhtikì d�polo.Proqwr�me t¸ra sth melèth tou magnhtikoÔ ped�ou ektì tou �xona z,pantoÔ alloÔ sto q¸ro. 'Opw ja doÔme sth sunèqeia, oi ekfr�sei poup rame apì to nìmo twn Biot - Savart prin e�nai upoper�ptwshtwn genikìterwn ekfr�sewn pou ja ex�goume.Ed¸ ja qreiastoÔme ta pl rh elleiptik� oloklhr¸mata pr¸tou kai deÔte-rou e�dou:
K(k) =

∫ π/2

0
da√

1−k2 sin2 a
kai E(k) =

∫ π/2

0
da
√

1 − k2 sin2 a ant�stoiqa.Arqik� ja prèpei na upologiste� to magnhtikì dianusmatikì dunamikì A,kai sth sunèqeia mèsw tou strobilismoÔ tou ja breje� to magnhtikì ped�o.Apì ti ekfr�sei twn elleiptik¸n oloklhrwm�twn pou gr�yame e�nai pro-fanè ìti isqÔei
K(0) = E(0) =

∫ π/2

0

da =
π

2H par�gwgo tou K ja e�nai:
dK

dk
=

∫ π/2

0

k sin2 a
(

1 − k2 sin2 a
)3/2

da126



Ef'ìson:
k sin2 a

(

1 − k2 sin2 a
)3/2

=
1

k
(

1 − k2 sin2 a
)3/2

−
1

k
√

1 − k2 sin2 ah prohgoÔmenh sqèsh mpore� na grafe� w:
dK

dk
=

∫ π/2

0

1

k
(

1 − k2 sin2 a
)3/2

da −

∫ π/2

0

1

k
√

1 − k2 sin2 a
daìpou to deÔtero olokl rwma isoÔtai profan¸ me K/k. Apì sÔgkrishdunamoseir¸n ep�sh prokÔptei ìti:

E(k) =
(

1 − k2
)

∫ π/2

0

da
(

1 − k2 sin2 a
)3/2opìte telik� mporoÔme na gr�youme th sqèsh th parag¸gou tou K w:

dK

dk
=

E

k (1 − k)2 −
K

kMe ant�stoiqh mèjodo katal goume kai sthn ex  èkfrash gia thn pa-r�gwgo tou E:
dE

dk
=

E

k
−

K

kMe dedomèna aut� ta ergale�a, ja proqwr soume t¸ra sthn exagwg th ex�swsh tou magnhtikoÔ ped�ou pou ofe�letai sthn Ôparxh tou kuklikoÔbrìqou reÔmato (current loop). Ja xekin soume br�skonta to dianusmatikìdunamikì A apì th sqèsh
A =

µ0I

4π

∫

ds

Rkai sth sunèqeia ja ex�goume to magnhtikì ped�o apì to strobilismì toudunamikoÔ:
B = ∇×AH diadikas�a e�nai idia�tera ep¸dunh, ta sumper�smata sta opo�a kata-l goume ìmw e�nai polÔ qr sima kai apl� sth genikìtht� tou. Krat�me apìed¸ ep�sh mia basik  idiìthta twn swlhnoeid¸n ped�wn, ìpw to B: mporoÔnna analujoÔn se m�a poloeid  kai m�a toroeid  sunist¸sa.127



'Estw ah akt�na tou kuklikoÔ brìqou, to kèntro tou opo�ou br�sketai ston�xona z. O brìqo br�sketai se ep�pedo par�llhlo tou xy, èstw se apìstash
h apì ton �xona x. Ja broÔme to A se èna tuqa�o shme�o P tou xz epipèdoume suntetagmène (r, 0, z). An φ e�nai h gwn�a metaxÔ tou x �xona kai dojèntoshme�ou ston kuklikì brìqo, oi suntetagmène autoÔ tou tuqìnto shme�oue�nai (a cos φ, a sinφ, h). 'Etsi, h apìstash metaxÔ tou P kai tou tuqìntoshme�ou sto brìqo ja e�nai:

R =
√

(r − a cos φ)2 + a2 sin2 φ + (z − h)2

=
√

r2 − 2ar cos φ + a2
(

cos2 φ + sin2 φ
)

+ (z − h)2

=
√

r2 + a2 + (z − h)2
− 2ar cos φEf' ìson ds = −a sin φ dφx̂ + a cos φ dφŷ, h arqik  sqèsh pou gr�yamegia to dianusmatikì dunamikì metasqhmat�zetai sthn:

A =
µ0I

4π

∫ 2π

0

−a sin φ dφ
√

r2 + a2 + (z − h)2
− 2ar cos φ

x̂+

+
µ0I

4π

∫ 2π

0

a cos φ dφ
√

r2 + a2 + (z − h)2
− 2ar cos φ

ŷGia k�je φ h suneisfor� sto A sth dieÔjunsh x allhloexoudeter¸netaime th suneisfor� tou −φ. Gia autì to lìgo den up�rqei x sunist¸sa sto
A kai o pr¸to ìro sthn èkfrash pou gr�yame mhden�zetai. Epiplèon, hsuneisfor� sth dieÔjunsh y apì to φ isoÔtai me aut  apì to−φ, epomènw ant�na oloklhr¸noume apì 0 w 2p, mporoÔme na oloklhr¸soume thn ysunist¸saapì 0 èw p kai na pollaplasi�soume me to 2. Tèlo, apì th gewmetr�a touprobl mato prokÔptei ìti ma exuphrete� na metafr�soume se kulindrikèsuntetagmène, opìte to y g�netai φ kai to dianusmatikì dunamikì gr�fetai:

A =
µ0Ia

2π

∫ π

0

cos φ dφ
√

r2 + a2 + (z − h)2
− 2ar cos φ

φ̂Ja ektelèsoume t¸ra di�fore pr�xei kai metasqhmatismoÔ, ¸ste naxanagr�youme to dianusmatikì dunamikì se morf  tètoia, ¸ste na mpore� naupologiste� arijmhtik� me th qr sh twn elleiptik¸n oloklhrwm�twn K(k)kai E(k). O paronomast  mèsa sto olokl rwma mpore� na xanagrafe� w:
√

r2 + a2 + (z − h)2
− 2ar cos φ =

√

(r + a)2 + z2 − 4ar

(

1 + cos φ

2

)128



'Estw φ = π − 2α ⇒ cos φ = − cos 2a, kai epeid  cos 2a = 1 − 2 sin2 a jaisqÔei ((1 + cosφ)/2) = sin2 a. Me aut  thn antikat�stash kai paragonto-poi¸nta kat�llhla to (r + a)2 + (z − h)2, h prohgoÔmenh sqèsh g�netai:
√

(r + a)2 + (z − h)2

√

1 −
4ar

(r + a)2 + (z − h)2 sin2 aOr�zoume
k =

√

4ar

(r + a)2 + (z − h)2opìte telik� o paronomast  gr�fetai:
2
√

ar

k

√

1 − k2 sin2 aO arijmht  mpore� na grafe� w −
(

1 − 2 sin2 a
)Lamb�nonta upìyin kai to gegonì ìti dφ = −2da, lamb�noume thn e-x�swsh gia to dianusmatikì dunamikì :

A =
µ0Ia

2π

∫ 0

π/2

2(1 − 2 sin2 a) da
2
√

ar
k

√

1 − k2 sin2 a
φ̂ =

=
µ0Ik

2/π

√

a

r

[

∫ π/2

0

−da
√

1 − k2 sin2 a
−
√

1 − k2 sin2 a +

∫ π/2

0

2 sin2 ada
√

1 − k2 sin2 a

]

φ̂O pr¸to ìro mèsa sthn agkÔlh e�nai to K(k). Gia to deÔtero ìroparathroÔme ìti
sin2 a

√

1 − k2 sin2 a
=

1

k2

(

1
√

1 − k2 sin2 a
−
√

1 − k2 sin2 a

)Gia autì to lìgo o deÔtero ìro gr�fetai:
2

k2

[

∫ π/2

0

da
√

1 − k2 sin2 a
−

∫ π/2

0

√

1 − k2 sin2 a da

]kai apì tou orismoÔ twn elleiptik¸n oloklhrwm�twn gr�fetai:
2

k2
(K(k) − E(k))Katal goume sthn polÔ komyìterh èkfrash gia to dianusmatikì dunamikì:129



A =
µ0Ik

2π

√

a

r

[

2

k2
(K(k) − E(k)) − K(k)

]

φ̂ ⇒

⇒ A =
µ0I

2π

√

a

r

[(

2

k
− k

)

K(k) −
2

k
E(k)

]

φ̂'Opw anafèrame sthn arq  th an�lush, o strobilismì tou dianusmati-koÔ dunamikoÔ ja ma d¸sei to B.Genik� gia mia dianusmatik  sun�rthsh se kulindrikì sÔsthma suntetag-mènwn
v = υrr̂ + υφφ̂ + υzẑO strobilismì ja d�netai apì:

∇× v =

(

1

r

∂υz

∂φ
−

∂υφ

∂z

)

r̂ +

(

∂υr

∂z
−

∂υz

∂r

)

φ̂ +
1

r

(

∂

∂r
rυφ −

∂υr

∂φ

)

ẑH sun�rthsh tou dianusmatikoÔ dunamikoÔ, A, èqei mìno mia φ sunist¸sa,opìte:
∇×A = −

∂A

∂z
r̂ +

1

r

∂

∂r
rA ẑArqik� br�skoume ti parag¸gou tou k w pro z kai r.

∂k

∂z
=

1

2

√

(r + a)2 + (z − h)2

4ar
& −8ar (z − h)
[

(r + a)2 + (z − h)2]2
=

= −
k3 (z − h)

4arkai
∂k

∂r
=

1

2

√

(r + a)2 + (z − h)2

4ar
& 4a

[

(r + a)2 + (z − h)2]
− 8ar (z − h)

[

(r + a)2 + (z − h)2]2
=

=
k

2r
−

k3 (r + a)

4ar 130



Ektel¸nta ìle ti antikatast�sei twn ∂k/∂r, dK/dk, dE/dk kai met�apì pr�xei katal goume sth sqèsh gia to magnhtikì ped�o:
B =

µ0Ik

4π
√

ar3

[

−(z − h)

(

K −
2 − k2

2(1 − k2)
E

)

r̂ + r

(

K +
k2(r + a) − 2r

2r(1 − k2)
E

)

ẑ

]Met� apì pr�xei prokÔptei ìti an jèsoume r = 0 ja èqoume Br = 0 kaigia to Bz ja ex�goume thn �dia sqèsh me aut  pou ma d�nei o nìmo twn Biot
- Savart, thn opo�a kai br kame sthn arq  aut  th an�lush :

B =
µ0Ia2

2
[

a2 + (z − h)2]3/2
ẑìpou R =

√

a2 + (z − h)2.
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Par�rthma BþK¸dike sto MATLAB kai th
Fortran

Bþ.1 Sqed�ash Pediak¸n Gramm¸nGia th grafik  apeikìnish twn magnhtik¸n ped�wn qrhsimopoi same se pr¸thf�sh to perib�llon arijmhtikoÔ programmatismoÔ MATLAB. Parast samegrafik� se dÔo diast�sei (contour plots) tìso ta epimèrou magnhtik� ped�a
BW kai BL, ìso kai ti sÔnjete eikìne pou prokÔptoun apì thn upèrjeshaut¸n.Ja parajèsoume ton k¸dika pou gr�yame:Oi 2 basikè functions pou kaloÔme e�nai oi m field Bf kai m field loop,oi opo�e or�zontai sta ant�stoiqa m-files. H m field Bf upolog�zei to ma-gnhtikì ped�o BW pou ep�getai lìgw tou eujÔgrammou reumatofìrou agwgoÔkai onom�zetai ètsi, giat� to di�nusma tou ped�ou e�nai sth ϕ dieÔjunsh, en¸h m field loop upolog�zei to magnhtikì ped�o BL pou ep�getai lìgw toukuklikoÔ brìqou reÔmato.
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% m_field_Bf %%%

%%% %%%

%%% Current Wire (z axis) %%%

%%% Magnetic Field calculation %%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [B,Bx,By]=m_field_Bf(i,xmin,xmax,ymin,ymax,step)

m0=4*pi*10^-7;
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in1=1;

for x=xmin:step:xmax

in2=1;

for y=ymin:step:ymax

r=sqrt(x^2+y^2);

if r~=0

B(in1,in2)=(m0*i)/(2*pi*r);

Bx(in1,in2)=((-x)*B(in1,in2))/(r);

By(in1,in2)=(y*B(in1,in2))/(r);

else

B(in1,in2)=0;

Bx(in1,in2)=0;

By(in1,in2)=0;

end

in2=in2+1;

end

in1=in1+1;

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% m_field_loop %%%

%%% %%%

%%% Current Loop %%%

%%% Magnetic Field calculation %%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [Bz,Br]=m_field_loop(i1,a,z0,r0,zmin,rmin,zmax,rmax,step)

%%%%%%%%%%%%%%%%%%%%%%%

% [Bz,Br]=m_field_loop(i1,a,z0,r0,zmin,rmin,zmax,rmax)

% Bz - axial comp. of mag. field

% Br - radial comp. of mag. field

% i=coil current;

% a=coil radius;

% r0 - current loop position on xy plane

% z0, y0 - coil coordinate

% zmin,ymin,zmax,ymax - interest domain for magnetic field

%%%%%%%%%%%%%%%%%%%%%%%

m0=4*pi*10^-7; %magnetic constant

B0=(i1*m0)/(2*a); %statheros oros

in1=1;

for z=(zmin-z0):step:(zmax-z0)
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in2=1;

for r=(rmin-r0):step:(rmax-r0)

if (r~=0)

al=abs(r/a);

be=abs(z/a);

ga=(z/r);

q=((1+al)^2+be^2);

k=sqrt(4*al/q);

[K,E] = ellipke(k^2); %elliptic integrals

Bz(in1,in2)=B0*(1/(pi*sqrt(q)))...

*(E*(1-al^2-be^2)/(q-4*al)+K);

Br(in1,in2)=B0*(ga/(pi*sqrt(q)))...

*(E*(1+al^2+be^2)/(q-4*al)-K);

else

Bz(in1,in2)=0;

Br(in1,in2)=0;

end

Z(in1,in2)=z;

R(in1,in2)=r;

in2=in2+1;

end

in1=in1+1;

end

s=size(Bz);

for i=2:s(1)-1

for j=2:s(2)-1

if (Bz(i,j)==0 & Br(i,j)==0)

Bz(i,j)=1/6*(Bz(i-1,j-1)+Bz(i-1,j+1)+Bz(i,j-1)...

+Bz(i,j+1)+Bz(i+1,j-1)+Bz(i+1,j+1));

Br(i,j)=1/6*(Br(i-1,j-1)+Br(i-1,j+1)+Br(i,j-1)...

+Br(i,j+1)+Br(i+1,j-1)+Br(i+1,j+1));

end

end

endMagnhtikì ped�o BW 'Opw èqoume proanafèrei, h aploÔsterh topolo-g�a magnhtikoÔ ped�ou e�nai aut  pou prokÔptei e�n èqoume mìno èna k�jetoaxonikì reÔma IW . Gia na thn anaparast soume sto MATLAB gr�yame èna
script me ìnoma only wire.m to opo�o kale� thn m field Bf gia na upolog�seito ped�o BW , kai sth sunèqeia sqedi�zei to gr�fhma stou dÔo �xone x kai135



y tou kartesianoÔ sust mato suntetagmènwn.H x sunist¸sa tou monadia�ou ϕ̂ dianÔsmato e�nai −(y/r) kai h y sunist¸sae�nai (x/r). Ant�stoiqa, gia ti kartesianè sunist¸se tou BWϕ
èqoume :

• BWx
= −(y/r)BWϕ

• BWy
= (x/r)BWϕJètoume ston k¸dik� ma thn tim  th magnhtik  stajer� sto SI �sh me

µ0 = 4π×10−7 N/A2 kai mia tuqa�a tim  gia to reÔma IW = 0.1 A. EkteloÔmeto script only wire.m. to opo�o kai parajètoume:
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% %%%

%%% Magnetic Field graph (BW only) %%%

%%% ONLY CURRENT - CARRYING WIRE %%%

%%% NO CURRENT LOOP %%%

%%% %%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear all;

clf;

format long e;

i = 0.1; %I_W

xmin = -5; xmax = 5;

ymin = -5; ymax = 5;

step = 0.1;

[B,Bx,By]=m_field_Bf(i,xmin,xmax,ymin,ymax,step); %function call

B=sqrt(Bx.^2+By.^2);

shading flat

colormap(jet)

[Z,R] = meshgrid (xmin:step:xmax,ymin:step:xmax);

contourf(Z,R,B,200);

hold on

quiver(Z,R,Bx,By,’k’)

h=streamslice(Z,R,Bx,By);

set(h,’Color’,’w’)

hold off

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%136



Magnhtikì ped�o BL H epìmenh topolog�a pou melet�me e�nai aut  pouep�getai apì ton kuklikì brìqo, reÔmato IL, o opo�o e�nai topojethmènosth jèsh z = 0, dhlad  p�nw sto xy   rϕ ep�pedo, analìgw me to sÔsthmasuntetagmènwn pou qrhsimopoioÔme.Gia na thn anaparast soume sto MATLAB gr�yame èna script me ìnoma
only loop.m to opo�o kale� thn m field loop gia na upolog�sei to ped�o
BL, kai sth sunèqeia sqedi�zei to gr�fhma stou dÔo �xone r kai z tou ku-lindrikoÔ sust mato suntetagmènwn.'Omoia me prin, jètoume ston k¸dik� ma thn tim  th magnhtik  stajer� sto
SI �sh me µ0 = 4π × 10−7 N/A2 kai mia tuqa�a tim  gia to reÔma IL = 0.1 A.EkteloÔme to script only loop.m. to opo�o kai parajètoume:
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% %%%

%%% Magnetic Field graph (B_L only) %%%

%%% ONLY CURRENT LOOP %%%

%%% NO CURRENT - CARRYING WIRE %%%

%%% %%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear all;

clf;

format long e;

i = 0.1; %I_L

a = 1; %loop radius

z0 = 0; %initial z

r0 = 0; %initial r

%%%%%%%% Area of Interest%%%%%%%

zmin = -2;

zmax = 2;

rmin = -2;

rmax = 2;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

step = 0.01;

[Bz,Br]=m_field_loop(i,a,z0,r0,zmin,rmin,zmax,rmax,step);

Bz=Bz’;

Br=Br’;

B=sqrt(Bz.^2+Br.^2);

shading flat

colormap(jet)
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[Z,R] = meshgrid (zmin:step:zmax,rmin:step:rmax);

contourf(Z,R,B,100);

hold on

quiver(Z,R,Bz,Br,’k’)

h=streamslice(Z,R,Bz,Br);

set(h,’Color’,’w’)

hold off

%%%%%%%%%%%%%%%%%%%%%%%%%Upèrjesh Magnhtik¸n ped�wn BW kai BL To ousiastikìtero tm math mèqri t¸ra melèth ma e�nai autì pou prokÔptei apì thn upèrjesh twnanwtèrw ped�wn. Sthn topolog�a pou prokÔptei ja exet�soume sth sunèqeiathn k�nhsh fortismènwn swmatid�wn. Gr�yame sto MATLAB èna sugkentrw-tikì script me ìnoma superposition .m to opo�o kale� ti anwtèrw functionskai epistrèfei thn eikìna tou telikoÔ magnhtikoÔ ped�ou pou prokÔptei apìthn upèrjesh. M�lista, kaj¸ trèqoume ton k¸dika, to MATLAB ma zht�ti timè twn reum�twn (tìso tou eujÔgrammou, ìso kai tou reumatofìroubrìqou), th jèsh tou eujÔgrammou reÔmato ston r �xona, kaj¸ kai th gw-n�a ϑ me thn opo�a tèmnei to rϕ ep�pedo. 'Oson afor� to k�jeto reÔma, èqoumegr�yei epiplèon to script me ìnoma Bwire.m mèsa sto opo�o upolog�zetai hsuneisfor� tou eujÔgrammou reumatofìrou agwgoÔ sto sunolikì magnhtikìped�o, kaj¸ ep�sh kai oi tuqoÔse èkkentre metakin sei  /kai strofè.Epilèxame, met� apì dokimè, h èntash tou reÔmato tou brìqou na e�naim�a t�xh megèjou megalÔterh apì aut  tou k�jetou reÔmato, ¸ste na apei-kon�zetai emfan¸ h upèrjesh twn dÔo magnhtik¸n ped�wn. Aut  h diafor�èqei na k�nei me th diaforetik  ex�rthsh th èntash tou magnhtikoÔ ped�ouapì to r lìgw tou kajenì apì ta epimèrou reÔmata.Parajètoume sth sunèqeia ton k¸dika gia thn upèrjesh twn ped�wn, to
script pou or�zei thn Bwire, kaj¸ kai k�poie eikìne twn topologi¸n stou�xone r kai z.
% Magnetic Field graph

% BOTH CURRENT LOOP AND CURRENT CARRYING WIRE

% MANUAL INPUT OF POSITION AND ANGLE OF THE WIRE

% Superposition

clear all;

clf;
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format long e;

i1 = input(’revma current loop (se Amperes, 0.1): ’);

i2 = input(’revma current carrying wire (se Amperes, 0.01): ’);

a = 1;

z0 = 0;

r0 = 0;

r0w = input(’thesi r grammikou revmatos (metaksy -2 kai 2): ’);

theta = input(’gwnia klishs (se aktinia): ’);

zmin = -2;

zmax = 2;

rmin = -2;

rmax = 2;

step = 0.02;

[Bz1,Br1] = m_field_loop(i1,a,z0,r0,zmin,rmin,zmax,rmax,step);

[Bz2,Br2] = Bwire(i2,a,z0,r0,r0w,zmin,rmin,zmax,rmax,step,theta);

Bz = Bz1+Bz2;

Br = Br1+Br2;

Bz=Bz’; Br=Br’;

B=sqrt(Bz.^2+Br.^2);

shading flat

colormap(jet) % graph colours

[Z,R] = meshgrid (zmin:step:zmax,rmin:step:rmax);

contourf(Z,R,B);

hold on

quiver(Z,R,Bz,Br,’k’)

h=streamslice(Z,R,Bz,Br);

set(h,’Color’,’w’)

hold off

%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% Current Carrying wire %%%

%%% Magnetic Field calculation %%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% r0w - position of the wire / r-axis

function [Bz,Br] = Bwire(i2,z0,r0,r0w,zmin,...

rmin,zmax,rmax,step,theta)
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m0=4*pi*10^-7;

in1=1;

for z=(zmin-z0):step:(zmax-z0)

in2=1;

for r=(rmin-r0):step:(rmax-r0)

if (r~=0)

Bz(in1,in2)=(i2*m0)/(2*pi*(r-r0w))...

*sin(theta); % metakinhsh kai strofh

Br(in1,in2)=(i2*m0)/(2*pi*(r-r0w))...

*cos(theta); % metakinhsh kai strofh

else

Bz(in1,in2)=0;

Br(in1,in2)=0;

end

in2=in2+1;

end

in1=in1+1;

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%Sthn kl sh th Bwire prèpei na shmeiwjoÔn oi ekfr�sei pou d¸samegia ti epimèrou sunist¸se Br kai Bz pou prkÔptoun ìtan str�youme toneujÔgrammo reumatofìro agwgì kat� m�a gwn�a ϑ w pro to rϕ ep�pedo,kaj¸ kai h prìnoia gia thn èkkentrh metak�nhsh tou agwgoÔ ston �xona r,ìpw aut  problèpetai apì thn eisagwg  th metablht  r0w ston k¸dika.
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Bþ.2 K¸dike Fortran - Arijmhtik  Olo-kl rwsh Runge - Kutta'Opw anafèrame sto Kef�laio 4, qrhsimopoi same to eleÔjero logismikì
rksuite gia thn arijmhtik  olokl rwsh twn diaforik¸n exis¸sewn th k�nhshfortismènou swmatid�ou me th mèjodo Runge - Kutta 4h t�xh. H sou�ta aut èqei ètoima shell scripts pou kaloÔn di�fore rout�ne th Fortran, ekteloÔntou arijmhtikoÔ upologismoÔ kai sth sunèqeia sqedi�zoun ta graf matatwn troqi¸n sto ep�sh eleÔjero logismikì gnuplot. Ta dedomèna pou prèpeina d¸sei o qr sth e�nai:

• ta k th Runge - Kutta, ta opo�a ìpw èqoume dei antistoiqoÔn stiepimèrou sunist¸se twn hlektrik¸n kai magnhtik¸n ped�wn kat� pe-r�ptwsh,
• oi arqikè jèsei kai taqÔthte twn swmatid�wn se trei diast�sei
• ta b mata ektèlesh th mejìdou
• o arqikì kai telikì qrìnoSth sunèqeia parajètoume tou k¸dike th Fortran pou qrhsimopoi same:

C CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C Program to solve a 6 ODE system using Runge-Kutta Method

C Output is written in file rk3.dat

C CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

program rk3_solve

include ’rk3.inc’

double precision T0,TF,X10,X20,X30,V10,V20,V30

double precision t,dt,tstep

integer STEPS

integer i

double precision energy

C Arrays/variables needed by rksuite:

double precision TOL,THRES(NEQ), WORK(LENWRK), Y(NEQ), YMAX(NEQ),

* YP(NEQ), YSTART(NEQ),HSTART

logical ERRASS, MESSAGE

integer UFLAG

C .. External Subroutines ..

EXTERNAL F, SETUP, STAT, UT
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C Input:

print *,’Runge-Kutta Method for 6-ODEs Integration’

print *,’Enter coupling constants k1,k2,k3,k4:’

read(5,*) k1,k2,k3,k4

print *,’k1= ’,k1,’ k2= ’,k2,’ k3= ’,k3,’ k4= ’,k4

print *,’Enter STEPS,T0,TF,X10,X20,X30,V10,V20,V30:’

read(5,*) STEPS,T0,TF,X10,X20,X30,V10,V20,V30

print *,’No. Steps= ’,STEPS

print *,’Time: Initial T0 =’,T0,’ Final TF=’,TF

print *,’ X1(T0)=’,X10,’ X2(T0)=’,X20,’ X3(T0)=’,X30

print *,’ V1(T0)=’,V10,’ V2(T0)=’,V20,’ V3(T0)=’,V30

C Initial Conditions

dt = (TF-T0)/STEPS

YSTART(1) = X10

YSTART(2) = X20

YSTART(3) = X30

YSTART(4) = V10

YSTART(5) = V20

YSTART(6) = V30

C

C Set error control parameters.

C

TOL = 5.0D-6

do i = 1, NEQ

THRES(i) = 1.0D-10

enddo

MESSAGE = .TRUE.

ERRASS = .FALSE.

HSTART = 0.0D0

C Initialization:

call SETUP(NEQ,T0,YSTART,TF,TOL,THRES,METHOD,’Usual Task’,

* ERRASS,HSTART,WORK,LENWRK,MESSAGE)

open(unit=11,file=’rk3.dat’)

write(11,100) T0,YSTART(1),YSTART(2),YSTART(3),YSTART(4),

* YSTART(5),YSTART(6),energy(tstep,Y)

C Calculation:

do i=1,STEPS

t = T0 + i*dt
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call UT(F,t,tstep,Y,YP,YMAX,WORK,UFLAG)

if(UFLAG.GT.2) goto 60

write(11,100) tstep,Y(1),Y(2),Y(3),Y(4),Y(5),Y(6),

* energy(tstep,Y)

enddo

60 continue

close(11)

100 format(8E25.15)

end

CCCCCCCCCCCCCCCCCCCCCCCAutì o k¸dika e�nai pou ektele� thn �kardi�� th mejìdou arijmhtik  olo-kl rwsh.
C Particle in constant Magnetic and electric field

C q B/m = k1 z q E/m = k2 x + k3 y + k4 z

subroutine F(T,Y,YP)

include ’rk3.inc’

double precision t

double precision Y(*),YP(*)

double precision x1,x2,x3,v1,v2,v3

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Velocities: dx_i/dt = v_i

YP(1) = v1

YP(2) = v2

YP(3) = v3

C Acceleration: dv_i/dt = a_i

YP(4) = k2 + k1 * v2

YP(5) = k3 - k1 * v1

YP(6) = k4

C YP(4) = k3 * v1 - k2 * v2

C YP(5) = k2 * v3 - k4 * v1

C YP(6) = k3 * v1 - k2 * v2

end

double precision function energy(T,Y)

include ’rk3.inc’
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double precision t,e

double precision Y(*)

double precision x1,x2,x3,v1,v2,v3

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Kinetic Energy

e = 0.5*(v1*v1+v2*v2+v3*v3)

C Potential Energy

e = e - k2*x1 - k3*x2 - k4*x3

C e = e - k1*x1 - k1*x2 - k1*x3

energy = e

end

CCCCCCCCCCCCCCCCCAutì o k¸dika ma epitrèpei na d¸soume sunist¸se tìso magnhtikoÔ, ìsokai hlektrikoÔ ped�ou. Qrhsimopoi jhke gia na ma de�xei thn elikoeid  k�nh-sh fort�ou per� statikoÔ kai omogenoÔ magnhtikoÔ ped�ou, kaj¸ kai thnol�sjhsh E× B.
C Particle in Magnetic field:

C q B_z/m = (k1 + k2 y) q B_y/m= k3 z

subroutine F(T,Y,YP)

include ’rk3.inc’

double precision t

double precision Y(*),YP(*)

double precision x1,x2,x3,v1,v2,v3,x3p

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Velocities: dx_i/dt = v_i

YP(1) = v1

YP(2) = v2

YP(3) = v3

C Acceleration: dv_i/dt = a_i

YP(4) = v2*(k1+k2*x2)-v3*k3*x3
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YP(5) = -v1*(k1+k2*x2)

YP(6) = v1*k3*x3

end

double precision function energy(T,Y)

include ’rk3.inc’

double precision t,e

double precision Y(*)

double precision x1,x2,x3,v1,v2,v3

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Kinetic Energy

e = 0.5*(v1*v1+v2*v2+v3*v3)

energy = e

end

CCCCCCCCCCCCCCCCC

C Particle in Magnetic field:

C q B_z/m = (k1 + k2 z) q B_y/m= - k2 y

subroutine F(T,Y,YP)

include ’rk3.inc’

double precision t

double precision Y(*),YP(*)

double precision x1,x2,x3,v1,v2,v3,x3p

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Velocities: dx_i/dt = v_i

YP(1) = v1

YP(2) = v2

YP(3) = v3

C If x3>0 we add a linear term to B:

x3p = 0.0D0

if(x3.gt.0.0D0) x3p = x3
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C Acceleration: dv_i/dt = a_i

YP(4) = v2*(k1+k2*x3)+v3*k2*x2

YP(5) = -v1*(k1+k2*x3)

YP(6) = -v1*k2*x2

end

double precision function energy(T,Y)

include ’rk3.inc’

double precision t,e

double precision Y(*)

double precision x1,x2,x3,v1,v2,v3

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

v1 = Y(4)

v2 = Y(5)

v3 = Y(6)

C Kinetic Energy

e = 0.5*(v1*v1+v2*v2+v3*v3)

energy = e

end

CCCCCCCCCCCCCCCCCCCCCOi dÔo auto� k¸dike d�noun magnhtikì ped�o me qwrik  ex�rthsh apì ti ykai z sunist¸se. Qrhsimopoi jhkan gia na d¸soun ti troqiè se ped�o mekulindrik  summetr�a.
C CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C Program to solve a 6 ODE system using Runge-Kutta Method

C Output is written in file sr.dat

C Interface to be used with relativistic particles.

C CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

program sr_solve

include ’sr.inc’

double precision T0,TF,X10,X20,X30,V10,V20,V30

double precision P10,P20,P30

double precision P1,P2,P3,V1,V2,V3

double precision t,dt,tstep

integer STEPS

integer i

double precision energy
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C Arrays/variables needed by rksuite:

double precision TOL,THRES(NEQ), WORK(LENWRK), Y(NEQ), YMAX(NEQ),

* YP(NEQ), YSTART(NEQ),HSTART

logical ERRASS, MESSAGE

integer UFLAG

C .. External Subroutines ..

EXTERNAL F, SETUP, STAT, UT

C Input:

print *,’Runge-Kutta Method for 6-ODEs Integration’

print *,’Special Relativistic Particle:’

print *,’Enter coupling constants k1,k2,k3,k4:’

read(5,*) k1,k2,k3,k4

print *,’k1= ’,k1,’ k2= ’,k2,’ k3= ’,k3,’ k4= ’,k4

print *,’Enter STEPS,T0,TF,X10,X20,X30,V10,V20,V30:’

read(5,*) STEPS,T0,TF,X10,X20,X30,V10,V20,V30

call momentum(V10,V20,V30,P10,P20,P30)

print *,’No. Steps= ’,STEPS

print *,’Time: Initial T0 =’,T0,’ Final TF=’,TF

print *,’ X1(T0)=’,X10,’ X2(T0)=’,X20,’ X3(T0)=’,X30

print *,’ V1(T0)=’,V10,’ V2(T0)=’,V20,’ V3(T0)=’,V30

print *,’ P1(T0)=’,P10,’ P2(T0)=’,P20,’ P3(T0)=’,P30

call momentum(V10,V20,V30,P10,P20,P30)

C Initial Conditions

dt = (TF-T0)/STEPS

YSTART(1) = X10

YSTART(2) = X20

YSTART(3) = X30

YSTART(4) = P10

YSTART(5) = P20

YSTART(6) = P30

C

C Set error control parameters.

C

TOL = 5.0D-6

do i = 1, NEQ

THRES(i) = 1.0D-10

enddo

MESSAGE = .TRUE.
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ERRASS = .FALSE.

HSTART = 0.0D0

C Initialization:

call SETUP(NEQ,T0,YSTART,TF,TOL,THRES,METHOD,’Usual Task’,

* ERRASS,HSTART,WORK,LENWRK,MESSAGE)

open(unit=11,file=’sr.dat’)

call velocity(YSTART(4),YSTART(5),YSTART(6),V1,V2,V3)

write(11,100) T0,YSTART(1),YSTART(2),YSTART(3),

* V1,V2,V3,

* energy(tstep,Y),

* YSTART(4),YSTART(5),YSTART(6)

C Calculation:

do i=1,STEPS

t = T0 + i*dt

call UT(F,t,tstep,Y,YP,YMAX,WORK,UFLAG)

if(UFLAG.GT.2) goto 60

call velocity(Y(4),Y(5),Y(6),V1,V2,V3)

write(11,100) tstep,Y(1),Y(2),Y(3),

* V1,V2,V3,

* energy(tstep,Y),

* Y(4),Y(5),Y(6)

enddo

60 continue

close(11)

100 format(11E25.15)

end

C momentum -> velocity transformation

subroutine velocity(p1,p2,p3,v1,v2,v3)

implicit none

double precision v1,v2,v3,p1,p2,p3,v,p,vsq,psq

psq = p1*p1+p2*p2+p3*p3

v1 = p1/dsqrt(1.0D0+psq)

v2 = p2/dsqrt(1.0D0+psq)

v3 = p3/dsqrt(1.0D0+psq)

end

C velocity -> momentum transformation

subroutine momentum(v1,v2,v3,p1,p2,p3)
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implicit none

double precision v1,v2,v3,p1,p2,p3,v,p,vsq,psq

vsq = v1*v1+v2*v2+v3*v3

if(vsq .ge. 1.0D0 ) stop ’sub momentum: vsq >= 1’

p1 = v1/dsqrt(1.0D0-vsq)

p2 = v2/dsqrt(1.0D0-vsq)

p3 = v3/dsqrt(1.0D0-vsq)

end

CCCCCCCCCCCCCCCCCCCAutì o k¸dika ousiastik� e�nai o �dio me ton pr¸to pou ektele� thn arij-mhtik  olokl rwsh me th mèjodo Runge - Kutta, mìno pou èqoume eisag�geiti sqetikistikè diorj¸sei Lorentz gia swmat�dia pou kinoÔntai me taqÔthtekont� sthn taqÔthta tou fwtì.
C Particle in constant Magnetic and electric field

C q B/m = k1 z q E/m = k2 x + k3 y + k4 z

subroutine F(T,Y,YP)

include ’sr.inc’

double precision t

double precision Y(*),YP(*)

double precision x1,x2,x3,v1,v2,v3,p1,p2,p3,pinv,psq

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

p1 = Y(4)

p2 = Y(5)

p3 = Y(6)

call velocity(p1,p2,p3,v1,v2,v3)

C now we can use all x1,x2,x3,p1,p2,p3,v1,v2,v3

C Velocities: dx_i/dt = p_i/sqrt(1+p^2) for m_0=1

psq = p1*p1+p2*p2+p3*p3

pinv = 1.0D0/dsqrt(1.0D0+psq)

YP(1) = p1*pinv

YP(2) = p2*pinv

YP(3) = p3*pinv

C Acceleration:

YP(4) = k2 + k1 * v2

YP(5) = k3 - k1 * v1

YP(6) = k4

end
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C Energy per unit rest mass

double precision function energy(T,Y)

include ’rk3.inc’

double precision t,e

double precision Y(*)

double precision x1,x2,x3,v1,v2,v3,p1,p2,p3,psq

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

p1 = Y(4)

p2 = Y(5)

p3 = Y(6)

psq= p1*p1+p2*p2+p3*p3

C Kinetic Energy/m_0

e = dsqrt(1.0D0+psq)-1.0D0

C Potential Energy/m_0

e = e - k2*x1 - k3*x2 - k4*x3

energy = e

end

CCCCCCCCCCCCCCCAnt�stoiqa, autì o k¸dika d�nei troqiè sqetikistik¸n fortismènwn swma-tid�wn se magnhtik� kai hlektrik� ped�a.
C Particle in Magnetic dipole field:

C q B_1/m = k1 (3 x1 x3)/r^5

C q B_2/m = k1 (3 x2 x3)/r^5

C q B_3/m = k1[(3 x3 x3)/r^5-1/r^3]

subroutine F(T,Y,YP)

include ’sr.inc’

double precision t

double precision Y(*),YP(*)

double precision x1,x2,x3,v1,v2,v3,p1,p2,p3,pinv,psq

double precision B1,B2,B3

double precision r

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

p1 = Y(4)

p2 = Y(5)

p3 = Y(6)

150



call velocity(p1,p2,p3,v1,v2,v3)

C now we can use all x1,x2,x3,p1,p2,p3,v1,v2,v3

C Velocities: dx_i/dt = p_i/sqrt(1+p^2) for m_0=1

psq = p1*p1+p2*p2+p3*p3

pinv = 1.0D0/dsqrt(1.0D0+psq)

YP(1) = p1*pinv

YP(2) = p2*pinv

YP(3) = p3*pinv

C Acceleration:

r = dsqrt(x1*x1+x2*x2+x3*x3)

if( r.gt.0.0D0)then

B1 = k1*( 3.0D0*x1*x3)/r**5

B2 = k1*( 3.0D0*x2*x3)/r**5

B3 = k1*((3.0D0*x3*x3)/r**5-1/r**3)

YP(4) = v2*B3-v3*B2

YP(5) = v3*B1-v1*B3

YP(6) = v1*B2-v2*B1

else

YP(4) = 0.0D0

YP(5) = 0.0D0

YP(6) = 0.0D0

endif

end

C Energy per unit rest mass

double precision function energy(T,Y)

include ’rk3.inc’

double precision t,e

double precision Y(*)

double precision x1,x2,x3,v1,v2,v3,p1,p2,p3,psq

x1 = Y(1)

x2 = Y(2)

x3 = Y(3)

p1 = Y(4)

p2 = Y(5)

p3 = Y(6)

psq= p1*p1+p2*p2+p3*p3

C Kinetic Energy/m_0

e = dsqrt(1.0D0+psq)-1.0D0

energy = e
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end

CCCCCCCCCCCCCCTèlo, mèsw tou k¸dika autoÔ upolog�zoume ti troqiè swmatid�wn pou pa-gideÔontai se magnhtik� d�pola, par�deigma pou qrhsimopoi same gia na mele-t soume thn aktinobol�a Van Allen.

152



Bibliograf�a[1℄ Anagnwstìpoulo K. - Shmei¸sei Upologistik  Fusik  I, EkdìseiEMP, Aj na (2008)[2℄ Bl�qo L. - Fusik  Pl�smato: H tètarth kat�stash th Ôlh, Ek-dìsei Tziìla, Jessalon�kh (2000)[3℄ Iqti�roglou S. - Eisagwg  sth Mhqanik  Hamilton, Ekdìsei APJ,Jessalon�kh (2004)[4℄ Kom�nh I. - Troqiè fortismènwn swmatid�wn se statik� kai kumatik�ped�a - Diaf�neie di�lexh sto 7o Sqole�o Fusik  kai Teqnolog�a thSÔnthxh, Bìlo (2008)[5℄ Kom�nh I. - Melèth th Di�dosh kai Teqnik¸n Elègqou Soliton�wnse Amig¸ Optik� D�ktua Thlepikoinwni¸n - Didaktorik  Diatrib  -Ekdìsei EMP, Aj na (2003)[6℄ Koukar� Em. - K�nhsh fortismènwn swmatid�wn se ped�o magnhtikoÔdipìlou, P�tra (2006)[7℄ Tsir¸nh Q. - Allhlep�drash Hlektromagnhtik  Aktinobol�a mePl�sma kai Efarmogè - Didaktorik  Diatrib  - Ekdìsei APJ, Jes-salon�kh (2007)[8℄ Qatzhdhmhtr�ou I. - Jewrhtik  Mhqanik , Ekdìsei GiaqoÔdh - Giapo-Ôlh, Jessalon�kh (2000)[9℄ Qitzan�dh K. - Eisagwg  sth Fusik  kai thn Teqnolog�a th Elegqìme-nh Jermopurhnik  SÔnthxh, Shmei¸sei maj mato sqol  HMMU -EMP, Aj na (2009)[10℄ Abramowitz M., Stegun I., Handbook of Mathematical Functions, Dover
Publications, New York (1965) 153



[11℄ Bellan P., Fundamentals of Plasma Physics, Cambridge University
Press, Cambridge (2006)[12℄ Brankin R.W., Gladwell I., Shampine L.F., RKSUITE: a suite of Runge-
Kutta codes for the initial value problem for ODEs, Southern Methodist
University, Dallas, Texas (1992)[13℄ Chen F., Introduction to Plasma Physics and Controlled Fusion, Plenum
Press, New York (1984)[14℄ Fitzpatrick R., Introduction to Plasma Physics, University of Texas at
Austin, Austin (1998)[15℄ Goldstein H., Classical Mechanics, Addison - Wesley, London (1980)[16℄ Griffiths D., Introduction to Electrodynamics, Prentice Hall, New Jersey
(1996)[17℄ Jackson J.D., Classical Electrodynamics, Wiley, New York (1999)[18℄ Landau L.D., Lifshitz E.M., Course of Theoretical Physics: Mechanics,
Butterworth - Heinemann, Oxford (1982)[19℄ Northrop T.G., Teller E., Stability of the adiabatic motion of charged
particles in the earth’s field, Phys. Rev., 117(215), 1960[20℄ Pinches S., Nonlinear Interaction of Fast Particles with Alfvén Waves
in Tokamaks - PhD Thesis, Nottingham (1996)[21℄ Press W., Teukolsky S. et al., Numerical Recipes in Fortran 90, Cam-
bridge University Press, Cambridge (1996)[22℄ Ram A., Dasgupta B., Chaotic Magnetic Fields due to Asymmetric Cur-
rent Configurations - Modeling Cross-Field Particle Diffusion in Cosmic
Rays, Proceedings of the 35th EPS Plasma Physics Conference, Crete,
Greece (2008)

154


	cover
	Main

